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PREFACE 


TO  THI 


ENCYCLOPAEDIA  METRO  POL  IT  AN  A. 


General  Observations. 


As  the  Encyclopaedia  Metropolitan)!  is  now  placed  before  the  public  as  a complete  work,  it 
appears  essential  to  offer  a few  remarks  on  the  objects  proposed  in  this  great  undertaking, 
and  the  manner  in  which  its  early  professions  have  been  realized.  The  Prospectus, 
written  by  the  late  eminent  poet  and  philosopher,  S.  T.  Coleridge,  and  Dr.  Stoddart,  and 
the  Introductory  Essay  on  the  Principles  of  Method,  which  accompanied  the  first  part 
of  the  work,  sufficiently  explain  the  plan  on  which  it  was  intended  to  conduct  the  Ency- 
clopaedia. The  scheme  put  forth  in  those  two  remarkable  productions  certainly  proceeded 
on  a more  enlarged  and  philosophical  view,  both  of  the  general  relations  existing  between 
different  branches  of  human  knowledge,  and  of  the  proper  mode  of  exhibiting  those  relations 
and  the  principles  of  each  science  in  an  Encyclopaedia,  than  had  ever  formed  the  basis 
of  any  similar  work.  A very  brief  historical  notice  respecting  Encycloptedias  will  confirm 
this  assertion. 


“ With  the  Ancients,”  it  was  remarked  in  the  Prospectus,  “ the  term  Encyclopaedia 
explained  itself.  It  was  really  Instruction  in  a Cycle,  i.  e.,  the  cycle  of  the  seven  liberal 
Arts  and  Sciences  that  constituted  the  course  of  education  for  the  higher  class  of 
citizens ; grammar  being  the  first,  and  each  of  the  others  having  its  particular  place  in  the 
cycle  determined  by  its  dependency  on  the  preceding."  No  work  of  this  nature,  however, 
has  descended  to  us  from  ancient  times,  although  the  name  of  Encyclopadia  has  sometimes 
been  applied  to  the  Antiquities  of  Varro  and  the  Historia  Naturalis  of  Pliny.  Speusippus, 
the  Academic,  and  Aristotle,  in  his  last  work  on  the-  Sciences  (rtpi  eiri<rr*ju«v),  are  referred 
to  by  Krug*  as  having  been  amongst  the  earliest  compilers  of  similar  works.  But  in  the 
Middle  Ages  they  were  not  uncommon  under  the  title  of  Summa,  Specula,  &c.  One  of 
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the  most  celebrated  of  these  is  the  Speculum  hittoriale,  naturalc  et  doctrinale,  by  Vincent 
of  Beauvais  (Vincentius  Bcllovaeensis),  in  the  Xlllth  century,  to  which  a Speculum  morale 
was  afterwards  added.  In  the  XVItli  century  several  works  of  an  Encyclopaedic  character 
appeared,  such  as  Ringrlberg’s  Cyclopadia,  Basle,  1541 ; Pau/ut  tie  Scuta  E pit  teuton, 
Basle,  1559;  Reitch' t Margarita  Phi/osophica,  Martini  Idea  Phi/osophica,  Stc.  The  work 
of  Ringelberg,  a small  thick  volume,  nearly  represents  the  ancient  notion  of  an  Ency- 
clopedia, and  consists  of  concise  treatises  on  Grammar,  Logic,  Rhetoric,  &e.  The  nature 
of  the  work  may,  in  some  degree,  be  perceived  from  the  title,  which  runs  thus : Joachimi 
Fortii  Ringelbergii  slndoeerpiani  Lucubraliones,  tel  potiut  alsolutissima  iyKvsXowaiStia, 
nempe  Liber  de  ratione  studii  utrusque  lingua.  Grammatics,  Dialectics,  Rhetorics, 
Mathematics,  el  tublimiorit  Philosophies  Malta,  &c.  It  is  possible  that  this  work  of 
Ringelberg  may  have  led  the  way  to  Alsted's  more  elaborate  Encyclopaedia,  which  is 
generally  referred  to  as  the  most  celebrated  of  the  early  Encyclopaedias.  Its  author,  John 
Henry  Alsted,  born  in  Herbora  of  Nassau,  1588,  was  one  of  the  Divines  who  attended  the 
Synod  of  Dort.  His  Encyclopedia,  after  several  smaller  editions  had  appeared,  was  pub- 
lished at  Lyons  in  1649,  in  4 volumes,  folio.  Its  plan  is  not  unlike  that  of  Ringelberg, 
but  the  subjects  it  embraces  are  more  varied,  and  each  is  more  elaborately  treated.  It  is 
preceded  by  an  analysis  and  compendium  of  the  whole  work.  It  contains  thirty-five  books. 
The  1st  book  is  entitled  Hcxilogia  (or  doctrina  de  liabitu  mentis)  ; the  2d,  Technologin  ; 
3rd,  Arcbelogia  ; 4th,  Didactica  ; 5th,  Lexicons  and  Nomenclature  of  each  Science  ; 6th, 
Grammar ; 7th,  Rhetoric,  &c.  In  the  early  part  of  the  work  will  be  found  Short  Gram- 
mars and  Lexicons  of  Latin,  Greek,  and  Hebrew. 

It  is  sufficient  to  mention  these  among  the  earlier  Encyclopedias  to  show  how  near 
they  approach  to  the  ancient  idea  attached  to  the  word  Encyclopaedia,  and  how  far  they 
differ  from  more  modern  works  which  bear  the  same  name. 

In  recent  times,  in  fact,  the  term  has  almost  exclusively  been  applied  to  dictionaries  of 
general  knowledge,  or  works  in  which  the  arts  and  sciences,  and  most  branches  of  human 
knowledge,  are  treated  of  in  alphabetical  order.  In  France  many  dictionaries  of  this  kind 
apjiearcd  towards  the  end  of  the  XVIIth  and  during  the  course  of  the  XVIIIth  century, 
among  which  the  Dictionnaire  Unieertel  of  M.  1' Abbe  Furetiere  (Amst.  1690,  with  a 
Preface  by  Baylc),  afterwards  published  by  M.  de  Beaural,  and  subsequently  re-edited  by 
II.  Brutel  de  la  Riviere  at  the  Hague,  in  1727,  bears  the  highest  character.  The  celebrated 
Dictionnaire  de  Trevoux  (as  we  learn  from  the  prelace  by  the  last  editor  of  the  above 
Dictionary)  was  only  a pirated  edition  of  this  work.  It  is,  like  most  of  the  general  die* 
tionaries  of  the  same  age  and  country,  chiefly  confined  to  the  definition  of  scientific  terms, 
with  a very  brief  account  of  each  science.  See.  But  in  England,  about  the  beginning  of 
the  last  century,  the  Lexicon  Technicum  of  Harris,  and  the  Cyclopadia  of  Chambers,  pre- 
pared the  way  for  the  more  elaborate  and  extensive  undertakings  which  have  appeared 
during  the  last  fifty  years  in  so  great  numbers.  In  most  of  these  the  alphabetical  arrange- 
ment has  been  adopted,  although  it  has  been  adhered  to  with  greater  strictness  in  some 
instances  than  in  others.  The  chief  difference  has  consisted  in  this  circumstance, — that  in 
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some  of  these  works,  indeed  in  most  of  them,  treatises  of  more  or  less  completeness  are  given 
under  the  general  name  of  each  science,  such  as  Optics,  Astronomy,  Surgery,  &c.  ; and 
a reference  to  the  treatise  is  made  under  each  of  the  technical  terms  which  belong  to  it ; 
while  in  others,  under  these  technical  terms,  a short  account  is  given  of  the  meaning  of  the 
word,  and  the  most  useful  information  respecting  the  portion  of  the  science  to  which  it 
belongs  is  inserted  there.  Thus  in  this  latter  case  the  laws  of  Refraction,  the  treatment 
of  Aneurism,  and  the  doctrine  of  Precession  would  be  given  under  those  terms  respectively ; 
while  in  the  former  plan  nothing  but  a definition  would  be  given,  with  a reference  to 
Optics,  Surgery,  and  Astronomy.  The  former  plan  is  the  most  common,  and,  as  it  is 
easy  to  perceive,  partakes  more  of  a scientific  and  systematic  character.  Still  some  of  the 
disadvantages  of  any  mere  alphabetical  arrangement  pointed  out  in  the  original  Prospectus 
to  this  Encyclopaedia  must  remain  under  whatever  modifications  it  may  be  adopted,  and 
with  whatever  ability  it  may  be  executed.  In  some  of  the  smaller  Encyclopedias  an  attempt 
has  been  made  to  obviate  this  inconvenience  by  a division  into  various  branches  of  know* 
ledge,  and  by  giving,  in  separate  volumes,  the  historical  and  geographical  articles  in  one 
dictionary,  the  arts  and  sciences  in  another,  and  so  forth.  But  this  arrangement  has  not 
formed  the  basis  of  any  very  extensive  undertaking  in  our  own  language. 

Tlie  plan  of  treating  each  science  separately  has,  however,  been  adopted  in  the  latest  and 
most  elaborate  work  published  in  France — the  Encyclopedia  Methodtque,  the  publication 
of  which  commenced  in  the  year  1782,  but  was  not  concluded  till  about  ten  years  ago. 
This  great  work  consists  of  201  volumes,  including  47  volumes  of  plates.  It  is,  however, 
nothing  more  or  less  than  a collection  of  classified  dictionaries,  with  a few'  dissertations 
interspersed.  For  example,  the  section  devoted  to  Law,  and  called  Jurisprudence,  consists 
of  a Law  Dictionary,  in  ten  volumes,  to  which  a Preliminary  Discourse  is  prefixed  : the 
“ Hutoire  Naturelle"  is  also  in  ten  volumes,  of  which  the  First  Volume  consists  of  a 
Preliminary  Discourse,  followed  by  a Dictionary  of  Quadrupeds ; a Discourse  on  Orni- 
thology, followed  by  a Dictionary  of  Birds,  which  is  concluded  in  the  Second  Volume. 
The  Second  Volume  contains,  besides  the  conclusion  of  the  Dictionary  of  Birds,  a Dis- 
course on  Ophiology,  with  a Dictionary  of  Serpents.  The  Third  Volume  contains  Fishes ; 
and  Vols.  4 to  10  contain  Insects,  on  the  same  plan  as  the  preceding  volumes.  History 
consists  of  an  Historical  Dictionary  in  6 volumes ; and  the  whole  Encyclopcedia  consists  of 
Dictionaries  arranged  in  the  same  manner.  Of  the  earlier  French  Encyclop£die,  to  the 
name  of  which  so  much  infamy  attaches,  it  is  not  necessary  here  to  speak.  It  was  alpha- 
betical in  its  arrangement,  and  the  Encyclopedic  Meihodiquv  was  probably  intended  to 
supersede  its  use  by  a more  methodical  system  and  better  principles. 

The  last  work  to  which  we  shall  call  attention  is  the  celebrated  Encyklopndie  of  Ersch 
and  Gruber.  Germany  offers  great  facilities  for  the  execution  of  any  literary  work  requiring 
the  combination  of  men  of  varied  acquirements  and  indefatigable  industry ; and  it  would  be 
impossible  to  deny  that  articles  of  first-rate  merit  are  to  be  found  in  this  work  written  by 
German  scholars  and  mathematicians  of  the  highest  character.  But  at  present  it  is  difficult 
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to  form  any  judgment  upon  the  work  as  a whole.  For  although  the  alphabet  has  been 
drawn  up  into  three  brigades,  and  an  attack  on  each  commenced  with  the  courage  and  per- 
severance characteristic  of  Germans,  the  enemy’s  position  is  not  yet  stormed, — in  other 
words,  the  work,  after  these  operations  have  proceeded  for  about  a quarter  of  a century,  is 
still  incomplete,  much  of  the  alphabet  is  unpublished,  and  some  of  the  most  important 
sciences  remain  to  be  treated. 

It  is  scarcely  worth  while  here  to  do  more  than  just  to  notice  the  class  of  works  which 
have  latterly  been  common  in  Germany  under  the  name  of  Conversations-Lexieon,  some  of 
which  have  found  their  way  by  means  of  translation  into  other  countries.  The  scientific 
portions  are  usually  very  superficial,  hardly  advancing  beyond  the  mere  definitions  and  the 
class  of  information  supplied  in  the  French  Dictionnaire  Universel,  already  described  (see 
p.  vL)  ; while  on  subjects  of  historical  and  miscellaneous  information  a great  deal  of  useful 
matter,  though  sometimes  not  untinged  with  unsound  principles,  is  brought  forward  in  a 
popular  and  attractive  manner.  No  notice  is  here  taken  of  Oriental  Encyclopa:dias,  as  they 
scarcely  affect  European  .Literature.  There  is  a list  of  them,  with  much  information  on 
the  subject,  by  V.  Hammer  Purgstall,  in  Ersch  and  Grttber’s  Encyklopadie,  Art.  Ency- 
klopiidie  [orientalischc]. 

From  this  brief  review  of  the  various  classes  of  works  bearing  the  name  of  Encyclopaedia, 
it  will  be  seen  that  no  great  work  has  ever  yet  taken  the  same  ground  with  the  present 
undertaking,  and  attempted  to  make  a separation  between  those  subjects  which  demand  an 
alphabetical  arrangement  and  those  which  are  far  more  conveniently  treated  in  a systematic 
manner.  A very  few  words  will  be  sufficient  to  place  this  in  a clear  light.  It  is  presumed 
that  Encyclopaedias  are  required  by  different  classes  of  readers.  By  some  they  will  be  looked 
upon  as  repertories  of  general  information ; and  to  this  class  of  readers  the  facility  of  reference 
afforded  by  the  alphabetical  arrangement  is,  no  doubt,  a matter  of  convenience.  And  yet, 
if  their  reference  is  for  the  purpose  of  acquainting  themselves  with  some  of  the  principles  of 
a science,  or  refreshing  their  memory  on  some  point  connected  with  its  details,  it  is  quite 
obvious  that  it  can  make  no  difference  to  them  whether  that  science  is  found  placed  in  its 
alphabetical  order,  or  in  a separate  volume  with  other  sciences  to  which  it  bears  a close 
relation.  Indeed,  if  mere  facility  of  reference  were  the  only  object,  and  the  reader  has 
neither  time  nor  grasp  of  mind  to  take  in  more  than  is  contained  under  the  single  term  to 
which  he  refers,  then  the  old  plan,  now  almost  abandoned  in  England,  of  giving  sciences 
piecemeal,  must  have  the  preference  over  every  arrangement  which  gives  the  technical  terms 
and  the  details  of  any  science  in  one  comprehensive  treatise,  whether  inserted  in  its  alpha- 
l»etical  order  or  ranged  with  its  sister  sciences.  But  no  work  of  real  value  ought  to  contem- 
plate so  limited  an  utility,  nor  attempt  to  meet  a demand  for  such  desultory  and  superficial 
information.  One  step,  therefore,  is  clearly  gained  when  the  several  details  and  technical 
terms  belonging  to  one  science  are  gathered  together  into  one  treatise,  even  when  the  place 
of  that  treatise  is  determined  by  no  regard  to  system,  nor  to  any  other  circumstance  than 
the  first  letter  in  its  name.  But  the  Encyclopedia  Metropolitana  makes  another  step  in 
advance,  and  that  advance  is  of  more  importance  than  at  first  sight  it  seems  to  be. 
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One  of  the  advantages  offered  by  this  arrangement  is,  that  it  brings  the  work  under  the 
class  of  publications  really  deserving  the  name  of  an  Encyclopaedia,  i.  e.,  instruction  in  a 
methodical  order.  The  sciences  which  are  capable  of  mutual  dependency  are  thus  brought 
into  one  volume ; and  those  who  really  desire  instruction  in  them  may  read  them  in  their 
natural  sequence,  and  ensure  by  that  means  a progressive  proficiency  in  them.  It  is  not 
a small  advantage,  particularly  in  the  exact  sciences,  to  find  such  an  arrangement  adopted 
as  would  enable  a student  to  pursue  them  even  without  the  assistance  of  a tutor.  It  may 
safely  be  affirmed,  that  any  person  of  good  mathematical  abilities,  who  followed  the  course 
of  treatises  in  the  first  and  second  volumes  of  Pure  and  Mixed  Sciences  in  this  Ency- 
clopaedia would  become  by  that  means  a mathematician  of  a very  high  character,  and  be 
enabled  to  master  the  most  difficult  and  delicate  speculations  of  continental  mathematicians. 

If,  again,  in  Sciences,  where,  although  there  is  a mutual  dependency,  yet  each  science  may 
be  pursued  separately  by  one  acquainted  with  a few  mathematical  truths,  the  advantages  of 
this  systematic  treatment  are  so  great,  must  it  not  be  tenfold  greater  in  regard  to  all 
historical  information,  where  nothing  can  be  isolated,  but  all  is  intimately  connected.  In 
the  alphabetical  arrangement  a concise  history  of  each  country  may  be  given  under  its 
name,  but  then  it  is  isolated  from  all  collateral  matter  and  all  contemporary  history.  But 
even  this  system  is  not  always  adopted ; but  the  clumsy  and  unscientific  mode  of  exhibiting 
the  history  of  each  country  under  the  name  of  its  sovereigns  is  often  followed.  To  obviate 
the  inconvenience  arising  from  this  fragmentary  kind  of  history,  the  Encyclopedia  Metro- 
politans has  exhibited  the  history  of  the  world  at  first  in  a series  of  biographical  sketches, 
and  then  in  a continuous  history  of  each  remarkable  country,  combined  with  an  ecclesiastical 
history  remarkably  full  and  rich  in  the  most  interesting  epochs  of  the  Christian  Church. 
But  of  these  portions  of  the  work,  the  Scientific  and  the  Historical,  we  shall  have  to  speak 
more  in  detail  hereafter ; our  concern  at  present  lies  only  with  the  mode  of  arrangement. 

These  two  portions  of  the  work,  however,  still  leave  untouched  a considerable  portion  of 
that  Miscellaneous  information  for  which  it  is  usual  to  refer  to  an  Encyclopedia  ; and 
accordingly  a very  large  proportion  of  the  work  is  devoted  to  this  class  of  subjects,  and 
combined  with  the  most  philosophical  dictionary  of  the  English  language  hitherto  published. 
While,  therefore,  we  deprecate  the  practice  of  extravagantly  lauding  every  particular  article 
furnished  to  this  Encyclopedia,  we  feel  justified  in  observing,  that  the  plan  on  which 
it  was  projected,  by  a peculiar  adjustment  of  the  systematic  and  alphabetical  arrange- 
ments, has  happily  avoided  the  greater  inconveniences  of  each,  while  it  has  at  the  same 
time  combined  their  chief  advantages.  That  which  is  capable  of  being  learned  systemati- 
cally is  so  exhibited,  while  any  portion  of  it  may  be  referred  to  with  ease  as  a separate 
article  ; and  the  alphabetical  arrangement  has  been  restricted  to  that  which  scarcely  admits 
of  any  other  with  convenience  to  the  reader.  The  plan  may  have  some  slight  inconve- 
niences of  its  own,  but  these  advantages  far  more  than  counterbalance  them.  Indeed  one 
of  the  greatest  disadvantages  entailed  on  the  work,  viz.,  the  fragmentary  manner  in  which 
each  portion  was  published  in  the  separate  parts,  is  now  wholly  removed  by  the  completion 
of  the  Encyclopaedia,  and  its  formation  into  volumes. 
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It  may  be  proper  here  to  state  exactly  the  nature  of  the  several  divisions  of  the  work,  as 
set  forth  in  the  original  Prospectus,  and  as  subsequently  modified  in  one  or  two  slight 
particulars. 

FIRST  DIVISION. 


PURE  SCIENCES. 

2 Vols. 


FORMAL. 

REAL. 


{Universal  Grammar. 

Logic : — Rhetoric, 

Mar  hematic*. 

M c tap  by  sics. 

{Moral*. 

Law. 

Theology. 

SECOND  DIVISION. 


MIXED  AND  APPLIED 
SCIENCES. 

6 Vols. 


[ APPLIED.  < 


Mechanic*. 

Jiydroatatlc*.. 

Pneumatics. 

Optic*. 

Astronomy. 


EXPERIMENTAL 

PHILOSOPHY- 


THE  FINB  ARTS. 


III. 

THE  USEFUL  ARTS. 


IT. 

NATURAL  HISTORY. 

V. 

APPLICATION  OF 
NATURAL  HISTORY. 


f Magnetism  : — Elcelro-Magnetiam. 

; Electricity,  Galranism. 

Heat. 

Light. 

Chemistry. 

Sound. 

Meteorology. 

Figure  of  the  Earth. 

Tide*  and  Waroa. 
f Architecture. 

Sculpture. 

Painting. 

Heraldry. 

Numismatic*. 

Poetry. 

Muaic. 

Engraving. 

Agriculture. 

Horticulture. 

Commerce. 

Political  Economy. 

Carpentry.  • 

Fortification. 

Naval  Architecture. 

[ Manufacture#. 

{Inanimate  : — Cryttallography,  Geology,  Mineralogy. 
Insentient : — Pbytonomy,  Botany. 

Animate  : — Zoology. 

{Anatomy. 

Materia  Medics. 

Medicine. 

Surgery. 


THIRD  DIVISION. 


BIOGRAPHICAL  AND 
HISTORICAL. 

5 You. 


Biography  CHJtoxoi.oaicAi.LY  arranged,  interspersed  with  introductory  Chapter*  of  National 
History,  Political  Geography,  and  Chronology,  and  accompanied  with  correspondent  Map*  and 
Chart*.  The  far  larger  portion  of  Histoxy  being  thua  conveyed,  not  only  in  iu  most  iutereating, 
but  in  its  moat  philosophical,  because  moat  natural  and  real  form  ; while  tbc  remaining  and  eon- 
netting  facta  are  interwoven  in  the  several  preliminary  chapter#. 


FOURTH  DIVISION. 

I Alphabetical,  Miscellaneous,  and  Supplementary  -.^-containing  a Gaikttrkr,  or  complete 
Vocabulary  of  Geography : and  a Philosophical  and  Etymological  Lxxtoox  of  the  Engli^i  Lan- 
guage, or  the  History  of  English  Words; — the  citation*  arranged  according  to  the  Age  of  the 
Works  from  which  they  are  selected,  vet  with  every  attention  to  the  independent  beauty  or  value 
of  the  sentence*  chosen,  which  ia  consistent  with  the  higher  ends  of  a clear  iruight  into  the  original 
and  acquired  meaning  of  every  word. 

INDEX. — Bring  a digested  and  complete  Body  of  Reference  to  the  whole  Work. 


We  now  proceed  to  speak  of  each  portion  separately. 
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SCIENTIFIC  DIVISION. 

PURE  AND  MIXED  SCIENCES. 

The  principles  on  which  the  plan  of  the  Encyclopaedia  Metropolitana  was  formed 
having  been  already  explained,  we  now  proceed  to  consider  the  various  divisions  in  detail, 
beginning  with  the  scientific  portion  of  the  work. 

It  is  obvious  that,  besides  the  mere  separation  of  scientific  from  historical  and  literary 
matter,  another  very  remarkable  division  is  afforded  by  the  nature  of  the  sciences  them- 
selves. On  this  natural  line  of  distinction  the  subdivisions  of  the  scientific  volumes  of  the 
Encyclopedia  Metropolitana  are  founded. 

In  the  first  place,  those  sciences  are  grouped  together,  the  principles  of  which  belong  to 
the  pure  Reason,  (e.  g.,  Algebra,  Geometry,  Grammar,  Logic,  &c.).  They  are  combined 
together  as  preliminary  to  the  knowledge  of  those  which  depend  partly  on  abstract  prin- 
ciples and  partly  on  close  observation  of  the  phenomena  around  us,  and  thus  belong  to 
the  truths  received  by  the  Understanding.*  And  here,  again,  there  is  also  a manifest 
difference  between  those  sciences  in  which  so  great  a progress  has  been  made  by  the  human 
mind  that  their  fundamental  principles  may  be  considered  permanently  fixed,  such  as 
Mechanics,  Hydrostatics,  Astronomy,  &c. ; and  those  which  depend  chiefly  on  observation 
of  the  external  world  and  a large  collection  of  facts  and  a careful  induction  from  those 
facts,  such  as  Geology,  and  perhaps  Chemistry.  This  distinction  has  not  been  overlooked 
in  the  Encyclopaedia  Metropolitana. 

It  would  be  idle  to  pretend  to  give  treatises  upon  the  latter  which  shall  permanently 
embody  all  the  principles  which  belong  to  them.  This  would  be  to  profess  to  perform 
impossibilities.  All  that  can  be  done  is  to  represent  their  present  condition ; and  the 
names  of  those  who  have  contributed  these  portions  of  the  Encyclopaedia  are  a sufficient 
guarantee  that  this  is  effectually  provided  for. 

But  with  respect  to  the  exact  sciences,  whether  pure  or  mixed,  more  is  required,  and 
much  more  has  here  been  performed.  The  principles  of  these  sciences  have  long  been  esta- 
blished ; but  the  efficiency  of  any  treatise  depends  much  on  the  mode  in  which  they  are 
exhibited,  and  the  value  of  the  whole  series  in  some  degree  on  the  manner  in  which  they 
are  combined.  In  both  these  respects  the  Encyclopaedia  Metropolitana  may  challenge 
competition  with  any  existing  work.  The  order  in  which  these  sciences  are  exhibited,  and 
the  plan  on  which  the  mathematical  portion  of  the  Encyclopaedia  is  conceived,  resemble 
considerably  that  of  the  series  of  Elementary  Treatises  projected  many  years  ago  for  the 
University  of  Cambridge  by  Dr.  Wood  the  late  Dean  of  Ely,  and  Professor  Vince ; but 
with  this  difference,  that  the  present  volumes  are  far  more  comprehensive  in  the  subjects 
they  embrace,  and  far  more  elaborate  and  scientific  in  their  execution.  But  this  very  simi- 

• The  Reason  and  the  Understanding  are  here  distinguished  according  to  the  views  of  German  philosophers,  and  much  in 
the  nunc  manner  as  in  the  works  of  the  late  S.  T.  Coleridge. 
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larity  shows  that  the  Encyclopedia  Metropolitana  has  attained  one  of  its  professed  objects,  — 
systematic  instruction  and  scientific  information  conveyed — not  in  a confused  mass,  but  in 
the  natural  sequence  of  the  sciences. 

Indeed  this  portion  of  the  work  has  met  with  a degree  of  approbation  in  many 
quarters,  but  especially  in  the  University  of  Cambridge,  which  no  other  Encyclopedia 
has  ever  yet  received.  And  this  preference  relates,  we  may  observe,  to  sciences  which 
have  obtained  a stated  position,  and  are  not  liable  to  be  superseded  by  any  new  discoveries. 
Geology  and  Chemistry  indeed,  and  other  sciences  founded  on  observation  and  experiment, 
are  constantly  enlarging  their  boundaries  and  changing  even  some  of  their  elementary 
principles.  But  no  such  change  takes  place,  or  indeed,  we  may  confidently  assert,  ever 
can  take  place,  in  pure  Mathematics,  or  the  more  exact  branches  of  the  Mixed  Sciences. 
The  utmost  which  may  be  expected  in  these,  is  some  extension  of  their  present  boun- 
daries. The  principles  already  established  may  implicitly  contain  results  not  yet  developed 
from  them,  and  some  of  the  known  elementary  principles  may  perhaps  be  thrown  into 
a different  form,  but  they  are  established  on  too  firm  a basis  ever  to  be  overturned. 
Again,  as  physical  science  employs  in  its  advancement  some  of  the  results  of  those  refined 
speculations  in  pure  mathematics  which  are  at  present  only  truths  belonging  to  the 
Reason,  and  have  no  connection  with  the  world  in  which  we  live,  there  may  be  dis- 
covered another  set  of  results  which  may  give  to  the  mind  of  man  a more  ample  dominion 
over  the  phenomena  of  the  material  world.  Still  these  are  results  which  require  nothing 
to  lie  unlearned ; they  are  a mere  advance  in  the  quantity  of  our  knowledge,  and  in  the 
number  of  the  results  we  can  elicit  from  them.  The  student  who  has  really  mastered 
these  sciences  in  the  systematic  form  in  which  they  are  arranged  here,  will  never  in  the 
course  of  the  longest  life  find  occasion  to  unlearn  any  portion  of  what  he  has  here  ac- 
quired, and  will  find  no  difficulty  whatever  in  adding  to  his  stores  any  new  results  which 
the  mental  energy  and  labour  of  mankind  may  hereafter  develop  from  principles  now 
known. 

We  have  been  thus  particular  in  stating  the  advantages  of  the  arrangement  adopted, 
because  we  deem  it  a matter  of  considerable  importance ; but  we  now  proceed  to  speak 
more  in  detail  of  the  execution  of  each  portion. 

The  distinction  between  Pure  and  Mixed  Mathematics  is  of  primary  importance.  In 
the  manner  in  which  mathematical  inquiries  are  now  conducted,  our  progress  in  mixed 
mathematical  science  mainly  depends  on  our  command  of  the  principles  of  pure  mathe- 
matics. It  is  indeed  almost  an  acknowledged  fact,  that,  in  some  respects,  we  have  a super- 
fluity of  knowledge  of  these  principles.  Our  application  of  Mathematics  to  Natural 
Philosophy  is  so  far  from  having  exhausted  all  our  stores  of  Pure  Mathematics,  that 
although  there  are  still  many  problems  too  intricate  for  solution  with  our  present  means, 
yet  there  is  also  a large  mass  of  results  in  pure  mathematics  which  as  yet  have  no  specific 
application,  and  may  be  considered  as  stores  reserved  for  future  use. 
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The  mere  names  of  the  authors  of  the  Treatises  on  Pure  Mathematics  are  sufficient  to 
prove  that  the  work  is  worthy  of  the  present  state  of  science,  and  that  its  most  important 
Treatises  are  contributed  by  those  who  have  themselves  been  foremost  in  the  onward  inarch 
of  science.  The  elaborate  Treatise  on  Arithmetic,  by  the  present  Dean  of  Ely  (Dr. 
Peacock),  Lowndian  Professor  of  Mathematics  in  the  University  of  Cambridge,  is  interest- 
ing alike  to  the  scholar,  the  mathematician,  and  the  speculator  in  metaphysics.  The 
brief  but  comprehensive  Treatise  on  Trigonometry,  by  Professor  Airy,  now  Astronomer 
Royal,  although  on  so  elementary  a subject,  is  of  considerable  value  from  the  general 
elegance  of  its  demonstrations. 

The  publications  of  the  Rev.  H.  P.  Hamilton  on  Analytical  Geometry  and  Conic 
Sections,  and  that  of  Professor  Barlow  on  the  Theory  of  Numbers,  are  so  well  known 
and  so  highly  esteemed  that  any  eulogium  on  the  essays  supplied  by  these  gentlemen  on 
these  subjects  respectively  would  be  entirely  superfluous. 

The  Treatises  of  Professor  Levy  on  the  Differential  and  Integral  Calculus  are 
written  with  a comprehensive  brevity  which  recommends  them  as  an  introduction  to  those 
important  branches  of  Analytical  Mathematics,  and  are  calculated  to  carry  the  student  to  a 
very  high  point  of  proficiency. 

The  Geometry,  Algebra,  and  Geometrical  Analysis  complete  the  volume  in  a 
manner  worthy  of  the  treatises  with  which  they  are  associated. 

These  sciences  are  however  in  some  degree  elementary ; and  although  by  them  the 
student  would  be  so  far  advanced  as  to  enter  upon  the  works  of  some  of  the  ablest 
analysts,  it  would  be  unworthy  of  such  a publication  as  the  Encyclopaedia  Metropolitans  to 
leave  either  untouched  or  imperfectly  treated  the  more  refined  applications  of  the  higher 
Calculus.  It  will  be  found  accordingly,  that  in  the  second  volume  of  pure  sciences  the 
highest  branches  of  mathematical  analysis  have  been  treated  by  writers  conversant  with  all 
its  intricacies,  and  that  the  mathematical  student  is  furnished  in  them  with  results  of  far 
greater  variety  and  of  a more  subtle  nature  than  can  at  present  be  used  in  the  application  of 
analysis  to  Mixed  Mathematics.  On  this  subject  it  is  unnecessary  to  do  more  than  just  to 
enumerate  the  names  of  the  treatises  and  their  respective  authors,  whose  eminence  in  ma- 
thematical attainments  is  universally  acknowledged. 

The  Calculus  of  Variations,  and  the  Calculus  of  Finite  Differences,  supplied  by 
the  Rev.  T.  G.  Hall,  Professor  of  Mathematics  in  King’s  College,  London,  are  treated 
with  the  clearness  which  his  long  and  successful  course  of  mathematical  teaching  has 
enabled  him  to  give  to  these  refined  and  subtle  portions  of  analysis. 

The  Calculus  of  Functions  and  the  Theory  of  Probability  are  the  work  of  Professor 
De  Morgan.  The  former  of  these  subjects  may  at  present  be  considered  almost  in  its  infancy  ; 
but  there  can  be  no  doubt  that  this  author  has  here  brought  forward  much  that  is  calcu- 
lated to  expedite  its  development.  The  Treatise  on  Probabilities  (a  subject  which  has 
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exercised  the  talents  of  the  greatest  mathematicians  even  down  to  the  times  of  La  Place) 
is,  as  might  be  expected,  one  of  the  most  complete  in  any  language. 

And  lastly,  the  Treatise  on  Definite  Integrals  completes  the  series  of  these  elaborate 
essays  on  the  higher  branches  of  mathematical  analysis.  The  name  of  Professor  Moseley 
is  a sufficient  warrant  that  this  essay  is  also  of  the  highest  character. 

Without  wishing,  therefore,  to  offer  any  undue  eulogium  on  the  treatises  enumerated 
above,  we  may  confidently  ask  that  portion  of  the  public  which  is  qualified  to  judge  of 
their  merits,  to  compare  the  whole  system  of  Pure  Mathematics  here  presented  to  them 
with  that  in  any  similar -work,  whether  of  this  country  or  of  the  continent,  on  the  grounds 
of  arrangement,  clearness,  ability,  and  completeness.  From  any  ordeal  of  this  sort,  how- 
ever severe,  this  Encyclop«edia  will  not  shrink ; and  it  is  confidently  believed  that,  no 
pnrties  connected  with  it  would  have  reason  to  regret  the  comparison. 

From  Pure  Mathematics  we  proceed  in  natural  order  to  their  application  to  physical 
phenomena.  Of  these  sciences,  some  belong  to  the  more  elementary  branches  of  physical 
knowledge,  and  others  to  a higher  aud  more  advanced  stage.  Now  the  treatises  on — 

Hydrodynamics,  Mechanics,  Hydrostatics,  Optics, 'Plane  Astronomy, 
have  been  written  by  Professor  Barlow'  with  an  express  view  to  this  distinction.  They 
are  elementary  enough  to  enable  any  student,  with  a competent  knowledge  of  Pure  Mathe- 
matics, to  overcome  their  difficulties ; and  yet  they  are  so  based  on  scientific  princij  les,  that 
they  will  also  prepare  him  to  enter  readily  on  the  higher  branches  of  Mixed  Mathematics. 
In  Mechanics,  more  especially,  a foundation  is  laid  for  the  succeeding  investigations  of 
Physical  Astronomy,  which  is  in  fact  only  one  of  the  higher  branches  of  Analytical  Physics. 

While,  however,  for  these  portions  of  the  work  we  claim  only  that  high  share  of  appro- 
bation due  to  the  presentation  of  ascertained  results  and  knowledge  already  acquired,  in  an 
elegant  and  useful  form,  there  are  some  treatises  in  the  volumes  devoted  to  the  Mixed 
Sciences  which  demand  a separate  notice,  as  enlarging  the  boundaries  of  our  scientific  know- 
ledge. Of  this  class  are  the  Treatises  on  Light  and  Sound,  by  Sir  J.  F.  W.  Herschel. 

The  Treatise  on  Light,  by  Sir  J.  F.  W.  Herschel,  from  the  position  it  has  already 
obtained  in  the  scientific  world,  both  in  England  and  on  the  Continent,  cannot  require  any 
comment  or  recommendation  here.  We  shall  merely  cite  it  as  furnishing  the  best  refuta- 
tion to  the  words  of  its  author  respecting  the  decline  of  Science  in  England.* 

The  simple  mention  of  Sir  J.  F.  W.  Herschel’s  name  is  a sufficient  recommendation  to 
the  Treatise  on  Physical  Astronomy.  It  proves  at  once  that  it  must  be  an  Essay  of  the 
highest  order  of  merit,  nnd  worthy  of  the  present  state  of  the  Science.  Indeed  the  name 
of  Sir  J.  F.  W.  Herschel  stands  so  confessedly  at  the  head  of  Physical  Science  in  Eng- 
land, that  the  conductors  of  this  Encyclopedia  may  justly  be  proud  that  he  has  contributed 
so  largely  to  its  pages. 

* HmcbeJ — Emy  on  Sovjtd.  Mixed  Science*,  vol.  ii.  p.  810, 
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But  although  Plane  and  Physical  Astronomy  had  been  thus  ably  treated,  it  was  con- 
sidered that  something  more  was  required ; and  the  late  Captain  Kater  kindly  furnished  the 
very  useful  and  able  Treatise  on  Nautical  Astronomy,  a subject  with  which  his  acquaint- 
ance was  at  once  profound  and  practical. 

Magnetism  and  Electro-Magnetism  are  treated  by  Professor  Barlow  with  the  same 
ability  and  research  which  he  has  displayed  in  the  other  essays  contributed  by  him.  It 
cannot  be  needful  to  recommend  the  Essay  on  Galvanism,  as  Dr.  Roget's  scientific  cha- 
racter is  too  firmly  established  to  leave  any  doubt  as  to  its  merit. 

The  author  of  the  Treatises  on  Electricitt,  Heat,  and  Chemistry,  the  late  Rev.  F. 
Lunn,  was  one  whose  merits  as  an  experimental  philosopher  and  chemist  were  not  so  exten- 
sively known  rs  they  deserved  to  be ; but  in  Cambridge,  in  a considerable  circle  of  persons 
qualified  to  judge  in  these  matters,  his  talents  were  justly  appreciated,  and  his  acquirements 
acknowledged  to  be  of  the  highest  order.  The  treatises  themselves,  it  is  believed,  will 
amply  justify  their  favourable  anticipations. 

The  third  volume  of  Mixed  Sciences  is  chiefly  devoted  to  the  Fine  Arts ; but  there  are 
two  or  three  essays  in  the  early  part  of  the  volume  which  belong  to  the  more  exact  sciences, 
viz.,  the  Essay  on  the  Figure  of  the  Earth,  by  the  present  Astronomer  Royal,  and  his 
Treatise  on  the  Tides.  With  regard  to  the  former,  much  novelty  was  hardly  to  be 
expected  ; but  the  Editor  believes  he  is  justified  in  stating  that  this  Treatise  contains  the 
most  complete  combination  and  discussion  of  observations  relating  to  the  subject  which 
has  yet  appeared  in  England.  But  the  treatise  into  which  this  great  mathematician 
has  thrown  all  his  power  is  the  Theory  of  the  Tides.  It  was  remarked  in  1833,  by 
Mr.  Lubbock,  on  the  subject  of  the  tides,  that  “ there  is  no  branch  of  physical  astronomy 
in  which  so  much  remains  to  be  accomplished.”  * The  Astronomer  Royal,  in  this  treatise, 
has  made  a large  step  in  advance  in  this  science ; he  has,  at  all  events,  demonstrated  the 
unsoundness  of  the  equilibrium  theory  and  the  inapplicability  of  the  theory  of  Laplace. 
The  latter  he  has  explained  in  such  a manner  as  to  bring  it  within  the  reach  of  good 
mathematicians ; whereas,  in  the  manner  it  was  presented  by  its  author  in  the  Mecanique 
Celette,  none  but  persons  of  very  high  mathematical  ability  and  undaunted  perseverance 
would  venture  to  encounter  its  difficulties.  Still  the  theory  was  inapplicable;  and  the 
Astronomer  Royal  gave  all  the  leisure  he  could  command,  for  some  years,  to  the  con- 
sideration of  these  questions,  and  to  an  endeavour  to  place  this  great  problem  on  a firm 
foundation.  The  Editor  does  not  pretend  to  speak  on  this  point  from  his  own  knowledge ; 
but  the  terms  in  which  some  of  the  most  distinguished  mathematicians  of  Cambridge  have 
spoken  to  him  of  this  treatise  prove  that  they  consider  it  to  have  advanced  the  knowledge 
of  this  difficult  subject  in  no  ordinary  degree.  Indeed,  the  Editor  believes  that  he  may 
confidently  assert  that  every  previous  treatise  on  the  subject  is  entirely  superseded  by  this 
theory,  and  that  it  will  prove,  for  many  years  to  come,  the  only  sound  foundation  of  our 
knowledge  of  the  Theory  of  the  Tides. 


• “ Report  on  the  Tide*,"  published  in  the  Report  of  the  Fire  and  Second  Meeting*  of  the  British  Aseociatioo  for  the 
Adtinccrocnt  of  Science. 
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A few  more  treatises  in  these  volumes  require  separate  mention, — the  Meteorology 
of  the  late  Mr.  Harvey,  and  the  Crystallography  of  Mr.  Brooke.  Although  not  anxious 
to  quote  opinion*  on  articles  in  this  Encyclopaedia,  the  Editor  may  be  permitted  to  call 
attention  to  the  following  incidental  notice  of  the  article  in  Professor  Forbes's  Report  on 
Meteorology,  addressed  to  the  British  Association  at  its  second  meeting : — " We  shall 
occasionally  avail  ourselves  of  the  information  contained  in  this  work  (the  Elemens  de 
Physique  of  M.  Pouillet),  as  well  as  of  a useful  compendium  of  facts  contained  in  the 
article  Meteorology,  in  the  Encyclopedia  Metmpolitana,  note  in  the  course  of  publication .” 
— Report,  p.  206.  The  testimony  of  Professor  Forbes  is  of  first-rate  authority,  and  above 
all  suspicion. 

Of  the  Crystallography  and  Mineralogy  of  Mr.  Brooke  it  is  not  necessary  to  speak 
particularly,  but  we  may  again  quote  the  same  volume  of  Reports  for  the  testimony  of  a 
competent  witness  to  the  value  of  Mr.  Brooke's  labours  in  these  sciences : — 

'*  Mr.  Phillips  and  Mr.  Brooke  have  contributed  to  the  stock  of  cryitallography 
observations  more  numerous  and  exact,  probably,  than  any  other  two  names  could 
rival.” — Dr.  Whewell's  Report  on  Mineralogy  at  the  Second  Meeting  of  the  British 
Association. 

The  names  of  Mr.  Phillips  and  Dr.  Daubcny  will  sufficiently  recommend  the  Treatise 
on  Geology,  as  exhibiting  an  adequate  representation  of  that  science  at  the  time  of  its 
publication.  And,  even  in  this  hasty  enumeration,  the  Essays  on  Carpentry,  by 
P.  Nicholson,  Esq. ; on  Fortification,  by  Major  Michell  and  Captain  Procter ; and  on 
Naval  Architecture,  by  the  late  Mr.  Harvey,  must  not  be  passed  over.  We  can 
only  say  here,  as  in  so  many  other  instances,  the  names  guarantee  the  value  of  their 
contributions. 

Before  we  leave  this  class  of  Mixed  Sciences,  we  must  call  attention  to  the  novel  feature 
exhibited  in  the  sixth  volume  of  the  series,  viz.,  a systematic  account  of  the  Arts  and 
Manufactures  of  Great  Britain.  There  is,  probably,  no  writer  who  would  be  able  to 
do  such  ample  justice  to  so  extensive  a range  of  matter,  requiring  both  theoretical  and  practical 
knowledge,  as  Mr.  Barlow ; but  that  nothing  might  be  wanting  to  the  completeness  of  this 
portion  of  the  work,  Professor  Babbage  was  engaged  to  give  a Preliminary  Discourse  on  the 
Principles  of  Manufactures ; and  it  may  confidently  be  asked,  to  what  other  source  could 
the  conductors  of  the  work  have  appealed  on  so  difficult  and  general  a subject  where  the 
answer  to  that  appeal  would  have  afforded  such  entire  confidence  in  the  result  ? 

We  have  now  enumerated  all  the  articles  in  these  volumes  which  appertain  to  the  more 
exact  sciences  and  to  those  connected  with  physical  phenomena.  The  remainder  are 
devoted  to  another  class  of  subjects, — Natural  History,  Physiology,  Medical  Sciences, 
the  Useful  Arts,  Belles  Lettres,  and  the  Fine  Arts. 

The  Treatises  on  Botany  and  Horticulture  are  supplied  by  G.  Don,  Esq.,  whose 
profound  acquaintance  with  every  department  of  knowledge  which  belongs  to  the  vegetable 
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kingdom  is  known  to  all  botanist*  and  florists.  The  Treatise  on  Political  Economy  was 
written  by  N.  W.  Senior,  Esq. 

The  following  enumeration  of  the  remaining  Treatises  in  the  volumes  devoted  to  the 
Mixed  and  Applied  Sciences  will  show  that  the  range  of  subjects  to  which  attention  is 
directed  is  wide  and  comprehensive,  and  the  intrinsic  merit  of  the  Essays  themselves  will 
prove  that  no  pains  have  been  spared  to  do  justice  to  these  interesting  topics.  They  em- 
brace a Series  of  Treatises  on  Architecture,  Sculpture,  Painting,  Engraving.  He- 
raldry, Numismatics,  Poetry,  Music,  Agriculture,  and  Commerce. 

In  the  first  volume  of  Pure  Sciences  Sir  J.  Stoddart  has  given  a lucid  and  able  summary 
of  the  General  Principles  of  Grammar,  of  which  it  is  unnecessary  to  speak  in  detail. 

The  Logic  and  Rhetoric  of  the  present  Archbishop  of  Dublin  require  no  commendation 
here,  as  they  have  already,  for  many  years,  been  published  in  a separate  form,  and  taken 
their  place  among  the  standard  works  of  our  language. 

The  Treatise  on  Law  is  the  work  of  three  gentlemen, — Richard  Jebb,  Esq,,  Professor 
Graves,  and  Archer  Poison,  Esq.  It  was  originally  intended  that  the  whole  should  have 
been  executed  by  Mr.  Jebb;  but  ill  health  having  rendered  it  inconvenient  to  him  to  furnish 
the  conclusion,  it  was  intrusted  to  Professor  Grave*  and  Mr.  Poison,  who  were  fully 
acquainted  by  Mr.  Jebb  with  the  plan  on  which  he  projected  it,  and  kindly  undertook  to 
complete  it*  execution.  The  portion  accomplished  by  Mr.  Jebb  embraces  one  of  the  most 
difficult  portions  of  philosophy — the  general  foundations  of  law  and  morals;  and  the 
Editor  is  happy  to  state  that  testimony  from  the  very  highest  quarters  has  been  given 
to  the  profoundness  of  the  views  entertained  by  Mr.  Jebb,  and  the  ability  with  which  they 
are  developed. 

In  regard  to  two  of  the  Treatises  in  the  volumes  devoted  to  Pure  Sciences,  viz.,  the 
Moral  and  Metaphysical  Philosophy,  and  the  Outlines  of  Theology,  a few-  words 
of  explanation  are  required.  They  appear,  it  must  be  acknowledged,  under  a form  different 
from  that  which  seems  to  be  contemplated  in  the  original  scheme  of  this  work. 

That  scheme  apparently  was  intended  to  comprise  formal  and  scientific  treatises  on  these 
important  subjects ; but  every  person  at  all  conversant  with  these  matters  will  acknowledge 
that  such  a Treatise  could  have  but  little  value,  if  it  were  confined  to  the  limits  which  a 
general  work  like  the  present  must  necessarily  prescribe.  A course  was  therefore  adopted, 
by  which,  it  is  hoped,  the  most  important  principles  of  these  sciences  are  brought  forward 
in  the  manner  most  likely  to  conduce  to  the  advantage  of  those  who  study  them.  In  the 
present  state  of  metaphysical  knowledge,  it  would  be  presumptuous  to  put  forth  any  system 
of  Metaphysics ; but  a general  History  of  Morel  and  Metaphysical  Philosophy  affords  the 
most  convenient  opportunity  for  displaying  the  principles  on  which  the  greatest  philoso- 
phers have  hitherto  endeavoured  to  form  their  systems,  for  pointing  out  their  difficulties, 
and  for  marking  how  far  each  has  contributed  to  the  progress  of  the  science.  Such  a 
sketch,  however,  required  the  hand  of  a master ; and  the  Editor  confidently  believes  that  the 
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Treatise  on  Moral  and  Metaphysical  Philosophy  which  is  here  given  is  calculated  fully  to 
sustain  the  deservedly  high  reputation  of  the  Rev.  F.  D.  Maurice. 

Of  the  Outlines  of  Theology,  it  does  not  become  the  Editor  to  say  more  than  that  to 
acknowledge  with  gratitude  the  very  able  assistance  of  Professor  Corrie,  to  whom  two 
chapters  are  due.  Much  of  the  matter  which  usually  falls  under  the  head  of  Theology  had 
already  been  anticipated  in  the  Miscellaneous  and  Historical  Departments ; and  it  was  the 
object  of  the  Editor  to  devote  the  comparatively  small  space  which  he  could  command  only 
to  the  most  important  portions  of  the  subject,  and  to  render  this  Treatise  as  practically 
useful  as  possible.  He  has  endeavoured  to  avoid  passing  controversies,  but  to  bring  forward 
the  sound  and  genuine  doctrines  of  the  Church  of  England ; and  perhaps  he  may  be  allowed 
to  add  that,  in  pursuance  of  this  object,  he  has  spared  no  pins  or  labour. 

HISTORICAL  DIVISION. 

From  the  time  that  this  Encycloptedia  was  consigned  to  the  management  of  Archdeacon 
Lyall,  and  subsequently  to  that  of  the  Rev.  Edward  Smedley,  its  Historical  Division 
became  enriched  with  contributions  from  some  of  the  most  eminent  writers  of  the  day. 

It  will  be  impossible,  in  the  rapid  sketch  of  the  contents  of  the  several  volumes  which  a 
Preface  admits,  to  specify  every  papr ; but  as  every  contribution  (except  in  prt  of  the 
first  volume)  is  assigned  to  its  propr  author  at  the  beginning  of  each  volume,  such  a course 
is  unnecessary,  either  for  the  information  of  the  public,  or  as  a tribute  of  respect  to  the 
distinguished  authors  themselves.  It  will  be  observed,  on  a general  survey  of  their  names, 
that  ample  care  has  l»een  token  to  enlist  among  the  contributors  to  this  department 
writers  not  only  of  splendid  endowments,  but  also  of  the  highest  attainments  in  different 
classes  of  historical  knowledge.  There  will  be  found  contributions  from  Bishop  Blomfield, 
Dr.  VVhcwell,  Serjeant  Talfourd,  Dr.  Arnold,  Dr.  Hinds,  Rev.  J.  A.  Jeremie,  Rev.  G.  C. 
Renouard,  Rev.  J.  H.  Newman,  Bishop  Russell,  Archdeacon  Hale,  Archdeacon  Lyall, 
Rev.  J.  B.  S.  Carwithen,  Dr.  Hampden,  Rev.  R.  Garnet,  Major  Mountain,  Rev.  J.  H. 
B.  Mountain,  Dr.  W.  C.  Taylor,  Captain  Procter,  Rev.  J.  E.  Riddle,  Rev.  T.  G.  Ormerod, 
T.  Roscoe,  Esq.,  W.  M'Pherson,  Esq.,  Rev.  R.  E.  Browne,  Rev.  H.  Thompson,  Rev.  J.  G. 
Dowling,  Rev.  J.  W.  Blakesley,  Rev.  J.  B.  Ottley,  W.  Lowndes,  Esq.,  Q.C.,  &c.  &c. 

A good  work  on  general  history  has  long  been  a great  desideratum  in  our  literature. 
The  summaries  of  Tytler  and  Russell  are  too  brief,  and  the  Universal  History,  indepndently 
of  the  heavy  manner  in  which  it  is  written,  is  too  long.  It  is  presumed  that  the  historical 
volumes  of  the  Encyclopaedia  Metropolitans  will  be  found  to  meet  this  want  in  an  efficient 
manner.  The  histories  arc  written  by  men  of  undoubted  ability;  and  historical  dissertations, 
such  as  those  on  the  Crusades  and  the  Feudal  System,  are  introduced  into  the  text  at  the 
most  convenient  periods,  for  the  illustration  of  the  subjects  involved. 

In  the  original  Prospectus  it  was  intimated  that  the  History  would  be  given  in  the 
form  of  Biography,  chronologically  arranged.  Such  an  arrangement,  however  conve- 
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nient  in  regard  to  Ancient  History,  when  the  History  of  Greece  or  Rome  was  virtually  the 
history  of  the  world,  would  scarcely  admit  of  any  modification  by  which  a modern  uni- 
versal history  could  be  treated  biographically.  The  interests  even  of  Europe  alone  are  too 
complicated  in  modern  times  to  be  treated  in  any  other  way  than  by  a separate  history  of 
each  country.  Accordingly,  it  will  be  found  that  the  former  plan  has  been  exchanged  for 
national  histories  from  about  the  middle  of  the  third  volume,  an  exchange  which  every 
reader  will  acknowledge  to  have  been  not  only  advantageous,  but  imperatively  required. 

The  first  volume,  beginning  from  the  earliest  accounts  of  mankind,  brings  down  the 
History  t.Q  about  the  year  200,  B.c.  It  contains,  besides  the  usual  course  of  Ancient 
History,  an  Essay  on  Greek  Philosophy,  connected  with  the  life  of  Socrates,  by  the  present 
Bishop  of  London ; and  a Life  of  Archimedes,  with  a Sketch  of  Greek  Mathematics,  by 
Dr.  Whewell ; with  many  other  papers,  which  it  is  obviously  impossible  here  to  specify. 

The  second  volume  continues  the  secular  history  to  the  age  of  the  Antonines,  and  lays  a 
foundation  for  the  future  chapters  of  Ecclesiastical  History  in  an  elaborate  account  of  the 
first  appearance  of  Christianity,  and  of  the  apostolic  age.  The  following  dissertations,  un- 
connected with  the  general  course  of  the  History,  but  of  great  importance  in  a philoso- 
phical point  of  view,  may  be  particularly  specified  as  giving  great  value  to  this  volume, — 
Pi.ato,  Aristotle,  Seneca,  the  Stoics,  Cicero,  Roman  Philosophy,  Historians  op 
Rome,  Sextus  Empiricus,  the  Pvrrhonists,  &c.  Nor  would  it  be  proper  to  pass  over, 
without  a distinct  reference,  the  elaborate  History  of  Latin  Poetry,  which  has  been  gene- 
rally acknowledged  as  a valuable  accession  to  our  literature. 

The  third  volume  contains  an  account  of  the  Decline  of  the  Roman  Empire,  the  Rise  of 
the  Empire  of  Charlemagne,  and  of  the  Modern  System  of  Europe,  as  well  as  an  elaborate 
History  of  Mohammed,  and  the  origin  of  Saracenic  Power.  It  brings  down  the  History 
to  about  the  end  of  the  thirteenth  century,  and  comprises,  besides  the  Secular  History,  an 
ample  Ecclesiastical  History  of  the  same  period.  The  historical  dissertations  with  which 
it  is  enriched  are  Essays  on  Mohammed  ; on  the  Heresies  op  the  Second  and  Third 
Centuries  ; Plotinus  and  the  Later  Eclectics  ; the  Crusades  ; the  Feudal  System  ; 
Thomas  Aquinas,  and  the  Scholastic  System. 

The  fourth  and  fifth  volumes  continue  the  Modern  History  to  the  settlement  of  Europe 
under  the  Treaties  of  1815.  'The  Ecclesiastical  History  is  also  continued  to  the  same 
period. 

The  Editor  would  also  desire  to  call  attention  to  the  copious  Chronological  Tables 
inserted  at  convenient  intervals  in  this  division  of  the  work. 

The  historical  volumes  of  the  Encyclopedia  Metropolitan,  it  will  be  seen,  have  been 
formed  on  the  principle  of  giving  an  accurate  and  ample  general  history.  As  every 
Encyclopedia  is  now  expected  to  embody  a large  amount  of  history,  the  only  question 
left  for  consideration  was,  how  to  meet  this  demand  in  the  most  efficient  manner.  The  plan 
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most  commonly  adopted  in  works  of  this  nature,  of  giving  the  history  of  each  country  in 
the  article  assigned  by  alphabetical  order  to  that  country,  appeared  liable  to  some  objec- 
tions, which  might  be  obviated  by  removing  the  history  to  separate  volumes,  and  giving 
to  it  a certain  degree  of  continuity.  The  convenience  of  this  method  is  obvious  ; and  the 
names  of  the  contributors  employed  upon  this  important  portion  of  the  work  bear  ample 
testimony  to  the  exertions  which  must  have  been  made  to  obtain  the  co-operation  of  so 
many  writers  of  high  endowments. 

MISCELLANEOUS  PORTION. 

Although  the  Miscellaneous  Division  of  this  Encyclopeedia  occupies  a larger  numlier  of 
volumes  than  any  other,  it  requires  a less  extended  notice.  It  will  be  impossible  to  mention 
separately  every  article,  or  even  every  contributor  of  merit ; but  all  that  is  required  in  this 
Preface  is  to  explain  in  some  degree  the  principle  on  which  this  portion  of  the  work  was 
executed,  and  to  indicate  the  authors  of  some  of  the  most  remarkable  series  of  papers. 

The  most  remarkable  features  in  this  division  of  the  Encyclopaedia  are  clearly — 

1.  The  English  Lexicon. 

2.  The  Geography. 

3.  The  Natural  History. 

4.  The  strictly  Miscellaneous  Articles. 

It  is  unnecessary  here  to  S]>eak  in  any  detail  on  the  subject  of  the  Lexicon.  Its  plan  was 
duly  described  in  the  Prospectus  and  the  special  Preface  to  the  Lexicon  itself.  To  that 
plan  a steady  adherence  has  lieen  maintained;  and  the  universal  approbation  with  which  this 
Lexicon  has  been  received,  precludes  the  necessity  of  enlarging  either  on  the  [dan  itself  or 
on  the  gigantic  labour  involved  in  its  execution.  The  plan  of  giving  the  quotations  of 
each  word  chronologically  has  the  advantage  of  embodying  in  a philosophical  Lexicon  a 
history  of  our  men  language.  They  are  generally  full  of  interest  ; but  the  labour  of 
searching  them  out  and  arranging  them  is  one  of  which  those  who  have  never  engaged 
in  any  similar  occupation  can  form  no  adequate  notion.  Once  achieved,  the  work  is 
jierformed  for  ever ; and  Dr.  Richardson  may  be  contented  to  think  that  he  has  here  left 
a KTopa  It  del  of  infinite  value  to  his  countrymen. 

Before  we  speak  of  the  Geography  and  Natural  History,  and  the  articles  on  Law,  we  may 
be  allowed  to  insert  a few  words  relating  to  the  highly  gifted  individual  to  whom  this 
Encyclopaedia  owes  so  many  of  its  advantages  and  attractions;  we  mean  the  late  Rev. 
Edward  Smedley.  Besides  the  advantages  derived  from  the  confidence  reposed  in  him 
during  his  editorship  by  so  many  men  of  distinguished  literary  merit,  he  not  only  threw 
into  the  historical  volumes  of  this  book  very  elaborate  chapters,  containing  the  results  of 
deep  historical  research,  but  gave  to  the  Miscellaneous  Division  a series  of  articles  which 
embodied  a vast  store  of  curious  and  recondite  information,  communicated  in  n manner  at 
once  instructive  and  agreeable.  The  copious  stores  of  his  own  mind,  and  his  vast  fund  of 
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acquired  knowledge,  enabled  him  to  enrich  this  department  of  the  Encyclopedia  with  a eJags 
of  articles  which  stamp  a peculiar  character  on  those  volumes  of  the  work  which  he  super- 
intended,— a character  which  it  would  have  been  in  vain  to  seek  to  supply  from  any  other 
source.  His  death  was  a loss  to  literature  in  general ; it  left  a void  which  it  was  difficult 
to  supply,  and  we  may  be  thankful  that  it  was  not  more  severely  felt  in  this  Encyclopaedia. 
The  arrangements  he  had  already  made  were  so  efficient  that  the  succeeding  Editors  found 
little  difficulty  in  carrying  on  what  he  had  begun,  and  completing  what  he  had  either  over- 
looked or  left  unlinished.  The  editorship  was  placed  on  his  decease  in  the  hands  of  the  late 
Rev.  Hugh  .lames  Rose,  B.D.,  Principal  of  King’s  College,  London.  It  would  not  become 
the  present  Editor  to  speak  of  one  so  closely  connected  with  himself,  of  the  high  purpose 
which  he  ever  set  before  him  in  all  his  undertakings,  and  the  noble  endowments  with  which 
those  high  purposes  were  ever  prosecuted.  Of  these  it  would  be  a grateful  task  to  speak,  but 
this  is  not  a fitting  place.  We  confine  ourselves  here  to  the  simple  fact,  that  he  made  such 
engagements  as  materially  benefited  the  work,  and  facilitated  the  completion  of  it  on  the 
plan  which  had  lieen  projected  and  adhered  to  as  far  as  was  practicable. 


We  proceed  now  to  add  a few  words  on  some  of  the  most  remarkable  sections  of  the 
Miscellaneous  Division.  And  first,  on  the  Geography. 

It  will  lie  observed,  that  the  arrangement  in  this  department,  although  in  the  alphabetical 
portion  of  the  work,  is  not  strictly  alphabetical.  It  has  been  the  practice,  through  the  chief 
portion  of  the  Encyclopiedia,  to  describe  whole  regions  at  once,  and  give  accounts  of  remark- 
able places  and  smaller  divisions  of  territory  under  the  larger  geographical  division  to  which 
they  belong.  Thus,  for  example,  if  the  reader  wished  to  turn  to  the  account  of  Smyrna, 
he  must  look  under  Natoma  ; for  Utrecht,  he  would  look  at  Netherlands  ; and  so 
forth.  That  this  is  a sacrifice  in  some  degree  of  facility  of  reference,  cannot  be  denied  ; but 
at  the  same  time  it  gives  a more  philosophical  and  systematic  consistency  to  the  geogra- 
phical section ; and,  as  the  work  is  now  complete,  the  Index  will  obviate  every  difficulty  of 
this  character.  In  any  case  in  which  it  is  uncertain  where  a town  or  district  may  lie 
described,  a single  reference  to  the  Index  will  be  enough. 

For  the  whole  of  the  articles  on  Geography,  the  proprietors  feel  that  they  may  fairly 
advance  the  claim  of  having  obtained  the  co-operation  of  persons  more  than  competent  to 
bring  forward  whatever  is  most  valuable  for  a work  like  this  from  all  usually  accessible 
sources  of  information.  In  this  respect  the  Encyclopaedia  Metropolitans  claims  to  take  a 
high  station  among  similar  works;  and  the  names  of  those  gentlemen  who  have  contributed 
the  articles  on  European  and  American  Geography  are  a sufficient  pledge  of  the  ability 
and  care  with  which  they  are  executed.  The  gentlemen  to  whose  labours  this  department 
is  chiefly  indebted,  are  the  following: — T.  Myers,  Esq.,  Captain  Bonnycastle,  R.E., 
C.  Vignoles,  Esq.,  C.E.,  H.  Lloyd,  Esq.,  G.  H.  Smith,  Esq.,  A.  Jacob,  Esq.,  W.  D. 
Cooley,  Esq.,  and  Cyrus  Redding,  Esq. 


But  there  is  one  class  of  geographical  articles  which  demands  an  especial  mention.  They 
are  indeed  sui  generis,  and  may  be  said  to  be  wholly  without  a rival  in  any  similar  work 
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i»  our  own  language.  These  are  the  articles  on  Ancient,  Oriental,  and  African  Geo- 
graphy, which,  throughout  the  work,  were  supplied  by  the  Ilev.  G.  C.  Renouard,  late 
Fellow  of  Sidney-Sussex  College,  Cambridge,  and  formerly  Chapiain  at  Smyrna.  It  is  not 
merely  the  extensive  familiarity  with  every  class  of  language,  ancient  and  modern,  and  with 
all  the  storehouses  of  information  in  them,  which  give  the  value  to  his  researches,  but  it 
is  the  extraordinary  xeal  and  industry  which  he  has  invariably  bestowed  in  conjunction 
with  these  great,  advantages  on  his  favourite  pursuit  of  geography.  No  one  but  the  Editor 
of  this  Encyclopaedia  is  probably  aware  of  the  amount  of  time  and  labour  bestowed  by  Mr. 
Renouard  on  each  of  these  articles.  This  circumstance,  and  his  extensive  familiarity  with 
the  original  sources  of  information  in  all  languages,  render  his  contributions  unique  in  the 
history  of  similar  undertakings ; and  the  Editor  believes  that  if  these  essays  were  collected 
together,  and  published  as  a system  of  Oriental  Geography,  they  would  surpass  in  accuracy 
and  value  anything  at  present  existing  in  our  own  or  any  other  Eurojiean  language. 

We  pass  on  now  to  the  Section  of  Natural  History.  This  is  divided  chiefly  into  Botany 
and  Zoology.  In  these  two  sciences  the  Genera  will  be  found  described  in  their  alpha- 
lietical  order,  while  their  scientific  arrangement  and  the  principles  of  the  sciences  form 
part  of  the  treatises  in  the  volumes  devoted  to  the  Mixed  Sciences. 

For  these  two  departments,  the  services  of  several  eminent  naturalists  were  engaged. 
In  Botany,  T.  Edwards,  Esq.,  and  Mr.  Don,  &c.  In  Zoology,  T.  Bell,  Esq  , F.L.S.,  &e., 
J.  E.  Gray,  Esq.,  F.L.S.,  See.,  of  the  British  Museum,  J.  F.  Stephens,  Esq.,  and  Mr. 
South.  To  Mr.  South  the  Encyclopaedia  is  much  indebted  for  the  very  great  accuracy 
with  which  he  has  composed  his  descriptions,  and  for  the  varied  and  interesting  informa- 
tion he  has  interwoven  with  the  subject  of  most,  of  these  articles.*  It  will  also  be  observed 
that  a very  copious  Law  Dictionary  is  incorporated  with  this  portion  of  the  work,  fur- 
nished by  a variety  of  able  contributors  engaged  in  the  study  and  the  practice  of  the 
Law.  The  articles  supplied  by  each  contributor  are  indicated  in  the  volumes  in  which  they 
occur. 

Besides  the  miscellaneous  articles  of  the  late  Editor,  the  Geographical  Gazetteer,  and 
the  Law  Dictionary,  included  in  this  portion  of  the  Encycloptedia,  a large  number  of  arti- 
cles, some  of  them  of  very  great  importance  and  value,  will  be  found  scattered  through  the 
volumes  of  the  Miscellaneous  Division,  which  it  is  obviously  impossible  here  to  particularize. 
Attention  may,  however,  be  called,  amongst  a variety  of  others,  to  the  Biblical  articles,  by 
the  Rev.  T.  H.  Horne;  to  the  Philological  and  Oriental  articles,  by  the  Rev.  G.  C.  Renouard; 
the  Scientific  articles  (as  e.  g.,  Dialling,  Surveying,  Weights  and  Measures,  &c.),  by  Mr. 
Barlow ; Meteoric  Stones,  by  Professor  Miller  ; Stove  and  Ventilation,  by  C.  Hood,  Esq., 
F.R.S.,  kc. ; Stucco,  by  T.  L.  Donaldson,  Professor  of  Architecture  in  University  College, 
London  ; the  Theological  articles,  by  Archdeacon  Hale ; W riting,  and  other  articles,  by 
the  Rev,  R.  Garnet ; and  to  a number  of  others,  which  cannot  here  be  enumerated,  but  for 

• These  will  sometimes  be  found  to  fujicrsedo  other  articles  on  similar  subjects.  Thus,  Balirna  includes  an  account  of  Whale 
Fisheries,  8tc. 
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which  the  able  and  distinguished  writers  will  receive  due  credit  in  the  volumes  to  which 
their  labours  belong. 

MEDICAL  VOLUME. 

Every  portion  of  the  Encyclopaedia  has  now  been  considered  except  the  Physiological 
and  Medical  Volume. 

The  Zoology  combines  General  Physiology  with  Comparative  Anatomy,  and  is  the 
work  of  J.  F.  South,  Esq.,  Surgeon  of  St.  Thomas’s  Hospital,  (assisted  in  one  portion  of 
Physiology,  by  F.  Le  Gros  Clark,  Esq.,  and  T.  Solly,  Esq.,  both  of  St.  Thomas’s  Hospital). 
For  this  treatise  one  merit,  and  that  not  of  any  ordinary  kind,  may  be  claimed.  It  is 
usual,  in  works  of  this  kind,  to  give  the  best  information  derived  from  the  best  authorities. 
But  Mr.  South,  whose  acquaintance  with  these  authorities  is  most  extensive,  on  comparing 
the  descriptions  in  books  of  the  very  highest  character  with  the  specimens  themselves  (par- 
ticularly those  of  Osteology),  preserved  in  the  Museum  of  the  College  of  Surgeons,  found 
that  he  could  never  entirely  rely  upon  them,  and  accordingly  determined  to  describe,  in 
every  instance  in  which  it  was  practicable,  from  the  specimens  themselves.  Of  the  labour 
thus  entailed  upon  him,  and  of  the  value  which  this  circumstance  must  give  to  his  details, 
it  is  unnecessary  to  say  one  single  word. 

Of  the  Anatomy,  by  Mr.  South  and  Mr.  Le  Gros  Clark,  and  the  Materia  Medica,  by 
Dr.  G.  Johnson,  it  may  be  said  that  their  names  are  sufficient  pledge  that  these  Treatises 
are  of  first-rate  character. 

The  Treatise  on  Medicine,  by  Dr.  Robert  Williams,  of  St.  Thomas’s  Hospital,  is  an 
attempt  to  give  a more  philosophical  view  of  the  classification  of  disease  than  lias  hitherto 
lieen  taken  in  any  works  of  modern  date.  The  work  of  Dr.  Williams  on  Morbid  Poisons, 
and  his  essays  read  before  the  College  of  Physicians,  have  obtained  him  the  highest 
reputation  among  the  members  of  his  own  profession.  No  person  can  read  his  treatise 
without  a deep  interest ; and  the  Editor  is  willing  to  believe  that  it  will  add  to  the  fame  of 
its  author,  and  invest  him  with  the  credit  of  having  triumphed  over  obstacles  hitherto 
thought  an  insuperable  bar  to  any  philosophical  arrangement  of  disease. 

To  W.  Bowman,  Esq.,  the  Encyclopedia  is  indebted  for  an  able  outline  of 

Surgical  Practice.  His  qualifications  for  treating  that  subject  are  amply  testified  by  his 
long  experience  ns  Demonstrator  at  King's  College,  London,  and  by  his  publication  on 
Physiology  in  conjunction  with  Dr.  Todd.  This  volume,  the  contents  of  which  will,  it  is 
hoped,  prove  interesting  to  all  classes  of  readers,  is  closed  by  a comprehensive  Treatise  on 
Veterinary  Art,  by  W.  C.  Spooner,  Esq. 

Before  concluding  this  Preface,  there  are  two  subjects  to  which  some  allusion  is  re- 
quired,— the  Plates  which  accompany  the  work,  and  the  general  Index. 

The  Plates  are  for  the  most  part  the  work  of  those  two  eminent  engravers,  Messrs. 
Lowry.  They  speak  for  themselves,  and  require  only  a simple  inspection  to  prove  their 


Digitized  by  Google 


XXIV 


PREFACE. 


beauty  and  excellence,  and  the  ample  justice  which  the  engraver  has  done  to  the  subject 
before  him. 

With  regard  to  the  Index,  it  is  proper  to  observe  that  it  was  begun  at  an  early  period 
in  the  publication  of  the  Encyclopaedia,  when  it  was  intrusted  to  the  Rev.  J.  II  indie,  who, 
after  completing  his  references  to  the  portion  then  published,  added  those  which  were 
required  for  the  succeeding  Parts,  os  each  appeared.  The  consequence  is,  that  the  Index, 
instead  of  being  a hasty  work  got  up  under  the  disadvantage  of  an  overwhelming  mass 
of  references  to  arrange  in  a short  time,  occupied  the  attention  of  a very  competent 
person  for  several  years.  It  is  hoped  that  if  it  does  not  fulfil  the  promise  of  giving  a 
reference  to  the  English  name  of  every  scientific  subject,  it  will  be  found  to  contain  amply 
sufficient  to  facilitate  a reference  to  all  that  is  most  important  and  interesting. 

The  foregoing  enumeration  of  the  principal  parts  of  the  Encyclopaedia  embodies  all  the 
observations  which  the  Editor  considers  it  necessary  to  make  in  recommending  the  work  to 
the  patronage  of  the  public.  The  exertions  made  by  the  Proprietors  to  procure  the  just 
fulfilment  of  the  high  expectations  formed  of  the  work,  and  of  the  promises  they  had  made, 
as  well  as  the  perseverance  with  which  they  have  conducted  this  important  publication  to 
its  completion,  amidst  the  many  obstacles  which  must  necessarily  arise  in  so  extensive  an 
undertaking,  entitle  them  to  high  consideration  from  that  portion  of  the  Public  which  is 
interested  in  works  of  a sterling  and  substantial  character.  From  the  present  position  of 
Literature,  and  the  system  now  in  fashion  of  publishing  small  and  superficial  works  which 
may  lie  cheaply  produced,  and  are  really  of  no  intrinsic  value,  it  is  probable  that  a long 
jieriod  must  elapse  before  any  similar  undertaking  will  be  entered  upon,  from  the  enormous 
outlay  of  capital  it  requires,  and  the  uncertainty  of  remuneration  which  it  offers.  It  is 
hoped,  therefore,  that  this  great  national  work,  for  such  it  really  is,  may  meet  with  that 
patronage  which  the  Proprietors  feel  confident  it  fairly  and  fully  deserves.  They  feel 
assured  that,  whether  it  lie  viewed  as  a whole  or  in  its  separate  divisions,  it  embodies  a mass 
of  information  at  once  extensive,  accurate,  and  scientifically  arranged,  which  must  place  it  in 
a pre-eminent  and  triumphant  position.  Whatever  its  measure  of  success  may  be  in  a pe- 
cuniary point  of  view,  they  may  justly  feel  a high  gratification  in  having  been  instrumental, 
under  Providence,  in  bringing  to  a successful  termination  a work  which,  whether  its  lite- 
rary merit  or  the  soundness  of  its  moral  and  religious  views  be  regarded,  must  ever  be 
considered  as  an  inestimable  benefit  to  their  country  and  a permanent  ornament  to  its  lite- 
rature. 

H.  J.  ROSE. 
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SECTION  I. 

ON  THE  PHILOSOPHICAL  PRINCIPLES  OF  METHOD. 

inuojuc-  The  word  Encyclopedia  is  too  familiar  to  modem  literature  to  require,  in  this  sctikni. 
place,  any  detailed  explanation.  It  is  current  amongst  us  as  the  title  of  various  or 

tbe  v»trk. 

Dictionaries  of  Science,  whose  professed  object  is  to  furnish  a compendium  of  human 
knowledge,  whatever  may  be  their  plan.  But  to  methodize  such  a compendium  has 
either  never  been  attempted,  or  the  attempt  has  failed,  from  the  total  disregard  of 
those  general  connecting  principles,  on  which  Method  essentially  depends.  In  pre- 
senting, therefore,  to  the  Public  an  entirely  new  work,  intended  to  be  methodically 
arranged,  we  are  not  insensible  to  the  difficulties  of  our  undertaking ; but  we  trust  that 
we  have  found  a clue  to  the  labyrinth  in  those  considerations  which  we  are  now  about  to 
submit  to  the  reader. 

As  Method  is  thus  avowed  to  be  the  principal  aim  and  distinguishing  feature  of  our 
publication,  it  becomes  us,  at  the  commencement,  clearly  to  explain  what  we  mean  in  this 
Introduction  by  that  word  ; to  exhibit  the  principles  on  which  alone  a correct  philoso- 
phical Method  can  be  founded ; to  illustrate  those  principles  by  their  application  to 
distinct  studies  and  to  the  history  of  the  human  mind  ; and  lastly  to  apply  them  to  the 
general  concatenation  of  the  several  arts  and  sciences,  and  to  the  most  perspicuous, 
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**'£%*'  elegant,  and  useful  manner  of  developing  each  particular  study.  Such  are  the  objects 
of  this  Essay,  which  we  conceive  must  form  a necessary  Introduction  to  a work,  that  is 
designated  in  its  title  from  the  place  whence  it  originates, — the  Encyclopedia  Metro- 
politans; but  claims  from  its  mode  of  execution  to  be  also  called  "a  Methodical 
Compendium  of  Human  Knowledge.” 

The  word  Method  (utflufoc),  being  of  Grecian  origin,  first  formed  and  applied  by 
that  acute,  ingenious,  and  accurate  people,  to  the  purposes  of  scientific  arrangement; 
it  is  in  the  Greek  language  that  we  must  seek  lor  its  primary  and  fundamental  signi- 
fication. Now,  in  Greek,  it  literally  means  a wap,  or  path,  of  transit.  Hence  the  first 
idea  of  Method  is  a progressive  transition  from  one  step  in  any  course  to  another ; and 
where  the  word  Method  is  applied  with  reference  to  many  such  transitions  in  con- 
tinuity, it  necessarily  implies  a principle  of  unity  with  progression.  But  that 
which  unites,  and  makes  many  things  one  in  the  mind  of  man,  must  be  an  act  of  the 
mind  itself,  a manifestation  of  intellect,  and  not  a spontaneous  and  uncertain  pro- 
duction of  circumstances.  This  act  of  the  mind,  then,  this  leading  thought,  this 
“ key  note  ” of  the  harmony,  this  “ subtile,  cementing,  subterraneous”  power,  borrow- 
ing a phrase  from  the  nomenclature  of  legislation,  we  may  not  inaptly  call  the 
initiative  of  all  Method.  It  is  manifest,  that  the  wider  the  sphere  of  transition  is, 
the  more  comprehensive  and  commanding  must  be  the  initiative : and  if  we  would 
discover  an  universal  Method  by  which  every  step  in  our  progress  through  the  whole 
circle  of  art  and  science  should  be  directed,  it  is  absolutely  necessary  that  wo  should 
seek  it  in  the  very  interior  and  central  essence  of  the  human  intellect. 

To  this  point  we  are  led  by  mere  reflection  on  the  meaning  of  the  word  Method. 
We  discover  that  it  cannot,  otherwise  than  by  abuse,  be  applied  to  a dead  and  arbitrary 
arrangement,  containing  in  itself  no  principle  of  progression.  We  discover,  that  there 
is  a Science  of  Method;  and  that  that  science,  like  all  others,  must  necessarily  have  its 
principles;  which  it  therefore  becomes  our  duty  to  consider,  in  so  far  at  least  as  they 
may  be  necessary  to  the  arrangement  of  a Methodical  Encyclopaedia. 

All  things,  in  us,  and  about  us,  are  a chaos,  without  Method  : and  so  long  as  the 
mind  is  entirely  passive,  so  long  as  there  is  an  habitual  submission  of  the  understanding 
to  mere  events  and  images,  as  such,  without  any  attempt  to  classify  and  arrange  them, 
so  long  the  chaos  must  continue.  There  may  be  transition,  but  there  can  never  be 
progress ; there  may  be  sensation,  but  there  cannot  be  thought : for  the  total  absence 
of  Method  renders  thinking  impracticable;  as  we  find  that  partial  defects  of  Method 
proportionably  render  thinking  a trouble  and  a fatigue.  But  as  soon  as  the  mind 
becomes  accustomed  to  contemplate,  not  things  only,  but  likewise  relations  of  things. 
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there  is  immediate  need  of  some  path  or  way  of  transit  from  one  to  the  other  of  the 
things  related  ; — there  must  be  some  law  of  agreement  or  of  contrast  between  them; 
there  must  be  some  mode  of  comparison ; in  short,  there  must  be  Method.  We  may, 
therefore,  assert  that  the  relation s of  things  form  the  prime  objects,  or  so  to  speak,  the 
materials  of  Method . and  that  the  contemplation  of  those  relations  is  the  indispensable 
condition  of  thinking  methodically. 

Of  these  relations  of  things,  we  distinguish  two  principal  kinds.  One  of  them  is 
the  relation  by  which  we  understand  that  a thing  must  be : the  other,  that  by  which 
we  merely  perceive  that  it  is.  The  one,  we  call  the  relation  of  Law,  using  that  word 
in  its  highest  and  original  sense,  namely,  that  of  laying  down  a rule  to  which  the 
subjects  of  the  law  must  necessarily  conform.  The  other,  we  call  the  relation  of 
Theorv. 

The  relation  of  Law  is  in  its  absolute  perfection  conceivable  only  of  God,  that  Ration  oi 
Supreme  Light,  and  Living  Law,  “ in  whom  we  live  and  move,  and  have  our  being who 
is  tv  vavri,  and  irpo  tuv  vavrwv.  But  yet  the  human  mind  is  capable  of  viewing  some  re- 
lations of  things  as  necessarily  existent ; that  is  to  say,  as  predetermined  by  a truth  in 
the  mind  itself,  pregnant  with  the  consequence  of  other  truths  in  an  indefinite  progres- 
sion. Of  such  truths,  some  continue  always  to  exist  in  and  for  the  mind  alone, 
forming  the  pure  sciences,  moral  or  intellectual ; whilst  others,  though  originating  in 
the  mind,  constitute  what  are  commonly  called  the  gTeat  laws  of  nature,  and  form  the 
groundwork  of  the  mixed  sciences,  such  as  those  of  Mechanics  and  Astronomy. 

The  second  relation  is  that  of  Theory,  in  which  the  existing  forms  and  qualities  of  ji-uuon 
objects,  discovered  by  observation,  suggest  a given  arrangement  of  them  to  the  mind, 
not  merely  for  the  purposes  of  more  easy  remembrance  and  communication ; but  for 
those  of  understanding,  and  sometimes  of  controlling  them.  The  studies  to  which  this 
class  of  relations  is  subservient,  are  more  properly  called  scientific  arts  than  sciences. 
Medicine,  Chemistry,  and  Physiology,  are  examples  of  a Method  founded  on  this 
second  sort  of  relation,  which,  as  well  as  the  former,  always  supposes  the  necessary 
connection  of  cause  and  effect. 

The  relations  of  law  and  theory  have  each  their  Methods.  Between  these  two,  lies  n»«  Art,, 
the  Method  of  the  Fine  Arts,  a Method  in  which  certain  great  truths,  composing,  what 
are  usually  called  the  laws  of  taste,  necessarily  predominate;  but  in  which  there  are 
also  other  laws,  dependent  on  the  external  objects  of  sight  and  sound,  which  these  arts 
embrace.  To  prove  the  comparative  value  and  dignity  of  the  first  relation,  it  will  be 
sufficient  to  observe  that  what  is  called  “ tinkling"  verse  is  disagreeable  to  the  accom- 
plished critic  in  poetry,  and  that  a fine  musical  taste  is  soon  dissatisfied  with  the 
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r“^“‘  Harmonica,  or  any  similar  instrument  of  glass  or  steel,  because  the  hotly  of  the  sound  ^ 
(as  the  Italians  phrase  it),  or  that  effect  which  is  derived  from  the  materials,  encroaches 
too  far  on  the  effect  derived  from  the  proportions  of  the  notes,  which  proportions  arc 
in  fact  laws  of  the  mind,  analogous  to  the  laws  of  Arithmetic  and  Geometry. 

I’riacipie  We  have  stated,  that  Method  implies  both  an  uniting  and  a.  progressive  power. 

Now  the  relations  of  things  are  not  united  in  human  conception  at  random — hit  maun 
capiti — cervicem  equinam;  but  there  is  some  rule,  some  mode  of  union,  more  or  less 
strictly  necessary.  Where  it  is  absolutely  necessary,  we  have  called  it  a relation  of 
law ; and  as  by  law  we  mean  the  laying  down  the  rule,  so  the  rule  laid  down  we  call, 
i.i...  in  the  ancient  and  proper  sense  of  the  word,  an  Idea:  and  consequently  the  words 
Idea  and  Law,  are  correlative  terms,  differing  only  as  object  and  subject,  as  being 
and  truth.  It  is  extremely  necessary  to  advert  to  this  use  of  the  word  Idea ; since,  in 
modem  philosophy,  almost  any  and  every  exercise  of  any  and  every  mental  faculty, 
has  been  abusively  called  by  this  name,  to  the  utter  confusion  and  unmethodising  of  the 
whole  science  of  the  human  mind,  and  indeed  of  all  other  knowledge  whatsoever, 
rvsuiteo.  The  idea  may  exist  in  a clear,  distinct,  definite  form,  as  that  of  a circle  in  the 
mind  of  an  accurate  geometrician ; or  it  may  be  a mere  instinct,  a vague  appetency 
toward  something  which  the  mind  incessantly  hunts  for  but  cannot  find,  like  a name 
which  has  escaped  our  recollection,  or  the  impulse  which  fills  the  young  poet's  eye 
with  tears,  he  knows  not  why.  In  the  infancy  of  the  human  mind,  all  our  ideas  are 
instincts ; and  language  is  happily  contrived  to  lead  us  from  the  vague  to  the  distinct, 
from  the  imperfect  to  the  full  and  finished  form : the  boy  knows  that  his  hoop  is 
round,  and  this,  in  after  years,  helps  to  teach  him,  that  in  a circle,  all  the  lines  drawn 
from  the  centre  to  the  circumference,  are  equal.  It  will  be  seen,  in  the  sequel,  that 
this  distinction  between  the  instinctive  approach  toward  an  idea,  and  the  idea  itself, 
is  of  high  importance  in  methodising  art  and  science, 
proirolwo.'  From  the  first,  or  initiative  idea,  as  from  a seed,  successive  ideas  germinate. 

Thus,  from  the  idea  of  a triangle,  necessarily  follows  that  of  equality  between  the  sum 
of  its  three  angles,  and  two  right  angles.  This  is  the  principle  of  an  indefinite,  not  to  say 
infinite,  progression ; but  this  progression,  which  is  truly  Method,  requires  not  only  the 
proper  choice  of  an  initiative,  but  also  the  following  it  out  through  all  its  ramifications. 

It  requires,  in  short,  a constant  wakefulness  of  mind ; so  that  if  we  wander  but  in  a 
single  instance  from  our  path,  we  cannot  reach  the  goal,  but  by  retracing  our  steps  to 
the  point  of  divergency,  and  thence  beginning  our  progress  anew.  Thus,  a ship 
beating  off  ami  on  an  unknown  coast,  often  takes,  in  nautical  phrase,  “a  new  departure;’’ 
and  thus  it  is  necessary  often  to  recur  to  that  regulating  process,  which  the  French 
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intrudes,  language  so  happily  expresses  by  the  word  sorientcr,  i.  e.  to  find  out  the  east  for  our- 
selves,  and  so  to  put  to  rights  our  faulty  reckoning. 

The  habit  of  Method,  should  always  be  present  and  effective ; but  in  order  to  render 
it  so,  a certain  training,  or  education  of  the  mind,  is  indispensably  necessary.  Events  ll>' 
and  images,  the  lively  and  spirit-stirring  machinery  of  the  external  world,  are  like  light, 
and  air,  and  moisture,  to  the  seed  of  the  mind,  which  would  else  rot  and  perish.  In  all 
processes  of  mental  evolution  the  objects  of  the  senses  must  stimulate  the  mind ; and 
the  mind  must  in  turn  assimilate  and  digest  the  food  which  it  thus  receives  from  without. 
Method,  therefore,  must  result  from  the  due  mean,  or  balance,  between  our  passive 
impressions  and  the  mind’s  re-action  on  them.  So  in  the  healthful  state  of  the  human 
body,  waking  and  sleep,  rest  and  labour,  reciprocally  succeed  each  other,  and  mutually 
contribute  to  liveliness,  and  activity,  and  strength.  There  are  certain  stores  proper, 
and  as  it  were,  indigenous  to  the  mind,  such  as  the  ideas  of  number  and  figure,  and 
the  logical  forms  and  combinations  of  conception  or  thought.  The  mind  that  is  rich 
and  exuberant  in  this  intellectual  wealth,  is  apt,  like  a miser,  to  dwell  upon  the  vain 
contemplation  of  its  riches,  is  disposed  to  generalize  and  methodize  to  excess,  ever 
philosophising,  and  never  descending  to  action ; — spreading  its  wings  high  in  the  air 
above  some  beloved  spot,  but  never  flying  far  and  wide  over  earth  and  sea,  to  seek 
food,  or  to  enjoy  the  endless  beauties  of  nature ; the  fresh  morning,  and  the  warm  noon, 
and  the  dewy  eve.  On  the  other  hand,  still  less  is  to  be  expected,  toward  the  metho- 
dising of  science,  from  the  man  who  flutters  about  in  blindness,  like  the  bat ; or  is 
carried  hither  and  thither,  like  the  turtle  sleeping  on  the  wave,  and  fancying,  because  he 
moves,  that  he  is  in  progress. 

The  paths  in  which  we  may  pursue  a methodical  course  are  manifold:  at  the  Proper  dj. 
head  of  each  stands  its  peculiar  and  guiding  idea ; and  those  ideas  are  as  regularly 
subordinate  in  dignity,  as  the  paths  to  which  they  point  are  various  and  eccentric  in 
direction.  The  world  has  suffered  much,  in  modern  times,  from  a subversion  of  the 
natural  and  necessary  order  of  science  ; from  elevating  the  terrestrial,  as  it  has  been 
called,  above  the  celestial ; and  from  summoning  reason  and  faith  to  the  bar  of  that 
limited  physical  experience,  to  which  by  the  true  laws  of  Method,  they  owe  no  obe- 
dience. The  subordination,  of  which  we  here  speak,  is  not  that  which  depends  on 
immediate  practical  utility  : for  the  utility  of  human  powers,  in  their  practical  applica- 
tion, depends  on  the  circumstances  of  the  moment ; and  at  one  time  strength  is 
essential  to  our  very  existence,  at  another  time  skill : and  even  Caesar  in  a fever  could 
cry — 

Give  me  some  drink  Titinius, 

A & a sick  girl 
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I“a^°e"  there  is  scarcely  any  one  of  the  powers  or  faculties  with  which  the  Divine  1 

V‘'"v"fc''  Goodness  has  endowed  his  creatures,  which  may  not  in  its  turn  he  a source  of 
paramount  benefit  and  usefulness  ; for  every  thing  around  us  is  full  of  blessings : nor 
is  there  any  line  of  honest  occupation  in  which  we  would  dare  to  affirm,  that  by  a proper 
exercise  of  the  talent  committed  to  his  charge,  an  individual  might  not  justly  advance 
himself  to  highest  praise.  But  we  now  allude  to  the  subordination  which  necessarily 
arises  among  the  different  branches  of  knowledge,  according  to  the  difference  of  those 

S’ufeu1’"  ideas  by  which  they  are  initiated  and  directed ; for  there  is  a gradation  of  ideas,  as  of 
ranks  in  a well  ordered  state,  or  of  commands  in  a well  regulated  army;  and  thus  above 
all  partial  forms,  there  is  one  universal  form  of  cood  and  fair,  the  caXwc ayoBov  of  the 
Platonic  philosophy.  Hence  the  expressions  of  Lord  Bacon,  who  in  his  great  work 
the  Novum  Organum,  speaks  so  much  and  so  often  of  the  lumen  sir  cum,  the  pure  light, 
which  from  a central  focus,  as  it  were,  diffuses  its  rays  all  around,  and  forms  a lucid 
sphere  of  knowledge  and  of  truth. 

Mt<«pi.ir-  We  distinguish  ideas  into  those  of  essential  property,  and  those  of  natural 

•trill  ana 

pkj»»i.  existence;  in  other  words,  into  metaphysical  and  physical  ideas.  Metaphysical  ideas, 
or  those  which  relate  to  the  essence  of  things  as  possible,  are  of  the  highest  class. 

Thus,  in  accurate  language,  we  say,  the  essence  of  a circle,  not  its  nature ; because,  in 
the  conception  of  forms  purely  geometrical,  there  is  no  expression  or  implication  of 
their  actual  existence : and  our  reasoning  upon  them  is  totally  independent  of  the  fact, 
whether  any  such  forms  ever  existed  in  nature,  or  not.  Physical  ideas  are  those 
which  we  mean  to  express,  when  we  speak  of  the  nature  of  a thing  actually  existing 
and  cognizable  by  our  faculties,  whether  the  thing  be  material  or  immaterial,  bodily 
or  mental.  Thus,  the  laws  of  memory,  the  laws  of  vision,  the  laws  of  vegetation,  the 
laws  of  crystallization,  are  all  physical  ideas,  dependent  for  their  accuracy,  on  the  more 
or  less  careful  observation  of  things  actually  existing. 

Nature.  In  speaking  of  the  word  Nature,  however,  we  must  distinguish  its  two  principal 

uses,  viz.  first,  that  to  which  we  have  adverted,  and  according  to  which  it  signifies 
whatever  is  requisite  to  the  reality  of  a thing  as  existent,  such  as  the  nature  of  an  animal 
or  a tree,  distinguished  from  the  animal  or  tree  itself:  and  secondly,  the  sum  total  of 
tilings,  as  far  as  they  are  objects  of  our  senses.  In  the  first  of  these  two  meanings, 
the  word  Nature  conveys  a physical  idea,  in  the  other  only  a material  or  sensible 
impression. 

um  «-  Even  natural  substances,  it  is  true,  may  be  classed  and  arranged  for  various  pur- 

r an  pc  nun  1 1. 

poses,  in  a certain  order.  Such  mere  arrangement,  however,  is  not  properly  metho- 
dical, but  rather  a preparation  toward  Method ; as  the  compilation  of  a dictionary  is 
a preparation  for  classical  study. 
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lui/wtue-  The  limits  of  our  present  Essay  will  not  allow  us  to  do  more  than  briefly  to  touch 

— the  chief  topics  of  a general  dissertation  on  Method ; but  enough  we  trust  has  here 
been  said,  to  render  intelligible  the  principles  on  which  our  Methodical  Encyclopaedia 
must  be  constructed.  We  have  shewn  that  a Method,  which  is  at  all  comprehensive, 
must  be  founded  on  the  relations  of  ' things:  that  those  relations  are  of  two  sorts,  according 
as  they  present  themselves  to  the  human  mind  as  necessary,  or  merely  as  the  result  of 
observation.  The  former  we  have  called  relations  of  law,  the  latter  of  theory.  Where 
the  former  alone  are  in  question,  the  Method  is  one  of  necessary  connection  throughout ; 
where  the  latter  alone,  though  the  connection  be  considered  as  one  of  cause  and  effect, 
yet  the  necessity  is  less  obvious,  and  the  connection  itself  less  close.  We  have  ob- 
served, that  in  the  Fine  Arts  there  is  a sort  of  middle  Method,  inasmuch  as  the  first 
and  higher  relations  are  necessary,  the  lower  only  the  results  of  observation.  The 
great  principles  of  all  Method  we  have  shown  to  be  two,  viz.  Union  and  Progression. 
The  relations  of  things  cannot  be  united  by  accident : they  are  united  by  an  idea  either 
definite  or  instinctive.  Their  union,  in  proportion  as  it  is  clear,  is  also  progressive. 
The  state  of  mind  adapted  to  such  progress  holds  a due  mean  between  a passiveness 
under  external  impression,  and  an  excessive  activity  of  mere  reflection ; and  the  pro- 
gress itself  follows  the  path  of  the  idea  from  which  it  sets  out;  requiring,  however,  a 
constant  wakefulness  of  mind,  to  keep  it  within  the  due  limits  of  its  course.  Hence 
the  orbits  of  thought,  so  to  speak,  must  differ  among  themselves  as  the  initiative  ideas 
differ ; and  of  these  latter,  the  great  distinctions  are  into  physical  and  metaphysical. 
Such,  briefly,  are  the  views  by  winch  we  have  been  guided,  in  our  present  attempt 
to  methodize  the  great  mass  of  human  knowledge. 
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ILLUSTRATION  OF  THE  PRECEDING  PRINCIPLES. 

introduc-  The  principles  which  have  been  exhibited  in  the  preceding  section,  and  in  respect  section  u. 
to  which  we  claim  no  other  merit,  than  that  of  having  drawn  them  from  the  purest 
sources  of  philosophy,  ancient  and  modern,  are,  we  trust,  sufficiently  plain  and 
intelligible  in  themselves ; but  as  the  most  satisfactory  mode  of  proving  their  accuracy, 
we  proceed  to  illustrate  them  by  a consideration  of  some  particular  studies,  pursuits, 
and  opinions ; and  by  a reference  to  the  general  history  of  the  human  mind. 

And  first,  as  to  the  general  importance  of  Method ; — what  need  have  we  to  dilate 
on  this  fertile  topic  ? For  it  is  not  solely  in  the  formation  of  the  human  understanding, 
and  in  the  constructions  of  science  and  literature,  that  the  employment  of  Method  is 
indispensably  necessary ; but  its  importance  is  equally  felt,  and  equally  acknowledged, 
in  the  whole  business  and  economy  of  active  and  domestic  life.  From  the  cottagers 

Doa«tic  hearth  or  the  workshop  of  the  artisan,  to  the  palace  or  the  arsenal,  the  first  merit, 

ecoootnj.  t . . 

that  which  admits  neither  substitute  nor  equivalent,  is,  that  every  thing  it  in  its  place. 

Where  this  charm  is  wanting,  every  other  merit  either  loses  its  name,  or  becomes  an 
additional  ground  of  accusation  and  regret.  Of  one,  by  whom  it  is  eminently  possessed, 
we  say  proverbially,  that  he  is  like  clock-work.  The  resemblance  extends  beyond  the 
point  of  regularity,  and  yet  falls  short  of  the  truth.  Both  do,  indeed,  at  once  divide 
and  announce  the  silent  and  otherwise  indistinguishable  lapse  of  time : but  the  man 
of  methodical  industry  and  honourable  pursuits,  does  more;  ho  realizes  its  ideal 
divisions,  and  gives  a character  and  individuality  to  its  moments.  If  the  idle  are 
described  as  killing  time,  he  may  be  justly  said  to  call  it  into  life  and  moral  being, 
while  he  makes  it  the  distinct  object  not  only  of  the  consciousness,  but  of  the 
conscience.  He  organizes  the  hours,  and  gives  them  a soul : and  to  that,  the  very 
essence  of  which  is  to  fleet,  and  to  have  been , he  communicates  an  imperishable  and 
a spiritual  nature.  Of  the  good  and  faithful  servant,  whose  energies,  thus  directed,  are 
thus  methodized,  it  is  lesB  truly  affirmed,  that  he  lives  in  time,  than  that  time  lives  in 
him.  His  days,  months,  and  years,  as  the  stops  and  punctual  marks  in  the  records  of 
duties  performed,  will  survive  the  wreck  of  worlds,  and  remain  extant  when  time  itself 
shall  be  no  more. 

Let  us  carry  our  views  a step  higher.  What  is  it  that  first  strikes  us,  and  strikes 
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us  at  once  in  a man  of  education,  and  which,  among  educated  men,  so  instantly 

tfon.  < , 

distinguishes  the  man  of  superior  mind  ? Not  always  the  weight  or  novelty  of  his 
remarks,  nor  always  the  interest  of  the  facts  which  he  communicates ; for  the  subject 
of  conversation  may  chance  to  be  trivial,  and  its  duration  to  be  short.  Still  less  can  any 
just  admiration  arise  from  any  peculiarity  in  his  words  and  phrases;  for  every  man  of 
practical  good  sense  will  follow,  as  far  as  the  matters  under  consideration  will  permit 
him,  that  golden  rule  of  Ca;sar’s — Insolens  verbum,  taiiquam  scojMhtm,  evitare.  The  true 
cause  of  the  impression  made  on  us  is,  that  his  mind  is  methodical.  We  perceive  this, 
in  the  unpremeditated  and  evidently  habitual  arrangement  of  his  words,  flowing 
spontaneously  and  necessarily  front  the  clearness  of  the  leading  idea ; from  which 
distinctness  of  mental  vision,  when  men  are  fully  accustomed  to  it,  they  obtain  a habit 
of  foreseeing  at  the  beginning  of  every  sentence  how  it  is  to  end,  and  how  all  its  parts 
may  be  brought  out  in  the  best  and  most  orderly  succession.  However  irregular  and 
desultory  the  conversation  may  happen  to  be,  there  is  Method  in  the  fragments. 

Let  us  once  more  take  an  example  which  must  come  “home  to  every  man's  business  Moral 

y conduct. 

and  bosom.”  Is  there  not  a Method  in  the  discharge  of  all  our  relative  duties  ? And  is 
not  he  the  truly  virtuous  and  truly  happy  man,  who  seizing  first  and  laying  hold  most 
firmly  of  the  great  first  Truth,  is  guided  by  that  divine  light  through  all  the  meandring 
and  stormy  courses  of  his  existence  ? To  him  every  relation  of  life  affords  a prolific 
idea  of  duty ; by  pursuing  which  into  all  its  practical  consequences,  he  becomes  a 
good  servant  or  a good  master,  a good  subject  or  a good  sovereign,  a good  son  or  a 
good  father ; a good  friend,  a good  patriot,  a good  Christian,  a good  man  1 

It  cannot  be  deemed  foreign  from  the  purposes  of  our  disquisition,  if  we  areseknsse 

# discoveries 

anxious,  before  we  leave  this  part  of  the  subject,  to  attract  the  attention  of  our  readers 
to  the  importance  of  speculative  meditation  (which  never  will  be  fruitful  unless  it  be 
methodical)  even  to  the  worldly  interests  of  mankind.  We  can  recall  no  incident  of 
human  history  that  impresses  the  imagination  more  deeply  than  the  moment,  when 
Columbus,  on  an  unknown  ocean,  first  perceived  that  startling  fact,  the  change  of  the 
magnetic  needle ! How  many  such  instances  occur  in  history,  where  the  ideas  of 
nature  (presented  to  chosen  minds  by  a Higher  Power  than  nature  herself)  suddenly 
unfold,  as  it  were,  in  prophetic  succession,  systematic  views  destined  to  produce  the 
most  important  revolutions  in  the  state  of  man ! The  clear  spirit  of  Columbus  was 
doubtless  eminently  methodical.  He  saw  distinctly  that  great  leading  idea,  which 
authorised  the  poor  pilot  to  become  “ a promisor  of  kingdoms and  he  pursued  the 
progressive  developcment  of  the  mighty  truth  with  an  unyielding  firmness,  which 
taught  him  “ to  rejoice  in  lofty  labours.”  Our  readers  will  perhaps  excuse  us  for 
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quoting,  a*  illustrative  of  what  we  have  here  observed,  some  lines  from  an  Ode  of  S”110"  n. 
Chiabrera’s,  which  in  strength  of  thought  and  in  lofty  majesty  of  poetry,  has  but 
“ few  peers  in  ancient  or  in  modern  song." 

Columbus. 

Certo,  dal  cor,  ch’  alio  Destin  uon  scelse, 

Son  rimprese  magnanime  ncglette; 

Ma  le  bell*  alme  alle  bell’  opre  eleue; 

• Sanno  gioir  nclle  fatiche  eccelse : 

Ne  biasmo  popolar,  frale  catena, 

Spirto  donorc  il  suo  cainmin  raffrena. 

Cosi  lunga  station  per  modi  indegni 
Europa  disprezzo  Imclita  spernc : 

Schemendo  il  vnlgo  (c  aeco  i Regi  imieme) 

Nudo  nocchier  promettitor  di  Regni ; 

Ma  p«T  le  aconoaciute  ondc  marine 
L’inviita  prora  ei  pur  so*pin&e  al  fine. 

Qual  uom,  the  torni  al  gcnt.il  consorto, 

Tal  ei  da  sua  magion  spiegd  I’antemte ; 

L*  ocean  corse,  e i turbini  sosicnne 
Vinsc  le  crude  imagini  di  mortc ; 

Poscia,  dell  vtmpio  mar  spentu  la  guerra, 

Scorse  ta  dionzi  favolosa  Terra. 

Allor  dal  cavo  Pin  scende  veloce 
E di  grand’  Omia  il  nuovo  mondo  imprime ; 

Nil  men  ratio  per  I*  Aria  erge  sublime, 

Segno  del  Ciel,  insuperabil  Croce ; 

E pane  umile  esetnpio,  onde  adorarla 
Debba  sua  Gcnte. 

CillA  hU£RA,  vol.  1. 

Miih.mii-  We  do  not  mean  to  rest  our  argument  on  the  general  utility  or  importance  of 

ties  and 

phjucj.  Method.  Every  science  and  every  art  attests  the  value  of  the  particular  principles  on 
which  we  have  above  insisted.  In  mathematics  they  will,  doubtless,  be  readily  ad- 
mitted ; and  certainly  there  are  many  marked  differences  between  mathematical  and 
physical  studies  : but  in  both  a previous  act  and  conception  of  the  mind,  or  what  we 
have  called  an  initiative,  is  indispensably  necessary,  even  to  the  mere  semblance  of 
Method.  In  mathematics,  the  definition  makes  the  object,  and  pre-establishes  the 
terms,  which  alone  can  occur  in  the  after  reasoning.  If  an  existing  circle,  or  what  is 
supposed  to  be  such,  be  found  not  to  have  the  radii  from  the  centre  to  the  circumference 
perfectly  equal:  it  will  in  no  manner  affect  the  mathematicians  reasoning  on  the 
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toirodiit-  properties  of  circles ; it  will  only  prove  that  the  figure  in  question  is  not  a circle 
according  to  the  previous  definition.  A mathematical  idea,  therefore,  may  be  perfect. 

But  the  place  of  a perfect  idea  cannot  be  exactly  supplied,  in  the  sciences  of  experi- 
ment and  observation,  by  any  theory  built  on  generalization.  For  what  shall  determine 
the  mind  to  one  point  rather  than  another ; within  what  limits,  and  from  what  number 
of  individuals,  shall  the  generalization  be  made  ? The  theory  must  still  require  a 
prior  theory  for  its  own  legitimate  construction.  The  physical  definition  follows  and 
does  not  precede  the  reasoning.  It  is  representative,  not  constitutive,  and  is 
indeed  little  more  than  an  abbreviature  of  the  preceding  observation,  and  the  deduc- 
tions therefrom.  But  as  the  observation,  though  aided  by  experiment,  is  necessarily 
limited  and  imperfect,  the  definition  must  be  equally  so.  The  history  of  theories, 
and  the  frequency  of  their  subversion  by  the  discovery  of  a single  new  fact,  supply 
the  best  illustrations  of  this  truth, 

But  in  experimental  philosophy,  it  may  be  said,  how  much  do  we  not  owe  to  Eitomit*. 
accident  ? Doubtless  : but  let  it  not  be  forgotten,  that  if  the  discoveries  so  made  stop 
there;  if  they  do  not  excite  some  master  idea;  if  they  do  not  lead  to  some  law  (in 
whatever  dress  of  theory  or  hypothesis  the  fashions  and  prejudices  of  the  time  may 
disguise  or  disfigure  it) ; the  discoveries  may  remain  for  ages  limited  in  their  uses, 
insecure  and  unproductive.  How  many  centuries,  we  might  have  said  millennia,  have 
passed,  since  the  first  accidental  discovery  of  the  attraction  and  repulsion  of  light 
bodies  by  rubbed  amber,  See.  Compare  the  interval  with  the  progress  made  within 
less  than  a century,  after  the  discovery  of  the  phenomena  that  led  immediately  to  a 
theory  of  Electricity.  That  here,  as  in  many  other  instances,  the  theory  was 
supported  by  insecure  hypotheses ; that  by  one  theorist  two  heterogeneous  fluids  were 
assumed,  the  vitreous  and  the  resinous;  by  another,  a plus  and  minus  of  the  same 
fluid;  that  a third  considered  it  a mere  modification  of  light;  while  a fourth  composed 
the  electrical  aura  of  oxygen,  hydrogen,  and  caloric:  all  this  does  but  place  the 
truth  we  have  been  insisting  on  in  a stronger  and  clearer  light.  For,  abstract  from  all 
these  suppositions,  or  rather  imaginations,  that  which  is  common  to,  and  involved  in  them 
all ; and  there  will  remain  neither  notional  fluid  or  fluids,  nor  chemical  compounds,  nor 
elementary  matter, — but  the  idea  of  two — opposite— forces,  tending  to  rest  by  equilibrium. 

These  are  the  sole  factors  of  the  calculus,  alike  in  all  the  theories : these  give  the  law 
and  with  it  the  Method  of  arranging  the  phenomena.  For  this  reason  it  may  not  be  rash 
to  anticipate  the  nearest  approaches  to  a correct  system  of  electricity  from  those 
philosophers  who  since  the  year  1798  have  presented  the  idea  most  distinctly  as  such, 
rejecting  the  hypothesis  of  any  material  substratum,  and  contemplating  in  all  electrical 
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h^“e-  phtenomcna  the  operation  of  a law  which  reigns  through  all  nature,  viz : the  law  of  u 
polarity,  or  the  manifestation  of  one  power  by  opposite  forces, 
tiagactba.  flow  great  the  contrast  between  electricity  and  Mauxetism!  From  the  remotest 
antiquity,  the  attraction  of  iron  by  the  magnet  was  known,  and  noticed ; but  century 
after  century  it  remained  the  undisturbed  property  of  poets  and  orators.  The  fact  of 
the  magnet,  and  the  fable  of  the  Phtcnix,  stood  on  the  same  scale  of  utility,  and  by  the 
generality  of  mankind,  the  latter  was  as  much  credited  as  the  former,  and  considered 
far  more  interesting.  In  the  thirteenth  century,  however,  or  perhaps  earlier,  the 
jm/ariti/  of  the  magnet,  and  its  communicability  to  iron,  were  discovered.  We 
remain  in  doubt  whether  this  discovery  were  accidental,  or  the  result  of  theory;  if  the 
former,  the  purpose  which  it  soon  suggested  was  so  grand  and  important,  that  it  may 
well  be  deemed  the  proudest  trophy  ever  yet  raised  by  accident  in  the  service  of 
mankind.  But  still  it  furnished  no  genuine  idea;  it  led  to  no  law,  and  consequently,  to 
no  Method ; though  a variety  of  phamomena,  as  startling  as  they  are  at  present  mysterious, 
have  forced  on  us  a presentiment  of  its  intimate  connection  with  other  great  agencies 
of  nature.  We  would  not  be  understood  to  assume  the  power  of  predicting  to  what 
extent,  or  in  what  directions,  that  connection  may  hereafter  be  traced  ; but  amidst  the 
most  ingenious  hypotheses,  that  have  yet  been  formed  on  the  subject,  we  may  notice 
that  which,  combining  the  three  primary  laws  of  magnetism,  electricity,  and  galvinism,* 
considers  them  all  as  the  results  of  one  common  power,  essential  to  all  material 
construction  in  the  works  of  nature.  It  is  perhaps  more  an  operation  of  the  fancy 
than  of  the  reason,  which  has  suggested  that  these  three  material  powers  are  analogous 
to  the  three  dimensions  of  space.  Hypothesis,  be  it  observed,  can  never  form 
the  ground-work  of  a true  scientific  method,  unless  where  the  hypothesis  is  either  a 
true  idea  proposed  in  an  hypothetical  form,  or  at  least  the  symbol  of  an  idea  as  yet 
unknown,  of  a law  as  yet  undiscovered;  and  in  this  latter  case  the  hypothesis 
merely  performs  the  function  of  an  unknown  quantity  in  algebra,  and  is  assumed 
for  the  purpose  of  submitting  the  phamomena  to  a scientific  calculus.  But  to  recur 
to  the  contrast  presented  by  electricity  and  magnetism,  in  the  rapid  progress  of  the 
former,  and  the  stationary  condition  of  the  latter : What  is  the  cause  of  this 

diversity?  Fewer  theories,  fewer  hypotheses  have  not  been  advanced  in  the  one 
than  in  the  other;  but  the  theories  and  fictions  of  the  electricians  contained  an 
idea,  and  all  the  same  idea,  which  has  necessarily  led  to  Method;  implicit  indeed, 
and  only  regulative  hitherto,  but  which  requires  little  more  than  the  dismission 

• See  the  experiment!  of  Coulomb,  Brugmans,  and  Goethe.  To  which  may  be  added,  should  they  he 
confirmed,  the  curious  observations  on  Chrystallitation,  first  made  in  Corsica,  and  since  pursued  in  France. 


Digitized  by  Google 


OX  THE  SCIENCE  OF  METHOD. 


13 


IuiokIiic-  0f  the  imagery  to  become  constitutive,  like  the  ideas  of  the  geometrician.  On  the 
contrary,  the  assumptions  of  the  magnetists  (as  for  instance,  the  hypothesis  that  the 
earth  itself  is  one  vast  magnet,  or  that  an  immense  magnet  is  concealed  within  it ; or 
that  there  is  a concentric  globe  within  the  earth,  revolving  on  its  own  independent  axis) 
are  but  repetitions  of  the  same  fact  or  phenomenon,  looked  at  through  a magnifying 
glass ; the  reiteration  of  the  problem,  not  its  solution.  This  leads  to  the  important 
consideration,  so  often  dwelt  upon,  so  forcibly  urged,  so  powerfully  amplified  and 
explained  by  our  great  countryman  Bacon,  that  one  fact  is  often  worth  a thousand. 

“ Satis  scimus,"  says  he,  “ ariomata  rede  inveutu,  tola  agmirnt  operum  sccum  traliere.” 
Hence  his  indignant  reprobation  of  the  vis  experimentalis,  cteca,  stupitla,  vaga,  prte- 
rujda!”  Hence  his  just  and  earnest  exhortations  to  pursue  the  experimenta  lueijera, 
and  those  alone;  discarding  for  their  sakes,  even  the  fruetifera  experimenta.  The 
natural  philosopher,  who  cannot,  or  will  not  see,  that  it  is  the  “enlightening”  fact, 
which  really  causes  all  the  others  to  be  facts,  in  any  scientific  sense — he  who  has  not 
the  head  to  comprehend,  and  the  soul  to  reverence  this  parent  experiment — he  to 
whom  the  lupuKn  is  not  an  exclamation  of  joy  and  rapture,  a rich  reward  for  years  of 
toil  and  patient  suffering — to  him  no  auspicious  answer  will  ever  be  granted  by  the 
oracle  of  nature. 

We  have  said  that  improgressive  arrangement  is  not  Method  : and  in  proof  of  this  we  z«,ioW. 
appeal  to  the  notorious  fact,  that  Zoology,  soon  after  the  commencement  of  the  latter 
half  of  the  last  century,  was  falling  abroad,  weighed  down  and  crushed  as  it  were  by 
the  inordinate  number  and  multiplicity  of  facts  and  pha-nnmena  apparently  separate, 
without  evincing  the  least  promise  of  systematizing  itself  by  any  inward  combina- 
tion of  its  parts.  John  Hunter,  who  had  appeared,  at  times,  almost  a stranger 
to  the  grand  conception,  which  yet  never  ceased  to  work  in  him,  as  his  genius  and 
governing  spirit,  rose  at  length  in  the  horizon  of  physiology  and  comparative  anatomy. 

In  his  printed  works,  the  finest  elements  of  system  seem  evermore  to  flit  before  him, 
twice  or  thrice  only  to  have  been  seized,  and  after  a momentary  detention,  to  have  been 
again  suffered  to  escape.  At  length,  in  the  astonishing  preparations  for  his  museum, 
he  constructed  it,  for  the  scientific  apprehension,  out  of  the  unspoken  alphabet  of  nature. 

Vet  notwithstanding  the  imperfection  in  the  annunciation  of  the  idea,  how  exhilarating 
have  been  the  results!  It  may,  wc  believe,  be  affirmed,  with  safety,  that  whatever 
is  grandest,  in  the  views  of  Cuvier,  is  either  a reflection  of  this  light,  or  a continuation 
of  its  rays,  well  and  wisely  directed,  through  fit  media,  to  its  appropriate  object. 

From  Zoology,  or  the  laws  of  animal  life,  to  Bot  a xy,  or  those  of  vegetable  life,  the 
transition  is  easy  and  natural.  In  this  pursuit,  how  striking  is  the  necessity  of  a clear 
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idea,  as  initiative  of  all  Method ! IIow  obvious  the  importance  of  attention  to  the  conduct  11 
of  the  mind  in  the  exercise  of  Method  itself!  The  lowest  attempt  at  botanical  arrange- 
ment consists  in  an  artificial  classification  of  plants,  for  the  preparatory  purpose 
of  a nomenclature ; but  even  in  this,  some  antecedent  must  have  been  contributed  by  the 
mind  itself ; some  purpose  must  be  in  view ; or  some  question  at  least  must  have  been 
proposed  to  nature,  grounded,  as  all  questions  are,  upon  some  idea  of  the  answer.  As 
for  instance,  the  assumption, 

“ That  two  great  sexes  animate  the  world,- 

For  no  man  can  confidently  conceive  a fact  to  be  universally  true  who  does  not  pro- 
portionally anticipate  its  necessity,  and  who  does  not  believe  that  necessity  to  be 
demonstrable  by  an  insight  into  its  nature,  whenever  and  wherever  such  insight  can  be 
obtained.  We  acknowledge,  we  reverence,  the  obligations  of  Botany  to  Linn.uu*,  who 
adopting  from  Bartholinus  and  others  the  sexuality  of  plants,  grounded  thereon  a scheme 
of  classific  and  distinctive  marks,  by  which  one  man's  experience  may  be  communicated 
to  others,  and  the  objects  safely  reasoned  on  while  absent,  and  recognized  as  soon  as 
and  wherever  they  occur.  He  invented  an  universal  character  for  the  language  of  Botany, 
chargeable  with  no  greater  imperfections  than  are  to  be  found  in  the  alphabets  of  every 
particular  language.  The  first  requisites  in  investigating  the  works  of  nature,  as  in 
Btudying  the  classics,  arc  a proper  accidence  and  dictionary ; and  for  both  of  these 
Botany  is  indebted  to  the  illustrious  Swede.  But  the  inherent  necessity,  the  true  idea 
of  sex,  was  never  fully  contemplated  by  Linnaeus,  much  less  that  of  vegetation  itself. 
Wanting  these  master-lights,  he  was  not  only  unable  to  discern  the  collateral  relations 
of  the  vegetable  to  the  mineral  and  animal  worlds,  but  even  in  respect  to  the  doc- 
trine which  gives  name  and  character  to  his  system,  he  only  avoided  Scylla  to  fall  upon 
Charybdis : and  such  must  be  the  case  of  every  one,  who  in  this  uncertain  state  of 
the  initiative  idea,  ventures  to  expatiate  among  the  subordinate  notions.  If  we 
adhere  to  the  general  notion  of  sex,  as  abstracted  from  the  more  obvious  modes  in 
which  the  sexual  relation  manifests  itself,  we  soon  meet  with  whole  classes  of 
plants  to  which  it  is  found  inapplicable.  If,  arbitrarily,  we  give  it  indefinite  exten- 
sion, it  is  dissipated  into  the  barren  truism,  that  all  specific  products  suppose 
specific  means  of  production.  Thus  a growth  and  a birth  are  distinguished  by  the  mere 
verbal  definition,  that  the  latter  is  a whole  in  itself,  the  former  not:  and  when  we 
would  apply  even  this  to  nature,  we  arc  baffled  by  objects  (the  (lower  polypus,  &c.  &c.) 
in  which  each  is  the  other.  All  that  can  be  done  by  the  most  patient  and  active 
industry,  by  the  widest  and  most  continuous  researches ; all  that  the  amplest  survey 
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°f  H*e  vegetable  realm,  brought  under  immediate  contemplation  by  the  most  stupendous 
collections  of  species  and  varieties,  can  suggest ; all  that  minutest  dissection  and  cxactest 
chemical  analysis,  can  unfold ; all  that  varied  experiment  and  the  position  of  plants 
and  their  component  parts  in  every  conceivable  relation  to  light,  heat,  and  whatever  else 
we  distinguish  as  imponderable  substances ; to  earth,  air,  water ; to  the  supposed  con- 
stituents of  air  and  water,  separate  and  in  all  proportions — in  short  all  that  chemical 
agents  and  re-agents  can  disclose  or  adduce ; — all  these  have  been  brought,  as  conscripts, 
into  the  field,  with  the  completest  accoutrement,  in  the  best  discipline,  under  the  ablest 
commanders.  Yet  after  all  that  was  effected  by  Liunaeus  himself,  not  to  mention  the 
labours  of  Cxsalpinus,  Hay,  Gesner,  Tournefort,  and  ihe  other  heroes  who  preceded 
the  general  adoption  of  the  sexual  system,  as  the  basis  of  artificial  arrangement — 
after  all  the  successive  toils  and  enterprizes  of  IIedwic,  Jussieu,  Mirbel,  Smith, 
Knight,  Ei.lis,  See.  &c. — what  is  Botany  at  this  present  hour?  Little  more  than  an 
enormous  nomenclature  ; a huge  catalogue,  Lien  arrange,  yearly  and  monthly  augmented, 
in  various  editions,  each  with  its  own  scheme  of  technical  memory  and  its  own  con- 
veniencies  of  reference ! The  innocent  amusement,  the  healthful  occupation,  the  orna- 
mental accomplishment  of  amateurs;  it  has  yet  to  expect  the  devotion  and  energies  of 
the  philosopher.  Whether  the  idea  which  has  glanced  across  some  minds,  that  the 
harmony  between  the  vegetable  and  animal  world  is  not  a harmony  of  resemblance,  but 
of  contrast,  may  not  lead  to  a new  and  more  accurate  method  in  this  engaging  science, 
it  becomes  us  not  here  to  determine : but  should  its  objective  truth  be  hereafter  demon- 
strated by  induction  of  facts  in  an  unbroken  series  of  correspondences  in  nature,  we 
shall  then  receive  it  as  a law  of  organic  existence ; and  shall  thence  obtain  another 
splendid  proof,  that  with  the  knowledge  of  Law  alone  dwell  power  and  prophecy,  deci- 
sive experiment,  and  scientific  Method. 

Such,  too,  is  the  case  with  the  substances  of  the  Laboratory,  which  are  assumed  ciKmoiTy. 
to  be  incapable  of  decomposition.  They  are  mere  exponents  of  some  one  law,  which 
the  chemical  philosopher,  whatever  may  be  his  theory,  is  incessantly  labouring  to 
discover.  The  law,  indeed,  has  not  yet  assumed  the  form  of  an  idea  in  his  mind,'  it  is 
what  we  have  called  an  Instinct;  it  is  a pursuit  after  unity  of  principle,  through  a 
diversity  of  forms.  Thus  as  “the  lunatic,  the  lover,  and  the  poet,"’  suggest  each  other 
to  Shakspcare's  Theseus,  as  soon  as  his  thoughts  present  him  the  one  form,  of  which 
they  are  but  varieties ; so  water  and  flame,  the  diamond,  the  charcoal,  and  the 
mantling  champagne,  with  its  ebullient  sparkles,  are  convoked  and  fraternized  by 
the  theory  of  the  chemist.  This  is,  in  truth,  the  first  charm  of  chemistry,  and  the 
secret  of  the  almost  universal  interest  excited  by  its  discoveries.  The  serious  com- 
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placencv  which  is  afforded  by  the  sense  of  truth,  utility,  permanence,  and  progression, 
blends  with  and  ennobles  the  exhilarating  surprise  and  the  pleasurable  sting  of 
curiosity,  which  accompany  the  propounding  and  the  solving  of  an  enigma.  It  is 
the  sense  of  a principle  of  connection  given  by  the  mind,  and  sanctioned  by  the 
correspondency  of  nature.  Hence  the  strong  hold  which  in  all  ages  chemistry  has 
had  on  the  imagination.  If  in  the  greatest  poets  we  find  nature  idealized  through 
the  creative  power  of  a profound  yet  observant  meditation,  so  through  the  meditative 
observation  of  a Daw,  a Wollaston,  a Hatchett,  or  a Murray, 

“ By  gome  connatural  force. 

Powerful  at  greatest  distance  to  unite 

With  secret  amity  things  of  like  kind* 

we  find  poetry,  as  it  were,  substantiated  and  realized. 

Po«trj.  This  consideration  leads  us  from  the  paths  of  physical  science  into  a region 

apparently  very  different.  Those  who  tread  the  enchanted  ground  of  Poetrv,  often- 
times do  not  even  suspect  that  there  is  such  a thing  as  Method  to  guide  their  steps. 
Yet  even  here  we  undertake  to  show  that  it  not  only  has  a necessary  existence,  but 
the  strictest  philosopliical  application ; and  that  it  is  founded  on  the  very  philosophy 
which  has  furnished  us  with  the  principles  already  laid  down.  It  may  surprise  some 
of  our  readers,  especially  those  who  have  been  brought  up  in  schools  of  foreign  taste, 
to  find  that  wc  rest  our  proof  of  these  assertions  on  one  single  evidence,  and  that  that 
evidence  is  Shakspeare,  whose  mind  they  have  probably  been  taught  to  consider  as 
eminently  immethodical.  In  the  first  place,  Shakspeare  was  not  only  endowed  with 
great  native  genius  (which  indeed  he  is  commonly  allowed  to  have  been),  but  what  is 
less  frequently  conceded,  he  had  much  acquired  knowledge.  “ His  information,”  says 
Professor  Wilde,  “ was  great  and  extensive,  and  his  reading  as  great  as  his  knowledge 
of  languages  could  reach.  Considering  the  bar  which  his  education  and  circumstances 
placed  in  his  way,  he  had  done  as  much  to  acquire  knowledge  as  even  Milton.  A 
thousand  instances  might  be  given,  of  the  intimate  knowledge  that  Shakspeare  had  of 
facts.  I shall  mention  only  one.  I do  not  say,  he  gives  a good  account  of  the  Salic 
law,  though  a much  worse  has  been  given  by  many  antiquaries.  But  he  who  reads 
the  archbishop  of  Canterbury's  speech  in  Henry  the  Fifth,  and  who  shall  afterwards 
say,  that  Shakspeare  was  not  a man  of  great  reading  and  information,  and  who  loved 
the  thing  itself,  is  a person  whose  opinion  I would  not  ask  or  trust  upon  any  matter 
of  investigation.”  Then,  was  all  this  reading,  all  this  information,  all  this  knowledge 
of  our  great  dramatist,  a mere  rudis  indigestaque  moles ? Very  far  from  it.  Method, 
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we  have  seen,  demands  a knowledge  of  the  relations  which  things  bear  to  each  other, 
or  to  the  observer,  or  to  the  state  and  apprehension  of  the  hearers.  In  all  and  each 
of  these  was  Shakspeare  so  deeply  versed,  that  in  the  personages  of  a play,  he  seems 
“ to  mould  his  mind  as  some  incorporeal  material  alternately  into  all  their  various 
forms."*  In  every  one  of  his  various  characters  we  still  feel  ourselves  communing  with 
the  same  human  nature.  Everywhere  we  find  individuality  : no  where  mere  portrait. 
The  excellence  of  his  productions  consists  in  a happy  union  of  the  universal  with  the 
particular.  But  the  universal  is  an  idea.  Shakspeare,  therefore,  studied  mankind  in 
the  idea  of  the  human  race ; and  he  followed  out  that  idea  into  all  its  varieties,  by  a 
Method  which  never  failed  to  guide  his  steps  aright.  Let  us  appeal  to  him,  to  illus- 
trate by  example,  the  difference  between  a sterile  and  an  exuberant  mind,  in  respect  to 
what  we  have  ventured  to  call  the  Science  of  Method.  On  the  one  hand  observe 
Mrs.  Quicklcy’s  relation  of  the  circumstances  of  Sir  Jobu  Falstaff’s  debt : 

11  Faistaff.  What  is  the  gross  sum  that  I owe  thee? 

Mrs.  Quicslcv.  Marry,  if  thou  wert  au  honest  man,  thyself  and  the  money  loo.  Thou  didst  swear  to  me 
upon  a parcel-gill  goblet,  sitting  in  my  dolphin  chamber,  at  Ibc  round  table,  by  a sea-coal  fire,  on  Wednesday  in 
W bitsun  week,  when  the  prinee  broke  thy  head  for  likening  his  father  to  a singing  man  in  Windsor — thou  didst 
•wear  to  roc  then,  as  1 was  washing  thy  wouud,  to  marry  me  and  make  me  my  lady  thy  wife.  Canst  thou  deny 
it?  Did  not  goodwife  Kecch,  the  butchers  wile,  come  in  then  and  call  me  gossip  Quiekley ? — coming  in  to 
borrow  a mess  of  vinegar:  telling  us  she  had  a good  dish  of  prawns  whereby  thou  didst  desire  to  eat  some — * 
whereby  I told  thee  they  were  ill  for  a green  wound,1*  &c.  &c.  &c. 

(Henry  IV,  P.  1.  ytet  II.  Scute  I.) 

On  the  other  hand  consider  the  narration  given  by  Ilamlet  to  Horatio,  of  the 
occurrences  during  his  proposed  transportation  to  England,  and  the  events  that 
interrupted  bis  voyage.  ( Act  V.  Scene  II.) 

Ham.  Sir,  in  my  heart  there  was  a kind  of  fighting 
That  would  not  Itt  me  sleep : methought  I lay 
Worse  than  the  routines  in  the  bilboes.  Rashly, 

And  prais’d  he  rashness  for  it Let  tu  know. 

Our  indiscretion  sometimes  serves  vs  well, 

11  hen  our  deep  plots  do  fail : and  that  should  teach  ns 
There's  a divinity  that  shapes  our  ends, 

Rough-hew  them  hoiv  Wt  a ill 

Hon.  That  is  roost  certain. 

« TH*  towfi  ipv\rjy  b\rjy  r'ra  dautparoy  poppuic  jrou<Xo7c  pop^nltaae* 

Tbbmistivs. 
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HajJ.  Up  from  ray  cabin, 

My  sea-gown  scarf  d about  me,  in  the  dark 
Grop'd  I to  find  out  them ; had  my  desire ; 

Finger'd  their  pocket;  and,  in  fine,  withdrew 
To  my  own  room  again : making  so  bold, 

My  fears  forgetting  manners,  to  unseal 

Their  grand  commission;  where  I found,  Horatio, 

A royal  knavery — an  exact  command, 

Larded  nit  A many  sa  cral  sorts  of  reasons , 

Importing  Denmark's  health , and  England's  too , 

With,  ho!  such  bugs  and  goblins  in  my  life. 

That  on  the  supervize,  no  leisure  bated, 

No,  not  to  stay  the  grinding  of  the  axe, 

My  head  should  be  struck  off! 

Hor.  Is’t  possible  ? 

Ham.  Here's  the  commission. — Read  it  at  more  leisure. 

I sat  me  down ; 

Devis'd  a new  commission;  wrote  it  fair. 

I once  did  hold  it,  as  our  statists  do, 

A baseness  to  write  fair,  and  labour'd  much 
How  to  forget  that  learning  ; but,  sir,  now 
It  did  me  yeoman's  service.  Wilt  thou  know 
The  effect  of  what  I wrote  ? 

Hoe.  Aye,  good  my  lord. 

Ham.  An  earnest  conjuration  from  the  king. 

As  England  was  his  faithful  tributary  ; 

At  lore  between  them,  like  the  palm,  might  flourish  ; 

As  peace  should  still  her  wheaten  garland  wear. 

And  many  such  like  Ass  of  great  charge — 

That  on  the  view  and  knowing  of  these  contents 
He  should  the  bearers  put  to  sudden  death, 

No  shriving  time  allowed. 

Hor.  How  was  this  scaled? 

Ham.  Why,  even  in  that  was  heaven  ordinant. 

I had  my  father  s signet  in  my  purse, 

Which  was  the  model  of  that  Danish  seal : 

Folded  the  writ  up  in  the  form  of  the  other; 
Subscribed  it ; gave’t  the  impression ; plac’d  it  safely. 
The  changeling  never  known.  Now,  the  next  day 
Was  our  sea-fight  ; and  what  to  this  was  sequent, 
Thou  knowest  already. 
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inir..joc-  X f,  overlooking  the  different  value  of  the  matter  in  these  two  narrations,  we  ^‘“1^ 

consider  only  the  form,  it  must  be  confessed,  that  both  are  immethodical.  We  have 
asserted  that  Method  results  from  a balance  between  the  passive  impression  received 
from  outward  things,  and  the  internal  activity  of  the  mind  in  reflecting  and 
generalizing ; but  neither  Hamlet  nor  the  Hostess  hold  this  balance  accurately.  In 
Mrs.  Quickley,  the  memory  alone  is  called  into  action,  the  objects  and  events  recur  in 
the  narration  in  the  same  order,  and  with  the  same  accompaniments,  however 
accidental  or  impertinent,  as  they  had  first  occurred  to  the  narrator.  The  necessity 
of  taking  breath,  the  efforts  of  recollection,  and  the  abrupt  rectification  of  its  failures, 
produce  all  her  pauses ; and  constitute  most  of  her  connections.  But  when  we  look 
to  the  Prince  of  Denmark’s  recital  the  case  is  widely  different.  Here  the  events, 
with  the  circumstances  of  time  and  place,  are  all  stated  with  equal  compression 
and  rapidity ; not  one  introduced  which  could  have  been  omitted  without  injury 
to  the  intelligibility  of  the  whole  process.  If  any  tendency  is  discoverable,  as 
far  as  the  mere  facts  are  in  question,  it  is  to  omission : and  accordingly,  the 
reader  will  observe,  that  the  attention  of  the  narrator-  is  called  back  to  one  ma- 
terial circumstance,  which  he  was  hurrying  by,  by  a direct  question  from  the 
friend  (How  was  this  sealed?)  to  whom  the  story  is  communicated.  But  by 
a trait  which  is  indeed  peculiarly  characteristic  of  Hamlet's  mind,  ever  disposed  to 
generalize,  and  meditative  to  excess,  all  the  digressions  and  enlargements  consist  of 
reflections,  truths,  and  principles  of  general  and  permanent  interest,  either  directly  ■ 
expressed  or  disguised  in  playful  satire. 

Instances  of  the  want  of  generalization  are  of  no  rare  occurrence:  and  the 
narration  of  Shakspeare’s  Hostess  differs  from  those  of  the  ignorant  and  unthinking 
in  ordinary  life,  only  by  its  superior  humour,  the  poet’s  own  gift  and  infusion,  not  by 
its  want  of  Method,  which  is  not  greater  than  we  often  meet  with  in  that  class  of 
minds  of  which  she  is  the  dramatic  representative.  jNor  will  the  excess  of  generali- 
zation and  reflection  have  escaped  our  observation  in  real  life,  though  the  great 
poet  has  more  conveniently  supplied  the  illustrations.  In  attending  too  exclusively 
to  the  relations  which  the  past  or  passing  events  and  objects  bear  to  general  truth, 
and  the  moods  of  his  own  mind,  the  most  intelligent  man  is  sometimes  in  danger 
of  overlooking  that  other  relation,  in  which  they  are  likewise  to  be  placed  to  the 
apprehension  and  sympathies  of  his  hearers.  His  discourse  appears  like  soliloquy 
intermixed  with  dialogue.  But  the  uneducated  and  unreflecting  talker  overlooks  all 
mental  relations,  and  consequently  precludes  all  Method,  that  is  not  purely  acci- 
dental. Hence, — the  nearer  the  things  and  incidents  in  time  and  place,  the  more 
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distant,  disjointed  and  irnpertinent  to  each  other,  and  to  any  common  purpose,  will  s«t«« n. 
they  appear  in  his  narration : and  this  from  the  absence  of  any  leading  thought  in  the 
narrator's  own  mind.  On  the  contrary,  w lie  re  the  habit  of  Method  is  present  and 
effective,  things  the  most  remote  and  diverse  in  time,  place,  and  outward  circumstance, 
are  brought  into  mental  contiguity  amt  succession,  the  more  striking  as  the  less  ex- 
pected. But  while  we  would  impress  the  necessity  of  this  habit,  the  illustrations 
adduced  give  proof  that  in  undue  preponderance,  and  when  the  prerogative  of  the 
mind  is  stretched  into  despotism,  the  discourse  may  degenerate  into  the  wayward,  or 
the  fantastical. 

Shakspeare  needed  not  to  read  Horace  in  order  to  give  his  characters  that 
methodical  unity  which  the  wise  Roman  so  strongly  recommends  : 

Si  quid  inexprrlum  sreme  committis,  ft  nudes 

Pcrsoutun  formarc  not  am;  servetur  ad  imum 

Qualis  ab  incuepto  procmerit,  ft  sibi  constet. 

But  this  was  not  the  only  way  in  which  he  followed  an  accurate  philosophic  Method  : 
we  quote  the  expressions  of  Sciilecel,  a foreign  critic  of  great  and  deserved  reputa- 
tion— “ If  Shakspeare  deserves  our  admiration  for  his  characters,  he  is  equally 
deserving  of  it  for  his  exhibition  of  passion,  taking  this  word  in  its  w'idest  signification, 
as  including  every  mental  condition,  every  tone  from  indifference  or  familiar  mirth,  to 
the  wildest  rage  and  despair.  He  gives  us  the  history  of  minds:  he  lays  ojxn  to  us,  in 
a single  word,  a whole  scries  of  preceding  conditions.”  This  last  is  a profound  and 
exquisite  remark  : and  it  necessarily  implies,  that  Shakspeare  contemplated  ideas, 
in  which  alone  are  involved  conditions  and  consequences  ad  injinitum.  Purblind 
critics,  whose  mental  vision  could  not  reach  far  enough  to  comprize  the  whole 
dimensions  of  our  poetical  Hercules,  have  busied  themselves  in  measuring  and 
spanning  him  muscle  by  muscle,  till  they  fancied  they  had  discovered  some  dispro- 
portion. There  are  two  answers  applicable  to  most  of  such  remarks.  First,  that 
Shakspeare  understood  the  true  language  and  external  workings  of  passion  better 
than  his  critics.  He  had  a higher,  and  a more  ideal,  and  consequently  a more 
methodical  sense  of  harmony  than  they.  A very  slight  knowledge  of  music  will 
enable  any  one  to  detect  discords  in  the  exquisite  harmonies  of  IIavdn  or  Mozart; 
and  Bentley  has  found  more  false  grammar  in  the  Paradise  Lost  than  ever  poor  boy 
was  whipped  for  through  all  the  forms  of  Eton  or  Westminster : but  to  know  why  the 
minor  note  is  introduced  into  the  major  key,  or  the  nominative  case  left  to  seek  for 
its  verb,  requires  an  acquaintance  with  some  preliminary  steps  of  the  methodical 
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'"tul"0"  sca'e'  at  the  *°P  °f  which  sits  the  author,  and  at  the  bottom  the  critic.  The  second 
answer  is,  that  Sliakspeare  was  pursuing  two  Methods  at  once ; and  besides  the 
psychological*  -Method,  he  had  also  to  attend  to  the  poetical.  Now  the  poetical 
method  requires  above  all  things  a preponderance  of  pleasurable  feeling : and  where 
the  interest  of  the  events  and  characters  and  passions  is  too  strong  to  be  continuous 
without  becoming  painful,  there  poetical  method  requires  that  there  should  be,  what 
Schlegel  calls  “ a musical  alleviation  of  our  sympathy."  The  Lydian  mode  must 
temper  the  Dorian.  This  we  call  Method. 

We  said  that  Shakspeare  pursued  two  methods.  Oh  1 he  pursued  many,  many 
more — “ both  oar  and  sail" — and  the  guidance  of  the  helm,  and  the  heaving  of  the  lead, 
and  the  watchful  observation  of  the  stars,  and  the  thunder  of  his  grand  artillery.  What 
shall  we  say  of  his  moral  conceptions?  Not  made  up  of  miserable  clap-traps,  and  the 
tag-ends  of  mawkish  novels,  and  endless  sermonizing; — but  furnishing  lessons  of  profound 
meditation  to  frail  and  fallible  human  nature.  He  shows  us  crime  and  want  of  principle 
clothed  not  with  a spurious  greatness  of  soul ; but  with  a force  of  intellect  which  too 
often  imposes  but  the  more  easily  on  the  weak,  misjudging  multitude.  He  shows  us  the 
innocent  mind  of  Othello  plunged  by  its  own  unsuspecting  and  therefore  unwatchful 
confidence,  in  guilt  and  misery  not  to  be  endured.  Look  at  Lear,  look  at  Richard,  look 
in  short  at  every  moral  picture  of  this  mighty  moralist ! Whoso  does  not  rise  from 
their  attentive  perusal  “ a sadder  and  a wiser  man" — let  him  never  dream  that  he 
knows  any  thing  of  philosophical  Method. 

Nay,  even  in  his  style,  how  methodical  is  our  “sweet  Shakspeare.”  Sweetness 
is  indeed  its  predominant  characteristic ; and  it  ha^.a  few  iramethodical  luxuriances  of 
wit;  and  he  may  occasionally  be  convicted  of  wllfds,  which  convey  a volume  of 
thought,  when  the  business  of  the  scene  did  not  absolutely  require  such  deep  medita- 
tion. But  pardoning  him  these  Ju/cia  vitia,  who  ever  fashioned  the  English  language, 
or  any  language,  ancient,  or  modern,  into  such  variety  of  appropriate  apparel,  from 
“ the  gorgeous  pall  of  scepter'd  tragedy,”  to  the  easy  dress  of  flowing  pastoral. 

More  musical  than  lark  to  shepherd's  car, 

When  wheat  is  green  and  hawthorn  buds  appear. 

Who,  like  him,  could  so  methodically  suit  the  very  flow  and  tone  of  discourse  to  cha- 
racters lying  so  wide  apart  in  rank,  and  habits,  and  peculiarities,  as  Holofernes  and 

* We  beg  pardon  for  the  use  of  this  ituolcm  x rrbum ; but  it  is  one  of  which  our  language  stands  in 
great  need.  We  have  no  single  term  to  express  the  philosophy  of  the  human  mind  ; and  what  is  worse, 
the  principles  of  that  philosophy  are  commonly  called  metaphysical,  a word  of  very  different  meaning. 
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Queen  Catharine,  Falstaff  and  Lear?  When  we  compare  the  pure  English  style  of 
Shakspearc  with  that  of  the  very  best  writers  of  his  day,  we  stand  astonished  at  the 
Method,  by  which  he  was  directed  in  the  choice  of  those  words  and  idioms,  which  are  as 
fresh  now  as  in  their  first  bloom ; nay,  which  are  at  the  present  moment  at  once  more 
energetic,  more  expressive,  more  natural,  and  more  elegant,  than  those  of  the  happiest 
and  most  admired  living  speakers  or  writers. 

But  Shakspeare  was  " not  methodical  in  the  structure  of  his  fable."  Oh  gentle 
critic  1 be  advised.  Do  not  trust  too  much  to  your  professional  dexterity  in  the  use  of 
the  scalping  knife  and  tomahawk.  Weapons  of  diviner  mould  are  wielded  by  your 
adversary  : and  you  are  meeting  him  here  on  his  own  peculiar  ground,  the  ground  of  idea, 
of  thought,  and  of  inspiration.  The  very  point  of  this  dispute  is  ideal.  The  question  is 
one  of  unity : and  unity,  as  we  have  shown,  is  wliolly  the  subject  of  ideal  law.  There 
are  said  to  be  three  great  unities  which  Shakspeare  has  violated ; those  of  time,  place, 
and  action.  Now  the  unities  of  time  and  place  we  will  not  dispute  about.  Be  ours 
the  poet, 

■ ■ ■ ■ qui  pectus  inaniter  angit 
Irrilat,  mulcet,  falsis  terroribus  implet 
Ul  magus,  et  modo  me  Th<bi*t  tnodo  ponit  Athens. 

The  dramatist  who  circumscribes  himself  within  that  uuity  of  time,  which  is  regulated  . 
bJ  a stop-watch,  may  be  exact,  but  is  not  methodical ; or  his  method  iB  of  the  least 
and  lowest  class.  But 

Where  is  he  living  dipt  in  with  the  sea, 

That  cliidcs  the  banks  of  England,  Wales,  or  Scotland;? 

who  can  transpose  the  scenes  of  Macbeth,  and  make  the  seated  heart  knock  at  the 
ribs  with  the  same  force  as  now  it  docs,  when  the  mysterious  tale  is  conducted  from 
the  open  heath,  on  which  the  weird  sisters  are  ushered  in  with  thunder  and  lightning, 
to  the  fated  fight  of  Dunsinane,  in  which  their  victim  expiates  with  life,  his  credulity 
and  his  ambition  ? To  the  disgrace  of  the  English  stage,  such  attempts  have  indeed 
been  made  on  almost  all  the  dramas  of  Shakspeare.  Scarcely  a season  passes  which 
does  not  produce  some  v^tfov  irporifov  of  this  kind  in  which  the  mangled  limbs  of  our 
great  poet  are  thrown  together  “ in  most  admired  disorder.”  There  was  once,  a 
noble  author,  who  by  a refined  species  of  murder,  cut  up  the  play  of  Julius  Caesar 
into  two  good  set  tragedies.  M.  Voltaire,  we  believe,  had  the  grace  to  make  but  one 
of  it;  but  whether  his  Brutus  be  an  improvement  on  the  model  from  which  it  was 
taken,  we  trust,  after  what  we  have  already  said,  we  shall  hardly  be  expected  to 
discuss. 
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Thus  we  have  seen,  that  Shakspeare’s  mind,  rich  in  stores  of  acquired  knowledge, 
commanded  all  these  stores  and  rendered  them  disposable,  by  means  of  his  intimate 
acquaintance  with  the  gTeat  laws  of  thought,  which  form  and  regulate  Method.  We 
have  seen  him  exemplifying  the  opposite  faults  of  Method  in  two  different  characters ; 
we  have  seen  that  he  was  himself  methodical  in  the  delineation  of  character,  in  the  display 
of  passion,  in  the  conceptions  of  moral  being,  in  the  adaptations  of  language,  in  the 
connection  and  admirable  intertexture  of  his  ever-interesting  fable.  Let  it  not,  after 
this,  be  said,  that  Poetry — and  under  the  word  Poetry  we  will  now  take  leave  to 
include  all  the  works  of  the  higher  imagination,  whether  operating  by  measured  sound, 
or  by  the  harmonies  of  form  and  colour,  or  by  words,  the  more  immediate  and  universal 
representatives  of  thought — is  not  strictly  methodical ; nay,  does  not  owe  its  whole 
charm,  and  all  its  beauty,  and  all  its  power,  to  the  philosophical  principles  of  Method. 

But  what  of  philosophy  herself?  Shall  she  be  exempted  from  the  laws,  which  she  PWiMophj. 
has  imposed  on  all  the  rest  of  the  known  universe  ? Longe  absil ! To  philosophy 
properly  belongs  the  education  of  the  mind:  and  all  that  we  have  hitherto  said  may 
be  regarded  as  an  indication  (we  have  room  for  no  more)  of  the  chief  laws  and 
regulative  principles  of  that  education.  Philosophy,  the  “ parent  of  life,”  according  to 
the  expression  of  the  wise  Roman  orator ; the  “ mother  of  good  deeds  and  of  good 
sayings,”  the  “ medicine  of  the  mind,”  is  herself  wholly  conversant  with  Method. 

True  it  is,  that  the  ancients,  as  well  as  the  moderns,  had  their  machinery 
for  the  extemporaneous  coinage  of  intellect,  by  means  of  which  the  scholar  was 
enabled  to  make  a figure  on  any  and  all  subjects,  on  any  aqd  all  occasions.  They  too 
had  their  glittering  vapours,  which  (as  the  comic  poet  tells  us)  fed  a host  of  sophists — 

<rydAa«  cat  ay<pu<riv  apytftQ 
Almp  yyffitjy  ^ ( t«.\«£iv  jf;  rovy  f/ftly  vapt-^nvaty, 

Kai  Tipartiav  k,  irtptXtltv  it,  tpovaiv  £,  KnraXrjtpiy. 

APirrofc  Ni*.  2r. 

Great  goddesses  are  they  to  lazy  folks,  9 

Who  pour  down  on  us  gifts  of  fluent  speech. 

Sense  most  sententious,  wonderful  fine  rjftct, 

And  how  to  talk  about  it  and  about  it, 

Thoughts  brisk  as  bees,  and  pathos  soft  and  thawing. 

But  the  philosophers  held  a course  very  different  from  that  of  the  sophists.  We  sliall 
not  trouble  our  readers  with  a comparative  view  of  many  systems ; but  we  shall  present 
to  their  admiration  one  mighty  ancient,  and  one  illustrious  modern,  Plato,  and  Bacon. 

These  two  varieties  will  sufficiently  exemplify  the  species. 
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Of  Plato's  works,  the  larger  and  more  valuable  portion  have  all  one  common  end, 
which  comprehends  and  shines  through  the  particular  purpose  of  each  several  dialogue ; 
and  this  is,  to  establish  the  sources,  to  evolve  the  principles,  and  to  exemplify  the  art 
of  Method.  This  is  the  clue,  without  which  it  would  be  difficult  to  exculpate  the  noblest 
productions  of  the  “ divine’’  philosopher  from  the  charge  of  being  tortuous  and 
labyrinthine  in  their  progress,  and  unsatisfactory  in  their  ostensible  results.  The  latter 
indeed  appear  not  seldom  to  have  been  drawn,  for  the  purpose  of  starting  a new 
problem,  rather  than  of  solving  the  one  proposed  as  the  subject  of  previous  discussion. 
But  with  the  clear  insight,  that  the  purpose  of  the  writer  is  not  so  much  to  establish 
any  particular  truth,  as  to  remove  the  obstacles,  the  continuance  of  which  is  preclusive 
of  all  truth,  the  whole  scheme  assumes  a different  aspect,  and  justifies  itself  in 
all  its  dimensions.  We  sec,  that  the  Education  of  the  intellect,  by  awakening  the 
method  of  self-developement,  was  his  proposed  object,  not  any  specific  information  that 
can  be  conveyed  into  it  from  without.  He  desired  not  to  assist  in  storing  the  passive 
mind  with  the  various  sorts  of  knowledge  most  in  request,  as  if  the  human  soul  were 

* 

a mere  repository,  or  banqueting  room,  but  to  place  it  in  such  relations  of  circum- 
stance as  should  gradually  excite  its  vegetating  and  germinating  powers  to  produce 
new  fruits  of  thought,  new  conceptions,  and  imaginations,  and  ideas.  Plato  was  a 
poetic  philosopher,  as  Sbakspcare  was  a philosophic  poet.  In  the  poetry,  as  well  as 
in  the  philosophy,  of  both,  there  was  a necessary  predominance  of  ideas;  but  this  did 
not  make  them  regardless  of  the  actual  existences  around  them.  They  were  not 
visionaries,  or  mystics ; hut  dwelt  in  “ the  sober  certainty”  of  waking  knowledge. 

It  is  strange,  \et  characteristic  of  the  spirit  that  was  at  work  during  the  latter  half 
of  the  last  century,  that  the  writings  of  Plato  should  be  accused  of  estranging 
the  mind  from  plain  experience  and  substantial  matter-of-fact,  and  of  debauching  it 
by  fictions  and  generalities.  Plato,  whose  method  is  inductive  throughout,  who 
argues  on  all  subjects  not  only  from,  but  in  and  by,  inductions. of  facts!  Who 
«rarns  us  indeed  against  the  usurpation  of  the  senses,  but  far  oftener,  and  with 
more  unmitigated  hostility,  pursues  the  assumptions,  abstractions,  generalities,  and 
verbal  legerdemain  of  the  sophists.  Strange ! but  still  more  strange,  that  a notion,  so 
groundless,  should  be  entitled  to  plead  in  its  behalf  the  authority  of  Lord  Bacon, 
whose  scheme  of  logic,  as  applied  to  the  contemplation  of  nature,  is  Platonic  throughout. 

It  is  necessary  that  we  should  explain  this  circumstance  at  some  length,  in  order  to 
establish  by  the  concurrence  of  authorities,  vulgarly  supposed  to  be  contradictory,  the 
truth  of  a system  which  \vc  have  already  maintained  on  so  many  other  grounds. 

What  Lord  Bacon  was  to  England,  Cicero  was  to  Rome — the  first  and  most 
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'"'SO}1*'  eloquent  advocate  of  philosophy.  It  is  needless  to  remind  the  classical  scholar  of  that 
almost  religious  veneration  with  which  the  accomplished  Roman  speaks  of  Plato’ 
whom,  indeed,  he  calls,  in  one  instance,  “ deus  Me  nosier,"  and  in  other  places,  “ the 
Homer  of  philosophers their  “ prince the  “ most  weighty  of  all  who  ever  spoke,  or 
ever  wrote “ most  wise,  most  holy,  divine."  This  last  appellation,  too,  it  is  well  known, 
long  remained,  even  among  Christians,  as  a distinguishing  epithet  of  the  great  ornament 
of  the  Socratic  school.  Why  Bacon  should  have  spoken  detractingly  of  such  a man ; why 
he  should  have  stigmatised  him  with  the  name  of  “ sophist,"  and  described  his 
philosophy  (with  the  tyrant  Dionysius),  as  “ verba  otiosorum  senum  ad  imperitos  juvenes," 
it  is  much  easier  to  explain,  than  to  justify,  or  even  to  palliate.  He  was,  perhaps, 
influenced,  in  part,  by  the  tone  given  to  thinking  minds  by  the  Reformation,  the 
founders  and  fathers  of  which  saw  in  the  Aristotelians,  or  schoolmen,  the  antagonists 
of  Protestantism,  and  in  the  Italian  Platonists  (as  they  conceived)  the  secret  enemies 
of  Christianity  itself.  In  part,  too.  Bacon  may  have  formed  his  notions  of  Plato's 
doctrines  from  the  absurdities  of  his  mis-interpreters,  rather  than  from  an  unpreju- 
diced and  diligent  study  of  his  works. — Be  it  remembered,  however,  that  this  unfairness 
' was  not  less  manifested  to  his  contemporaries  ; that  his  treatment  of  Gilbert  was  cold, 
invidious,  and  unjust ; and  that  he  seems  to  have  disdained  to  learn  either  the  exist- 
ence or  the  name  of  Shakspeare.  At  this  conduct  no  one  can  be  surprised,  who  has 
studied  the  life  of  this 

■ — wisest,  brightest,  meanest  of  mankind. 

But  our  present  business  is  not  with  his  weaknesses,  or  his  failings,  but  with  those 
philosophical  principles,  which,  especially  as  displayed  in  the  Novum  Organum,  have 
deservedly  obtained  for  him  the  veneration  of  succeeding  ages. 

Those  who  talk  superficially  about  Bacon's  philosophy,  that  is  to  say,  nineteen- 
twentieths  of  those  who  talk  about  it  at  all,  know  little  more  than  his  induction, 
and  the  application  which  he  makes  of  his  own  method,  to  particular  classes  of  phy- 
sical facts ; applications,  which  are  at  least  as  crude,  for  the  age  of  Gilbert,  Galileo,  and 
Kepler,  as  were  those  of  Aristotle  (whom  he  so  superciliously  reprehends)  for  the 
age  of  Philip  and  Alexander.  Or  they  may  perhaps  have  been  struck  with  his  recom- 
mendation of  tabular  collections  of  particulars;  and  hence  have  placed  him  at  the  head 
of  a body  of  men,  but  too  numerous  in  modem  days — the  minute  philosophers.  We 
need  scarcely  say,  that  this  is  venturing  his  reputation  on  a very  tottering  basis.  Let 
any  unprejudiced  naturalist  turn  to  Bacon's  questions  and  proposals  for  the  investigation 
of  single  problems;  to  his  “Discourse  on  the  Winds;”  or  to  what  may  almost  be 
called  a caricature  of  his  scheme,  in  the  “ Method  of  improving  Natural  Philosophy/ 
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• by  Robert  Hooke*  (the  history  of  whose  philosophical  life  is  alone  a sufficient  sec^u. 
answer  to  all  such  schemes) — and  then  let  him  fairly  say  whether  any  desi- 
rable end  could  reasonably  be  hoped  for,  from  this  process — whether  by  this  mode  of 
research  auy  important  discovery  ever  was  made,  or  ever  could  be  made  ? Bacon, 
indeed,  always  takes  care  to  tell  us,  that  the  sole  purpose  and  object  of  collecting 
together  these  particulars,  is  to  concentrate  them,  by  careful  selection,  into  universals: 
but  so  immense  is  their  number,  and  so  various  and  almost  endless  the  relations  in 
which  each  is  to  be  separately  considered,  that  the  life  of  an  ante-diluvian  patriarch 
would  be  expended,  and  his  strength  and  spirits  wasted,  long  before  he  could  com- 
mence the  process  of  simplification,  or  arrive  in  sight  of  the  law,  which  was  to 
reward  the  toils  of  the  over- tasked  Psych  E.f 

Had  Bacon  done  no  more,  than  propose  these  impracticable  projects,  we  should  have 
been  far  from  sharing  the  sentiments  of  respect  every  where  attached  to  his  philoso- 
phical character.  But  he  has  performed  a task  of  infinitely  greater  importance,  by 
constructing  that  methodical  system,  which  is  so  elegantly  developed  in  the  Novum 
Organum.  It  is  this,  which  we  propose  to  compare  with  the  principles  long  before 

* We  refer  particularly  to  pp,  22  to  42  of  the  above-mentioned  work;  and  we  would,  above  all,  notice  the 
following:  admirable  specimen  of  confused  and  disorderly  minuteness  : — “ The  history  of  potters,  tobacco-pipe- 
makers,  glaziers,  glass-grinders,  looking-glass- makers  or  toilers,  spectacle-makers  and  optic-glass  makers, 
makers  of  counterfeit  pearl  and  precious  stones,  bugle-makers,  lamp-blowers,  colour-makers,  colour-grinders, 
glass-painters,  enamellers,  varnishers,  colour-sellers,  painter*,  limners,  picture-dr  avers,  makers  of  baby  heath,  of 
httle  bowling  stones  or  marbles,  fustian-makers,  (query  whether  poets  arc  included  in  this  trade  ?)  music-masters, 
tinsey-makers,  and  taggers. — The  history  of  schoolmasters,  writing-masters,  printers,  book-binders,  stage- 
players,  dancing-masters,  and  vaulters,  apothecaries,  chirurgeons,  teamsters,  butchers,  barbers,  laundresses , and 
cosmetics  ! &c.  &c.  &c.  &c,  (the  true  nature  of  each  of  which  being  exactly  determined)  will  hugely  facili- 
tate OUR  INQUIRIES  IN  PHILOSOPHY  " 11! 

In  parallel,  or  rather  in  contrast,  with  the  advice  of  Mr.  Robert  Hooke,  may  be  fairly  placed  that  of  the 
celebrated  Dr.  Watts,  which  was  thought,  by  Dr.  Knox,  to  be  worthy  of  insertion  in  the  Elegant  Extracts, 
vol.  ii.  p.  456,  under  the  bead  of 

Directions  concerning  our  Ideas. 

« Furnish  yourselves  with  a rich  variety  of  Ideas.  Acquaint  yourselves  with  things  ancient  and  modem ; 
things  natural,  civil,  and  religious  ; things  of  your  native  land,  and  of  foreign  countries  ; things  domestic  and 
national ; things  present,  past,  and  future ; and  above  all,  be  well  acquainted  with  God  and  yourselves  ; with 
animal  nature,  and  the  workings  of  your  own  spirits.  Such  a general  acquaintance  with  things  will  be  of  very  great 
advantage .* 

+ See  the  beautiful  allegoric  tale  of  Cupid  and  Psyche  in  the  original  of  Apuleius.  The  tasks  imposed  on 
the  hapless  nymph,  through  the  jealousy  of  her  mother-in-law,  and  the  agency  by  which  they  arc  at  length  self- 
performed,  arc  noble  instances  of  that  hidden  wisdom  “ where  more  is  meant  than  meets  the  ear  l* 
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enunciated  by  Plato.  In  both  cases,  the  inductions  are  frequently  as  crude  and  erro- 
neous,  as  might  readily  be  anticipated  from  the  infant  state  of  natural  history,  chemistry, 
and  physiology,  in  their  several  ages.  In  both  cases,  the  proposed  applications  are 
often  impracticable ; but  setting  aside  these  considerations,  and  extracting  from  each 
writer  that  which  constitutes  his  true  philosophy,  we  shall  be  convinced  that  it  is 
identical,  in  regard  to  the  science  of  Method,  and  to  the  grounds  and  conditions  of  that 
Science.  We  do  not  see,  therefore,  how  we  can  more  appropriately  conclude  this 
section  of  our  inquiry,  than  by  a brief  statement  of  our  renowned  countryman’s  own 
principles  of  Method,  conveyed,  for  the  greater  part,  in  his  own  words  : or  in  what 
more  precise  form,  we  can  recapitulate  the  substance  of  the  doctrines  asserted  and 
vindicated  in  the  preceding  pages.  For  we  rest  our  strongest  pretensions  to  appro- 
bation on  the  fact,  that  we  have  only  re-proclaimed  the  coinciding  precepts  of  the 
Athenian  Verulam,  and  the  British  Plato. 

In  the  first  instance.  Lord  Bacon  equally  with  ourselves,  demands,  as  the  motive 'n"‘rc‘",,‘ 
and  guide  of  every  philosophical  experiment,  what  we  have  ventured  to  call  the  intel- 
lectual or  mental  initiative;  namely,  some  well-grounded  purpose,  some  distinct  impres- 
sion of  the  probable  results,  some  self-consistent  anticipation,  the  ground  of  the 
“ prude  ns  quasi  it  ” (the  forethoughtful  enquiry),  which  he  affirms  to  be  the  prior  half' 
of  the  knowledge  sought,  elimidium  tcientia.  With  him,  therefore,  as  with  us,  an 
idea  is  an  experiment  proposed,  an  experiment  is  an  idea  realized.  For  so  he 
himselfin  forms  us : — “ neque  scientiam  molimur  tam  sensu,  vel  instrumentis,  quam  ev- 
perimentis ; etenim  experimentorum  longe  major  est  subtilitas,  quam  senses  ipsius,  licet 
instrumentis  exquisitis  adjuti.  Nam  de  iis  loquimur  experimenlis,  qua,  ail  intenlioncm  ejus 
quod  quaritur,  perile,  et  secundum  artem  excogitata  et  apposita  sunt.  Itaque  perceptioni 
senses  immediate  et  proprite  non  mullum  tribuimus:  sed  eu  tern  deducimus,  ut  sen sus 
tanlitm  de  experimento,  cxpertmcnlum  de  re  jndket.”  The  meaning  of  this  last  sentence  is 
intelligible  enough ; though  involved  in  antithesis,  merely  because  Bacon  did  not  pos- 
sess, like  Shakspeare,  a good  method  in  his  style.  What  he  means  to  say  is, 
that  we  can  apprehend,  through  the  organs  of  sense,  only  the  sensible  phenomena  pro- 
duced by  the  experiment ; but  by  the  mental  power,  in  virtue  of  which  we  shaped  the 
experiment,  we  can  determine  the  true  import  of  the  phaenomena. 

Now,  he  had  before  said,  that  he  was  speaking  only  of  those  experiments,  which 
were  skilfully  adapted  to  the  intention,  or  purpose  of  him,  who  conducted  the  research. 

But  what  is  it,  that  forms  the  intention,  or  purpose,  and  adapts  thereto  the  experiment  ? 

What  Bacon  calls  lux  inldlcctus ; viz.  the  understanding  of  the  individual  man,  who 
makes  the  experiment.  This  light,  however,  as  he  argues  at  great  length,  is  obscured 
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w..dM.  by  idols,  which  are  false  and  spurious  notions.  His  peculiar  use  of  the  word  idols,  is  ^"°^1 
again  a proof  of  faulty  method  in  his  style ; for  it  gives  a sort  of  pedantic  air  to  his 
reasonings ; but  in  truth,  he  means  no  more  by  it,  than  what  Plato  means  by  opinion, 

($o£ci)  which  the  latter  calls  “ a medium  between  knowledge  and  ignorance.”  So,  Bacon 
distinguishes  the  idols  of  the  mind  into  various  kinds  (idola  speeds,  tribus,  fori,  theatri), 
that  is,  opinions  derived  from  the  passions,  prejudices,  and  peculiar  habits  of  each 
man’s  understanding : and  as  these  idols,  or  opinions,  confessedly  produce  a sort  of 
mental  obscurity,  or  blindness ; so,  the  ancient  and  the  modern  master  of  philosophy 
both  agree  in  prescribing  remedies  and  operations  calculated  to  remove  this  disease  ; 
to  couch  the  “ mind’s  eye and  to  restore  it  to  the  enjoyment  of  a purer  vision.  Bacon 
establishes  an  unerring  criterion  between  the  ideas  and  the  idols  of  the  mind ; namely, 
that  the  latter  are  empty  notions,  but  the  former  are  the  very  seals  and  impresses  of 
nature  ; that  is  to  say,  they  always  fit  and  cohere  with  those  classes  of  things,  to  which 
they  belong  ; as  the  idea  of  a circle  fits  and  coheres  with  all  true  circles.  His  words 
are  these : “ Non  leve  quiddam  interest  inter  humans  mentis  idola,  et  divinse  mentis 
ideas,  hoc  est,  inter  placita  quad  am  mama,  et  veras  signatures  atque  impressiones 
factas  in  creaturis,  prout  Ratione  sanil  et  sicci  luminis,  quam,  docendi  causi,  inter- 
pretem  naturae  vocare  consuevimus,  inveniuntur.”  Novum  Orcanum,  xxm.  & xxvi. 

Some  idols,  says  Bacon,  are  adventitious  to  the  mind ; others  innate.  And  here, 
we  may  observe,  that  he  goes  somewhat  farther  than  the  mere  doctrine  of  innate 
ideas,  by  holding  that  of  innate  idols.  However,  we  say  not  this  in  disparagement  of 
his  system,  which  is  clear  and  correct;  nor,  on  the  other  hand,  do  we  mean  to  espouse 
all  its  parts,  which  must  be  left  to  speak  for  themselves.  What  he  means  by  innate 
idols,  he  thus  illustrates : — not  only  do  the  rays  of  truth,  from  without,  fall  obliquely 
on  the  mirror  of  the  mind,  but  that  mirror  itself  is  not  pure  and  plain  ; it  discolours, 
it  magnifies,  it  diminishes,  it  distorts.  Hence,  he  uses  the  words  inicllectus  humanus, 
mens  hominis,  See.  in  a sense  now  peculiar,  but  in  his  day  conformable  to  the  language 
of  the  schools,  to  signify  not  intellect  in  general,  or  mind  in  its  perfection,  but  the  in- 
tellect or  mind  of  man,  weakened  and  corrupted,  as  it  is,  more  or  less,  in  every  individual. 

A necessary  consequence  of  this  corruption,  is  the  arrogance,  which  leads  man  to 
take  the  forms  and  mechanism  of  his  own  reflective  faculty,  as  the  measure  of  nature, 
and  of  the  Deity.  Of  all  idols,  or  of  all  opinions,  this  is  the  most  difficult  to  remedy,  or 
extirpate ; and  therefore,  in  this  view,  the  intellect  of  man  is  more  prone  to  error,  than 
even  his  senses.  Such  is  the  sound  and  incontrovertible  doctrine  of  Bacon ; but  herein 
he  does  no  more,  than  repeat  what  both  Plato  and  Heraclitus  had  long  before  urged, 
with  most  impressive  argument.  The  forms  of  the  reflective  faculty  a.e  subjective;  the 
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taro.ii*.  truths  to  be  embraced  are  objective : but  according  to  Plato,  as  well  as  to  Bacon,  there 
can  be  no  hope  of  any  fruitful  and  secure  Method,  so  long  as  forms,  merely  subjective,  are 
arbitrarily  assumed  to  be  the  moulds  of  objective  truth,  the  seals  and  impresses  of  nature. 

What  then ! Does  Bacon  abandon  the  hope  of  rectifying  the  obliquities  of  the 
human  intellect ; or  does  he  suggest,  that  they  will  be  remedied  by  the  casual  operation 
of  external  impressions  ? Neither  of  these.  He  considers,  that  its  weaknesses  and 
imperfections  require  to  be  strengthened  and  made  perfect  by  a higher  power ; and  that 
this  is  possible  to  be  done.  He  supposes,  that  the  intellect  of  the  individual,  or  hmnnic 
particuliere,  may  be  refined  by  the  intellect  of  the  ideal  man,  or  homme  generate.  He 
assumes,  that  as  the  evidence  of  the  senses  is  corrected  by  the  judgment,  so  the  evi- 
dence of  the  judgment,  beset  with  idols,  may  be  corrected  by  the  judgment,  walking 
in  the  light  of  ideas.  It  is  surely  superfluous  to  urge,  that  this  corrector  and  purifier 
of  all  reasoning,  this  inextinguishable  pole  star— 

Which  never  in  the  ocean  waves  was  wet; 

whether  it  be  called,  as  by  Bacon,  lumen  siccum,  or  as  by  Plato,  vac,  or  iwpw,  is  one 
and  the  same  light  of  Truth,  the  indispensable  condition  of  ail  pure  science,  contempla- 
tive, or  experimental.  Hence,  it  will  not  surprise  us,  that  Plato  so  often  denominates 
ideas  living  laws,  in  and  by  which  the  mind  has  its  whole  true  being  and  permanence  ; or 
that  Bacon,  vicfc  versi,  names  the  laws  of  nature,  ideas;  and  represents  the  great  leading 
facts  of  science  as  signatures,  impressions,  and  symbols  of  those  ideas.  A distinguishable 
power  self-affirmed,  and  seen  in  its  unity  with  the  Eternal  Essence,  is,  according  to 
Plato,  an  Idea:  and  the  discipline  by  which  the  human  mind  is  purified  from  its  idols,  and 
raised  to  the  contemplation  of  Ideas,  and  thence  to  the  secure  and  progressive, 
investigation  of  truth  and  reality,  by  scientific  method,  comprehends  what  the 
same  philosopher  so  highly  extols,  under  the  title  of  Dialectic.  According  to  Lord 
Bacon,  as  describing  the  same  truth,  applied  to  natural  philosophy,  an  idea  would  be  de- 
fined as — Intuitio,  sive  inventio,  quae  in  perceptione  sensfts  non  est  (ut  quae  purae  et  sicci 
luminis  Intellection!  sit  propria)  idearum  divinte  mentis,  prout  in  creaturis,  per  signatures 
suas,  sese  patefaciant.  “ That  fsaith  the  judicious  Hooker)  which  doth  assign  to 
each  thing  the  kind,  that  which  determineth  the  force  and  power,  that  which  doth 
appoint  the  form  and  measure  of  working,  the  same  we  term  a Law." 

From  all  that  has  been  said,  it  seems  clear,  that  the  only  difference  between  Plato 
and  Bacon  was,  that,  to  speak  in  popular  language,  the  one  more  especially  cultivated 
natural  philosophy,  the  other  metaphysics.  Plato  treated  principally  of  truth,  as  ma- 
nifested in  the  world  of  intellect ; Bacon  of  the  same  truth,  as  manifested  in  the  world 
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sense  > but  *"ar  from  disagreeing,  as  to  the  mode  of  attaining  that  truth,  far  from  s*c,i«" II 
differing  in  their  great  views  of  the  education  of  the  mind,  they  both  proceeded  on  the 
same  principles  of  unity  and  progreuion ; and  consequently  both  cultivated  alike  the 
Science  of  Method,  such  as  we  have  here  described  it.  If  we  are  correct  iu  these  state- 
ments, then  may  we  boast  to  have  solved  the  great  problem  of  conciliating  ancient  and 
modern  pltilosophy. 

iiisoricai  That  the  Method,  of  which  we  have  hitherto  treated,  is  not  arbitrarily  assumed  in 

*»rw, 

any,  or  all  of  the  pursuits,  to  which  we  have  adverted ; nor  is  peculiar  to  these  in  parti- 
cular, but  is  founded  in  the  laws  and  necessary  conditions  of  human  existence,  is 
further  to  be  inferred  from  a general  view  of  the  history  of  the  human  race.  As  in 
the  individual,  so  in  the  whole  community  of  mankind,  our  cogitations  have  an  infancy 
of  aimless  activity ; and  a youth  of  education  and  advance  towards  order ; and  an 
opening  manhood,  of  high  hopes  and  expectations;  and  a settled,  staid,  and  sober 
middle  age,  of  ripened  and  deliberate  judgment. 

Hnipenid.  “ The  antiquity  of  time  was  the  youth  of  the  world  and  of  knowledge,”  said  Bacon. 

In  that  early  age,  the  obedience  of  the  will  was  first  taught  to  man.  lie  was  required 
to  look  up,  in  submission,  to  that  Spirit  of  Truth,  which,  after  all,  we  find  to  be  at  the 
head  of  wisdom.  This  innocent  age  was  happily  prolonged,  among  those,  whose  first 
care  was  to  cultivate  the  moral  sense,  and  to  seek  in  faith  the  evidence  of  things  not 
seen.  To  them  were  propounded  a Spiritual  Creator,  and  a spiritual  worship,  and  the 
assured  hope  of  a future  and  spiritual  existence ; and  therefore  they  were  less  curious 
to  watch  the  motions  of  the  stars,  or  to  become  “ artificers  in  brass  and  iron,"  or  to 
“ handle  the  harp  and  the  organ."  They  were  less  wise  in  their  generation,  tlian 
the  “ mighty  men  of  old,  the  men  of  renown but  their  ideas  were  plain,  and 
distinct;  they  were  “just  and  perfect  men;"  and  they  “walked  with  God;”  whilst, 
of  the  others  “ every  imagination  of  the  thoughts  of  the  heart  was  only  evil  con- 
tinually." For  the  latter  wilfully  chose  an  opposite  method:  they  determined  to  shape 
their  convictions  and  deduce  their  knowledge  from  without,  by  exclusive  observation 
of  outward  tilings,  as  the  only  realities.  Hence  they  became  rapidly  civilized.  They  built 
cities,  and  refined  on  the  means  of  sensual  gratification,  and  the  conveniencies  of 
courtly  intercourse.  They  became  the  great  masters  of  the  agreeable,  which  frater- 
nized readily  with  cruelty  and  rapacity  : these  being,  indeed,  but  alternate  moods 
of  the  same  sensual  selfishness.  Thus,  both  before  and  after  the  flood,  the  vicious  of 
mankind  receded  from  all  true  cultivation,  as  they  hurried  towards  civilization. 

Finally,  as  it  was  not  in  their  power  to  make  themselves  wholly  beasts,  and  to  remain 
without  a semblance  of  religion,  and  yet,  as  they  were  faithful  to  their  original  maxim, — 
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I“^“'  determined  to  receive  nothing  as  true,  but  what  they  derived,  or  believed  themselves  to  n. 
derive  from  their  senses,  or  (in  modem  phrase)  what  they  could  prove  a posteriori, — they 
became  idolaters  of  the  Heavens,  and  of  the  material  elements ; and  finally,  out  of  the 
idols  of  the  inind,  they  formed  material  idols : and  bowed  down  to  stocks  and  stones, 
as  to  the  unformed  and  incorporeal  Divinity. 

A new  era  next  appeard,  representative  of  the  youth  and  approaching  manhood  of 
the  human  intellect : and  again  Providence,  as  it  were,  awakened  men  to  the  pursuit  of 
an  idealised  Method,  in  the  developement  of  their  faculties.  Orpheus,  Linus,  Mussus, 
and  the  other  mythological  bards,  or  perhaps  brotherhoods  of  bards  impersonated 
under  individual  names,  whether  deriving  their  light,  imperfectly  and  indirectly,  from 
the  inspired  writings  of  the  Hebrews,  or  graciously  visited,  for  high  and  important 
purposes,  by  a dawning  of  truth  in  their  own  breasts,  began  to  spiritualise  Polytheism, 
and  thereby  to  prevent  it  from  producing  all  its  natural,  barbarising  effects.  Ilencfc  the 
mysteries  and  mythological  hymns',  which,  on  the  one  hand,  gradually  shaped 
themselves  into  epic  poetry  and  history,  and,  on  the  other,  into  tragedy  and  philosophy: 
whilst  to  the  lifeless  statuary  of  the  Egyptians  was  superadded  a Promethean  animation ; 
and  the  ideal  in  sculpture  soon  extending  itself  to  painting,  and  to  architecture,  the 
Fine  Arts  at  once  shot  up  to  perfection,  by  a Method  founded  wholly  on  a mental 
initiative,  and  conducted  throughout  its  progress  by  the  developement  of  ideas.  This 
rapid  advance,  in  all  things  which  owe  their  existence  and  character  to  the  mind's  own 
acts,  intellectual  or  imaginative,  forms  a singular  contrast  with  the  rude  and  imperfect 
manner,  in  which  those  acts  were  applied  to  the  investigation  of  physical  laws  and 
phenomena.  While  Phidias,  Apelles,  Homer,  Demosthenes,  Thucydides,  and  Plato, 
had,  each  in  his  individual  sphere,  attained  almost  the  summit  of  conceivable  ex- 
cellence, the  natural  history  and  the  natural  philosophy  of  the  whole  world  may  be 
said  to  have  lain  dormant ; especially  if  we  compare  them  with  the  efforts  which  the 
moderns  made  in  these  directions,  in  the  very  morning  of  their  strength. 

Of  the  Roman  era  it  is  scarcely  necessary  to  speak  at  large,  inasmuch  as  the 
Romans  were  confessedly  mere  imitators  of  the  Greeks  in  every  thing  relating  to 
science  and  art.  They  sustained  a very  important  part  in  the  civil,  and  military,  and 
ecclesiastical  history  of  mankind ; and  their  devotion  to  these  objects  was,  in  their 
own  eyes,  a sufficient  apology  for  their  want  of  originality  in  what  they  held  to  be  far 
inferior  pursuits. 

Excudcnt  alii  spirantia  mollius  oera : 

Credo  equidem,  vivos  duccnt  de  raarmorc  vultus: 

Tu  regere  imperio  populos,  Romane,  memento. 
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Still  less  will  it  be  expected,  that  we  should  devote  much  space  to  the  consideration 
of  those  dark  ages,  which  brought  the  countless  hordes  of  sensual  barbarians  from 
their  northern  forests  to  meet,  in  the  southern  and  middle  parts  of  Europe,  the 
spiritualizing  influence  of  Christianity:  but  one  remarkable  effect  of  that  influence  we 
cannot  suffer  to  pass  unnoticed.  We  allude  to  the  gradual  abolition  of  domestic 
slavery,  in  virtue  of  a principle  essential  to  Christianity,  by  which  a person  is  eternally 
differenced  from  a thing ; so  that  the  idea  of  a human  being  necessarily  excludes  the 
idea  of  property,  in  that  being. 

We  come  down,  then,  to  the  great  period  of  the  Reformation,  which,  regarded 
as  an  epoch  in  the  education  of  the  human  mind,  was  second  to  none  for  its  striking' 
and  durable  effects.  The  defenders  of  a simple  and  spiritual  worship,  against  one  which 
was  full  of  outward  forms  and  ceremonies ; the  partisans  of  religious  liberty,  against 
the  "dominion  of  a visible  head  over  the  whole  Christian  church;  and  generally  speaking, 
the  advocates  of  the  ideal  and  internal,  against  the  external,  or  imaginative  ; maintained 
a zealous,  and  in  great  part  of  Europe,  a prosperous  conflict.  Hut  the  revolution  of 
thought,  and  its  effects  on  the  science  of  Method,  were  soon  visible  beyond  the  pale  of 
the  church  or  the  cloister : and  the  schoolmen  were  attacked  as  warmly  in  their 
philosophical,  as  they  had  before  been  in  their  ecclesiastical  character.  It  is  needless  to 
dwell  on  the  various  attempts  toward  introducing  into  learning  a totally  new  method. 
That  of  our  illustrious  countryman.  Bacon,  was  completely  successful : and  we  have 
already  shown,  that  it  was,  in  truth,  the  completion  of  the  ideal  system,  by  applying 
the  same  method  to  external  nature,  which  Plato  had  before  applied  to  intellectual 
existence. 

It  is  only  in  the  union  of  these  two  branches  of  one  and  the  same  method,  that  a 
complete  and  genuine  philosophy  can  be  said  to  exist.  To  this  consideration  the  great 
mind  of  Bacon  does  not  seem  to  have  been  fully  awake ; and  hence,  not  only  is  the 
general  scope  of  his  work  directed  almost  exclusively  to  the  contemplation  of  physical 
ideas ; but  there  are  occasional  expressions,  which  seem  to  have  misled  many  of  his 
followers  into  a belief,  that  he  considered  all  wisdom  and  all  science,  both  to  begin  and 
to  end  with  the  object  of  the  senses.  In  this  gross  error  are  laid  the  foundations  of  the 
modern  French  school,  which  has  grown  up  into  the  monstrous  puerilities  of  Con- 
diliac,  and  Condorcet ; men  whose  names  it  would  be  absolutely  ridiculous  to 
mention,  in  a history  of  science,  if  their  pupils  did  not  unhappily  compensate,  in  num- 
ber, what  their  works  want  in  common  sense  and  intelligibility;  and  if  upon  such 
writers,  the  French  nation  did  not  mainly  rest  its  pretensions  to  give  the  law  to  Europe, 
in  matters  of  science  and  philosophy. 
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APPLICATION  OF  THE  PRINCIPLES  OF  METHOD  TO  THE  GENERAL  CONCATENATION  AND  DEVELOPEMENT 

OF  STUDIES. 

iniraiuc-  We  have  already  dwelt  so  much  on  the  general  importance  of  Method — we  have 
recurred  to  it  so  frequently — we  have  placed  it  in  so  many  various  lights,  that  we  ought 
perhaps  to  apologise  for  venturing  on  one  more  attempt  to  illustrate  our  meaning, 
partly  in  the  way  of  simile,  and  partly  of  example.  Let  us,  however,  imagine  an 
unlettered  African,  or  rude,  but  musing  Indian,  poring  over  an  illumined  manuscript 
of  the  inspired  volume;  with  the  vague,  yet  deep  impression,  that  his  fates  and 
fortunes  are,  in  some  unknown  manner,  connected  with  its  contents.  Every  tint, 
every  group  of  characters,  has  its  several  dream.  Say,  that  after  long  and  dissatis- 
fying toils,  he  begins  to  sort,  first,  the  paragraphs  that  appear  to  resemble  each  other; 
then  the  lines,  the  words;  nay,  that  he  has  at  length  discovered,  that  the  whole  is  formed 
by  the  recurrence  and  interchange  of  a limited  number  of  cyphers,  letters,  marks  and 
(mints,  ■which,  however,  in  the  very  height  and  utmost  perfection  of  his  attainment, 
he  makes  twenty-fold  more  numerous  than  they  are,  by  classing  every  different 
form  of  the  same  character,  intentional  or  accidental,  as  a separate  element.  And  yet 
the  whole  is  without  soul  or  substance,  a talisman  of  superstition,  or  a mockery 
of  science;  or  is  employed  perhaps,  at  last,  to  feather  the  arrows  of  death,  or  to 
shine  and  flutter  amid  the  plumes  of  savage  vanity.  The  poor  Indian  too  truly 
represents  the  state  of  learned  and  systematic  ignorance — arrangement  guided  by 
the  light  of  no  leading  idea;  mere  orderliness  without  method  ! 

But  see,  the  friendly  missionary  arrives ! He  explains  to  him  the  nature  of  written 
words,  translates  them  for  him  into  his  native  sounds,  and  thence  into  the  thoughts  of  hia 
heart : how  many  of  these  thoughts  arc  then  first  unfolded  into  consciousness,  which  yet 
the  awakening  disciple  receives  not  as  aliens  ! Henceforward  the  book  is  unsealed  for 
him ; the  depth  is  opened ; he  communes  with  the  spirit  of  the  volume,  as  with  a living 
oracle.  The  words  become  transparent ; he  sees  them,  as  though  he  saw  them  not ; 
whilst  he  mentally  devours  the  meaning  they  contain.  From  that  moment,  his  former 
chimerical  and  useless  arrangement  is  discarded,  and  the  results  of  method  are  to 
him  life  and  truth. 

If  some  particular  studies  are  yet  confessedly  deficient  in  the  vivifying  power 
of  Method,  we  much  fear  that  the  attempts  to  bind  together  the  whole  body  of  science 
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in&oAic-  have  been,  in  certain  instances,  worse  than  immethodical.  A slight  glance  at  the  s^uo.,  nr 
particular  department  of  literature  which  we  have  chosen,  especially  as  it  has  been 
filled  on  the  Continent;  from  the  memorable  combination  of  deistical  talent  in  the 
Diclionnaire  Encyclopcdique,  to  a work,  on  the  same  principles,  said  to  be  now 
publishing  in  France,  will  demonstrate,  that  the  best  interests  of  mankind  have 
suffered  serious  injury  from  this  cause ; that  the  fountains  of  education  may  be 
poisoned,  where  the  stream  appears  to  flow  on  with  increasing  power  and  smoothness ; 
and  that  the  insinuation  of  sceptical  principles  into  works  of  Science,  is  fraught  with 
the  greatest  danger  to  posterity. 

To  oppose  an  effectual  barrier  to  the  rage  for  desultory  knowledge,  on  the 
one  hand,  and  to  support  that  body  of  independent  attachment  to  the  best  prin- 
ples  of  all  knowledge,  which  happily  distinguishes  this  country,  on  the  other,  the 
Encvclop.eih  a Metropolitan  a has  been  projected. 

We  do  not  undertake,  what  the  most  gigantic  efforts  of  man  could  not  atchieve, 
an  universal  Dictionary  of  Knowledge,  in  the  most  absolute  sense  of  the  terms.  But 
estimating  the  importance  of  our  task  rather  by  the  principles  of  unity  and  com- 
pression, than  by  those  of  variety  and  extent,  we  have  laboured  to  build  upon  what  is 
essential,  that  which  is  obviously  useful,  and  upon  both  whatever  is  elegant  or  agree- 
able in  science;  and  this,  we  conceive,  cannot  be  well  and  usefully  effected,  but  by 
such  a philosophical  Method,  as  we  have  already  indicated. 

We  have  shown  that  this  Method  consists  in  placing  one  or  more  particular 
things  or  notions,  in  subordination,  either  to  a pre-conceived  universal  idea,  or  to  some 
' lower  form  of  the  latter;  some  class,  order,  genus,  or  species,  each  of  which  derives  its 
intellectual  significancy,  and  scientific  worth,  from  being  an  ascending  step  toward 
the  universal ; from  being  its  representative,  or  temporary  substitute.  Without  this 
master-thought,  therefore,  there  can  be  no  true  Method  : and  according  as  the  general 
conception  more  ur  less  clearly  manifests  itself  throughout  all  the  particulars,  as 
their  connective  and  bond  of  unity;  according  as  the  light  of  the  idea  is  freely  diffused 
through,  and  completely  illumines,  the  aggregate  mass,  the  Method  is  more  or  less 
perfect. 

The  first  pre-conception,  or  master-thought,  on  which  our  plan  rests,  is  the 
moral  origin  and  tenderwy  of  all  true  science  ; in  other  words,  our  great  objects  are  to 
exhibit  the  Arts  and  Sciences  in  their  philosophical  harmony ; to  teach  Philosophy  in 
union  with  Morals ; and  to  sustain  Morality  by  Revealed  Religion. 

There  are,  as  we  have  before  noticed,  two  sorts  of  relation,  on  the  due  obser- 
vation of  which  all  Method  depends.  The  first  is  that,  which  the  ideas  or  laws  of 
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Jstrodiic-  the  mind  bear  to  each  other ; the  second,  that  which  they  bear  to  the  external  world : Section  m. 
on  the  former  are  built  tlie  Pure  Sciences ; on  the  latter  those  which  we  call  Mixed  and 


Applied. 

The  Pure  Sciences,  then,  represent  pure  acts  of  the  mind,  and  those  only ; whether  •cki*™. 
employed  in  contemplating  the  forms  under  which  things  in  their  first  elements  are 
necessarily  viewed  and  treated  by  the  mind ; or  in  contemplating  the  substantial  reality 
of  those  things. 

Hence,  in  the  pure  sciences,  arises  the  known  distinction  of  formal  and  real : and  *IKi 
of  the  first,  some  teach  the  elementary  forms,  which  the  mind  necessarily  adopts  in  the 
processes  of  reasoning ; and  others,  those  under  which  alone  all  particular  objects 
can  be  grasped  and  considered  by  the  mind  ; either  as  distinguishable  in  quantity  and 
number,  or  as  occupying  parts  of  space.  The  real  sciences,  on  the  other  hand,  are  con- 
versant with  the  true  nature  and  existence,  eitlter  of  the  created  universe  around  us ; or 
of  the  guiding  principles  within  us,  in  their  various  modifications  and  distinguishing 
movements ; or,  lastly,  with  the  real  nature  and  existence  of  the  great  Cause  of  all. 

We  begin,  then,  with  that  class  of  pure  sciences  which  we  have  called  formal ; Gramma/, 
and  of  these,  the  first  two  that  present  themselves  to  us,  are  Grammar  and  Logic. 

By  Grammar  we  are  taught  the  rules  of  that  speech,  which  serves  as  the  medium  of 
mental  intercourse  between  man  and  man ; by  Logic,  the  mental  operations  are  them- 
selves regulated  and  bound  together,  in  a certain  method  or  order.  As  the  communi- 
cation of  knowledge  is  the  more  immediate  object  of  our  present  discussion,  so  we 
begin  with  that  science  by  which  it  is  regulated  in  its  forms.  Grammar,  then,  apart 
from  the  mere  material  consideration  of  the  sound  of  words,  or  shape  of  letters,  and 
regarding  speech  only  as  a thing  significant,  teaches  that  there  are  certain  laws 
regulating  that  signification  ; law's  which  are  immutable  in  their  very  nature  : for  the 
relation  which  a noun  bore  to  a verb,  or  a substantive  to  an  adjective,  was  the  same  in 
the  earliest  days  of  m f«v»v  avOfuww,  in  the  first  intelligible  conversations  of  men,  as  it 
is  now  ; nor  can  it  ever  vary  so  long  as  the  powers  of  thought  remain  the  same  in  the 
human  mind.  This,  then,  is  a pure  science  proceeding  from  a simple  or  elementary 
idea  of  the  form  necessary  for  the  conveyance  of  a single  thought,  and  thence 
spreading  and  diffusing  itself  over  all  the  relations  of  significant  language. 

Grammar  brings  us,  naturally,  to  the  Science  of  Logic,  or  the  knowledge  of  those  Lope, 
forms  which  the  conceptions  of  the  mind  assume  in  the  processes  of  reasoning.  And 
it  is  manifest,  that  this  science  is  no  less  subject  than  the  former,  to  fixed  laws ; for  the 
reasoning  power  in  man  can  only  operate  within  those  limits  which  Almighty  Wisdom 
has  thought  fit  to  prescribe.  It  iB  a discursive  faculty,  moving  in  a given  path,  and  by 

f 2 


Digitized  by  Google 


3G 


INTRODUCTION. 


'"Sn”1  allotted  means.  There  is  no  possibility  of  subverting  or  altering  the  elementary  rules  Sreu™  m. 
'w/  of  Logic  ; for  they  are  not  hypothetical,  or  contingent,  or  conventional,  but  positive 
and  necessary. 

MivthriM-  Under  the  general  term  Mathematic t,  are  comprised  the  sciences  of  Geometry, 

tic*. 

which  is  conversant  about  the  laws  of  figure,  or  limitations  of  space ; and  Arithmetic, 
which  concerns  the  laws  of  number.  Now  these  laws  are  purely  ideal.  It  is  not 
externally  to  u-  that  the  general  notion  of  a square,  or  a triangle ; of  the  number  three, 
or  the  number  five,  exists ; nor  do  we  seek  for  external  proof  of  the  relations  of  those 
notions;  but  on  the  contrary,  by  contemplating  them,  as  ideas  in  the  mind,  we  discover 
truths  which  are  applicable  to  external  existence. 

Mrt.phj-  The  sciences,  which  we  have  hitherto  noticed,  relate  to  the  forms  of  our  mental 

►ic».  Mo- 

conceptions;  but  it  is  natural  for  man  to  seek  to  comprehend  the  principles  and 
conditions  of  real  existence,  both  with  regard  to  the  universe  in  general,  with  regard 
to  his  own  internal  mover,  or  conscience,  and,  above  all,  with  regard  to  the  cause,  by 
which  conscience  and  the  whole  universe  were  called  into  being,  and  continue  to  exist, 
namely,  God.  ' Hence,  as  we  advance  from  form  to  reality,  the  sciences  of  Metaphysics 
and  Morals  first  present  themselves  to  view,  and  these  lead  us  forward  to  the  summit 
of  human  knowledge  ; for  at  the  head  of  all  pure  science  stands  Theology,  of  which  the 
great  fountain  is  revelation.  It  is  obvious,  that  both  Metaphysics  and  Morals  are 
conversant  solely  about  those  relations,  which  we  have  called  relations  of  law ; for  it 
would  be  a contradiction  to  say,  that  a real  existence  could  be,  at  the  same  time,  a 
mere  theory  or  hypothesis.  These  sciences  have,  therefore,  all  the  purity  and  all  the 
certainty,  which  belong  to  that  which  is  positive  and  absolute  ; and  as  far  as  they  are 
distinctly  apprehended  by  the  mind,  they  approach  the  nearest  to  that  clear  intellectual 
light,  which,  in  the  peculiar  phraseology  of  Lord  Bacon,  is  called  lumen  ticcum.  In  the 
proper  philosophical  method,  the  reality  of  our  speculative  knowledge,  exhibited  in  the 
science  of  Metayhysics,  unites  itself  at  last  with  the  reality  of  our  ethical  sentiments 
displayed  in  that  of  Morals ; and  both  together  are  at  once  lost  and  consummated  in 
Theology,  which  rises  above  the  light  of  reason  to  that  of  faith. 

Miioi  and  These  are  all  the  sciences  which  embrace  solely  relations  of  law ; and  it  is  plain 

Sciences  that  in  these,  not  only  the  initiative,  but  every  subsequent  step,  must  be  an  act  of  the 
mind  alone.  But  when  we  descend  to  the  second  order  of  relations,  namely  those 
which  we  bear  to  the  external  world.  Theory  is  immediately  introduced  ; new  sciences 
are  formed,  which  in  contradistinction  from  the  pure,  are  called  the  mi-mi  and  applied 
Sciences;  and  in  these  new  considerations  relative  to  Method,  necessarily  find  a 
place. 
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Every  physical  theory  is  in  some  measure  imperfect,  because  it  is  of  neces- S"*'00  ni- 
sity  progressive ; and  because  we  can  never  be  assured  that  we  have  exhausted  the 
terms,  or  that  some  new  discovery  may  not  affect  the  whole  scheme  of  its  relations. 

The  discoveries  of  the  ponderability  of  air,  of  its  compound  nature,  of  the  increased 
weight  of  the  calces,  of  the  gasses  in  general,  of  electricity,  and  more  recently  the 
stupendous  influences  of  Galvanism  on  the  successive  chemical  theories ; are  all  so 
many  exemplifications  of  this  truth.  The  doctrines  of  vortices,  of  an  universal  ether, 
of  a two-fold  magnetic  fluid,  &c.  are  theories  of  gravitation : but  the  science  of 
Astronomy  is  founded  on  the  law  of  gravitation,  and  remains  unaffected  by  the  rise 
and  fall  of  the  theories.  In  the  lowest  condition  of  Method,  the  initiative  is  supplied 
by  an  hypothesis ; of  which  we  may  distinguish  two  degrees.  In  the  former,  a fact  of 
actual  experience  is  taken,  and  placed  experimentally  as  the  common  support  of  certain 
other  facts,  as  equally  present  in  all : thus,  that  oxygen  is  a principle  of  acidification 
and  combustion,  is  an  experienced  fact ; and  became  an  hypothesis,  by  the  assumption 
that  it  is  the  sole  principle  of  acidification  and  combustion.  In  the  latter,  a fact  is 
imagined:  as,  for  instance,  an  atom  or  physical  point,  prseternaturally  hard,  and 
therefore  infrangible  in  the  corpuscular  philosophy;  or  a primitive  unalterable  figure, 
in  some  systems  of  crystalization. 

In  all  this,  we  see,  that  knowledge  is  a matter  not  of  necessary  connection,  but  of 
a connection  arising  from  observation,  or  supposition ; that  is,  it  consists  not  of  law, 
but  of  theory,  or  hypothesis.  True  theory  is  always  in  the  first  and  purest  sense  a 
locum  tenons  of  law ; when  it  is  not,  it  degenerates  into  hypothesis,  and  hypothesis 
melts  away  into  conjecture.  Both  in  law  and  in  theorjr,  there  must  be  a mental  ante- 
cedent ; but  in  the  latter,  it  may  be  an  image  or  conception  received  through  the 
senses,  and  originating  from  without ; yet  even  then  there  is  an  inspiring  passion,  or 
desire,  or  instinctive  feeling  of  the  truth,  which  is  the  immediate  and  proper  offspring  of 
the  mind.  Now,  we  may  consider  the  facts  which  are  to  be  reduced  to  theory,  as 
arranged  over  the  whole  surface  of  a plane  circle.  If  by  carrying  the  power  of  theory 
to  a near  identity  with  law,  we  find  the  centre  of  the  circle,  then  proceeding  toward 
the  circumference,  our  insight  into  the  whole  may  be  enlarged  by  new  discoveries ; 
it  never  can  be  wholly  changed.  A magnificent  example  of  this  has  been  realized  in 
the  science  of  Astronomy  ; a recent  addition  of  facts  has  been  effected  by  the  discovery 
of  other  planets,  and  our  views  have  been  rendered  more  distinct  by  the  solution  of  the 
apparent  irregularities  of  the  moon's  motion,  and  their  subsumption  under  the  general 
law  of  gravitation.  But  the  Newtonian  was  not  less  a system  before,  than  since,  the 
discovery  of  the  Georgium  Sidus ; not  by  having  ascertained  its  circumference,  but  by 
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joiroduc-  having  found  its  centre ; the  living  and  salient  point,  from  which  the  method  of  discovery  SwUm  in. 
diverges,  the  law  in  which  endless  discoveries  are  contained  implicitly,  and  to  which 
as  they  afterwards  arise,  they  may  be  referred  in  endless  succession. 

These  reasonings,  it  is  hoped,  will  sufficiently  explain  the  nature  of  the  transition, 
from  the  Pure  Sciences  to  the  Mixed  and  Applied  Sciences,  and  will  serve  to  trace  the  inse- 
parable connection  of  the  latter  with  the  constitution  of  the  human  mind.  And  as  each 
of  these  great  divisions  of  knowledge  has  its  own  department  in  the  grand  moral  science 
of  man,  it  is  obvious  that  a scheme,  which,  like  our  own,  not  only  contains  each 
separately,  but  combines  both  as  indivisible,  the  one  from  the  other ; must  present,  in 
the  most  advantageous  point  of  view,  whatever  is  useful  and  beautiful  in  either.  In 
speaking  of  the  mixed  and  applied  sciences,  we  must  be  permitted,  however,  to  remark 
that  the  word  science,  is  evidently  used  in  a looser  and  more  popular  form,  than  when  we 
denominate  mathematics,  or  metaphysics,  a science ; for  we  know  not,  for  instance,  the 
truth  of  any  general  result  of  observation  in  nosology,  as  we  know  that  two  and  two 
make  four,  or  that  a human  person  cannot  be  identical  with  another  human  person. 

And  in  like  manner,  when  the  word  law,  is  used  with  relation  to  the  mixed  and 
applied  sciences ; as  when  we  speak  of  any  supposed  law  of  vegetation ; we  use  a 
more  popular  language  than  when  we  speak  of  a law  of  the  conscience,  which  is  not 
to  be  prevaricated.  The  strictness  of  ancient  philosophy,  therefore,  refused  the  name 
of  science  to  these  pursuits : and  it  might  at  least  be  convenient,  if  in  speaking  generally 
of  the  pure,  the  mixed,  and  the  applied  sciences,  we  gave  them  the  common  name  of 
studies,  inasmuch  as  we  study  them  all  alike,  but  we  do  not  know  them  all  with  the 
same  sort  of  knowledge. 

Mixed.  Of  these,  then  (be  they  studies  or  sciences),  we  call  those  mixed  in  which  certain 

ideas  of  the  mind,  are  applied  to  the  general  properties  of  bodies,  solid,  fluid,  and 
aerial ; to  the  power  of  vision,  and  to  the  arrangement  of  the  universe ; whence  we 
obtain  the  sciences  of  Mechanics,  Hydrostatics,  Pneumatics,  Optics,  and  Astronomy.  It 
is  matter  not  of  certain  science,  but  of  observation,  that  such  properties  do  really  exist 
in  bodies,  that  vision  is  effected  in  such  or  such  a manner,  and  that  the  universe  is 
disposed  in  this  or  that  relative  position,  and  subjected  to  certain . movements  of  its 
parts.  Therefore  these  sciences  may  vary,  and  notoriously  have  varied;  and  though 
Kepler  would  demonstrate  that  Euclid  Copernicised,  or  had  some  knowledge  of  the  system 
afterwards  adopted  by  Copernicus;  yet  of  this  there  is  little  proof:  and  certainly  for  many 
ages  after  Euclid  it  was  the  universal  opinion,  that  the  earth  was  the  fixed  and  immove- 
able centre  of  the  universe.  Nor  have  we  here  unadvisedly  used  the  word  opinion  ; 
since,  as  we  before  showed,  it  is  the  ancient  expression,  signifying  a medium 
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*“«**■  between  knowledge  and  ignorance : and  well  did  that  acute  Italian  exclaim, 
O/uniune,  rcgina  del  mondo! — for  as  it  is  impossible  that  ignorance,  which  cannot  govern 
itself,  should  govern  any  tiling  else ; so  to  expect  that  all  the  world  should  be 
wise  enough  to  submit  to  the  government  of  wisdom,  would  be  to  show  that  we  had 
followed  very  little  Method  in  our  study  either  of  history,  of  living  men,  or  even  of 
ourselves. 

When  certain  ideas,  or  images  representative  of  ideas,  are  applied  still  more  Appr»d. 
particularly,  not  to  tlje  investigation  of  the  general  and  permanent  properties  of  all 
bodies,  but  of  certain  changes  in  those  properties,  or  of  properties  existing  in  bodies 
partially,  then  we  popularly  call  the  studies  relative  to  such  matters  by  the  name  of 
Applied  Sciences;  such  are  Magnetism,  Electricity,  Calvinism,  Chemistry,  the  laws  ofEtpm- 

1 1 * mental  plU- 

Light  and  Ileal,  & c.  We  have  already  so  fully  shown  the  uncertainty  of  the  first  prin- 
ciples  in  these  studies,  and  have  so  distinctly  traced  the  cause  of  that  uncertainty,  in 
every  case,  to  a want  of  clearness  in  the  first  idea  or  mental  initiative  of  the  science, 
that  it  will  be  unnecessary  here  to  do  more  than  refer  to  our  preceding  observations. 

We  come  now  to  another  class  of  applied  sciences,  namely,  those  which  are  applied  Flo,  Ant 
to  the  purposes  of  pleasure,  through  the  medium  of  the  imagination;  and  which  are 
commonly  called  the  Fixe  Arts.  These  are  Poetry,  Painting,  Music,  Sculpture, 
Architecture.  Wre  have  before  said,  that  the  Method  to  be  observed  in  these,  holds  a 
sort  of  middle  place  between  the  method  of  law,  or  pure  science,  and  the  Method  of 
theory.  In  regard  to  the  mixed  sciences,  and  to  the  first  class  of  applied  sciences, 
the  mental  initiative  may  have  been  received  from  without;  but  it  has  escaped  some 
critics,  that  iu  the  fine  arts  the  mental  initiative  must  necessarily  proceed  from  within. 

Hence  we  find  them  giving,  as  it  were,  recipes  to  form  a poet,  by  placing  him  in  certain 
directions  and  positions ; as  if  they  thought  that  every  deer-stealer  might,  if  he  pleased, 
become  a Shakspeare,  or  that  Shakspeare’s  mind  was  made  up  of  the  shreds  and 
patches  of  the  books  of  his  day;  which  by  good  fortune  he  happened  to  read  in  such  an 
order,  that  they  successively  fitted  into  the  scenes  of  Macbeth,  Othello,  the  Tempest, 

As  you  like  it,  &c.  Certainly  the  fine  arts  belong  to  the  outward  world,  for  they  all 
operate  by  the  images  of  sight  and  sound,  and  other  sensible  impressions;  and  without 
a delicate  tact  for  these,  no  man  ever  was,  or  could  be  either  a musician,  or  a poet ; 
nor  could  he  attain  to  excellence  in  any  one  of  these  arts : but  as  certainly  he  must 
always  be  a poor  and  unsuccessful  cultivator  of  the  arts,  if  he  is  not  impelled  first  by  a 
mighty,  inward  power,  a feeling,  quod  nequeo  monstrare,  el  sentio  tantum ; nor  can  he  make 
great  advances  in  his  art,  if  in  the  course  of  his  progress,  the  obscure  impulse  docs  not 
gradually  become  a bright,  and  clear,  and  living  idea! 
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Pursuits  of  utility,  we  daily  find,  are  capable  of  being  reduced  to  Method.  Thus  m- 
Political  Economy,  and  Agriculture,  and  Commerce,  and  Mamtfacturet,  are  now  consi- 
dered scientifically ; or  as  the  more  prevalent  expression  is,  philosophically.  It  may, 
perhaps,  be  difficult,  at  first,  to  persuade  the  experimental  agriculturist,  that  he  also 
pursues,  or  ought  to  pursue,  an  ideal  Method  : nor  do  we  mean  by  this  that  he  must 
deal  only  in  ideal  sheep  and  oxen,  and  in  the  groves  and  meads  of  Fairy  Land.  But 
these  studies,  soberly  considered,  will  be  found  wholly  dependent  on  the  sciences  of 
which  we  have  already  treated.  It  is  not,  surely,  in  the  country  of  Arkwright,  that 
the  philosophy  of  commerce  can  be  thought  independent  of  mechanics : and  where 
Davt  has  delivered  lectures  on  agriculture,  it  would  be  folly  to  say  that  the  most  phi- 
losophic views  of  chemistry  were  not  conducive  to  the  making  our  vallies  laugh  with 
corn. 

We  have  already  spoken  of  Lixnxvs,  the  illustrious  Swede,  to  whom  the  three  king- 
doms, as  they  arc  aptly  called,  of  Natural  History,  arc  so  deeply  indebted  : and  if,  with 
all  his  great  talents,  he  yet  failed  in  establishing  the  united  empire  of  those  three 
mighty  monarchies,  on  firm  laws,  and  a fixed  constitution  ; wc  have  shewn,  that  it  was 
only  owing  to  a want  of  precision  in  the  first  ideas  of  his  theory. 

Natural  history  itself  becomes  a rule  for  dependent  pursuits,  such  as  those  of  Medi- 
cine (under  winch  are  Pharmacy,  and  the  Materia  Medico),  and  Surgery,  in  which  is 
included  Anatomy.  That  in  these  and  the  other  theoretical  studies,  so  much  still  re- 
mains to  be  done,  ought  not  to  be  a subject  for  regret ; but,  on  the  contrary,  for  a 
laudable  and  generous  ambition.  Vet  that  ambition  should  be  regulated  and  moderated 
by  a due  consideration  of  the  place,  which  the  particular  pursuit  in  question,  holds  in 
the  great  circle  of  the  sciences ; and  by  observing  the  only  proper  Method  which  can  be 
pursued  for  its  improvement.  If,  in  what  wc  have  here  said,  we  have  done  any  thing 
towards  the  excitement,  the  regulation,  and  the  assistance  of  that  ambition;  if  we 
have  faintly  sketched  an  outline  of  the  great  laws  of  Method,  which  bind  together  the 
various  branches  of  human  knowledge,  we  may  not  improperly  indulge  a hope  that 
the  ensuing  work,  in  its  progress,  will  be  found  conducive  to  the  promotion  of  the  best 
interests  of  mankind. 

nt‘!i„T  nnd  Our  Plan  would  not  completely  meet  the  views  of  those  to  whom  such 

BK>p»r|>y.  worits  as  the  following  arc  eminently  useful  and  agreeable,  if  besides  the  philoso- 
phic Method  already  described,  wc  did  not  present  some  view  of  the  actual 
history  of  mankind.  IV  e have  therefore  devoted  a large  portion  of  our  labours 
to  the  History  of  the  Human  Race,  on  a new,  and  we  trust  it  will  be  found  an 
improved  system.  Biography  and  history  tend  to  the  same  points  of  general  instruc- 


Applira- 
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ot  tion,  in  two  ways : the  one  exhibiting  human  principles  and  passions,  acting  upon  a swikwiii. 
large  scale ; the  other  shewing  them  as  they  move  in  a smaller  circle,  but  enabling 
us  to  trace  the  orbit  which  they  describe  with  greater  precision.  The  one  brings 
man  into  contact  with  society,  actuated  by  the  interests  which  agitate  and  stimulate 
him  in  the  various  social  combinations  of  his  existence  ; and  human  nature  presents 
itself  in  the  varied  shapes  impressed  upon  it  by  the  different  ranks  which  it  occupies. 

The  other  brings  before  us  the  individual,  when  he  stands  alone,  his  passions  asleep, 
his  native  impulses  under  no  external  excitement ; in  the  undress  of  one  who  has 
retired  from  the  stage,  on  which  he  felt  he  had  a part  to  sustain ; and  even  the  monarch, 
forgetting  the  pomp  and  circumstance  of  his  royalty,  remembers  here  only  that  he  is  a 
man.  Assuredly  the  great  use  of  History  is  to  acquaint  us  with  the  Nature  of  Man. 

This  end  is  best  answered  by  the  most  faithful  portrait ; but  Biography  is  a collection  of 
portraits.  At  the  same  time  there  must  be  some  mode  of  grouping  and  connecting  the 
individuals,  who  are  themselves  the  great  landmarks  in  the  map  of  human  nature.  It 
has  therefore  occurred  to  us,  that  the  most  effectual  mode  of  attaining  the  chief  objects 
of  historical  knowledge,  will  be  to  present  History  in  the  form  of  Biography,  chronologi- 
cally arranged.  This  will  be  preceded  by  a general  Introduction  on  the  Uses  of  History, 
and  on  the  line  which  separates  its  early  facts  from  fable ; and  it  will,  in  the  course  of 
its  progress,  be  interspersed  with  connecting  chapters  on  the  events  of  large  and 
distinguishing  periods  of  time,  as  well  as  on  political  Geography  and  Chronology. 

Thus  will  the  far  larger  portion  of  History  be  conveyed,  not  only  in  its  most  interesting, 
but  in  its  most  philosophical  and  real  form ; while  the  remaining  facts  will  be  inter- 
woven in  the  preliminary  and  connecting  chapters.  If  in  tracing  thus  the  “ eventful 
history”  of  man,  and  particularly  of  our  own  country,  we  should  perceive,  as  we  must 
necessarily  do  in  all  that  is  human,  evils  and  imperfections ; these  will  not  be  without 
their  uses,  in  leading  us  back  to  the  importance  of  intellectual  Method  as  their 
grand  and  sovereign  remedy.  Hence  shall  we  learn  its  proper  national  application, 
namely,  the  education  of  the  mind,  first  in  the  man  and  citizen,  and  then,  inclusively, 
in  the  State  itself. 

Such  are  our  views  in  the  philosophical  and  historical  branches  of  our  work.  Of  Aipi»i*i;c 
the  Miscellaneous  or  Alphabetical  Division  we  have  little  to  add.  But  well  aware  that 
works  of  this  nature  arc  not  solely  useful  to  those  who  have  leisure  and  inclination 
to  study  science  in  its  comprehensiveness,  and  unity ; but  are  also  valuable  for  daily 
reference  on  particular  points,  suggested  by  the  desires  or  business  of  the  individual ; 
we  could  not  hold  ourselves  dispensed  from  consulting  the  convenience  of  a numerous 
and  most  respectable  class  of  Readers ; while  the  preceding  remarks  will  go  to  prove 
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lnirmioc-  tj,at  for  many  local  and  supplementary  illustrations  of  science,  no  other  depository s«i»Mrn. 
could  be  furnished. 

As  the  philosophical  arrangement  is,  however,  most  conducive  to  the  purposes 
of  intellectual  research  and  information,  as  it  will  most  naturally  interest  men  of 
science  and  literature ; will  present  the  circle  of  knowledge  in  its  harmony ; will  give 
that  unity  of  design  and  of  elucidation,  the  want  of  which  we  have  most  deeply  felt  in 
other  works  of  a similar  kind,  where  the  desired  information  is  divided  into  innume- 
rable fragments  scattered  over  many  volumes,  like  a mirror  broken  on  the  ground, 
presenting,  instead  of  one,  a thousand  images,  but  none  entire  ; this  division  must 
of  necessity,  have  that  prominence  in  the  prosecution  of  our  design,  which  our  con- 
viction of  its  importance  to  the  due  execution  of  the  plan  demands;  and  every 
other  part  of  the  arrangement  must  be  considered  as  subordinate  to  this  principal 
organization.  With  respect  to  the  whole  work,  it  should  be  observed,  that 
in  what  concerns  references  we  are  guided  by  principle,  not  by  caprice ; nor  do 
we  ever  recur  to  them  as  our  only  moans  of  escape  from  an  exigency.  Throughout 
the  Encyclopedia  Metropolitana,  the  philosophical  arrangement  predominates 
and  regulates;  the  alphabetical  arrangement,  and  the  references,  whether  to  it  or 
from  it,  are  auxiliary.  We  never  refer  from  the  first  and  second  Divisions  to  the 
fourth,  or  from  the  first  to  the  second,  for  the  explanation  of  a term,  the  esta- 
blishment of  a principle,  or  the  demonstration  of  a proposition.  The  reference, 
whenever  it  occurs,  unless  it  be  retrospective,  is  not  for  the  purpose  of  essential 
information,  but  for  that  which  is  collateral  and  subordinate.  The  theory  of  the 
balance,  for  example,  is  given  where  it  ought  to  be,  in  the  Treatise  on  Mechanics ; 
but  they  who  wish  to  acquaint  themselves  with  the  various  constructions  of  balances 
for  the  purposes  of  commerce  or  philosophy,  knowing  that  these  cannot  be  intro- 
duced into  a scientific  treatise,  without  destroying  the  symmetry  of  its  parts  by  a 
suspension  of  the  logical  order,  will  naturally  turn,  whether  there  be  a reference  or 
not,  to  the  alphabetical  department  of  the  work.  So  again,  the  principles  of  the 
telescope  are  given  in  the  treatise  on  Optics;  the  varieties  of  construction  in  the  alpha- 
betical department:  the  principles  of  the  thermometer,  when  treating  of  the  effects  of 
heat ; its  varieties  of  construction  in  the  alphabetical  department.  Practical  detail, 
and  niceties  or  peculiarities  of  construction,  can  seldom  be  interwoven  with  propriety 
among  the  regular  deductions  of  a methodical  treatise  : in  all  cases  where  they  cannot, 
our  general  principle,  as  it  comprehends  proportion,  accuracy,  utility,  and  convenience, 
demands  a reference,  whether  expressed  or  not,  to  the  appropriate  place  for  all  that  is 
subservient ; that  is,  to  the  fourth  or  alphabetical  division. 
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introdoc-  This  final  division  of  our  work  will  bring  the  whole  into  unison  with  the  two  great 
impulses  of  modem  times,  trade  and  literature.  These,  after  the  dismemberment  of 
the  Roman  empire,  gradually  reduced  the  conquerors  and  the  conquered  at  once  into 
several  nations  and  a common  Christendom.  The  natural  law  of  increase,  and  the 
instincts  of  family,  may  produce  tribes,  and  under  rare  and  peculiar  circumstances, 
settlements  and  neighbourhoods  : and  conquest  may  form  empires.  But  without  trade 
and  literature,  combined,  there  can  be  no  nation;  without  commerce  and  science, 
no  bond  of  nations.  As  the  one  has  for  its  object  the  wants  of  the  body,  real  or 
artificial,  the  desires  for  which  are  for  the  greater  part  excited  from  without ; so  the 
other  has  for  its  origin,  as  well  as  for  its  object,  the  wants  of  the  mind,  the  gratifica- 
tion of  which  is  a natural  and  necessary  condition  of  its  growth  and  sanity.  In  the 
pursuits  of  commerce  the  man  is  called  into  action  from  without,  in  order  to  appro- 
priate the  outward  world,  as  far  as  he  can  bring  it  within  his  reach,  to  the  purposes  of 
his  corporeal  nature.  In  his  scientific  and  literary  character  he  is  internally  excited  to 
various  studies  and  pursuits,  the  ground-work  of  which  is  in  himself. 

This,  again,  will  conduct  us  to  the  distinguishing  object  of  the  present  under- 
taking; in  endeavouring  to  explain  which  we  have  dwelt  long  upon  general  principles; 
but  not  too  long,  if  we  have  established  the  necessity  of  what  we  conceive  to  be  the 
main  characteristic  of  every  just  arrangement  of  knowledge. 

Our  method  embraces  the  two-fold  distinction  of  human  activity  to  which  we  have 
adverted ; — the  two  great  directions  of  man  and  society,  with  their  several  objects  and 
ends.  Without  advocating  the  exploded  doctrine  of  perfectibility,  we  cannot  but  regard 
all  that  is  human  in  human  nature,  and  all  that  in  nature  is  above  herself,  as  together 
working  forward  that  far  deeper  and  more  permanent  revolution  in  the  moral  world, 
of  which  the  recent  changes  in  the  political  world  may  be  regarded  as  the  pioneering 
whirlwind  and  storm.  But  woe  to  that  revolution  which  is  not  guided  by  the  historic 
sense  ; by  the  pure  and  unsophisticated  knowledge  of  the  past : and  to  convey  this 
methodically,  so  as  to  aid  the  progress  of  the  future,  has  been  already  announced 
as  the  distinguishing  claim  of  the  Encyclopaedia  Metkopolitana. 
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Thf.  principles  of  Method,  developed  in  the  preceding  Essay,  will,  it  is  hoped,  render 
perfectly  intelligible  the  Plan  of  our  whole  work,  which  is  comprehended  under  Four  Divisions 
as  follow: 


PURE 

SCIENCES* 

2 Vols. 


FIRST  DIVISION. 


FORMAL. 


REAL. 


Universal  Grammar  and  Philology : or  the  form*  of  Language*. 

Logic,  particular  and  universal:  or  the  forma  of  Conception*  and 
their  combi  nation*. 

Mathematic*:  (Geometry,  Arithmetic,  Algebra,  dc.)  or  the  forma  aud 
construction*  of  Figure  and  Number. 

Metaphysics:  or  the  universal  principle*  and  condition*  of  Experi- 
ence, having  for  ite  object  the  Reality  of  our  speculative  knowledge 
in  general. 

Moral*:  or  the  principle*  and  conditions  of  the  coincidence  of  the 
individual  will  with  the  universal  reason,  having  for  it*  object  the 
Reality  of  our  practical  knowledge:  (hence,  in  a lower  stage.  Politic* 
and  Human  Law.) 

Theology : or  the  union  of  both  in  their  application  to  God,  the 
Supreme  Reality. 


MIXED 

AND 

APPLIED 

SCIENCES. 

6 Vols. 


SECOND  DIVISION. 


MIXED 


Mechanic*. 

Hydrostatic*. 

Pneumatics. 

Optic*. 

Astronomy. 


APPLIED. 


EXPERIMENTAL 

PHILOSOPHY. 


II. 

THE 

FINE  ARTS. 


III. 

THE  USEFUL 
ARTS. 


IV. 

NATURAL 

HISTORY. 

V. 

APPLICATION 

OF 

NATURAL 

HISTORY. 


Magnetism. 

Electricity,  including  Calvinism. 
Chemistry. 

Light. 

Heat. 

Colon  r. 

Meteorology. 

Poetry,  introduced  by  Psycology. 

Painting. 

Music. 

Sculpture. 

Architecture. 

Agriculture,  introduced  by  Political  Eco- 
nomy. 

Commerce. 

Manufacture*. 

Introduced  by  Pbyiiology  in  its  widest 
sense. 

Inanimate : — Chrystallography,  Geology, 
Mineralogy. 

Insentient:—- Phytonomy,  Botany. 

Animate Zoology. 

Anatomy. 

Surgery. 

Materia  Medica. 

Pharmacy. 

Medicine. 


BIOGRAPHICAL 

AND 

HISTORICAL. 

8 Vols. 


THIRD  DIVISION. 

y Biography  chronologically  arranged,  interspersed  with  introductory'  Chapters 
/ of  National  History',  Political  Geography  and  Chronology,  and  accompanied  with  cor- 
j respondent  Maps  and  Charts. 

FOURTH  DIVISION. 


Alphabetical,  Miscellaneous,  and  Supplementary: — containing  a Gazetteer 
or  complete  Vocabulary  of  Geography : and  a Philosophical  and  Etymological 
) Lexicon  of  the  English  Language,  or  the  History  of  English  Word*; — the  citations 
arranged  according  to  the  Age  of  the  Works  from  which  they  are  selected,  yet  with 
| every  attention  to  the  independent  beauty  or  value  of  the  sentences  chosen  which  is 
consistent  with  the  higher  ends  of  a clear  insight  into  the  original  and  acquired 
meaning  of  every  word. 

The  INDEX. — Being  a digested  and  complete  Body  of  Reference  to  the  whole  WTork;  in  which  the  known  English 
name,  as  well  u the  scientific  name,  of  every  subject  of  Natural  History,  will  be  found  in  its  alphabetical  place. 


MISCELLANEOUS 

AND 

LEXICOGRAPHICAL. 
8 Vols. 
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ENCYCLOPAEDIA  METROPOLITANS ; 

OR,  THE 

UNIVERSAL  DICTIONARY  OF  KNOWLEDGE, 

ON  AN  ORIGINAL  PUN. 


dFtrst  OiBision. 


GRAMMA  R. 


INTRODUCTORY  SECTION. 


Groton  tf. 


Significa- 
tion, uni- 
vctm!  and 
particular. 


Definition. 


language. 


GRAMMAR  (Fr.  Grammaire)  it  ft  word  uted  to 
signify  both  the  pure  science  of  universal  Grammar 
common  to  all  languages,  and  the  applied  sciences  of 

Cticular  Grammar  restricted  each  to  its  particular 
guage  or  dialect. 

It  ia  only  of  Grammar,  in  the  first  of  these  accepta- 
tions, that  we  mean,  at  present,  to  treat.  In  a me- 
thodical view  of  the  Pure  and  Applied  Sciences,  it  is 
essentially  necessary  to  begin  with  the  former:  nor 
can  any  particular  Grammar  be  well  and  thoroughly 
understood,  without  some  previous  knowledge  of  uni- 
versal Grammar,  as  its  foundation. 

Grammar,  then,  in  iu  most  comprehensive  sense, 
may  be  defined,  the  science  of  the  relations  of  language 
considered  as  significant.  We  say  “ of  the  relations  of 
language,”  because  the  knowledge  of  languages,  in 
as  lar  as  it  regards  the  mere  acquisition  and  remem- 
brance of  terms,  is  an  affair  of  the  attention  and  of  the 
memory ; whereas  to  understand  the  relations  which 
those  terms  bear  to  each  other,  is  the  business  of  a 
science  especially  directed  toward  that  end.  We  say 
loo  44  of  language  considered  as  significant;*  because 
language  has  oilier  properties  besides  that  of  signifi- 
cation. Words,  fur  instance,  may  be  made  up  of 
louger  or  shorter  sounds,  may  be  delivered  with 
varieties  of  accentuation,  and  may  be  uttered  in  a softer 
or  louder  voice;  but  these  and  mimy  other  circum- 
stances relative  to  language,  do  not  properly  fall  under 
the  science  of  Grammar,  although  some  of  them  may 
be  considered  as  its  adjuncts,  or  dependencies. 

Of  the  term  44  Language"  which  we  have  used  in 
our  definition,  we  must  speak  more  at  large.  As  the 
word  “ Grammar,”  though  introduced  into  English 
from  the  French,  is  derived  from  the  Greek  verb  ypaf*) 

VOL.  i. 


“ I write;"  so  the  word  i(  language,"  which  comes  intrwW 
immediatcly  to  us  from  the  French  word  langnge , *«rjr  5«- 
originates  in  the  Latin  lingua , 44  the  tongue;"  and  tioD* 
therefore  anciently  signified  only  the  use  of  the  tongue 
in  speech.  A just  analogy,  however,  has  extended  its 
meaning  to  all  intentional  modes  of  communicating  the 
movements  of  the  mind  : thus  we  use  the  expressions, 

“ articulate  language,"  44  written  language,"  **  the 
language  of  gesture,”  &c. ; and  this  analogy  suggests 
some  considerations,  which  will  be  found  important, 
in  developing  the  first  principles  of  grammatical 
science. 

Man  is  formed  as  well  internally,  as  externally,  for 
the  communication  of  thoughts  and  feelings.  He  is 
urged  to  it  by  the  necessity  of  receiving,  and  by  the 
desire  of  imparting,  whatever  is  useful  or  pleasant. 

His  wants  and  wishes  cannot  be  satisfied  by  individual 
power*,  his  joys  and  sorrows  cannot  be  limited  to  in- 
dividual sensation.  The  fountains  of  his  wisdom  and 
of  his  love  spontaneously  flow,  not  only  to  fertilize  the 
neighbouring  soil,  but  to  augment  the  distant  ocean. 

But  the  mind  of  man  which  is  within  him,  can  only 
by  communicated  by  objects  which  arc  without,  by 
gestures,  sounds,  characters  more  or  less  expressive,  * 
and  permanent,  instruments  not  merely  useful  for  Lhis 
particular  purpose,  but  many  times  pleasing  in  them- 
selves, or  rendered  so,  by  the  long  continued  operation 
of  habit.  These,  reason  adopts,  she  combines,  she 
arranges  ; and  the  result  is  a language. 

Speech,  or  the  language  of  articulate  sounds,  is  the  Speech, 
most  wonderful,  the  most  delightful  of  the  arts,  thus 
taught  by  nature  and  reason.  It  is  also  the  most 
perfect.  It  enables  us,  as  it  were,  to  express  things 
beyond  the  reach  of  expression,  the  infinite  range  of 
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On.ntmu'.  being,  the  exquisite  fineness  of  emotion,  the  intricate 
subtleties  of  thought.  Of  such  effect  are  those  sha- 
dows of  the  soul,  those  living  sounds,  which  we  call 
words!  Compared  with  them,  how  poor  are  all  other 
monuments  of  human  power,  or  perseverance,  or  skill, 
or  genius!  They  render  the  mere  clown  an  artist; 
/rations  immortal;  orators,  poets,  philosophers  divine ! 

The  dialects  or  systems  ol  speech  adopted  by  various 
races  of  men,  in  different  ages  and  countries,  have 
been,  in  many  respects,  strikingly  distinguishable. 
We  may  remark  the  copious  Arabic,  the  high  sounding 
Spanish,  the  broad  Dutch,  the  voluble  French,  the  soft 
Italian:  we  may  trace  minute  gradations  from  the  mo- 
nosyllables of  the  Chinese,  to  the  long  paragraph  words 
of  the  Sanscrit ; or  we  may  rise,  still  more  gradually, 
in  the  scale  of  expression,  from  the  barbarous  mutter- 
ing of  a poor  Esquimaux  iu  his  solitary  canoe,  to  the 
thunders  of  Athenian  eloquence,  and  those  delightful 
■trains  of  our  own  Shakespeare,  which  are  “ musical 
as  is  Apollo's  lute,  and  a perpetual  feast  of  nectar 'd 
sweets." 

Nor  is  this  all : a thousand  collateral  circum- 

stances tend  still  further  to  diversify  the  numerous 
spoken  languages  of  the  world.  Not  only  does  time 

tiroducc  gradual  progress,  or  sudden  change  in  their 
orms ; but  their  effect  is  endlessly  modified  by  combi- 
nation with  other  arts  of  expression,  with  looks,  and 
actions,  with  sights  and  sounds. 

MeOind  of  In  this  labyrinth  of  interesting  observations,  what 
undj.  objects  have  we  to  pursue;  what  elue  to  guide  us? 

Shall  we  be  content  to  learn  one  or  two  dialects  by 
rote;  to  burthen  the  memory  without  exercising  the 
understanding  ? Or,  if  we  would  rise  above  this,  to  a 
knowledge  of  their  construction,  must  we  draw  our 
general  principles  from  the  minute  comparison  of  those 
numberless  particulars,  which  the  longest  life  would 
bo  too  short  even  to  contemplate,  and  which  the  united 
wisdom  of  ages  has  never  attempted  to  arrange? 

Hie  very  statement  of  these  questions  is  a suffi- 
cient solution  of  them.  They  indicate  at  once  the  ne- 
cessity of  assuming  some  comprehensive  principles  as 
the  rule  and  basis  of  our  further  enquiries.  These 
first  elements  of  our  reasoning  must  afterwards  be  fol- 
lowed out  into  all  their  concrete  forms.  The  history  of 
language  must  verify  the  science ; but  the  science  must 
precede ; for  such,  in  the  order  of  nature,  is  the  course 
of  all  our  knowledge.  General  notions,  vague  and 
indistinct,  come  first;  they  form,  as  it  were,  the 
channels  into  which  our  daily  observations  Dow;  and 
these  observations  again  correct  and  strengthen  our 
former  notions,  and  render  them  sources  of  clear  and 
abundant  knowledge. 

Wd  Bacon.  Loan  Bacon,  indeed,  says,  that  “ that  would  be  the 
most  noble  kind  of  Grammar,  which  would  be  formed, 
if  a man  profoundly  skilled  in  many  languages,  vulgar 
• as  well  as  learned,  were  to  treat  of  the  various  proper- 
ties of  each,  and  to  show  their  several  excellencies  and 
defects."  But  it  is  obvious,  that  his  lordship  here 
speaks  only  of  the  last,  result  of  the  grammarian's  stu- 
dies; it  is  previously  necessary,  not  only  to  learn  the 
words  of  the  languages  which  are  to  be  arranged  and 
compared ; but  to  acquire  the  arts  of  arrangement  and 
comparison. 

Tnc  first  step  toward  a perfect  arrangement  is  to 
comprehend- the  whole  subject  nutter  under  a general 
>>ka ; and  from  what  we  have  already  said,  it  is  mani- 


fest that  the  idea  of  speech  is  included  in  the  still  more  Inrroduc- 
general  idea  of  language,  which  comprehends  the  t«rj  Sec- 
principles  common  to  speech,  with  gesture,  writing,  Arc.  t,OIL 
The  various  arts  to  which  these  principles  are  capable 
of  application  may  be  considered  us  branches  of  one 
great  family ; they  are  all  derived  from  the  same  source 
always  analogous  to,  sometimes  associated  or  inter- 
woven with  each  other;  and  hence,  like  the  sister 
graces,  they  will  appear  to  the  greatest  advantage 
together. 

The  general  idea  of  language,  applicable  to  all  these 
various  modes  of  its  exercise,  is,  as  we  have  said,  a 
communication  of  the  thoughts  and  feelings  of  the  mind. 

But  how  can  we  understand  the  communication,  unless 
we  have  some  idea  of  the  thing  communicated  ? And 
which  shall  we  consider  as  the  original  and  shaping 
power  of  u word,  the  sound,  or  the  thought f.  These 
questions  cannot  hear  a moment’s  reflection.  If  the  word 
were  parent  to  the  thought,  a parrot  or  a speaking  auto- 
maton might  he  made  to  unde rstand  gravitation,  as  well 
as  Sir  Isaac  Newton.  And  yet  there  are  men,  in  the  pre- 
sent day,  calling  themselves  grammarians  and  philoso- 
phers, who  have  pushed  absurdity  so  far  as  to  assert, 
that  the  faculty  of  reason  itself  depends  wholly  on 
speech ! Assuredly  to  know  the  powers  and  employ- 
ments of  the  tongue  conduces  greatly  to  strengthen 
and  facilitate  the  operations  of  the  mind ; but  we  can- 
not understand  the  former  until  we  have  made  con- 
siderable progress  in  the  knowledge  of  the  latter. 

The  late  Mr.  Hohnf  Took  k,  in  his  well  known  work,  Horne 
“ The  Diversions  of  Purley,"  speaks  thus: — “The  busi- Tooke. 
ness  of  the  mind  (as  far  as  it  concerns  language)  is 
very  simple.  It  extends  no  farther  than  to  receive  im- 
pressions ; . that  is,  to  have  sensations  or  feelings. 

What  are  called  its  operations  are  merely  the  operations 
of  language*  Let  us  here  ask,  What  can  possibly  be 
meant  by  **  the  operations  of  language,"  as  distinct  from 
those  of  the  mind  ? Who  is  language  ? How  does  he 
operate?  If  my  mind,  a*  far  as  concerns  language,  do 
nothing  but  receive  impressions,  how  comes  it  to  pass 
that  I ever  open  my  lips  ? And  when  1 speak,  how 
happens  it  tlmt  1 utter  articulate  sounds ; that  those 
sounds  form  words  ; that  those  word*  are  arranged  in 
a certain  order;  and  that  that  order  is  absolutely  es- 
sential to  my  being  understood  ? How  does  language 
operate,  so  as  to  shape  itself  into  nouns  and  verbs ; 
and  those  the  very  nouns  and  verbs,  which  I happen 
to  want ; and  all  the  while,  without  any  privity  or  in- 
terference of  mine,  or  any  act  what»oever  of  my  mind  ? 

It  is  proper,  however,  here  to  observe,  that  in  respect 
to  the  general  principles  here  adverted  to,  Mr.  Took® 
has  neither  the  merit,  nor  the  demerit,  of  originality. 

He  is  so  far  a follower  of  Condillac  and  the  writers  Condillac, 
of  that  school,  of  whose  general  opinions  the  follow- 
ing passage  may  afford  a sufficient  specimeo:  and 
we  voluntarily  select  it  from  a work  published  in  1803, 
by  a Member  of  the  French  National  Institute,  and  re- 
edited  and  corrected  in  1804  bv  another  Member  of 
the  same  learned  body,  at  present  a peer  of  France. 

“ We  cannot  distinguish  our  sensations,"  says  the  au- 
thor, “ but  by  attaching  tn  them  signs  which  represent 
and  characterise  them.  This  is  what  made  Condillac 
say,  that  we  cannot  think  at  all  without  the  help  of 
language.  I repeat  it,  without  signs  there  exists 
neither  thought,  nor  perhaps  even,  to  speak  properly, 
any  true  sensation.  In  order  to  distinguish  a sensation, 
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fTnw—r  WA  ™nst  compare  it  with  a different  sensation : now 
their  relation  cannot  be  expressed  in  our  mind,  unless 
by  an  artificial  sign,  since  it  is  not  a direct  sensation.”* 

Condillac,  who  is  here  quoted  with  so  much  ap- 
probation. began  to  write  in  1749.  He  pretended  to 
found  liis  doctrine  on  the  principles  of  Locke  ; and  we 
presume  it  has  at  last  received  its  final  perfection  from 
the  hands  of  M.  Dkbtl'tt-Tracy,  the  noble  editor  of 
Cabams. 

It  is  hardly  possible  to  expose  the  absurdity  of  such 
statements,  without  descending  from  the  gravity  of  a 
serious  disquisition.  We  shall  simply  analyse  the  ex- 
tract which  we  have  just  made,  applying  to  its  princi- 
ples (if  principles  they  may  be  called)  a few  obvious 
exemplifications:  and.  if  the  result  should  appear  to 
border  too  much  on  the  ridiculous,  we  trust  that  the 
imputation  of  folly  will  rest  with  the  original  authors 
of  a system  so  perfectly  incoherent. 

1.  “We  cannot  distinguish  our  sensations  but  by 
attaching  to  them  signs,  which  represent  and  charac- 
terise them."  We  might  first  ask  what  is  a sign  ? Is  it 
a sensation,  or  somewhat  else?  If  a sensation,  is  it 
direct,  or  indirect?  How  do  we  distinguish  one  sign 
from  another?  What  part  do  signs  perform  in  our 
mental  operations? — and  many  other  such  questions; 
but  passing  over  these  difficulties,  we  will  come  to  our 
author's  own  reasoning ; and  from  the  principle  which 
he  here  lays  down,  it  must  follow,  that  if  a native  of 
Scotland  should  sec  a brook  (which  in  that  country  is 
called  a bum),  and  should  also  feel  a burn  occasioned 
by  touching  any  heated  substance,  he  would  not  be 
able  to  distinguish  these  sensations,  because  he  would 
have  attached  to  them  the  same  sign ; neither  could 
he  distinguish  them  if  he  even  attached  to  them  dif- 
ferent signs,  e.  g.  rivut  and  ustio,  unless  each  sign 
accurately  represented  the  thing  signified ; so  that  the 
one  sign  should  reproduce  in  bim  the  sight  of  flowing 
water,  and  the  other  the  touch  of  a heated  body. 

2.  “ This  is  what  made  Condillac  say,  that  wc  can- 
not think  at  all  without  the  help  of  language.*  If  Con- 
dillac reasoned  from  such  premises,  it  is  no  wonder 
that  he  came  to  such  a conclusion. 

3.  “ Without  signs  there  exists  neither  thought,  nor 
perhaps  even,  to  speak  properly,  true  sensation.1"  Signs 
wc  have  before  been  told,  are  tilings  characterising  or 
representing  sensations.  We  now  learn  that  it  is  on 
the  contrary,  the  sensations  which  represent  or  cha- 
racterise the  signs.  We  are  taught  that  the  portrait  is 
the  original,  and  the  man  the  copy,  that  without  the 
portrait  there  would  be  no  man.  Some  doubt  is  ex- 
pressed, whether  we  might  not  receive  some  sort  of 
sensation  from  striking  our  heads  against  a post;  but 
it  is  argued  that  this  would  not  be  a true  sensation, 
that  we  should  not  rr«r//yfeel  the  blow,  unless  we  ac- 
tually cried  “ post,”  or  read  the  word  “ post,"  which 
would  naturally  explain  to  us  the  sort  of  blow  wc  had 
experienced. 


• n Ou  nc  distingue  lc«  icnsaiituu  qu'rn  lror  nttAciunt  dn  sixties, 

Si  le*  rrprrwateftt  & Jet  caractlrismt." — VoU£  cc  qui  fail  dm?  a 

iUDit-t.tr  fu'o*  nt  pmte  point  tarns  U Ktnn  det  loaptn—Jc  le 
r£p£ie,  «na  tigne*  il  n'rxistc  ni  pcn*6c,  ni  pent  £tre  mm,  & pro- 
prrtornt  paricr,  de  veritable  sensation — Poor  dWtingvcr  me  ftttisa- 
tion  il  (hut  la  comparer  avec  uue  acmatiou  different? ; or  kur 
rapport  nc  prut  etrr  ex  prim*  do n%  notrr  nprit  que  par  tin  tigne  arti- 
hctcl,  pubqnr  ce  n’est  pas  use  sntuuion  direeie.” — Cshamis. 
Uapports  da  Physique  & du  Moral  de  J'liommo,  *•!.  i.  p.  73. 


4.  14  In  order  to  distinguish  a sensation,  wc  must  fotrod.*.- 
compare  it  with  another  sensation*  Here  is  a new  lory  Nr. - 
rule  to  know  whether  wc  are  alive,  and  in  our  senses,  *“>"■ 

or  not.  If  we  chance  to  break  our  shins,  we.  must  not 
be  too  hasty  in  crediting  the  evidence  of  that  part  of 
our  body;  wc  must  compare  the  sensation  with  some 
other,  as  for  instance,  with  that  of  drinking  a glass  of 
champagne,  and  if  we  find  that  they  differ,  why  then 
we  may  be  assured  that  they  are  not  the  same. 

5.  “ Now,  their  relation  cannot  be  expressed  in  our 
mind,  unless  by  an  artificial  sign ; since  it  is  not  A 
direct  sensation."  What  is  meant  by  a sensation  being 
expressed  in  the  mind,  it  is  not  very  easy  to  discover ; 
but  the  author  seems  to  intimate  that  a direct  sensation 
may  be  so  expressed,  and  that  it  therein  differs  from 
the  relation  between  two  sensations,  which  relation  he 
says  is  not  a direct  sensation.  We  presume,  that  he 
would  rank  breaking  his  shins,  or  drinking  champagne, 
in  the  class  of  direct  sensations ; these,  therefore,  may 
be  expressed  in  the  mind,  without  an  artificial  sign  ; 
and  consequently  they  arc  not  true  sensations  ; for  (by 
proposition  3d),  without  signs  there  exists  no  true 
sensation;  neither  can  we  think  at  all  about  them, 
because  (by  the  same  proposition)  without  signs  there 
is  no  thought.  It  is  probably  meant  to  be  understood 
that  all  sensations  are  direct  or  indirect.  We  have 
seen  how  the  qualities  of  the  former  class  are  explained. 

I^t  us  next  consider  what  happens  with  respect,  to  the 
latter.  Some  sort  of  relation  probably  exists  between 
drinking  champagne  and  breaking  the  shins,  but  that 
relation  wc  are  told,  cannot  be  expressed  in  the  mind 
without  an  artificial  sign.  Now  as  we  have  never 
heard  of  any  word  or  even  hieroglyphic  to  express  thu 
particular  relation  that  exists  between  drinking  cham- 
pagne and  breaking  the  shiu,  it  follows,  that  no  such 
relation  can  be  expressed  in  the  mind ; and  conse- 
quently (by  proposition  4)  the  separate  sensations  of 
breaking  tire  shiu  and  of  drinking  champagne  cannot 
be  distinguished. 

It  is  obvious,  that  if  these  ridiculous  propositions 
had  been  staled  plainly  and  simply,  they  wonid  never 
have  encountered  serious  discussion.  They  have, 
however,  been  enveloped  in  the  mystical  jargon  of  the 
modern  ideologists ; they  have  assumed  the  imposing 
name  of  metaphysics ; and  hence  the  ignorant  multitude 
have  concluded,  that  there  is  something  in  them  of 
profound  wisdom. 

Two  chief  causes  may  be  asssigned  for  the  errors  of  Carnes  of 
these  modern  grammarians:  first,  their  rejection  of «***-'*■«* 
that  philosophy  of  the  mind,  on  which,  as  we  conceive,  *rrur** 
the  philosophy  of  language  depends;  and  secondly, 
their  confounding  historical  fact  with  philosophical 
principle.  The  almost  unintelligible  use  of  the  word 
sensation,  in  the  passages  above  quoted,  and  the  vague 
and  contradictory  meanings,  applied  by  these  writers 
to  the  word  idea,  sufficiently  demonstrate  their  inatten- 
tion to  the  genuine  workings  of  the  human  mind.  In 
tracing  the  history  of  words,  they  have  sometime* 
shown  great  ingenuity ; but  they  have  erroneously  con- 
cluded, that  because  a particular  word  was  once  a 
noun  or  a verb,  it  always  continues  such ; forgetting 
that  the  identity  of  the  word  depends  only  on  its 
sound,  whilst  the  distinction  of  the  parts  of  speech 
relates  solely  to  their  signification;  and  consequently, 
that  the  one  is  a question  of  the  matter  of  language, 
the  other,  of  its  form ; or  perhaps  being  unable  to 
b 2 


Digitized  by  Google 


4 


GRAMMA  R. 


(irjinifimr  comprehend  the  ancient  philosophical  distinction  be- 
tween  matter  and  form,  and  therefore,  concluding  that 
that  distinction  was  frivolous  and  unmeaning.  Thus 
Mr.  Tooke  conceiving  that  our  present  adverb,  pre- 
position, and  conjunction,  since,  was  anciently  the 
participle,  seen,  or  seeing,  concludes  that  it  has  still 
the  same  signification.  He  happens  to  be  mistaken 
in  his  fact;  for  the  word  * since'  1ms  nothing  to  do 
with  the  verb  to  see  ;*  but  if  he  had  been  correct 
in  this,  as  he  really  is  in  ninny  of  his  etymologies,  the 
inference  from  it  would  have  been  no  less  illogical. 
There  is  no  reason,  in  the  nature  of  language,  why  one 
word  should  not  successively  fill  the  oflice  of  every 
part  of  speech ; and,  in  particular,  nothing  is  more 
common  than  for  the  same  word  to  be  bolh  a noun  and 
a verb.  Mr.  Tooke,  therefore,  to  be  consistent,  should 
not  have  said  that  “ there  are  only  two  sorts  of  words 
which  are  necessary  for  the  communication  of  our 
thoughts,"  viz.  “ nouns  and  verbs but  that  there  is 
only  one  sort ; which  would  have  been  saying  in  effect 
there  is  no  such  science  as  Grammar  in  the  world. 

Aim- ieni  The  ancient  grammarians,  who  treated  of  the  Greek 

itr»aui»-  and  Roman  languages,  ns  well  as  those  who  in  the 
middle  ages  cultivated  the  Arabic  and  it*  kindred  dia- 
lects, and  those  whose  disquisitions  on  Indian  Philo- 
logy have  been  laid  open  to  us  by  recent  discoveries, 
all  agree  in  founding  the  science  of  Grammar,  on  that 
of  the  mental  operations.  Nothing  but  extreme  va- 
nity can  lead  us  to  suppose,  that  all  the  great  men, 
who  have  ever  considered  this  subject  before-  ourselves, 
have  been  involved  in  a more  than  Boeotian  mist  of 
ignorance  : and  that  we  alone  can  dispel  the  cloud  by 
a single  “ electric  flash."  The  more  modest  and  rational 
student  will  confess,  with  the  amiable  author  of 
Hermes,  that  •»  there  is  one  truth,  like  one  Sun, 
which  has  enlightened  human  intelligence  through 
every  age,  and  saved  it  from  the  darkness  both  of  so- 
phistry and  error."  It  may  be  safely  adopted  as  a 
general  observation,  that  the  man  who  tells  you  the 
whole  world  was  ignorant  of  any  particular  subject 
until  he  arose  to  set  them  right,  is  himself  egre- 
giously  in  the  wrong.  The  study  of  Grammar,  indeed, 
like  all  other  studies,  is  susceptible  of  gradual  improve- 
ment ; but  if  we  admit  that  the  ancients  had  a tole- 
rable insight  into  the  powers  and  operations  of  the 
human  mind,  we  must  acknowledge  that  they  could 
not  be  entirely  ignorant  of  the  modes  in  which  those 
powers  and  ope  rations  were  manifested  by  language. 
An  individual  writer  may  have  taken  a limited  view 
of  the  subject ; but  that  view  could  not  he  wholly 
erroneous,  if  he  was  adequately  versed  in  the  philo- 
sophy of  the  human  mind. 

RfBwr..  |t  wou|d  seem,  that  some  ancient  writers  considered 
language  merely  as  representing  the  operations  of  the 
reasoning  faculty ; and  they  were  enabled  thus  to 
analyse  and  explain  n great  part  of  its  construction. 
In  this  system,  which  was  perhaps  the  most  ancient 
the  syOagun  was  considered  ns  the  basis  of  Grammar; 
logical  writers  were  its  chief  authorities ; its  rules 
were  thought  applicable  only  to  the  graver  composi- 
tions, such  as  laws,  books  of  civil  institution,  history, 
and  treatises  of  the  useful  arts  and  sciences : the  more 


* Simes  h derived  from  ihc  Anglo  Saxon  word  titkt,  which  i»  the 

‘-me  u»  tbc  German  uit  and  F.ngli*h  lid*,  Mgni/ving  time ; conse- 
quently imec  U,  literally,  frtm  that  lime 


animated  compositions  of  rhetoric  and  poetry,  and  the  introduc- 
comtnon  discourses  of  daily  life,  were  considered  as  a tury  Sec- 
kind  of  barbarous  contusion,  beyond  the  pale  of  gram-  **°°* 
matical  law. 

But  man  could  not  forget,  that  lie  was  a creature  of  Pmion. 
passion,  as  well  as  of  reason ; and  seeing  that  the  former 
was  as  capable  of  being  reduced  to  rule  as  the  latter, 
that  it  was  equally  clear  in  its  principles,  and  equally 
certain  in  its  operation,  he  could  not  but  admit  its  in- 
fluence on  Lhe  rules  of  speech.  The  syllogism  had  sup- 
plied the  two  sorts  of  words,  which  Mr.  Tooke  says  are 
alone  **  necessary  for  the  communication  of  our 
thoughts,"  but  in  matters  of  passion  the  animated  mter- 
Jeetiun  is  quite  a*  necessary  as  the  simple  name  of  a 
thing  or  attribute;  and  in  like  manner  the  imperative  is 
a verbal  form  of  no  les*  importance,  than  that  which 
merely  indicates,  or  asserts  existence. 

Again,  tin-  mind,  whilst  it  steadily  contemplates  Modifira- 
certain  objects,  passes  rapidly  anil  almost  unconsciously  »'<*>  »nd 
over  those  vuriuus  relations  which  serve  to  modify  and  coan«:l*wn- 
eonnect  those  objects  with  other  existences.  These 
vague  and  hasty  glances  of  the  mind,  these  slight  and 
subordinate  hints,  as  it  were,  give  occasion  to  cor- 
respondent distinctions  in  language.  Hence  arise 
whole  classes  of  words  called  adverbs,  conjunctions, 
prepositions,  Arc. ; and  thus  have  grammarians  settled 
the  Parts  oj  Speech , which  we  shall  hereafter  con- 
sider more  at  large. 

Thus  far  the  ancients  went,  and  for  the  most  part  Ancients 
went  right,  in  their  view  of  language.  Recent  authors  *nd  BW* 
have  rashly  called  in  question  the  utility  of  these  compared, 
learned  labours.  It  is  not  to  be  denied,  that  the  many 
new  sources  of  information  opened  to  us  in  modern 
times,  the  numerous  dialects,  barbarous  and  polished, 
which  we  have  the  means  of  studying,  the  progress  of 
the  same  language  through  many  successive  ages, 
which  we  are  enabled  historically  to  truce,  and  in  short, 
the  extended  sphere  of  our  experimental  investigations, 
in  language,  may  have  served  to  correct  some  errors 
and  oversights  even  in  our  scientific  views  of  Universal 
Grammar.  Let  no  man  ever  presume  to  suppose  that 
his  reasoning  powers  may  not  be  sharpened,  his  judg- 
ment rendered  clearer,  or  his  taste  more  refined  by  the 
lessons  of  experience.  The  moment  that  we  think 
there  is  nothing  more  to  be  learned,  we  give  a decisive 
proof  of  ignorance.  As  the  moderns  however  fail 
roost  in  the  philosophy  of  language,  the  ancients  failed 
most  in  its  history.  They  arc  rarely  to  be  relied  on  as 
etymologists;  whilst  the  modems  who  have  eujoyed  so 
much  better  opportunities  of  cultivating  this  branch  of 
the  science,  have  obtained  in  it  a decided  superiority. 

They  have  discovered  that  most  of  those  auxiliary 
words,  which  are  employed  in  aiding  the  construction 
of  nouns  and  verbs  were  once  nouns  and  verbs  them- 
selves ; and  that  those  which  appear  now  void  of 
signification  were  formerly  significant.  These  observa- 
tions have  in  certain  instances  been  extended,  with 
some  plausibility,  even  to  the  syllables,  which  are  used 
for  purposes  of  inflection.  Considerable  ingenuity 
lias  been  displayed  in  this  sort  of  investigation  by  Des 
Brossrs*  Couit  dr  Gr.nr.i.iN,  Tooke.  and  others; 
and  when  we  come  to  consider  this  part  of  our  subject, 
wa  shall  certainly  find  them  better  guides  than  the 
ancients,  who  appear  to  have  treated  it  with  no  very 
reasonable  neglect. 

It  seems  to  follow  from  what  has  here  been  said. 
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Gmmnnr  that  in  order  to  study  Grammar,  a*  a Science,  a ge- 
neral  survey  of  tho  mental  faculties  should  be  premised 
or  presumed.  These  will  lead  us  first  to  a detailed 
consideration  of  the  parts  of  speech,  both  in  regard  to 
their  separate  properties,  and  also  to  their  syntax  or 
union.  Strictly  speaking,  the  pure  science  of  Gram- 
mar ends  here ; for,  as  Voastus  has  observed,  science 
is  conversant  with  things  eternal  and  invariable  ; 
whereas  Grammar,  as  generally  understood,  has  no 
immoveable  and  unvarying  essence,  but  relates  to  the 
matter  of  language,  rather  than  to  its  form ; and  hence 
(03  that  writer  contends)  it  ought  rather  to  be  called 
mi  art  than  a science.  We,  however,  cannot  overlook 
the  circumstance  that  language,  as  it  grows  up  with 
man,  and  forms,  as  it  were,  the  main  instrument  of 
thought,  is  necessarily  so  much  interwoven  with  the 
operations  of  his  mind,  that  neither  can  the  art  be  well 
comprehended  without  a knowledge  of  the  science,  nor 
can  the  science  be  easily  developed  and  rendered  fully 
intelligible  without  reference  to  the  art.  By  the  form 
of  language,  as  we  have  already  stated,  we  mean  its 
signification  *,  by  the  matter  of  language  we  meun  the 
sound  of  words  in  speech,  the  movement  of  the  body 
in  gesture,  and  in  general  the  physical  and  external 
means  employed  to  effect  a communication  of  the 
mind.  The  matter  of  speech  may  be  considered,  gene- 
rally, as  regarding  the  physical  properties  common  to 
all  language,  or  particularly  with  reference  to  the  con- 
struction of  one  or  more  languages.  In  the  former 
point  of  view  it  is  commonly  deemed  a part  of  Uni- 
versal Grammar,  aud  will  therefore  form  the  second 
part  of  our  grammatical  essay.  In  the  third  part,  we 
shall  endeavour  to  confirm,  and  illustrate  all  our  gene- 
ral positions,  by  reference  to  various  spoken  languages, 
ancient  and  modern  : and  in  the  fourth , we  shall  con- 
sider in  what  manner  the  invention  and  practice  of 
written  language  has  affected  the  science  of  Grammar. 
To  these  we  may  properly  add  a fif  th  part,  considering 
language  as  a source  of  pleasure  in  itself,  independently 
of  its  signification. 

Preliminaiy  view  of  the  human  mind,  uith  reference  to 
the  science  of  Grammar. 

.xHiviow-  jn  Qf  man  |jic  consciousness  of  simple 

* ' existence  is  the  source  and  necessary  condition  of  all 
other  powers  ; as  in  language,  the  expression  of  that 
consciousness  by  the  verb  to  he,  is  at  the  root  of  all 
other  expression. 

But  we  are  conscious  of  different  states  of  existence, 
in  some  of  which  we  act,  and  in  others  we  arc  acted 
upon : and  thus  in  language,  a verb  is  a word  which 
signifies  to  do,  or  to  suffer,  as  well  as  to  be.  No  lan- 
guage, indeed,  ever  was,  or  ever  could  be,  formed 
without  such  verbs;  but  the  case  is  different  with  re- 
gard to  theories  of  language,  and  systems  of  Grammar. 
These  may  be,  and  have  been  constructed,  on  the 
hypothesis,  that  the  mind  of  man  is  a mere  passive 
recipient  of  mechanical  impressions ; a something  which 
may  be  impelled  like  a foot-ball,  but  which  cannot 
give  to  itself,  or  to  any  thing  else,  the  slightest  im- 
ulse.  On  such  a question  as  this,  the  only  appeal 
es  to  the  common  sense  and  daily  experience  of  man- 
kind ; and  the  result  of  that  experience  is  clearly  at- 
tested by  all  languages,  living  and  dead  —a  species  of 
evidence  which  is  the  less  to  be  resisted,  because  it  is 
not  the  result  of  any  systematic  arrangement  whatever. 


Every  language  in  the  world  has  grown  up  from  the  inirodw- 
necessitics  of  those  who  have  used  it,  and  not  from  tory  Sec- 
intention  ; from  accident,  and  not  from  theory ; and  liw,L 
yet  there  is  among  them  an  universal  agreement  in 
their  fundamental  principles  : those  principles,  then, 
are  indisputably  founded  on  the  common  constitution 
of  the  human  mind. 

The  mind  is  undoubtedly  passive  in  some  respects. 

If  I open  my  eye  to  the  light,  1 cannot  choose  but  see; 
if  a sound  strikes  my  ear,  1 cannot  help  hearing. 

These,  and  many  like  states  of  existence,  derived  from 
the  bodily  organs,  are  called  sensations  ; there  are 
other  states,  in  which  we  are  more  or  less  passive, 
derived  from  the  mind,  and  commonly  called  emotions. 

When  we  come  to  analyse  these  latter,  we  shall  easily 
discover  that  we  are  not  so  entirely  passive  iu  their 
receptiuu,  as  is  often  supposed  : nevertheless,  as  we 
in  both  cases  “ suffer,"  that  is  to  say,  are  acted  upon 
by  external  causes,  we  may  not  improperly  include 
sensation  and  emotion  as  modes  of  the  passive  prin- 
ciple, under  the  common  name  of  feeling,  ’lbe  slates 
of  sensation,  which  are  agreeable  to  our  nature,  wc 
properly  call  pleasure,  those  of  an  opposite  kind  we 
call  pain  ; and  the  same  mimes  are  naturally  transfer- 
red to  those  emotions  of  the  mind  which  seem  analogous 
to  the  respective  sensations  of  the  body.  Thus  the  feel- 
ing of  guilt  is  called  painful,  and  that  of  joy  pleasant. 

The  pleasurable  sensations  and  emotions,  and  their 
real  or  sup|>osed  causes,  arc  all  called  by  the  common 
name  of  good,  ami  their  opposite*  by  that  of  tvil.  The 
expression  of  feeling  is  what  constitutes  in  language 
the  passive  verb. 

As  we  have  called  the  passive  principle,  feeling ; Will, 
so  we  call  the  active  principle  Kill,  or  volition.  It  is 
this  principle  which  may  truly  be  called  tho  life  of 
the  human  mind ; it  is  this  which  forms  and  fashions 
the  mind ; it  is  this  which  impels  and  governs  the 
man.  The  conscious  being,  in  his  active  state,  has  a 
power  : he  says,  I do  this  or  that : and  hence  arises  the 
active  verb.  Hence  also  arises  the  pronoun ; for  the 
very  idea  of  an  act  involves  the  idea  of  a cause; 
and  it  has  been  clearly  enough  shown  hv  different 
writers,  that  if  the  idea  of  a cause  did  not  exist 
within  die  mind,  it  could  never  be  suggested  from 
without. 

The  will,  in  its  growth,  becomes  a moral  energy,  that 
is,  it  impels  us  to  good,  as  good,  and  conse- 
quently to  the  greater  good  rather  than  to  the  less. 

To  choose  the  greater  good  is  to  do  right,  to  choose 
the  less  good  is  to  do  wrung.  Let  philosophers  argue, 
as  they  please,  on  liberty  and  necessity;  let  them  re- 
concile, as  they  can,  those  high  doctrines 

Of  Proridt'iioe.  Foreknowledge,  Will,  and  Fate, 

Fix'd  fate,  Free  Will,  Foreknowledge  absolute ; 
still  the  individual,  from  the  first  dawning*  of  reason, 
distinguishes  right  from  wrong,  and  know  s that  he  is  a 
cause  of  the  one,  or  of  the  other;  and  feels  that  the 
power  which  he  exercises  ns  a cause,  is  a talent  for 
which  he  is  responsible.  Thus  is  formed  Conscience, 
the  light  and  guide  of  life.  We  have  not  now  to  dis- 
cuss at  length  the  nature  and  effects  of  this  precious 
faculty : other  and  fitter  occasions  may  be  found  for 
that  investigation ; but  wc  cannot  avoid  noticing,  that 
as  the  ideas  of  right  and  wrong  arc  sealed  not  merely 
in  the  mind,  but  in  the  first  and  elementary  rudiments 
of  the  mind,  it  is  a dangerous  and  fatal  error  to  repre- 
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Gr&uuwu-.  sent  them  as  contrivances  of  language,  to  say  that 
Right  is  no  other  than  the  past  participle  of  the  Latin 
verb  regere,"  and  that  **  Wrong  is  merely  the  past  tense 
of  the  verb  to  wing"  This  is  part  of  the  bialory  of 
words  : it  is  no  part  of  their  philosophy. 

Ik  i*™  Neither  will  nor  feeling  have  in  themselves  any  limit. 

The  stream  of  conscious  being  is,  in  itself,  continuous: 
it  exists  alike  amid  the  roar  of  cannon,  uud  in  the  soft 
breathing  of  the  vernal  air:  in  the  deep,  protracted, 
meditation  of  u Newtov,  and  in  the  brief  glimpse  that 
is  caught  of 

Tlio  snow  Unit  fall*  upon  tlw  river, 

A moment  wliitr,  then  lu*t  lor  ever. 

What  is  it,  then,  that  reduces  the  chaos  of  will  and 
feeling  first  into  distinguishable  elements,  and  then  into 
individual  masses?  It  is  the  forming  and  shaping  power 
within  us.  It  is  the  divine  faculty,  “ looking  before 
and  after,"  to  which  in  its  perfection,  we  give  the  name 
of  Reason.  Reason,  holds,  as  it  were,  the  balance  be- 
tween the  passive  and  active  powers  of  the  mind.  It 
is  fed  and  nourished  by  the  impressions  of  the  one : it 
grows  and  moves  by  the  energy  of  the  other.  It  has 
several  stages  or  degrees,  of  which  the  first  is  Concep- 
tion. 

Conception.  By  conception,  we  mean  that  faculty  which  enables 
the  mind  to  apprehend  one  portion  of  existence,  sepa- 
rately from  all  others.  in  other  words,  the  first  act.  or 
exercise  of  the  reasoning  power  is  to  conceive  one  object, 
or  thing,  as  one.  Hence  arises  in  language  the  noun  ; for 
“ the  noun  is  the  name  of  a thing."  Here  it  is,  that  almost 
all  the  modern  writers  on  Grammar  have  erred.  They 
seem  to  have  considered  no  such  power  in  the  mind  to 
be  necessary,  and  no  such  act  to  be  performed.  They 
seem  to  have  supposed  that  things,  or  object*,  affected  the 
mind  us  such,  bv  their  own  power;  and  that  the  mind 
was  quite  passive  in  this  respect.  When  we  come  to 
examine  this  fundamental  part  of  their  system,  we  find 
the  greatest  possible  confusion  of  terms.  According 
to  one,  the  first,  elements  of  thought  are  idetu,  another 
calls  them  objects,  a third  sensations,  and  so  forth.  If 
you  ask  what  is  meant  by  these  respective  terms,  you 
are  still  more  bewildered.  “ An  idea,"  says  one,  “ is 
that  which  the  mind  is  applied  about  whilst  thinking." 
A most  vague  and  insignificant  expression,  then,  it  must 
surely  be;  and  yet  it  has  been  justly  observed,  that 
“ vague  and  insignificant  forms  of  speech  a ml  abuse  of 
language  have  so  long  passed  for  mysteries  of  science ; 
and  hard  and  misapplied  words,  with  little  or  no  mean- 
ing, have  by  prescription  such  a right  to  be  mistaken 
for  deep  learning  and  height  of  speculation,  that  it  will 
not  be  easy  to  persuade  either  those  who  speak  or 
those  who  hear  them,  that  they  are  but  the  covers  of 
ignorance  and  hinderance  of  true  knowledge."  All  this 
is  eminently  true  of  the  abuse  mid  misapplication  of 
the  word  idea,  which  had  a perfectly  distinct  and  spe- 
cific meaning,  until  it  was  in  an  evil  hour  made  44  to 
stand  for  whatsoever  is  the  object  of  the  understanding 
when  a man  thinks,"  or  “ whatever  is  meant  by  phan- 
tasm, notion,  species,  or  whatever  it  is  which  the  mind 
can  be  employed  about  in  thinking" — from  that  moment 
Urn  word  idea  became  so  extremely  convenient  to  per- 
sons, who  did  not  much  like  the  trouble  of  thinking,  it 
served  as  such  a maid  of  all  work,  in  the  family  of 
Lady  Alma,  the  mind,  that  nothing  was  cither  too 
high  or  too  low  for  it.  44  Seneca  was  not  too  heavy, 
nor  Plautus  too  light and  persons,  who,  in  the  com- 


mon phrase,  M never  had  two  ideas  in  their  lives,"  Introduce 
would  give  you  “ their  ideas"  on  politics  or  the  weu-  t»ry  Sec 
ther,  on  the  flavour  of  venison,  or  the  right  of  univeT- 
sal  suffrage,  with  equal  facility  and  fluency. 

Some  of  these  ideas,  it  lias  been  said,  arc  simple, 
and  some  complex.  In  the  former  the  mind  is  passive, 
in  the  latter  there  is  an  act  of  the  mind  combining 
several  simple  ideas  into  one  complex  one ; but  this 
distinction  has  been  altogether  denied,  in  more  recent 
times;  ami  we  have  bccu  told,  that  14  it  is  as  improper 
to  speak  of  a complex  idea,  as  it  would  lie  to  call  a 
constellation  u complex  star."  But  lie  these  ideas 
simple,  or  complex ; he  they  ideas  of  sensation,  or 
ideas  of  reflection  ; ideas  of  node,  of  substance,  or  of 
relation,  the  gTeat  difficulty  is  to  understand  ill  everv 
case,  how  each  idea  exists  as  one  ; how  it  is  bounded, 
limited,  and  set  oat  in  the  miud : and  this,  we  say. 
cannot  be  done  in  any  case  without  an  art  of  the  mind, 
an  exercise  of  the  peculiar  faculty  which  we  call  con- 
ception. 

What  one  set  of  writers  say  of  ideas,  another  set  say 
of  objects.  “ An  object  in  general,"  sax’*  Condillac, 

“ is  whatever  is  presented  to  the  senses,  or  to  the 
mind."  Happy  definition!  But  still  the  question  re- 
turns : what  constitutes  one  object  ? What  is  meant  by 
one  presentation?  Is  it  the  sensation,  or  thought, 
w hich  Jakes  place  in  a minute,  in  a second,  or  in  any 
other  portion  of  time  ? Is  it  the  impression  made  on 
one  sense,  or  on  one  part  of  the  organ  of  that  sense  ? 

U it  the  sensation  of  warmth,  for  instance,  experienced 
by  the  whole  body  ; or  that  of  light  experienced  by  the 
eve?  Is  it  the  impression  made  on  the  retina  by  a 
house,  by  the  door  of  the  houxe,  by  the  pannel  of  the 
door,  or  the  pane  of  the  window  ? Is  it  the  altitude 
of  the  building,  or  the  colour  of  the  brick  ? These 
questions  are  endless,  and  perfectly  insoluble,  if  that 
which  makes  an  object  one  thing  to  the  mind  be  not  an 
act  of  the  mind  itself;  but  if  it  be  an  art  of  the  mind, 
then  it  follows,  that  with  regard  to  the  very  first  ma- 
terials of  our  knowledge,  the  mind  is  not  passive,  but 
exercises  some  peculiar  faculty ; which  faculty  we  call 
conception. 

Mons.  Condillac,  indeed,  admits,  that  objects  are 
not  distinguished  but  by  remarking  some  one  or  other 
of  them  particularly;  and  this  particular  remarking  ho 
calls  attention ; from  whence  it  may  perhaps  be  con- 
cluded, that  the  difference  between  him  and  us  is  a 
mere  difference  of  words ; and  that  he  means,  by  at- 
tention, nothing  more  nor  less  than  what  we  mean  by 
conception.  This,  however,  is  an  error;  for  attention, 
according  to  him,  is  a simple  faculty,  acting  only  in* 
one  mode,  and  actingnerrmir/i/y,  from  an  external  cause. 

Thus  he  states,  that  the  cause  of  attention  to  sensible 
objects,  is  an  accidental  direction  of  the  organs ; mani- 
festly, therefore,  according  to  him,  the  mind  is  no  lets 
passive  in  attention  than  in  sensation. 

We  say,  on  the  contrary,  that  in  conception  the 
mind  acts.  The  word  44  to  conceive,"  in  its  origin,  affords 
an  easy  explanation  of  the  mode  of  action.  This  word, 
which  is  derived  from  con  and  ccrpio,  expresses  the 
action  by  which  we  take  up  together  a portion  of  our 
sensations,  as  it  were  water,  in  some  vessel  adapted  to 
contain  a certain  quantity  : for  we  have  before  observed, 
that  sensation  is  in  itself  continuous,  as  an  ocean,  with- 
out shore,  or  soundings  : it  does  not  divide  itself  into 
separate  portions,  but  is  divided  by  the  proper  faculty 
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Grammar,  ©f  the  mind.  The  faculty  of  conception,  like  all  other 

S^V*%p/  faculties,  operates  by  certain  laws,  in  a certain  direction, 
and  in  a certain  manner,  for  such  is  it*  constitution. 
It  cannot  enable  us  to  view  things  temporal  under  the 
form  of  eternity,  to  conceive  that  a certain  time  occupies 
a certain  space ; or  that  an  emotion  belongs  to  the 
class  of  sensations;  that  jealousy,  for  instance,  is  red, 
or  green,  or  blue,  or  smooth,  or  rough,  or  square,  or 
triangular.  These  laws,  which  regulate  the  power  of 
conceiving  thoughts,  it  will  be  necessary  for  a while  to 
consider. 

Space.  The  first  law  that  we  shall  notice,  is  that  of  e.r tension. 

We  are  so  constituted,  that  we  cannot  conceive  certain 
objects  otherwise  than  as  occupying  space.  The  fa- 
culty of  conceiving  them,  therefore,  presupposes  in  the 
mind  a sense  of  space  ; but  this  sense  has  again  its 
necessary  laws  or  modes  of  operation.  In  other  words, 
we  cannot  conceive  space  but  as  extending  in  length 
and  breadth  and  thickness,  and  bounded  by  points  and 
lines,  and  surfaces.  It  is  by  applying  these  laws  to 
certain  objects  that  we  conceive  them  to  be  more  or 
less  extended,  and  to  possess  different  shapes  and 
fbrns.  To  say  that  we  get  the  idea  of  space  by  the 
sense  of  sight  or  touch,  is  to  confound  our  notions  of 
sense,  which  imply  an  existence  in  space  ;'it  is  to  reverse 
the  order  of  knowledge  ; for  if  the  mind  were  originally 
unfurnisned  with  a peculiar  faculty,  enabling,  and 
indeed  compelling  it  to  refer  the  sensations  of  sight 
and  touch  to  some  part  of  space,  it  could  no  more 
acquire  an  idea  of  space  from  those  sensations,  than 
from  the  emotions  of  gratitude  or  fear.  This  peculiar 
faculty,  applied  to  the  sensations  of  sight  and  touch,  of 
bearing,  taste,  and  smell,  enables  us  to  conceive  our 
own  bodilv  existence,  and  that  of  the  external  world. 
According  as  we  apply  it  more  or  less  comprehensively, 
we  conceive  the  existence  of  objects  larger  or  more 
minute:  and  according  as  we  exercise  it  with  more  or 
less  care  and  attention,  the  external  forms  and  dispo- 
sition of  objects  appear  to  us  more  or  less  accurately 
defined.  It  is  not,  therefore,  the  external  object  which 
necessarily  gives  shape  and  form  to  the  conception  ; 
but  the  conception,  which  by  its  own  act  embraces  a 
given  portion  of  space,  and  thus  gives  shape  and  form 
to  the  external  object. 

Time.  . Similar  observations  may  be  made  on  the  law  of 
duration,  or  time.  To  say  that  time  is  a complex  idea 
gathered  from  reflexion  on  the  train  of  other  ideas,  is 
to  forget  that  the  very  notion  of  a train  is  that  of  a 
succession  in  time,  and  therefore  presupposes  what  it 
is  adduced  to  prove.  There  is  nothing  complex  in  the 
nature  of  time  or  duration,  but  it  is  a form  under  which 
we  are  necessarily  forced  to  contemplate  all  things 
external  to  us,  and  some  thingH  within  ourselves.  It 
is  a law  of  our  nature,  and  so  far  as  regards  its  peculiar 
objects,  is  inseparable  from  the  human  mind.  But 
again,  it  is  not  the  lapse  of  any  particular  portion  of 
time  which  necessarily  limits  the  duration  of  any  object 
of  onr  thoughts,  for  we  can  as  easily  think  and  speak 
of  a century  as  of  a second  : it  is  the  mind  which  con- 
ceives, as  one  object,  the  life  of  a man,  or  the  gleam  of 
the  lightning,  a iong  year  of  toil,  or  a brief  moment  of 
delight. 

Number.  These  then  are  the  laws  of  simple  conception.  What- 
ever occupies  a certain  portion  of  time,  or  of  space*,  or 
of  both,  we  consider  as  one  tiling,  or  one  thought; 
but  things  or  thoughts  succeed  each  other  incessantly, 


and  by  dividing  sensation  into  units,  we  have  done  no  hXMxlt*- 
rnore  than  to  divide  the  ocean  into  drops,  or  the  sand  Ser- 
into  grains.  A further  law  of  conception  succeeds.  tiw€,‘ 
This  faculty  takes  a more  complex  form.  We  distin- v"^'’ 
guish  conceptions  by  their  number : ami  hence,  in  all 
languages,  the  noun  has  a plural  number  as  well  as  a 
singular,  in  signification,  and  gene  rally  in  form.  But 
as  the  plural  is  derived  from  the  singular,  so  the 
power  oi  conceiving  many  depends  on  the  power  of 
conceiving  one.  It  has  been  justly  observed  by  Mr. 

Locke,  that  “ there  is  no  idea  more  simple  than  that 
of  unity,  or  one.” — “ Every  object  our  senses  are  em- 
ployed about,"  says  he,  •*  every  idea  in  our  under- 
standings, every  thought  in  our  minds  brings  this  idea 
along  with  it."  Now  since  this  is  the  case,  since  no 
object,  no  idea,  no  thought,  ever  is  conceived  in  our 
minds  without  this  impression  of  unity,  why  should  we 
imagine  that  any  can  be  so  conceived  i And  if  it  can- 
not be  conceived  without  such  impression,  then  must 
we  consider  the  power  by  which  that  impression  is 
produced  as  essential  to  the  conception.  Before  we 
can  speuk  or  think  of  any  thing,  we  must  first  conceive 
it  to  be  one.  This  one  may  be  finite  or  infinite;  that 
is,  our  conception  may  be  perfect  or  imperfect — bnt 
still,  in  order  to  become  an  element  of  reason,  it  must 
exist,  as  one,  in  the  mind.  Even  the  conception  of 
many  exists  in  the  mind  as  that  of  one  multitude;  and 
if  that  multitude  be  divided  into  distinct  parts,  so  as  to 
be  numerically  reckoned,  the  number,  whatever  it  may 
be,  is  still  contemplated  as  one  number.  Simple  con- 
ception indeed  could  never  have  advanced  us  beyond 
the-  notion  of  an  unit  or  integer;  it  is  by  the  aid  of 
the  other  reasoning  faculties,  whirh  we  shall  hereafter 
notice,  that  we  are  enabled  to  form  the  complex  con- 
ceptions of  number,  and  so  to  build  up  the  whole  science 
of  Arithmetic. 

Conceptions  succeed  each  other  indifferently,  whe-  Identity, 
thcr  they  are  like  or  unlike ; but  the  mind  can  only 
number  them  by  classing  them,  and  can  only  class 
them  by  their  similarity;  which  similarity,  when  com- 
lete,  is  in  the  contemplation  of  the  mind  Identity. 

Inch  has  been  said  of  the  source  from  whence  we 
derive  the  notion  of  onr  own  personal  identity.  Surely 
if  any  thing  is  essential,  not  only  to  reason,  but  to 
feeling,  to  will,  and  even  to  consciousness,  it  is  this 
notion.  When  Descartes  invented  his  famous  reason- 
ing, Cogito,  ergo  sum , he  clearly  assumed  his  personal 
identity : and  it  is  utterly  impossible  for  a human  being 
to  reason  or  think  at  all,  without  such  an  assumption. 

Even  in  madness,  though  the  actual  identity  is  often 
confounded,  though  a man  may  fancy  himself  to  be 
Alexander  the  Great.,  or  even  to  he  the  Almighty,  he 
has  before  his  mind  an  imaginary  identity : he  thinks 
and  acts  as  one  being,  and  not  as  two : and  again,  in 
dreams,  when  we  sometimes  see  ourselves  dead,  or 
alive,  yet  the  self  which  we  contemplate  is  a mere 
imaginary  personage,  with  whom  vre  have  a strong 
sympathy,  as  wc  have  with  the  hero  of  a romance. 

The  contemplator  always  seems  to  think  and  act  as  a 
separate  individual,  and  never  loses  the  deep  sense  of 
identity. 

We  are  next  to  enquire  into  the  different  kinds  of  Kinds  of 
conception  thus  formed ; and  we  shall  find  that  the  c«nc*|»uw». 
ancients  were  right  in  dividing  them  into  two,  namely 
substance  and  attribute ; whence  arise  in  language  the 
substantive  and  adjective.  It  must  be  remembered 
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Graoumr.  that  vrc  first  conceive,  as  one  tiling  or  one  thought,  a 
given  portion  of  sensation,  and  that  those  sensations 
in  their  simplest  form  are  limited  by  the  laws  ol'  time 
and  space ; but  those  laws  are  always  operating  on 
the  mind  together,  though  not  always  with  equal  force. 
Sensations  which  spread  over  a large  extent  of  space 
may  occupy  a short  time,  and  those  which  continue 
for  a long  tune  may  lie  within  very  narrow  bounds  of 
space.  Slany  parts  of  space  too  may  be  contemplated 
in  one  moment  of  time,  and  many  portions  of  time 
may  refer  to  the  same  point  of  space.  Our  first  notion 
of  substance  is  personal,  unless  we  should  prefer  saying 
that  the  notion  of  substance  is  derived  from  that  of  pr- 
ion; which  might  perhaps  he  a more  philosophical  mode 
of  speaking;  though  the  former  more  immediately  applies 
to  the  common  arrangements  of  grammarians.  \Ve  refer 
all  our  states  of  being  to  a substance  called  *tff,  to 
which  each  man  gives  the  name  of/:  and  thus  I feel  and 
know  that  1 am  a cause  of  all  the  active  states  of  my 
being.  By  an  inevitable  necessity  of  my  nature  I am 
led  to  believe  that  there  must  be  a cause  or  causes  fo- 
reign to  me  of  all  the  impressions  made  on  me  without 
my  own  act  With  respect  to  myself  the  conceptions 
which  are  limited  by  time  and  space,  give  me  the  notions 
of  matter  and  motion  as  belonging  to  me.  those  which 
arc  not  so  limited  give  me  the  notion  of  mind.  To  ex- 
ternal causes  therefore,  1 attribute  the  same  distinctions 
of  character:  and  hence  the  most  general  notion  of  ex- 
ternal substance  is  that  of  a cause  of  the  impressions 
formed  in  me.  But  one  cause  often  appears  to  be  com- 
mon to  several  different  sensations.  I there  fore  conclude 
that  it  is  one  thing.  I have,  for  instance,  the  sensations  of 
heat,  and  light,  and  colour,  cotemporaneously,  and  this 
not  once,  but  often  ; and  I conclude,  that  there  is  some 
common  cause  of  all  these  sensations,  to  which  cause 
1 give  the  name  of  Fire.  The  notion  of  substance  it  is 
said  is  obscure ; it  is  no  otherwise  obscure,  than  as  a 
thinking  and  sentient  being  cannot  sympathise  with  an 
unthinking  and  insentient  one.  Obscure  as  it  is  said 
to  be  bv  philosophers,  it  is  what  the  common  bulk  of 
mankind  consider  as  the  very  plainest  and  clearest  of 
all  their  notions.  A common  man  is  never  troubled 
with  any  doubts  of  the  existence  of  the  table  or  chair 
that  he  sees  before  him,  any  more  than  he  is  of  his 
own  personal  identity.  Others  again  think,  that  they 
have  a very  clear  notion  of  the  existence  of  these  ex- 
ternal objects  or  substances : they  can  easily  under- 
stand how  the  mind  conceives  the  cause  of  a particular 
sensation  of  heat,  and  a particular  sensation  of  light,  to 
be  one  object, called  fire;  and  contemplates  that  object 
as  separate  from  the  sensations  produced  by  it ; but 
they  cannot  understand  bow  the  mind  should  conceive 
as  one  thing,  or  thought,  or  one  object  of  contempla- 
tion, a common  cause  of  all  similar  sensations.  Yet 
it  is  certain,  that  men  do,  and  ever  have,  used 
words  in  language  expressive  of  those  common  causes, 
and  that  those  words  have  always  had  the  form  of  sub- 
stantives. Much  effort  has  been  made  to  explain 
this  on  the  theory  of  abstraction.  These  notions  have 
been  called  abstract  ideas  (a  very  improper  use  of  the 
word  idea  at  least) ; and  it  has  been  supposed  that  they 
were  formed  by  abstracting , or  taking  away  from  each 
particular  conception,  some  circumstance  of  time  or 
place.  Now  it  appears  to  us,  that  this  is  an  operation, 
which  is  rarely,  if  ever  performed  by  the  mind.  Cer- 
tainly, the  greater  part  of  the  conceptions  represented 


to  be  to  formed,  may  be  shown  to  be  produced  in  a lanodtv 
totally  different  manner.  Thus  the  conception  of  a torjr  swc- 
straight  lino,  and  the  consequent  conception  of  straight- 
nes*  in  general,  is  certainly  not  formed  by  abstracting 
from  various  lines,  various  inequalities ; for  if  it  were 
so,  every  man  would  have  a different  notion  of  a straight 
line  from  every  other  man,  and  every  man  would  go 
on  abstracting,  and  consequently  improving  his  con- 
ception of  straightness  as  long  as  he  lived.  Whereas, 
in  truth,  the  idea  of  a straight  line,  as  soon  as  it  is 
once  steadily  contemplated  in  the  mind,  is  perfect, 
and  is  equally  so  in  all  minds.  This  could  not  be  the 
case,  if  all  minds  did  not  act  by  some  general  laws ; 
and  since  we  are  so  constituted  us  to  lie  able  to  reflect 
on  such  laws,  wc  may  separate  those  reflections  from 
the  general  mass  of  consciousness,  us  eusily  as  we  can 
separate  a particular  sensation  from  the  same  mass; 
we  may  form  of  each,  a conception,  a thought,  as  dis- 
tinct from  all  other  thoughts,  as  one  external  object  is 
conceived  to  lie  separate  from  all  other  external  ob- 
jects. The  thought  of  a general  law  as  single,  has  no 
reference  to  lime  or  space.  Even  the  laws  of  tune  and 
space,  are  not  supposed  to  be  more  or  less  laws,  or  to 
have  a more  or  less  real  existence,  at  one  time,  or  in 
one  place  than  m another  place,  or  at  a different  time. 

It  is  indeed  objected,  that  they  have  no  real  existence 
at  all;  that  there  is  no  truth  but  that  of  opinion,  and 
consequently,  that 44  two  persons  may  contradict  each 
other,  and  yet  both  speak  truth for  such  are  the 
precise  words  of  Mr.  Home  Tooke.  (Vol.  ii.  p.  404.) 

The  same  objection  may  be  made  with  much  more  force, 
against  the  existence  of  the  external  world  ; for  the 
learned  and  pious  Bishop  Berkelet  has  fully  shown, 
that  we  have  no  assurance  of  the  reality  of  matter  or 
motion,  but  that  which  depends  on  our  instinctive  con- 
ception of  their  existence,  as  causes  of  the  changes 
which  we  experience  in  ourselves.  But  as  we  are 
utterly  unable  to  believe,  that  there  is  no  truth  in  our 
own  existence ; and,  as  we  find  it  hard  to  imagine,  that 
this  “goodly  frame,  the  earth,”  this  most41  excellent 
canopy,  the  air,"  this  “ brave  o’er  hanging  firmament," 
this  “ majestic*!  roof  fretted  with  golden  fires,"  are  all 
fictions  and  non-entities ; so  it  is  difficult  fur  us  to  ima- 
gine, that  truth  and  virtue,  beauty  and  wisdom,  glory 
and  happiness,  are  ail  empty  names:  wc  cannot  well 
believe  that  time  and  space  are  mere  fictions  of  our 
own  minds;  and  yet  it  is  easier  to  believe  this,  than  to 
conceive  their  existence  according  to  laws  different 
from  those  which  we  actually  experience;  it  is  easier, 
for  instance,  to  conceive  that  there  is  no  real  existence 
in  space,  than  that  if  it  exists,  a straight  line  in  space 
is  not  the  shortest  that  can  lie  between  two  given  points, 
or  that  a figure  may  be  completely  bounded  by  two 
straight  lines,  or  that  the  radii  of  a circle  are  unequal, 
or  that  the  three  angles  of  a right  lined  triangle  are 
greater  or  less  than  two  right  angles.  Hence  arises  the 
distinction  of  subjective  and  objective  truth.  The  for- 
mer we  consider  a*  existing  in  ourselves,  the  latter  as 
existing  in  objects  out  of  ourselves;  the  truth  of  a 
mere  opinion  is  subjective,  the  truth  of  the  fact  to 
which  that  opinion  relates  is  objective;  but  if  all  truth 
were  merely  subjective,  each  man's  mind  would  be  the 
only  universe,  and  it  would  be  a solitary  universe,  with- 
out a creator,  without  time,  or  space,  or  matter,  or 
motion,  or  men,  or  angels,  or  heavens,  or  earth,  or  vir- 
tue, or  viee,  or  beginning,  or  ending — one  wild  deiu- 


GRAMMAR. 


9 


Oranunsr.  lusion  withou  t o vcn  a flramer  of  the  monstrous  spell ! Now 
since  it  is  utterly  impossible  to  believe  this,  either  de- 
liberately or  instinctively,  it  follows  that  there  is  some 
objective  truth,  and  that  what  a man  tryeth,  trovetk , 
or  tnuieik  to  (for  these  are  all  of  the  etymological 
family  of  the  word  truth)  is  in  itself,  more  or  less, 
substantial  and  permanent.  But  if  this  be  the  case 
with  our  conception  of  a stone,  why  not  of  a man  ? 
And  if  of  the  motion  of  a stone,  why  not  of  the 
thoughts  of  a man  ? And  if  of  thoughts  bounded 
by  the  laws  of  time  and  space,  of  number  and  identity, 
of  good  and  evil,  why  not  of  those  laws  them- 
selves? For  the  purposes  of  Grammar,  it  is  hardly 
necessary  to  press  this  argument ; for  language  has 
been  made  by  men,  according  to  their  instinctive 
opinions;  and  certainly  the  prevalent  opinion  has  al- 
ways been,  that  there  is  something  which  the  mind 
contemplates,  when  it  reasons  on  man  in  general,  as 
well  as  when  it  reasons  on  Peter  or  John.  It  is  pro- 
bable that  Sir  Isaac  Newton  had  some  object  before  his 
mind  when  he  argued  on  light  and  colours,  as  well  as 
a latnp-lighter  has,  when  he  lights  a lamp;  or  as  a 
country  lass  has,  when  she  buys  a yard  of  blue  or  red 
ribbon  at  a fair. 

Conceptions,  then,  are  either  particular,  general, 
or  universal. 

Parttruliu’.  In  strictness  of  speech  nothing  is  particular,  but  that 
which  occupies  only  one  given  portion  of  time,  or  of 
space,  or  of  both.  Thus  the  emotion  of  fear  at  a 
certain  moment  of  time;  the  sensation  of  warmth  at  a 
given  moment ; and  in  a certain  part  of  the  body  ; or 
the  sensation  of  brightness  in  a particular  part  of  the 
retina,  are  all  particular  conceptions ; and  it  is  some- 
what remarkable  in  language,  that  men  (in  early  ages, 
and  before  they  had  much  turned  their  thoughts  to  re- 
flection) so  entirely  confounded  the  subjective  and  ob- 
jective truth,  both  of  sensations  and  emotions,  that 
they  used  the  same  word  to  denote  both.  A man, 
for  instance,  would  say  indifferently,  **  I am  hot,"  or 
“ tlve  fire  is  hot.”  So,  in  common  parlance,  we  say 
14  the  bird  fear*  the  scarecrow,*  but  Sliakspeare  says  ; 

We  mint  iuit  make  a *cnrrcTOw  of  Ibc  Uw, 

, Setting  U up  Utfcar  the  birds  of  prrjr. 

Nor  is  it  only  a simple  sensation  or  emotion,  of  which 
we  may  form  a particular  conception.  We  may  cer- 
tainly conceive  as  one  thing,  a substance ; that  is,  many 
sensations  or  emotions  united  in  one  common  cause ; 
whether  that  cause  be  active  as  a person,  or  passive 
as  a thing ; for  the  notion  of  a person  is  founded  on  self, 
as  an  active  being,  and  that  of  a thing  on  the  same  *e)j\ 
as  passive. 

These,  we  say,  are  the  only  conceptions  which,  in 
strictness  of  speech  are  absolutely  particular ; but  al- 
most all  writers  call  those  particulars,  which  we  find 
to  be  identical ; thus  Peter  or  John  is  said  to  be  a 
particular  individual,  though  the  name,  Peter,  or  John, 
is  given  to  an  object  which  I have  seen  on  many  par- 
ticular occasions,  and  only  know  to  be  identical  by 
reflection  and  comparison,  lu  like  manner,  red  is  the 
name  of  a colour  impressed  on  my  retina  to-day  aud 
yesterday,  and  which  I know  to  be  identical : and  so 
the  word,  to  walk,  implies  an  action  which  I perform 
frequently  and  know  to  be.  the  same  on  all  occasions. 
We  dwell  the  more  on  this  observation,  because  it 
shows  that  those  who  strongly  contend  for  the  exist- 
ence .of  nothing  but  particular  objects,  overlook  the 
fart,  that  what  they  call  particulars  are  not  such  in 
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strictness  of  speech  ; and  that,  if  the  only  business  of  Ioirodue- 
the  mind  were  to  receive  impressions  (as  Mr.  Tooke  *?rJ  StCm 
says  it  is),  we  could  never  acquire  even  what  they  call  a 
particular  idea  or  conception ; we  could  never  know 
that  the  John  of  to-day  was  the  same  person  as  the 
John  of  yesterday. 

This  latter  species  of  particulars,  however,  is  the  first 
element  of  language.  We  invent  signs,  not  to  express 
a single  impression,  hut  the  same  impression  often 
repeated  ; and  these  arc  of  three  kinds,  the  simple 
sensation  or  simple  quality  producing  it,  which  wc  call 
an  adjective ; the  simple  action,  which  we  call  a parti- 
ciple ; and  the  person  or  substance  in  which  the  cause 
of  sensation  or  of  action  resides,  which  wc  call  a sub- 
stantive. 

To  these  particulars  we  may  add  the  notion  of  num- 
bers, either  distinct  or  confused ; for  the  notion  of 
many  objects  or  many  qualities  may  still  be  viewed  as 
a particular  notion  : and  hence  arises,  not  only  the 
plural  of  nouns,  but  the  singulars  which  imply  plu- 
rality, and  arc  commonly  called  nouns  of  multitude,  as 
a troop,  an  army,  a crowd. 

We  have  shown  that  a particular  conception  is  GaienU. 
formed  by  the  mind  separating  and  sorting  its  sensa- 
tions and  emotions  according  to  certain  necessary  laws ; 
and  arranging  them  in  certain  forms  more  or  less  dis- 
tinct. Thus  a certain  form  is  that  of  Peter;  but  the 
same  form  applies  nearly  to  John,  the  same  nearly, 
though  with  some  other  difference,  to  William;  and  so 
on.  Now,  when  we  contemplate  this  form  as  possibly 
applicable  to  a variety  of  particulars,  it  constitutes 
what  we  call  a general  conception ; and  these  general 
conceptions,  duly  ordered  and  arranged  one  within  the 
other,  form  genera  and  species ; and  of  these,  more  or 
less  distinct,  opinion  is  chiefly  formed. 

But  there  is  yet  one  higher  step  in  the  power  of  UnirrrwL 
conception,  namely,  the  Universal.  This  is  when  we 
contemplate  the  form  itself  in  which  our  tower  concep- 
tions were  cast.  Thus,  there  is  a certain  law  by  which 
the  mind  can  only  conceive  a straight  line  in  a certain 
manner,  namely,  as  length,  and  as  partaking  in  no  de- 
gretfcof  curvature,  nor  interrupted,  nor  distorted  in  any 
manner  whatsoever.  Now,  the  first  line  that  we  actually 
conceive  to  be  straight,  is  not  exactly  so,  yet  it  ap- 
proaches to  the  form  in  the  mind  sufficiently  to  make 
us  give  it  the  name  of  straight.  The  second,  the  third, 
the  fourth,  and  all  successive  lines,  are  perhaps  equally 
deficient;  and,  by  comparing  them  with  each  other, 
were  there  no  common  standard  to  refer  them  to,  we 
should  never  attain  the  knowledge  of  a simple  straight 
line.  All  the  line6  which  we  actually  see,  have  breadth 
together  with  their  length,  all  have  some  curvature  or 
irregularity;  but  reflection  shows  us  in  the  mind,  a line, 
which  is  merely  length  without  breadth,  and  which  lies 
evenly  between  its  points.  Of  this,  we  are  able  to 
make  a distinct  conception,  which,  when  we  have  once 
attained  to,  we  find  it  entirely  independent  of  time  or 
space,  always  the  same,  necessarily  true  in  all  its  rela- 
tions, cqualiv  applicable  to  all  the  particulars  which  fall 
under  it — a law  of  the  mind — in  short,  what  was  alone 
and  properly  called  by  the  ancients — an  idea.  The 
higher,  tne  nobler,  the  purer  these  ideas  arc,  the  more 
difficult  is  it  for  man  to  conceive  them.  They  are  never 
conceived  without  meditation  and  effort;  and  the 
deepest  ineditntiou,  the  highest  stretch  of  our  faculties, 
leaves  us  lost  in  admiration  and  awe  at  the  great  over- 
powering idea  of  our  Almighty  Father. 
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Conceptions  present  themselves  to  our  minds,  either 

' as  accompanied,  or  not  accompanied,  with  a sense  of 
objective  reality.  If  they  ore  not  so  accompanied,  they 
arc  mere  creatures  of  the  imagination : if  they  arc  so 
accompanied,  then,  if  the  object  producing  them  is 
past,  they  are  conceptions  of  memory,  and  if  yet  to 
come,  of  expectation  ; hut,  when  the  object  is  present, 
the  conception  becomes  a perception , whether  it  be  of 
an  external  thing,  or  of  a general  notion,  or  of  an 
idea. 

We  have  hitherto  spoken  only  of  the  faculty  of  con- 
ception, by  which  the  mind  gives  its  thoughts  their 
separate  forms  ; but  we  have  next  to  see  them  put  into 
action,  and  rendered  as  it  were,  living  and  operative. 
Thoughts  and  opinions  come  to  us  in  the  mass ; and  it 
is  by  developing  them  into  their  constituent  parts,  that 
we  ourselves  understand  them ; but  in  order  to  com- 
muuicale  them  to  others,  wc  must  pursue  the  contrary 
process ; we  must  state  the  parts,  and  avert  their 
union.  Assertion,  then,  is  the  faculty  which  we  have 
next  to  consider:  it  is,  as  it  were,  the  uniting  and 
marrying  together  of  two  thoughts,  and  pronouncing 
them  to  be  one.  Hence  the  word,  which  expresses 
that  function  of  the  mind,  is  called,  by  some  writers, 
the  copula,  or  bond ; but  in  common  Grammars,  the 
verb : and  we  rather  adopt  the  latter  term,  because  the 
former  may  be  apt  to  lead  to  the  erroneous  conclusion, 
that  the  mind  in  assertion,  passively  contemplates  two 
thoughts  as  united,  whereas,  it  is  active  in  declaring 
that  union,  as  it  were,  by  its  proper  authority:  an  au- 
thority, indeed,  often  exercised,  hastily  and  amiss,  but 
still  the  proper  act  of  the  mind  itself.  Conception, 
then,  forms  nouns,  including  under  thut  terra  substan- 
tives, adjectives,  and  even  participles;  but  these  nouns 
lie  dead  and  inoperative  to  any  purpose  of  reasoning, 
til!  they  arc  vivified  by  the  verb,  which  pronounces  their 
existence  to  be  a truth.  Thus  John,  existing,  good, 
loving,  are  all  perfectly  intelligible  as  conceptions  of  the 
mind;  yet  so  long  as  they  stand  alone,  we  see  not  what 
use  is  to  be  made  of  them  in  reasoning : but  let  us  in- 
troduce the  verh,  and  a truth  immediately  Jlmcs  from 
the  mind,  whence  possibly  some  etymologists  might 
derive  pupa,  the  verb,  and  reor,  to  think,  from  pita,  to 
How.  Thus  wc  say,  John  exists,  John  is  good,  John 
loves,  and  each  of  these  assertions  at  once  takes  the 
form  of  a truth,  and  becomes,  as  will  be  hereafter 
shown,  the  germ  and  seed  of  other  truths  in  the 
mind. 

e Ta  assertion  belong  affirmation  and  negation.  We 
declare,  that  conceptions  exist,  or  that  they  do  not 
exist;  and  the  one  of  these  excludes  the  other.  A 
thing  cannot  be,  and  not  be  at  the  same  time ; but  as 
there  are  certain  conceptions,  which  are  the  opposites 
of  each  other,  so  affirming  the  one  is  denying  the  other. 
To  say  that  black  is  white,  is  therefore,  in  common  par- 
lance, to  utter  a gross  and  palpable  untruth. 

Neither  affirmation  nor  negation,  however,  is  always 
positive.  The  mind  contemplates  some  truths  as  ac- 
tual, that  is  to  say,  it  conceives  the  subjective  truth 
within  itself  to  be  certainly  agreeing  with  the  objective 
truth  in  the  nature  of  things,  and  therefore  pronounces 

1 unhesitatingly  and  distinctly  upon  its  existence ; but  of 
other  subjective  truths  it  secs  no  objective  counterpart, 
and  therefore  pronounces  them  not  actual, but  probuble, 
or  merely  possible.  On  this  distinction,  in  great  mea- 
sure, depends  what  is  called  the  mooti  of  verbs. 

Again,  wc  assert  truths  either  with  or  without  re- 


ference to  the  time  in  which  wc  speak.  When  we  intredt*. 
speak  with  such  reference,  that  is  to  say,  when  we  tyvy  Sec- 
gpeak  of  particulars,  we  are  necessarily  compelled  to 
distinguish  the  present  from  the  past  and  future  ; and 
hence  the  origin  of  tenut.  When  we  assert  any  thing 
of  ideas,  we  speak  of  a truth  ever  present,  and  there- 
fore we  use  the  present  tense  in  its  purest  form.  Thus, 
when  we  say  John  is  good,  wc  imply  a possibility  that 
he  might  at  some  other  time  be  bad ; and  when  we 
say  John  is  writing,  we  imply  a certainty  that  he  was 
not  writing  at  some  previous  time,  and  will  not  be 
writing  at  some  future  time ; but  when  we  say  two 
and  two  are  four,  we  not  only  assert  a truth  of  to-day, 
or  of  this  year,  or  of  this  century,  but  a truth  which 
must  be  ever  present  since  we  cannot  conceive  it  ever 
to  have  beginning  or  ending.  This  remark  is  sufficient 
to  show  that  those  grammarians  are  in  error,  who 
make  the  signification  of  time  a necessary  charac- 
teristic of  the  verb. 

In  whatever  way  we  assert  any  thing,  the  assertion  The 
is  a declaring  of  some  truth,  real  or  supposed ; it  is  a sedre  in 
propounding,  or  showing  forth  the  existence  of  the  “*ert*wa* 
truth,  or  in  the  lanpaage  of  logicians,  it  is  enunciating 
a proposition.  This  is  not  done  by  a peculiar  word,  as 
for  instance  the  word  be ; but  by  the  form  of  the  word ; 
for  the  word  be,  in  some  of  its  forms,  a»i  to  be,  and 
being , is  a simple  conception ; and  so  are  the  words 
love,  hate , xcalk,  sing,  and  indeed  all  others  which  may 
be  used  as  verbs.  Mr.  Tooke  therefore  was  very  accu- 
rate, as  far  as  regards  words,  in  saying  that  the  verb 
was  “ a noun,  and  something  more ;"  but  when  toward 
the  end  of  his  book,  he  came  to  consider  what  that 
“ something  more"  was,  he  found  himself-  entirely  at 
a loss,  and  was  forced  to  break  ofT  abruptly  ; since  the 
just  solution  of  the  difficulty,  as  wc  conceive,  would 
nave  overturned  the  whole  system,  which  lie  had 
laboured  throughout  two  ponderous  volumes,  to  erect ; 
it  would  have  shown  the  mind  of  man  to  be  an  active 
intelligence,  not  only  in  forming  conceptions,  but  in 
uttering,  declaring,  propounding,  asserting  them  to 
be  truths. 

This  discovery  would  have  been  still  more  fatal  to 
Mr.  Tooke’s  grammatical  system,  had  it  been  more  fully 
developed ; for  when  we  come  to  ask  how,  and  in  what 
various  ways,  a truth,  or  to  speak  in  the  phrase  of  logi- 
cians, a judgment,  is  asserted,  we  shall  find  that  this 
depends  entirely  on  the  different  kinds  of  conceptions  ; 
and,  as  we  have  already  seen,  these  kinds  are  produced 
by  different  acts  of  the  mind  ; whereas  Mr.  Tooke  treats 
them  all  as  of  one  kind  only,  ami  all  as  received  by  the 
mind  from  passive  impression. 

We  assert  then,  either  existence,  or  action.  If  the  Existent 
former,  we  cither  assert  it  simply  of  a conception,  as  »*vd  actio*. 
“ God  exists  or  we  assert  it  conjointly  of  two  con- 
ceptions, which  are  of  a nature  to  exist  together,  as 
the  substance  with  its  attribute,  or  the  whole  with  all 
its  parts,  or  the  universal  with  the  particular.  Thus 
we  say  “ God  is  good,"  **  two  and  two  are  four,"  “ gra- 
titude is  a virtue,"  If  we  assert  an  action,  we  must 
consider  it  either  as  proceeding  from  its  cause,  or  as 
received  by  its  passive  object,  that  ts  to  say,  wc  must 
employ  either  the  active  or  the  passive  verb;  and  which 
ever  we  employ  primarily,  we  must  (if  such  be  the  na- 
ture of  the  action)  add  the  other  secondarily.  There 
are,  indeed,  actions  which  rest  in  their  causes;  and  the 
verbs  expressing  these,  whetlier  active  or  passive,  in 
construction,  are  really  of  the  kind  called  neuter,  or 
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fifammnr  Intransitive,  such  as,  “ to  rejoice  * “ to  sing,*  and  the 

DatuGiMO.  A truth  85 scried  leads  to  a further  truth,  by  that 
faculty,  which  Shakespeare  calls  “ discourse,"  from  the 
ancient  scholastic  and  accurate  term  disarms.  Hence 
that  beautiful  and  philosophic  passage — 
lie  that  maiie  u*  *>HI»  auch  largr  ditamne, 

Looking  before  •in!  after,  pure  us  not 
Tluit  capability  and  godlike  irmuci, 

*J'o  rust  in  us  unused. 

Tltis  faculty,  for  want  of  a better  term,  we  shall  call 
deduction.  It  arises  from  the  comparison  of  truths; 
and  as  that  comparison  refers  to  something  common  to 
both  the  truths  compared,  the  consequence  or  inference 
to  be  drawn  is  always  of  the  nature  of  a particular,  un- 
der some  universal  expressed  or  understood.  Of  the 
forms  of  deduction,  the  most  perfect  is  the  syllogism ; but 
the  whole  force  of  the  syllogism  depends  on  the  anieer- 
sal  conception  which  it  involves.  ill  the  enthymeme, 
which  is  an  imperfect  syllogism,  the  universal,  though 
not  expressed,  is  understood.  It  is,  therefore,  dear, 
that  the  modes  by  which  one  truth  is  deduced  from  an- 
other, imply  a power  in  the  mind  beyond  that  of  merely 
receiving  impressions.  The  deduction  may  be  made 
from  hypothetical  premises.  Hence  arises  a further 
explanation  of  the  use  of  moods  in  the  verb.  Wc 
assert  a truth,  not  as  actual,  but  as  possible,  and  the 
consequence  which  we  deduce  becomes  a contingency, 
necessarily  following  from  the  premises,  but  not  neces- 
sarily true,  because  the  premises  themselves  are  not 
necessarily  so. 

Beiltw.  Thus  have  we  enumerated  the  three  faculties  which 
go  to  the  making  up  of  the  reasoning  power,  and  which 
are  conception,  assertion,  and  deduction,  answering 
to  the  simplex  appre/tauio,  judicium , and  discursus 
of  the  logicians.  All  continued  exercise  of  reason 
resolves  itself  into  a repeated  exertion  of  these  facul- 
ties ; and  the  only  difference  is,  that  the  truths  pro- 
duced by  one  deduction  serve  to  enlarge  or  improve 
the  conceptions  winch  are  employed  in  framiug  other 
assertions  and  deductions. 

Secondary  Hitherto  we  have  had  occasion  to  notice  only  those 
p»ti»  oi  operations  of  the  miiu),  as  giving  birth  to  the  primary 
opeccb.  parts  of  speech,  the  noun  and  verb,  the  substantive 
and  adjective,  the  pronoun  and  the  participle,  which 
are  in  most  cultivated  languages  distinguished  from  the 
adverb,  the  conjunction,  and  the  preposition,  by  being 
subject  to  inflection  or  change  of  form,  either  in  the 
beginning,  the  middle,  or  the  end  of  the  words  by 
which  they  are  expressed.  This  latter  circumstance, 
however,  is  merely  accidental,  and  with  respect  to  the 
essential  difference  of  the  adverb,  conjunction,  and 
preposition,  from  the  other  parts  of  speech  before  men- 
tioned, we  must  repeal  what  we  have  before  stated, 
that  the  mind  contemplates  truths  at  first  in  the  mass, 
and  then  by  reflection  breaks  down  that  mass  into 
certain  portions  which  again  are  subdivisible ; so  that 
in  asserting  one  truth,  we  cast  as  it  were  a rapid 
glance  over  the  subordinate  branches  of  which  it  is 
composed ; us  in  viewing  the  whole  beauty  and  pro- 
portion of  the  Apollo  Belvidere,  we  sec  at  once  the 
graceful  turn  of  the  head,  the  animated  advance  of  the 
arm,  and  the  receding  of  the  opposite  foot ; or  as  in 
contemplating  the  agonised  frame  of  tlie  Laocoon,  the 
two  sons  with  the  folds  of  the  serpents  which  twine 
around  them,  occnpy  a secondary  place  in  the  imagi- 


nation. When  we  come  to  develop  these  secondary  hnutduc- 
parts  of  the  composition,  wc  find  in  them  the  same  lory  jwc- 
principles  of  unity  and  connection,  as  in  the  general  ***“• 
outline  of  the  whole  groupc : and  so  it  is  with  the 
subordinate  parts  of  a sentence ; which  arc,  if  we  may 
use  the  expression,  truths  within  truths,  assertions 
within  assertions.  Thus  even  the  long  and  flowing 
sentences  of  Miltons  prose  are  each  reducible  either  to 
an  assertion,  or  at  most  to  a deduction,  as  their  ground 
work  ; but  upon  that  ground* work  arc  built  many 
other  assertions,  which  are  assumed,  though  not  for- 
mally stated  as  such.  Each  adverb,  each  conjunc- 
tion, each  preposition,  contains  such  subordinate  as- 
sertion, and  of  course  involves  a conception;  it  is 
therefore  true,  that  these  parts  of  speech  ultimately 
resolve  themselves  into  nouns  and  verbs — ultimately, 
we  say,  but  in  the  first  glance  and  motion  of  the  mind, 
as  it  were,  they  only  appear  in  their  secondary  cha- 
racter, as  helps  and  expletives  to  the  principal  words 
in  the  sentence. 

The  passions  must  not  be  overlooked,  in  considering  Ptnkxu. 
the  mind  in  it*  relation  to  language.  It  often  happens 
that  an  abruptness,  a transposition,  and  that  which 
might  be  called  an  irregularity,  if  we  referred  only  to 
the  operations  of  reason,  become  appropriate,  and  even 
necessary  forms  of  speech,  when  the  mind  is  under  the 
influence  of  passion.  The  reasoning  powers  are  then 
disturbed  and  imperfect;  the  emotions  become  inordi- 
nate, the  will  obtains  a preternatural  force.  Hence 
arises  the  interjection , which  some  grammarians  have 
refused  to  reckon  among  the  part*  of  speech;  but  their 
refusal  is  vain  : so  long  a*  there  are  men  with  human 
passions  and  uffections,  there  will  be  interjections  in 
their  speech,  words  which  stand  out  from  the  rest, 
very  significant  of  emotion  though  not  of  conception, 
defying  all  rules  of  construction  and  arrangement,  be- 
cause such  rules  bear  reference  principally  to  the  power 
of  reason,  which  is  suspended  or  superseded,  when- 
ever passion  produces  the  animated  and  expressive  in- 
terjection. Passion,  too,  has  given  birth  to  what  wc 
commonly  (though  not  always  very  appropriately)  call 
the  imperative  mood.  When  Esau  says,  “ Bless  me, 
even  me  also,  oh,  my  father!*  We  feel  the  earnest- 
ness of  the  prayer,  widely  different  as  it  is  from  a 
command.  Again,  this  same  example  shows  us,  that 
the  vocatixe  case  of  the  noun  is  of  similar  origin.  44  Oh, 
my  father,”  is  a strong  expression  of  passion ; but  it  is 
totally  dissevered  in  construction  from  the  enunciation 
of  any  truth,  and  has  nothing  to  do  with  any  operation 
of  reason.  Many  other  forms  and  modes  oi  speech 
take  their  character  from  passion ; a*  may  be  particu- 
larly observed  of  the  interrogative,  so  often  the  result 
of  an  eager  desire  to  know  the  very  fact,  which,  it 
may  be,  we  fear  and  tremble  to  assert. 

It  is  lobe  observed , that  all  the  exercises  of  all  the  Condurfou. 
human  faculties  may  be  clear  or  obscure,  distinct  or 
confused.  Our  very  consciousness  may  be  that  of 
mere  dotage,  our  feelings  may  be  blunted,  our  will 
wavering  and  undetermined,  our  conceptions  vague, 
our  assertions  doubtful,  our  deductions  uncertain,  our 
passions  a chaos.  It  has  been  elsewhere  said,  that 
“ the  thousand  nameless  affections,  and  vague  opinions, 
and  slight  accidents  which  pass  by  us  4 like  the  idle 
wind,’  are  gradations  in  the  ascent  from  nothingness  to 
infinity;  these  dreams  and  shadows,  and  bubbles  of 
our  nature,  are  a great  part  of  its  essence,  and  the 
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Gramaur.  chid’  portion  of  it*  harmony,  and  gradually  acquire 
strength  and  firmness ; and  pam,  by  no  perceptible 
steps,  into  rooted  habits  and  distinctive  characteristics." 
Still  the  channels  in  which  the  stream  of  mind  Howst 
so  long  as  it  has  any  current,  remain  always  the  same  : 
the  mental  faculties  which  we  exercise,  so  long  as  we 
can  exercise  any,  are  subordinated  to  the  same  laws, 
and  display  themselves  in  the  same  manner.  Hence 
speech  is,  in  all  nations,  necessarily  formed  on  the 
.same  principles;  and  though  no  one  language  was  ever 
constructed  artificially,  yet  it  is  astonishing  how  dis- 
tinctly all  present  the  traces  of  the  same  mental  powers, 
ojHiTating,  in  the  same  manner,  on  materials  so  ex- 
ceedingly different. 


CHAFFER  1. 

Or  UNIVERSAL  GRAMMAR. 

The  general  view  which  we  have  taken  of  the  human 
mind,  appeared  to  us  to  be  indispensiblc  toward  a right 
understanding  of  what  we  shall  have  to  say  of  Gram- 
mar, or  the  science  of  language ; for  as  we  consider 
language  to  be  a signifying  or  showing  forth  of  the 
mind,  it  would  have  been  impossible  for  us  to  have  ren- 
dered ourselves  intelligible,  in  explaining  the  laws  or 
modes  of  signification,  had  we  not  first  stated  what 
we  understood  to  be  the  nature  of  the  thing  signified. 
Gradations  In  different  languages  there  are  some  things  acci- 
©f  tcieucc.  dentally  different,  and  some  things  essentially  the 
same.  It  has  been  owing  to  accidental  circumstances 
in  the  history  of  mankind,  for  instance,  that  the  name 
of  the  Universal  Creator,  among  the  Jews,  was  Jthm  uh ; 
that  it  is  in  France  Dim , and  in  English  God;  and  that 
the  Latin  words  loam  tenmt  came  to  be  changed  into 
the  Italian  word  luogotenentc,  the  French  lieutenant , 
and  the  English  word,  which  we  spell  like  the  French, 
but  pronounce  lef tenant.  It  is  also  by  accident,  that 
the  word  luogotenentc  signifies,  in  some  parts  of  Italy, 
the  civil  magistrate  of  a small  community  ; that  in 
France  and  England  the  word  lieutenant  expresses 
various  ranks  in  the  military  and  marine  services  ; and 
that  in  Ireland  it  is  applied  to  the  vice-roy,  or  chief 
representative  of  the  sovereign.  On  the  other  hand  it  is 
owing  to  causes  which  exist  more  or  less  permanently 
in  human  nature,  that  in  the  sounds  uttered  as  lan- 
guage by  an  Esquimaux,  a Hottentot,  or  a Chinese, 
theTe  arc  certain  qualities  common  to  them  with 
the  eloquent  voices  of  a Cicero  or  a Demosthenes. 
Though  their  articulations  vary  in  many  respects,  they 
all  articulate ; and  the  nations  that  whistled  like  birds, 
or  hissed  like  serpents,  never  existed  hut  in  the  inven- 
tions of  ilic  same  sort  of  travellers,  as  those  who  told 
of  Cynocephali  and  Cyclops,  and  of  men  who  sheltered 
their  whole  body  while  they  slept,  by  the  shade  of  one 
enormous  foot.  How  far  the  laws  of  sound  and  ges- 
ture are  common  to  mankind,  it  is  not  possible,  at 
least  it  is  not  easy,  to  determine  a priori ; these  laws, 
therefore,  we  cannot  consider  in  the  lightof  pure  science; 
they  form  general  Grammar,  but  not  universal. 

We  come,  however,  in  the  contemplation  of  our 
subject,  to  a part  of  it,  which  is  universally  applicable, 
and  univeraallv  true.  Cicero  or  Demosthenes,  Plato 
or  Newton,  t)ante  or  Shakspeare,  might  express 
sublimer,  bolder,  clearer,  lovelier  thoughts  than  men 
of  a common  stamp,  but  they  could  only  express  them 


according  to  the  laws  by  which  every  human  mind  Cl»»p.  I. 
must  necessarily  act  in  conceiving  and  uttering  thought. 

Here  then  we  arrive  at  Unkersa!  Granonar,  at  the  pure 
science,  which  places  this  part  of  knowledge  on  an  im- 
moveable basis,  renders  it  demonstrable  and  certain, 
and  connects  it  with  that  truth,  which  is  one  and 
uniform  through  all  ages,  and  which  rashness  and  ig- 
norance perpetually  assail,  but  can  never  subdue. 

It  is  far  from  our  intention  to  assert,  that  Unkertal  Writers. 
Grammar  has  been  hitherto  so  successfully  cultivated, 
as  to  leave  to  future  investigators  no  hope  of  improving 
this  science.  Its  principles  have  certainly  been  no 
where  laid  down  with  that  happy  and  lucid  order,  which 
Has  rendered  Euclid's  Elements,  for  above  two  thousand 
years,  a text  book  in  geometry.  Much,  however,  has 
been  done.  The  ancient  Greek  and  Latin  writers  have 
traced  all  the  principal  paths  of  the  labyrinth,  and 
elegant  edifices  of  science  have  been  raised  in  modem 
times  by  such  writers  as  Sanctius,  Vosmus,  the 
writers  of  Port  Royal,  and  the  learned  and  amiable 
Harris.  The  last  of  these  writers,  as  being  not  only 
most  familiar  to  the  English  reader,  but  most  rich  in 
ancient  authorities  confirmatory  of  his  system,  we  shall 
follow  ns  our  principal,  though  not  sole  guide,  in  the 
present  chapter. 

“ Those  things  which  are  first  to  nature,'*  says  Onlrr  of 
Harris,  “ are  not  first  to  man.  Nature  begins  from  study, 
causes,  and  thence  descends  to  effects.  Human  per- 
ceptions first  open  upon  effects,  and  thence  by  slow 
degrees  ascend  to  causes."  And  this  is  well  illustrated 
by  Ammoniiis  with  reference  to  speech : “ Even  a child," 
says  he,  “ knows  how  to  put  a sentence  together,  and  to 
say  Socrates  valketh  ; but  how  to  resolve  this  scntcnco 
into  a noun  and  a verb,  and  these  again  into  syllables, 
and  syllables  into  letters,  here  he  is  at  a loss."-  Hence 
we  may  see,  that  by  the  very  constitution  of  our  nature 
the  most  complex  things  are  most  familiar  to  us,  that 
the  most  general  laws,  by  the  very  reason  that  they  am 
most  general,  and  most  constantly  in  action,  become 
habitual  to  us  without  our  reflecting  upon,  and  con- 
sequently without  our  understanding  them.  We  con- 
form to  the  complex  and  intricate  laws  of  vision,  we 
judge  of  distances  and  magnitudes  by  the  angles  which 
objects  subtend,  and  yet  during  a great  part  of  our  lives 
we  have  not  the  most  distant  suspicion  that  any  such 
things  as  angles  exist,  nr  that  they  arc  subtended  on 
the  retina;  nay,  ninety-nine  men  out  of  a hundred,  and 
probably  a much  greater  proportion,  exercise  the  power 
of  vision  throughout  their  whole  lives,  without  so  much 
as  wasting  a thought  on  its  laws.  So  it  is,  in  regard  to 
speech,  All  men,  even  the  lowest,  can  speak  their 
mother  tongue ; yet  how'  many  of  this  multitude  can 
neither  write  nor  read ; how  many  of  those  who  read 
know  nothing  eren  of  the  grammar  of  their  own  lan- 
guage ; and  Jtow  many  who  have  been  instructed  so 
far,  have  never  studied  Universal  Grammar!  In  this 
science,  as  well  as  in  all  other  things,  the  observation 
which  we  have  above  made,  holds  true ; namely,  that 
human  perceptions  open  first  upon  effects,  and  thence 
ascend  to  causes.  Men  first  notice  the  practice 
of  speech,  as  the  exercise  of  some  natural  faculty, 
which  proceeds,  as  it  were,  spontaneously  from  the  wisfr 
of  communicating  their  thoughts  and  feelings.  By 
and  bye  they  obsprve,  that  this  faculty  operates  partly 
from  sudden  impulses,  and  gives  birth  to  expressions 
not  easily  to  be  analysed  into  any  component  parts,  as 
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(ii  uimiar.  in  the  ejaculations  of  Philoctetes,  which  fill  up  many 
lines  of  the  Grqek  tragedy,  representing  his  sufferings; 
and  that  on  the  other  hand,  it  is  in  far  greater  part  the 
result  of  thought,  and  distinguishable  into  portions  se- 
parately intelligible.  Ever)'  discourse,  however  long, 
consists  of  sentences.  These  are  combinations  of  speech 
which  are  obvious  to  all  persons ; and  therefore,  before 
we  proceed  to  analyse  speech  any  further,  it  may  be  use- 
ful to  observe  the  different  kinds  of  sentences ; but  our 
analysis  must  not  stop  there ; for  it  is  equally  obvious, 
that  sentences  consist  of  m>rdsf  and  that  every  word  has 
some  separate  force  or  meaning.  Here,  however,  the 
power  ol  dividing  speech  into  significant  portions  ends ; 
for  though  words  are  made  of  syllables,  and  syllables  of 
letters,  yet  these  two  last  subdivisons  relate  wholly  to 
the  sound,  and  not  to  the  signification.  A syllable  or 
a letter  may  possibly  be  significant,  as  the  English  pro- 
nouns 1 and  Me ; but  then  they  become  words,  and 
are  so  to  be  treated  in  the  construction  of  a sentence. 
Words,  then,  are  the  primary*  integers  of  significant 
language ; but  these  may  be  distinguished  according  to 
their  separate  properties  and  uses,  into  two  or  more 
classes,  which  grammarians  call  parts  of  speech.  These 
parts  of  speech,  therefore,  we  shall  consider  separately, 
and  after  we  have  thus  exhausted  the  analytic,  or  dis- 
tinguishing method  of  treating  our  subject,  we  shall 
then  advert  to  the  synthetic,  or  the  laws  by  which  the 
parts  of  s|>eech  arc  combined  together,  and  which  gram- 
marians call  syntax. 

| 1.  Of  sentences. 

Sentence*.  A sentence  is  a number  of  words  put  together,  and 
obtaining  from  their  combination,  a particular  power 
of  enunciating  some  truth,  real  or  supposed,  absolute 
or  conditional,  or  else  of  expressing  some  distinct  pas- 
sion, together  with  its  object.  Sentences,  therefore,  are 
of  two  kinds,  according  as  they  are  directed  to  these 
two  different  ends. 

Fnimciatirc  The  cnunriattie  sentence  obtains  its  power  of  ex- 
mtuicdcck  pressing  fact  or  opinion,  by  the  connection  of  the  words 
of  which  it  is  composed ; for  Aristotle  observes  (what 
indeed  is  self-evident),  that“  of  those  words  which  are 
spoken  without  connection,  there  is  no  one  either  true 
or  false ; as  for  instance,  “ man” — **  white* — “ run- 
neth”— “ conquereth,"  But  let  us  put  together  only 
these  two  words — 

" Jc*u«  wept,” 

and  we  have  recorded  an  historical  fact  most  affecting 
in  itself,  and  furnishing  abundant  food  for  deep  and  in- 
teresting meditation. 

When  we  read  in  Shakspeare; 

41  The  quality  of  meTcy  U Dot  strained,” 

we  immediately  perceive  the  enunciation  of  a beautiful 
troth,  which  is  again  presented  under  an  expressive 
form  to  the  imagination  by  the  following  lines : 

44  It  droppetb  m the  gentle  rain  from  beaten 
Upon  the  place  beneath.” 

So  when  Milton  says  : 

■ ■ -.in  « in  the  soul 

Are  many  leaser  faculties,  which  serve 
Reason,  as  chief.” 

A truth  respecting  our  intellectual  (as  the  former  did 
our  moral)  nature  is  distinctly  asserted. 

This  kind  of  sentence  may  enumerate  many  particu- 
lars, all  bearing  on  one  point  of  time,  or  referring  to 


one  general  idea  : such  is  the  following  picturesque  de-  Chap.  I. 

J mention  of  what  presented  itself  to  young  Orlando 
when  in  pacing  through  the  forest,  chewing  the  cud  of 
sweet  and  bitter  fancy,  he  threw  his  eye  aside — 

44  Under  an  oak.  whose  boughs  were  moss'd  with  a^r. 

And  high  top  bald,  of  dry  antiquity, 

A wren  bed  rugged  man,  o'ergruwn  with  I Lair, 

Jjy  sleeping  on  his  back ; about  bis  neck, 

A green  and  gilded  snake  hud  wreath'd  itself, 

Wiin,  with  her  head,  nimble  in  threats,  approach'd 
The  opening  of  his  mouth  hul  suddenly 
Seeing  Orlando,  it  unlink'd  itself. 

And  w ith  indented  glides,  did  slip  away 
Into  a bush;  under  which  hush’s  shade 
A lioness,  with  udders  all  drawn  dry, 

Lay  coaching,  head  on  ground  with  cat-like  watch. 

When  tlut  the  sleeping  man  should  stir.” 

Such  also  is  the  following  argumentative  sentence  in 
Bishop  Taylor’s  Sermon  on  the  Duties  of  the  Tongue, 
urging  the  Christian  office  of  administering  consolation 
to  the  afflicted : 

14  Cod  hath  given  ns  speech,  and  the  endearments  of  society, 
and  ptcatanUieu  of  conversation,  and  powers  of  seasonable  discourse, 
arguments  to  allay  the  sorrow  by  abating  our  apprehensions ; and 
taking  out  the  sling,  or  telling  the  periods  of  comfort,  or  exciting 
hope,  or  urging  a precept,  and  reconciling  our  affections,  and  re- 
citing promises,  or  telling  stories  of  Ui«  Divine  mercy,  or  cluuigiug 
it  into  duty,  or  making  the  burden  less  by  comparing  it  with  greater, 
or  by  proving  it  to  be  less  than  we  deserve,  ami  thatlt  Is  so  intended 
and  may  become  the  imtrunsrnt  of  virtue.” 

The  enundative  sentence  easily  becomes  interroga-  i„tCrroga- 
tive.  For  the  same  fact  which  is  simply  asserted  may  tive. 
be  stated  as  beyond  the  sphere  of  the  speaker’s  know- 
ledge, or  as  being  doubted  by  him,  aud  desirable  to  be 
known.  This  is  commonly  effected  in  language  by  a 
slight  transposition  of  the  words,  sometimes  by  a mere 
change  of  accentuation.  As  in  Sterne's  celebrated 
sermon,  41  We  trust  that  we  have  a good  conscience.” — 

44  Trust  that  we  have  a good  conscience  F Again,  by 
transposing  the  lines  above  quoted,  we  make  them  in- 
terrogations. 

Is  Dot  the  quality  of  merry  strained  5 
Droppcth  it  os  the  gentle  rain  from  heaven? 

But  it  is  to  be  observed,  that  as  some  degree  of  emo- 
tion is  implied  in  the  very  nature  of  an  interrogation, 
so  it  is  often  used  by  the  poets,  orators,  and  others,  to 
give  life  and  animation  to  their  style,  although  no 
doubt  exists  in  their  mind  or  that  of  their  hearers; 
and  the  matter  which  is  questioned  in  point  of  form,  is 
meant  to  be  asserted  in  point  of  fact  Thus  when  the 
poet  says — 

who  to  dumb  forgetfulness  a prey, 

Tlds  pi  rasing,  anxious  beiug  e'er  resign'd ! 

he  means  positively  to  assert  that  no  one  ever  quitted  life 
with  indifference.  The  humourous  speech  of  Fal staff, 
when  personating  the  king,  illustrates  our  observation. 

44  Shall  the  blcsscn  sun  of  heaven  prove  a nuchcr,  and  eat  black- 
berries 1 A question  not  to  he  asked.  Shall  the  sun  of  England 
prove  a thief  and  take  purses  ? A question  to  be  asked. 

Again,  the  enunciativo  sentence  may  be  conditional  Conditional, 
or  contingent ; that  is,  it  may  be  placed  in  dependence 
on,  or  in  counterbalance  against  some  other  truth ; as 
in  Macbeth — 

If  it  were  done,  when  'tii  done,  then  'twere  well 
It  were  done  quickly.— 

Or  in  Hamlet — 

• Duller  slionld'st  thoa  be  than  the  fat  weed 

That  rots  itself  ut  ease  by  lathe's  streaio. 

Would*!  thou  not  stir  in  this. — — 
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(•rata  mar.  Or  again  in  Macbeth,  where  the  contingency  takes 
place  in  spite  of  obstacles  which  might  be  supposed 
capable  of  preventing  it : — 

Hiouifh  Pi  main  wood  be  come  to  Dununane, 

A im!  tli'llo  oppos’d  being  of  no  woman  bora. 

Vet  w ill  I iry  llie  lasL 

r« n» innate  In  all  these  and  similar  instances,  the  enunciation  of  a 

wentetMca.  truth  is  the  immediate  object  in  view;  but  another  class 
of  sentences  owe  their  form  and  construction  solely  to 
some  passion , of  which  they  indicate  the  object.  And 
it  is  to  be  observed,  that  the  indication  of  an  object  of 
passion  is  essential  to  the  constituting  such  sentences 
as  these.  Thus,  when  the  Nurse,  in  Romeo  and  Ju- 
liet, on  finding  her  young  lady  dead,  cries  and  laments 
vociferously,  and  the  parents  enter,  asking  “ What 
noise  is  here?  What  is  the  matter?"  Her  answers, 
“ O lamentable  day!"  “ O heavy  day,"  are  not  sentences; 
for  though  they  plainly  show  the  grief  with  which  she 
is  agitated,  they  do  not  at  all  express  the  cause  or  ob- 
ject of  that  grief.  But  when  Hamlet  crips — 

Oh  ! that  this  too,  too  solid  flesh  would  melt, 

Thaw  and  resoKe  itself  into  a dew  ! 

we  perceive  a distinct  expression  of  the  wish  to  be  de- 
livered of  life,  as  burthensome  to  him.  The  sentence 
is  as  complete  and  grammatical,  and  much  more  poetic 
than  if  the  place  of  the  inteijection  O ! had  been  sup- 
plied by  a verb ; for  instead  of  an  impassioned  and 
beautiful  line,  it  would  have  been  perfectly  absurd,  if 
the  poet  had  said ; 

1 ttish  that  this  too  solid  flesh  would  melt ! 

We  may  observe  that  these  passionate  sentences, 
combine  quite  as  readily  as  the  enunciative  ones,  with 
dependent  sentences,  as  “ 0 1 that  I had  wings  like  a 
dove!  Then  would  I flee  away  and  be  at  rest;"  which 
implies  the  same  fact  as  the  sentence  14  If  I had  wings 
like  a dove,  I would  flee  away,"  &c. 

Active  cad  Sentences  of  the  passionate  kind  either  express  a 
punre.  passive  feeling,  as  admiration  and  its  contrary,  or  an 
active  volition,  as  desire  and  its  contrary.  Ot  the  for- 
mer kind, is  that  passageof  the  apostle,  “O!  the  depth 
of  the  riches  both  of  the  wisdom  and  knowledge  of 
GodT  and  the  line  of  Milton,  comparing  the  receptacle 
of  the  fallen  spirits  with  their  former  happy  seat — 

O!  bow  unlike  the  place  (tom  whence  they  fell! 

Those  sentences  which  express  desire  and  aversion  are 
commonly  expressed  by  the  mood  called  imperatix  e ; 
hut  they  as  often  imply  humble  supplication  or  mild 
intreaty,  os  authoritative  command.  Thus  the  poet  de- 
scribes Adam  gently  calling  on  Eve  to  awake — 

He,  w ith  voice 

Mild  as  when  Zephyrus  on  Flora  breathe*, 

Hrr  band  «ift  touching  whisper'd  thus  : avol.f 
My  fairest,  my  espous'd,  in>  Utrat  found, 

Heav'd'*  last,  best  gift,  my  ever  new  delight, 

Atrtke  f 

And  again,  when  our  first  parents  offer  up  in  lowly 
adoration  their  morning  orisons — they  say — 

Hail  universal  Lord  be  bounteous  still 
To  give  us  only  good ! 

Bnt  these  emotions  are  widely  different  from  others, 
expressed  in  the  same  form  of  sentence : as  when  king 
Henry  says  to  Hotspur — 

Arad  us  your  prisoners  by  the  speediest  mains. 

Or  you  shall  hour  from  us  in  swell  a sort 
Ab  r»J  displeuaa  yon. 

Or  when  Juliet  exclaim* 


Oatlup  apart*,  ye  fl'ry  footed  steed*. 

To  IJL tabus’  luamiuu ! 

Or  when  Macbeth  cries  to  the  ghost  of  Banquo— 

Avaunt ! and  quit  lay  sight 1 Lrt  the  earth  hide  tbfre! 

We  have  already  had  occasion  to  notice,  that  some 
sentence  s arc  simple,  and  others  complex.  We  have 
only  to  add,  that  instances  occur  in  which  a sentence 
is  manifestly  left  imperfect,  and  that  with  great  beauty, 
as  in  the  well  known  line  of  Virgil : 

Qmu  ego  —sod  motos  pnatat  cxunponrrr  fluctos. 

And  so  Satan  first  addresses  Beelzebub,  in  the 
opening  of  the  Paradise  Lost ; 

1/  Chwi  be' it  he — but  oil ! bow  chang'd , how  (alien ! 

In  both  these  cases,  the  words,  though  not  in  them- 
selves fully  and  clearly  expressive  of  the  thought  which 
wc  may  suppose  to  be  in  the  speaker's  mind,  are  yet 
not#wholly  unconnected,  and  therefore,  show  at  once 
that  they  arc  parts  of  sentences  which,  indeed,  it  would 
be  easy  for  the  reader  to  fill  up  in  his  own  imagination. 

Mr.  Ha  KRis  distinguishes  sentences  into  two  classes, 
a*  we  have  done  above ; only  he  gives  them  the  names 
of  sentences  of  assertion,  and  sentence*  of  volition. 

Other  writers  have  classed  them  somewhat  differently, 
but  yet  with  reference  to  similar  principles.  Thus 
Ammonius  states  that  there  are  four  kinds  of  sentences 
besides  the  onuncialive,  namely,  the  interrogative,  the 
optative,  the  deprecatory,  and  the  imperative;  but 
that  in  the  enunciative  alone  is  contained  truth  or 
falshood. 

We  have  observed,  that  sentences  are  composed  of  Arutotl*. 
words,  of  which  latter  every  one  has  some  meaning; 
and  this  agrees  with  the  definition  of  a sentedice  given 
by  Aristotle:  ervr^tr if  enjparriKrl,  Ifc  fvra  pcpij 

caff  herd  wypatw  n.  We  may  observe  also,  that  these, 
distinctions  were  familiar  to  the  old  grammarians;  and 
hence  Priscian  observes,  that  the  parts  of  a sentence 
must  be  called  parts  with  reference  to  the  whole,  so 
that  in  a sentence  in  which  the  word  rirrs  occurs,  we 
must  not  divide  it  into  two  words,  ri  and  ret,  though 
these  might  be  significant  in  another  sentence;  because 
in  the  former  case,  they  would  have  no  signification 
with  reference  to  the  whole  sentence.  But  again,  as 
sentences  are  made  up  of  words,  there  must  be  some 
rules  for  constructing  them,  and  these  rules  must  de- 
pend on  the  species  of  words  which,  as  we  have  ob- 
served, are  commonly  called  by  grammarians,  the  parts 
of  speech;  our  next  enquiry,  therefore,  must  be,  how 
those  species  are  to  be  distinguished,  or  by  what  rule 
they  are  to  be  distributed  into  classes. 

S % Of  tie  parts  of  speech. 

Some  principles  of  classification  are  better  ti&n  Pam  uf 
others.  It  is  not  sufficient  that  we  comprehend  all  our 
notions  on  a given  subject,  under  certain  heads ; but 
we  must  be  prepared  to  show,  why  wc  choose  those 
heads  rather  than  others.  If  we  are  right  in  our  no- 
tion of  pure  science,  it  will  guide  us  to  the  proper 
choice,  among  these  various  modes  of  treating  the 
same  subject.  It  will  present  to  us  one  idea,  which 
masters  and  directs  nil  the  others,  and  will  show  us 
how  the  subordinate  ideas  proceed  from  this  common 
root. 

It  is,  however,  necessary  first  to  explain  what  wc  Classing 
mean  by  different  classes  of  words.  Take  the  following  word*, 
sentence  : 


Chap.  L 


Imperfect 

•etileucr*. 


Hun*. 
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Gfrnnmur.  The  nun  that  hath  no  rotuic  in  himself, 

i And  ii  not  fill’d  with  concord  of  tweet  touncU, 

1*  lit  for  trcawHi*— 

Here  we  know  that  various  grammatical  writers  call 
the  word  the  an  article ; man,  music,  concord,  and 
sounds,  substantives,  or  nouns  substantive ; no,  sweet, 
and  fit,  adjectives,  or  nouns  adjective ; that,  and  him- 
self, pronouns:  hath  and  is,  verbs;  moved,  a participle; 
not,  ait  adverb:  and , a conjunction ; in,  uith,  and  for, 
prepositions. 

Varlam  The  first  question  that  occurs  to  us  is,  whether  these 

opinion*,  classes  themselves  are  all  recognised  in  all  languages, 
and  by  all  grammarians  ? And  a very  little  experience 
will  show  us  that  they  are  not.  The  same  thing  has 
happened  in  Grammar,  which  has  happened  in  all  other 
sciences.  Some  authors  have  divided  speech  into  two 
parts,  some  into  three,  four,  and  so  on  to  ten  or 
twelve.  Others  again  have  made  their  division  depend 
on  the  supposed  utility  of  words;  others  on  their 
variation  ; others  on  the  external  objects  to  which  they 
refer,  and  others  on  the  mental  operations  which  they 
express.  On  this  point,  it  is  worth  while  to  hear  what 
Quintilian  says,  in  the  fourth  chapter  of  his  first 
book — '4  On  the  number  of  the  parts  of  speech,  there  is 
but  little  agreement.  For  the  ancients,  amongst 
whom  were  Aristotle  and Tiieo duct es,  laid  it  down, 
that  there  were  only  verbs  and  nouns,  and  corabina- 
lives  ( conduct  tones ) intimating  that  there  was  in  verbs 
the  force  of  speech,  in  nouns  the  matter  (because  what 
we  speuk  is  one  thing,  and  what  we  speak  about  is 
another),  and  that  the  union  of  these  was  effected  by 
tike  combi  natives,  which  1 know  most  persons  call  con- 
junctions ; but  l think  the  former  word  answers  better 
to  the  original  Greek  nr&cuof.  By  degrees  the  phi- 
losophers, and  particularly  the  stoics,  augmented  the 
number ; and  first,  they  added  to  the  combinative  the 
article,  then  the  preposition.  To  the  noun  they  added 
the  appellative,  then  the  pronoun , and  then  the  partici- 
ple, being  of  a mixed  nature  with  the  verb ; and  finally 
to  the  verb  itself,  they  subjoined  the  adverb.  Our 
(Latin)  language  does  not  require  articles,  and  there- 
fore they  are  scattered  among  the  other  parts  of 
speech ; bat  we  have  added  to  the  others  the  inter- 
jection. Some  writers  of  good  repute,  however,  follow 
the  doctrine  of  the  eight  parts  of  speech,  as  Aristar- 
chus, and  in  our  own  day  Palamon,  who  have  ranked 
the  vocable,  or  appellative  under  the  noun,  as  one  of  its 
species ; whilst  those  who  divide  it  from  the  noun,  make 
nine  parts.  Again  there  are  others  who  divide  the 
vocable  from  the  appellative,  calling  by  the  former 
name  all  bodies  distinguishable  by  sight  and  touch,  as 
a bed , or  a house,  and  by  the  latter  what  is  not  dis- 
tinguishable by  one  or  both  these  means,  as  the  Kind, 
heaven,  virtue , God.  These  last  mentioned  authors,  too, 
add  what  they  call  asseverations,  as  (the  Latin)  i/ru  / 
and  at  trad  at  ions,  as  (the  Latin)  jdsceatim  ; but  these 
distinctions  1 cannot  approve.  As  to  the  question 
whether  or  not  the  vocable  or  appellative  should  be 
called  trpomfyopla,  and  ranked  under  the  noun,  as  it  is 
a mattci  of  little  moment,  I leave  it  to  the  free  judg- 
ment of  my  readers.” 

Although  Quintilian,  who  only  touches  on  Gram- 
mar incidentally,  speaks  of  Aristotle  as  maintaining  that 
there  were  three  parts  of  speech,  yet  Varro  says  truly 
that  Aristotle  asserted  there  were  tvoo  parts  of  speech, 
the  verb  and  the  noun.  In  fact,  Aristotle,  in  his  book 


repi  cpjtTfrtiac,  treats  of  these  two  alone ; considering  Chap.  I. 
that  of  then* is  made  n perfect  sentence,  as  44  Socrates 
philosophises:*  and  therefore  Prisciav  says  “ the 
parts  of  speech  are,  according  to  the  logicians,  two, 
vis.  the  noun  and  the  verb,  because  these  alone,  con- 
joined by  their  own  force,  make  up  a full  speech,  or 
sentence;  but  they  called  the  other  parts  svneatagorc- 
matics,  or  consignificants.  Priseian,  himself,  however, 
maintained  that  there  were  eight  parts  of  speech ; and 
he  seems  to  have  been  implicitly  followed  for  many 
centuries ; but,  though  it  is  of  little  consequence 
whether  wc  give  the  name  of  ]>arls  to  particular  divisions 
or  subdivisions,  it  is  of  great  ins  pc  ance  to  determine 
on  what  principle  speech  should  be  divided  and  sub- 
divided. 

Recurring,  therefore,  to  Hie  scnienco  above  quoted 
from  Shakspeare,  we  will  enquire  how  the  words  can 
be  grammatically  distinguished  : and  many  various 
modes  will  readily  present  themselves  : 

1.  It  may  be  observed  that  some  of  the  words  ad-  VtmMe 
mil  of  variation,  and  others  do  not.  Thus  man  may  be  ami  invtrl- 
varied  into  m ns  and  w»r« hath  into  have , hast , had,  and 

haring : sweet  into  sweeter,  and  sweetest , See.  and,  on 
the  contrary,  the  words  the,  in,  and,  not , Sec.  cannot  be 
altered.  But  this  is  manifestly  not  au  essential  dis- 
tinction, since  it  does  not  take  place  in  the  same 
maimer  in  all  languages ; but,  on  tne  contrary,  every 
language  is  distinguished,  more  or  less,  from  every 
other,  by  peculiar  modes  of  varying  its  words.  Thus  the 
Greek,  Hebrew,  Sanscrit,  and  Arabic  languages,  have  a 
variation  in  some  or  all  of  their  nouns  to  mark  the  dual 
number,  which  is  unknown  to  most  other  tongues.  So 
the  Greeks  and  Romans  varied  their  adjectives  by  the 
triple  change  of  gender,  number,  and  case  ; whereas 
the  English  never  vary  them  in  any  of  those  ways.  If 
then  the  distinction  of  variable  and  invariable  will  not 
answer  our  purpose,  let  us  look  for  some  one  that  is 
more  essential. 

2.  Having  considered  in  the  former  instance  the  Affective 
sound  of  the  word,  wc  shall  now  take  a distinction  “d  dUcvr- 
which  arises  from  its  signification.  Thus  M.  Beauzek  “***’ 
divides  the  parts  of  speech  into  two  classes,  of  which 

he  says  ♦«  the  first  includes  the  natural  signs  of  senti- 
ment,  the  other  the  arbitrary  siots  of  ideas : the  former 
constitute  the  language  of  the  heart,  and  may  be  called 
affective;  the  latter  ^belong  to  the  language  of  the  un- 
derstanding, and  arc  di'-curmrct*  It  is  manifest  that 
the  principle  of  this  distinction  is  universal,  because 
all  men  must  be  influenced  by  sentiment  and  under- 
standing, and  all  languages  must  find  some  means  of 
distinguishing  these  different  faculties  in  language. 

But  the  question  is,  whether  this  distinction  is  suf- 
ficient to  account  for  the  different  classes  of  words  : 
and  most  assuredly  it  is  not : for  though  there  are  some 
words  which  express  only  the  objects  of  sentiment,  and 
others  which  express  only  the  objects  of  knowledge, 
yet  there  are  many  which  express  both  together,  and 
many  which  directly  express  neither.  Nor  is  it  always 
sufficient  to  use  a word  of  one  class  in  order  to  con- 
vey either  an  emotion  or  a truth.  These  circumstance* 
more  frequently  depend  upon  the  combination,  than 
upon  the  distinction  of  words. 

3.  I^et  us  now  come  to  a third  distinction,  that  of  Object  tad 
the  Port  Royal  Grammarians,  who  say  “ the  greatest 
distinction  of  what  passes  in  otrr  minds,  is  to  say  that 

we  may  consider  in  it  the  objects  of  our  thoughts,  and 
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Grammar  the  form  or  manner  of  our  thoughts,  of  which  latter 
the  principal  is' reasoning  or  judging;  bu*  to  this  must 
be  added  the  other  movements  of  the  soul,  as  desire, 
command,  interrogation,  Ac."  This  again,  is  a distinc- 
tion universally  applicable  to  language  in  point  of  sig- 
nification: and  when  we  come  to  apply  it  to  existing 
languages,  it  will  he  found  sufficiently  accurate. 
Necessary  4.  But  it  has  been  observed,  that  this  may  be  done 
wur<)» ami  with  more  or  less  facility  and  dispatch;  and  that  some 
■btircvia-  words  are  absolutely  necessary  for  the  communication 
turns.  Qf  thought,  whilst  others  may  be  considered  as  aMre- 
tutftims,  in  order  to  make  the  communication  more 
rapid  and  easy;  as  a sledge  may  have  been  first  con- 
structed to  draw  along  heavy  goods,  and  may  have 
been  afterwards  placed  on  wheels  to  add  celerity  to  the 
motion.  Such  is  the  theory  of  Mr.  Hor s e Tookk,  and 
so  far  as  we  are  here  considering  it,  that  theory  is 
perfectly  just. 

Prim i|  *1  5.  The  words  which  are  necessary  for  communicating 

uid  accrt-  the  thought  in  any  given  sentence  with  the  utmost  siru- 
•of7-  plicity,  may  well  be  called  principals , and  those  which 
only  help  to  make  out  the  thought  more  fully  and  dis- 
tinctly may  be  called  accessories.  These  are  the  terms 
employed  by  Mr.  Harris,  and  consequently  his  theory 
so  far  coincides  with  that  of  Mr.  Tookc.  Mr.  Harris, 
however,  adds,  that  the  principals  are  significant  by 
themselves,  and  the  accessories  significant  by  relation : 
whereas,  Mr.  Tooke  says  that  the  necessary  words  arc 
signs  of  things,  and  the  abbreviations  arc  signs  of  ne- 
cessary words.  We  shall  hereafter  have  occasion  to 
enter  more  at  large  into  this  part  of  his  doctrine.  It 
is  sufficient  at  present  for  us  to  observe,  that  that 
doctrine  does  not  interfere  with  the  fundamental  prin- 
ciple of  classification  in  all  Grammars  which  deserve 
the  name ; that  is  to  say,  of  all  which  have  proceeded 
on  the  signification  of  words,  and  not  merely  on  their 
sound. 

Noun  and  Now,  that  principle,  in  whatever  terms  it  is  cloathed 
verb.  or  expressed,  is,  that  the  noun  and  the  x-erb  arc  the 
primary  parts  of  speech ; and  that  without  them, 
neither  can  a truth  be  enunciated,  nor  a passion  be 
expressed,  in  combination  with  its  object.  This  prin- 
ciple is  the  most  ancient.  It  boasts  the  support  of  the 
greatest  of  philosophers,  of  him,  whom  for  tnanv  ages, 
even  Christianity  recognised  by  the  title  of  “ the  divine," 
as  approaching  the  nearest  of  all  htnthrns  to  the  divine 
light  of  the  Gospel.  Plato,  in'  his  Dialogue  called 
the  Sophist,  having  most  profoundly  and  unanswerably 
argued  on  the  nature  of  truth,  thus  speaks  of  language : 
“ We  have  in  language  two  kinds  of  manifestation  re- 
specting existence,  the  one  called  nouns,  the  other  verbs. 
Wc  call  the  manifestation  of  action  a verb;  but  that  sign 
of  speech  which  is  imposed  on  the  agent  himself  a 
noun.  Therefore,  of  nouns  alone,  uttered  in  any  order, 
no  sentence  (or  rational  speech) . can  be  composed, 
neither  can  it  be  composed  of  verbs  without  nouns  ; 
thus  4*  goes,"  “ runs,"  “ sleeps,"  und  such  other  words 
as  signify  action,  even  though  they  should  all  be  re- 
peated in  succession,  would  not  make  up  a sentence. 
And  again,  if  any  one  should  say  **  lion,"  “ stag,” 
“ horse  " or  should  repeat  the  names  of  all  the  things 
which  do  the  actions  before-mentioned,  still  no  sen- 
tence would  be  made  up  by  all  this  enumeration ; for, 
neither  in  the  one  way,  nor*  in  the  other,  do  the  words 
spoken  manifest  any  real  action,  or  inaction,  or  declare 
that  any  thing  exists,  or  docs  not  exist,  until  the  verbs 


are  mixed  with  the  nouns.  Then,  at  length,  the  very  Cbap.  I. 
first  interweaving  of  them  together,  makes  a sentence,  --w' 
however  short ; thus,  if  any  one  should  say,  “ man 
learns,"  you  would  pronounce  at  once  that  it  was  a 
sentence,  though  as  short  a one  as  possible;  for  thru 
at  last,  something  is  declared  which  either  exists,  or  has 
been  done,  or  is  doing,  or  will  be  done;  and  the 
speaker  does  not  merely  name  things,  but  limits,  and 
marks  out  their  existence,  by  interweaving  verbs  with 
nouns,  and  then,  at  last,  wc  say  “ he  discourses, 
and  does  not  merely  recite  words."  The  only 
great  mime  that  for  nearly  2000  years  was  ever  brought 
into  competition  with  Plato's,  was  that  of  his  scholar 
Aristotle;  hut  Aristotle  also,  as  wc  have  already  seen,  Aristotle, 
agreed  with  Plato,  in  stating  the  noun  and  the  verb  as 
the  two  primary  parts  of  speech,  and  indeed  the  only 
ones  necessary  to  be  considered  in  the  formation  of  a 
simple  sentence.  In  other  parts  of  his  works,  looking 
at  the  composition  of  language  in  a more  general  point 
of  view,  he  enumerated  three  parts,  viz.  the  noun,  the 
verb,  and  the  connective;  and,  finally,  in  his  treatise 
on  Poetry,  c.  xx.  he  enumerates  two  parts  of  speech  as 
significant,  viz.  the  noun  and  verb ; and  two  as  non- 
significant, viz.  the  article  and  conjunction. 

The  doctrine  that  the  noun  and  verb  are  the  pri-  Previous 
mary  parts  of  speech,  is  incontestable.  Atollox  its,  wnsidcr*- 
the  grammarian,  calls  them  the  most  animated;  and  Uou* 
all  grammarians  concede  to  them,  at  least,  the  supe- 
riority over  all  the  other  parts  of  speech,  in  what- 
ever maimer  they  choose  to  account  for  their  pre- 
ference. We  are  not,  however,  inclined  to  adopt 
this,  as  the  first  step  in  our  methodical  arrange- 
ment ; because  wc  conceive  that  by  approaching  to  the 
most  general  idea  of  speech,  we  shall  find  it  easier  to 
reconcile  the  apparent  differences,  and  to  correct  the 
real  errors  of  the  different  grammatical  systems.  We 
have  already  defined  speech  to  be  the  language  of 
articulate  sounds ; and  language  to  be  any  intentional 
mode  of  communicating  the  mind.  Our  most  general 
idea  of  speech,  therefore,  is,  that  it  is  any  intentional 
mode  of  communicating  the  mind  by  articulate  rounds. 

Now  keeping  in  view  this  idea,  let  us  see  how  it  will 
apply  to  the  doctrines  of  those  grammarians  whom  we 
have  already  mentioned,  in  respect  to  the  mode  of  dis- 
tributing speech  into  its  parts. 

When  writers  of  any  eminence  advance  a particular  Combin*- 
doctrine,  we  may  generally  be  persuaded,  that  it  is  not 
wholly  destitute  of  foundation ; although,  from  the  tortt»* 
natural  partiality  that  men  have  for  their  own  thoughts, 
they  muy  probably  rank  such  doctrines  higher  than 
they  deserve.  All  the  different  theories  that  we  have 
here  noticed  are  true,  to  a certain  degree,  and,  by 
combining  them  together,  we  may  perhaps  attain  to  the 
best  and  clearest  view  of  our  subject. 

In  the  method  which  we  are  disposed  to  pursue,  we 
should  say,  that  the  principle  of  M.  Beaukee  first 
merits  attention.  There  arc  words  which  are  simply 
affective , namely,  interjections,  which  express  no  ope- 
ration of  reason  whatever;  all  Other  words  are  dis- 
cursive, inasmuch  as  they  may  be  employed  in  express- 
ing the  operations  of  reason  Again,  all  words  which 
are  employed  in  reasoning  must  be  considered,  with  . 
reference  to  the  sentence  in  which  they  are  so  employed, 
either  as  principals  or  as  accessories ; we  say  with  re- 
ference to  the  sentence  in  which  they  are  employed ; 
for  it  is  here  that  a great  error  is  often  committed  by 
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GmniMr.  grammarians.  They  seem  not  to  advert  to  the  circum- 
stance  that  speech  is  an  expression  of  the  mind,  when 
actually  engaged  in  some  operation.  .They  treat  words 
as  if  they  were  corporeal  substances,  cast  in  a mould, 
lor  use.  Now,  the  very  same  words,  that  are  principals 
in  one  sentence,  may  become  accessories  in  the  next. 
The  principal  words  in  a sentence  are  of  course  neces- 
sary for  the  communication  of  thought ; and  thus  we 
combine  the  principle  of  Harris  with  that  of  Tooke. 
We  cannot,  however,  communicate  what  we  do  not 
comprehend;  and  in  order  to  comprehend  any  thought, 
we  must  first  conceive  an  object,  and  then  either  assert 
something  respecting  it,  or  express  some  emotion  in 
connection  with  it.  Here,  therefore,  the  theory  of  the 
Port  Royal  grammarians  properly  buds  its  place; 
for  they  comprehend  alike  the  assertion  of  a truth  and 
llse  expression  of  an  emotion  under  the  word  “ the 
manner  of  thinking."  With  respect  to  the  v . who 
divide  words,  according  as  they  are  susceptible  of 
variation,  or  the  contrary,  although  it  is  true  that  such 
a quality  exists  in  the  words  of  most  languages,  yet 
we  have  shown  that  it  cannot  be  taken  into  consider- 
ation in  treating  of  Universal  Grammar,  being  a cir- 
cumstance merely  contingent  and  accidental. 

The  result,  therefore,  of  the  preceding  remarks,  is, 
that  wc  consider  speech  as  intended  to  communicate 
either  passion  or  reason ; when  it  communicates  mere 
passion,  without  any  precise  object,  it  supplies  the  part 
of  speech  called  the  interjection  ; when  it  communicates 
passion  and  at  tike  same  time  indicates  an  object,  it 
indirectly  reasons,  and  therefore  requires  the  same 
parts  of  speech,  which  are  required  in  leasoning.  Now 
the  parts  of  speech  required  in  reasoning  arc  cither 
such  as  are  necessary  to  form  a simple  sentence,  or  such 
as  serve  for  accessories,  in  order  to  give  complexity  to 
sentences;  but  a simple  sentence  cannot  be  formed 
without  a noun  and  a verb,  and  is  immediately  formed 
by  putting  a noun  and  a verb  together.  The  noun  and 
the  verb  then  are  the  necessary  parts  of  speech,  the 
former  serving  to  name  the  conception,  the  latter  to 
supply  in  reasoning  the  assertion,  or  in  passion  the 
emotion.  There  is,  however,  one  observation  very 
important  to  be  made  with  respect  to  the  necessary 
purls  of  speech,  namely,  that  every  verb  involves  a 
noun ; that  is  to  say,  we  cannot  ussert  a truth,  or  ex- 
press an  emotion,  which  truth  or  emotion  may  not  be 
considered  by  the  mind  as  a conception.  Thus,  if  we 
say  “ God  exists,"  we  excite  in  the  mind  the  two  dis- 
tinct conceptions  of  44  God”  and  “ Existence,"  as  much 
as  if  we  said,  **  God  is  in  existence and  so  if  we  sav 
“ Come  Antony,”  wc  excite  the  conception  of  coming, 
as  well  an  of  Antony;  but  the  difference  is,  that  the 
words  “ come"  and  exists"  are  not  presented  to  the 
hearer  as  mere  objects  of  thought,  but  as  modes  of 
thinking  about  other  objects,  via.  “ Antony”  and 
“ God/ 

Thus  have  we  fixed  the  principle  on  which  the  noun 
and  the  verb  are  to  be  reckoned  among  the  parts  of 
speech ; and  this  principle  will  readily  enable  us  to  clear 
up  several  difficulties  which  occur  in  the  subdivision  of 
these  classes. 

Divisions  of  First,  with  respect  to  nouns ; the  old  grammarians  in 

P*™**"  general  divided  them  into  nouns  substantive  and  nouns 

rwu"-  adjective;  but  R.  Johnson,  Harris,  Lowth,  and  others, 
consider  the  substantive  alone  as  a noun ; and  Harris 
ranks  the  adjective  with  the  verb,  under  the  common 
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name  of  attributive ; whilst  Tooke,  in  consequence  of  ciwp  r 
his  singular  notions  respecting  the  mind,  asserts  that 
the  adjective  is  literally  and  truly  a substantive.  This 
author  also  contends  that  those  words  which  “ compose 
the  bulk  of  every  language/  ;uid  are  commonly,  though 
improperly,  called  abstract  nouns,  ace  not  even  ne- 
cessary parts  of  speech,  but  abbreviations,  or  signs 
of  other  words.  The  pronoun  was  originally  considered 
as  a noun,  and  afterwards,  though  treated  separately, 
was  still  deemed  a secondary  sort  of  noun ; but  Harris 
distinguishes,  in  this  respect,  the  pronoun  personal 
from  the  others,  and  considers  only  the  former  as  a 
noun,  ranking  the  latter,  together  with  the  article, 
among  the  accessory  parts  of  speech.  Lastly,  the 
participle,  which  was  originally  so  called,  because  it 
was  thought  to  partuke  of  the  nature  of  a noun  and  of 
a verb  (to  be  a noun  when  it  formed  the  subject  of  a 
proposition,  and  a verb  when  it  formed  the  predicate), 
is  wholly  excluded  by  Harris  from  the  class  of  nouns, 
and  referred  to  that  of  attributives : whilst  Tooke  (who, 
however,  does  not  explain  what  he  incans  by  a verb), 
calls  it  the  verb  adjecrivcd. 

Our  principle,  on  the  other  hand,  will  bring  us  back  Noun*, 
very  nearly  to  the  ancient  distinction  of  nouus.  For 
a noun,  in  our  view,  is  only  the  name  of  a conception, 
or  object  of  thought;  thus  the  “sun,'*  a “ horse,  or  a 
41  man,"  is  an  object  of  thought,  and  as  such  may  have 
a name,  which  name  is  a noun.  So  M brightness/ 

“ strength,"  “ wisdom/  **  thinking/  “ moving,"  “ shin- 
ing/ arc  objects  of  thought,  and  have  names,  and 
these  names  also  are  nouns. 

These  nouns  are  considered  substantively,  when  in  SubsUn- 
reasoning  upon  them,  or  asserting  any  thing  of  them,  *»v<x 
we  make  them  the  subject  of  the  assertion,  and  consider 
them  as  that  in  which  something  else  exists.  Thus 
**  man/  as  a thought,  has  its  own  peculiar  relations  to 
other  thoughts;  so  have  “ wisdom/  “ thinking/ 

“ strength,"  “ moving/  “ brightness,"  and  **  shining/ 
and  all  these,  so  considered,  become  nouns  substantive. 

But  we  may  also  contemplate  each  of  these  concep-  Adjective, 
tions  only  ns  existing  in  another  object,  as  thinking  or 
wisdom  in  a man  ; strength  or  moving  in  a horse ; 
brightness  or  shining  in  the  sun ; and  this  we  say  is 
employing  the  same  noun  adjectixcly ; because  we  are 
forced  to  adjoin  it  to  the  substantive,  in  which  alone 
we  contemplate  it  as  existing.  When  we  say,  “ a wise 
man/  or  a “ thinking  man/  we  contemplate  wisdom 
or  thought  only  as  existing  in  that  man ; so  when  we 
say  “ the  shining  sun/  or  “ the  bright  sun/  “ the  strong 
horse/or  “ the  moving  horse/ we  speak  of  the  concep- 
tions of  shining  or  brightness,  motion  or  rest,  only 
as  modes  of  qualifying  our  use  of  the  conceptions 
sun  and  horse;  and  when  we  do  this,  the  name  of 
the  qualifying  conception,  is  properly  called  a noun 
atfjective. 

The  substantive  conceptions,  which  the  mind  forms,  Prououu. 
either  represent  the  person  communicating  the  thought, 
the  person  to  whom  it  is  communicated,  or  some  other 
person  or  tiling.  Hence  the  mind  forms  three  classes 
of  conceptions ; but  a name  being  given  to  each  of 
these  classes,  stands  for  the  class,  a noun  for  many 
nouns ; and  hence  it  is  called  the  pronoun ; and  upon 
the  pronominal  substantives  depend  the  pronominal 
adjectives.  The  article,  which  has  been  often  treated 
as  a pronoun,  represents  the  exercise  of  that  faculty  of 
the  mind  by  which  we  distinguish  the  universal  con- 
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Grtuntw  ception  from  tka  particular.  It  seems  therefore,  to  be 
improperly  ranked  among  the  principal  or  necessary 
purls  of  speech. 

lVmkj|i]c.  The  jiarticipJe  is  clearly  a noun  adjective,  which 
includes  the  idea  of  action,  and  consequently  of  time; 
for  the  “ bright  sun,  "and  the  “ s hilling  sun  ."diflcr  but  little 
iu  signification,  except,  that  in  the  latter,  the  sun  is  con- 
sidered as  producing  brightness  by  its  own  act.  Aud 
if  the  phrase  be  varied,  and  an  assertion  be  introduced, 
the  assertive  power  depends  not  at  all  on  the  participle, 
but  on  the  verb,  which  must  necessarily  be  added,  as 
the  sun  “ it  bright,"  the  sun  “ u shining." 

Verbs.  With  respect  to  the  other  principal  or  necessary  part 

of  speech,  the  verb,  it  is  only  material  now  to  remark, 
that  those  who  confound  it  with  the  adjective  and  the 
participle,  overlook  its  peculiar  function,  which  is  that 
of  asserting;  as  the  function  of  the  noun,  is  that  of 
naming.  As  to  the  separate  classes  of  verbs,  the  verb 
substantive,  the  transitive,  the  active,  the  passive,  Ac. 
since  these  have  not  been  treated  of  by  grammarians 
as  separate  parts  of  speech,  it  will  not  !>e  necessary  to 
notice  them  m this  part  of  our  work. 

Aeccsiory  But  ^Ie  great  dispute,  especially  in  modern  times, 

P»rts.  ' has  been  with  respect  to  the  accessory  jiarts  of  speech, 
the  nature  of  which  has  been  illustrated  by  a variety  of 
similes.  They  have  been  said  to  be  like  stones  in  the 
summit  or  curve  of  an  arch,  or  like  the  springs  of  a 
vehicle,  or  like  the  flag  of  a ship,  or  the  hair  of  a man, 
or  like  the  nails  and  cement  uniting  the  wood  and 
stones  of  an  edifice;  and  hence  some  persons  have 
contended  that  they  are  only  significant  by  relation; 
sonic  that  they  are  not  parts  of  speech;  and  some  that 
they  are  not  even  words  but  particles. — Thus  Apukesus 
say's,  “ they  are  no  more  to  be  considered  as  parts  of 
speech  than  the  flag  is  to  be  considered  a part  of  the 
snip,  or  the  hair  a part  of  the  man;  or,  at  least,  in 
the  comparting  and  fitting  together  of  a sentence,  they 
only  perform  the  office  of  nails,  or  pitch,  or  mortar." 
Prisciam,  however,  an  acute  and  intelligent  gram- 
marian, observes,  that  if  these  words  are  not  to  be 
considered  as  parts  of  speech  because  they  serve  to  ' 
connect  together  others  which  are  parts,  we  must  say 
that  the  muscles  and  sinews  of  a man  are  no  parts  of 
a man ; and  he,  therefore,  concludes  by  declaring  his 

• opinion,  that  the  noun  and  verb  are.  the  principal  and 
chief  parts  of  speech,  hut  that  these  others  are  the 
subordinate  and  appendant  parts. 

The  decision  of  this  and  similar  questions  will  be 
easily  made,  if  we  only  advert  to  the  mental  operations 
which  these  accessory  words  express;  and  in  order  to 
explain  this,  we  must  first  ask,  what  words  in  a sentence 
ore  accessories.  This  question  again  is  answered  by 
referring  to  what  we  have  said  of  sentences.  In  a 
simple  sentence,  all  the  words  are  principals.  Thus 
11  Man  is  fit,"  contains  two  nouns,  which  are  the  names 
of  two  conceptions,  via.  “ man"  and  “ fitness,"  and  the 
assertion  of  their  coincidence  by  the  verb  “ is and 
moreover,  since  the  conception  of  fitness  is  regarded 
as  existing  not  separately  but  in  the  other  conception, 
man,  the  word  44  fit”  is  an  adjective  and  “ man’  is  a 
substantive.  The  same  would  be  the  case  if  the  place 
of  the  noun  “ man”  were  supplied  by  the  pronoun 
44  he”  and  that  of  the  adjective  44  fit,"  by  the  participle 
tuited. 

rompli-  Such  is  the  case  when  the  sentence  is  simple ; but 

* *co*  we  are  next  to  consider  how  a simple  sentence  is  rcu- 
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dered  complex ; and  this  is  no  otherwise  done  than  by  Chap.  i. 
engrafting  on  it  other  sentences ; but  in  these  tatter 
tlie  conceptions  only  are  expressed,  and  the  assertive 
part  is  assumed  or  understood.  Thus,  if  referring  to 
the  passage  before  quoted  from  Shakespeare,  we  say 
**  Man  is  fit,"  we  may  l>e  asked,  What  is  the  fitness 
or  aptitude  of  which  you  are  speaking  ? The  answer 
must  he  *•  it  is  tremonabk?  And  again  if  we  are  asked. 

What  is  the  man  of  whom  you  make  these  assertions  ? 

We  may  say  “ he  is  unmtnual ; and  suppressing  the 
assertions  in  the  two  sccoudary  sentences  we  may  form 
of  the  whole  one  complex  sentence,  thus,  41  unmusical 
men  possess  treasonable  aptitudes." 

In  this  first  process  ol  complication  we  find  only  Further 
words  capable  of  being  used  as  principals,  vix.  nouns,  coniptics- 
substantive  or  adjective;  pronouns,  jiarticiples,  and 
verbs ; but  suppose  we  again  resolve  these  into  their 
constituent  conceptions  and  assertions;  suppose  we 
ask  what  do  you  mcuu  when  you  speak  of  a treasonable 
fitness,  or  aptitude  ? We  may  answer,  we  mean  that 
the  fitness  looks  to  treuson ; treason  is  before  the  fit- 
ness (as  its  mark  or  object),  the  fitness  is  for  treason. 

Here  it  is  plain  that  the  word  L fur"  involves  the  con- 
ception o (forenet*  (or  objectiveness),  and  applies  that 
conception  to  the  other  conception  of  treason : but  it 
does  so  still  more  rapidly  and  obscurely,  than  in  the 
cases  before  supposed)  and  hence  it  is  tliat  in  this 
second  process  of  complication  we  meet  with  words 
which  arc  no  longer  thought  significant,  and  therefore 
no  longer  called  nouns  or  verbs,  but  articles,  adverbs, 
conjunctions,  and  prepositions ; and  these  words  are 
the  more  numerous  and  frequent  of  occurrence,  in  pro- 
portion at  sentences  sre  rendered  more  complex  by 
subdividing  the  primary  truth  into  many  others.  Thus, 
as  the  word  44  treasonable"  may  he  supplied  by  the 
words  “for  treasons,"  so  the  word  “ unmusical"  may 
be  supplied  first  by  the  words  44  hath  no  music  in  him- 
self," and  secondly,  by  the  words  44  is  not  moved  with 
concord  of  sweet  sounds both  which, and  many  similar 
modes  of  speech,  consist  of  various  aggregations  of 
sentences  in  which  the  subordinate  assertions  are 
assumed  by  the  mind  in  the  manner  already  shown. 

The  words,  which,  by  use,  come  to  be  most  fre-  Change 
quently  employed  in  any  particular  language  for  these  *jg»»iiew- 
secood&ry  purpose*,  often  lose  their  primary  signitica-  tlon* 
lion,  and  perhaps  undergo  some  little  change  of  sound  ; 
from  which  circumstance's  u great  dispute  has  arisen 
among  grammarians  whether  they  are  signtfcttnl  words 
or  not.  Thus  the  preposition  for , which,  as  we  have 
shown,  conveys  the  conception  of  foreneu,  is  uolhing 
more  than  the  word  fore  in  foremost,  before,  fore  and 
af  t,  and  the  like  words  and  phrases ; but  by  use,  and 
by  the  slight  change  which  it  has  undergone,  it  has 
come  to  lose  the  property  of  (brining  a principal  part 
in  a sentence.  These  circumstances,  however,  it  must 
be  observed,  arc  merely  accidental ; they  may  happen 
to  the  same  conception  in  one  language  and  not  in 
another;  and,  therefore,  they  cannot  form  a just 
scientific  criterion  between  the  parts  of  speech;  but 
on  the  other  hand,  those  parts  may,  and  must,  be  dis- 
tinguished by  the  different  operations  of  mind  which 
they  express  ; and  as  we  have  seen  that  the  operations, 
expressed  by  the  articles,  adverbs,  conjunctions,  and 
prepositions,  are  clearly  distinguishable  from  those 
expressed  by  the  nouns,  pronouns,  verbs,  and  partici- 
ples, inasmuch  as  they  relate  to  a subordinate  steo  in 
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Grammar,  the  analysis  of  thought : so  there  can  be  no  great 
difficulty  or  impropriety  in  calling  them  accessories, 
with  reference  to  the  others,  which  we  call  principals. 
Etymology  From  what  we  have  said,  it  will  not  apiwar  strange, 
•A  aeamory  that  the  accessory  words  should  be  for  tlie  most  part 
woid*.  traceable  to  their  origin  as  principals;  that  is  to  say, 
that  the  parts  of  speech  last  mentioned  should  in 
general  be  found  to  have  been  once  used  (with  little  or 
no  difference  of  sound)  as  nouns  and  verbs.  It  has  been 
supposed  that  this  wus  a sra?  discovert/  of  Mr.  Horne 
Tooke’s,  and  in  many  parts  of  his  work  he  seems  to 
have  entertained  that  notion  himself;  how  justly  may 
be  seen  from  the  very  title  of  a little  treatise,  by  C. 
Koluber,  printed  at  Jena,  in  1712,  and  called  “ Lexi- 
con Particularum  Ebnrarum,  vel  potius  Nominum  & 
Verbomm,  vulgb  pro  particulis  habitnrum."  This  writer 
says,  in  his  preface,  that  his  tutor  Danzius  taught  that 
“ most,  if  not  all  the  separate  particles,  were  in  their 
own  nature  nouns that  this  was  indeed  a “ new  and 
unheard  of  hypothesis but  that  on  investigation  the 
reader  would  find  reason  to  conclude  universally  (in 
respect  to  the  Hebrew  language  at  least)  that  “ all  the 
Separate  particles  are  either  nouns  or  verbs’  His 
•words  are  these : u ParticuUe  separata  it  non  otnnes  ecrtl 
plcrast/ue  slid  net  uni  sunt  nomincT — “ hum:  the  sin  haefrnus 
tinvaru  Sf  inauditam and  again,  Omnc.%  omnino  Ebra- 
onitn  particn/as  sc  pa  ret  us  out  nomine  esse  out  verba. m 
Kwi-rbcr.  Koerber  illustrates  his  position  by  comparing  the 
Hebrew  particles  with  radical  words,  both  in  that  and 
the  cognate  languages,  particularly  in  the  Arabic. 
Among  the  instance*  which  he  gives,  are  the  following, 
viz. 

Juita,  near,  being  the  same  as  Lotus,  side. 

Prater,  beside  or  beyond  $ Dr/cc/iw,  deficiency. 

3 ( / crminu s,  boundary. 

Inter,  between Distinct  a s,  divided. 

Post,  after  ...........  Tergum,  the  back. 

Quoque,  also Adde,  add. 

Vet,  or Etige,  choose. 

He  even  explains  the  intcijection  ho  l as  being  identi- 
cal with  the  pronoun  of  the  third  person  ; and  sug- 
gests that  the  termination  of  the  accusal n c case  is  a 
noun,  signifying  object. 

T«x>lc.  Whether  or  not  Mr.  Tooke  ever  saw  this  little 
treatise  of  Koerber1 s,  or  at»y  other  of  similar  import,  is 
immaterial.  It  may,  probably,  have  been  a bond  tide 
discovery,  so  far  as  regarded  his  own  reflections,  though 
not  one  that  was  entirely  new  to  the  world.  But  he  seems 
to  us  to  have  connected  with  it  a very  material  error 
in  Grammar,  namely,  that  because  a word  was  once  a 
noun,  it  always  remained  so,  and  consequently  that 
adverbs,  conjunctions,  Sec.  expressed  no  new  or  dif- 
ferent operation  of  the  mind,  and  were  not  to  be  con- 
sidered as  separate  parts  of  speech,  so  far  at  least  as 
related  to  their  signification.  Had  Mr.  Tooke  been  as 
well  acquainted  with  the  writings  of  Plato,  as  he  was 
with  those  of  the  old  English  and  Saxon  authors,  which 
he  studied  with  such  meritorious  industry,  he  would 
hardly  have  fallen  into  this  error ; for  he  would  have 
perceived  that  speech  received  its  forms  from  the  mind; 
lie  would  have  acknowledged  with  that  great  philosopher 
that  “ thought  and  speech  are  the  same : only  the 
internal  and  sileut  discourse  of  the  mind  with  herself, 
is  called  by  us  Autmm,  thought,  or  cogitation ; but  the 
effusion  or  the  mind,  through  the  lips,  in  articulate 
sound,  is  called  Aoyvc,  or  rational  speech.*  It  is, 


therefore,  the  mind  that  shapes  the  sentence  into  its  Cbaji.  I. 
principal  parts  and  accessories  : it  is  the  mind  which 
distributes  alike  the  principal  and  the  accessory  parts 
into  subdivisions,  according  as  they  arc  necessary  to  it* 
own  distinguishable  operations.  / 

Those  ancient  grammarians  who  acknowledged  only  Aacwnti- 
threc  parts  of  speech,  viz,  the  noun,  verb,  and  con- 
junction, ranked  some  of  the  parts  which  we  here  call 
accessories  under  the  principal  parts.  Thus  Apollonius 
of  Alexandria,  and  Pnscian,  rank  the  adverb  under  the 
verb,  and  with  them  agrees  Harris,  who  calls  the  ad- 
verb a secondary  attributive;  but  Alexander  Aphrodi- 
siensis,  who  iB  followed  bv  Boethius,  observes,  that  it 
is  sometimes  more  properly  referred  to  the  class  of 
nouns;  and  so  Tooke  asserts  some  adverbs  lobe  nouns 
and  some  verbs.  The  preposition  which  was  referred 
by  Dionysius  and  Priseian  to  the  conjunctions,  is  on  a 
similar  principle  included  bv  Harris  with  the  common 
conjunction  in  the  class  of1  connectives ; and  Tooke 
distributes  both  prepositions  and  conjunctions  (in  most 
instances  rightly,  as  far  as  their  etymology  is  con- 
cerned) among  the  verbs  and  nouns.  Lastly,  the  ertick 
appears  to  have  most  disturbed  the  grammarians  in 
their  arrangements ; for  Fabius  says  it.  wras  first 
reckoned  among  conjunctions;  and  we  have  seen  that, 
when  Aristotle  divided  speech  into  four  parts,  he  se- 
parated the  article  from  the  conjunction,  making  of  it 
a class  apart  from  the  three  other  parts  of  speech. 

Vossius  inclines  to  rank  it  among  nouns,  like  a pro- 
noun; but  Harris  having  divided  the  accessory  parts 
of  speech  into  definitives  and  connectives,  makes  the 
article  a branch  of  the  former.  Tooke  says  that  our 
article  the  is  the  imperative  mood  of  the  Anglo-Saxon 
verb  thean,  to  take ! Lastly,  Sealiger  says,  the  article 
docs  not  exist  in  tatin,  is  superfluous  in  Greek,  and 
is,  in  French,  the  idle  instrument  of  a chattering 
people. 

Since  in  this  diversity  of  opinions,  wc  find  no  com-  \Tc1r  priixi- 
mon  view  of  any  principle  which  connects  itself  with  pi*  prop**- 
the  idea  of  language  l>cforc  laid  down,  we  are  com-  ***• 
pt-IIed  to  seek  a new  division.  We  say,  therefore,  that 
the  accessory  parts  of  speech  represent  operations  of 
the  mind,  which  from  their  frequent  recurrence  have 
become  habitual,  and  from  their  absolute  necessity  in 
modifying  other  thoughts,  must  lie  found  more  or  less 
in  all  languages.  It  is  true,  that  these  operations  are 
not  performed  by  all  men  with  the  same  distinctness, 
and  therefore  do  not  exist  among  all  nations  in  the 
same  degree  of  |icrfection ; and  lastly;  it  is  true,  that  in 
some  languages  they  are  expressed  by  separate  words, 
und  in  othi  r languages  by  different  inflections  of  the 
same  word.  Hence  a close  connection  is  found  between 
the  prepositions  of  one  language,  and  the  cases  of 
another;  between  the  auxiliary  verbs  of  one  lan- 
guage, and  the  tenses  of  another.  Hence  too.  the  com- 
parison of  adjectives,  always  effected  in  l^ttin  by  dif- 
ferent terminations,  is  sometimes  effected  in  English 
by  adverbs  prefixed  to  the  adjective.  In  short,  num- 
berless illustrations  of  fhis  remark  will  easily  occur  to 
the  recollection  of  any  person  at  all  acquainted  with 
different  languages,  ancient  or  modern,  barbarous  or 
refined. 

Of  the  operations,  that  we  have  described,  one,  and  Article, 
that  not  the  least  essential,  consists  in  determining 
whether  we  view  any  given  conception  as  nu  universal, 
or  a particular;  and  if  as  a particular,  whether  as  a 
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(•tcNiuiar.  certain,  or  an  uncertain  one ; and  if  certain,  whether 

v^vVof  one  known  data,  or  another  known  class;  and  so 
forth.  Thus  there  is  a certain  conception  of  the  mind 
« xpressed  by  the  word  “ man hut  if  we  employ  that 
t xpression  for  the  purpose  of  communicating  the  con- 
ception, it  is  necessary  that  those  who  hear  us  should 
know  with  what  degree  of  particularity  it  is  to  be  ap- 
plied; for  it  w'ould  be  one  thing  to  say,  that,  according 
to  our  idea  of  human  nature,  man  is  universally  bene- 
volent; and  another  to  say,  that  men  in  general  arc  so; 
and  a third  to  say  that  any  individual  man,  under  given 
< mumslauees,  is  so;  and  u fourth  to  say,  that  this  or 
that  man  is  so.  Of  these  different  degrees  of  limitation 
some  may  be  marked  by  separate  words ; and  of  those 
words,  some  may  express  a conception  so  distinct  und 
self  evident,  as  to  be  capable  of  forming  a simple  sen- 
tence, in  which  case  we  should  reckon  them  as  prono- 
minal adjectives,  among  the  principal  parts  of  speech; 
as  when  we  say,  “ this  is  good,"  “ that  is  hau,"  the 
words  this  and  that,  are  pronominal  adjectives.  But 
since  we  cannot  say  “ the  is  good," or  “a  is  good," 
and  since  these  words  the  and  a , serve  no  other  pur- 
pose but  to  define  and  particularize  some  other  con- 
ception, and  do  not  even  perform  this  function  com- 
pletely, without  reference  to  some  further  conceptions, 
we  may,  in  those  languages  in  which  they  exist,  reckon 
them  as  a separate  part  of  speech,  under  the  name  of 
the  article . 

Ff»po*iiion.  The  word  preposition  is  badly  chosen,  as  YTossius 
observes,  from  its  use  (and  even  that  use*  not  without 
exception)  in  the  Latin  language ; nevertheless,  it  has 
become  sufficiently  intelligible  to  signify  a class  of 
words  which  describe  another  sort  of  mental  operation. 
When  one  object  is  placed  in  a certain  rclution  to  ano- 
ther object,  whether  it  be  a relation  of  time,  of  space, 
of  instrumentality,  causation,  or  the  like,  the  conception 
of  that  relation  serves  as  a bond  to  unite  them  in  the 
secondary  parts  of  a sentence.  That  expression  may 
form  part  of  a word,  as  “ to  ererleap  a fence or  it 


may  constitute  a separate  word,  as  “ to  leap  over  a ct.ap.  I 
fence and  in  the  latter  instance  the  word  over  is 
called  a preposition,  which  we  therefore  do  not  hesitite 
to  rank  as  a separate  part  of  speech. 

As  the  preposition  connect*  conceptions,  the  con-  Coojuac- 
junction  txwnecU  assertions : or,  as  it  is  commonly tiwo- 
expressed,  the  preposition  joins  nouns,  the  conjunction 
verbs,  and  consequently  sentences,  lly  connecting,  in 
both  instances,  we  mean  showing  the  relations,  whether 
of  agreement  or  disagreement;  and  these  also  may  be 
expressed  either  in  the  form  of  the  verb,  or  by  means 
of  a separate  particle : of  which  a sentence  before 
quoted  adonis  an  illustration — 

Duller  fthould’kt  than  be  than  the  fat  weed, 
llWfoUt  thou  uot  «tir  u>  this  ; — 

where,  if  rendered  into  the  more  common  expression, 

“ if  thou  would**  not  stir,"  the  relation  between  stirring 
in  the  cause,  and  being  dull,  would  In?  expressed  by 
the  word  if,  to  which  we  therefore  give  the  name  of  a 
conjunction.  Ilencc,  it  appears,  that  the  conjunction 
may  not  improperly  be  reckoned  ft  distinct  part  of 
speech,  since  it  expresses  a distinct  operation  of  tbt 
mind. 

More  doubt  may  perhaps  exist  as  to  the  adverb,  a Admb. 
class  in  which  grammarians  have  often  confounded 
words  of  very  various  effect  and  import,  such  as  inter- 
jections and  conjunctions.  Neither  do  we,  in  this  in- 
stance, any  more  than  in  those  of  the  participle  und 
preposition,  pay  much  regard  to  the  etymology  of  the 
word  adverb  ; but  wc  take  it  as  n word  in  common  use, 
and  applying  to  a large  class  of  words  which  describe 
operations  of  the  mind  very  distinguishable  from  those 
which  we  have  already  considered.  The  adverb  either 
expresses  a conception  which  serves  to  modify  another 
conception  of  quality  or  action;  or  else  it  expresses  a 
conception  of  time,  place,  or  the  like  by  which  the 
assertion  itself  is  modified  ; in  either  case  it  serves  to 
modify  by  its  own  force,  and  not,  like  the  preposition, 
as  an  intermediate  bond  between  other  conceptions. 


WORDS 


Thus  have  we  distributed  words  into  various  classes  according  to  the  following  table ; — 

1.  used  in  cnunciative  sentences : 

1 . principal  words, 

1 . the  noun,  or  name  of  a conception, 

1.  primarily, 

1.  if  expressive  of  substance  (the  substantive ), 

2.  if  expressive  of  quality, 

1.  without  action  (the  adjective), 

2.  with  action  (the  participle ), 

2.  secondarily  (the  pronoun ), 

2.  the  verb,  or  expression  of  an  assertion, 

2.  accessory  words, 

1 . defining  the  extent  of  a conception  as  universal  or  particular  (the  article j, 

2.  expressing  the  relation  of  one  substantive  to  another  (the  preposition), 

3.  Connecting  one  assertion  with  another  (the  conjunction ), 

4.  Modifying  either  a conception  of  quality  or  action,  or  else  an  assertion  (the 
adverb ). 

used  either  in  passionate  sentences,  or  as  separate  expressions  of  passion  (the  inter- 
jection ). 

jection.  In  short,  there  is  no  reason  why  one  word 
should  not  successively  travel  through  all  the  different 
classes  which  we  have  here  stated  ; for  we  must  ob- 
serve, that  words  do  not  communicate  thought  by 
their  separate  power  and  effect  only;  but  infinitely  more 
so  by  their  connection : and  consequently  the  mode  of 
connecting  the  signs,  and  not  the  signs  themselves, 


The  mental  operations  which  these  various  classes  of 
words  represent,  arc  obviously  distinct,  but  it  by  no 
means  follows  from  thence  that  the  words  themselves 
are  so ; that  a word  which  has  been  employed  as  a sub- 
stantive may  not  also  be  employed  as  a conjunction ; or 
that  the  very  sound  by  winch  wc  have  expressed  an 
assertion  may  not  be  used  as  a preposition  or  an  inter- 
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Gmminar.  determines  their  place  in  any  given  class.  The  first 
-w  exercise  of  the  reasoning  power,  we  have  seen,  is  con- 
ception ; and  of  all  our  mental  operations,  whether 
relative  to  the  external  world,  or  to  the  laws  of  mind 
itself,  conceptions  may  be  farmed;  and  to  all  the  con- 
ceptions which  we  form,  names  may  he  given;  and 
those  names  are  nouns ; and  therefore  it  is  not  sur- 
prising that  all  other  words,  except  interjections, 
should  be  historically  traceable  to  nouns  as  their 
origin  ; and  since  reason  and  passion  are  so  compli- 
cated in  man,  we  must  not  wonder  that  a connection  is 
often  to  be  found  between  interjections  and  nouns;  or 
that  the  Latin  vet,  probably  pronounced  in  ancient  times 
uar,  should  be  the  Scottish  substantive  vac,  and  our 
vac.  Surely  this  affords  no  proof,  or  shadow  of  a 
proof,  that  the  different  uses  of  the  same,  or  different 
words,  do  not  depend  on  the  different  exercise  of  the 
mental  faculties;  but,  on  the  contrary,  it  absolutely 
demonstrates  the  necessity  of  some  mental  operation 
to  distinguish  between  the  different  meuning*,  force, 
and  effect  of  the  same  sign,  as  employed  on  different 
occasions.  , 

^ 3.  Of  nouns. 

Having  thus  settled  the  classes  of  words,  we  shall 
attempt  to  explain  them  in  order:  and  first  we  begin 
with  that  which,  according  to  all  systems,  stands  first 
in  importance ; that  is  to  say,  the  noun. 

Tlw  noun.  “ It  is  by  the  nouns,"  says  Cock  nr.  Grnri.iv, 
**  that  we  designate  all  the  beings  which  exist.  We 
render  them  known  instantly  by  these  means,  as  if  they 
were  placed  before  our  eyes.  Thus,  in  the  most  solitary 
retreat,  in  the  most  profound  obscurity,  we  are  able  to 
pass  in  review  the  universality  of  beings,  to  represent 
to  ourselves  our  parents,  our  friends,  all  that  we  have 
most  dear,  all  that  has  struck  us,  all  that  may  instruct 
or  amuse  us ; and  in  pronouncing  their  names  we  may 
reason  on  them  with  our  associates.  We  thus  keep  a 
register  of  all  that  is,  and  of  all  that  we  know ; even 
of  those  things  which  we  have  not  seen,  but  which  have 
been  made  known  to  us  by  means  of  their  relation  to 
other  things  already  known  to  us.  Let  us  not  be  asto- 
nished, then,  that  man,  who  speaks  of  every  thing,  who 
studies  every  tiling,  who  takes  note  of  every  thing, 
should  have  given  names  to  nil  things  that  exist,  to  his 
body  und  its  different  parts,  to  his  soul,  to  his  faculties, 
to  that  prodigious  number  of  beings  which  cover  the 
earth  or  arc  hid  in  its  bosom,  which  fill  the  waters,  and 
move  in  the  air;  that  he  gives  names  to  the  mountains, 
the  rivers,  the  rocks,  the  woods,  the  stars,  to  his  dwell- 
ings, to  his  fields,  to  the  fruits  on  which  he  feeds,  to 
the  instruments  of  ail  kinds  with  which  he  executes  the 
greatest  labours,  to  all  the  beings  which  compose  his 
society,  or,  that  the  memory  of  those  illustrious  per- 
sons who  deserve  well  of  mankind  by  their  benefactions, 
and  their  talents,  is  perpetuated  by  their  names  from 
age  to  age.  Man  oocs  more.  He  gives  names  to 
objects  not  in  existence,  to  multitudes  of  (icings,  as  if 
they  formed  but  a single  individual,  and  often  to  the 
qualities  of  objects,  in  order  that  he  may  be  able  to 
speak  of  them  in  the  same  manner  as  he  does  of  ob- 
jects really  existing." 

Its  origiu.  This  great  power  of  the  noun  is  to  be  attributed 
solely  to  that  faculty  of  the  mind  by  which  it  is  formed  : 
and  that  power  we  have  called  conception.  Every  act 
of  this  power  produces  one  thought  , presents  to  our 


view  one  object,  more  or  less  distinct.  We  conceive  a Clap.  I. 
certain  impression  to  which  wc  give  a name,  be  it 
“ red"  or  “ white,*'  “ John"  or  “ Peter,"  “ man"  or 
“ woman,” “ animal  or  “ vegetable," “ virtue" or “ vice;" 
or  whatsoever  else  wc  can  distinguish  from  the  mass 
ot  continued  consciousness  which  constitutes  our  being. 

We  do  not  name  every  impression  that  we  receive, 
or  every  act  that  we  perform.  In  truth,  we  do  not 
name  auy  one  separately  and  distinctly  from  all  others. 

It  would  be  useless  to  do  so,  in  a single  instance : it 
would  be  impossible  to  do  so,  in  all.  But  wc  name 
what  often  occurs  to  us.  Wc  have  often  a sensation 
of  colour;  we  call  it  “ white  we  have  often  a feeling 
of  pleasure ; we  call  it  “joyous  wc  often  see  an  object 
which  affects  us  with  peculiar  sentiments  of  regard  or 
aversion ; we  call  it  “ father"  or  “ enemy  we  often 
meditate  on  thoughts,  which  appear  to  us  amiable  or 
the  reverse : we  call  them  “ benevolence”  or  hatred.” 

In  this  manner  it  is  that  our  catalogue  of  names  is 
formed. 

Each  of  these  thoughts  or  conceptions  has  its  na- 
tural and  proper  limits ; hut  these  we  do  not  always 
very  accurately  observe.  No  man  confounds  “ red" 
witli  “ white,  but  he  confounds  “ whitish"  with 
“ reddish."  A hoy  does  not  think  his  hoop  square,  but 
he  knows  not  whether  it  is  circular,  or  elliptical.  Thus 
it  is,  that  men  do  not  agree  iu  their  opinions  of  many 
things,  to  which  they  nevertheless  agree  in  giving  some 
common  names  ; otherwise  it  would  be  impossible  for 
them  to  communicate  to  each  other  any  thing  like  the 
thoughts  or  feelings  which  they  respectively  eptertain. 

Every  noun,  then,  is  the  name  of  a class  of  similar,  ciuMffic*- 
or  identical  thoughts.  I^t  us  see  how  these  classes  tiun  < t 
may  themselves  be  classed.  “ Many  grammarians,"  says 
Voss  its,  “ and  among  them  some  of  the  highest  ce- 
lebrity, first  distribute  the  noun  into  proper  and  ap - 
petlative , and  then  into  substantive  and  adjective;  but 
erroneously  t since  even  the  proper  noun  is  a substan- 
tive, inasmuch  as  it  subsists  by  itself  in  speech.  But 
let  us  seek  our  method  from  the  schools.  Our  great 
Stagirite  first  divides  rb  5y  (or  that  which  is)  into  that 
which  subsists  by  itself,  aud  is  therefore  called  sub- 
stance, and  that  which  exists  in  another  as  in  its  sub- 
ject, and  is  therefore  called  attribute.  Aftci  wards  he 
proceeds  to  distinjpiish  substance  into  primary  aud 
secondary,  the  primary  heing  an  individual,  the  se- 
condary a genus  or  species.  By  parity  of  reason, 
therefore,  we  should  divide  the  noun  first  into  that 
which  subsists  by  itself  in  speech,  and  is  called  sub- 
stantive, and  that  which  needs  the  addition  of  a sub- 
stantive inspeech,  and  is  called  adjective  ; and  afterwards 
wc  should  distribute  the  substantive  into  that  which 
belongs  to  a single  thing,  and  is  called  proper,  and 
that  which  comprehends  many,  and  is  commonly  called 
appellative."  It  is  to  be  observed,  that  some  ancient 
writers  gave  the  name  of  noun  only  to  the  substantive 
proper,  and  that  of  vocable  (vocabultim)  to  the  appella- 
tive ; which  latter  has  been,  in  modern  times,  erro- 
neously called  an  abstract  noun. 

Wc  adopt  the  distribution  of  Vossiuftt  We  call  both 
substantives  and  adjectives  nouns ; for  they  are  both 
names  of  conceptions,  and  they  are  nothing  more. 

They  do  not  imply  any  assertion  respecting  these  con- 
ceptions; and  herein  they  are  clearly  distinguished 
from  verbs.  It  is  true  that  the  adjective  agrees  with, 
the  verb  in  expressing,  not  substance,  but  attribute ; 
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Grammar,  and  therefore  it  is,  that  Harris,  and  some  other  gram- 
marians  rank  these  two  classes  of  words  together  under 
the  title  of  attributives.  We  do  not  deny  that  this 
arrangement  is  so  far  correct ; but  we  say  that  it  inter- 
feres with  the  method  which  we  conceive  it  most  ad- 
visable to  pursue,  a*  the  most  direct  and  scientific.  As 
Vossius  justly  postpones  the  consideration  of  the  classes 
of  substantives,  to  the  distinction  between  substance 
and  attribute ; so  we  postpone  the  consideration  of  the 
assertion  of  an  attribute,  to  the  consideration  of  those 
conceptions  both  of  substance  and  of  attribute,  which 
must  necessarily  precede  all  assertion.  This  we  con- 
ceive to  be  strictly  the  order  of  science.  Language  is  a 
communication  of  the  mind;  the  mind,  as  far  as  it  is 
capable  of  communication,  consists  of  thoughts  and 
feelings.  Thoughts  are  formed  by  the  reasoning  power. 
The  reasoning  power  is  divided  into  three  faculties,  con- 
ception, assertion,  and  deduction ; but  conception 
necessarily  precedes  assertion,  berausc  we  cannot 
assert  that  any  thing  exists  until  we  know  what  that 
thing  is. 

The  noun,  then,  is  the  name  of  a conception:  indeed 
the  English  word  noun  is  nothing  but  a corrupt  pro- 
nunciation of  the  French  uom,  which,  like  the  Italian 
name,  was  again  a corruption  of  the  Latin  m omen,  and 
this  latter  was  of  common  origin  with  the  Greek  ovofta, 
and  answered  exactly  to  our  word  name.  It  is  of  con- 
sequence to  observe,  that  the  proper  function  of  the 
noun  is  to  straw,  and  nothing  more ; for  red  is  as  much 
the  name  of  a certain  colour,  as  Peter  is  the  name  of  a 
certain  man,  or  England  of  a certain  country ; and  in 
like  maimer  virtue  is  as  much  the  name  of  a certain 
thought,  as  a ship  is  the  name  of  a certain  tiling;  all 
these,  therefore,  and  whatever  other  words  serve  to 
name  any  conception  of  the  mind  are  nouns. 

SutMUntfrc  These  conceptions,  as  has  been  repeatedly  shown, 
and  ■dice-  are  either  conceptions  of  substance,  or  conceptions  of 
live.  attribute.  This  distinction,  however  profound  it  may 
be,  is  nevertheless,  and,  perhaps,  for  that  very  reason, 
so  perfectly  obvious  in  practice,  that  no  man,  however 
ignorant,  can  possibly  confound  the  kinds  of  conception 
to  which  it  relates.  No  man  can  imagine,  that  in  the 
phrase  “a  white  horse," the  word  “ white"  does  not  de- 
note a quality  belonging  to  the  “ horse ;"  or  that  in  the 
phrase  “ glorious  victory,"  the  word  **  glorious"  does  not 
denote  a quality  belonging  to  victory.  No  man.  when 
he  says  “ the  sun  is  shining,**  thinks  of  the  sun  as  an 
attribute  of  shining;  but,  on  the  contrary,  he  considers 
“ shining"  to  be  an  energy,  or  property,  or  quality,  or 
attribute  of  the  sun. 

Not  can-  It  has  been  contended  that  “ the  substantive  and 
wrtiblc,  adjective  arc  frequently  convertible  without  the  mailed 
ehunge  of  meaning ,"  and  in  proof  of  this,  it  is  asserted 
that  we  may  indifferently  say  44  a perverse  nature,  or 
a natural  perversity now  surely,  although  wc  would 
not  assert,  that  the  person  advancing  such  an  illus- 
tration was  altogether  of  u a perverse  nature"  we 
might  without  offence  attribute  his  opinion,  on  this 
particular  point,  to  a little  “ natural  perversity."  In 
the  one  case,  the  friends  of  the  person  in  question 
would  understand  us  to  assert,  that  his  whole  mind 
was  tainted  with  the  vices  of  obstinacy  and  sclf- 
willedncss,  that  he  wilfully  shut  his  eyes  against 
the  truth,  and  maintained  opinions  which  lie  knew 
to  be  wrong  in  literature,  in  philosophy,  in  politics, 
and  in  religion— a description  of  his  character,  which 


would  naturally  occasion  them  to  take  great  offence.  Q,»p.  I, 
In  the  other  case,  they  would  understand  us  to  give  ^0^-^ 
him  credit  for  such  reading  and  literary  acquirements, 
as  might  well  have  corrected  what  we  look  upon 
as  an  error ; and  they  could  hardly  take  it  amiss  that 
wc  attributed  that  error,  rather  to  a slight  defect,  from 
which  the  best  natures  are  not  wholly  exempt,  than  to 
gross  ignorance,  or  total  want  of  understanding.  So 
much  tor  the  particular  expressions  quoted  as  proof  that 
substantives  ami  adjectives  may  be  convertible  without 
the  smallest  change  of  meaning:  on  the  other  hand,  the 
well  known  instance  of  a “ ehesnut  horse,"  and  a 
“ horse  chcsnut,"  affords  a ludicrous  example  of  a 
change  of  meaning  produced  by  such  convertibility. 

The  fact  is,  that  in  ail  such  instances,  the  views  taken 
by  the  mind  arc  different,  according  as  it  regards  the 
one  conception,  or  the  other  as  principal ; just  as  the 
man  who  is  on  the  eastern  side  of  the  street  considers 
the  western  to  be  the  opposite  side ; whilst  he  who  is 
on  the  western  side  thinks  the  same  Of  the  eastern. 

We  may  speak  of  a 4‘  religious  life,"  or  of  44  vital  reli- 
gion." In  the  one  case,  we  are  considering  the  con- 
ception of41  life*’  in  the  largest  extent,  as  that  which 
must  necessarily  form  the  basis  of  our  assertion,  and 
which  may  be  differently  viewed,  according  as  it  is 
pot  in  connection  with  the  secondary  conceptions  of 
religion,  irreligion,  business,  pleasure,  or  the  like  : in 
the  other  case,  we  take  the  conception  of  44  religion" 
as  the  most  comprehensive  object  of  thought,  and  then 
limit  it  by  the  conception  of  fife,  or  vitality.  It  is  ob- 
jected, that  this  limitation  may  as  regularly  he  effected 
bv  a substantive  ns  by  an  adjective ; and  that 44  man's 
life,"  or  “ the  life  of  man"  is  exactly  equivalent  to 
44  human  life";  which  we  by  no  means  deny  ; but  then 
it  must  be  observed,  that  the  sentence  takes  a different 
form,  and  instead  of  simple  becomes  complex  ; the  in- 
troduction of  the  casual  termination  #,  in  one  instance, 
and  of  the  preposition  of,  in  the  other,  effecting  such 
complexity.  T)r.  Wallis,  indeed,  in  his  valuable 
English  Grammar,  first  published  in  1(153,  treats  the 
genitive  ‘4  man’s"  as  an  adjective.  He  says,  “ Adjecti- 
vum  possessivurn  fit  u qitovis  substantive  (sivc  singu- 
lar!, sive  plurali)  addito  s tit  mans  nature , the 

nature  of  man,  natura  huinuna  vel  homiuis;  men V nature, 
the  nature  of  men,  natura  humana  vel  hominum."  But 
no  other  grammarian  has  adopted  this  notion,  and  the 
principle  on  which  it  rests,  would  equally  go  to  prove 
that  all  the  oblique  cases  of  substantives  ,in  all  languages, 
should  be  considered  as  adjectives;  for  Mr.  Tooke  has 
justly  observed,  that  these  cases  cannot  stand  alone ; 

Although  he  has  not  noticed  that  this  is  owing  to  tht 
complexity  of  the  sentences  in  which  they  are  used. 

Tne  last  mentioned  writer  contends,  that  “ the  ad-  j>nfudoo 
jective  is  equally  and  altogether  as  much  the  ciLffm-su 
name  of  a thing,  as  the  noun  substantive."  If  he  ®jf* 
means  by  thing,  a conception  of  the  mind,  he  is  per-  coUCvl,JUL 
fectly  right;  but  if  he  means  by  thing,  what,  probably 
nineteen-twentieths  of  his  readers  suppose  him  to 
mean,  namely,  an  external  substance,  such  as  44  a 
horse.’  or  “ a man,"  or  44  the  globe  of  the  sun,"  or  “ a 
grain  of  the  light  dust  of  the  balance,"  he  is  as  clearly 
wrong.  “ Red"  and  44  white,"  4*  soft"  and  “ hard," 

“ good"  and  44  bad,"  “ virtuous"  and  44  wicked"  do  not 
represent  any  such  things  as  the  latter;  but  they  do  re- 
present conceptions  of  the  mind, some  of  which  concep- 
tions may  be  considered  as  belonging  exclusively  to 
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Grammar,  external  bodies,  others  as  belonging  exclusively  to  mental 
existence,  and  others  as  common  to  both.  Mr.  Tooke 
says,  he  has  **  confuted  the  account  given  of  the 
adjective  by  Messrs,  tie  Fort  Royal,''  who  44  make  sub- 
stance an<l  accident  the  foundation  of  the  difference 
between  substantive  and  adjective ;*  but  if  so,  he  has 
confuted  an  account  given  not  only  by  Messrs,  da  Port 
Royal,  but  by  every  grammarian  who  preceded  them 
from  the  time  of  Aristotle ; and  whatever  respect  we 
may  entertain  for  the  abilities  of  Mr.  Toolce  (which  in 
etymology  were  doubtless  great),  we  must  a little  he- 
sitate to  think  that  he  alone  was  right,  and  so  many 
meu  of  extensive  reading,  deep  reflection,  and  sound 
judgment,  were  all  wrong.  But  how  has  he  confuted 
this  doctrine  ? Why,  truly,  by  showing  that  when  a 
conception  is  not  regarded  as  a substance,  it  may  be 
regarded  as  an  attribute;  and  when  it  is  not  regarded 
as  art  attribute,  it  may  be  regarded  as  a substance. 
— “ There  is  not  any  accident  whatever,"  says  he, 
“ which  has  not  a grammatical  substantive  for  its  sign, 
when  it  it  nut  attributed ; nor  is  them  any  suhstaucc 
whatever  which  may  not  have  a grammatical  adjective 
for  its  sign,  when  there  i*  occasion  to  attribute  it which 
is  pretty  much  like  saying,  there  is  not  any  captain 
whatever  who  may  not  be  degraded,  and  placed  in  the 
ranks;  nor  any  private  soldier  whatever  who  may  not 
be  raised  from  the  ranks  and  honoured  with  a captain’s 
commission  ; and  therefore  there  it  no  difference  between 
a captain  anil  a private  tablin'.  The  premises  are  in- 
coutestible : the  only  fault  is,  that  they  have  nothing 
to  do  with  the  conclusion.  Wo  trust,  that  in  these 
remarks  we  shall  not  be  thought  to  have  treated  Mr. 
Tooke  with  too  much  freedom.  We  arc  cautious  not 
to  imitate  his  example,  in  calling  the  opinions  which 
he  controverts  “ paltry  jargon,"  or  in  saying  of  him,  as 
he  does  of  the  learned  and  amiable  Harris,  that  he 
mistook  4‘  fustian  for  philosophy."  These  expressions 
prove  nothing;  but  it  is  necessary  to  come  to  some 
settled  opinion  on  a question  so  essential  to  the  science 
of  Grammar,  as  whether  there  is  any,  and  what  dis- 
tinction between  substantives  and  adjectives ; and  on 
this  point,  we  trust,  we  have  satisfactorily  vindicated 
the  principle  laid  down  by  Aristotle,  and  adopted  by 
all  grammarians  from  his  time  to  that  of  Mr.  Tooke. 
The  noun  substantive,  then,  is  the  name  of  a concep- 
tion, or  thought,  considered  as  possessing  a substan- 
tial, that  is,  independent  existence  ; the  noun  adjective 
is  the  name  of  a conception,  or  thought,  considered 
as  a quality,  or  attribute  of  the  former. 

SnbMan-  Of  these  the  noun  substantive,  to  which  some  writers, 

*****  as  lias  been  observed,  give  exclusively  the  name  of 

noun,  first  demands  attention  ; and  with  respect  to  it 
we  shall  notice  first  what  is  essential,  and  secondly  what 
is  accidental. 

The  noun  substantive  differs  essentially  in  kind  and 
in  gradation ; it  differs  accidentally  in  number,  grmlcr, 
and  relation  to  other  nouns  or  to  verbs. 

Kindi.  By  a difference  of  kind , we  mean  that  the  noun  sub- 

stantive sometimes  expresses  a conception  of  corporeal 
impression,  and  sometimes  a conception  of  mental  re- 
flection. Conceptions  of  corporeal  impression  are  ne- 
cessarily particular ; those  of  mental  reflection  are  ne- 
cessarily universal.  By  mental  reflection  we  do  not 
menu  the  precise  recollection  of  a given  particular  cor- 
poreal impression ; for  such  recollection  we  consider  to 
fall  under  the  same  class  os  the  original  impression 


itself;  but  we  mean  the  reflection  on  colour  as  colour.  Chap,  I. 
on  goodness  os  goodness,  on  man  as  man,  on  being 
being,  and  the  like;  and  thus  we  come  to  the  ancient 
definition  of  the  noun,  given  by  Cuxaisirs  and 
Dio  mi;  DCs,  viz.  Pars  oration  is  significant  rtm  corpo- 
ru/t  m , eel  incorpuratcm. 

It  is  objected,  that  there  is  no  incorporeal  thing  Iuonrpo- 
existing ; and  as  the  noun  is  the  name  of  a tiling,  ««l. 
there  can  be  no  noun  naming  that  which  does  not 
exist.  We  answer  first,  we  have  nothing  to  do  in  this 
place  with  any  metaphysical  question  as  to  the  real 
existence  of  objects  answering  to  our  mental  concep- 
tions. The  only  point  that  we  arc  concerned  to  prove 
if*  that  conceptions  of  mental  reflection  exist,  as  well 
as  conceptions  of  bodily  impression;  that  distinct 
thoughts  exist,  as  well  as  distinct  things  ; for  if  such 
thoughts  or  conceptions  exist,  they  must  have  names, 
in  order  to  he  communicated,  and  such  names  will  be 
the  very  nouns  in  question.  Now  it  is  a curious  re- 
mark, which  is  made  by  Mr.  Tooke.  in  his  second 
volume,  ami  which  indeed  had  occurred  to  us  many 
years  before  the  publication  of  that  book,  that  “ the 
terminating  k or  g is  the  only  difference  between  think 
and  thing."  Possibly  that  learned  etymologist  would 
have  been  inclined  to  derive  “ think"  from  “ thing,” 
rather  than  “ thing”  from  “ think  and  possibly,  as  an 
etymologist,  that  is  as  an  historian  of  language,  he 
might  have  been  right;  but  as  a philosophical  gram- 
marian, he  would  certainly  have  been  wrong;  for,  let 
us  ask  what  it  is  that  language  communicates  7 Not 
tilings  certainly,  but  thought* — thoughts  of  things,  or 
thoughts  of  thoughts.  Now  let  us  take  any  noun,  for 
instance  the  word  44  house*  We  say,  that  this  is  the 
name  of  a thing;  and  we  will  admit  that  the  person 
using  it  had  seen  the  thing,  before  he  used  the  name ; 
but  how  came  it  to  be  a thing  in  the  contemplation  of 
his  mind  ? How  came  he  to  form  a conception  of  it  ? 

We  shall  perhaps  bo  answered,  because  he  saw  it. 

But  what  is  seeing?  An  affection  of  the  nerves  of 
the  eye.  Now  it  never  happens,  when  we  see  any  one 
thing  distinctly,  that  it  equally  affect*  all  the  nerves  of 
the  eye.  Therefore,  when  the  44  house’  was  first  seen, 
other  things  were  also  seen.  What  was  it  that  dis- 
tinguished these  different  affections  of  the  eye  into 
marks,  signs,  or  thoughts  of  different  things  ? What 
was  it  dial  made  the  “ house,'*  in  particular,  a thing,  in 
the  contemplation  of  the  thinking  principle.  Could  such 
an  effect  have  been  produced  otherwise  than  by  an  act  of 
the  thinking  principle  itself  ? And  if  this  was  an  act 
of  the  thinking  principle,  then  the  thought  was  parent 
of  the  thing,  so  far,  at  least,  as  Grammar  can  have  any 
thing  to  do  with  it,  namely,  as  capable  of  being  known 
to  the  mind,  and  communicable  by  language.  Let  us 
pursue  this  investigation  a little  further.  The  word 
44  house"  docs  not  signify  a thing  only  seen  at  one 
moment  of  our  lives;  let  us  suppose,  then,  that  wc  do 
in  fact  see  the  same  house  several  times;  it  must 
necessarily  happen,  that  wc  see  it  under  very  different 
circumstances.  As  wc  approach  to,  or  recede  from  it, 
every  step  makes  it  affect  the  eye  differently,  both  as  to 
form  and  colour.  What  is  it  that  still  makes  us  con- 
sider the  cause  of  these  different  impressions  as  one 
thing t Plainly  the  thinking  principle;  so  that  again, 
and  in  a second  degree,  the  thought  is  parent  of  the 
thing ; and  be  it  observed,  that  it  is  not  until  after  this 
secondary  process  has  been  often  times  repeated  that 
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Grammar,  we  {five  the  thing  a name.  Now  what  arc  the  act*  of 
the  thinking  principle,  by  which  we  form  the  concep- 
tion of  this  external  object  as  one  thing?  The  apply- 
ing to  it  certain  law*  of  the  mind,  which  enable  us  to 
say  that  it  is  ••  square,"  or  “ circular,**  the  referring  it 
to  certain  laws  of  our  physical  organization,  which 
enable  us  to  call  it  " red,"  or  “white,  the  comparing  it 
with  other  objects,  so  as  to  determine  that  it  is  “ high  or 
low,"  the  dividing  it  into  it*  parts  and  appendages,  the 
*■  wall*"  and  the  “ roof,"  the  “ doors"  and  the  “ win- 
dows," and  so  forth.  Thus,  we  see,  that  so  simple  a 
thing  as  a house,  cannot  be  conceived  by  the  mind, 
unless  the  mind  has  first  conceived  the  ideas  of 
“ square"  or  “ circular,"  “ red"  or  “ white,"  “ high"  or 
**  low." 

Idea*.  But  these  ideas  are  no  physical  part  or  portion  of 

the  corporeal  object  which  we  contemplate ; they  can- 
not be  separated  from  it  by  any  physical  means ; they 
do  not  belong  to  it  more  than  to  any  other  object  with 
which  they  may  happen  to  be  associated;  they  are 
therefore  incorporeal  things,  thoughts,  conceptions  of 
mental  reflection.  Hence  it  follows  that  the  con- 
ceptions of  incorporeal  things  are,  in  the  order  of 
nature,  prior  tv  the  conceptions  of  corporeal  things. 
And  hence  again  it  follows,  that  the  former  are  not  the 
result  of  any  abstraction  from  the  latter,  but  ou  the 
contrary,  the  latter  are  produced  by  combining  together 
the  former.  An  abstract  idea  is  therefore  a contra- 
dictory term;  and  consequently  an  abstract  noun  is  an 
expression  which  we  think  it  improper  to  adopt ; but 
an  idea,  or  universal  conception,  is  one  of  the  first  and 
most  necessary  conceptions  of  the  mind,  aad  conse- 
quently nouns  expressing  such  conceptions  are  no  less 
essential  to  language  than  names  of  corporeal  objects. 
They  are  also  equally  intelligible.  Ask  the  most  ig- 
norant man  his  opinions  of  “ sweetness  and  sourness,” 
41  black  and  white,”  “ virtue  and  vice,”  and  he  will 
reason  on  them  quite  as  well  as  he  will  on  any  par- 
ticular things  or  persons  to  which  these  qualities  be- 
long. Does  any  man  ever  say  that  the  natural  conse- 
quence of  “ victory**  is  “ defeat  ?”  Does  he  argue 
that  there  is  no  distinction  between  **  red”  and 
“ green  ?"  Does  he  contend  that  “ ingratitude”  is  the 
most  acceptable  return  for  “ benevolence?”  Assu- 
redly not.  These  terms  staud  for  certain  conceptions 
in  his  mind  of  which  he  may  have  a clear  or  an  indis- 
tinct consciousness,  just  as  he  may  have  a clear  or  an 
indistinct  recollection  of  any  action  that  he  has  wit- 
nessed, or  of  any  person  that  he  has  seen;  but  still 
these  conceptions  arc  parts  of  the  mind  communicable 
by  speech;  they  bear  names,  anil  these  names  are 
‘ substantives  of  the  class  under  consideration. 

Certainty.  li  is  again  objected,  that  there  can  be  no  truth  or 
certoiuty  in  these  thoughts,  and  consequently  no  pre- 
cise meaning  in  the  words  by  which  they  are  signified, 
inasmuch  as  there  is  no  external  standard  to  which 
they  can  be  referred.  But  when*  there  are  no  mean* 
of  referring  to  the  external  standard,  it  is  in  fact  no 
standard  at  all.  Now  this  must  happen,  in  the  great 
majority  of  cases,  with  regard  to  corporeal  conceptions. 
No  sooner  have  1 seen  “ Peter"  or  “ John,"  than  he 
may  take  his  departure.  Shall  1 then  say  he  is  a non- 
entity ? And  what  ha*  truth  or  certainty  to  do  with 
external  existence  any  more  than  with  internal  ? We 
do,  in  fact,  attain  greater  certainty,  ami  are  more  confi- 
dently persuaded  of  truth,  in  regard  to  some  mental  than 


we  possibly  can  in  regard  to  any  corporeal  conceptions.  Chap.  I. 
Mathematical  demonstration  is  pro\erbially  clear  and 
unquestionable ; but  mathematical  demonstration  is 
carried  on  solely  by  means  of  ideal  conceptions.  If 
men  were  to  trust  to  physical  measurement,  aided  by 
the  very  nicest  instruments,  they  might  be  employed  for 
ages  before  they  could  satisfy  themselves  that  the  three 
angles  of  a right-lined  triangle  were  universally  equal 
to  two  right  angles. 

Certain  it  is,  that  all  mental  conceptions  arc  of  a DUiuct- 
nature  to  be  apprehended  with  very  dith-rent  degrees  of  net*, 
distinctness  by  different  minds  applying  to  them  dif- 
ferent degrees  of  attention;  and  it  is  as  certain,  that 
the  words  expressing  them  arc  often  used  loosely  and 
without  much  regard  to  their  precise  and  literal  signi- 
fication. Thus,  Mr.  Locke  ha*  written  two  volumes, 
principally  relating  to  the  word  idea ; yet  it  w'ould  be 
exceedingly  difficult  for  any  person  to  state  what  con- 
ception Mr.  Locke  had  of  that  w'ord:  and  most  certainly 
he.  had  not  the  conception  which  any  one  philosopher 
before  his  time  ever  attached  to  it.  But  this  is  a 
mere  proof  of  the  abuse  of  terms,  which  affords  no 
conclusion  at  all  against  their  use.  If  John  happens 
to  be  called  Peter  by  mistake,  this  circumstance  in  no 
degree  affects  his  personal  identity. 

Again,  it  must  be  observed,  that  when  an  universal  Union  «ld» 
idea  is  coupled  with  a particular  object,  the  idea  may  P*?Ucul<,r 
exist  in  more  or  less  intensity  and  vigour,  according  u ^ 
to  the  peculiar  nature  of  the  object.  “ Whiteness," 
may  exist  in  snow  more  absolutely  than  in  paper,  and 
in  paper  more  than  in  ivory.  “ Virtue’  may  exist  in 
Peter  more  eminently  than  in  John.  A “ square"  may 
be  more  truly  formed  in  one  ineehanical  instrument 
than  in  another.  To  this  circumstance  is  owing  the 
comparison  of  adjectives;  but  it  does  not  affect  the 
nature  of  substantives.  Whiteness  i*  not  less  a sub- 
stantive, when  considered  with  reference  to  ivory  or 
paper,  than  with  reference  to  snow  ; and  the  virtue  of 
John,  though  less  than  that  of  Peter,  equally  belongs 
to  the  universal  idea  of  virtue. 

Some  confusion  may  perhaps  have  arisen  from  the 
common  use  of  the  word  “ substantive,"  as  applied  to 
the  names  of  mental  and  corporeal  conceptions.  By 
“ substance"  wc  are  apt  to  understand  only  material 
or  bodily  substance,  that  which  wc  can  touch  and 
handle,  and  weigh  and  measure ; but  this  is  merely  a 
verbal  difficulty.  “ Substantive,”  in  the  grammatical 
sense,  means  that  which  is  considered  as  having  an 
independent  and  separate  existence,  and  of  which 
something  may  be  affirmed  or  denied  “ substantively," 
without  reference  to  any  other  thing  as  its  basis  and 
necessary  support.  This  notion,  then,  of  independent 
existence  i*  the  real  characteristic  of  all  those  words 
which  arc  called  nouns  substantive  : it  applies  equally 
to  ideas  and  to  bodies,  to  thoughts  and  to  things. 

What  we  here  call  ideas  are  those  mental  concep-  Not  men- 
tions,. to  which  that  name  was  originally  given — con-  d<-iiamin»- 
ccptions,  which,  in  the  language  of  Plato,  though  they  l,ou** 
run  through  the  particular  objects  which  participate 
their  nature,  are  separate  from  each  individual — piav 
Itiav  Cia  voWiir.  ivbt  tract*  eci/'tYt*  — Thus,  as 

he  elsewhere  says,  the  idea  or  mental  conception  of  a 
circle  is  different  from  every  visible  impression  of  a 
circle  ; for  the  former  is  perfectly  round,  whereas  each 
of  the  latter  ha*  some  part  or  other  approaching  to  a 
straight  line.  M.  Com!  iliac  (who  calls  ideas,  abstract 
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Grammar,  ideas  says,  that  ,{  abstract  ideas  are  only  denomina- 
lions."  On  this  notion  Mr.  Tooke  enlarges  at  great 
length.  Ilia  several  chapters  on  abstraction,  which 
abound  with  much  curious  etymology,  occupy  above 
400  quarto  pages,  in  the  course  of  which  he  is  pleased 
to  inform  his  readers,  that  “ heaven  and  hell"  are 
“ merely  participles  poetically  embodied  and  substan- 
tiated." What  practical  inference  is  to  be  drawn  from 
this  statement  we  know  not ; but  wc  have  carefully 
endeavoured  to  understand  Mr.  Tooke’s  doctrine,  as 
far  as  it  relates  to  the  grammatical  explanation  of  the 
(so  called)  abstract  nouns.  It  appears  to  us,  we  own, 
rather  obscure,  but  perhaps  it  may  be  more  satisfactory 
to  some  of  our  readers ; and  therefore  we  shall  state 
it  as  distinctly  as  wc  are  able,  in  the  following  propo- 
sitions : 

1.  The  verb  is  the  noun,  and  something  more.  (vol.  ii. 
P-  514.) 

2.  The  adjective  is  the  noun,  directed  to  be  joined 
to  another  noun.  (vol.  ii.  p.  431.) 

3.  The  participle  is  the  verb  adjeetived,  ».  c.  “ it  has 
all  that  the  noun  adjective  has,  and  for  the.  same  rea- 
son. viz.  for  the  purpose  of  ndjeetton."  (vol.  ii.  p.  4G8.) 

4.  The  abstract  nouns  “ arc  generally  participles  or 
adjectives  used  without  any  substantive  to  which  they 
can  be  joined."  (vol  ii.  p.  17.) 

The  result  of  this  seems  to  be.  that  when  an  abstract 
noun  is  a participle  (us  Mr.  Tooke  says  heaven  is)  it  is 
a noun,  and  something  more,  converted  into  a noun  di- 
rected to  be  joined  to  another  noun,  but  used  without  any 
noun  to  which  it  can  be  joined.  How  far  this  mode  of 
reasoning  goes  to  show  that  there  are  not  in  the  mind 
any  such  ideas,  as  “ whiteness,"  “ strength,"  “ virtue,* 
and  the  like ; or  that  these  words  do  not  serve  to  com- 
municate any  thing  but  conceptions  of  solid,  tangible, 
corporeal,  substance,  in  an  abbreviated  form,  must  be 
left  to  the  determination  of  the  judicious  reader ; for 
our  own  part,  we  cannot  see  that  it  tends  much  to 
enlighten  what  may  be  thought  obscure,  in  the  works  of 
the  ancient  grammarians ; still  less  does  it  appear  to 
us  to  cast  a doubt  on  those  principles,  which  the  an- 
cients have  stated  with  great  clearness  and  precision. 
Harris's  ar-  Before  we  quit  this  part  of  our  subject,  we  should 
r angement-  notice,  that  Harris  mentions  three  sorts  or  kinds  of 
substances ; the  natural,  as  " man the  artificial,  as 
u house and  the  abstract,  as  “whiteness.*  The  two  for- 
mer fall  under  the  class  of  corporeal  conceptions,  and 
as  no  grammatical  distinction  applies  to  them  in  prac- 
tice, wc  think  it  unnecessary  to  enter  particularly 
into  their  consideration.  The  last  kind  arc  the  same 
which  we  have  mentioned  as  denoting  ideal  or  mental 
conceptions,  and  to  which  wc  think  the  word,  abstract, 
inapplicable  for  the  reasons  already  stated. 

Gradation  After  considering  the  different  kinds  of  substantives, 
of  euneep-  we  conic  next  to  what  we  have  called  a difference  of 
tioo».  gradation ; and  by  this  we  mean  that  order  or  arrange- 
ment of  conceptions  which  classes  them  as  genera, 
species,  and  individuals.  Although  the  ancient  writers 
have  in  general  noticed  only  these  three  gradations, 
yet  it  is  easy  to  sec  that  they  may  be  multiplied  indefi- 
nitely. Tims  wo  may  say,  “ animal"  is  a genus, 
“ man"  a species,  “ Alexander"  an  individual ; but  we 
may  also  divide  the  species  man  into  white  and  black, 
or  king  and  subject,  or  Greek  and  barbarian  ; or  we  may 
make  “ being”  the  genus,  “ created  being"  the  first 
species,  « organised  being"  the  second,  M animal"  the 
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third,  and  so  downwards,  in  regular  subordination,  until  rinp  j. 
wc  come  to  the  individual,  llcucc  it  appears,  that  the 
only  important  distinction  of  substantives,  in  this  respect, 
is  into  words  expressing  i ndiiidual  things,  and  words  ex- 
pressing classes  more  or  less  general;  a distinction 
answering  to  the  old  grammatical  terms  nornen  and 
zocabulum,  or  nomen  proprium  and  nomen  appcllatixum  ; 
or,  in  the  language  of  our  modern  Grammars,  nouns 
proper  and  common. 

It  has  been  truly  observed  by  Mr.  Locke,  that  “ it  Particular 
is  impossible  that  every  particular  thing  should  have  thing*, 
a distinct  |ieculiar  name ; for  the  signification  and  use 
of  words  depending  on  that  connection  which  the 
mind  makes  between  its  internal  operations  and  the 
sounds  which  it  uses  as  signs  of  them,  it  is  necessary, 
in  the  application  of  names  to  things,  that  the  mind 
should  have  distinct  conceptions  of  the  things,  and 
retain  also  the  particular  name  that  belongs  to  every 
one,  with  its  peculiar  appropriation  to  that  conception. 

But  it  is  beyond  the  power  of  human  capacity  to  frame 
and  retaiu  distinct  conceptions  of  all  the  particular 
things  wc  meet  with ; every  bird  and  beast  men  saw, 
every  tree  and  plant  that  affected  the  senses  could  not 
find  a place  in  the  most  capacious  understanding.  If  it 
be  looked  on  as  an  instance  of  a prodigious  memory, 
that  some  generals  have  been  able  to  call  every  soldier 
in  their  army  by  his  proper  name,  we  may  easily  find 
a reason  why  men  have  never  attempted  to  give  names 
to  each  sheep  in  their  flock,  or  crow  that  Hies  over 
their  heads,  much  less  to  call  every  leaf  of  plants  or 
in  of  sand  that  came  in  their  way  by  a peculiar  name." 
far  Mr.  Locke,  in  which  quotation  we  have  only 
taken  the  liberty  to  substitute  for  the  word  ideas,  in  one 
place  internal  operations,  and  in  two  others  conception *. 

The  reasoning,  however,  is  nol  affected  by  this  change, 
and  it  is  such  reasoning  as  must  carry  conviction  to 
every  mind.  We  also  agree  fully  with  this  writer,  that 
to  name  every  particular  thing,  ii*  possible,  would  be 
useless  for  the  purpose  of  communicating  thought, 
unless  every  man  could  first  teach  the  whole  of  his 
own  endless  vocabulary  to  every  other  man  with  whom 
he  conversed,  or  for  whose  information  he  wrote.  And 
again,  supposing  even  this  possible,  it  would  nol 
conduce  at  all  to  science ; for  as  Aristotle  has  said, 

“ of  particular  things  there  is  neither  definition  nor 
demonstration,  and  consequently  no  science,  since  all 
definition  is  in  its  nature  universal." 

Proper  names  are  therefore  comparatively  few  in  Proper 
number.  They  serve  to  denote  a very  few  of  the  im-  na.nr*. 
mense  multitude  of  particular  objects  which  fall  under 
our  observation.  Some  of  these,  indeed,  obtain  a dis- 
tinguished celebrity  within  a small  circle;  they  arc 
— -TaUrd  of  far  and  near  at  borne. 

But  the  poet,  the  orator,  or  the  historian,  may  raise 
them  to  a prouder  eminence.  He  may  render  them 
the  svmbols  or  representatives  of  the  classes  to  which 
they  belong.  It  is  thus  that  “ Alexander"  becomes  the 
synonyme  of  a conqueror,  and  “ Cicero"  of  an  orator. 

Even  proper  names,  however,  have  in  general  been 
given  to  individuals  from  some  quality  or  action  not 
strictly  peculiar  to  them.  Hence  the  old  English 
rhyme  alluded  to  by  Verstegax,  in  relation  to  the 
family  name  of  Smith : 

Whence  eonicih  Smith,  jube  lie  knight  or  *qnire. 

But  from  the  Smith,  that  imiieth  at  the  fire  ? 

And  thus  we  see  how  words  of  individual  import,  as 
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well  as  conceptions  of  individual  existence,  arise  from 
ideas,  that  is  from  thoughts,  not  particular,  but  univer- 
sal. Nevertheless  it  must  be  admitted,  that  the  uni- 
versal idea  is  soon  lost  in  the  particular  application. 
Few  people  reflect,  that  George  originally  signified  44  a 
husbandman*  or  that  Charles  and  /fo/£rrzri>oth  signified 
44  manly" or  “ strong*  the  former  from  its  Gothic,  the 
latter  from  its  Grecian  etymology.  These  names  have 
now  come  to  indicate  individuals ; and  as  even  thus 
a single  word  is  not  found  to  answer  the  purpose  suffi- 
ciently, we  have  the  baptismal  name  and  surname ; as 
the  Romans  had  the  pnrnomen , the  cognomen,  and  the 
agnomrn. 

Noun*  com-  Beside  these  proper  names,  all  other  substantives 

*Motv  are  common,  or  whut  Mr.  l<ocke  calls  general  word*, 
which  he  truly  says  are  44  the  inventions  and  creatures 
of  the  understanding.*  But  the  process  of  the  under- 
standing, in  inventing  and  forming  these  words,  he  has 
not  accurately  traced  ; which,  indeed,  is  not  much  to 
be  wondered  at ; since  he  proceeds  solely  on  an  incor- 
rect, or  at  least  an  imperfect,  maxim  of  the  school- 
men, viz.  NiJtU  est  intcllcctu , quod  non  priusfuit  in  sensu  ; 
the  only  rational  meaning  of  which  is,  that  we  receive, 
by  means  of  our  senses,  the  materials  upon  which 
intellect  operates,  or  by  which  it  is  first  excited  to  the 
perception  of  truth ; so  that  the  maxim,  as  has  been 
well  observed,  ought  in  its  perfect  state  to  stand  thus  : 
44  Nihil  esl  in  intellectu,  quod  non  pnus  fuit  in  &ensu, 
prater  iptum  intellect  am.  * Now  the  mode  in  which  the 
understanding  proceeds  is  easily  to  be  discovered  from 
the  general  aim  and  object  of  its  process,  which  is  to 
acquire  some  knowledge  that  may  be  useful,  not  only  on 
one  occasion,  but  on  all  similar  occasions;  to  know 
some  truth  which  may  not  only  apply  to  Peter  or  John, 
but  to  all  persons  who  resemble  Peter  or  John ; but 
this  cannot  be  done,  unless  I have  a common  word 
which  implies  that  resemblance ; and  the  persons  in 
question  cannot  resemble  each  other  but  by  relation  to 
some  common  conception,  which  does  not  necessarily 
belong  to  any  one  of  them  more  than  to  any 
other.  That  common  conception  therefore,  supplies 
the  class-word,  which  renders  the  truth  common. 
Thus  Peter,  James,  and  Andrew  may  be  slaves; 
the  conception  of  slavery,  therefore,  is  common  to 
them  all,  and  whatever  is  universally  true  of  it,  is 
true  not  only  with  relation  to  Peter,  James,  and 
Andrew,  but  to  all  others  who  are,  or  have  been,  or  may 
be,  in  the  state  of  life  expressed  by  the  word  slave. 
Again,  a slave  and  a free  citizen  agree  in  this,  that 
they  are  subjects ; a subject  and  a sovereign  in 
this,  that  they  arc  men  ; a man  and  a beast  in  this, 
that  they  are  animats.  Now  all  these  conceptions, 
to  wit,  slavery,  subjection,  human  nature,  and  animal 
nature,  are  so  many  mental  conceptions,  or  ideas,  and 
they  are  regularly  subordinated,  one  to  another,  in  a 
certain  gradation,  according  as  they  are  viewed  by  the 
mind  ; which  view  is  determined,  not  by  any  accidental 
impression  received  from  the  senses,  but,  on  the  con- 
trary, by  the  general  truth,  of  which  the  understanding 
is  in  search.  Thus,  if  I am  in  search  of  some  truth 
relative  to  the  state  of  slavery : l may  consider  the 
conception  of  slave  as  a genus,  and  divide  it  into  the 
species  of  domestic,  political,  absolute,  limited,  and 
the  like;  or  if  1 wish  to  reason  on  animat  nature,  I 
may  regard  animal  as  the  genus,  and  man.  beast,  bird, 
fish,  Ac  as  species,  in  like  manner,  I may  consider 


an  angle  as  a genus,  and  the  acute,  the  right,  and  the  cw  j. 
obtuse  angles  as  species. 

The  nature  and  efFect  of  these  genera  and  specie*  ?»« *" 
may  be  thus  explained : all  truth,  which  is  not  intui-  re**u,l“,fr 
tivc,  must  he  discovered  by  reasoning;  but  reasoning 
is  reducible,  in  all  cases,  to  the  syllogistic  form.  Now 
a Syllogism  is  a combination  of  propositions:  and  a 
proposition  asserts  either  the  agreement  of  a substance 
with  its  attribute,  or  of  a genus  with  its  species.  The 
subject  of  the  proposition  is  one  conception,  and  the 
predicate  is  another.  Each  of  these  may  be  repre- 
sented by  a noun  substantive;  but  one  of  them  (if  not 
both)  is  necessarily  common ; for  the  assertion  that  ouc 
pro|ier  noun  is  another,  e.  g.  that  44  John  is  William," 
is  no  assertion  at  all,  for  any  purposes  of  reasoning. 

Omitting,  for  the  present,  the  consideration  of  those  Genus  and 
propositions,  which  assert  the  agreement  of  the  sub-  •(*«»«*• 
stance  with  its  attribute,  let  us  consider  those  which 
assert  the  agreement  of  a genua  with  iLs  species,  as 
44  that  man  is  an  animal,"  “ that  an  isosceles  is  a tri- 
angle,” or  the  like.  If  the  conception  44  animal”  in- 
cludes the  conception  44  man,"  the  proposition  “ man 
is  an  animal”  is  true ; and  in  like  manner,  if  the  con- 
ception 44  triangle”  includes  the  conception  44  isos- 
celes,* then  the  proposition  “ an  isosceles  is  a triangle* 
is  true.  But  nobody  who  understands  these  concep- 
tions can  doubt  the  truth  of  the  propositions.  Why  ? 

Because  such  is  the  nature  of  the  idea  44  animal,*  that 
it  includes  the  idea  44  man;"  that  is  to  say,  it  not  only 
applies  to  all  the  men  that  we  ever  have  known,  but  to 
ail  that  wc  ever  can  know,  and  to  many  other  concep- 
tions besides ; and  in  the  same  manner  we  may  reason 
concerning  the  ideas  of  4 4 triangle"  and  “ isosceles" 
respectively. 

The  genus,  therefore,  is  an  idea  including  the  species; 
not  as  a day  includes  an  hour,  or  as  a mile  includes  an 
inch,  that  is  to  say,  as  a given  measurable  part  or  por- 
tion, but  simply  as  being  of  more  comprehensive  appli- 
cation, and  therefore  embracing  all  the  particulars 
which  the  other  embraces,  and  many  more.  Thus,  let 
us  give  whut  definition  we  please  of  the  idea  44  man,* 
we  shall  find  that  the  idea  “ animal"  includes  it,  and 
something  more.  If  44  man,"  therefore,  be  considered 
as  a species,  44  animal”  will  be  a genus,  or  conception 
of  a higher  order;  aryl  it  is  simply  on  the  principle  of 
one  conception  including  or  not  including  another,  that 
the  whole  doctrine  of  syllogistic  reasoning  depends. 

From  what  has  here  been  said,  it  is  manifest,  that  the  Individual, 
distinction  of  genus,  species,  and  individual,  is  properly 
logical.  The  two  first  classes,  however,  arc  necessarily 
expressed  by  the  nouns  which  we  have  called  common  : 
whilst  the  individual  may  either  be  expressed  by  a 
proper  name  or  by  a common  noun  individualised  (as 
will  be  hereafter  shown)  by  the  help  of  an  article  or 
pronoun.  With  respect  to  the  individual  also,  we  have 
to  observe  that  it  is  not  necessarily  indivisible ; but  on 
the  contrary  there  is  a class  of  nouns  called  nouns  of 
multitude,  each  of  which,  though  it  represents  a number 
of  beings  definite  or  indefinite,  still  represents  them  as 
one  thing;  of  this  sort  are  the  words  44  an  army,* 

44  a regiment,"  44  a troop,"  44  a nation,"  44  a crowd,* 

44  a flock."  Those  writers  who  have  not  well  compre- 
hended the  distinction  of  genus  and  species,  have 
sometimes  explained  the  words  representing  them  as 
mere  nouns  of  multitude,  that  is  to  My,  44  as  repre- 
sentatives of  many  particular  things,"  instead  of  being 
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Thus  hare  we  shown  that  the  noon,  according  to  it* 
essential  distinctions,  signifies  a conception  corporeal 
or  mental,  and  that  it  signifies  it  br  a name  proper  or 
common : and  such  was  also  the  doctrine  of  the  an- 
cients; for  the  same  grammarians  who  defined  the 
noun  as  “ part  orationis  significant  rem  corporalrm  vet 
incorporalem,"  add  to  that  definition  44  proprit , commu - 
fri/erre." 

But  to  these  essential  distinctions  are  to  be  added 
the  accidental  ones,  of  which  we  have  next  to  speak, 
vix.  number,  gender,  and  relation,  or  case. 

Whatever  is  accidental  may,  or  may  not,  be  viewed 
in  connection  with  that  which  is  essential.  Tims  the  con- 
ceptions or  ideas  of  number , may  or  may  not  be  viewed 
m connection  with  other  conceptions  as  that  of  “ man" 
or44  whiteness,"  or  44sun,"  or  ‘‘star;"  and  if  viewed  in 
connection  with  any  one  of  these,  the  complex  concep- 
tion may  be  expressed  by  a single  word,  or  by  two 
words,  as  happens  in  regard  to  other  combinations  of 
ideas;  thus  as  “ saint*  is  a single  word,  including  the 
conceptions  expressed  by  the  two  words,  44  holy"  and 
u man,"  so  the  word  “horses*  includes  the  conceptions 
expressed  by  the  words  “ horse*  and  44  number.’ 

In  order  to  understand  when  the  conceptions  of  num- 
ber can,  and  when  they  cannot,  be  added  to  other  con- 
ceptions, we  must  consider  what  the  former  are.  For 
this  purpose  we  cannot,  perhaps,  refer  our  readers  to 
a more  satisfactory  or  better  authority  than  Plato’s  F.pi- 
«omu,  sometimes  called  the  Thirteenth  Book  on  Laws ; 
but  the  whole  passage  is  too  long  to  be  extracted,  and 
we  should  do  it  injustice  were  we  to  exhibiL  it  in  an  im- 
perfect state.  Suffice  it  to  say,  that  Plato  agrees  with 
Mr.  Locke  in  asserting,  that  “ number  is  the  simplest 
and  most  universal  idea,"  for  unity  itself  is  in  this 
sense  the  origin  of  all  our  ideas  of  number.  But 
the  latter  philosopher  is  by  no  means  correct  in 
saying  that  44  its  modes  are  made  by  addition  ; for 
we  might  as  well  say  that  they  were  made  by 
division,  or  by  subtraction,  or  by  multiplication; 
since  addition  is,  equally  with  each  of  the  others, 
one  of  the  powers  or  numbers,  and  presupposes  the 
idea  which  Mr.  Locke  imagines  it  to  produce.  He 
says,  11  by  repeating  this  idea  (viz.  of  unity)  in  our 
minds,  and  adding  the  repetition * together,  we  come  by 
the  complex  ideas  of  the  modes  of  it.  Tims  by  adding 
one  to  one  we  have  the  complex  idea  of  a couple," 
Very  true,  by  adding;  bnt  not  by  simply  repeating, 
which  is  a totally  different  operation.  John  is  one  and 
Peter  is  one,  amf  Henry  is  one ; but  one  is  not  two,  or 
three.  What  makes  me  then  acquire  the  ideas  of  two 
or  three?  Certainly  not  the  hare  act  of  repeating  one, 
one,  one;  for  children,  and  idiots,  who  cannot  reckon 
three,  can  do  this;  and  M.  de  la  Condamine  mentions 
whole  tribes  of  savages,  who  cannot  reckon  beyond 
three,  though  certainly  they  could  repeat  one,  two, 
three,  all  the  day  long.  There  must,  then,  he  some- 
thing in  the  nature  of  the  ideas  of  number  without 
which  it  would  be  impossible  for  us  to  “ add  one  to 
one,’  and  of  course  to  obtain  “ the  complex  idea  of 
number  " Now,  this  consists  in  the  still  more  general 
nature  of  all  ideas,  and  in  that  power,  which  they 
have,  to  grow  and  multiply  by  contemplation.  Thus, 
if  we  enumerate  John,  and  Richard,  and  Ilenry,  and 
WjHiam,  and  James,  and  Edward,  and  so  forth,  the 


very  slightest  attention  will  show  us  that  there  is  not  L 
merely  unity,  but  multitude , or  the  idea  of  number  in 
its  most  indistinct  form ; but  in  order  to  distinguish 
this  multitude  into  given  numbers,  as  twos,  threes,  or 
fours,  it  will  be  necessary  to  refer  each  conception  to 
some  other.  Thus  these  two,  John  and  Richard,  arc 
tall;  these  three,  Henry,  William,  and  James,  arc 
short;  or  these  three,  John,  and  Richard,  and  Henry, 
stand  in  the  first  line ; these  two,  William  and  James, 
stand  in  the  second ; or  the  first,  John,  is  counted  on 
the  thumb ; the  second,  Richard,  on  the  fore  finger ; 
the  third,  Henry,  on  the  middle  finger;  the  fourth, 

William,  ou  the  finger  next  beyond  tne  middle ; and^ 
the  fifth,  James,  on  the  little  finger.  This  last  mode 
of  sorting  and  classing  conceptions  has  been  generally 
adopted  by  mankind,  whence  the  Greek  word  vtpza- 
far,  44  to  reckon  by  fives,"  was  used  generally  for  “ to 
number."  Some  barbarous  tribes  never  went  beyond 
the  use  of  one  hand  for  this  purpose ; whereas  the 
more  cultivated  nations  employed  both  hands ; and 
this  latter  mode  is  the  origin  of  our  decimal  system  of 
arithmetic,  and  explains  why  the  numeral  figures  arc 
still  called  digit*. 

We  have  observed,  that  the  first  conception  of  number  P3ur«l 
is  simply,  that  it  is  someibingbeyond,  and  different  from  41urBbrf- 
unity ; that  it  is  unity  repeated,  or  multitude.  Thus 
fur  most  nations  have  gone,  in  expressing,  by  one  word, 
the  combination  of  number  with  any  given  conception ; 
and  this  variation  in  the  noun  is  called,  by  gramma- 
rians, the  plural  number . The  plural  number  usually 
differs  from  the  singular  in  form,  either  by  the  use  of  a 
word  altogether  different,  as  44  pig  and  swine ;"  or  by  a 
change  of  articulation,  as  “man  and  men  for  by  a syl- 
lable added,  as  “ horse  and  horses,"  “ ox  and  oxen but 
as  the  variety  of  these  forms  proves  that  no  one  of  them  is 
essentially  necessary;  so  both  experience  and  reflection 
will  show,  that  no  change  whatever  is  necessary,  in  the 
rtoun  itself,  provided  that  some  other  word  serves  to 
show  us  that  the  noun  isused  with  reference  to  plurality; 
thus  in  English  we  say  44  fifty  theep"  and  “ fifty  head  of 
Cattle  ;*  and  so  in  Latin  the  genitive  and  dative  cases 
singular,  and  nominative  and  vocative  plural  of  the  first 
declension,  are  identical. 

The  form  in  which  the  noun  expresses  unity  of  con-  x>«*| 
ception,  is  called  the  singular  number;  but  it  would  number, 
not.  be  possible  for  nouns  to  have  a separate  inflection 
for  every  separate  conception  of  number,  that  could  be 
combined  with  them  by  the  mind.  Therefore,  they  can- 
not have  separate  forms  for  the  dual , temal , quatrrnal 
numbers,  and  so  on,  ad  infinitum  ; but  for  some  of  these 
numbers  they  may.  Experience,  indeed,  has  not  shown 
us  that  they  have  ever  gone  beyond  the  dual  number  in 
this  respect;  and  that  has  been  done  by  very  few  nations. 

Some  grammarians  have  warmly  agitated  the  question 
whether  the  Latin  language  has,  or  has  not,  a dual 
number ; and  as  this  question  may  serve  to  illustrate, 
in  some  degree,  the  principles  here  advanced,  we 
shall  advert  to  it,  in  that  point  of  view.  Sc  a mg  l h. 
says,  44  Junes  non  rede  fee  ere,  qui  dualctn  numorm 
a plnrali  discerpxrre : utque  iccirco  severiore * Aiofo* 
netjue  receperef  neqne  in  iMtinos  /ranstniiere ; et  nuga - 
citas  ilia  lonum  in  rnultis  temporibus  xerborum  prrsot\nx 
aliquot  non  potuit  eruere  in  to  numrro,  in  nornintbui 
autem  pauculm  casus  expretsere"  “ The  Ionians  acted 
wrong  in  dividing  the  dual  number  from  the  plural : 
for  this  reason,  the  more  severe  Eolians  neither  re- 
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G laminar,  cerved  nor  transmitted  it  to  the  Latins;  and  even  this 
Ionian  trifling  in  many  tenses  of  verba,  was  unable  to 
make  out  a few  of  the  persona  in  the  dual  number ; 
and  in  the  nouns  they  expressed  a very  few  rases," 
Quintilian,  however,  observes,  that  there  were  some 
writers,  in  his  time,  who  contended  that  the  dual 
number,  in  the  third  person  plural  of  verbs,  was  pro- 
perly maiked  by  the  termination  e ; as  consedere,  if  two 
persons  sate  together,  consederunt,  if  more  than  two; 
but,  adds  he,  this  rule  is  observed  by  none  of  our  best 
writers,  44  quin  c eontrario  Dexeneic  locos;"  et  “ Conti - 
Caere  omnes et  “ Consedere  Ducts*  a pert  c not  doeeant 
• nihil  horum  ad  duo  i purtinere.  Quid?  Non  I Jr  ins  circa 
•ini tin  gfatim  primi  fibri  “ Tenuere"  in*] nit  “ itreetn  Saturn  ;* 
et  mor  44  in  adz  rrsuin  Romani  subierc*  Scd  quern  pntius 
ego  quam  AT.  Tull  turn  sequar,  qni,  in  Oratorc  “ non  re • 
prehendo"  ait  “ scriptere,  scripseruut  esse  xcrius  senfio 
“ On  the  contrary,  the  expressions  “ Dcxenere  locos  * 
(Virgil.  .En.  1.  & 6.),  and  *4  Conlicuere  r mars’"  (JEn.  2.), 
and  44  Consedere  Duces " (Ovid.  Metam.  13.),  rnay  clearly 
teach  us  that  none  of  these  verbs  relate  merely  to  two 
persons  or  things.  Does  not  Livy,  almost  at  the  very 
beginning  of  his  first  book,  sav, 14  Tenuere  arena  Sabini 
and  shortly  afterward,  “ In  adxersum  Romani  svbicrr* 
But  what  authority  need  I follow  in  preference  to  that 
of  Cicero  himself,  who,  in  his  book  De  Oratorc,  savs, 
41  I do  not  blame  those  who  write  scriptere , hut,  for 
my  own  part,  1 think  scripserunt  better."  Vossius,  too, 
observes,  that  in  the  description  of  Africa  by  Sallust, 
contained  in  his  book  on  the  Jugunhtne  war,  we  find, 
in  the  course  of  a very  few  lines,  the  plurals  “ posuere, 
interfere,  holme  re,  occupavcre,  muatcre,  appellaxere,  ac~ 
c esse  re,  con  upere,  possedere , cocgerr,  addidere , cotices- 
sere,  condidere,  and  fucre ; so  that  this  supposed  dis- 
tinction in  the  third  person  of  the  verb  appears  to  have 
been  quite  imaginary.  Dovatus,  however,  a gram- 
marian so  popular  in  the  middle  ages,  that  a 44  Donat" 
became  the  common  term  for  an  elementary  book  on 
Grammar,  argues  more  reasonably  on  the  use  of  the 
words  ambo  and  duo.  u Nttmeri*  says  he,  44  sunt  duo, 
singutaris,  uf  hie  sapient,  et  plural  it,  ut  hi  xapirNfes. 
Fit  et  dualit  numerus,  qui  singulari/er  enuneiari  non 
fullest,  uf  hi  ambo,  hi  duo.9  44  There  are  two  num- 
bers, the  singular,  as  hie  sapiens , and  the  plural,  as 
' hi  tapicnles.  There  is  also  a dual  number  which 
cannot  he  expressed  singularly,  as  hi  ambo,  both 
these;  hi  duo,  these  two."  Donatus  is  certainly  right 
in  calling  these  expressions  duals,  since  they  relate  to 
Ihc  conception  of  two;  but  for  the  same  reason  he 
might  call  the  expressions  hi  Ires,  iUi  tres,  and  the  like, 
fernals ; and  so  on,  of  any  other  numbers.  This  re- 
mark, however,  leads  to  the  clear  and  easy  solution  of 
the  dispute  among  the  grammarians;  since  it  shows 
that  each  party  was  right  in  the  different  view  that  it 
rook  of  the  subject.  It  is  certain,  on  the  one  hand, 
that  the  Latins  could  ami  did  express  the  conception 
which  was  expressed  by  the  Greek  dual;  but  it  is 
equally  certain  that  they  did  not  express  it  in  the 
same  manner.  Amongst  the  Ionian  Greeks  the  idea 
of  two  was  expressed  by  a word  which  from  long  use 
and  habit  had  come  to  he  employed  as  the  terminating 
M liable  of  any  noun  with  which  that  idea  was  con- 
nected. Amongst  the  Eoliun  Greeks,  and  their  Latiau 
successors,  the  same  idea  of  two  was  expressed  by 
w ords  which  never  happened  so  to  coalesce.  Sealiger 
on  this,  and  some  other  occasions,  reasons  as  if  ihc 


formation  of  different  dialects  wer*  a matter  of  pre-  cusn  T. 
meditation  and  study;  and  therefore  he  cabs  the 
Ionian*  triflers,  and  describes  the  Eoli&ns  as  more 
grave  and  severe ; whereas  it  is  certain  that  all  lan- 
guages, in  their  early  state,  grow  up  without  much 
meditation  or  reflection,  and  that  the  cultivation  and 
polishing  of  its  language  is  one  of  the  last  results  of  a 
nations  civilization.  Nor  can  this  be  otherwise ; for 
ideas,  which  are  the  laws  of  mind,  develop*-*  themselves 
in  practice,  and  guide  our  mental  operations,  just  as 
animal  laws  direct  our  bodily  actions,  long  before  we 
suspect  either  of  them  to  exist.  We  walk,  and  dance, 
and  ride,  according  to  the  laws  of  gravitation;  we  swim 
by  the  principles  of  hydrostatics ; we  form  and  express 
thoughts  by  the  laws  of  conception,  assertion,  and  deduc- 
tion; but  it  is  not  until  long  after  we  have  submitted 
to  those  laws,  that  we  begin  to  take  cognizance  of 
them  as  distinct  objects  of  thought;  for  the  last  opera- 
tion of  the  human  intellect  is  that  by  which  it  separate* 
itself  from  outward  things,  and  discovers  within  its 
own  nature  a world  of  beauty  and  order,  which  even 
more  than  this  wondrous  body  of  man  with  all 
curious  apparatus,  chemical  and  mechanical,  more  than 
this  terraqueous  globe  with  its  animal  and  vegetable 
and  mineral  riches,  more  than  the  sun  44  looking  from 
his  sole  dominion,”  or  even  than  the  countless  numbers 
of  the  heavenly  host  peopling  interminable  spuce,  dis- 
covers to  our  finite  comprehension  the  traces  of  that 
Dai  tv,  who  cannot  be  more  fully  revealed  but  by  his 
own  divine  word.  * 

Thus  it  is,  that  in  intellectual,  as  in  moral  specula-  Absnl«i* 
tion,  our  simplest  conceptions  arc  most  closely  con- 
nected  with  that  absolute  truth,  of  which  Mr.  Tooke 
altogether  denies  the  existence.  “ Truth,”  savs  he, 

44  supposes  mankind  : for  whom,  and  by  whom  alone, 
the  zeord  is  formed.  If  no  man,  no  truth.  There  is, 
therefore,  no  tuch  thing  as  eternal,  immutable,  ever- 
lasting Truth;  unless  mankind,  such  as  they  are  at 
present,  be  also  eternal,  immutable,  and  everlasting. 

Two  persons  may  contradict  each  other,  and  yet  both 
speak  truth."  This  is  not  only  not  common  sense,  but 
it  is  very  bad  logic.  The  argument  runs  thus:  A man 
trxnced  or  believed  something  to  exist;  he  used  the 
word  “ troweth,  troth,  or  truth,”  to  express  this  belief; 
therefore  no  such  thing  existed.  Again  two  men  be- 
lieved that  two  different  things  existed  ; they  both  used 
the  same  word  to  express  the  same  belief ; therefore 
the  belief  of  both  was  equally  well  founded.  Turn  Mr. 

Tookc's  sentences  how  we  will,  they  come  to  this  sort 
of  reasoning.  How  is  such  a circumstance  to  be  ac- 
counted for,  in  a man  of  his  acuteness  ? For  that  he 
was  acute,  his  single  remark  44  that  the  verb  includes 
the  noun  and  something  more  ” incontestibly  proves. 

But  his  extraordinary  sophisms  arise  wholly  from  his 
loose  and  hasty  conception  of  the  word  thing  ; which  as 
he  uses  it,  corresponds  exactly  to  Mona.  Condillacs 
object,  and  to  Mr.  Locke's  idea ; and  really  means 
nothing ; that  is  to  say,  nothing  certain,  definite,  or 
intelligible. 

That  the  human  mind  can  embrace  Ete&w  a l Truth,  Truth  of 
in  the  widest  sense  of  these  terms,  it  would  he  folly  and  nuiubcn. 
madness  to  assert ; but  that  none  of  the  truths  which 
it  is  formed  to  comprehend  are  eternal,  is  a proposition, 
to  say  the  least  of  it,  extremely  bold.  At  all  events,  the 
circumstance  thut  men, 44  such  as  they  are  at  present,** 
may  not  be  able  clearly  to  comprehend  a given  truth, 
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is  certainly  no  proof  of  its  falsehood.  Suppose  n child 
does  not  well  comprehend  that  two  and  two  are  four, 
are  they  the  less  so  i Now,  this  is  the  case  with  all 
conceptions  of  number.  We  begin  with  unity,  we  pro- 
ceed to  multitude,  we  advance  to  numeration ; bnt  the 
elementary  books  of  arithmetic  will  teach  us,  that  this 
last  is  the  introduction  to  that  science  by  which  Newton 
brought  dona  the  old  divinities  from  their  starry 
thrones,  and  converted  lovely  Venus  and  potent  Jove 
into  siluiit  monitors  of  the  lapse  of  time,  or  friendly 
guides  of  the  adventurous  navigator  on  a lonely  ocean; 
that  science,  by  which  judicial  astrology  was  for  ever 
confuted,  and  men  learnt  to  gaze  unmoved  on  the  comet, 
which,  as  they  once  thought, 

— from  bit  horrid  luiir 

bbuul  peauUiUce  and  war. 

Such  being  the  nature  and  power  of  the  conceptions 
of  number,  let  us  enquire  how.  and  on  what  principles 
it  is  that  they  are  connected  with  other  conceptions  ; 
and  here  it  w ill  be  seen  that  tliese  principles  are  founded 
in  the  essential  nature  of  the  noun,  as  universal  and 
particular;  general,  specific,  and  individual;  for  the 
principal  office  of  numbers  is  to  apply  science  to  fact, 
Ly  distributing  the  genus  into  its  species,  and  the 
species  into  its  individuals ; number,  therefore,  is  the 
bond  uniting  the  universal  w ith  the  particular,  the  highest 
genus  with  the  lowest  individual.  Eternal  Truth  with 
momentary  sensation.  Therefore  it  is,  that  Plato  says, 
i/vip  U rife  AeSpsnriVijc  f vanoc  i&X&ftqv  ovu  &y 

won  ri  Qpnrtfioi  ytrv ifitia.  **  Jt  WC  w’crc  to  take  out 
number  from  human  nature,  we  should  become  void  of 
thought  on  every  subject  which  he  again  illustrates 
by  observing,  that  an  animal  which  has  not  the  distinct 
conceptions  of  two  and  three,  or  of  even  and  odd,  and 
consequently,  is  quite  ignorant  of  numeration,  can 
never  give  uny  account  of  those  things  which  he  per- 
ceives bv  sense  and  memory. 

“ The  genus,”  as  Mr.  Harris  observes,  " is  found 
whole  and  entire  in  each  one  of  its  species.”  Thus 
the  genus  animal  is  found  in  the  different  species,  man, 
horse,  and  dog:  that  is  to  say,  a man  is  an  animal,  a 
horse  is  an  animal,  and  a dog  is  an  animal.  By  num- 
bering the  kinds,  we  find  that  the  genus  though  one,  is 
capable  of  being  conceived  as  many,  and  therefore  we 
can  speak  of  many  animals.  Again,  *•  the  species  may 
be  found  whole  and  entire  in  the  individual.”  Thus 
Socrates  is  a man,  Plato  is  a man,  Xenophon  is  a man  ; 
and  by  applying  the  conception  of  number  to  the  species 
of  man,  we  call  them  three  men.  Hie  plural  number, 
therefore,  belongs  to  genera  and  species : and  accord- 
ingly wc  find  all  languages  apply  the  plural  number  to 
words  expressing  genera  and  species,  that  is  to  say, 
to  the  words,  which  we  have  called  common,  or  ap- 
pellative. 

But  the  case  is  totally  different  with  proper  names, 
when  strictly  used  as  such ; for  in  that  case  they  are 
applied  to  individuals,  and  the  individual  is  not  found 
whole  and  entire  in  the  genus  or  species.  The  con- 
ception of  Cir»ar  is  not  found  whole  and  entire  in  the 
genus  animal,  or  in  the  species  man,  or  in  the  class  of 
Romans,  or  of  conquerors,  or  of  generals,  or  of  soldiers, 
or  of  scholars.  The  word  CVsar,  therefore,  when  used 
to  express  the  very  individual  who  passed  the  Rubicon, 
and  who  spoke  with  so  much  affected  liberality  in  be- 
half of  the  traitors  engaged  in  the  Catilinanan  con- 
spiracy, and  who  doubted  of  a future  state,  and  who 


associated  with  the  debauched  and  profligate  Antony,  Chap  r. 
arid  who  at  once  flattered  and  subjugated  the  Homan 
people,  cannot  receive  a plural  termination ; and  for 
this  reason,  because  the  particular  conception  which  it 
expresses  cannot  be  associated  with  number;  since 
there  never  was  nor  ever  will  he  more  than  one  such 
man;  who  therefore  spoke  philosophically  and  truly, 
when  lie  said — 

For  si  way  1 1 ana  Canar. 

But  if  the  word  Caesar  be  used  to  express  a different 
conception ; if  it  mean  something  which  is  also  found 
whole  and  entire  in  Alexander,  and  Attila,  and  Jenghiz 
Khan,  and  Napoli-on  Buonaparte,  then  indeed  “ the 
Ccosars”  is  a proper  grammatical  form  of  speech  ; be- 
cause the  noun  is  no  longer  a proper  name,  but  an 
appellative.  Then  we  may  reason  on  the  Caesars,  as 
on  a class  or  species,  and  what  wc  say  of  one  will  he 
equally  true  of  another;  but  then  the  word,  though 
the  same  in  sound,  will  be  very  different  in  signifi- 
cation; and  the  reason  which  before  prevented  our 
adding  to  it  the  plural  termination  will  no  longer  exist. 

Mr.  llurris  has  mentioned  various  ways  in  which  a jjw 
proper  name  may  come  to  he  used  as  an  appr  dative.  b«cume 
The  persons  indicated  by  it  may,  as  members  of  the  pJuraL 
same  family,  or  from  other  accidental  causes,  happen 
to  bear  the  same  name.  Hence  the  expression  of  44  the 
twelve  Ctesars,”  to  designate  twelve  Roman  emperors 
who  successively  bore  that  name.  Hence  too  the 
Ilouvrds,  I'clham* , and  Montagues,  **  because  a race 
or  family  is  like  a smaller  sort  of  species so  that 
the  family  name  extends  to  the  kindred,  as  the  spe- 
cific name  extends  to  the  individuals.  Again  an- 
other cause  which  contributes  to  make  proper  names 
plural,  is  the  marked  character  of  some  individual 
who  bears  it,  whether  for  eminent  virtue,  or  for  no- 
torious vice,  or  simply  for  any  thing  extraordinary  and 
singular  in  his  conduct  or  opinions.  It  is  thus  that  in 
speaking  on  the  subject  of  Grammar,  we  might  not 
improperly  say.  “ these  are  the  opinions  of  a Condillac!" 
referring  to  an  author  of  some  celebrity ; though,  as 
we  think,  of  remarkable  inaccuracy  in  his  views  of 
that  subject.  So  the  liberality  of  Horace’s  patron  and 
friend  has  made  every  patron  of  literature  he  called  a 
Mearnas ; the  odious  cruelties  of  Nero  have  made  his 
name  a synonyme  with  the  word  tyrant : and  on  tlio 
same  principle  Shy  lock,  when  he  would  express  the 
integrity  and  acuteness  of  the  supposed  young  lawyer, 
exclaims, 

A Daulel  cotuc  lo  jadytnrol!  Yr«.  a Daniel  I 

Gender,  on  an  accidental  distinction  of  nouns,  has  Gender 
given  rise  to  much  litigation  among  grammarians. 

“ Gender,”  says  Vossius,  44  is  properly  a distinction  of 
sex;  but  it  is  improperly  attribut'd  to  those  things 
which  have  not  sex,  and  only  follow  the  nature  of  things, 
having  sex,  in  so  far  as  regards  the  agreement  of  substan- 
tive with  adjective.  Sex  is  properly  expressed  in  refer- 
ence to  male  and  female,  as  Pythagoras  and  7 bantu ; agery 
afield,  therefore,  i 8 improperly  called  masculine;  and 
herba , an  herb,  is  improperly  called  feminine.  But  animal 
is  neuter,  because  it  is  construed  neither  way  ” Snaliger 
says,  that  the  ancients  improperly  attributed  sex  to 
words ; and  that  with  respect  to  the  neuter  gender,  it 
is  absurd  to  attribute  that  to  gender  which  is  rlie  ne- 
gation of  gender.  Neither  is  it  to  be  borne,  says  he, 
that  words  should  be  called  of  the  doubtful  gender, 
from  the  circumstance  of  their  being  sometimes  used 
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retainer,  with  a masculine  and  fondants  with  a feminine  con- 
(*-v-w'struction.  Mr.  Harm,  however,  ha*,  with  some  in- 
ennity,  endeavoured  to  assign  reasons  for  the  generic 
isliucuon  of  nouns.  '*  Every  substance,"  says  he,  “ is 
male  or  female,  or  both  male  and  female,  or  neither 
one  nor  the  other.  So  that  with  respect  to  sexes  and 
their  negation,  all  substances  conceivable  are  compre- 
hended tinder  this  fourfold  consideration."  Hence  he 
proceeds  to  consider  language  as  if  it  had  been  really 
and  intentionally  formed  with  a view  to  this  classifica- 
tion of  substances.  As  to  the  first  and  second  class, 
they  are  manifestly  such  as  must  on  many  occasions 
require  some  mode  of  expression.  The  third  is  rare, 
and  its  expression  would  in  general  be  shunned.  But 
as  to  the  fourth  it  must  necessarily  include  by  far  the 
greater  portion  of  the  objects  of  thought.  In  languages 
where  the  natural  sexes  alone  are  expressed  by  terms 
corresponding  to  them,  very  little  difficulty  occurs  in 
this  part  of  Grammar.  In  general,  every  noun  denoting 
a male  animal  is  masculine  ; every  noun  denoting  a 
female  animal  is  feminine ; and  every  noun  denoting 
neither  the  one  nor  the  other  is  neuter.  The  only  ex- 
ception to  this  general  rule,  is  an  exception  which  is 
founded  in  the  poetical  part  of  our  nature ; and  it 
happily  serves  to  distinguish  the  language  of  imagination 
from  that  of  reality.  The  instances  to  which  wc  allude 
are  those  in  which  the  conception  of  a thing  is  raised 
to  the  dignity  of  a person,  where  we  dwell  with  such 
fondness  on  our  thoughts  as  to  invest  them,  as  it  were, 
with  life  and  action.  Virtue  stands  before  us  in  the 
enchanting  form  of  a lovely  female.  Patience  appears 
“ gating  on  kings’  graves,  and  smiling  extremity  out 
of  act." — So  Shakspeare  says, — 

The  morui  moon  hath  her  ectipie  endured. 

But  perhaps  we  cannot  cite  a finer  instance  of  this 
figurative  use  of  gender  than  that  which  is  so  finely 
employed  in  Milton's  description  of  Satan — 

—————Hi*  form  had  yet  not  I oat 
All  her  original  brij;h(nm,  nor  appear'd 
Lev*  tliau  archangel  ruin'd. 

But  in  languages  where-  the  mere  terminations  of  words 
imply,  or  are  supposed  to  imply,  any  or  all  of  these 
distinctions,  it  is  no  wonder  that  much  confusion 
arises  in  the  various  modes  of  explaining  a circum- 
stance so  foreign  to  the  general  laws  of  thought. 
**  The  Greek,  I .at  in,  and  many  of  the  modern  tongues," 
says  Mr.  Harris,  44  have  words,  some  masculine,  some 
feminine  (and  those  too  in  great  multitudes),  which  have 
reference  to  substantives  where  sex  never  had  existence. 
To  give  one  instance  for  many,  mind  is  surely  neither 
male  nor  female  ; yet  is  »•**,  in  Greek,  masculine;  and 
mens  in  Latin,  feminine."  This  learned  grammarian  could 
not  bat  perceive  that  44  in  some  words  these  distinc- 
tions seemed  owing  to  nothing  else  than  to  llie  mere 
casual  structure  of  the  word  itself but  he  was  of 
opinion  that  in  other  instances  might  he  detected  “ a 
more  subtle  kind  of  reasoning,  w hich  discerned  even  in 
things  without  sex  a distant  analogy  to  that  great  dis- 
tinction which,  according  to  Milton,  animates  the 
world !" 

Mr.  Hu-  We  are  far  from  asserting  that  in  particular  instances 
m*«  theory,  some  such  analogy  may  not  have  operated.  In- 
deed it  appears  to  us  to  be  of  the  nature  of  that  ima- 
gination to  which  we  owe  the  figurative  language 
above  mentioned  ; but  it  could  only  have  been  a rare 


accident,  by  no  means  capable  of  carrying  ns  far  to- 
ward  the  explanation  of  the  principles  on  which 
language  in  general  was  constructed.  Harris,  it  must 
be  owned,  expresses  himself  modestly  enough,  observ- 
ing. “ that  all  such  speculations  arc  at  best  but  con- 
jectures, and  should  therefore  be  received  with  candour 
rather  than  scrutinised  with  ngour"  *'  Varro’s  words, 
on  a subject  near  akin,"  says  he,  44  arc  for  their  aptness 
and  elegance  well  worth  attending : Son  mtdiocm 
rnim  tencbrac  in  sikd  ubi  kite  captanda , nrij *r  eb,  quo 
perxentre  lolumus  semitee  tritec,  neque  non  in  tramitthv* 
qutrdam  objccta,  quae  cunt  cm  rctincre  poisvnt.”  With 
this  allowance,  wc  may  therefore  notice  the  gene- 
ral principle  for  which  Harris  contends,  namely,  that 
“ wo  nay  conceive  such  subjects  to  have  been 
considered  as  masculine,  which  wctc  conspicuous 
for  the  attributes  of  imparting  or  communicating,  or 
which  were,  by  nature,  active,  strong,  and  efficacious ; 
and  that  indiscriminately,  whether  to  good  or  to  bad, 
or  which  had  claim  to  eminence  either  laudable  or 
otherwise and  again,  that  “ the  J'animuc  were  such 
as  were  conspicuous  for  the  attributes  either  of  receiv- 
ing, of  containing,  of  producing,  or  of  bringing  forth, 
or  which  had  more  of  the  passive  in  their  nature  than 
of  the  active ; or  which  were  peculiarly  beautiful  and 
amiable,  or  which  had  respect  to  such  excesses  as 
were  rather  feminine  than  masculine."  Hence  he 
thinks  it  would  he  reasonable  to  consider  as  masculine 
nouns,  the  44  sun,"  the  **  sky,"  the  “ ocean,"  “ time,** 
" death,"  41  sleep,’'  and  “ God and  as  feminines, 
the  44  moon,”  the  44  earth,”  a 44  ship,'*  a “ city,”  a 
44  country,”  and  44  virtue.”  But  the  question,  as  re- 
spects the  science  of  Grammar,  is  not  whether  any  or 
all  of  these  may  not  occasionally  and  accidentally  he  so 
considered ; but  whether  there  be  any  necessary  cause 
connecting  in  out  minds  the  conception  of  sex  with 
any  of  them.  Now,  there  can  be  no  other  such  cause 
than  personification,  because  sex  is  a personal  distinc- 
tion ; hut  even  that  cause  docs  not  universally  apply  to 
any  of  these  conceptions.  God,  indeed,  our  creator  and 
preserver,  we  usually  and  properly  regard  as  a person  ; 
and  then  the  reasoning  of  Mr.  Harris  is  so  for  just,  that 
we  cannot  easily  view  the  Supreme  Being  ns  a female  ; 
for  even  in  those  heathen  mythologies  which  abound 
with  female  divinites,  the  chief  and  sovereign  Deity  is 
always  represented  as  masculine.  But  Harris  himself 
admits,  what  indeed  the  common  experience  of  every 
dav  sufficiently  proves,  that  we  often  contemplate  this 
ineffable  conception  without  any  reference  to  sex,  or 
even  to  person,  calling  it  44  Deity,"  44  Numen,”  44  ro 
W.*'  It  must  be  remembered,  that  personification 
was  more  common  among  the  ancients  than  the  mo- 
dems. The  Greeks  actually  worshipped  Sleep  and 
Death  in  the  form  of  men ; Virtue  was  pour  tray  ed  before 
their  eyes  by  the  statue  of  a female.  Nor  must  we 
forget  that  many  of  these  personifications  have  been 
handed  down  to  us  from  them  by  mere  tradition  and 
the  language  of  the  poets.  Thus  it  is  difficult  for  us, 
who  have  seen  Fame  and  Victory  so  often  delineated  as 
females,  on  ancient  medals,  and  in  sculpture,  who 
read  of  them  as  such  in  poetry,  and  know  that  Fama 
and  Victoria  are  nouns  of  feminine  termination ; it 
is  difficult  for  us  when  we  do  personify  these  airy 
beings,  to  figure  them  to  ourselves  as  men,  in  a different 
habit  and  form,  with  different  accompaniments,  and 
expressed  by  words  and  sentences  of  a different  cha- 
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racier  and  construction.  But  there  arc  comparatively 
few  things  which  we  persouiiy  in  our  common  prose  : 
and  when  wo  do  so,  the  change  of  the  form  of  words 
from  neuter  to  masculine  or  feminine,  at  once  and 
powerfully  marks  the  transition  of  tho  mind  from 
cold  matter  of  fact  to  ardent  imagination.  This,  how- 
ever, is  again  an  accidcutal  circumstance  appertaining 
to  the  particular  history  of  the  English  language,  and 
not  to  the  philosophy  of  language  in  general. 

There  is  a curious  difference  of  opinion  between 
Saxctiub  und  Harris.  The  former  writer  asserts 
44  that  proper  names  of  men,  cities,  rivers,  mountains, 
and  the  like  do  uoi  admit  of  grammatical  gender;" 
44  Novnaa  propria  hotair. urn,  or  bum,  Jluvinrutn,  mnntium, 
ft  caitcru  hujunmodi,  genus  grirmmuticum  habere  non 
paste:"  whereas  the  latter  author  says  “ both  number 
and  gender  appertain  to  words. — Number,  in  strictness, 
descends  no  lower  than  to  the  last  rank  of  species  : 
gender,  on  the  contrary,  stops  not  here,  but  descends 
to  exert/  individual,  however  diversified*’  This  apparent 
contradiction  between  two  eminent  writers  is  neverthe- 
less easily  reconciled.  Harris  attributes  gender  to 
words  as  significant  of  the  conceptions  of  the  mind. 
Sanctius,  on  the  other  hand,  following  the  authority  of 
Yarro  and  Piomedes,  considers  grammatical  gender 
as  relating  only  to  the  termination  or  construction 
of  words.  44  Thus,*  says  Varro,  44  we  do  not  call 
tiioic  word*  masculine  which  signify  male  beings, 
hut  those  before  which  are  properly  placed  hie  and 
hi,  and  those  feminine  with  which  we  can  say  htec  and 
ha.”  44  Sic  itatjuc  ea  xinlia  dicimus,  non  qua  rinrtu  sig- 
nificant, ted  quibus  pnrponwiHS  hie  et  hi  ; ft  sic  mulirhria 
in  quibus  dicere  possum  us  hate  et  hat."  The  reason  which 
this  author  assigns  for  his  doctrine  is  suitable  enough 
to  Grammar  as  on  art,  but  not  as  a science.  Gram- 
iuatica  proposition  non  eat  twgulanun  r oeum  sigv{fica- 
ttoues  explicare , ted  usura.  “ The  object  of  Grammar  is 
not  to  explain  the  significations  of  particular  words,  but 
their  use."  Now,  though  the  mere  signification  of 
words  is  not  the  object  of  Grammar,  the  mode  of  signi- 
fication is  so  far  from  being  an  immaterial  part  of  that 
science,  that  it  is  its  sole  foundation.  There  is  no 
doubt  but  that  the  expression  or  non-expression  of  the 
distinction  of  sex  in  connection  with  other  conceptions, 
must  affect  the  relations  of  language  considered  as 
significant,  and  consequently  must  fall  under  the  science 
of  Grammar,  according  to  the  definition  of  it  which  we 
have  adopted.  This  expression  is  not  essential  to  all 
nouns,  but  it  is  an  accident  universally  affecting  whole 
classes  of  nouns,  and  therefore  demanding  for  its  ap- 
plication some  rules  of  Universal  Grammar. 

Now  those  rules  not  only  do  not  depend  on  the  ter- 
mination or  other  peculiarity  in  the  sound  of  words, 
bat  even  in  the  l^itin  language,  as  Wallis  has  observed, 
sex  is  not  so  distinguished ; for  though  the  termination 
um  is  neuter,  yet  the  words  scoiium,  mancipium , ama- 
xium,  Sec.  are  applied  both  to  the  male  and  female  sex  : 
and  so  wc  find  it  even  in  proper  names,  as  Glyceriwn 
mea , which  Prisctan  notes  as  figurative. 

Regarding  only  the  science  of  Grammar,  as  de- 
pendent on  the  nature  of  thought,  it  is  manifest,  that 
those  conceptions  which  are  of  a nature  tocoalesce,  in  rea- 
son or  fancy,  may  be  considered  either  distinctly  or  in 
absolute  union.  Thus  the  conception  of“  number*  and 
that  of  “ soldier"  are  absolutely  united  in  the  conception 
of  *•  army"  or  44  regiment,"  or  **  troop;"  the  conception 


of 44  royalty" and  that  of 44  man*  are  absolutely  united  in  Chap.  I. 
that  of 44  king ;"  and  so  the  conception  of 44  sex"  and  that 
of  “ child*  are  absolutely  united  in  the  words  44  boy"  and 
“ girl.”  This  sort  of  union  gives  occasion  to  many  classes 
of  words  in  most  languages,  as  “ horse”  and  44  mare,” 

44  ram”  and  44  ewe;”  “ hull”  and  44  cow;”  but  there 
is  a second  class  in  which  the  same  distinction  is  ex- 
pressed by  the  compound  form  of  the  word,  as  44  shep- 
herd” and  ” shepherdess,”  44  milliner”  and  44  man- 
milliner;”  and  lastly,  the  sexual  quality  is  often  ex- 
pressed by  its  proper  adjective,  as  the  44  male  and  fe- 
male elephant,”  the  44  male  and  female  rhinoceros.” 

There  are  some  conceptions  in  which  that  of  sex  is  Cuauum 
tacitly  included,  but  may  not  be  absolutely  determinable,  S*m,<  • 
or  may  not  require  to  be  determined  for  the  purpose  of 
communicating  thought.  Thus  a 44  child”  is  either  a 
44  boy”  or  a 44  girl , but  if  we  are  reasoning  on  the 
education  of  children  generally,  many  thoughts  may 
occur  to  us  which  indifferently  and  equally  relate  to  boys 
and  girls,  and  in  expressing  which  we  may  therefore 
use  the  neuter  word  “ child.”  And  perhaps  this  con- 
sideration alone  would  afford  a sufficient  answer  to 
those  persons  who  contend,  like  Hobbes,  that  the  ge- 
neral word  “ man”  is  no  more  than  the  representation 
of  some  one  particular  man  in  my  memory  or  imagi- 
nation : for  if  the  word  child  in  my  thoughts  represented 
a hoy,  it  could  not  represent  a girl,  and  vice  versa ; 
whereas  we  see  iu  practice  that  it  represents  the  two 
contrary  sexes  at  the  same  time,  without  the  least  dif- 
ficulty, and  serves  the  purposes  of  reasoning  quite  as 
well,  and  oftentimes  better  than  if  we  had  employed 
different  words  for  the  two  sexes. 

Lastly,  there  arc  conceptions,  which  in  reality  have  Figurative 
nothing  to  do  with  sex,  but  which,  from  various  causes,  lffndcr’ 
principally  depending  on  imagination  or  habit,  we  are 
apt  to  consider  in  connection  with  notions  of  sex. 

Thus  the  English  sailor,  who  has  contracted  a sort  of 
affection  for  the  tight  vessel  in  which  he  has  braved 
the  winds  and  waves  ; and  who  sees  in  her  neat  trim 
and  gallant  tackling  the  elegance  of  female  apparel,  is 
habitually  led  to  speak  of  her  as  a female.  Who  has 
not  been  electrified  with  the  feeling  expressed  in  the 
old  sea-song — 

44  She  rights,  ite  rights,  bo  vs-  -we’re  off  shore  V* 

To  a similar  cause  it  is  to  be  attributed  that  we  can 
hardly  think  of  Britannia  as  a mailed  warrior  44  an 
arm’d  man  for  the  battle,"  or  as  a sea  god  wielding 
his  trident  over  the  subject  waves;  but  wc  see  her, 
like  another  Minerva,  great  in  arts  and  arms,  circling 
her  brows  at  once  with  the  olive  and  the  laurel,  cover- 
ing the  nations  with  her  aegis,  and  stretching  out  her 
spear  for  their  protection.  If  wc  speak  of  her  domestic 
greatness,  it  is  as 

The  nurse,  the  teeming  vomii  of  toytd  kings  ; 

If  we  lament  her  errors,  and  her  fadings,  we 

Fed  fur  her,  u a Lovor,  or  a child. 

This  is  tlie  language,  not  of  mere  plain  unadorned  AnimsicH 
reason,  but  of  reason  elevated  and  sublimed  by  passion  ; ***** 
yet  does  not  this  circumstance  take  it  entirely  out  of 
the  domain  of  Grammar,  viewed  ns  teaching  the  ne- 
cessary modes  of  communicating  thought ; for  passion 
is  a nocessury  part  of  our  nature,  and  it  necessarily 
gives  a hue  and  tinge  to  our  conceptions,  and  forces 
us  to  modify  accordingly  the  forms  of  expression  in 
language.  Unhappy  is  the  critic  who  knows  nothing 
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(•r-imiuor.  t3iu»  part  of  Grammar ; Ik*  will  not  only  miss  some 
of  the  finest  beauties  iu  the  poets,  but  if  he  atw  nipt 
to  correct  wbui  he  thinks  faulty,  he  will  display,  in  the 
most  ridiculous  light,  his  own  want  of  taste.  Mr. 
Harris  has  finely  exemplified  this  remark,  by  a quota- 
tion from  Milton— 

At  bis  coiiiniAnd  lh'  uprooted  Hilts  retired 
Kada  to  hit  place  : they  beard  bis  voice  suid  <»etil 
: ticav'n  hit  vturued  face  renew'd. 

And  with  fretb  flow ‘rets  hill  and  vallejr  suiird. 

“ Here,*’  says  Harris,  44  all  tilings  are  personified : 
the  hills  hear,  the  valleys  smile,  and  the  face  of  heaven 
is  renewed.  Suppose,  then,  the  poet  had  been  neces- 
sitated by  the  laws  of  his  language  (or  we  may  add  by 
the  correction  of  the  critic)  to  have  said,  Euch  hill 
retir'd  to  its  place.  Heaven  renewed  its  wonted  face — 
how  prosaic  and  lifeless  would  these  neuters  have  ap- 
peared; how  detrimental  to  the  prosopopeia  which  be 
was  aiming  to  establish!  Iu  this,  therefore,  he  was 
happy,  that  the  language  in  which  he  wrote  imposed  no 
such  necessity,  and  he  was  too  wise  a writer  lo  impose 
it  on  himself!  ’Twcrc  to  be  wished  his  correctors  had 
been  as  wise  on  their  parts,”  That  they  were  not 
always  so  wise  we  have  a striking  instance  in  the 
celebrated  Bentley,  who  has  taken  upon  himself  to 
make  a vast  number  of  alterations  of  this  kind  in 
Milton's  text.  Thus  the  great  poet  in  his  picturesque 
description  of  creation,  had  written 

" live  in an  with  arched  oeck 

Between  her  white  wings  mantling  proudly,  row* 

He r Mate  with  o*ry  feel — 

On  which  Dr.  Bentley  has  the  following  note ; 
tl  The  swan  her  white  wings!  and  her  state!  I wonder 
he  should  make  the  swan  of  the  feminine  gender,  con- 
trary to  both  Greek  and  Latin ; always  Ktnroc,  cygnv*. 
Rather,  therefore,  his  wings.  his  state.’’  This  comes  of 
having  learnt  only  the  Greek  and  Latin  Grammars, 
and  not  knowiug,  even  of  these,  the  true  foundations. 
C»w.  We  come  uow  to  the  expression  of  the  relations  of 

nouns  to  each  other,  which  is  effected  by  declension, 
or  case,  if  the  relation  and  the  conception  coalesce  in 
one  word,  and  by  a preposition  if  in  different  words. 
By  this  short  statement  wc  shall  easily  discover  our 
way  among  the  disputes  of  grammarians  relative  to 
the  cases  of  nouns.  Declension  is  commonly  used  for 
the  variation  of  case ; but  Varro  considers  case  as  only 
one  inode  of  declension.  His  words  are.  these  : **  of 
words,  as  man  and  horse,  there  are  four  kinds  of  de- 
clension ; first  nominal,  as  from  equus  comes  equite ; 
secondly  casual,  as  from  c quits  comes  equum  ; thirdly 
argumentative,  as  from  alhus  comes  albius ; and  fourthly 
diminuent,  as  from  cista  comes  cistula.''  We  have, 
however  at  present,  only  to  do  with  the  second  of  these 
modes. 

Number  of  It  was  long  disputed  what  number  of  cases  existed 
«*»«•  in  the  Latin  language.  These  are  thus  enumerated  and 
explained  by  Pnscian : “The  first  case  is  called  the  right , 
or  nominative  case;  for  by  this  case,  naming  is  effected ; 
as  this  man  is  called  Homer,  and  that  man  Virgil. 
The  reason  that  it  is  sometimes  called  the  right  or 
straight  case  is,  that  it  is  first  formed  naturally  by 
merely  laying  down  the  word,  and  then  the  other  cases 
formed  by  flexion  from  this,  are  called  oblique.  The 
next  is  the  genitive , which  is  also  called  by  some  the 
possessive  or  paternal.  The  word  genitive  is  either 
■derived  from  genus  & race  because  we  signify  by  it  the 


race  to  which  any  one  belong.-,  as  “ he  is  of  Priam's  Chan.  I. 
race,”  or  from  genera  to  generate,  because  from  this 
case  are  generated  many  other  words  and  part*  of 
speech,  at  least  it  is  so  in  tin?  Greek  language.  Again 
it  is  called  possessive,  because  we  signify  possession 
by  this  case,  as  “ Priam  s kingdom,”  or  the  kingdom 
possessed  by  Priam  : whence  possessive  adjectives  may 
also  be  construed  by  this  case ; for  what  is  “ the 
Priaiueian  kingdom’*  but  44  the  kingdom  of  Priam,”  or 
44  Priam's  kingdom  ?"  It  is  called  paternal  for  a similar 
reason,  because  the  father's  name  is  thus  expressed,  as 
**  Priam's  sou and  hence  patronymic  names  may  be 
resolved  into  this  case,  as  44  Pelidan  Achilles”  is  the 
same  as  Achilles  the  son  of  Peleu*.  The  following 
case  is  the  ifatixe,  which  some  term  the  coniwendativc. 

1 give  a thing  “ to  a man,"  or  I recommend  a person 
“ to  a man."  Fourthly  comes  the  accusative  or  causa- 
tive: I accuse  a man,  or  I (as  a cause)  make  a thing.  - 
The  fifth  case  is  the  vara/ ire  or  salutatory,  as  44  O 
Eneas!”  or  “ Hgil  Eneas!"  The  ablative  is  also ealted 
the  comparative ; as  44  1 take  from  Hector,"  or  44  1 am 
stronger  than  Hector.”  Each  of  these  cases,  more- 
over, has  many  other  different  uses;  but  they  have 
received  their  names  from  their  most  general  and 
familiar  use,  as  wc  see  happen  in  many  otlu  r things.1* 

From  this  enumeration,  it  is  observable  that  the  sort  ."•famin'*  of 
of  declension  which  the  ancient*  called  ease , not  only  fi"*  "wd 
expressed  the  relation  of  nouns  to  each  other,  but  also®***- 
that  which  they  bore  to  verbs,  as  agent  or  object;  and 
lastly,  their  use  in  the  expression  of  passion,  without 
reference  cither  to  another  noun  or  to  a verb:  in  ordei 
to  explain  the  reasons  of  which  it  will  lie  necessary  to 
observe,  that  the  meaning  of  the  word  casus,  which  we 
render  case,  is,  properly,  the  falling  or  declining  from 
a perpe  ndicular  line.  Thus,  if  the  simple  notion  of 
the  noun  be  supposed  to  be  expressed  by  an  upright 
straight  line,  as  in  the  letter  I,  the  other  cases  may  be 
supposed  to  be  expressed  by  lines  obliquely  declining 
one  way  or  the  other,  as  in  the  letter  V. 

It  was  long  disputed  among  the  ancient  gramma-  N1>minA. 
riant,  whether  the  nominative  should,  or  should  not,  live 
be  called  a case.  On  the  one  hand  it  was  urged,  that 
conceptions  are  only  expressed  by  speech,  in  some  one 
of  the  forms  called  cases,  including  the  nominative; 
and  that  of  these  forms,  the  nominative  expressing  the 
agent  of  the  verb  active,  was  the  simplest,  and  was 
therefore  used  whenever  there  was  occasion  simply  to 
name  a thing  or  person,  'rims  we  should  not  say, 
that  the  name  of  the  person  slain  by  Marcus  Brutus, 
was  Ceetaris , or  Cavort , but  Cersar.  Those  on  the  con- 
trary, who  called  it  a case,  contended  that  every  ex- 
pression of  a conception  in  speech,  was  a declension,  or 
falling  away  from  the  simple  conception  in  the  mind  .which 
taken  by  itself  does  not  imply  either  action,  or  passion; 
or  relation.  Thus,  before  I can  assert  any  thing  what- 
soever of  Caesar,  I must  form  the  conception  or  thought 
of 11  Caesar,”  as  a person  ; but  when  I put  that  thought 
to  another,  when  1 mention  the  wife  “of  Caesar,”  or  the 
friends  who  were  faithful  “ to  Ceesar,”  or  those  who 
revolted  44  from  Caesar;”  or  assert  that 44  Caesar  con- 
quered," or  that  “ Caesar  was  killed;”  or  express  a 
feeling  of  any  sort  by  the  exclamation  44  O Caesar” — 
on  these  and  all  such  occasions  my  conception  declines 
from  its  original  simplicity,  and  consequently  my  ex- 
pression should  he  said  to  decline,  or  fall  away  from 
the  pure  noun.  They  added,  moreover,  that  it  was  not 
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Grammar,  always  the  simplest  form  of  the  noun,  but  was  sotnc- 
times  more  distant  from  the  radical,  and  therefore  more 
desenring  of  the  appellation  of  oblique  than  some  other 
cases  ; as,  for  instance,  the  vocative  or  ablative,  which 
latter  some  writers  have  considered  as  the  primary  and 
original  case  of  the  noun. 

Since  the  notion  of  action  implies  the  notion  of  an 
agent,  there  must  be  a form  of  the  noun  which  denotes 
the  agent  to  every  verb  in  a simple  sentence.  The 
action,  however,  may  be  represented  as  proceeding 
from  the  agent,  or  as  received  by  the  object.  On  the 
former  supposition,  it  becomes  a verb  active,  and  the 
nominative  case  is  the  form  of  the  noun  which  denotes 
the  agent.  On  the  latter  supposition,  it  becomes  a 
verb  passive  ; and  the  nominative  case  is  the  form  of 
the  noun  which  denotes  the  object.  Thus,  “ Caesar 
fights,”  “ Cesar  is  killed,"  are  two  simple  sentences, 
in  both  of  which  Cesar  is  the  nominative  ease.  Ill  the 
former,  the  word  Cesar  signifies  the  agent  that  fights  ; 
in  the  latter,  the  same  word  C’sesar  signifies  the  object 
that  is  killed.  In  both  instances  the  nominative  is 
essential  to  the  completion  of  the  sentence ; for  when 
we  speak  of  fighting,  as  proceeding  from  an  agent,  we 
must  necessarily  express  that  agent;  and  when  we 
speak  of  being  killed,  as  received  by  an  object,  we 
must  express  the  object  Hence  the  trivial  rule,  that 
the  nominative  answers  to  the  question  who,  or  what ; 
as  “ Cjpsar  fights.”  Who  fights? — Cassar.  “ Cirsar  is 
killed."  Who  is  killed  ? — ('star.  It  is  justly  observed 
by  Harris,  that  the  character  of  the  nominative  may 
be  learned  by  its  verb.  The  action  implied  in  the  verb 
“ fights,”  shows  the  nominative  " Oscar”  to  be  an 
active  efficient  cause.  The  suffering  implied  in  the 
words  “ is  killed,”  shows  the  nominative  “ Cesar”  to 
be  a passive  subject.  There  are  some  Beings  which 
may  be  considered  in  both  these  lights ; as  Caesar  is 
active  in  the  one  instance,  and  passive  in  the  other. 
But  there  are  others  which  cannot,  except  figuratively, 
be  considered  otherwise  than  as  passive,  and,  conse- 
quently, can  only  become  nominatives  to  passive  verba  ; 
as  we  may  say,  “ the  house  is  built but  we  cannot 
say.  “ the  house  builds." 

/tentative  The  nominative  is  the  most  essential  of  all  cases; 

and  tibia-  and  ha!i  therefore  been  described  as  44  that  case 

,nr*'  without  which  there  can  be  no  regular  and  perfect 

sentence."  With  respect  to  those  sentences  in  which  we 
make  the  positive  ii  serve  for  a nominative,  and  which 
the  Latins  used  without  any  nominative  at  all,  a s •pluit, 
41  it  rains;"  tetdel  me,  “ it  wearies  me,"  or  44  I am 
wearied  these  arc  imperfect  sentences,  which  we  shall 
hereafter  consider  separately.  In  all  other  instances, 
although  it  may  not  be  necessary  to  express  the  object 
to  which  an  action  is  directed,  or  the  agent  from  which 
a suffering  proceeds,  yet  the  converse  is  absolutely 
necessary  : thus,  when  we  any,  “ William  builds,”  it 
is  not  necessary  to  add  •*  a house,”  or  “ a palace  but 

if  we  say  “ builds  a house,”  or  *(  builds  a palace  it  is 

necessary  to  prefix  the  name  of  the  builder. 

in  order,  however,  to  extend  and  enlarge  a sentence, 
it  often  becomes  necessary  to  state  the  object  of  a verb 
active,  or  the  agent  of  a verb  passive.  Hence  arises 
the  necessity  for  two  other  cases,  which  have  been 
called  the  accusative  and  the  ablative.  When  we  say 
there  is  a necessity  for  such  cases,  it  will  be  understood, 
from  what  we  have  before  observed,  that  we  do  not 
contend  for  the  necessity  of  any  particular  termina- 
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lions,  or  inflections,  or  prepositions,  or  arrangement  of  Noun*, 
words,  to  mark  these  varieties  of  case ; we  only  mean, 
that  it  is  necessary,  that  by  some  means  or  other,  the  v^'v— 
noun,  which  indicates  the  conception,  should  be  placed 
in  such  or  such  a relation  to  the  verb  which  constitutes 
the  assertion.  It  may  happen,  and,  in  |M»int  of  fact,  it 
docs  happen  in  some  Languages,  that  there  are  no  in- 
flections of  case ; but  there  are  means  in  all  Languages 
of  determining  when  a noun  is  the  object  of  an  active, 
or  the  agent  of  a passive  verb.  It  has,  indeed,  been 
disputed,  whether  the  cases  of  nouns  should  be  reckoned 
according  to  the  relation  in  which  they  stand  to  other 
words,  or  according  to  the  diversity  of  their  inflections ; 
nor  are  there  wanting  names  of  high  repute  on  either 
side  of  this  question.  Sanctius  contends,  that  there  is 
a natural  partition  of  cases,  according  to  the  relations 
which  they  imply,  and,  consequently,  that  there  must 
necessarily  be  the  same  number  of  cases,  which  he 
estimates  to  be  six,  in  all  Languages.  Vossiua  objects 
to  this  reasoning,  and  alleges,  that  if  the  cases  of  nouns 
were  to  be  reckoned  by  the  relations  which  they  bear 
to  other  words,  they  must  be  endless.  This  contest, 
like  many  others,  has  arisen  from  confounding  Uni- 
versal with  Particular  Grammar.  The  difference  of 
inflection,  or  position,  belongs  to  the  latter ; that  of 
signification  to  the  former.  True  it  is,  that  the  relations 
of  nouns  to  other  nouns  and  to  verbs  are  infinite;  but 
yet  they  are  distinguishable  into  certain  great  classes  ; 
and  whether  those  classes  ought  or  ought  not  to  be 
called  cases  is  a mere  verbal  dispute.  We  shall  so 
designate  them,  for  the  sake  of  convenience;  at  the 
Mime  time,  it  must  be  understood  that  our  arrangement 
is  not  intended  to  interfere  with  the  Grammar  of  any 
particular  Language,  in  which  the  cases  are  arranged 
according  to  their  inflections. 

In  our  sense  of  the  word  case,  then,  the  nominative, 
that  is,  the  agent  of  the  active,  or  object  of  the  passive 
verb,  may  be  called  the  primary  case;  and  the  second- 
ary cases  are  the  accusative  and  the  ablative,  in  so  far 
as  they  perform  the  functions  above  noticed.  These 
two  cases,  it  is  to  lie  observed,  arc  respectively  conver- 
tible with  the  nominative,  by  a change  of  the  verb  from 
active  to  passive;  for  “ James  loves  John”  is  convertible 
with  44  John  is  loved  by  James the  accusative  of  the 
first  being  the  nominative  of  the  second,  and  the  nomi- 
native of  the  first  being  the  ablative  of  the  second. 

So  the  matter  stands  in  the  simpler  combinations  of  Dative,  Ste. 
thought ; but  let  us  consider  what  is  to  be  done,  if  in 
one  and  the  same  sentence  we  wish  to  express  not  only 
the  agent  and  object  of  any  action,  but  also  the  end  to 
which  the  action  is  directed  ; the  cause  on  account  of 
which  it  happens,  or  the  instrument,  mode,  and  cir- 
cumstances of  its  performance.  For  these  purposes,  it 
is  necessary  that  the  conception  of  such  end,  or  cause, 
or  instrument,  &e.  should  be  expressed  by  a noun ; 
and  that  some  means  should  be  adopted  to  show 
whether  the  noun  was  meant  to  stand  in  the  relation  of 
cud,  cause,  or  instrument,  or  in  any  other  relation  to 
the  verb.  It  is,  as  Vossius  justly  observes,  quite  im- 
possible that  any  Language  should  have  separate  in- 
flections for  all  these  relations,  and  therefore  some  of 
them  arc,  in  most  Languages,  represented  by  separate 
words,  or  particles,  commonly  called  prepositions  ; but 
others  are  often  expressed  by  inflections,  the  number 
and  diversity  of  which  vary  exceedingly  in  different 
Languages.  Thus,  in  the  Sanscrit,  there  arc  separate 
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Grammar,  inflections  to  signify  the  end,  the  instrument,  the  source, 
and  the  situation,  answering  to  our  prepositions  “ to/' 
“ by.”  “ from,"  and  **  in."  In  the  Latin  Language, 
a particular  inflection  is  used  to  signify  the  end  to 
which  an  action  is  directed,  and  the  case  known  by 
that  inflection  is  called  the  dative;  because  verbs  of 
giving  usually  require  the  expression  not  only  of  the 
thing  given,  but  of  the  person  to  whom  the  girt  is 
made,  and  whose  convenience  or  benefit  is  the  end  to 
which  the  gill  is  destined.  In  order  to  express  the 
other  relations  above  noticed,  the  Latin  Language 
avails  itself  of  the  accusative  or  ablative  inflection,  either 
atone  or  with  a preposition. 

Gift  it  in?.  Thus  have  we  noticed  three  clashes  or  degrees  of 

relation  in  which  the  noun  may  stand  to  the  verb;  but 
it  muy  also  be  related  to  another  noun,  as  depending 
on,  or  belonging  to  it.  Thus  the  words  " Priam's 
kingdom,"  " the  son  of  William/*  mark  a dependence 
of  **  son”  on  “ William/’  and  of  “ kingdom"  on 
“ Priam."  This  relation  is  expressed  by  a separate 
inflection  in  Greek,  Latin,  English,  and  many  other 
Languages;  and  it  is  commonly  called  the  genitive  case. 
Now  the  use  of  the  genitive  case  in  nouns  substantive 
differs  hut  little  from  the  use  of  an  adjective.  It  ex- 
presses one  conception,  as  dependent  on  another,  and 
the  expression  of  the  latter  serves  to  individualize  and 
specify  the  former.  The  dependent  conception  is, 
therefore,  in  fact,  a mere  attribute  of  the  other,  and 
consequently  the  genitive  is  easily  convertible  into  an 
adjective.  Thus  BiwiXtot  2**yirr/>oi%  regi * tojitrum, 
the  king’s  sceptre,  tire  easily  converted  into  HKqvrpov 
teeplntm  rrgittm,  the  kingly  sceptre.  For 
the  same  reason  we  And  that  in  some  Languages,  the 
Chinese  for  example,  the  adjective  is  in  no  manner 
distinguished  from  the  genitive  or  possessive  case  of  a 
substantive ; for  it  is  said,  that  the  wort!  had  signifies 
goodness,  and  gin  signifies  man  ; but  ha>i  gin  is  a good 
man,  or  man  of  goodness;  and  gin  hao  is  human 
goodness,  or  the  goodness  of  man.  Hence,  too,  we 
see  w hy  Wallis  considers  (lie  English  genitive  case  as 
a possessive  adjective ; e.  g.  “ the  king's  court,"  aula 
regia,  where  he  differs  from  all  other  English  Gram- 
marians, in  calling  the  word  “ king's"  ail  adjective. 
On  the  other  hand,  Imwth  reckons  the  words  mine  and 
thine,  which  are  usually  called  adjectives,  as  the  {>ns. 
aessive  cases  of  me  and  thee.  It  is,  perhaps,  from 
a similar  cause  that  Dr.  Jonathan  Edwards  asserts 
the  Muhhekaneew  or  Mohegan  Indians  to  have  no 
adjectives  at  all  in  their  Language  ; a fact  on  which  Mr. 
Horne  Tooke  lays  great  stress,  but  which,  in  reality, 
proves  nothing  as  to  the  signification  of  Language, 
whatever  it  may  do  as  to  its  forms  or  inflections. 

Vocative.  It  seems  hardly  accessary  to  distinguish  the  voca- 
tive case  by  any  particular  inflection.  Indeed,  we  find 
the  terminations  of  the  nominative  and  accusative 
equally  employed  in  Ijatin  as  exclamatory  : and  it  is 
said  that  the  Sanscrit  Grammarians  do  not  allow  the 
vocative  to  lie  a case.  Yet,  when  we  are  speaking  of 
the  different  relations  in  which  a noun  may  stand  to 
other  words  in  a sentence,  it  is  impossible  to  overlook 
its  use  in  those  sentences  where  it  siand-i  forth  pro- 
minently as  the  object  addressed  or  invoked.  Thus, 
in  the  first  Ode  of  Horace,  we  find  two  verses  almost 
wholly  occupied  with  vocatives : 

Mertmat,  atavU  edite  rrgi 6««, 

O el  firirndihm,  tf  ciulce  deem  mmm  ! 


These  are  the  only  distinct  uses  of  the  noun  which  Ni»in* 
it  appears  necessary  to  consider  under  the  head  of  Adjectiv®. 
relation  or  case ; but  we  must  observe,  that  the  cases,  's““ 1 
as  distinguished  in  different  Languages,  either  by  in- 
flection, or  by  being  joined  with  certain  prepositions, 
do  not  by  any  means  agree  with  the  classes  of  relation 
here  noticed.  In  the  Greek  idiom,  the  genitive  ter- 
mination sometimes  answers  to  an  English  accusative, 
as  iriVfci  tw  vtaror,  I drink  tea  ter ; sometimes  to  the 
Latin  ablative,  as  art!  uya8£<v  aroeieJvat  rned,  mala 
pro  bonis  reddere. ; and  sometimes  to  the  Latin  accusa- 
tive, ns  utn'  uvtpo*  fr«%  rfr  contra  virum  eat. 

The  English  genitive,  " blind  of  an  eye,"  answers  to 
the  Latin  ablative,  oculo  captut,  and  to  a cose  in  San- 
scrit, which  expresses  the  cause  or  instrument,  but 
neither  the  locution,  nor  the  derivation,  although  both 
these  latter  equally  demand  the  ablative  in  Latin.  The 
dative  equally  varies.  In  Greek  it  answers  sometimes 
to  the  Latin  Ablative,  as  olir  Orw,  cum  Deo ; and 
sometimes  to  the  Latin  accusative,  as  in  eipiet, 
ob  lucrum.  So  the  English  vocative  is  sometimes 
expressed  by  a Latin  accusative,  ns  O,  c treat  huminum 
mentis!  “ O,  blind  understandings  of  men!"  and  some- 
times by  a Greek  genitive,  as  rijv  nnu/««  ! “ O,  im- 
pudence !"  Numberless  instances  of  a like  kind  might 
be  adduced;  hut  these  are  sufficient  to  show,  that 
however  convenient  it  may  lie,  in  the  Grammar  of  any 
particular  Language,  to  distinguish  the  cases  of  nouns 
by  their  terminations,  yet  this  is  u method  totally  incon- 
sistent with  those  distinctions  of  signification  on  which 
alone  Universal  Grammar  can  be  founded. 

We  have  said  that  the  noun  adjective  is  the  name  of  Adjudive. 
a conception  or  thought,  considered  as  a quality  or 
attribute  of  another  conception.  In  order  to  explain 
this  definition,  it  will  be  proper  to  advert  to  the  nature 
of  a simple  enunciative  sentence  or  logical  proposition, 
which  consists  of  a subject,  a copula,  ami  a predicate. 

The  subject,  or  that  concerning  which  something  is 
asserted,  is  always  a noun  substantive ; the  predicate 
may  be  a noun  adjective.  Thus,  in  the  sentence  “ John 
is  tall,”  the  subject  is  " John/’  which  is  also  a noun 
sutatantivc  ; the  predicate  is  M tall,"  which  is  also  a 
noun  adjective.  Complex  sentences  are  resolvable  into 
more  simple  ones : and  wherever  adjectives  are  used, 
no  as  to  render  a sentence  complex,  they  are  always 
resolvable  into  the  predicate  of  a logical  proposition. 

Tlius,  if  it  be  said,  that  " a wise  mail  is  cautious,”  this 
sentence  is  resolvable  into  the  two  simple  sentences 
" a man  is  cautious,"  and  “ that  man  is  wise,"  and  in 
each  of  these  the  adjective  is  (he  predicate  of  the 
proposition. 

The  corollaries  to  be  drawn  from  this  statement  are 
several.  In  the  first  place,  whenever  the  name  of  a 
conception  is  employed  as  the  subject  of  a proposition, 
it  is  not  an  adjective.  Thus,  the  conception  expressed 
by  the  worths  “ good"  and  **  goodness"  is  the  same ; but 
if  we  predicate  any  thing  of  tins  conception ; if,  for 
instance,  we  say,  **  goodness  is  amiable,”  the  word 
goodness  must  necessarily  be  a substantive.  And  this 
doe*  not  depend  on  the  form  of  the  word  ; for  if  the 
idiom  of  our  Language  allowed  us  to  say,  “ good  U 
amiable"  or  " the  good  is  amiable/’  the  word  “ good” 
would  be  as  much  a substantive  uh  “ goodness.” 

Hence  it  follows,  that  the  distinction  between  a 
substantive  and  an  adjective  does  not  necessarily  de- 
pend on  any  diiTerence  between  the  conceptions  which 
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Grammar,  they  express,  but  between  the  different  modes  in  winch 
v— — those  conceptions  are  contemplated  by  the  Mind.  If 
we  contemplate  goodness  as  a separate  idea,  if  wc 
assert  any  thing:  of  that  idea,  if  we  make  it  the  subject 
of  any  proposition,  then  it  is  a substantive;  but  if  we 
predicate  it  of  any  thing  else,  if  we  consider  it  only  as 
n quality  of  that  thing;,  then  it  »s  an  adjective. 

Hence,  again,  it  will  follow,  that  an  adjective  and 
a substantive  cannot  be  convertible,  without  wholly 
changing  the  meaning  of  the  proposition  in  which  they 
are  employed.  Thus,  to  say  that  “ envy  i»  criminal/’ 
and  (hut  “ criminality  is  envious,”  are  two  propositions 
entirely  different 

It  is  equally  a rule  of  Universal  and  of  Particular 
Grammar,  that  an  adjective  cannot  stand  alone,  but 
must  be  joined  with  its  substantive;  which  »,  in  truth, 
no  more  than  saying,  that  a predicate  must  necessarily 
refer  to  some  subject.  Mr.  Tooke,  however,  controverts 
this  rule,  though  it  is  certainly  as  old  as  the  words 
adjective  and  substantive.  He  objects  that  the  rule 
equally  applies  to  the  oblique  cases  of  nouns  substantive, 
and  that  therefore  44  the  inability  to  stand  alone  in  a 
sentence  is  not  the  distinguishing  mark  of  an  adjec- 
tive ;”  but,  though  it  were  not  a distinguishing  mark,  it 
might  yet  be  a rule  common  to  all  adjectives.  How- 
ex  er,  the  real  intent  of  the  rule  is  to  distinguish  adjec- 
tives from  the  substantives  with  which  they  arc  used ; 
and  that  in  the  most  simple  sentences ; and  with  re- 
ference not  to  their  form  or  inflection,  but  to  their  sig- 
nification. Thus,  if  wc  say  “ a golden  is  valuable," 
the  sense  is  incomplete,  and  the  adjective  “ golden” 
requires  the  addition  of  a substantive,  as,  for  instance, 
“ ring,”  to  render  it  intelligible.  On  the  contrary,  if 
we  say  “ gold  is  valuable/’  the  sentence  is  perfect.  Mr. 
Tooke  contends  that  “ the  adjectives  golden , brazen , 
tiUcen,  uttered  by  themselves,  convey  to  the  hearer’s 
mind,  and  denote  the  same  thiugs  as  gold,  brass,  and 
tillc.  The  short  answer  to  this  is,  that  it  is  contrary  to 
common  sense  and  experience  to  confound  these  terms 
together ; and  nobody  ever  does  so  who  understands 
the  English  Language  in  the  slightest  degree.  But  if 
we  wish  to  trace  the  source  of  Mr.  Tooke’s  error,  we 
must  examine  more  particularly  his  expressions.  First, 
what  docs  he  mean  by  “ uttered  by  themselves? 
Words  uttered  by  themselves  are  like  syllables  or  let- 
ters uttered  by  themselves.  They  are  the  mere  ele- 
ments of  discourse.  Their  proper  force  and  effect  in 
rational  speech  must  depend  on  their  connection  with 
each  other.  Again,  what  is  meant  by  “ denoting  the 
same  things  T In  so  far  as  they  are  both  of  the  same 
origin,  there  is  doubtless  a common  conception  to 
which  they  bath  bear  relation ; but  it  does  not  follow 
that  they  both  bear  the  same  relation  to  it  A nume- 
rous tribe  of  words  derived  from,  or  connected  with, 
this  term,  gold,  is  to  be  found  in  the  different  European 
Languages.  Is  it  to  be  said  that  they  all  44  convey  to 
the  hearer's  mind  nnd  denote  the  same  things?”  Let 
us  see  how  this  can  possibly  be  made  out  From  (1) 
the  splendour  of  the  rising  or  setting  Sun,  was  denomi- 
nated (2)  the  yellow  colour  resembling  that  splendour. 
From  the  name  of  that  colour,  was  derived  (3)  that  of 
the  jaundice,  which  rendered  the  whole  body  yellow,  and 
(4)  that  of  the  gall,  which  produced  the  jaundice.  From 
yellow  also  came  (5)  the  name  given  to  the  yolk  of  an 
egg.  And  again,  from  this  colour  came  (6)  the  name 
of  gold.  Gold,  being  the  most  precious  of  metals,  gave 


its  name  (7)  to  riches  in  general ; and  particularly  (8)  Noudh 
to  money.  Hence  were  denominated  all  kinds  of  pay-  Adjecfira. 
meats,  whether  (9)  voluntary  gifts,  or  (10)  offerings,  '■“■"v-*-’’'' 
or  (11)  tribute,  or  (12)  rent,  or  (13)  fines;  as  well  os 
(14)  debts  due  on  any  of  these  accounts.  In  process  of 
time,  certain  Societies  were  formed  and  maintained  by 
regular  payments  from  each  member,  and  these  Societies 
received  their  uumc  (15)  from  this  circumstance.  The 
name  was  afterwards  extended  to  Societies  (16)  or  Fel- 
lowships in  general : and  it  occasioned  the  peculiar 
designation  of  a well-known  building  (17)  in  London. 

Fines  in  anrient  times  were  applied,  in  the  nature  of 
punishment,  to  almost  all  crimes;  and  heme  their  name 
came  to  signify  (18)  punishments  in  general ; and  par- 
ticularly a barbarous  mutilution  (19)  often  used  as  a 
punishment.  Lastly,  the  general  term  for  punishment 
was  naturally  applied  to  the  criminality  (20)  by  which 
the  punishment  was  occasioned. 

We  have  traced  in  the  margin*  these  progressive 
changes  of  signification,  as  they  arc  to  be  found  in 
the  Mmso-Gothic ; Anglo-Saxon  ; Alamannic ; Lom- 
bardian; Precopian  ; Greek;  I«atin.  old.  middle,  and 
barbarous;  Sucvian ; Swedish;  Islamite;  Russian; 

German;  Dutch;  Welsh;  Italian;  old  ami  modern 
French,  and  old  and  modern  English.  Every  change 
of  application  is  occasioned  by  a new  o|iera(ion  of  the 
Mind.  The  sound  of  the  word  conveys  a new  thought, 
similar  indeed  to  the  preceding,  and  having  reference 
to  the  same  conception,  but  placing  it  in  a new  light. 

It  would  be  absurd  to  say,  that  the  thought  remained 
the  same  through  all  these  different  uses;  and  it  is 
equally  incorrect  to  say,  that  it  remains  the  same  after 
any  owe  step.  There  is  os  real,  though  not  as  great 
a difference  between  14  gold”  and  “ golden,"  ns  there 
is  between  “ a guilder"  and  **  Guild-hall.  If  Mr. 


* 1.  Gt.  yt am.  (Hesvch  ) 

2.  Snev.  Get,  Svtu  Gtrt.  Dut.  On/.  Git.  Geti.  Rum.  Gefta. 
1st.  Guide.  Lat.  Git  rw,  Art  rut,  ga  tint,  pa  /brut,  gnfbiitus. 

Giat/o.  Fr.  Jmut*r,javne.  A.  8.  GW*.  gnJewt.  Kiii;.  Yet  hue. 

3.  Ger.  Gei-rurAt  l>it  Geei-zught.  Run.  GetluA/a.  Fr.  Jttul- 
mste,jaumt»e.  Eng.  Jaundice. 

•I.  Rum.  Gettehy.  Eng.  Gull. 

5.  Kim.  Grf/oJty.  Fr.  Jauue.  Bag.  Yelk,  yn/4. 

fi.  lit.  Gut/.  M.  Goth.  Gutth.  Fnocop.  M/z.  A.  8.  Got*. 
Pul.  CiMrf.  (N . B.  Watcher  derives  go td  i'ruui  getud. , yellow  out*, 
stance.) 

7.  Wei.  Golud. 

8.  Get.  Grtt.  Dut.  Grid,  (lienee  guilder,  See.) 

9.  Ger.  Gilt.  (Lomk  iMunchiid,  a mutual  j-ift)  • 

10-  A.  8.  Ggtd.  ( GulgyfJ  and  deofulgyid,  uffSmngi  to  God  anil 
aftrinc*  to  Perils.) 

11.  1*L  M.  Goth,  ami  A-  8.  GUd.  ( Dimrgytd.  tribute  to  Danes ; 
lidJcgifJ,  lax  on  wood* ; Hurnrgyld,  tax  uu  horned  rattle ; whence 
the  family  name  of  Homyntd,  still  subsisting.) 

12.  Isl.  AaAergitrid,  real  of  a field.  Git/bar  aaArr,  a field  pro- 
ducing rent. 

13-  Barb.  Lat.  Ge/dum,  giUmm,  Isl.  Giteid.  A.  8.  It'ergelJ, 
the  tine  for  killin'-  a man. 

14.  Alnman.  Gull,  a debt.  Getter,  a debtor  or  creditor. 

15.  A.  S.  (Hid.  Barb.  Lat.  G'tda,  gitda,  gittUmia,  (whence  Me- 
nai^e  derives  the  expression,  counr  te  gus/teduu.) 

16.  LMnd-getde,  the  Devil's  fellowship.  (See  KcciUli.)  A.  S. 
Frythgy/d,  the  Society  uf  confederate*.  The  Dean  of  Guitd,  an 
oina-r  well  known  in  Scotland,  Ac. 

1 7.  OnW'hlll. 

18.  Ataman.  Gitleu,  to  suffer  punishment 

19.  Eng.  Getd,  gelding.  Germ.  Ge/lze,  porca  cad  rut  a.  IsL  GtrUda, 
{Qirttjit,  arm  cattmtui.') 

20.  A.  S.  Gy//,  agyitan,  gyttend,  yy/fiy.  Eng.  Guilt,  gmlty. 

N.  B.  It  is  remarkable  that  nn  analogy  similar  to  tlwt  which 
exists  in  the  shore  articles,  1,2,  3,  and  6,  is  found  in  the  Latin  word* 
Aurora.  Aureus,  Auriga , and  Aurum. 
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Grammar.  Tooke  were  right,  to  gild  a thing  would  be  to  convert 
v— it  into  gold : whereas  these  words,  though  of  the  same 
origin,  are  so  far  from  denoting  the  some  conceptions, 
that  they  are  often  used  iti  direct  opposition  to  each 
other.  “ I»  this  gold? — No,  it  is  only  gilt*'  So  gold 
and  golden  are  not  the  same.  They  both,  indeed,  reter 
to  the  same  conception  ; but  they  refer  to  it  in  different 
way**.  In  the  once  instance,  the  conception  (namely 
gold)  is  the  very  thing  of  which  we  ore  speaking  ; it  is 
the  logical  subject  of  the  proposition ; the  mind  looks 
at  it,  as  it  were,  directly  ; us  when  Uassunio  says, 

- - Thou  candy  jofd. 

Hard  food  for  Midas — t will  none  of  thee. 

Whereas,  in  the  other  case,  it  is  noticed  but  inci- 
dentally, as  a thought  {Kissing  over,  and  giving  a mo- 
mentary tinge  to  another  thought,  but  differing  from  it 
as  the  light  in  which  we  view  a substance  differs  from 
the  substance  itself.  So  the  same  Bassanio,  in  the  same 
scene,  speaking  of  his  mistress’s  portrait,  says, 

■ — ■ — here  in  Iut  hair, 

The  painter  jilujr*  the  apidt-r,  and  hath  woten 
A yVi'fl  me&h  to  iatrap  the  hearts  of  men. 

It  is  very  true  that  these  secondary  thoughts,  which 
are  expressed  by  adjectives,  may  lie  brought  more  dis- 
tinctly before  the  Mind,  and  treated  as  substantives  in 
connection  with  other  substantives.  It  is  thus,  that 
instead  of  “ a virtuous  man,”  wc  may  say  “ a man  of 
virtue  ;*  hut  though  there  appears,  in  this  instance,  very 
little  difference  of  meaning,  yet,  on  analy7.ing  the  two 
expressions,  wc  shall  find  that  a new  and  distinct  ope- 
ration of  the  Mind  is  performed,  which  operation  is 
here  expressed  by  the  word  “ of.”  WTe  do  not  merely, 
as  in  the  case  of  the  words  **  virtuous  man,”  con- 
template the  conception  of  “ man”  as  a substance, 
and  that  of  “ virtue”  as  a quality  belonging  to  the  in- 
dividual in  question ; but  wc  contemplate  “ mnu"  as 
having  a substantial  existence,  and  14  virtue”  as  havin; 
an  existence  capable  of  coalescing  with  man ; and 
further,  we  contemplate  the  actual  union  of  these  two 
thoughts,  as  expressed  by  the  word  “ of.1*  Slight, 
therefore,  as  the  difference  of  meaning  is  between  the 
words  ” a man  of  virtue  and  a virtuous  man,”  yet  the 
Grammatical  difference  is  not  to  Ik?  overlooked : and 
the  best  proof  of  this  will  be  to  consider  how  totally 
the  style  of  any  author  would  be  altered  if  we  were 
always  to  change  the  genitive  case  of  the  substantive 
into  an  adjective,  and  vice  vend.  Suppose  that,  instead 
of  the  line — 

The  quality  of  Merry  i»  nut  •trained, 
we  were  to  say,  *‘  the  merciful  quality  is  not  a quality 
of  compulsion/*  wc  should  certainly  not  augment  the 
force  and  beauty  of  the  language ; and  we  should  as 
certainly  change  the  flow  and  current  of  the  thought ; 
wc  should  alter  the  Grammar  without  improving  the 
Poetry. 

From  what  bus  been  already  said,  we  may  perceive 
the  absurdity  of  asserting  that  " adjectives,  though  con- 
venient abbreviations,  arc  not  necessary  to  Language/’ 
and  still  inure,  that  " the  Mohegnns  have  no  adjectives 
in  their  Language  for  though  this  latter  fact  is  vouched 
by  ” Dr.  Jonathan  Edwards,  D.  D.  Pastor  of  a church 
in  Newhaven ; and  communicated  to  the  Connecticut 
Society  of  Arts  and  Sciences,  and  published  by  Josiah 
Meigs/*  yet  it  amounts  to  nothing  else  but  that  the 
Mohcgans  cannot  distinguish  subject  from  predicate, 
or  substance  from  quality ; and  if  so,  they  must  be  ut- 


terly destitute  of  the  faculty  of  Reason,  which  we  sup-  Nouns 
pose  neither  Dr.  Edwards,  nor  Mr.  Meigs,  nor  Mr.  AtljwUv^ 
Tooke,  intended  to  assert. 

It  is  a common  rule,  that  the  adjective  should  agree  Dtgpec*. 
with  its  substantive  in  gender,  number,  ami  case,  from 
whence,  perhaps,  it  might  at  first  sight  be  interred, 
that  gender,  number,  and  case,  properly  belong  as  well 
to  the  adjective  as  to  the  substantive.  This,  however,  » 
not  the  fact : the  adjective  simply  expresses  a quality  ; 
but  it  must  of  necessity  be  connected  in  Language  with 
its  substantive,  and  that  connection  is  effected  in  many 
Languages  by  a similarity  of  inflection  ; and  us  the  in- 
flections of  the  substantive  express  gender,  or  number, 
or  case,  those  of  the  adjective  often  follow  u similar 
rule  of  construction.  This  construction,  it  is  obvious, 
is  a matter  belonging  only  to  Particular,  and  not  to 
Universal  Grammar.  It  may  exist  in  one  Language 
and  not  in  another ; and,  in  fact,  there  are  Languages 
(our  own  for  example)  in  which  all  these  variations  are 
wholly  unknown. 

On  the  contrary,  the  variation  of  degree  is  one  which  Bqp-*****  "f 
belongs,  in  an  especial  manner,  to  certain  adjectives,  cuml,aruu“* 
but  not  at  all  to  substantives ; and  where  there  are 
variations  of  degree,  they  may  be  compared  together, 
whence  arise,  what  are  technically  called  by  Gramma- 
rians, the  Degrees  of  Comparison. 

Substantives  cannot  be  compared,  as  such,  in  point 
of  degree  ; for  that  would  lie  to  suppose  that  the  nature 
of  substantial  existence  was  variable ; and  that  one 
existing  thing  was  more  truly  existing  than  another, 
which  is  nbsurxl.  ” A mountain,"  says  Harris.  “ can- 
not be  said  more  to  be,  or  to  «r«Z,  than  a molehill ; but 
the  more  and  less  must  be  sought  tor  in  their  quanti- 
ties. In  like  manner,  when  we  refer  many  individuals 
to  one  species,  the  lion  A cannot  be  called  more  a lion 
than  the  lion  B ; but,  if  more  any  thing,  he  is  more 
fierce , more  speedy,  or  exceeding  in  some  such  attribute. 

So  again,  in  referring  many  species  to  one  genus,  a 
crocodile  is  not  more  an  animal  than  a lizard  is,  nor 
a tiger  more  than  u cat ; but,  if  any  thing,  they  are 
more  bulky,  more  strong,  &c.  ; the  excess,  as  before, 
being  derived  from  their  attributes.  So  true  is  that 
saying  of  the  acute  Stagyrite,  «-’*  iv  ca-<2cx0(T0  if  Jain 
10  ftaWay  *< u to  t/rrou  ; substance  is  not  susceptible  of 
more  and  less.”  Sanctius,  referring  to  this  same  pas- 
sage of  Aristotle,  observes,  that  we  may  hence  infer 
that  comparatives  cannot  be  drawn  from  nouns  sub- 
stantive. " Hence,”  adds  be,  “ they  ore  deceived,  who 
reckon  the  words  senes,  juvenie,  adolescent,  infant,  &c. 
as  substantives,  for  they  are  altogether  adjectives. 

Nor  is  it  to  be  objected,  that  Plautus  has  made  from 
Ptrnus  the  comparative  Panior ; for  he  does  not  there 
mean  to  express  the  substantial  existence  of  the  Car- 
thaginian. hut  his  cunning,  as  if  he  had  said  rallidior ; 
for  the  Carthaginians  were  reputed  to  lie  a very  cun- 
ning people.  So  the  writer  who  used  the  word  Nero- 
1 nor,  from  Nero,  meant  only  to  signify  an  excess  of 
cruelty.” 

As  substantives  in  general  admit  not  of  degree ; so 
there  are  some  adjectives  which  equally  exclude  either 
intension  or  remission.  Thus  Scaliger  justly  observes, 
that  the  won!  mediae  can  neither  be  heightened 
nor  lowered  in  degree  ; and  that  the  same  may  be 
said  of  hodirrnvs.  arid  of  many  other  adjectives.  On 
this  topic  Mr.  Harris  thus  expresses  himself:  11  As 
there  arc  some  attributes  which  admit  of  comparison, 
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Grammar.  so  there  are  others  which  admit  of  none.  Such,  for 
example,  are  those  w hich  denote  that  quality  of  bodies 
arising  from  their  frgurc ; as  when  we  say  a circular 
table,  a quadrangular  court,  a conical  piece  of  inetal. 
See.  The  reason  is,  that  a million  of  things  portici- 
paling  the  same  figure,  participate  it  equally.  To  say, 
therefore,  that  while  A and  B are  both  quadrangular, 
A is  more  or  less  quadrangular  than  B,  is  absurd, 
Tlte  same  holds  true  in  all  attributives  denoting  defi- 
nite qualities,  whether  contiguous  or  discrete,  whether 
absolute  or  relative.  Thus,  the  two-foot  rule  A,  can- 
uot  be  more  a two-foot  rule  than  any  other  of  the  sumc 
length.  Twenty  lions  cannot  be  more  twenty  than 
twenty  flies.  If  A and  B be  both  triple  or  quadruple 
of  C,  they  cannot  be  more  triple  or  more  quadruple 
one  than  the  other.  The  reason  of  all  this  is,  that 
there  can  be  no  comparison  without  intension  and  re- 
mission ; there  can  be  no  intension  and  remission  in 
things  always  definite : and  such  are  the  attributes 
w hich  we  have  last  mentioned.”  This  reasoning,  which, 
a9  far  as  it  goes,  is  very  just,  seems,  nevertheless,  to  re- 
quire some  further  developemcnt.  What  is  here  meant 
by  “things  always  definite?”  Plainly,  what  we  have 
already  called  ideas,  and  those  clearly  conceived.  The 
idea  of  a circle,  when  clearly  conceived,  is  a thing 
always  definite.  By  the  generality  of  men  it  is  clearly 
conceived;  and,  consequently,  they  would  think  it  ab- 
surd to  say,  that  one  table  was  more  circular  than  an- 
other ; but  those  who  have  not  a distinct  idea  of  a 
circle  would  not  perceive  the  absurdity  of  the  expres- 
sion. To  them,  circularity  would  appear  capable  of 
intension  and  remission ; and  therefore  they  would 
conclude,  that  this  quality  admitted  of  comparison  as 
much  as  sweetness  or  sourness,  hardness  or  softness, 
heat  or  cold.  Hence  wc  find  in  Language  such  words 
as  round,  which  expresses  the  idea  of  circularity  in  a 
vague  and  indistinct  manner;  and  these  words  are 
commonly  used  in  the  comparative  as  well  as  in  the 
positive  degree.  For  the  same  reason,  all  words  signi- 
fying bodily  sensation  are  capable  of  comparison  ; for 
though  we  agree  generally  in  the  meaning  which  we 
attribute  to  them,  yet  there  is  no  definite  idea  to  which 
any  one  of  them  can  tie  distinctly  referred.  Men  em- 
ploy the  terms  “ hot, cold,  white, black,  green,”  Ac.  so  as 
to  convey  to  each  other’s  Mind  certain  general  notions, 
but  not  to  communicate  precise  and  distinct  ideas, 
like  those  expressed  by  the  words  “ square,"  or  “ tri- 
angle.” Again,  in  Moral  qualities  there  is  usually  the 
same  indistinctness.  We  say,  one  man  is  braver  or 
wiser  than  another ; because  we  possess  no  absolute 
standard  of  bravery  or  wisdom.  If  we  possessed  such 
a standard,  we  should  simply  say,  that  each  of  the  two 
was  either  brave  or  not  brave,  wise  or  unwise.  There 
is  no  more  common  comparison  in  all  Language  than 
between  that  which  is  good  and  that  which  is  better ; 
yet  the  pure  idea  of  goodness  presented  to  us  by  the 
Christian  Religion  excludes  nil  comparison — “ There  is 
none  good  but  one,  that  is  God.” 

We  have  observed  that  where  there  are  variations  of 
degree,  those  variation*  may  lie  compared  together. 
Grammarians  have  fixed  three  Degrees  of  Comparison; 
the  positive,  the  comparative,  and  the  superlative. 

It  seems  material  to  observe,  that  the  comparison 
here  referred  to  is  of  two  kinds.  We  may  either  com- 
pare a quality,  as  existing  in  any  given  substance,  with 
the  same  quality  as  existing  in  other  substances,  or  we 


may  compare  it  with  some  assumed  notion  of  the  Noun* 
quality  in  general.  Adjitctirea 

The  positive  is  the  simple  expression  of  the  quality : 
and  Harris  says,  it  is  improperly  called  a Degree  of 
Comparison ; but  in  this  lie  seems  to  be  wrong  ; for  it  PowU,re- 
is  that  form  ill  which  the  comparison  of  equal  Degrees 
of  the  same  quality  is  expressed,  cither  affirmatively  or 
negatively.  Thus  wc  say,  in  the  positive  Degree,  '*  Scipio 
was  as  brave  as  Caesar,*  “ Cicero  was  not  so  eloquent 
as  Demosthenes.” 

The  comparative  expresses  the  intension  or  remis-  Corojuuii- 
sion  of  any  quality  in  one  substance,  compared  with  t*ve- 
the  same  quality  in  some  one  other  substance,  as, 

“ Cicero  was  more  eloquent  than  Brutus;”  “ Anthony 
was  less  virtuous  than  Cicero.”  Hence  it  is  manifest, 
that  there  are,  properly  speaking,  two  kinds  of  the 
comparative  Degree,  one  expressing  the  more , and  the 
other  the  leu  of  the  quality  compared.  Languages  in 
general  have  employed  a peculiar  inflection  only  to 
express  the  furmcr ; but  the  latter  is  in  its  nature  no 
less  cupable  of  expression  ; and  both  belong  to  those 
distinctions  which  constitute  Universal  Grammar.  It 
is  to  be  remarked,  that  the  comparative,  though  it  ex- 
cludes the  relative  positive,  does  not  necessarily  in- 
clude the  absolute  positive.  If  we  say,  “ John  i*  wiser 
than  James,’*  we  exclude  the  assertion,  that  “ James 
is  as  wise  as  John;”  but  we  do  not  necessarily  include 
the  assertion  either  that  “ John  is  wise,*'  or  that 
“ James  is  wise.”  All  that  may  really  be  intended  by 
the  affirmative,  is  a negation  of  the  negative.  It  may- 
only  be  meant  to  ussert  that  “ John  is  lea  unwise  than 
James.*1 

The  superlative  expresses  the  intension  or  remission  Supcrhtirc. 
of  a quality  in  one  thing  or  person,  compared  with  all 
the  others  that  are  contemplated  at  tlie  same  time. 

There  must  be  more  than  two  objects  compared,  but 
the  number  compared  may  be  indefinite  : we  may  sav, 

Octavius  was  the  most  prudent  of  the  Triumvirate; 

Hoiner  was  the  most  admirable  of  Poets;  Solomon  was 
the  wisest  of  men.  In  other  respects,  what  we  have 
observed  of  the  comparative,  applies  equally  to  the 
superlative,  which  may  properly  be  considered  as  ex- 
ressiug  the  most  or  the  least  of  the  quality  in  question, 
ut  which  docs  not,  any  more  than  the  comparative, 
necessarily  include  the  absolute  positive.  Of  this  re- 
mark, the  common  proverb,  “ Bad  is  the  best,”  affords 
a sufficient  illustration. 

Hitherto,  we  have  only  spoken  of  the  comparison  of 
qualities  existing  in  one  subject  with  those  existing  in 
another ; but  the  comparison  may  be  made  with  a 
general  conception  of  the  quality : and  here  also 
may  he  three  similar  Degrees.  Where  the  quality  in 
supposed  to  be  of  the  general  or  average  standard,  wc 
use  the  positive ; where  we  mean  to  express  simply  an 
excess  beyond  that  standard,  we  use  the  comparative. 

Thus  Virgil  says : 

Trutior,  tt  tocrymi$  <kWoi  tuffuta  nilmlti  : 

and  Horace, 

Kusticior  paulfo  nt. 

Lastly,  where  we  mean  to  express  a high  Degree  of 
eminence  in  the  quality  of  which  we  speak,  we  use  the 
superlative,  as  vir  doctUrimus,  vir  forUmmus,  a most 
learned  man,  a very  brave  man ; that  is  to  say,  not 
the  bravest  or  most  learned  of  all  men  that  ever  ex- 
isted, or  of  any  given  number  of  men  ; but  a man  poa- 
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Grammar.  WMing  tbt  quality  of  learning  or  bravery  in  a degree 
•_  - w - fur  beyond  the  common  standard. 

It  is  of  small  consequence  to  inquire  whether  all 
these  forms  of  speech  together  arc  properly  named  De- 
gree* of  Comparison,  and  equally  immaterial  whether  the 
particuKr  names,  positive,  comparative,  and  superlative, 
are  well  chosen  to  designate  each  Degree.  Many  emi- 
nent Grammarian*  have  contended  on  these  points. 
Vossius  objects  to  the  name  positive.,  because  the  two 
other  Degrees  are  equally  positive,  that  is,  equally  lay 
down  their  respective  significations,  (whence  the  Greeks 
Called  the  superlative  hyper  thetic,')  from  nOteat,  to  lav 
down.  Not  more  appropriate,  says  he,  is  the  name  of 
the  comparative  Degree,  since  comparison  Is  applied  to 
many  words,  both  nouns  and  adverbs,  which  are  not  of 
that  Degree,  as  the  adjectives,  tike,  unlike , double  ; and 
among  adverbs,  equally,  &c.  Moreover,  comparison 
is  effected  no  less  by  the  superlative  than  by  the  com- 
parable: for  it  would  be  equally  a comparison  if  I 
were  to  say,  speaking  of  Varro,  Nigidius,  and  C icero, 
“ Varro  is  the  most  learned  of  the  three as  if  I were 
to  say,  speaking  of  Varro  awl  Nigidius  only,  “ Varro  is 
the  more  learned  of  the  two.”  Lastly,  the  word  super- 
taiive  is  not  well  chosen,  since  it  merely  signifies  pre- 
ference, or  the  raising  one  thing  above,  another  : and 
in  this  sense  the  comparative  itself  is  a superlative; 
for  in  saying,  **  Varro  is  more  learned  than  Nigidius,” 
I prefer,  or  raise  Varro  above  Nigidius  in  regard  to 
learning. 

For  similar  reasons,  Scaliger  proposed  new  names 
for  the  three  Degrees.  The  first  he  called  the  abrist, 
or  indefinite  ; the  second,  the  hyperthelic,  or  exceeding; 
ami  the  third,  the  acrothdic,  or  highest  Degree.  Quinc- 
tiliau  and  others  call  the  positive  the  absolute  Degree  ; 
others  call  it  the  simple,  and  so  forth  ; but  none  of 
these  names  having  come  into  general  use.  we  think  it 
more  convenient  to  hold  to  those  which  are  commonly 
received  ; not  considering  the  choice  of  a name  as  very 
important,  compared  with  tl»c  accuracy  of  a distinction  ; 
and  that  the  three  variations  of  adjectives  in  Degree 
are  essential  to  Grammar,  we  have  already  sufficiently 
proved. 

It  is  of  more  consequence  to  note,  that  intension 
and  remission  not  being  confined  to  adjectives,  the 
Degrees  of  comparison  are  not  confined  to  them,  but 
are  common  also  to  certain  verbs,  participles,  and  ad- 
verbs ; in  short,  to  the  whole  class  of  attributives,  (as 
they  are  called  by  Harris,)  provided  that,  in  significa- 
tion, they  import  qualities  which  may  be  increased  or 
diminished.  Thus,  us  the  adjective  41  amiable”  admits 
of  the  comparative  and  superlative  “ more  amiable,” 
and  “ most  amiable  so  we  may  use  the  expressions 
“ more  loving,”  “ most  loving;”  “ to  love  well,”  “ to 
love,  better,”  “ to  love  more.”  44  to  love  most  of  all.” 
These  indications  of  Degree,  however,  have  been  rarely 
expressed  by  inflection,  except  in  adjectives ; and  this 
seems  to  lie  the  true  reason  why  the  Degrees  of  Com- 
parison have  often,  but  inaccurately,  been  considered 
by  Grammarians  as  belonging  to  adjectives  alone.  It 
is  scarcely  worth  while  to  occupy  attention  with  such 
words  as  wttoraTo*,  used  by  Aristophanes;  or  ipstisi- 
mut,  employed  by  Plautus.  Some  critics,  indeed,  have 
seriously  adduced  these  as  examples  of  comparison  in 
pronouns,  as  if  I could  be  more  I,  or  He  more  He,  in 
reality  ; whereas  it  is  plainly  seen,  that  the  Cotnic 
writer,  by  a natural  boldness  in  the  use  of  Language, 


employs  these  pronouns  in  a secondary  sense,  as  if  they  Nouns 
expressed  a quality  instead  of  a substance  ; but  not  as  Adjective, 
if  a man  could  be  more  or  less  himself  without  losing  Kirnls. 
his  personal  identity. 

We  come  now  to  consider  the  two  great  classes  into  Kinds  uf 
which  adjectives  may  be  divided ; and  these,  as  we  have  •djectivis. 
before  observed,  depend  on  their  expressing,  or  not 
expressing,  action.  Thus,  if  we  say  “ a four-footed 
animal,”  although  the  quality  of  being  four-footed  has 
reference,  in  this  instance,  to  action,  as  its  final  end ; 
yet,  as  it  does  not  express  action,  (tor  a table  or  a chair 
may  also  tic  four- footed,)  this  is  an  adjective  of  the  first- 
mentioned  kind.  On  the  other  hand,  if  we  say  *4  a 
moving  animal,"  we  clearly  express  that  action  is  really 
taking  place:  this,  therefore,  is  an  adjective  of  the  second 
kind.  Now,  of  these  two  kinds,  the  former  are  exclu- 
sively called  adjectives  by  the  majority  of  Gramma- 
rians; but  the  latter  are  as  commonly  called  parti- 
ciples ; and  we  adopt  these  distinctive  terms  from  an 
unwillingness  to  alter  the  received  nomenclature  of 
Grammatical  Science  ; but  at  the  same  time,  we  wish  it 
to  be  clearly  understood,  that  both  the  adjective  and 
participle  of  the  common  Grammarians  fall  under  the 
definition  which  we  have  above  given  of  the  word  ad- 
jective in  its  largest  sense. 

Of  the  adjective  simple,  or  unmixed  with  any  idea 
of  action,  little  remains  for  us  to  observe;  hut  before 
we  proceed  to  the  consideration  of  the  participle,  it 
may  he  proper  to  notice  a large  class  of  adjectives, 
which,  though  they  do  not  express  action,  yet  bear 
reference  to  it.  Such  are  those  words  expressive  of 
the  capability  or  habit  of  action,  which  Mr.  Tooke,  in 
his  eager  desire  for  singularity,  has  thought  fit  to  class 
among  the  participles.  There  is  great  hazard  when 
a writer  chooses  to  treat  all  his  predecessors  with  con- 
tempt, that  he  may  chance  to  fall  into  very  gross  errors 
himself.  Mr.  Tooke  has  confounded,  in  his  new  scheme 
of  participles,  the  verbal  adjectives,  gerunds,  and  par- 
ticiples of  former  writers;  and,  at  the  same  time,  has 
laid  down  no  clear  definition  of  his  own  to  guide  us 
out  of  the  labyrinth.  What  is  more,  he  has  adopted  as 
participles  the  verbal  adjectives  in  bilis,  ivus,  and  ictis, 
and  excluded  those  in  ox,  arius,  bundus,  ictus,  &c.  which 
seem  quite  as  much  entitled  to  the  same  distinction. 

Upon  a full  consideration  of  all  these  different  kinds 
of  adjectives,  there  seems  to  be  no  reason  for  dossing 
them  apart  from  the  simple  adjective,  mid  as  little  for 
confounding  them  with  the  participle. 

They  ought  not  to  be  separated  from  the  simple  ad- 
jective, liecause  they  do,  in  fact,  express  only  a simple 
quality  ; and  it  is  difficult,  if  not  impossible,  to  draw  a 
line  between  qualities  which  are  originally  derived  from 
action,  and  qualities  not  so  derived.  Let  us  take,  for 
instance,  the  word  faints , false.  No  doubt  this  is  de- 
rived from  falhj  which  expresses  the  act  of  failing  or 
deceiving  ; yet,  by  a transition  of  meaning,  it  comes  to 
signify  simply  that  which  is  not  true.  In  like  manner, 
many  of  the  words  which  Mr.  Tooke  treats  as  par- 
ticiples have  been  really  introduced  into  the  English 
Language  as  simple  adjectives,  without  the  least  re- 
ference to  the  action,  w hich  their  radicals  expressed  in 
other  Languages.  Take,  for  instance,  the  word  “ pal* 
pable.”  We  commonly  say,  *'  it  is  palpably  false,” 

44  the  truth  is  palpable,”  &c.  ; yet,  perhaps,  few  per- 
sons, when  they  use  these  phrases,  entertain  any  notion 
of  feeling  and  handling  the  truth  or  falsehood  in  ques- 
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Grammar.  tion,  though  palpare,  to  feel  or  handle,  is  the  undoubted 
' origin  of  this  word.  The  same  may  be  said  of  *' due- 
tile,”  “ frail.”  " sensible,”  '*  noble,"  and  many  other 
English  adjective*,  which  have  not  the  slightest  pre- 
tence to  be  considered  as  participles. 

Jf  the  mere  derivation  from  a verb  is  to  entitle  a word 
• to  be  called  a participle,  we  should  have  numerous 

classes  both  of  substantives  and  adjectives  ho  dis- 
tinguished ; for  if  ductili a be  a purticiple,  because  it  is 
derived  from  duco , so  is  audax,  because  it  is  derived 
from  audeo;  ridiculus,  because  it  is  derived  from  rideo; 
and  a thousand  other  adjectives.  Nay,  we  may  add 
to  this  list  the  substantives  derived  from  verbs,  if  the 
mere  derivation  is  to  be  a test  of  the  Grammatical  use. 
Thus,  we  may  say,  that  piatrinum,  a bakehouse,  is  a 
participle  of  pinto,  to  bake  ; juramentum,  an  oath,  of 
jvro,  to  swear ; judicium,  a judgment,  of  judico,  to 
judge,  &c. 

The  truth  seems  to  be,  that  in  this,  as  in  number- 
less other  instances,  Mr.  Tooke  has  mistaken  the  His- 
tory of  Language  for  its  Philosophy.  Because  the  word 
noble  is  derived  from  noaro,  to  know,  therefore  he  calls 
it  a participle  of  that  verb  ! At  this  rate,  all  the  Parts 
of  speech  must  become  an  inextricable  mass  of  confu- 
sion ; for.  Historically  speaking,  each  is  derived  from 
the  other,  and  there  cannot  be  any  rule  which  gives 
any  one  the  precedence.  If  we  look  to  the  significa- 
tion, all  is  clear.  Either  a given  adjective  expresses 
action,  or  it  does  not.  If  it  does  not,  it  is  a simple 
adjective;  and  the  circumstance  of  its  referring  to  the 
habit  or  capacity  for  action  cannot  alter  its  character. 
The  words  **  forcible”  and  “ culpable"  relate  originally 
to  the  actions  of  forcing  and  blaming;  but  they  relate 
to  them  only  as  the  groundwork  of  an  existing  quality, 
and  not  as  being  really  in  action,  or  os  having  been  so, 
or  to  be  so,  at  any  given  time.  These  considerations 
will  probably  suffice  to  clear  away  all  the  difficulties 
which  Mr.  Tooke  has  raised  respecting  what  he  calls 
the  participles  of  the  potential  mood  active,  the  poten- 
tial mood  passive,  the  official  mood  passive,  and  the 
future  active.  They  are  all,  as  used  in  the  Euglish 
Language,  simple  substantives,  or  simple  adjectives ; 
and  to  rank  them  among  participles,  would  not  only 
be  to  oppose  the  great  majority  of  writers  who  have 
treated  on  these  subjects,  but  to  confound  all  reasonable 
Principles  relating  to  this  part  of  Grammar. 

Participle.  We  come,  then,  to  that  Part  of  speech  which  is  com- 
monly denominated  the  participle.  The  origin  of  this 
name  is  well  known.  Porfrm  capit  a nomine,  partem  a 
verbo.  But  this  is  an  explanation  which  is  merely  ap- 
plied to  the  learned  Languages.  The  definition  of  Vos- 
sius  is,  participivm  eat  vox  variabilit  per  casut  sign tjicans 
rent  cum  tempore.  Here,  loo,  we  see  nothing  of  Lniver- 
aal  Grammar.  The  being  variable  by  cases  is  a mere 
accident  of  certain  Languages.  The  signifying  a thing, 
with  time,  depends  indeed  on  more  general  Principles, 
and  tfiese  it  is  necessary  to  examine. 

What  is  meant,  in  this  part  of  the  definition,  by 
“ signifying  a thing,"  we  need  not,  perhaps,  make  mat- 
ter of  dispute.  We  will  assume,  that  it  means,  in  the 
language  which  wc  have  adopted,  “ naming  a concep- 
tion.” The  participle  simply  name t ; it  does  not  assert. 
The  words,  “ loving,  moving,  reading,  thinking,"  &c. 
assert  nothing  respecting  these  acts  ; they  merely  name 
the  nets,  or  ruthcr  they  name  the  conceptions,  us  in 
action.  It  is  said  that  the  participle  is  ranked  among 


nouns  when  it  constitutes  the  subject  of  a logical  pro-  Nonas 
position  ; and  among  verbs  when  it  forms  the  predicate ; Adjective., 
but  this  is  not  accurate ; a participle,  as  such,  can 
never  form  the  subject  of  a proposition.  The  example 
given  is,  Militat  omnia  amana , lla?  u ; but 

in  this  instance  amana  is  a mere  adjective,  agreeing 
with  homo  understood  ; and  it  is  the  same  in  the  Greek. 

On  the  other  hand,  when  the  participle  is  a predicate, 
as  Socrates  cat  loiptent,  it  fills  the  proper  office  of  an  ad- 
jective ; and  is  not  to  be  treated  as  a verb,  at  least  in  the 
sense  which  we  have  attached  to  the  latter  term. 

The  ad-signification  of  time  is  proper  to  the  participle, 
inasmuch  as  time  is  essential  to  action.  This  point, 
however,  Mr.  Tooke  contests  upon  the  ground,  that 
the  Latin  participles,  present,  past,  and  future,  are  not 
confined  to  the  times  from  which  they  respectively  re- 
ceive their  designations.  Projiciacens  is  a participle  of 
the  present  tense ; yet  Cicero  says,  abfui  profic  items, 
thus  connecting  time  present  with  time  past.  So  pro- 
fccturo  tibi  drdi  l iter  at,  connecting  the  past  with  the 
fiiture : and  again,  quo*  spero  societate  victories  tecum 
coput  a tot  jure ; where  spero  is  present,  copulatos  past, 
and  fore  future.  None  of  these  examples,  however, 
prove  any  thing  against  the  expression  of  time  by  the 
participles,  but  merely  that  time  is  contemplated  in 
various  lights  by  the  Mind  in  one  and  the  same  sen- 
tence. Tims,  in  the  phrase  abfui  profiriacens,  the  first 
word  relates  to  the  time  of  speaking,  and  the  second  to 
the  time  of  acting.  The  going  was  present,  when  the 
absence  (which  is  now  past)  was  present.  Again,  dedi 
refers  to  a time  past ; but  when  that  time  was  present, 
the  departure  (expressed  in  profecturo ) was  future. 

A thousand  such  cases  as  these  would  lead  to  no  in- 
ference whatsoever  against  the  expression  of  time  by  the 
participle. 

It  is  necessary  to  observe,  however,  that  words 
which  express  time,  express  it  in  two  ways,  either  as 
simple  existence,  or  as  relative  to  the  different  portions 
of  duration.  Thus,  when  we  say  “justice  is  ut  all 
times  mercy,"  the  present  is  a mere  expression  of  ex- 
istence, a present  continuous.  So  when  we  say  " the 
Sun  rites  every  day,”  we  speak  of  an  act  habitually  pre- 
sent. It  is  the  nature  of  the  Human  Mind  to  be  able 
thus  to  contemplate  duration ; but  this  in  no  degree 
interferes  with,  still  less  contradicts,  the  view  which 
we  take  of  different  portions  of  time,  as  past,  present, 
and  future,  with  relation  to  each  other.  The  assertion, 
for  instance,  that  the  Sun  rises  every  day,  does  not  at 
all  clash  with  the  other  assertion,  that  the  Sun  rises  at 
this  moment.  In  both  cues  time  is  referred  to;  a 
certain  portion  of  time  is  designated  in  the  one  case, 
which  coincides  with  the  general  assertion  in  the  other; 
and,  in  fact,  the  difference  between  the  two  assertions 
docs  not  depend  on  the  verb  itself,  but  ou  the  accom- 
panying words  “every’  day"  and  “this  moment." 

In  these  respectB  the  verb  and  participle  agree.  The 
participle  is  an  adjective  so  far  participating  the  nature 
of  the  verb  as  to  signify  action,  and  it  cannot  signify 
action  without  the  capability  of  also  signifying  time. 

Particular  Languages  may  or  may  not  have  separate 
words  adapted  by  inflection  to  signify  the  different  por- 
tions of  time  in  a participial  form.  In  truth,  the  notion 
of  time  is  in  all  such  cases  a new  element  in  the  com- 
pound conception,  which  compound  conception  may  be 
expressed  by  one  won!  or  by  several.  The  complexity 
of  conception  may  go  still  further.  It  may  include  the 
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Grammar,  distinctions  of  active  and  passive,  of  absolute  and  con- 
v — v— ditionai ; and,  in  short,  of  ail  those  which  we  shall  have 
to  consider  when  we  come  to  treat  of  the  verb. 

Hence  we  see,  that  Languages  may  have  as  great  a 
variety  of  participles  as  they  may  of  moods  und  tenses  ; 
and  it  does  not  seem  of  the  nature  of  Language  alto- 
gether  to  exclude  participles  from  the  Parts  of  speech ; 
for  Mr  Harris  is  perfectly  right  in  saying,  that  if  we 
take  away  the  assertion  from  a verb,  there  will  remain 
a participle.  Of  course  he  is  speaking  of  the  signifi- 
cation, und  not  of  the  sound,  and  therefore  Mr.  Touke’s 
ridicule  of  this  passage  is  entirely  misplaced.  It  is 
an  observation  as  old  as  Aristotle,  that  the  worth 
“ Socrates  speaks”  are  equal  in  signification  to  the 
worth  “ Socrates  is  speaking;”  but  it  is  evident  that 
the  assertive  part  of  this  sentence  consists  entirely  in 
the  word  ‘'is;”  which  word  being  taken  away,  the 
word  u speaking”  still  expresses  a quality  of  Socrates, 
and  expresses  that  quality  ill  action,  and  is  therefore 
a participle.  Anti  so  it  will  happen  with  every  verb, 
as  is  instanced  by  Harris  in  the  words  ^a0vi>, 

“writeth,”  “writing.”  Tooke  misrepresents  Harris 
as  saying,  that,  by  removing  n and  eth,  he  Hikes  away 
the  assertion ; whence  he  concludes,  that  Harris  sup- 
posed the  assertion  to  be  implied  in  those  syllables ; 
but  Harris  says  nothing  about  taking  away  c<  mul  eth. 
He  says  what  is  very  true,  that  the  words  -ypa0r i und 
tcriUth  imply  assertions,  and  that  in  the  words  fpaifwtr 
and  writing,  the  assertion  is  taken  away,  and  yet  there 
remain  the  same  time  and  the  same  attribute  ; which 
expressions  of  lime  and  attribute,  without  assertion, 
constitute  a participle. 

It  has  been  laid  down  as  a rule  by  some  writers, 
that  there  can  be  no  participles  but  such  as  are  derived 
from  verbs;  and  hence  they  deny  that  such  words  as 
togatus,  galeaius,  Ac.  are  to  be  called  participles.  Au- 
gustinus Saturnius,  who  treats  particularly  on  this 
point,  calls  them,  by  way  of  distinction,  participial s. 
It  is  manifest,  however,  that  this  is  a distinction  alto- 
ther  nugatory,  in  regard  to  Uni  venal  Grammar, 
hen  Othello  says 

My  demerits  may  speak  ualumnettcd, 
he  uses  exactly  the  same  form  of  speech,  as  if  he  had 
said  uncovered,  and  the  oue  word  is  os  truly  a participle 
as  the  other;  although  there  may  be  no  authority  for 
the  use  of  the  verb  “ to  bonnet.”  Uncovered  and  un- 
bnnnettcd  equally  express  a quality,  with  reference  to 
an  action  of  past  time,  c/a.  the  removing  the  cover  or 
bonnet  from  the  head ; and  it  is  by  this  signification, 
and  not  by  their  etymology,  that  the  Part  of  speech 
to  which  they  belong  is  to  he  determined. 

We  must  not  he  surprised  to  find,  that  participles  of 
different  classes  pass  into  each  oilier.  Many  active 
participles  come  to  have  a passive  signification.  The 
word  evident,  which  was  origiually  active,  is  found  with 
a passive  meaning,  from  whence  our  ooinmon  adjective, 
evident , is  derived.  This  is  a circumstance  not  pecu- 
liar to  participles;  for  when  we  come  to  treat  more  at 
large  of  those  transitions  of  meaning,  which  are  the 
groundwnrk  of  Etymological  Science,  it  will  be  found 
that  they  apply  to  every  Part  of  speech  indifferently. 
Men  cannot  always  find  a separate  term  to  express  each 
distinct  shade  of  thought,  and  they  naturally  avail 
themselves  of  those  expressions  which  come  die  nearest 
to  their  meaning. 

From  what  has  before  bccu  said  on  the  subject  of 


comparison,  it  is  clear  that  participles,  as  well  as  other  Noasa 
adjectives,  when  they  express  qualities  capable  of  in-  Adjedw*. 
tension  and  remission,  may  admit  the  three  Degrees  of  v(*,fUluL 
comparison ; thus  we  may  say  amantior  as  well  as 
durior,  amantixsimu * «s  well  as  dunttimus.  It  matters 
not,  that  in  some  Languages  the  idiom  will  not  allow 
of  expressing  the  Degrees  of  comparison  by  inflection ; 
that,  for  example,  in  English  we  cannot  say  laringer, 
or  lovingest ; this  is  a mere  accident  of  the  particular 
Language,  depending  principally  on  circumstances  con- 
nected with  its  sound ; and  it  is  to  be  observed,  that 
however  barbarous  such  words  as  lovinger  or  lovingest 
might  sound  to  the  ear,  yet  they  would  be  perfecUy 
intelligible  to  the  Mind  : there  would  be  nothing  absurd 
or  contradictory  in  the  combination  of  the  thoughts ; 
for  the  same  combination  is  effected  hy  the  words 
“ more  loving,”  and  “most  loving;"  and  in  all  Lan- 
guages there  must  be  means  more  or  less  concise  or 
circuitous  to  express  such  combinations. 

We  have  seen  how  the  conception  of  a quality  consi- 
dered alone,  and  rendered  the  subject  of  assertion,  be- 
comes a noun  subslontive  ; and  this  applies,  in  Principle, 
us  well  to  those  qualities  which  are  expressed  by  parti- 
ciples, as  to  those  which  are  expressed  hy  other  ad- 
jectives. Whether  the  same  or  a different  word  shall 
be  employed  for  this  purpose  is,  again,  a matter  of  par- 
ticular idiom.  In  English,  we  use  the  very  same  word 
for  both  purposes.  Thus,  " singing,"  “ dancing,”  &c. 
may  be  used  in  construction  as  adjectives,  or  us  sub- 
stantives of  the  sort  commonly  called  abstract.  We 
may  say  “ a singing  man,”  44  a dancing  woman  or  we 
may  say, 44  singing  is  an  accomplishment,”  44  dancing  wa 
recreation,”  Ac.  In  Latin,  the  idiom  is  different : ranlant, 
tallant,  &c.  can  only  be  used  in  the  former  of  these  two 
ways ; but,  nevertheless,  a similar  Principle  is  observa- 
ble in  the  use  of  what  are  called  gerunds  and  supines. 

Scaliger  gives  the  following  account  of  the  gerund;  Gerund. 

44  From  these  (participles)  our  ancestors  chose  certain 
tenses,  by  means  of  which  they  might  imitate  those 
Greek  terms  Xrrwor,  payiptiop,  &c.  but  with  a more 
ample  and  extensive  use.  These  lliey  called  gerunds, 
assigning  them  to  three  cases,  pvgnandi , pugnando, 
pugnandum ; of  which,  the  second  preserved  the  power 
of  a participle,  but  so  much  the  more  aptly  os  the  verbs 
were  excelled  by  the  participles.  For,  as  the  cause  of 
action  is  more  plainly  shown  by  saying  csedens  viU- 
ncravi,  than  by  saying  cecldi,  and  better  still  by  saying 
quia  csedcrem  vulneravi , the  whole  of  this  is  expressed 
by  the  gerund  esedendo  vulneravi.  Moreover,  in  many 
things  the  form  and  the  end  are  the  same ; but  the  cud 
is  partly  out  of  us,  as  the  ship  is  a thing  out  of  the  ship- 
builder; atul  partly  within  us,  in  our  Minds,  as  is  that 
which  is  called  an  idea,  by  which  we  are  impelled  to  the 
external  end.  Now  both  of  these  they  very  skilfully 
expressed  ; fur  both  pvgnandi  and  pugnandum  signify 
the  end.  Thus  I may  say  , pvgnandi  causa  rquum  ascend i , 

1 mounted  my  horse  for  the  purpose  of  fighting ; or 
pugnandum  cst  ex  equo,  I must  fight  (or  the  fighting *mu$t 
be)  on  horseback.”  44  Hence  it  appears  that  these 
(gerunds)  are  participles,  differing  little  from  other  par- 
ticiples, either  in  nature,  or  use,  or  even  in  form.” 

Again  be  observes : 44  some  writers  have  called  these 
gerunds  from  their  use  participial  nouns;  for  they  are 
neither  pure  nouns,  since  they  govern  a case  ; nor  are 
they  pure  participles,  since,  with  a passive  voice,  they 
bear  an  active  signification.” 
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Grammar.  The  same  author  thus  speaks  of  the  supine.  “ Nearly 
t ^ > similar  is  the  explanation  to  lie  given  of  the  supines  ; 

but  these  latter  express  the  same  meaning  more  forci- 
bly.  Thus,  eo  ad  pugnandum  signifies  a future  action  ; 
eo  pugnatum  expresses  the  future  so  as  to  be  quite  ab- 
solute/’ “ Hence  it  signifies  activity  with  actives,  and 
passiveness  with  passives : tv  factum  injuriam,  or  injuria 
mihi  factum  itur ; but  indeed  it  always  savours,  in 
some  degree,  of  jmssiveness  ; for  it  does  not  so  much 
mean  eo  ul  faciam,  as  it  means  to  vt  hoe  fat ; us  if 
one  were  to  say,  I am  going  indeed  for  the  purpose  of 
doing  so  and  so,  but  I hope  it  is  already  done ; and 
like  Sosiu’s  speech,  Dictum  pula,  * suppose  it  said.’  ’* 
**  Since,  therefore,  the  end  (or  aim)  of  an  action  was  to 
be  thus  signified,  the  other  extreme  was  not  improperly 
expressed  by  a different  word.”  Hence  Scaligvr  ex- 
plains the  different  use  of  the  supines  in  um  and  v,  the 
latter  of  which  he  regards  os  a sort  of  ablative  case. 
'•  There  is  equally  a movement,”  says  he,  “ from  and 
to  an  object ; and  therefore  we  rightly  say  venatu 
versio , as  we  do  venatum  vado He  goes  at  length 
into  these  considerations,  opposing  in  some  measure 
what  other  Grammarians  had  suid  of  the  supine  in  u ; 
but  these  questions  are  beside  our  present  object : and 
all  that  is  necessary  for  us  here  is  to  show  the  chain 
of  connection  which  unites  the  participle,  ns  an  adjec-. 
tive,  on  the  one  hand  with  the  noun  substantive,  and 
on  the  other  with  the  gerunds,  supines,  and  infinitive 
mood. 

Hitherto  we  have  considered  the  noun  only  in  its 
}»n>noun.  prjmary  use,  whether  as  substantive  or  adjective : we 
nave  now  to  regard  it  in  a secondary  light,  under  the 
common  Grammatical  designation  of  a pronoun. 

The  name  of  the  pronoun  is  sufficiently  descriptive 
of  its  use,  which  is  to  stand  in  the  place  of  another 
noun.  The  necessity  for  such  wools  in  Language  is 
obvious ; but  as  it  has  been  well  and  brief!)  explained 
by  Mr.  Harris,  we  shall  adopt  that  learned  author’s 
words.  “ Every  object  which  presents  itself  to  the 
senses,  or  the  intellect,  is  either  then  perceived  for  the 
first  time,  or  else  is  recognised  as  having  been  per- 
ceived before.  In  the  former  case  it  is  called  an  ob- 
ject '■fveeaeui*  of  the  first  knowledge  or 

acquaintance  ; in  the  latter  it  is  called  an  object  rij* 
Btvrtpai  '■/*'*'&(*'*  of  the  second  knowledge  or  acquaint- 
ance. Now  as  all  conversation  passes  between  parti- 
culars or  individuals,  these  will  oficti  happen  to  be 
reciprocally  objects  rijv  vparryv  • jvthaeu :v,  that  is  to 
say,  till  that  instant  unacquainted  with  each  other. 
What  then  is  to  be  done?  How  shall  the  speaker 
address  live  other  when  he  knows  not  his  name  ? or 
how  explain  himself  by  his  own  name,  of  which  the 
other  is  wholly  ignorant?  Nouns,  as  they  have  been 
described,  cannot  answer  the  purpose.  The  first  ex- 
pedient upon  this  occasion  seems  to  have  been  £eZ£c*4 
dial  is,  pointing,  or  indication  by  the  finger  or  hand, 
some  traces  of  which  are  still  to  be  observed  as  a part 
of  that  action,  which  naturally  attends  our  speukiug. 
But  the  uuthors  of  Language  were  not  content  with 
this:  they  invented  a race  of  words  to  supply  this 
pointing;  which  words,  as  they  always  stood  for  sub- 
stantives, or  nouns,  were  characterised  by  the  name  of 
ointuvvfAia,  or  pronouns."  So  far  Mr.  Harris.  His 
observations,  indeed,  apply  in  strictness  only  to  the 
personal  pronoun ; but  upon  similar  Principles  rests 
the  necessity  for  the  other  classes  of  pronouns,  as  will 
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easily  appear  when  we  come  to  consider  them  sepa- 
rately.  Pruuutius. 

As  the  nonn  is  divided  into  substantive  and  adjective,  v— 
so  the  pronoun,  its  representative,  exhibits  the  same 
diversity.  If  it  be  necessary  to  have  a word  repre- 
senting a whole  class  of  substantives,  it  is  equally  ne- 
cessary that  the  quality  which  consists  in  belonging  to 
that  class  should  he  represented.  If  /,  or  you,  or  he, 
be  to  be  expressed,  mine,  or  yours,  or  his,  is  to  be  ex- 
pressed also. 

We  begin,  therefore,  with  the  pronoun  substantive: 
and  of  this  we  shall  consider,  first,  the  distinctions  which 
relute  to  it  as  a member  of  a simple  proposition  ; and, 
secondly,  those  which  relate  to  it  more  generally. 

Considered  as  the  subject  of  a simple  proposition, 
we  have  to  notice  in  the  pronoun  not  only  the  distinc- 
tions of  number,  gender,  and  case,  which  are  common 
to  it  with  the  noun,  but  also  the  further  and  peculiar 
distinction  of  person.  The  noun  substantive  being  the 
name  of  a conception,  that  is  of  a thing,  or  of  a person, 
does  not  specify  whether  that  thing  or  person  is  the 
speaker,  or  is  spoken  of,  or  spoken  to.  One  of  these 
three  characters  it  must  needs  sustain  : and  in  the  in- 
tercourses of  speech  that  character  is  soon  distinguished: 
and  here  also  the  statement  of  Harris  is  peculiarly  clear 
and  satisfactory. 

*'  Suppose  the  parties  conversing,”  says  he,  “ to  be 
wholly  unacquainted,  neither  name  nor  countenance  on  ton. 
either  side  known  ; and  the  subject  of  the  conversation 
to  be  the  speaker  himself.  Here,  to  supply  the  place 
of  pointing,  by  a word  of  equal  power,  they  furnished 
the  speaker  with  the  pronoun  I.  * I write,  I say,  I 
desire,'  &c. : and  as  the  speuker  is  always  principal  with 
respect  to  his  own  discourse,  they  called  this,  for  that 
reason,  the  pronoun  of  the  first  person." 

“ Again,  suppose  the  subject  of  the  conversation  to 
be  the  party  addressed.  Here,  for  similar  reasons,  they  Milm 
invented  the  pronoun  thou.  * Thou  writest,'  ' thou 
wolkest,'  &c. ; and  as  the  party  addressed  is  next  ill 
dignity  to  the  speaker,  or  at  least  comes  next  to  him, 
with  reference  to  the  discourse,  this  pronoun  they  there- 
fore called  the  pronoun  of  the  second  person 

" Lastly,  suppose  the  subject  of  the  conversation 
neither  the  speaker,  nor  the  party  addressed,  but  some  *un. 
third  object,  different  from  both  : here  they  provided 
another  pronoun,  he,  she,  or  it,  which,  in  distinction 
from  the  former  two,  was  called  the  pronoun  of  the 
third  person ."  “ And  thus  it  was  that  pronouus  came 

to  lie  distinguished  by  their  respective  persons.” 

The  description  of  the  different  persons  here  given  is 
taken  from  PaisciAit,  who  took  it  from  Apollonil's  . 

Person*  pronominurn  sunt  ires,  prima,  sreunda,  tertia. 

Prima  est  cum  ipsa,  qua-  loquitur,  de  se  pronuntiat ; se- 
cunda,  cum  de  ea  pronuntiat  ad  quam  directo  sermone 
loquitur  } tertia , cum  de  ea  qua  me  loquitur,  nec  ad  se 
directum  accipit  sermonem,  I.  xii.  p.  940.  Theodore 
Gaza  gives  the  same  distinctions : 1 \pHnov  ( rrpoatt>wov , 

SC.)  ty  vepi  cavrS  Qpdgtt  6 X«*-y <*•!/*  Btvrtpov  wtpi  7a, 

irpot  on  o \dfos,  rptiov  w repi  irtpe.  Gax.  Gram.  1.  iv. 

p.  152. 

This  account  of  persons  is  far  preferable  to  the 
common  one,  which  makes  the  first  the  speaker,  the 
second  the  party  addressed,  and  the  third  the  subject ; 
for  though  the  first  and  second  be,  as  commouly  de- 
scribed, one  the  speaker,  the  other  the  party  addressed  : 
yet,  till  they  become  subjects  of  the  discourse,  they 
o 


Digitized  by  Google 


42 


GRAMMAR. 


Gttmroar.  have  no  existence.  Again,  as  to  the  third  person's 
- »— y— t J being  the  subject,  this  is  a character  which  it  shares 
in  common  with  both  the  other  persons,  and  which  can 
never,  therefore,  be  called  a peculiarity  of  its  own.  To 
explain  by  an  instance  or  two  : When  /Eneas  begins 
the  narrative  of  his  adventures,  the  second  person  im- 
mediately appears,  because  he  makes  Dido,  whom  he 
addresses,  the  immediate  subject  of  his  discourse. 

lafandtun,  Rfgtma,  juWn  rrmovart  doiorm. 

From  henceforward  for  lhOO  verses  (though  she  be 
all  that  time  the  party  addressed)  wre  hear  nothing  fur- 
ther of  this  second  persoo,  a variety  of  other  subjects 
filling  up  tiic  narrative.  In  the  mean  time  the  first 
person  may  be  seen  every  where,  because  the  speaker 
is  every  where  himself  the  subject ; they  were,  indeed, 
events,  as  he  says, 

■ . Quirqut  r/uf  miterriwa  vidi, 

El  quorum  fart  majna  fm. 

Not  that  the  second  person  does  not  often  occur  in 
the  course  of  this  narrative ; but  then  it  is  always  by  a 
figure  of  speech,  when  those  who,  by  their  absence,  are, 
in  fact,  so  many  third  persons,  are  converted  into  se- 
cond persons,  by  being  introduced  as  present. 

When  we  read  Euclid,  we  find  neither  first  person 
nor  second  in  any  part  of  his  whole  Work.  The  rea- 
son is,  that  neither  the  speaker  nor  the  party  addressed 
(in  which  light  wc  may  always  view  the  writer  and  his 
reader)  can  possibly  become  the  subject  of  Pure  Mathe- 
matics. 

It  follows,  from  what  has  here  been  said,  that  the 
pronoun  is  strictly  a necessary  part  of  speech  ; for 
though,  as  standing  in  the  place  of  other  nouus,  it  may 
be  considered  a mere  abbreviation  of  discourse,  yet  cir- 
cumstances often  occur  in  which  such  abbreviations 
become  indispensable.  It  is  clear  that  discourse  could 
not  be  intelligibly  carried  on  where  the  parties  were 
not  known  to  each  other  by  name,  and  did  not  also 
know  by  name  each  individual  of  whom  they  might 
speak,  unless  there  were  some  means  of  distinguish- 
ing them  otherwise  than  by  their  separate  and  in- 
dividual names,  which  means  are  really  supplied  by 
the  pronoun. 

It  has  been  observed,  that  notwithstanding  the  se- 
parate characteristics  of  each  person,  there  may  be  a 
coalescence  of  the  pronouns  of  different  persons ; but 
this  is  subject  to  certain  restrictions.  The  pronoun  of 
the  first  or  second  person  may  easily  coalesce  with  the 
third ; but  the  first  and  second  cannot  coalesce  with 
each  other.  For  example,  we  may  say,  (and  the  dif- 
ference of  idiom  in  different  Languages  docs  not  affect 
these  expressions,)  “ I am  he,"  or,  '*  thou  art  he  ;**  or, 
as  in  the  text,  “ art  thou  he  that  should  come,  or  do 
we  look  for  another?"  But  we  cannot  sav,  “ I am 
thou,"  nor  “ thou  art  I :*  the  reason  is,  there  is  no 
absurdity  for  the  speaker  to  be  the  subject  also  of  the 
discourse ; as  when  we  say,  **  1 am  lie  or  for  the 
person  addressed,  as  when  wc  say,  “ thou  art  he but 
for  the  same  person,  in  the  same  circumstances,  to  be 
at  once  the  speaker  and  the  party  addressed  »*  impos- 
sible ; and,  consequently,  so  is  the  coalescence  of  the 
first  and  second  person. 

NumUr  Since  the  pronoun  stands  in  the  place  of  a nonn, 
and  since  number,  as  we  have  seen,  is  a conception 
which  may  be  combined  in  general  with  nouns,  it 
follows  that  the  pronoun  may  have  the  distinctions 


of  numW’r ; nor,  indeed,  is  it  easy  to  conceive  a Language  Nana*, 
so  constructed  as  to  have  pronouns  without  such  a Pronoun*, 
distinction.  As  to  like  first  person,  it  is  clear  that 
there  may  be  many  speakers  at  once  of  the  same  v **' , 
sentiment,  or,  what  comes  to  the  same  thing,  one  may 
deliver  the  common  sentiment  of  many,  and  in  their 
name  ; for  the  same  reason,  therefore,  that  the  pronoun 
I is  necessary,  the  pronoun  ire  is  so  too.  Again,  the 
singular  thou  has  the  plural  you,  because  a speech  may 
be  spoken  to  many,  as  well  as  to  one  : and  the  singular 
he  has  the  plural  they,  because  the  subject  of  discourse 
often  includes  many  things  or  persons  at  once. 

The  pronoun  is  also  susceptible  of  the  distinction  of  Gender, 
gender,  because  the  noun  which  it  represents  is  so. 

A difference,  however,  has  been  said  to  exist  in  this 
respect  between  the  pronouns  of  different  persons : 
and  the  reasoning  thereon  is  plausible.  It  is  certainly 
true  that  the  pronouns  of  the  first  and  second  person, 
both  in  the  dead  and  living  Languages,  have  no 
distinct  inflection  expressing  their  gender;  and  the 
reason  for  this  is  alleged  to  he  that  the  speaker  and 
hearer  being  generally  present  to  each  other,  it  would 
have  been  superfluous  to  have  marked  a distinction 
by  art,  which  from  nature,  and  even  dress,  was  com- 
monly apparent  on  both  aides.  Demnnstratio  ipsa, 
says  Priscian,  tecum  genus  oslendit.  However,  it  is 
by  no  means  irue  that  the  pronouns  of  the  first  and 
second  person  have  no  gender.  They  have  not,  indeed, 
in  any  known  Language,  inflections  distinguishing  them 
in  point  of  gender,  but  they  always  lake,  in  construc- 
tion, the  gender  of  the  noun  which  they  represent. 

Thus  Dido, 

eu>  me  raaribundam  detent  hat pet  f 

And  Mercury  addressing  /Eneas, 

- ■ Til  tunic  CarlJkayimu  ait* 

Fumdammla  focus,  jmichramque  uxoriua  srrifm 
Ext/not  f 

It  is  agreed  on  all  hands  that  the  pronouns  of  the 
third  person  must  almost  of  necessity  receive  the  distinc- 
tions of  gender  in  all  Languages.  These  pronouns  are 
called  in  Arabic  the  pronoun  of  the  absentee,  and,  in 
fact,  they  usually  refer  to  persons  or  things  which  being 
absent  require  to  be  distinguished,  as  to  gender,  Ac. 
by  some  expression  in  the  discourse.  It  is  further  to 
be  observed,  that  the  pronouns  of  the  first  and  second 
person  apply  only  to  certain  known  and  present"  in 
dividuuls;  whereas,  the  pronouns  of  the  third  person 
may,  in  the  course  of  one  and  the  same  speech,  refer  to 
a great  diversity  of  objects,  requiring  to  be  distinguished 
by  their  respective  genders.  44  The  utility  of  this  dis- 
tinction,'* says  Harris,  44  may  be  better  found  in  suppo- 
sing it  away.”  Suppose,  for  example,  we  should  read 
in  History  these  words  ; he  caused  him  to  destroy  him — 
and  that  wc  were  to  be  informed  that  the  he,  which  is 
here  thrice  repeated,  stood  each  time  for  something 
different,  that  is  to  say,  for  a man.  for  a woman,  and 
for  a city,  whose  names  were  Alexander , Thais , and 
Ptrsepolis,  Taking  the  pronoun  in  this  manner,  divested 
of  its  geuder,  how  woukl  it  npjiear  which  was  destroyed, 
which  was  the  destroyer,  and  which  was  the  cause  of 
the  destruction  ? But  there  arc  no  such  doubts  when 
we  hear  the  genders  distinguished;  when,  instead  of 
the  ambiguous  sentence,  44  He  caused  Aim  to  destroy 
him,"  wc  are  told,  with  the  proper  distinction,  that 
" She  caused  him  to  destroy  it.  Then  we  know  with, 
certainty  what  before  we  knew  not,  rix.  that  the  pro- 
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Grammar,  moter  was  the  woman ; that  her  instrument  was  the  hero; 
v**'  and  that  the  subject  of  their  cruelly  was  the  unfortunate 
city. 

Cue.  Case  is  a distinction  which  we  have  already  observed 

to  be  not  essential  to  the  noun,  but  only  accidental.  It 
therefore  is  to  be  ranked  among  the  accidents  of  the 
pronoun ; yet,  so  frequent  is  the  occasion  to  use  pro- 
nouns, that  macy  of  them,  especially  those  which  are 
particularly  denominated  personal,  have  the  variations 
of  case,  even  in  Languages  which  vary  their  nouns  in 
this  respect  very  little  or  not  at  all.  When  a person 
speaks  of  himself  ns  the  performer  of  any  action,  he 
seems  naturally  led  to  adopt  a different  phraseology 
from  that  which  he  employs  in  speaking  of  the  action 
as  done  toward  hirn  ; and  hence  the  difference  between 
/ and  me,  thou  and  thee,  runs  throughout  far  the  greater 
number  of  known  Languages.  After  all,  Universal 
Grammar  only  furnishes  the  reason  for  this  difference, 
when  it  exists,  but  does  not  prove  its  existence  to  be 
necessary.  There  may  be  Languages  of  which  the  pro- 
nouns have  no  cases  ; but  where  they  have  cases,  the 
same  function  is  performed  by  each  case  in  the  pronoun 
as  iu  the  noun. 

Substantive  pronouns  have  been  distinguished,  and, 
as  it  seems,  with  sufficient  accuracy,  into  prepositive 
and  subjunctive.  Ily  prepositive  are  meant  all  those 
which  are  capable  of  introducing  or  lending  a sentence 
without  having  reference,  at  least  for  the  purposes  of 
construction,  to  any  tiling  previous.  We  insert  these 
words,  44  at  least  for  the  purposes  of  construction,’'  be- 
cause in  truth  all  but  the  pronouns  of  the  first  and 
second  person  must  refer  to  some  person  or  thing  pre- 
viously indicated.  When  we  say,  “ he  reigned,”  or 
“ she  lived,”  we  presume  that  the  persons  included  hy 
he  and  she  are  previously  known.  These  pronouns, 
however,  may  introduce  or  lead  sentences  which  do  not 
depend  on  any  previous  sentence  in  point  of  construc- 
tion. But  it  is  not  so  with  the  other  class  of  pronouns, 
viz.  the  subjunctive.  These  cannot  introduce  an  ori- 
ginal sentence,  but  only  serve  to  subjoin  one  to  some 
other  which  is  previous.  The  principal  subjunctive 
pronouns  in  English  are  xcho  and  which,  and  sometimes 
that.  It  dues  not  seem  essential  to  the  constitution  of 
a Language  that  there  Bhoutd  always  be  such  pronouns 
these  ; for  they  may  always  be  resolved  into  another 
pronoun  and  a conjunction  ; and  consequently  by  such 
other  pronoun  and  conjunction  their  place  may  always 
be  supplied.  Let  us  take  the  example  given  by  Harris. 
We  will  suppose  that  it  is  desired  to  combine  into  one 
sentence  the  two  following  propositions  : 

1.  “ Light  is  a body.” 

2.  44  Light  moves  rapidly.” 

Here  it  is  obvious  that  the  use  of  the  noun  light,  in  the 
second  proposition,  may  be  supplied  by  the  pronoun  tf, 
as  thus  ; 

14  Light  is  a body : 

It  moves  rapidly." 

This  slight  change,  however,  leaves  the  two  proposi- 
tions still  distinct : let  us  then  connect  them  by  the  con- 
junction and;  thus: 

44  Light  is  a body ; 

And  it  moves  rapidly.” 

Here  is  a connection  of  the  two  propositions,  yet  still  not 
so  much  dependence  of  the  latter  on  the  former,  not  so 
intimate  a union  therefore  of  the  parts,  os  if,  for  the 


words  44  and  it,”  wc  substitute  the  subjunctive  pronoun 
which ; thus : 

44  Light  is  a body,  which  moves  rapidly. ” 
Accordingly,  we  see  that  in  the  punctuation,  which  most 
accurately  represents  the  proper  mode  of  reading  the 
passage,  we  gradually  diminish  the  interval  between  the 
two  propositions,  from  a period  to  a comma. 

Of  the  nature  of  the  subjunctive  pronoun  is  the 
interrogative  : and  therefore  we  very  commonly  find 
the  same  word  performing  these  two  functions.  Thus, 
in  English,  the  subjunctives  who  and  which  are 
used  as  interrogatives,  though  with  a remarkable 
difference  in  their  application.  As  subjunctives,  in 
modern  use  at  least,  who  is  applied  to  persons,  and 
which  to  things.  As  interrogatives  they  are  both  ap- 
plied to  persons,  but  who  indefinitely,  and  which  defi- 
nitely. Thus,  the  question,  44  Who  will  go  up  with 
me  to  Ramoth-gitead  ?”  is  indefinitely  projioscd  to  all 
who  may  hear  the  question  : but  when  our  Saviour 
says,  44  Which  of  you , with  taking  thought,  can  add 
one  cubit  to  his  stature?"  the  interrogation  is  indivi- 
dual, as  appears  from  the  partitive  form  of  the  words 
44  which  of  you  ;**  that  is  to  say,  44  what  one  among 
you  all.”  These  applications  of  particular  words  are 
indeed  matters  of  peculiar  idiom ; but  the  distinctions 
of  signification  to  which  they  relate  properly  belong  to 
the  Science  of  which  we  are  treating. 

The  interrogative  pronouns  arc  necessarily  of  a re- 
lative nature,  and  on  that  account  were  ranked  by  the 
Stoics  under  the  head  of  the  article;  but  as  they  do 
in  fuel  stand  for,  and  represent  nouns,  they  are  pro- 
perly called  pronouns.  On  interrogatives  in  general, 
V'ossius  has  the  following  just  observation -M  It  ap- 
pears to  me,  that  the  matter  stands  thus  : there  are 
two  principal  classes  of  words,  the  noun  and  the  verb ; 
and,  therefore,  to  one  or  other  of  these  every  interrogation 
must  refer.  For,  if  I ask  who,  which,  what,  how  many, 
I inquire  concerning  some  noun ; but  if  I u&k  where , 
whence,  whither,  when , hato  often , I inquire  concerning 
some  verb.  As,  therefore,  the  words  which  are  subsi- 
diary to  the  verb  arc  called  adverbs,  so  the  words  which 
refer  to  the  noun  should  be  called  pronouns.” 

Of  all  the  substantive  pronouns,  those  only  which 
directly  aud  simply  represent  the  three  persons  of  a dis- 
course,  as  above  explained,  that  is  to  say,  the  subject 
of  the  discourse,  whether  that  be  the  speaker,  the  per- 
son spoken  to,  or  the  person  or  thing  spoken  of;  these 
three  classes  aloue,  we  say,  arc  properly  called  pronouns 
personal.  Some  Grammarians  seem  to  have  supposed, 
that  all  but  the  personal  pronouns  of  the  first  and 
second  person  were  to  be  considered  as  belonging  to 
the  third  person.  This,  however,  is  inaccurate,  at 
least  with  respect  to  the  relatives,  who,  which , that, 
as  may  be  observed  in  those  lines  of  the  old  song : 


What  I you  that  liked  ! 
And  I,  that  loved  ! 

Shall  we  begin  to  wrangle  P 


Where  the  relative  that  is  of  the  second  person  in  the 
first  line,  and  of  the  first  person  in  the  second  line  : and 
if  translated  into  Latin  it  must  be  rendered,  not  tu  qua 
amabal,  and  ego  qui  amabai,  but  tu  qua  amabas , and 
ego  qui  amabam. 

We  shall  not  here  go  into  a detailed  consideration 
of  the  various  distinctions  which  different  authors  have 
o 2 
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Grammar,  made  in  the  other  classes  of  pronouns,  the  demonstra- 
'—l live,  the  distributive,  &c.  It  may  suffice  to  say,  that 
their  number  and  variety  in  any  one  language  must,  in 
u great  measure,  depend  on  the  classification  of  concep- 
tions, which  had  became  habitual  among  the  early 
formers  nf  that  particular  Language.  Thus  we  cannot 
in  English  express,  without  periphrasis,  the  Latin  jwo- 
nouns  qua  In,  quanta*,  &c.  any  more  than  we  can  the 
adverbs  quo  fir*,  qualiter,  &c.  Nor  must  it  lie  forgotten 
that  many  of  these  pronouns  pass  into  different  classes 
according  as  they  arc  used  in  particular  passages. 
Sunt  ex  itti s,  says  Vossiua,  qutr  pro  dive  ran,  vd  utu  td 
respedv,  ad  di versa*  pertincant  c lattes, 

Adjective  Uliia  latter  remark  applies  not  only  to  the  various 
|iraauun».  U9ea  nf  substantive  pronouns,  but  to  their  transitions 
from  adjective  to  substantive.  Almost  oil  pronouns, 
except  the  first  and  second  personals,  ore  clearly  ad- 
jectives in  origin ; but  we  cannot  admit  that  they  con- 
tinue to  be  such  when  they  stand  by  thcmselvea,  or,  as 
Lowth  rather  singularly  expresses  it,  " seem  to  stand 
bv  themselves.”  It  is  true,  dial  in  such  cases,  they 
often  have  “ some  substantive  tielonging  to  them, 
either  referred  to  or  understood  but  this  only  proves 
that  they  are  pronouns.  Whether  we  say  “ thu * is 
good,"  “ U is  good,”  or  **  he  is  good,"  there  is  always 
some  noun  referred  to,  or  understood : and  the  words 
it  and  he  “ seem  to  stand  by  themselves,"  just  as  much 
as  the  word  " this”  docs.  So  in  the  phrases  “ one  is 
apt  to  think."  and  “ / am  apt  to  think,"  the  words  one 
and  / equally  " seem  to  stand  alone,"  that  is  to  say, 
they  equally  do  stand  alone.  They  perform  the  func- 
tion of  naming  an  object,  so  far  as  it  is  necessary  to  be 
named  ; and  they  name  it  not  as  a quality  of  another 
object,  but  as  possessing  a substantive  existence  in 
itself.  The  words  this,  that,  tcho,  which,  all,  none , and 
many  of  a similar  kind,  are  therefore  (in  our  view'  of 
them)  substantive  pronouns  when  they  stand  alone, 
but  adjective  pronouns  when  the}’  are  joined  to  a uuun 
substantive.  When  Antony  says 

7%i* — ihu  wai  the  onkiodcct  cut  of  »]], 
we  consider  the  word  this  to  be  a substantive  pro- 
noun. It  may,  indeed,  be  explained  by  transposition, 
as  if  it  were,  “ this  cut  was  the  unkindesl  of  all  j"  but 
such  is  not  the  order  of  the  thoughts  : and,  in  fact,  the 
particular  wound  inflicted  by  Brutus  had  been  before 
described  at  some  length,  but  the  noun  ml  had  not 
been  used  : and  supposing  that,  for  dramatic  effect, 
the  line  had  been  broken  off  at  the  word  “ was,”  it 
would  have  been  impossible  to  suy  that  the  pronoun 
this  hud  any  specific  reference  to  this  particular  noun 
cut,  as  we  may  easily  perceive  by  so  reading  the 
passage. 

See,  what  a rent  the  envious  Cnsca  made ! 

Through  this  the  well-beloved  Unit  us  stabb’d  ; 

And  os  he  pluck'd  hi*  cursed  steel  away, 

Mark  huw  the  blood  nf  Caesar  followed  it, 

A*  rushing  out  of  doors,  to  tie  resolv’d, 

If  Brutuu  «o  unkindly  knock'd,  or  no: 

For  BrutuR,  aa  you  know,  was  (;**ar'i  angeL 
Judge,  t > ye  gods,  how  dearly  Camar  lov'd  him ! 

This— thia  was— — 

If  the  passage  had  thus  broken  off,  the  pronoun  thin 
would  have  rather  seemed  to  refer  to  the  whole  narrative 
of  the  shore  which  Brutus  hod  taken  in  the  transaction ; 
that  narrative  presenting  to  the  Mind  one  complete  and 
definite  conception. 


A passage  in  Othdio  will  further  illustrate  our  mean-  Noun*, 
big.  Iago  pretends  to  caution  Othello  against  suffering  Ptudoum. 
his  mind  to  encourage  any  suspicion  against  his  wife’s  Adj«*J''«. 
honour : 

— — ■ O Ivwore,  my  lord,  of  jmlouty  l 

It  b a grrm-eyvd  mounter  which  doth  make 
Th«  meat  il  feed*  on,  Ac.  Ac. 

After  he  has  pursued  this  siraituof  reasoning  for 
some  time,  Othello,  interrupting  him,  exclaims  with 
surprise, 

Why,  why  i*  tkU  t 

Evidently  meaning,  Why  do  you  act  thus?  Why  do 
you  talk  of  jealousy  to  me,  who  am  not  at  all  disposed 
to  be  jealous  ? The  word  thi*  cannot  here  be  said  to 
refer  to  any  one  noun  that  precedes,  or  to  any  one  noun 
that  follows  il;  and  it  is  therefore  most  manifestly  used 
with  the  force  and  effect  of  a substantive. 

On  the  contrary,  it  is  clearly  used  as  an  adjective  in 
a subsequent  passage,  where  Othello,  speaking  of  Iago. 
say s — 

—  — . Tht  honest  crmhire,  doubtless, 

Sees  and  knows  more,  much  more  than  be  imfrdda 

Whether  the  same  or  different  words  shall  be  em- 
ployed to  express  the  substantival  ami  adjectival  form 
of  pronouns  is  matter  of  idiom.  Thus,  b Language 
may.  or  may  not,  have  different  forms  for  the  personal 
and  possessive  pronouns.  Lowth  considers  the  word 
tmnr  os  the  possessive  case  of  the  personal  I ; but  the 
English  substantive  mine  (if  a substantive  it  be)  answers 
to  the  Latin  meut,  which  is  certainly  an  adjective.  On 
the  other  hand,  the  Latin  mi,  which  is  commonly  called 
the  vocative  singular  of  metis,  seems  to  be  U»e  same 
word  with  mihi,  the  dative  case  of  Ego;  for  it  is  used 
in  connection  with  plurals  as  well  as  singulars,  and 
with  masculines,  feminines,  and  neuters  indiscrimi- 
nately. Thus  we  have  in  Plautus,  mi  homines ; and  in 
Petronius,  mi  kotpites  ; and  in  Apuleius,  mi  sidus,  mi 
parens,  mi  herilis,  (sc.  jilia,)  mi  conjux,  &c. ; and  in  a 
passage  of  Tibullus,  the  different  manuscripts  ha\e, 
some  mi  dulcit  anus,  and  some  miAi  dulcis  anus  ; in  all 
which  instances,  the  dative  mihi  seems  to  be  intended 
to  be  used  in  that  manner  which  Grammnriuns  often, 
though  incorrectly,  call  redundant ; and  describe,  as 
adopted,  nulld  ne  emtntis,  sed  potius  fetlivitafis  causa. 

There  are  many  other  idioms  relative  to  the  use  fif 
pronouns  which  it  is  not  here  necessary  to  consider,  stich 
as  the  combination  of  the  adjective  own  and  the  sub- 
stantive self  with  the  pronouns  my,  thy,  &c.  in  Eng- 
lish ; and  the  subjoining  the  syllables  met , cunque , &c. 
to  certain  pronouns  in  Latin,  as  ipsemet,  quicunque,  &c, 
which  are  usually  accompanied  with  some  correspond- 
ing change  in  the  force  of  the  original  pronouns. 

The  qualities  from  which  different  classes  of  pro- 
nouns take  their  common  Grammatical  designations,  as 
distributive , definitive,  &c.  may  in  general  be  viewed  as 
existing  in  the  objects,  and  both  the  object  and  the 
quality  may  be  set  forth  together,  us  in  common  sub- 
stantives and  adjectives.  Thus  the  quality  of  alter- 
nation, if  we  may  so  speak,  is  expressed  in  English  by 
the  word  either,  and  the  quulity  of  diversity  by  the 
word  other , and  these  may  doubtless  be  united  with 
their  proper  substantives  in  the  same  manner  as  any 
other  adjective  may.  Thus  we  say,  “ take  either 
horse,”  “ choose  another  man;”  and  in  these  and 
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(inunmar.  similar  passages  the  words  either  and  other  are  to  lie 

v— * considered  as  pronominal  adjectives. 

The  connection  between  the  pronoun  and  the  article 
has  always  been  admitted  to  be  very  close  and  in- 
timate ; and  therefore  many  authors  rank  some  of  these 
pronouns,  especially  the  definitives,  among  the  articles. 
Harris  is  of  that  opininu,  and  he  cites  in  support  of  it 
the  authority  of  several  ancient  Grammarians.  We  do 
not  pretend  to  decide  very  dogmatically  on  this  point ; 
but,  upon  the  whole,  we  are  disposed  to  follow  the 
great  majority  of  writers,  in  confining  the  designation 
of  article  to  those  words  which  perform  the  simple 
function  of  individualizing  conceptions  ; nor  can  wc 
think  it  right  to  reject  altogether  the  pronominal  ad- 
jectives, which  must  be  the  case  if  we  were  to  adopt 
Harris's  criterion  : “ the  genuine  pronoun  always  stands 
by  itself,  assuming  the  power  of  a noun,  and  supply- 
ing its  place  ; the  genuine  article  never  stands  by  itself, 
but  appears  at  all  times  associated  to  something  else, 
requiring  a noun  for  its  support  as  much  as  attributives 
or  adjectives/'  It  does  not  appear  to  us  correct  to  say 
that  the  pronominal  adjectives  do  not  stand  for  other 
nouns.  They  seem  to  stand  for  the  names  of  various 
different  conceptions  which  are  principally  used  for  the 
purpose  of  distributing  our  conceptions.  The  words 
this  and  that,  for  instance,  adjectively  used,  answer  to 
the  adjectives  near  and  distant. 

After  all,  it  might,  perhaps,  have  been  better  if  the 
persona)  pronouns  alone  had  received  the  name  of  pro- 
noun ; and  if  the  words  which  we  are  now  considering 
had  been  arranged  in  a class  between  the  personals  and 
the  article,  for  they  seem  to  hold  a middle  place  between 
both  ; but  as  we  consider  it  safest  not  to  disturb  a long 
settled  order  of  things,  we  extend  the  name  of  prououn 
to  all  these  different  classes. 

Numeral*.  There  is  one  set  of  words  which  seems  to  belong  to 
the  class  of  definitive  pronouns,  but  which  yet  de- 
mands a consideration  apart.  We  mean  the  numeral*. 
Wc  have  heretofore  shown  the  fundamental  importance 
of  the  conceptions  of  number.  Those  conceptions  must 
have  names,  and  when  the  names  are  used  to  express 
the  mere  idea*  of  number,  as  when  we  say,  “ one.  and 
one  are  two,"  they  may  l>e  considered  aa  nouns  ; in  the 
same  manner  as  the  words  line , point,  angle,  which  are 
also  names  of  ideas,  are  considered.  But  when  these 
nouns  are  used  with  an  express  or  tacit  reference  to 
some  other  noun,  they  become  pronouns,  either  sub- 
stantive or  adjective.  When  wc  say,  “ two  men  are 
wiser  than  one,"  or  “ many  men  are  wiser  than  one," 
the  numeral  *'  two”  seems  as  much  a pronoun  adjective 
as  the  word  “ many."  And  again,  if  speaking  of  men, 
we  say,  “ two  are  wiser  than  one,"  the  word  two  appears 
to  he  a pronoun  substantive. 

Numerals  are  commonly  divided  into  cardinal  and 
ordinal : we  have  hitherto  spoken  of  the  former,  that 
ia  to  say,  of  the  names  given  to  our  distinct  ideas  of 
number,  simply  as  distinguishing  them  from  each  other, 
as  one,  two,  three,  &c. ; but  these  same  conceptions, 
viewed  with  reference  to  order,  form  in  the  Mind  a 
class  of  secondary  conceptions,  which  are  treated  as 
qualities  of  the  substances  to  which  they  belong. 
Hence  originate  such  words  as  jirtl,  tecond,  third, 
fourth , &. c.  These  may  be  called  pronominal  adjectives. 
The  ordinal  numbers  are  in  general  derived  from  the 
cardinal  numbers,  but  not  necessarily  so;  for  in  many, 
perhaps  in  most  Languages,  the  words  first  anil  tecond 


have  no  etymological  affinity  to  the  words  one  and  two.  Vertw. 
In  English,  the  word  first  is  properly  fore'tt,  or  fore- 
tnott,  and  is  connected  with  the  prepositions  for  and 
before  ; just  os  our  comparative  and  superlative  further 
and  furthest , improperly  written,  in  modern  times, 
farther  and  fnrlheat,  are  derived  from  forth.  Of  the 
numerals,  and  of  definitive  pronouns  in  general,  we 
shall  have  occasion  to  speak  again  when  we  treat  of 
the  article,  which  is  in  fact  only  the  definitive  pronoun 
adjective  in  a new  and  peculiar  form. 

§ 4.  Of  verb*. 

The  verb  expresses  that  faculty  of  the  Human  Mind 
by  which  we  assert  that  any  thing  exists  or  does  not 
exist : and  as  all  existence  is  either  contemplated  by 
the  Mind  simply  as  existence,  or  as  existence  in  one  or 
its  two  distinguishable  states — action  or  passion,  there- 
fore the  common  definition  of  the  verb  is  sufficiently 
accurate,  viz.  " that  the  verb  ts  a word  which  signifies 
to  do,  tb  suffer,  or  to  be."  Yet  we  must  observe  that 
the  essence  of  the  verb  does  not  consist  in  the  mere 
signification  or  naming  of  existence,  or  of  action,  or  of 
passion ; because  so  far  as  that  goes  the  verh  is  a mere 
noun;  but  what  Mr.  Tooke  has  observed  is  strictly 
true  in  Language,  r is.  thut  “ the  verb  is  a noun  and 
something  more.”  He  has  not  been  pleased  to  tell 
his  readers  what  that  something  more  really  is:  and 
he  affects  a sort  of  mystery  respecting  it,  which  is  pecu- 
liarly out  of  place  in  a Work  of  Science;  hut  nothing 
can  be  more  obvious  or  less  controvertible  than  that  this 
something  more,  which  is  the  true  characteristic  of  the 
verb,  is  the  power  of  aasertion. 

It  is  by  this  peculiarity  alone  that  the  verb  is  distin- 
guished from  the  noun,  as  a very  few  familiar  instances 
will  demonstrate.  It  often  happens  in  Language  that 
the  very  same  identical  word,  the  same  in  orthography, 
in  pronunciation,  and  in  accent,  is  both  noun  and  verb. 

How  then  can  we  determine  when  it  is  one,  and  wheu 
it  is  the  other.  Very' simply,  and  very  infallibly.  When 
it  involves  an  assertion  it  is  a verb ; when  it  does  not  it 
is  a noun.  The  word  love,  in  English,  is  one  of  the 
words  which  we  have  just  described.  It  is  impossible 
to  tell,  A priori,  whether  it  will  be  a noun  or  a verb  in 
any  particular  discourse.  We  must  wait  to  see  how  it 
is  used,  and  then  all  doubt  will  vanish.  Thus  it  is  a 
noun  in  those  exquisite  lines — 

, Ijf/t't  m not 

Which  altera  when  it  alteration  fliwfa, 

Or  Lends  with  the  nrroover  to  remove , 

Oh  no  ! It  is  so  ever  fixed  mark, 

That  looks  on  tempests,  and  is  never  shaken. 

And  again,  it  is  a verb,  in  the  speech  of  the  crafty 
Richard  to  his  unsuspecting  brother — 

I do  tore  thee  so, 

That  I will  shortly  send  thy  eonl  to  heaven. 

Against  the  doctrine  that  assertion  is  the  peculiar  Objections, 
office  of  verbs,  various  objections  have  been  urged. 

First,  it  has  been  said  that  we  may  assert,  without  the 
express  use  of  verbs : and  this  is  true ; but  then  the 
assertion  is  an  act  of  the  Mind,  not  expressed,  but,  as 
Grammarians  say,  vnderttood.  The  verb  is  wanting ; 
but  its  place  is  no4  supplied  by  any  other  Part  of  speech, 
such  as  a noun,  pronoun,  conjunction,  or  the  like. 

Now,  whether  any  particular  operation  of  the  Mind 
may  or  may  not  be  understood,  without  being  expresseo 
in  speech,  is  pretty  much  a matter  of  habit,  and  there- 
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(•raiiunar.  fore  forms  the  peculiar  idioms  of  different  Languages  ; 

but  in  Universal  Grammar  we  have  to  regard  the 
operation  of  the  Mind  itself,  w hether  expressed  by  one 
or  more  words,  or  to  he  collected  from  inflection,  re- 
lative position,  accentuation,  or  any  other  mode  of 
signification. 

Let  us  consider  a few  examples.  In  the  Hebrew 
Language  the  verb  is  often  omitted.  Urns  in  the  3rd 
chapter  of  Exodus,  (ver.  2.)  “ the  bush  burned  with  fire, 
and  the  bush  not  consumed,”  «.  t,  it  as  not  consumed. 
Again,  (ver.  4.)  “ God  called  unto  him  out  of  the  bush, 
and  said,  Moses,  Moses!  And  he  said,  here  I,”  »'.  e. 
here  am  I.  And  ugain,  (ver.  6.)  “ Moreover  he  said, 
I the  God  of  thy  father,  the  God  of  Abraham,  the  God 
of  Isaac,  and  the  God  of  Jacob.”  i.e.  I am  the  God 
of  thy  father,  &c.  So  it  is  in  the  Greek  Language. 
Thus  in  St.  Mark's  Gospel,  chapter  the  10th.  ver.  18, 
•tbei*  u-/a6oi  ci  uif  hr  b Of  or,  “ No  one  good,  except 
one,  God,”  ».  e.  “ No  one  is  good,”  &c.  Again,  in  St. 
Luke’s,  6lh  chapter,  verses  20  am)  21,  Ma»«/iio<  ot 
*Tex«‘,  MfiKtipioi  ot  trtifa.’t'Ttr  vve,  b* 

*v» — ” Blessed  the  poor,  blessed  the  hungry,  blessed 
the  weepers,”  i.  e.  Blessed  are.  the  poor,  blessed  are  the 
hungry,  blessed  are  the  weepers.  The  same  idiom 
occurs  in  Latin.  Thus  in  the  parallel  passages  to  those 
above  died.  Nemo  bonus,  nist  units  Dent,  i.  t.  Nemo 
eat  bonus,  &c.  And  again.  Head  pauper cs,  bead  qui 
nunc  esuritis,  bead  qui  nune  JUiis,  i.  e.  Bead  estis  pau- 
perts,  &c.  The  French  Language  also  admits  a similar 
phraseology  : thus, 

Hemrrur  erfut,  qui  del  iri  jrunet  am 
S ett  I emu  turn  du  come*/  dei  mtcAamM  • 

i.  e.  hrureux  est  ceiui. 

Nor  is  our  own  Language  a stranger  to  the  same 
construction.  Thus  in  Milton’s  beautiful  description  of 
our  first  parents : 

■ In  their  look*  divine, 

The  image  of  their  glurious  Maker  shone. 

Truth,  wimtiHD,  unctitude  tevere  and  pure, 

Severe  but  in  true  filial  freedom  placed, 

'Whence  true  authority  in  men  ; though  both 
Not  equal,  m their  «x  not  equal  seem'd  j 
For  contemplation  he,  and  valour  form’d  ; 

For  aofiaeu  *he,  and  xwwt  attractive  grace. 

«.  e.  whence  true  authority  is  in  men ; both  tcere  not 
equal ; he  tra*  form’d  for  contemplation  ; she  was  form’d 
for  softness,  Ac. 

Now,  in  all  these  cases,  the  Mind  performs  the  act 
of  asserting;  in  the  words  of  Plato  it  manifests  some 
action,  ami  declares  that  something  exists  ; and  this 
manifestation  or  declaration  is  not  contained  in  the 
nouns  themselves,  which  do  nothing  more  than  name 
the  conception  ; thus,  when  we  say  nemo  bonus,  the 
assertion  is  neither  included  in  nemo , nor  in  bonus,  for 
these  are  mere  names  of  conceptions.  Nemo  is  the 
subject ; bonus  is  the  predicate ; but  neither  of  them 
includes  the  copula.  The  two  terms  are  not  connected 
by  any  thing  which  cither  of  them  contains,  but  their 
connection  is  inferred  by  the  Mind  from  their  juxta- 
position. But  the  question  which  we  have  here  to  con- 
sider, does  not  relate  to  verbs  not  expressed,  but  to 
verbs  expressed  ; and  universally  where  the  verb  is 
expressed,  it  imports  assertion  either  simple  or  modified, 
either  direct  or  implied. 

A second  objection  to  that  account  of  the  verb 
which  we  adopt  is,  that  cosmectfon  and  not  assertion  is 
the  distinguishing  characteristic  of  verba.  It  is  true 


that  the  verb  connects  ; but  it  does  more,  it  declares  Verb*, 
the  coexistence  of  the  connected  conceptions  as  parts  v — 
of  one  assertion.  The  conjunction  also  connects,  but 
it  does  not  predicate  one  thing  of  another,  or  moke  up 
one  proposition  of  two  distinct  terms.  Thus,  if  we  say 
“ he  is  good,”  the  conceptions  expressed  by  the  words 
he  nnd  good,  that  is  to  say,  the  conceptions  of  a par- 
ticular man  and  of  goodness,  arc  not  only  connected, 
but  the  one  is  asserted  to  exist  in  the  other,  and  to  be 
a quality  belonging  to  it.  Otherwise  is  it  in  the  Speech 
of  the  Duke  of  Buckingham  wishing  happiness  and 
honour  to  his  Sovereign  Henry  VIII. 

■ — May  he  lire 

Lunger  than  I have  time  to  tell  his  rears  f 
Ever  brluv'il,  and  }tmx\£  may  his  nile  he  I 
And  when  uUl  Time  shall  lead  him  to  his  end, 

Goodnen  and  he.  fill  up  one  monument ! 

Here  the  same  conceptions,  viz.  those  of  a parti- 
cular man  and  of  goodness,  are  connected,  but  the 
one  is  not  asserted  of  the  other,  and  they  make  up  no 
intelligible  meaning  when  taken  together,  without  the 
further  aid  of  a verb.  We  cannot  assert  without  con- 
necting our  thoughts  ; for  to  assert  is  to  declare  some 
one  thing  of  some  other  thing,  which  cannot  be  done 
without  connecting  those  things  together  in  the  Mind  ; 
and  therefore  it  is  that  connection  is  always  one  cha- 
racteristic of  the  verb : but  it  is  a secondary  charac- 
teristic, being  involved  in  its  more  important  function  ; 
that  of  asserting,  declaring,  or  manifesting  real  exist- 
ence. 

Thirdly,  the  verb  being  ranked  with  the  adjective 
and  participle,  under  the  general  head  of  attributives,  it 
has  by  some  been  considered  that  attribution,  that  is 
to  say,  the  expression  of  a quality,  or  the  denoting  of 
the  predicate  in  a proposition,  is  the  proper  function 
of  a verb : but  again  we  must  remark,  that  this  is  but 
an  occidental  circumstance  applying  to  some  verbs, 
and  applying  to  them  not  as  verbs,  but  in  regard  to 
the  nouns  which  they  involve.  Thus,  when  we  say, 

**  Cicero  spoke,”  the  verb  spoke  includes  the  name  of 
an  act,  viz.  speech,  or  speaking,  which,  at  a certain 
time,  belonged  to  Cicero,  and  which  is  predicated  of 
him  as  having  so  belonged  ; but  this  name  is  a noun, 
and  if  expressed  simply  in  connection  with  Cicero,  as 
Cicero  speech,  or  Cicero  speaking,  it  produces  no  in- 
telligible meaning:  and  therefore,  in  order  to  convert 
it  into  a verb,  a power  of  assertion  must  be  given  to 
it,  which  b done  either  by  a distinct  word,  as  “ Cicero 
was  speaking,”  or,  by  a peculiar  inflection  of  the  same 
word,  ns  ” Cicero  spoke.”  " All  those  attributives,” 
says  Harris,  " which  have  this  complex  power  of  de- 
noting both  an  attribute  aud  an  assertion,  make  the 
species  of  words  which  Grammarians  call  verbs.  If 
we  resolve  this  complex  power  into  its  distinct  parts, 
and  take  the  attribute  alone,  without  the  assertion, 
then  have  we  participles.’* — From  this  statement  it  is 
manifest  that  the  assertion  is  that  which  constitutes 
the  true  characteristic  of  the  verb ; and  that  the  attri- 
bute which  it  expresses  is  not  essential  to  it,  but  may 
appear  under  a different  form,  and  constitute  another 
Part  of  speech. 

To  be  significant  of  time,  or,  as  it  has  been  ex- 
pressed, to  be  nota  rei  sub  tempore,  is  still  less  the 
characteristic  of  the  verb,  than  those  other  circum- 
stances are  which  we  have  been  considering;  for  ex- 
istence may  be  contemplated  without  any  reference  to 
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Grammar,  the  lapse  of  time,  M when  we  say  “ two  an  d two  are 
four.”  We  cannot,  indeed,  assert  any  thing  without  a 
declaration  of  existence,  and  the  existence  of  all  indi- 
vidual things  is  referable  to  time.  Time,  therefore,  is  a 
necessary  adjunct  of  ull  such  assertion,  and  consequently 
of  the  verbs  by  which  it  is  effected  ; but  even  in  these 
instances  the  signification  of  time  is  but  secondary : it  is 
the  assertion,  that  is,  the  manifestation,  or  declaration 
that  the  truth  is  so,  or  so,  which  constitutes  the  appro- 
priate function  of  the  verb. 

One  more  objection  which  we  shall  notice  is,  that 
the  infinitive  mood  asserts  nothing,  and  consequently 
that  assertion  cannot  be  essential  to  verbs.  To  which 
we  reply,  that  the  infinitive  is  not  properly  a verb,  but 
rather,  as  some  of  the  ancient  Grammarians  called  it, 
%,Ovoiui  pquansor,  a verbal  noun  ; or  fiquaros, 

the  verbs  noun.  Hence  it  follows,  that  in  English  we 
may  often  use  indifferently  the  participial  noun,  or  the 
infinitive,  as  44  singing,”  or  “ to  sing ;**  “ parting,”  or 
**  to  part,”  & c. 


— - Parting  is  such  sweet  sorrow, 

That  I could  any  good  night,  till  it  were  morrow. 


Where  the  sense  would  be  unaltered  if  it  were  expressed 
thus : 


7b  part  is  such  sweet  sorrow. 

Thus,  too,  in  the  Latin  Language,  Priscian  remarks, 
that  currere  nt  cursus,  and  scribere  e*t  scripturn.  and 
legcre  ei l lectio : and  he  enforces  this  remark  by  ob- 
serving of  infinitives,  itaque  frequenter  et  nominibu* 
adjunguntur,  et  alii*  casual ibus , more  nomimtm ; ut 
Pendus : 

Sed  pulchrum  tst  digit*  monttmri  et  diner  hie  et/. 

The  Stoics,  indeed,  as  Harris  informs  us,  " had  this 
infinitive  in  such  esteem,  that  they  held  this  alone  to  be 
the  genuine  pr/jia,  or  verb,  a name  which  they  denied  to 
all  the  other  modes.  Their  reasoning  was,  they  considered 
the  true  verbal  character  to  be  contained  simple  and 
unmixed  in  the  iufinitive  only.  Thus,  the  infinitives 
ff^nwr,  ambulare,  * to  walk,*  mean  simply  that 
energy  and  nothing  more.  The  other  modes,  besides 
expressing  this  energy,  superadd  other  affections  which 
respect  persons  and  circumstances.  Thus,  ambulo  and 
ambula  mean  not  simply  to  walk,  but  mean  1 1 walk,’ 
and  ‘ walk  thou,’  and  hence  they  are  all  of  them  re- 
solvable into  the  infinitive,  as  their  prototype,  together 
with  some  sentence  or  word  expressive  of  their  proper 
character.  Ambulo,  4 1 walk,’  that  is,  indieome  ambu- 
lare, * I declare  myself  to  walk;’  ambula,  * walk  thou,’ 
that  ia,  impero  te  ambulare,  * I command  thee  to  walk 
and  so  with  the  modes  of  every  other  species.  Take 
away,  therefore,  the  assertion,  the  command,  or  whatever 
else  gives  a character  to  one  of  these  modes,  and  there 
remains  nothing  more  than  the  mere  infinitive,  which, 
as  Priscian  says,  significat  ijtsam  rem  quam  continet 
verbum ."  To  all  this  reasoning  it  is  sufficient  to  answer, 
that  if  the  Stoicn  re  fused  the  appellation  of  pqu*  to  all 
moods  but  the  infinitive,  they  clearly  did  not  mean  by 
the  word  (tqpa  that  distinction  which  is  commonly  de- 
signated by  the  term  verb : and  in  truth  it  appears 
that  they  meant  by  it  the  predicate  of  a proposition, 
and  nothing  more : thus  Ammonius  says,  wSamr 

tfin'vijv  KttTrpfopovfuvov  Spar  iv  wporaoet  voiovtrar  *PHM  A 
KaXfiaOai,  44  that  every  word  forming  the  predicate  in 
% proposition  was  called  a verb.”  In  the  view  that  we 
have  taken  of  Grammar,  the  predicate  of  a proposition 


must,  on  the  contrary,  be  considered  to  be  a noun,  Vert*, 
either  by  itself,  or  else  as  involved  in  a verb ; whereas  tissue*, 
the  copula  of  the  proposition  is  the  true  verb,  cither 
alone  or  combined  with  the  predicate.  In  the  sentence, 

“ Socrates  teaches,**  the  copnlo,  that  is  to  say,  the 
essential  port  of  the  verb,  » involved  in  the  word 
4*  teaches.”  In  the  sentence,  44  Socrates  is  teaching,” 
it  is  expressed  separately  by  the  word  44  is;”  and  con- 
versely in  the  word  “ teaches,'*  the  predicate  is  expressed 
in  combination  with  the  copula ; and  in  the  word 
“ teaching"  it  is  expressed  alone. 

What  has  been  already  said  will  easily  lead  us  to  a Different 
division  of  verbs  into  their  different  kind* ; for  they  kind*  uf 
either  express  the  simple  copula  of  a logical  proposition,  T*™** 
or  they  express  the  copula  in  connection  with  a predi- 
cate. In  the  former  case,  the  verb  is  called  by  Gram- 
marians a verb  substantive,  and  simply  affirms  exist- 
ence; such  is  the  verb  to  be,  in  its  purest  form.  Ill 
the  other  case,  the  verb  expresses  being,  together  with 
some  attribute  of  action  or  passion ; and  ns  the  name 
of  such  attribute  is  properly  a noun,  all  such  verbs  in- 
clude a noun.  We  have  said  that  the  verb  to  be,  in 
its  purest  form,  is  the  verb  substantive ; by  which  we 
mean  that  verb,  when  it  merely  answers  the  purpose  of 
asserting,  and  has  a separate  subject  and  predicate,  as 
44  Socrates  i*  wise,”  44  Soeratea  is  reading,"  &c.  Other 
words  as  well  os  the  word  i*  tnay  be  used  in  the  same 
manner,  if  it  becomes  idiomatical  to  give  them  this 
simple  effect:  such  was  the  use  in  Greek  of  the  verbs 
vrapx(li  yiyverat,  &c.  ; and  on  the  other  hand, 

the  verb  substantive  is  may  be  used  more  emphatically 
to  assert  existence,  as  “ God  it*  i.  e.  44  God  exists,  * 
or  44  is  eiUting.” 

The  nature  of  the  verb  substantive  is  thus  explained  Verb  *nh- 
by  Harris : 44  Previously  to  every  possible  attribute, 
whatever  a thing  may  be,  whether  black  or  white, 
square  or  round,  wise  or  eloquent,  writing  or  thinking, 
it  must  first  of  necessity  exist,  before  it  can  possibly  be 
auy  thing  else.  For  existence  may  be  considered  as 
an  universal  genus,  to  which  all  things,  of  all  kinds, 
are  at  all  times  to  be  referred.  The  verba,  therefore, 
which  denote  it,  claim  precedence  of  all  others,  as 
being  essential  to  the  very  being  of  every  proposition 
in  which  they  may  still  be  found  either  expressed  or  by 
implication ; expressed,  as  when  we  say  * the  sun  u 
bright by  implication,  as  when  we  say  4 the  sun 
rises,’  which  means,  when  resolved,  ‘ the  sun  is  rising.* 

Now  all  existence  is  either  absolute  or  qualified ; 
absolute,  us  when  we  say  * Bu/  qualified,  as  when  we 
say  4 B is  an  animal ; 4 B is  round,’  4 black,’  &c. 

With  respect  to  this  difference,  the  verb  i*  can  by  itself 
express  absolute  existence,  but  never  the  qualified 
without  subjoining  the  particular  form ; because  the 
forms  of  existence  being  iu  number  infinite,  if  the  par- 
ticular form  be  not  expressed  w*  cannot  know  which 
is  intended.  And  hence  it  follows,  that  when  i*  only 
serves  to  subjoin  some  such  form,  it  has  little  more 
force  than  that  of  a mere  assertion.  It  is  under  the 
aame  character  that  it  becomes  a latent  part  in  every 
other  verb,  by  expressing  that  assertion  which  ia  one  of 
their  essentials.” 

Beside  the  verb  substantive,  all  other  verbs  imply  Vab  <'t‘ 
action,  and  these  are  commonly  distinguished  iulo  •cl“n- 
actice , passive,  and  neuter.  It  is  matter  of  idiom 
whether  these  different  classes  shall  be  expressed  by 
different  inflections  vr  not ; but  the  distinction  of  the 
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Grammar,  classes  themselves  is  in  the  nature  of  the  Human 
Mind,  and  must  therefore  have  some  correspondent 
expression  in  Language.  Active  and  passive  verbs 
agree  in  this,  that  they  reciprocally  suppose  a separate 
agent  and  object,  whilst  the  neuter  verb  supposes  an 
action  terminating  with  the  agent.  In  the  active 
verb  the  action  is  considered  as  pushing  from  the  agent 
to  the  object,  and  consequently  the  object  takes  the 
lead  in  the  sentence,  as,  “John  loves  Mary:”  in  the 
passive  verb  tike  action  is  considered  us  received  by  the 
object  from  the  agent,  and  consequently  tile  object 
takes  the  lead  in  the  sentence,  as,  “ Mary  is  loved  by 
John.”  This  difference,  os  we  have  already  had  occa- 
sion to  advert  to  it  in  treating  of  cases,  needs  no  further 
explanation  here.  The  neuter  verb  includes  all  those 
numerous  classes  of  action  which  terminate  in  them- 
selves, as,  “ to  sleep,**  “ to  walk,”  “ to  stand.”  Some 
persons  reckon  the  verb  substantive  among  neuters ; 
but  it  seems  better  to  distinguish  it  altogether  as  we 
have  done  from  verba  of  action,  and  to  treat  the 
neuters  as  a branch  of  the  latter.  It  will  be  observed 
that  by  action  we  do  not  mean  simply  motion,  but  also 
rest,  or  the  privation  of  motion.  Thus.  “ to  stop,” 
" to  cease,"  **  to  die,”  are  not  less  acts  than  “ to 
walk,”  “ to  fly,”  “ to  live,”  “ to  wound,”  or  “ to  kill  :* 
in  short,  whatever  imports  any  diversity  in  the  states 
or  modifications  of  being  ; and  we  need  not  repeat,  that 
the  verb  does  not  merely  name  those  states,  hut  asserts 
them  to  be  really  existing  at  some  period  of  lime. 

Other  dis*  Various  other  distinctions  of  verbs  occur  in  Gramma- 
bnctiou*.  jjcaj  y\  or|ts>  but  they  seem  all  to  be  merely  subordi- 
nate to  those  which  we  have  noticed,  or  else  expla- 
natory of  them.  Thus  the  verbs  transitive  and  intran- 
sitive are,  in  other  words,  active  and  neuter ; for  the 
verb  active  is  considered  as  passing  over  from  the  agent 
to  the  object,  whilst  the  neuter  is  considered  as  not 
passing  over.  Those  who  speak  of  actives-intransitive, 
seem  to  confound  the  true  distinction  between  the  uc- 
tive  and  neuter;  thus  they  call  the  verb  to  sleep  a 
neuter,  and  to  tcaUc,  an  active  intransitive,  probably 
because  more  Physical  activity  is  shown  in  walking 
thuu  in  sleeping  ; but  it  is  not  the  quantity  or  degree  of 
action  that  makes  the  difference  between  these  classes 
of  verbs,  hut  the  simple  consideration  whether  they 
have  or  have  not  a separate  object.  When  we  say  a 
separate  object,  we  do  not  mean  an  object  necessarily 
distinct  from  the  agent ; for  there  is  a class  of  verbs 
called  rtJLclives , in  some  Languages,  in  which  the  agent 
is  its  own  object ; but  these  verbs  are  truly  actives. 
When  a person  says,  Jr  me  Jlatle , “ I flatter  myself,” 
the  verb  Jtalte  expresses  an  action  as  proceeding  from 
the  agent  Je  to  the  object  me.  So  in  the  Latin,  Ego- 
met  mi  ignosco,  “ I pardon  myself,”  ignosco  ex  presses  an 
action  as  proceeding  from  the  agent  Ego  to  the  object 
mihi.  An  uccurule  examination  of  the  operations  of 
the  Mind  in  such  cases  will  convince  us  thut  we  really 
distinguish  the  self,  or  Being,  with  whom  the  action 
originates,  and  in  whom  it  terminates,  into  two  parts, 
or  at  least  view  it  in  two  lights.  The  Being  which  flat- 
ters or  pardons  is  viewed  as  active,  the  Being  which  is 
fluttered  or  pardoned  is  viewed  as  passive.  This  power 
of  self-contemplation  is  the  origin  of  the  ancient  fable 
of  Narcissus;  it  is  the  foundation  of  that  Moral  rule 
which  the  Philosophers  of  antiquity  considered  to  be 
divine, 

E carfo  descend*  yWi  nwn\ 


And  Socrates  very  finely  distinguishes  between  the 
Physical  and  Moral  power  of  contemplation  by  remark- 
ing, that  the  eye,  which  sees  everything  else,  cannot 
see  itself;  whereas,  there  is  no  created  object  which  the 
Human  Mind  can  or  ought  so  much  and  so  profoundly 
to  contemplate  as  its  own  existence  and  energies. 

It  is  material  to  observe,  that  the  quality  or  neuter 
or  active  is  nut  necessarily  appropriated  to  any  parti- 
cular verb;  but  that  a neuter,  by  a slight  change  of 
signification,  may  often  pass  into  au  active,  and  vice 
versd.  Thus  the  Latin  verb  abstineo,  •*  I abstain,"  is 
commonly  used  as  a neuter ; but  even  in  the  best 
writers  we  And  it  employed  as  an  active : Cicero  says, 
abdinere  maitut ; and  Livy  says,  Romano  hello  fortuna 
Alejcandrum  abstinuit.  We  cannot  translate  these  pas- 
sages literally  into  English,  **  to  abstain  the  hands,” 
and  “ Fortune  abstainrd  Alexander  from  a Roman 
war;”  but  the  reason  of  this  is,  that  the  active  or  neuter 
use  of  particular  verbs  is  a mere  matter  of  idiom.  In 
English,  as  iu  most  other  Languages,  custom  has  con- 
fined certain  verbs  to  the  one  class,  and  certain  others 
to  the  other  class ; hut  there  is  generally  a number  of 
verbs  which  are  used  both  in  an  active  and  neuter  sig- 
nification, the  construction  alone  determining  of  which 
kind  they  are. 

It  is  again  noticeable,  that  verbs  usually  neuter  have 
often  one  particular  construction  in  which  they  as- 
sume an  active  form.  This  happens  where  the  accusa- 
tive which  follows  the  verb  is  in  suhstance  the  very 
same  conception  which  the  verb  itself  expresses,  as 
” to  live  a life  ;”  or  where  it  forms  a species  of  which 
that  conception  is  the  genus,  as  **  to  dance  a minuet,” 
that  is,  to  dance  a dance  of  the  species  called  a minuet. 
For  a similar  reason  we  use  such  expressions  as  “ to 
walk  a mile,”  “ to  ride  a race,"  ” to  swear  an  oath.” 
It  is  only  by  a bold  Poetic  license,  that  Timon, 
addressing  the  courtezans,  says : 

1 know  y mi'll  iwear,  terribly  irmr, 

Into  Ktxtmg  »hu<litt;n»,  and  to  beav’nly  ague*, 

Tli’  immortal  Goda  that  hear  you. 

Tlic  expression  “ to  swear  the  Gods,"  is  employing  & 
neuter  verb  in  an  active  sense  unknown  to  the  general 
idiom  of  ihe  English  Language,  and  ouly  justified  by 
that  energy  of  feeling  with  which  the  all-powerful  Poet 
has  invested  the  dramatic  character  of  Timon. 

In  the  distinctions  of  verbs,  as  in  most  other  partB 
of  Grammar,  we  find  Grammarians  continually  con- 
founding signification  with  form.  Thus  they  say  there 
arc  five  classes  of  verbs  in  the  Latin  Language  : 1. 
Verbs  ending  in  o,  which  also  admit  or;  these  they  call 
active.  2.  Verbs  ending  in  o,  which  do  not  admit  or  ; 
these  they  call  neuter . 3.  Verbs  ending  in  or,  which 
are  also  used  in  o ; these  they  call  passive.  4.  5.  Verbs 
ending  in  or,  which  are  not  used  in  o ; these  they  call 
common,  or  deponent. 

Vossius  justly  blames  this  division ; but  his  own 
method  is  not  wholly  free  from  censure;  for  though  he 
properly  begins  with  the  triple  distinction  of  significa- 
tion, according  as  the  verbs  express  doing,  suffering, 
or  being,  he  proceeds  to  subjoin  to  this  a fourfold  dis- 
tinction in  point  of  form,  observing  that  verbs  are  either 
biform,  (ending  in  oand  or,)  and  these  arc  active  and 
passive;  or  else  they  are  uniform,  ending  in  o only  if 
neuter,  and  in  or  only  if  deponent , or  common.  By  the 
word  deponent  are  meant  those  which  have  laid  aside 
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Grammar.  the  passive  signification  properly  belonging  to  the  ter- 
munition  or;  as  in  Virgil, 

Pictit  bellaotur  dmazonn  armii; 
so  in  Plautus, 

Adeumi,  eomithoU,  copulantur  dexlertu. 

By  the  word  common,  arc  meant  those  which,  though 
used  actively  by  some  writers,  retain  also  a passive 
signification  as  employed  by  other  writers  of  great 
weight  and  authority.  Thus  complector  is  generally 
used  with  an  active  signification ; but  it  is  passive  in 
the  Speech  of  Cicero  for  Hoscius—  Quo  uno  ma/eficio, 
nett  era  omnia  complexa  esse  vidrttnfur.  The  middle 
verb  in  Greek  has  sometimes  the  effect  of  the  Latin 
deponent,  that  is  to  say,  it  has  a passive  form  with  an 
active  signification ; but  in  other  instances  it  is  rather 
of  the  nature  of  a rejlective  verb,  producing  a sort  of 
mixed  sense  between  the  active  and  the  passive.  “ The 
mixed  sense,”  says  Kuster,  “ consists  in  this,  that  the 
action  of  such  middle  verbs  does  not  pass  over  to 
another  object,  but  is  reflected  buck  on  the  agent,  so 
that  the  same  Being  becomes  both  agent  and  patient  j 
and  this,  whether  he  directly  suffer  any  thing  from 
himself,  or  order,  direct,  or  permit  it  to  be  done  to 
him  by  another.”  Thus  iwe’yetv  in  the  active  is  to 
urge  or  impel  another ; but  trtiycoOai  in  the  middle 
form  is  to  urge  or  impel  one's  self,  that  is.  to  make 
haste.  Hence  it  happens  that  the  same  word  in  the 
active  and  middle  forms  has  two  distinct,  and,  in 
some  measure,  contrary  senses,  as  Javc7<r«<  is  to  lend  ; 
but  tavcSaaaOai  is  to  borrow : and  it  is  remark- 
able that  our  common  English  verb  borrow  anciently 
signified  both  to  lend  and  to  give  n pledge  for  that 
which  was  lent,  and  hence  to  lx*  plighted  or  married 
to  a person.  Tlius  Waehter  says,  Borg , mutuum, 
auf  borg  geben,  mutuo  dare,  auf  borg  netnen,  mutuo 
accipere.  Proprie  quid  tin  est  mutuo  datum,  a borgen 
mutuo  dare ; mox  eliam  mutuo  acceptum,  quia  dare  et 
accipere  mint  correlata  et  in  notione  debiti  et  ert- 
dili  conveniunt.  Again,  Borgen,  mutuo  dare,  dare 
in  creditum.  Belgis  borgen,  Anglin  borrow.  Ab  hoc 
tignificatu  habenl  Anglosaxones  borgiend , feenerator. 
And  further,  Borgen,  mutuo  accipere,  accipere  in  cre- 
ditum. Anglonax.  borgan,  borgian.  The  old  Scot- 
tish Ballad  speaking  of  Tam  Lane,  or  Tom  Linn,  who 
was  carried  away  by  the  Fairies,  and  married  to  a Lady 
of  the  Fuiry  Court,  says  : 

She  that  has  borrowed  young  Tam  Lone 
Ho*  gotteu  a stalely  groom. 

Thus  we  see  that  the  Principle,  which  in  one  Lan- 
guage gives  different  meanings  to  the  same  form  of 
speech,  (bunds  in  other  Languages  a distinction  of 
meaning  between  different  forms  of  the  same  word. 

We  have  thought  it  necessary  to  take  this  short 
notice  of  the  classes  of  verbs  last  mentioned,  both 
because  the  terms  deponent,  common,  middle,  &c.  are  of 
frequent  occurrence  in  Grammatical  Writers;  and  more 
particularly  because  Borne  of  the  very  best  Grammarians 
have  endcuvourvd  to  unite  in  one  common  system  these 
distinctions  of  form,  with  the  distinctions  of  significa- 
tion, an  attempt  which  cannot  but  be  prejudicial  to 
scientific  clearness  and  accuracy ; inasmuch  as  it  con- 
founds Universal  Grammar  with  Particular,  and  thus 
forms  a system  which  properly  belongs  to  neither. 

There  are  again  other  distinctions  which  relate  in- 
deed to  the  signification  of  verbs ; but  which  do  not 
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interfere  with  the  primary  Grammatical  classes;  awl  VrrU. 
rather  belong  to  the  richness  of  a Language,  than  to  its  ^ CLu**. 
necessary  construction.  Such  are  the  Latin  inceptive.  ' 
verbs  in  nca,  as  albenco , tumenco,  the  Greek  verba  of  habit, 
in  *£■»,  0Ais-r/<V ; the  Hebrew  verbs  called  by  some 
writers  intennive,  and  many  others  in  most  Languages. 

Verbs  of  this  kind  are  generally  derived  from  other 
verbs,  but  sometimes  from  nouns,  as  ealeteo,  horresco, 
nylendaco,  from  the  verbs  caleo,  horreo,  and  tplendao  ; 
noctaco  and  ruresco,  from  the  nouns  nor  and  run.  Oi 
the  Latin  verbs  in  tco,  it  has  been  disputed  whether  they 
can  or  cannot  properly  admit  the  expression  of  past 
time;  but  Vossius  satisfactorily  proves  that  they  may, 
by  adverting  to  their  proper  signification,  which  is  not 
merely  indicative  but  also  continuative.  “ Hence,” 
says  he,  " as  the  Philosophers  teach  that  all  motion  is 
produced  by  succession,  there  must  be  in  it  ft  beginning, 
a middle,  and  an  end ; and  it  is  one  thing  to  have  per- 
fected the  beginning,  another  to  have  proceeded  to  the 
middle,  and  another  to  have  reached  the  end ; and  he 
who  says  that  he  did  at  a certain  time  begin  a move- 
ment, only  means  to  assert  that  such  beginning  was  per- 
fected, and  not  the  whole  motion.”  Many  various  classes 
of  verbs  may  be  things  distinguished  by  various  shades 
of  derivative  signification.  They  do  not  simply  assert 
the  conception  involved  in  them  to  exist,  but  to  exist 
under  some  particular  modification.  Thus  we  have 
seen  that  the  Latin  verbs  in  sco,  imply  the  indication 
and  continuation  of  an  action.  Verbs  in  to,  no,  xo,  and 
co,  are  called  frequeniativen , or  iterative* ; as  pemito, 
from  pendo ; tracto,  from  iraho ; vendito  from  oendo ; 
but  it  has  been  observed,  that  they  often  imply,  in  a 
secondary  sense,  not  the  repetition  of  an  action  so 
much  os  its  greater  violence ; and  may  therefore  l»e 
called  intensive  or  augmentative.  Thus,  rapio,  derived 
from  rapio,  is  used  by  Virgil  to  signify  not  only  tiic 
repeated,  but  the  violent  dragging  of  Hectors  body 
in  triumph  round  Troy — 

Ter  eiremm  1/iacot  rttpUveni  Heetora  muroi. 

On  the  other  hand,  they  are  sometimes  taken  to  signify 
a weaker  degree  of  the  same  action ; ns  Tlknebub 
observes — “ There  are  many  words  which,  by  learned 
Grammarians,  are  reckoned  to  be  of  a frequentative 
form,  and  which  plainly  exhibit  the  appearance  of  that 
form  ; but  which  if  they  are  narrowly  inspected,  and 
if  we  observe  the  manner  in  which  they  are  used  by 
the  best  authors,  should  rather  be  called  desidcrativen. 

I will  enumerate  a few  of  them,  which  may  afford  to 
the  studious  sufficient  specimens  to  direct  their  search 
for  others  of  the  same  kiiid.”  " Capto  in  not,  * I take 
frequently,’  but  ‘ I endeavour  to  take,’  as  capto  cur- 
nam,  capto  benevolentiam.  Vendito  is  not,  * I sell 
frequently,’  but  * I desire  to  sell  as  in  Cicero  ( De 
Arusp.  Reap.)  atque  ei  *r*r,  cui  lotus  venicrat,  rtiam 
robin  inspectantibun  venditaret,  that  is,  se  ei  vendere 
relict : and  so  in  Plautus,  lingua  venditaria  is  not  * a 
tongue  which  sells’  but  ‘ which  wishes  to  sell/  as  the 
Parasite  says  his  own  was.  Dormito  is  not  * I sleep 
often,’  hut 4 1 am  nodding,  or  napping/  an  in  Plautus 
( Amphitr .)  te  dormilare  dicebas:  and  so  in  the  Gospel 
of  St.  Matthew  (chap.  XXV.  V.  5.  svvnTagav  vaaai  xai 
ti taOrolov,  * they  all  slumbered  and  slept,’)  the  word 
ivvtrrn^av  is  elegantly  rendered  by  the  translator  dormi- 
tarunt ; because  they  who  are  ready  to  fall  asleep  can- 
not keep  their  heads  upright.  Ostento  is  not  * I show 
frequently/  but  4 I wish  to  show/  Munilo  is  used  by 
u 
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Grammar.  Cictro  ( Pro  Roscio)  in  the  aenae  of  mun in  cupio,  In 
“v— ■* * fine,  there  arc  many  other  words  which  might  lie  cited  ; 
but  it  is  sufficient  to  have  pointed  out  the  claw,  a*  it 
were,  and  to  have  alfbrded  a specimen  of  them  to  the 
studious." 

Slight  shades  of  distinction  are  to  be  observed  in  the 
use  of  these  and  similar  words  : nor  does  the  same  ter- 
mination always  express  the  same  modification  of  the 
original  thought.  Thus  the  termination  so  in  visa,  has 
a desiderativo  force,  in  pulso,  a frequentative,  for  the 
former  is  I go  to  see,  the  latter  is  I knock  or  push  fre- 
quently ; and  in  like  manner  verso,  as  used  by  Horace, 
is  I turn  over  frequently  : 

■ ■ ■ /Tu  ex+mp Uria  Oftsoa 

AViirm*  vsrute  mwim,  vcr»at«  dtu mi. 

Of  the  termination  mo,  different  commentators  speak 
differently.  Thus  Virgil : 

Hand  morn,  conHmm  mairit  prtecrpl*  facctsit. 

On  which  passage  Servius  observes,  that  facetto  is  afre- 
quenUttive  verb,  inosmudi  as  there  were  many  victims 
sacrificed  ; on  the  other  hand.  Nonius  and  Donatus 
both  explain  facesso  to  signify  sitnplv  the  same  as  facio; 
but  in  reality  it  has  an  intensive  force,  aud  signifies 
more  than  the  simple  verb,  though  not  necessarily  a 
repetition  of  the  same  act.  Thus,  in  the  passage  just 
cited  from  Virgil,  faceatit  obviously  means  setting  about 
the  business  that  was  commanded,  with  diligence  and 
anxiety.  The  termination  co  is  noted  as  having  in 
general  a weakening  force ; for  claudico  is  I halt  a 
Uttle,  ami  the  difference  between  nigrantem  color  cm, 
and  nigricanUm  colortm.  if  any,  in  that  the  latter  is  less 
strongly  inclining  to  black.  fritics  have  observed  a 
difference  between  those  verbs  which  express  only  the 
simple  desire  to  do  an  act,  and  those  which  express 
together  with  the  desire  the  actual  engagement  in  it : 
the  latter  kind  they  call  dcsiderative* ; but  the  former 
they  distinguish  as  merely  meditative*.  Thus  facesso, 
as  we  have  seen,  is  a dcsiderative  ; but  first  of  the  verb* 
in  rio  are  meditativcs ; for  esurio  rather  implies  a ne- 
gation of  the  act  of  eating,  and  is  only  I hunger,  or 
have  a desire  to  eat,  without  any  gratification  of  that 
desire.  But  here,  too,  we  perceive  that  the  termination 
is  not  a sure  guide  to  the  use  of  the  word,  for  scaturio 
and  ligurio  imply  the  performance  of  the  respective  ac- 
tions, and  not  merely  the  desire  or  meditation  of  them ; 
as  in  Horace : 

& quit  mm  Mtm  pniitttm  qui  Ini/err  Justus 
Srmrtut  fitters  Upidumqut  ligUTHTit  jus, 
h enter  sujpqni. 

Lastly,  the  termination  to  or  llo,  generally  serves  to 
diminish,  as  miirnutri/to,  I murmur  geutly,  from  mur - 
wuro  i torbillo,  I sip  drop  by  drop,  from  $orbeo  ; can- 
tilto.  I hum  a tune,  or  sing  iu  an  under  voice, from  canto, 
and  the  like. 

In  most  Languages  there  are  negative  or  oppositive 
verbs,  as  r oto  and  nolo  in  Latin ; to  do  and  undo  in 
English  ; fitr  and  nvficr  in  French,  &c.  There  arc  also 
in  various  languages,  as  in  Persian,  Sanscrit,  &c.  causal 
verbs  formed  by  a peculiar  inflection,  whereas  in  some 
other  Languages  the  simple  and  causative  meaning  are 
found  in  the  same  word.  Thus  it  is  probable  that  our 
verbs  to  lie  and  to  lay,  though  recently  distinguished 
in  use,  and  indeed  supposed  to  be  derived  from  two 
different  Anglo-Saxon  roots,  were  both  of  the  same 
origin  ; for  Wachter  explains  the  ancient  German  word 


Inge,  situs,  sedes,  campus ; ami  observes  that  it  agrees  Verb*, 
with  the  Latin  locus,  hence  Hgrn  in  the  first  sense  is  to  Mooda. 
lie,  or  occupy  a certain  lage  ; atid  Ugen  in  the  secondary  v— 
seuse  is  to  cause  to  lie,  to  cause  to  occupy  a lage.  In 
like  manner  our  common  verb*  to  fell  ami  to  fall  are 
the  same.  " To  fall  timber"  is  an  expression  still  used 
in  many  parts  of  England,  and  it  signifies  to  foil,  or 
cause  to  fall.  So  we  say  to  bleed  a person,  for  to  make 
him  bleed. 

The  words  which  we  have  been  considering,  as  dis- 
tinguished by  Grammarians  into  so  many  classes  of 
verlw,  inceptive,  dcsiderative,  frequentative,  negative, 
causal,  &c.  are  all  derivatives ; and  derivative  words 
are,  in  fact,  compounds  ; that  is,  they  unite  the  name 
of  one  conception  with  that  which  serves  as  the  name 
of  another,  os  the  name  albus,  white,  is  united  with  the 
termination  r*co,  which  serves  as  the  name  of  growth  ; 
ao  that  a l be  sen  is,  literally,  I grow  white.  But  we  have 
seen  that  what  is  effected  in  one  Language  by  the  deri- 
vative verb  is  effected  in  another  by  the  simple  verb. 

The  thought  expressed  is,  in  both  cases,  the  same : 
but  the  mode  of  expression  varies ; and  the  variations 
are  properly  matter  of  Particular,  and  not  of  Uuiveraal 
Grammar. 

After  having  thus  renewed  the  different  kinds  of 
verbs,  we  come  to  the  considerations  which  regard  all 
these  kinda  alike,  and  which  are  usually  ranked  by 
Grammarians  under  the  heads  of  mood,  tense,  person, 
number,  and,  in  some  Languages,  gender. 

The  Mood  of  a verb  is  that  manner  in  which  its  Mood, 
assertive  power  is  exhibited,  and  which  depends  on 
the  state  of  Mind  in  which  the  speaker  may  be  placed 
with  relation  to  the  assertion.  Hence  Grammarians 
have  sometimes  defined  the  mood  to  be  a certain  incli- 
nation of  the  Mind  shown  in  sjK*ech.  Thus  Prirciaw 
says,  Modi  sunt  diverse  inclination**  animi,  qua s caria 
comequitur  dedinatio  verbi.  The  latter  circumstance, 
however,  belongs  not  to  Universal  Grammar.  Whether 
the  different  moods  have  or  have  not  different  forms  of 
declension,  or  conjugation,  depends  on  the  idiom  of  the 
particular  Language;  but  whatever  variations  the  verb 
may  have  in  point  of  form,  it  must  necessarily  be  suscep- 
tible of  those  varieties,  in  point  of  signification,  which 
properly  belong  to  its  assertive  power. 

Grammarians  differ  widely  as  to  the  number,  and 
no  less  as  to  the  names  of  the  moods.  Scalioes  says, 
that  mood  is  not  necessary  to  verbs;  and  Sanctili 
contends  that  it  does  not  relate  to  the  nature  of  the 
verb,  and  therefore  is  not  an  attribute  of  verb* : non 
altingit  verbi  naturani,  ideo  ter  bo  rum  attributum  non 
est ; on  which  passage  Peimzonius  very  justly  observes, 
that  great  as  the  merit  of  Sanctius  was  in  many  parts 
of  his  Work  yet  he  had  in  otlters,  and  particularly  in 
what  regarded  the  moods  of  verbs,  been  misled  by  an 
excessive  desire  of  novelty  and  change.  It  is  very  true, 
as  observed  by  Sanctius,  that  the  great  moss  of  Gram- 
matical writers  are  so  extremely  discordant  in  their 
opinions  respecting  this  part  of  the  Science  of  which 
they  treat,  that  they  have  left  us  scarcely  any  thing 
on  it  which  can  be  said  to  be  established  by  general 
consent.  Some  make  only  three  modes,  others  four,  five, 
six,  and  even  eight  Again,  some  call  these  affections 
of  the  verb  moods ; others  call  them  divisions,  qualities, 
states,  species,  &c. ; and  aa  to  the  various  appellations 
of  each  mood  we  have  the  personative  and  impenona- 
tivc,  (lie  indicative,  declarative,  definitive,  modtajua- 
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Grammar,  endi,  modus  fatendi , the  rogative,  interrogative,  requi- 
^ pitive,  percontative,  assertive,  enunciutive,  vocative, 
precative,  deprecative,  responsive,  concessive,  permis- 
sive, promissive,  adhortative,  optative,  dubitalive,  im- 
perative, mandative,  conjunctive,  subjunctive,  adjunc- 
tive, potential,  participial,  infinitive,  and  probably 
many  others. 

In  this  confusion  of  terms  and  of  notions,  it  is  ab- 
solutely necessary  to  adopt  some  distinct  Principle 
which  may  guide  us  through  the  labyrinth ; and  that 
Principle,  we  apprehend,  will  be  easily  and  intelligibly 
supplied  by  adverting  to  the  peculiar  function  of  the 
verb  itself,  namely,  assertion.  It  must  be  observed, 
that  we  use  this  term,  in  its  largest  sense,  for  the 
manifestation  of  some  distinct  perception  or  volition ; 
and  we  consider,  that  in  every  such  manifestation  on 
assertion  is  either  expressed  or  implied.  Portia,  ad- 
dressing Brutus,  says, 

■' . — ■ ■ Dear,  my  lord, 

Make  me  arej' minted  with  your  cause  of  grief. 

And  again,  she  says, 

■ Upon  my  knee* 

/ charge  you,  by  my  once  commended  beauty, 

By  all  your  vow*  of  love,  and  that  great  vow 
Which  did  incorporate  and  make  us  one, 

Thai  you  unfold  to  me,  yourself  your  half, 

Why  you  are  heavy. 

In  both  these  instances  site  asserts  her  earnest  de- 
mand to  be  made  acquainted  with  the  secret  cause  of 
that  trouble  which  she  perceived  to  exist  in  her  husband's 
Mind.  In  the  one  instance,  however,  the  demand  is 
expressly  asserted  by  the  words  “ I charge  you  that  you 
unfold in  the  other  it  is  implied,  with  no  less  clearness, 
by  the  words  “moire  me  acquainted.”  Whether,  there- 
fore, the  assertion  be  express  or  implied,  the  verb  is  that 
part  of  the  sentence  by  which  it  is  manifested ; the  verb 
animates  the  sentence,  connects  the  passion  with  its 
object,  or  the  object  with  its  predicate. 

Again,  Osar  in  describing  Cassius,  first  asserts  po- 
sitively what  he  had  observed  in  his  outward  appear- 
ance, and  then  hypothetically  what  might  be  supposed 
to  pass  in  his  Mind  : 

Yon  Casuus  hat  a lean  and  hungry  look 
Seldom  he  tnulr*,  and  smiles  in  such  a sort. 

At  if  he  mock'd  himself,  and  scorn’d  hia  spirit, 

That  could  be  mov’d  to  smile  at  any  thing. 

And  so,  referring  to  Antony’s  expression,  " fear  him 
uot,”  Cesar  asserts  positively  that  he  does  not  fear 
him,  but  puts  a case  hypothetically,  in  which  be  might 
do  so : 

■ - - - I fear  him  not  i 

Yet  if  my  name  were  liable  to  fear, 

I do  nctVnow  the  man  1 tkotdd  avoid. 

So  much  aa  that  spare  Cornua. 

Having  thus  explained  what  we  mean  by  the  term 
assertion,  we  proceed  to  apply  that  principle  to  the 
doctrine  of  moods. 

Assertion,  then,  takes  place  either  in  an  enunciathre 
sentence,  or  in  a passionate  sentence  : in  the  former  it 
is  express ; in  the  latter  it  is  implied.  By  express  as- 
sertion a truth  is  enunciated,  absolutely  if  the  sentence 
be  simple,  but  conditionally,  in  the  dependent  branch 
of  a sentence  which  is  complex.  By  implied  assertion, 
in  like  manner,  a passion  is  connected  with  the  object 
either  absolutely  or  conditionally  : in  the  one  case  the 
desire  or  aversion  is  positive,  in  the  other  it  is  qualified 


by  some  consideration  of  circumstances.  These  four 
kinds  of  assertion  supply  us  with  four  correspondent 
moods  of  the  verb,  namely,  the  indicative,  the  conjunc- 
tive, the  imperative,  and  the  optative.  It  has  been 
contended,  that  there  are  two  moods  in  which  assertion 
does  not  lake  place,  namely,  the  interrogative  and  the 
infinitive ; but  these  we  are  not  inclined  to  reckon  as 
separate  moods,  for  reasons  which  will  hereafter  be 
stated.  Of  the  four  other  moods  we  proceed  to  take 
notice  in  the  order  above-mentioned. 

If  we  simply  declare  or  indicate  something  to  be  or  Iodicsihr*. 
not  to  be,  this  constitutes  the  mood  called  by  most 
Grammarians  the  indicative,  but  by  some  the  declara- 
tive, enunciative,  &c.  Thus,  **  I love,”  '*  I walk," 

“ he  died,”  “ wc  shall  rejoice,”  are  all  simple  asser- 
tions of  fact,  some  of  which  do,  and  some  do  not  re- 
late to  passions  of  the  Mind,  but  which  do  not  neces- 
sarily imply  any  passion  in  the  enunciation.  Some  of 
them  too  may  in  reality  be  contingent,  or  doubtful, 
and  may  be  dependent  on  the  truth  or  falsehood  of 
other  assertions ; but  as  they  are  not  so  enunciated, 
but  on  the  contrary  arc  declared  positively  and  simply, 
they  belong  to  the  indicative  mood.  It  is  to  be  ob- 
served dial  the  indicative,  from  its  very  nature,  is  ca- 
pable of  being  united  with  the  conjunctive,  as  well  as 
of  standing  alone.  An  assertion  docs  not  necessarily 
become  the  less  positive  for  being  coupled  with  another, 
although  that  other  may  be  doubtful  or  contingent 

When  a fact  is  asserted  not  as  actual  but  merely  as  Coojune- 
possible,  or  contingent,  tile  form  of  words  by  which  ***** 
such  assertion  is  expressed  in  any  particular  Language, 
may  perhaps  be  the  same  as  if  the  assertion  were  more 
jxjsitive  ; yel  the  context  will  show,  that  the  verb  is  no 
longer  in  the  indicative  mood.  The  mood  adapted  to 
such  contingent  assertion  has  received  various  appella- 
tions, of  which  we  consider  the  conjunctive  to  be  the 
most  appropriate,  inasmuch  as  the  contingency  is 
usually  marked  by  a conjunction  (such  as  if,  though , 
that,  except,  until,  &e.)  which  connects  the  dependent 
sentence  with  its  principal. 

There  are  various  methods  of  thus  connecting  sen- 
tences ; but  they  may  be  distinguished  into  two  great 
classes.  In  one  class  an  uncertain  sentence  is  con- 
nected with  a certain  one  ; in  the  other,  both  sentences 
are  uncertain  ; that  is  to  say,  in  the  former  case,  a 
conjunctive  is  dependent  on  an  indicative ; in  the  latter, 
both  sentences  are  conjunctive.  Some  Grammarians 
moke  this  distinction  the  ground  of  a distinction  of 
moods,  calling  the  contingent  assertion,  in  the  first  case, 
subjunctive,  because  it  is  subjoined  to  the  indicative ; 
and  in  the  other  case  potential , because  it  states  a po- 
tential, and  not  an  actual  existence.  It  seems,  how- 
ever, unnecessary  thus  to  multiply  moods;  first,  be- 
cause no  Language  (that  we  know  of)  has  assigned 
separate  forms  to  the  potential  and  subjunctive ; and, 
secondly,  because  if  we  were  to  proceed  this  length, 
there  is  no  reason  why  we  should  not  go  much  farther, 
and  call  every  possible  variation  of  contingency  a sepa- 
rate mood.  Of  these  we  shall  here  notice  some  in- 
stances easily  distinguishable  in  point  of  Principle. 

1.  Ut  jugulent  hominet  turgunl  dt  node  ledronet. 


Verbs. 

Mood. 


Here  jugulcat  is  in  the  conjunctive,  as  indicating  the 
end  and  object  of  the  rising. 

2.  Peter  said  tiuto  him,  though  / thould  die  with  the*,  yet  will 
I not  deny  thee. 
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Gr«mow.  Here  " I should  die”  is  mentioned  as  a motive  to  dc- 
uial,  but  an  insufficient  one. 

3.  5m  f me  tut  illabatur  orbit, 

Impaviiitrm  ferient  rumcr. 

Here,  in  like  manner,  illabatur  is  in  the  conjunctive, 
as  expressing  a fact  which  might  be  the  cause  of  fear 
to  ordinary  minds,  but  which  it  not  so  to  the  just  and 
steadfast-mi ntied  mun  ; and  the  conjunction  si  in  the 
one  case  is  equivalent  to  though  in  the  other,  both  of 
them  having  the  proper  force  of  our  expression  “ even 
if.” 

4.  Kxn-pt  x man  hr  bum  of  water,  and  of  the  Spirit,  he  cannot 
enter  into  the  kingdom  of  God. 

Here  the  conjunctive  be  born , is  placed  in  opposition 
to  the  indicative  “cannot  enter;”  so  that  if  the  one  be 
in  the  negative,  the  other  must  be  so  too,  and  r ice 
vend  ; for  the  implication  is,  that  if  a man  be  born  of 
water  and  of  the  Spirit,  he  can  enter  into  the  kingdom 
of  God.  Accordingly,  the  Greek  conjunctions  in  this 
and  the  preceding  example  arc  directly  opposed  to 
« each  other:  in  No.  8,  the  word  used  iu  the  Greek  text 

is  Kaj/,  that  is,  Kai'  lav ; but  in  No.  4 it  is  «<ie  pj 
5,  Ctrutentit  licet  oeetipet 

Tyrrhemttm  smut  tv  it  et  mart  Apuhctm, 

mm  itnimum  metu 

Sam  mortu  laqant  caput. 

Here  the  condition  differs  from  that  of  No.  2,  in 
being  a fact  of  present  time  ; and  on  the  other  hand 
the  indicative  non  ex pt  dies  differs  from  the  indicative 
ftrict  in  No.  3,  by  being  in  the  negative. 

6.  The  xcp|4to  ahall  not  depart  from  Judah,  nor  a lawgiver  from 
between  hi*  feet,  until  Shiloh  none. 

Here  both  the  facts  are  future,  but  the  conditional 
one  U the  term  or  boundary  of  the  other. 

7,  ■ tacit  ut  pat ci  « paaaet  Corxttt,  ha  be  ret 

Pint  da  pit. 

In  all  the  preceding  instances  one  assertion  is  abso- 
lute ; but  here  it  is  neither  asserted  that  the  Crow  can 
feed  in  silence  nor  that  it  has  more  food  ; both  ports  of 
the  sentence,  therefore,  are  contingent,  aud,  conse- 
quently, both  are  in  the  conjunctive  mood. 

8.  If  it  were  done,  when  *ti»  dona,  then  'twert  well 
It  were  done  quickly. 

Here  is  also  one  contingent,  namely,  'tree re  veil,  de- 
pending on  another  contingent,  if  it  were  done ; and  on 
each  we  see  a further  contingency  also  depends. 

These  eight  examples  are  sufficient  to  show  that 
the  varieties  of  contingent  assertions  ore  too  various 
to  be  considered  and  treated  as  so  many  distinct 
moods  of  the  verb.  The  first  six  are  of  the  kind  called, 
by  some  writers,  subjunctive;  the  last  two  are  of  the 
kind  called,  in  contradistinction  from  the  subjunctive, 
potential ; but  as  they  are  all  equally  conjunctive,  it 
suffices  to  give  them  that  name ; and,  indeed,  it  is  a 
more  correct  and  systematic  distribution  of  the  Gram- 
matical nomenclature  so  to  do  ; for  the  proper  correla- 
tive to  the  term  indicative  is  not  subjunctive  or  po- 
tential, but  some  term  which  comprehends  them  both  ; 
e«,  for  instance,  the  term  conjunctive.  The  indicative 
asserts  simply  : the  conjunctive  asserts  with  modifica- 
tion : if  tile  one  is  a mood,  so  is  the  other ; but  if  the 
conjunctive  is  a mood,  then  its  subdivisions  cannot  be 
properly  so  called ; but  they  should  rather  be  culled 
sub-moods.  If  it  were  necessary  to  give  them  any  pecu- 
liar denomination. 


The  effect  of  passion  is  to  break  in  upon  and  dis-  v«rtw 
turb  the  regular  processes  of  reasoning.  Reasoning  is  M«h*L 
conducted  by  express  Mention,  absolute  or  conditional.  V,~v— ■ ' 
Passion  goes  at  once  to  its  object,  assuming  it  as  the 
consequence  of  an  implied  assertion.  Thus,  if  the  fact 
be  that  1 desire  a person  to  go  to  any  place,  it  is  not 
necessary  that  I should  distinctly  state  my  desire  in  the 
indicative,  and  his  going  in  the  conjunctive;  hut  by  the 
natural  impulse  of  my  feelings — feelings  which  Lan- 
guage conveys  us  clearly  as  it  does  the  more  gradual 
processes  of  thought — I say  in  a mood  different  both 
from  the  indicative  and  the  conjunctive — go!  Now 
this  mood,  from  its  frequent  use  in  giving  commands 
to  inferiors,  has  been  called  the  imperative,  and  that 
name,  us  being  the  most  general,  we  shall  adopt.  Some 
writers  have  distinguished  from  the  imperative,  the 
preealive,  the  deprecative,  the  permissive,  the  adhor- 
tative,  &c. ; but  so  far  as  Language  is  concerned,  these 
are  but  different  applications  of  the  same  mood  : the 
operation  is  the  same  in  communicating  the  object  of 
the  passion  and  implying  the  assertion  that  such  pas- 
sion exists.  A few  example*  may  serve  to  explain  our 
meaning  : 

1.  1st  there  hr  light,  said  God  : and  forthwith  light 
Ethereal,  tout  uf  thing*,  quinl«f*j«rncc  pure, 

Sprang  from  the  deep ; and  from  her  native  vast 
To  journey  through  the  airy  gloom  began.  Milton, 

2»  1 Fear  and  pirty. 

Religion  to  the  God*,  peace.  juxticr,  truth. 

Domestic  awe,  night  rest,  and  iieighl.ourl.nod, 

Instruction,  manner*,  mytlertex,  and  trades, 

Degrees,  observance*,  custom*,  and  law*. 

Dtchnc  to  your  confounding  contrarfej ! 

And  let  cuufittiou  live ! Shahtpeare. 

3.  Help  me  J.vumfer  1 help  me ! Do  thy  best, 

To  pluck  this  crawling  serpent  from  uiy  breast ! 

Ay  me  for  pity.  What  a drvam  was  here  ! Id. 

4.  Go,  but  h«  mod’rate  in  your  food  i 

A chicken  too  might  do  me  goul.  Gay. 

In  the  first  of  these  examples,  we  have  an  instance 
of  the  highest  imperative , that  which  proceeds  from  the 
Almighty  Power,  to  whose  command  all  things  created 
and  uncreated  are  subject;  aud  who,  in  Milton’s  fine 
paraphrase  tif  the  first  chapter  of  Genesis,  is  described 
as  calling  into  existence  the  hitherto  uncreated  essence 
of  light.  The  second  example  is  deprecative,  or  rattier 
imprecalive,  in  which  Timon  calls  down  on  his  worth- 
less fellow-citizens  the  naturul  consequences  of  their 
profligacy.  The  third  is  pretaiive,  in  which  the  de- 
serted ilerrma.  waking  from  a terrific  dream,  calls  for 
help  from  her  faithless  lover  Lvsander.  The  last  is 
jtermissite , in  which  the  old  dying  fox,  after  a long 
harangue  to  dissuade  the  younger  members  of  his  com- 
munity from  pursuing  their  usual  trade  of  rapine,  ut 
length  permits  them  to  go  out  on  a similar  excursion. 

Now,  in  all  these  varieties  of  the  imperative  mood, 
the  Grammatical  process,  both  of  thought  and  expres- 
sion, is  the  same.  In  all  of  them  the  assertion  of  de- 
sire or  aversion  on  the  part  of  the  speaker  is  clearly 
implied.  The  sense  is,  M I command  that  there  be 
light" — **  I wish  that  confusion  may  prevail” — “ I pray 
you  to  help  me"— “ I permit  you  to  go  ;M  but  it  is  un- 
necessary to  express  those  various  assertions,  because 
they  are  all  implied  in  the  imperative  moods,  and 
without  those  moods  they  could  not  be  »o  implied. 

The  imperative  animates  the  passionate  sentence,  as 
the  indicative  or  conjunctive  animates  the  cnuncialive 
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Grammar,  sentence.  It  converts  the  name  of  an  object  of  passion, 
■ ^ v or  will,  into  a manifestation  that  such  object  exists ; 

just  as  the  indicative  or  conjunctive  converts  the  name 
of  an  object  of  perception  or  thought  into  an  assertion 
that  it  is  really  existing.  The  original  text.  '•  God 
said  let  there  be  light,  and  there  was  light,”  affords  a 
plain  example  of  this  operation  in  both  ways.  The 
conceptions  in  both,  are  two;  namely,  esialence  and 
light  Each  of  these,  without  the  verb,  would  remain 
a mere  noun.  The  won!  “ light”  does  so  remain  ; but 
“existence,"  by  becoming  a verb,  exhibits  itself  first  in 
the  imperative  as  an  object  of  volition,  and  then  in  the 
indicative  as  an  object  of  perception.  In  the  one  case 
it  implies  an  assertion  of  the  Divine  Will  that  light 
should  exist ; in  the  other  it  expresses  an  assertion  that 
light  did  exist 

Optative.  YVe  should  not  be  inclined  to  separate  the  optative 
mood  from  the  imperative,  were  it  not  that  various  Lan- 
guages. and  particularly  the  Greek,  distinguish  it  by 
a separate  inflection.  The  difference  between  those 
two  moods  appears  to  be  rather  a difference  of  degree 
than  of  kind ; for  wc  cannot  agree  with  Scaliger,  who  says, 
(lib.  iv.  c.  144.)  differunt,  quod  imperativua  reapicit  per - 
aonam  inferiorem , optativu a potentiorem  : “ they  differ  iu 
this,  that  the  imperative  regards  an  inferior  person,  the 
optative  a superior”  This  difference  is  altogether  acci- 
dental. Moreover,  it  makes  no  provision  for  the  com- 
mon case  of  wishes  expressed  between  equals;  and 
again,  how  are  we  to  determine  whether  a request  is 
addressed  to  a person  in  one  character  rather  than 
another?  Or  why  should  we  not  have  moods  to  desig- 
nate the  different  degrees  of  superiority  and  inferiority  ? 
The  fact  seems  to  be,  that  the  more  distant  and  in- 
direct union  of  the  will  with  its  object,  has  given  rise,  in 
some  Languages,  to  a peculiar  form  of  the  verb,  gene- 
rally called  the  optative  mood.  Yet  even  this  distinc- 
tion does  not  appear  to  be  very  accurately  observed  in 
practice,  for  we  sometimes  see  the  optative  used  where 
the  imperative  might  have  been  more  naturally  ex- 
pected. Thus,  in  the  Electra  of  Sophocles,  when 
Orestes  is  forcing  iEgisthus  into  the  palace,  to  kill  him  in 
the  apartment  in  which  he  had  murdered  Agamemnon, 
he  says  to  his  reluctant  victim, 

JLmfSt t it  item  t»vi.  i 

N*»  If  wit  rnytit,  fit  ’r  wjr 

Go  in,  without  delay. for  now  the  vtrife 
Is  not  for  useleia  words,  but  for  thy  life. 

Where  the  optative  x*y>oi?  undoubtedly  expresses  a 
pretty  strong  volition  that  .Egisthus  should  do  what  he 
was  equally  unwilling  to  perform. 

The  common  distinction  between  the  optative  and 
the  imperative  is  nearly  expressed  by  the  English  use  of 
the  auxiliaries  “ may”  and  “ let."  Thus,  the  following 
passage  in  the  Hymn  to  Sabrina  is  an  example  of  the 
optative : 

Virgin  daughter  of  Ltxrine 
Sprung  of  old  Anehww'  tine, 

May  thy  brrmTOud  waves,  for  this, 

Their  full  tribute  never  miss, 

From  a thousand  petty  rill* 

That  tumble  down  the  snowy  hills  ! 

Summer  drouth,  or  singed  air, 

Never  scorch  thy  tresses  fair  ! 

Nor  wet  October's  torrent  flood 
Thy  molten  crystal  fill  with  mud ! 

May  thy  billows  roll  ashore 
The  lieryl,  and  the  gulden  ore ! 

May  thy  lofiy  head  be  crown’d 
With  many  a tow’r  and  terrace  round  t 


These  are  matters  not  within  the  power  or  control  Verba, 
of  the  speaker,  and  which  he,  therefore,  can  only  wish.  Mood. 

On  the  contrary,  when  the  speaker  can  command  the  v—l *v— 
execution  of  his  wishes,  he  uses  the  word  let,  as  the 
King,  in  Hamlet, 

Let  all  the  battlements  thoir  ord'nance  fire— 

Giro  roe  the  cujw, 

And  let  the  kettle  to  thu  trumpet  speak, 

The  trumpet  to  the  cannoneer  without, 

The  cannuu  to  the  heavens. 

It  is  observed  by  Vossius,  that  the  Latin  optative  is 
no  other  than  the  conjunctive ; and,  indeed,  the  form 
is  the  same  in  both  ; for  wc  say,  utinam  ament,  or  ru»» 
amem  ; utinam  amur^m,  or  cum  amarem;  utinam  amo* 
verim , or  ctbn  amaverim ; utinam  amaviasem , or  cunt 
amaviuem.  And  so  in  the  passive  voice,  utinam  ama- 
rrr.or  dim  amarer;  utinam  amer,  or  cim  amer;  utinam 
amaiua  aim,  or  cum  amalut  aim,  Slc.  The  mood,  how- 
ever, is  not  to  be  determined  by  the  form,  but  by  the 
signification  ; for  it  ofien  happens  that  particular  Lan- 
guages do  not  possess  distinct  forms  for  the  different 
moods  : and  where  they  do  so,  the  form  of  one  mood 
is  frequently  used  with  the  force  of  another.  This 
takes  place  even  in  the  Greek  Language,  which  pos- 
sesses the  richest  abundance  of  inflections  in  its  verbs. 

The  Greek  indicative  is  often  used  for  the  subjunctive 
and  optative,  ami  that  through  ultnosl  all  its  tenses,  as 
V rasn  has  shown  at  large  in  his  celebrated  Treatise  On 
Greek  idioma : and  in  return  the  optative,  especially  in 
the  Attic  dialect,  is  used  for  the  indicative. 

Many  authors  contend  for  a mood  which  they  call  fntmoga- 
interrogntive  : and  it  must  be  admitted  that  the  act  of 
the  Mind,  in  asking,  is  different  from  that  which  it 
performs  in  indicating,  or  stating  conditionally,  or 
commanding  or  wishing.  Yet  it  is  unnece^nry  to 
constitute,  on  that  account,  a separate  mood  of  the 
verb ; for  the  interrogative  is  no  other  than  the  indica- 
tive, with  such  accentuation  or  transposition  of  words, 
as  to  show  the  doubt  of  the  speaker,  and  sometimes 
with  an  interrogative  particle  prefixed.  The  question 
is,  as  it  were,  the  answer  anticipated  ; but  the  answer, 
if  complete,  must  necessarily  be  in  the  indicative  mood, 
and,  consequently,  so  must  the  question  be.  Thus : 

" Did  Brutus  kill  Cwsar?’ — “ Brutus  did  kill  Oicsar.” 

“How  many  years  reigned  Augustus?” — “Augustus 
reigned  forty-four  years.”  Varro,  indeed,  speaks  of  the 
moods  of  asking  and  answering  as  different,  but  this 
is  true  only  with  reference  to  the  whole  state  of  Mind 
expressed  in  the  respective  sentences,  and  not  with 
reference  to  the  particular  form  of  the  verb,  which  in 
both  instances  must  necessarily  be  the  indicative  mood. 

Hence  Apollonius  says,  ’Hyc  Sv  wpoKapeni  optmtarj 
ty aXum  t qtf  nardtfaetv  trfrofia\\*aa,  p«0t'inara$ 

ri  KaXiiaOat  opuruKq, — draxXtjpuOtitra  & rijv  Kurafal- 

9eu9,  vrocTpcipci  itt  vi  etrai  opio 7u.-ij— “ the  indicative 
mood,  of  which  we  speak,  by  laying  aside  that  assertion, 
which  by  its  nature  it  implies,  quits  the  name  of  indica- 
tive ; when  it  rcassuniea  the  assertion,  it  returns  again 
to  its  indicative  character.” 

It  only  remains  to  consider  that  which,  as  Vossius  Infinitive, 
observes,  not  only  the  acmidnctum  vutgna,  but  even  some 
of  the acienliaaimi,  have  culled  the  infinitive  mood.  We, 
however,  are  so  fur  from  tanking  it  among  the  moods, 
that  we  do  not  acknowledge  it  to  he  a verb  at  all ; 
but  consider  it,  as  we  have  already  stated,  to  be  more 
properly  called  a verbal  noun. 
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(tnm mar.  Two  principal  grounds  are  alleged  for  reckoning  the 

infinitive  among  moods,  first  that  it  is  expressive  of 
time,  and,  secondly,  that  it  governs  nouns,  in  construc- 
tion, like  a verb.  As  to  the  first  of  these  reasons,  it 
can  only  be  valid  in  the  opinion  of  those  who  adopt 
the  definition  of  a verb,  as  being  nota  rei  sub  tempore, 
which  definition  we  have  already  shown  to  be  inexact. 
Time  is  an  element  which  enters  in  many  ways  into  our 
conceptions,  but  the  Parts  of  Speech  arc  not  determined 
by  the  nature  of  the  conceptions  expressed,  but  by 
the  manner  of  expressing  them ; and,  as  we  have  often 
repeated,  there  are  two  princi|>al  modes  of  expression, 
that  is  to  say,  naming  our  conceptions,  and  averting, 
or  manifesting  their  existence.  Now  the  infinitives, 
M to  love,”  aimer , amare,  " to  have  loved,”  avoir  aimb, 
amavisse,  assert  nothing  by  themselves,  either  as  to  the 
conception  of  love,  or  as  to  the  conception  of  time  in 
which  the  action  of  loving  took  place,  they  express  both 
only  in  the  way  of  notation, or  naming, and  not  in  the  way 
of  declaration  ; and  therefore,  in  so  far  as  either  of  those 
conceptions  is  concerned,  the  infinitive  must  remain  in 
the  class  of  nouns.  As  to  construction,  it  is  clear  that  this 
is  merely  a question  of  Particular  Grammar.  To  say 
generally,  that  the  infinitive  governs  a noun  which  fol- 
lows or  precedes  it,  is  only  to  say,  that  it  causes  such 
noun  to  be  in  some  case ; but  this  h also  effected  by 
another  noun ; and  therefore  the  mere  circumstance  of 
a change  of  case  is  in  itself  no  test  of  the  nominal  or 
verbal  character  of  the  infinitive.  The  particular  case 
in  which  the  governed  noun  is  placed  remains  to  be  consi- 
dered, and  that  is  to  be  ascertained,  not  by  its  termination, 
or  inflection,  or  accompanying  particle,  but  by  its  signi- 
fication. Now,  as  to  its  signification,  if  the  governed 
noun  he  not  the  abject  or  the  agent  of  some  action  or 
existence  asserted,  the  case  in  which  it  is  does  not  imply 
that  the  governing  word  is  a verb.  Hence  the  phrase 
**  I desire  the  sight  of  thee/  is  exactly  similar  to  the 
phrase  “ I desire  to  see  thee.”  The  wortls  " sight” 
and  “see,”  neither  of  them  assert  that  the  action  of 
seeing  takes  place,  and  consequently  the  words  " thee” 
and  “of  thee”  are  not  either  of  them  the  agent  or  the 
object  of  any  such  assertion : and  we  cannot  conceive 
any  reason,  in  the  signification  of  the  words,  which 
should  have  prevented  the  Latin  idiom  from  being 
cupio  v idere  tui,  as  well  as  cupio  visum  tui ; for,  in  fact, 
viaere  and  visum  are  alike  name*  of  the  action  of 
seeing ; they  alike  express  the  object  of  the  verb  cupio  ; 
in  other  words,  they  are  nouns,  and  it  is  matter  of 
idiom  whether  the  relation  which  they  bear  to  the 
following  noun  should  be  expressed  by  the  termination 
« or  ui. 

We  have  before  observed,  that  Prisdan  says  currere 
is  curm*  .*  and  we  have  shown  that,  in  English,  “ to 
part”  is  “ parting  there  are,  therefore,  three  kinds  of 
verbal  nouns,  which  in  various  idioms  are  differently 
interchangeable,  namely,  those  which  are  called  by 
various  writers  the  infinitive  mood,  the  abstract  noun, 
and  the  participle  (including  the  gerund  and  the  su- 
pine.) This  will  appear  from  a comparison  of  the 
idioms  of  almost  all  Languages.  We  are  told,  that  in 
Gaelic  the  present  participle  and  the  verbal  noun  are  the 
same ; and  again,  that  the  infinitive  is  formed  by  the 
dative  of  the  present  participle.  In  the  Ethiopic  Gram- 
mar, Ludolf  says,  Jnjinitivus  seepixsimi!  nominascit ; and 
again,  cum  affix is  bad  la,  Latini  per  gerundia  in  do  et 
dum  erprimi  potest.  In  Bengalese,  too,  the  infinitive 


answers  to  the  verbal  noun  ; and  the  first  gerund  sup-  V«rta. 
plies  tlie  place  of  the  English  infinitive,  when  two  verbs  Mood, 
come  together.  From  these  and  many  similar  obeerva- 
tions  we  may  infer,  that  there  are  various  classes  of 
nouns  substantive  and  adjective  derived  from  (or  ra- 
ther connected  with)  all  verbs ; but  that  such  nouns 
relate  solely  to  the  noun,  which,  as  we  have  stated,  ia 
involved  in  every  verb,  and  not  to  the  part  of  the  verb 
on  which  its  verbal  character  essentially  depends.  These 
nouns  may  be  thus  classed  : 

1.  Verbal  adjectives,  (commonly  so  called.)  which  ex- 
press the  conception  in  the  form  of  an  attribute,  as  the 
Latin  verbals  in  bilis,  & c.  of  which  Mr.  Tooke  makes  a 
class  of  participles,  and  which  do  not  involve  the  notion 
of  time. 

2.  Participles,  (commonly  so  called,)  which  agree  with 
the  former,  except  that  they  involve  the  notion  of  time. 

3.  Abstract  nouns,  (commonly  so  called.)  which  ex- 
press the  conception  in  the  form  of  a substantive,  as 
the  Latin  nouns  in  to,  &c.  which  do  not  involve  the 
notion  of  time. 

4.  Infinitives,  (commonly  called  infinitive  moods,) 
which  agree  with  the  former,  except  that  they  involve 
the  notion  of  time. 

Now  it  happens  in  most  Languages,  that  distinct 
forms  are  wanting  for  some  of  these  four  classes  of 
nouns,  or  that  the  forms  are  reciprocally  used  for  each 
other.  Hence  “ he  learns  to  sing*  or  “ he  learns  sing- 
ing ,”  are  used  in  English  indifferently ; and  so  “ he 
teams  singing,”  and  “ he  it  tinging,”  are  equally  con- 
sistent with  our  idiom. 

We  have  said  that  the  infinitive  involves  the  notion 
of  time ; and  this  we  conceive  is  the  proper  distinction 
between  currere  and  cursus,  when  they  arc  distinguish- 
able ; for  we  may  say  fat  mat  currere , but  not  (in  the 
same  sense  at  least)  fesiinat  curmm.  It  is  only  when 
currere  does  not  involve  the  notion  of  time  that  the 
remarks  of  Prisdan  become  strictly  accurate  ; and  when 
this  happens,  then,  in  fad,  the  word  currere  belongs  to 
the  third,  and  not  to  the  fourth  class  of  words  above- 
mentioned. 

In  respect  to  the  expression  of  time  by  infinitives, 
a distinction  is  to  be  observed  analogous  to  the  dis- 
tinction which  we  have  before  noticed  between  the 
verb  substantive  and  the  verb  of  action.  If  an  indivi- 
dual fact  is  meant  to  be  referred  to,  then,  as  this  fed 
must  necessarily  occur  ai  some  given  time,  the  time  in 
question  is  expressed  by  the  infinitive ; and  it  is  then 
only  that  we  give  it  the  name  of  infinitive.  Thus, 

OcXa;,  0J\a>  means,  I desire  to  love  ai  this  mo- 

ment ; whereas  x aKcvoe  to  pj  <fn\ijaai  means,  the  stale 
of  not  loving  is  hard  at  all  times.  In  the  former  cose, 

<j>t\r}aai  is  strictly  an  infinitive,  and  should  not  be  ren- 
dered into  Latin  by  the  accusative  amorem,  but  by 
amare.  In  the  latter  case  is  strictly  equiva- 

lent to  a noun  of  action,  and  consequently  is  used,  in 
the  Greek  idiom,  with  the  article  to. 

Whether  we  call  infinitives  nouns,  or  verbs,  the  pro- 
priety of  the  name  infinitive  is  very  evident  from  the  ob- 
servation of  Vossius:  Ut  fnitum  est  nomen,  turn  Phtfoso- 
phu*,ium  plurativus  Philotophi;  quippe  itlo  unus,  hoc 
multi  significantur : at  contra  infinitum  est  sui,  quia 
utriusque  est  numeri,  item  Grascum  Suva,  quo  dilled  itli 
denotatur ; sic  finitum  verbum  est  audio , ac  facto , ut 
quo  certus  numerus  dexignatur  ; infinita  autem  sunt 
audire,  agere . ut  qua  deficient  numeris  ac  personis , et 
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Grammar,  urdique  tunt  indefinite  ac  indeterminate.  “ As  the  noun 
Philosophut  is  finite,  both  in  the  singular  and  in  the 
plural  Philosophi,  since  the  former  signifies  one  person, 
and  the  other  many;  but  on  the  other  hand  the  word 
mi  is  infinitive,  because  it  is  both  singular  and  plural; 
and  in  like  manner  the  Greek  word  is  infinitive, 
because  it  denotes  both  Aim  and  them ; so  the  verbs 
audio  and  facto  are  finite,  as  designing  a certain  num- 
ber ; but  audirc  and  agert,  which  express*  no  certain 
number  or  person,  and  are  in  every  way  indefinite  and 
indeterminate,  are  called  infinitives.” 

It  is  to  be  ohaerved,  that  the  Latin  nouns  in  to  seem 
properly  to  have  been  definites  ; that  is  to  say,  that 
they  originally  signified  only  a certain  number  of  acts, 
and  not  action  in  general,  as  aciio  meant  a singular 
exercise  of  the  active  power,  and  actionet  several  such 
exercises;  but  in  a secondary  use  of  the  word  actio,  it 
came  to  be  employed  for  such  exercise  generally  ; and 
in  this  secondary  use  it  is  properly  an  infinitive,  and 
coefficient  with  agere.  The  Greeks,  it  is  well  known, 
though  they  did  not  give  their  infinitive  moods  the 
terminations  of  case,  like  other  nouns,  yet  distinguished 
them  by  the  articles  of  the  different  cases  ; as  to  7/*n- 
toC  7po0«ie,  *V  T*ji  ypafjxir.  This  construction  is 
unknown  to  the  Latin  ; for  we  cannot  say  hoc  am  art, 
hujut  amarr,  &c.  nor  ad  amare,  ab  amare,  the  place  of 
which  latter  phrases  is  supplied  by  the  gerunds,  as  ad 
amandum,  ab  ermando.  And  again  : in  English,  it  is 
only  by  a forced  imitation  of  the  Greek  idiom,  totally 
unsuitable  to  the  genius  of  our  Language,  that  Spenser 
says— 

For  not  to  hare  been  dipp**!  b*  Lethe’s  lake 

Could  tare  the  son  of  Tbet;*  from  to  die. 

And  this  Hellenism  is  the  less  excusable,  as  we  have 
actually  an  infinitive  which  admits  of  being  used  with 
the  preposition  : for  the  proper  and  intelligible  English 
construction  would  have  been — 

Could  save  the  son  of  Tbctu  from  dying  ; 
whereas  the  usual  opposition  between  the  prepositions 
“ from”  and  **  to"  renders  the  phraseology  of  the  Poet 
intolerably  harsh  and  inconsistent.  Nor  does  it  ap- 
pear that  Harris,  who  seems  to  approve  of  this  line  of 
Spenser,  is  much  more  accurate  in  another  example, 
viz.  “ he  did  it  to  be  rich  ;M  where,  he  says,  we  must 
supply  by  an  ellipsis  the  preposition  for,  as  “ he  did  it 
for  to  be  rich.”  Certainly  this  is  a Provincial  way  of 
speaking,  but  it  is  a mere  rustic  pleonasm.  In  French, 
pour  t'tnrichir  is  proper,  because  the  infinitive  s'cnrichir 
bos  not  in  itself  the  objective  murk ; but  in  English, 
where  that  mark  is  supplied  by  the  preposition  to,  a si- 
milar mark  in  the  word  for  is  altogether  superfluous. 

We  have  thought  it  necessary  to  dwell  the  longer  on 
the  consideration  of  the  infinitive,  because  in  rejecting 
it  not  only  from  the  moods  but  from  the  verbs,  we  cer- 
tainly deviate,  more  than  we  are  generally  disposed  to 
do,  from  the  path  pursued  by  the  great  majority  of 
Grammatical  writers.  Yet  that  this  deviation  is  justified 
by  high  authority,  we  have  before  shown,  in  stating  that 
many  of  the  Audents  (and  those,  as  Harris  says,  “ the% 
best  Grammarians”)  have  called  the  infinitive  oropa 
fanmucbv,  or  onofia  /*ijua7ov  : and  with  these  agrees  Pris- 
cian,  in  the  following  passage,  “ A contlrvctionc  quotjue 
vim  rki  f rrborum,  id  est,  nominis,  quod  tignijicat  iptam 
ran,  habere  infinitivum  postumut  dignotccre'*  “From 
the  construction,  too,  we  may  perceive,  that  the  infiuitive 


has  the  force  of  the  thing,  of  the  verb,  that  is  to  say,  Vwbc. 
of  the  noun,  which  signifies  the  thing  itself.”  What  is  Tmw. 
here  called  the  thiug,  (or  substance.)  of  the  verb,  is  s“— ■v**"' 
what  we  have  called  the  conception,  the  mere  name  of 
which  is  a noun.  Thus,  **  I die"  expresses  the  con- 
ception of  dying,  but  it  not  only  names  that  con- 
ception, it  asserts  the  thing  to  exist,  with  reference 
to  a certain  person;  whereas  “to  die”  express®  the 
conception,  that  is  to  say,  names  the  thing,  and 
does  nothing  more  : it  does  not  manifest  the  existence 
of  the  thing  ns  an  object  cither  of  perception  or  vo- 
lition ; it  docs  not  assert  that  any  person  is  dying, 
or  has  died,  or  will  die,  or  may  die  ; neither  does  it 
evince  any  desire  that  such  an  event  should  occur,  either 
positively  or  conditionally.  *'  Take  away  the  assertion, 
the  command,  or  whatever  else  gives  a character  to  any 
one  of  the  other  modes,”  says  Harris,  “and  there  re- 
mains nothing  more  than  the  infinitive.”  Take  away 
from  the  other  modes,  say  we,  whatever  gives  them  the 
verbal  character,  and  there  remains  the  noun.  Whether 
we  call  this  noun  a verbal  noun,  or  a participial  noun,  or 
simply  an  infinitive,  is  immaterial ; provided  we  clearly 
understand  that  it  belongs  not  to  the  class  of  verbs,  but 
to  that  of  nouns,  and  that  its  nature  docs  not  depend 
on  its  form  ; since,  in  English,  the  words  death,  to  die , 
and  dying,  may  all  be  used  as  infinitives  ; and,  when  so 
used,  are  generally  convertible  into  each  other,  without 
any  cliungc  of  meaning.  Lastly,  we  may  observe,  that 
as  the  participle  « a verbal  adjective,  so  the  infinitive  is 
a verbal  substantive.  The  former  can  supply  only  the 
predicate  of  a proposition,  as  “ I am  walking;”  the 
latter  may  form  the  subject,  as  “walking  » pleasant,” 

“ to  walk  is  pleasant in  which  two  latter  sentences 
the  words  **  walking”  and  **  to  walk”  are  both  infini- 
tives, and  must  be  translated  into  Latin  by  the  word 
ambit  la  re,  and  not  by  the  word  ambulant.  This  consi- 
deration renders  it  the  more  remarkable,  that  Harris 
should  incline  to  rank  the  infinitive  among  the  moods  of 
the  verb,  since  he  himself  had  classed  the  verb  among 
attributives,  all  of  which,  as  he  observes,  “are,  from 
their  very  nature,  the  predicates  in  a proposition.” 

The  second  peculiarity  of  the  verb  consists  in  its  Tease 
tenses.  The  word  Tente  plainly  shows  that  our  chief 
Grammarians,  in  the  early  periods  of  Grammatical  study 
in  England,  were  Frenchmen ; for  it  comes  from  the  Latin 
temput,  through  the  French  thus,  tan  pm,  tempt,  temt , 
tense.  Tense,  therefore,  originally  and  properly  means 
the  expression  of  time  in  combination  with  the  assertion 
of  existence  ; but  this  must  not  be  taken  to  be  the  sole 
effect  of  the  tense  in  particular  Languages,  as  we  shall 
presently  perceive.  In  order,  however,  to  comprehend 
this  subject  fully,  we  must  begin,  as  Harris  judiciously 
docs,  by  considering  existence  according  as  it  is  muta- 
ble or  immutable.  We  are  well  aware  that,  in  the 
proud  and  insolent  ignorance  of  modern  Philosophy,  we 
shall  be  told  that  there  is  no  such  thing  as  immutable 
existence;  that  men’s  Minds  are  made  up,  as  their 
bodies  are,  of  a certain  small  dust,  which  is  perpetually 
whirling  about,  and  taking  various  forms  and  arrange- 
ments, some  of  which  it  pleases  every  man  to  call  true, 
and  others  false ; that  this  latter  circumstance,  how- 
ever, is  a mere  delusion  of  the  individual’s  mind,  mentis 
gratmimus  error;  that  when  the  man  die*,  his  notions, 
their  truth  and  their  falsehood,  their  wisdom  and  their 
folly,  all  die  with  Him ; uml  though  some  truths  wear 
belter  Ihuu  others,  and  keep  in  fashion  for  twenty  or. 
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Grammar,  thirty  centuries,  while  the  greater  part  of  our  Motions 
do  not  last  longer  than  the  small  ephemeral  insects  of 
the  Nile,  yet  that  in  the  end  they  all  sink  into  one 
common  Lethe. 

- omimtr  yiniwi  all  fra  fttlo 

Corpora  dfimJur. 

The  opposite  Philosophy  to  this,  although  stigma- 
tized as  “ a Metaphysical  jargon  and  a false  Morality, 
which  can  only  be  dissipated  by  Etymology/’  we  feel 
ourselves  constrained  to  adopt,  from  the  utter  repug- 
nance of  the  former  to  any  thing  like  common  sense 
or  intelligibility.  We  cannot  conceive  that  the  objects 
of  intellection  and  Science  are  mutable  in  any  possible 
number  of  years,  or  in  any  imaginable  conjuncture  of 
circumstances.  We  cannot,  for  instance,  believe  that 
in  a square  the  diagonal  ever  was,  or  will  be,  or  can 
be,  commensurable  with  one  of  the  sides.  These  two 
magnitudes  are  not  incommensurable  because  Euclid 
happened  to  think  so,  or  because  his  doctrine  on  the 
subject  has  prevailed  for  above  two  thousand  years. 
Their  incommensurability  is  a truth  as  independent  of 
that  lapse  of  lime,  as  any  two  tilings  can  possibly  he 
of  each  other.  The  opposite  to  it  ennnot  be  conceived 
by  the  Human  Mind.  The  existence  of  this  truth,  there- 
fore, is  justly  styled  immutable. 

Present.  Of  such  immutable  existence  the  Pretext  tense  is 
usually  considered  the  proper  exponent,  because,  in  most 
Languages,  it  is  among  the  simple  forms  of  llie  verb, 
and  in  particular  it  has  no  distinct  mark  of  time  about  it. 
There  is  no  reason,  a priori , that  there  should  not  be  a 
separate  inflection  of  the  verb  to  distinguish  perpetual, 
absolute,  immutable  existence,  from  that  which  is  pre- 
dicated with  reference  to  some  certain  time ; but  as  no 
Language  that  we  know  of  has  adopted  any  such  form, 
and  as  absolute  existence  is  naturally  contemplated 
under  the  form  of  a time  perpetually  present,  it  is  suffi- 
cient for  us  to  consider  this  as  one  of  the  uses  of  the 
present  tense. 

The  other  use  of  the  present  tense  depends  on  the 
nature  of  mutable  existence.  Now,  mutabk*  objects 
exist  in  time.  When,  therefore,  we  declare  them  to 
exist,  that  is,  whenever  we  employ  a verb  active,  or 
passive,  or  neuter,  wc  must  declare  them  to  exist  in 
some  time.  But  time  is  distinguishable  as  to  its 
periods  into  present,  past,  and  future ; and  as  to  its 
continuity  into  perfect  or  imperfect;  and  though  the 
present,  from  its  nature,  must  be  definite  and  positive, 
yet  the  other  two  periods  may  be  stated  indefinitely 
and  with  relation  to  some  different  time.  From  these 
sources,  and  from  the  differences  of  mood  already  no- 
ticed, may  he  derived  all  the  tenses  which  appear  in 
use  in  different  Languages.  And  first,  as  to  the  Present, 
considered  as  marking  a certain  portion  of  time,  it  is 
manifest  that  we  may  consider  as  present  to  us  a greater 
or  less  portion  of  time.  Time  flows  on  continuously,  und 
has  in  itself  no  slops  or  periods,  but  the  Mind  dwells  on 
certain  portions,  and  gives  them  a distinct  expression 
in  Language.  The  namet  of  these  portions  are  various, 
as  an  uge,  a year,  a day,  an  hour,  a moment ; but  the 
assertion  of  their  existence  is  a collateral  incident  to  the 
verb.  It  has  been  well  shown  by  Mr.  Harris  that  the 
present  time,  strictly  speaking,  is  not  cognizable  by  any 
human  faculty  ; for  it  is 

Like  the  lightning,  which  doth  cease  to  be, 

Kro  om  can  say  it  tightens. 


“ I jet  us  suppose,"  says  he,  *'  for  example,  the  lines 


Vert*. 

Ten*. 


44  I say,  that  the  point  B,  is  the  end  of  the  line  A B, 
and  the  beginning  of  the  line  BC.  In  the  same  man- 
ner let  us  suppose  A B,  B C to  represent  certain  times, 
and  let  B be  a now,  or  instant,  which  they  include  ; the 
first  of  them  is  necessarily  past  time,  as  being  previous 
tti  it;  tile  other  is  necessarily  future,  as  being  subse- 
quent." Hence  he  concludes,  that  time  present  has  at 
best  but  a shadowy  and  imaginative  existence  ; and,  of 
course,  as  sensation  refers  only  to  time  present,  that 
sensible  existence  is  itself  altogether  imperceptible, 
eluding  the  steady  grasp  of  thought,  and  approaching 
to  absolute  nonentity.  This  will,  doubtless,  appear 
strange  to  the  modem  Philosophers,  who  hold  that 
sensible  existence  is  the  only  existence ; but  let  them 
meditate  on  wlmt  they  mean  by  the  words  Aote,  or 
instant,  or  moment  j let  them  consider  how  difficult  it 
is  to  arrest  the  fleeting  progress  of  time,  and  fasten  it 
down  to  the  periods  indicated  by  those  terms;  and 
they  will,  perhaps,  perceive  that  their  notions  are;  not 
quite  so  clear  as  they  have  hitherto  fondly  imagined. 

We  will  assume,  that  in  the  above  diagram  the  per- 
fect present  is  correctly  indicated  by  the  point  B.  At 
that  moment.  I open  my  eyes  and  I contemplate,  at  one 
view,  a large  theatre  crowded  with  numerous  happy 
faces,  with  splendour,  and  beauty,  with  the  diversities 
of  age  and  sex,  and  condition,  with  mirth  and  gravity, 
and  all  the  pussiona,  which,  though  not  meant  to  be 
brought  into  public,  could  not  entirely  be  thrown  off 
and  left  at  home,  like  an  unvalued  garment.  Or,  per- 
chance, I am  on  a proud  lull-top,  from  whence,  ut  one 
glimpse,  I behold  mountains  and  valleys  spread  in  rich 
perspective  before  me,  with  the  near  collages,  and  the 
distant  town,  and,  beyond  all,  the  remote  and  hazy 
ocean.  I see  the  variegated  foliage  and  the  ripening 
corn,  the  clouds  of  heaven  sailing  high  in  air,  the  rustics 
at  their  labour,  and  the  little  vagrant  boy  picking  daisies 
at  my  feet,  and  delighting  in  his  idleness.  Without  any 
time  for  reflection,  without  a thought  of  the  successive 
action  of  the  machinery  in  this  grand  landscape,  I say, 
“ l set"  all  this,  at  the  present  moment,  and  I enunciate 
it  in  the  present  tense  perfect. 

But  if  I wish  to  express  a continuous  action,  if,  for 
instance,  I mean  to  describe  myself  as  remaining  for 
some  time  in  contemplation  of  the  scenes  just  described, 
I am  compelled  to  change  my  expression,  and  to  adopt 
the  present  tense  imperfect.  In  that  case,  I say  4*  I ara 
contemplating/’ 44 1 am  beholding  and  the  diagram 
before  drawn  will  not  then  so  well  express  the  time  in- 
tended to  be  described  os  the  following  one  : 

B 


' X 

A C 


Here,  the  present  time,  designated  by  the  letter  B, 
extends  indefinitely  toward  A and  C,  embracing  a 
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Grammar,  segment,  the  whole  of  which  is  viewed  by  the  Mind  as 
s-mm/  being  ul  once  present  to  its  contemplation,  though 
without  uny  definite  boundary  on  either  side.  The 
English  Language  easily  distinguishes  this  sort  of  pre- 
sent tense  from  the  other,  by  the  use  of  the  verb  to  be 
and  the  participle  present ; but  in  most  other  Languages 
the  present  perfect  and  the  present  imperfect  have  one 
and  the  same  form,  and  can  be  distinguished  only  by 
the  context. 

P*xt.  We  have  seen  that  the  present  imperfect  implies 

something  of  the  past,  and  something  of  the  future. 
Modern  Philosophy  is  very  well  satisfied  to  pass  over 
all  the  difficulties  which  occur  iu  regard  to  the  nature 
of  time.  We  are  told,  “ that  we  have  our  notion  of 
succession  and  duration  from  this  original,  n*.  from 
reflection  on  the  train  of  ideas  which  we  find  to  ap- 
pear oue  after  another  in  our  own  Minds,”  and  that 
*4  time  is  duration  set  out  by  measures.”  This  is 
surely  any  thing  but  reasoning.  First,  it  is  assumed 
that  there  is  a train  of  ideas  which  constantly  succeed 
each  other  in  every  man’s  understanding.  Each  of 
these  ideas  then  must  either  occupy  an  indivisible 
point  of  time,  or  it  must  have  some  distinguishable 
duration.  In  the  funner  case  we  cannot  at  all  under- 
stand how  reflection  on  many  indivisible  points  should 
afford  us  the  notion  of  any  continuous  quantity.  In 
the  latter  case  there  would  be  no  occasion  to  reflect 
on  a train ; for  the  reflection  on  a single  idea  would 
present  to  us  tile  notion  of  duration  in  itself.  But 
what  are  these  ideas ; and  how  do  they  march  in 
train?  Are  they  all  of  equal  duration?  If  so.  or 
if  not,  what  is  it  that  determines  the  duration  of  each? 
Is  it  not  the  voluntary  act  of  the  Mind  ? — Again  : 
is  there  no  interval  in  the  train?  Aliquando  donnitat 
Moments,  was  an  old  remark ; and  we  suspect  that  it 
applies  even  to  the  most  lively  and  active  Minds  of  the 
modern  Philosophical  School.  On  the  hypothesis  above 
stated,  it  would  seem  that  before  a man  could  have 
uny  notion  of  duration,  and  consequently  of  time,  he 
must  have  formed  in  his  own  Mind  thoughts  of  a cer- 
tain duration  ; these  thoughts  must  have  succeeded  each 
other  in  a distinguishable  order,  he  must  have  been 
fully  aware  of  that  succession,  and  he  must  afterwords 
have  made  it  the  subject  of  reflection.  But  this  state- 
ment is  absurd  ; for  on  what  is  he  to  reflect  ? On  a suc- 
cession which  would  not  present  any  notion  of  duration 
unless  it  involved  that  notion  in  the  first  instance ; nor 
would  the  succession  of  any  (wo  or  more  ideus  produce 
a uotion  of  duration  if  the  thoughts  themselves,  or  the 
iuterval  between  them,  did  not  involve  it.  The  truth 
is,  that  the  idea  of  duration,  or  time,  is  not  to  he  made 
up  out  of  any  other  elements,  but  is  an  original  law 
ami  first  element  of  thought  in  the  Human  Mind.  We 
perceive  duration  of  time  just  as  we  perceive  extension 
of  space,  because  it  is  one  of  the  necessary  forms  under 
which  alone  we  can  contemplate  existence.  Whilst  we 
are  contemplating  the  indivisible  moment  which  consti- 
tutes the  perfect  present,  it  has  already  melted  into  the 
imperfect  present ; and  if  we  attempt  to  seize  it  again, 
it  has  already  become  the  past ; its  distinction  is  then 
fully  marked  ; for  the  past  is  presented  to  us  by  memory, 
as  the  present  is  by  sensation. 

The  past  has  its  perfect  and  its  imperfect,  its  de- 
finite and  its  indefinite,  its  positive  and  its  relative. 
We  may  speak  of  an  action  which  was  performed  on  a 
given  day,  at  a given  hour,  and  o given  minute ; os  of 

VOL.  f. 


Cwsar’s  leaping  into  the  Rubicon,  or  of  the  first  shot  Vecfcs. 
which  was  fired  at  the  commencement  of  the  Thirty  Teoie. 
years’  War  : or  we  may  speak  of  an  action  in  which  a •V* ■ 
person  was  occupied,  and  which  was  going  on  at  the 
time  to  which  we  refer.  Thus  the  ancient  artists  in- 
scribed their  works  with  the  word  faciebat,  to  indicate 
that  they  did  not  put  them  out  of  hand,  as  finished  and 
perfect,  but  that  they  had  been  for  some  time  engaged 
making  them,  and  would  have  earned  further  their  at- 
tempts toward  perfection,  had  time  and  circumstances 
permitted.  Thus,  too,  Syrus  in  the  Ileautonltmoru- 
menot,  describing  the  employment  in  which  he  found 
Antiphila  and  her  servants  employed,  says, 

TrTentem  trlam  thtJioti  iptiun  affendimtu  : 

— - — — i — - - Awn 

Suftirmm  nr  tint : prtrlerra  umi  anat/ata 
Erut : at  twxebat  umi. 

Again,  we  may  speak  of  the  past  time  definitely,  fixing 
the  epoch  when  it  happened,  os, 

Hut  day  he  oiercamr  the  Nrrvii. 

Or  indefinitely,  declaring  that  the  act  of  which  we  are 
speaking  is  past,  but  not  ascertaining  whether  the  time 
of  its  performance  was  near  or  distant ; as, 

Thou  art  the  ruins  <>f  thr  uoMeat  mau 
That  ever  A red  in  the  tide  of  him**. 

Lastly,  the  past  time  may  be  mentioned  simply  as  past 
at  the  present  moment,  or  us  past  at  some  time  preced- 
ing the  present ; and  these  two  tenses  may  be  recipro- 
cally distinguished  as  positive  and  relative.  Thus,  in  ihe 
positive,  Macbeth  says, 

I Am-r  lit'd  lung  enough ; my  way  of  life 
I*  tollen  into  the  sen.’,  the  yelfuw  leaf. 

In  the  relative,  Thvrsis,  (the  attendant  Spirit,)  in  the 
Mosque  of  Comut,  says. 

This  ev’ning  late,  by  then  the  chewing  flocks 
Hed  tarn  their  supper  on  the  sav'ry  herb 
Of  knot-grass  duw-bvsprcnt,  and  Were  in  fold, 

I sate  me  down  to  watch. 

As  the  past  lime  exists  in  memory,  so  the  Future  Future, 
exists  in  imagination.  Such  is  the  nature  of  Man,  or 
he  would  be  unable  to  attain  “ that  large  discourse, 
looking  before  and  after,'*  which  the  Poet  truly  assigns 
to  him.  The  conception  of  duration  may  be  supposed 
to  exist  in  a Being  which  had  only  the  perception  of 
the  present  and  the  past ; hut  to  render  thul  conception 
operative  and  useful,  to  convert  it  into  an  accurate  idea 
of  time , it  is  ncccs.su ry  that  the  notion  of  futurity  should 
be  Miperadded.  It  is  a mistake  to  say  that  the  present 
impression  is  distinguished  from  the  memory  of  w hat  is 
past  by  superior  vividness  and  strength.  It  often  haj»- 
pens  that  things  present 

— I’om  hy  us,  like  th*  idle  wiml 

Which  we  rvgard  not } 

whilst  objects  of  memory  so  fully  occupy  our  attention, 
that,  like  Hamlet,  we  think  we  see  them  44  in  the  Mind’s 
eye.”  Still  we  see  them  (whilst  we  possess  our  reason- 
ing faculties)  not  as  present,  but  as  past,  with  a spe- 
cific difference  of  perception.  The  perception  of  the 
future,  as  such,  is  also  specifically  different  from  either 
of  the  others.  Reason  and  reflertion  alone  could  not 
explain  to  us  the  necessity  of  such  a distinction,  be' 
cause  it  is  un  element  of  Reason,  so  far  as  that  faculty 
applies  to  events  occurring  iu  time.  It  would  be  as 
correct  to  say,  that  hy  reasoning  on  the  nature  of  light 
uud  colours,  we  come  to  discover  the  existence  of  red 
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Grammar,  and  gVNii,  as  to  sav,  that  by  reasoning  on  duration.  we 
come  to  discover  that  there  is  a past,  a present,  and  a 
future. 

When  we  treat  of  past,  present,  and  future,  we  treat 
of  them  with  reference  to  some  particular  moment  ; fur 
as  time  is  perpetually  flowing  on,  that  which  was  future 
yesterday  is  to  day  present,  and  that  which  was  present 
yesterday  is  to  day  past.  The  particular  moment  which 
thus  characterises  the  time,  is  that  in  which  the  speaker 
or  writer  is  addressing  himself  to  his  hearers  or  readers. 
VVe  have  seen,  however,  that  that  moment  is  not  always 
referred  to  as  indivisible,  but  sometimes  as  capable  of 
extension  and  indefinite  continuance.  So  it  was  ob- 
served to  be  in  the  present  and  past ; and  so  it  is  in 
the  future.  A person  may  any,  44  I shall  mount  my 
horse  and  he  may  say,  “ I shall  be  an  hour  riding 
from  London  to  Richmond.”  In  the  former  instance 
the  tense  may  be  culled  the  future  perfect;  in  the  latter 
the  future  imperfect.  Again,  the  future  may  be  defi- 
nite; as,  “ I shall  mount  at  six  o’clock  ;”  or  indefinite , 
os,  **  I shall  ride  some  time  in  the  course  of  the  day.” 
Lastly,  it  may  be  positive,  considering  tile  act  only  as 
future  at  the  moment  of  speaking,  which  is  the  case 
with  alt  the  preceding  examples,  or  relative,  considering 
the  act  us  not  to  take  place  till  after  some  other  which 
is  also  future.  Thus,  a person  may  say,  “ I shall  hare 
mounted  my  horse  before  the  clock  has  struck  or,  “ I 
« hall  have  been  riding  an  hour  when  I reach  the  next 
milestone.” 

These  distinctions  refer  properly  to  time.  There  are 
others  which  refer  to  the  contingency  of  the  act,  or 
to  its  frequency  and  habitual  performance;  these 
seem  to  draw  their  distinctive  character  properly  from 
the  mood,  or  kind  of  verb,  and  therefore,  we  think 
them  not  so  much  tenses  as  modifications  of  the 
tenses  already  named.  Somewhat  more  of  doubt  may, 
perhaps,  be  allowable  with  respect  to  those  forms 
of  speech  which  imply  either  the  immediate  intention 
to  begin  an  act,  or  its  recent  completion,  Of  the  first 
class  are  " I am  about  to  write/’  4*  I was  beginning  to 
write/'  “ I shall  begin  to  write  :*  and  of  the  second 
class,  Je  rtritf  d'hcrire,  “ I have  just  written Je 
Vtnois (Terri re,  44  I had  just  written;"  "Eac/nni 
“ I shall  have  done  writing.”  Yet  though  these  forms 
of  speech  serve  to  mark  given  periods  of  time,  and 
therefore  may  be  called  tenses  ; yet  they  seem  to  go 
somewhat  further,  by  including  other  notions  not 
strictly  referable  to  time.  At  all  events,  there  must 
be  a limit  to  the  combinations  which  are  distinguished 
as  tenses.  Time  is  capable  of  endless  divisions,  and 
language  would  be  infinitely  minute  in  all  its  ra- 
mifications, if  it  provided  a separate  inflection  for 
all  those  separate  modifications  of  thought  It  is  true 
that  idioms  vary  in  nothing  more  than  in  the  varieties 
of  tense,  for  which  they  provide.  Some  are  very  mea- 
gre ; others  luxuriant ; some  are  strictly  confined  to 
differences  of  time;  others  mix  up,  with  these,  a va- 
riety of  other  considerations.  Thus  the  English  Lan- 
guage marks  a distinction  unknown,  we  believe,  to 
any  other  Language,  between  the  future  of  choice  ami 
the  future  of  necessity  : and  what  is  remarkable,  that 
distinction  varies  with  the  different  persons  of  the 
tense.  “ I shall  *go”  implies  no  particular  volition, 
nor  indeed  any  thing  but  the  ccrtaiuty  of  the  event, 
“ I will  go"  implies  absolute  volition.  On  the  ollu;r 
hand,  “ you  will  go”  implies  no  volition  of  any  person. 


but  “ you  shall  go”  implies  the  volition  of  the  speaker.  Vert*. 
It  is  a striking  proof  how  much  nicety  and  difficulty  Tww*. 
there  is  in  the  peculiar  use  of  the  tenses  of  verbs,  that 
scarcely  a single  Scottish  writer,  however  eminent,  will 
be  found  to  have  accurately  observed  the  distinctions 
of  **  shall  * and  " will”  throughout  all  his  compositions. 

The  reason  is,  that  the  writers  in  question  have  from 
infancy  become  accustomed  to  the  Scottish  idiom,  and 
idiom  is  much  less  a matter  of  reasoning  than  of  habit. 

A critical  examination  of  the  idioms  regarded  as  most 
elegant,  will  show  them  to  abound  with  the  same 
pleonasms  and  ellipses,  which  are  commonly  consi- 
dered as  marks  of  rusticity  in  the  Language  of  the 
people.  The  English  idiom  above-mentioned,  how- 
ever, is  of  very  simple  explication.  It  refers  primarily 
fo  the  will  of  the  speaker.  If,  therefore,  he  says,  “ I 
will,”  it  is  to  lie  understood  that  so  far  as  his  power 
extend*,  the  action  is  to  be  performed ; but  if  ho  says 
“ I shall,”  inasmuch  as  he  indicates  no  volition  of  his 
own,  nothing  further  is  to  be  inferred  but  the  futurity 
of  the  action.  Again,  if  he  says,  44  you  shall  go,"  "he 
shall  go,”  he  intimates  a necessity;  for  the  original 
meaning  of  shall  is  that  which  is  necessary,  and  must,  or 
at  least,  ought  to  be  done,  from  the  Mtrsa^Gathic  steal* 

But  this  necessity,  beingdeclared  by  the  speaker,  relates 
to  his  will  alone.  Thus,  in  Coriolanus  : 

Sicisiva.  — — - - It  in  a mint] 

That  » AW/  remain  u punuu  when;  it  is, 

Not  miy  further. 

Coriou.su.  .VW/ remain  i* 

Ifear  you  this  Triton  of  the  minnows  ? Mark  you 
Ills  abnulute  *A .*// 1 

On  fhe  other  hand,  when  the  speaker  says,  “ you 
trill  go,"  44  he  will  go/'  he  intimates  no  will  of  his  own  ; 
ami.  therefore,  nothing  is  understood  but  the  futurity  of 
the  action.  The  proper  force  and  effect,  therefore,  of 
the  two  English  futures  may  be  thus  expressed  : 

1.  Future  compulsory.  44 1 will  go,”  i.e.  it  is  my 
will  to  go.  44  Thou  shall  go,”  i.  e.  it  is  my  will  to  com- 
pel thee  to  go.  “ He  shall  go,”  «.  e.  it  is  my  will  to 
compel  hirn  to  go. 

2.  Future  not  compulsory.  44 1 shall  go,”  t.  e.  there 
is  some  cause  compelling  me  to  go,  independently  of  my 
will.  44  Thou  wilt  go,”  i.  e.  there  is  some  cause  com- 
pelling thee  to  go,  independently  of  my  will.  44  He  will 
go/’  i.  e.  there  is  some  cause  compelling  him  to  go, 
independently  of  my  will. 

The  same  reasoning  of  course  applies  lo  the  plural 
number  as  to  the  singular;  and,  consequently,  44  we 
will  go,”  44  ye  shall  go,”  44  fhey  shall  go,”  belong  to 
the  first  kind  of  future  ; and  44  we  shall  go/'  44  ye  will 
go,”  44  they  will  go,”  belong  to  the  second.  What  we 
have  here  called  the  future  compulsory  has  sometimes 
a merely  permissive  force,  sometimes  a promis'd ve, 
and  sometimes  it  is  used  in  the  manner  of  an  impera- 
tive mood,  as  “ Thou  shall  not  steal,”  44  Thou  shall 
do  no  murder,”  for  44  steal  not,”  44  murder  not and 
this  idiom  is  found  both  in  the  Greek  and  Latin : ¥R<rttrtk 
ore  vp*7t  Ye  shall  be  therefore  perfect,  ».  e.  Be 

ye  therefore  perfect,  St.  Matt.  ch.  v.  vor.  48.  And  so 
Horace ; Inter  cuncta  leges  el  percunctahere  doc  to*. 

Lib.  i.  Epist.  18. 

To  return  from  this  digression,  we  may  observe, 
that  though  various  circumstances,  of  the  nature  of 
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Grammar,  those  which  we  have  already  pointed  out,  do,  in  fact, 
enter  into  the  composition  of  tenses  in  various  Lan- 
guages ; yet  they  do  not  properly  belong  to  the  scientific 
division  of  tenses  in  Universal  Grammar,  which  ought 
to  regard  only  distinctions  of  time,  and  not  even  those 
beyond  a certain  degree  of  minuteness  ami  complexity. 
Where  the  divisions  of  time  are  very  minute  or  com- 
plex. their  expression  rather  forms  a sentence  than  a 
word.  It  is  more  titan  the  Mind  can  eusily  grasp  or 
communicate  in  one  combiucd  form,  and  which  there- 
fore to  be  understood  requires  to  be  analyzed  into  dif- 
ferent words. 

In  a subject  which  has  undergone  such  various 
treatment  by  Grammarians,  as  the  distribution  of  tenses, 
we  are  far  from  arrogating  to  our  own  method  any  very 
superior  merit ; still  less  do  we  recommend  the  name 
which  we  have  given  to  each  tense  as  die  best  calcu- 
lated to  express  its  distinctive  character.  Instead  of  the 
perfect  and  imperfect,  some  writers  use  the  terms  abso- 
lute and  continuous ; and  what  we  have  called  positive 
and  relative,  corresponds  nearly  with  the  perfection 
and  the  plusquam  perfection, , the  futurum,  and  paulo 
post  futurum. 

The  arrangement  proposed  bj  the  learned  Mr.  Harris, 
though  differing  considerably  from  that  which  we  have 
suggested,  is,  we  must  acknowledge,  entitled  to  great 


attention  : and,  therefore,  without  going  into  all  his  Vrrh*. 

reasoning*  in  favour  of  it,  (tor  which  we  refer  to  the  Toro*. 
7th  chapter  of  the  1st  book  of  Hermes,)  we  think  it  v-“ 
right  to  state  its  general  outline. 

44  Tenses,”  he  observes,  “ are  used  to  mark  present, 

]wwt,  and  future  time,  either  indefinitely , without  refer- 
ence to  any  begiuning,  middle,  or  end;  or  else  definitely, 
in  reference  to  such  distinctions. 

44  If  indefinitely,  then  have  we  three  tenses,  called 
aorists,  (so  colled  from  the  Greek  nopt'a-roc,  undefined,  or 
unlimited,)  viz.,  an  aorist  of  die  present,  an  aorist  of  the 
past,  and  an  aorist  of  the  future. 

“ If  definitely,  then  have  we  nine  other  tenses,  viz  , 
three  to  mark  the  beginnings  of  the  present,  past,  and 
future  respectively,  three  to  denote  their  middles,  and 
three  to  denote  their  ends. 

“ The  first  three  of  these  nine  tenses  we  call  the 
inceptive  present,  the  inceptive  past,  and  the  inceptive 
future  : the  next  three,  the  middle  present,  the  middle 
past,  and  the  middle  future ; and  the  last  three  the 
completive  present,  the  completive  past,  and  the  com- 
pletive future. 

“ And  thus  there  are  in  all  twelve  tenses,  of  which 
three  denote  time  absolutely,  and  nine  denote  time 
under  its  respective  distinctions.” 


1.  Denoting  time  absolutely  and  indefinitely  : 

1.  Aorist  of  the  present,  ypedfutt,  tcribo , I write  ; 

2.  Aorist  of  the  past,  eypa^a,  script!,  I w rote  ; 

3.  Aorist  of  the  future,  7 pn\few,  scribatn , I shall  write. 

2.  Denoting  time  under  the  respective  distinctions  of  inception,  continuity,  and  completion. 

1.  Denoting  inception : 

1.  Inceptive  present,  fuWto  ypaffttir,  scripturus  turn,  I am  about  to  write  ; 

2.  Inceptive  past,  tpeXXoy  ypa^tttw,  scripturus  cram , I was  beginning  to  write; 

3.  Inceptive  future,  ptWy/to  ypdtpstd,  scripturus  cro,  1 shall  be  beginning  to  write. 

2.  Denoting  continuance: 

1.  Extended  present,  n^xavu  ypacjuov,  tcribo,  or  seribens  sum , I am  writing  : 

2.  Extended  past,  ty patftov,  or  irv tx®****,  7 pattwv,  scribebam,  I was  writing  ; 

3.  Extended  future,  teopai  yptufiwr,  scribens  ero,  I shall  be  writing. 

3.  Denoting  completion : 

1.  Completive  present,  ytyptuPm,  tcripsi,  I have  written  ; 

2.  Completive  past,  iyoypntfMtr,  scripscram , I had  done  writing ; 

3.  Completive  future,  taoutu  ytypatfMi,  scripscro,  I shall  have  done  writing. 


Whatever  arrangement  we  adopt,  we  shall  certainly 
not  find  it  fully  followed  out  in  many  Languages;  for 
while  some  have  great  varieties  of  inflection  or  con- 
struction to  express  the  different  times,  others  have 
fewer ; and  yet  it  may  happen  that  the  idiom,  which 
upon  the  whole  is  the  least  rich  in  tenses,  is  more 
minute  than  all  the  others  in  some  one  particular  dis- 
tinction. 

On  the  combination  of  tense  with  mood,  much  judi- 
cious criticism  is  to  be  found  in  various  Grammarians, 
and  particularly  in  the  Work  last  quoted,  the  Hermes 
of  Mr.  Harris,  who  has  collected  not  only  his  own  ob- 
servations, but  those  of  the  Philosophers  of  successive 
Ages ; herein  evincing  a modesty  the  more  admirable, 
when  it  is  contrasted  with  the  too  prevalent  vanity  of 
the  present  day,  by  which  every  Tyro  in  Science  and 
Literature  is  led  to  believe  himself  a luminary  arising 
to  enlighten  and  vivify  a benighted  world.  These 
self-complacent  gentlemen  often  succeed  in  drawing 
round  themselves  a little  circle  of  admirers ; and  in 
that  case  their  contempt  of  all  who  preceded  them  in 


their  own  particular  line  of  study  is  usually  unbounded. 
It  may,  perhaps,  be  useful  to  observe,  that  such  over- 
weening presumption,  as  it  proceeds  on  a great  mistake 
in  point  of  tact,  so  it  indicate*  a narrowness  of  mind 
extremely  inconsistent  with  true  genius,  or  the  power 
of  permanently  benefiting  and  delighting  mankind. 
Let  us  hear  Milton,  that  noble  ornament  of  modern 
Poetry,  speaking  of  his  predecessors,  even  the  most 
ancient : 

O ad  virgin,  that  thy  power 

Might  raise  Mi  sju  a from  hu  bower. 

And  elsewhere : 

■ ■ Nor  sometimes  forget 

Those  other  two  equal'd  with  roc  in  fate 
(Su  were  I egmaT  d trith  them  in  renown  f) 

Blind  Tmawviuh,  and  blind  MatONtnaa. 

And  again : 

/F.olian  charm*,  and  Dorian  lyric  odes, 

And  his  who  gave  them  breath,  but  higher  tang, 

Blind  Meletigvnm,  thence  Hunt*  call'd. 

On  the  other  hand,  we  are  certainly  taught  a very 
1 2 
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Grammar,  different  mode  of  estimating  ancient  and  modern  Poets 
by  tlie  too  well  known  Philosopher  of  Sans  Souci. 

Ah  ! dans  eft  jours,  o«i  noire  hrureur  , letlin 

Nous  <i  fount,  pour  etTucrr  Ilom^re, 

Vn  Apollon  plus  vif,  ft  plus  hr  Ulan  t ; 

Comment  prut***,  ru  pone  Until  f'tUtaire, 

Arfr  dr 'lain,  regrriier  un  mitanl 

C*  twux  bavard  ? 

It  would  be  somewhat  curious  to  form  a list  of  the 
modern  writers  who  have  been  characterised  by  their 
admirers,  or  by  themselves  (which  is  still  more  fre- 
quently the  case)  as  being  absolute  inventors  in  the. 
different  branches  of  Science  and  Literature  : and  the 
best  commentary  on  such  a list  would  be  another, 
somewhat  more  difficult  indeed  to  make  out,  which 
should  contain  the  discoveries,  or  even  improvements, 
for  which  the  World  is  really  indebted  to  these,  its  sup- 
posed enlighteners  and  guides.  In  Grammar,  we  have 
been  told  that  u certain  writer  of  recent  date  dispelled, 
4‘  by  a single  electric  flash  of  genius,"  the  obscurity 
which  hung  over  the  whole  Science.  It  is  the  duty  of 
the  Encyclopaedist  to  correct  such  errors  in  point  of 
fact,  and  to  expose  such  absurdity  in  point  of  opinion. 
In  Physical  Science  there  may  be  discoveries  which  go 
to  alter  much  of  our  general  reasoning  on  all  subjects 
connected  with  those  discoveries.  Substances  altogether 
unknown,  organizations  never  before  suspected  to  exist, 
may  be  rendered  obvious  by  experiment  But  in  the 
Sciences  which  depend  on  a knowledge  of  the  Human 
Mind,  it  is  altogether  weak  and  ahsurd  to  suppose  that 
any  such  cuuse  of  sudden  and  total  improvement  can 
exist.  By  industry  and  attention,  we  may,  perhaps,  be 
euabled  to  methodize  some  portions  of  every  such  Science 
better,  or  even  to  correct,  in  some  degree,  their  general 
arrangement;  but  we  cannot  possibly  find  in  them  any 
one  topic  which  has  not  been  admirably  handled  by 
some  Philosopher,  ancient  or  modem  ; and  as  to  the 
great  leading  systematic  Principles  on  which  they  re- 
spectively depend,  these  will  generally  be  found  to  have 
been  established  from  the  highest  antiquity.  The  illus- 
trations of  Particular  Grammar,  it  is  true,  arc  of  the 
nature  of  Physical  Science,  for  they  depend  on  the 
comparison  of  numerous  Dialects,  aucieut  and  modern, 
some  of  which  are  to  this  day  unknown  to  the  civilized 
and  studious  World,  and  others  remain  in  a great  mea- 
sure buried  iu  the  dust  of  antiquarian  records.  The 
Etymologist,  therefore,  may  possibly  discover  some 
facts  affording  an  important  clue  to  discoveries  beyond 
the  Attainment  of  Plato  or  Aristotle ; us,  for  instance, 
those  which  may  hereafter  explain  the  confusion  of 
.Languages,  or  the  dispersion  of  the  different  families  of 
mankind  over  the  face  of  the  Earth  ; nor  are  we  ut  all 
inclined  to  undervalue  the  Etymological  studies  of 
modem  writers,  and  particularly  of  the  late  Mr.  Tookc; 
but  it  is  material  to  observe,  that  whatever  they  arc, 
they  belong  less  to  the  Philosophy  of  language  than  to 
its  History.  Again,  that  part  of  Grammar  which  relates 
universally  to  what  we  have  called  the  matter  of  Lan- 
guage, that  is,  to  the  construction  and  use  of  the  organs 
employed  to  effect  a communication  of  the  Mind,  is  evi- 
dently Physical,  and  of  course  follows  the  common 
laws  of  Physical  Science.  In  this,  therefore,  we  may 
possibly  look  for  discoveries,  affecting  in  a very 
great  measure  the  whole  system  of  such  communi- 
cation. In  this  view,  the  formation  of  a Common 
Alphabet  for  all  nations,  or  of  a Real  Character,  or  even 


of  an  Universal  Language,  is  not  beyond  the  bounds  of  Verb*, 
rational  hope  or  expectation,  and,  if  ever  attained  Tense, 
may  be  the  result  of  some  great,  and  jicrhaps  sudden 
improvement  in  this  part  of  Grammatical  Science  ; nor 
while  wc  are  speaking  on  this  subject,  should  we  neglect 
the  opportunity  of  paving  a deserved  tribute  of  respect 
to  the  memory  of  that  excellent  man,  Bishop  Wilkins, 
whose  Essay  towards  a Real  Character,  and  a Philoso- 
phical Language,  first  published  in  1668,  is  beyond 
compare  the  most  ingenious  Work  of  the  kind  which 
has  ever  fallen  under  our  observation.  But  the  Pure 
Science  of  Grammar,  however  it  may  lend  its  aid  to  any 
of  the  discoveries  here  spoken  of,  cannot  receive  from 
them  any  great  or  important  improvement ; for  its  Prin- 
ciples, as  we  have  abundantly  shown,  are  founded  on 
the  operations  of  the  Human  Mind,  and  certainly  the 
Human  Mind  was  understood,  and  all  its  principal 
functions  developed  and  explained  by  the  Philosopher* 
of  ancient  Greece  and  Rome,  with  far  more  clearness, 
depth,  and  precision,  than  they  have  been  by  any  writer 
in  France  or  England  within  the  last  fifty  years.  The 
ancient  Grammarians  were  formed  in  the  Schools  of 
ancient  Philosophy,  and  were  themselves  Philosophers 
of  no  mean  rank.  Such  a person  was  Apollonius  of 
Alexandria,  surnamed  Aooko'Xot,  or  “ the  difficult," 
whose  four  books  Ttpi  “ on  Syntax,"  arc 

considered  to  be  the  most  Philosophical  of  any  extant 
on  the  Greek  Language.  He  himself  says  he  composed 
them,  utra  xaenjt  uKptficiai,  “ with  all  possible  accuracy." 
Paiscian,  who  professes  to  make  him  his  chief  guide, 
says  of  his  Dissertations,  quid  Apollonii  tcmpulosi $ 
qu  test  ion  thus  enucleatius  postil  inrmiri  ? The  cele- 
brated Theodore  Gaea  confesses  that  he  owes  to  him 
almost  every  thing.  The  learned  Thomas  Linacea 
follows  him,  as  it  were,  step  by  step.  And  lastly,  Harris, 
who  quotes  him  liberally  throughout  the  whole  of 
Ucrmet,  declares  him  to  be  “ one  of  the  acutest  authors 
that  ever  wrote  on  the  subject  of  Grammar."  In  thus 
tracing  the  literary  genealogy  of  Grammatical  authori- 
ties, we  at  once  prove  their  present  title  to  respect, 
and  show  that  it  could  not  have  subsisted  through  so 
many  centuries,  if  it  had  not  been  originally  founded 
on  superior  talent  and  ability.  When,  therefore,  we 
find  un  author  like  Apollonius  employing  much  learning 
on  the  illustration  of  the  tenses,  and  their  combination 
with  the  different  moods,  we  are  not  to  be  persuaded 
that  auch  speculations  are  wholly  trifling  or  useless  to 
those  who  would  obtain  a perfect  acquaintance  with 
the  Science  of  Grammar. 

Now  Apollonius  observing  on  the  connection  which 
we  have  already  noticed  between  the  future  tense  and 
the  imperative  mood,  satisfactorily  explains  why  in  most 
Languages  there  is  not  a distinct  form  for  the  future 
tense  of  that  mood.  The  reason  is  that  all  imperative* 
are  in  their  nature  futures;  for  thus  argues  Apollo- 
nius ; *£*(  yap  ft q -ftt'Ofu  rvi*  ij  ut)  ycyovoatui)  llpotnagu' 

TU  if  ptj  '■(trout ru  Ij  pq  ycyeuora,  rrtTij&tioxijTa  cl  c^ovra 

to  taeaOat  MtWoKrov  wti.  “A  command  has  respect 
to  those  things  which  either  arc  not  doing  or  have 
not  yet  been  done.  But  those  things  which  being  not 
now  doing,  or  having  not  yet  been  done,  have  a natural 
aptitude  to  exist  hereafter,  may  be  property  said  to  ap- 
pertain to  the  future And  again  he  says,  "AffaeTa  vd 
■wpoeneiKusa  tyktifurijo  rr/v  roJ/a’Uom*  ItnOtatv 

yap  if*  l&tf  €ori  to,  6 rvpauvomorqaav  rifiacOa?, 

Tip  rtfiqOqoirm,  cava  rrju  xporuv  kuvoiav'  t ij  tKscXtacs 
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Onmmir.  t«XXax&*i  ro0o  70  per  vpotrrantKov,  to  it  o/nirtiKoe.  “All 
imperative  have  a disposition  within  them  which  regards 
the  future.  With  regard  to  time,  therefore,  it  is  the  same 
thing  to  soy.  Let  him  that  kith  a tyrant  be  honoured,  as 
to  say,  He  that  kith  a tyrant  shall  be  honoured ; the  dif- 
ference being  only  in  the  mood,  inasmuch  as  the  one  is 
imperative,  the  other  indicative So  Priscian  shows 
the  connection  of  the  imperative  with  the  future. — 
Impcrativus  vero  prtrsens,  et  futurum  (tempos)  fiaturali 
qua  dam  necessitate  videtur  posse  accipere.  La  enim 
imperamus , qi/rr  vet  in  prrtsenti  statim  volumus fieri , tint 
aliqud  dilatione , vel  in  future.  “ The  imperative  (mood) 
seems  to  receive  the  present  and  the  future  (tense)  by  a 
certain  natural  necessity  ; for,  we  command  those  things 
which  we  wish  to  he  done,  either  immediately  at  pre- 
sent, without  any  delay,  or  in  future."  From  this 
reasoning,  it  is  plain  that  the  present  tense  of  the  im- 
perative mood  is  o present  inceptive,  looking  necessa- 
rily to  a continuance  or  completion  in  futurity.  It  is 
really  present  only  to  the  speaker,  but  as  to  the  person 
addressed,  it  is  a future,  either  immediate  or  prospec- 
tive. Thus,  when  Lear  cautions  Kent  uot  to  interfere 
between  him  and  his  anger  to  Cordelia,  the  will  and 
the  act  are  closely  conjoined  : 

Come  not  between  the  dragon  and  hii  wrath ! 

But  when  he  imprecates  curses  on  his  unnatural  aud 
cruel  daughters,  the  object  of  his  prayer  is  one  which 
cannot  take  effect  till  a far  distant  period,  and  which 
may  continue  for  a long  course  of  ycum  : 

If  she  must  teem. 

Create  her  child  of  aideen,  that  it  may  lire 
And  be  a thwart,  disaatur’d  torment  to  her  ; 

1st  it  stamp  wrinkles  on  her  brow  of  youth, 

With  cadent  tears  fret  channels  in  her  chirks, 

Turn  a'l  her  mother's  pains  and  benefits 
To  laughter  and  contempt 

In  the  nature  of  things  there  is  no  reason  why  any 
particular  idiom  should  not  have  a distinct  form  of 
imperative  for  the  proximate  and  distant  future  ; ex- 
cept that  in  general  usage,  the  gradations  might  l>c  so 
minute  as  not  easily  to  lie  distinguishable ; aud  that  as 
some  degree  of  futurity  is  necessarily  implied  in  every 
present  command,  any  fixed  barrier,  separating  the 
nearer  from  the  more  distant,  and  assigning  one  form 
of  tense  to  the  one,  and  another  to  the  other,  must  be 
purely  arbitrary. 

From  what  has  been  said  it  might  perhaps  be  inferred 
that  the  imperative  mood  could  not  in  any  case  admit 
of  combination  with  a past  time ; but  this  would  be 
incorrect,  for  the  Mind  cun  throw  itself  forward,  as  it 
were,  into  futurity,  and  so  command  an  action  to  be 
past.  We  cannot  by  our  will  alter  that  which  is  past 
at  the  moment  of  our  speaking,  but  we  can  command 
that  at  a future  moment  it  shall  have  been  done  : and  it 
is  thus  that  Apollonius  distinguishes  between  the  im- 
peratives present,  and  the  imperatives  past  in  Greek. 
Thus  in  explaining  the  different  force  of  neawiiru)  Tat 
npTtXovt,  “ set  about  digging  the  vines,”  and  anayparm 
nit  ips eW*,  **  get  the  vines  dug,"  he  says  the  first  is 
spoken  its  vapiiaotv,  by  way  of  extension  or  allowance 
of  time  for  the  work,  the  other  ei*  ovirrtXsttcaiv,  with  a 
view  to  immediate  completion.  And  elsewhere  explain- 
ing the  difference  of  these  tenses  and  osatyov,  he 

aayS'Of  the  latter  ov  povov  to  pij  ^fropsvoe  rpoaraoati 
o\\o  cai  to  ymope uov  its  vaparaet « izayopsust,  “ it  not 


only  commands  something  which  has  not  yet  been  done ; Vert*, 
but  it  forbids  also  that  which  is  now  doing  in  a slow  Ten*r. 
and  tedious  progress."  Therefore,  if  a person  is 
writing  slowly,  to  say  to  him,  7/>o0e,  “write,"  would 
be  unmeaning;  for  that  he  is  already  doing:  but  to 
say,  7 ptyov,  “get  your  writing  done,"  would  be,  in 
fact,  to  forbid  that  tedious  inode  of  writing  which  he 
was  pursuing.  In  this  explanation  of  tin*  imperative 
past  tenses,  Apollonius  is  followed  by  Priscian,  who 
says,  A pud  (irtreos  etiam  prtelertti  temper  it  sunt  impera- 
tiva  ; quamvis  ipia  quoque  ad  futuri  tern  par  is  sermon 
jtert  ineant ; ut  avetpfiqrsg  t^Xo,  a pert  a sit  porta.  Videtur 
enim  imjxrarc  ut  in  futuro  tempore  sit  prttieritum  ; ut 
si  dicam,  aperi  nunc  portam,  ut  crastino  sit  aperta. 

" The  Greeks  possessed  even  imperatives  of  past  time  ; 
although  these  also  belong  to  a sense  of  future  time  ; 
as,  o^'fX&yTtu  i An,  ‘let  the  door  be  opened:'  for 
Uiis  expression  seems  to  command  dial  at  a future 
time  the  action  may  be  post;  as  if  I were  to  say, 
open  the  door  now,  in  order  that  it  may  be  open  to- 
morrow." And  the  inference  which  he  druws  from  tins 
reasoning  is  not  less  remarkable  nor  less  correct.  Ergo 
nos  quoque  potsumus  in  passivis,  ret  in  aliis  passivam 
deei inalionem  hahmtibus,  uti  preeterito  tempore  imptra- 
tici,  conjungenUs  participium  prreteriti  cum  verbo  im- 
perative pr  resent  is,  vel  futuri  temporis ; ut  amatus  sit, 
vel  esto,  r*0iXiy*0ri' ; doctus  sit,  vet  rsto,  l.Uiin\9se  ; clattsut 
sit,  vel  esto,  steXuaOtr.  “ Therefore,  even  in  passives, 
or  in  words  having  a passive  conjugation,  we  nmy  use 
a past  tense  imperative,  by  joining  the  participle  past 
with  tlie  imperative  verb  of  present  or  future  time  ; as 
amatus  tit , or  rsto,  w«0< Xt/efia  ; doctus  sit,  or  esto,  cth- 
(axOie;  c/ausus  si/,  or  e*to,  sricXcieOtv."  It  is  objected 
that  these  are  not  tenses  but  combinations  of  words; 
to  which  Vossius  justly  replies  thnt  such  combinations 
are  uniformly  admitted  to  be  tenses  in  the  indicative 
and  subjunctive  moods;  and  consequently  they  may 
l>c  so  in  the  imperative.  Either,  therefore,  says  he, 
we  should  always  reject  those  periphrastic  modes 
of  expression  from  among  the  tenses,  or  we  should 
allow  this  diversity  of  tense  to  the  imperative.  In 
many  Languages,  and  particularly  in  the  English,  to 
adopt  the  former  alternative  would  be  to  say.  thnt 
our  Language  wns  almost  wholly  destitute  of  tenses ; 
but  we,  who  have  all  along  regarded  Grammatical  dis- 
tinctions principally  with  reference  to  signification, 
must  certainly  admit,  that  the  modification  of  the  as- 
sertion, in  regard  to  time,  whether  it  be  effected  by  a 
change  of  accentuation  or  quantity  in  the  syllable,  or 
by  a syllable  prefixed,  interposed,  or  adjoined;  or, 
lastly,  by  some  combination  of  distinct  words,  is  to  be 
regarded  as  a tense.  We  are  not  ignorant  that,  in  all 
our  English  compound  tenses,  the  auxiliary  verb  ori- 
ginally performed  a more  leading  part  in  the  combina- 
tion, and  the  verb  now  considered  as  principal  was 
used  in  the  infinitive,  being  regarded,  in  the  common 
Grammatical  phrase,  as  “ the  latter  of  two  verba.” 

Thus  Chaucer, 

Quoth  then  Craw ido  kW  ye  Jo*  o thing  ? 

That  is,  *'  will  you  do  one  thing?” 

And  so, 

Than  khmililcat  never  out  thin  grove  pace, 

That  thou  ue  sJsmtdett  diem  of  mine  hood.  1 

That  is,  '*  shouldcst  die.” 
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Grammar.  But  to  the  general  purpose*  of  Grammatical  Science  it 
is  of’  little  import  how  the  tense  came  to  be  originally 
formed.  It  suffices,  that  at  present  the  former  verb 
acta  merely  sis  auxiliary  to  the  latter,  which  indeed,  in 
modem  use,  ha*  even  laid  aside  its  infinitive  termina- 
tion, in  order  to  coalesce,  as  it  were,  more  intimately 
with  the  other  clement  of  the  tense  thus  formed  by 
their  combination. 

It  is  true  that  all  our  auxiliaries  do  not  simply 
signify  lime.  Indeed  none  of  them  do  so  properly; 
for  A arc,  the  auxiliary  of  past  time,  properly  signifies 
possession ; because  we  cannot  properly  be  said  to 
possess  tin  act  until  it  is  past ; so,  will  implies  futurity, 
because  volition  regards  only  that  which  is  not  yet 
in  being.  In  like  manner,  may,  can , mud,  &c.  do  not 
in  theimclves  imply  time,  except  with  reference  to  the 
conjunctive  mood.  Hence  Yassins  has  observed,  that 
what  is  commonly  called  the  present  conjunctive  has  in 
some  instances  a future  import ; as,  when  C'iccro  says, 
in  one  of  his  Epistles  to  Atticus,  Est  mihi  pneripua 
causa  manendi ; dc  qua  utinam  atiquando  tecum  loquar. 
" I have  a particular  reason  for  staying  here,  concerning 
which  I hope  I may  Joins  time  or  other  talk  to  you  ;H 
where  utinam  loquar , “ I hops  I may  talk,"  relates  entirely 
to  a future  time.  It  is  needless  here  to  follow  the 
numerous  ami  minute  remarks  of  many  learned  critics 
on  the  mixed  or  variable  times  which  are  expressed  by 
all  the  conjunctive  tenses.  Suffice  it  to  say,  that  the 
combination  of  any  mood  which  implies  contingency 
or  futurity,  with  a tense,  referring  to  present  or  past  time, 
must  necessarily  affect  the  expression  of  time,  and, 
consequently,  that  in  this  respect,  the  tenses  of  the 
indicative  must  differ  from  the  analogous  tenses  in  any 
other  mood.  As,  therefore,  in  nouns,  the  term  gender, 
originalty  used  to  express  the  mere  distinction  of  sex, 
has  been  applied  in  use  to  distinguish  large  classes 
of  word*  from  each  other,  with  reference  only  to  their 
terminations ; so  in  verbs  the  word  tense,  originally 
meaning  the  expression  of  time  alone,  has  been  also 
used  in  most  Grammars  to  express  that  idea  in  combi- 
nation with  the  others  which  we  have  noticed. 

Person.  Wc  come  next  to  a qualify  usually  attributed  (o  the 
verb,  but  certainly  not  necessary  to  be  combined  with 
it  in  the  same  word,  namely,  Person.  The  difference 
of  person  peculiarly  belongs  to  the  pronoun,  and  has 
been  sufficiently  explained  in  treating  of  that  Part  of 
speech.  In  many  Languages  the  person  is  necessarily 
expressed  by  a pronoun.  This  is  universally  the  case 
in  the  Chinese,  for  the  verb  being  alike  in  all  the 
persons,  it  would  be  impossible  to  distinguish  one 
from  the  other  without  the  addition  of  some  other 
word.  The  three  persons  singular  of  the  present  tense 
run  thus: 

Ngo  Ngai,  I love  ; 

Ni  Ngai,  Thou  l o vest ; 

Ta  Ngai,  He  loves. 

And  the  same  occurs  in  the  other  tenses,  and  in  the 
plural  number. 

In  English  we  find  it  partially  the  case  ; for  though 
in  the  singular  we  have  three  distinctions  of  person  in 
the  present,  as  “ I love,”  “ thou  Invest,”  41  he  loves.” 
and  two  in  the  past,  as  44 1 loved,”  44  thou  lovcdst.” 
yet  in  all  other  parts  (with  the  exception  of  the  irregular 
to  be)  the  verb  remains  unaltered.  Nor  does  this 
arise  from  any  peculiarity  in  the  original  genius  of  our 
Language,  for  the  more  ancient  Dialects  from  which  it 


is  derived,  abounded  with  personal  terminations.  Now  Verbs 
those  terminations,  it  is  very  manifest,  were,  in  their  Pusoo, 
origin,  nothing  more  than  the  pronouns  themselves, 
which,  in  process  of  time,  coalesced  with  the  expression 
of  conception,  assertion,  ami  lime,  and  so  formed  words, 
signifying  at  once  all  these  different  circumstances, 
together  w ith  the  additional  distinction  of  person. 

The  English  Language  is  chiefly  derived  from  two 
sources,  the  Anglo-Saxon  and  the  I -at  in.  of  which  tins 
former  is  related  to  the  Meso-Gothic.  and  the  latter 
to  the  Greek:  and  it  is  remarkable  that  all  these  four 
Dialects  bear  a great  resemblance  in  the  manner  in 
which  they  express  the  persons  of  the  verb ; as  will 
appear  by  inspection  of  the  following  Table  of  the 
present  tense : 


Cii.lhic. 

Saxon. 

Latin. 

Grevk. 

1 

f 1st  person 

a 

1 e 

eo 

1 ° 

Sing.  J 



uis 

est 

fS 

ris 

i 

[3d  . . . . : 

aith 

aih 

et 

ei 

1 

r 1 st  person 

a in 

omen 

Dual,  -i 

■M 

os 

don 

i 

l/M  

ats  ( 

eton 

1 

\ 1 st  person 

am 

ath 

emus 

omen 

Plural.  J 



aith 

ath 

i ctis  i 

I cte 

1 

[a«l  

and  j 

ath  i 

i ent 

1 Olltl* 

The  similarity  continues  through  the  other  tenses  ; and 
in  all  it  is  manifest,  that  the  personal  termination  is 
the  personal  pronoun.  We  mention  this  circumstance, 
connected  rather  with  the  Etymology  than  with  the 
Philosophy  of  Language,  portly  in  illustration  of  the 
general  doctrine  of  personality  in  verbs,  and  partly  to 
account  for  some  circumstances  which  have  given  oc- 
casion for  dispute,  on  this  subject,  among  Grammatical 
writers.  Thus,  for  instance,  we  see  why,  in  the  Greek 
and  Latin  Tongues,  the  two  principal  pronouns,  that 
is  to  say,  those  of  the  first  and  second  person,  ego  and 
tu,  are  never  used  but  for  emphasis,  or  else,  where  the 
verb  is  omitted.  For  the  former  reason,  Virgil  says. 

No*  palriam  /itgimtu,  TV  7T tyre,  trntui  in  umbril, 

fdiiwtM  momare  doer*  A mo  ry /Ada  i y/vat. 

For  the  latter  reason,  Juvenal  thus  expresses  him 
self ; 

Semper  eoo  auditor  fax  tint,  nvnquamnc  repmam  t 
It  was  necessary  for  Virgil  to  express,  emphatically, 
the  opposition  between  the  different  lot  of  the  two 
shepherds:  and,  therefore,  though  this  opposition 
would,  to  a certain  degree,  have  been  manifested  by 
the  mere  words  patriam  j'ugimus,  and  doers  resonare  ; 
yet,  for  Poetic  effect,  it  became  necessary  to  odd  the 
emphatic  words  nos  and  tu.  In  like  manner,  the  Atys 
of  Catullus  exclaims,  in  the  extremity  of  passionate 
regret, 

Eoo  gym  Ham  /mi  Jlot,  boo  cram  deeui  o/ri  / 

III  the  line  above  quoted  from  Juvenal,  we  see  that 
there  is  a necessity  to  express  ego  before  auditor , be- 
cause the  verb  ero  is  wanting ; but  there  is  no  neces- 
sity for  expressing  it  before  reponam,  because  it  is 
involved  in  the  termination  of  that  word.  The  same 
thing,  indeed,  is  true  of  the  third  person,  so  far  as 
respects  merely  the  pronoun ; for  the  verbal  termina- 
tion et,  at,  or  it,  is  undoubtedly  the  same  as  the  pro- 
noun id,  or  iste:  and  therefore  the  pronoun  of  the  third 

• Omti  is  die  more  ancient,  outt  the  more  modem  termination  of 
this  person,  in  Greek. 
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Grammar,  person  is  never  expressed!  but  for  ilie  sake  of  distinction 
^ or  emphasis  any  more  than  those  of  the  first  and  second 
persons.  Thus,  Virgil  says, 

■ ■■  — — Amp/exns  » ati  CtTHRRR*  prtivit  f 
Anna  sub  adrrrsd  pot  ml  radianlia  quercu. 

Ii.i.k  Drat  donit  el  tnnto  hr  tut  honor* 

Erpleri  nrr/uit,  uftjue  ocuA*  prr  singula  ro/ri/, 

Ahnrturqur,  mterque  mattut  et  brurhin  renal. 

Here  Ille  is  necessarily  expressed  to  distinguish  the 
agent  of  the  verb  nequit  from  Cytherea,  the  agent  of 
the  verb  peiivti ; but  that  distinction  being  once  made, 
the  verb*  colvtt,  miraiur,  and  vertat,  are  employed 
without  a nominative  expressed. 

Again,  the  same  author  says. 

Arcades  his  oris  genus  a Patton!  e pmfrrtum 

Drlrgrre  locum,  el  posnere  in  moa/iAhi  orb* m. 

Ill  Ml  am  asst  due  ducunl  cum  genie  Lattni  ; 

Hoi  cast  ns  a dAsbe  OOCtOS. 

Where  Hi  in  the  nominative,  and  Hos  in  the  accusa- 
tive, are  used  emphatically ; and  the  former  without 
necessity,  so  far  as  mere  intelligibility  is  concerned ; 
for  the  verb  ducunt  alone  would  have  sufficiently  indi- 
cated that  the  Arcadians  were  the  persons  who  warred 
against  the  Latins. 

Impw-  Some  verbs  are  called  impersonal,  a name  which 

touala.  only  seems  to  mean  that  they  are  not  usually  conju- 
gated with  distinction  of  persons,  but  remain  always 
in  the  form  of  the  third  person.  If  they  hud  no  other 
peculiarity  than  that  from  which  their  name  is  derived, 
it  might  not  lie  necessary  to  notice  them  in  a Treatise 
on  Universal  Grammar;  but,  in  truth,  they  are  con- 
structed on  a Principle  different  from  that  which 
has  been  already  explained  in  reference  to  person. 
The  impersonuls  are  of  two  kinds,  active  and  neuter. 
By  active  we  mean  those  which  require  an  object,  as 
“ it  grieves  me,”  “ it  pains  me,"  miser  el  me,  decet  me, 
Ac. ; by  neuter  we  mean  those  verbs  of  which  the 
action  terminates  in  itself,  as  “it  rains,  “it  snows,”  “ it 
is  hot,”  “it  is  cold  the  Latin  pluit,  the  French  il fait 
chaud , the  Itulian  fa  freddo,  the  German  cs  donnert, 
es  friert , Ac.  In  all  these  instances  the  verb  contains  a 
mere  assertion  of  the  existence  of  the  conception ; but 
does  not  indicate  any  agent.  These  verbs  have  been 
sometimes  explained  as  agreeing  with  a nominative 
implied  in  them  : thus  pudet  is  said  to  be  a verb  agree- 
ing with  the  implied  nominative  pudor , as  if  the  meaning 
were,  “ shame  shames  me but  this  is  perhaps  rather 
a formal  than  a substantial  explanation.  Pudet  in 
reality  contains,  and  does  not  merely  imply  the  noun 
pudor:  it  expresses  the  same  conception  as  the  noun, 
and  asserts  its  existence.  It  is  therefore  rather  of  the 
nature  of  a verb  substantive,  than  of  a verb  active  ; 
and  though,  in  some  idioms,  a nominative  is  expressed, 
yet  in  reality  that  nominative  is  superfluous,  or,  at 
most,  is  only  introduced  to  keep  up  the  general 
analogy  of  the  Language.  The  nominative  it  in  the 
English  Language,  and  it  in  French,  have  no  dis- 
tinct reference  to  any  conception.  They  are  pronouns, 
which  do  not  stand  for  any  noun.  If  any  one 
should  say,  “ It  rains,”  we  cannot,  os  in  the  common 
case,  where  a distinct  nominative  is  expressed,  ask 
“what  rains?’  for  the  answer  would  only  be  it;  and 
if  we  were  then  to  ask,  “ what  is  it  ?”  we  must  be 
lefl  without  any  answer.  Hence,  in  translation,  the 
nominative  it  is  often  lost.  We  do  not  sav,  in  Latin, 
Hoc  piuit ; nor  in  Greek,  TOYTO  -xptj ; nor  in 


Italian,  Egli  fa  freddo.  The  proper  notion  of  an  im-  Verba 
personal  verb,  therefore,  is,  that  it  expresses  action  Number, 
w ithout  expressing  an  agent.  Many  such  forms  exist 
in  Language.  The  French  on  dit , is  of  the  nature  of 
on  impersonal ; so  are  the  English  “they  say;”  the  Ita- 
lian si  dice;  the  Spanish  se  cuenta ; the  English  “me- 
thinks;”  the  German  mich  d&nkt ; the  Portuguese  basla^ 
partce , con  vetn,  tuerde,  Ac. 

Where  the  object  of  an  impersonal  is  expressed,  as 
“ it  grieves  me,"  the  sense  may  be  rendered  by  a pas- 
sive verb,  of  which  that  object  is  the  nominative,  as, 

“ I am  grieved  ;**  and,  on  the  other  hand,  the  Latin 
Language  admits  of  passive  impersonals,  followed  by 
a dative  or  ablative,  which  are  equivalent  to  personal 
verbs  active  : as  in  Livy.  Romam  frequenter  nugratum 
eat  a parentibus  raplarum  ; for  parentes  rapiarum  mi - 
graverunl.  Where  the  impersonal  is  the  former  of  two 
verbs,  (according  to  the  common  mode  of  speaking,) 
the  latter  being  in  the  infinitive  mood,  the  proper  con- 
struction is  to  regard  the  infinitive  as  a noun  form- 
ing the  nominative  to  the  verb,  which,  consequently,  is 
not  an  impersonal,  but  a personal.  Thus,  in  the  sen- 
tence, Du  Ice  et  decorum  eat  pro  palrid  mori ; when 
rendered  into  English,  “ It  is  sweet  and  seemly  to  die 
for  our  Country  , the  nominative  it  does  not  properly 
render  the  verb  it  an  impersonal,  because  it  relates  to 
a definite  conception,  which  is  afterwards  expressed, 
and  which  renders  the  verb  personal.  Hence,  in  all 
such  sentences,  the  word  it  is  superfluous,  and  mn)  he 
got  rid  of  by  mere  transposition ; thus,  “to  die  for  one’s 
Country  is  sweet  and  seemly;*’  or,  it  may  be  said  to 
answer  to  the  emphatic  word  that,  if  the  sentence  were 
turned  as  follows : “ To  die  for  one’s  Country,  that  is 
sweet  and  seemly.” 

It  has  been  contended  that  many  of  the  Latin  imper- 
sonals are  not  really  so,  because  they  may  he  used  as 
personals.  Thus  Horace  repeatedly  uses  decet  in  the 
plural,  as, 

- — Trisha  our  it  urn 

/ ullun  verba  decent. 

So  Ovid, 

Nee  dominam  w ■>/*•’  detkeuere  o-our. 

In  these  instances,  however,  the  verbs  really  become 
personals : and  as  we  have  before  seen  that  the  same 
verb  is  often  of  different  kinds,  being  sometimes  used 
os  an  active,  and  sometimes  as  a neuter,  so  there  is 
nothing  but  the  idiom  of  a particular  Language  to  pre- 
vent the  same  verb  from  being  used  sometimes  as  a 
personal,  and  sometimes  as  an  impersonal.  The  im- 
personal neuter  may,  in  like  manner,  be  used  as  an 
active  ; for,  as  Scaliger  has  observed,  we  may  say 
pluit  sanguinem  et  lap  ides,  and,  indeed,  pluit  is  even  used 
with  a nominative,  (Gen.  xix.  v.  24.)  Dominut  pluit 
super  Sodomant  et  Gomorrham  sulphur  et  ignem. 

The  expression  of  Number  is  another  accidental  Number, 
quality  of  the  verb,  which  belongs  to  it  not  as  a verb, 
but  in  so  far  as  it  may  be  combined  with  the  expression 
of  person.  It  is,  therefore,  like  the  same  quality  in 
the  adjective,  a mere  method  of  connecting  it  in  "con- 
struction with  the  noun  substantive,  or  pronoun  which 
forms  its  nominative.  Accordingly,  it  applies  to  verbs 
in  the  same  manner  as  it  does  to  nouns  and  pronouns. 

When  they  admit  a dual  number,  as  in  Sanscrit,  Arabic, 
and  Greek,  the  verb  admits  the  same;  when  they  do 
not,  it  has  only  a singular  and  a plural.  Indeed,  the 
mutter  could  not  well  be  otherwise,  since  wc  have 
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Grammar.  seen  that  the  personal  terminations  of  the  verb  are 
really  the  pronoun*  themselves  coalescing  with  it. 
The  verb  is  equally  said  to  be  in  the  singular  or 
plural,  whether  it  has  or  has  not  distinct  terminations 
appropriated  to  those  different  numbers  ; we  call  “ I 
love”  singular,  and  “we  love”  plural;  but  it  is  mani- 
fest, that  in  all  such  instances  the  expression  of  number 
exists  only  in  the  pronoun,  and  is  imputed  to  the  verb 
by  Grammarians  quite  gratuitously.  These  are  ques- 
tions of  Particular  Grammar  : all  that  can  be  laid  down 
on  the  subject,  as  a rule  of  Universal  Grammar,  is,  that 
as  on  the  one  hand  there  is  nothing  in  the  peculiar 
nature  of  the  verb  which  involves  the  idea  of  number, 
so  there  is  nothing  in  the  idea  of  number  which  am 
prevent  it  from  being  combined  with  the  verb,  where 
the  genius  of  the  Language  permits  such  u union. 

Geixk-r.  Since  the  verb,  by  means  of  its  connection  with  the 
pronoun,  admits  person  and  number,  there  is  no  reason 
why  it  should  not  uIm>  admit  Gender;  and,  in  fact,  this 
distinction  obtains  in  the  Arabic,  the  Etiliupic,  and 
some  other  Languages.  It  is,  however,  rare ; and  as 
gender  properly  belongs  only  to  nouns,  or  pronouns 
substantive,  with  respect  to  which  it  has  been  already 
discussed,  wc  need  not  here  pursue  the  investigation. 
f.  - Some  writers  contend,  that  the  verb,  us  expressing 
huh.  ' au  attribute,  is  capable  of  comparison  ; nor  does  it 
appear  that  this  can  be  gainsaid,  if  we  regard  only  the 
attributive  nature  of  the  verb.  There  are,  indeed,  cer- 
tain attributes,  as  has  been  already  observed,  which 
are  not  intensive ; and  those  of  course  cannot  admit 
degrees  of  comparison  ; neither  can  the  assertive  power 
he  compared : for  the  verb  must  either  assert  a thing 
to  exist  or  not  to  exist.  On  the  other  hand,  verbs 
may  he  compounded  with  conceptions  implying  com- 
parison. as  “to  outdo,”  "to  overtake,”  tube. Me,  su- 
prrtae,  ike.  They  may  too,  in  general,  be  compared  by 
means  of  the  adverbs  of  comparison,  more,  most,  lets, 
least,  ilc. ; but  we  are  not  aware  that  it  has  been  at- 
tempted, in  any  Language,  to  combine  in  one  and  the 
same  word  llie  assertive  power  with  the  comparative. 
It  is  not  easy  to  conceive  any  form  of  verb  which  in 
itself  would  express  the  degrees  of  comparison ; and 
the  reason  probably  is.  that  tliough  the  mere  qualities  of 
substance  may  be  simply  intensive,  yet  actions  are  inten- 
sive in  various  modes,  as  well  as  in  various  degrees.  Of 
different  substances,  concerning  which  whiteness  can  be 
predicated,  some  may  be  more  and  some  less  white  ; but 
of  different  Beings  concerning  which  the  act  of  walking 
may  be  predicated,  all  equally  walk,  though  one  walks 
more,  another  less ; one  faster,  another  slower,  4c. ; 
und  so  of  mental  action,  several  persons  love,  but  one 
loves  more  warmly,  auuther  more  violently,  another 
more  purely ; so  that  there  is  not  in  actions,  as  there 
is  in  qualities,  a simple  scale  of  elevation  and  depres- 
sion ; and,  consequently,  the  mere  comparison  of  more 
and  less  would  not  answer  all  the  purjioaos  of  Lan- 
guage, as  applied  to  the  verb,  though  it  does  as  applied 
to  the  adjective.  For  this  reason  participles,  when  they 
are  compared,  lose  their  participial  power ; for  sapien- 
lior  and  potentior  do  not  express  acts,  but  habits,  or 
fixed  qualities,  and  therefore  answer  to  the  English  ad- 
jectives " wiser”  and  “more  powerful.” 

Thus  have  wc  seen,  that  though  the  proper  force 
und  effect  of  the  verb— that  on  which  its  essential 
character  depends,  is  assertion,  yet  it  is  capable  of 
uniting  therewith,  and  in  fact  does  so  unite,  not  only 


the  conception,  which  Prisdan  calls  the  ret  of  the  verb,  Article*, 
but  the  expression  of  mood,  tense,  person,  number, 
und  even  gender.  “ Observe,”  says  the  President 
De  Biomis,  “ bow,  in  one  single  word,  so  loaded 
with  accessory  'ideas,  every  thing  is  marked,  every 
idea  has  its  member,  and  the  analogical  formulas  arc 
preserved  throughout  on  the  plun  first  laid  down.- 
Elsewhere  he  adds,  “ All  this  composition  is  the  work, 
i tot  of  a deeply-meditated  combination,  nor  of  a well- 
reasoned  Philosophy,  but  of  the  Metaphysics  of  in- 
stinct.- The  Gotha,  the  Saxons,  the  Greeks,  and  tlte 
Latins,  in  forming  the  schemes  of  conjugation  above 
noticed,  were  probably  impelled  by  Principles  in  the 
Human  Mind,  the  very  existence  of  which  they  hardly 
suspected.  Similar  Principles  have  operated,  but  with 
eiwlless  diversity  of  application,  in  the  formation  of  all 
the  various  Dialects  which  have  been  spoken  in  ancient 
and  modern  times,  by  nations  the  most  barbarous  and 
the  most  dvilixed  ; and  it  is  the  developement  und 
explication  of  these  ever-operaltve  Principles  which 
forms  the  proper  object  of  the  science  of  Universal 
Grammar. 

§ 5.  Of  articles. 

Having  explained  the  uses  of  the  principal  Parts  of  Articles, 
speech,  we  come  now  to  consider  the  accessories.  The 
princijial  Parts,  as  we  have  already  stated,  are  those 
which  are  necessary  for  communicating  thought  in  a 
simple  sentence : and  the  communication  of  thought 
requires  the  naming  of  some  conception,  and  the  asser- 
tion of  its  existence  as  an  object  cither  of  perception 
or  of  volition.  Conceptions  are  named  by  the  noun : 
they  are  asserted  to  exist  by  the  verb ; but  it  often 
becomes  desirable  to  modify  either  the  name,  or  the 
assertion,  or  the  union  of  both.  How  is  this  to  be 
done  ? Wc  have  seen  certain  modifications  incorpo- 
rated with  the  noun  by  its  cases,  and  numbers,  and 
genders ; with  the  verb  by  its  moods,  tenses,  and  per- 
soas  ; with  the  adjective  by  its  degrees  of  comparison  ; 
and  with  the  participle,  gerund,  supine,  and  infinitive, 
by  their  marks  of  time,  relation,  &c.  The  same,  or 
similar  effects,  may  be  produced  by  separate  words; 
and  what  must  those  separate  words  be?  Nouns,  or 
verbs,  which,  appearing  in  subordinate  characters,  are 
no  longer  to  be  considered  as  such. 

We  wish  to  modify  a conception ; how  can  we  do 
it  blit  by  another  conception?  We  Wish  to  modify  an 
assertion  ; how  am  we  do  it  byt  by  another  assertion  ? 

It  is  therefore  plain,  that  the  accessory  words  must  have 
had  originally  the  character  of  principals  ; that  is 
to  say,  they  must  have  been  either  mums  or  verlis. 

This  is  a truth  extremely  obvious  in  itself ; and  of 
which  it  clearly  appears,  that  many  Grammarians  have 
been  fully  aware;  but  there  is  another  truth,  which 
seems  to  have  been  less  apprehended,  namely,  that  these 
subordinate  and  accessory  words  act  a very  different 
part  from  that  which  they  sustained  as  principals  in  a 
sentence.  The  Mind  dwells  on  them  more  slightly; 
they  express  a more  transient  o|»eration  of  the  intellect. 

In  process  of  time  some  of  them  come  to  lose 
their  origiuul  meaning,  and  to  lie  significant  only  as 
modifying  other  nouns  and  verbs.  It  cannot  be  de- 
nied that  this  is  a fact.  It  canno*  be  denied  that  the 
words  and , the,  with,  and  the  like  have  uo  distinct 
meaning,  at  present,  in  our  Language,  except  that 
which  depends  on  their  association  and  connection 
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Grammar,  with  other  words.  The  Etymologist  may  succeed,  or 
’-"V"—'  he  may  not  succeed,  in  his  attempts  to  trace  these 
non-significant  words  to  the  significant  words  from 
which  they  are  derived ; but  whether  he  be  successful 
or  unsuccessful,  the  fact  will  be  no  less  certain,  that  in 
their  secondary  use  they  lose  their  primary  character 
and  signification  ; they  are  no  longer  nouns  or  verbs, 
but  inferior  Parts  of  speech. 

Particles.  These  inferior  Parts  of  speech  have  been  called  par- 
ticle : and,  as  such,  are  sometimes  distinguished  from 
tcords,  and  sometimes  treated  only  as  a separate  class 
of  words.  To  explain  and  account  for  them  seems  to 
have  given  much  trouble  to  many  Grammatical  and 
Philosophical  writers ; and  after  all,  the  subject  has  been 
often  left  in  a state  of  great  confusion.  Locke,  in 
his  lid  volume,  has  a short  and  somewhat  vague 
chapter  on  particles,  from  which  we  may  infer  that  he 
considered  nouns  to  be  the  names  of  thoughts,  or,  as 
he  expresses  it,  of  ideas.  All  other  words,  he  thought, 
served  to  cuunect  ideas.  The  principal  of  these  (which 
we  call  the  verb)  he  calls  the  mark  of  affirming  or  de- 
nying; and  he  says,  “the  words  whereby  the  Mind 
signifies  what  connection  it  gives  to  the  several  affirma- 
tions and  negations  that  it  unites  in  one  conli imed 
reasoning  or  narration  are  called  jtariiclet^  Elsewhere 
he  says  of  these  particles,  “ they  arc  not  truly  by 
themselves  names  of  any  ideas and  again,  “ they 
are  all  marks  of  some  action  or  intimation  of  the  Mind, 
and  therefore , to  understand  them  rightly,  the  several 
views,  postures,  stands,  turns,  limitations,  and  excep- 
tions, and  several  other  thoughts  of  the  Mind,  fur  which 
we  have  either  none  or  very  deficient  names,  are  dili- 
gently to  be  studied."  The  confusion  which  occurs  in 
these  passages  between  -ideas,  thoughts , and  actions  of 
the  Mind,  leaves  Locke's  real  meaning  very  much 
in  the  dark;  but  it  seems  as  if  he  thnught  that  the 
particles  (in  some  instances,  at  least)  could  not  be  de- 
rived from  nouns,  inasmuch  as  they  signified  some 
thoughts,  which  had  never  been  expressed  by  means  of 
nouns. 

Hooocveen  states  the  general  doctrine  of  particles 
very  briefly.  He  says,  particular  in  sud  infantid 
fuitse  vet  verba,  v el  nomina,  tel  ex  nominibus  formata 
adverbia.  " The  particles  were,  in  their  infancy,  either 
verbs  or  nouns,  or  adverbs  formed  from  nouns.'1  Ipsa 
veto , quatbnl'S  PAKTiciiL.it,  per  se  sola  spec  ta  lee,  nihil 
significant . “ They  themselves,  as  particles,  considered 

alone,  signify  nothing."  And  again,  in  defining  the 
particle,  he  says,  particulam  esse  c oculam,  ex  nomine 
tel  verbo  nalam.  “ The  particle  is  a small  word  de- 
rived from  a noun  or  a verb.”  Had  Mr.  Tooke  properly 
reflected  on  these  passages,  which  he  quotes  from 
Uoogeveen,  he  would  have  found  them  to  contain  all 
that  was  valuable  in  lus  own  system,  without  the  errors 
into  which  he  has  fallen. 

The  term  particle  is,  perhaps,  not  well  chosen  to  in- 
clude the  inferior  Parts  of  speech  ; nor  do  Grainmariaus 
agree  as  to  the  extent  of  its  signification.  Locke  only 
describes  it  as  including  “ prepositions  and  conjunc- 
tions, &c.  ;**  leaving  it  to  his  reader’s  judgment  to  deter- 
mine what  classes  of  words  fall  under  the  et  catera : 
Sc  alio  er  says,  ut  omit  tarn  particulas  minores,  cu jus- 
modi  sunt  prapositiones , conjunctions,  interjections : 
and  Uoogeveen,  ns  we  see  above,  seems  to  distinguish 
the  particle  from  the  adverb  ; whilst  other  Grammarians 
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include  in  it  all  indeclinable  words,  and  even  the  Article,  Aiticfe*. 
which  iu  Greek  is  declinable.  It  is  not,  however,  ne-  v^-' 
ccssary,  that  we  should  adopt  either  this,  or  any  other 
generic  term,  to  express  the  Parts  of  speech  of  which  it 
remains  for  us  to  treat ; but  we  shall  proceed  to  consi- 
der them  separately,  in  succession ; and  first  we  shall 
treat  of  the  Article. 

The  proper  office  of  this  Part  of  speech  is  to  reduce  a Office  ofthe 
noun-substantive  from  a general  to  a particular  signifi-  Article, 
cation.  We  have  already  observed,  in  speaking  of 
nouns,  that  by  far  the  greater  part  of  them  must  lie 
what  Mr.  Locke  calls  general  terms,  that  is  to  say, 
names  common  to  many  conceptions.  We  cannot  give 
a distinct  name  to  every  distinct  object  that  we  per- 
ceive, or  to  every  distinct  thought,  which  passes 
through  the  Mind;  nor  are  these  thoughts,  or  even 
these  objects  so  entirely  distinct  to  human  conception 
as  many  persons  are  apt  to  imagine.  If  I see  a horse 
to-duy,  and  another  horse  to-morrow,  the  conceptions 
which  I form  of  these  different  objects  are  indeed  dif- 
ferent in  some  respects ; but  in  others  they  agree.  The 
one  horse  may  be  black,  and  the  other  white ; but  they 
are  both  quadrupeds.  The  word  horse  is  a noun, 
expressing  the  conception  which  1 form  of  the  points 
in  which  they  agree.  But  this  word  applies  to  a class 
of  conceptions,  and  it  is  necessary  that  1 should  possess 
some  means  of  expressing  the  individuals  of  that  class. 

Now  those  means  are  afforded  by  adding  the  Article  to 
the  noun.  To  illustrate  what  we  mean,  let  us  take  a 
general  term  ; for  instance,  the  word  Man.  The  con- 
ception expressed  by  this  word  alone,  is  one  which 
exists  in  several  other  conceptions,  os  in  that  which  I 
form  of  “ Peter,”  or  of  " James,”  or  of  “ John."  Peter, 
therefore,  is  a word  expressing  the  general  conception, 

“ Man,”  together  with  something  peculiar  to  a certain 
individual;  and  the  same  maybe  said  of  James  and 
John ; but  it  must  frequently  happen,  that  the  proper 
name  Peter,  or  James,  or  John,  is  unknown  to  us. 

How,  then,  are  we  to  express  our  conception  of  any  one 
of  them?  To  each  the  term  “ Man”  belongs;  but  it 
belongs  to  each  equally ; and  therefore  it  does  not 
distinguish  the  individual  from  his  class,  or  one  indi- 
vidual from  another.  If,  therefore,  we  use  this  term 
“ Man,"  we  must  also  employ  some  other  means  of 
showing  that  we  mean  by  it  this,  or  that  man ; or  at 
least  some  one  man,  as  distinguished  from  the  con- 
ception of  “ Man”  in  general.  Now,  these  menus  are 
afforded  by.  the  Article  ; and  they  are  afforded  in  two 
different  ways  : we  either  speak  of  the  general  term 
simply,  as  applicable  to  a notion  of  individuality,  or  else 
with  relation  to  some  particular  circumstance  which  we 
know  belongs  only  to  an  individual.  In  the  former 
case  wc  may  be  said  to  enumerate,  in  the  latter  to 
demonstrate,  the  person  or  thing  intended.  In  the  one 
wc  say  positively  “ a man,”  in  the  other  we  say  rela- 
tively “ the  man." 

Hence  arise  two  classes  of  Articles,  They  have  been  TwocLuj**. 
called  the  indefinite  and  the  definite  ; but  it  has  been 
justly  observed  by  Harris,  that  they  both  define,  only 
the  latter  defines  more  perfectly  than  the  former.  It 
would,  perhaps,  be  more  appropriate  to  call  the  one 
positive,  and  the  other  relative,  or  the  one  numeral,  and 
the  other  demonstrative.  We  shall  adopt  the  first  two 
of  these  designations,  merely  for  convenience ; but  we 
Consider  the  names  by  which  it  may  be  thought  fit  to 
K 
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(■ram m or.  designate  the  different  classes  of  words,  as  eompara- 
tively  unimportant.  The  most  material  object  with  us 
is  to  establish  the  classification  itself  on  clear  and  in- 
telligible principles. 

Whether  Grammarians  have  disputed  whether  the  Article  be, 

nettwary.  or  be  not  a ncceaary  Part  of  speech.  Before  this  ques- 
tion can  be  properly  auswercd,  it  must  be  clearly  stated. 
Mr.  Tookc  says,  “ in  all  Languages  there  are  only  two 
sorts  of  words  which  arc  necessary  for  the  communi- 
cation of  our  thoughts;  and  these  are,  1.  noun,  and 
2.  verb and  he  adds,  that  he  uses  the  words  noun 
and  verb  “ in  their  common  acceptation.”  It  would 
seem  from  this,  that  he  meant  to  describe  the  Article  as 
unnecessary  ; for  in  common  acceptation  it  is  certainly 
not  considered  to  be  identical,  either  with  the  noun, 
or  with  the  verb.  However,  he  afterwards  describes  it 
as  “ necessary  for  the  communication  of  thought,"  and 
even  “ denies  its  absence  from  the  Latin,  or  from  any 
other  Language."  We  have  already  adverted  to  the 
doctrines  of  the  ancient  writers,  who  considered  the 
noun  and  the  verb  as  the  only,  or,  at  least,  as  the 
principal  and  more  distinguished  Parts  of  speech  ; but 
they  who  reasoned  thus,  either  included  the  Article 
amongthe  syncatagoremaia,  that  is, co insignificant  words, 
or  else  denied  its  necessity,  and  even  its  existence,  in 
some  Languages,  particularly  in  the  Latin.  N oxter 

sermo,  says  Quinctiman,  Articulos  non  desiderat. 
Articulos,  says  Pribciaj*,  qutbux  not  car  emus — A r- 
ticulo*  integros  in  nostra  non  invenimus  Lin  pud.  And 
so  ScALiCEn,  Arliculus  nobis  nullus,  el  Greer  is  super- 
Jluus.  And  Vossii’8,  A rticulum,  quem  Fabio  teste 
Lalinus  sermo  non  desiderata  imb,  me  judice,  plane  ig- 
norat.  From  these  authorities,  and  indeed  from  a very 
slight  inspection  of  the  Language  itself,  it  is  clear,  that 
the  Latin  had  no  separate  words  answering  to  the 
Articles  of  the  English  and  other  Languages ; nor  is 
it  less  clear,  that  the  Greek  had  only  the  relative 
Article  b,  y,  to,  and  was  entirely  destitute  of  our  po- 
sitive Article.  Mr.  Tookc  is  undoubtedly  right  in 
inferring,  from  the  necessity  of  general  terms,  the 
necessity  of  the  Article  ; if  we  thereby  understand  the 
necessity  of  some  means  to  apply  general  terms  to  their 
individual  instances.  He  is,  however,  wrong  in  sup- 
posing that  this  purpose  is  always  effected  either  hy  a 
distinct  word,  or  hy  some  prefix  or  termination  added 
to  words : nor  is  the  ingenious,  but  fanciful  Coua  Dr. 
Gcdelin  less  erroneous  in  asserting  that  the  Article 
was  supplied  in  Latin  by  the  termination  ; for  the  ter- 
mination in  no  manner  whatsoever  defined  whether 
the  word  was  lo.be  taken  in  a more  or  less  gcuerul 
acceptation.  It  indicated  the  case,  the  number,  and 
the  Grammatical  gender;  but  it  did  nothing  else. 
Homo  signified  “ Man"  in  general,  or  “ a man,”  or 
“ the  man”  before  spoken  of ; and  the  termination 
afforded  no  help  toward  determining  in  which  of  these 
three  senses  the  word  was  to  be  taken  in  any  parti- 
cular passage.  This  was  to  be  discovered  in  Latin,  as 
in  some  other  Languages,  merely  by  the  context.  If, 
therefore,  the  question,  whether  the  Article  be  neces- 
sary, mean  whether  a separate  class  of  words  perform- 
ing the  function  of  the  Article  be  necessary,  it  must  be 
resolved  in  the  negative  ; because  no  such  class  is  to 
be  found  in  the  Latin  and  some  other  Languages.  If, 
on  the  other  hand,  it  mean  whether  in  all  Languages 
there  must  be  some  mode  of  performing  the  function 


of  the  Article,  it  must  be  answered  affirmatively  ; and  Article*, 
this  is  a question  which,  as  it  relates  to  the  operations 
of  the  Mind,  properly  falls  within  the  scope  of  pure 
Grammatical  Science. 

Even  though  a particular  Language  may  have  no  Gradation* 
class  of  words  called  Article®,  the  persons  speaking  of  eonewp. 
that  Language  must  certainly  distinguish,  in  their  con-  tio0* 
ceptions,  the  general  from  the  individual.  In  treating 
of  the  noun,  we  have  already  spoken  of  (lie  different 
gradations  of  conception  ; hut  it  is  necessary  that  we 
should  here  advert  again  to  the  grounds  of  this  dis- 
tinction. The  inattentive  observer  of  internal  objects 
believes  that  their  forms  are  always  impressed  dis- 
tinctly on  the  eye;  and  that  every  superficies  is  bounded 
by  a visible  outline.  A more  reflecting  and  more  ac- 
curate Philosophy  teaches  us,  that  even  in  contemplating 
the  objects  which  we  most  admire.  Imagination  does 
much  more  than  mere  sensible  impression  toward  sup- 
plying us  with  a knowledge  of  their  forms;  and,  that, 
in  a sense  not  merely  Poetical, 

We  half  create  the  wondrous  world  we  m. 

In  like  manner,  the  inattentive  observer  of  the  opera- 
tions of  Mind,  as  they  relate  to  Language,  is  apt  to 
suppose  that  all  his  thoughts  or  conceptions  are  definite 
and  distinct ; and  consequently,  that  the  words  which 
serve  to  name  these  thoughts  are  so  too;  but  this  is 
fur  from  Wing  the  case.  Let  us  consider  each  of  the 
three  classes  of  conception  before  noticed,  r is.,  the  con- 
ception of  a particular  object,  that  of  a general  notion 
applicable  to  many  particulars,  and  that  of  an  idea  or 
universal  truth.  The  first  anil  last  of  these  are  in  them- 
selves perfectly  definite.  No  man  can  have  two  dis- 
tinct ideas  of  “ virtue,"  considered  absolutely  and  in 
the  primary  signification  of  the  word : and  the  same 
may  be  said  of  **  squareness, " power,"  “ duration,” 

**  space,"  “ wisdom,"  &c.,  &c.  In  like  maimer  we 
cannot  have  two  distinct  conceptions  of  a particular 
person  or  thing,  and  therefore,  when  we  know  its  proper 
name,  as  “ George,"  “ Louis,"  44  London,”  44  Paris," 

44  Alexander,**  “ Bucephalus,"  44  Europe,"  ‘‘Guildhall,** 

&c.,  Ac.,  it  is  unnecessary  to  prefix  thereto  any  other 
word  for  the  sake  of  more  clearly  showing  the  indivi- 
duality of  our  conception. 

Hence  we  see  the  reason  why  neither  Proper  names 
nor  universal  terms  do  of  necessity  require  to  be  used 
with  an  Article,  either  positive  or  relative.  The  idiom 
of  a particular  Language  may,  indeed,  sanction  such  a 
construction  ; but  this  depends  on  separate  considera- 
tions, to  which  we  shall  hereafter  advert.  Generally 
speaking,  such  idioms  as  the  following  cannot  W neces- 
sary to  intelligibility  in  any  Language : 44  the  George 
reigws  in  the  England, " or  **  a Guildhall  is  situated  in 
a linden or,  “ the  virtue  produces  the  happiness 
or  *'  an  Alexander  aimed  at  a glory  and  the  reason  is 
obvious ; because  it  is  not  necessary  to  define  or  dis- 
tinguish, in  such  sentences,  one  George  from  another 
George,  one  England  from  another  England,  one  virtue 
from  another  virtue,  &C. 

Bui  the  remaining  class  of  conceptions,  though  ge-  General 
neral  in  their  nature,  serve  to  communicate  the  greater  term*, 
part  of  our  knowledge  respecting  particular  objects. 

Wc  have  often  no  other  conception  of  the  individual 
than  that  he  belongs  to  such  or  such  a species.  We 
know  the  man  only  by  his  profession,  the  soldier  only 
by  his  regiment,  the  officer  only  by  his  rank.  Hence 
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Grammar.  the  great  use  of  general  terms  in  all  Language* ; and 
n_— ^ hence  too,  the  necessity  for  individualizing  them,  either 
tacitly  in  the  Mind,  or  expressly  in  Language.  When 
this  process  of  individualization  is  effected  by  a sejKirate 
word,  wc  call  that  word  an  Article  ; and  thus  we  say, 
that  it  is  necessary  to  add  the  Article  “ a”  or  “ the"  to 
the  general  term  " man/'  in  order  to  designate  an  indi- 
vidual of  the  human  species. 

It  is  to  be  observed,  that,  in  a secondary  sense,  all 
words  of  the  other  two  classes  may  be  considered  and 
treated  as  general  terms;  and,  consequently,  may  re- 
quire the  use  of  the  Article  to  individualize  them.  For, 
first,  the  idea  expressed  by  an  universal  term , such  as 
“ virtue/’  " truth,"  and  the  like,  may  be  considered  as 
existing  separately  in  each  subordinate  conception  of 
quality,  action,  &c,  in  which  it  is  involved.  If  we 
speak  of  virtue  simply,  os  opposed  to  vice,  or  in  any 
other  manner  which  regards  the  pure  idea  of  virtue, 
without  any  modification,  it  is  an  universal  term  which 
needs  not  the  aid  of  an  Article;  but  if  we  speak  of 
those  subordinate  ideas,  such  os  justice,  prudence, 
temperance,  fortitude,  in  each  of  which  the  higher 
idea  of  virtue  is  involved,  as  the  conception  of  Man  is 
in  the  conception  of  Peter  or  John,  we  may  consider 
the  word  virtue,  in  a secondary  sense,  as  applicable  to 
each  at’  them  separately,  and  therefore  may  call  each 
“a  virtue,”  or  " the  virtue.”  And  not  only  does  this 
apply  to  subordinate  conceptions  of  the  same  kind  and 
nature  as  tlieir  superior,  hut  sometimes  to  others,  in 
which  that  superior  is  equally  involved.  The  conception 
of  injustice  is  of  the  same  kind  and  nature  as  the  con- 
ception of  vice.  They  are  both  ideas,  both  universal, 
both  regard  qualities  of  the  Mind  ; but  the  conception 
of  an  unjust  action  partakes,  though  in  a remoter  de- 
gree, of  both  these  ideas,  and  therefore  it  is  eometimes 
called  “an  injustice/’  or  “a  vice.”  Thus  Hamlet,  on 
Horatio's  saying  that  he  is  not  acquainted  with  Osrick, 
replies,  " Thy  state  is  the  more  gracious,  for  ’tis  a vice 
to  know  him."  And  so  Bassanio,  urging  the  Duke  to 
wrest  the  law  to  his  authority,  exclaims. 

To  do  a ymi/  right,  do  a tittle  wrung. 

It  is  only  in  this  secondary  sense  that  such  words  as 
virtue  and  vice,  right  and  wrong,  can  be  employed  in 
the  plural  number;  and  hence  arises  in  all  Languages 
a vast  class  of  general  terms,  which  unhappily  are  but 
too  often  perverted  in  use.  The  idea  of  crime  docs  nut 
always  agree  with  our  conceptions  of  crimen  and  wc 
often  find  an  opposition  between  the  notious  of  right 
and  rights,  honour  and  honours. 

Secondly,  a Proper  name,  which,  in  its  primary  sense, 
designates  only  an  individual  man,  may  be  made  to 
stand  for  a conception  oommon  to  many  other  indivi- 
duals ; because  we  can  suppose,  however  contrary  it 
may  be  to  fact,  that  there  is  a class  of  men,  each  pos- 
sessing those  qualities  and  powers  which  make  up  all 
that  we  know  of  a certain  individual.  Thus  the  word 
Shakspeare  primarily  means  that  wonderful  Poet 
who  wrote  Hamlet  and  the  Midsummer  Night's  Dream, 
who  could  portray  the  characters  of  Othello  and 
F aid aff,  Richard  IT.  and  Richard  III.,  and  who  as 
much  excelled  every  writer  of  his  day  in  the  sweetness 
and  facility  of  his  language,  as  he  did  in  richness  of 
imagination  and  in  profound  knowledge  of  the  human 
heart.  It  is  in  vain  to  expect  another  Being  so  endowed 
to  arise  before  the  return  of  the  fancied  Platonic  year  ; 
and  yet  we  may  suppose  a whole  club  of  such  drama- 


tists like  the  “ cluster  of  wits  * in  Queen  Anne's  Articles, 
time ; we  may  imagine  one  from  every  Country  under  v**-- 
heaven;  and  therefore  we  may  talk  of  "a  French 
Shakspeare,”  or  “ a German  Shakspeare,*  “ the  Shak- 
speare  erf’  Tennessee,”  or  “ the  Shakspeare  of  Tom- 
buctoo.” 

The  words  which  answer  the  purpose  of  indivi-  Article* 
dualizing  general  terms,  in  the  two  modes  above  de-  whence •In- 
scribed, were  originally  pronominal  adjectives.  In  some 
instances  they  have  undergone  a change  of  form,  by 
becoming  Articles ; in  others,  they  remain  unchanged. 

The  French  le  and  un,  are  the  Latin  ille  and  tutus;  the 
English  the  and  a are  the  Anglo-Saxon  that  and  ant . 

Hence,  it  is  not  surprising,  that  many  Grammarians 
comprehend,  under  a common  designation,  the  demon- 
strative pronoun  and  the  Article.  Such  was  the  doctrine 
of  the  Stoics,  some  of  whom  gave  to  both  these  kinds  of 
words  the  common  name  of  Article , calling  our  pronoun 
the  definite  Article;  and  our  Article,  the  indefinite  Ar- 
ticle ; whilst  others  considered  both  as  pronouns,  and 
only  denominated  our  Articles,  Articular  pronouns. 

Articulis  aulem  pronomina  connumerantes,  savs  Pris- 
cian,  Jinitos,  et  Articulos  appellabant ; ipsot  autetn 
A rticulat,  mjinitot  A rticulos  dicebant ; cel  ut  alii  dicunt , 

Articulos  connumcr about  pronomintbus , et  Articularia 
eos  pronomina  vocabant. 

There  are,  however,  some  marked  differences  be-  Diflert-nw 
tween  the  pronominal  adjective  and  the  Article,  which,  * 
we  think,  justify  us  in  considering  the  latter  as  a sepa-  Pru0uutt’ 
rate  Part  of  speech. 

In  our  own  Language,  the  same  words  which  act  as 
pronotninul  adjectives  may  also  be  used  substantively ; 
and,  in  particular,  the  words  that  and  one  are  some- 
times to  be  considered  as  substantive  pronouns,  os 
when  wc  say,  **  that  which  I love,”  44  one  whom  I re- 
spect but  we  cannot,  in  like  manner,  say,  “ the 
which  I love,”  44  a whom  I respect."  This  distinction, 
however,  depends  on  the  idiom  of  the  Euglish  Lan- 
guage, and,  therefore,  will  not  afford  a discriminating 
characteristic  between  the  separate  Parts  of  speech  in 
Universal  Grammar. 

The  case  is  different,  when  we  come  to  consider  the 
manner  in  which  the  pronominal  adjective  and  the 
Article  respectively  affect  the  meaning  of  u general 
term.  They  both  individualize  it : but  the  Article  per- 
forms this  function  simply;  the  pronominal  adjective 
does  more ; it  marks  some  special  opposition  between 
different  individuals.  When  we  say,  44  the  man  is 
good,"  there  is  no  opposition  implied  in  the  word  “ the,” 
although  there  may  be  in  each  of  the  other  words. 

We  may  say,  for  instance, 

1 . “ The  man  is  good  ; but  the  boy  is  bad.” 

2.  “ The  man  is  good ; but  he  teas  bad." 

3.  “ The  man  is  good  ; but  he  is  not  wise .” 

On  the  contrary,  when  we  say  " that  man  is  good/'  we 
imply  no  opposition  to  the  other  words  in  the  sentence, 
but  only  to  the  word  **  that.”  Wc  intimate  not  only 
that  there  is  a particular  individual  who  is  goad,  but 
also  that  there  is  some  other,  who  is  not  good.  This 
distinction  is  strongly  marked  in  Lathi  by  the  prono- 
minal adjectives  hie  and  ille;  as  when  Ovid  says, 

ditttmilrt  llic  nr,  et  Ji.lr  purr. 

WThere  the  English  Article  the  is  used,  the  Latins,  who 
have  no  such  Article,  do  not  supply  its  place  by  the  pro- 
nominal adjective,  but  use  the  noun  aioue,  as 
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Grammar.  r<  Ble**e«l  is  the  man  that  walkcth  not  in  the  counarl  of  Ibe  ungodly  * 
Bealua  vir,  qui  nun  abiil  in  concilia  impionan ; and 
not  Bralua  ille  vir. 

It  is  manifest,  that  the  act  of  the  Mind  is  very  dif- 
ferent in  the  two  cases  of  which  we  have  spoken. 
Simply  to  individualize,  is  a more  transient  operation 
than  to  individualize  and  at  tfie  same  time  to  contrast 
Hence,  the  word  the  is  less  susceptible  oi’  accentuation 
than  the  word  that.  It  resembles,  in  this  respect,  those 
Greek  pronouns  which  are  called  enclitic.  When  the 
oblique  cases  of  the  personal  pronouns,  iti  that  Language, 
were  used  by  way  of  contradistinction,  they  were 
strongly  accented,  and  were  called  by  Grammarians 
if9o7ovovti''vm,  uprightly  accented  ; but  when  they  were 
merely  subjoined  to  verbs,  without  any  emphasis  being 
placed  on  them,  they  were  called  'EycXwwi,  that  is, 
leaning,  or  inclining.  Thus  the  Greeks  had,  in  the  first 
person,  ’E/i»i',  ’E^oi,  ’Em*,  for  contradistinction,  and 
Mom,  Mo<,  Me,  for  enclitics;  whence  Apollonius  pro- 
poses, instead  of  the  common  reading,  in  the  beginning 
of  the  Iliad — 

IUTl«  & fU*  — 

to  read 

iWht  r imi  Xieatn.— 

For  it  is  plain,  argues  he,  that  a distinction  is  in- 
tended by  the  Poet  between  the  words  *Y/»?i»  and  'E^oi ; 
and  therefore  the  enclitic  poi  is  improper.  The  Prin- 
ciple in  the  Human  Mind,  winch  converts  the  contra- 
distinctive  pronoun  into  an  enclitic,  is  no  other  than 
the  eager  desire  of  hastening  toward  the  object  of  its 
wishes— 

Semper  ad  eventum  fntmat ; 

and  the  same  Principle  it  is,  which  converts  the  demon- 
strative pronoun  into  an  Article.  Instead  of  44  this 
horse,**  or  “ that  horse,"  we  say  44  the  horse  shorten- 
ing the  Article  in  pronunciation,  because  we  dwell  but 
little  upon  it  in  thought.  In  the  Anglo-Saxon  Lan- 
guage, the  word  that  appears  to  have  been  shortened 
into  the;  and  wc  have  retained  the  longer  word  for  our 
pronoun,  whilst  we  use  the  shorter  for  our  Article. 

The.  When  Mr.  Tooke  asserts  that  the  word  the  is  the 

imperative  of  the  verb  thean,  it  does  not  appear  that  he 
throws  any  great  additional  light  on  the  subject.  It 
may.  however,  be  curious  to  observe  how  he  wrests  an 
etymology,  to  support  his  theory.  44  That"  says  he, 
**  in  the  Anglo-Saxon  thcect,  i.  e.  t head . (heat,  means 
taken,  assumed"  Now,  the  i.  e.  here  plays  a notable 
part.  The  fact  is,  that  there  is  a Saxon  verb  thean , 
which  properly  means  41  to  do,**  or  “prosper.”  “Ill 
mote  he  Me,”  in  old  English,  is,  44  111  may  he  do,”  or 
“ prosper.”  And  there  is  a Saxon  pronoau  theet,  an- 
swering to  our  44  that"  It  is  not  very  clear  that  these 
two  words  have  any  other  connection  than  what  Mr. 
Tooke  ingeniously  supplies  by  id  est.  The  Gothic 
verb  thihan,  which  Mr.  Tooke  ulso  cites  on  this  occa- 
sion, (vol.  ii.  p.  59,)  is  our  verb  to  take;  und  seems  to 
form  a third  element  in  this  etymological  medley.  Wc 
are  not  much  advanced  in  the  knowledge  of  Articles, 
by  being  told  that  the  verl>s  to  do,  to  prosper,  or  to  take, 
have  some  similarity  in  sound  to  the  pronoun  that ; and 
yet  this  is  all  we  learn  from  Mr.  Tooke.  As  to  the 
verb  44  to  Me,”  it  seems  to  be  the  origin  of  our  old 
English  word  theta*;  us  in  Hamlet — 

Nature’s  crescent  does  not  grow  alone 
In  Mnri  uul  bulk. 


And  so  FaUtaff  says,  AitWe*. 

Cere  I for  the  limbs,  the  ihewt,  the  stature,  bulk,  end  big  sem-  v *"■  v ^ ‘ 
blence  of  e men  ? 

Again,  the  word  that,  in  old  German,  signifies  an 
“act”  or  " deed,”  and  is  derived,  by  Wachteii,  from 
the  verb  thun,  which  is  nothing  but  our  old  English 
doen,  to  do.  It  is  possible  that  all  these  words  may 
have  some  etymological  affinity  to  each  other ; but  if 
the  connection  were  more  clearly  made  out  than  it  really 
is,  it  would  throw  but  little  light  on  the  true  Gramma- 
tical force  of  our  Article. 

Much  of  the  general  reasoning  which  we  have  applied  A. 
to  the  relative  Article  the,  is  equally  applicable  to  the 
numeral  Article  a,  or  an.  In  French,  the  word  t/n, 

44  one,”  is  spell  in  the  same  way  as  the  Article  un,  44  a, 
or  an,”  but  it  is  pronounced  more  slightly.  In  English 
the  word  has  been  not  only  abbreviated  in  point  of  quan- 
tity, but  changed  in  articulation,  from  44  one'*  to  “ a.” 

The  mental  operation,  however,  is  the  same  in  both  in- 
stances. The  conception  of  one  is  expressed,  not  in 
opposition  to  that  of  Itco,  three,  or  any  cither  conception 
of  number,  but  as  distinguished  from  all  the  other  indi- 
viduals of  the  same  class. 

In  the  Scottish  Dialect,  one  was  retained  as  an  Article 
to  a late  period;  thus  Nicol  Bitr.ne,  in  his  44  Dis- 
putation,” a.  d.  1581,  says,  44  Tertullian  provis,  that 
Christ  had  ant  treu  body,  and  treu  blude.  And  on 
the  other  hand,  in  the  old  English,  the  numeral  pro- 
noun one  was  sometimes  abbreviated  to  o,  as  we  read  in 
Chaucer — 

Si  the  lima  of  two  oootnrits  is  o lore ; 

aud  so  in  the  more  ancient  MS.  Poem  of  the  Man  in 
the  Muon — 

lie  hath  his  o foot  his  other  to  form  ; 
but  it  was  still  accented  as  a separate  word ; whereas 
the  Article  a (as  we  have  before  observed  of  the  other 
Article  the ) is  passed  over  hastily  in  pronunciation,  as 
a mere  prefix  to  the  general  term,  which  it  serves  to 
individualize.  Again,  the  numeral  pronoun  one  (like 
the  relative  that)  is  capable  of  being  used  alone,  which 
the  Article  a or  an  is  not-  We  may  say,  “ one  seeks 
fame,  another  riches,  and  a third,  the  wisest  of  the 
three,  content  ;*  but  if  we  use  the  Article,  we  must  add 
its  substantive,  as  “ a man  should  seek  content,  rather 
than  fame  or  riches.” 

Since  it  has  appeared  that  all  Languages  do  not  cm*  Not  *ufwr> 
ploy  separate  words  to  perform  the  office  of  the  Article,  fluuu». 
it  may  be  thought  that  those  words  when  so  employed  . 
in  any  Language  are  always  superfluous ; but  this  would 
be  a great  error.  Articles  add  much  to  the  clearness, 
the  strength,  and  the  beauty  of  a Language  : and  to  be 
perfectly  furnished  with  them  it  is  necessary  to  possess 
both  positive  and  relative  Articles.  The  Latin  Language 
had  neither : the  Greek  had  only  the  latter  of  the  two; 
but  most  of  the  modem  European  Languages  have  both. 

It  follows,  that  in  this  respect  the  Latin  was  leas  per- 
fect than  the  Greek,  and  the  Greek  than  either  the 
French  or  the  English  ; and  Sculiger  was,  therefore, 
wrong  in  denying  the  use  of  this  Part  of  speech  alto- 
gether : Articulus,  says  he,  nobis  nullus,  et  Greecis 
mperftuua ; and  his  s ureas  in  on  the  French  nation  was 
somewhat  misapplied,  when  he  called  the  Article  otiosum 
loquaciasima genii*  instrumentum. 

Yet  it  must  be  allowed,  that  iu  many  European  Lan-  Sometime* 
guages,  and  in  none  more  frequently  than  in  the  French,  ■»  u**1- 
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Grammar,  instances  occur  in  which  the  Article  is  employed  super- 
fluously.  This  circumstance  is,  for  the  most  part,  attri- 
butable to  an  elliptical  mode  of  speech,  which  is  suffi- 
ciently capricious.  In  English,  we  generally  prefix  the 
relative  Article  to  the  names  of  our  rivers,  but  seldom 
to  those  of  our  mountains.  We  say,  “ the  Thames,” 
“ the  Tweed  »’.  e.  tlic  rtcer  Thames,  the  river  Tweed  ; 
but  we  never  say  a Thames,  a Tweed : nor  do  we  say 
the  Snowdon,  the  Skiddaw  ; or,  a Snowdon,  a Skiddaw. 
In  French,  the  superfluous  use  of  the  relative  Article  is 
very  frequent ; but  it  is  to  be  explained  on  the  same 
Principle  of  ellipsis.  11  aeroit  d sou  ha  Her,  says  Condillac, 
qu'on  snpprimdt  P Article  toutes  lea  foia  que  lea  noma  aont 
avjlsamrnent  dbterminin  par  la  nature  de  la  chose,  ou 
par  lea  circonatancea ; le  diacoura  en  aeroit  plua  ft if 
Matt  la  grande  habitude , que  nous  nous  en  aermme*  faite, 
ne  le  perm  cl  pas : et  ce  n'eat  que  dans  de*  proverbea  plua 
anciena  que  cette  habitude,  que  nova  noua  faiaaona  un  loi 
de  la  eupprimer.  On  dit : Pauvrete  n* eat  paa  vice,  ou 
lieu  de  dire.  La  pauvreti  n'eat  paa  un  vice,  “ It  is  to 
be  wished  that  the  Article  were  suppressed  whenever  the 
noun  is  sufficiently  determined  by  the  nature  of  the 
thing,  or  by  the  circumstances  ; the  style  would  thereby 
be  rendered  the  more  lively.  But  the  great  habit  that 
we  have  acquired  of  using  it,  does  not  permit  this 
change ; and  it  is  only  in  old  proverbs,  more  ancient 
than  this  habit,  that  we  make  a rule  of  suppressing  it. 
We  say,  Pauvrete  n'eat  paa  vice , instead  of  saying,  La 
pauvrete  n'eat  paa  un  vice."  It  is  liere  to  be  observed, 
that  the  proverbial  expression,  which  Condillac  seems 
to  recommend,  is  as  much  defective  as  the  common 
expression  which  he  blames  is  redundant.  The  Article 
la  before  pauvrelk  is  superfluous,  and  originates  in  an 
ellipsis  of  some  word  answering  to  M state”  or  **  condi- 
tion so  that  “ the  poverty,”  means  “ the  condition 
of  poverty  :M  but,  on  the  other  haud,  the  word  vice 
properly  demands  the  Article  wn  ; for  it  is  not  meant  to 
deny  that  poverty  is  the  idea  of  vice,  which  nobody 
would  have  asserted  ; but  to  deny  that  poverty  is  one 
of  those  states  which  necessarily  include  the  idea  of 
vice.  The  most  accurate  and  Philosophical  mode  of 
expressing  this  sentence  would  therefore  be,  if  the  idiom 
of  the  Language  permitted  it,  Pauvrete  n'eat  paa  un 
r ire;  answering  exactly  to  the  English  idiom  in  such 
phrases. 

As  the  French  often  employ  the  Article  redundantly 
with  an  universal  term,  and  with  the  names  of  places, 
ao  the  Italians  employ  it  with  the  names  of  persons  : 
It  Tasso,  La  Catalan i,  meaning  “ the  famous  Poet 
Tasso,"  the  celebrated  singer  Catalani.”  It  is  ob- 
vious that  these  expressions  are  to  be  accounted  for  on 
the  same  Principle  of  ellipsis  already  explained.  The 
Article  in  all  such  cases  does  not  in  reality  serve  to 
modify  the  Proper  name  expressed,  but  the  general  term 
understood. 

Special  There  is  a particular  use  of  the  relative  Article,  with 

eifiget  a.  general  term,  which,  as  it  tends  to  individualize,  in 
a special  and  peculiar  manner,  should  not  be  passed 
without  notice.  Certain  individuals,  having  obtained 
celebrity  for  their  peculiar  excellences,  have  been  de- 
nominated from  this  circumstance,  as  o ironpij*,  the 
Poet,  means  Homer ; o pt)reep,  the  Orator,  Demosthenes ; 
© OtoXtrfoi,  the  Theologian,  St.  Gregory  Nazianzen; 
• *)fe<ir^fprt0i>t,the  Geographer,  Strabo ; o httv  eoaodsiorijr, 
Athenieus,  author  of  the  Work  entitled  The  Feast  of 
the  Sophist » ; but  this  is  no  more  than  we  daily  practise, 


when  we  speak  of  “ the  King,”  “the  Queen,”  “the  Admbt. 
Prince  Regent,”  meaning  the  King  of  England,  the 
Queen  of  England,  and  the  Prince  Regent  of  England  ; 
just  as  we  hear  in  private  families  and  narrow  circles 
of  society,  of  “ the  captain,"  “ the  doctor,"  “ the  parson,” 

“ the  squire,”  &c.  the  particular  application  of  which 
general  terms  is  settled,  as  it  were,  by  a common  under- 
standing among  the  parties ; since  each  of  the  individuals 
thus  honourably  distinguished  has  his  little  sphere  of 
celebrity,  and 

Ik  talk’d  of,  far  sad  near,  at  home. 

Plurima  t •jusdem  farina,  says  Viger,  ubique  obvia. 

We  do  not  think  it  necessary  to  enter  at  length  into  Other  die 
those  distinctions  of  the  Article,  which  do  not  coincide  tinti»miK. 
with  our  definition  of  this  Part  of  speech.  Such  is  the 
distinction  often  found  in  the  Greek  Grammarians  be- 
tween the  prepositive  and  subjunctive  Articles.  The 
prepositive,  vix.  o,  y,  to,  is  what  we  have  called  the 
relative  Article : the  subjunctive,  viz.  S«,  ij,  ©,  is  wlml 
we  have  called  the  subjunctive  pronoun.  The  latter, 
it  is  manifest,  has  no  effect  whatever  in  individualizing 
a general  term,  because  it  is  only  employed  in  a de 
pendent  sentence,  with  reference  to  a term  which  must 
have  been  individualized  in  the  prior  or  leading  sentence 

The  learned  Hickes,  in  that  invaluable  Work  the 
Thesaurus  Linguamm  Seplenirionalium , suggests  that 
the  Anglo-Saxon  sum,  which  answers  nearly  to  the  Latin 
quidam,  should  be  considered  as  an  indefinite  Article. 

It  appears  to  us  rather  to  belong  to  the  class  of  pro- 
nouns ; yet  in  this  and  some  other  instances  the  two 
classes  of  words  approach  very  nearly  together ; 

And  thin  partitions  do  their  bounds  divide. 

§ 6.  Of  Adverb*. 

Before  we  enter  on  the  consideration  of  the  prepo-  Advert*, 
sition  and  conjunction,  we  find  it  convenient  to  treat  of 
the  Adverb,  which,  in  our  Language,  and  probably  in 
most  others,  furnishes  the  greater  part  of  the  words 
employed  in  the  other  two  classes.  Mr.  Tooke  mo- 
destly observes,  that  " neither  Harris,  «or  any  other 
6’rtrrom<m‘an,  seems  to  have  any  clear  notion  of  the 
nature  and  character  of  the  Adverb  and  then  he  pro- 
ceeds to  give  us  his  own  notions,  not  of  the  Adverb  in 
general,  but  of  a number  of  Adverbs  in  particular, 
from  which,  and  from  what  he  had  licfore  said  of  the 
conjunctions  ami  prepositions,  he  leaves  his  reader  to 
collect  that  knowledge  which,  in  his  opinion,  no  Gram- 
marian beside  himself  had  ever  acquired.  As  this 
does  not  appear  to  be  a very  fair  way  of  treating  the 
Grammatical  student,  we  shall  endeavour  to  pursue  a 
more  satisfactory  method,  even  at  the  hazard  of  adopt- 
ing, from  the  ancient  Grammarians,  some  of  those 
notions  which  appear  to  Mr.  Tooke  so  obscure. 

The  Adverb  was  originally  so  called,  because  it  was  Definition, 
added  to  the  verb,  to  modify  its  force  and  meaning;  hence 
the  Greek  writers  defined  it  thus  : 'Bxi/l/iqua  Port  /up ©v 
X07B  ocXitav,  ori  to  flifpa  Try*  uvafafniv  i^ov. — “ The 
Adverb  is  an  indeclinable  Part  of  speech,  having  relation 
to  the  verb."  The  question  of  its  being  indeclinable  or 
not,  is  unimportant  in  our  prescut  investigation,  since 
this  circumstance  depends  on  the  idiom  of  a particular 
Language  ; but  the  relation  which  the  Adverb  bears  to 
the  verb  depends  on  the  Science  of  Univcraal  Grammar: 
and  this  relation  is  stated  by  most  of  the  ancient 
Grammarians  as  the  peculiar  property  of  the  Adverb. 

Donatus  makes  it  the  only  characteristic  of  this  Part 
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(train mar.  of  speech  : Adverbium  esl  pars  ontfioms,  qua  adjerta 
— v-'-'  rerbo  significations  ejus  aut  complet,  aut  mu  tut,  aut 
minuit.  “ The  Adverb  is  a pari  of  speech,  which  be- 
ing added  to  the  verb,  either  complete*,  or  diminishes, 
or  alters  its  signification.”  Vossius,  however,  observes, 
that  the  Adverb  is  added  not  only  to  verbs,  but  to  nouns 
and  participles ; and  consequently,  that  its  name  must 
he  understood  to  have  been  given  to  it,  not  from  the 
use  to  which  it  is  always  applied,  but  from  that  for  which 
it  most  generally  serves.  Non  solis  adjicitur  verbis, 
ted  etiam  nominibus  et  participiis ? nomen  igitur  accepit 
non  ex  eo  quod  semper,  sed  quod  plurimum  Jit.  By  the 
word,  nouns,  Yossius,  as  he  afterwards  explains  it, 
menus  adjectives,  both  nominal,  pronominal,  and  par- 
ticipial. **  We  say,”  adds  he,  **  bene  diucrens,  us  well  aa 
bent  divert , and  bene  doctus ."  And  so  we  may  say,  pror- 
sitt  meus, propemoditm  situs,  et  magis  nostras,  as  well  as, 
pr  or  sits  amicus,  propctnodium  liber,  magit  Roma  nut.  Sfc. 

For  want  of  a dear  and  intelligible  definition  of  the 
Adverb,  some  writers  have  undoubtedly  exposed  them- 
selves to  the  sarcasm  of  Tookc,  who  thus  translates  a 
sentence  of  Sbryiub  : Omnia  para  orationia,  44  every 
word,’’  qua n do  desinit  esse  quod  eat , " when  a Grurnma- 
rian  knows  not  what  to  make  of  it,"  migrat  in  Adver- 
bium,  “ he  calls  an  Adverb.”  And,  indeed,  among  the 
twenty-one  classes  of  Adverbs  which  are  enumerated 
by  Charisius.  there  are  some  which  ought  rather  to 
be  called  interjections,  as  the  pretended  Adverb  of  invo- 
cation, Ileus  / that  of  answering,  item,  that  of  wish- 
ing, vtinum,  and  that  of  showing,  ecce.  Nay,  even 
nouns  and  prononns  were  sometimes  reckoned  among 
Adverbs;  as  quanti  dntur,  eras  Roms,  Ac.  ftfi. 

It  is  impossible  to  avoid  these  errors,  unless  we  first 
establish  a definition  of  the  Adverb,  to  which,  as  a test, 
the  various  classes  of  words  comprehended  by  different 
Grammarians  uuder  this  common  designation  may  be 
applied.  We  are  aware  of  Scaliger’s  remark,  Nihil  in - 
felicius  Gramma tico  drjxnitort ; but  the  task  which  we 
have  undertaken  obliges  us  to  slate,  us  clearly  as  we 
can,  what  wc  consider  to  he  the  function  properly  dis- 
tinguishing the  Adverb  from  all  other  Parts  of  speech. 
The  Adverb,  then,  is  a word  added  to  a perfeet  sentence, 
for  the  purpose  of  modifying  primarily  an  adjective,  or  a 
verb,  or  secondarily  another  Adverb.  We  shall  first  con- 
sider the  purpose  for  which  it  is  used,  then  the  sentence 
to  which  it  is  added,  and,  lastly,  the  sort  of  word  which 
inay  lie  so  employed. 

Modifier-  I-  It  is  used  to  modify  an  adjective,  or  a verb,  or 

tiun.  another  Adverb.  All  these  words,  it  is  well  known, 

are  called  by  Harris  attributives : and  therefore  he  aptly 
denominates  the  Adverb  “ an  attributive  of  a secotulary 
order,"  or  " an  attributive  of  an  attributive.”  Harris, 
indeed,  argues  that  the  Greek  word  ’Erifipypn  is  of  the 
same  force  and  meaning  as  these  phrases,  inasmuch  as 
the  word  'Piyaa  is  used  by  many  writers  to  signify  not  only 
what  is  commonly  called  a verb,  but  also  what  urc  called 
adjectives,  participles,  &c.  Thus  Ammonius  says. 

T £ Tuto  dt/fsaivofiefOU,  TO  pdu  KAAOS,  «a<  AIKAlOS,  cat 
oaa  rotavra  *PIIMATA  \*q(tr0ai,  tea*  ole  ’OXOMATA. 
— “ According  to  this  signification,  (that  Is  of  denoting 
the  attributes  of  substance  and  the  predicates  in  proposi- 
tions,) the  words  fair,  just,  and  the  hke,  are  called 
vtrbs  and  not  nouns"  And  fo  Pmsc ian,  speaking  of 
the  Stoics,  says,  Participium  cnnnumcrantes  verbis,  par- 
ticipiale  vemum  rocanf.  “ Reckoning  the  participle 
among  verbs,  they  call  it  a participial  verb."  Whatever 


may  he  thought  of  this  reasoning,  it  clearly  corrobo  Adwrt*. 
rates  the  fact,  that  the  Adverb  is  employed  to  modify 
the  adjective  and  the  verb.  On  the  other  hand,  the 
Adverb  is  not  employed  to  modify  the  substantive ; be- 
cause that  is  the  function  of  the  adjective,  or  of  the 
article.  Let  us  then  consider,  first,  the  Tarts  of  speech 
which  are  primarily  modified  by  the  Adverb. 

I.  The  adjective.  Under  this  term  we  comprehend  9* 
the  adjective  simple,  or  proper,  the  participle,  or  parti-  t*Ta- 
dpiul  adjective,  and  the  pronominal  adjective.  It  is 
manifest  that  all  the  attributes  which  these  various 
classes  of  words  express  are  capable  of  modification. 

Thus,  a house  which  is  “ lofty,"  may  be  “ surprisingly 
lofty,"  or  " very  lofty,"  or  44  moderately  lofty  or  some 
one  may  assert  that  it  is  44  not  lofty.”  And  in  like 
manner  we  may  speak  of  “ a remarkably  intelligent 
youth,"  “an  over  indulgent  parent,”  “a  truly  affec- 
tionate friend."  So,  when  we  use  a participle,  or  a pro- 
nominal adjective,  we  may  modify  it  by  the  aid  of  an 
Adverb,  as  **  much  obliged,”  “ greatly  indebted,” 

*•  wholly  yours,”  " absolutely  mine,”  “ nobly  horn,” 

“ well  bred,"  44  highly  gifted,"  44  universally  respected," 

14  little  moved,”  “ less  affected,"  44  not  so  energetic," 

44  equally  judicious,"  44  Aoir  admirable!”  44  thus  far,” 

44  no  further."  In  all  these  instances,  it  is  obvious, 
that  the  attribute  expressed  by  the  adjective  undergoes 
some  modification  from  the  Adverb.  In  truth,  we  form 
a double  conception,  as,  first  a conception  of  loftiness 
with  reference  to  the  house,  and  secondly  a conception 
of  surprise  with  reference  to  the  loftiness;  so  that  the 
sentence  41  the  house  is  surprisingly  lofty"  resolves 
itself  into  these  other  two  sentences,  44  the  bouse  is 
lofty  ” and  44  the  loftiness  is  surprising.”  Mr.  Harris, 
therefore,  had  great  reason  to  call  the  Adverb  an  attri- 
butive of  an  attributive ; for,  in  the  latter  of  these  two 
sentences,  we  find  the  word  “ surprising"  represents  an 
attribute  of  that  loftiness,  which,  in  the  prior  sentence, 
was  considered  as  an  attribute  of  the  house.  It  is  not 
the  house  altogether  which  excites  surprise,  but  only 
its  quality  of  loftiness.  A house  may  be  both  lofty  and 
surprising,  without  being  surprisingly  lofty. 

The  instances  which  we  have  hitherto  noticed,  may  Comfan- 
bc  called  those  of  positive  modification.  When  we  trie, 
say  a house  is  44  surprisingly  lofty,"  we  do  not  compare 
its  loftiness  with  that  of  any  other  house ; but  if  we 
have  occasion  to  make  that  comparison,  we  resort  to 
another  class  of  Adverbs,  and  say  it  is  “ more  lofty,” 
or  “ less  lofty,"  or  44  equally  lofty,”  or  44  as  lofty,”  or 
44  the  most  lofty,"  or  44  the  least  lofty  in  short,  we  ex- 
ercise that  mental  operation  which  has  been  already 
described  in  treating  of  the  comparison  of  adjectives ; 
only  the  degrees  of  comparison  ore  expressed  by 
Adverbs,  instead  of  being  incorporated  in  the  same 
word  with  the  attribute  compared.  Nor  is  this  all. 

We  may  compare  different  attributes  of  the  same  sub- 
stance, as  well  as  different  substances  in  regard  to  the 
same  attribute.  Wc  may  cousidcr  the  house  as  being 
44  more  lofty  than  convenient ;”  or  as  being  44  equally 
convenient  and  lofty."  It  is  manifest,  that  in  all  cases 
of  comparative  modification,  the  Adverb  cannot  be 
employed  simply  or  singly.  It  is  then  of  a relative 
nature,  being  necessarily  joined  in  construction,  either 
with  some  other  word,  or  inflection  of  a word  in  the 
same  sentence  ; which  words,  or  inflections,  when  they 
serve  to  modify  adjectives  or  verbs,  wc  also  consider  to 
be  of  the  nature  of  Adverbs. 
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Grammar.  2.  The  verb.  It  must  be  remembered,  that  the  verb 
asserts  or  manifests  existence,  either  simply  or  toge- 

Of  mb*.  ther  with  some  attribute  of  action  or  passion.  The 
Adverb,  therefore,  may  either  modify  the  attribute  in- 
volved in  the  verb,  or  it  may  modify  the  mere  assertion 
of  existence.  When  it  modifies  the  attribute,  its  ope- 
ration is  exactly  similar  to  what  we  have  described,  in 
regard  to  the  adjective.  " He  runs  swiftly”  is  of  the 
same  import  as  44  he  is  running  swiftly and  the  word 
swiftly  modifies  the  verb  runs,  and  the  participle  run- 
ning, in  the  very  same  manner.  The  case  is  somewhat 
different  when  the  Adverb  modifies  the  assertion  of 
existence ; and  this  it  does  whenever  it  expresses  any 
limitation  of  the  time,  place,  circumstances,  or  actual 
occurrence  of  the  fact.  Thus  the  words,  " now,”  44  then,” 
**  when,"  “ always,”  44  never,”  &c.,  modify  the  assertion 
in  point  of  time.  If  I say  that  a certain  event  “ happens 
note,”  my  assertion  is  limited  to  the  present  time ; if  I 
say  it  44  happened  yesterday,"  the  assertion  is  limited  to 
a certain  time  past.  The  assertion,  that  it  44  always 
happens,”  contradicts  the  opposite  assertion,  that  it  does 
44  not  always  happen,”  and  a fortiori  the  assertion  that  it 
44  never  happens.  So,  with  respect  to  place,  the  asser- 
tion that  a fact  occurred  here , or  there,  is  no  assertion, 
with  regard  to  what  may  have  happened  elsewhere. 
Again,  the  occurrence  of  any  event  may  be  certain  or 
doubtful,  actual  or  contingent;  and  we  may  therefore 
say,  44  it  will  perhaps  happen,”  “ it  muy  possibly  take 
place,”  “ it  is  certainly  the  case,*  44  it  really  occurred," 
&c.  As  to  the  variety  of  circumstances  attending 
different  transactions,  which  may  be  expressed  by 
Adverbs,  they  are  beyond  enumeration.  The  event  in 
question  may  occur  aboard,  or  ashore , aloft,  or  below , 
abroad,  or  at  home , the  ship  may  be  cut  adrift ; the 
army  may  be  afoot ; it  may  be  marching  homewards,  the 
battle  may  cease  awhile,  it  may  be  begun  anew , it  may 
terminate  successfully,  &c.,  &e.,  &c. 

Secondary  Such  being  the  primary  uses  of  the  Adverb,  it  is  easy 
to  conceive  that  the  secondary  use  is  similar.  As  the 
adjective  modifies  the  substantive,  and  the  Adverb 
modifies  the  adjective,  so  may  a second  Adverb  be  ap- 
plied (o  tile  former  with  the  same  power  of  modification. 
As  the  word  admirably  may  be  prefixed  to  good , so  may 
very  be  prefixed  to  them  both  together ; and  we  may 
say  44  a very  admirably  good  discourse  in  which,  and 
the  like  instances,  the  analysis  is  similar  to  what  we 
have  before  stated.  The  discourse  is  good,  the  good- 
ness is  admirable,  the  admiration  is  extreme. 

We  have  next  to  consider  the  sort  of  sentence  to 
which  an  Adverb  is  added,  and  the  manner  in  which 
the  addition  is  effected. 

First,  we  say,  the  Adverb  is  added  to  a perfect  sen- 
tence ; and  by  a perfect  sentence  we  here  mean  one 
which  either  enunciates  some  truth,  or  expresses  some 
passion  with  its  object.  Therefore,  even  to  a simple 
imperative  the  Adverb  may  be  added,  since  a perfect 
sense  is  expressed  without  it,  and  its  addition  only 
serves  to  modify  the  verb.  Thus  the  word  “ fly  f * is, 
in  effect,  a perfect  sentence,  for  it  implies  an  agent  and 
on  act,  and  it  couples  the  conception  of  the  act  of  flying 
with  the  conception  of  the  person  addressed,  if  not  in 
the  perception  of  the  speaker,  at  least  in  his  volition. 
To  this  sentence,  therefore,  an  Adverb  may  be  added 
consistently  with  our  definition,  and  we  may  soy  44  fly 
quickly  tM  After  this  explanation  of  the  passionate 


sentence,  it  is  scarcely  necessary  to  explain  the  enun-  Adverbs, 
dative.  When  the  verb  expresses  action  or  passion, 
there  can  be  no  difficulty  : thus,  when  Macbeth  says. 

After  life’s  fitful  fever  he  sleeps  uWi. 
there  can  be  no  difficulty  in  understanding  that  the 
Adverb  well  modifies  the  verb  sleeps.  A question, 
however  may  arise  where  the  verb  merely  expresses 
existence;  as,  in  the  line  just  quoted,  if  the  expression 
had  been  44  he  is  well,1*  it  might  be  questioned  whether 
the  word  well  was  an  Adverb  or  an  adjective.  A similar 
remark  may  be  made  on  such  expressions  as  " he  is 
asleep**  44  he  is  awake?  &c.  It  is  true  that  in  the  Eng- 
lish Language  these  and  many  other  such  words  have 
an  Adverbial  form,  and  cannot  be  employed  in  immediate 
connection  with  substantives,  as  “ a well  man,”  an 
44  asleep  man,”  or  44  an  awake  man  :w  yet  where  they 
thus  form  the  predicates  of  verbs,  they  are  in  effect 
adjectives.  44  He  is  well”  corresponds  exactly  with 
**  he  is  healthy" — 44  he  is  asleep"  with  44  he  is  sleeping” 

— 44  he  is  awake"  with  44  he  is  waking:"  and  in  a ques- 
tion of  Universal  Grammar,  the  idiomatic  form  of  the 
words  cannot  at  all  dedde  the  question. 

When  we  say  the  sentence  must  be  perfect,  we  mean 
it  must  be  perfect  in  the  Mind ; in  expression  a part  or 
even  the  whole  of  it  maybe  understood.  A part » 
understood  when  the  Mind  evidently  supplies  what  is 
necessary  to  complete  the  sentence,  as  in  the  animated 
lines  of  Walter  Scott — 

— — — -On  Stanley ! — On  !— 

Were  the  last  words  of  Mannion. 

Here  the  Adverb  on  manifestly  refers  to  some  verb 
understood  in  the  Mind,  such  as  “ march,”  44  drive,” 

44  rush,”  or  the  like.  The  verb  is  suppressed,  because 
it  is  indifferent  to  the  speaker  : the  Adverb  is  expressed, 
because  it  is  of  the  utmost  importance— because  to  the 
thoughts  and  feelings  of  the  dying  warrior  the  mode  of 
getting  at  the  enemy  was  totally  immaterial ; but  to 
get  at  them  by  some  means  or  other  was  his  most  eager 
wish.  The  whole  of  the  sentence  is  understood,  when 
the  adverb  is  responsive  : us,  44  Will  you  come?  Yes.” — 

44  When  will  you  come?  Presently."— 44  How  often  did 
he  come?  Once." — For  these  answers  mean,  44  I will 
come  certainly" — 44  I will  come  presently "— 44  He  came 
once.”—  And  consequently  the  Adverbs,  yea,  presently, 
and  07i ee,  are  to  be  taken  as  modifying  the  verb  44  will 
come”  and  44  did  come,”  respectively. 

III.  We  have  next  to  iuquirc  what  sorts  of  words  Word*  nn- 
may  be  employed,  as  Adverbs,  to  modify  adjectives  and  ployed, 
verbs  : and  in  reality  the  proper  answer  is — all  sorts. 

For  the  expression  of  Scrvius,  though  ridiculed  by 
Tooke,  is  literally  true : Omni*  pars  orationis  migrat  in 
A deerbium.  44  Every  Part  of  speech  is  capable  of  being 
converted  into  an  Adverb.” 

1.  From  what  has  already  heen  said,  it  is  manifest  Adjective*, 
that  an  adjective  may  be  used  Adverbially.  Let  ua 
suppose  that  it  is  necessary  to  enunciate  these  three 
propositions  successively. 

1.  A certain  quantity  exists. 

2.  That  quantity  is  large. 

3.  That  largeness  is  sufficient. 

We  have  here  three  conceptions,  r/r.,  quantity,  large- 
ness, and  sufficiency.  The  first  is  only  considered  as  u 
substance  ; the  second  is  considered  as  an  attribute  in 
one  instance,  and  os  a substance  in  the  other  ; and  the 
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Gnranur.  third  is  only  considered  as  an  attribute.  Now,  if  we 
unite  these  three  sentences  in  one,  and  fay  there  is 
*'  a sufficiently  large  quantity,”  we,  in  fact,  convert  the 
adjective  **  sufficient”  into  an  Adverb.  In  some  in- 
stances this  difference  in  the  employment  of  the  word, 
is  attended  with  a correspondent  change  in  the  form  ; as 
in  English  the  adjective  sufficient  is  changed  into 
the  adverb  sufficiently ; but  this  neither  prevails  in  all 
Languages  nor  in  all  Adverbs  of  the  same  Language ; 
ami  is,  indeed,  a circumstance  often  appearing  to  be 
perfectly  accidental,  or  capricious.  Again,  the  adjec- 
tives thus  employed  sometimes  remain  unchanged  in 
form,  but  lose  in  practice  their  adjectival  use,  either 
jmrlially  or  altogether.  These  circumstances,  it  is  true, 
depend  on  the  idioms  of  particular  Languages  ; but  it 
is  not  the  less  important  to  notice  some  of  them,  be- 
cause there  is  no  more  common  source  of  error  among 
Grammarians,  than  the  confounding  of  what  is  universal 
in  Language  with  what  is  particular,  the  Scientific  rule 
with  the  accidental  exception.  This  will  appear  from 
many  instances  in  the  class  of  words  now  under  our 
consideration,  namely,  the  adjectives  proper,  when  used 
as  Adverbs  ; and  in  order  to  consider  them  the  more 
distinctly,  we  shall  notice  first  the  simple,  and  then  the 
compound  words. 

Much,  very , enough,  fain,  lief,  scarce,  stark,  and  se- 
veral other  words,  more  or  less  frequently  employed  as 
Adverbs,  were  originally  simple,  uncompouuded  adjec- 
tives. Tltey  have  all  some  peculiarities  in  their  use, 
the  notice  of  which  may  serve  to  illustrate  the  present 
investigation. 

Much.  Much  is  employed  Adverbially  before  a participle,  or 

after  a verb;  and,  though  in  modern  use,  we  do  not 
give  it  the  regular  adjectival  construction,  as  ” a much 
quantity,”  “ a much  portion,”  Ac. ; yet,  this  was  an- 
ciently and  still  is  provincial!}'  done  with  its  derivative 
muchel,  muckte,  or  mickle.  Mr.  Tooke,  who  says  that 
this  word  much  has  “ exceedingly  gravelled  all  our 
Etymologists,"  derives  it  from  the  Anglo-Saxon  verb 
maican,  " to  mow,”  of  which,  says  he,  the  regular 
prwterpertect  is  mote,  and  the  past  participle  mutecn. 
“ Omit  the  participial  termination  en,"  continues  he, 
44  and  there  will  remain  mow,  which  means  simply  that 
which  is  mown ; and.  as  the  hay,  Ac,  which  was  mown, 
was  put  together  in  a heap,  hence,  figuratively,  move 
was  used  in  Anglo-Saxon  to  denote  any  heap ; and  this 
participle,  or  substantive,  call  it  which  you  please— for 
however  dossed,  it  is  still  the  same  word,  and  has  the 
same  signification — was  pronounced,  and  therefore 
written  ma,  mo,  Ac.,  which,  being  regularly  compared 
gave  ma,  maer,  maest,  mo,  more , most,  Ac.  ; und  much 
is  merely  the  diminutive  of  mo,  passing  through  the  gra- 
dual changes  of  moktl,  mykel , mochill,  muchell,  moche , 
much.’*  Such  is  the  substance  of  an  etymological  dis- 
quisition, in  the  course  of  which  Mr.  Tooke  takes  upon 
him  to  speak  with  great  contempt  of  Junius,  Wormius, 
Skinner,  and  Johnson,  and  pretends  to  remove  all  those 
difficulties  which  have  so  " exceedingly  gravelled"  other 
Etymologists!  The  leading  Principle  in  this  disquisition 
is  a very  extraordinary  one.  Mr.  Tooke  assumes  that  in 
the  formation  of  Language,  the  conceptions  of  distinct 
action  must  necessarily  have  obtained  a name  before 
those  of  quality.  Indeed  it  is  not  very  dear  that  he 
conceives  mankind  ever  to  have  acquired  conceptions  of 
quality  at  ull.  However,  the  fundamental  assumption 


is  perfectly  arbitrary : it  cannot  possibly  be  supported  Advert*.' 
by  History,  and  we  do  not  see  the  least  ground  for  it 
in  any  rational  system  of  Philosophy.  We  may  ob- 
serve. that  the  reasoning  relative  to  the  words  more  and 
most  would  be  at  least  equally  satisfactory  if  its 
order  were  exactly  reversed,  and  the  premises  made  the 
conclusion.  These  words  more  and  most,  we  might  say, 
are  the  comparative  and  su|>crlative  of  the  old  word  mo, 
which  was  an  adjective  signifying  “ much  :”  when  much 
of  any  thing,  therefore,  w as  heaped  together,  it  was 
called  mo ; and  consequently  a run  tee  was  a “ heap 
but  as  hay,  when  it  is  cut  down,  is,  in  the  very  act  of 
cutting,  Iteaped  together,  to  cut  hay  was  called  to  mow, 
and  the  hay  that  was  cut  was  said  to  be  mowed.  These 
opposite  trains  of  reasoning  agree  in  this,  that  names 
must  uecesaarily  be  supposed  to  have  been  given  to  the 
conceptions  of  the  Human  Mind,  in  some  one  certain 
order,  that  is  to  say,  either  proceeding  from  the  more 
general  to  the  more  particular,  or  the  contrary.  We  do 
not  know  that  this  can  be  positively  asserted  ; but,  if  it 
may  be  so,  still  we  should  incline  against  Mr.  Tooke *8  Ety- 
mology. According  to  him,  our  rude  ancestors  could 
not  have  known  whether  a thing  was  much  or  little, 
until  after  they  hud  inveuted  the  art  of  making  hay, 
had  regularly  conjugated  their  verba,  added  the  parti- 
cipial termination  en,  taken  it  away  again,  and  com- 
pounded the  word  (thus  unnecessarily  prolonged  and 
curtailed)  with  a syllable  implying  diminution ; and  after 
all  they  could  never  alter  the  signification  of  the  word  ; 
but  if  they  talked  of  much  money,  or  much  wisdom, 
much  acuteness,  or  much  absurdity,  the  word  much 
would  only  signify  a heap  of  hay  ! So  much  for  his 
theory : as  to  his  facts,  we  believe  it  would  be  exceed- 
ingly difficult  to  discover  where  or  when  ma  was  used 
for  a hay-mow,  or  a barley -mow  ; and  when  we  come 
to  derive  mokel,  muchel,  or  michtl,  from  mo,  we  shall  be 
44  exceedingly  gravelled”  to  account  for  the  unlucky  k 
and  ch  which  happen  to  be  inserted  before  the  syllable 
said  to  be  expressive  of  diminution. 

That  there  may  be  some  affinity  between  mo  and 
much  is  possible  ; but  it  is  very  improbable  that  much 
should  be  an  abbreviation  of  muchel.  On  the  contrary 
muchil  is  in  all  probability,  derived  from  mucA.  At 
least,  it  is  certain,  that  wc  find  much,  or  micA,  as  early 
as  we  do  muchil,  Waciiter,  speaking  of  these  words, 
says,  Simplicissimum  est  mich  quod  in  antiquissimis 
dialectic  ponitur  pro  magno  el  muito.  44  The  most  sim- 
ple ism/cA,  which,  in  the  most  ancienf  dialects,  signifies 
great  and  much.”  Thus,  in  the  old  Persian,  nuh  was 
great,  m i filer  greater,  mihtras  greatest ; whence  the 
Sun  was  called  milhras.  The  aspirate  A was  easily 
converted  into  the  guttural  ch,  and  the  palative  k or  g. 

Hence  the  Greek  in  jivyav;  and  the  Latin  mag, 
in  magnus,  magisler , &c. ; and  as  that  which  is  great 
is  usually  powerful,  wc  have  an  infinite  number  of 
words  from  this  radical  signifying  power,  as  the  Mseso- 
Gothic  and  Anglo-Saxon  magan,  to  be  able,  which 
supplies  our  auxiliaries  may  ami  might,  the  old  German 
macAe/i,  and  Anglo-Saxon  makan,  to  make,  Ac.,  Ac. 

Again  Waciiter,  speaking  of  the  ancient  word  mich, 
says,  Poslea  in  coin  it  micii  el,  codetn  sensu.  “ After- 
wards michd  came  into  use,  in  the  same  sense.” 

Hence  the  Gothic  mikils,  the  Anglo-Saxon  micel,  the 
A Inman  me  rnihhit,  the  Islandic  mikill,  and,  possibly, 
the  Greek  pe^aky.  Nor  does  it  at  all  appear  that  the 
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Grammar,  final  syllable  el  or  le  is  meant  to  express  diminution ; 
n/— ' muchel  is  no  more  the  diminutive  of  “ much,*’  than 
handle  of  " hand,”  or  spindle  of  “ spin  but  much  and 
muchd  are  used  eodcm  sentu,  and  so  were  anciently  lile 
and  htfl. 

It  is  at  least  certain,  that  much  is  to  be  found  in 
English  as  early  as  muchel,  and  that  these  two  words 
seem  to  be  used*  indifferently  by  our  most  ancient  writers. 
The  modem  English  Language  is  founded  on  the  Anglo- 
Normannic,  of  which  the  two  earliest  specimens  referred 
to  by  Hick  as  are  the  Life  of  SO  Margaret  and  the 
Description  of  Cokaygnc*  In  the  former  of  these  we 
find~ 

Tbo  ho  couthc  of  wisdom  ho  hated*  much*  mane. 

And  yrld  here  ■errUe,  oft*  mid  muchcte  wows. 

In  the  latter, 

Undtr  heuen  hi*  low)  iwisso 
Of  «o  mrtckii  iai  ant  Mine 
• • • • 

The  yimw  moukea,  ctiwich  doi, 

Aftir  met  goth  to  nlai : 

N»  th*-r  hauk  no  fule  ao  swiflc, 

BHlir  ft*  Lug  bi  the  liflo, 

Than  the  roonkes  hrigh  of  mode, 

With  har  ■IcuU  ant  har  hotle, 

Whan  the  abbot  an-th  ham  Son 
That  he  hult  fur  moth  glee. 

The  date  of  these  Poems  is  not  positively  fixed,  but 
they  were  certainly  anterior  to  Edward  I.  That  monarch 
died  in  1307  ; and  among  the  Hnrlcinn  MSS.  (No. 
2253,  fid.  72.)  is  an  Elegy,  apparently  written  imme- 
diately ufter  his  death,  and  consequently  before  the 
time  of  Chaucer  or  Gower,  in  which  are  these  lines : 

The  pof*!  to  is  duunbte  wen  da 
For  do)  »e  might*  he  npeke  no  more 
But  after  ciinlm.iU  ho  m-nde 
That  much*  couthen  of  Cristes  lore. 

With  respect  to  the  two  great  Poets  themselves, 
Chaucer  and  Gower,  the  former  seems  generally  to 
prefer  the  word  much ; but  the  latter  uses  it  indiffer- 


• Tlie  Drrcnptxm  of  Cohnggne  is  a rude,  satirical  Poem,  probably 
written  about  the  year  l -DO,  in  ridicule  of  the  Monastic  life : and  it 
is  curious,  as  affording  the  etymology  of  the  modern  term  cockney. 

From  the  Latin,  cr*/uma,s  kitchen,  came  the  French  words  enfmm 
and  cocagmr.  Cogtnm  was  originally  coquin us,  an  attendant  in  the 
kitchen,  a turnspit,  and  thence  came  to  signify  any  other  mean,  worth- 
less person.  Cvcagnt  was  tli«  luxury  of  the  kitchen.  Hence,  to  this 
day,  among  the  amusements  of  the  common  people  in  France,  at 
puhlic  feasts  and  rejoicings,  it  is  usual  to  erect  a mast  colled  the 
Mit  tt*  cnengnr,  at  the  top  of  which  are  placed  roast  meats,  and 
other  delicacies,  as  prises  for  those  who  can  most  quickly  reach  them 
by  climbing.  The  land  of  Cocagnc,  therefore,  is  an  imaginary  land 
of  luxury,  which  the  author  of  the  Poem  above  quoted  places  u far  in 
tee  bi  west  Spayagoe,’*  i.  e.  “ far  in  the  sea  to  the  westward  of  Spain,** 
the  supposed  situation  of  the  great  island  Atlantia,  the  Hesperian 
Gardens,  and  other  fancied  scenes  of  happiness,  beyond  the  reach  of 
navigation,  as  then  practised.  The  metropolis  of  Kngland  being 
considered,  by  the  ruue  inhabitants  of  the  country  parts,  aa  a seat  at 
mere  luxury  and  idleness,  afterwards  received,  in  contempt,  this 
name  of  mhaymi,  corrupted  by  them  into  cokeney,  as  appears  by  a 
scoffing  rhyme  of  one  of  the  old  hsrons— 

Were  I in  my  castle  of  Bungay, 

Beside  the  river  of  Waveuey, 

1 would  not  care  for  the  king  of  Cokeney. 

And  it  is  somewhat  amusing  to  trace  in  the  satirical  Description  of 
Cokoygne,  the  origin  of  the  puerile  story  of  roasted  pigs  running 
about  the  streets  of  London,  crying  '*  come  eat  me.*' 

The  gees  irostid  on  the  sptte, 

Floegh  to  that  abb&i  God  hit  wot, 

And  gredith  gees,  al  bote,  al  hot. 
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ently  with  muchel.  Thus,  in  The  Testament  of  Loot  Adverts, 
(book  ii.)  " Moche  folk  at  ones  mowen  not  togider  s— -v— — ' 
moche  thereof  have  i.  e.  “Many  persons  at  once  should 
not  have  too  much  thereof,  viz.  of  riches."  And  again 
(book  iii.)  “Opinion  is  while  a thinge  is  in  non  cer- 
tayne,  as  thus  : yf  the  son  be  so  mokd  as  men  wenen.” 

“ Opinion  is  while  a thing  remains  in  uncertainty,  as 
whether  the  sun  be  so  large  as  men  suppose."  In  the 
Romance  of  Kyng  Alisaunder , which  was  probably  sub- 
sequent to  the  time  of  Chaucer,  we  find — 

With  muefte  ust  ha  i»  corny ng 
* • « 

Dieu  merry,  to  myrW  lmrroc 
Many  kuiglith  there  gan  hym  time. 

In  that  of  Oclovian  Imperalor,  about  the  same  age, 

Titer  o*a#  notber  old  ne  yyage 
So  mochctl  of  strength, 

And  in  the  Lyfe.  of  Ipomydon,  (Hurl.  MSS.  2252.)  also 
of  the  same  period, 

Hre  and  law  louyd  hym  mile. 

Mock*  honours  to  hym  waa  falle. 

From  all  these  authorities,  it  is  very  dear  that  much  is 
the  name  of  a conception  of  greatness  in  quantity, 
quality,  number  or  power ; and  that  when  this  con- 
ception is  viewed  as  the  attribute  of  any  substance,  the 
word  much  is  an  adjective  ; when  as  the  modification  of 
an  act  or  quality,  it  is  an  Adverb. 

Very  is  correctly  stated  by  Mr.  Tooke  to  be  the  Latin  Very, 
adjective  rents,  “ true,”  changed,  in  old  French  and 
old  English,  into  reray , which,  in  modern  French,  is 
r rat.  The  adjectival  use  of  this  word  still  remains  in 
the  Litnrgy  of  the  Church  of  England,  " very  God  of 
very  God.”  Chaucer  uses  it  as  an  adjective  both  in 
the  positive  and  comparative  degree.  Thus,  in  his 
translation  of  Boethius,  On  the  Consolation  of  Philo- 
sophy (b.  iv.)  “It  is  derc  and  open  that  thilke  sen- 
tence of  Plato  is  very  and  sothc.”  And  again,  (b.  iii.) 

“ which  that  is  a more  verie  thinge."  From  the  same 
word  veray  wc  have  our  compound  adverbs  verily  and 
verament,  of  which  the  latter,  though  now  obsolete,  was 
once  in  Poetical  use.  Thus,  in  the  above-quoted 
Romance  of  Kyng  Alisaunder,  published  by  Mr.  Weber, 
from  MSS.  in  the  Lincoln's  Inn  and  Bodleian  Libraries  : 

By  the  iteorrw  and  tiy  the  firmament 
He  him  l a light  e r err  ament. 

* • • • * 

TJkt  ro»  soche  cry  verremenl 
No  acbokle  moo  yhere  the  thondar  deni 

That  an  adjective  primarily  signifying  “ true,”  should, 
in  a secondary  sense,  form  an  Adverb  expressing  emi- 
nence of  degree,  as  applied  to  all  other  qualities,  is  not 
surprising ; for  a thing  that  is  very  good  or  bad,  may 
be  said  *«*t’  to  be  truly  good  or  bad.  The  Ita- 

lians express  the  same  modification  of  qualities  by 
moilo , **  much,”  the  French  by  fort,  “ strong,”  the 
Latins  by  multum,  " much,”  and  vatdi,  from  validus , 

“ strong and  our  ancestors  by  a variety  of  attributes, 
as  swythe,  sothfiut. , right,  full , strong,  well,  Ac. 

Swythe  may  possibly  be  the  adjective  swift  ; but  is  Swyth*. 
more  probably  from  the  Gothic  sire,  sicut;  os  sooth  is 
from  the  Gothic  to,  h®c.  We  still  use  sooth  Poetically 
for  “ truth as  in  Lear — 

In  good  sooth,  or  in  sincere  verity. 

And  in  Macbeth — 

If  I say  sooth,  I mast  report  they  wero 
As  cannons  overcharged. 
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Ownou.  In  the  Geri'  of  Kynf ; Horn.  (H«ri.  MSS.  2253.  fol. 

83  ) which  Warton  say*  is  the  most  ancient  English 
metrical  Romance,  we  find — 

TWye  fcten  he  hodde 
That  he  with  him  ladde 
All*  riche  menne  Bone* 

Ast  kite  nythe  feyrv  gome*. 

We  must  observe  that  Warton  was  a very  inaccurate 
transcriber,  and  therefore  i»  not  to  be  relied  on  as  au- 
thority for  any  minute  peculiarities  of  diction  or  ortho- 
graphy ; but  we  have,  in  general,  corrected  his  quota- 
tions, by  the  original  manuscripts,  and  cite  them  from 
the  Utter,  with  such  variation  only,  as  is  neoessary  to 
render  them  legible  in  the  English  character,  changing 
the  Saxon  lh  and  to  for  modern  letters,  and  filling  up 
the  contractions,  which  would  only  serve  to  puzzle  a 
mere  English  reader. 

In  Kyng  All  sounder,  thU  word  often  occurs,  aa 
He  wont  the  hart,  tod  in  he  leap  : 

Hit  wu  rtcilke  brod  and  deep. 

So  in  the  Ballad  on  the  defeat  of  the  French  by  the 
Fleming*,  at  the  Battle  of  Bruges,  a.  D.  1301,  (Harl. 
MS8.  2253.  fol.  73.  b.) — 

Sire  Jake*  de  Seint  Pool  yherde  hon  it  was, 

Ststvoe  hundred  of  horamen  wemblede  othe  gras, 

Ha  wends  toward  Bruges,  pta  pur  p**. 

With  suit  he  gret  mouode. 

SetWMt.  Sotkfeut  is  the  same  adjective  loot*,  compounded  (a* 
in  the  word  rttdfart)  with  fast.  i.  e.  firm.  lienee  it 
was  similar  both  iu  meaning  and  use  to  ewytke.  Ill  a 
sort  of  Dramatic  Poem,  probably  of  the  Xlllth  or 
XIVth  century,  on  Chriet’i  Decent  into  HeU,  (Harl. 
MSS.  2253.  f.  55.  b.)  art  these  lines: 

And  so  m%  seeds  to  Hsfirotum, 

Hud  wci  joiA fast  holy  man. 

Again,  in  the  Prickt  of  Conscienot  (see  Warton,  v.  i. 
p.  258.)  it  is  used  adjectively — 

Thou  mercyfull  and  groaou*  god  at. 

Thou  rightwi*,  and  thau  nth/mt. 

Bight.  Right,  the  Latin  rectut , we  still  use  adverbiaily  in 

the  titles  " right  honourable,”  “ right  reverend,” 
“ right  worshipnil,”  &c.  The  ancient  usage  was  more 
general. 

In  the  OoU  of  Kyng  Horn— 

Athnlf  quoth  he,  ryhi  anon, 

Thou  ahalt  with  roe  to  boure  gone. 

In  the  Romance  of  Syr  Launful — 

Her  mantel**  were  of  grrne  frlwet 
Ybordurvd  with  gold  ryght  well  yaetle. 

In  Chaucer’s  Clerke's  Tale — 

Ther  jv  right  at  the  west  *yde  of  Ytaly, 

Down  At  the  rote  of  Veaultu  the  coldo 
A lusty  plain*. 

Full , sometimes  used  Adverbially  at  the  present  day, 
was  much  more  frequently  ?*o  in  former  times. 

Iu  Chaucer’s  Franklein's  Tate — 

Listcnyth*  of  a knyght  of  tyroe  full  olde. 

In  the  MS.  Poem  of  St.  Jerome  (CoUon  MSS.  Calig. 
A.  2.) — 

Seynta  Jerome  waa  a fall  good  derke. 

In  the  Geste  of  Kyng  Horn  it  is  superadded  to  another 
adjective  used  adverbially — 

The  leunokc*  that  heth  euth 
Lightith  adun  to  tnant*  uiuth 
ldxght  ia  stu  ful  Kwitkt  wtl. 


MAR. 

Strong,  which  we  only  use  as  an  adjective  at  present,  Adrtrbs. 
seems  to  have  beeu  anciently  adopted  in  the  Norman- 
Saxon  Adverbially,  as  a translation  of  the  French  fort 
and  the  Larin  no lift. 

Thun,  in  the  Gate  of  Kyng  Horn— 

Horn,  quoth  beo,  wellooge 
Y baue  lotted  the  strange. 

WfU  is  derived  from  the  Anglo-Saxon  substantive  ,l1- 
tccla,  44  well-being,”  or  **  felicity.1*  In  that  Language 
the  Adverb  was  tcel ; in  the  Mteso-Gothic  it  was  traila  ; 
in  the  Alamannic  uuola;  in  the  Islandic  vel ; in  the 
Dutch  t cel;  and  in  the  German  wohl.  Of  the  substan- 
tive use  of  this  word,  we  have  an  instance  in  the  De- 
scription of  Cokaygne — 

Ther  ni»  load  uadir  heuenrieht 
Of  we/,  of  godni*,  hit  ilicho. 

In  the  present  day  we  rarely  use  it  to  modify  adjectives 
proper,  or  numerals,  but  those  constructions  are  com- 
mon in  the  old  writers.  We  have  just  quoted  the  in- 
stance of  wellonge , i.  e.  very  long.  In  the  Ballad  on 
the  Battle  of  Bruges,  before  mentioned,  wc  have  i cel 
mitchelt,  i.  t.  very  great : 

Sire  Joke*  aacopede  by  a coynte  gyn 
Out  at  one  i male  rue  ther  the  men  *old  wyn 
Out  of  the  fyhte  hom  to  y*  ya 
la  wti  mvcKrit  drotic. 

In  Syr  Launfal — 

With  Artour  ther  wa*  a bachelet 
And  liaddo  ybe  well  many  a ytr 
Launfal  for  wth  he  hyght. 

Again,  in  the  Description  of  Cokaygne — 

Wendith  mrklich  hom  to  drink 
Ant  gwth  to  hor  coUockine 
A we/  fair  piucooawne. 

In  the  Prologue  to  the  Canterbury  Tala — 

That  night  wa*  corn*  into  that  hottcLry 
Wei  nine  aod  twenty  ia  a company. 

Chaucer  also  has  the  compound  wdefol,  i.  e.  full  of 
felicity.  **  O sodeful  were  mankind  if  thilke  loue  that 
gouemeth  the  heuen  gouerned  their  corages.” 

The  word  enough  is  explained  in  Bailey’s  Diction-  Enough, 
ary  only  by  the  adjective  “ sufficient.”  It  is,  indeed, 
used  adjectively  after  the  verb  to  be,  as  “ that  is 
enough,"  t e.  “ that  is  sufficient but  we  cannot  em- 
ploy it  as  we  do  the  word  “ sufficient”  in  immediate 
connection  with  a substantive;  we  cannot  say  “an 
enough  quantity,”  as  we  do  “ a sufficient  quantity.” 

For  this  no  oilier  reason  can  be  given  than  established 
usage, 

Q«o m penet  ur&ttrtum  nt,  tt  pa,  et  norma  isgurwM. 

This  same  adjective  is  used  Adverbially,  with- 
out any  change  of  form ; but  again,  custom  obliges 
us  to  place  it  after  the  adjective  which  it  modifies, 
and  not  before  it,  as  is  usual  with  other  Adverbs.  We 
say  “ very  large,”  **  pretty  large,”  u too  large,”  44  suffi- 
ciently large,”  but  we  must  say,  “ large  enough  ” The 
accidental  variation  of  arrangement,  however,  in  no 
degree  affects  the  Grammatical  character  of  the  word, 
which  is  decided  by  its  signification  and  use^  not  by  its 
form  or  position.  The  Etymologists  have  thrown  little 
light  on  this  word.  Mr.  Tooeb  supposes  it  to  be  “ the 
past  participle  genoged,  muUiplicatum,  manifold,  of  the 
verb  genogan,  mulUpUcare.”  It  may,  perhaps,  be 
doubted,  whether  there  ever  was  such  a word  as 
genoged,  with  the  signification  of  multiplied ; but  if 
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Grammar.*  there  was,  how  does  this  circumstance  explain  the 
* Grammatical  use  of  our  present  Adverb  enough  ? What 
has  the  conception  of  sufficiency,  conveyed  by  this 
Adverb,  to  do  with  multiplication,  any  more  than  with 
division.  A single  thrust  through  the  body  may  be 
quite  enough  to  dispatch  a man,  and  if  it  be  nut,  he 
will  hardly  wish  it  multiplied.  Dr.  Johnson’s  obser- 
vations also  on  this  word  are  rather  singular.  “ It  is 
not  easy,”  says  he,  “ to  determine  whether  this  word  be 
an  adjective  or  Adverb,”  as  if  it  must,  of  necessity,  be 
always  one,  or  always  the  other ; and  yet  he  afterwards 
■ays,  (which  is  equally  erroneous,)  that  “after  the  verb 
lo  have,  or  to  be,  it  may  be  accounted  a substantive.” 
Add  to  this  his  suggestion,  that  when  enough  is  an 
adjective,  44  enow  is  its  plural!!!” — although,  in  his 
Grammar,  he  had  said,  that  English  adjectives  were 
indeclinable,  44  having  neither  case,  gender,  nor  num- 
ber"— and  of  course  no  plural.  Junius  says,  induc- 
tus  orthographid,  quant  pnedartn  antiquitatia  monu- 
ment um  nobis  exhibet,  libena  deduxerim  enough  d 
Gothic*  gan ah  ; ct  gan ah  a fapiw,  latitia  officio , vo- 
luptatrm  affero  ; quod  nihil  teque  miaeroa  mo  rial  ea  ex- 
hilaret , quam  rerum  omnium  aalietas.  44  Induced  by 
the  orthography  which  the  monument  of  illustrious  an- 
tiquity (the  Codex  Argenteua  of  Upeal)  exhibits,  I should 
willingly  derive  enough  from  the  Gothic  ganah  ; and 
ganah  from  yavow,  * I exhilarate  or  give  pleasure  since 
nothing  so  much  exhilarates  miserable  mortals,  as  to  have 
enough  of  every  thing.”  Lastly,  the  Rev.  Mr.  Lemon, 
in  his  English  Orthography,  derives  enough  from  hcauo*, 
“ sufficient  in  quantity  or  quality,”  and  adds,  “ indeed 
our  word  enough  undoubtedly  wears  a very  Gothic  ap- 
pearance ; but  still  is  derived  from  the  Greek.”  Of 
such  etymologies,  and  such  reasoning  on  them,  it  is 
time  to  cry  enough  ! The  plain  fact  is,  that  the'  word 
enough  is  the  Anglo-Saxon  word  genoh,  or  yenogh, 
having  precisely  its  present  meaning;  and  that  this 
word  had  some  affinity  with  the  Marao-Gothic  ganah, 
the  Prankish  ginuagi,  the  old  German  giriuoh  and 
kanuht,  the  modern  German  genug,  and  the  Dutch 
genoeg,  all  words  of  the  same  signification,  and  all 
descended,  as  Wachter  conjectures,  from  a more  an- 
cient Teutonic  word,  nog,  which  Helvioius  derives 
from  the  Hebrew  anag,  44  to  delight."  However  this 
may  be,  these  words  are  connected  with  a great  number 
of  others,  all  bearing  some  relation,  more  or  less  dis- 
tinct, to  the  conception  of  44  sufficiency,”  as  the  German 
genuge,  “ plenty,"  genugen , vergnugen,  gnvgthun,  44  to 
satisfy genau,  44  exact,”  &c.  &c. ; nor  is  there  any  rea- 
son to  believe  that  our  rude  ancestors  could  not  form  a 
conception  of  what  was  44  enough,”  quite  as  easily  as  a 
conception  of  what  was  44  multiplied,”  and  give  a name 
to  the  former  as  easily  as  lo  the  latter.  Now,  such 
name,  when  used  substantively,  would  be  a noun 
substantive  ; when  used  as  the  attribute  predicated 
directly  or  indirectly  of  any  substance,  it  would  be  an 
adjective ; and  when  used  to  modify  the  conception  of 
any  attribute,  it  would  be  the  Adverb  enough , which  we 
are  at  present  examining. 

F»io.  Fain,  says  Mr.  Tuoke,  is  a participle : and  then  he 

gives  three  examples,  in  each  of  which  it  has  merely  the 
force  of  an  adjective  proper,  which  it  still  retains  in 
the  Scottish  name  of  a well-known  tune,  “ I’ll  mak 
ye  he  fain  to  follow  me,”  i.  e.  44  I’ll  make  you  be  glad 
to  follow  roe.”  This  word  is  used  substantively  in  Kyng 
A lisa  under : 


Now  tjuyk,  tin*,  soil  snel,  Advert*. 

Do  ryng  *11?  thy  1*11  u,  v |M|  ..|L’- 

AoJ  rlu  thy  wolf  Ihya  fw/n  '*  - 

Thy  folk  d to  ordeyoe. 

Lief  also,  Mr.  Tookc  contends,  is  a participle.  It  LirC 
is  not  so;  because  it  expresses  no  particular  action, 
but  an  habitual  quality.  Participles  often  make  this 
transition.  Thus,  the  word  “ innocent"  is,  literally, 

44  doing  no  harm yet,  in  common  parlance,  it  ex- 
presses a certain  Moral  state  of  being,  a freedom  from 
guilt.  It  would  be  as  rational  to  my  that  love  was  a 
participle,  as  lief  for  they  are  both  equally  connected 
with  the  Anglo-Saxon  verb  Itifian,  44  to  love.”  The 
general  conception  which  prevails  through  these  and  a 
great  number  of  derivative  words  in  the  Northern  Lan- 
guages, is  found  in  the  old  German  lieb,  which  Wachter 
explains  to  be  6onum,  quod  omrue  apptiunt , tire  til 
honcatum  et  nature  convenient,  *hw  delect  abde.  tan  turn. 

44  Good,  that  which  all  desire,  whether  as  being  honour- 
able, and  well  suited  to  the  nature  of  Man,  or  as  merely 
delightful.”  Hence  lick,  amatus , cam*,  ddectus,  ami 
ctu;  in  which  senses,  he  says,  it  occurs  in  all  the  Dia- 
lects. Thus  the  passage  in  St.  Mark’s  Gospel,  44  Thou 
art  my  beloved  son,”  is  rendered  in  the  Gothic,  Thu  it 
aunua  meint  sa  liuba.  Mr.  Tuoke  properly  says,  it 
44  always  means  beloved  S but  beloved  differs,  in  modern 
use,  from  loved  ; for  as  we  do  not  use  the  verb  to  Ixdove, 
but,  to  love;  go  bel  o vc«  I . though  a putidph  ill  form, 
has  the  force  and  effect  of  an  adjective  proper.  Leave 
is  thus  used  in  the  Poem  on  Christ' t Descent  into  Hell, 
where  Eve  says  to  Christ, 

Knou  me  Louerd  icham  Eua 
Ich  aot  Adam  tbs  were  so  tewte. 

In  the  comparative,  it  occurs  in  the  Prologue  to  Kyng 
Alisaunder,  where  the  Poet  says,  there  are  many  per- 
sons 

That  battik  /evert  a ribaudye 

Than  to  bun*  uf  God  other  of  Scioto  Marie. 

Gower  has  it  in  the  superlative : 

Three  point**,  which  I fynde 
Ben  /met/  unto  mane  kyade 
The  Hr*t  of  hem  it  is  delite 
Thu  too  ben  wunhip  and  profit*. 

In  the  Romani  of  the  Rose,  it  is  used  for  the  beloved 
person  : 

Ilii  lee/r  a rnten  chopelet 
Had  made  and  on  bis  heed  it  set 

It  is  also  found  in  composition,  as  leflich,  which  is  the 
modern  word  u lovely,”  leofAian , which  is  Shakspeare's 
wool  “ leman,”  leofrum,  44  amiable,”  &c.  In  short,  the 
word  leof  in  all  its  forms,  is  no  other  than  the  word 
low,  which  our  ancestors  used  adjectively,  whilst  we 
use  it  otdy  as  a substantive  and  as  a verb.  No  one 
thinks  of  saying  that  the  substantive  love  is  formed  by 
adding  to  the  verb  love  the  participial  termination  erf, 
and  then  taking  it  away  again  ; nor  is  there  any  greater 
reason  for  supposing  this  operation  to  take  place  with 
the  adjective. 

Scarce  and  stark  are  admitted  by  Tooke  to  be  ad-  Scam 
jeetives,  and  their  Adverbial  use  is  equally  well  csta-  Work. 
Wished.  Stark,  indeed,  is  now  seldom  used  as  an 
adjective,  and  only  in  combination  with  a very  few  ad- 
jectives as  an  Adverb ; but  these  are  merely  the  acci- 
dents of  idiom.  There  arc,  os  has  been  already 
observed,  several  other  simple  adjectives  which,  either 
iu  ancient  or  modem  use,  are  employed  as  Adverbs ; 

Li 
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Grammar,  but  we  have  already  specified  instances  enough  of  these, 
y— and  must  now  proceed  to  the  compounds. 

Adwbs  in  The  first  and  moat  numerous  class  are  those  ter- 
minating  in  ly,  the  greater  part  of  which  are  only  em- 
ployed at  present  os  Adverbs ; while  the  same  words, 
in  a simple  form,  without  the  termination,  are  used 
adjectively.  Thus  we  have  in  modern  use  the  adjectives 
“ wise,”  " grateful,”  “ judicious,”  and  the  Adverbs 
“ wisely,”  “ gratefully,”  “ judiciously."  Hence  some 
persons,  from  an  injudicious  desire  of  precision,  apply 
what  they  suppose  to  be  a distinctive  mark  of  the  Ad- 
verb to  words  which  do  not  require  it,  such  as  w<U  and 
ill ; for  which  they  say  welly  and  illy.  Welly,  indeed, 
is  provincial  in  the  North  of  England,  in  the  peculiar 
sense  of  well  nigh  as  fully  is  in  Scotland,  in  connec 
tion  with  comparative  adjectives,  as,  ” fully  more,” 
**  fully  better,”  &e.  Ly  is  an  abbreviation  of  the  adjec- 
tive like. ; and  the  words  wisely,  gratefully,  judiciously, 
&c.  are  the  compound  adjectives  wiselike,  gratcfullikc, 
judicious! ike,  Ac.  The  termination  lyk  or  lich  is  com- 
mon in  old  English.  Thus,  in  Kyng  Alisaunder,  we 
have  the  adjectives  eorthlirhe,  (earthly,  mortal.)  ferliche , 
(strange,  wonderful,)  and  the  Adverbs  gentiliche , (gently,) 
sikerlyk , (sccurciy,  certainly,)  theojUche,  (like  a thief,) 
quykliche,  (quickly,)  stilt  ic  he,  (quietly,)  skarschhche, 
(scarcely,)  apertetiche.  (openly.) 

So,  in  Syr  Launful, 

]|«  gaf  gyfty*  target ycke, 

Gold,  anil  ailuer,  and  elude*  ryehe. 

And  again,  in  the  same  Poem  — 

The  lady  waa  brygt  aa  blounc  on  brere, 

With  eyen  gray,  with  lottetgck  ebere. 

This  word  lovetych  is  the  identical  word  leflich  before 
mentioned,  and  which  occurs  in  one  of  the  most  ancient 
loYe-«nngs  now  existing  in  Euglish,  composed  probably 
about  the  year  1200.  The  song  begins,  “ Blow  North- 
erne  Wynd,”  and  the  lover  describes  his  mistress 

With  lokkc*  lejtich*  and  long*. 

Chaucer  writes  our  word  early,  erliche ; as  in  the 
Knight's  Talc. 

An  t«Uin  her  ertiehe  and  late. 

In  the  Description  of  Cokaygne  we  have  already  seen 
the  Adverb  mtklich  (meekly.)  In  the  Geste  of  Kyng 
Horn  we  find  evenliche  (evenly,  straightly)  used  as  an 
Adverb : 

Thou  ait  (air  & eke  strong, 

& eke  ntenUchf  lung. 

This  termination,  therefore,  is  not  less  pure  and  dis- 
tinguishable in  the  old  English  than  it  is,  as  Mr.  Tooke 
observes,  in  the  sister  Languages — German,  Dutch, 
Danish,  and  Swedish,  in  which  it  is  written  lich , lyk, 
tig,  liga.  In  the  Anglo-Saxon  we  find  it  used  both  ad- 
jective))' and  Adverbially,  as  in  the  translation  of  Bede's 
Ecclesiastical  History , (book  iii.  c.  3.)  **  tha  lifigendam 
stanas  therre  cyricmn,  of  eorthlicum  sellum,  to  lham 
hcofbnlicum  timbre , gebtrr  f ' “ the  living  stones  of  the 
Church,  from  earthly  scats,  to  the  heavenly  building,  it 
bore.”  Aud  again,  (foe.  eft.)  **  tha  cyricean  wundorlke 
hcvld  tf  rihte  “ the  Church  he  wondroiuly  held  and 
ruled.”  The  simple  adjective  “ like”  is,  in  the  Anglo* 
Saxon,  He,  which  also  signifies  " the  body.”  In  Mjpso- 
Gothic  leiks  is  " like  aud  leik  is  the  body:  whence 
the  Scottish  word  lyke-wakt,  corrupted  into  late-wake, 
signifies  “ the  watching  of  a dead  body.”  That  the 
name  of  the  conception  of  **  hody”  should  be  trans- 


ferred to  the  conception  of  ” likeness,”  is  not  at  all  Adverbs, 
surprising ; for  what  is  so  like  any  person  or  thing  as 
the  very  body  of  that  thing,  or  of  that  person  ? Hence, 
Shakbpeare,  meaning  to  intimate  that  the  use  of  the 
Drama  is  to  represent  the  exact  likeness  of  living  man- 
ners, says,  it  is  “ to  show  the  very  age  and  body  of  the 
time,  its  form,  and  pressure as  if  he  had  Raid,  “ the 
Drama  holds  up  a mirror  to  the  present  time,  eihibita 
its  age  of  manhood  or  decrepitude,  represents  its  very 
body,  the  shnpe  which  it  hears,  and  the  impression 
which  it  produces  on  the  mind  of  (he  observer,  as  a 
seal  does  on  wax,  or  a statue  on  the  plaster  from 
which  a cast  is  to  be  taken.”  Neither  is  it  surprising 
that  the  adjective  “ like”  should  enter  into  composition 
with  a great  number  of  other  adjectives;  for  if  any 
attribute  could  not  be  exactly  predicated  of  a particular 
substance,  something  like  that  attribute  might  be  so;  if 
a person  or  tiling  could  not  Ik*  said  to  possess  exactly  a 
certain  quality,  it  might  be  said  to  possess  a quality 
similar,  or  nearly  the  same ; if  it  was  not  great  it  might 
he  greatlike  ; if  not  good,  goodlike,  Ac.  Thus  the  pro- 
nominal adjectives  such,  each,  which,  were  formed  from 
compounds  literally  signifying  so-iike,  one-like,  and 
what-like. 

1.  In  the  Mrao-Gothic  swa  is  “ so,”  and  swa  leik  is 
" such.”  In  the  Anglo-Saxon  it  is  contracted  to  swylc, 
in  the  Old  English  to  stcylke  and  swiche,  and  thence  to 
sick  and  sucA.  And  the  same  is  found  in  the  coguute 
Languages:  in  the  old  Frankish  and  Alamannic,  it  is 
solich,  sultch  ; in  the  Dutch,  sulk ; in  the  Swedish,  slyk; 
and  in  the  modem  German,  solcht. 

In  the  Romance  of  Richard  Coer  de  Lion,  we  have 

Kyng  A1  ysaundre  ne  CharUunayn 
HttiUle  newer  swytke  a route. 

And  Chaucer  says. 

In  ncicke  a gi*e  u I you  teUen  that 

2.  The  words  ilk  and  ilka  are  to  be  found  in  our  old 
writers,  and  still  exist  in  the  Scottish  Dialect.  Ilk  was 
sometimes  written  iliche,  and  has  been  abbreviated  to 
each.  The  following  lines  occur  in  a satirical  Poem 
entitled  Syr  Peni,  or  Narracio  de  Domino  Dcnario : 

(MS.  Cotton.  Galb.  E.  9.) 

Dukes,  rrU't,  and  i/k  barovne 
To  Krue  h-.m  er  Ihuu  ful  bounc 
Both  biday  and  uygfct. 

In  another  part  of  the  same  Poem  are  these  lines: 

He  may  hv  buth  heuyn  and  hell 
Ami  i tin  thing  that  ***  to  aril 
la  erth  has  he  tsnik  grace ; 

where  we  see  ncilk  used  for  #l  such,”  and  ilka  for 
M every,”  as  it  is  by  Brass,  in  his  Twa  Dogs — 

Ilia  honevt  aonair,  bavs’nt  (ace 
Ay  gat  him  frieoda  in  ilka  place. 

3.  Miich  is,  in  the  Anglo-Saxon,  htcilc ; in  the 
MiEso-Gothic,  htcelriks ; from  h was.  or  hwt,  " whom,’* 
and  leiks,  “ like.”  In  the  Alamannic  it  is  huuiclich  ; in 
the  Danish,  huilk  ; in  the  Dutch  welke ; in  the  German, 
welche.  The  word  tchilk,  anciently  written  quhilk,  was 
common  in  Scotland  to  a late  period,  and  perhaps  still 
exists  in  some  remote  parts  of  the  Country.  It  is  uni- 
formly used  in  the  Work  of  Nicoi-  Borne,  before  quoted : 
as  “ 1 micht  produce  monie  siclyk  places,  quhilk  1 never 
hard  zit  cited  he  zou that  is,  **  I might  produce  many 
such  places,  (of  Scripture,)  which  I never  heard  yet  cited 
by  you.” 
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4.  Agreeing  with  these  is  the  old  English  thilke , still 
retained  in  the  Wiltshire  Dialect,  and  pronounced  thik, 
for  “ that."  Thus  Spenser,  in  his  May,  says, 

Our  bloaket  liveries  been  all  too  ad. 

Fur  thilke  same  oiuod,  when  ail  is  jcl*<l 
lu  |*l«aonct:. 

Chaucer,  in  his  translation  of  Boethius,  says,  " Cer* 
t.*s  yet  livcth  in  good  point  thdk  precious  honour  of 
mankind.” 

And  in  the  Poem  on  Christ's  Docent  into  HcU  are 
these  lines  : * 

live  smala  ferula  that  bucth  nout  strong* 

He  khulvn  inwn|f  oven  yxmgu 
ThUk*  that  ouUcth  ageyoe  hern  stoode 
lehulle  he  habben  hem  in  humic. 

That  is,  “ the  small  fiends  that  are  not  strong  shall  go 
among  mankind,  and  those  persons  who  will  not  stand 
against  them,  1 am  willing  they  should  have  in  hand." 

Thus  have  we  traced  a substantive  (signifying  body ) 
through  its  transitions,  first  into  an  adjective  proper, 
{like-,}  thence  as  part  of  the  compound  adjectives  proper 
and  pronominal,  {lovtlike  and  solike,)  and,  lastly,  into 
the  termination  {ly,)  which  we  still  use  both  in  adjec- 
tives and  Adverbs,  though  with  idiomatic  differences  in 
respect  to  particular  words,  some  being  only  considered 
as  belonging  to  the  one  class,  and  some  to  the  other. 
Thus,  goodly,  though  not  much  used  in  the  present  day, 
and  rather  as  an  Adverb  than  an  adjective,  is  employed 
by  Siiakspeare  in  the  latter  character,  through  all  its 
degrees  of  comparison  : 

1.  In  Hamlet — 

I taw  him  once,  ha  was  a goodly  king. 

2.  In  AlTs  Well  that  Ends  WeU— 

If  he  were  boneater  he  were  much  goodlier. 

8.  In  King  Henry  VJIT. — 

She  is  the  goodliest  woman  that  ever  lay  by  man. 

So  the  word  kindly  is  commonly  considered  to  be  an 
Adverb,  but  Dorns  uses  it  as  an  adjective,  in  Poor 
MaiUic’s  Elegy  : 

Thro’  a’  the  toun  the  trotted  by  him ; 

A long  half-mile  the  eou'd  descry  him ; 

Wi'  htndty  bleat,  when  ehe  did  spy  ban, 

She  ran  wi*  speed. 

On  the  other  hand,  the  word  lonely  is  treated  in  the 
English  Dialect  os  an  adjective  ; but  Burns,  in  the 
same  Poem,  employs  it  Adverbially : 

Our  bardie,  lately,  keeps  the  Spence 
Sin*  Maillie'k  dead. 

Godly,  lovely,  portly,  and  some  other  such  words,  are 
employed  exclusively,  in  modern  times,  as  adjectives ; 
but  it  is  observable  that  godly  has  obtained  by  custom  a 
different  meaning  from  the  identical  adjective  godlike. 
We  have,  too,  some  of  these  words  in  one  form  of  com- 
position, and  not  in  its  correspondent  compound.  Thus 
we  say  ungainly  for  awkward  ; though  the  word  gainly, 
formerly  in  use,  has  become  obsolete.  Dr.  Henry 
More,  a very  learned  writer  of  the  XVIIth  century, 
says,  " She  laid  her  child,  as  gainly  as  she  could,  in 
some  fresh  leaves  and  grass."  {Conj.  Cabal.) 

A mistake  similar  to  that  which  we  have  noticed  in 
regard  to  the  termination  ly,  also  prevails  with  reference 
to  the  prefix  o,  which  is  considered  by  some  persons  as 
necessary  to  distinguish  Adverbs  from  their  adjectives, 
as  aloud  from  loud;  but  the  Poets,  who  commonly 
judge  of  Language  more  correctly,  by  a delicacy  of  feel- 


ing, than  Pedants  do,  by  the  narrow  rules  with  which  Admba. 
they  are  conversant,  adhere  lo  no  such  distinction.  Thus  ' 

Milton  describes  the  “civil  suited  morn” — 

— — ken-heft  in  a comely  cloud 
While  rucking  winds  are  piping  had — 

not  "loudly,"  nor  "aloud.”  In  fact,  this  prefix  is  of 
different  origin  in  different  Adverbs,  and  is  more  or  less 
essential  in  modern  use,  according  to  the  diversily  of  its 
original  signification. 

1.  It  is  corrupted  from  the  Saxon  participial  prefix 
ge  or  ye;  as  adrift,  that  is,  driven. 

2.  It  stands  in  the  pluce  of  the  prepositions  in  or  on; 
as  alive,  anciently  written  on  ly  re,  i.  e.  in  life,  or  in  a 
living  state. 

3.  It  was  formerly  expressed  by  the  preposition  of; 
as  a nap,  anciently  written  of  new,  as  we  now  say  of 
late. 

4.  It  is  the  positive  article  a ; as  awhile,  I.  e.  a time. 

5.  It  is  |xirt  of  the  pronominal  adjective  all ; as  alone , 
anciently  written  all  one,  i.  e.  absolutely  one. 

6.  It  is  the  French  preposition  d,  as  adieu,  which, 
however,  is  rather  to  be  ranked  among  interjections. 

7.  It  appears  to  he  merely  superfluous,  as  alike,  an- 
ciently written  iliehe,  for  like. 

We  shall  consider  the  participles,  substantives,  &c. 
hereafter;  for  the  present,  we  mean  to  direct  our  atten- 
tion only  to  those  Adverbs  with  the  prefix  a which  ap- 
pear to  be  directly  formed  from  adjectives  proper,  as, 
aloud,  from  “ loud  anew,  from  " new abroad,  from 
“ broad." 

Aloud,  anew,  and  abroad  were  anciently  written  "on  Aloud, 
loud,"  "of  new,”  and  " on  broad,"  corresponding  to 
the  expressions  still  current,  “ on  high,'*  “ of  late.”  &c. 

Thus,  in  the  Poetical  History  of  Sir  William  Wallace, 
the  Scottish  author  of  which  seems  to  have  lived  not 
long  after  our  great  English  Poet  Chaucer,  we  read. 

On  hud  be  tpeir'd  what  art  tlvou  ? 

Gawin  Douglas,  another  Scottish  Poet,  in  his  spi- 
rited translation  of  the  JEneid,  which  was  completed  in 
1513,  has  these  lines: 

Tha  battcllia  ware  adjoort  now  of  new. 

And  again — 

his  toner  quhite  as  flour* 

In  ring  of  battell  did  on  brtde  display. 

It  may  be  thought  that  the  expressions  " of  new,” 

**  on  broad,”  **  on  loud,”  and  the  like,  ore  elliptical ; 
and  that  a substantive  is  always  understood,  as  ” of  new 
beginning “ on  broad  expanse*  &c. ; but  what  we 
mean  by  a substantive  understood,  is  n conception  pre- 
sent to  the  Mind,  though  not  expressed  in  Language. 

Now,  in  the  Adverbs  "anew”  and  " abroad,”  or,  in  . 
their  equivalent  phrases  '*  of  new,”  " on  broad,"  there 
arc  no  conceptions  present  to  the  Mind  but  those  of 
newness  and  breadth,  except  that  of  the  connection  be- 
tween these  conceptions  and  the  verbs  which  they  are 
intended  to  modify.  The  words  new  and  broad,  there- 
fore, notwithstanding  their  adjectival  form,  are  rather 
to  be  considered  as  substantives.  They  name  the  re- 
spective conceptions,  not  as  attributes  of  a fancied 
“ beginning”  or  “ expanse,”  but  as  general  terms, 
which  may  serve,  with  the  aid  of  a preposition,  to 
indicate  some  circumstance  or  modification  of  the  action 
expressed  in  the  verb.  The  Port-Royal  Grammarians 
observe,  that  the  greater  part  of  Adverbs  are  only  in- 
tended to  express,  in  one  word,  what  could  not  other- 
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Grammar,  wise  be  marked  except  by  a preposition  anil  a noun 
substantive,  as  sapienter  for  cum  sapientid ; hodie  for 
in  hoc  die;  and  this  observation  applies  to  the  class 
before  us.  To  display  a banner  “ broadly,"  “ on  brood," 
or  “ abroad,"  is  to  display  it  “ in  breadth  to  begin  a 
battle  44  newly,"  “ of  new,"  or  " anew,"  is  to  begin  it 
•*  with  newness,"  compared  with  the  former  beginning. 
And  this  force  of  the  expression  may  frequently  be 
illustrated  by  comparing  it  with  its  converse,  as  on 
high”  with  **  the  earth,”  **  abroad"  with  “ at  home." 
Nor  should  we  hesitate  to  explain  thus  even  the  plural 
t^iVroiv  in  the  angelic  doxology  (8t.  Luke,  ch.  ii.  14.) 
toga  tv  Kt u ivi  yyi  ttftyvt/—-11  Glory  to 

God  in  the  highest,  and  on  Earth  peace  for,  as  £»£«  is 
opposed  to  tiptjvtf,  so  is  iV  vyptaiois  to  hri  ; and  it 
signifies  **  in  the  heights,”  or  rather  in  " the  heights  of 
heights;”  as  in  the  14fith  Psalm,  44  Praise  Him  ye 
heavens  of  heavens."  Again,  it  may  receive  further 
illustration  from  some  equivalent  modes  of  expression, 
as,  at  large,  written  by  Chaucer,  at  thi  large; 

Thoa  walked  now  at  Thebes  at  (U  Urge. 

Lonol  and,  in  his  celebrated  Vision  of  Piers  Plouhman, 
written  about  1350,  instead  of  the  Adverb  atone,  uses 
the  expression  mine  one  : 

And  thus  I went  wide  wher  walking  nine  one. 

A mode  of  expression  not  dissimilar  to  my  * lane , which 
is  still  used  with  the  some  meaning  in  some  parts  of 
Scotland. 

A«kew.  It  may  be  doubted  whether  the  words  askew,  askance , 
Aikance.  ftnd  awry  are  taken  immediately  from  adjectives  or  from 
Awry-  participles.  In  respect  to  the  first,  Mr.  Tooke  seems  to 
hove  quoted  Gower  erroneously  : 

And  with  that  wordc  all  aodealy 
She  pasacth  aa  it  were  atkir, 

AU  doane  out  of  the  Indie*  eight. 

Atkic  is  “ into  the  sky,"  tenues  rxmcsdl  in  auras,  and 
docs  not  appear  to  bear  any  relation  to  askew,  which 
is  connected  with  our  word  skewer,  or  as  the  vulgar, 
more  consistently  with  its  etymology,  pronounce  it, 
skiver,  an  instrument  used  to  44  twist"  and  “ wrest" 
meat  into  a shape  fit  for  the  table  ; from  the  Danish 
skit re,  wry,  crooked,  oblique,  and  skitevrr,  to  “ twist,” 
to  “ wrest,"  or  force  awry.  Our  word  shy  is  probably 
of  this  origin.  Shy  is  in  German  scheu,  whence  the 
verb  tchruen  ; in  Frankish  seuwan,  in  Dutch  schutcen, 
in  Italian  schifare,  in  French  esquiver,  and  in  English 
to  eschew,  all  having  reference  probably  to  the  Greek 
Seaivv,  the  “ left  hand,"  inasmuch  as  the  left  hand  has 
always  been  the  mark  of  inferiority,  that  which  was 
turned  from,  or  eschewed  : **  the  sheep  were  on  the 
right  hand  and  the  goats  on  the  left.”  The  word  scoff 
reems  to  be  of  the  same  origin.  Thus,  in  Kyng  Ali- 
saundcr , we  find, 

Alitttioder  loo  kid  tukof 
As  he  no  g«f  nought  thereof  j 

where  it  seems  difficult  to  determine  whether  we  should 
understand,  "Alexander  look'd  acoffingly,”  or  “ Alex- 
ander look’d  askew.” 

Participles.  2.  It  is  not  only  the  adjective  proper  which  serves 
to  modify  other  adjectives  or  verbs.  The  participle 
performs  the  same  office,  and  in  the  same  manner. 
An  Adverb  may  be  said  to  be  derived  from  a participle, 
when  it  expresses  a quality  or  circumstance  produced 
by  the  action  which  the  participle  denotes.  Thus 
adrift  is  an  Adverb,  which  may  be  said  to  be  directly 
or  indirectly  taken  from  the  past  participle  of  the  verb 


drifan,  to  drive.  To  be  turned  adrift,  is  to  be  put  in  Adverbs, 
the  state  of  a vessel  driven  about  by  the  winds  and 
waves,  without  a pilot  or  a helm.  This  conception  of 
driving,  considered  absolutely,  forms  the  substantive 
drift,  which  we  apply  Physically  to  the  snow  driven 
along  the  ground  by  the  wind,  or  to  the  sand  driven 
along  ihe  channel  of  a river  by  the  stream.  Intellectu- 
ally, it  is  applied  to  the  tendency  of  the  arguments  in  a 
train  of  reasoning:  as  in  Shakspcare 

What  ia  the  eoune  and  drift  of  your  compact  > 

That  is  to  say,  whither  do  they  drive?  The  word 
adrift,  therefore,  may  have  originally  been  ydrived,  as 
Mr.  Tooke  seems  to  suppose  ; or  it  may  have  been  on 
drift,  that  is,  44  in  the  stute  of  driving ; ’ but  in  cither 
case,  it  presents  the  notion  of  a slate  or  quality  pro- 
duced by  action.  Aghast  seems  to  be  aghasted,  that  is 
affrighted,  as  one  who  has  seen  a ghost.  It  is  from  the 
Anglo-Saxon  gast,  a ghost.  Ago  is  the  participle  y go, 
gone ; as  in  Chaucer  : 

A dark*  thcr  ni  of  Oxeoiord*  also 
That  unto  lugike  budde  long  ggo. 

Asunder  certainly  bears  some  sort  of  reference  to 
the  participle  of  the  verb  sondrian,  which  may  also  have 
some  connection  with  the  substantive  sond,  the  sand ; 
but  it  is  also  to  be  observed  that,  in  many  of  the  North- 
ern Dialects,  the  general  conception  of  separation,  or 
being  apart  from  other  things,  is  expressed  by  words  of 
this  radical.  In  the  Codex  Argenteus  we  have  suo- 
dro  siponiam  sdnaim,"  apart  from  his  disciples” — 
bi  the  warth  sundro,  44  when  he  was  alone" — ajiddia 
sundro, ‘‘he  went  apart.”  In  the  Anglo-Saxon  Sunder 
sprite  is 44 a private  or  separate  conference.”  Sundor  land 
is  any  separate  and  distinct  tract  of  land  possessing 
peculiar  privileges,  (whence  the  modern  name  of  Sun- 
derland,) sundor  gyfe,  a privilege,  or  peculiar  grant.— 

So  the  Pharisees  are  called  sundor  halgan  as  affecting  a 
singular  and  peculiar  sanctity.  Considering,  therefore, 
that  this  word  sunder,  or,  as  wc  express  it,  sundry,  has 
so  distinct  an  adjectival  force,  it  seems  rather  more  pro- 
bable that  the  word  asunder  was  originally  formed  from 
the  adjective  than  from  the  participle,  and  was  probably 
expressed  on  sunder,  from  44  sunder,"  as  on  ne we,  from 
" now.” 

A fret  was  the  participle  of  the  verb  to  fret,  or  to 
freight.  Thus  in  the  Romani  of  the  Rose — 

For  round  environ  her  crcmnct 
Was  fulU)  of  nch  atoaia  afrrt  ; 

which  may  either  mean  in  /ref-work,  or  freighted, 
loaded  with  jewels.  The  former,  viz.  fretwork,  seems 
to  be  taken  from  the  act  of  gnawing  or  eating,  as  “ a 
moth  fretting  a garment,"  whence  M eating  cares,”  edaces 
curse,  are  said  to  fret  the  mind  : and  Chaucer  has 
ihe  vow  fretting  tba  chyld  right  in  the  cradiL 
There  are  two  old  German  verbs  fressen  and  frclten. 

The  former  is  our  verb  to  fret,  the  M*so-Gothic  frttan, 
Anglo-Saxon  freelen,  Dutch  vreten,  Frankish  frtzan,  all 
signify  ing  to  cat  or  devour.  The  other  verb  is  from  the 
old  German  word  fret,  a load  or  burden,  restrained  in 
French  to  the  lading  of  a ship,  whence  our  substantive 
freight.  In  a very  rude  specimen  of  the  satirical  talents 
of  the  Xlllth  century,  (Harl.  MSS.  No.  2253.  foL 
124.  b.)  the  author,  reviling  the  ribalds,  or  idle,  disorderly 
persons  of  his  day,  says. 

The  dueil  haem  afretge 
Rau  other  aroste. 
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Grammar.  A twist  is  evidently  from  the  peat  participle  of  the 
verb  twisan,  which  Mr.  Tooke  properly  deduces  from 
ftcy,  two;  but  it  is  somewhat  extraordinary  that  this 
very  instance  should  not  have  shown  him  the  error  of 
his  notion,  that  words  in  their  Grammatical  transitions 
from  one  Part  of  speech  to  another,  undergo  no  change 
of  signification.  And  it  is  the  more  remarkable,  be- 
cause Wallis,  of  whose  Grammar  Tooke  speaks  vrith 
some  respect,  has  given  three  curious  stanzas  of  his 
own  composing,  on  the  word  with  a view  of 

showing  the  variety  of  significations  which  may  be 
expressed  by  English  words  of  similar  origin  : 

When  a twister,  a twisting  will  twist  Kim  a twist, 

For  the  twisting  hi*  twist  he  three  twiaea  (kith  in  twist ; 

But  if  one  of  the  twists  of  the  twist  doth  untwist, 

The  twin*  that  untwist eth,  untwisteth  the  twist 

2. 

UDtwiHiag  the  twine  that  untwisteth  between, 

He  twirls  with  his  twister  the  two  in  a twine ; 

Then  twice  having  twisted  tho  twines  of  the  twine, 

Ha  twitch sth  the  twine  he  had  twined  in  twain. 

3. 

The  twain,  that  in  twining  before  in  the  twine 
As  twins  were  int  willed,  he  now  doth  on  twine, 

Twist  the  twain  intertwisting  a twine  more  between 
He  twirling  his  twister  makes  a twist  of  the  twine. 

The  proof  that  these  words,  alliterative  as  they  arc 
in  sound,  and  identical  in  origin,  do  nevertheless  express 
a great  variety  of  conceptions,  is  very  ingeniously  given, 
by  exhibiting  them  in  a Lutin  translation,  in  which  the 
same  care  is  taken  to  avoid  similitude  of  expression,  as 
in  the  former  case  to  observe  it. 

1. 

Quum  ratiarius  aliqu  is,  conjiciendistorquendo f unibus 
jam  occupatus,  v uli  tibi  funem  tortilcm  contorquendo 
conficere  ; qub  hunc  tibi  tortilcm  funem  lorquendo  con - 
Jiciat,  tria  contortu  apla  Jilamenta  complicando  invictm 
associal ; veritm  si  ex  contortu  Mis  in  fune  Jxlamentis 
vnum  forii  se  explicando  complieationi  eximat ; hoc 
ita  se  explicando  diuocians  fUamentum,  funem  torsione 
factum  detorquendo  resole  it. 

2. 

IUc  autem  celeriter  evotvendo  relexens  intermedium 
illud  quod  se  explicando  dissociaverat  ji /amentum,  ver- 
sorto  suo  torsion  is  inslrumenlo,  duo  reliqua  celeri  volvens 
turbine  contorquet,  funiculum  ex  binis  jitamentis  tnde 
confident.  Turn  two,  quum  jam  secundd  vice  lorquendo 
convolver  at  funiculi  bi-chordis  bina  Jilamenta  ; quern 
ex  binit  Jilamentis  lorquendo  concinnaterat  funiculum 
raptim  divellendo  dirim  it. 

3. 

Tandem , qua  lorquendo  pr idem  in  funiculo  bimembri 
JUamrnla  duo,  tanquam  gemcllcm,  una  consociaverat  tor- 
quendo,  jam  detorquendo  dissocial ; et  binis  iUis  JUamen- 
tum  adhuc  aliud  intermedium  intenerendo  consocian* , 
versorium  ilUsuum  gyro  celeri  fortiter  v ersando,  exfuni- 
culo  bimembri  plurimembrem  lorquendo  conficit  funem. 

The  participles  hitherto  mentioned  have  the  form  of 
post  time;  but  we  also,  though  less  frequently,  see 
those  which  have  the  form  of  present  time  used  in  like 
manner  Adverbially  ; as  “ stark  staring  mad,”  “ roaring 
drunk,”  and,  in  Shakspeare,  more  elegantly,  “ lovirg 
jealous.” 

—————  I would  hare  thee  gone, 

Aad  yet  no  further  than  a wanton'*  bird, 

Who  let*  it  bop  a little  from  her  hand, 


a poor  prisoner  in  hi*  twitted  gyve*, 

Aud  with  a *dk  thread  ;mlU  it  back  again, 


A uver  us. 


So  taxing  jrm/atit  of  hi*  liberty. 

Hut  in  all  these  cases  the  specific  notion  of  time 
does  not  attach  to  the  participle.  When  it  becomes 
on  Adverb,  it  loses  that  property ; because  it  either 
modifies  a verb,  and  then  the  time  is  expressed  in  the 
verb  itself,  or  it  modifies  an  adjective,  and  then  there  is 
no  expression  of  time  necessary. 

3.  The  numeral  pronouns  supply  a class  of  Adverbs,  Numeral*, 
which  are  not  very  abundant  in  any  Language.  Verbs 
of  action  represent  concqitions  which  may  be  often 
repealed.  If  it  be  meant  to  limit  the  action  to  a single 
instance,  the  conception  of  the  number  one  must  be 
expressed,  and  so  of  any  other  number,  and  to  this  is 
added,  either  expressly,  or,  at  least,  in  the  Mind,  the 
conception  of  time.  Thus  we  say,  “ he  marched  six 
times  through  Spain “ he  conquered  more  than  twenty 
times  in  pitched  battles  ;M  “ he  was  twelve  times  crowned 
with  laurel.”  In  most  Languages,  it  is  unnecessary  to 
express  the  conception  of  time  in  connection  with  the 
lower  numbers,  the  numerals  themselves  supplying  un 
inflection,  by  which  that  conception  is  perfectly  under- 
stood. Thus  urc  produced  our  Adverbs  once , twice, 
thrice,  which  are  no  other  than  the  old  genitives,  onis, 
twyis,  threyis.  The  Latin  Language  is  more  felicitous 
in  this  respect ; it  lias  decies,  vicies,  verities,  and  millies  to 
express  ten  times,  twenty  limes,  a hundred  times,  and 
a thousand  times. 

In  a Poem  of  the  time  of  Henry  VI.  entitled,  " How 
the  wyse  man  taght  hyt  son,”  (Harl.  MSS.  1596.)  is 
the  line 

F or  and  thy  wyfc  may  on  ft  aspye. 

In  Kyng  Alitaunder, 

Ttrfe*  i*  vomer  in  Uut  lands. 

• * • • 

Y«  harcth  him  iwytt  overcome. 

With  respect  to  the  Adverb,  once,  howevcr.it  is  to  be 
noted,  thal  as  one  is  not  always  opposed  to  two  or  three, 
or  any  specific  number,  but  sometimes  merely  tp  many ; 
so  once  does  not  always  signify  “ at  one  time,"  as  op- 
posed to  two.  three,  or  any  other  number  of  times,  but 
merely  “ at  some  time”  different  from  the  present. 

Thus,  when  Words  worth  says  of  Venice, 

Once  did  ahe  hold  the  gorgeous  East  in  fee, 
he  means  to  contrast  the  greatness  of  a former  time 
with  the  degradation  of  the  present.  As  if  he  had 
said,  although  at  this  present  time  she  lies  so  low,  there 
was  one  other  period,  at  least,  in  her  History,  which 
presented  a far  different  picture.  At  that  time  she 
was  rich  and  great,  fiunous  and  powerful 

— Note  ties  ahe  there. 

And  none  wo  poor  to  do  her  nrverence. 

Nor  is  ibis  signification  confined  to  the  time  pent. 

Once  equally  means  some  uncertain  time  as  applied  to 
the  future.  Thus,  in  the  Merry  M ica  of  H'indtor— 

I pr.,-  thee,  me  tu  eight,  give  my  met  N*n  this  ring. 

Nearly  the  same  effect  is  given  in  Latin  to  the  Adverb 
ofim,  which  means  some  one  point  of  time,  either  past 
or  future  ; and  seems  to  have  the  same  connection  with 
the  relative  article,  as  our  word  once  has  with  the  posi- 
live ; for  oltm  appears  to  be  derived  from  oUt,,  which  the 
early  Romans  used  for  ill,,  and  which,  in  the  plural, 
was  written  oloe,  as  in  the  Royal  Law : Hi parmlu  purr 
terierit,  at t olok  phramnl. 
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Grammar.  The  numeral*  hitherto  spoken  of  are  those  called 
cardinal ; but  the  ordinals  also  supply  a certain  class 
of  Adverbs*  as  thirdly,  fourthly,  fifthly,  Ac.  which  are 
formed  from  the  adjective*  third,  fourth , fifth,  Ac.  by 
adding’  the  termination  ly,  before  explained.  In  the 
Latin  Language*  the  correspondent  word*  tertio,  quarto, 
Ac.  are  manifestly  the  adjectives  tertius , quarius , Ac. 
with  the  termination  of  the  ablative  case.  In  English* 
too,  we  use  the  adjective  first.  Adverbially,  without  any 
alteration.  It  is  a circumstance  worthy  of  note  in  the 
History  of  Language,  that  the  first  two  of  the  ordinal 
numbers  generally  appear  not  to  be  taken  from  the 
names  of  the  cardinal  number* ; thus  we  do  not  say  in 
English  the  oneth,  the  tuydh,  nor  in  Latin  unitus,  duitus, 
nor  in  Greek  Zt/oio*,  ivnot-  but  in  these  Language* 
respectively,  first,  second,  primus,  sccundus,  rrpS?rot, 
tei'Ttfiot : awl  when  we  look  to  the  etymology  of  these 
words,  we  shall  he  inclined  to  suspect  that  they  are 
in  their  origin  simpler,  and  therefore,  perhaps,  earlier 
thou  the  adjectives  taken  from  the  ordinal  numbers. 
The  word  first  is  manifestly  the  superlative  of  fort,  the 
first,  being,  of  course,  the  for-est,  or  that  which  i*  before 
all  other*.  Of  this  word,  however,  we  shall  have  oc- 
- casion  to  speak  more  at  length  when  we  come  to  con- 
sider the  preposition  and  conjunction  for . The  Latin 
primus  is  in  like  manner  the  superlative  of  the  old 
won!  pri.  Scaligcr,  speaking  of  the  word  primus,  says, 
superlativum  est ; nam  phi  vetus  vox  fuit,  sient  ni  : 
postea  latiore  vocal i fuse  sunt  kb,  pr^b,  unde  j4dter~ 
bium,  pri  DBM  ; comparativum,  pmrs  ; superlalivum, 
prim  Of  ; nam  ab  Adcerbio, pndem, primum  qui  ducunt* 
errant.  And  elsewhere,  ex  m factum  est  de  ; sicut 
ex  pri,  pr®  ; et  sicut  ex  m,  ne.  Vossius  observes, 
that  pra  was  connected  with  an  old  adjective  prats, 
present,  that  is,  brfore  the  person*  assembled  ; for 
when  the  names  were  culled  over  at  the  public  meetings, 
each  individual  answered  pros.  The  Greek  wpQms  is 
in  like  manner  the  superlative  of  which  is  found 
in  various  shapes,  but  most  simply  in  the  preposition 
»/w,  answering  exactly  to  the  Latin  pra,  before,  either 
with  regard  to  time  or  place,  and  secondarily  as  to  order, 
or  what  we  call  preference.  The  word  ir/*5,  indeed, 
is  used  for  the  first  dawn  of  day;  but  this  appears  to 
be  merely  a contraction  from  r/w S’,  which,  however,  is 
undoubtedly  connected  with  •»/»« ; nor  can  there  be 
much  doubt  that  the  three  radicals  to  which  we  have 
alluded,  viz.  pri,  pro,  and  for , have  ull  one  common 
origin. 

Demon*  The  demonstrative  pronouns,  with  which  we  rank  the 
■iruiive  subjunctive,  form,  in  most  Languages,  a large  class  of 
ptoauuas.  Adverbs,  the  construction  of  which  is  elliptical.  The 
words  here  and  there , hence  and  thence,  htc  and  fljtfc, 
hint:  and  illinc,  for  instance,  are  manifestly  in  their 
origin  demonstrative  pronouns,  equivalent  to  the  words 
this  and  that ; but,  by  use,  they  have  come  to  signify 
“ at  this  place,”  “ at  that  place  “from  this  place/’ 
“ from  that  place the  substantive  " place”  being 
clearly  understood  by  the  Mind.  Neither  can  it  be 
doubted  that  the  Latin  Adverbs  quum  and  quo  are  the 
subjunctive  pronoun  qui,  with  the  terminations  of  the 
accusative  and  ablative  case;  which  word  qui  is  pro- 
bably the  same  in  origin  with  the  Gothic  htoo,  the 
Saxon  hwa,  the  Scottish  quha,  and  the  English  who. 

It  happens,  that  the  English  Language  is  not  per- 
fectly systematic  in  regard  to  the  pronoun*  which  it 
has  adopted  for  Adverbial  purposes ; and  the  same  may 


be  said  of  most  other  Languages.  We  have  the  Him  pie  Advtrt*. 
Adverbs  just  mentioned,  which  form  three  distinct  * — T-i. 1 
classes,  with  reference  to  place,  distinguishing  the 
place  where  we  are,  from  another  definite  place,  and 
supplying  an  interrogative  for  the  place  which  we  know 
not,  which  interrogative  is  also  a subjunctive. 

The  first  of  these  i»  Acre,  the  second  there,  and  the 
third  where.  It  happens  too,  with  regard  to  place,  that 
each  of  these  three  forms  has  three  varieties  to  express 
“ at  a place,”  “to  a place,”  and  “ from  a place  and 
all  these  are  variously  compounded  with  several  other 
words  or  particle*,  fore,  ever,  soever,  Ac.  Some  of  the 
words  which  form  Adverbs  of  place,  also  become  Adverbs 
of  time,  manner,  cause,  &c. ; but  these  latter  ideas  have 
some  few  Adverbs  which  are  peculiar  to  themsdveB, 
agreeing,  nevertheless,  in  principle  and  derivation,  with 
the  Adverbs  of  place.  Hence  may  be  formed  the  follow- 
ing Table  of  the  simple  Adverbs  of  this  kind  : 

{here there where? 

hence  .......  thence whence  ? 

hither thither whither? 

Time....,.,,,,.....  then when? 

Manner thus how? 

Canse why? 

The  three  classes  into  which  we  have  distributed 
these  Adverbs,  have  not  always  been  thus  accurately 
distinguished.  In  our  old  Language,  we  shall  find  the 
prepositive  formB  here  and  there  often  interchanged 
with  the  subjunctive  or  interrogative  form  where ; yet 
it  is  clearly  evident  that  these  distinctions  must  have 
always  existed  in  point  of  signification,  however  inac- 
curately or  imperfectly  expressed. 

The  word  here  is  not  only  used  in  it*  simple  form,  Rera. 
but  in  a variety  of  compounds,  as,  hereafter,  hereabout , 
hereat,  hereby,  herein,  hereinto,  hereof,  hereon,  hereupon, 
hereto,  hereunto,  heretofore,  hemcith,  heirfoir,  heirintilL , 

&c.  In  the  simple  form  it  is  principally  confined  to  the 
signification  of  “ this  place ;”  whereas,  in  the  compounds 
it  generally  signifies  “ this  time,”  “ this  thing,  4*  th  in 
event,”  or  the  like.  The  cognate  word  hier,  in  German, 
does  not  follow  exactly  the  same  variations  of  meaning. 

Both  in  its  simple  and  compound  forms  it  principally  re- 
fers to  place,  a*  hieran,  hieraus,  hierdurch,  hierein,  hier - 
in neri,  hierober,  kirrunter,  Ac. ; and  so,  heron,  herbey , 
herein , Ac. ; though  some  compounds  are  more  general 
in  their  application,  as,  hierum,  hiervon,  hiersu . In  both 
Languages,  however,  it  is  manifest  that  the  word  here, 
hier,  (or  her,  intrinsically  signifies  no  more  than  the 
word  this ; and  that  the  other  significations,  such  as 
**  place,”  “ time,”  “event,”  “ reason,  or  the  like,  are  sup- 
plied by  the  Mind,  according  to  the  context.  The  words 
heirfoir  and  heirintiU,  being  of  the  old  Scottish  Dialect, 
now  obsolete,  it  may  be  proper  to  explain  them  by  some 
instance*.  In  the  Scottish  Act  of  Parliament,  a.  d.  1493, 
the  King  (James  IV.)  recites  the  inconveniences  of 
alienating  the  Royal  domains,  thus,  “ Sen  it  is  leuit 
and  permittit  be  the  constitutiounis  and  ordinands  of 
lawis  ciuile  and  canon,  that  persounis  constitute  in 
ynutheid  and  tender  age  quhilks  ar  greitlie  dampnugeit 
and  skaithit  in  th&ir  heritage  be  imprudent  alienatiounis, 

Ac.  may  at  lhair  perfect ioun  of  age  mak  reuocatioun, 

Ac. ; Heirfoir,  we,  James,  be  the  grace  of  God,  King  of 
Scottis,  Ac.  reuoks,  reducts,  cassia,  and  annuls,  all 
infeftments,”  Ac.  In  this  example,  the  word  heirfbir  is 
simply  “ for  this,”  the  word  “ cause”  or  “ reason” 
being  understood.  Again,  in  the  Act  of  1554,  41  like 
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Grammar,  as  and  all  (he  hieaat  and  maist  vailyeable  thing  is  of  the 
premissis  had  bene  expressit  heirintill where  the  word 
heirintill  signifies  44  in  this,”  or  41  within  Mir,"  viz. 
44  writing,”  or  “ statute.”  We  cite  the  words  of  these 
Acts  from  the  careful  copies  of  the  original  documents 
lately  printed  by  order  of  Government,  which  present  a 
very  valuable  record  of  the  state  of  the  Scottish  Lan- 
guage from  1424  to  1592;  and  in  which  collection  we 
also  find  many  other  Adverbial  compounds  of  the  word 
heir,  as  heir  of,  heirupone,  heirtofoir,  heir  after,  heiranent, 
Ac.  in  all  which,  heir  signifies  this,  although,  in  some 
instances,  it  is  applied  exclusively  to  place  ; in  others, 
to  time ; and,  in  a third  class,  to  this  time,  this  place, 
this  thing,  &c.  indifferently. 

The  pronouns  are  among  the  simplest,  and  probably 
the  most  ancient  words  in  all  Languages ; and  hence  we 
must  not  he  surprised  to  find  some  difficulty  in  tracing 
the  pronominal  Adverbs  to  their  proper  origin.  How- 
ever, it  can  hardly  be  doubted  that  the  elements  of  the 
word  here  are  to  be  discovered  in  he  and  er,  which 
occur  in  many  of  the  Northern  Languages,  as  signifying 
this  person  or  these  persons,  this  thing  or  these  things, 
so  that  the  radical  conception  h what  we  express  by  the 
word  this.  First,  the  clement  he  occurs,  in  Anglo- 
Saxon  and  old  English,  in  the  words  signifying  he,  she, 
they,  and  their  respective  cases.  The  Anglo-Saxon 
pronoun  personal  is  he,  hro,  hi,  he,  she,  they ; nnd 
the  very  word  here  occurs  for  the  genitive  plural,  as 
hcom  does  for  them.  The  same,  or  similar  worth  are 
frequent  in  old  English  writers.  In  the  Vision  of  Piers 
Plouhman — 

Hcrmcta  on  • hcape  with  hoked  static* 

Wcnten  to  Waliin^ham,  and  her  wenches  after. 

Cokes  and  her  knoues  eryden,  hole  jrycj,  hate: 

That  is,  44  their  wenches,”  and  44  their  knaves/*  or 
44  boys.” 

In  Chaucers  Parson’s  tale , “ Certes  this  vertue 
makith  folk  vndertake  hard  and  greuous  things  by  her 
own  will  ;**  that  is,  44  their  own.”  In  an  ancient  Ballad, 
probably  of  the  Xlllth  century,  beginning  “In  May  hit 
muryeth,”  (Horl.  MSS.  2253.’ fo.  71.) — 

Yiwt  non  so  frvoh  flour 

Ase  ledie*  that  brth  brytit  in  hour, 

With  looe  who  mihta  hem  bynde: 

That  is,  “ I knotv  no  flower  so  fresh  as  lathes  who  are 
bright  in  bowers,  to  those  who  may  bind  them  with 
love.”  In  a dialogue  between  a body  and  a spirit,  of 
the  same  date,  (Ibid.  fo.  57.)  44  he  wolleth”  occurs  for 
“ they  will,”  This  won!  was  sometimes  written  heo,  as, 
in  a satirical  Poem  against  the  Eoclesiaatical  lawyers, 
(Ibid.  fo.  71.)  — 

Hn  shulen  in  hcJLe  on  an  hok 
lluuge  there  fore. 

And  sometimes  hi,  as  in  another  manuscript  in  the 
Harleian  collection,  (No.  2*277.  fo.  195.)— 

Tho  hi  dud*  here  pelrynagc  in  hoiie  rtode*  that®, 

So  that  among  lh«  Soraiyna  ynooxj  hi  wore  atte  last*? : 

That  is,  44  they  did  their  pilgrimage,  so  that  they  were 
taken  at  last.” 

In  the  Lai  le  frain,  which  is  a translation  from  the 
Norman-French  of  the  celebrated  Poetess  Marie,  we 
have  he  and  hye,  for  44  she and  Aim  for  “ her 
TTh?  maiden  abode  no  Irngore, 

Hot  ytde  hir  to  the  chireho  dore ; 

VOL.  I. 


O Lord,  Ar  seyd,  Jena  Crist,  ke. 

• • • • 

//yr  loked  vp,  and  l>y  Hr  Bcighe 
An  a-fclw,  by  hir,  fair  and  height. 

• • • • 

A litcl  maiden  child*  ich  founds, 

In  th«  holwu  asscho  therout, 

And  a pel  him  about. 

The  other  element,  er,  u found  in  the  modern  German 
er,  he,  and  in  the  Islamlic  er,  am,  is,  and  who;  as  in 
the  Edda  of  Snorro,  Feyma  heiter  iu  iron  a eh  of  ram 
er  *co  arm  ungar  meyar  eru.  44  Feyma  is  called  the 
woman  u-’Ao  modest  is,  as  tlie  young  maidens  are.”  In 
the  Frankhh  and  Alumannic  the  demonstrative  and  re- 
lative pronouns  of  the  third  person  are  er,  her,  and  ir. 
Thus,  in  the  Frankish  of  Otfiiid  the  Monk,  Er  gibot 
then  uuinton,  44  He  commanded  the  wimls  in  that  of 
Tatian,  Eit  quam  in  sin  cigan,  “ Hr  came  to  his 
own.”  In  the  Alamannic  of  Isidore,  Dhaz  in  Jhesus 
uuardh  c/unennt,  44  That  he  Jesus  was  named.”  These 
two  elements,  then,  tic.  he  and  er,  are  identical  in  sig- 
nification ; and  arc  only  redoubled  for  the  sake  of 
emphasis,  which  is  a habit  common  to  Barbarous  na- 
tions, and  to  the  illiterate  in  all  Countries.  Hence  it  is, 
that  the  French  have  their  cc-cx  and  cc-la,  and  even 
cc  lui-ci  and  cc-lui-la ; and  that  our  own  rustics  com- 
monly say  this  here , that  there,  thick  there , Ac.  From 
this  source  undoubtedly  come  the  Gothic,  Anglo-Saxon, 
Danish,  and  Islindic  her,  the  Frankish  and  Alamannic 
hier,  hiar,  Uiera,  the  modern  German  and  Dutch  hier, 
and  the  English  here,  all  used  to  signify,  44  at  this 
place,”  although  the  simple  and  radical  meaning  of 
them  all  is  simply  44  this."  The  various  explanations 
which  are  given  to  the  Adverb  here  by  Dr.  Johnson 
only  serve  to  show  that  the  conception  of  u distinct 
und  particular  place  is  no  necessary  constituent  in  the 
meaning  of  the  word.  Thus  here  is  opposed  to  a future 
time,  as  well  as  to  a different  place,  by  Bacon,  in  his 
advice  to  Villiere:  44  you  shall  be  happy  here  and  more 
happy  hereafter ,*”  which  might  be  paraphrased  44  in 
this  life  and  in  a life  after  /Aia” — “ in  this  world,  and  in 
a world  after  this"— ,4  in  this  state  of  existence,  and  in 
a state  of  existence  after  this,"  always  retaining,  how- 
ever, the  conception  expressed  by  the  word  this.  S0 
when  the  words  here  and  there  are  explained  by  Johnson 
“ dispersedly ; in  one  place  and  another;”  as  In  another 
extract  from  Bacon : “ I would  have  in  the  heath  some 
thickets  made  only  of  sweet-brier,  and  honev-suckle 
and  some  wild  vine  amongst ; and  the  ground  sel  with 
violets;  for  these  are  sweet,  and  prosper  in  the  shade; 
and  these  to  be  in  the  heath  here  and  there,  not  in 
order.”  The  words  here  and  fArre  are  still  to  be  ex- 
plained this  and  that ; for  the  Imagination  forms  con- 
ceptiom  of  places  separate  from  each  other,  although 
quite  indeterminately  as  to  any  specific  external  situa- 
tion, und  even  as  to  number,  except  that  the  place 
signified  by  the  word  here  is  an  Imagination  separate 
from  that  expressed  by  the  wonl  there.  The  indistinct 
process  of  the  Imagination,  therefore,  in  the  passage 
above  cited,  may  be  explained  by  supposing  an  indi- 
vidual carelessly  wandering  over  the  ground  which  is 
to  be  ornamented,  and  occasionally  stopping  to  say,  I 
will  have  a thicket  planted  in  this  place  and  another  in 
that  place.  The  atune  expression  occurs  in  a beautiful 
Sonnet  by  Shukspeare— 

Alas  ! tu  true,  I havu  gone  her*  and  there/ 

hi 
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Onmmu.  which  corresponds  with  the  expression  “ ranged,”  in 
the  preceding  verses— 

Am  casm!  might  I from  my  wife  depart, 

As  from  my  sonde,  which  in  thy  bre*t  doth  ly« : 

That  is  my  home  of  louc.  If  I hnu*  rang'd. 

Like  him  that  hands,  I return*  again* . 

Here  and  there  are  doubtless  used  indefinitely  in  such 
phrases  ; but  not  more  indefinitely  than  the  pronouns 
thit  and  that  might  themselves  be  used,  as  in  the  Song, 
Thit  way,  or  that  way,  or  which  way  you  will  j 
and  in  Drayton’s  pleasing  description  of  a winter  even- 
ing’s chat  with  his  friend— 

Now  talk  of  tha,  and  then  diacoura'd  of  that, 

Spoke  our  own  rcrwi  twist  ounelree,  he. 

Nay,  even  the  pronoun  personal  is  sometimes  used 
with  the  same  uncertainty  of  application ; as  in  Chaucer  s 
spirited  description  of  a tournameut,  in  the  Knyght’s 
Tale — 

tie  rolleth  under  foot*,  aa  doth*  a ball, 

He  foyneth  on  hi*  fevt  with  a trtmrhoun, 

And  he  hurleth  with  hi*  hors*  adoun, 

He  through  th*  body  is  hurt  and  aith  ytaka. 

In  none  of  which  instances  is  there  any  certain  ante- 
cedent to  the  word  he ; and  yet  it  stands  first  for  one 
man,  then  for  another,  then  for  a third,  and  lastly  for  a 
fourth. 

Hence  and  hither  may  be  considered  as  cases  of  the 
word  here ; but  perhaps  it  would  be  more  accurate  to 
treat  these  three  words  as  different  compounds  of  the 
element  he,  with  er,  an,  and  der.  Hence  is  the  Anglo- 
Saxon  heonan , and  the  Frankish  hina.  It  seems  to  be 
connected  with  the  Islandic  han,  he,  and  hin,  it ; and 
with  the  syllabic  Ain,  which,  in  various  German  com- 
pounds, signifies  “ from  thit  place,”  44  from  this  time,” 

«•  at  this  time,”  ” to  that  place,”  &c. ; and  which  is 
used  alone  to  signify  any  thing  that  is  “ gone  hence 
M lost,”  or  ” annihilated as  in  the  Leonore  of 
Bunoeit — 

0 mutter,  mutter,  hia  irt  hia  ! 

Vcrlokrcn  itl  rrrlohren  ! 

So  they  say  er  ist  hin  for  “ he  is  dead  r”  hinrichien  is 
to  execute  justice  on  any  one,  to  put  him  to  death  ; 
hindag  is  “ this  day hinfort,  “ henceforth,”  44  from 
this  time  forth  which  is  also  expressed  furlhin.  Im- 
merhin  is  an  exclamation  answering  to  our  “ let  it  go,” 
and  meaning  “ be  it  ever  thus,  I care  not as,  rr  mag 
immerhin  schreyen,  “ he  may  bawl  as  long  as  he  likes. ' 
So  htnauf  and  hinnb,  " above  and  below  hinein 
and  hinauit,  “ within  and  without,”  mean  respectively 
above  this  place,  below  this  place,  within  this  place, 
out  of  this  place.  Hinfahren  is  to  go  away,  to  go  from 
this  place  ; and,  in  the  Frankish,  hinnfahrt  is  “ death.” 
Our  English  word  hence,  in  old  writings,  is  hrjt,  han, 
hin,  and  henna.  In  the  Romance  of  The  Seuyn  Sages, 
we  find, 

A fi*n'l  hr  is,  in  kind*  of  man  ; 

Bind*  him,  *»re,  and  led*  han. 

Chaucer,  in  the  Knyghfs  Tale , says, 

Th*  fire*  whicbe  on  min  nuter  brenne 
Shal  ilcclarrn  rr  that  thou  go  henue 
Thin  auenture  of  Urn*. 

So  in  Christs  Descent  into  Hell — 

Bring  r*  of  this  lathe  land 
Laurnl  hmnr  into  thyn  hand. 

In  the  Scottish  Act  of  Parliament,  a.  d.  143S,  44  that 


M A R. 

all  the  kinge’s  liegis  be  vnharmyt  & vnscaithit  of  the  Advert*, 
said  house  & of  thaim  that  inhabits  theirin  fra  hyn 
furth.” 

Hither  is  the  Anglo-Saxon  and  Gothic  hidre.  In  the 
old  English  too  it  was  often  written  with  ad;  as  in 
Chaucer's  Monk's  Tale — 

And  if  you  list  to  herken  hidrruyard. 

So  in  two  manuscript  Poems  in  the  British  Museum, 

(Hurl.  MSS.  2253.  fo.  64.  and  fo.  124.)— 

Herketh  hidnoard,  and  broth  slille. 

• • • • 

Hvrknrth  hidewttrd  haremna 
A tklyng  ichou  telle. 

And,  in  the  Poem  on  Christ's  Descent  into  Hell , Satan 

“y* 

Ne  may  non  me  worn*  do, 

Then  ich  haue  lud  htderio. 

There , thence,  thither,  are  manifestly  constructed  on  There, 
the  same  principles,  and  applied  in  the  same  manner 
as  here,  hence,  and  hither ; and  as  we  suppose  the  first 
clement  of  here  to  l»e  he,  so  we  suppose  the  first  element 
of  there  to  be  the,  which,  in  the  Anglo-Saxon,  was  pre- 
fixed as  an  article  to  substantives  in  all  cases,  and  in 
both  numbers ; and  which  appears  in  various  Dialects 
under  the  forms  of  thei,  thy , tho,  tha,  alt  relating  to 
the  pronoun  that.  Thei  is  the  Gothic  conjunction 
“ that.”  Thy  in  the  old  English  compound  forthy. 
signifies  “ for  that,”  t?iz.  cause.  Tho  1*9  explained  by 
Junius,  qui,  iUi,  and  tunc , cu.  44  that  person,”  in  the 
plural  ; and  “ that  place”  used  Adverbially ; and  he 
adds,  that  the  Anglo-Saxon  tha  admits  all  these  signifi- 
cations. 

Tho,  for  44  then,”  (see  Warton,  vol.  i.  p.  161.) — 

The  messenger*  tho  home  went 

Tho,  for  44  when,”  (Harl.  MSS.  2253.  fol.  37)— 

Tho  Jhetu  was  to  bell  ygon. 

Tha,  for  44  those,”  (The  Seuyn  Sages,  v.  3901) — 

Al  tha  word**  ful  well  be  knew, 

He  was  so  ferd  him  changed  hew. 

Thae,  for  44  those.”  See  the  second  volume  of  The  An- 
tiquary, (one  of  the  recent  Novels  which  so  accurately 
delineate  the  manners  and  Language  of  Scotland,)  p. 

297— 

Thar '*  you i landward  and  burrow-down  notions. 

Tho,  for  44  those,”  (Harl.  MSS.  2253.  fo.  55,56.)— 

Parmafev  ich  hold  myna 
All  tha  that  booth  her  ynne. 

There  seems  to  be  compounded  of  the  aud  er ; as 
here,  of  he  and  er ; but  however  this  may  be,  there 
manifestly  agrees  with  the  German  der,  which  is  a 
demonstrative  and  relative  pronoun,  as  well  as  an 
article,  and  consequently  answers  to  our  the,  this,  and 
toho.  In  like  manner,  the  Anglo-Saxon  thmre  or  therr 
formed  the  genitive  of  the  article,  and  also  the  de- 
monstrative and  relative  adverb ; as  in  the  4th  chapter 
of  Joshua,  41  Nyman  twelf  stauas  on  rniddan  thane  en, 
thar  tha  sacerdas  stotlon,  & liabban  forth  mid  eow,  to 
eowre  wicstowe,  & wurpan  hig  tfuer .”  44  Take  twelve 

stones  from  (the)  midst  (of)  the  water,  tohere  the  priests 
stood;  and  have  (them)  forth  with  you,  to  your  abiding- 
place,  and  cast  them  (down)  there;"  in  which  passage 
we  see  th/ere  and  theer,  answering  to  the,  where,  and 
there  successively.  So  in  the  old  English,  there  i* 
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Grimm ar.  ofter  used  in  two  connected  sentences,  for  there  and 
. < where ; as  in  Chaucer's  Wife.  of  Bath's  Tale — 

There  as  wont  to  walken  was  an  dfc, 

There  waikcth  now  the  UmiSuur  himself. 

It  might  not  unreasonably  be  surmised,  that  where 
the  operations  of  the  Mind  are  so  distinct,  os  those  in- 
dicated by  a demonstrative  and  a subjunctive  pronoun 
or  Adverb  are,  they  would  necessarily  require  ex- 
pressions equally  different ; but  a careful  attention  to 
the  History  of  Language  will  allow  us  that  it  differs  very 
widely  in  this  respect  from  its  Philosophy.  It  is  for 
want  of  having  sufficiently  considered  this  circumstance 
that  we  find  Grammarians  so  often  at  a loss  to  account 
for  different  idioms,  and  giving  reasons  for  them  which 
arc  purely  imaginary,  not  to  say  absurd.  It  is,  no 
doubt,  a great  excellence  in  n Language,  to  mark,  by 
distinct  expressions,  the  distinct  operations  of  the  Mind, 
and  the  more  nicely  this  is  done,  the  more  accurate  and 
expressive  does  a Language  become ; but  this  is  generally 
the  result  of  time  and  of  an  undefinable  sense  of  in- 
convenience, which  induces  men  to  inflect  and  vary 
words,  as  it  were,  insensibly,  and  to  assign  to  the 
various  inflections,  though  of  similar  origin,  different 
effects.  In  no  Language,  however,  has  this  Principle 
been  carried  info  full  operation ; and  hence  we  see  the 
different  meanings  of  a word,  and  the  different  Parts 
of  speech  which  it  constitutes,  passing  into  each  other 
by  gradations,  which,  at  first  sight,  it  is  not  always 
easy  to  explain.  Thus,  in  Greek,  the  subjunctive  pro- 
noun, or.  as  some  call  it,  the  subjunctive  article,  Cv,  is 
sometimes  said  to  be  used  for  the  prepositive  o ; some- 
times for  t*V  interrogatively ; and  sometimes  for  dirro*. 
Again,  "0<rm  sometimes  answers  to  the  Latin  relative 
quit,  and  sometimes  to  quisquit.  The  Adverb  ’Otw, 
besides  the  common  signification  “ where,”  answers  to 
“ whither and  in  argument,  to  " since and  in  de- 
scription, to  “ in  this  place,”  or  " in  that  place.”  So, 
•t«,  “ when,”  signifies  also  " since,”  like  the  Latin  cum: 
and  the  examples  of  this  kind  are  infinite.  We  shall 
not,  therefore,  be  surprised  to  find  considerable  diversity 
from  the  modern  idiom  in  the  following,  and  many 
similar  instances : 

Ther  is  used  for  the,  that  or  them ; as,  in  The  Seuyn 
Sages,  thernchile  for  the  while : 

Therxchile,  tire,  that  I tulde  this  tale, 

Ttu  tone  might®  tbolie  doth**  bole. 

Gawin  Douglas  has  “ tharc  about''  for  “above 
that and  “ tharon ” for  “ on  them." 

In  the  old  Scottish  Dialect  thir  was  used  for  these, 
or  them  ; as  in  the  Act  of  1424,  **  thir  ar  taxis  ordaynt 
throu  the  counsaile  of  Parliament.”  So  in  Dunbar’s 
Goldin  Terge , written  about  a century  afterward— 

Full  luslwly  thir  Udyi*  *11  in  firir 
Eoiterit  into  thia  pork  of  maist  plcacir. 

• • • • * 

Awl  firnj  tae  of  thir  in  grene  arrtyt 
And  harp  and  lute  full  rnim-jly  they  playt. 

In  the  same  Dialect  we  find  thairlo  and  thairfra, 
thairfoir  and  Ihairefltr,  tharapone,  thairuntill,  &c. 

Chancer  uses  Iherta  in  the  sense  of  “ moreover,”  or 
“ in  addition  to  that”  aa  in  the  liime  of  Sir  Thapat — 
Ho  couth®  hunt  at  the  wildl  dere 
And  ride  an  haukiog  forty  the  riuere 
With  grey  gothauku  on  hoodc  : 

Thrrta  he  wa*  a good  o/chcre. 

Therefore \ which,  in  modern  times,  is  commonly  used 


conjunctively,  occurs  in  a rude  old  English  Poem  before  Adverb*, 
quoted,  (Harl.  MSS.  2253.  fo.  71.)— 

Heo  shulen  in  hello  on  an  hok 

HongO  there  /ore. 

In  short,  comparing  the  different  authorities,  ancient 
and  modem,  we  find  that  the  word  there,  however  va- 
riously spellerl,  did  not  originally  relate  to  place  exclu- 
sively, but  was  equally  applied  to  time,  to  persons,  and 
to  events : and  the  same  may  be  said  of  thence  and 
thither.  Thenceforth , which  we  use  with  reference  to 
time,  agrees  with  the  old  Scottish  phrase  fra  thin  forth, 
ns  in  the  following  passage  in  the  Act  of  1503,  which 
is,  on  many  accounts,  worthy  of  notice  : 
n It  is  statute  and  ordanit  th*t  /ra  thin  furih  no  liaroun,  fre- 
halilar,  nor  vassal,  mihilku  a i within  one  hunrlrrUi  mcrki  uf  this 
extent  that  now  ia,  be  compellit  to  cum  pencmiily  to  the  parliament, 
hot  gif  it  be  that  our  aouermn*  Lord  write  upeeiale  for  thaine.  And 
■a  (aal)  no  be  uulawit  for  thair  person*,  and  lhai  send  thair  pro- 
curators to  answer  fur  thaxne,  with  the  barotnB  of  the  achira,  or  the 
maixt  famous  persoui*.  And  all  that  ar  aboue  the  extent  of  ane 
hiindrrih  merks  to  cuxa  to  the  parliament,  voder  the  pane  of  the 
aukl  vnlaw.” 

Thither  was,  in  the  Anglo-Saxon  and  old  English, 
thider,  as  in  the  Poem  often  quoted,  (Harl.  MSS.  2253. 
fo.  55.)— 

(rod  for  his  rnoder  kme. 

Let  us  neucr  t hater  come. 

And  as  they  harl  hideward  for  “ hitherward,”  or  “ toward 
this  place,”  so  they  had  thederwart  for  “ thitherward,” 
or  “ towurd  that  place as  in  the  ludicrous  Poem 
called  The  Huntyng  of  the  Hare : 

Thri  t«k*  no  hede  theJervart, 

But  cucry  dogge  on  od*-r  start. 

Where,  whence,  and  whither, — These  words  have  also  Where, 
a similar  analogy,  together  w ith  this  further  peculiarity, 
that  they  serve  indifferently  for  interrogatives  and  sub- 
junctives. Thus  in  the  interrogative : 

Thtw  continually  say  unto  me,  where  is  thy  God  ? — Pul.  xlii.  3. 

And  he  said,  Ii*esr,  Sami’s  maid,  whence  earnest  thou  ; and 
whither  wilt  thou  go  r — -Gvn.  xvi.  8. 

And  again  iu  the  subjunctive— 

Let  no  man  know  where  y*  be.— Jer.  xxxvi.  1ft. 

I writ  nut  uhenee  they  wore. — JimIl  ri.  4. 

He  went  out,  not  knowing  whither  he  went.— Heb.  u.  8. 

We  have  already  seen  that  the  subjunctive  force  of  the 
word  where  was  not  peculiar  to  it,  but  was  sometimes 
expressed  by  the  wort!  there.  We  do  not  find  this  to  be 
the  cose  in  English  with  the  interrogolivc  force  of  the 
same  word  ; but  in  Greek  the  relotive  pronoun  vit  is  also 
an  interrogative  ; os  in  St.  Mark’sGospel,  ch.  ii.  vcr.  6, 7 : 

Hear  l*  TINES  ruir  qpappmtuv  t’eet  Kndqpevoi  «coi 

cia\ay, £op(i>oi  iv  toi*  a :ap(iatv  uvrwV  Ti'  ovrot  ovrtu 
pXaat^ijfuai ; TI2  cvvarai  utfutvai  hpupximx,  ei  pq 
«7*  o ©to'* ; — “ But  there  were  certain  of  the  Scribes 
sitting  there,  and  reasoning  in  their  hearts,  why  doth 
this  man  thus  speak  blasphemies  ? IV ho  can  forgive  sins, 
but  God  only?” — Hence  it  in  clear,  that  the  interroga- 
tive effect  of  a word  does  not  require  a peculiar  form,  any 
more  than  the  subjunctive.  So  the  Latin  quidam,  which 
means  “a  certain  person,”  and  atiquis,  which  means 
“some  one,”  arc  reciprocally  connected  with  the  inter- 
rogative  quit,  and  the  subjunctive  qui.  Sc  alio  hr  was 
ot  opinion  that  the  Latin  quit  aud  qui  were  the  Greek 
eat  ox  und  teal  o : and  Took*,  probably  thinking  to  im- 
prove on  this  etymology,  has  only  gone  further  in  error, 
lie  says,  M As  ul  (originally  written  uti)  is  nothing  but 
ori ; so  is  quod  (anciently  written  quodde)  nierelv  *««' ir».— 
m2 
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j-  n y Licaat. 

44  Qu  in  Latin  laeinpr  sounded  not  as  the  English,  but 
os  the  French  pronounce  qu,  that  is,  as  the  Greek  K; 
ua'i,  by  a change  of  the  character,  not  of  the  sound, 
became  the  Lutin  qua,  used  only  euclitically  indeed  in 
modem  Latin.  Hence  *««  ot < hecuine  in  Latin  qu'otti, 
quoddi,  quodde,  quod  .” — The  only  foundation  for  all 
these  conjectures  seems  to  be.  that  in  the  very  nature  of 
a subjunctive  pronoun  something  equivalent  to  a con- 
junction is  implied  ; and  as  to  the  assertions  respecting 
the  Roman  pronunciation  they  are  perfectly  gratuitous. 
It  is  not  very  probable  that  the  ancient  pronunciation 
of  qu  was  the  s-ame  os  of  K ; on  the  contrary,  it  more 
probably  resembled  that  of  x.  or  rather  of  the  Gothic 
©,  which  our  Anglo  Saxon  ancestors  expressed  bv  hw, 
the  old  Scottish  writers  by  quh , and  we  by  wh.  Sca- 
liger  and  Tooke  forgot,  that  if  their  explanation  might 
be  thought  to  account  for  the  subjunctive  pronoun,  or 
conjunction,  it  left  the  interrogative  pronouns  and  Ad- 
verbs quite  unexplained  ; and  the  tact  seems  to  be,  that 
the  Latin  Language  originally  agreed  with  the  Gothic 
and  other  Northern  Languages  in  employing  the  arti- 
culation marked  by  the  .Eolic  dignmma,  where  the 
softer  Greek  Dialects  omitted  that  articulation ; thus  the 
Greek  otuov  was  the  Latin  tiiiutn  and  Gothic  twin  ; 
the  Greek  ot  was  the  Latin  rtc  and  Gothic  wai ; and 
lastly,  the  Greek  aspirated  pronouns  7,  6,  were  the  Latin 
qute,  quo,  and  the  Gothic  hica.  hwo. 

It  is  manifest  that  where  did  not  originally  refer  to 
place  alone,  any  more  than  here  or  there  did ; but,  like 
those  words,  was  originally  a pronoun  signifying  (Aft  or 
that ; for  in  its  composite  forms  it  often  signifies  no 
more  than  those  pronouns,  the  substantive  to  which  it 
refers  being  usually  expressed,  but  sometimes  under- 
stood. Thus  we  have  whereabout,  lor  “ about  which 
business’’ — 

Let  no  man  know  any  thing  of  the  business  whereabout  I send 
thee. — 1 Sam.  xxl  2. 

Whereto,  for  “ to  which  thing*"— 

It  shall  prosper  in  the  thing  whereto  I neat  it—  luiah  Iv.  11, 
Whereby,  for  " by  which  name”— 

There  is  none  other  name  under  lieaveu  given  among  men 
wherry  n must  he  tHivwd. — Acts  iv.  I'J. 

Wherefore , for  “ for  which  cause” — 

What  is  the  came  wherefore  ye  are  come  ?— Acts  x,  21. 

AH  these  compounds  may  be  employed  interrogatively, 
(and  indeed  the  subjunctive  use  of  some  of  them  has 
at  present  become  rather  obsolete,)  but  in  this  form  also 
they  are  not  necessarily  significant  of  44  place.’* — Thus 
whereby  is  used  for  44  by  what  means  ?”— 

Zadurias  laid  uuto  the  angel,  whereby  shall  I know  thin  ?— Luka 

i.  IS. 

Where  fore,  for  “ for  what  reason  ?** — 

Now  he  is  dead  wherefore  should  I fait  ? — 2 Sam.  xiL  23. 

It  Is  to  be  observed,  however,  that  there  are  certain 
Adverbs  compounded  with  where,  which  cannot  be  used 
interrogatively,  such  as  whereat,  wherever,  wheresoever  ; 
but  the  reason  is  that  in  these,  as  well  ns  in  whensoever, 
whithersoever,  &c.  the  pronouns  at  ami  so,  and  the 
word  ever,  necessarily  give  them  a relative  force  and 
effect  : 

Have  ye  not  spoken  a lying  divination,  whereat  ye  mv,  Tin*  Lord 

uith  it  * — F tck.  x»ii-  7. 


Ye  hare  the  pour  with  you  always : and  tehetuoerer  y#  will  ye  Advert*, 
may  do  them  good. — Mara  xiv.  7. 

The  Lord  preserved  David  whithrrioeter  ha  went— 2 Sam.  viii.6. 

It  would  be  impossible  to  express  these  passages  in- 
terrogatively, “ whereas  say  ye?*  41  whensoever  will 
ye?”  “ whithersoever  did  he  go?”  not  on  account  of  the 
meaning  of  the  words  “ where,”  “when,”  or  “whi- 
ther,” but  of  the  others  with  which  they  are  com- 
pounded. 

In  these  compounds,  the  particles  or  words  as  and 
to  seem  to  have  been  originally  used  superfluously,  as 
the  particle  or  word  that  was  in  many  similar  combina- 
tions. Hence,  on  the  one  hand,  we  have  where  for 
whereas  ; and  on  the  other,  we  have  where  and  that  for 
where : and,  in  like  manner,  we  find  many  such  ex- 
pressions as  how  that,  which  that,  &c.  Where  for 
whereas,  occurs  in  the  preambles  of  many  old  Statutes. 

In  a remarkable  documeut  existing  among  the  Rolls  of 
Parliament,  a.  d.  1461,  we  find  it  so  used.  The  do- 
cument to  which  we  refer  is  called  Cedula  formam  act  is 
in  se  continent,  and  was  exhibited  in  the  first  Parlia- 
ment summoned  by  King  Edward  IV.  After  reciting 
many  alleged  crimes,  on  (lie  part  of  Henry  V I.  and  his 
followers,  it  contains  a judgment,  or  law  of  attainder, 
against  the  latter,  and  of  forfeiture  of  the  Duchy  of 
Lancaster  against  Henry.  Of  the  recitals,  some  are 
introduced  by  the  word  foratmoch,  und  others  by  the 
won!  where:  thus,  “ Foratmoch  as  Henry  Due  of  So- 
merset* purpussing  yrnaginyng  & compassing,  of  ex- 
treme & insatiate  malice  & violence  to  dislroy  the 
Right  Noble  and  famous  Prynce  of  worthy  memorie 
Richard  late  Due  of  Yorke,  Fader  to  our  Liege  & So- 
verayne  Lord  Kyng  Edward  the  fourth,  & in  his  lyf 
very  King,  in  right,  of  the  Reame  of  England,  Ac. 
and  also  Thomas  Courteney  late  Erie  of  Devonshire, 

&c.  &c.  (naming  various  persons)  with  grete  despite  & 
cruell  violence  horrible  & unmanly  Tyrannyc  murdred 
the  seid  right  noble  Prynce  Due  of  York  ; and  where. 
also  Henry  Due  of  Exccslrc,  Henry  Due  of  Somerset, 

&c.  &c.  (numiiig  the  same  and  other  persons)  re  red 
warre  nyenst  tlie  same  King  Edward  thir  right  wise 
true  & naturall  liege  Lord,  &c.  It  be  declared  and 
adjudged  by  the  assent  & advis  of  the  Lordes  Spiri- 
tuelx  & Tcmporelx  & Cotnmyns,”  &c.  &c.  In  the 
more  ancient  Parliamentary  records,  which  were  in 
French  or  Latin,  preambles  of  this  kind  were  intro- 
duced by  the  old  French  word  come,  or  by  the  Latin 
cum,  both  which  words  are  the  ancient  quorn  from  qui, 
who. 

Where  that,  in  Chaucer's  KnyghCs  Tale  (see  Ilnrl. 

MSS.  7335.)— 

Duk  Theseus  him  lect  out  of  prison 
FfcHjr  to  goon  tcheer  that  him  hat  a! ; 
and  in  Dunbar’s  Goldin  Terge — 

Full  lustily  thir  ladies,  all  in  fair, 

EutcTit  into  this  nark  of  must  plescir, 

Quhair  that  I lay  heiiit  with  lei  vs  rank. 

• • • • • 

Then  crap  I throw  (he  breaches  ft  drew  ncir 
Qhumr  that  I was  riclit  suddenly  affrayit. 

How  that  (Hurt,  MSS.  7333.  fol.  147.  b.)— 

How  that  the  foulu  feiule  ussey  lithe  the  soule. 

Which  that  (Harl.  MSS.  7333.  fol.  203.)— 

Mvung  rpon  the  rest  levs  b**ine»«* 

li’hich  that  this  tnmbly  worlde  hath  ay  in  honde. 
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Grammar.  So  is,  in  like  manner,  compounded  with  where,  who, 
v- tcAoi  ; os  in  the  English  whereso  and  whoso,  and  the 
Scottish  quha  sa,  which  mean  respectively  “ whereso- 
ever” and  **  whosoever:” 

1.  And  tedde  whersa  thou  be,  or  cilia  tonge. 

CiiAtcsa.  Troi/ut. 

2.  - ■ ■ ■ He  induc’d 
Knowledge  of  good  cad  evil  in  this  tree, 

That  tr/tu«o  eats  thereof  forthwith  attains  * 

"Wisdom.  Milton.  Par.  Lost. 

3.  It  is  ordanyt,  that  all  men  busk  fhnme  to  be  archaris  fru  thai 
be  xii  yen*  of  elide.  And  tjnfta  m «n  not  the  saxl  archary  the 
turtle  of  the  laade  sal  rxirs  of  hiin  a wedder. 

Scottish  Act  of  Part.  1424. 

Nor  is  it  extraordinary  that  the  words  that,  so,  and 
ot  should  be  used  in  a similar  manner;  for,  as  Mr. 
Tooke  has  justly  observed,  “ as  is  an  article,  and 
means  the  same  as  it,  that,  or  which."  And  again, 
“ the  German  so,  and  the  English  so,  though  in  one 
Language  it  is  called  an  Adverb,  and  in  the  other  an 
article,  or  a pronoun,  are  yet  both  of  them  derived 
from  the  Gothic  article  so  or  sa,  and  have,  in  both 
Languages,  retained  the  original  meaning,  vis.  it,  that." 
But  on  these  words  we  shall  presently  have  occasion  to 
make  some  further  remarks. 

Where  is  also  used  with  the  pronominal  adjectives 
any,  every,  no,  but  still  adverbially,  as  in  the  common 
expressions  anywhere , everywhere , nowhere  ; and  being 
thus  limited  to  some  determinate  signification  in  respect 
of  place,  it  is  neither  subjunctive  nor  interrogative  : 

Those  subterraneous  waters  were  universal,  its  a dissolution  of  the 
exterior  earth  could  not  bo  made  anywhere  but  it  would  fall  into 
waters.  Bi  axur.  Theory  of  the  Earth. 

TU  nowhere  to  be  found,  Of  everywhere.  Paint. 

In  the  old  English  it  was  even  used  with  a simple 
adjective,  as  wide-uher. 

And  thus  I weut  wide -w her  walking  mine  one. 

LimoLum.  Piers  Plow. 

JFhence  is  sometimes  found,  in  the  old  English,  un- 
necessarily cumulated,  as  it  were,  with  thence;  nor  is 
this  any  tiling  more  than  we  have  already  observed  to 
be  common  in  the  formation  of  pronouns  and  prono- 
minal Adverbs  in  all  Languages,  as  ce  and  ceci  in 
French,  ila  and  itaque  in  Latin,  &c. 

Thus,  in  the  Romance  of  Syr  Ypolis  (see  Warton, 
vol.  i.  p.  208)— 

The  emperour,  with  milde  die  re, 

Aakede  nun  ■ chethente  he  come  were. 

And  the  same  may  be  observed  of  thedence  in  the  Ro- 
mance of  Alisaunder  (see  Wartou,  vol.  i,  p.  309) — 

The  timer.  *o  oodrace  with  hi*  out. 

In  the  West  of  England,  to  this  day,  we  find  that  the 
country  people  use  for  hence  and  thence,  the  words 
hereancc  and  thereance,  which  arc  manifestly  similar  and 
unnecessary  cumulations  of  expression. 

Whither  is  confounded  with  ward  in  our  old  writers 
as  well  as  hither  and  thither ; but  though  the  latter  two 
are  noticed  by  Johnson,  the  first  is  not  so  : 

— — A puiwant  and  mighty  pow'r 

Of  gxlUnr-gliune*  and  «tout  kernes 

Is  marching  hitherward  in  proud  array. 

Suixirauu.  Hen.  I'l, 

By  quick  instinctive  motion,  up  I sprung 

A»  thitherward  endeavouring.  Milton.  Par.  last.' 

Who  *o  w tilde  myghto  ride 

Whiderwantis  so  tn«y  wold.  Romanes  of  K.  Ahtaunder. 


From  what  has  been  said,  it  vs  abundantly  ckar  that  Adverb*, 
the  Adverbs  here , there,  where,  hence,  thence,  whence, 
hither,  thither , and  whither,  although  in  their  modern 
and  unoompoti tided  use  they  principally  express  a con- 
ception of  “ place,”  yet  did  not  really  include  the  name 
of  uuy  such  conception  in  tlicir  original  signification, 
but  were  the  mere  pronouns  he,  this,  and  what,  di- 
versely compounded,  and  assigned  by  use  to  separate 
and  distinct  significations. 

Tlie  very  same  is  to  be  observed  of  the  Adverbs  Then  TJ*1 °* 
and  When,  which  we  have  above  noted,  as  principally 
signifying  time.  We  have  not,  indeed,  the  word  Hen 
for  “ at  this  time,*'  though  it  occurs  in  old  English  for 
hence,  i.  e.  from  this  place.  Thus,  in  the  scoffing 
Bullad  made  on  the  defeat  of  Henry  HI.  at  Lewes,  in 
1264,  and  which,  from  its  tenour,  must  have  been  com- 
posed very  soon  after  the  event,  we  find  the  following 
lines : 

He  hath  robbed  Enevlund  Um  mores  ant  the  fcune 
The  guUl  out  the  sdver  ant  ylioren  henne. 

Hann,  in  the  Islandic,  is  “he,”  and  hun  is  “she 
and  STiER.xnF.LM,  {Gloss.  Utph.  Goth.  p.  85,)  speaking 
of  the  Gothic  word  hana,  os  in  hana  hrukida,  “ the 
cock  crew,"  (Matth.  xxvi.  74),  says,  Omnii  avis  matcula 
dicitur  hana,  ah  iian,  Ulc,  et  fitemina  hon  a,  ah  hon, 
ilia  ; “ every  male  bird  is  called  hana , from  han,  he  ; 
and  every  female  bird  hona,  from  hon,  she.**  Hence 
we  may  infer  that  the  element  en  was  compounded  in 
some  of  the  Northern  Dialects,  as  we  have  already  seen 
that  er  was,  viz.  with  he,  the , and  who,  producing 
hen,  then,  and  when,  as  well  as  here,  there , and  where, 
all  of  them  originally  pronouns,  and  all  used  in  a re- 
stricted sense  by  an  ellipsis  of  the  words  time,  place, 

Ac.  as  Adverbs. 

In  the  Gothic,  Than  is  both  “then”  and  “ when,” 
and  yuthan  is  used  for  “ now.”  Than  is  also  used  for 
autem,  “ but and  it  is  manifestly  nothing  more 
than  the  article  or  pronoun  lhana,  or  thanei,  answering 
to  the  Greek  t ov  or  ov,  as  Scimon  thana  haitanun  Ze- 
loten,  Si/iviw  TO  N KaXovmror  ZtjXsoiqv,  “ Simon,  who 
(was)  called  Zclotcs,”  (Luke  vi.  15);  tiianei  wildedun, 

*ON  ifdcXov,  "whom  they  would,”  (Matth.  xxvii.  15.) 

Than,  for  “those,'*  is  still  used  in  many  parts  of  Scot- 
land ; thynfurlh  we  have  seen  in  the  old  Dialect  of  that 
Country,  for  “ thenceforth,”  which,  in  the  Parliamentary 
Articles  of  1461  above  quoted,  is  written  “ Ihensforth  :** 
and  as  henne  was  used  in  old  English  for  " hence,”  so 
thenne  was  used  for  thence , i.  e.  from  that  place  ; as  in 
Christs  Descent  into  Hell : 

No*  uuu  so  holy  prophets, 

Srtbthe  A -lain  k Eue  the  ippel  ete, 

Ant  ho  were  at  thi*  woetdes  %yne, 

Thnt  he  at  monte  to  hello  pync  : 

No  shuttle  hr  neucr  thenar  coma, 

N en*  Jnu  Crist  Guiles  suae. 

When  is  the  Gothic  hwan,  which  is  used  for  the  Latin 
quando,  quoniam,  quantum,  quam,  and  is  manifestly  the 
sume  as  htcana,  quem,  ,l  whom;”  as  iiwana  sokeith, 

“ whom  seek  ye?”  (John  xviii.  4.)  As  the  Gothic  than 
and  hwan,  and  the  old  English  there  and  where  were 
often  used  convertibly,  fo  were  then  and  when ; and  in 
the  Harlciun  MSS.  (No.  2253.  fo.  55.  b.)  we  find  the 
for  when : 

The  he  com  there,  tho  acido  he. 

It  will  not  lie  necessary  to  use  much  argument  in  Why. 
proof  of  tlvu  identity  of  origin  between  Why  and  the 
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words  before  mentioned,  vhere,  when,  4c. ; it  is  msm- 
fcstiy  only  another  form  of  the  pronoun  irAo.  In  modem 
usage  we  do  not  oppose  thy  (in  the  sense  of  <A»  co«w) 
to  why ; but  tliis  mode  of  expression  occurs  in  the  old 
words  forlhy. tnd  wilhthy.  Forthy  occurs  in  (lie  Scot- 
tish Act  of  1424,  iu  the  two  senses  ol  “ because  and 
“ therefore."  So  in  Bsnnous's  Bruce— 

But  God  that  mt»l  is  of  all  night 
PrvMTVC<l  limine  in  his  farsight 
To  verge  tit*  harm  awl  the  contrair 
That  those  fell  folk  and  panlener 
Did  to  um]4(!  folk  anti  worthy, 

That  couth  not  hcln  themselvcn  ; forthy 
They  were  like  to  the  Maceabei*. 

The  same  author  seems  to  use  nought  for  thy  tit  the 
sense  of  “ nevertheless,"  as 

Ami  nought  for  thy,  thocht  they  ho  foil, 

(fud  may  rieht  wed  our  werdca  dual. 

• • • • • 

Ami  not  for  thy  thair  faes  Ihrn  were 
Ay  hr*  for  ane  that  they  had  there. 

So  he  uses  with  thy  for  ” provided,”  or  “ on  this  condi- 
tion'*— 

And  I aalbe  in  jrour  helping 
ffith  thy  ye  give  me  all  the  hind 
That  ye  have  dot  into  your  huiuL. 

In  nil  which  instances  thy  U simply  IhU,  viz.  enusc, 
reason,  or  condition,  all  which  aubtfanlivea  arc  under- 
stood by  the  sort  of  ellipsis  already  explained. 

How  is  simply  the  pronoun  who,  or  hurt,  sometimes 
written  in  old  English  Ao ; as  in  the  llnrlcian  MS. 
No.  mi.  fo.  1.— 

Scinle  Marie  day  in  Lvynte,  among 
Alle  other  darn  god* 
la  ryt  forto  hold*  heghe 
Hv  so  him  vndeWtode. 

And  as  we  have  seen  the  pronoun  that,  and  the  Adverb 
a*,  used  convertibly,  so  we  find  hou  in  the  old  Scottish 
Dialect  used  where  we  should  empty  ho,  or  at ; e.  g . 
houtone , for  “ so  soon  as  — 

That  howMone  ony  trulde,  ouesiioun,  or  cattail  happynuii  to  be 
movit— than  incontinent  it  aaihe  lesum,  Ac. 

Srottith  jtrti,  *.  a.  1554. 

We  have  thus  traced,  at  some  length,  the  English 
Adverbs  of  place,  time,  &c.  which  are  in  truth  no  other 
than  the  demonstrative  and  subjunctive  pronouns, 
appropriated  by  custom  to  certain  distinct  significations; 
but  though  the  particular  applications  are  matter  of 
mere  idiom,  and  vary,  as  we  have  seen,  considerably  in 
the  same  Country  at  different  periods ; yet  in  most,  it 
not  all  Languages,  the  same  general  Principle  is  to  be 
traced.  In  most,  if  not  all,  the  words  which  are  em- 
ployed as  Adverbs  of  time,  place,  manner,  and  cause, 
are  pronouns  with  little  or  no  variation  of  form. 

In  Latin,  from  the  pronouns  it,  ea,  id,  eotne  the  Ad- 
verbs ibi,  alibi,  ibidem,  inde,  proinde,  ita , i toque,  ideo, 
tccirco,  eo,  adeo , eortum,  vtpiam,  nusquam,  &c.  From 
Aic,  htre,  hoc,  come  hinc,  hue , adhuc,  hticdne,  hortum, 
ho  dir,  antrhac , potihac , haepraptrr , &c.  From  iUe,  iUa, 
iUud,  come  illic,  illico,  illuc.  Mine,  olim , &c.  Fromgui, 
qua,  quod , come  quo , quoque,  ijuam,  quando , quia , 
quamvit , quart,  quin,  quidem,  cum,  cur,  and  probably 
ubi,  aticubi , ubivit,  &c. 

Ibi,  says  Martixius,  in  his  Lexicon  Philologicum, 
a.  d.  1655,  is  from  it,  as  dtmkft  from  Juror  ; and 
ibidem  is  from  ibi  and  idem.  The  same  author  observes, 


that  hue  was  anciently  written  hoe,  as  In  the  VHIth  Advert*. 

JEneid,  Hoc  tunc  ignipotent,  Ac.  To  which  Vossius 

adds,  that  ad  hue  meant  ad  hoc,  (suhauditur  (cm put  ;) 

and  that  they  also  used  hac  for  hoc.  Whence  antehac 

and  potihac  signified  respectively  ante  hac  ( lempora ) 

and  poet  hac  (tanpora.)  Gir  fANiu«,  in  his  Index  to 

Lucretius,  observes,  that  for  hinc  and  illtnc,  the  Ancients 

used  him  and  illim.  Vossius  notices  the  ancient  quor, 

for  cur , as  quoi  for  cui;  quoique  for  cuiquc ; quoiutque 

for  cujutque ; and  quoiquam  for  cuiquam. 

Ubi  appears  to  have  been  formerly  cuibi,  or  cubi,  for 
so  it  is  found  in  the  compound  aticubi  ; but  cuibi  must 
have  been  written  in  the  most  ancient  Latin  quoibi ; 
for,  in  the  Laws  of  the  Twelve  Tables,  we  find  quoi , 
quoiut,  quoium,  and  quom,  instead  of  the  more  modern 
cui,  ettjut,  cujum,  and  arm.  Jbi  and  ubi,  therefore, 
were  merely  u and  qui  compounded  with  the  particle  hi, 
which  was,  perhaps,  of  similur  origin  witii  the  Gothic 
bi  ami  the  English  by.  We  must  not  omit,  however,  to 
notice  that  the  distinction  between  the  relative  and 
interrogative  force  of  the  word  ubi  was  accurately  marked 
by  the  accent.  Ubi  interrogate wm,  says  Martinius. 
penult  imam  ocuit,  ut , Ubi  of  Pamphilutf  Rdativum 
gravatur,  ut,  Savut  ubi  .'Eacida  too  facet  Hector.  Sic, 

UNDE,  Qt-ANoo,  el  timilia  interrogaliva  pcnultimam 
acuunt,  relativa  gravant.  It  was  also  repeated  for  tike 
sake  of  emphasis,  as  ubi  ubi , for  ubicunque;  an  idiom 
similar  to  that  of  the  Anglo-Saxon  tha  Out,  quampri- 
mum,  thar  thar,  quo  in  toco , &c. 

It  is  needless  to  trace  the  pronominal  Adverbs  in 
Greek ; but  it  may  lie  somewhat  curious  to  observe  the 
same  Principle  in  the  Persian  Language,  in  which  the 
pronouns  are  ten,  this;  aun,  that ; ke,  who  ; che,  which. 

From  een,  “ this,”  are  derived  eenjd,  “ here,”  eentii, 

“ hither.” 

From  aun,  “ that;”  dnjd,  ” there ;M  until,  “ tliithcr;" 
angah,  M then." 

From  ke,  **  who cu  or  cvjd,  “ where,”  " whither.” 

From  che,  " whicli ;*  chun,  “ how,  or  when?”  chend, 

•* how  many?"  chera,  “ wherefore ?”  hemchun,  “so  as,’* 

&c.  (See  Sir  William  Jones’s  Persian  Grammar;  and 
compare  pages  32  and  33  with  93.  94,  95,  and  96.) 

The  pronominal  Adverbs  which  we  have  just  consi-  So. 
dered  serve  principally  to  modify  the  verb;  for  when  Abo. 
we  say  " this  is  here,  and  that  » there,"  the  words  here 
and  tfiere  serve  to  modify  the  assertion;  and  the  same 
may  be  observed  of  the  phrases  “to come  hither"  " to 
go  thither  ,*  &c. : but  there  are  some  other  Adverbs 
which  ore  derived  from  pronouns,  and  of  which  the 
principal  use  is  to  modify  adjectives.  Such  are  the  words 
to,  at,  than,  Ac.  We  have  already  noticed  the  pro 
nominal  origin  of  so  and  at,  which  are  both  synonymous 
with  it  or  that.  At,  in  the  German,  is  written  es,  and 
forms  the  pronoun  it.  That , in  the  Scottish  colloquial 
Dialect,  is  sometimes  used  for  to,  as  in  The  Antiquary, 

(vol.  li.  p.  281.)  “ that  muckle,”  finr  *o  much."  These 
words  to  and  at  had  respectively  their  compounds  all-to 
and  all-et,  which  latter  waa  the  old  English  alt.  So  and 
also  are  the  Scottish  twa  and  altua,  which  occur  in  the 
Act  of  1424.  Richtsua  occurs  in  the  Act  of  1478 ; and 
txca  furth,  i.  e.  “so  on,”  in  that  of  1491. 

Alien  was  formerly  used  where  we  should  use  alto , 
as  in  the  Romance  of  the  Kyng  of  Tan,  (see  Warton, 
v.  i.  p.  191) — 

And  attea  I iwere  wit  bouton  fayle. 

Mr.  Tooke  has  correctly  explained  this  word  alia,  alt. 
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Grammar,  to  be  aU-aa,  and  to  correspond  with  the  words  all  that, 
' as  in  the  following  instance : 

G ltd  is  away  nadir  the  fumy  aeis 

Ah  nrift  at  gauze,  or  fwldvrit  arrowis  fleia. 

Givn  Docout 

i.  e,  “ glides  away  with  all  that  swiftness  that  arrows 
fly  with.” 

So  in  Robert  db  Brunne,  an  English  writer : (circ. 
a.  d.  1300 :) 

Richard  ah  suitbe  did  raise  his  engyru. 

In  the  Scottish  Act  of  Parliament,  1493,  ahtctll,  for 
* as  well,”  or  ” all  as  well.*  Ala,  in  the  sense  of  alao, 
very  frequently  occurs  in  our  old  writers.  Thus,  in 
Barbour’s  Bruce , which  was  written  about  a.  d.  1375, 
we  have. 

And  the  god*  Lord  ah  of  Douglas. 

t * • * • 

He  might  have  teeo,  that  had  been  there, 

A folk,  that  merry  *u  ft  glad, 

For  their  rict'ry  ; and  ah  lk*y  had 
A lord  to  tweet  & debonair. 

Again,  in  the  before-mentioned  English  Poem,  entitled 
The  Pricke  of  Conscience — 

And  aJt  be  yaf  him  a fire  wille. 

Kite.  It  would  seem  that  the  word  ella,  or  eh,  is  some- 

times to  be  considered  os  identical  with  alUs , or  ala ; 
and  sometimes  to  be  derived  from  the  old  German  el, 
alius,  alienus,  peregrinus,  which  Waciiter  calls  Fox 
CeUica  et  primitiva,  qua  Grads  rfferlur  a\\o »,  el 
Laiinis  alius.  Hbnischiur,  in  his  Thesaurus  of  the 
German  Language,  explains  el  alius,  jemand  eit  alter, 
quispiam,  somebody  else,  niemand  el,  nemo  alius,  no- 
body else.  The  compounds  und  derivatives  of  this  word 
are  found  in  all  the  Northern  Languages,  as  in  Welsh, 
aliten  alius,  alon  alieni,  alllad  alienigena,  alltudo  in 
cxilium  pcllere,  aUwlad  alienigena,  &c.  ; in  Gothic 
aljalh  alio,  aliorsum,  aljathro  aliunde,  aljakuvja  alieni- 
gena, &c.  ; in  Frankish  allasuara  alio  ; in  Alamannic 
allauanan  aliunde;  in  Anglo-Saxon  dies  alias,  alioquin, 
ellcs-hwar  aliorsum,  aUkeodig  extents,  peregrinus, 
tllkcodiice  men  peregrini,  elrcordig  barbarus ; in  Islamite 
ilia  alius;  iu  provincial  Gerinm  al-fam  aliena  toquens, 
el  gotze,  idulurn  peregrinum,  ellend  terra  aliena,  bujf-cl 
Lospercgrinus.  To  which  we  may  add  the  Scottish  el- 
ritch,  strange,  of  a foreign  Country,  for  rilch  is  from 
ryk,  a kingdom,  or  dominion. 

Mr.  Tooke  derives  this  word  else  from  a-letan , an 
Anglo-Saxon  verb,  of  which  lie  says  it  is  the  impera- 
tive, and  that  it  signifies  dimitte  hoc , or  hoc  dimisso. 
The  derivation  is  not  very  probable ; but  he  expresses 
the  most  violent  indignation  at  its  having  been  ques- 
tioned by  some  anonymous  critic ; as  if  an  error  in  con- 
jectural etymology  were  a matter  of  moral  turpitude, 
and  inferred  absolute  infamy  to  a man’s  character.  In 
reality  few  errors  can  be  more  innocent — a circumstance 
peculiarly  fortunate  to  Mr.  Tooke ; for  among  many 
ingenious  conjectures  he  has  certainly  ventured  on  some 
that  are  perfectly  erroneous. 

Than.  Than  has  been  already  explained  under  the  word 

then  ; for  it  seems  to  have  escaped  the  notice  of  most 
English  Grammarians  that  these  two  words  are  perfectly 
identical,  and  indeed  have  not  beeu  generally  distin- 
guished in  use  much  more  than  a century.  Thus  in 
Shakspcarc’s  Sonnets  (a.  d.  1609) — 

TU  batter  to  be  vik  then  rile  esteemed, 

When  not  to  be  roceiu*s  reproach  of  being ; 


and  in  Milton’s  Paradise  Lost  (edit.  1669) — 

■ ' Native  of  heav’it ! for  other  place 

None  con  then  heav'n  such  glorioua  shape*  contain. 

So  we  have  thane  for  at  that  lime  in  the  Harleian  MS. 

No.  7333.  f.  14.  b. : — “ This  balade  made  Geffrey 
Chaunciers  the  laureall  poete  of  Albion,  and  sent  it  to 
his  souerain  Ionic  Kynge  Richard  the  Secounde,  thane 
being  in  his  castell  of  Windesore.” 

Thus,  which  is  similar  to  so,  is  the  word  this.  As  in  Tbu*. 
the  1st  Sermon  of  Latimer,  a.  d.  1562 : “ He  hath 
lain  this  long  at  great  costes  and  charges,  and  canne  not 
once  haue  hys  matter  come  to  the  hearyuge.” 

5.  If  there  be  a doubt  whether  any  one  particular  class  Verb*, 
of  words  can  be  used  Adverbially,  that  doubt  must 
apply  to  the  Verbs.  In  English,  the  words  to  which  this 
doubt  applies  are  either  of  uncertain  etymology,  or  else 
their  use  is  rather  conjunctional  or  interjectional  than 
Adverbial. 

Yet  has  been  considered  as  the  imperative  mood  of  Yet. 
the  Anglo-Saxon  verb  gytan,  or  getan , to  get ; but 
it  is  not  very  evident  how  this  imperative  can  be  applied 
to  the  different  senses  in  which  the  word  yet  is  used. 

It  is  differently  written  in  our  old  manuscripts,  gyt, 
yite,  yet,  yut,  yii , but  generally  with  the  Saxon  letter 
which  answers  to  our  g or  y , (consonant,)  aud  which, 
from  the  similarity  of  its  form  to  z,  is  printed  as  that 
letter  in  old  Scottish  books. 

It  sometimes  relates  simply  to  time,  and  would  seem 
to  be  connected  with  the  Gothic  ya,  now,  as  H is 
he  not  yet  arrived  7*  i.  e.  is  he  not  arrived  at  this  late 
hour  ? — Where  it  is  to  be  observed  that  the  corre- 
spondent word  in  French  is  encore , which  clearly  ex- 
presses the  conception  of  time ; for  encore  is  the  Italian 
ancora,  which  Menage  derives  (perhaps  nut  quite  cor- 
rectly) from  hanc  Aortmi;  but  which  is  certainly  from 
the  Latin  h ora,  the  hour,  or  time.  In  this  sense,  yet  is 
used  nearly  in  the  sume  manner  os  the  adjective  Adverb 
stilt,  as 

He  yef  of  tbe  holy  cross  nun  that  (her  y «t  is. 

Ronsjtr  ov  Gloi  cestkk,  296. 
Sometimes  yet  has  the  force  of  moreover — 

Gyt  he  pees* nled  him  the  apete.  Wartok,  i.  94. 

lire  I do  yow  mo  to  fritte.  Hart.  MS.  913. 

Sometimes  of  abso — 

The  dear  of  hi  mac  If*  yet  save  1 there. 

Chaucer.  Krt.  Tale. 

Sometimes  of  nevertheless — 

ALm  that  he  yet  shulde  dye.  EJegy  on  EJw.  I. 

So  in  the  striking  passage  of  Macbeth — 

Though  Biruenn  wood  be  come  to  Dunsinsnc, 

And  thou  oppoe'd,  being  of  no  woman  born, 

Yet  will  I try  the  loot. 

Where  yet  is  used  for  also,  moreover,  or  nevertheless, 
it  is  properly  to  be  considered  as  a conjunction ; but 
the  distinction  between  a conjunction  and  a relative 
Adverb  is  not  always  easy  to  be  drawu. 

Yes  and  ATo,  if  considered  as  Adverbs,  must  be  taken 
to  modify  the  verb  contained  in  the  interrogative  sen- 
tence to  which  they  form  the  answer.  They  are  com- 
monly ranked  by  Grammarians  as  belonging  to  this  Part 
of  speech  ; but  perhaps  it  might  be  more  proper  to 
consider  them  as  interjections.  Whether  or  not  in  Eng- 
lish they  are  verbs,  may  be  doubted.  The  French 
word  oui  undoubtedly  is  the  participle  “ heard the 
Italian  si  is  probably  sit,  ” be  it  so ; and  Mr.  Tooke 
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Grammar,  labours  to  derive  onr  yea  from  the  French  ayez , '*  have 
v"*''  it,'*  “ enjoy  it.”  This  is  not  the  happiest  of  his  etymo- 
logies, at  least  it  is  not  one  of  the  best  supported  ; for 
tie  quotes  Chaicbk’s  Homant  of  the  Roar  very  much 
at  random,  in  support  of  his  conjecture : 

And  after,  on  the  dannee  went 
Lauukihk,  that  set  al  her  ontent 
For  to  beu  honorable  and  fro ; 

Of  Aleuiwlt-r'f  kj  tine  was  she ; 

IIct  movt  joy*  was  j'win, 

Whan  that  lihe  yafe,  and  wyd  navi:  this. 

Where  Mr.  Tooke  says,  '*  Which  might,  with  equal 
propriety,  have  been  translated — 

When  aha  gave,  and  said  m" 

The  most  frigid  critic  could  not  well  have  missed  the 
spirit  of  his  author  more  completely.  Largettc,  or 
liberality,  is  personified,'  like  another  Timon,  scattering 
her  gifts  on  all  sides,  and  not  waiting  for  any  demand 
to  which  she  might  answer  yes.  So  we  find,  from  the 
admirable  Scenes  with  Lucullus  and  Lucius,  that  Timon 
had  been  in  the  habit  of  surprising  them  with  unex- 
pected presents  : 

Loovluii.  One  of  Lord  Union's  men  ? — A gift,  I warrant.  Why, 
this  hit*  right  r 1 dreamt  of  a atircr  baton  ami  error  to-night  Flumi- 
niua,  honest  Flominiua,  you  arc  very  respectively  welcome,  sir.  (Fill 
me  lame  wine.)  And  "how  does  that  honourable,  complete,  and 
free-hearted  gentleman  of  Athena,  thy  very  bountiful  good  lord  and 
master  f 

Flam.  His  health  is  well,  air. 

Luc  L i-  I am  right  glad  hia  health  is  well,  sir — sad  what  hast 
thou  there,  under  tny  cloak,  pretty  Flaminiua  ? 

• *•••■ 

Kikt.  May  it  please  your  honour,  roy  lord  hath  aent — 

Lucres.  11a  ! What  hath  he  sent  ? 1 am  ao  much  endeared  to 

that  lord : he  is  ever  a sending.  How  shall  1 thunk  him,  thmkst 
thon  .'—And  what  luth  he  sent  now  P 

In  like  manner  Largesse  set  all  her  pleasure  in  free, 
spontaneous,  ami  unexpected  acts  of  bounty,  with  the 
munificence  of  a mighty  monarch,  another  Alexander, 
surprising  those  whom  she  benefited  by  the  sudden 
exclamation,  “ Have  this  !” 

if  our  yea  were  derived  from  ayez,  we  should 
find  the  latter  word  used  in  that  sense,  in  some 
of  the  French  Dialects;  but  this  circumstance  no- 
where occurs ; and  it  can  hardly  be  doubted,  but 
that  yea  includes,  or  is  derived  from  the  word  yea. 
Junius,  indeed,  explains  yea  as  a contraction  of  yea  ia  : 
which  etymology,  if  right,  afturds  an  explanation  of 
what  Tooke  calls  Sir  Thomas  More’s  “ ridiculous  dis- 
tinction” between  yea  and  yea.  More  says,  that  if  a 
question  be  framed  affirmatively,  the  answer,  it  affirm- 
ative also,  should  be  by  the  word  y«i ; if  framed 
negatively,  by  the  word  yes.  Thus  be  supposes  one 
. person  to  ask  Tyndal  the  translator,  if  his  book  is 

worthy  to  be  burned,  and  another  to  ask  him  if  his 
book  it  not  worthy  to  be  burned.  To  the  first,  he  says, 
the  answer  should  be  yea,  and  to  the  other  yes  ; and  he 
appeals  for  this  distinction  to  the  then  common  use 
and  practice,  in  which  a man  of  such  eminence  in  the 
profession  of  the  Law,  and  of  such  frequent  attendance 
about  tlic  King’s  person  and  Court,  could  hardly  be  mis- 
taken. If  Mure  then  was  right,  yea  meant  simply 
“ true,”  or  “ so,”  i.  e.  “ it  is  as  you  aay  but  yea  sig- 
nified M true  it  if,”  or  41  so  it  if,”  rejecting  the  negative 
which  had  been  introduced  into  the  question  ; in  oilier 
words  it  signified,  “it  is  as  you  mean,  but  not  as  you 
say  for  the  questioner,  in  both  cases,  is  understood  to 
intend  the  same  assertion,  though  the  expressions  are 
opposite. 


It  is  not  very  clear  that  the  word  ayez  was  used  in  Advert  a 
French  before  yea  was  used  in  English  ; since  it  ap- 
pears  to  be  a corruption  of  area  ; which  was  taken 
from  havez,  or  habez,  part  of  the  very  ancient  verb  haben, 
of  which  the  radical  hab,  in  the  sense  of  our  word  have, 
was  common  to  the  Latin  with  all  the  Gothic  Lan- 
guages ; for  the  Latin  verb  was  habere,  the  Mceso- 
Gothic  haban,  the  Anglo-Saxon  habban  and  htebban,  the 
Frankish,  Alamannic,  and  modern  German  haben,  the 
Islandic  haft,  the  Danish  haffne , the  Swedish  hafica , 
the  Dutch  hrbben  ; and  it  even  seems  to  have  been  used 
in  one  Dialect  of  the  Greek  Language,  for  llesychius 
and  Phavorimu  prove  that  "fltar  was  used  for 
particularly  by  the  Pomphylians,  and  from  this  root  an 
infinity  of  nouns  are  derived  in  the  Northern  Language*. 

It  would  therefore  require  some  diligence  of  investi- 
gation, to  discover  at  what  period  in  the  History  of  the 
Frankish,  or  French  Language,  the  distinctive  6 or  v of 
the  radic.il  word  was  dropped  in  the  imperative  ayez  ; 
nnd  it  could  uot  have  been  long  after  that  period,  if  at  all, 
that  the  imperative  was  converted,  by  common  use,  into 
an  Adverb  among  the  French ; and  again,  at  a much  later 
period  that  this  Adverb  was  adopted  from  the  Norman- 
French  into  the  Norman-Saxon,  whence  it  must  have 
descended  to  the  modern  English  ; not  one  of  the  steps 
in  which  progress  has  Mr.  Tooke  attempted  to  verify; 
and  if  he  had,  in  nil  probability  his  lahour  would  not 
have  led  to  any  confirmation  of  his  conjectural  etymology 
of  the  word  yes. 

Again  he  suggests  that  Ye*  and  Yea  are  of  very  Ysa. 
different  origin,  the  one  being  from  the  French  verb 
avoir,  the  other  from  some  Northern  verb  (he  does  not 
exactly  determine  which)  that  signifies  “ to  own."  Now 
verba  also  of  this  signification  are  very  numerous,  as 
well  as  the  adjectives  and  substantives  derived  from 
them.  Thus  the  Gothic  verb  is  aigan,  the  Anglo- 
Saxon  agan,  whence  our  verb  to  ©irnr  is  derived ; the 
Islandic  etga,  the  Swedish  <rga,  the  Alamannic  eigan, 
and  with  these  probably  the  Greek  has  some  af- 

finity. Nor  is  the  adjective  less  general,  with  the  sense 
of  oten,  proprius.  In  Gothic  it  is  aigin,  in  Anglo- 
Saxon  agen,  whence  the  old  Scottish  atcin,  and  old 
English  owen,  the  Alamannic  eigan,  the  Danish  eget, 
the  Islaudic  eyga,  and  the  Dutch  eygen.  It  does  not, 
however,  happen  in  these  Languages  generally,  that  the 
affirmative  Adverb,  or  interjection,  has  the  form  of  any 
part  of  the  verb,  or  indeed  much  resemblance  to  it. 

Our  yea  is  undoubtedly  the  Gothic  ya,  yai,  which,  with 
very  little  change,  pervades  most  of  the  Northern 
Dialects,  being  in  Welsh  i>,  in  Armoric,  Dutch,  German, 
and  Swedish,  ja,  (where  they  is  pronounced  as  y,)  and 
in  Anglo-Saxon  ia,  ya,  yec,  yea.  Of  this  wordya,  the 
origin  is  much  doubted  by  etymologists.  Some  derive 
it  from  the  Hebrew  Jah,  Jehovah;  but  as  we  cannot 
think  that  the  Hebrews  would  ever  have  profaned  the 
name  of  the  Almighty,  by  thus  introducing  it  into  their 
most  common  and  trivial  discourse ; so  it  is  still  less 
probable  that  the  nations,  who  knew  not  Jehovah, 
should  have  done  so,  except  from  imitation  of  the 
Hebrews;  and  this  etymology,  if  true,  would  present 
a singular  contradiction  to  the  words  of  Christ  in  the 
Gothic  translation  of  the  Gospels.  Our  Saviour  com- 
mands His  disciples  not  to  swear  at  all;  hut,  in  their 
common  discourse,  to  use  simple  affirmations  or  ne* 
gations.  Whereas,  on  the  hypothesis  above  mentioned, 
tile  Gothic  text  tiy  uaurd  is  war  ya , ya,  (Malth.  v.  87,) 
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G run  roar,  ought  to  be  rendered,  “ let  your  word  be,  by  Jehovah  ! 

' 'y— «. * by  Jehovah  !”  It  seems  most  probable  that  ya  was 

originally  of  similar  origin  with  the  Latin  word  tie, 
which  was  used  for  the  same  purpose.  Thus,  in 
Terence,  we  find — I latte  ais  Phanium  reliciam  soiam  ? 
Sic.  Daturne  ilia  hodie  Pamphilo  nuptum  ? Sic  est. 
Quid  norms ? Sic  est  factum.  In  which  three 
different  examples,  we  see  the  affirmative  Adverb  gra- 
dually brought  back,  as  it  were,  to  its  pronominal 
origin ; for  the  last  answer  might  as  well  have  been 
ilu  eel  factum,  or  id  est  factum. 

The  Latin  sic,  so,  and  si,  if,  were  manifestly  of  simi- 
lar origin  with  se,  himself,  which  in  the  dative  is  ti-bi. 
•and  with  the  verb  tit , which  was  anciently  written 
si-et. 

In  the  Gothic,  we  shall,  in  like  manner,  perceive  a 
connection  between  ya  and  the  pronouns  and  Adverbs 
of  pronominal  origin,  so,  it , this,  and  that : 

Ya-ins (ille)  " this  man,” 

Ya-ind (illuc)  “ to  that  place,” 

Ya-thau (forsan)  “ it  may  he  *o,” 

Ya-u -(si)  “ be  if,  that,” 

Yu (jaw)  “ at  this  time.** 

Besides  the  mere  expression  of  acquiescence  in  a 
question  or  demand,  yea  has,  in  its  modern  use,  a par- 
ticular force  which  answers  to  the  Laiiu  into ; and  imo , 
it  is  to  be  observed,  is  really  the  pronoun  im,  which 
occurs  constantly  for  sum  in  the  remaining  fragments 
of  the  Laws  of  the  Twelve  Tables  ; as,  « im  aliquip • 
occisit,  Joure  casus  esta,  where  Macrobilb  says : ab 
eo  quod  at  is,  non  elm,  casu  accusative,  **d  im  dixe- 
runt.  In  this  sense  of  the  word  yea,  Milton  says, 

■ — They  durst  Abide 

Jehovah  thuncTriiijt  out  of  Sion,  t bruit'd 
Between  the  cherubim— yw,  often  plac'd 
Within  His  Sanctuary  ileeif  their  shrine*. 

It  is  somewhat  remarkable,  in  the  English  idiom,  that 
the  word  nay  (the  antipodes,  as  one  would  think,  of  yea) 
is  user!  in  the  very  same  sense  as  that  which  we  have 
just  described.  Thus  Dryden  says,  This  allay  of 
Ovid’s  writings  is  sufficiently  recompensed  by  his  other 
excellencies ; nay,  this  very  fault  is  not  without  its 
beauties.”  What  is  still  more  singular,  Ben  Jonson 
uses  both  yea  and  way  with  the  same  augmentative  force 
in  one  and  the  same  sentence : “ A good  man  always 
profits  by  his  endeavour;  yea,  when  he  is  absent  ; nay, 
when  dead,  by  his  example  and  memory.”  In  all  these 
passages,  yea  seems  still  to  bear  its  relation  to  the  pronoun 
this;  for  the  meaning  is,  “ they  durst  abide  Jehovah 
thundering  out  of  Sion  ; this  they  did  and  often  more.” 
“ A good  man  profits  by  his  endeavours  ; this  he  does 
when  present,  and  even  when  absent and  the  word 
nay  only  serves  still  further  to  complete  the  same  sense ; 
for,  in  the  instances  above  quoted,  the  meaning  is,  “ the 
allay  of  Ovid's  writings  is  accompanied  by  other  excel- 
lences : this  is  the  case,  and  not  only  this,  but  the  very 
fault  has  Us  beauties.”  “ A good  man  profits  us  by  his 
endeavours  when  absent : this  he  does,  and  not  only 
this,  but  even  when  he  is  dead,  we  profit  by  his  exam- 
ple and  his  memory.” 

There  is  still  one  more  use  of  yea,  which  confirms 
our  view  of  its  import ; as  in  the  3d  chapter  of  Genesis 
— “ Yea  ? Hath  God  said,  ye  shall  not  eat  of  every 
tree  in  the  garden?”  Here  the  word  yea  has  an  inter- 
rogative force  ; and  means  “ is  this  ro  T*  Do  you  say 

VOL.  i. 


yea  to  this — namely,  that  God  hath  forbidden  you  to  Adverbs, 
eat  of  every  tree  ? s— 

In  fine,  the  conception  always  expressed  by  yea  is 
that  of  true  and  affirmative  existence.  Hence  Dr. 
Hammond,  explaining  the  passage  “ all  the  promises  of 
God  in  him  nre  yes  and  amen,”  (2  Cor.  i.  20,)  says, 

“ that  is,  they  ore  verified,  which  is  the  importance  of 
yea  ; and  confirmed,  which  is  meant  by  amen.”  Now 
the  conception  of  positive  existence,  as  applied  to  a 
particular  thing  or  event,  is  expressed  by  the  words 
“ this  is;"  and  if  there  be  an  ellipsis  of  either  word,  the 
same  conception  may  be  expressed  byjhc  other  word. 

In  this  view  of  the  subject,  it  seems  not  unreasonable  -, 

to  conclude  that  the  word  ya  may  have  been  originally 
either  a pronoun,  or  a part  of  the  verb  of  existence ; 
and  it  is  to  be  rememberer),  that  in  mauy.  perhaps  in 
all  Languages,  the  verb  of  existence  is  merely  expressed 
by  a pronoun. 

Ay  appears  to  be  merely  yea,  a little  varied  in  pro-  Ay. 
nunciation.  Dr.  Johnson,  indeed,  suggests  that  it 
may  he  derived  from  the  Latin  aio ; but  words  in  ge- 
neral are  not  transferred  from  one  Language  to  another, 
so  as  to  come  into  common  ubc,  without  leaving  some 
traces  of  their  gradual  progress.  The  Latin  terms 
which  have  been  incorporated  with  our  colloquial  dis- 
course, have  been  received  either  through  the  medium 
of  the  French,  or  else  have  been  technical  terms,  chiefly 
of  the  Law  ; and  in  either  case  it  is  generally  easy  to 
discover  the  gradations  by  which  they  have  come  to 
form  a part  of  our  Language.  Now  there  is  no  6uch 
proof  of  the  transition  of  the  Latin  verb  aio  into  the 
English  ay,  but  much  to  render  it  improbable.  v4yah&s 
some  slight  differences  of  application  from  yea,  as  yea 
has  from  yes ; but  this  is  no  more  remarkable  than  the 
different  force  and  effect  which,  as  we  have  already 
seen,  is  given  in  different  cases  to  the  same  word,  yea. 

Thus,  in  the  following  passage  from  Shakspeare’s  Henry 
VI.,  ay  expresses  somewhat  more  of  passionate  and 
proud  reproof,  than  if  the  word  yea  were  employed : 

Remember  it ; and  let  it  make  thee  crcat-faU’n ; 

Ay,  and  abate  thin  tby  abortive  pride. 

As  yea  appears  to  have  been  corrupted  into  ay,  so  was 
ay  into  /;  but  without  any  variation  of  meaning  : 

Hath  Romeo  *Uin  hinrnlf  P Say  Ihon  but  1/ 

And  that  bare  vbwtl,  f,  shall  Dotson  more 

Than  the  death-darting  eye  of  cockatrice. 

H omen  and  Juliet. 

The  other  Adverb  aye,  always,  (for  it  is  a totally 
different  word,)  we  shall  have  occasion  to  consider  it 
hereafter. 

Nay  and  no  have  some  differences  in  use,  but  they  Nny. 
are  probably  the  some  word  in  origin.  Juki  vs  indeed 
suggests,  that  nay  is  from  the  two  Saxon  words  ne-ia, 

**  not  yes but  there  is  no  proof  that  the  Saxons,  or 
any  other  nation,  ever  used  this  strange  ]>criphrasis  to 
express  a conception  which  is  so  universal  and  primary 
in  the  Human  Mind  ; being,  as  it  were,  the  hound  and 
limit  of  all  other  conceptions.  The  following  arc  the 
remarks  of  the  President  De  Brosses  on  this  subject : 

" Man,  in  order  to  communicate  his  perceptions,  has 
occasion  to  express,  not  only  existing  objects,  and  the 
manner  of  their  existence,  but  also  in  what  manner 
they  do  not  exist.  And  so  with  regard  to  feelings,  he 
has  occasion  to  make  known  whether  they  are  agree- 
able to  his  will,  or  not  agreeable  to  it.  It  is  necessary 
N 
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G»™.  then,  that  besides  the  different  radicals  serving  to  ex- 
* • prcfts  positive  ideUi  tad  different  classes  of  objects,  he 

should  have  another  radical,  which  may  serve  to  ex- 
press a negative  idea;  appropriated  merely  to  indicate, 
that  what  he  describes  is  not  in  what  he  wishes  to 
describe.  One  single  radical  will  always  suffice  for  that 
effect,  to  whatever  object  it  may  be  applied.  Negation 
being  an  absolute  and  privative  sensation,  a mere 
counter-assertion,  it  is  quite  enough  dial  we  have  one 
vocal  sign,  one  organic  articulation,  to  advertise  the 
hearer,  that  what  we  say  is  not  in  the  subject  of  which 
we  speak.  The  negative  feeling  being  one  which  con- 
tains  in  itself  a positive  and  contrary  volition,  it  is  not 
difficult  for  a man  to  express  it  by  a gesture,  or,  what 
is  the  same  thing,  by  a single  movement  ol  the  organ 
of  speech."  The  learned  President  proceeds  to  show, 
that  in  the  formation  of  many  Languages,  mankind  hail 
chosen  the  nasal  articulation  for  the  expression  of 
what  he  calls  the  eentiment  negatif.  This  is  at  least  to 
far  true,  that  the  general  conception  of  negation  is 
expressed  in  the  Latin,  and  most  of  the  Northern  Lan- 
guages, by  die  syllables  no  ire,  nt,  no,  Ac.  Ne,  says 
WacHTU,  particula  negandi  Ttlutlxaima,  a Scythit  in 
Persia,  (incut,  et  Septemtrione  proeeminata  ; < ptaPenie 
efferlur  sen,  firwei  vif  ci  »i  m compos  Hit,  stall  Lahms 
ke  and  HI,  liolhu,  Kt,  him,  »e  ; Atxglo-Saxombus 
ma,  ne ; Kronen  ft  Alamannis  m ; Anglis  no ; Snecn 
Ni'v  Sorab,  ne;  in  compositis.  He  also  justly  ob- 
serves of  the  letter  «,  that  iu  many  compounds  it  is  an 
abbreviation  of  ne.  m,  Ac.  and  as  such  has  a negative 
Dower  - ns  in  the  German  nichtt,  niemand,  manal, 
m'mwter,  and  many  other.,  of  which  the  lUt  might 
be  extended  to  an  immense  length,  were  we  to  include 
all  the  European  Languages.  Nor  is  it  only  in  the 
distinct  compounds,  such  as  ever,  never,  one,  none, 
veto.  nolo,  ullut,  nutlet,  Ac,  that  this  effect  is  dis- 
cernible, but  also  in  some  terms  which  conversely  ex- 
press positive  and  negative  conceptions,  as  light,  ntght, 
fur  nor,  Ac.  Without  entering  deeply  into  thtwe 
Metaphysical  speculations  on  the  « °r  and  the  « m -, 
for  which  Mr.  Tooke  so  much  ridicules  Lord  Moh- 
sodoo,  and  without  pretending  to  decide  the  disputed 
points  respecting  positive  and  negative  ideas,  P>*u™ 
»d  negative  quantities,  and  the  like,  it  is  sutoent 
for  US  to  observe,  that  every  child,  la  the  first  glim- 
mering of  Reason,  must  necessarily  form  a conception 
of  negation ; and  that  it  does  in  fact  acquire,  among 
ils  first  articulate  sounds,  the  sound  which  expresses 
that  conception.  The  child  has  as  distinct  a concep- 
tion that  ils  nurse  is  nof  present,  or  that  its  lood  is 
not  agreeable  to  Its  palate,  as  it  has  ofUwopposie 
circumstance.  It  may  perhaps  be  urged,  bat  th  s 
negative  conception  is  in  Us  very  mvtura  wdjecbvwl , 
that  it  can  only  be  applied  i»  the  manner  of  tm i a tri- 
bute to  some  oilier  concept™  which  in' * “ 

Uve  nature.  It  at  impossible,  says  Di  Baosse*. 
de  firmer un  Worn  abmtumenl  pnvaUf ; cat  A dire 
une  locution,  gut  nc  eontienm  pat  une  vice  erotmerf 
positive.  Be  it  so;  but  at  feast  the  adjectival  »n- 
ceplion  may  be  applied,  m the  manner  of  all  offier 
conceptions  of  the  name  els*,  to  modity  sub-tantisea, 
adjectives,  veilw,  and  Adverbs ; thus  we  may  app  y 
the  negative  words  or  particles  no,  not , tnd  **. 
to  modify  the  substantive  nun,  me  verb  u the  tut- 
jeclive  wife,  or  the  Adverb  aluxtyt,  in  the  following 
phrases : 


No  man  is  always  wise.  Adverbs. 

Man  it  not  wise  always. 

Man  is  always  unwise. 

Man  is  never  wise  (i.  e.  always  not  wise.) 

Whether  there  be  any  thing  in  the  nature  of  the 
nasal  organ,  which  peculiarly  fits  it,  as  1>  Brasses  sup- 
poses, for  the  expression  of  conceptions  of  doubt  and 
privation,  may,  perhaps,  he  reasonably  questioned. 

Negative  terms  are  found  in  many  Languages  to  which 
this  remark  certainly  cannot  apply.  However,  the  ne- 
gatives in  Latin  and  in  the  Gothic  Languages,  gene- 
rally have  the  nasal  articulation  variously  combined  ; nnr 
do  these  various  combinations  necessarily  give  a distinct 
force  to  the  word.  The  Latin  ne,  non,  and  nee.  were  an-’ 
cientlv  confounded,  and  so  were  the  English  ne,  no,  not, 
nor.  In  a fragment  of  the  LawsofNuma  Pompillus, 
preserved  by  Fplvips  Ubsiscx,  we  find  net  for  ne. 

Set  Hominrm  /.fsosis  serin I,  im  topers  grass  so  toils. 

Again,  in  a fragment  of  the  first  Tribuntcian  Law,  nec 
is  used  for  ne— 

Set  pot  stmts  /nr tit  raw  pepaeis  famdtaq  taeee  estxxd  : sti  pxis  im 
sesuit  pariririi  a sc  esterf. 

Again,  in  the  Laws  of  the  Twelve  Tables— 

Paten  familial  put  m Jo  Mint,  mtrinr  jarijK  moot  here,  are 

ctcti. 

In  old  English  ne  was  used  for  nof  and  for  nor. 

1.  For  nof  in  the  Harleian  MS.  2353.  fo.  70.  b. — 

flle  mai  os  lewd  l<*d  libtasn  ta  londe. 

2.  For  nof  in  the  Prophecy  of  Thomat  de  Ettedoune, 
in  the  same  volume,  fo.  127 — 

Whence  shall  ibis  be  ? 

Nouther  b*  thine  tjms,  ne  in  ssyn. 

No  was  used  in  the  same  two  senses, 
j.  Far  not  in  the  Romance  of  Alisaundcr— 

Alhnundw  sod  his  folk  she 
As  had  ought  passed  tbao  hslrcndall. 

2.  Foe  nor,  in  the  Description  of  Cokaygne— 

Ther  ids  halls,  burr,  as  bench. 

On  the  other  hand,  nor,  in  the  old  Scottish  Dialect, 
was  used  for  than  : 

The  fell  strong  traytour  DomM  Owyr 
Mair  falaet  hiul  »>r  utlLr  four. 

Compleitlv,  m*ir  awcitly 

gebo  fntkmtwl  Bat  ai»«l  «h*itp, 

A hr  Muwb,  that  nswi 
To  via  Apollo’*  harp, 

* At.ax.  MoMToowtat,  circ  1597s 

The  particle  ne,  which  firrms  part  of  our  modem 

words,  none,  never,  Sc.,  was  anciently  incorporated  with 
many  verbs,  as,  I not,  for  “I  ne  wot.’  or  “know 
not;"  I nutte.  for  “ I ne  wist;  I nabbe,  fr  " 
have  I nu Ue,  for  “ I ne  will ; ’ l nolde,  for  In* 

would  it  nit,  it  not,  it  nere , for  “ U ne  is,  it  ne 
was/’  M it  ne  were.” 

Tbc  bon  vaniabeth  I not  in  what  manm. 

ADC  Cnaccta.  Squ.  l\Ue. 

In  all  thi»  wwhliche  won 
A bunk  of  blwl  and  of  bon 
Neuer  ycle  ynuit  non 

LuasoisKire  .a  leads.  „ar/  MM.  fo.  7i. 

Uch  a srewe  wol  hire  ihrwk 
THa  lw  mMe  nout  a amok,  &e. 

I nui  aoffre  tliat  no  more. 


Dvkdar- 


tbid,  fo.  61.  b. 
find.  fo.  5b.  b- 
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Whil  God  wrs  on  erthe 
And  wondrede  wydc 
tV  hat  wu  the  retton 
Why  lie  nolle  ryde  ? 
For  he  mold*  no  ^romc 
To  by  jn  eyde. 


Hart.  iW5.2253.fol.  124. 


b. 


The*  mi  loads  voder  heuenriche. 

\U.  No.  913. 

• -■  ■ that  he  mi  vciwmyd  anon. 

I-jff  of  Stint  PutriJk. 

Wymmen  were  the  bent  tiling 

That  shup  our  hi-ye  heune  kyng 

Yef  feole  Mac  ntrt.  Hurt.  MS.  2253.  foL  71. 

Double  ne-  # ft  js  sufficient  for  the  general  puqxxies  of  communi- 

**  ' eating  thought,  that  the  negative  conception  should  be 

once  expressed  in  a simple  sentence;  but  we  generally 
fiml  it  redoubled  in  old  English,  a circumstance  de- 
rived from  the  Anglo-Saxon  idiom,  as,  Ne  tm  ic  na 
Crist,  “ I am  not  the  Christ."  (John  i.  20.)  The  same 
idiom  prevails  in  the  modern  French,  although  it  was 
not  alwavs  observed  in  that  Language  ul  an  earlier 
period.  In  the  XVIth  century  they  said,  V habit  xe 
faicl  Ic  moyne : at  present  the  same  proverb  is  expressed 
thus,  Chabit  ne  fait  pas  Ic  moinc.  It  is  difficult  to 
account  for  the  reduplication  of  the  negative  upon  any 
other  Principle  than  that  of  the  eager  desire,  which  we 
commonly  see  in  Barbarous  and  ignorant  People,  (ogive 
utterance  to  their  strong  feelings  and  imperfect  con- 
ceptions, and  which  usually  leads  to  much  tautology 
in  their  discourse.  This  genuine  result  of  Barbarism, 
however,  has  been  sometimes  mistaken  for  a proof  of 
extraordinary  learning ; and  critics  have  dignified  it 
with  the  title  of  an  Archaism,  a Hellenism,  or  some  such 
pompous  appellation.  44  The  editor  of  Chaucer,"  says 
Hickes,  44  knowing  nothing  of  antiquity,  asserts  that 
the  Poet  imitated  the  Greeks  in  using  two  negatives  to 
express  negation  mor.t  vehemently ; whereas  Chaucer 
was  entirely  ignorant  of  the  Greek  Language,  and  only 
used  the  two  negatives  according  to  the  prevailing  cus- 
tom of  his  own  times,  when  the  Language  had  not  yet 
lost  its  Saxonisms,  ns,  “ I ne  said  won*  ill."  In  the 
Saxon  writers,  indeed,  three  and  even  four  successive 
negatives  are  sometimes  to  be  found,  as,  ne  yeseah 
n.bpre  nan  man  God;  41  no  man  ever  saw  God." 
(John  i.  18.)  And  again,  Ne  nan  ne  dorste  of  tham 
(hr ge  hyne  nan  thing  mare  asiyean ; “and  no  man 
durst  from  that  day  forth  ask  him  any  more  questions." 
(Maith.  xxii.  46.)  It  is  to  be  observed,  however,  that 
some  of  the  best  of  those  writers,  and  particularly  the 
Royul  translator  of  Bede's  Ecclesiastical  History,  gene- 
rally employ  but  a single  negative ; and  such  also  is  the 
uniform  style  of  that  venerable  monument  of  Gothic 
literature,  the  Codex  Argettieus. 

Ado.  There  are  some  Adverbs  which  have  a very  obvious 

affinity  with  verbs,  such  as  ado,  together,  Ac.  but  which 
it  would,  nevertheless,  be  somewhat  difficult  to  trace 
directly  to  any  particular  part  of  the  verb.  Ado  iawell 
known  in  English  from  the  name  of  the  popular  drama. 
Much  Ado  about  Nothing.  In  the  Scottish  Dialect  too 
it  is  very  ancient.  In  the  Preface  to  Gawin  Douglas’s 
translation  of  the  Atneid  we  find  the  expression,  “it  has 
n&thing  ado  therwith." 

Together.  Together  has  a manifest  relation  to  the  verb  gather, 
which,  however,  we  now  use  with  some  diversity  of 
meaiiing.  The  Adverb  and  the  verb  rather  seem  to 
refer  to  some  common  origin,  which  does  not  exist 


in  English,  but  appears  in  a more  simple  form  in  Adverb*, 
Dutch,  in  which  gadc  is  a consort,  os  een  duyf  en  ha  a re 
gadc,  “ a dove  and  her  mate gadeloot , matchless ; 
gaddyk , sortublc,  Ac.  The  word  gathering,  w hich  was 
formerly  used  in  English  for  a meeting,  or  assemblage, 
has  fallen  into  disuse  ; but  was  anciently  in  very  general 
acceptation  ; as  in  Barbour — 

And  the  kvng  than  a jvarUmoat 
Gart  Sett  l her  a ft  ir  hastily 
And  thitler  aummnnd  he  in  by 
The  barouru  of  hy*  roialtic 
And  to  the  lard  the  Bruce  tent  he 
Bidding  to  come  to  that  gathering. 

In  the  Scottish  Acts  of  1 592  the  word  togidder  occurs ; 
hut  in  more  recent  compositions  it  is  spelt,  as  it  is  in 
fact  pronounced  in  Scotland,  thegither.  Thus  in  the 
well-known  Song  descriptive  of  the  connubial  affection 
of  an  old  married  couple : 

John  Anderson,  ray  jo,  John,  we  clomb  the  hill  thegither. 

In  some  of  the  old  Romances  the  words  to  and  geder  are 
written  separately,  as  if  the  latter  were  considered  ns 
the  plural  of  gede,  answering  to  the  Dutch  gadc.  (See 
Warton,  i.  1 00)  — 

To  geder  ochul  sit  at  the  mete. 

The  correspondent  expression  in  Jerc  is,  in  like  manner, 
derived  from  the  Anglo-Saxon  Joera,  and  old  English 
fere,  a companion ; as  in  the  Gesie  of  King  Horn — 

Tueye  ferrn  he  haddo 
That  ha  with  him  ladde. 

The  Scottish  Dialect  employed  the  verb  to  effeir , and 
the  participle  eJfHring,  thus  in  the  Act  ofl5S7,  “ Orda- 
nis  lettrez  to  he  direct  heiropone,  gif  nejd  heis,  in  forme 
as  effeirit  and  again,  44  The  etvand,  the  pund  trois, 

& the  staue  proportional  & effeiring .”  Barbour  uses 
the  word  with  some  slight  difference  in  the  signification  : 

Sheri  (Is  & bailUea  made  he  then 
And  ail  kind  other  uffici-ir* 

That  for  to  govern  land  rjfetri. 

Another  expression  nearly  correspondent  to  together 
was  the  Adverbial  phrase  alt  samyn,  or  in  samyn,  an- 
swering to  the  Latin  insimut,  and  to  the  F rench  ensemble. 

Gawin  Douolas  employs  both  togidder  and  all  samyn 
in  the  same  passage  : 

Togidder  with  the  principally  of  youniu'TUI 
The  oobir  aenaluwi*  & pure  otfiaari* 

All  aastyn  keat  enevnae. 

In  the  Romance  of  Syr  Lattnfal — 

To  daunco  they  went*  olio  yn  mm’, 

In  that  of  Octouian  Jtnperalor — 

The  emperour  with  barouna  gn  tame 
Rood  to  Pary*. 

Barbour  employs  the  double  Adverb  tioasum  samyn, 
i.  e.  two  together  : 

That  was  in  an  euill  place, 

That  k>  atrait  and  oo  narrow  was, 

That  fnxuwm  mmen  might  nut  ride. 

The  word  samen  is  the  English  pronoun  same : it  is 
now  probably  obsolete  in  Scotland,  but  was  the  legal 
language  of  1592,  aa  appears  hy  the  Acts  of  that  year, 
and  also  by  Alexander  Montgomery’s  Tale  of  the 
Chcrric  and  the  Slae,  composed  about  the  same  time  : 

Lyk  aa  befoir  we  did  submit 
Sm  we  rape  it  the  tumyu  (it. 

6.  The  last  class  of  separate  words  which  we  hare  Subaton- 
to  notice  as  used  Adverbially  are  substantives.  It  is  threa. 
n 2 
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Grammar.  manifest  that  substantives  may  be  uwd  in  the  forma* 

' tiou  of  compound  words  to  express  the  attribute*  of 
attributes.  Thus  alone,  in  its  primary  sense,  is  a sub- 
stantive. and  blind  is  an  adjective  ; but  in  the  com- 
pound alone-blind,  the  former  part  of  the  word  modifies 
the  latter,  as  much  as  if  we  were  to  say  " a atony , or 
stonelike  blindness."  In  like  manner,  substantives 
standing  alone  may  be  taken  Adverbially,  ns  modifying 
either  a verb  or  an  adjective.  The  latter  mode  is  the 
less  common  in  modern  English,  but  it  occurs  not  un- 
frequontly  in  the  older  Diulects  : the  former  mode  is 
common  in  most  Languages.  The  Adverbial  use  of  the 
substantive  to  modify  a verb,  somewhat  resembles  the 
ablative  absolute  of  the  I«atin  Grammarians.  It  ex- 
presses a conception  simply,  without  asserting  it  to 
exist  or  not  to  exist.  The  construction  is  consequently 
elliptical,  and  the  sense  may  always  lie  more  fully  ex- 
pressed by  adding  the  assertion.  Thus  in  the  text 
" I will  sing  praise  to  my  God  while  I have  my  being," 
(Pm/,  civ.  83.)  the  word  while,  which  was  originally  a 
substantive  signifying  lime , becomes  an  Adverb,  by 
the  absolute  mode  of  expressing  it.  Tlie  passage  is 
literally  " I will  sing  praise  to  my  God,  time  I have 
my  being,"  i.  e.  **  during  the  time;”  and  the  three  fol- 
lowing propositions  are  included  in  the  whole  passage 
as  co-existent : 

I will  sing ; 

I shall  have  my  being ; 

Time  will  endure. 

Nothing  but  use  and  the  convenience  of  discourse 
has  assigned  their  peculiar  Adverbial  force  to  substan- 
tives thus  employed.  The  conception  of  time,  for  in- 
stance, maybe  employed,  as  in  the  above  case,  simply 
to  mark  continuance,  or  to  mark  continuance  from  a 
certain  point,  or  to  a certain  point.  Thus  in  the 
text  " There  was  a great  earthquake,  such  as  was  not 
since  men  were  upon  the  earth,  so  mighty  an  earth- 
quake and  so  great;’*  (Revel,  xvi.  19.)  the  word  since, 
which  is  also  a noun  signifying  lime,  may  be  rendered 
" from  the  time  that.*’  And  again,  in  the  text  " I 
will  not  leave  thee  until  I have  done  that  which  1 have 
spoken  to  thee  of,”  (Genes,  xxviii.  15.)  the  word  until 
may  be  rendered  " to  the  time  that.*'  Unfit,  indeed, 
is  not  a noun  signifying  time,  as  while  and  since  are  ; 
but  the  word  while  is  often  used  for  it  in  our  provincial 
Dialects,  and  occurs  in  many  of  our  old  compositions. 
Thus  in  the  Scottish  Act  of  Parliament,  1587,  the 
enactment  is  ordained  to  last  " Ay,  and  quhill  His 
H iciies  nixt  parliament.”  So  in  Alexander  Montgomery : 
Cum  W5  now,  in  me  now 
The  butterflie  ami  eandill 
And  as  *d>o  flic*  yuA yt  scho  be  fyrt. 

Of  until  and  since  we  shall  speak  more  particularly 
among  the  prepositions.  The  substantives  used  as 
Adverbs  of  time  in  English  are  while,  tide,  tithe,  lime, 
and  traaon . 

While-  While  is  the  Gothic  and  Anglo-Saxon  htcila , and 
Alumunnic  uuila,  time,  or  a certain  space  of  time,  which 
seems  to  be  of  the  some  Jorigin  as  our  wheel,  in  the 
Anglo-Saxon  htceol,  Danish  and  Swedish  hiul,  Islundic 
hiool,  and  Dutch  uric/,  which  are  derived,  by  J.  Davies, 
from  the  Welsh  chwyt,  turning,  and  seem  to  have  some 
affinity  with  live  Latin  v oleo,  and  Gothic  walwyan , to 
rell ; nor  is  there  any  more  apt  or  more  common  sym- 
bol of  time  than  the  continual  rolling  of  a wheel.  Be 
this  as  it  may,  we  find  the  word  while  in  English  and 


toeile  in  German  used  substantively  for  a space  of  time.  Adverb*, 
ns  in  German  es  id  eine  gule  write , " ft  is  a good  while,"  1 

or  “ a long  time."  So  in  the  relution  of  the  meeting 
of  Joseph  with  his  futhor  Jacob,  (Gen.  xlvi.  2ff.)  **  he  fell 
on  his  neck,  and  wept  on  his  neck  a good  while"  We 
have  seen  this  word  tiaed  in  the  two  senses  of**  whilst" 
and  " until it  is  also  used  in  the  Scottish  Dialect  for 
“ sometimes,'’  as  in  the  well-known  anecdote  of  an 
English  traveller,  who  hud  been  confined  at  a village  in 
Scotland  several  days  together  by  the  rain,  and  who,  at 
length,  losing  his  patience,  ssketl  the  landlord  pettishly, 

**  What!  does  it  rain  here  always?”  To  which  the 
other  replied  with  a smile,  " lloot,  na ! it  snaws  why  lea ." 

The  word  awhile  is  commonly  used  Adverbially  for  “ a 
short  time  as  Samuel  said  to  Saul,  “ Stand  thou  still 
awhile  that  I may  show  thee  the  word  of  God  ” ( 1 Sam. 
ix.  27.)  The  same  idiom  occurs  in  the  Goldin  Terge of 
Dunbar  : 

Acqutntaneo  new  embmait  me  a qukfte, 

Ami  (iTourt  me  till  men  micht  jpa*  a tnyle, 

Syne  tub  hir  lief,  I uw  hir  nevtr  in  air. 

In  a very  ancient  English  Love-song  whyle  is  used  in  this 
sense  without  the  article.  (Harl.  MSS.  2258.  fed.  63.  b.) 

Ret  ere  it  tholien  irAy/r  tore 
Then  mouroen  cuerroore. 

It  is  somewhat  remarkable  that  though  in  the  German 
Language  the  substantive  weile  is  not  used  Adverbially 
in  the  same  senses  as  while  is  in  English,  yet  it  has 
the  same  Adverbial,  or  rather  conjunctional  sense  that 
we  give  in  matters  of  reasoning  to  Since,  which  word, 
as  we  have  observed,  also  signifies  " time."  Thus  the 
German  weil  implies  the  consequence  or  dependence  of 
one  fact  on  another,  as  Weil  era  verlangel,  so  toll  ers 
haben ; “ since  he  desires  it,  he  shall  have  it.” 

The  compounds  of  while  still  in  use,  such  as  mean- 
while.  erewhite , require  no  explanation.  They  plainly 
express  the  conception  of  time,  and  signify  " in  the 
meantime,"  “ sometime  before,"  Ac.  Erewhite  was 
anciently  written  whilere , and  so  we  find  in  the  different 
old  Dialects  whilom  and  umquhill,  which  both  agree  with 
the  old  word  sometime  for  " formerly."  “ The  whiles’’ 
occurs  in  old  writings  for  meanwhile ; as  in  Kyng 
Alisaunder — 

Aliiatimlre  it  in  his  lorn! 

Ami  hath  w>n«  a nrwc  lunJe. 

From  a cite  in  the  Kit 
That  mil  no  Phelippw  hrstc. 

Thidvr  he  wvndith  with  pvt  pre», 

Thrt  sturdy  citira  for  to  dm. 

Thf  irA Un,  hrrith  a cat. 

A riche  baroun  in  Grace  wot,  Ac. 

Whiles  was  used  at  no  great  distance  of  time  where  we 
now  use  white  or  whilst ; as  in  Shakspeare’s  Much 
Ado  about  Nothing — 

What  we  have  we  prite  not  to  the  worth 
H'hiiet  we  enjoy  it. 

The  same  idiom  also  prevailed  in  Scotland — 

The  bramble  grow*  althoet  it  be  obscure, 

Quhy/i*  mountxne  evderia  tholes  the  bousteout  winds, 

And  myld  plebyan  spirit*  may  lief  wrure, 

QuAfff a roichty  tompeslia  ton*  imperial  myiwls. 

Montoomkry. 

Mr.  Tooke  conceives  that  whilst  and  amidst  arc  mere 
corruptions,  and  that  we  should  write  them  as  formerly, 
whiles,  and  amiddes ; but  it  would  seem  that  there  was 
some  particular  reason  for  the  final  t,  because  in  the 
common  Scottish  Dialect  of  the  present  day  it  is  found 


Digitized  by  Google 


GRAMMAR. 


93 


Grammar,  in  the  word  alongxt.  Possibly  the  expressions  originally 
were  “ on  long  is  it;  on  mid  is  it ;**  44  white  it  it.” 

In  the  Morale  Proverba  of  Cryttyne,  printed  by  Cax- 
ton,  a.  D.  1478,  we  find  the  expression  long  taiton  for 
**  a long  while/’  or  “ a long  time 

A tempemt  man  cold  from  hud  useured 
May  nut  lightly  long  sauom  be  mbeuied. 

80  in  the  Dictct  and  Saying*  o f Philosopher*,  printed 
1477,  “ There  was  that  ttason  in  my  company  a wor- 
shipful gentleman  called  Lewis  dc  Bretaylles.” 

Stound.  Stound,  which  is  from  stond,  occurs  adverbially  in  the 
sense  of  time  ; as  in  Octouian  Imperalor — 

Men  blamede  the  bother*  oft  tto vndyt 
Fur  hit  tone. 

This,  which  we  should  now  express  oftentimes,  was  an- 
ciently expressed  also  ofte  tithes;  as  in  Chaucer’s 
Troilus  and  Cressida— 

And  such  be  waa  I prooed  o/7r  mlArt, 

Sumtohile  occurs  in  Kyng  Alitaunder — 

There  wooed  »vmv>tule  Kyng  Appolyn. 

In  the  Lay  le  Freinr,  published  by  Mr.  Weber,  we  find 
therwhila  : 

The  abbette  hrr  in  eonaeyl  toko 
To  tellrn  hir  hre  nought  fontoke 
Hou  hye  w»i  founden  in  al  thing 
And  tok  hir  the  doth  and  the  ring 
And  hod  hir  kepe  it  in  that  ttede  ; 

And  iherwilrt  *be  lived  no  trite  dede. 

The  Scottish  umquhill  appears  in  the  Act  of  1455, 
“ James  umquhill  Eric  of  Dowglns."  In  the  Act  of 
1540  we  find  both  44  vmquhile  James  Coluile,”  and 
44  Archibald  tumtime  Eric  of  Anguis.”  Sumtyme,  an- 
swering to  olim,  occurs  in  Montgomery's  Cherrie  and 
Sloe ; 

Then  forth  I drew  that  double  dart  * 

Qbuilk  j urntyme  tebot  hit  mother. 

Xu*).  Our  word  tide  is  connected  with  the  word  tithe  be- 

fore mentioned  by  the  German  xrit,  (pronounced  tscit,) 
for  on  the  one  hand  it  is  Ueit,  tide,  dropping  the  initial 
a;  and  on  the  other  it  is  licit,  sithe,  dropping  the 
uiitiul  t;  and  in  both  cases  changing  the  final  t Into  its 
approximate  articulation,  rtz.  in  the  one  instance  d,  in 
the  other  th.  We  do  not  use  tide  in  modern  English 
Adverbially ; but  in  German  the  word  teil  is  used  in  the 
sense  of’4  since,”  or  44  from  that  time.”  In  the  differ- 
ent Northern  Languages  this  word  appears  in  various 
forms,  and  with  many  analogous  significations.  In  the 
Alamannic  Glossaries  we  find  citi,  44  times whence 
probably  eomes  the  Latin  clto,  quickly.  In  the  Frankish, 
vonna  alien  zitin,  44  from  old  lime*;'*  tho  tih  thin  zit  bi- 
brahta,  44  when  the  time  was  brought  near in  modem 
Dutch,  in  voorige  tyden,  44  in  former  times by  onztn 
tvd,  44  in  our  time,”  &c.  The  hours  of  the  day  are 
called,  in  Frankish,  citi  and  ziti ; and  in  Anglo-Saxon, 
tida ; as  in  Gloss.  Keron.  fora  einera  ziti,  before  one 
o’clock ; and  in  the  Anglo-Saxon  Gospels,  hu  ne  tynt 
Ucelf  tida  thee*  deeget?  " are  there  not  twelve  hour* 
in  the  day?”  In  modern  German  they  say  wdchc  ze  rr? 
for  44  what's  o’clock?”  hochzeit,  a marriage  festival,  or 
any  other  festival;  in  which  latter  sense  the  expression 
runs  through  a great  variety  of  Dialects,  as  the  Frank- 
ish hoho  ziti,  the  Alamannic  hohzit,  the  Swedish  hogtyd 
and  hoglydt  dag , the  Dutch  hooghtiid , the  Anglo-Saxon 
heah-tid , and  the  old  English  high  tide  and  hock-tide. 
In  German,  too,  the  separate  words  hohe  zeit  are  used 
as  we  use  44  high  time ; as,  e*  i*t  hohe  zerr,  " it  is 


high  time”  (that  such  a thing  were  done.)  8<r  they  Adverbs, 
say  hey  zeit,  as  we  do  Adverbially  bethna ; bey  zBiTEM 
toieder  com  men,  is  44  to  come  back  in  good  time”  von 
zeit  zu  zeit,  44  from  time  to  time”  essenszeit,  41  dinner- 
time/'  &c.  In  this  last  sense,  where  we  say  church* 
time,  the  Dutch  say  kerk-tyd;  and  where  we  say  bed- 
time, our  Saxon  ancestors  said  bed-tid.  So  iinderntid 
was  the  hour  of  nine  o’clock  in  the  forenoon,  when  the 
underntang  was  sung  in  churches,  and  when  individuals 
were  accustomed  to  take  the  meal  called  in  Gothic 
vndaumimat,  and  in  Anglo-Saxon  simply  undent. 

Ilcnce,  in  the  Romance  of  Syr  Launfat— 

In  hy*  chamber  he  hj  lil  hytn  still* 

All  that  ? intern  tgde. 

The  German  seif  is  also  a season  or  44  time  of  the 
year  tier  zeiten,  44  the  four  seasons.”  The  Dutch 
tyd  is  44  opportunity,”  44  convenient  time,”  44  leisure,” 

44  sufficient  time."  Of  the  same  origin  arc  our  noon- 
tide, Whitsuntide , and  the  tide , or  periodical  time  of  the 
sea's  ebb  and  flow. 

Let  him  hear  the  cry  in  the  morning,  sad  tho  shouting  at  mam- 
tid f. — Jtr.  xx.  16. 

Noon- tide  report,  or  afternoon  repose. 

Mu-ton.  Par.  Lett. 

And  behold,  at  evening-tide  trouble;  and  before  the  morning  he 
re  not ! — Isaiah,  xvii.  14. 

In  the  Romanoe  of  Kyng  Alitaunder,  long  lydez  means 
a long  while  (several  days,  as  it  should  seem  by  the 
context) — 


Hence  our  verb  to  betule,  or  happen  at  a certain  time, 
which,  by  Barroub,  is  written  simply  tide— - 
But  ye  trusted  unto  (antic, 

A*  niinjde  folk,  but  raalwitir, 

And  wist  not  what  shuld  after  tide. 

Hence  the  substantive  tiding*,  what  happens  at  a certain 
time,  and,  in  a secondary  sense,  what  is  reported  to  have 
happened. 

Hence,  too,  the  adjective  tidy,  of  which  the  first  sense 
is  seasonable,  happening  in  due  time— 

If  weather  be  fair  anil  tidie,  thy  grain 
Make  tpredilie  carriage  for  tear  uf  a rain. 

Tpiur. 

So  the  Islandic  tidugur,  tempextivu s ; the  German  ad- 
verb zeitig,  maturely,  in  good  time  ; (answering  to  the 
Scottish  timeout,  und  limtously  ;)  the  German  substan- 
tive unzeit , an  inconvenient  time,  with  its  adjective 
nnzeitig , unseasonable ; unzestige  geburt,  44  an  untimely 
birth,”  and  of  the  same  construction  as  our  untidy. 

Thus  we  have  seen  in  different  Languages  the  con-  Ever.  Aye. 
necdon  and  interchanged  use  of  those  substantives  which 
furnish  a large  class  of  the  Adverbs  of  rime.  There  is 
another  class  also  relating  to  time,  derived  from  a source 
common  to  most  of  the  Northern  Languages,  viz.  the 
Adverbs  ever  and  aye,  with  the  compounds  of  the 
former,  as  evermore,  never,  nevermore,  &c.  Ever  is  the 
Latin  <ecum;  as  aye  is  the  Greek  <M«rr;  ntul  that  arum 
and  a me  are  the  same  word  no  one  can  doubt,  who  re- 
members that  in  the  Latin  of  the  early  Ages  <p  was 
written  fli,  and  um  was  written  om  ; and  that  the  mo- 
dern Latin  v was  the  /Eolic  digumma  q,  or  our  id 
which,  in  fact,  is  the  abbreviated  articulation  of  the 
vowel  sound  oo,  os  our  y is  the  abbreviated  orticulatiou 
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Onmoti.  of  our  vowel  sound  ft.  Thus  the  ancient  Romans  would 
have  written  eevum  ui^om  or  ai^ou  ; for  we  find  rocon 
for  rogxtm  in  the  Laws  of  Numa  Pompilius.  Velius 
Long  us  says,  qu<B  tios  per  £,  antiqui  ptr  ai  trripiita- 
verunt:  and  Marius  VlCToamtM  to  the  same  effect, 
a syllabam  quidrm,  more  Grttcorum,  prr  ai  $cribunt. 
On  for  um  occurs  constantly  in  the  Laws  of  the  Twelve 
Tables,  as  decortiom , corom,  finiom,  &c.  In  the  frag- 
ments of  the  Laws  of  Numa  Pompilius  we  read  acnom 
for  txgnum. 

Pdes  Atom  Junonis  nti  tagito.  Sei  tagil,  Junoni 
crinehot  drmisfi*  acnom  feminam  ctedito. 

The  /Folic  digamma  is  described  by  Dionysius  of 
Halicarnassus,  in  the  1st  book  of  his  A ntiqnities,  where 
he  says  that  the  ancient  Grecians  used  a letter,  which 
was  uunrtf*  '■fauna  ctrtaTt  txi  fit  an  Of>0ijn  Anfeuy  uvfurou 
toil  vXafitut,  like  a gamma  with  two  (horizontal) 
lines  united  to  one  perpendicular  s"  and  the  examples 
which  he  gives  arc  rsAsrj  lor  'FArVij,  Fava£  for  J’wf, 
FotKot  for  o$nn*,  and  Favqp  for  **•*)?■  Tile  .Eoliuns 
employed  this  letter  to  express  a sort  of  aspiration  either 
at  the  beginning  or  in  the  middle  of  words;  and  as 
they  said  of  it  (or  owis)  for  and  •for  (or  owon)  tor 
utov,  so  it  is  probable  that  they  said  aifoiv  for  «<*»•.  In 
ancient  Latin  inscriptions  the  F is  inverted,  as  DIjAI 
for  Dwie. 

The  Latins  not  only  .introduced  the  articulation  to, 
in  order  to  separate  two  vowels,  but  also  the  aspiration 
ft.  as  in  cohort  for  coon,  from  coorior;  ahencu*  for 
ttneut,  mihi  for  mii,  &c. 

If  it  be  thought  necessary  to  seek  a common  radical 
for  these  words  ovum  and  awr,  it  may  probably  be 
found  in  the  ancient  av  or  ab,  which  seems  to  have 
very  generally  signified  the  flowing  of  a river ; which, 
like  the  rolling  of  a wheel,  has  been  in  all  times  con- 
sidered as  a symbol  of  time.  Etiain  hodiemit  Perm, 
says  Baxter,  in  his  Glostarium  Antiqui  tat  um  Britan- 
nicarvm,  (ad  roc.  Aballaba,)  ah  pro  aqua  est,  qvam 
et  r cteren  nostri  av,  sav,  et  tav  apprllaccre ; and  again, 
(ad  roe.  Adona.)  nomen  suum  torlila  est  ah  ipto  Jiu- 
mine,  quod  Britan  nit  pluratito  numtro  dicitur  avon, 
et  antiqui  scripture  aiion.  Hence,  ahtn,  in  old  Ger- 
man, is  to  fall,  to  decline,  and  der  abend  is  the  evening, 
the  falling  or  declining  of  the  Sun  : and  the  Helvetic 
Swiss,  as  Pictoru  s asserts,  use  the  verb  with  reference 
to  the  decline  of  life,  as  ich  aben  fait , “ 1 decline,  or 
draw  last  to  my  end.'* 

However  this  may  he,  there  can  be  little  doubt  but 
that  the  Anglo-Saxon  of  re,  whence  our  Adverb  ever  is 
lineally  descended,  was  of  the  same  origin  with  the 
Latin  substantives  tecum  and  tetwt,  which  latter  is  only 
a derivative  of  the  former,  being  written  in  the  Laws  of 
the  Twelve  Tables  enitas. 

JEfr , ever,  e’er  sire  used  to  denote  time  in  its  gene- 
ral continuity  ; and  consequently  to  denote  eternal  du- 
ration, of  which  we  have  no  other,  or  at  least  no  better 
conception,  than  of  time,  in  continuity  unlimited.  The 
same  contraction  e’er,  spelt  in  Gothic  and  old  Scotch 
air,  in  Anglo-Saxon  ar , in  Frankish  er , and  in  modern 
English  ere,  denotes  time,  in  its  inception,  or  the  time 
immediately  preceding  the  event  or  period  of  which  we 
speak ; and  this  word,  in  its  compounds,  erliche,  early, 
al«o  signifies  lime  incipient,  but  not  prior  to  the  period 
in  question.  In  general  it  may  be  regarded  as  a rule 
in  etymology,  that  where  the  simple  and  compound 
word  have  two  meanings  apparently  opposite,  they  both 


refer  to  a third  meaning,  in  which  those  opposites  con-  Admi* 
cur  ; for  of  opposites,  as  Aristotle  has  observed,  there  s— v— ^ 
is  the  same  Science : we  reason  in  the  same  manner, 
though  to  contrary  results,  on  positive  and  negative 
quantity,  on  lights  and  shades,  on  vice  and  virtue. 

There  can  be  no  doubt  that  erliche  is  derived  from  er. 

It  signifies  a conception,  like  the  conception  expressed 
by  er ; but  for  that  very  reason  it  differs  from  er ; be- 
cause, according  to  the  scholastic  rule,  timile  non  e$t 
idem;  yet,  on  the  other  hand,  os  similarity  approaches 
to  identity,  and  as  the  limits  are  not  always  accurately 
distinguishable  or  distinguished,  it  is  not  always  easy 
to  dedde,  whether  in  Language,  two  terms  like  er  and 
early,  do  or  do  not  absolutely  exclude  each  other's 
meaning;  or  even  whether  one  word,  like  er,  may  not 
embrace  two  meanings,  excluding  each  other  in  their 
different  application  to  facts.  Thus,  in  the  Gospel  of 
St.  Mark,  are  the  two  following  passages : K«  r-paA 
X/av  nra<rrav  i£fjX9e  (ch.  i.  ver.  35.)— Eat  Xiar 
Wfmt  rrjv  mat  oafiftaTW  !p\omai  to  pvrfp+tov  uytrrei- 

Xovro\  rou  tjXi'ov.  (ch.  xvi.  ver.  2.)  It  is  plain  that  the 
exact  points  of  time  here  spoken  of,  with  relation  to  the 
diurnal  revolution  of  the  Earth,  are  different ; and  if  we 
assume  a moment  immediately  preceding  the  elevation 
of  any  port  of  the  Sun's  disk  above  the  visible  horizon, 
the  lime  referred  to  in  the  first  passage  will  be  before 
such  moment,  aud  that  referred  to  in  the  latter  will  be 
after  it ; and  consequently  the  conception  of  the  one  will 
be  as  opposite  to  the  conception  of  the  other  in  this  re- 
spect, as  before  is  to  after . Nevertheless,  they  are  both 
expressed  in  the  Gothic  translation  by  the  word  air,  the 
first  being  air  uhtwon  uislandandt,  the  other,  flu  air 
this  duet * : in  the  first  instance,  the  Anglo-Saxon  version 
has  tvithe  je r arisende  : in  the  second,  the  Anglo-Saxon 
has  meythe.  jrr  daye ; and  the  Frankish,  er  themo 
livhlc;  and  comparing  together  these  different  uses  of 
the  words  air , ter,  er ; it  is  impossible  not  to  perceive 
that  they  sometimes  stand  for  our  word  ere,  and  some- 
times for  our  early.  In  the  modern  English  version, 
the  two  passages  are  correctly  distinguished  thus : 

“ in  the  morning,  rising  up  a great  while  before  day, 
he  went  out”  — and  “ very  early  in  the  morning,  the 
first  day  of  the  week,  they  came  unto  the  sepulchre,  at 
the  rising  of  the  Sun." 

In  our  ancient  writers,  or  is  frequently  used  in  u Etc. 
similar  sense  with  ere;  but  it  may  be  doubted,  whether 
this  be  the  same  word  differently  spelt,  or  a contraction 
of  before.  However  this  be,  we  find  it  both  alone,  and 
followed  Dy  ere  and  ever ; which  may  possibly  be  a 
mere  reduplication  for  the  sake  of  greater  emphasis, 
as  we  have  already  seen  in  various  examples. 

The  various  uses  of  these  words,  air,  er,  or,  ar,  ere , 
or  ere,  and  or  ever,  will  appear  from  the  folio  wing  quo- 
tations ; 

Barbour,  in  his  introductory  verses,  uses  air : 

. Old  stories  that  men  redi* 

Represents  to  thamo  the  deidis 
Of  stalwart  folk  that  tired  air. 

* • * • 

He  shuld  that  arbatrr  disclair 
Of  tbir  twa  that  1 laid  of  air. 

In  the  metrical  Chronicle  of  England,  composed  in  the 
reign  of  Edward  II.,  (see  Rithon's  Metrical  Romancet, 
v.  iii.  p.  337,)  we  find  er, 

This  loud  was  clrped  Alhyvo 
Er  then  Bruy  t bum  Troys  com. 
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Grammar*  In  Ociovian  Tmperator,  ere  and  er- 
They  that  w«»  ere  than  agaste 
Tho  hadde  game. 


That  day  Clement  was  made  a knyght 
For  hit  er  dedet  wyt  and  wyghL 

In  Richard  Coer  de  Lion,  or— 

He  it  is,  my  dedly  foo : 

He  schal  afceyen  it,  or  he  goo. 

In  Kyng  Alisaunder , ar  and  or — 

No  achsl  be  twyee  «eo  the  toune 
Ar  he  have  him  perforce  ywonne 


For  Aliaaunder  wo!  or  night 
Broke  the  cartel  doun  ryght. 

In  Macbeth , or  ere — 

, The  deailman’t  knell 

It  tliere  scarce  atked  for  whom ; and  good  men's  lire* 
Expire  before  the  flower*  in  their  cape, 

Dying  or  ere  they  sicken. 

In  the  Book  of  Daniel  (cb.  vi.  ver.  24)  or  ever — 

The  lions  brake  all  their  bone*  in  pieces,  or  ever  they  came  to  the 
bottom  of  the  den, 

Erliche  and  ent,  the  compounds  of  <rr,  form  first 
adjectives,  and  then  Adverbs,  both  retaining  an  exclusive 
reference  to  time.  The  Adverb  eriiche  occurs  in  Chau- 
cir’h  Knyght'*  Tale : 

And  tetlen  her  er/iche  and  late. 

Ent  is  the  superlative  of  ter , being  the  Anglo-Saxon 
arista,  primus ; end  it  is  used  in  the  senses  of  early 
time , past  or  future,  «.  e.  **  formerly,”  **  soon.” 

In  the  Romance  of  Sir  Guy  (see  Warton,  i.  170.)  it 
means  “ at  any  former  time,”  “ before 
Such®  one  had  he  never  erti  scene. 

In  Spenser's  Fairy  Queen,  u at  ertT  is  used  for  “ at 
the  earliest  future  time,”  “ as  soon  as  possible  :” 

Six  Knight,  if  knight  thoa  be, 

Abandon  this  forestalled  place  at  ent. 

Erewhile  and  t chilere,  are  the  same  compound  in  two 
different  forms,  but  with  a single  meaning,  viz.  “ a time 
preceding  the  present,  usually  at  no  great  distance,”  os 
in  Shaxspearr's  A*  You  Like  lit 

That  young  twain  that  you  taw  here  but  emchi/e  / 

and  in  the  Tempest — 

Let  us  be  jocund.  Will  you  troul  the  catch 
You  taught  me  but  tcht/ere. 

Of  the  other  compounds  from  ter,  viz.  erelong,  ere- 
now ; and  of  those  from  ever,  as,  evermore , never,  never- 
more, forever,  &c.  it  is  unnecessary  to  speak. 

Ayforth  is  used  by  Barbour,  as  a derivative  from  aye, 
ever,  always  j 

To  pit  in  writ  a wthfatt  ttory 
That  it  lart  ayforth  in  memory. 

Of  the  same  origin  with  the  Saxon  afr  and  Latin 
avum,  seem  to  be  the  Gothic  aiw  and  aiwa  ; the  Danish 
evig ; the  Dutch  tewig  and  eeutce  ; the  German  ewig  ; 
the  Frankish  and  Alamannic  etvo  and  rate;  the  old 
Danish  or  Runic  teji , teftaga , ajintyr,  &c. 

Whether  we  ought  to  refer  to  the  same  origin  the 
Anglo-Saxon  aft  and  old  English  eft,  may  perhaps  be 
doubted ; but  the  fact  of  their  common  origin  seems 
not  improbable.  The  words  aft  and  afr  certainly  re- 
semble each  other  in  sound,  and  both  relate  to  a com* 
mon  conception,  viz.  that  of  time . 


Chaucer  uses  eft  in  the  sense  of  a second  time  .*  Advert*. 

Wem  I unbound,  also  mote  I the,  ' ■ 

1 wolde  acuer  rfl  come  in  the  snare. 

• • ■ • • 

For  thee  have  I begon  a gomeu  plaie 
Which  Ibat  I neurr  duen  stud  eft  tor  other 
Allbo  be  wero  a thousand  fold  my  brother. 

Gawin  Dololas  uses  it  a little  differently,  in  the 
sense  of  “ a short  time  afterwards.”  Thus,  in  describ- 
ing the  snake,  which,  after  devouring  the  offerings  on 
the  altar,  glided  back  into  tbe  earth,  (Ain.  b.  1.  92.)  he 
says, 

And  but  mair  harm  in  tbe  grmif  entcrit  eft. 

In  this  latter  sense  the  word  eft  is  used  by  Spenser  : 

Kf,  through  the  thick  they  heard  one  rudely  rush, 

With  nmae  whereof,  he  from  his  lofly  steed 
Down  fell  to  ground,  and  crept  into  a bush. 

Spenser  also  uses  in  this  latter  sense  the  compound 
eflsoons : 

Fftoont  the  nymphs  which  now  had  flowers  their  fill 
Run  all  m haste  to  see  that  salves  brood. 

Upon  the  whole,  it  appears  that  the  Adverbs  which 
relate  to  time  generally,  are  all  traceable  with  more  or 
less  distinctness  to  nouns,  that  is,  to  names  anciently 
given  in  various  Dialects  to  the  general  conception  of 
time.  The  case  is  still  plainer  when  we  come  to  the 
particular  divisions  of  time,  such  as  morning,  evening, 
day,  night,  week,  month,  year. 

Tomorrow,  our  Adverb,  which  answers  to  the  Latin  Tomorrow. 
era*,  signifying  the  next  day  to  that  on  which  we  speak, 
is  simply  " the  morning,”  and  in  the  present  Scottish 
Dialect  is  expressed  “ the  morn  as,  wul  ye  gang 
til  the  kirk  the  morn  ?*’ — **  will  you  go  to  church  to- 
morrow?” Jfortre  and  datce,  in  old  English,  meant 
morning  and  day,  from  the  old  German  morg  and  tag, 
the  final  g being  of  an  obscure  sound  between  our  y 
aud  to.  The  morning  is  in  Gothic  maurgin,  Alamannic 
morgan,  Isl.  morgun,  Danish  and  Dutch  mergen,  modern 
German  morgen,  and  Anglo-Saxon  tnterigen,  mergen , 
morgen.  Wachter  says,  that  in  the  ancient  com- 
putation of  time  the  evening  being  reckoned  first,  the 
morning  came  from  that  circumstance  to  signify  the 
future  day.  Whether  this  was  the  reason  or  not,  the 
feet  is  certain  that  most  of  the  Northern  Nations  did  so 
use  the  word  morning  ; and  hence  we  have  the  expres- 
sions amorwe,  amorrow,  on  morrow,  by  the  morrowe, 
tomorrow. 

Lydgate  has  “the  mortce"  for  “the  morning,”  in 
his  Poem  on  the  Virgin  Mary  (Harl.  MSS.  2255.  fol. 

88.)— 

A tween  midnight  and  the  freah  mortce  gray. 

Chaucxb,  in  the  same  sense  uses  morrow — 

The  metric  lark  the  mefoager  of  date 
Suit ict h in  her  Bunge  tbe  morrow  gray. 

Robert  op  Gloucecter  uses  emortoe,  for  “on  the 
following  morning” — 

Tho  the  kyngee  men  nuate  amorwe  wer  he  was  bicome. 

In  the  Proces  of  the  Seuyn  Sage*  it  is  used  in  the  same 
sense — 

Amoretce  themperonr  pan  rise 
And  clothed  him  in  riche  giae. 

So  Chaucer,  in  the  KnyghC J Tale— 

And  thus  tbei  beea  departed  till  amorrow 
In  Octet!  ten  Irnperator  we  find  amorn  for  the  next  day— 
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Amaru  the  cnaporoure,  yn  ire, 

Sente  aboute,  m hys  erapyre, 

After  many  a rvehe  ay  re 
To  dime  her  diMUC- 
The  folk  tho  cam  from  each  a ecfcjTV 
Kvgtit  ywto  Rome. 

In  Richard  Coer  de  Lion  occur,  in  this  sense,  on  morwe 
and  on  the  morwe— 

On  morwe  they  l-Cgunne  to  rj'de 
With  tier  how*t  to  TaUimt. 

• • • ♦ 

On  the  morwe,  withuuten  fayl*. 

The  cyte  they  guana  for  to  a-vtayl*. 

Chaucer  seems  to  use  on  morrow  (or  “in  the  mom- 
jng,"  as  appotsed  to  “ in  the  evening,”  in  the  Plowman's 
Tale — 

Ti»  wanhip  Gt*l  rran  vouM  wlate, 

Both  on  mn  and  on  marram. 

Such  harlotry  men  would  lmtc. 

So  he  says,  " morrow  inilke"  for  “ morning  milk” — 

An  anelaee  and  gipwrrv  nil  of  silke 
Ring  at  his  girdle  white  os  morrow  milke  ; 

and  in  the  same  Prologue — 

Well  loued  he  by  the  morrow  a aoppa  in  wine. 

Our  present  word  morning  seems  to  have  been  formed 
as  a participle  1’roin  a verb  to  morrow,  or  to  mortoen, 
whence  we  have  the  old  words  morrawing  and  morwen- 
ing. 

lu  Dunbar’s  Goldin  Terge — 

Sweit  were  the  rapouris  Baft  the  morrowing. 

Ratlsum  ttw  trail,  depaynt  with  flown*  yiug ; 

and  in  Chaucer's  Trvilus  and  Creaida — 

Bright  was  the  tonne  and  clcre  the  morwrniny. 

The  word  morn  too  seems  to  have  been  brought  into 
common  use  in  Scotland,  at  least  before  the  year  M49, 
since  it  occurs  in  the  Act  of  Parliament  of  that  year : 
lit*  first  of  the  thre  tymis  begymunde  on  tho  morn  aixt  after  the 
aheref  court. 

As  we  have  morrow  from  morgen,  so  we  have  sorrow 
from  sorgen , the  modern  German  word  being  derived 
from  the  old  German  »org,  maror,  trislit  ia,  which 
doubtless  originates  in  the  Frankish  svr  anil  our  sore. 
In  one  of  the  Harleian  Manuscripts  (No.  2251.  f.  298.) 
we  find 

To  toll  my  aunt*  ray  wittea  bien  all  bare ; 
and  in  Octouian  Imperalor — 

There  waa  many  a wepyng  eye. 

And  greet  aonor  of  haul  that  hyt  wye. 

The  origin  of  the  prefix  to  in  our  modem  words  to- 
morrow, tonight,  today,  &c.  will  be  considered  when 
we  come  to  the  prepositions.  As  to  the  distinction 
adopted  in  modern  times  between  the  two  words  morrow 
and  morning,  it  is  no  more  than  what  occurs  in  a variety 
of  cases  ; us  in  the  instance  just  mentioned  of  tore  and 
•orroio ; where  the  former  word,  at  least  in  its  substan- 
tive sense,  is  applied  to  a bodily  disease,  the  latter  only 
to  a mental  affliction. 

The  Adverb  today  is  of  the  some  class  with  tomorrow. 
Anciently  we  had  the  Adverb  aday  for  “in  the  day- 
time as  in  Syr  LaunJ'al  (Cotton.  MSS.  Calig.  A.  2. 
fol.  39.)— 

Atlay  whan  hyt  is  lygt. 

P f which  expression  we  at  present  retain  a trace  In  the 
colloquial  phrase  now  adays.  In  the  same  Poem  the 
substantive  days  is  written  cfaira.  The  opening  lines 
are 


Le  doughty  Artmu’s  iawm  Adverbs. 

That  h«ld  Engvlond  ya  good  lawn.  . . 

The  substautive  name  of  the  conception,  Day , was 
easily  converted  into  a verb,  as  in  the  very  old  Pastoral 
Ballad  (Harl.  MSS.  2253.  fol.  71.  b.)— 

Ia  May  bit  rouryeth  when  bit  down. 

The  present  participle  of  this  verb  occurs  in  the  old 
Scottish  Song,  the  tune  of  which  is  said  to  have  been 
played  by  the  troops  of  King  Robert  Bruce,  in  march- 
ing to  battle  : 

landlady  count  tbe  lawiog 
Thu  day  ia  near  tbe  duwtng 
The  cock*  are  at  the  crawing. 

But  the  participle  is  written  dawning,  as  from  the  verb 
da  wen,  or  dawn,  in  Kyng  Alisaunder  ; 

Iti  the  Cule  dawenyng 
Wroth)  we  forth  iu  al  thyng  ; 

Thru  roowe  we,  God  hit  wot*, 

Revteu  our  brttia  ia  the  hole. 

In  the  time  of  Shakspeure,  the  substantive  dawning 
appears  to  have  been  most  common  ; as  in  King 
Henry  V. — 

Alas  poor  Harry  of  Eogload  be  long*  nut 
For  Um  Dawning,  u wvdoj 
and  in  CymbHine — 

Swift,  swift,  ye  dragon*  of  the  night ! that  dawning 
May  l»r*  it»  raven  eye — 

In  more  modern  times  the  substantive  use  has  come  to 
be  confined  to  the  word  dawn. 

Tlic  Adverb  tonight  presents  in  itself  nothing  remark-  Tonight, 
able ; but  it  suggests  an  observation  on  the  Lulin 
Adverb  of  the  woe  signification.  Cicero  uses  the  ex- 
pression noctu  an  interdiu,  “ by  night  or  by  day  but 
that  neither  this  nor  the  ablative  termination  is  neces- 
sary to  give  the  noun  an  Adverbial  force,  is  evident 
from  the  circumstance,  thut  in  the  Laws  of  the  Twelve 
Tables,  the  simple  nominative  nox  is  used  for  “ by 
night  :** 

Qtif  nos  forlorn  fartii,  «n  im  aHymipt  wr irit.joure  rtrsot  rtlr.d. 

The  Adverb  anights  was  formerly  in  common  use  ; as 
in  Siiakspearb's  As  You  Like  It — 

Clowx — I remember  when  I was  in  lore,  I broke  my  aword 
upon  a stone  ; and  bid  him  take  that  fur  coming  anights  to  Jane 
Smile. 

And,  in  like  manner,  an  even  was  sometimes  used  for 
**  in  the  evening  ;**  as  in  The  Sevyn  Sages— 

An  even  late  the  emperour 
Waa  brunt  to  bed  with  honour. 

The  substantive  e'en  for  even  is  still  retained  in  the  com- 
mon salutation  of  the  Scottish  peasantry,  “ gude  c n 
but  as  we  have  changed  morrow  to  morning,  so  we  have 
even  to  evening.  The  Germans,  on  the  contrary,  retain 
morgen  and  abend.  These  circumstances  appear  to  b© 
perfectly  accidental ; for  w hilst  we  have  adopted  the 
participial  termination  in  these  two  instances,  we  have 
unaccountably  rejected  it  from  the  word  dawning. 

The  common  people,  in  many  parts  of  the  country, 
still  use  the  Adverbial  expressions  to  week,  to  month,  and 
to  year,  which  are  otherwise  obsolete.  Some  copies  of 
Chaucer  have  this  last  expression  in  the  II  Id  Book  of 
the  Troilus  and  Cressida  (v.  242.) — 

Wtaau  1 the  *»w  bo  languishing  to  gere. 

But  this  is  paBsibly  an  error  of  tbe  transcriber. 

Some  Adverbs  of  time,  which  are  probably  derived 
from  substantives,  are  also  Adverbs  of  place  ; but,  in 
general,  we  mean  to  consider  tbe  Adverbs  of  place 
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Gr&mmtr.  among  the  prepositions,  since  the  same  words  are 
almost  [invariably  employed  for  these  two  purposes. 
Thus  we  equally  say  **  John  walks  before in  which 
phrase  ,e  before”  is  an  adverb;  and  “John  walks 
before  Peter,”  in  which  phrase  “ before”  is  a preposi- 
tion. So  we  say  " Peter  walks  behind,”  or  “ Peter 
walks  behind  John  and  a similar  observation  applies 
to  the  words  about,  above,  below,  &c.j  hence,  the  old 
jest,  that  a man  beating  his  wife  in  an  upper  chamber 
is  a man  of  perfect  integrity,  “ because  he  is  above, 
doing  a had  action j”  or  (with  a slight  variation  of 
expression)  because  he  is  above  doing  a bad  action” 

The  substantive  Deal  is  often  employed  in  the  na- 
ture of  on  adverb  of  quantity.  Thus  in  Saint  Murk's 
gospel,  c.  x.  v.  48. 

He  cried  the  more  a great  deal,  thou  Son  of  David,  have  merry 
on  me. 

In  ancient  times,  this  word, deal,  entered  into  nume- 
rous adverbs  und  adverbial  phrases.  We  had  halve*- 
dull,  thriddmdale,  eemdde,  every  deale,  a full  great 
dele,  a thousand  deale,  &c. 

In  Kyng  Jtisaunder  wc  have  both  halrcndall  and 
thriddendale. 

A lisa  under  ami  his  folk  alle, 

Net  had  de  nought  passed  tfaoo  Knlvendnlt. 
m • m * 

The  knighttrs  sloden  on  heigbe  brymene 
And  lepeo  into  the  cce*  anne  : 

That  was  bathe  reutbe  and  harmc. 

Switlio  wightlych  by  bijrynne 
The  thriddtadale,  and  fair  swimme. 

In  Chaucer,  very  frequently,  somedele — 

A goodwife  aUo  therr  wm,  beside  flnlbr  ; 

But  she  wm  Momrdrte  defe,  and  that  wm  scathe. 

• • • • 

The  rule  of  Sninrt  Maun*,  und  of  Saint  Renet, 

Rieause  that  it  was  old  and  i omdtle  strrit, 

This  like  monke  did  ktten  old  things  passe. 

In  the  Homaunt  of  the  Rose,  he  thus  uses  a thousand 
dele,  and  euerydeale  in  the  same  passage  : 

Richcsse  a robe  of  purple  on  had 
Ne  trow  not  that  1 lie  or  mad. 

For  in  this  world  is  none  it  lirhc, 

Ne  by  a thousand  dealt  %n  riche, 

Ne  none  so  faire,  for  it  full  weale 
With  orfraies  laied  was  euerydeale. 

Again  in  the  Prologue  to  the  Canterbury  Tales,  de- 
scribing the  Physician,  he  says. 

He  kept  h»  Facknt  * full  great  dell, 

Id  lioures,  by  hia  majike  mUurcll. 

Our  word  deal  is  the  Anglo-Saxon  substantive  d<rl, 
and  Gothic  dad,  the  Dutch  drel,  the  Frankish  and 
Alamannie  teil,  and  modern  German  theil,  all  which 
signify'  a part  or  division.  It  is  the  same  word  with 
our  dale,  because  in  hilly  regions  “ the  dales”  form 
the  great  natural  divisions  of  the  country ; and  it  is 
also  the  Gaelic  dal,  a farm,  or  division  of  land  occu- 
pied by  one  tenunt.  As  the  verbs  dailjan,  deelan, 
deelen,  tvilen,  and  tlurilev,  corresponding  with  the 
abovement toned  substantives  in  the  different  northern 
dialects,  all  mean  to  divide,  so  some  others  signifying 
to  divide  by  cutting,  are  reasonably  believed  to  be  of 
the  same  origin,  particularly  the  barbarous  Latin  ta- 
liare,  which  is  the  origin  of  the  Italian  tagliare,  and 
the  French  tailler,  from  which  last  come  our  English 
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substantive  taylur  (tailleur)  and  the  proper  names  Tel - Adverbs. 
fair  (taille-fcr),  Tallboys  (taille-bois),  Talbot  (taille-  ’“V'"""' 
bote),  &c. 

The  old  adverb  afyn,  appears  to  be  the  French  sub-  Afyn. 
stuntivc  fin  “ the  end  j"  but  in  the  following  passage 
from  Syr  La unfu l (Cotton  MSS.  Calig.  A.  *2.  fol.  35.6.) 
it  seems  to  be  used  as  an  adverb  of  quantity  in  the 
sense  of  " sufficiently,”  **  to  a sufficient  end.” 

Mete  and  drink  liter  Hulde  afyn, 

Pycment,  Clare,  and  Krvupli  wyn. 

And  cllc*  greet  woodyr  hyt  wer. 

Trap,  which  in  modern  French  Ls  used  to  signify  Trap, 
the  excess  of  quantity  or  quality,  answering  to  our 
adverb  too,  was  in  old  French  used  for  the  adverb 
much,  as  “ ceste  aide  oust  este  moult  grant,  et  trop 
plus  one  aides  de  fait  de  monnoye.”  It  is  the  Italian 
adverb  troppo,  from  the  old  barbarous  Latin  substan- 
tives troppus  and  troppa,  which  last  was  a corruption 
of  turba.  In  the  Alamannie  laws  (Tit.  “1.  s.  1.), 
in  t s oi*ih>  de  ju mentis  ilium  ductrkem  aliquis  invola- 
verit ,”  “ if  in  a troop  of  beasts  of  burden,  any  person 
steals  the  leading  animal.”  From  troppus  carnc  the 
French  troupeau,  as  from  turba  enme  the  old  French 
torbe,  and  old  English  turbe ; as  “ tokbk  de;  cercieles,' 

**  a turbe  of  teles.”  (See  the  ancient  manuscript  en- 
titled Femitta,  quoted  by  Mickes,  v.  i.  p.  154.) 

The  substantives  guise,  or  i rise,  way,  and  gate , fur-  Guise, wise, 
nish  a variety  of  adverbs  principally  relating  to  the  n'*3r>  «•**• 
manner  of  doing  an  action. 

Guise  and  wise  are  the  same  worb,  being  both  iden- 
tical with  the  Anglo-Saxon  ir«e,  Dutch  wyse,  German 
weise,  Italian  and  Spanish  guisa,  and  French  guise; 
the  mode  or  manner  of  a thing's  existence,  that  by 
which  it  shows  itself  to  us,  or  makes  itself  known. 

Hence  we  find  the  German  verb  meisen,  Dutch  tcyzen, 
and  Swedish  trysa,  to  show,  and  the  German  verb 
tcissen,  Frankish  and  Alamannie  wizxen,  Gothic  anti 
Anglo-Saxon  witan,  Dutch  weten,  Swedish  we  la,  and 
Island ic  vita  to  know ; nml  probably  from  this  source 
are  the  Latin  video  and  visus . 

Chaucer,  who  folio wetl  cbieily  the  French  pronun- 
ciation, uses  the  word  guise — 

In  swichc  a guise  a»  I yon  (el  leu  slud. 

Barrour,  whose  dialect  was  more  purely  Gothic, 
says  wise. 

He  Kvarc  that  he  shuld  vcnffeauncc  (a 
Of  Bruce,  that  had  presumed  sa, 

Aciiiuut  him  far  to  brawl  or  rise, 

Ur  to  conspire  on  sic  • wise. 

Hence  we  have  the  adverbs  likewise,  offarw<te,(which 
is  the  Alamannie  andarwis),  &c.  w hich  are  sometimes 
expressed  in  a substantive  form,  ns  “ in  like  wise,” 

11  in  no  wise” — “ In  what  wise” — on  this  trite." 

In  Ukewyte  itiisUlut  be  the  hail)  parliament. 

Sot  tub  .let,  a.  n.  1424. 

Whosoever  shall  not  receive  the  kingdom  of  God  as  n little 
child  shall  iu  ho  wise  enter  therein. 

St.  Luke,  c.  xrili.  r.  16. 

For  Uierein  is  taught  how  and  in  what  wytt 
Men  vcriucs  shuldc  use  and  vices  despise. 

MS.  circa,  A.  D.  1480. 

When  Sir  Edward  the  mighty  king 
Had  on  thii  wilt  dou  bis  liking 
Of  John  the  Baliol 

Bamroch.  Boob  l.  r.  ItiO 
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Grammar.  The  modern  English  adjective  righteous,  and  the 
— Scottish  legal  term  irrongow,  with  their  derivative 
adverbs,  arc  originally  from  tills  source.  Righteous 
is  the  Anglo-Saxon  rightuise,  and  it  is  used  by  Bar* 
hour,  for  right,  lawful — 

And  that  lie  nun  to  make  homage 
To  him  iu  to  his  ri^Arwu  kyng 
• * * • 

Lawtic  to  lore  is  TO  folly 
Through  lawtic  lire  men  rightwitefy. 

In  the  Scottish  acts,  a.d.  1425,  occurs  mrangvisly — 

Swa  that  the  causis  litigiousia  and  plcyis  be  not  wraagwitly  pro- 
longit. 

Gate  is  identical  with  gait,  and  means  going ; hence 
the  gate  of  a city  or  dwelling  is  that  through  which 
men  go  the  gait  of  an  individual  is  his  manner  of 
going ; and  in  the  old  adverbs  ulgates,  the  word  gates , 
means  the  modes  of  going  on. 

O thou,  my  love,  O thou  my  hate 
For  the  mote  1 be  dede  atgaie. 

Gower,  Con/etsio  A man  tie. 

Barbour  has  “ liow  gate" — “ this  gate" — “ many 
gates,"  &c. 

He  told  him  hafllv  all  Ills  state. 

And  what  he  waa,  and  aU  htut  gale 
Thv  Clifford  held  his  heritage. 

• • * • 

Thit  gale  lived  they,  in  sic  thirlogc, 

Bailtb  puir  and  thay  of  hie  peerage. 

• * • • 

For  knowlegc  of  manie  catates, 

May  whiles  avail  ful  many  gain. 

It  is  not  surprising,  that  may  should  be  used  adver* 
bialty  in  the  samtf  sense  as  gate;  since  they  both  ori- 
ginally signify  a passage,  or  roail  by  which  we  reach 
our  destined  object.  Iu  modem  English,  indeed,  wc 
apply  the  adverb  alicays  to  time,  but  this  is  evidently 
a secondary  meaning.  In  the  old  .Scottish  writers  we 
meet  with  the  phrases  “ on  woman  ways” — •"  on 
Buchan  ways,”  &c. 

In  some  satirical  verses  by  one  ( lerk,  a contem- 
porary of  Dunbars,  arc  these  lines,  ridiculing  the 
affected  dress  of  a great  man’s  servant — 

With  velvet  bord  about  hut  threid-bare  roit, 

On  ii'imnim  t eayt  well  tyit  about  his  waist 

In  the  verses  of  Alexander  Scot,  in  praise  of  the 
month  of  May  : — 

In  May  men  of  ntnonr*  wild  fM 
To  serve  their  ladle*  and  nor  miw 
Sen  thair  relief  in  ladie*  Ives , 

For  mini  may  rum  in  favour  s.Ve 

To  kias  their  lure  on  Iluekan  uayt. 

Our  common  adverb  away  seems  to  have  been  for- 
merly written  on  way,  and  thence  otcai,  as  in  the  Scuyn 
Sages,  v.  1 151. 

The  maistcr  was  ou  ai  inome 

The  Emprour  wo*  to  rluumbrr  icome.  * 

In  Italian  the  simple  noun  via  is  used,  a§  andateria, 
go  away.— So  in  Louncelot  Gobbo’s  laughable  soli- 
loquy, in  the  Merchant  of  Fen  ice — 

Certainly,  mv  conscience  will  aervr  mo  to  run  from  IhU  Jew 
my  master.  The  fiend  U nt  mine  elbow,  and  tempts  me — via 
says  the  fiend— array  1 says  the  fiend  ! 

Kind  which  we  now  use  only  for  " sort”  or  " spe- 
cies," was  formerly  nature,  a signification  which  it 


long  retained  in  the  English  idiom  : as  in  Hamlet's  Adverbs, 
answer  to  the  king 

Kino.  But  now,  my  coukln  Hamlet — and  my  son — 

Hamlet.  A little  more  than  kin,  and  less  than  kind. 

That  is — “ cousin  and  son ! a close  affinity,  in- 
deed ! — something  more  than  a common  relationship, 
and  yet  something  repugnunt  to  nature — as  he  after- 
wards intimates  to  the  queen. 

QuiSN.  Have  you  forgot  me  ? 

Hamlet.  No,  by  the  rood,  notan : 

You  are  the  Queen — your  husband’*  brother's  wife  ; 

And— would  It  were  not  so — you  are  my  motlier. 

Kin  and  kind,  though  thus  used  in  contradistinction 
by  Shakspeare,  were  originally  the  same  word,  and 
doubtless  of  the  same  origin  with  the  Greek  yevot, 
and  Latin  genus,  connected  with  which  arc  many  large 
classes  of  words  in  most  of  the  northern  languages. 

In  the  sense  of-*  sort”  or  “ species,”  it  gave  occasion 
to  the  Scottish  phrases  alltrin,  or  all  kind,  no  kind,  vhat 
kind,  &c.  In  the  modern  colloquial  dialect  of  that 
country  the  expression  “ allkin  kinds  of  things”  is  not 
uncommon.  The  other  expressions  occur  frequently 
in  Barbour 

But  God  that  is  of  mabt  pouslic 
Rrwrrrd  to  bis  majestic 
For  to  knaw  in  hu  prescience, 

Of  all  kind  time  the  first  raoveuee. 

• * • • 

But  thay  would  upon  **  kind  wise, 

Ishe,  to  "assail  thrm  in  fighting. 

Till  cured  wer  Uw  nobli  king. 

• • • • 

The  Kina’  Robert  wist  he  was  there. 

Ami  what  kind  chiftauis  with  him  were. 

Besides  the  kind,  or  nature  of  an  action,  we  may 
advert  to  a variety  of  circumstances  expressed  by  ab- 
stract nouns,  as  wonder,  ease,  need,  abundance,  order, 
chance,  fellowship,  &c.  &c.  and  all  these  nouns  may 
take  an  adverbial  construction. 

The  word  tconder,  1ms  been  used  as  an  adverb,  in  Wonder, 
different  forms,  ns  wonder,  wonder ly,  xcondrously. 

Thus  Chaucer  in  the  Romaunt  of  the  Rose — 

Such  light  spnuif  nut  of  the  stone, 

That  Richaw  wandir  bright  Rhone, 

Rotbr  her  hedde  and  all  her  face, 

And  eke  about  her  all  the  place. 

Barbour  uses  mondirly — 

But  ecnadirly  hard  tilings  bcfcl 
To  him,  or  he  to  state  was  brought. 

“ Eath,”  says  Junius,  “ idem  est  cum  easie  facilis,” 
and  casie  he  derives  from  the  Gothic  azets,  whence 
also  the  French  aise. 

In  that  early  romance,  the  Gesle  of  Kyng  Horn,  we 
find  the  word  elhe  for  easily. 

The  Kvng  hade  to  few* 

Agrvn  so  monie  »c lire  we. 

So  fclr  rnvtfhten  ft  he 
Bringv  thre  to  dcthc. 

That  is,  “ the  King  (Allof,  the  father  of  Hom)  had 
too  few  (supporters)  against  so  many  enemies.  So 
many  might  easily  bring  three  (persons)  to  death.” 

John  de  Treyisa,  one  of  our  earliest  English  prose 
writers,  has  the  following  passage  in  his  translation  of 
a Latin  sermon  of  llodulf  Bishop  of  Armagh,  ubout 
a.  d.  1387. 

**  In  my  tyrae  in  the  Univrmtr  of  Oxenford,  were  tbritty  thou- 
sand tcolcrs  at  oucs,  and  now  beth  unmet  he  sixe  thousand." 
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Grammar.  If  this  were  a solitary  instance  of  the  word,  we 
might  perhaps  suppose  it  to  be  of  the  same  origin  as 
beneath  and  to  signify  “ under  six  thousand  ; * but 
numberless  other  instances  show  that  it  means 
“ hardly  six  thousand."  Thus  in  Chaucer's  Canter- 
bury Tales 

The  ffloriou*  sceptre  And  real  majestr 
That  Haddc  the  KinK  Nabuchodooowr, 

With  tonce  unethes  may  descrivid  lie. 

So  in  the  old  ballads  of  The  Hunting  of  the  Hare — 
Sum  thel  fund  Icyd  on  the  prowrnl, 

A1  thel  wer  wcl  ny  ivronaiMl, 

Unetke  thei  bad  heir  Ivfe. 

Need.  Need  is  from  the  Gothic  nauth,  Anglo-Saxon  neod , 

Alamannlc  not,  Danish  noed,  Dutch  nood,  all  implying 
necessity,  hard  compulsion,  or  want.  Ilcnce  our  col- 
loquial adverb  nectb,  in  the  proverb  **  needs  must, 
when  the  devil  drives."  The  Dutch  proverb  says, 
nood  breekt  wet,  for  M necessity  has  no  law.” 

In  Barbour  we  find  mailings— 

Utey  that  were  arrested  then 
Were  of  their  taking  wonder  wo  ; 

But  needUngt  it  behoved  so. 

Abundance.  From  the  substantive,  abundance,  we  have  in  mo- 
dern English  use  only  the  adverb  abundantly ; but  the 
idea  has  perhaps  in  other  times  and  countries  given 
origin  to  more  than  one  adverb. 

Mr.  Tooke  contends  that  the  word  asseth,  in  Chau- 
cer’s Rornaunt  of  the  Rose,  signifies  enough,  sufficient. 
In  the  following  passage,  applied  to  a miser — 

Vet  neoer  ihal  make  ryehettt, 

Auetk  unto  hys  gredyuessc. 

Where  Urry  explains  nsseth  to  mean  assent;  and 
interprets  the  passage  thus ; **  riches  (here  personi- 
fied as  a deity)  shall  not  assent  to  the  miser’s  greedi- 
ness/’ whereas  Mr.  Tooke  more  probably  understands 
it  to  signify,  “ that  riches  will  never  give  sufficiency, 
or  content  to  the  miser’s  greediness  j ’ in  conformity 
with  the  preceding  lines — 

Rycbewe  ryebt  ne  maketh  nought, 

Hym  that  on  treaaour  *ett*  hi*  thought  ( 

For  rycheaac  ttunie  in  suffysauncc. 

It  remains  to  be  considered  whether  asset h , in  this 
sense,  comes  from  the  French  asses,  or  from  the 
Gothic  word  azets,  above  noticed.  Tooke’s  argument 
of  forth  from  fort,  as  asset  h from  asset,  is  conclusive 
neither  way  for  as  forth  does  not  come  from  fors,  so 
possibly  asseth  may  not  come  from  nssez.  Our  law- 
term  assets  is  certainly  the  French  adverb  reconverted 
into  a noun,  and  it  shows  the  origin  of  the  word  to 
have  been  the  Latin  ad  satis. 

M.  Coca  Dr  Gbhelin  ingeniously  traces  another 
French  adverb  to  a source  signifying  abundance.  Sou- 
vent,  often,  he  says,  is  from  the  Italian  sorenfe,  and 
that  from  the  Latin  tape,  which  he  derives  from  the 
Hebrew  shepo  abundance  *,  and  supposes  that  the  En- 
glish sheep  may  be  from  the  same  source,  as  implying 
that  in  which  the  wraith  of  early  ages  almost  exclu- 
sively consisted ; much  in  the  same  manner  as  pecu- 
nia  is  derived  from  pecus. 

Order.  The  modern  adverb  orderly  is  expressed  by  Gawi.v 

Chance.  Douglas,  perordoure. 

He  bad  do  »chaw  the  credenne  that  they  brocht, 
Perordoure  alh&lft  thnre  Atuwrrc  falaou  nuchL 

And  in  another  place,  he  says — 


Rowpand  ottAois  adew,  qolicn  all  if  done,  AJvcib*. 

Ilk  one  ptrardourt. — ^ ^ 

The  opposite  idea,  that  of  chance,  has  been  ex-  Chance, 
pressed  adverbially  in  various  ways,  as  perchance, 
percase,  casually,  peradventure,  perhaps,  mayhap, 
haply. 

Soaks pearb  uses  perchance,  with  a remarkable 
diversity  in  the  two  following  passages  : — 

Viola.  Perchance  be  if  not  drown'd  : — wbat  think  you,  Sailora? 

Capt.  It  i*  per  chance,  that  you  your*clf  were  far'd. 

Why  Mr.  Tooke  derives  chance  from  escheoir,  rather 
than  from  cheoir,  the  old  French  verb  corrupted  from 
cadere,  it  is  not  easy  to  discover. 

Bacon  uses  percase — 

A virtuous  man  will  lie  virtuous  in  to  lint  dine  and  not  only  in 
theatro  ; though  percase  it  will  be  more  strung  by  glory  and  fame. 

This  word,  Tooke  observes,  was  anciently  written 
parcas,  and  it  certainly  was  formed  by  the  two  French 
words  par  cas,  answering  to  the  Latin  per  cosum. 

In  the  Scottish  dialect  we  find  in  case  used  anciently 
in  the  sense  of  lest,  and  the  same  use  continues  pro- 
vincially  to  this  day. 

Thus  Alexander  Montgomery  says — 

He  hit  the  yrnn  qnhylr  it  waa  het, 

Jn  case  it  aould  grow  cauld. 

Peradventure,  (anciently  peraunter  and  paraunter,) 
is  the  French  par  atanture. 

In  the  romance  of  The  Lyfe  of  Ipomydon , we  find 
paraunter. 

Tomorrow  when  I the  duke  fee, 

Paraunter  in  such*?  plyte  I mny  bee, 

That  I wille  the  bataille  take. 

It  also  occurs  in  the  forms  of  inaunter,  inacenture, 
be  adventure,  &c. 

Thus  Gawin  Douglas — 

Quheo  thynr  aiUnc  musing  na  tbou  sal  ga, 

lie  areuturr  besytk  ane  water  bra. 

Perhaps,  mayhap,  haply,  os  well  as  the  adjective 
happy,  and  its  compounds,  are  from  the  word  happen , 
anciently  written  hap,  which  was  used  both  as  a verb 
and  as  a noun. 

Gower  uses  hap  as  a substantive  : — 

The  kappts  oucr  manoea  liede 

Ben  hoiurcd  with  a tender  threde. 

In  the  ballad  of  Ocfouuin  Imperator  we  find  the  sub- 
stantive unhap. 

He  slofh  the  xii.  du»cpcrs  of  Fraunce, 

Thy*  vu  unhap  and  hard  chaunce, 

To  all  CryitemlouM?. 

In  Chaucer  we  find  uphap  for  perhaps,  or  upon 
hap 

Thou  acekrtt  rewardc  of  folkc*  nmole  wordes,  and  of  vwyne 
prapyngr*.  Trewely,  therein  tboil  lc*ox  tlic  guerdon  of  rertur, 
and  lew-id  the  greUest  ralourc  of  conscycncc,  and  uphap  tby  rc- 
iu>me  everlaatyng- 

Test.  of  I mu*. 

Mr.  Tooke  seems  to  be  in  error  in  reckoning  the 
anomalous  expression  hab  nab  among  the  derivatives 
from  hap : it  is  rather  from  hab,  the  root  of  the  Latin 
habeo,  and  of  the  verbs  haban,  haben,  &c.  to  be  found 
in  all  the  Teutonic  languages. 

Lilly  in  his  FMphucs  employs  this  expression  adver- 
binllv — 

o 2 
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Grammar.  PUilautns  determined,  kab  nab,  to  send  hi*  letter*. 

v'—''  in  the  present  day  it  is  used  rather  as  an  interjec- 
tion on  challenging  a person  to  drink  a glass  of  wine  : 
and  seems  to  have  been  originally  a mark  of  discard- 
ing ceremony.  Hub!  nehab!  Have  it  or  not,  os 
you  will ; a form  of  speaking  not  unlike  the  vulgar 
will  he,  nilt  he,  as  in  Hamlet  : — 

Clown.  Give  me  leave.  Here  lies  tin-  water.  Good.  Here 
stands  the  man.  Good.  If  the  man  go  to  this  water  and  drown 
binwelf,  it  is  will  he,  nitl  be,  hr  m*?*;  Imt  if  the  water  come  to 
him,  and  drown  him,  he  drowns  not  himself. 

Fellowship.  In  speaking  of  the  adverb  together,  we  have  al- 
ready noticed  the  substantive  fere , and  the  pronoun 
fame’  a9  used  to  imply  fellowship.  But  it  may  be 
w orth  while  to  trace  these  words  still  further.  In 
Lye’s  Junius  we  find  " Fere,  vet.  Angl.  annus,  D.  S. 
firra and  the  word  is  retained,  in  the  same  sense, 
in  the  admirable  and  well  known  Scottish  song  of 
An  Id  hug  syne — 

An’  gic'a  ■ l urnd,  my  trusty /Hr, 

An*  here’*  & bond  to  tUae. 

An*  we’ll  tak  a right  gwle-willie  waght 
For  auld  Ian#  *yne. 

In  the  romance  of  Octouian  Imperator , wc  find  in 
fere  used  for  in  company — 

Clement  flrvirh,  and  hy*  wyf  ynfen 
Into  Gascoyne  m ye  uiowe  hew. 

In  the  ballad  of " A contravene  bytwene  a Lover  and 
a Jatje,"  printed  by  Wynkyn  de  Worde,  are  these 
lines — 

The  tonka  to  here 
Was  rayoc  entente, 

Synyynge  i « fere 
On  liowe*  oente. 

BAnnoi'R,  describing  the  three  traitors  who  attacked 
King  Robert  Bruce,  has  these  lines — 

— he  perceived  that  in  hy 
By  their  rfftir,  and  their  haring, 

Tlut  tliey  lov'd  him  in  no  kind  thin;. 

And  again — 

He  laid, yon  ought  to  shame,  pardie, 

Since  1 am  one,  and  ye  are  three. 

For  to  shoot  at  ine  ujmnfeir. 

As  we  have  seen  together  and  in  tame  used  synony- 
mously In  the  same  passage  •,  so  we  may  find  pas- 
sages which  employ  in  fere  and  in  same  synonymously. 
Thus  in  the  romance  of  Richard  Coer  de  Lion — 

To  Weatemen* tre  the)-  wente  in  fere, 

Lordynir*  and  Ladyjr*  that  llier  were — 

And  aftyr  mete,  in  nyyuf 
Spak  Kvn#  Henry  our  kyn;. 

To  the  Kyu;  that  nut  in  tame. 

Levs  Sire,  wbnt  it  tiiy  name  ? 

In  same  corresponds  exactly  with  the  French  en- 
semble, as  may  be  observed  in  the  instance  before 
uoted,  and  also  in  the  Lay  U Fraine,  which  was  evi- 
ently  a close  translation  from  the  French — 

Le  Codre  and  her  mother  there 
Y*  tame  untn  the  hour  (ran  fare. 

Sameness.  From  close  nsgjxtiation,  to  identity,  the  transi- 

Sclf.  tion  is  easy.  As  fere  is  connected  with  same,  so  is 
same  with  self;  and  perhaps  it  may  not  be  hazarding 
too  much  to  say  that  same  is  to  be  found  in  the  sub- 
stantive form  in  the  Greek  awpa,  body  j and  self  in 
the  German  seele.  Hutch  tic/,  Swedish  sial,  Islandic 


sal,  Anglo-Saxon  soul,  Alamannic  sela,  and  Gothic  Adverb*. 
satwala , the  soul. 

We  have  traced  the  adverbial  termination  ly  to  the 
substantive  leik,  body  ; and  therefore  it  is  not  sur- 
prising to  find  ilke  (which  is  only  the  word  leik  in 
another  form)  employed  as  we  now  use  the  word 
same. 

Thus  Chacceb — 

lllii  ilke  worthy  knurht  luid  been  *l*o 
Sometime  with  the  Lord  of  Ptiilir. 

So  in  the  Scottish  mode  of  designating  the  princi- 
pal family  of  a name,  " Macphcrson  of  that  ilk,"  is 
Macphcrson  of  the  same,  or  Macphcrson  of  Macphcr- 
son. 

Wacutbi  observes  that  the  terminating  particle 
sam  in  German,  which  is  our  some,  is  synonymous  with 
Uch  (our  ly)  ,•  and  thut  the  German  writers  use  pro- 
miscuously friedsam  an dfriedlich,  for  peaceful.  So  in 
old  English  wc  find  loathly  and  loathsome,  lovely,  and 
lovestme.  The  Goths  and  Gcnn ant  l»oth  compound 
*«»»  with  leik,  but  in  the  inverse  order,  the  former 
using  samalriko,  the  latter  gleiehsam,  adverbially  for 
**  us,  like  as,  almost." 

The  following  words  and  particles,  in  various  lan- 
guages, seem  to  be  connected  with  our  English  some 
and  some. 

In  Greek,  besides  the  substantive  aupa,  wc  find  the 
preposition  avv,  or  avp,  and  (as  the  sibilant  articula- 
tion easily  passes  into  the  rough  breathing)  the  ad- 
jective opo*,  and  the  adverbs  Sum  and  Spa,  with  the 
compounds  of  all  these  j avppa\ot,  one  who  fights  in 
the  same  cause;  trvpwdOria,  a feeling  of  the  same  kind, 
crvttffitL  vta,  an  agreement  of  the  same  sounds  ; onoiot, 
like,  or  approaching  to  the  same  ; ipm/tot,  of  the  same 
essence,  ipoiwiot,  of  an  essence  like,  or  approaching 
to  the  same ; apahoi,  the  adverbial  noun  of  aua , 
i/satpvdisr,  Hauiadryndes,  nymphs  who  were  born  and 
perished  at  the  same  time  with  the  trees. 

In  Persian,  the  particle  hem,  agreeing  nearly  with 
the  Greek  Xu  a in  sound,  and  entirely  in  sense,  forms, 
when  prefixed  to  nouns,  u class  of  compounds  im- 
plying society  and  intimacy,  as  hemdshiyan  of  the  same 
nest ; hemdheng  of  the  same  inclination  ; hemkhdbeh  of 
the  same  sleeping  place. 

It  might,  perhaps,  be  thought  too  great  a refine- 
ment of  peculation  to  suggest  that  in  Latin  homo  was 
connected  with  the  Greek  Spot,  as  sttm,  am,  timilis, 
simul,  semel,  were  with  ; but  that  these  latter 
agree  in  origin  with  our  English  word  same  cannot 
reasonably  be  doubted. 

In  Moefto-Gothlc  we  find  sums,  unus,  aliquis,  quidam  ; 
sumo,  ipsuin  ; soman,  simul,  unh,  pariter  ; samalaud, 
axpialia;  samaleiko,  similiter;  samaleikot,  convenientia, 

&c. 

In  Anglo-Saxon,  samman,  to  collect ; sibsum,  pacific ; 
langsutn,  tedious  ; sam-wyrkau,  to  co-operate,  &C. 

In  Frankish,  liepstm,  lovely  ; leidsam,  loathsome  ; 
sama,  as,  in  like  manner,  xisamanc,  together. 

In  Islandic,  samfara,  a society;  naming,  marriage. 

In  banish,  sarnie. 

In  Dutch,  samen,  tzamen,  together ; samt,  with  ; 
tsamenbinden,  to  hind  together  ; tsamenhang,  a series, 
or  connection  ; and  numberless  other  compounds  with 
txamen. 

In  German,  fttmmf,  with;  lammtlich,  altogether. 
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Grammar,  sammlung,  a collection  ; xLutmmen,  together  j zusam- 
menbindcn,  to  bind  together ; and  numberless  other 
compounds  with  zusaminen ; also  langsam,  slow ; tang' 
samkeil,  slowness. 

In  French,  ensemble  together ; rassembler  to  collect 
together,  he. 

In  modern  as  well  as  ancient  provincial  Scottish 
and  English  the  termination  name  is  used  in  many 
compounds,  otherwise  obsolete,  as  winsome,  gramme, 
lissome , foursum , threttiesum,  luvesome,  wilsomc,  he. 

Lissome,  a Wiltshire  word,  is  an  abbreviation  of 
Uthesome,  from  the  Anglo-Saxon  tithe,  pliant,  and  lith, 
a joint ; Island] e leda,  to  l>end  ; old  Scottish  Udder, 
flexible. 

Alexander  Scot,  in  his  " Justing  and  Debate,’* 
has  - 1 

Thou  art  malr  large  of  lyth  and  Urn, 

Nor  1 am  be  sic  thric. 

GaWIN  DofOLAS-— 

HU  smottrit  habit  over  hi*  ncUuldrm  Udder, 

Hang  pevagetjr  kuvt  with  MM  knot  togiddrr. 

David  Lindsay  uses  the  word  threttiesum — 

TVir  cnrrUli  roffr*  that  sails  owre  suin', 

And  threttiesum  about  a pack. 

Alexander  Scot  has  four  turn — 

For  were  ye in  a flock, 

I compt  vc  not  a leik. 

Lindsay  also  has  tricorne — 

He  leaves  his  saul  nar  grade  commend. 

But  walks  a uttntme  tray,  I Wta*. 

Alexander  Montgomery  uses  lovesum— 

Qiilta  irnld  half  tvr't  to  heir  tluit  tune, 

Quhitk  birds  corroborate  ay  abunc. 

With  lays  of  foretum  lark*  ? 

In  the  ancient  MS.  No.  ‘2353,  of  tlic  liar  lei  An  col- 
lection, we  find  lossom — 

Tin*  mnne  maadetk  her  bleo. 

The  lklle  U /«mum  to  »co. 

And  in  another  poem  of  the  same  collection — 

With  loiwm  chere  be  an  me  loh. 

In  the  romance  of  Syr  Lawful — 

Srbc  bad  a crounc  upon  her  molde 
Of  rychc  stones  and  of  golde. 

That  /oimih  lemedc  lygt. 

In  the  ancient  ballad,  “ Blow  Northemc  Wynd,” 
which  was  probably  composed  about  a.  d.  1200. — 

A burdc  of  bind  and  of  bon, 

Never  yete  y n«*te  non, 

IsUktamurr  in  Inode. 

Self  may  be  traced  in  like  manner  through  various 
dialects,  ns  the  Mmso-Gothic  silba,  self.  Frankish 
and  Alnmannic  selho,  self.  Anglo-Saxon  sylf,  self. 
Islandic  naif,  self.  German  selbtt,  self  or  same,  which 
Wachter  explains  as  selbitt  ipsissimus.  And  so  in 
compounds,  as  the  Anglo-Saxon  sylf-myrth,  and  Ger- 
man selbst  mord,  self  murder;  the  Islandic  sialfcit- 
ringur,  self-taught;  the  Alum  an  nie  selpuuillin,  self- 
willed.  It  is  not  to  be  doubted  but  that  self  or  selb  is 
allied  to  seld  or  sell ; and  that  both  are  from  the  more 
radical  sel,  or  sol,  implying  individuality. 

In  the  Anglo-Saxon  we  find  ield,  mrus,  with  its 
comparative  scldor,  superlative  seldost,  and  compounds, 
as  seldhwtenuc,  &c.  -In  the  Alamannic  and  Frankish 


scltkalauffa,  is  raro  occurrcntla,  scltsan,  insolitum  ; in  Advert*. 
Swedish  sallsam,  rare.  v—~ 

We  lind  Shtikspeare  using  both  self  and  st Id,  in 
modes  now  obsolete  ; thus — 

If  I might  in  introitic*  hud  success, 

A*  retd  I have  the  chance. 

Troiltu  and  Crettidm. 

■ — « i eld  tkftwn  Flamea* 

Do  prrM  among  the  papular  throng*. 

Coriotanus. 

Being  over  full  of  telf-offairt,  my  mind 
Did  lose  it.-^— 

Midsummer  Sight  t Dream. 

I would  not  bare  your  free  sod  noble  nature, 

Out  of  self-bounty,  be  abused. 

OtkelU. 

Shakspeare’s  compound  teld-shown,  is  similar  in 
form  to  the  old  word  selaruth,  which  we  have  disused 
though  we  retain  uncouth. 

Selkouthe  occurs  in  Kyng  Alisaunder : — 

Thifcc  men  hiu»  selkouthe  wyuo* 

And  child eru  hot  ones  in  ail  her  tyuca. 

And  again,  shortly  afterward — 

Now  is  this  a selkouthe  game. 

Selcouth  and  uncouth  are  both  from  couth,  which 
seems  to  have  some  obscure  connection  with  the 
Gothic  tfithan,  and  Anglo-Saxon  ewethan,  to  say  ; but 
in  signification  it  means  knew,  or  known. 

Thus  Cuaccer  says  of  the  Squire’s  Yeoman — 

Of  wood  craft  wei  couth  he  al  the  usage. 

Selcouth  therefore  is  **  seldom  known,’’  and  wn- 
couth,  “ unknown  and  the  latter  word  shortened  to 
unco’,  forms  in  the  Scottish  dialect  an  adverb  signify- 
ing " extremely,”  " prodigiously,”  **  strangely,”  as 
in  Burns's  “ Address  to  the  intco’  guid,  or  rigidly 
righteous.”  Unco's  also  are  used,  in  the  same  dialect, 
substantively,  for  **  news,”  and  also  for  “ strangers  j” 

Hnd  in  old  English  uncouth  is  used  as  an  adjective  for 
" foreign”  or  “ strange.”  Thus  the  romance  of  Ri- 
chard Coer  de  Lion  describes  Henry  receiving  the  King 
of  Antioch,  and  his  daughter,  on  their  arrival  in 
England — 

Kyng  Henry  lvgbt  In  hyynjf. 

And  irrette  favr  that  uncouth  kyng, 

And  that  favr  Indy  alaoo. 

Welcome  lw  ye  me  ulle  too. 

The  French  adverb  gucrc , or  gueres,  furnishes  a re-  Guerca, 
markable  instance  of  a substantive  used  adverbially, 
if  the  derivation  of  this  word  by  M.  Cour  dr  Gebr- 
lix,  (who  explains  it  as  synonymous  with  our  word 
wares,)  be  correct. 

The  Dictionnaire  de  l' Academic,  thus  describes  the 
word,  in  its  adverbial  form — 

GLE.nr.,  err*,  adv.  Fas  beau coup,  pen.  II  ne  *’ employe  jamal* 
qn'avcc  la  negative  ■ it  n’y  a gurre  de  gene  tout  d-fail  desintrr- 
rites  : it  n'y  a gueres  de  bonne  foy  dans  t*  monde.  On  le  met  quel- 
qnrfaiH  dans  le  *eiw  dc  preeqnr  point : et  nlors  ou  le  joint  touajorar* 
avec  que.  It  n q a guere  que  lay  qui  fast  capable  de  faire  tela, 
e’est  k dire,  U n'y  a presque  que  luy. 

Gueres,  then,  adverbially  used,  signifies,  according 
to  the  academicians,  “ not  much,”  " hut  little,”  " al- 
most none.”  Certainly,  these  meanings  are  at  a great 
distance  from  wares,  goods,  or  merchandize  ; and  yet 
it  is  highly  probable  that  M.  Cour  de  Gebelin’s  deri- 
vation is  correct. 

In  the  first  place,  it  is  not  gueres  alone,  but  ne  gueres 
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Grammar,  which  signifies  pas  beavcoup.  We  have  already  spoken 
•>— - of  double  negatives  properly  so  called  ; and  we  may 

further  observe,  that  in  some  idioms  three,  or  even 
four  negatives  arc  often  accumulated  on  each  other 
without  altering  the  general  effect  of  the  sentence. 
In  the  following  example  from  Chaucer,  there  are 
four  in  succession 

He  merer  yet  no  vilanic  ne  Mydc, 
la  idle  his  lif  unto  mo  maoerr  wight. 

Instances  of  a like  kind  arc  to  be  met  with  both 
in  Greek  and  Latin  writers.  **  Nntandum  cst,”  says 
YicF.it,  44  plurcs  nc^ationcs  interdura  vchementius 
negarc  ; utOvfc  pq  tout©  voiqeattu,  Ne- 

qnt  ego  id  untfuam  fecerim.  Quod  Tullius  ipse,  cum 
alibi,  turn  eliam  de  Finibus  iii.  cap.  15,  imitatus  cst, 
dura  ait  $ Qaanquam  negent , ncc  dilutes,  nec  vitia  cres- 
cere ” And  Hooceveen  adds,  ” Scitb  admodhxn  qua- 
tuor  negativa  conjungit  Plato,  in  Parra,  props  fine  in . 

"On  7a \\a  twv  p*ij  ovtil'V  tli.cvt  Matty  nf.au* nfiutav 

Ktnvtuvtav  *xfl-  Qttoniam  alia  cum  eurum,  qtut  non  sunt , 
aliquo  nullibi  ullo  modo  aliquod  commcrcium  habent.  But 
the  union  of  ne  and  gueres  depends  on  totally  different 
principles  ; and  gueres  has  only  come  to  be  consi- 
dered as  a negative  particle  in  French,  from  the  long 
habit  of  using  it  only  in  conjunction  with  a negative. 
The  same  is  the  case  with  /mu  and  point ; pas  being 
the  Latin  jhusus,  a step ; and  point,  the  Latin  punc- 
tum,  a point.  Ne  pan,  therefore,  is  literally  not  a step, 
ne  point,  not  a point  ; and  it  is  remarkable  that  we 
use  the  word  jot,  signifying  the  Greek  iota,  or  He- 
brew jod,  (which  last  is  little  more  than  n point  in 
writing,)  nearly  in  the  same  manner.  So  in  Siiak- 

8FEARE 

This  nor  hurts  him,  nor  profits  you,  a jot. 

And  in  like  manner  we  use,  not  a whit,  or  no  whit, 
as  in  Hooker — 

The  motive  oum  of  doing  it  U not  in  ourselves,  but  rarrirtli  us, 
os  if  the  wind  should  drive  ■ (calker  in  the  air,  wc  no  if  Ait  further- 
ing that  whereby  we  are  driven. 

If  hit,  then,  or  jot , may  as  well  be  called  a negative 
as  gueres,  or  pas  or  point. 

Secondly,  ne  gucres  is  literally  44  no  abundance  j" 
and  M.  de  Gebelin  traces  three  gradations  of  meaning 
in  the  word  gut  re*,  viz.  I.  Exchange  ; ‘2.  Tilings  ex- 
changeable, or  commodities;  and  3.  Abundance  of  com- 
modities, or  abundance  simply.  Upon  this  last  tran- 
sition we  may  observe  that  the  vulgar  in  the  present 
day  use  the  word  loti  exactly  in  the  some  way  ; for 
they  not  only  say  **  lots  of  goods,”  but  “ lots  of  fun." 
As  to  the  preceding  steps  in  the  derivation,  Wacutkr 
considers  thcTen tonic  ir<jrai,custodire,  to  be  connected 
with  the  Greek  Spioe,  custodiu,  and  also  with  the 
barbarous  Latin  icarenna,  a warren. 

Junius  explains  icare,  incrx,  mcrcimonium,  A.  S. 
toara,  B.  aut  re,  Su.  teat  a ; and,  he  adds,  “ potest  vox 
desumpta  videri  ex  wo emeu,  cum  cur&  custodire  ; quod 
mercimonia  solllciffe  custodiantur.”  Menace  in  his 
Origincs  de  la  Languc  Francoise,  says  of  the  word  guerite. 

44  On  pronontjoit  anciennciuent  gurite.  Les  Espognols 
disen t aussi  garita.  tl  v a apparencc  qu'ils  ont  pris  ce 
mot  do  nous,  et  que  nous  l avons  pris  de  l'AUcmand, 
ou  du  Flanian,  waeren,  ou  bewaren,  qui  signifie  garder, 
saucer,  conservcr."  It  is  scarcely  necessary  to  add 
that  the  French  initial  gu  is  the  Saxon  w ; as  in  guetpe, 
wasp  ; Guillaume,  William  ; guichet,  wicket,  &c. 


Lastly,  we  may  observe  that  the  old  French  adverb  Admtu 
fia^uercs,  (explained  in  the  Dictionnaire  de  V Academic  to  ^ ^ « 

signify  il  n'y  a pat  long  temps,)  is  only  another  form  of 
this  same  substantive,  hares,  restricted  to  the  signi- 
fication of  time  ; as  in  the  example,  Cet  Homme  qui 
nagueres  estoit  les  delicts  de  la  cour.  “ This  man  who, 
not  long  since,  Was  the  delight  of  the  court.”  In  this 
sentence,  naguerrs  is  an  abbreviation  of  the  sentence, 

II  ny  a gueres  de  tems,  44  there  is  but  a little  time.” 

Various  parts  of  the  body  ufford  (asTooke  observes  Pittiofthe 
particularly  of  the  hnnd  and  foot,)  a variety  of  allu-  body, 
sions,  and  adverbial  expressions  in  all  languages. 

Thus  we  have  headlong,  chiefly  topsy-turvy,  ris-A-cis, 

/ace  to  face,  at  eye,  by  eye,  at  the  eye,  near  hand,  hand 
H nbbing,  maintenant , A genome,  aside,  aback,  astride,  a 
foot,  on  foot , foot- to- foot , foot -hot , pedetentim,  &c. 

To  begin  with  the  head.  We  will  not  insist  on  the  Head, 
derivation  of  the  Latin  apud,  from  caput,  according  to 
some  etymologists  ; but  caput  was  certainly  the  ori- 
ginal of  the  Italian  capo,  which  is  our  cape,  (or  head- 
land,) and  the  French  chef,  44  On  u fait  chef  de  capo,” 
says  Menage, 44  comine  chen  de  cane,  qu'un  a depuis 
rononed  chien”  Hence  from  caput  comes  pocket- 
andkcrchief,  thus,  chef  the  head,  coucre-chtf,  kerer- 
chefe,  kerchief,  a napkin  for  covering  the  head  or 
neck;  handkerchief,  the  same  napkin  carried  in  the 
hand  ; and  pocket  handkerchief  put  into  the  pocket  ; 
whence  the  Scotch  often  say  pocket-napkin. 

In  the  romance  of  Richard  Coer  de  Lion. 

Tbc  kn'tr-chtfn  be  tokr  on  boude, 

And  thought  in  that  ylke  while, 

To  alec  the  Lyon  with  some  guile. 

De  ion  chef  is  an  adverbial  phrase  in  French,  an- 
swering to  our  colloquial  expression,  of  his  own  head. 

On  dit  aussi  de  son  chef,  says  the  Dictionnaire  de 
I‘ Academie,  “ pour  dire  de  luy  mesinc,  de  son  mouve- 
ment,  de  son  authority.  II  a fait  cela  de  son  chef,  sans 
en  avoir  ortlre.  Chef,  the  head,  being  taken  for  the 
whole  person,  the  tenant  in  chief  was  one  who  held 
lands  of  another  directly  in  his  own  person.  44  All 
tenures  being  derived,  or  supposed  to  be  derived  from 
the  king,”  says  Blackstonk,  “ those  that  held  immedi- 
ately under  him,  in  right  of  his  crown  and  dignity 
were  called  tenants  in  capite,  or  in  chief.”  From  the 
same  origin  is  the  old  law  term  chivage,  or  chccage. 

44  Villeines,"  says  Sir  Edward  Coke,  use  to  pay  their 
lords  an  acknowledgement  of  their  bondage,  for  their 
several  heads ; and  thereupon  it  is  called  diet  age,  che- 
vagium  of  the  French  word  chef,  as  it  were  the  service 
of  the  heud.  Of  which  Bracton  snith  chivagutm  dici- 
tur  rccognitio,  in  signuni  subjectionis  et  dominii  de 
capite  suo.”  Thus  our  poll-tax,  and  polling  at  elec- 
tions, are  from  the  poll  taken  for  the  whole  head, 
and  that  for  the  person.  The  adjective  chief  is  some- 
times used  by  the  poets  adverbially,  but  we  more 
commonly  say  chief  y.  Chiefest  is  used  by  Milton 

Bat  firnt,  and  chirfeit,  with  thee  hring, 

Him  that  voa  soar*  on  golden  wing, 

Guiding  the  fiery-wheeled  throne, 

The  cherub,  Contemplation. 

The  French  had  an  old  adverb  derechef,  for  une 
autre  fois,  de  nouveau  ; but  it  is  now  obsolete.  Me- 
nace says,  “ il  vient  de  derecapo  cotnposd  de  ces  trois 
mots,  dc  re  capo.” 

Of  the  word  headlong,  Johnson  says,  (with  little 
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Grammar,  consideration  of  grammatical  principle,)  “ it  ia  often 

v— doubtful  whether  this  word  be  adjective  or  adverb}" 
and  thereupon  he  cites  from  Shakspbare  an  instance 
on  which  one  would  think  no  grammarian  could  have 
doubted  for  a moment — 

I'll  look  no  more 

Lent  mj  brain  turn,  and  the  deficient  eight 
Topple  down  headlong. 

Headlong  here  applies  most  emphatically  to  tne 
verb  topple,  in  the  manner  specified  by  Donatus  j od- 
jecta  rerbo  signijicationem  ejus  complet. 

Evp.  The  modern  adverb,  " visibly,"  supplies  the  place  of 

several  adverbial  phrases,  relating  to  the  eye,  in  an- 
cient authors. 

Thus  Chaucer  uses  at  eye — 

This  miicit  tboa  understand  and  seen  at  eye. 

Gower  has  at  the  eye — 

The  thing  ho  open  ia  at  the  eye 
That  every  man  it  way  behold. 

In  the  romance  of  King  Alisaundcr,  we  find  by 
ej/gke— 

Tiro  two  Weans  be  kneow  by  eyghe. 

Foot.  The  supplies  various  adverbs  and  adverbial 

phrases,  as  a foot,  pedetentim , and  the  remarkable  ex- 
pression foot  hot,  occurring  frequently  in  Chaucer, 
Gower,  Gawin  Douglas,  &c. 

• A foot  is  obviously  the  same  as  on  foot,  which  oc- 

curs in  the  tale  of  The  Seuyn  Sages,  in  rather  a sin- 
gular passage — 

A child i>  thli  had  bytwix  tham  two 
The  fayreat  that  on  fate  rayght  go. 

The  Latin  adverb  pedetentim,  is  thus  explained  by 
Voss  i us. 

Pedetentim,  quasi  pede  teutanda.  Cato  dicrura  dletarain  de 
Consalatn  suo.  Earn  ego  riam  pedetentim  tentabam.  Eat  apud 
Charisium  in  II. 

" Foothot,"  says  Mr.  Tooke,  “ means  immediately, 
instantaneously and  so  far  he  is  undoubtedly  right  j 
but  whethet  hot,  means,  os  he  supposes,  heated,  or  as 
Wartov  suggests,  hit  against  the  ground,  that  is, 
stamped , may  be  matter  of  doubt.  “ In  the  twinkling 
of  an  eye,"  “ in  the  space  of  a look,”  " at  a glance/^ 
/ are  expressions  used  to  express  the  shortest  possible 
lapse  of  time  : and  **  a stamp  of  the  foot,"  may  well 
be  supposed  to  convey  a similar  idea  of  brief  duration. 

Dunbar,  in  his  GvUUn  Terge , has  the  following 
lines 

And  saddenUe,  in  the  spare  of  a hike, 

All  was  hyne  went,  ther  was  but  wilderoeaa  i 
TbrrwB*  nae  tnair  but  bird,  and  bank,  and  broke. 

Jn  twinchling  of  an  re,  to  achip  they  went. 

E vestigia  is  a well  known  Latin  phrase  for  con- 
festim,  properanter,  &c.;  thus  Cicero,  giving  an  ac- 
count of  the  assassination  of  Marcellus  says,  “ e resti- 
gio,  eb  sum  profectus."  By  a similar  analogy  we  say 
one  misfortune  treads  upon  the  heels  of  another  : and 
thus  in  Ttwon  of  Athens,  the  Poet  answers  the  Painter's 
question 

Pain.  Sir,  when  comes  rout  hook  forth  ? 

Poet.  Upon  the  heels  or  my  presentment. 

In  this  sense  the  French  colloquially  use  aux  trousses, 
or  d res  trousses.  Thus  in  the  Dictionnaire  de  l'  Acade- 
mic:— 


Aux  trousses.  Fa^on  de  purler  da  Myle  fr»  miller,  pour  dire  k la  Adverb*, 
pnunsiiite.  Jr  {ui  mettray  u/t  prerost  au  r trousses,  d sea  trousira.  . ■ 

On  dit  auui  rstrt  aux  tremors  de  yurt y»V*,  pour  dire  ertre  tou- 
jour* h an  suite,  ho  it  pour  lVspiontKr  soil  de  quelquc  autre  maniere 
qul  I'incommode. 

The  good  old  Bishop  Latimf.r,  who,  it  must  be 
confessed,  was  more  remarkable  for  piety  in  his  ser- 
mons, than  for  elegance  of  style,  uses  “in  their  tuiles." 

I will  be  a outer  to  your  Grace  that  ye  wil  geve  your  Bishop* 
charge,  ere  they  goo  home,  rpnn  tbeyr  jdlegiaunce,  to  loke  belter 
to  theyr  flocke — and  send  your  rbitouro  in  their  tuiles. 

Foie  hot  is  generally  accompanied  with  some  other 
expression  serving  still  more  clearly  to  shew  the  idea 
of  quickness,  which  it  is  meant  to  convey. 

Thus  Gower — 

Ami  forthwith,  all  asutue , fotc  bote, 

He  stale  the  cowe. 

So  Chaucer  — 

And  Custauncc  ban  they  taken  anon,  fotc  hot. 

And  Gawin  Douglas — 

The  self,  staund,  amid  the  preis,  fute  bote, 

Lucagua  criteria  into  lua  chariotc. 

Tl»e  same  idea  is  expressed  by  the  phrase  in  a trice, 
for  which  Gower  uses  os  t cho  saith  treis. 

All  aodenly,  as  who  saith  treis , 

Wlwr  tliat  he  stodc  in  lib  paleb, 

Hr  tokc  him  from  the  ram's  sight ; 

Waa  nnae  of  them  no  ware,  that  might 
Set  eie  wher  he  becom. 

It  is  therefore  probable  that  a trice  meant  no  more 
than  the  time  of  crying  “ thrice  !’’ — a common  signal 
for  starting  in  a race,  launching  a vessel,  &c.  after 
once,  and  twice  have  been  called  out  as  notes  of  pre- 
paration. 

For  near,  in  point  of  time,  we  find  nearhand  used.  Hand, 
though  rather  us  a preposition  than  an  adverb,  in  the 
Scottish  Act  of  Parliament,  a.  i>.  1499,  **  gif  it  be 
» ere  handc  the  Witsonday  or  Martvmues,  the  teysing 
sal  be  gevin  to  the  party  contrary. ' This  is  not  very 
unlike  the  French  use  of  maintetiant  for  *'  now."  Hond- 
habbing,  which  is  a more  exact  translation  of  mainte- 
nant,  is  used  in  a different  sense  in  the  abovementioned 
talc  of  The  Seuyn  Sages  - — 

TV  Empcrour  Baltic,  I fund  hire  to  rent, 

Hire  her  and  hire  face  iadient ; 

And  who  b founde  hond-habbing 
Hit  ois  non  nede  of  witoeaaing. 

Hondhabbing,  or  hand-habend,  is  a law  term  of  Saxon 
origin,  corresponding  with  the  Norman  term  mainour, 
or  manner ; and  they  are  both  applied  to  a thief  taken 
flagrante  delicto,  with  the  goods  stoleu  in  his  hand  : 
see  Leg.  Hen.  Lc.  69  3 Dracton,  lib.  3.  tract.  2.  cap.  8. 

&c.  “ One  mode  of  prosecution,  by  the  common 
law,  without  any  previous  finding  by  a jury,"  says 
Jacob,  “ was  when  a thief  was  taken  with  the  main- 
our, that  is  with  the  thing  stolen  upon  him,  in  nunn." 

The  French  adverb  maintenant,  which  is  literally  the 
same  as  hond-habbing,  being  formed  of  main,  the 
hand } and  tenant,  holding } has  come  to  be  restricted 
by  use  to  the  signification  of  “ now  jM  that  is  to  sav, 
the  time,  which  we  hold,  as  it  were,  by  the  hancf ; 
opposed  to  that  which  we  have  suffered  to  escape ; 
for  the  word  maintenant,  **  now,"  is  used  in  contra- 
distinction to  autrefois,  **  formerly." 

We  use  the  expression  at  hand,  as  the  French  do  d 
la  main,  and  the  Germans,  bey  der  hand , to  signify  a 
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Grammar,  thing  that  is  near,  or  within  reach.  Thus  Shahsi'Eare 
i_, — in  the  first  port  of  Henry  IVt. 

Gaimiiill.  What,  ho ! Chamberlain  ! 

CltAM.  At  hand,  quoth  picltpune. 

Gachuiill.  That'*  even  aa  fair  as  at  hand,  qaoth  the 
Chamberlain. 

In  Latin  wc  find  ad  manum,  and  tub  manu,  differing 
from  each  other,  if  at  all,  only  by  slight  shades  of 
meaning,  as  they  both  do  from  in  promptu,  and  ex 
tempore,  which  two  latter  we  have  naturalised  os  a 
substantive  and  adjective ; for  we  call  on  unpreme- 
ditated epigram  “ an  impromptu  and  an  unpreme- 
ditated oration  “ an  extempore  speech."  “ A\ l manum 
esse,"  says  STtrflANi'i,  “ cat  aliquid  ita  in  promptu 
esse,  ut  quasi  nianu  teneatur."  Thus  Livy,  " addc 
quod  Romanis  ad  manum  domi  supplcmentum  esset. 
We  find  the  phrase  sub  manu  employed  by  Plan c is  in 
a letter  to  Cicero,  “ Vocontii  sub  manu  ut  esseut,  per 
quorum  loeft  mihi  fideliter  pateret  iter."  This,  as 
Maxutils  observes,  is  a Grecian  mode  of  speaking  ; 
for  Lucian  says,  "Or*  wpun ov  taro  Tf  X'i/w 

“ quod  primuui  sub  manu  venerit."  The  Greeks  also 
have  the  adverb  wpvge\po»st  answering  nearly  to  our 
phrase  “ out  of  hand."  In  some  parts  of  the  West  of 
England,  the  adjective  handy  is  used  as  an  adverb  or 
preposition  with  reference  to  place,  ns  “ he  lives  handy 
Warminster  ;"  or,  “ he  lives  haruiy." 

The  Grecians  used  £«*  09  Cicero  does  de 

manu  in  manum,  which  the  French  have  literally  co- 
pied in  their  phrase  de  main  en  main,  and  we  in  ours, 
•*  from  hand  to  hand."  The  Dictionnaire  del’Acade- 
mie  exemplifies  this  by  the  following  sentence,  “C’cst 
une  tradition  que  nos  ancestres  nous  ont  laissce  de  main 
en  main." 

Wc  say,  “ to  have  n work  in  hand the  Germans 
gay,  “ unter  den  handen  haben."  We  also  say  " to 
take  it  in  hand they  say  f<  r or  die  hand  nehmen.” 

£n  vn  tourne-main  is  an  adverbial  phrase  in  French, 
to  signify  a very  brief  space  of  time,  not  longer  than 
is  necessary  to  turn  the  hund  : **  cat  un  esprit  iacon- 
stant : it  change  en  un  tourne-main." 

The  allusion  to  the  hand  seems  to  be  altogether  su- 
perfluous, in  our  adverbs  beforehand  and  behindhand. 

Thus  in  Abbuthnot’s  History  of  John  RuM— > 

When  the  lawyer*  brought  extra vn  rant  hills,  Sir  Roger  u*«l  to 
bargain  befvrekand  to  cut  off  a quarter  of  a yard  in  any  part  of 
the  bill. 

The  subtantive  use  of  the  word  forehand  is  more 
emphatic;  as  in  King  Henry  the  Fifth’s  fine  soli- 
loquy— 

And  but  for  rervmnnv,  Mich  a wretch, 

Winding  up  days  with  toil,  anil  nights  with  sleep, 

Had  the  forehand  and  vantage  of  a king. 

Dr.  Johnson  accuses  Shakspeare  of  a licentious  use 
of  the  ndverb  behind  hand,  as  an  adjective  ; but  the 
truth  is  that  the  mighty  poet  knew  and  felt  the  powers 
of  the  English  language  much  better  than  his  critic. — 

and  tlicw  thy  offices 

So  rarely  kind,  arc  as  interpreters 
Of  my  behind  hand  site  knew. 

Winter' t Tele. 

Fare,  front.  The  face,  and  front,  or  forehead,  furnish  many  ad- 
verbs and  adverbial  phrases  in  various  languages. 
Shakspeare  has  a front  for  “ in  front,"  **  indirect  oppo- 
sition to  the  face,"  as  in  Falstaff’s  inimitable  narrative 
of  his  pretended  combat : — 


These  four  came  all  a front,  and  mainly  throat  at  me,  I Adverb*, 
made  ute  no  more  ado,  but  took  all  their  seven  point*  in  my  tar-  V— - 
get,  thus. 

The  Latin  primd  facie  lias  become  naturalised  in 
English  style;  SO  that  we  even  speak  of  “ a prima 
facie  case."  Quintilian  has  primd  fronte , lib.  vii.  c.  2. 

«*  dura  priinft  fronte  qu«sto."  In  the  some  sense  we 
say  “ at  the  first  blush,  this  question  appears  difficult." 

We  have  also  copied  the  Greek  adverbial  phrase 
vpofju'TTov  wpos  vpofiurrov , in  our  “ face  to  face  ; as 
in  St.  Paul’s  First  Epistle  to  the  Corinthians,  ch.  xiii. 
ver.  12.  “ For  now  we  sec  through  a glass,  darkly  ; 
but  then  face  to  face whence  the  French  adverb  and 
preposition  rw-d-ris  is  also  taken  j for  t*«  in  old 
French  was  a face.  Thus  Mahot  soys  in  his  Temple 
of  Cupid 

Car  eti  ce  lieu  m irrand  induce  je  vi*, 

Et  vac  dame  excellent*  de  Vis. 

The  Italiuti  ndverb  dirimpetto,  expresses  the  same  Breast, 
idea  of  direct  opposition,  but  refers  to  the  breast, 
petto  (from  the  Latin  pectus)  instead  of  the  face.  Our 
adverb  abreast  is  employed  in  a different  sense,  which 
however  is  not  very  happily  explained  by  Dr.  John- 
son. He  says — 

Abreast.  edv.  [see  BftEAST.]  Side  by  side ; in  such  a position 
that  the  brrusta  may  bear  against  tbc  same  line. 

And  then  he  quotes,  as  nr  illustration  of  this  idea, 
the  unimat cd  exhortation  of  Ulysses  to  Achilles — 

Take  the  mutant  way ; 

For  honour  travels  in  a ntra.it  ho  narrow, 

Tluit  one  but  goes  a brent  t. 

Sorely  Ulysses  did  not  mean  to  advise  Achilles  to 
advance  “ side  by  side"  with  any  other  warrior ; but 
on  the  contrary  to  keep  the  path  in  which  but  one 
could  travel,  and  particularly  not  to  suffer  Ajax  to 
advance  **  in  the  same  line"  with  himself. 

In  petto  has  been  adopted  as  nn  adverb  from  the 
Italian  language  into  the  English  ; but  only  in  r 
figurative  sense.  We  say,  “ I have  a scheme  in  pet t 
to  attain  this  object ; " that  is,  1 have  it  in  reserve,  un- 
known to  my  adversary. 

The  French  sometimes  use  A genoux,  “ on  the  Knee*, 
knees,"  in  a figurative  sense.  “ Je  rous  Ic  demande  A 
genoux,"  says  the  Dictionnaire  de  F Academic,  *'  si£- 
nifie  aussi,  demander  avec  un  grand  empressement." 

Our  wellknown  adverbs  aside,  aback,  ahead,  <kc.  sidc- 
scarcely  need  further  notice,  than  merely  to  show 
their  analogy  to  the  class  of  adverbs  and  adverbial 
phrases  of  which  we  are  now  treating. 

Clerk,  the  Scottish  poet,  In  his  satire  on  Pride, 
describing  the  dress  of  a proud  serving-man,  men- 
tions— 

Hi*  Km  on  tyde  set  up  for  ony  haisL 

And  so  Gawin  Douglas — 

Now  bendis  be  up  bis  hurdoun  with  ane  mynt, 

On  *yde  be  brad  is  for  to  e*cbew  the  dynt. 

In  Falconer's  Marine  Dictionary  wc  find  the  fol-  Back 
lowing  explanation  of  the  technical  meaning  of  the 
adverb  aback,  as  applied  to  the  sails  of  a ship : — 

A back,  cwjfi,  the  situation  of  the  sail*  when  tlteir  surfaces  are 
flatted  again**  the  nnu-ts  by  the  force  of  the  wind.  The  tails  are 
said  to  be  taken  aback  when  they  are  brought  into  tbi*  situation 
either  by  a sudden  change  nf  the  wind,  or  by  an  alteration  ia  tbe 
■hip’s  course  : they  arc  laid  aback  la  effect  an  immediate  retreat 
without  turning  to  tbc  right  or  left. 
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Gramm  tr.  The  simple  noun  Itack  is  also  used  adverbially,  of 
"v— which  Dr.  Johnson  has  given  a variety  of  examples, 
diversifying  their  supposed  signification  according  to 
the  context ; as,  1.  to  the  place  from  which  one  came ; 
2.  backward  from  the  present  station  3.  behind,  not 
coming  forward  * 4.  toward  things  past ; 5.  again,  in 
return ; and  6.  again,  a second  lime  ; but  in  reality 
the  force  of  the  word  back  is  in  all  these  instances  very 
nearly,  if  not  altogether  identical ; having  the  9ame 
analogy  to  the  time,  place,  or  other  circumstances 
spoken  of,  as  the  back  has  to  the  other  ports  of  the 
body,  in  their  general  position. 

Lo ! die  Lord  Uadi  kept  dice  back  from  tumour. 

Numbers  xxlv.  11. 

But  where  they  are,  sod  why  they  come  not  back. 

Is  now  the  labour  of  my  thoughts. 

Milton. 

In  the  first  instance,  honour  is  represented,  as  it 
were,  before  the  pecson  $ but  he  is  prevented  from 
advancing  toward  it ; in  the  other  instance,  the  indi- 
viduals in  question  have  gone  forte ard,  and  are  ex- 
pected to  return ; and  iu  both  cases  the  situation 
expressed  by  the  adverb  back  is  that  in  which  the 
back*  of  the  persons  were  originally  placed. 

Where  we  use  the  simple  substantive  back,  adver- 
bially, the  adverb  arere  from  the  French  arriere,  was 
formerly  employed  ; as  in  Richard  Coer  de  Lion— 

Kync  Richard  betliougbi  hym  thoo, 

And  gun  to  cryc,  “ Tuine  arere. 

Every  man  wilh  his  banerc." 

From  back  we  form  the  compound  adverb  back- 
wards, as  from  fore  we  do  forwards  ; and  these  words, 
■backwards  and  forwards  are  directly  opposed  to  each 
other  in  signification,  as  they  are  in  etymology. 

Topsy-  Topsyturvy,  and  upsidedown , arc  adverbs  perfectly 

turvy.  familiar  and  intelligible  in  modem  colloquial  usage  ; 
down*  but  fiomcwhat  obscured  by  the  learned  labours  of 
etymologists.  Skinner  suggests  that  topiytany  is 
“ quasi  tops  in  turves,  i.  e.  vertices  aeu  capita  in  ces- 
pite.”  Lys  says,  ,f  Topsy-turvy,  inverso  ordine. 
Haud  scio  an  sint  h top,  fiistigium,  et  Isl.  tyrva , ob- 
ruerc.  Barbour  uses  the  phrase  top  o'er  tail. 

AQd  when  the  king  his  bounds  haa  seen. 

Those  men  assailvio  their  mnalcr  aa. 

They  lap  lo  one,  and  can  him  ta 
Rifflit  by  tbe  neck  full  sturdily. 

Till  top  o'er  tail  they  gait  him  fly. 

Upsidedou-n  is  so  written  by  Spencer,  Ralegh,  and 
other  writers  of  the  age  of  Queen  Elizabeth  ; but 
some  older  authors  write  it  upsodown,  which  Tooke 
(for  what  reason  does  not  appear)  considers  the  more 
proper  form  of  the  word. 

In  the  romance  of  the  The  Seuyn  Sages  we  meet 
with  this  phrase  several  times  repeated — 

Bitwene  the  adder  and  due  grelioond, 

Tbe  crude  1 turnd  up  to  douu  on  ground. 

• • • • 

The  trade!  ami  the  child  thai  found. 

Up  to  doun  upon  the  ground. 

• • • * 

Of  the.  adder  lie  fond  mani  tromoun, 

And  the  cradel  up  to  doun. 

So  Gower  : — 

If  the  lawe  be  forelore, 

Wit  bouton  execution, 

It  maketb  a londc  turne  up  to  downe. 

Correspondent  with  the  English  upsidedown,  or 

VOL.  i. 


upsodown  are  the  Italian  sossopra,  and  the  French  Adverb*. 
sans  dessus  dessous,  which  the  Dictionnairc  de  1’Aca-  -v'— ' 

demic  thus  explains— 

Sans  dessus  demovs.  Faqon  de  pailer  du  style  famUifrre, 
qui  sirnific  qu'unc  chose  eat  trllemcat  boulcvcrsee,  qu'oa  oe  re- 
connoist  plus  ni  le  dessus,  ni  1c  dessous.  On  (lit  ausei  ww  devout 
derriirt,  pour  dire  qu'on  ne  reconnoist  plus  ce  qui  doit  estre  der- 
rifire,  ni  cc  qui  doit  citre  devaot.” 

Menage  says,  “ il  fuut  escrire  sens  dessus  dessous, 
comme  on  escrit  en  tout  sens,  de  ce  sens  Id,  &c.  Sens 
e'est-a-dire  face,  visngc,  situation,  posture,  &c. 

Others  again  say  it  should  be  written  e'en  dessus 
dessous , us  being  taken  from  the  old  phrase  ce  que 
dessus  dessous , used  by  Comm  inks  the  historian,  “ De 
tous  costez  ay  veu  la  maison  de  Bourgogne  honnor^e, 
ct  puis  tout  en  un  coup  choir  ce  que  dessus  dc&ous." 

Ahead  is  principally  used  us  a sea-term ; as  in 
Drydb.\ — 

And  now  the  mighty  Centaur  seems  to  lead, 

And  now  tbe  speedy  Dolphin  gets  ahead. 

Our  mariners,  indeed,  appear  to  have  had  a special  Prefix,  a. 
affection  for  this  prefix,  a ; for  they  have  a vast  va- 
riety of  adverbial  expressions,  in  which  it  U employed, 
as  aboard,  ashore,  ahull , apeck,  atrip,  aweigh,  abaft , 
aloft,  afloat,  astern,  alee,  aloof,  alongside,  alongshore, 
amidships,  athwartships , &c.  &c.  all  of  which  are  fully 
explained  in  the  work  before  referred  to,  Falcoxer's 
Marine  Dictionary.  Many  other  adverbs  there  ore, 
ancient  and  modem,  beginning  with  the  same  prefix, 
besides  those  already  noticed ; as  aswon,  alive,  afire, 
ablaze,  aloud,  asleep,  aroutne,  alooe,  abroad,  alength,  &c. 

In  the  romance  of  Amis  and  Amitoun,  occcurs  aswon  As  woo- 
for  " in  a swoon.” 

He  loked  opon  hit  Beholder  bare, 

And  acigbe  bis  grimly  wuundc  thare, 

As  Ainnraunl  gon  him  My. 

He  fel  ancon  to  die  groundc. 

And  oft  be  seyd,  Alios,  that  stouodc. 

That  cuer  he  bode  that  day. 

So  in  the  romance  of  The  Seuyn  Sages — 

The  Lcucdi  when  ache  berde  this, 

Ann  one  sche  hi  adouo  1 wis. 

In  Octouian  Imperator,  we  have  on  lyue,  for  " alive.”  AJive. 

Her  sooe  bygan  to  the  and  thryue, 

And  wax  the  fayryitc  chylde  lyue. 

So  in  Chaucrr's  Troilus — 

By  God,  quoth  be,  that  wol  I tel  as  bliue, 

For  prouder  woman  is  there  none  »n  line. 

So  likewise  in  a MS.  ballad  written  about  the  time 
of  Henry  VI.  entitled  “ How  a Merchandc  dyd  hys 
IVyfe  betray." — 

Y tjianke  byt  God,  for  so  y may. 

That  evyr  y akapyd  on  lyue  away. 

In  " A mery  Geste  of  the  Frere  and  the  Boye,  em- 
prynted  at  London,  by  Wynlcyn  de  VVorde,”  we  find 
**  thy  lyre,"  used  for  " thy  life.”  ▼.  86. 

That  shall  laat  the,  all  thy  lyre. 

Chaucer  has  “ hir  live,”  for  “ in  their  lives.” — 

Thev  were  ful  glad  to  cxcusen  hem,  ful  blire. 

Of  tking  the  which  they  ncucr  agilt  Air  tire. 

In  another  passage  he  extends  this  adverbial  phrase 
to  a greater  length*  " lime  of  al  here  lyues 
Ne  neuer  shul,  time  of  el  here  lyue*. 

The  adverb  blive,  which  occurs  above,  is  thus  noticed 
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Grammar,  in  Lye'b  Junius,  " belief,  belife,  belies,  blive,  confe.Htim, 
v— protinus,  statiin,  cxtemplo  : a Norm.  Saxonico  bitice, 
de  quo  nihil  certi  habeo  quod  dicain.”  There  seems 
little  doubt,  however,  but  that  it  is  from  the  substan- 
tive, **  life,”  and  signifies  in  a quick  and  lively 
manner. 

It  occurs  in  the  romance  of  The  Seuin  Sages. 

His  owin  Lady  be  take  by  fine , 

Aod  gaf  tbi*  Kavgbt  until  lus  vriuc- 

The  same  adverb  is  found  in  the  ballad  on  the 
Battle  of  Bruges,  beforemen  tioned. 

Tltcnne  wide  tin1  Km  Pliclip  lustnrth  noa  to  tn*, 

Myn  Eorlra  ant  my  llaruuna  irvatil  ant  fre, 

Goth  facchrth  me  the  tray  tour*  y bound*  to  my  knr, 
lUslifUcbe  nnt  blyur. 

Afire,  Gawin  Douglas  uses  in  fyre>  for  our  modern  ad- 

abhue.  verbs  a fire  . — 

Turnus  wye*  the  Tmiania  in  grete  yre, 

And  al  tbare  ocbippu  and  aauy  net  in  fire. 

In  like  manner,  Gower  employs  the  expression  on 
blaze  for  our  colloquial  adverb  ablaze  .— 

That  cos  ten  fire  and  flam  aboatc 
Both  at  mouth  and  at  nasc. 

So  that  tUei  aetten  all  am  Matt. 


Aland. 


Asleep. 


Arnuine. 


Alov*. 


Alcngtli. 


Home. 


In  the  romance  of  Octouian  Imperator  is  aland,  for 
,f  to  land.” 

The  Kyng  of  Masytlonye  com  rytle 
With  bra  oat  aloud  that  tvtle, 

• • • • 

Tli*  Kyng  of  Greece  herde  that  cty. 

To  ton'd  he  rowede  ryght  hiutyly. 

In  Amis  and  Amiloun  also  occurs  ut  ilrpe,  for  the 
modern  “ asleep.” 

The  Knight  that  wiu  so  It  code  and  /he, 

Wei  fair  he  Icyd  him  vndcr  a trr. 

And  fell  in  steps  that  tide. 

In  Richard  Coer  de  Lion,  aroume  for  " aside.” 


AUe  that  w ns  tber  the  liven  bcbeeld, 

Hou  he  rod  as  he  wer  wood, 

An wnir  he  hovyd,  and  withstood. 

Chaucer,  in  the  Testament  of  Love,  uses  the  adverb 
alone,  for  in  lore. — 

Wo  is  bvm  that  is  alone  ! 


We  have  before  mentioned  on  brede,  which  is  used 
by  Chaucer  and  Douglas  for  abroad,  or  on  breadth ; 
similar  to  this  is  the  adverb  along  the,  used  by  Nicolls, 
whose  work  was  published  in  1550,  under  the  follow- 
ing title.  **  The  hystory  writtone  by  Thueidcs  the 
Athenyan,  translated  outc  of  Frcnchc  into  theEnglvsh 
language,  by  Thomas  Nicolls,  Citezeine  and  Golde- 
smvth,  of  London.”  In  fo.  118,  a,  is  the  following 
passage,  “ They  dyd  take  a greate  piece  of  timber 
and  made  it  hollowe — nfterwardes  they  fustened  yt 
wyth  yrone  at  bothe  endes,  and  also  alengthe .” 

The  substantive  home  is  used  adverbially  in  En- 
glish both  in  its  simple  sense  of  a place  of  residence, 
us  “ to  go  home  j”  and  in  the  figurative  meaning  of 
completion,  which  Shahs peare  seems  particularly 
fond  of  giv»ng  to  it— ■ 

No  f uniter  halting.  Satisfy  me  home 
What  is  become  other 


-It  mnfirma  me  heme. 

This  U lliuuiio'a  deed. 


CymMtne. 

/W. 


He  rhargei  home  my  unprovided  body.  Admk 

Lear. 

Wear  thy  good  rapier  bare,  and  put  It  home. 

Othello. 

In  the  simple  sense  of  a dwelling,  our  adverb  home, 
answers  to  the  Greek  adverb  oitcate,  and  to  the  Latin 
accusative  dotnum,  as  the  word  heim  does  in  the  Ger- 
man compound  heimgehen, ,f  to  go  to  our  place  of  re- 
sidence." Hut  though  the  nouns  house  and  home, 
may  in  certain  eases  be  applied  indifferently  to  the 
same  edifice,  yet  we  not  only  do  not  use  the  word 
house  adverbially,  as  we  do  home,  but  we  affix  a dif- 
ferent idea  to  it  when  used  substantively,  with  the 
preposition  “ to.”  This  peculiarity  of  idiom  cannot 
be  better  exemplified  than  by  a circumstance  which 
occurred  to  a German  nobleman,  who  not  long  since 
visited  London.  Nach  house  gehen,  in  Gcrtnun,  and 
alter  d la  maison,  in  French,  both  signify  ,e  to  go 
home,”  the  foreigner,  therefore,  returning  from  a 
visit,  thought  that  he  could  not  err  in  ordering  his 
coachman  to  go  “ to  the  house  but  as  the  latter  had 
been  accustomed  to  drive  some  of  his  former  masters 
to  “ the  House  of  Commons,”  which  alone  he  knew 
by  the  distinctive  name  of“  the  house,”  he  accord- 
ingly proceeded  thither,  instead  of  conveying  the  no- 
bleman to  his  own  residence. 

As  u home"  answers  to  the  Latin  domum,  so  **  at  DomL 
home,"  answers  to  domi;  for  as  Vossics  observes  of 
**  domi  focique,”  in  Terence,  (Eun.  Act  IV.  seen.  7,) 

“ dubium  non  est  quin  sint  genitivi  ndvcrbialiter  po- 
silivi,”  Donatus,  indeed,  gi>es  further  ; for  he  calls 
not  only  these  genitives,  but  even  accusatives  and  ab- 
latives, adverbs.  ,r  Roma  Romam,  Romd,"  says  he, 

“ sunt  adverbia  loci,  quaj  imprudentes  putant  nomina. 

In  loco,  ut  sum  Roma ; de  loco,  ut  Romd  venio  $ ud 
locum,  ut  Romam  peigo.  And  with  this  very  learned 
grammarian  agrees  Seryivs.  Diohkoks,  in  like  man- 
ner, calls  ri/i  and  card  u scstimationis  adverbia  j”  and 
others  call  forte,  fortnna,  nihil,  casts,  militia,  belli,  8c  c., 
adverbs ; which  doctrine  is  strenuously  resisted  by 
V 0881(78  in  his  first  book  I)e  Amtlogid.  It  is  not  here 
necessary  to  examine  this  dispute  very  minutely  j but 
we  may  observe  that  the  distinction  between  an  ad- 
verb, and  a genitive  case  used  adverbially  is  not 
made  out  by  Vobmck  with  that  clearness  for  which 
his  grammatical  writings  in  general  are  remarkable. 

It  may  be  allowed  that  where  a noun  substantive  or 
adjective  is  joined  with  another,  either  expressed  or 
necessarily  understood,  it  should  rather  be  considered 
os  making  a part  of  an  adverbial  phrase  than  as  an 
ail  verb.  Thus  sponte  sua,  domi  star,  or  mane  primo, 
may  be  regarded  respectively  as  clauses  in  a sentence ; 
but  sponte,  or  domi,  or  mane,  alone  may  be  called  ad- 
verbs ; and  such  is  the  distinction  drawn  by  that  ex- 
cellent grammarian  Pribcian. 

Of  the  Latin  adverbs,  pttlam,  and  clam,  Mr.  Took* 
quotes,  with  some  approbation,  the  etymology  given  Clam, 
by  M.  L’Eteque,  who  derives  them  from  the  Sclavonic 
pole,  " the  earth,”  and  kolami,  **  wooden  stakes.” 

This  derivation  seems  farfetched  ; yet  it  is  not  impos- 
sible that  some  affinity  may  have  existed  between  the 
radical  sounds  of  the  Sclavonic  and  ancient  Latin 
languages.  Certain  it  is,  that  clam  was  originally 
written  calim,  us  in  the  law  of  the  Twelve  Tables, 
tfuei  calim  endo  urbe  noz  coit  coiverit  kapital  cstod. 

This  was  the  law  against  secret  societies  which  For- 
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Grammar,  ciu*  Lfttro  chatted  Catiline  with  having  violated. 

> Calim,  4t  secretly,  obscurely,"  had  evidently  a relation 
to  caligo,  obscurity,  or  cloudy  darkness,  and  caligo 
may  possibly  have  been  derived  from  cala,  a wooden 
log  or  stake,  which  thrown  moist  on  the  fire  would 
produce  a thick  smoke 

Ucrimoso  non  sine  fumo, 

L'diis  cum  follia  ramoB  u rente  camino. 

The  word  cala  is  thus  explained  by  SwtiCI  ; 
44  calas  dicebant  majorcs  nostri  fustes,  quos  portalvant 
servi  sequentes  dominos  ad  prudium.  Unde  ctiam 
cahnes  dicebantur  Nam  consuctudo  erat  militis 
Romani,  ut  ipse  sibi  anna  portaret et  vallum.  Vallum 
autem  dicebant  calas.  Sic  Lucilius, 

Sciade  calam,  ut  ralcas : 

i.  e.  O pucr,  frange  fustes,  et  fac  focum."  The  deriva- 
tion of  palam  it  is  not  so  easy  to  trace.  It  signifies 
“ openly,  publicly,"  as  in  Virgil — 

ip  it  pa  lam  fan  omnipotent  Sa  Lamia  jusait 

And  it  may  have  some  relation  to  the  verb pdo  “ to 
wander  about,"  as  in  ScLncitnt. 

Sic  nostri  paJsrc  senrs  dicuatur. 

Or  to  Pales  the  rural  goddess  invoked  by  Viboil. 

Te  quuque  mafua  Pales. 

Or  to  palus,  a marsh,  or  palui,  a pale  or  stake. 

Possibly  all  these  words,  though  differing  in  the 
quantity  of  their  first  syllable,  which  in  some  is  short 
and  in  others  long,  may  have  had  an  indistinrt  con- 
nection } but  be  this  as  it  may,  we  can  scarcely  doubt 
that  the  adverb  palam  was  derived  from  some  noun  in 
the  old  Latin  language,  and  was  indeed  that  noun  iu 
an  antiquated  form.  It  must  be  observed  too  that  it 
was  not  used  merely  as  an  adverb,  but  as  a preposi- 
tion. Thus  Livy  says  “ palam  populo."  Cicero 
” palam  hoc  online,"  and  Horace  “ te  palam,"  which 
last  example  proves  the  error  of  Culepin  and  others, 
who  thought  that  coram  was  **  in  presence  of  one 
person,"  and  palam  44  in  presence  of  many."  Clam 
also  was  used  as  a preposition,  as  in  Terence,  “ Haec 
clam  me  omnia j"  nor  was  this  all ; for  it  was  some- 
times used  adjectivally,  by  the  same  author.  44  Si 
sperat  fore  clam:"  in  which  manner  also  the  corre- 
spondent Greek  adverb  spv^lqe,  was  sometimes  em- 
ployed, as  by  Demosthenes,  04  y&p  it  icpvfif.qv  irrlv  y 
\qeet  red*  0toit.  44  Suffragium,  etsi  obseurum 
est,  Deos  tamen  latere  non  potest." 

Compound  We  have  noticed  the  adverbial  force  of  substantives 
adverb*.  used  in  the  formation  of  compound  adjectives  ; parti- 
cularly of  the  substantive  stone,  which  in  forming  the 
compound  adjective  stone-blind  serves  to  modify  the 
adjective,  blind.  The  English  language  is  not  very 
rich  in  compounds  ; yet  some  of  this  kind  occur  par- 
ticularly in  our  old  writers,  and  in  the  proverbial  and 
trivial  expressions  of  the  vulgar.  Thus  boll -upright, 
is  as  upright  and  straight  as  a bolt,  the  old  word  for 
an  arrow.  So  Shaksfeare  uses  the  compounds  death- 
practised,  for  f‘  practised  in  death  tongue-tied  for 
**  restrained  from  speaking;*’  wrcekfull,  for  " full  of 
wrecks,"  &c. 

With  ll» is  ungrarion*  paper  strike  the  tight 

Of  the  death-practiied  Duke. 

Lear. 

My  tongue-tied  mute  in  manner*  1 voids  her  still. 

Sennet  85. 

Against  the  wreckfuit  siege  of  batt’ring  dap. 

Sonnet  65. 


Chapman,  the  most  poetical  of  all  translators  of  Advent. 
Ilomer,  abounds  in  such  epithets,  as  gold- helm'd,  -L  . 

wind-master,  foicn-gunrd,  /orcrfnll,  oar-bound,  &c. 

Mar*,  most  strong ; ytltt-hrlm'd ; making  chariot*  crack  ; 

Never  without  a shield  cast  on  thy  hack  ; 

Mind- master,  torn*- guard,  with  dart*  never  driven ; 

Strong-handed,  all -arm’d,  fort  and  fence  of  heaven  ; 

Father  of  victory  l 

Hymn  to  Mart. 

Alcidc*,  ferei-fkllest  of  all  the  brood 
Of  oven ! 

Hymn  In  Hercules. 

Chute  two  and  fifty  youths,  of  ait  the  best 
To  use  an  oar ; all  which  sec  straight  imprest, 

And  in  their  oar- found vad*. 

Odyu.  b.  8.  • 

In  the  ballad  of  The  Huntt/ng  of  the  Hare , is  ston- 
styll. — 


Jac  Wade  ha*  a dogge  wyll  pull, 

He  hymselrue  wyll  take  a Hull 
And  kolde  hytti  iton-tlyU. 

In  the  Scottish  Act  of  Parliament,  a.  n,  15S7,  en- 
titled “ Mcsaris  and  weehtis  and  the  just  qunntitie 
thereof,”  the  word  rcwl-richt,  (i.  e.  as  straight  os  a 
ruler)  occurs  in  the  directions  for  making  tne  Firlot 
measure.  44  That  the  mouth  be  reyngit  about  with 
a circle  of  girth  of  irnc,  inwith  and  outwitb,  havcing 
a croce  irne  bar  passing  ovir  fra  the  one  syd  to  the 
wther,  thrie  squarit  ane  edge  doun  and  a plane  syde 
quhilk  soil  gang  retell  richt  with  the  edge  of  the 
firlot." 

Adverbs  themselves  may  be  in  like  manner  com- 
pounded. 44  Ut  in  aliis  classibus,"  says  VoMIDI, “ ita 
quoque  in  adverbiis,  compositorum  alia  fiunt  t duobus, 
ut  perdiu,  abhinc,  alia  fe  pluribus  ut  forsitan.  Nam,  ut 
for  sit  ex  fort  et  sit,  quasi  forte  sit ; ac  forsan  ex  fors 
et  an,  quod  et  in  forlassean ; ita  forsitan  ex  tribus  istis 
fors , sit,  an.  And  thus  it  is  in  English.  Wc  have  to- 
gether formed  of  to  and  gather ; and  we  have  altogether 
formed  of  all,  to,  and  gather.  So  in  French  tout  d 
fait,  44  altogether,"  from  tout,  d,  and  fait;  in  Italian 
nondimeno,  '*  nevertheless,"  from  non,  di,  and  meno, 
&e.;  in  German  vicUcicht , **  perhaps,"  from  del  much, 
and  leicht  easily  ; ninirntrmchr,  “ nevermore,"  from 
nie,  immer,  and  mehr,Scc. 

In  forming  compounds  of  this  nature,  all  parts  of 
speech  (except  interjections)  are  employed.  44  Nulla 
est  tocum  elassis,  says  Vomius,  44  ex  qud  non  adverbium 
componatur."  Thus  a composite  adverb  may  be  formed 
in  any  of  the  following  ways  : — 

1.  From  a pronoun  and  substantive,  as  quare  from 
quit  and  re. 

2.  From  an  adjective  and  substantive,  os  posiridle, 
from  postero  and  die. 

3.  From  an  adverb,  substantive,  and  adjective,  as 
nudiustertius  from  nunc,  dies,  and  tertius. 

4.  From  a substantive  and  verb,  ns  pedetentim  from 
pede  and  tentare. 

5.  From  a participle  and  substantive,  as  perendie 
from  peremptd  and  die. 

6.  From  an  adverb  and  adjective,  as  nimirum,  from 
ne  and  mirum. 

7.  From  a preposition  and  substantive,  aaobviam, 
from  ob  and  riam. 

H.  From  a pronoun  and  adverb,  as  alibi , from  alio 
and  i&i. 

9.  From  a pronoun  and  preposition,  as  adhuc , from 
ad  and  hoc. 
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Grammar.  10.  From  two  verbs,  as  scilicet,  from  scire  and 

11.  From  two  adverbs,  os  etiamnum,  from  etiam 
and  nunc. 

12.  From  an  adverb  and  a verb,  os  deincept , from 
dcin  and  citpio. 

13.  From  a preposition  and  adverb,  as  abhinc,  from 
ab  and  /line. 

14.  From  a conjunction  and  adverb,  as  etiam  from  et 
and  jam. 

Vosbil’s,  not  improperly,  ranks  among  compound 
adverbs  those  which  are  formed  from  other  words,  by 
the  addition  of  an  adverbial  particle,  like  our  prefix, 
•a,  or  termination,  /y  j as  tantisper , from  tantus  and 
per ; quandoque , from  quando  and  que,  &c.  So  we 
find  not  only  scienter,  from  srien*  and  ter,  but  even 
(xttiliniter,  from  Catitinn ; not  only  jucvnde,  from  ju- 
cundus,  but  Tullianl,  from  Tullius. 

It  may  be  worth  while  to  examine  more  particularly 
some  of  these  compounds. 

nuare.  To  begin  with  the  first,  quare.  This  adverb,  consi- 
dered in  its  origin  and  derivatives,  will  aptly  illustrate 
the  transition  from  a distinctly  significant  phrase,  to 
an  indistinctly  significant,  or  consignificant  ; or,  as  it 
has  even  been  termed,  insignificant  word  or  particle 
The  entire  phrase  is  qud  de  re,  as  in  PUvtci 
AN.  Nittua  ium  MMxmUa  Lenuit. 

Ad.  QniI  de  rr,  wbmra  * 

An.  Quia  jam  oon  dudzun  ante  luc*m  ad  ftdetn  Yencrii 
real  mua. 

<?wd  de  re,  shortened,  in  familiar  discourse,  to  qud 
re  signified  “ for  what  thing"’— 1 " for  what  cause" — 
“ wherefore,”  or,  as  it  i3  expressed  in  the  Scottish 
idiom,  “ what  for;”  as  “ t chat  for  did  you  not  come, 
when  you  were  called  ?”  i.  c.  why  did  you  not  come  ? 
The  separate  words  qua  and  re,  having  by  long  use 
been  melted  together  in  pronunciation,  as  quare,  this 
latter  word,  in  old  French,  became  quar,  and  in  more 
modern  French  air;  but  the  last  mentioned  word, 
even  in  the  16th  century,  had  travelled  so  far  from  its 
source,  thut  the  learned  II.  Stephanos  did  not  recog- 
nise in  it  the  Latin  quare,  but  thought  it  was  derived 
from  the  Greek  'jap.  Menage  has  justly  corrected 
this  error  in  his  Origine*  de  la  langue  F)rancoise,  under 
the  word  car.  “ Henry  Estienne  et  autres,"  says  he, 
“ le  deriuent  de  7 ap.  11  vient  de  quare,  et  c*cst  pour- 
quoy  vous  trouucrcz  cscrit  </iwr  dansles  anciens  liures. 
On  pronon^oit,  il  n'y  a pas  encore  long-temps,  care, 
cando,  catiubrem,  canquan  au  lieu  de  quare,  quando, 
quamobrem,  quamquam." 

I>n».  It  is  at  first  sight  as  difficult  to  trace  the  Italian 

adverb  oggi,  the  French  adverb  jadis,  and  the  English 
substantive  journalist  all  to  the  Latin  dies ; and  yet  no 
etymologies  are  more  certain  than  these  three. 

Hu*  tic.  From  hoc  die,  by  the  mere  rapidity  of  pronuncia- 

tion, came  the  Latin  hodie ; and  this,  by  an  imperfect 
attempt  on  the  part  of  the  barbarians,  to  imitate  the 
Roman  articulation,  was  easily  changed  into  hoggi, 
pronounced  as  an  Englishman  would  pronounce  hodje. 

Thus  Anxibal  Caro,  in  his  verses  on  the  death  of 
Francesco  Molza,  a.  d.  1544. 

E questo  c'l  monte  on«T£  c'koggi  si  scarps, 

La  gloria  de  le  miw 

and  the  modern  Italians  have  softened  this  word  into 

ogP- 


From  dies  also  the  Romans  formed  the  adjectives  Advert* 
diumus  and  diumalis,  “ daily;"  and  these  in  the 
corrupt  Latinity  of  the  later  ages,  received  secon-  JoorwU. 
dory  meanings.  “ Ihurnum  pro  dee  dixit  infima  Lati- 
nitas,"  says  Salmasici,  “ et  diumnle  mer.surain  agri 
qua:  uno  die  posset  arari  **  The  Italians  from  diur- 
num,  in  the  secondary  sense  of  a day,  made  giomo, 
which  the  French  shortened  into  jour;  and  ditirnalc , 
in  like  manner,  produced  Romaic,  journal,  j our  nulls t. 

Again  from  the  Latin  dits  came  the  adverb  diu,  and  Jadis. 
from  jam  dies  came  jamdiu.  The  Italians  altered  jam 
into  gia,  and  the  French  into  ja,  and  hence  jamdiu 
became  jadis. 

Ilora,  another  Latin  word  in  constant  use  to  mark  Hora. 
the  lapse  of  time,  has  also  undergone  very  considera- 
ble changes.  In  the  Norman  French  of  the  13th 
century,  we  find  the  word  onkore.  It  occurs  in  a 
letter  from  Perrcs  de  Mounfort,  (Peter  dc  Mont  ford,) 

1 Ryw.  Fad.  p.  i.  fo.  339,  ed.  1816,  giving  an  account 
of  some  successes  which  he  had  obtained  over  the 
Welsh,  in  1256.  He  first  states  the  occurrences  of 
the  Thursday  next  after  St.  Matthew’s  day  ; and  then 
continues,  41  E onkore  le  lundi  si  want  j where  the  Encore, 
word  onkore  is  what  was  anciently  written  in  French 
anatre  and  now  encore.  In  Italian  it  is  now  spelt  an- 
cora,  and  was  formerly  anchora,  ” itcrum,”  "again,” 

*'  once  more.” 

Menage,  and  Co  us  de  Gebelik,  derive  it  from  the 
Latin  phrase  m hone  horam,  or  bane  horaw ; but  this  is 
not  quite  satisfactory.  "Qfiov,  as  we  learn  from  Herodo- 
tus, was  an  Egyptian  name  of  the  sun,  the  great  mea- 
surer of  time  ; from  whence,  probably,  the  Greek  ipa 
came  to  signify  “ time,”  in  general,  or  a certain  portion 
of  time,  as  " a season,”  a day,”  an  " hour.”  And  so  in 
Latin  •*  Hora,"  says  R.  Strfiiani  s,  “ Teinpus  signi- 
ficat,  h.  c.  quancunque  cctemitatis  partem,  sive  an- 
num, sive  diurnum,  she  nuctumum  spatiuin  coniplcc- 
tens.  Item  partes  ipsa,  in  quas  distinctus  est  dies, 
similiter  hora-  vocantur."  From  the  Latin  horn  came 
the  ltaliun  hora,  ora,  or,  which  was  used  not  only  as  a 
substantive  signifying  a certain  portion  of  the  day, 
but  as  an  adverb  signifying  “ now"  u at  this  hour]” 

" at  this  point  of  time.” 

Thus  Petkahca — 

Ms  ben  reggT  kor,  m come  al  popol  rut  to, 

FntoIa  fui  gnui  tempo. 

Hence  it  was  redoubled,  with  a relative  force  con- 
necting different  purts  of  a sentence,  and  signifying 
“ at  one  time,"  tuid  **  at  another  time  $"  as  " uow,  ' 
in  the  following  line  of  Pora — 

AW  hipb,  now  low,  nmc  master  up,  mv  miss. 

Thus  MAcniAVKi.Ei  in  the  first  book  of  his  Istorie 
Florentine,  says,  u Vcdendosi  I'lmperatore  ossalire  da 
tante  parti,  per  aver  meno  nemici,  comincih,  ora  con  i 
Vandali,  ora  con  i Frnnchi,  a fare  accordi  :”  that  is, 
he  began  to  make  treaties,  al  this  time,  with  the  Van- 
dals ; al  that  time  with  the  Franks.  Hence  also  ora 
was  used  conjunc (tonally,  as  connecting  one  link  in  a 
chain  of  reasoning  with  all  that  has  preceded  it  j 
agreeing  also  in  this  respect  with  our  word  “ now.” 

Thu*  in  Sonu's  sermons  : **  The  other  great  and  un- 
doing mischief,  which  befcls  men  is  by  their  being  mis- 
represented. iVoir,  by  calling  evil  good,  a man  is 
misrepresented,”  where  the  word  **  note"  may  be  para- 
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Grammar,  phrased,  “ at  this  point  of  my  discourse  as  " I 
have  already  shown  you  the  major  proposition,  namely, 
that  all  misrepresentation  is  mischief ; now,  at  this 
period  of  my  discourse,  I show  you  the  minor  proposi- 
tion, namely,  that  to  call  good  evil  is  misrepresenta- 
tion ; and  after  1 have  shown  you  the  major,  and 
minor,  you  can  easily  come  to  the  conclusion  your- 
selves, namely,  that  to  call  good  evil  is  to  do  mischief. 
Hence  the  authors  of  the  Diciionnairc  de  V Academic, 
say,  " Or  est  une  particule  qui  sert  k lier  une  propo- 
sition h une  autre,  comme  la  mincure  d un  argument 
k la  majeure.  Le  sage  est  heureux ; or  est  il  que  SocrtUe 
at  sage,  done  Socrate  est  heureux."  In  ancora,  therefore, 
the  word  ora  itself  includes  the  meaning  of  in  hanc 
horam  ; and  to  this  is  prefixed  the  Italian  adverb 
anche  “ also,"  which  seems  to  be  a corruption  of  the 
Latin  etinmque ; as  in  Boccacio,  “ Anche  dite  voi, 
chc  voi  vi  sforacrete,  e di  che  ?"  Encore,  therefore, 
is  literally  " also  now “ we  have  heard  the  song 
lately,  let  us  also  hear  it  now  ;"  " we  have  heard  it 
once,  let  us  hear  It  again."  Hora  also  appears  in  the 
French  alors  from  the  Italian  allora,  which  is  the 
Latin  ad  ilium  horam ; and  in  the  Spanish  agora  or 
ahora,  which  is  the  Latin  hdc  hord.  The  French  de- 
sormais  is  de  hora  magis ; we  find  it  written  in  the 
abovementioned  letter  of  Perres  de  Mounfurt,  dcsor- 
emes,  “ Pour  quel  je  vous  pre  e requer — ke  horn  mette 
consul  coment  1a  terre  seit  detoremes  defenduc.’’ 

SJonrst  We  had  formerly  a remarkable  adverb  from  this 
source  in  our  old  law  French,  viz.  qoresl,  for  so  it  is 
written  in  the  Statute  of  Westminster,  22  Edw.  IV. 
a.  d.  1482,  " en  temps  del  victorious  reigne  nostre  dit 
Sdgnur  le  Roy  qorest,"  This  was  u corruption  of  qui 
or  est,  “ who  now  is."  If  the  word  qorest  had  re- 
mained in  use,  and  its  etymology  had  been  unknown, 
it  might  perhaps  have  prevented  an  ingenious  legul 
objection,  said  to  have  been  taken  in  behalf  of  a pri- 
®oner,who  was  indicted  on  a statute  passed  in  the  reign 
of  Georgs  II.  but  was  not  brought  to  trial  until  that  of 
George  III.  when  it  was  argued  (in  arrest  of  judg- 
ment, or  otherwise,)  that  the  indictment  charged  the 
prisoner  with  violating  a statute  alleged  to  have  been 
passed  in  the  reign  of"  our  lord  the  king  that  now  is,” 
whereas  in  fact  no  such  statute  had  been  pussed  in 
that  reign.  Whether  this  was  a real  occurrence,  or  a 
fiction,  it  served  to  supply  the  humourous  genius  of 
Foote  with  another  jest  which  also  turned  on  the 
peculiar  use  of  the  adverbs  employed.  lie  introduced 
a character  boosting  of  the  skill  with  which  he  had 
escaped  from  a charge  of  pcijury  “ We  were  in- 
dicted," says  he,  **  for  committing  perjury  now,  but 
we  proved  that  we  committed  it  then.  If  they  had 
indicted  us  for  committing  perjury  nou>  and  then,  it 
would  have  gone  hard  with  us."  This  adverbial 
phrase,  “ now  and  then,"  is  perfectly  idiomatical  in 
English,  and  there  is  perhaps  no  expression  exactly 
corresponding  to  it,  in  any  other  language.  The  Ita- 
lian talvolta,  and  the  French  de  terns  en  terns,  are  some- 
what similar  to  it  in  signification,  but  with  neither  of 
them  is  it  quite  identical. 

Adverbial  From  what  has  been  said  of  compound  adverbs,  it 

phrases.  will  have  been  seen,  that  the  greater  part  of  them  were 
originally,  short  phrases,  or  clauses  added  to  a perfect 
sentence,  for  the  purpose  of  modifying  the  adjective,  or 
verb,  which  it  contained.  The  office  of  such  a phrase 
is,  therefore,  exactly  the  same  as  the  office  of  an  ad- 


verb, and  thence  we  call  it,  as  Mr.  Toore  does,  an  ad - Adverb.. 
vtrbial  phrase.  Two  corollaries  follow  from  this 
remark,  both  of  which  wc  have  seen  illustrated  in 
the  preceding  examples ; first,  that  a distinctly  signifi- 
cant adverbial  phrase  may  degenerate,  in  length  of 
time,  to  an  indistinctly  significant  adverb;  and,  se- 
condly, that  the  adverbs  of  one  language,  or  idiom, 
may  be  supplied  by  analogous  adverbial  phrases  in 
another. 

An  adverbial  phrase,  which  occurs  frequently  in  our  For  die 
old  writers,  has  greatly  puzzled  most  of  their  coin-  nonce, 
mentators — the  phrase  u for  the  nonce."  As  it  is  used 
by  Suaksfeark  in  two  instances,  it  would  seem 
merely  to  signify  '•  for  the  occasion,"  “ to  serve  the 
present  turn." 


I hare  case*  of  buckram  for  the  nonce,  to  unmask  our  noted 
outward  garments. 


fir  if  Pari  of  Iltn.  IV. 
When  in  yotir  motion  you  arc  hot, 

Anil  that  he  calls  for  drink,  1*11  have  prepared  him 
A chalice  for  Ike  nonce. 


Hamlet. 


Yet,  perhaps,  even  here,  a sort  of  ironical  senti- 
ment of  admiration  at  the  importance  of  the  occasion 
is  meant  to  be  expressed,  implying  really  a contempt 
for  the  parties  concerned ; and  this  is  more  clearly 
the  meaning  in  another  instance. 

This  is  a riddling  merchant  for  the  nonce  / 

Vint  Part  of  Hen.  VI.  . 

Admiration  appears  to  be  expressed,  but  not  iron- 
ically, by  Chaucer,  in  the  Romant  of  the  Rose. — 

Bat  be  were  konn'mg  for  the  nonet, 

That  coud  devise  all  the  stones 
That  in  that  circle  shewen  clcre, 

It  is  a woodcr  thing  to  here. 

In  the  Canterbury  Tales,  on  the  contrary,  he  seems 
to  use  it  with  some  mixture  of  the  ridiculous  ; — 

Tlic  miller  was  a stout  carle  for  the  nonet , 

Full  big  be  was  of  bnuioc  ami  eke  of  bones. 

And  again,  the  Host,  ironically  praising  the  Monk, 
says  to  him — 

As  to  my  dome, 

Tbnu  art  a maister  when  thou  art  at  home — 

And  therewithal  of  brsune  and  eke  of  bones, 

A right  wel  faring  person  for  the  nonet . 

In  describing  the  Cook,  it  is  doubtful  whether  he 
means  to  express  any  thing  more  than  that  this  per- 
sonage was  engaged  for  the  purpose  of  exercising  his 
art  in  case  of  need  : — 


A coke  they  liad  with  them  for  the  nonet. 

To  (soil  the  chickens  with  ti»c  mariboncs. 

Here  the  phrase  might  perhaps  have  been  supplied, 
had  the  rhyme  permitted  it,  with  the  other  phrase  of 
“for  nede,"  which  Chaucer  elsewhere  uses  : — 

The  stone  so  clcre  was  ami  so  bright, 

That  al  so  sonc  as  it  was  night. 

Men  raigbte  seen  to  go  for  near, 

A mile  or  two  in  length  and  brede. 

Lidgate  evidently  uses  for  the  nones,  in  the  simple 
sense  of  “ for  the  purpose.” 

Her  young  soooe  she  tookr. 

Tender  and  grerne  bolh  of  flesh  and  bones. 

To  errtaine  men  ordained  for  the  nonet. 

Fro  point  to  point,  in  all  manner  tiling, 

To  execute  the  bidding  of  the  king. 
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Grammar.  However  the  writers  already  quoted  may  differ  in 
— ■ * their  application  of  this  phrase,  still  there  is  no  douLt 
but  that  they  all  understood  it,  and  all  applied  it  ac- 
cording to  the  just  analogies  of  language  ; hut  this  was 
not  the  case  with  Sfbnsbb,  who  in  the  following  pas- 
sage applies  it  in  a manner  w holly  arbitrary  and  licen- 
tious : 

' ■ I MW  | Wlllf 

Nursing  two  whelps : I saw  her  little  ones 
In  wanton  dalliiuMv  the  teat  to  eraee, 

While  she  her  neck  wreathed  from  them  for  (he  nonce. 

Mr.  Tookc  justly  observes  that  Spenser  is  no  autho- 
rity for  the  right  use  of  the  English  language.  The 
reason  is  not  to  be  sought  in  any  want  of  genius, 
taste,  knowledge,  or  feeling  } for  in  all  these  this 
great  poet  deservedly  ranked  high  ; but  he  hud 
adopted  (probably  from  his  great  mid  deserved  admi- 
ration of  Chaucer)  the  erroneous  ambition  of  writing 
in  an  antiquated  dialect,  and  hence  his  language  was 
often  .that  of  no  age,  ancient,  or  modern. 

In  the  ballad  of  “ The  Iluntyng  of  the  Hare,"  we 
meet  with"  in  the  nownes,”  which  seems  to  be  used 
in  a sense  rather  different,  and  not  very  intelligible  •, 
though  probably  of  the  same  origin  with  “ for  the 
nonce.”— 

Tbc  course  Y wold  that  ye  hud  sene, 

Jn  the  nownes  ye  had  me  ibe  coppc  gene  ; 

Far  dierof  lud  Y nedc. 

. The  derivation  of  the  word  nonce,  or  nones,  is  as  ob- 
scure as  the  exact  meaning  of  the*  phrase  appears 
doubtful.  “ Nonce,  n.  s.  (says  Dr.  Johnson.)  The 
original  of  this  word  is  uncertain.  Skinner  imagines 
it  to  couie  from  own  or  once ; or  from  nuts , German, 
need  or  use.”  These  two  derivations  may  both  be 
thrown  aside  as  mere  conjectures,  destitute  not  only 
of  proof  but  of  probability. 

Tykwuit  suggests  as  its  origin  the  Latin  pro  nunc ; 
but  pro  nunc  is  hardly  to  be  colled  a Latin  phrase  : 
and  from  pro  nunc  to  for  the  nunc,  and  then  for  the 
nonce,  are  barely  possible  transitions.  Jiniuh  says  it 
may  be  from  the  French  word  noumce,  “ at  quo  ita 
for  the  nonce  tantundem  significant  Anglia  ac  si  dice- 
rent  quia  mihi  sic  libet,  vel  ob  hoc  solum,  ut  ei  in- 
coimnodcm."  But  this  meaning  does  not  seem  ap- 
plicable to  any  examples  of  the  phrase  now  extant. 
JVonce,  the  French  denomination  of  the  Pope's  nuncio, 
may  possibly  have  led  to  a phrase  of  somewhat  simi- 
lar import,  for  as  the  nuncio  had  often  powers  little 
short  of  royal,  he  must  have  appeared  to  the  com- 
mon people  as  a sort  of  king  or  prince ; and  as  we 
say,  u this  is  a dish  for  a king,”  so  they  might  say 
this  is  “ a cook  for  the  nonce,”—' ,f  a cook  for  the 
nuncio.”  He  is  H a stout  churl  fit  to  wuit  upon  the 
nuncio,” — “ a stout  carle  for  the  nonce.”  There  is  a 
curious  passage  in  Balb’k  Acts  of  English  Votaries, 
(a.  d.  1550,)  retailing  the  scandal  of  a former  writer 
on  Thomas  a Becket,  which  seems  to  give  some  co- 
lour to  thus  explanation.  **  In  the  towne  of  Staffordc 
was  a lustve  minion,  a trullc  for  the  nonce,  a pece/or 
a prince.  Betwixte  this  wanton  damsel,  or  primerose 
pcarlesse,  ami  Becket  the  chancellor,  went  store  of 
presentes,  and  of  loue  tokens  plenty.” 

It  must  be  confessed,  however,  that  this  explana- 
tion will  not  suit  several  of  the  instances  which  occur 
in  old  writers  ; and  it  is  besides  observable  that  the 
more  ancient  orthography  was  nones,  from  which 


nonce  was  probably  a corruption.  Now  nones  is  the  Adverb*, 
name  of  a fixed  time  of  the  day,  viz.  the  ninth  hour,  — y— • 
at  which  time  u certain  religious  service  was  always 
performed.  “ None,”  says  the  Dictionnaire  de  l' Aca- 
demic, “ sc  dit  ausbi  de  celles  dcs  sept  h cures  canon - 
tales,  qui  se  chanteut,  ou  qui  se  recitent  npri*  Scxte. 

(L  Ecriture  dit  que  N.  S.  fut  crucitie  h Sexte,  et  qu'il 
rend  it  1*  Esprit  h 1'beure  de  None.)  Oi  en  tales  tons  de 
rotre  Jireviaire  ? Sen  suit  d None.  Aprils  Sexte  on  dit 
None , et  puis  r espres."  lienee  it  is  possible  that  a pro- 
verb may  have  originated  among  the  clergy  and  clerical 
students,  then  u very  numerous  body,  that  such  n one 
was  always  ready  for  the  tiones ; and  this  may  have 
been  metaphorically  applied  to  any  thing  done  in  due 
time,  and  with  a social  regard  to  any  fixed  purpose. 

It  is  somewhat  in  favour  of  tliis  etymology,  that  our 
word  noon,  mid-day,  anciently  written  none,  is  be- 
lieved to  be  of  the  same  origin.  " None,  n.  s.”  says 
Johnson,  “ non,  Saxon ; nawn,  Welsh  none,  Erse. 

Supposed  to  be  derived  from  nona,  Latin,  the  ninth 
hour,  at  which  their  corna,  or  chief  meal,  was  eaten  j 
whence  the  other  nations  called  the  time  of  their  din- 
ner or  chief  meal,  though  earlier  in  the  day,  by  the 
same  name. 

Mr.  Tyrwhit  endeavoured  to  help  his  derivation  of  Arose 
for  the  nones,  from  pro  nunc,  by  deriving  anon  from 
ad  nunc ; but  onob  is  probably,  as  suggested  by  Ju- 
nius, in  one,  (minute,  understood.)  It  occurs  in  the 
ballad  on  the  Battle  of  Bruges. — 

Tlio  tlie  kyny  of  Fraunc*  yhrrde  this,  anon 
Assembled®  he  is  don  esc  pen  cucmchoo. 

So  Chaucer,  according  to  the  llarlcion  MS.  No. 

1758,  fo.  68. 

Our  oost  rp  on  Itis  stiropr*  stood  a man. 

It  is  somewhat  differently  written  in  Syr  Launfal. 

WHa  they  luul  uourperc  the  day  was  gon. 

They  weut*  to  beddc,  and  that  mws. 

So  in  the  Harleian  MS.  "333,  fo.  150. 

And  a nni  the  knyybt  cride  to  his  seru&atis,  Ac. 

Lido  ate  also  writes  it  in  the  same  manner,  Harl. 

MS.  2278,  fo.  45. 

Wlierupou  the  kyng  gun  cautc  amoon. 

In  " The  Proces  of  the  Seuyn  Sages,"  the  MS.  of 
which  is  transcribed  in  the  Scottish  orthography,  it 
is  written  onane. 

The  text  OMuxtrr  nunc  vp  onane. 

The  fairest  man  of  Uuun  illume. 

And  in  like  manner  Gawin  Douglas — 

Thus  s&yand  echo  the  bing  ascemlU  on  a ne. 

To  revert  to  the  phrase  u for  the  nones,"  it  ta  in  Forth* 
fonn,  though  not  in  signification,  like  unother  phrase,  niabtry 
**  for  the  maistry,"  which  occurs  in  Chaucer 
A monke  there  was,  fuyre  for  the  maistry. 

This  phrase  is  also  found  in  the  rude  old  ballad  of 
the  Mon  in  the  Mone,  and  seems  to  signify  “ in  a mas- 
terlike manner,”  “ in  a superior  degree  - 
Wc  ahale  preye  the  hnyward  bom  to  rr  botu, 

And  maken  hym  at  bcyee  for  the  may.} try. 

There  is  also  some  analogy  to  the  phrase  u for  the 
nones,”  in  the  Latin  pro  tempore,  the  French  d propos, 
the  Italian  a posta,  &c. 
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Ill 


Grammar.  The  French  have  many  adverbial  phrases  beginning 
with  a,  such  as  <2  ffcart,  d fencan,  d fabri , &c.;  the 
French  ad*  origin  of  some  of  which  is  sufficiently  obvious,  but  of 
others  less  so. 


A Vfeart,  answers  to  our  adverb  aside ; as,  il  le  mena 
H ftfcart,  sous  pretexte  Ae  promenade,  “ he  drew  him 
aside  under  pretence  of  a walk."  Ecart  is  also  used 
in  French  as  a substantive,  to  which  w*e  have  no 
single  word  corresponding,  as  son  cheval  fit  un  f cart , 
“ his  horse  started  aside.”  This  word  was  formerly 
written  escort,  and  may  probably  have  been  more  an- 
ciently escarpt,  answering  nearly  to  our  expression 
**  a sharp  turn."  Thus  Men- agf.  derives  cscarj n*  (as  un 
rocher  escarp/-,)  from  the  German  scharf,  formerly  scarf, 
in  English,  sharp ; and  in  Anglo-Saxon  setarp : and 
elsewhere  speaking  of  the  word  escarpins,  he  says,  it 
is  taken  from  the  Italian  scarpini,  “ d’oh  nous  auons 
fait  escarpins , cn  mettant,  h nostre  ordinaire,  un  e de~ 
uant  Vs. 

The  French  d fen  can , is  a mere  corruption  of  the 
Italian  aid/icanto,  “ by  auction;"  and  incanto  is  so 
called  from  cantare,  the  price  offered  for  the  article 
being  crictlout  aloud,  or  (as  our  sailors  say)  sung  out ; 
whence  this  mode  of  sale  is  called  in  Scotland  “ pub- 
lic roup,"  agreeing  with  the  German  rufen  to  call 
aloud  ; Swedish  roop , clamour;  Gothic hropjan,  to  cry 
out;  Dutch  roepen,  to  call;  roep,  a call,  &c.  In  the 
north  of  England,  too,  roopy  is  hoarse,  (from  crying 
out,)  and  a cold,  (which  makes  a person  hoarse,)  is 
colled  a roop.  In  certain  parts  of  the  country*  a sale 
by  auction  is  termed  *'  a side  at  public  outcry . 

ATsbri.  A fabri  is  aFrench  phrnseof  which  the  Dictionnaire 
de  l' Academic  gives  the  following  explanation.  A 
i.' am  mi,  furon  de  parler  adv.  k couvert,  se  mettre  d fabri 
de  la  pluye,  du  rent,  du  mauvais  temps,  de  la  tempeste.'* 
And  again,  “ Abbi,  s.  m,  lieu  oh  1’on  se  peut  mettre 
h couvert  du  vent,  de  la  pluye,  de  1‘ardeur  du  soleil," 
&c.  " Anai,  se  dit  aussi  tig.  de  quclque  lieu  que  ce 
soit  oh  Ton  est  en  seureU*,  ct  generalement  de  tout 
ce  qui  nous  met  hors  de  danger."  “ On  dit  fig,  se 
mettre  & fabri  de  la  pers/cution On  the  origin  of  this 
word  etymologists  differ,  and  the  way  in  which  they 
differ  senes  to  illustrate  the  true  and  false  genius  of 
etymology.  Pierre  Pituou,  a very  learned  old 
French  lawyer,  in  his  valuable  treatise  on  the  CounLs 
of  Champagne,  derives  the  name  of  the  country  of 
Brie,  in  France,  from  abri ; and  that  from  arbre,  be- 
cause thut  which  is  under  cover  of  a tree  is  d fabri, 
protected  from  the  rain,  wind,  and  sun  ; and  Menage, 
catching  at  this  ingenious  notion,  fills  up  from  his 
own  imagination  the  gteps  by  which  the  supposed  de- 
rivation has  proceeded.  From  the  Latin  arbor , pro- 
nounced albor,  and  thence  alberus,  says  he,  came  the 
Italian  albero ; and  from  alberus  came  albericus,  albri- 
cux,  which  the  Spaniard*  pronounced  airtgo,  and  which 
Covarruvias  explain*  reparo  contra  l<is  inclemencias  del 
cielu,  particularmente  contra  el  frio.  Now,  the  fault  of 
this  reasoning  is,  that  it  is  almost  entirely  conjectural; 
and  conjectural  etymology  is  like  conjectural  criticism, 
which  ought  only  to  be  indulged  in  very  sparingly, 
and  under  the  control  of  a most  sound  and  experi- 
enced judgment.  There  is  no  doubt  but  that  Bkkt- 
lry  was  a man  of  prodigious  learning;  but  a more 
ridiculous  book  was  never  published  than  his  edition 
of  Milton’s  Paradise  Lost,  in  consequence  of  the  ab- 
surd latitude  of  conjectural  criticism,  which  he  allowed 


himself  in  the  notes.  Among  Etymologists  some  Ai!»*rb«. 
most  ingenious  men,  such  as  Cora  ok  Gkbemx  and  v . — y ■ 

Whiteh,  may  be  taxed  with  this  infirmity,  nor  is  Me- 
nace entirely  exempt  from  it,  though  his  work  con- 
tains abundance  of  sound  information  on  language. 

The  other  and  more  judicious  derivation  of  abri  is 
from  the  Latin  apriens.  Aperio  was  to  lay  open,  as  in 
Livy,  11  quum  ealesrente  sole  dispulsa  nebula  aperuisset 
diem,"  und  in  Pliny,  “ Quern  (florem)  nnctu  com- 
priinens,  aperire  incipit  solis  ortu."  Hence,  (os  Ser- 
vius  observes),  Aperilis,  or  Aprilis,  was  the  month 
which  openetl  the  earth  in  spring.  The  old  Latin*,  in 
like  manner,  called  places  open  to  the  sun  apcrica , 

” Aprica  loea  dicuntur,"  says  Salmasius,  qua  oppor- 
tune Solem  accipiunt,  quasi  aperica,  qubd  Soli  njierta 
sint,  nain  upcricum  veteres  dixere.”  Hence  Virgil 
by  this  epistle  describes  old  men  fond  of  sunning 
themselves. — 

tlprici  mcminuse  scars. 

And  in  like  manner  he  applies  the  same  epithet  to 
the  sea-birds  delighting  to  sun  themselves  on  the 
open  rock  in  summer  time  : — 

Ex  promt  in  pclngn  **xam— 

apricu  static  taliaauna  mergit. 

Now*,  those  places  which  were  distinguished  as 
open  to  the  sun,  were  generally  sheltered  from  cold 
biting  winds  ; and  it  was  with  reference  to  this  circum- 
stance that  they  were  so  called  ; for  ajiricus  was  a 
word  of  the  winter  or  spring,  but  not  of  the  summer. 

" Est  sciendum/’  says  R.  Stcphanus,  " apricum  non 
dici  nisi  respectu  frigori*.  Nam  in  a»stivo  calore  nihil 
proprife  aj/ricum  dicitur.”  Whatever,  therefore,  was 
sheltered  either  from  cold,  wind,  rain,  or  even  from  the 
extreme  heut  of  the  sun,  came  to  be  called  apricum, 
and  this  word  shortened,  us  is  common  in  French 
words  derived  from  the  Latin,  formed  apri,  or  abri. 

Some  of  the  French  adverbial  phrases  beginning  At  mndon>. 
with  d,  have  been  adopted,  as  words,  into  the  Eng- 
lish language.  Such  are  our  colloquial  adverbs  ala - 
motle,  and  apropos.  Others  have  furnished  us  with 
adverbial  phrases,  such  as,  at  random.  The  substan- 
tive randonn/e  still  remains  in  French  as  a term  of  the 
ehnee.  " Le  Her  re  Jut  pris  d la  troisieme  randana/e,” 
and  the  word  randon  was  formerly  in  use.  Menace 
says,  “ Random.  S’enfuir  d grand  randon  : l’origine  de 
ce  mot  nc  m’est  pas  connue.  Du  substuntif  randon, 
on  a fait  le  verbe  randonner,  pour  s’enfuir  mpidement.” 

From  the  French  randonner  came  the  verb  to  randy, 
used  in  the  west  of  England  in  the  peculiar  sense  uf 
taking  the  part  of  a candidate  at  an  election  in  a noisy 
and  riotous  manner.  The  adjective  randy  is  also  used 
in  the  north  of  England,  and  in  Scotland,  by  the  vul- 
gar, to  signify  riotous,  noisy,  obstreperous.  See 
Ghose's  Provincial  Glossary.  The  word  randon  was 
early  introduced  into  the  English  language;  for  it  oc- 
curs in  the  Description  of  Cokaygne. 

The  rnonkc*  ligtith  nnft  athin 
Ac  furre  fl«lh  in  o randan . 

In  the  romance  of  Richard  Coer  de  Lion , we  find 
“ with  gret  randoun." — 

Hys  brolhir  come  to  dial  bekyr. 

Upon  • •Irde,  will  gret  random*. 

He  thought*  to  here  Krng  Rickard  <Ioun. 

Barbour  uses  the  expression  " into  a randoun.”— 
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Grammar.  Sir  Aymer  the®,  but  roair  a bade, 

With  all  tbe  folk  be  with  him  had, 
liked  enforcedly  to  the  fifht. 

And  rod®  into  a rmndvun  right 

Hickes  derives  randon  from  the  Frankish  rent  dtm 
a torrent,  compounded  of  rertnan,  **  to  run,"  and  dun 
**  down."  In  the  abovementioned  Description  of  Cok- 
aygne,  the  word  rent  occurs  signifying  the  running  of 
a stream. — 

Ther  beth  iiii.  wiHl*  in  tbe  abbei 
Of  trade  ami  balwci 
Of  baum  and  ek  piemeut 
Eucr  ernend  to  rigt  rent. 

The  Gothic  anil  its  derivative  languages  often  use 
rennen  and  rinnen  in  the  sense  of  flowing  ; and  to  this 
origin  Wachtkb  is  inclined  to  attribute  the  name  of 
the  Rhine.  **  Hue  etiazn,"  says  he,  " spectat,  multo- 
rum  judicio,  Rhenus  " 

Spick  and  Spick  and  Span  is  an  ndvcrbiul  expression,  which 
*l«n.  at  present  has  descended  to  the  vulgar,  but  wrhich  was 
currently  used4  by  many  of  our  best  authors  from 
Chaucer  to  Swift.  Mr.  Tooke  has  rather  dogmatically 
laid  it  down,  with  some  contempt  for  those  who  may 
differ  from  him  in  opinion,  that  the  proper  significa- 
tion of  spick  and  span  weir,  is  **  shining  new  from  the 
warehouse."  The  way  in  which  he  makes  this  out  is 
rather  curious.  Spyker,  he  says,  is  a warehouse  in 
Dutch,  and  spange  is  any  thing  shining  in  German. 
The  Dutch  use  the  phrase  spick-spelder-nicuw  ; and 
the  Germans  use  the  phrase  spanneu ; and  there- 
fore by  taking  spick  from  the  Dutch  and  span  from 
the  German,  we  may  ascertain  the  meaning  of  the 
English  spick  and  span.  We  cannot  say,  that  this 
appears  to  us  a very  satisfactory  mode  of  illustrating 
our  own  languuge.  Dr.  Johnson  (though  no  great 
etymologist)  seems  in  this  instance  to  have  proceeded 
more  rationally,  in  looking  to  the  English  words  spike 
and  span  as  likely  to  throw  some  light  on  the  subject. 
We  doubt,  however,  whether  he  is  altogether  right  in 
saying  that  spick  and  span  new  is  a metaphor  originally 
taken  from  cloth,  and  signifying  *'  newly  extended  on 
the  spikes  or  tenters."  Perhaps  it  will  be  found  that 
tbe  two  expressions  span  new,  and  spick  and  span  new 
arc  of  different  origin.  It  is  true,  that  spannan  in 
Anglo-Saxon  is  to  stretch,  and  from  thence  comes 
our  verb  to  span  ; the  participle  of  this  latter,  how- 
ever, is  not  span  but  spanned  ; as  in  Shakspkare— 

My  life  is  tpann’d  already, 

I am  the  shadow  of  poor  Buckingham. 

But  the  word  span,  spon,  or  spun,  was  the  participle 
of  the  verb  to  spin ; as  in  the  memorable  old  distich 
of  the  friends  of  equality — 

When  Adam  itclrcd  and  Etc  span. 

Who  was  then  the  gentleman  ? 

Span-neve,  therefore  was  litternlly  newly  spun ; and 
so  it  appears  to  have  been  used  by  Cbauce* — 

Troylus 

Waa  never  fill  to  spoke  of  this  matere, 

Anil  for  to  prar*cn  unto  Pandaras, 

The  bounte  of  his  righto  lady  dere  ; 

This  tale  eras  aye  spam-neve  to  begyne. 

It  is  still  more  clear  that  such  is  the  meaning  of 
spon-ncowe,  in  the  romance  of  Kyng  JUsaumler ; where 
the  king  instead  of  punishing  the  Persian  who  at- 
tempted his  life,  sends  him  away  with  honours  and 
rewards — 


Rlckelicbc  ho  doth  him  sefarede,  Adverb*. 

Jn  tpnn-mn owe  knyghtu  wedr,  v ^ _ •* 

And  settr  him  on  an  hygh  contour, 

And  gaf  him  tnuebe  of  his  tresuur. 

Spick  and  Span,  or  more  properly  Spike  and  Span, 
was  more  probably  taken  from  the  lances  in  use  in  for- 
mer times,  of  which  the  spike  was  made  of  iron,  and 
the  span  or  part  grasped  in  the  hand,  was  made  of 
wood.  Of  course  a lance  which  was  new,  both  in 
spike  and  tjsan,  was  considered  as  most  valuable. 

The  idea  of  newness  is  expressed  in  various  ways 
by  the  people  of  different  countries,  as  by  the  Dutch 
spick -sptUer-nieuw,  according  to  Mr.  Tooke,  “ new 
from  the  warehouse  und  the  loom  $"  by  the  Germans 
sjtan-neu,  syannagel -neu  f funkclncu , un dfunkelrtagelneu, 
by  the  Danes  funckelnye,  and  by  the  Swedes  (as  Mr. 

Tooke  says)  spitt-spangandny.  Adki.l’xo  does  not 
agree  with  Tooke  in  considering  span  in  span-nett,  and 
span-nagel-neu,  to  signify  shining ; but  he  thinks  its 
meaning  doubtful,  lie  however  elsewhere  observes 
that  spinnen  (in  the  pust  tense  ich  sjtann,  and  hy  the 
vulgar  ich  sjtonn)  is  a very  old  word,  being  found  in 
the  Gothic,  Anglo-Saxon,  Frankish,  Islandic,  Swedish 
and  English,  and  being  derived,  as  he  is  inclined  to 
think,  from  the  Greek  aranv.  This,  therefore,  may 
perhaps  have  been  the  origin  of  span-neu  in  German 
as  in  English  ; while  spann-nagcl-neu  may  have  been 
derived  from  spemne,  **  a span,"  the  measure  of  the 
outstretched  fingers,  and  *4  nugel,"  the  finger-nail  ; 
so  that  it  would  imply  new  ness  **  in  part  and  whole," 

“ in  span  and  nail,  ad  unguem. 

The  labour  of  the  smith  appears  to  have  suggested  Fire  nr». 
the  metaphors  of  funkei  neu,  i.  c.  sparkling  new;  as  Brand  w*. 
it  certainly  did  our Jirc-neic,  and  brand-new,  or  brent- 
new. 

Thus  SlIAKSPEABE 

Detplgbt  thy  victor  sword,  and  fire-new  fortune. 

Lear. 

V our  fire-new  stamp  of  honor  is  scarce  current. 

JticUrd  III. 

And  Burns,  in  his  incomparable  tale  of  Tam 
o'  Shanter  — 

Warlocks  and  witches  in  a dance — 

Nae  cotillion  brent- mew  free  France, 

But  bora  pipes,  jig*,  strathspeys,  und  reels. 

Put  life  sod  mettle  in  their  beds. 

The  adverb,  or  adverbial  expression,  pell-mell  is  ra-  pdbmelL 
ther  curiously  treated  by  Johnson,  who  designates  it 
a noun  substantive , and  in  proof  of  his  assertion  cites  two 
passages,  in  which  it  has  an  arfpfrfrta/.and  one  in  which 
it  has  an  adjectival  construction.  “ Pell-mell,"  says 
he,  ” n.  s.  [pesle  mesle,  Fr.]  confusedly;  tumultu- 
ously ; one  among  other." 

When  we  have  dash'd  them  to  the  ground. 

Then  defer  each  oilier  ; and  pell-mell 
Make  work  upon  ourselves. 

Shaktpeare'e  King  John. 

Never  yet  did  insurrection  want 

Such  moody  beggars,  starving;  for  a time, 

Of  pettmell  havock  and  confusion. 

Henry  IV. 

He  knew  when  to  fall  on,  pei/mett. 

To  fall  back,  and  retreat,  aa  welL 

Hudibrmt. 

So  much  for  Johnson  and  his  examples.  How 
long  “ confusedly,"  or  “ tumultuously,"  have  been 
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Grurnnar.  nouns  substantive,  we  know  not  ; but  clear  it  is,  that 
n- — in  such  phrases  as  '*  to  make  work  on  ourselves,  pell- 
mell,"  or  " to  fall  on,  pell-mell,  the  word  pell-mell, 
performs  the  function  of  an  adverb  in  modifying  the 
verbs  “ make,"  and  " fall,”  respectively;  and  it  is 
equally  clear,  that  in  the  phrase  “ a time  of  pell-mell 
liavock,"  the  same  word  performs  the  function  of  an 
adjective,  in  qualifying  the  substantive  *'  havock.” 

Johnson  is  certainly  right  in  deriving  this  word 
from  the  French  pesle  male,  now  written  pde-mdle ; 
but  the  previous  history  of  the  word  it  is  not  quite  so 
easy  to  trace. 

The  origin  of  the  latter  syllable,  however,  is  much 
clearer,  than  that  of  the  former.  We  will  begin  with 
the  Greek  verb  pto~t*>  to  mix,  which  is  supposed  to 
agree  with  the  Hebrew  rninnk  The  roots  pte+f  and 
pt£,  appear  to  be  the  same  (just  as  our  English  verb 
tuk,  pronounced  by  the  vulgar  ax,  is  the  Anglo-Saxon 
act  in  the  verb  aaian,)  and  they  also  appear  in  the 
simpler  form  /u-f  $ large  classes  of  words  involving 
the  same  idea,  being  derived  from  each  of  these 
sources,  as  Mur^a^cia,  MKPyifTtvw,  Mi^- 

fJOVOpO »,  M i£(uOf>ia,  M.f..,  Mifotiy,  M*7 n, 

Miyar,  IloXi'jnyij*,  Ap-(vf*otn~fr)t,  &c.;  but  the  roost  re- 
markable, with  reference  to  our  present  inquiry,  is 
MiffryoXav  a tumult,  “ nimirum,"  says  the  Lexicogra- 
pher, w ex  conduxu  et  w» istione  multitudinis." 

The  same  roots,  mire,  and  mix,  are  of  early  date  in 
the  Latin  language,  appearing  in  the  words  misceo, 
mixtus,  mixtio,  mixtix,  &c. 

The  Frankish  miskenti,  mixing;  and  duruhm'ute, 
thoroughly -mixt ; are  of  this  origin,  as  are  the  Ar- 
moric  misgu,  and  many  Scluvomc  words  in  various 
dialects. 

In  the  modern  German,  we  have  mite  hen,  to  mix? 
mischung,  mixture,  Ac.  In  the  modem  Italian,  are 
mischiare,  mischiato,  mischiama,  mischiamento,  mischio, 
mischiatura,  and  likewise  mistura,  mistione,  mistiama, 
mutiato,  all  conveying  the  idea  of  mixture.  It  is  also 
observable  that  the  older  Italian  writers  use  mischia 
and  mistia,  for  a quarrel.  In  Spanish  we  have  mixto, 
mution,  miatura , miaturar,  all  signifying  to  mix.  Ia 
Portuguese  matura,  mesturar,  meaturadn,  mestico,  mia- 
lurada,  mixto.  In  French  mizte,  mixtion,  mixtioner. 
In  English  to  mix,  mixture,  &c. 

But  we  must  now  revert  to  the  Latin.  In  that  lan- 
guage derivatives  in  ellua.  Ulna,  olua,  ulut,  Ac.  were 
common ; as  miaellua,  from  miser ; tenellus,  from  tener ; 
lapUlus,  from  lapis;  sciolus,  (romscin ; tepidulus,  from 
tepeo.  In  like  manner  we  find,  in  the  times  of  clas- 
sical antiquity,  miscetfur,  and  miscellio,  from  misceo ; 
as  “ vites  m'ucelUr,"  explained  to  be  “ qua;  in  omni 
ngro  conveniunt,  quod  caeteris  ubique  utiliter  miscean- 
tur ."  Cato,  de  R.  R.  cap.  vi.  and  w *f  Uv#  mucelUt," 
**  quibus  praeliganeum  vinum  fit,  quod  operoru  bl- 
bant."  Ibid.  cap.  uiii.  According  to  Fbstus,  *'  Mis - 
cellianes  appellantur,  qui  non  cert#  sunt  sententiee, 
sed  variorum  mixtorumque  judiciorum." 

Joan  mis  dk  Jakva,  a writer  of  the  middle  ages,  uses 
this  word  miscellio  for  one  **  qui  novit  artem  miscendi 
vurios  cibos." 

In  the  barbarous  Latin  of  those  times  we  also  find 
m isculare,  of  which  we  have  the  following  instances — 


Nalla  persons  widest  pill  urn  miscvlort  cum  sliqnA  UnA." 

Slat.  Riper,  cap.  225. 


vot.  V. 


Aurum  re!  srgeotum  Mhiltcn»u«,  rel  mitrulattt. 

Edict.  J’titcntr,  c*p  23. 

De  btk  rspicis  nihil  ros  dcbcAlis  wUicalare. 

Hincmmr. 

And  hence  was  formed  mirev/a/io  .— 

Per  ipsam  mitcnlatio»em. 

Placit.  tub  Carat.  Afag. 

From  misoef  or  muctil,  to  melt,  or  mel,  the  transi- 
tion was  easy;  thus,  1.  mit  eel ; 2.  miscl;  3.  mead; 
4.  miscl;  &.  mesel ; 6.  mial ; 7,  meal ; 8.  medl ; 9.  mell 
or  mel ; of  all  which  there  remain  instances  in  the 
barbarous  Latin  of  the  middle  ages,  forming  words 
which  convey  the  idea  of  mixture,  under  various  mo- 
difications; such  as  mixt  corn,  mixture  or  community 
of  goods,  a mixt  colour,  a disease  w hich  rendered  the 
skin  of  a mixt  colour;  a mob  of  people  confusedly 
mixt  together ; a disturbance,  or  fight,  in  which  the 
parties  were  confusedly  mixt,  &c« 

1.  Mixed,  as  '*  Miscella,"  and  “ Miscelantia." 

Miscella,  mixt  and  confused  riots,  or  disturbances, 

**  Si  miscella  in  villft  forth  facta  crunt."  Charta  Theob. 
Com.  Campanie,  a.  d.  1200. 

Mucelantia  (erroneously  written  miscedantia)  is  also 
a mixing  of  people  in  a tumult — 

Quod  aljqua  person*  non  <kbcat  currerc,  cum  armia,  ad  aliquam 
rix&m,  muctlaniutm,  rd  minor  cm. 

Stmt,  ertvun.  Riper,  cap.  175. 

2.  Misd,  as  “ miscla,"  and  *'  misclantia." 

Muda  occurs  in  the  same  sense  as  miscella,  and  in 
the  same  charter. 

Misclantia,  is  used,  like  mucelantia,  to  signify  a riot 
**  Consults  teneantur  denuntinre  omnes  rixas  et  m'u- 
clantias."  Stat.  Mantua* , c.  17> 

3.  Mad,  as  “ mesda,"  " mesclania,"  “ mescle- 
lana,’’  “ mesclatus.’* 

Macta,  in  an  account  dated  a.  d.  1322,  is  used  to 
signify  '*  mixt  grain." 

Mesclania,  in  a charter  of  the  year  1244,  occurs, 
with  the  same  sense  of  “ mixt  grain." 

Mesddana  seems  doubtful  ; it  may  be  of  the  same 
meaning  os  meachnia;  or  it  may  be  intended  to  sig- 
nify “ mixt  wool."  n Pannorum  fulsorum  ct  falsie 
Mesdelani c.”  Chart.  Libert.  Cast.  Nov.  de  Arrio,  a.  d. 
1356. 

Mesclatus  pnnnus,"  in  a charter  of  the  year  1329,  is 
“ cloth  of  a mixt  colour." 

4.  Mud  as  “ misellus,"  and  " misellaria." 

Miscllus,  a leper.  This  word  occurs  in  very  old 

writings,  particularly  in  a charter  of  the  year  1165, 
and  also  in  Matthew  of  Paris,  under  the  year  1254. 
Some  authors  suppose  it  to  be  the  classical  word  mi- 
sellus,  used  by  Cicero  as  a diminutive  of  miser ; but 
this  would  not  account  for  its  peculiar  application  to 
the  disease  of  leprosy,  whereas  its  agreement  with 
the  old  French  mesel  and  the  English  measles  in  Ye- 
ferring  to  a disease  which  gives  the  skin  a mixed  co- 
lour, leaves  little  doubt  that  its  origin  is  from  mis- 
ee Hus ; more  especially  when  we  consider  that  though 
we,  for  convenience,  here  arrange  the  barbarous  Latin 
words  with  the  classical,  before  we  come  to  the  Ita- 
lian and  Old  French,  yet  in  reality  the  two  latter  were 
in  most  instances  the  medium  of  corruption,  which  led 
to  the  Latin  of  the  middle  ages. 

Misellaria.  An  hospital  built  for  lepers.  This  word 
is  common  in  old  records,  particularly  in  a charter  of 
the  year  1245, 

Q 
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Grammar.  5 Mesel,  as  " Meselia,"  and  " Mcsclaria.” 

Meselia  is  explained  " bonorum  tnobdium  commu- 
nitas  inter  conjuges."  Regist.  Parlam.  Paris,  a.  d. 
1267. 

Mcsclaria  is  the  same  word  as  miselaria  already  no- 
ticed. “ Lego  pro  remedio  aninue  me#  Centum 
Libras  Turoncnses  Monasteriis,  et  Ecele&iis,  Huspita- 
libus,  mesclariis,  capellanis  ct  pauperibus  in  civitatc 
TolosanA/'  Chart,  a.  d.  1281. 

6.  A list,  as,  " mislata.” 

M'ulata  is  used  for  “ a tumult/'  Vide  Concil.  Lil- 
lebon.  a.  D.  1083. 

7.  Mesl,  as, " mesleo/' — “ mesleia,” — " mesleare,” 
'*  mcsleiare,"— mesletn.” 

Meslea,  “ a tumult/'  Chart,  a.  d.  1293. 

Mesleia  this  word  also  occurs  for  " a tumult,"  in 
many  ancient  charters,  e.  gr.  “ Si  homo  episcopi 
fecerit  mesleiam  in  terrft  comitis/’  Chart,  a.  d.  1200. 
So  in  Chart,  a.  d.  1207,  1224,  &c.  In  one  instance  it 
is  erroneously  written  merleiam. 

Mesleare , “ to  mix’’ — **  monctas  prohibitas  cum 
bond  monetd  mesleare."  Edict.  Phil.  Pulchr.  a.  d. 
1329. 

Mesleiare,  " to  quarrel,"  to  "raise  disturbances"— 
u si  infra  claustrum  semens  rixando,  vcl  metleiando 
aliquem  pcrcusserit ."  Chart,  a.  d.  1206. 

Aleslcta  is  used  for  riots  or  tumults  in  the  old  Sici- 
lian Constitutions. 

8.  Medl,  as  “ medletum/’ 

Medletum  an  affray  or  tumultuous  quarrel.  “ Cog- 
noscere  de  medletis to  hold  plea  of  affrays,  or  tumul- 
tuous quarrels.  Glakvil,  1.  i.  c.  2. 

9.  Mell,  or  met,  as  " melleia,"  “ meleia,"  " mel- 
leya,”  "meleare,"  **  mellcta,"  "mclliator." 

Melleia  often  occurs  for  a tumult,  particularly  in 
Stal.  Eccl.  Meldens. 

Meleia  is  used  indifferently  with  mesleia  for  a tu- 
mult, in  tlic  charter  of  1206,  before  quoted,  as  "si  ad 
mesleiam  applcgiatus  sit — si  ad  mcleiam  aplegiatus  non 
fiierit." 

Calitla  melleia,  or  calida  melleya,  a tumult  while  the 
blood  is  warm — this  word  occurs  in  many  instances. 
Vide  Tabular.  S.  Genov.  Paris,  a.d,  12*11.  Chart. 
Phil.  iii.  Reg.  Franc.  Chart,  a.  d.  1352,  kc. 

Meleare  to  riot  or  make  disturbance  " rixando  vel 
meleando /'  Chart,  a.  d.  1206. 

Melleia  occurs  in  the  old  laws  of  Scotland  for 
" affrays." — " Ad  vicecomites  etiarn  pcrtinct,  propter 
defectum  dominorura,  cognoscere  de  melletis,  de  ver- 
beribus,  et  de  plagis/'  Regium  mnjestatem,  1.  i. 
c.  3.  s.  7* 

Melliatores  arc  common  brawlers  j Stat.  Coll.  Comub. 
a.  d.  1380. 

In  the  modern  languages,  wc  find  numerous  ana- 
logies to  the  words  already  quoted  from  the  barbarous 
Latin. 

From  misculare,  come  the  Italian  mescolare ; mesco - 
iamento,  mescolante,  mescolanza,  mesco  lata,  mescolata- 
f nente,  mescolato,  and  meseolatura.  Also  the  Spanish 
mesclit,  mesclar,  mesclado,  mescladura,  and  the  Portu- 
guese mesclar,  mesclado. 

It  is  also  worth  while  to  note  the  Italian  tnisl/a, 
which,  like  the  barbarous  Latin  mesleia  signifies  a 
tumult  or  conflict  " onde  si  comincib  una  grande 
zuffa  e mislta."  Giov.  Villani. 

The  various  dialects  of  the  French  language,  how- 


ever, will  more  clearly  point  out  the  connection  of  AdwK. 
these  terms  with  our  present  adverb.  v— 

In  a charter  of  Bicrnahd  dk  la  Tour,  in  the  pro- 
vincial dialect  of  Auvergne,  a.  d.  1270,  mescla , is  used, 
like  the  barbarous  Latin  misela,  for  a tumult.  " E si 
i a mescla,  c 0111  i trui  glasi  nudament,  per  la  meschr." 

" And  if  there  be  a riot,  and  men  draw  their  swords 
nakedly  during  the  riot." 

Mesclaigne,  like  mesclania  above  cited,  signifies 
" inixt  grain,"  " une  quarte  dc  mesclaigne."  Reg. 
cens.  I>on>.  de  Nereux,  a.  d.  1418. 

Mcslte  is  used  for  a crowd,  or  mired  and  confused 
number  of  persons,  in  a letter  written  a.  i».  1479, 

" une  meslee  dc  gens,  qui  estoient  osseinblez  au  lieu 
dc  Scmur.” 

The  Dictionnaire  de  T Academic  says  of  this  word, 

" il  se  dit  proprement  d’un  combat  opiniastrl,  ou 
deux  troupes  de  gens  se  mestent,  l'esp&  h la  main, 
l’une  eontre  l’autre.  Rude  meslee,  sanglante  mesl/e,  se 
jetlcr  dans  la  meslee.  II  se  dit  aussi  d une  batterie  de 
plusieurs  particuliers  : il  y a une  grande  bagarre,  une 
grand  meslee,  dans  la  rue . Il  a perdu  son  chapeau  dans 
la  mesl*'e.  Il  sc  dit  aussi  d’une  contestation  aigre 
entre  plusieurs  personnes.  Commeje  vis  que  la  dispute 
s'  echo  tiff oil , je  me  tiray  de  la  mesUe .” 

But  though  the  substantive  meslee  is  thus  chiefly 
confined  to  quarrelling  or  fighting,  the  verb  mesler  is 
applied  to  almost  any  sort  of  mixture,  as  metier  dee 
grains  ensemble,  mesler  dcs  couleurs,  metier  Veau  a tec  le 
via,  kc.  kc.i  in  short  it  is,  as  Menage  justly  observes, 
merely  the  Italian  verb  meseolare  abbreviated. 

The  old  adjectives  mesliut,  meslieur,  take  their 
meaning  from  the  substantive  mesl/e : the  nouns  mesil 
and  mesel,  take  theirs  from  the  verb  mesler. 

Mesliut  is  an  old  French  word  for  quarrelsome, 
riotous ; os  in  Le  Doctrinal : — 

Li  hom  qui  par  couvturac  cat  meiliia.  *. 

Meslieux  has  the  same  signification,  or  rather  is  the 
same  word  varying  only  in  orthography.  " Icellui 
Gucranl,  qui  cstoit  honune  merveilleux  meslieux  et 
rioteux.”  M.  S.  Letter,  a.  d.  1432. 

Mesil  is  " mixt  grain."  " Le  carge  de  mesil  xiii. 
den."  Pedag.  Bapal. 

Mesel,  a leper,  leprous.  *•  Oindre  le  visage  du  Seig- 
neur, qui  estoit  mesel,"  M.  8.  Letter,  a.  d.  1408.  “ Li 

mesel  ne  poent  estre  heirs  a nului."  Anc.  Const.  Nor- 
mond.  This  severity  of  the  law  against  lepers  was 
not  peculiar  to  Normandy.  Great  part  of  the  romance 
of  Amis  and  Amiloun  turns  upon  this  circumstance  j 
and  Mr.  Weber,  the  learned  editor  of  that  romance, 
has  collected  in  the  notes  some  curious  information 
respecting  the  laws  rclutive  to  lepers  ; especially  from 
a MS.  in  the  French  Royal  Library  (No.  8407,)  where 
it  is  said  11  que  hoinenc  pot  sa  femme  lessier  quo  por 
fornication,  et  por  lepre  non.  et  mesel  se  poent  ma- 
rier."  The  fate  of  " False  Crcseldc,”  ns  related  by 
Chaucer,  also  illustrates  this  subject ; and  Chaucer 
employs  the  word  mesel  for  a leper. 

Mtzellcrie  is  an  old  French  word  for  a hospital  of 
lepers. 

MSzeline  is  described  in  Restaut's  Dictionary,  as 
" sortc  d’dtoffe  mflfe  dc  soie  et  de  laine  ” 

Mesial  is  doubtless  of  a similar  origiu.  It  is  said 
in  the  Dictionnaire  de  l' Academic,  to  be  " Fromcnt  et 
seiglc  meslez  ensemble." 
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Grammar.  Metier  agrees  with  meleore  abovemcntioncd,  in  sig- 
^ ni tying  to  riot,  quarrel,  or  cause  to  quarrel.  Thus  in 
a letter  dated  a.  d.  1427.  is  the  following  passage  : — 

Pour  cc  que  icellui  Wairon,  qui  estoit  parent  au 
suppliant,  l'avoit  mtlU  envers  le  .Seigneur  l>u  Bos." 

MeUetjs  is  the  same  us  mesHus,  or  meslieux ; e.gr.  in 
a letter,  a.  d.  1375,  “ Jehan  Fenin,  qui  estoit  horns 
rioteux,  et  felons,  ct  melleys'* 

M ell  if  agrees  in  signification  with  the  preceding. 
" Si  aucun  des  dits  chappclains  cst  meliif  ne  rioteux." 
Chart.  Joan.  Due.  Brit.  a.  p.  1433. 

Finally  melUe , or  mfle'e,  is  the  some  as  me* lee,  the 
Italian  misUa,  the  Auveignese  tnescla,  and  the  barba- 
rous Latin  meleia,  melleia,  mesleo,  witch*,  and  miscella, 
signify  ing  a closehanded  battle,  or  tumult,  in  which  the 
different  parties  arc  confusedly  mixed  together,  and 
fight,  as  we  say,  pelltntll. 

Thus  in  the  Roman  He  Farce* — 

Tel  elect  Min  h mrtU*  qui  su  departir  wiignr. 

Hcncc  caude  melUe  was  the  literal  translation  of 
calida  melleia.  Philipe  de  Beaumanoir  says  " quant 
caudcs  wet  lees  sourdent  entre  gentilshommes." 

This  latter  term  was  early  adopted  into  the  juris- 
prudence of  Scotland.  The  following  passage  occurs 
in  the  laws  of  King  Robert  II.  a.  d.  13*2,  “ ho  mi  iri- 
dium cx  calore  iracundia*,  videlicet  chaudemelle ."  In 
the  English  law,  as  Glanvill  had  written  medlehtm, 
where  the  Scottish  lawyers  had  written  mellctum,  so 
for  chaudemelle  was  written  duittdemedley , which  has 
since  been  corrupted  into  dianccmcdley. 

Indeed  our  meddle  and  medley  are  only  the  French 
mesler  and  mesl/e,  changing,  os  Sir  Edward  Coke  ob- 
serves, the  * into  a rf. 

Upon  the  whole,  then,  it  is  clear  that  the  syllable 
melt  in  the  adverb  pellmell  is  derived  from  the  Greek 
fue^w,  and  signifies  a melee,  or  mixt  contest. 

But  what  is  the  signification  of  pelli  or  has  it  uny 
signification  ? 

It  might  perhaps  appear  at  first  sight  not  impro- 
bable to  derive  this  syllable  from  pela,  pellir}  pelain , 
or  pila. 

Pela  is  a barbarous  Latin  word,  from  the  old  Latin 
pala,  a stake,  and  it  is  the  origin  of  a word  spelt  very 
variously  in  French,  paelle,  pack,  pelle,  ptle , used  in 
modern  lunguage  for  a shovel,  either  of  wood  or  iron, 
hut  probubly  in  more  ancient  times  for  a plain  wooden 
stake. 

Pellir  is  used  in  a charter  of  the  year  1411,  for  to 
drive  away  with  such  a slake  or  shovel  " pela  co- 
gere.” 

Pela w is  explained  by  Carpk.vtif.r,  the  continuator 
of  Du  Canoe,  to  signify  **  eludes,  strnges,  defaile,  de- 
routc,  in  Gest.  Brit,  apud  Marten,  tom.  iii.  auecd. 
col.  1465. — 

Ceci  lmr  fust  a crrspclain 
Oti  i)  lea  miaUrn  tel  pi-lain. 

Pila  is  “ a ball,”  from  whence  comes  our  word  a 
pile  or  heap,  and  pt/a?t(on,  which  is  used  in  a record 
of  the  Chamhre  des  Complex  at  Paris,  a.  d.  1310,  and 
which  Carpxntikb  explains  " servitii  genus,  racsscm 
nempe,  seu  faenum  in  pilam  sive  strucm  ord inarc." 

The  word  pillocellus  occurs  in  a MS.  of  the  year 
1354,  and  is  explained  by  Carpbntier,  pila  lnsoria ; 
but  in  the  passage  cited  by  him,  it  seems  more  probably 
to  signify  a racquet,  and  may  therefore  possibly  have 


been  written  piUomellus  ; perhaps  in  the  French  of  Adverbs, 
that  day  pile-maUe , from  pila  and  malleus.  v— -y— — 

According  to  these  etymologies  pellmell  must  either 
have  signified  a contest  with  slaws,  or  a contest  fol- 
lowed by  defeat ; or  else  it  must  have  been  a meta- 
phor wholly  borrowed  from  the  tennis  court;  but 
these  are  at  best  ingenious  conjectures,  and  we  are 
inclined  to  think  that  pell  was  merely  added  to  mell, 
for  the  sake  of  the  sound,  and  to  strengthen  the  con- 
ception of  confusion  already  expressed  in  the  word 
melee,  by  describing  a **  confusion  worse  con- 
founded.' 

Certain  it  is,  that  this  principle  of  the  iteration  of 
sound,  w'ith  a trifling  variety  of  articulation,  in  order 
to  augment  the  force  of  the  expression,  enters  very 
largely  into  the  formation  of  words  and  phrases,  in  all 
countries,  especially  among  the  common  people,  and 
more  particularly  where  the  conception  to  be  ex- 
pressed, though  accompanied  with  strong  feeling,  is  in 
itself  vogue,  obscure,  and  confused.  Whatever,  there- 
fore, may  be  thought  of  the  application  of  this  prin- 
ciple to  the  adverb  pellmell,  it  is  of  great  consequence 
to  the  proper  understanding  of  grammar,  that  the 
principle  itself  should  lie  carefully  considered  j nor  is 
it  any  objection  to  such  consideration,  that  the  prac- 
tice in  question  originates  with  the  vulgar  and  igno- 
rant. On  the  contrary,  this  very  circumstance  throws 
an  additional  light  on  the  science  of  language ; for  it 
is  not  only  in  the  formation  of  such  words  as  the  one 
under  consideration  ; but  In  the  general  frame  and 
construction  of  all  languages,  that  we  may  find 
reason  to  attribute  a great  influence  to  the  strong 
feelings  and  imperfect  conceptions  of  the  ignorant, 
the  vulgar,  and  the  barbarian  : and  moreover,  even  in 
the  class  of  expressions  which  we  are  more  particu- 
larly examining,  there  is  a force  and  a suitableness, 
which  eventually  makes  them  force  tbeir  way  upwards 
in  society,  until  they  become  equally  familiar  and  in- 
telligible to  high  and  low,  to  the  course  and  to  the 
refined.  This  is  owing  chiefly  to  orators  and  poets, 
who  (if  they  are  truly  such)  will  not  address  them- 
selves solely  to  raorbous  sensibilities,  or  pedantic 
judgments,  and  therefore  will  not  ask  whether  on  ex- 
pression has  been  branded  as  obsolete  or  trivial  by  the 
magisterial  asterisk  of  a lexicographer  ; but  whether 
it  will  carry  conviction  and  enthusiasm  to  the  mind 
of  the  hearer  or  reader.  The  great  Luther  some- 
where recommends  to  one  who  would  know  all  the 
powers  and  energies  of  the  German  language  to  listen 
to  it  as  spoken  by  the  mother  in  the  house,  and  the 
dealer  in  the  market.  Burns,  the  delightful  poet 
Burns,  would  ucver  have  attained  that  immortality 
which  is  insured  by  his  “ Twa  Dogs,”  and  his  “ Tam 
o'Shantcr,"  if  he  had  confined  himself  to  such  book- 

language  as  the  **  Verses  to  Miss  C , a very  young 

Lady.”  > 

Beantemia  ruse- bud.  young  ud  guy, 

Blooming  on  thy  early  May, 

Never  may'st  thou,  lovely  ftow’r, 

Chilly  shrink  in  sleety  show'r  ! 

&c.  &c.  all  in  the  same  strain. 

That  the  alliterative  formation  of  words  by  the 
vulgar  is  not  confined  to  England  or  France,  but  is 
natural  to  such  persons  in  all  countries,  we  may  learn 
from  a curious  little  story  which  occurs  in  Eton’s 
q 2 
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Gi&mmir.  Surrey  of  the  Turkish  Empire.  " An  Arab,  who  had 
v let  out  his  camel  to  a man,  to  travel  to  Damascus, 
complained  to  a kadi,  on  the  rood,  that  the  camel  was 
overloaded.  The  other  bribed  the  kadi;  ' What  has 
he  loaded  it  with  ?*  asks  the  cadi.  The  Arab  answers, 

* With  ca/iu<*  (coffee)  and  mahut ;’  i.c.  coffee  et  cetera, 
(changing  the  first  letter  into  w makes  a kind  of  gib- 
berish word,  which  signifies  et  cetera.)  f Sugar  and 
mugar,  pot*  and  mots,  sacks  and  macks,’  thus  going 
through  every  article  the  camel  was  loaded  with.  ‘ In 
short,’  concludes  the  complainant,  * he  has  loaded  it 
twice  a*  much  as  he  ought.’ — ‘ Then,’  says  the  kadi, 

• let  him  load  the  cahut,  and  leave  the  muhuf,  the  ra- 
gar,  and  leave  the  mugar,  the  pots,  and  leave  the  mots, 
the  sacks,  and  leave  the  macks;  and  so  on,  to  the  end 
of  all  the  articles  enumerated  ; and  as  the  poor  Arab 
had  told  every  article,  and  only  added  et  cetera , ac- 
cording to  the  Arab  custom,  the  camel  took  up  the 
same  loading  os  it  had  before.” 

The  learned  and  laborious  Adeluno  has  collected 
several  instances  of  words  similar  to  our  pell  mell  in 
form,  and  probably  in  the  mode  of  their  original  con- 
struction, both  in  German  and  other  languages  ; such 
as  the  German  mischmasch,  (answering  to  Buaxs's 
miitic-maxtie,  to  the  Low  Saxon  and  Danish  mill- 
and  to  the  French  rm'cmnc,)  also  schnuk  snack , 
w'uchwasch,  zick-zack , wirr-teorr,  Jick-facken  j the  Low 
Saxon  hink-hanken,  tick-tacken,  &c. 

To  these  we  may  odd  in  English  chit-chat,  ding- 
dong,  dingle-dangle,  fiddle-faddle,  gif -gaff,  handy-dandy, 
helter-skelter,  hum- drum,  hurly-burly,  knick-knack, 
namby-pamby,  pit-a-pat,  prittle-prattle,  riff-raff,  set-saw, 
skimble-skamble,  slip-slop,  snip-snap,  tag-rag,  tittle- 
tattle,  be. 

There  are  also  many  expressions,  which  if  not 
formed  by  mere  alliteration,  seem  to  be  retained  in 
use  chiefly  by  that  quality  in  their  construction,  such 
as  rigmarole,  hocus-pocus,  hugger-mugger,  &c. 

“ It  is  a property,”  says  Adeluno,  “ of  the  com- 
mon, or  vulgar  German  language,  and  of  its  cognate 
dialects,  to  form  a kind  of  intensive  or  frequentative 
words,  by  a repetition  of  the  same  sound.”  And  else- 
where he  observes,  that  *#  in  the  Low  Saxon  dialect, 
particularly,  this  is  customary,”  and  that  **  in  doubling 
the  syllable  they  generally  change  its  vowel but  in 
High  German  such  words  are  rare. 

Mitch • Mischtnash,  in  German,  is  a heap  of  things  thrown 
dwiwL  together  without  taste  or  order;  from  mischen,  to 
mix.  The  French  in  borrowing  from  it  their  word 
micmac,  have  given  it  the  secondary  sense  of  ia/er»- 
tional  confusion  and  obscurity. 

The  Dictionnaire  de  I’Acailemie  defines  miema -,  " In- 
trigue, manigance,  pratique  secrete  pour  mesnager 
quelque  interest  illicitc.  II  y rut  bieu  du  micmac  dans 
cette  affaire ; on  ne  connoist  rien  d tout  ce  micmac.”  It 
is,  like  most  words  of  this  kind,  stigmatised  as  a low 
expression. 

Schick-  Schnickschnack  is  a kind  of  strange,  foolish  chatter- 
wh.mrk.  jng,  or  jargon,  from  schnack,  chattering.  In  Dutch 
sink  is  to  sob,  and  snack  h a droll,  chattering  fellow. 
These  words  arc  doubtless  formed  by  imitation  of  the 
sound,  described,  as  the  common  word  sniggering,  for 
suppressed  laughter,  as  in  English.  To  the  same 
origin  are  we  to  ascribe  the  provincial  word  snerk,  the 
latch  of  a door ; whence  a sneck-up,  was  a thievish 
vagabond,  who  watched  bis  opportunity  to  lift  the 


sneck  up,  and  steal  into  a house  for  the  sake  of  pilfer-  Advert*, 
ing.  Thus  Sir  Toby  Belch  calls  Mai volio,  in  derision, 

“ meck-up Falstaff  says  of  Prince  Henry,  •*  the 
prince  is  a Jack,  a sneck-up ;”  and  Mr.  Stevens  has 
collected  many  other  instances  of  this  cant  term  of 
reproach  from  various  old  plays. 

ituchwash  seems  to  differ  but  little  from  the  former,  '^iscb- 
being  derived  from  waschen  or  rc/uc<uien,  to  babble  or  WMC**’ 
talk  idly. 

Thckzack,  is  the  origin  of  the  French  rirzar,  and  of  Zlc 
our  zigzag  ; and  they  all  signify  a line  continued  back- 
wards and  forwards  from  point  to  point.  Its  origin 
is  clearly  the  German  zacken,  a point,  or  pointed  sub- 
stance, els  the  points  in  (he  branches  of  a stag's  horn ; 
and  so  eiszacken,  an  icicle  or  pointed  piece  of  ice.  And 
this  word  agrees  with  the  Dutch  taJc,  a bough ; the 
Swedish  tagg,  the  Islandic  taggar,  the  French  daguc, 
and  daguet,  and  the  English  tack,  tag,  dag,  jag,  &c. 

Our  word  tack,  is  used  for  a small  pointed  nail,  for 
fastening  things  together  with  nails  ; and  also  for  the 
action  of  a ship  in  going  from  point  to  point. 

Our  old  word  takil,  and  the  Welsh  tacel,  a pointed 
arrow,  was  a derivative  of  tack.  Hence  Chaucer, 

The  takil  smote,  sod  in  it  toL 

In  Islandic,  tog  is  the  point  of  a lance. 

This  word  tag,  Mr.  Tooke  says,  is  in  English  the 
participle  of  turn  vincire ; but  he  is  wrong,  it  is  a 
point  of  metal  put  to  the  end  of  a string,  and  to  tag 
with  rhyme,  is  to  point  a line  with  rhyme.  Dag  is  the 
very  same  word,  it  was  an  ancient  name  for  a dagger 
or  short  pointed  sword,  called  in  French  dague , whence 
the  old  French  verb  daguer  was  to  stab  with  the  point 
of  the  dagger ; and  daguet  was  a young  stag  (called 
by  Shakspeure  a pricket)  when  the  points  of  his  horns 
first  begin  to  shoot  In  Italian  and  Spanish,  a pointed 
short  sword  or  dagger  is  daga,  in  Dutch  dagge,  in 
Gerraun  degen.  Skinner  calls  a pointed  piece  of  cloth 
a dag,  from  the  Anglo-Saxon  dag,  sporsum  pendens, 
and  in  Dutch  the  pointed  end  of  a rope  is  called  een 
endye  dagg'.  Grose  says  a pointed  spade  is  called  in 
Norfolk  and  Essex  a dag-prick.  With  dag  also  ugrec# 
jagg  which  signifies  a point,  and  jagged,  cut  into 
points. 

H'irrwarr  is  a confusion  of  many  things  whirling  Wixr-warb 
round,  as  it  were,  in  confused  circles,  and  dashing 
together.  Lessing  seems  to  have  adopted  it  from 
the  Low  Saxon  dialect.  “ Salmasius  mmcht  iiber  diese 
stelle  einen  trefllichen  I f'irrwarr.”  “ Salmasius 

makes,  on  this  place,  a fierce  confusion.”  Mirren,  the 
origin  of  this  word  is  our  whirl,  and  the  Latin  gyrare: 
in  its  first  sense  signifying  to  turn  round  in  a circle, 
and  thence  to  confuse,  or  disturb  the  state  and  order 
of  things.  Thus  in  the  Frankish  of  Otfbiu  uuioer  ix 
allaz  uuirrit  quomodo  omnia  perturbet. 

tlckfacken  is  a tririal  word  in  Low  Saxon,  signify-  dirk- 
ing to  run  about  idly  here  and  there  without  any  par- 
ticulnr  object,  or  to  employ  one’s  self  in  idle  tricks. 

Adclung  supposes  it  to  come  from  facheln,  as  if  it 
were  a metaphor  taken  from  the  motion  of  a fan  ; but 
it  seems  rather  from  fach,  which  is  probably  the  same 
in  origin  as  our  pack,  meaning  a portion,  quantity, 
division,  &c.  “ Das  schlagt  nicht  in  mein  fach.” — 

“ That  does  not  fall  to  my  lot,  it  is  no  business  of 
mine,  I have  nothing  to  do  with  it.”  The  Gothic 
fahan,  and  Frankish  fahen,  are  explained  by  Wacstx* 
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Grammar.  " capere,  quocunque  modo,  manu,  mente,  arnbitu, 
^ spatio,”  and  he  considers  it  to  be  the  same  word 
which  in  other  dialects  is  pronounced  fangen.  From 
fa  hen  come  fcehig  capax,  anfahen,  ordiri  auffahen  ex- 
cipere,  empfahen  vel  entfahen  accipere,  umfahen,  am* 
plccti,  unterfahen  conari,  and  lastly  the  above  word 
Jack  which  is  the  Anglo-Saxon  fete , os  in  ttowe  fac , 
spatium  loci,  lyUl-fete  modicum  temporis,  twegra  dag  a 
f*c  biduum.  In  Lower  Saxon  it  answers  in  compo- 
sition with  numerals  to  the  Latin  pi  ex,  and  our  fold, 
as  einfach , simplex,  zweyfach,  duplex,  r ielfach,  mul- 
tiplex, &c.  In  the  Scottish  dialect  the  word  feck  is 
•till  retained  in  the  sense  of  quantity  ; as  “ will  it 
• rain  to  day  I There'll  be  nae  feck,"  The  verb  fa 

seems  also  to  be  the  old  fahen  or  unterfahen,  as  in 
Burns — 

A kin*  may  mak‘  a betted  knight, 

A lord,  a duke,  an*  a’  dial ; 

But  an  honest  man's  atmne  hi*  might ; 

Gudc  faith,  he  manoa/u’  that. 

TTinkhanken,  in  Low  Saxon,  is  to  go  hopping  along 
lamely,  with  one  leg  shorter  than  the  other,  from 
hinken  to  halt. 

Ticklacken,  in  the  same  dialect,  is  to  tonch  gently 
and  often,  from  ticken  which  is  connected  with  the 
Gothic  tekan,  and  the  old  Latin  tigere,  to  touch.  From 
this  comes  trictrac  (backgammon)  which  Menage 
says  the  French  anciently  pronounced  tictac . 

Besides  the  preceding,  several  other  words  of  a si- 
milar construction  are  cursorily  mentioned  by  Adclung; 
as  the  Low  Saxon  titeltatcln,  vnbbelwabbcln,  tiesketauske 
or  zietkezaaske ; the  Swedish  pickpack,  wilier  walla, 
dingldangl,  and  the  Islandic  fimbulfambe,  to  which  we 
may  add  the  French  charivari. 

We  now  come  to  the  English  words  of  this  kind. — 
Chit-chat.  Chitchat,  Dr.  Johnson  says  is  “ corrupted  by  re- 
duplication from  chat,  and  is  a word  only  used  in 
ludicrous  conversation  ; as  in  the  Spectator,  No.  560, 
“ 1 am  a member  of  a female  society,  who  cull  our- 
selves the  chitchat  club."  It  is  true  that  most  of  these 
words  are  originally  trivial,  and  many  of  them  ludi- 
crous ; but  when  they  find  their  way  into  books  of 
such  classic  celebrity  in  our  language  as  the  Spectator, 
it  is  surely  necessary  that  the  student  of  language 
should  understand  by  what  means  they  got  there, 
upon  what  principles  they  were  formed,  and  to  what 
class  of  words  they  are  properly  to  be  referred  in 
grammatical  arrangement.  Now  the  only  part  of 
this  word  which  was  originally  significant  is  chat ; 
but  even  of  chat  the  origin  is  unsatisfactorily  ex- 
plained by  Johnson,  who,  though  entitled  to  the 
highest  praise  for  industry  as  a lexicographer,  was 
perfectly  ignorant  of  the  history  of  the  English  and 
other  modern  languages.  Thus  he  suggests  that 
chat  may  be  from  **  the  French  achat,  a purchase,  or 
cheapening,  on  account  of  the  prate  usually  produced 
, in  a bargain."  He  might  os  reasonably  have  derived 

it  from  the  French  chat,  a cat ; because  many  old 
women  chatter  to  their  cats.  Long  after  the  word 
chat  was  in  common  use  in  England,  the  French 
word,  now  spelt  achat,  was  spelt  acht.pt,  and  the  verb 
achtler  was  achepter,  or  achapter,  being  derived,  as 
some  suppose,  from  the  barbarous  Latin  adcaptare ; 
but  at  all  events  agreeing  with  the  German  kaufen, 
Dutch  koopen,  Scottish  to  cojf,  Anglo  Saxon  c capon,  or 
aceapan  to  buy,  ceap,  cheap,  ceapman  a dealer  or 


chapman,  ceapsUne,  forum  mercatorum,  Chepstow,  in  Adverb*. 
Wales.  Hence  many  names  of  places  in  England, 
as  Chipping  Norton,  Chipping  Ongar,  Chippenham,  &c. 

Skinnkr  derives  chat  and  chatter  from  the  French 
cacoueter ; but  this  latter,  as  well  as  the  Italian  chi - 
acchierare,  and  chiacchillare,  and  the  Latin  cachinnare , 
may  rather  be  compared  with  our  verb  cackle ; whereas 
chatter , as  when  the  teeth  chatter  with  the  cold,  is 
more  analogous  to  the  German  zittem,  to  tremble  ; 
with  which  also  agrees  our  word  twitter.  AU  these, 
however,  are  instances  of  the  onomatopoeia,  or  for- 
mation of  significant  words  by  the  mere  imitation  of 
sound.  The  insignificant  syllabic  chit  was  subse- 
quently prefixed  to  chat,  as  we  suppose  pell  to  have 
been  to  well,  zick  to  zack,  and  tick  to  tack,  from  an 
indistinct  wish  to  give  it  an  intensive,  or  frequentative 
force. 

Ding-dong,  "a  word  (says  Johnson)  by  which  the  Ding-dong, 
sound  of  bells  is  imitated."  It  is  singular,  that  the 
learned  lexicographer  should  call  this  word  a noun 
substantive,  and  cite  as  an  example,  from  .Shaks- 

PKAKE 

Let  os  ill  ring  Fancy'*  knell. 

lM*g,  dong,  hell ! 

In  this  instance,  ding-dong  is  manifestly  a mere 
interjection.  It  is,  however,  sometimes  used  adver- 
bially, as  when  it  is  said  **  they  went  to  fighting  ding- 
dong To  ding,  is  to  strike  or  beat,  from  the  Anglo- 
Saxon  dyngian  ; and  dong,  dung,  or  dang,  are  used  in 
different  dialects  as  the  past  participle  of  this  verb. 

Thus  there  is  on  old  Scottish  song  in  praise  of  the 
town  of  Dunse,  entitled  u Dunse  dings  a ,"  i.  c.  Dunse 
beats  or  cxcclls  ull  other  places.  There  is  also  a song 
entitled  “Jenny  dang  the  weaver}"  that  is,  she  beat  or 
overcame  the  weaver.  A Yorkshire  lad,  who  had  come 
to  London  as  a servant,  was  one  day  asked  by  his 
master  what  had  occasioned  some  water  to  be  spilt 
on  the  carpet.  He  replied,  in  his  provincial  dialect, 

“ I dung  doon  t'urn  $”  meaning,  1 accidentally 
knocked  down  the  tea  urn. 

Mr.  Tookb  justly  observes,  that  the  substantive 
dung,  manure,  is  this  participle  dung:  and  he  quotes, 
among  other  authorities,  Sir  Thomas  Moke,  who 
spells  it  dong.  **  All  other  thynges  in  respcctc  of  it  I 
rvpeite  (as  Sainct  Paule  saith)  for  dong."  Ding-dong 
therefore  is  no  more  than  '*  strike  stroke." 

Dingle-dangle  expresses  in  English,  as  it  is  said  to  do  Dingle- 
in  Swedish,  a swinging  or  oscillating  motion,  from  dangle, 
the  verb  dangle,  which  Skinner  supposes  to  have 
been  originally  bangle,  from  hang.  If  so,  it  was  pro- 
bably formed,  like  the  words  we  have  been  consider- 
ing, hangle-dangU r.  In  a modem  comedy  an  uncle 
reproaching  his  extravagant  nephew,  says,  “ 1 shall 
see  thee  go  off,  just  at  twelve  o'clock,  dingle-dangle." 

Fiddle-faddle.  Dr.  Johnson  quotes  this  word  both  PiHdle- 
in  its  substantival  and  adjectival  use. — £*ddl«. 

She  raid  that  their  grandfather  had  a horae  shot  at  Edgehlll, 
turd  their  uncle  was  at  the  siege  of  Btnia,  with  abundance  a( fiddle- 
faddle  of  the  same  nature. 

Spectator,  No.  299. 

Sbc  was  a troublesome,  fiddle-faddle,  old  woman. 

Arbtitknot. 

The  history  of  this  word  is  curious.  According  to 
Cicero,  fRith  between  man  and  man  was  called  Jides, 
from  fvo  to  l>e.  “ Fundaraentum  est  autem  justitia* 
jvict } id  est  dictorum  convcntorumquc  constuntia  et 
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Grammar,  witti.  Ex  quo  (quanquam  hoc  videbitur  fortasse 
> cuipiam  durius,  tamen  ut  audeamus  imitori  Stoicos, 
qui  studiosfe  cxquirunt  unde  verba  sint  ducta)  creda- 
mus,  quia  fiat  quod  dictum  eat,  appellation  fidem 
Aguin,  a harp  was  called  fidet,  according  to  Frstur, 
on  account  of  the  truth  of  ita  tonea,  “fidet,  genua 
cithane,  dicta  qubd  tantum  inter  se  chords  ejus, 
quantum  inter  homines  fidet,  concordent.”  The  di- 
minutive of fidet  gave  fidicula,  which  our  Anglo-Saxon 
ancestors  called  fithcle,  the  Germans  fidel,  and  wo 
fitldle.  In  modern  times,  however,  the  more  digni- 
fied name  of  thi9  instrument  in  German  is  rioline,  and 


in  English  tiolin ; and  some  degree  of  contempt  is  at- 
tached to  the  word  fiddle,  both  as  a noun  and  a verb : 
in  ita  primary  sense  it  expresses  an  inferior  instru- 
ment and  a vulgar  performance ; in  its  secondary 
sense,  to  fiddle,  is  in  the  words  of  Dr.  Johnson,  " to 
trifle,  to  shift  the  hands  often  and  do  nothing;  like 
n fellow  that  plays  upon  a fiddle."  To  convey  this 
latter  idea,  the  more  forcibly,  the  word  is  repeated, 
with  the  mere  change  of  a’  vowel.  Skinner  seems 
anxious  to  discover  some  sejmrate  meaning  for  the 
word  /addle,  which  he  thinks  may  be  from  the  French 
fade,  and  Latin  fatuusi  or  from  the  German  fatten,  a 
thread  ; so  that  '*  a fiddle-faddle  person"  would  be 
either  tx  fiddle -foolish  person,  or  a fiddle  string  person  ; 
which  etymologies  are  equally  superfluous  and  inap- 
propriate. 

Gifie-^affe,  is  formed  from  the  Anglo-Saxon  gifan, 
to  give  ; as  ding  dong  is  from  This  expres- 

sion, now  obsolete,  occurs  in  one  of  Bishop  Latimer’s 
Sermons,  published  in  1562.  “ Somewhat  was  geuen 

to  them  before,  and  they  must  neades  gene  somewhat 


ogaine  ; for  giffe-gaffe  was  a good  felow." 

H.ujrlr-  Handydandy.  This  word  also,  it  pleases  Dr.  John- 
daiuly.  bon  to  call  a noun-substantive.  It  may  be  so  used, 
no  doubt ; but  in  the  instance  which  be  cites  from 
SnAKspEARE,  it  is  an  interjection. — 


See  how  rood  justice  rails  upon  yond  simple  thief ! Hark  in 
thine  earl  Change  (daces,  and  handy  dandy  ! which  is  the  justice  ? 
which  is  the  thief  ?" 

Lemr. 


Heltcr-  Helter-skelter,  Dr.  Johnson  who  admits  this  to  be 
skelter.  an  adverb,  explains  it,  **  in  a hurry,  without  order,  tu- 
multuously." In  fact,  it  combines  these  notions  with 
something  of  inconsiderate  eagerness,  whether  occa- 
sioned by  fear,  as  when  a troop  of  men  are  said  to  fly 
helter-skelter , or  by  a desire  to  reach  a particular  ob- 
ject, as  when  Pistol  hastens  to  carry  to  Sir  John  Fal- 
staff  the  glad  tidings  of  Prince  Henry’s  accession  to 
the  throne : — 

Sir  John,  I am  thy  Pistol,  and  thy  friend ; 

And  hellrr-tkelter  have  I rode  bo  England, 

And  tidings  do  I bring— 

Skinner,  in  his  anxiety  to  make  sense  of  every  part 
of  this  expression  has  given  two  etymologies  which 
make  nonsense  of  the  whole.  He  thiuks  it  may 
either  be  derived  from  the  Anglo-Saxon  heobter 
tceado,  “ the  darkness  of  hell  j"  or  from  the  Dutch 
heel-ter-schetter , which  be  thinks  is  " all  dispersed  or 
shattered  to  pieces."  The  real  origin  of  the  word, 
however,  is  obscure.  If  wc  suppose  the  principal 
meaning  to  be  in  the  first  part,  it  may  possibly  come 
from  the  Islandic  UUr  pugna ; if  in  the  latter  part, 
it  may  be  from  the  German  selMlten,  to  thrust  for- 
ward j or  from  skale,  which  in  the  dialect  of  the 


north  of  England,  means  w to  scatter  and  throw  Admb*. 
abroad  os  molehills  are  when  levelled  j"  or  from  tkeyl 
which  in  the  same  dialect  is  to  push  on  one  side,  to 
overturn. 

Humdrum.  It  seems  to  be  admitted  that  there  is  Humdrum, 
no  origin  for  this  word,  but  the  interjection  hum ! 
which  is  explained  to  be  “ a sound  implying  doubt  or 
deliberation  j"  it  forms,  however,  first  on  adjective, 
and  then  an  adverb  ; as  *'  I was  talking  with  an  old, 
humdrum  fellow,"  Spectator  ; and  again — 

Shall  wc,  quoth  ahr,  stand  *tUl,  hum-drum  ; 

And  see  stout  bruin  overthrown  ? 

Hadibrat. 

Hurlyburly . Dr.  'Johnson  has  recorded  an  absurd  Huriy- 
ctymology  of  this  word,  from  the  names  of  two  fa-  bur,f- 
milies,  Hurleigh  and  Burleigh.  The  word  hurl,  or 
hurley,  signifies  a tumult,  from  the  French  Hurler,  to 
howl  like  wolves  or  dogs  ; and  to  this  the  word  burly 
ap|tears  to  have  been  udded,  as  a mere  reduplicution. 

When  the  hurly-burly'/  done, 

Wien  the  battle's  lost  and  won— 

That  will  be  ere  art  of  mo. 

Macbeth. 

Me  thinks,  I see  this  kurly  all  on  foot. 

AT.  John. 

He,  In  tlw*  same  hurl,  murdering  such  as  be  thought  would 
withstand  Lis  desire,  was  chosen  king. 

X /teller. 

Kmckknack.  In  this  word,  which  is  chiefly  used  Kniek- 
« a substantive,  the  syllable  buck  is  only  prefixed  to  knack, 
knack  for  the  sake  of  the  sound,  and  to  give  a slight 
degree  of  intensity  to  the  meaning.  The  word  knack 
is  reasonably  enough  derived  from  the  Anglo-Saxon 
matron,  to  know  ; and  is  explained  “ a little  machine, 
a petty  contrivance,  a toy." 

Knaves,  who  in  full  assemblies  have  the  iuack 
Of  turning  lies  to  truth,  and  white  to  black. 

Dryden. 

When  I was  voting,  I was  wont 

To  load  ray  she  with  knack/.  I would  have  ransack'd 
The  Pedlar's  silken  treasury,  and  have  pour'd  it 
To  her  acceptance. 

ffhn/er't  Tale. 

Namby-pamby.,  This  word  seems  to  be  of  modern  Nam  by - 
fabrication,  and  is  particularly  intended  to  describe  p*n»by 
that  style  of  poetry  which  affects  the  infantine  sim- 
plicity of  the  nursery.  It  would  perhaps  be  difficult 
to  trace  any  part  of  it  to  a significant  origin. 

Pit-a-pat.  This  expression  also  Dr.  Johnson  calls  Pit-a-pat. 
a substantive  ; and  gives  the  following  example — 

A lion  meets  him,  and  live  fox's  heart 
Went  pit-a-pat. 

L’  Ettraage.  $ 

Here  ptl-a-pat  is  clearly  an  adverb ; as  it  is  in  the 
Beggar  t Opera. 

As  when  a good  housewife  see*  a rat 
In  her  trap.  In  (lie  morning  taken. 

With  pleasure  her  heart  goes  pit-a-pat, 

In  revenge  for  the  Iota  of  her  bacon. 

This  expression  is  not  derived  from  the  French  pat- 
a-pat,  (with  which  it  has  nothing  to  do,  either  in 
meaning  or  etymology,)  nor  “ from  the  French  patte- 
patie ,"  which  it  is  apprehended,  never  was  a French 
phrase ; but  the  verb  to  pat  is  “ to  strike  lightly,  to 
tap,"  and  a pat  is  “ a light  quick  blow,  a tap the 
word  being,  no  doubt,  made  from  the  sound.  It  is 
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Pritile- 

|inule. 


(imiamar.  true  that  Cosaubon  learnedly  deduces  it  from  the 
s— Greek  'Axavrav  ■,  but  this  is  un  etymology,  which  we 
need  not  trouble  ourselves  to  refute.  Pat  marks  the 
strong  blow,  in  the  beating  of  the  heart  j and  pit  is 
prefixed  to  it,  to  express  the  weaker  blow,  which 
forms  the  alternation. 

Prit  tie -prattle.  As  prattle  is  a diminutive  of  prat, 
agreeing  with  the  Dutch  praten,  and  possibly  derived 
from  the  Latin  predicate ; so  prittle  prefixed  to  prattle 
makes  a further  diminutive,  and  is  particularly  ap- 
plied to  the  early  attempts  of  children  to  talk. 

Riff-raj} '.  We  have  the  verb  to  raff,  to  huddle  up, 
and  take  away  hastily  without  distinction.  Cabew 
says,  " their  causes  and  effects  I thus  raff  up  toge- 
ther j"  and  a rafe  or  raff,  in  the  provincial  dialect  of 
the  midland  counties  of  England,  is  “ a low  fellow," 
probably  from  comparison  with  dirt  and  other  matters 
thus  carelessly  swept  away.  To  the  word  raff,  in 
this  signification  riff  being  prefixed,  augments  the 
feeling  of  contempt,  whilst  it  applies  the  expression 
more  loosely  to  a whole  class  of  people.  Raff  is  no 
doubt  connected  with  reace,  of  which  rafte  is  the  old 
past  tense : — 

O trust,  O faith,  O «lcj<  assurance ! 

Who  hath  me  rafte  Crcscydc  ? 


And  Mr.  Tooke  docs  not  err  much  in  saying,  that 
riff-raff  is  identical  with  rof,  the  post  participle  of 
the  Anglo-Saxon  reajian ; but  he  is  entirely  mistaken 
in  ascribing  the  adjective  rough  to  the  same  origin} 
for  rough  U the  German  rauh  from  ragen,  eminere, 
promincre  j whereas  reajian  agrees  with  the  German 
raffen  and  rappen  the  classic  Latin  rapere,  the  barba- 
rous Lutin  reffare,  &c. 

.Sec  -»nc.  The  significant  syllable  here  is  sate,  and 
the  word  see  saw  is  meant  to  express  a motion  similar 
to  that  of  sawing ; see  being  merely  prefixed  for  the 
sake  of  adding  force  to  it.  Pope  uses  it  as  a noun, 
and  Arbuthnot  forms  a verb  from  it.— 


HU  wit  *11  ifr-mw,  between  that  and  I his. 

Pope. 

Sometime*  they  wore  like  to  pall  John  orer ; then  it  went  all  of 
s tudden  again  on  John's  side  ■-  so  they  went  seesawing  up  and 
down. 

Arsuthnot. 


Skiiuble-  Skimble-skamble » is  formed,  as  Johnson  observes, 

aknmble.  **  by  reduplication  from  scamble.  Thus  Siiakspeabe 
makes  Hotspur  ridicule  the  pretended  prodigies  and 
portents  of  Glendowcr — 

A couching  lion,  and  a ramping  cat. 

And  such  a deal  of  thimble  tkatnbU  stuff, 

Aa  puts  me  from  niy  faith. 

. Scrabbling,  scrambling,  seambling,  shambling,  are  all 
words  expressive  of  un  awkward,  struggling,  or  shuf- 
• ding  motion. 

Slipslop.  Slipslop.  Tikis  is,  in  like  manner,  said  by  Johnson 
to  be  formed  by  reduplication  of  slop.  He  expounds 
it  “ bad  liquor but  since  the  days  of  Fielding  it 
has  come  generally  to  signify  the  incorrect  and  un- 
grammatical language  of  chambermaids,  from  the 
character  of  Mrs.  Slipslop,  in  Tom  Jones. 

Snip-Map.  Snip-snap.  Tart  dialogue,  in  which  each  party 
snaps,  as  it  were,  at  the  other's  argument  before  it  is 
finished. — 

Dennis  and  dissonance,  and  captious  art, 

And  mip-tnap  short,  and  interruption  smart. 

Pont. 


1 in 


Tag-rag . This  word  is  in  signification  very  similar  Advert*, 
to  riff-raff.  Dr.  Johnson  does  not  make  a separate 
word  of  it,  but  places  it  among  his  examples  of  the  Tag-rag. 
use  of  the  word  tag,  which,  he  says,  signifies  any 
thing  paltry  and  mean}  but  why  tag  should  have 
that  signification,  it  in  not  easy  to  guess  ; certainly 
not  from  the  etymology  which  he  gives  of  it ; for  he 
derives  it  from  the  Islnndic,  tag,  the  point  of  a lance. 

The  leading  conception  in  the  compound  tag-rag  is 
undoubtedly  that  expressed  by  the  word  rag ; and  tag 
seems  to  be  prefixed  to  it  merely  for  the  sound.  Cusca 
speaking  with  the  utmost  contempt  of  the  Roman  po- 
pulace, whom  he  calls  “ the  rubbleiuent,"  and  the 
“ common  herd,"  and  ridicules  for  their  “ chopped 
hands,"  and  “ sweaty  nightcaps,"  goes  on  to  speak 
thus  of  their  conduct  towards  Cssar  : — 


If  the  tag-rag  people  did  not  clap  him  and  hiss  him,  according 
as  be  pleased  and  displeased  them,  m they  use  to  do  tbc  players  in 
the  theatre,  1 aru  no  true  roan. 

Tittle-tattle.  This  is  properly  described  by  Dr.  Tittle- 
Johnson,  14  a word  formed  from  tattle  by  reduplieu- 
tion.  Idle  talk,  prattle,  empty  gabble." 


Of  every  idle  tittletattle  that  went  about.  Jack  waa  suspected  for 
the  author. 


ArDUTIINOT’s  Hiit.  mfj.  Bail. 


You  are  full  la  your  tittletaitUngi  of  Cupid. 

Sir  P.  Sidney. 


We  have  sufficiently  shown  that  this  mode  of  form- 
ing words  is  common  to  many  languages } that  it  is 
of  considerable  antiquity  in  our  own  language } and 
that,  so  early  at  least  us  the  age  of  Queen  Elizabeth, 
words  so  formed  were  adopted ‘into  the  style  of  the 
best  authors ; not  indeed  as  conveying  any  distinct- 
ness of  impression,  or  dignity  of  sentiment,  but  us 
appropriate  and  suitable  to  the  subject  before  them, 
and  to  the  feelings  with  which  they  wished  it  to  be 
regarded. 

The  pleasure  derived  from  alliteration  is  one  of  the  Rigmarole, 
earliest  and  simplest  of  the  mere  pleasures  of  sound  iu 
language.  Hence  alliteration  appears  to  have  pre- 
ceded rhyme,  in  the  rude  attempts  at  poetry,  which 
were  made  by  our  Saxon  ancestors  ; and  even  after 
rhyme  was  introduced  into  English  verse,  the  ballads 
and  popular  poems  of  the  day  were  full  of  alliterative 
expressions.  In  one  of  those  poems  already  quoted, 

(Hurl.  MS.  2253,  fo.  12-1,)  we  find  an  expression, 
which  seems  to  be  the  origin  of  our  trivial  word  rig- 
marole. The  poem  in  question  begins  thus : — 

Of  ryhauda  y rytne 
Ant  rtdt  a mg  rotle. 

That  is,  " of  ribalds  (or  idle,  disorderly  persons,)  1 
rhyme,  and  read  out  of  my  roll."  The  accounts,  re- 
cords, and  other  long  and  tedious  writings  of  that  day 
were  usually  preserved  on  rolls  ; therefore  a **  read- 
o'-my-roU"  story  would  be  an  apt  expression  for  a 
long,  tedious  story  : and  the  vulgar  would  easily  cor-  * 

rupt  read  o'  my  roll  into  rigmarole. 

Hocus-pocus,  is  a vague  word  for  juggling  and  Hocus- 
cheating.  poois. 

Thus  Butler  says — 


For  Justice,  though  she's  painted  blind. 
Is  to  die  weaker  side  inclin'd. 

Like  charity ; else  right  and  wrong 
Could  never  hold  it  out  so  long ; 
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And,  like  blind  Fortune,  with  a sleight. 
Convey*  men's  Interest  *od  right, 

Fruiu  Stiles'*  pocket  into  Noke*', 

A*  easily  as  Hocus-pocus. 


The  expression  **  is  corrupted,0  as  Dr.  Johnson 
says,  “ from  some  words  that  had  once  a meaning  and 
which  cannot  now  be  discovered.”  The  suggestion 
of  Tillotson  is  probably  the  right  one.  At  the  time 
of  the  Reformation,  many  jests,  and  some  of  them 
grossly  profane,  were  made  on  the  rites  of  the 
Roman  Catholic  church  ; and  the  priests  who  cele- 
brated the  holy  mysteries  were  treated  os  no  better 
than  jugglers.  Thus,  in  a Scottish  poem  of  that  pe- 
riod, beginning  “ The  Paip,  that  Pagane  full  of  pride,” 
we  find  the  following  passage — 

Thay  iil lie  Frriris,  mony  Vciri*, 

H i tli  bubbling:  bleirit  oar  ee. 

Hit  Trii ! Tryme  go  Tri* ! 

Under  the  grcaenrud  Trie. 


The  words  hoc  at  corpus,  employed  with  reference 
to  the  doctrine  of  transubstnntiation,  were  very  likely 
to  have  been  turned  into  ridicule  by  the  opponents  of 
that  doctrine,  and  from  hoc  at  corpus,  corrupted  by 
vulgar  pronunciation,  may  have  been  formed  hocus 
pocus.  J in ius  derives  the  expression  from  the  Welsh 
word,  hocctd,  a trick,  and  the  English  word  poke,  a 
bag;  but  it  is  neither  probable  that  a juggler's  bog 
would  obtain  the  mixt  Welsh  and  English  name 
hocced-poke,  nor,  if  it  did,  that  the  Latin  termination  us 
would  be  substituted  for  the  second,  and  added  to  the 
third  syllable. 

Skinner,  with  more  learning  than  judgment,  de- 
rives hocus-pocus  from  quassare  and  fodicare.  44  To- 
tum  enim  istiusmodi  artificum  mysteriuin,”  says  he, 
**  in  eo  consistit,  ut  pilas  vel  sphierulas,  in  vasculis 
seu  pyxidibus  quassent,  et  digitis  qu&m  celerrimb 
motis,  res  immissas  surripiant.  From  quassare,  he 
derives  the  French  hocher,  and  from  fodicare  the 
French  pother ; which,  he  says,  is  **  digito  extrudere 
et  quasi  effodere  j”  but  though  hoche-poche  in  French 
might  possibly  convey  the  idea  of  shaking  a bag  and 
thrusting  the  lingers  into  it,  we  have  not  met"  with 
that  word  so  used  ; still  less  can  we  suppose  it  to 
have  been  Latinised,  in  termination,  if  derived  from 
thi*  origin.  The  French  hocher,  to  shake,  is  the 
Dutch  hulsen,  or  hutselen,  from  whence  come  our 
huddle  and  hustle.  The  Dutch  have  the  word  huispot, 
for  a dish  made  of  meat  cut  into  small  pieces,  and 
shaken  in  the  pot,  with  vegetables,  8cc.  whilst  it  is 
dressing.  The  French  also  have  hochepot,  and  the 
Scotch  have  hotch-potch,  with  the  same  meaning.  The 
French  hochepot,  signifying  some  kind  of  cookery,  is 
used  by  Chaucer  ; and  it  was  adopted  in  a figurative 
sense  into  the  terms  of  our  law,  at  least  os  early 
as  the  year  147-*  i for  ui  that  time  Sir  Thomas  Lit- 
tleton wrote  his  Commentaries,  in  the  third  book 
of  which,  (sect.  267,)  occurs  this  passage,  44  En  cel 
case  le  baron  lie  le  feme  avera  riens,  pur  lour  purpor- 
ts de  le  dit  remnant,  sinon  que  ils  voile  mitter  lour 
terres,  doncs  en  frankmarriage,  en  hotchpot  ovesque  le 
remnant  de  la  terre.” — 44  Et  ill  semble,  que  cest  parol, 
hotchpot,  est,  cn  English,  a pmlding  ; car  en  ticl  pud- 
ding nest  communcuicnt  mies  un  chose  tantsolement, 
mes  uu  chose  ovesque  auters  choses  ensemble.” 
Coke,  however,  observes,  44  in  English  we  use  to  say, 
hodgepodge.'  But  as  none  of  these  derivations  from 


hutsen  or  hocher  have  any  relation,  in  point  of  mean-  Ad»«b*. 
ing,  to  hocus-pocus,  so  neither  can  they  at  all  sene  to  -vW 
explain  the  manner  in  which  that  word  acquired  the 
Latin  termination  us  , which  circumstance  becomes 
perfectly  intelligible,  if  we  adopt  Tillotson ‘s  suggestion 
a a true. 

Hugger-mugger.  This  word  implies  a clandestine  Huggtr- 
way  of  doing  things,  as  in  the  following  example  mureer- 
from  L’Estkangb's  fables  : “ There's  a distinction 
betwixt  what  is  done  openly  and  barefaced,  and  a 
thing  that's  done  in  huggermugger,  under  a seal  of 
secrecy  and  concealment.”  Johnson  explains  it**  se- 
crecy, bye-place but  it  does  not  appear  to  have  so 
much  to  do  with  the  place  where,  as  with  the  manner 
in  which  things  are  concealed ; and  it  seems  to  allude 
to  hugging  things  up  close  to  prevent  their  being 
seen.  The  conjectural  etymologies  of  this  expression 
are  exceedingly  various.  Skikxkr  derives  it  from 
the  Dutch  hugghen,  which,  he  says,  signifies  to  ob- 
serve, and  the  Danish  morcker,  darkness  ; on  etymo- 
logy alike  improbable  and  inappropriate.  Johnsom 
says  it  is  **  corrupted  perhaps  from  hug  er  morcker,  a 
hug  in  the  dark,”  in  what  language  hug  er  morcker 
has  this  signification  he  does  not  mention,  nor  does 
any  phrase  correspondent  to  the  English  hugger-mug- 
ger, appear  to  have  ever  become  proverbial  in  any 
other  language.  The  Spanish  affords  the  nearest  ap- 
proach, to  the  separate  parts  of  this  expression;  for 
hogar  is  a chimney  corner,  and  muger  is  a woman  ; and 
if  we  could  suppose  hugger  mugger  to  be  taken  from 
that  language  it  might  refer  to  the  notion  of  a woman 
cowering  in  the  chimney  comer ; but  as  nothing  can 
be  more  delusive  than  to  be  guided  in  etymology  by 
mere  similarity  of  sound,  we  may  safely  reject  this 
derivation  of  the  phrase  in  question.  Some  persons 
have  supposed  hugger-mugger  to  be  derived  from  the 
old  English  word  hoker because  Sir  Tuomas  More, 

(it  Is  said,)  uses  the  word  hoker-moker ; but  it  is  not 
very  clear  that  he  meant  by  it  what  we  mean  by  hug- 
ger-mugger ; and  if  he  did,  no  great  stress  is  to  be  laid 
on  a casual  vai.ation  of  orthography  in  that  age, 
when  spelling  had  nothing  like  fixed  rules.  The 
word  hoker,  had  no  reference  in  point  of  meaning, 
to  the  idea  conveyed  by  the  word  hugger-mugger  ; 
for  it  signified  peevish,  froward,  and  was  probably 
taken  from  the  French  hocher  la  idte  to  shuke  the  head 
at  any  thing  in  sign  of  contempt. 

Thus  Cdaccer  in  the  Reve  s Tale,  describing  the 
Miller's  Wife : — 

She  vu  as  dome  u water  in  t didte, 

And  as  full  of  hoker  and  of  besmarv, 

A*  though  that  a Lady  abould  her  spare 
What  for  her  kinred,  and  her  nortelry 
That  a be  had  I trued  in  the  nonnery. 

And  the  game  idea  is  still  more  fully  expressed  in 
the  Lay  le  Freine  t 

Than  vra«  the  leuedi  of  the  houi, 

A proiidt'  dame,  and  an  enricous, 

HokrrfuUickr  miuegging, 

Squeyinous  and  eke  scorning. 

The  last  etymology  that  we  shall  mention  is  from 
the  Dutch  title,  Hoog  Moogende,  (High  Mightinesses,) 
given  to  the  States  General,  and  much  ridiculed  by 
some  of  our  English  writers  ; a9  in  Hudibras — 

Rat  I hare  sent  him  for  a token 
To  your  Low-country  Hegtn  Mogtn 
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Grammar  It  has  been  supposed  that  hugger-mugger , corrupted 
'-‘••'V  "mmmJ  from  Hogen  Mogen,  was  meant  in  derision  of  the  secret 
transactions  of  their  Mightinesses ; but,  it  is  probable 
that  the  former  word  was  known  in  English  before 
the  latter ; and  upon  the  whole  it  seems  most  pro- 
bable that  hugger  is  a mere  intensive  form  of  hug,  and 
that  mugger  is  a reduplication  of  sound  with  a slight 
variation,  which,  as  we  have  already  seen,  is  so  com- 
mon in  cases  of  this  kind. 

The  same  disposition  toward  alliteration  appears 
in  some  of  our  quaint  proverbial  phrases,  where  the 
words  are  distinct,  as  in  **  tit  for  tat  /"  and  also  in  some 
passages  of  our  comic  writers.  Thus  in  the  Taming 
of  a Shrete,  Petruchio,  in  his  feigned  anger  against  the 
Tailor,  exclaims — 

What’*  thin  ? a ale* re  ? 'tls  like  a demi-cannon , 

What  1 up  and  down  *.  carr’d  like  an  apple  tart ! 

Here's  snip  and  nip,  and  cut,  and  stub  and  timsA  ! 

So  Parson  Evans  says  to  his  friend.  Justice  Shal- 
low 

It  were  a goot  motion,  if  we  leave  our  pribbtet  and  prabhtes , and 
delire  a marriage  between  Master  Abraham  sad  Mistress  .Anne 
P*gc. 

Adverbial  We  have  observed  that  the  primary  use  of  the  ad- 
phrases.  verb  is  to  modify  adjectives  or  verbs,  and  its  secon- 
dary use  to  modify  adverbs.  The  same  may  be  said 
of  adverbial  phrases,  and  generally  of  whatever  stands 
in  the  place  of  an  adverb.  Thus  we  may  say  “ this 
happened  afterwards ,”  or  “ this  happened  long  after- 
wards,” or  " this  happened  many  days  afterwards,”  or 
" this  happened  not  many  days  afterwards.”  In  the 
first  case  the  adverb  afterwards  modifies  the  verb 
“ happened in  all  the  other  cases  the  same  adverb 
afterwards  is  modified,  first,  by  the  adjective  long  used 
adverbially,  then  by  the  adjective  and  substantive 
many  days  forming  an  adverbial  phrase,  or  standing  in 
the  place  of  an  adverb ; and  lastly,  by  the  adverb, 
adjective,  and  substantive,  not  many  days,  which  in 
like  manner  may  be  said  to  form  an  adverbial  phrase, 
or  to  stand  in  the  place  of  an  adverb.  So  in  Lord 
Berserk  s translation  of  Froissart,  executed  by 
command  of  King  IIeshy  VIII.  and  printed  in  his 
reign,  the  following  passage  occurs,  fo.  exeix.  6. 
"Nowe  the  Duke  of  Bcrrey  comraaundeth  me  the  con- 
trary ; for  he  chargeth  me  incontynent  his  letters  sene, 
that  I shulde  reyse  the  syege.”  In  this  passage  in- 
contynent  is  an  adverb  modifying  the  verb  reyse ,-  and 
the  letters  sene  is  a phrase,  (similar  in  construction  to 
the  Latin  ublative  absolute,  as  it  is  termed,  ci sis  epis - 
tolls,)  which  modifies  the  adverb  incontynent,  a word 
at  that  time  used  where  we  should  say  immediately. 

Thus  in  the  romance  of  The  Foure  Sonnes  of  Aimon, 
printed  in  1554,  we  find — 

Now  up  Ogycr,  and  you  Duke  Nsyraes,  light  on  horseback 

incontinent. 

Adverbial  phrases  are  in  another  point  of  view  ma- 
terial to  the  consideration  of  adverbs  properly  so 
called.  By  comparing  different  languages  we  not 
only  find,  that  a certain  phrase  in  one  language  cor- 
responds to  a different  phrase  in  another  language  ; 
but  that  phrases  in  the  one  correspond  to  words  in 
the  other.  Thus  in  comparing  the  French  with  the 
Italian  we  not  only  find  such  expressions  as  h chaudes 
larmes,  answering  to  a dirotte  lagrime,  or  tout-a-coup, 
to  di  primo  lancio ; or  d gorge  deploy  te,  to  alia  smascel- 
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lata ; but  wc  also  find  d t a ions  rendered  by  tentone , it  Adverb*. 
peu  pres,  by  quasi,  &c.  &c. 

Wc  have  now  exhausted  the  considerations  arising  Recapitul*- 
out  of  our  definition  of  the  adverb.  We  said,  first,  do*1- 
that  an  adverb  was  a word  used  for  the  purpose  of  mo- 
dification ; and  we  showed  how  it  modified  primarily 
an  adjective  or  a verb,  and  secondarily  another  ad- 
verb. Secondly,  we  said,  that  for  this  purpose  it  w'as 
added  to  a perfect  sentence, ” and  we  distinguished  be- 
tween a sentence  perfect  both  in  the  mind  and  ex- 
pression of  the  speaker,  and  a sentence  perfect  in  the 
conception,  but  broken  short  in  the  utterance.  And 
thirdly,  wc  explained  w'hat  tort  of  word  might  be  used 
for  the  purpose  of  such  modification.  under  this 
head  we  showed  that  the  adverb  might  be  a simple  or 
compound  word,  and  we  instanced  adjectives,  partici- 
ples present  and  past ; pronouns,  numerical  and  de- 
monstrative; verbs  and  substantives,  all  of  which  have 
been  used  as  adverbs,  and  indeed  constitute  the  mass 
of  the  words  commonly  known  by  that  designation. 

Wc  showed  also  that  compound  adverbs  might  be 
formed  of  all  the  other  parts  of  speech ; and,  lastly,  we 
noticed  a variety  of  adverbial  phrases,  or  w'ords  de- 
rived from  such  phrases,  which,  in  the  construction 
of  sentences,  supply  the  place,  and  perform  the  func- 
tion of  adverbs.  In  the  course  of  these  investigations 
it  has  been  rendered  most  manifest  that  phrases  often 
become  words,  and  that  of  words  it  is  the  use  and  not 
the  form,  which  entitles  them  to  be  considered  as  ad- 
verbs. If  a substantive  be  employed  adverbially  it  is 
equally  an  adverb  whether  it  have  or  have  not  previ- 
ously undergone  any  inflection.  Noi,  in  the  passage 
quoted  from  the  laws  of  the  Twelve  Tables,  is  as 
much  an  adverb  as  noctu,  quoted  from  Cicero. 

It  may  be  proper,  however,  before  we  close  the  (Xhrr 
chapter  of  adverbs  to  advert  to  some  few  considero-  writers, 
tions,  which  though  they  have  no  particular  reference 
to  any  part  of  the  definition  above  given,  have  occu- 
pied much  of  the  attention  paid  by  other  writers  to 
this  part  of  speech. 

In  works  professedly  treating  of  grammar,  it  has  CUsiifica- 
not  been  uncommon  to  distribute  adverbs  into  classes  doe. 
according  to  their  signification.  Thus  the  very  learned 
and  admirable  Hicker,  (a  name  never  to  be  men- 
tioned without  veneration,)  enumerates  in  the  Anglo- 
Saxon  language  no  less  than  28  different  kinds  of 
adverbs;  viz.  1.  of  time;  2.  place;  3.  exhorting) 

4.  dissuading  ; 5.  excepting  ; 6.  denying ; 7.  affirm- 
ing ; 8.  wishing;  9.  doubting;  10.  diversity;  II, 
distance;  12.  quantity;  13.  separation;  14.  situa- 
tion ; 15.  transition  ; 16.  comparison  ; 17-  augmen- 
tation ; 18.  remission;  J 9.  congregating ; 20.  quality; 

21.  manner;  22.  likeness;  23.  opposition ; 24. order; 

25.  demonstrating;  26.  interrogating;  27*  number; 
and  28.  cause.  It  is  almost  needless  to  observe  that 
this  sort  of  enumeration  is  infinite  ; for  there  is 
scarcely  a conception  of  the  human  mind  which  may 
not  be  applied  adverbially,  and  even  form  a class  of 
adverbs.  Harris  has  only  spoken  particularly  of  ad- 
verbs of  intension,  remission,  comparison,  time,  place, 
motion,  and  interrogation  ; but  he  has  quoted  a pas- 
sage from  Theodore  Gaza,  which  is  more  to  the  pur- 
pose ; for  that  acute  grammarian  justly  observes  that 
the  readiest  way  to  reduce  the  infinitude  of  adverbs, 
(considered  according  to  the  conceptions  signified  by 
them,)  is  to  refer  them  by  classes  to  the  ten  logical 
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Ommnuir.  predicaments,  existence,  quality,  quantity,  relation, 
®C* 

Such  a classification,  however,  though  it  may  he 
useful  to  the  memory,  is  no  essential  part  of  the 
office  of  n grammarian,  because  there  is  no  difference 
in  grammatical  use  between  an  adverb  of  one  of  these 
classes,  and  an  adverb  of  another  such  class;  between 
an  udverb  of  time,  for  instance,  and  an  adverb  of 
place;  an  adverb  of  quantity,  and  an  adverb  of  qua- 
lity; or  if  any  such  difference  exist  in  a particular 
language,  it  depends  on  the  idiomuticol  peculiarities 
of  that  language,  and  not  on  any  essential  principles 
of  universal  grammar. 

Confound-  A more  important  consideration  is  this,  that  ad- 
ed  with  verbs  are  often  confounded  with  other  parts  of  speech, 
words  by  wr*ter9  no  mcaJl  reputation  ; and  this  happens 
in  two  ways  ; for  1st.  the  whole  class  of  adverbs  may 
be  confounded  with  other  classes ; or  'idly,  particular 
words,  whether  adverbs,  or  others,  may  be  confounded 
with  classes  to  which  they  do  not  belong. 

Ben  Joxson  says,  “ Prepositions  are  a peculiar 
kind  of  adverbs,  and  ought  to  be  referred  thither.” 
Caramuf.l  says,  "Intcrjectio  |>osset  ad  adverbiuni  re- 
duci ; sed  quia  mnjoribus  nostris  placuit  illam  distin- 
guere  non  est  cur  in  re  t&m  tenui  hareamus.”— “ In- 
tcrjectiones,"  says  Vobsius,  " h Gratis  ad  adverbia 
referuntur,  atque  eos  sequitur  etiam  Boethius.”  It  is 
clear  from  the  definition  of  an  adverb,  which  we  have 
given,  that  a preposition  cun  no  more  be  considered 
as  a peculiar  kind  of  adverb,  than  u substantive  can 
be  considered  as  a peculiar  kind  of  adjective  or  verb; 
for  the  proper  function  of  the  preposition  is  to  mo- 
dify a conception  of  substance  ; and  the  proper  func- 
tion of  the  adverb  is  to  modify  a conception  of  attri- 
bute, cither  alone,  or  combined  with  an  assertion  ; 
but  the  part  of  speech  which  names  a conception  of 
substance  is  the  noun  substantive  ; the  part  of  sj>cech 
which  names  a conception  of  attribute  is  a noun  adjec- 
tive ; and  the  part  of  speech  which  asserts  is  the  verb. 

Again,  os  to  interjections,  they  do  not  serve  to  mo- 
dify either  noun  or  verb;  but  on  the  contrary  are  in- 
terjected, os  it  were,  between  different  nouns  or  verba, 
and  as  Vossius  says,  “citra  verbi  opera,  sententiam 
complcnt for  though,  as  wc  have  said,  the  inter- 
jection may,  both  in  signification  and  construction, 
supply  the  place  of  a verb,  in  certain  instances  ; as  in 
the  passage,  **  O ! that  I had  wings  like  a dove,” 
where  the  interjection  O ! supplies  the  place  of  the 
verb  “ I wish  yet  this,  in  no  respect,  modifies  the 
signification  of  the  verb  “ had,”  but  merely  affects  its 
construction  in  the  sentence. 

If,  indeed,  with  certain  of  the  Greek  philosophers, 
wc  were  to  admit  only  three  parts  of  speech,  the 
noun,  the  verb,  and  the  combinative,  it  might  at  first 
sight  appear  somewhat  doubtful  under  which  head 
the  words  which  we  have  termed  adverbs,  should 
properly  fall ; for  some  of  them,  os  wc  have  seen, arc 
in  origin  nouns,  arid  others  verbs  ; but  in  that  case 
we  ought  not  to  look  so  much  to  their  origin,  ns  to 
their  use;  and,  therefore,  wc  should  class  them 
among  verbs  ; for  by  verbs  the  philosophers,  here 
alluded  to,  really  meant  what  Harris  calls  attributives ; 
and  the  adverb  is,  as  lie  has  justly  said,  the  attributive 
of  an  attributive. 

It  adds  something  to  the  confusion  of  the  classes  of 
words,  if  they  are  placed  out  of  their  common  and 


natural  order,  in  any  system,  as  where  the  adverb  is  Advert*, 
treated  of  before  the  participle,  which  was  done  by  ^ -L  ■ 
Doxatus  Sekvius,  and  some  others  ; or  after  the 
preposition,  which  wus  the  order  of  Prisciax,  who 
therein  followed  Apollonius.  We  trust  it  will  be 
found  in  the  sequel,  that  the  order  which  we  have 
adopted  from  Diomkdks  and  Vossius,  is  the  most  na- 
tural and  the  best,  namely  1.  adverb,  2.  preposition, 

3.  conjunction,  und  4.  interjection. 

From  the  consideration  of  classes  of  words,  wc 
come  to  that  of  words  singly  ; and  among  these  we 
find  frequent  instances  of  the  confusion  before  alluded 
to  ; adverbs  are  treated  as  being  other  parts  of  speech; 
and  other  parts  of  speech  are  treated  as  being  adverbs. 

It  is  not  surprising,  that  where  a noun  retains  its 
form  unchanged,  the  adverbial  character,  which  it 
Acquires  in  construction,  should  be  sometimes  over- 
looked. Among  the  adverbs  which  we  ha\e  cited, 
some  e.  gr.  tc under,  ore  now  used  only  as  substan- 
tives ; others  e.  gr.  right,  full , Ike.  arc  now  rarely 
used  but  os  adjectives  ; and  as  substantives  and  ad- 
jectives respectively  they  would  probably  be  treated 
by  ull  those  persons,  who  do  not  reflect  that  it  is  the  use 
of  a word  in  a particular  sentence  that  determines  the 
part  of  speech  to  which,  in  that  sentence,  it  belongs. 

We  have  seen  Dr.  Johnson,  a scholar  certainly  of 
great  acquirements,  designating  os  nouns  subtan- 
tive,  such  words  os  pell-mell,  ding-dong,  handy-dandy, 
pit-a-pat,  and  see-satc,  when  in  the  very  examples 
which  he  quoted  they  were  used  as  adverbs ; and 
this  is  the  more  remarkable  because  he  designates 
other  words,  of  the  very  same  formation  and  use,  ad- 
verbs ; c.  gr.  helter-skelter,  which  certainly  approaches 
ns  nearly  to  pell-mell,  in  its  grammatical  use,  as  it 
docs  in  the  mode  of  its  formation,  and  in  its  general 
import. 

On  the  other  hand,  the  term  adverb  is  that  which 
almost  all  gram mari an s apply  to  an  indeclinable  word 
when  they  either  are  at  a loss  to  ascertain  its  proper 
use,  or  do  not  give  themselves  time  to  reflect  on  the 
matter.  The  acute  and  ingenious  De  Brosses  calls 
the  French  chet  an  adverb,  which  is  most  manifestly 
a preposition,  for  chez  moi,  and  apud  me,  are  phrases 
cxuctly  similar  in  construction.  Even  the  learned 
Vossius  calls  the  Latin  meenstor  an  adverb,  and 
R.  STEriiAXirs  terms  it  “ jurtindi  adeerbivm."  Now 
merastor  is  from  the  Greek  fta,  and  Castor , the  name 
of  a deity,  and  it  is  literally,  " by  Castor,"  an  outh 
used  ns  a common  expletive  in  conversation.  Thus 
we  find  in  Terence,  *'  Salve,  mecattor,  Panucno  ;** 
where  ni ecastor  cannot  by  any  ingenuity  be  made  to 
modify  the  verb  salve,  or  indeed  any  other  word ; 
but  is  truly  and  properly  an  interjection,  which  all 
words  of  the  same  kind  must  be,  such  as  Gadso  / which 
though  Mr.  Tookk  distinctly  colls  an  oath,  yet  he 
preposterously  reckons  among  the  adverbs.  Gadso  f 
and  ‘Odso!  were  abbreviations  of  “ by  God  it  is  so;” 
or  “ is  it  so,  by  God  ?”  for  men  happily  shrink  from 
their  own  profaneness,  and  rather  reduce  their  words 
to  unmeaning  exclamations,  than  advert  seriously  to 
their  original  import.  As  to  the  obscene  Italian 
expression  to  whicb  Tooke  alludes,  it  had  probably 
nothing  to  do  with  the  interjection  Gadso,  however 
it  may  have  furnished  a hint  to  the  unpolished  satire 
of  Ben  Jonson,  in  the  passage  quoted  from  one  of  his 
plays. 
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Grammar.  Chaim  sirs,  out  of  the  twenty-one  classes  of  ad- 

verbs,  that  he  enumerates,  mentions  three,  which  ore 
clearly  interjections ; namely  those  which  he  calls 
adverbs  of  wishing,  as  utinam ; of  answering, us  hem ! 
and  of  showing  as  ecce  ! This  last  mentioned  word 
is  sometimes  used  redundantly  with  the  similar 
word  en,  as  in  Apuleius,  “ En,  ecce,  prolatam  coram 
exhibeo,"  where  Vossiua,  reckoning  it  among  ad- 
verbs, nevertheless  adds,  with  his  accustomed  saga- 
city, nisi  hsec  (adverbia  demonstrativa)  potifts  in- 
tcrjectioni  accenscntur.,‘  Mr.  Took*,  however,  fulls 
into  the  common  error,  and  enumerates  among  ad- 
verbs the  plain  interjection  to ! which  is  (us  he  him- 
self observes)  the  imperative  of  the  verb  to  look.  This 
consideration  alone  should  have  taught  him  that  lo  ! 
could  not  be  used  with  an  adverbial  construction  ; 
and  the  same  may  be  said  of  halt ! und  fie  f which  he 
nevertheless  includes  in  his  list  of  adverbs.  Halt ! is 
the  imperative  of  the  German  flatten,  and  was  pro- 
bably transmitted  to  us  directly  from  the  French, 
who  borrowed  it  from  the  Italians,  and  they  from 
the  Germans. 

The  Anglo-Saxon  healdan,  and  our  verb  to  hold , 
are  indeed  the  same  verb  with  the  German  halten,  but 
from  them  we  could  never  have  formed  in  the  impe- 
rative halt!  terminating  with  a t j although  our  old 
writers  used  halt,  as  the  past  tense  of  those  verbs. 
Had  such  been  our  derivation  of  the  present  word, 
halt ! it  would  probably  have  been  more  extensive  in 
its  application  ; but  its  confinement  to  the  purposes 
of  the  military  art,  shows  that  it  was  received  from  a 
foreign  nation,  with  that  distinct  application. 

As  to  fie ! the  imperative  of  the  Gothic  and  Anglo- 
Saxon  verb  fian,  to  hate ; from  whence  comes  fiand , 
the  fiend,  the  enemy  of  mankind,  it  is  surely  as  ge- 
nuine an  interjection  as  proh  / or  xxr ! or  any  other 
word  of  that  class. 

Mr.  Took*  too,  calls  “ prithee"  an  adverb.  It  is 
the  phrase,  " I pray  thee,"  shortened,  and  used  as  an 
intcijcction  ; and  it  never  did  or  could  serve  as  on  ad- 
verb in  modifying  cither  a verb,  an  adjective,  or  ano- 
ther adverb.  By  a similar  error  some  ancient  writers 
reckoned  the  verb  omo6o  among  adverbs,  but  Calius 
Calbagnincs  expunged  it  from  that  class ; and 
rightly  so,  as  Vossius  remarks. 

Thus,  too,  Donatos  called  quaso  an  adverb.  The 
truth  is  that  such  verbs  as  qxutso  and  amabo,  thrown 
into  a sentence  interjcctionally,  and  not  connected 
with  any  other  word  in  the  construction  of  the  sen- 
tence do  not  differ,  as  to  grammatical  principle,  from 
pure  interjections,  and  therefore  may  be  referred  to 
that  part  of  speech  $ but  cannot  be  regarded  as  ad- 
verbs without  great  impropriety. 

The  interjections  heus!  and  ufmam,  have  also  been 
reckoned  among  adverbs  : and  even  the  pronouns 
compounded  with  a preposition,  as  mecum,  nobiscum,  and 
the  like,  the  error  of  which  is  ably  pointed  out  by 
Vossius  in  his  first  book  De  Analogid,  cap.  3. 

There  is,  perhaps,  some  nicety  in  determining  whe- 
ther certain  words  are  more  properly  to  be  reckoned 
adverbs  or  conjunctions.  Thus  prinib,  dcindc , denique , 
and  such  like  words,  are  called  adverbs,  and  some- 
tines  not  improperly  so  ; but  when  they  serve  to 
combine  together  sentences,  and  to  show  the  rela- 
tion of  the  verbs  to  each  other,  they  ought  to  be 
deemed  conjunctions.  In  this  class  we  ore  inclined 


to  place  such  words  as  nevertheless,  which  Dr.  John-  Hwpwi- 
son,  and  after  him  Tooke,  call  an  adverb. 

Thus  in  the  following  passage  from  Lord  Bacon  : — * 

Many  of  our  meo  were  jrooc  to  bind,  and  our  *hips  ready  to  de- 
part ( nevertheless  the  admiral  with  such  ships  only  as  could  sud- 
denly be  put  in  readiness  made  forth  towards  them. 

Nevertheless  answers  exactly  to  *yet,  which  is  dis- 
tinctly stated  to  be  a conjunction  both  by  Johnson 
and  Tooke.  Nay  Johnson,  in  explaining  the  word 
yet,  thus  expresses  himself — 

Vet  conjunct  (gyt,  get,  geta,  Saxon.)  Nevertheless,  notwith- 
standing, however. 

And  in  the  sentence  above  quoted  the  sense  would 
be  exactly  the  same,  whether  we  should  say — 

Though  many  of  our  men  were  gone  to  land,  the  admiral  pat 
forth. 

Or— 

Many  of  oar  men  were  'gone  to  land,  yet  the  admiral  pot 
forth. 

Or— 

Many  of  our  men  were  gone  to  land,  nevertheless  the  admiral 
put  forth. 

Upon  the  whole,  it  will  be  seen,  in  these  and  simi- 
lar instances,  that  the  conjunction  is  an  adverb  and 
something  more.  It  is  an  adverb,  inasmuch  as  it  serves 
to  modify  the  verb,  with  which  it  is  immediately  con- 
nected but  it  is  something  more,  inasmuch  as  it 
shows  a relation  between  that  verb  and  another,  and 
connects  together  the  sentences  to  which  those  verbs 
belong. 

§ Of  Prepositions . 

We  now  come  to  a class  of  words,  best  known  in  Name, 
modem  times  by  the  name  of  prepositions,  though 
they  have  by  some  writers  been  more  appropriately 
termed  adnomina,  or  adnouns.  As  our  object,  how- 
ever, is  to  change  as  little  as  possible  received  tenns 
and  modes  of  reasoning,  we  shall  adopt  the  generic 
word  preposition,  for  the  part  of  speech,  which  wc 
haw  at  present  to  consider. 

In  the  Greek  and  Latin  languages,  the  words  thus  prrnn: 
distinguished  were  most  commonly  (though  with  respecting, 
some  exceptions)  placed  immediately  before  the  sub- 
stantives to  which  they  referred  •,  and  they  were 
subject  to  few  variations  in  point  of  form.  These 
circumstances,  as  will  presently  be  shown,  were 
merely  accidental  or  idiomatical,  but  they  were  un- 
fortunately selected  by  some  grammarians  as  essential 
to  the  preposition ; and  hence  originated  the  well- 
known  definition  preepositio  esi  pars  orationis  inraria - 
bilis,  qua  preeponitur  aids  dictionibus.  Some  of  the 
Greek  grammarians,  considering  that  prepositions 
connected  words,  as  conjunctions  did  sentences, 
ranked  both  the  preposition  and  conjunction  under 
the  common  head  of  TLovicapax,  or  the  connective,  and 
the  stoics  adding  this  circumstance  to  the  ordinary 
position  of  the  preposition,  in  a sentence,  called  this 
part  of  speech  Swentpot  WpoOtrutot.  Another  acci- 
dental peculiarity  of  most  of  the  words  which  were 
used  as  prepositions,  in  Greek  and  Latin,  as  well  as 
in  some  modem  languages,  was  that  their  original  and 
peculiar  meaning  had,  in  process  of  time,  become 
obscure  ■,  and  from  hence  some  persons  were  led  to 
a 2 
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Gram  mar.  think  that  these  words  had  no  signification  of  their 
own.  The  learned  IIabkis  givea  the  following  defi- 
nition, “ A preposition  is  a part  of  speech  devout  itself 
of  signification,  but  so  formed  us  to  unite  tico  ir  ords,  that 
are  significant,  and  that  refuse  to  coalesce,  or  unite  of 
themselves.  Campaxella  ulso  says  of  the  preposition 
perse  non  significant  i and  IIoogkvekx  says,  " Per 
se  posita  et  solitaria  nihil  significat."  Under  the  surnc 
impression,  the  Port  Royal  grammarians  say,  **  On  a 
eu  reeours,  dans  toutes  lea  langurs,  d une  autre  invention, 
qui  a tie  d'incenter  de  petit*  mots  pour  Sire  mis  or  ant  les 
noms,  ce  qui  les  a fait  appeller  propositions.  And  M.  de 
BaossES  says,  “ Je  n'ai  pas  trouvt  qu'il  fut  possible 
d'assigner  la  cause  de  leur  origine ; tellement  tjue  f en 
crois  la  formation  puretnent  arbilrairt." 

Now,  in  all  this  there  was  certainly  much  inaccu- 
racy of  reasoning.  As  to  the  position  of  these  sort  of 
words  in  a sentence,  even  in  Latin,  the  preposition 
femur  was  always  placed  after  the  noun  which  it  go- 
verned j so  Plautus  uses  erga,  after  a pronoun,  as  in 
mederga,  for  erga  me ; and  cum  is  employed  in  like 
manner  in  the  common  expressions  mecum,  tecum,  no- 
biscum, to  biscum.  These  and  other  examples  of  a like 
kind  induced  some  authors  to  make  a class  of  post- 
positive prepositions.  “ Dantur  etiam/'says  Caramubl, 
“ Postpositiones,  quae  prapositiones  postpositive?  solent 
dici but  there  are  languages  in  which  all  the  pre- 
positions, if  we  may  so  speak,  are  postpositive. 

Dr.  Jaclt,  speaking  of  the  Turkish  and  Hungarian 
tongues,  says,  “ Les  propositions  de  ces  deux  langurs, 
aussi  bien  que  de  la  Georgienne,  se  mettoient  toujours 
aprts  leur  regime."  And  Haehed  in  his  grammar  of 
the  Bengal  language,  says,  “ the  noun  in  regimine, 
with  a preposition,  should  properly  be  in  the  posses- 
sive case,  and  prior  in  position.  * 

It  is  not  surprising  that  Mr.  Tooke  should  ridicule 
these  postpositive  prepositions,  and  nonsignificant  words 
which  communicate  signification  to  other  words  ; but 
unfortunately  he  only  substitutes  worse  errors  of  his 
own,  when  he  asserts  that  prepositions  arc  always 
names  of  real  objects,  and  do  not  shew  different  ope- 
rations of  the  mind. 

The  real  character  and  office  of  the  preposition  have 
been  stated  with  a nearer  approach  to  accuracy  by 
Bishop  Wilkins  and  Vossics  ; but  neither  of  them 
seems  to  have  given  a full  and  satisfactory  definition 
of  this  port  of  speech.  Wilkins  says,  **  Prepositions 
are  such  particles  whose  proper  office  it  is  to  join  in- 
tegral with  integral  on  the  same  side  of  the  copula, 
signifying  some  respect  of  cause,  place,  time,  or  other 
circumstance,  either  positively  or  privately."  Vossios 
says,  prapositio  est  vox  per  quatn  udjungitur  verbo 
nomen,  locum,  tern  pus,  aut  caussam  significaus,  seu 
positive  seu  privalivh." 

It  suited  Wilkins's  scheme  of  universal  grammar  to 
coll  the  preposition  u particle,  but  however  appro- 
priate this  may  be  to  a theoretical  view  of  language, 
such  as  it  never  did,  and  probably  never  will  exist, 
it  does  not  suit  our  view  of  those  philosophical  prin- 
ciples on  which  the  actual  use  of  speech  among  men 
depends.  On  the  other  hand,  as  Wilkins  includes 
under  the  term  mtegrri  both  the  noun  and  the  verb, 
he  is  in  this  respect  more  accurate  than  Vossius,  for 
the  preposition  does  not  merely  join  a noun  to  a verb, 
but  sometimes  to  another  noun. 

DeAnitioa  We,  therefore,  with  that  diffidence  which  becomes 


all  persons  who  endeavour  in  any  degree  to  clear  the  Pr*po*»- 
path  of  science,  shall  propose  the  following  definition  t*oa* 
of  a preposition  .•  a preposition  is  a word  employed  in  a 
complex  sentence  to  express  (lie  relation  in  ic Inch  a sub- 
stantive stands  to  a verb,  or  to  another  substontive. 

Saul  vu  before  David. 

He  speak*  concerning  the  lav. 

The  Duke  of  Wellington  liberated  Spain. 

Cteaar,  with  hi*  army,  cxtinguUbcd  freedom  la  Rome. 

Justice  is  nobler  than  unlicensed  force. 

In  these  examples  the  same  function  is  performed 
in  the  construction  of  the  respective  sentences,  by  the 
words  before,  concerning,  of,  \ eith,  and  in ; but  it  is  per- 
formed in  somewhat  a different  manner. 

1.  The  preposition  before,  expresses  the  relation  of 
priority,  in  which  the  substantive  Saul,  stands  to  the 
substantive  David,  the  mere  verb  of  existence  inter- 
vening. 

2.  The  preposition  of  expresses  the  relation  of  ap- 
purtenance, in  which  the  substantive  duke,  stands  to 
the  substantive  Wellington,  no  verb  intervening. 

3.  The  preposition  concerning,  expresses  the  rela- 
tion of  subject  to  action,  in  which  relation  the  substan- 
tive law  stands  to  the  verb  speaks. 

4.  The  preposition  with,  expresses  the  relation  of 
means  to  action,  in  which  the  substantive  army,  stands 
to  the  verb,  extinguished. 

5.  The  preposition  in,  expresses  the  relation  of  place 
in  which  the  substantive  Home,  stands  to  the  same 
verb,  extinguished. 

I.  We  say,  that  the  preposition  is  always  employed  Complexity 
in  a complex  sentence  ; for  as  the  noun  and  verb  make  of  sentence, 
up  one  proposition,  and  the  noun,  verb  and  adverb 

two,  so  the  noun,  verb,  and  preposition,  with  the 
noun  which  follows,  or  is  governed  by  the  preposi- 
tion, make  up  three  propositions.  Thus  “ John 
walks  before,"  it  a sentence  involving  these  two 
propositions — 

John  la  walking. 

John  1a  before. 

But  “ John  walks  before  Peter,"  is  a sentence  in- 
volving these  three  propositions — 

John  U walking. 

John  is  before. 

Peter  la  behind. 

In  like  manner  the  sentence  11  the  Duke  of  Wel- 
lington conquered,"  may  be  resolved  into  these  three 
propositions — 

The  Duke  conquered. 

He  belonged  to  • certain  town. 

The  town  (to  which  be  belonged)  wmi  Wellington. 

And  thus  we  may  always  resolve  a sentence  into  its 
separate  propositions,  by  expressing  in  a distinct  form 
the  conception  implied  by  the  preposition,  and  con- 
necting it  successively  with  the  two  terms  related  to 
each  other. 

II.  The  origin  and  use  of  prepositions  may  best  be  Origin  and 
considered,  by  adverting  to  the  three  different  modes  «»*. 

in  which  the  particular  relation  of  a substantive  to  a 
verb,  or  to  another  substantive,  may  be  expressed  in 
language,  namely,  by  a combination  of  words,  by  a 
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Grammtr.  single  toon/,  or  by  the  declension  of  & word. 

''-"■V-""''1  A combination  of  words  constitutes  a phrase,  or  clause 
in  a sentence,  which  may  be  introduced  solely  to  ex- 
press the  relation  conveyed  in  a different  language,  or 
mode  of  writing,  by  a single  preposition.  Thus  in  the 
letter  which  Hotspur  reads  in  King  Henry  IV.  part  1. 
**  I could  be  well  contented  to  be  there  in  respect  of 
the  love  I bear  your  house/*  the  words  ” in  respect  of 
the  love,”  may  be  rendered  in  Latin  “ propter  amo- 
rein  /’  or  may  be  turned  in  English  M for  the  love.” 

Let  us,  therefore,  first  consider  how  phrases  of  this 
kind  are  formed. 

SubrtnH-  l.  We  may  place  under  the  head  of  substantival 
vaiphram.  phrases,  all  those  in  which  the  conception  of  the  rela- 
tion meant  to  be  expressed  is  given  in  the  form  of  a 
substantive.  Such  are  the  phrases,  **  in  respect  of,” 
"*  per  rispetto  di,”  *'  in  consideration  of,*’  " a cause 
de,”  " per  manoanzu  di,’*  See.  &c. 

Now  these  words  respect,  rispetto,  consideration , 
cause,  and  m anamsc,  retain  in  English,  French,  and  Ita- 
lian, respectively,  their  separate  use  as  substantives  ; 
and  the  same  may  be  said  of  the  expression  more 
common  in  Scotland  than  in  England,  “ in  place  of  /* 
but  the  phrase  corresponding  to  this  last,  viz.  **  instead 
of,”  exhibits  a noun,  which,  in  the  sense  of  **  place,” 
has  become  obsolete.  Accordingly,  Dr.  Johnson,  in 
his  Dictionary,  has  the  following  articles 
Sfeach  Stead,  h.  a.  1.  Place.  Obsolete. 

Fly,  therefore,  fly  this  fearful  strait  anon, 

Lest  thy  fool  hariKre  work  thy  ud  coofuuion. 

Fairy  Qttftn, 

Instead  of.  Prep,  [a  word  formed  by  the  coalition 
of  m and  stead  place.] 

I.  In  room  of ; place  of. 

Vary  the  form  of  speech,  sad  instead  of  the  word  church  make 
it  s question  in  politic*,  whether  the  moaomeot  be  ia  danger. 

Swift. 


Cause. 


hauit- 


Here,  we  see,  is  some  little  confusion  ; inasmuch  as 
Johnson  has  not  very  clearly  explained  whether  he 
considers  the  two  words  in  and  stead,  or  the  three 
words  in,  stead,  and  of,  to  have  coalesced  into  one 
word,  and  formed  one  preposition.  It  may,  therefore, 
be  more  advisable  to  call  all  such  expressions  prepo- 
sitional phrases. 

It  is  easy  to  conceive,  that  the  noun  stead  might 
have  been  used  alone,  with  the  same  force  and  effect 
as  we  now  u4e  the  whole  phrase  instead  of;  for,  in 
fact,  the  word  statt,  which  is  only  a variety  of  pro- 
nunciation, is  so  used  in  the  German  language,  as 
statt  mciner,  “ instead  of  me  and  in  a manner  not 
very  dissimilar,  we  ourselves  use  the  Latin  noun  vice, 
especially  in  the  official  notices  of  appointment  to 
rank  or  office,  as,  **  X.  Y.  to  be  captain  by  purchase, 
vice  T.  B.  promoted.'* 

•*  Became  off  answers  to  the  French  prepositional 
phrase,  A cause  de,  and  to  the  Italian  per  rispetto  di. 
Dr.  Johnson  says  of  the  word  because,  “ it  has,  in 
some  sort,  the  force  of  a preposition  ; but  because  it 
is  compounded  of  a noun,  has  of  after  it."— • 

Infancy  demands  aliment  such  u lengthens  fibres  without  break- 
ing, because  of  the  state  of  accretion." 

An  sc  tii  NOT,  on  Alimtni. 

The  substantive  faute  In  French  is  employed  in  the 
formation  of  a prepositional  phrase,  both  with  and 


without  the  preposition  d preceding  it;  as  “ il  est  Prrpow- 
mort,  faute  de  secours," — “ d faute  de  lul  rendre  foi 
ct  homuiagc,  il  fera  saisir  le  bien.”  So  in  low  col-  v‘— 
loquial  English,  we  use  the  expression  " for  fault 
off*  as  in  the  Merry  Blocs  of  Windsor — 

QcirXLY.  Prtrr  Simple,  you  «ay  your  name  ia  ? 

SlHPLB.  Ay,  fur  fault  of  a better. 

And  in  Italian  the  substantive  mancanza,  is  em- 
ployed in  a similar  phrase  : “ non  fit  gu»  fatto,  cite 
per  mancanxa  di  fede,  o di  memoria.”  (Letters  di 
G.  I ) i-  r.  r. . Casa.) 

In  the  spite  of  is  a prepositional  phrase  occurring  in  Spite. 
Bishop  Latimer's  sermons  : — 

A gentlewoman  rente  to  me,  and  toldc  me  that  a great  man 
keprtb  ccrtaync  ’.arnica  of  her*  from  her,  and  wyll  be  her  tenaunte 
in  tkt  tpyle  «/  her  tetbe. 

This  phrase  is  shortened  by  some  of  the  poets  to 
spite  of.  Thus  Rows — 

For  thy  lov’d  sake,  spin  of  my  boding  fears, 

I’ll  meet  the  danger  which  ambition  bring*. 

The  substantive  spite  signifies  malice,  rancour, 
hatred,  malignity,  malevolence  ; but  the  prepositional 
phrases  '*  spite  off  “ tn  jpife  off  and  **  in  the  spite  off 
are  often  used,  as  Johnson  observes,  without  any  ma- 
lignity  of  meaning  ; for  words,  in  the  course  of  time, 
obtain,  in  some  instances,  a greater  Latitude,  and  in 
others  a closer  restriction,  of  meaning ; and  in  the 
present  case  there  is  a transition  from  the  idea  of  that 
opposition  which  arises  from  malignity,  to  the  more 
comprehensive  idea  of  forcible  opposition  in  general. 

It  is  somewhat  doubtful  whether  the  substantive 
despite,  and  the  prepositional  phrases,  despite  of,  and 
i»  despite  of,  are  not  of  different  origin  from  the  pre- 
ceding. Spite  is  certainly  connected  with  the  Dutch 
spyt,  spite,  vexation;  and  in  that  language  are  the 
phrases  my  te  spyt  “ in  spite  of  me,”  ana  spyt  zyn 
bakkus,  in  spite  of  his  teeth  ; but  the  Dutch  spyt 
enters  into  the  composition  of  several  other  word*.,  as 
spy  fig,  spiteful,  fretful,  vexatious,  spytigheyd,  fretful- 
ness, spytiglik,  spitefully ; and  they  say  dat  is  spytig, 
for  **  that  is  vexatious,”  that  is  a pity.”  Hie  no- 
tion conveyed  by  all  these  words  is  analogous  to  the 
sense  of  being  pricked  or  wounded  by  a pointed  in- 
strument, and  it  is  doubtless  connected  with  our 
word  spit,  and  with  the  German  spitze,  which  signi- 
fies any  substance  terminating  in  a sharp  point. 

Heucc  spit,  according  to  Wachtbh,  is  “acutus,  a cu- 
min atus  /’  spizzi  stechun,  in  Frankish,  is  pointed 
stakes,  “ Dicitur  allegoric^/’  adds  Wachter,  " de  in- 
genio  acuto,  sod  call  id  o,  nsaUgtso,  et  ad  decipiendum 
nato.  Inde  tpiz-kopf  caput  astutum,  spubube,  fur 
vafer/’  &c. 

Despite,  on  the  other  hand,  is  from  the  French  Despite. 
depit,  formerly  spelt  despit,  which  Menage  derives 
from  dispectus,  (he  must  mean  despecius,)  despised. 

From  despectus  was  formed  the  Italian  dispetto,  as  in 
the  prepositional  phrase  per  dispetto  di,  **  in  contempt 
of.”  Thus  Boccacio  says,  “ Che  ne  dobbiam  fare 
altro,  se  non  torgli  que’  pamii.  ed  impiccarlo,  per  dis- 
petto degli  Orsini,  a una  di  queate  querce.”  The  French 
depil  or  despit , is  explained  in  the  Dtctwnnaire  de  C Aca- 
demic, “ fascherie,  chagrin  mesll  dc  colire  /'  and  it  is 
added,  *'  On  dit,  en  depit  de  Ivy,  pour  dire  malgrd 
luy/'  but  in  an  earlier  period  of  the  French  language 
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, the  prevalent  idea  conveyed  by  the  word 
J not  anger,  but  contempt.  Thu, in  a poem  on  the  Game 
of  Chew,  the  earliest  on  the  snbject  now  extant,  hae- 
"„g  been  transcribed  in  the  ISth  century,  (MS, 
Cotton.  Cleop.  b.  ix.  1.)  we  tmd  the  following  pas- 

8age  :_ 

Mca  me  gents  scant  ke  mdtrpit, 

Vnt  lea  giuspartix,  e prisent  petit, 
f*ur  c«)  q'  poi  enact  uent aU  nicnl. 

j e " but  there  is  one  kind  of  people  who  have  w 
contempt  games  (of  chess)  and  prize  them  little  i be- 
cause thev  know  little  or  nothing  about  them. 

And  from  the  lines  immediately  following  it  appears 
that  the  obsolete  verb  desire  was  exactly  our  verb 
" to  despise." 

Mes  wo  net  paa  a dreit  moment, 

De  derpirt  ceo  du't  neu  «eit  la  uento. 

i.  e.  “ But  this  is  not  (according)  to  right  judgment, 
to  despise  that  of  which  one  knows  not  the  truth. 

SiisasreaBE  appears  to  have  felt  the  true  meaning 
of  the  word  despite,  ns  implying,  from  its  Latin  origin, 
contempt,  when  he  makes  Cortohmus  exclaim  to  the 
tribune,  Sicinius— 

Thou  wretch ! detpit*  o’enrhelm  thee ! 


Fatto  era,  quanto  efli  areva  roman dato, 
piiicer*  di  taota  Cbieaa. 


grande  grade  e 
M.  VILL4NI. 


Pnepoat* 


Di  grado,  and  di  proprtn  grado,  arc  also  used,  in  an 
adverbial  manner,  for  “ willingly,”  u spontaneously.” 

Che  dlfciuleeac  la  mi  franrheua,  e libertk.ccbe  non  n mrt  tease 
di  grade  in  wrritudine  ; pcrocch£  maggior  riiuprrio  £ aostencrc 
•erritudluc  di  proprio  grade,  che  per  form. 

Folgar.  Put.  Sene*.  95. 

From  the  Italian  grado  proceeded  the  old  French 
greit,  grez,  and  gr/. 

Car  ilh  a’estoient  toa  bio  wardeis,  tans  arolr  mal  greit  de  nolle 
del  parties. 

IIemrici  htii  s,  de  beL  Lend.  c.  30. 

Toa  furent  lid  de  an  venue; 

Gres,  et  merer z iui  out  reiulue. 

MS,  Perm* ; Gnrr  de  TVeie. 

Ore,  in  more  modern  French,  is  explained  **  bonne, 
Tranche  volontl,  qu'nn  a de  faire  quelque  chose  as 
“ il  y est  alio  de  son  gr /,  de  son  plein  gr/  ■’*  **  ils  ont 
contract**  ensemble  de  gr/  h grt **  il  le  fera  bon 
gr<?,  mal  gr/.  Savcir  gr/,  is  **  to  be  satisfied  with”  a 
person’s  conduct,  to  be  obliged  to  him  for  it : Jiri  sa- 
roir  un  gr/  infini,  ” to  be  infinitely  obliged  to  him.” 
Thus,  in  a letter  written  by  order  of  the  King  of 


_ „ , nse  to  our  obso-  F«»*cx,  in  1814,  to  the  euthor  of  certain  political 

manner  (fcTr re  it  is  spelt  in  Bishop  works,  it  is  said,  " Sa  ronjestd  vous  sachant  un  grd  n- 
“ . * (nJ  iU  be  worth  while,  first,  Jim  de  la  manitre  dont  vous  avex  pris,  dans  des  temps 

BtnwthpwS  ofthls  autatontivefmm  the  Latin  difficile.  U defense  de  sesjus.es  droits,' "Ac,  and 
SiJSlre  realm,  and  then  to  observe  how  it  was  cm-  there  phrases  appear  to  be  imitated  from  the  Italian 


adjective  ftratm,  and  then™— — 

ployed  in  various  prepositional  phrases,  and  those 
phrases  ultimately  melted  down  into  a single  word, 
so  as  to  form  a clear  and  genuine  preposition. 

From  the  classical  Latin  adjective  gratae,  agreeable, 
were  formed  the  barbarous  Latin  substantives  grains, 
and  gradtts,  signifying  that  which  is  agreeable  to  a 
person,  or  conformable  to  his  freewill)  as  in  the 
following  instance* : — 


so  grado,  as  in  Boccacio 

Signori,  di  cib,  che  ienera  vi  fa  fatto,  to  io  grade  alia  fortune 

Faire  gr/,  in  old  French,  vat  to  do  what  is  agree- 
able to  right  and  justice,  as  to  satisfy  a debt,  a tax, 
or  a reckoning. 

Sr  il  avient  que  uns  hom  fraiat  aemoarre  no  autre  pa  relevant  le 
hutiche  por  dele,  et  cU,  de  qui  on  « ckmeroit,  ne  aeroit  inie  de 
lc  quemugne,  ai  oonnowaoii  le  dete,  il  seroit  tantoat  a 2 soli  et 


Idem  feodum  anuou  monnehorum  aUensrc  non  poMumu*,  nisi  n(B||  ac  li  coovarroit  faire  ton  grd  s’il  aroit  de  coi;  et  a’U 
grate  et  roJuntale  l)uels  Burguodiie.  deacoonoiuoit  la  dete,  il  eo  demoueroit  quitca. 

* Chari.  A.  D.  1 1 97. 

Tu  qul  mens  e»,  qtvimodo  teneis  hoc  quod  ego  non  dedi  tibl 

““  moo  gram  ! ^ ^ f m. 

Ipse  anuan  de  stio  grain  respond]  t quod  In  Ulna  aerlptmn  non 
Capit.  Corel.  Cal*.  tiL  24. 

From  these  substantives  come  the  barbarous  Latin 
verbs  grata  et  grator,  “ to  agree  or  grant  freely,”  and 
the  adverb  gratanter,  “ willingly.* 

From  the  same  source  came  also  the  Italian  sub- 
stantive grado,  free  will,  approbation,  thankfulness, 
as  in  Dante 

Ma  poirh*  par  al  monilo  fn  rirolta, 

Contra  tuo  grade,  e contra  buon  usanxn, 

Non  fn  dal  vel  del  cuur  ^iammai  disciolU. 

And  in  Boccacio— 

Kiona  ration  vnole,  che  grade  » ocnU  del  non  rlccmto  bene- 
flclo. 

So  we  find  a grado,  and  a grande  fftado,  used  in  an 
adverbial  manner,  for  " agreeably,"  “ very  agree- 
ably.” 

Tanto  bene,  e al  a grade  comincib  a serrire  ad  Egano,  che  egli 
ali  pose  a more. 

• Boccacio 


U*at.  MSS.  Cb.  elmbiaa. 

Iccllui  Guillaume  compta  et  fit  grd  u l’ostc  dc  l’eacot  de  ltd,  ct 
de  »es  compaignooa. 

MS.  Letter , a.  D.  1395. 

This  expression  is  imitated  by  Cbaucui  in  his  Afer- 
chants  Second  Tale,  ▼.  1326. 

And  be  tnyglit  be  take  he  ahold  de  me  grt 

From  the  substantive  gr/  came  the  old  French  gr/er, 
to  agree  to,  grant,  or  approve  : — 

Tootes  lea  chosea  dcasua  dittca  il  gr  derent,  roerent,  ratefierent, 
et  accord crcnt. 

Chart,  a.  D.  1323. 

In  the  same  sense  was  used  agr/er , whence  came 
the  barbarous  Latin  ogre  amen  turn,  “ an  agreement," 
which  lias  tall  whimsically  expounds  agg  regatta  men- 
tium. 

From  gr/  came  also  the  old  French  word  engr/s  for 
willing,  ready,  well  disposed. 

Soions  engrd*,  aoiona  entrant, 

De  lul  aervir  et  jour  et  nuit  • 

MS.  Mirac.  B.  M.  V.  lib.  2. 

The  word  grt tr,  anciently  used  in  Valentia  for  a 
marriage  gift  freely  made  by  the  husband  to  the  wife. 
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„ appears  to  agree  with  the  old  French  greit.  (See  Fox- 

Nupt.  f.  2.  d.  r.  ri- 1 

v Gawin  Dooccaa  has  adopted  the  French  gre  into 
the  Scottish  language,  in  the  seusc  of  a prize  ; as — 
tie  ball  was  the  price  and  grc  of  duuc  dcrryuc. 

But  Junius  erroneously  derives  this  from  the  French 
degr 4,  the  origin  of  which  is  the  Latin  gradus,  a step. 

Having  thus  traced  the  simple  word  gratia,  “ agree- 
able," through  its  derivatives,  we  have  uext  to  dew 
it  compounded  with  w wit,  '*  badly.'* 

Malo  grata  is  used  by  Matthew  of  Paris,  in  two 
passages,  with  a slight  difference  of  construction. 
Under  the  date  of  the  year  1245,  he  says,  “ Liberta- 
tem  ecclesi«B,  quum  ipse  nunquam  au\it,  set!  wutguifici 
antecessores  cj  ui  maiogmto  suo,  stabi  Ik  runt . " U nder 
1252,  he  thus  relates  the  quarrel  of  King  John  with 
his  brother  Cui  ait  electus  — Domino  Deo  voa 
cowmeudo  At  Hex,  et  ego  te  diabolo  vivo.  Et  ego 
te  mala  grato  l>ei  et  eius  sanctorum,"  Ac.  Here  the 
adjective  and  substantive  appear  to  be  used  separately; 
but  they  are  combined  into  one  word  in  mutrgratibus 
dentium  which  occurs  in  a MS.  of  the  year  1350. 
“ Galtcronus  ira  luotus  dicit  ad  supplicantem  plurima 
verba  injuriosa,  quod  malegratibus  dentium  ipsius  sup- 
plicant is,  ipse  bene  solreret  simbolum  suum." 

So,  in  Italian  wc  tind,  a mat  mio  grado,  a tuiu  mal 
grado,  a mal  grado  di  lui,  mal  tnio  grado,  mil  tuo  grado, 
malgrado  di  voi,  &c. 

La  cam  escura,  e mats,  t mol  to  trista  me  ritiene,  rtccve,  a mat 
»Uo  grade. 

Boccacio. 


II  <n  aeqaente  pass&roao  U tosao,  e mol  grado  della  font  tie' 


M.  VllXAKI. 


Cbc  chi  pcesemto  star  cad  tie  tra  via 
Dcfao  else  mat  tuo  grado  a terra  glacci*. 

Petaakc  ». 


In  like  manner  mal  and  gr4  are  combined  in  French. 
These  two  words  appear  to  be  used  as  an  adjective 
and  substantive  in  the  Roman  de  Rou. 

Guert  out  at  le  conaeil  trouble, 

Que  puw  n'i  out  borne  neouUf, 

(Jut  do  fane  p.us  ait  parte, 

Qui  de*  plna  riches  o'ait  nal  gr{. 

But  they  seem  mthcr  to  form  a compound  substan- 
tive, in  the  following  passage  of  a MS.  letter  dated 
a.  d.  1401. 

Guillcroette  Quesijel  jeunc  femme  non  mar  tec,  pour  co  quYlle 
catoil  enaalute,  ct  grosse  d’cufimi— doubtaat  le  «m» Igrd  do  tea 
aiata,  &e. 

Malgr/  became  maugr/  by  the  general  tendency  of 
the  French  to  corrupt  al  into  au,  as  alter  outer,  autre ; 
ultra,  outre ; thus  mau  is  used  for  mal  in  the  old  pro- 
verb, *'  fc  mau  chat,  mau  rat,"  meaning  “ two  knaves 
well  met."  So  in  the  compounds  maudire,  to  curse  j 
maudiuon,  a curse,  opposed  to  benixson , a blessing  ; 
as  iu  the  Scottish  dialect  malison  is  to  benison  ; mau- 
men/  ill  used  maujfait,  a goblin  ; maugreer,  to  revile, 
rail  upon,  and  show  ill  will  to. 

Chaucer  frequently  uses  maugre  os  a preposition. 
Thus  in  the  Knight's  Tale : — 

And  t will  kmc  her  meagre  all  thy  might. 

In  Barbour  we  find  the  same  word  spelt  magre.— 


Through  him  I trow  my  land  to  win,  Plvpow- 

Magre  the  Clifford,  axul  bis  kin.  tioua. 

Lastly,  in  Bishop  Latimer's  Sermons,  it  is  spelt 
manger. — 

God  workrth  wonderfully,  he  hath  preaerued  it  manger  thryr 
beam*. 

The  English  substantive,  firoe,  and  the  French  Tin*. 
temps  are  used  in  prepositional  phrases,  more  or  less,  Term, 
ample  or  abbreviated.  Thus,  in  the  statute  1 Hie.  HI. 
c.  7-,  which  was  enacted  a.  d.  1483,  and  remains  on 
record  both  in  the  French  and  English  languages  of 
that  day,  we  have  ° the  meanc  tyme"  where  we 
should  now  use  **  in  the  mean  time,"  " all  pices  the 
meane  tyme  to  cease  j"  in  the  French  copy  “ tontz 
plecs  le  meane  temps  dc  cesser."  In  another  part  the 
phrase  is  fuller  “ cn  le  mesme  temps  toutz  pleez  ces- 
sent  jM  **  in  the  same  tyme  all  plecs  ecsse,"  And 
elsewhere  wc  have  u al  temps  de  le  dit  fine  levez  ;** 

**  at  the  tyme  of  the  seid  fyne  levied." 

But  in  another  passage,  tbe  words  tyme  and  temps 
are  respectively  used  without  either  preposition  or 
article  preceding  them,  “ saving  to  every  persone 
such  right,  Ike.  as  they  have  to  or  in  the  seid  londes, 
fkc.  tyme  of  such  fyne  ingrossed." — “ Sauvant  a chas- 
enne  persone  autielx  droit,  &c.  queux  ils  ount  au  ou 
en  les  ditz  terras  temps  dutiel  fine  engro&se."  The 
w’ord  fern  is  also  used  in  the  same  absolute  way,  in 
the  first  chapter  of  the  statutes  made  in  this  year, 

(the  earliest  statutes  on  record  in  the  English  lan- 
guage,) “ ne  lescs  d ten ne  de  vie  ou  dcs  ana,  ne  nn- 
nuiteez  grauntez  a nscune  persona  ou  personez  pur 
leur  serv  ice  pur  terme  de  leur  vies,"  which  in  the  En- 
glish MS-  copy  runs  thus,  “ Nor  leses  terme  of  lyff  or 
of  yeres,  nor  annuites  gruunted  to  eny  personne  or 
persones  for  their  service,  feme  of  their  lyfea.” 

From  tbe  French  substantive  tour  comes  the  old  Taar, 
word  entour,  which  is  used  both  as  part  of  the  prepo- 
sitional phrase  d V entour  de,  and  also  alone,  as  the 
mere  preposition  “ about." 

An  ode  of  Ron  sard,  imitated  from  Anacreon,  becins 
thus — 

Le  petit  enfant,  Amour, 

Cm  illoit  ilea  fletin,  A f entour 

D'**«  ruche,  oil  la  avi-llc*. 

Font  leur  pc  tiles  logeu*-*. 

In  the  letter  of  Pekres  de  Mounfort,  before 
quoted,  wc  have  entour , where  in  modern  French 
environ  would  be  used,  the  former  preposition  having 
become  obsolete  though  the  verbs  ew tourer  nnd  ea- 
vironner,  are  alike  in  use.  *'  Dcfendimes  le  givez  del 
ewe  de  Osk — jekea  au  Samodl  entour  oure  de  midy." 

“We  defended  the  fords  of  the  river  Esk,  until  Satur- 
day about  the  hour  of  noon." 

2.  dfyeetwes  may  be  used  in  the  same  sort  of  prepo-  Adjectival 
sitional  phrases.  Thus  Miltow,  in  his  “ Essay  on  the  Phrw**- 
reason  of  Chur  eh  Government says,  “ If  the  course  of 
judicature  to  a political  censorship  seem  either  tedious 
or  loo  contentious,  much  more  may  it  to  the  disci- 
pline of  the  church,  whose  definitive  decrees  are  to  be 
speedy,  but  the  execution  of  rigour  slow,  contrary  to 
what  in  lepU  proceedings  is  most  usual." 

This  adjective,  oonlmry,  we  find  used  preposition- 
ally  in  the  Scottish  acts  of  Parliament,  both  in  the 
phrase  **  in  contrar  the  command,"  and  also  in  the 
separate  word  “ c outran,"  as  in  the  act  of  1564, 
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Grammar.  “ contrare  the  priuilegis  of  oure  crowne."  In  the 
latter  instance  it  answers  precisely  to  the  French  pre- 
position centre,  and  therefore  is  equally  entitled  to  be 
ranked  in  that  class.  In  old  French  there  was  also 
the  preposition  encontre,  which  now  exists  only  os  a 
substantive,  signifying  an  adventure  : nor  is  the  verb 
eneontrer  at  present  in  use,  though  the  substautive 
rencontre,  and  the  verb  rencontrer  both  are  soj  and 
though  in  English  we  retain  encounter  and  rencounter, 
both  as  substantives  and  ns  verbs.  It  is  probably 
from  rencounter  that  we  originally  took  the  expression 
of  running  counter  to ; as  iu  Locke — 

He  thinks  it  bravr  at  bis  first  setting  out  to  signalize  himself  in 
running  tounier  to  all  the  rules  of  virtue. 

Where,  as  the  words  cowt/er  to,  perform  the  func- 
tion of  a preposition,  they  may  justly  be  described  as 
a prepositional  phrase. 

Sulims.  The  Latin  adjective  salvus,  when  placed  in  the  ab- 
lative cose  absolute,  may  be  considered  as  used  pre- 
positionally,  and  has  in  fact  given  rise  to  the  Italian 
salvo,  the  French  sauf,  and  the  old  English  saufe,  all 
which  may  be  regarded  as  real  prepositions. 

Cicero,  in  a letter  to  P.  Lentulus,  the  proconsul, 
describing  his  success  in  a debate  against  the  tribunes 
of  the  people,  thus  speaks — 

Quod  ad  popularem  rat  Loot' in  attlnct,  hoc  videmur  case  roasr- 
cuti,  at  oe  quid  agi  cum  populo,  aut  talvit  ausficiia,  aui  #a/ru 
legibus,  aut  denique  tint  ri,  po»it. 

where  wc  see,  that  in  the  construction  of  the  sentence, 
sains  and  tine,  have  the  very  same  effect  ; for  agere 
salv is  auspiciis,  and  agere  talcis  legibus,  and  agere  sine 
ti,  describe  three  modes  of  action,  in  which  the  rela- 
tion of  the  substantives  auspiciis,  legibus,  and  ri,  to  the 
verb  agere  is  expressed  by  an  intervening  word,  in  the 
nature  of  a preposition. 

In  the  r ocabolario  degli  A cade  mid  della  Crvsca,  we 
find  salvo  thus  described,  " Salvo.  Awerb.  chc  talora 
si  adopera  in  forza  di  preposithone. ; e vale  ecccttuato, 
fuorchb,  se  non,"  and  among  other  examples  given 
is  the  following, " Rendlgli  lu  signoria  di  Lombardia, 
salvo  la  Marca  Trivigiana." 

In  the  Dictionnaire  de  V A cademie  Francoise,  It  is 
said,  " Saup  se  met  quclque  fois  par  manibre  de  pro- 
position, et  signifie  sans  blesser,  sans  intlrcsscr,  sans 
donucr  atteinte ; sauf  votre  honneur,”  &c.  And  again, 

**  Sal’p  signifie  quelquefois  hormis,  except^,  h la  re- 
serve de  •,  il  luy  a ccdO  tout  son  bien,  sauf  set  rentes." 

Gowca  has  adopted  this  word  sauf  into  English 
poetry  with  a conjunctional  force 

Saufe  only,  that  I me  and  biddc, 

I am  in  trutetue  ail  amUkk. 

The  word  long  is  employed  in  English  preposition- 
ally,  as  we  shall  presently  show ; but  not  always  in 
its  adjectival  sense.  The  English  adjective  long,  is 
from  the  Latin  adjective  longus,  signifying  length 
either  of  space  or  time.  It  does  not  appear  that 
longus  was  ever  employed  prepositionally,  although  it 
may  perhaps  be  justly  said  that  longt  was  so,  in  such 
phrases  as  " longe  gentium,"  which  Cicero  employs 
in  writing  to  Atticus. — 

Scribcodum  aliquid  ad  tc  fiiit — non  quo  me  aliquid  juror*  pomrs, 
qoippe  res  cst  in  nianibus ; tu  autemabes,  longe  gentium." 

The  Italian  lungo,  however,  which  is  only  this  same 


adjective  longus  differently  pronounced,  is  universally  Pi*po«i- 
reckoned  among  prepositions.  tiona. 

La1*  go.  Prepot  is.  Ratente,  Accoeta  \ c ti  us  a per  to  pH  cot  v ~ 
quarto  cam.  Lot.  jnxta , prope. 

focal.  Delia  Craaco. 

Gik  rrnram  dalla  trln  rimoui — 

Quando  ‘ncontrammo  d'aniinc  una  adders, 

Che  renia  lungo  1'argmc. 

Dun. 

The  French  use  long  substantively  in  the  preposi- 
tional phrases  “ le  long  de,"  “ du  long  de,"  and  “ a* 
long  de,"  and  this  both  with  respect  to  space  and 
time  ; as  il  a jeunf  tout  le  long  du  cardme ; allez  tout 
du  long  de  Veau,  &c. 

They  also  appear  to  have  formed  their  adverb  and 
preposition  loin,  formerly  written  loing,  from  loinquo, 
a corruption  of  the  Italian  longinquo , which  was  the 
Latin  adjective  longinqvus,  derived  from  longus,  as 
propinquut  was  from  the  old  word  propus,  mentioned 
by  Vossics,  , 

In  old  and  modern  English  we  have  the  following 
words,  which  it  will  be  convenient  to  consider  toge- 
ther, endlong,  along,  to  belong,  and  to  long.  Mr. 

Tooke  treats  of  them  at  some  length  ; but  not  satis- 
factorily. Along,  to  which  he  ascribes  only  one  origin, 
appears  to  have  had  two,  viz.  on  long,  i.  e.  on  length  \ 
and  Belong,  i.  e.  belonging,  or  appertaining  to.  When 
Mr.  Tookk  observes  that  the  Anglo-Saxon  lengian  is 
**  to  make  long"  he  merely  proves  that  long  in  longus 
and  long  in  lengian,  were  originally  the  same  word, 
which  is  by  no  means  extraordinary  ; for  the  radicals 
/eng,  long,  lag,  lank,  are  found  in  most  of  the  northern 
dialects,  expressing  a variety  of  conceptions  all  con- 
nected either  with  the  idea  of  length,  or  else  with  the 
more  general  idea  of  position ; for  lagen,  “ to  lay,"  and 
langen,  “ to  stretch  out,"  appear  to  have  been  words 
of  the  same  or  similar  origin.  Hence  wc  have 

1.  The  Gothic  lagg,  Anglo-Saxon  long,  long,  long, 

Frankish  and  Alamonnic  tang,  lane  j modem  German 
and  Scottish  long,  Islandic  langr,  all  signifying  that 
which  is  extended  in  length,  cither  of  space  or  time. 

2.  The  Alamannic  alangaz,  a/onges,  et  alongi,  toturn, 
ex  integro  ; “ Dictio  figurata,"  says  Wachteb,  “ quA 
longus  ponitur  pro  non-inter ruptus,  quia  integrum  con- 
tinuo  simile  est. 

3.  The  Frankish  gilengen,  to  prolong. 

4.  The  German  langsam,  slow,  tedious  from  length 
of  time. 

5.  The  Frankish  langen,  to  draw  or  stretch  out  in 
length  i long,  pi  au strum  ; the  German  belangen , In- 
here in  forum,  accusare,  &c. 

6.  The  German  verlangen,  desiderare,  and  the  En- 
glish ” to  long  for.”  **  Sensu,"  says  Wachtkr,  " a 
trahentibus  desumpto  quia  desideria  trahunt,  et  desi- 
derantes  trahuntur  in  rem,  eamque  vicissim  attra- 
hunt.  Utrumque  sank  habet  suos  funiculos,  et  desi- 
deriurn  quo  trahimu9  trahimurque,  et  res  concupita 
quaj  trahit." 

7.  The  German  gelangen  to  attain  to  thnt  which  we 
have  longed  for,  which  we  have  been  long  in  seeking, 
and  which  at  length  we  have  got. 

8.  The  German  anlangen,  and  belangen,  pcrtincrc, 
as  in  the  phrases  cited  by  Wachteb,  eras  mich  belong t, 
was  mich  anlangt,  quod  ad  me  spectat. 

From  a similar  source  were  probably  derived  our 
lank , lag,  linger , &c. 
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Grammar.  That  lagen  and  langen,  or  lengan,  should  have  been 
merely  different  inodes  of  pronouncing  the  same  word, 
will  surprise  no  one  who  has  observed  the  frequent 
instances,  in  which  the  letter  n was  used  by  some 
Gothic  tribes,  and  omitted  by  others,  in  words  of 
precisely  the  same  origin  and . import : thus  we  have 
the  Gothic  munds,  and  English  mouth  ; the  Latin  dehs, 
and  English  tooth , &c.  fkc.  The  Anglo-Saxon  verb 
langan  or  lengan  had  therefore  two  senses  ; one  being 
to  make  long,  the  other  to  be  laid  on  to,  connected 
with,  or  dependent  on  : and  the  diversity  of  its  appli- 
cation has  produced  a corresponding  difference  in  the 
use  of  the  more  modem  words  which  are  traceable  to 
its  origin. 

1.  One  class  presents  either  the  literal  or  meta- 
phorical conception  of  that  which  is  stretched  out  in 
length  : and  to  this  class  belong  the  old  English  pre- 
position endehmg  and  Scottish  endlang,  signifying 
extension  in  length  from  end  to  end  j the  modern 
preposition  along,  os  used  in  the  same  sense  ; the 
same  word  along  formerly  used  as  we  now  use  long  in 
the  phrase  “ all  night  long  and,  lastly,  the  verb,  to 
long  for ; that  is,  to  stretch  out  the  mind  after  an  object, 

*£.  The  other  class  signifies  connection,  or  depend- 
ence. Hence,  to  belong  to  (the  German  anlangen  or 
be  langen  abovenoliced)  is  to  be  holden,  as  a house 
metaphorically  is  by  its  owner,  or  to  be  bound,  os  a 
son  is  in  the  figurative  bonds  of  relationship  to  his 
family.  Hence  also  the  now  obsolete  phrase  along  of, 
or  long  of,  implying  to  be  caused  by  the  person  or 
thing  specified. 

A few  examples  will  illustrate  wliut  we  have  here 
said. 

Thus  Dunbar,  in  his  Goldin  Terge > uses  endlong. 
Lady*  to  datroce  full  sobirly  assayit, 

Eufiiaag  the  trotting  river  so  they  may  it. 

And  so  Gawjn  Douglas,  in  many  places,  e.  gr. 

Bot  than  the  women  al  for  dredc  A affray, 

Fled  In* re  and  there  endian g the  coist  away. 

In  the  romance  of  Richard  Coer  de  Lion  the  word 
endelang  is  used  adverbially  in  describing  an  engine 
employed  by  that  monarch  at  the  siege  of  Acre  : 
Ovyrtwart  A endelang. 

With  xtrengea  of  wyr  the  xtonea  bang. 

The  same  word  occurs  in  the  Scottish  Acts  of  Parlia- 
ment, v.  ii.  p 19.  a.  D.  1430  ; “ strekande  endlong  the 
caste.'* 

Gowks  and  Chaucer  use  endelonge. 

She  slough  them  in  a sodeiik*  rage 
Endelonge  the  horde,  afl  tbtfi  ben  set. 

Gowaa. 

This  lady  romctli  by  the  dyfle  to  play 
With  her  mrync  endlange  the  slrondr. 

Chaucer. 

Tooke  justly  derives  our  modem  along  from  on 
l(/ng,  or  on  length  ; which  last  expression  is  used  by 
Chaucer,  in  the  Testament  of  Love.  “ And  these 
wordes  said,  she  streyght  her  on  length,  (i.  e.  she 
stretched  herself  along)  and  rested  awhile.”  But 
Tooke  erroneously  supposes  that  our  most  ancient 
English  writers  only  used  the  word  along  in  the  sense 
of  the  Anglo-Saxon  gelang ; i.  e.  “ operft,  causa,  impulsu , 
culpA  eujusvisj"  and  he  therefore  improperly  accuses 
Gower  of  using  altmge  for  endlonge  in  the  following 
line,— 

I Ury  forth  the  night  along*. 

VOL.  I. 


The  force  of  the  word  a huge  is  here  the  same  as  that  P*vpo«* 
of  long,  in  Milton's  beautiful  lines-—  ,itn* 

See  there  the  olive  grove  of  Academe, 

Plato’*  retirement,  where  the  attic  bird 
Trills  her  thick  warbled  notes,  the  summer  lung, 

Paradise  Regained. 

And  Gower  is  not  singular  in  using  along,  to  signify 
length  of  time  j for  we  meet  with  the  following  pas- 
sage in  Robert  Db  Bmunne  : — 

Here  I tallc  the  gyue  alle  myn  heritage, 

And  ab  along  as  1 lyue  tu  bv  in  thin  (Milage. 

To  along  was  in  like  manner  used,  where  we  now  use 
to  long  ; as  in  Gow'kr, 

This  worthy  Jason  aore  alongeth 
To  aee  the  strange  region*. 


The  meaning  of  this  verb,  to  long,  is  well  illustrated 
by  Tooke  from  the  Anglo-Saxon  “ Langath  the  awubt 
Adam  up  to  Gode,”  i.  e.  longeth  you,  lengthcneth  you, 
strctcheth  you,  up  to  God. 

The  preposition  along,  in  the  sense  of  on  length,  is 
now  commonly  used,  as  in  the  following  passage  from 
Milton's  Lycidas 

So  Lycidas  sank  low,  but  mounted  high. 

Where  other  groves,  and  other  stream*  along. 

With  nectar  pure,  hi*  oozy  lock*  lie  Uvea. 

The  modern  Scottish  dialect,  for  along,  in  this 
sense,  uses  alongst ; os  we  my  among*/,  amidst,  tchilst, 
for  among,  amid,  tchile ; and  so  we  find  alongett  and 
alongst  in  old  English. 

Fhormyo  wn*  ronstrayned  to  cause  liis  people  to  lie 

aoubdenly  crobarqued,  and  to  style  alongett  by  the  Unde, 

Nicoll's  Tkueididet. 


They  tokc  their  waye  towards  the  sea,  alvngest  the  sard  rvner. 

Ibid. 


The  Turk*  did  keep  strait  watch  and  ward  in  all  tbeir  porta 
thereabout  alongst  the  sea-coaat. 


Ks'OLIXS.  Hist.  Turks. 


It  is  somewhat  remarkable,  that  Johnson,  in  citing 
this  last  sentence,  should  call  alongst  an  adverb  ; since 
it  is  manifestly  a preposition  governing  (as  the  com- 
mon grammarians  say)  the  noun  “ sea-coast  $"  and 
the  sense  is,  “ the  Turks  watched  the  coast  on  its 
length or  u the  Turks  watched  throughout  the  length 
of  the  coast.” 

Amidst,  which  is  a word  exactly  of  the  same  nature 
as  along  or  alongst,  Johnson  properly  calls  a prepo- 
sition ; and  with  the  same  propriety  explains  to  sig- 
nify " in  the  midst” — 

Of  the  fruit 

Of  each  tree  in  the  garden  we  may  eat ; 

But  of  the  fruit  of  this  fair  tree  amidst 
The  garden,  God  hath  said,  ye  stud l not  cat. 

Milton. 

Here  it  is  equally  manifest  that  the  preposition, 
amidst,  is  nothing  more  than  the  noun  mid  or  middle 
(from  the  Latin  medius)  with  the  superlative  termina- 
tion est,  and  the  corrupted  prefix  a ; and  that  the 
whole  sense  would  be  “ in  the  middest  (or  middle- 
most) part  of  the  garden.” 

To  return  to  the  preposition,  along,  in  the  sense  of 
“ on  length,”  we  may  observe,  that  it  is  identical 
with  the  adverb  along  in  the  common  exclamations 
“Go  along!” — “ Get  along!” — that  is,  “ tioignes 
rous  — “ abi  in  longinquum  j” — “ remove  yourself 
to  some  distance  from  this  spot.”  In  like  manner 
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(ir»mm»r.  roust  we  explain  the  adverb  along  in  the  phrase  " to 
v— - v— s go  along  with.”  Thus  SnAxareARK — 

1 your  coinmiwion  will  forthwith  dispatch. 

And  be  to  England  shall  along  with  you. 

Hamlet. 

The  verb,  fo  belong,  roust  be  differently  explained  : 
it  is  obvious,  that  this  verb  implies  length  or  distance, 
if  at  all,  only  in  a very  indirect,  and  indistinct  man- 
ner ; but  refers  more  distinctly  to  the  notions  of 
connection  and  dependence  already  mentioned  : and  the 
some  must  be  said  of  the  word  along  prcpositionally 
used  by  old  writers  to  signify  the  relation  of  an  effect 
to  its  cause.  In  this  sense  it  was  followed  by  upon,  on, 
and  latterly  of,  as  the  Anglo-Saxon  gelaug  was  by  act. 

Thus,  in  the  instance  cited  by  Lye,  " aet  the  ys 
ure  lyfege/ang  *'•  « on  thee  docs  our  life  depend. 

But  thus  tlu?  maiden  h*d  wrong* 

Which  was  upon  the  king*  alonge.  Gowxa. 

your  louc  al  fully  graunted  is 

To  Troylui,  & therto  tronth  vplight. 

That  but  it  were  an  him  afongr,  ft  paid* 

Him  neuer  fiUto.  Chauce*. 

It  is  long  «/ yourself  j for  you  were  the  party  that  commended 
him  to  me.  A«Cli».  Abbot's  Xarratiw*. 

Near.  The  adjectives,  near  and  nigh , are  commonly  used 
in  English  as  prepositions,  as  is  the  corresponding 
Italian  adjective  vicino.  The  Latin  prop/,  which 
answers  to  our  preposition,  near,  is  the  adverbial  form 
of  the  old  adjective  propus,  before  alluded  to.  The 
French  pres  is  the  Italian  presto  from  the  Latin  parti- 
ciple  pressvs.  These  words  scarcely  need  illustration  : 
we  may  however  observe,  with  Mr.  Tybwmit,  that 
next  is  the  superlative  of  nigh,  as  the  Saxon  hext  was 
of  high.  This  critic  was  also  right  in  his  remark, 
(which  Tooke  unnecessarily  censures,)  that  in  modern 
use  wc  more  commonly  employ  next,  to  signify  the 
" nighest  following”  than  the  “ nighest  preceding  $" 
though,  in  fact,  it  means  simply  the  nighest.  These, 
however,  arc  matters  of  mere  idiom, 
ftppoaie,  Although  the  word  opposite  be  in  its  Latin  original 
foppositusj  a participle,  yet  it  was  first  adopted  into 
the  English  language  as  an  adjective,  and  then  em- 
ployed colloquially  as  a preposition.  Thus  we  say, 
"opposite  Somerset  House” — “ opposite  the  Horse 
Guards/*  In  like  manner,  many  other  adjectives  arc 
used  prcpositionally,  as  “ to  walk  round  London,  &c. 
Tooke  therefore  properly  enumerates  among  prepo- 
sitions, round  and  around,  **  whose  place'*  he  says, 
•4  is  supplied  in  the  Anglo-Saxon  by  hweil  and  on- 
htceil ; in  the  Danish  and  Swedish,  by  om-kring ; in 
Dutch,  by  om-rtng ; and  in  Latin,  by  circum ; a Gr. 
Kcpeot,  of  which  circulus  is  the  diminutive/*  Iliceit, 
it  will  be  observed,  is  our  substantive  wheel,  and  is 
probably  connected  with  our  verb  to  whirl  ; and  it  is 
remarkable,  that  this  same  hue'll  forms  our  adverb 
while,  and  substantive  **  a while,"  a time  ; for  the 
continued  motion  of  time  has  been  often  typified  by  a 
wheel;  and  by  a similar  analogy,  the  year  was  culled 
in  Latin,  annus,  from  anmtlus,  a ring ; as  the  Greeks 
termed  it  ciuewroe,  from  its  revolving  into  itself. 

Mesne.  The  use  of  the  adjective  mesne,  though  not  strictly 
prepositional  in  the  following  passage,  may  yet  serve 
in  some  measure  to  illustrate  the  subject  of  which  we 
are  speaking. 

Contmrie  lave  it  is,  if  afar  the  exigent  awarded,  the  appeal* 
doe  abate  for  inAufflcicnrir,  or  for  that,  that  l»e  that  is  outlawed 
waa  imprisoned  mesme  between*  the  awarding  of  ill*  exigent  and 
the  outlawrie  pronounced.  Stauntoud,  o»  Prerogative. 


3.  Part inplet  being  merely  adjectives  involving  the  Prepm- 
notion  of  action  as  in  existence,  it  is  naturally  to  be 
inferred,  that  they  may  be  used  as  we  have  seen  the 
pure  adjectives  used,  to  perform  the  function  of  a p*rticiP“* 
preposition.  We  have  already  had  occasion  to  notice  p *’ 
the  Latin  ablative  case  absolute,  in  the  instance  of 
“‘‘salvia  auspiciis,”  where  we  showed  that  the  adjec- 
tive talvit  had  in  reality  the  force  and  effect  of  a 
preposition;  and  this  became  still  more  obvious  in 
considering  the  old  word  saufe,  which  is  only  the 
same  adjective  transmitted  from  the  Latin  language 
through  the  French  into  English.  The  case  is  not 
altered,  when  wc  find  the  participle  saving,  or  the  old 
Scottish  saufande,  employed  in  the  same  manner. 

Thus,  In  the  Act  of  1455,  we  find  *'  saufande  the 
poynts  qubilks  ar  neidful  for  the  connervacion  of  the 
treaty.”  So  we  say  in  colloquial  language  “ barring 
accidents.”  In  the  Scottish  Act  of  145<»\  the  participle 
belangande  occurs  with  the  same  prepositional  con- 
struction. Ir  As  to  the  thirde  artikill,  helangande,  the 
sending  to  France.”  In  the  Act  of  1524,  we  meet 
with  the  expression  “ enduring  the  time  of  his  office  j” 
where,  in  modern  English,  we  should  use  during.  In 
legal  phraseology  the  ablative  absolute  durante  virA, 
is  rendered  "/or  and  during  the  term  of  his  natural 
life  where,  as  the  word  during  and  the  word  for  ore 
used  with  exactly  the  same  force  in  the  sentence,  it  is 
plain,  that  if  for  be  a preposition,  during  is  one  also 

It  happens,  however,  that  our  lexicographers  have 
only  acknowledged  those  participles  to  be  preposi- 
tions which  are  most  frequently  so  employed  ; such 
as  touching  and  concerning,  which  are  thus  noticed  by 
Dr.  Johnson 

“ Touching,  prep.  (This  word  is  originally  a par- 
ticiple of  foucA.]  With  respect,  regard,  or  relation  to.” 

Touching  thine*  which  belong  to  discipline,  the  churrh  hath 
authority  to  nuke  canon*  and  decrees,  even  as  we  read  in  the 
apostles  ’ tune*  it  did.  Hooter  a,  book  iU. 

" Concerning,  prep,  [from  concern  : this  word, 
originally  a participle,  has  before  a noun  the  force  of 
a preposition.]  Relating  to,  with  relation  to. 

There  is  not  any  thing  more  subject  to  errour,  titan  the  true 
judgment  topumunj  the  power  and  forces  of  an  estate. 

Many  other  participles,  however,  might  be  pointed 
out  in  various  languages,  which  are  plainly  used  as 
prepositions,  and  some  of  them  so  recognised  by 
grammarians.  Thus  Coua  De  Gkbklin  ranks  among 
prepositions  the  present  participles  pendant,  durant, 
touchant,  moyennant,  nonobstanl,  suit  ant,  and  the  past 
participles,  attendu,  nl,  and  hormis.  So  we  use  pend- 
ing, during,  hanging,  living,  failing,  considering,  omitting, 
regarding,  respecting,  and  anciently  moiating. 

At  whose  instigaeion  and  stlring,  I have  me  moiraiag 

the  helpc  of  God,  to  reduce  and  translate  it-  R.  Copland, 

The  participle  hanging  is  used  in  one  of  our  earliest 
English  statutes,  as  we  now  use  pending,  and  the 
French  pendant:  and  corresponding  to  the  ablative 
absolute  pendente  lile.  " The  said  nccompt  to  be  ij  or 
iij  yere  hanging,"  SM.  1.  Rich.  III.  c.  14.  ^ 

4.  Verbs,  either  singly,  or  in  combination  with  'crbai 
other  words,  supply  the  place  of  prepositions,  and  P ****** 
sometimes  come  to  be  considered  os  such.  Thus,  as 
we  have  seen  the  adjective  sauf  and  the  participle 
saufande,  used  prcpositionally,  so  we  find  the  impera- 
tive of  the  verb  saw  employed  for  the  same  purpose. 
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Grammar.  Dr.  Jobnson,  by  overflight,  as  it  should  seem,  calls 
this  word  an  adverb ! Tookk,  in  his  Chapter  on  pre- 
positions, more  correctly  mentions  it  thus^— 

u Sava.  The  imperative  of  the  verb.  This  prepo- 
sitive manner  of  using  the  imperative  of  the  verb  to 
save  afforded  Chaucer's  Soinpoour  no  bad  equivoque 
against  his  adversary  the  Friar. 

God  uppt  you  all.  Says  this  cursed  Frere.*' 

Here  the  construction  is  “ Save  (set  aside  or  except) 
this  Friar ; and  then  I hope  that  God  Will  save  (deliver 
from  evil)  all  the  rest  of  you.'* 

So  in  the  Squire's  Tale. 

This  strange  Knight  that  came  thus  aodenly 
All  armed,  mw  hit  bedde — • 

That  is,  the  Knight  was  entirely  armed,  but  when 
you  say  entirely,  you  must  save  (or  except)  his  head. 

The  words  " save  and  except”  are  often  used  sy- 
nonymously in  many  of  our  legal  instruments : we 
shall  not  therefore  be  surprised  to  find  except  reckoned 
by  Dr.  Johnson  among  prepositions— 

" Except.  preposit.  the  verb  ] This  word, 

loug  taken  as  a preposition  or  conjunction,  is  origi- 
nally the  participle  passive  of  the  verb,  which,  like 
most  others,  had  for  its  participle  two  terminations, 
except  or  excepted.  All  except  one,  is  all,  one  excepted. 
Except  may  be,  according  to  the  Teutonick  idiom,  the 
imperative  mood  : all,  except  one  ; that  is,  all  but  one, 
which  you  must  except.” 

" 1.  Exclusively  of;  without  inclusion  of. 

Richard  except,  those,  whom  we  fight  against. 

Had  rather  hare  us  win  than  him  they  follow." 

Shakspeare,  Rich.  III. 

For  except  were  anciently  used  out-take  outtak  and 
outtakm. 

Which  euery  kynde  made  die 

That  upoa  middle  ertbe  ttowdc 

Outtahe  Noe  and  liis  bloode.  Gower. 

But  yron  was  there  none,  ne  atelo 
For  all  was  guide  men  myght  at 
Owt-take  the  fathers  and  the  tn>  Chaucer. 

And  achortiy  euery  tiling  that  doitli  repare 
In  firth  or  faild,  flude,  forest,  erth  or  are, 

Out-tak  the  raery  Nychtyogale  Philomene. 

G.  Douglas. 

But  none  of  them  it  might  brare 
Upon  Ida  worde  to  yeue  ana  were 
Uuitaken  one,  wlucbe  was  a knight.  Gower. 

Tooke  has  quoted  from  Bax  Jon»oj»  the  preposition 
outcept,  which  he  says  is  “ the  imperative  of  a mis- 
coined  verb,  whimsically  composed  of  out  and  capere, 
instead  of  ex  and  capere .”  But  this  is  probably  no 
more  than  a misroinage  of  Bcu  Jenson’s  coarse  and 
pedantic  wit,  putting  in  the  mouth  of  one  of  his  charac- 
ters such  language  as  never  was  spoken.  The  passage 
is  from  his  Tale  of  a Tub : 

“ I'ld  play  him  ’gaiue  a Knight  or  a good  Squire,  or  Gentleman 
of  any  other  rountie  i’lhe  kingdom* — outcept  Kent ; for  there  they 
Landed  alt  Gentlemen." 

Very  similar  to  the  use  of  the  imperatives  except  and 
rare,  as  prepositions,  is  the  colloquial  expression,  “let 
alone,”  in  use  among  the  Irish  Peasantry.  Thus  in 
Miss  Edceworth’s  tale  of  Ormond,  Moriarty  Carroll 
says  : “ It  might  happen  to  any  man,  let  alone  gentle- 
man — The  sense  of  which  expression  nearly  answers 
to  the  Latin  ne  dicam ; but  in  the  construction  it  is 
“ let  alone  gentleman,  speak  not  of  that  class  of 


society  ; for  it  is  not  only  to  them,  but  to  any  man  Prcponi- 
that  such  an  accident  might  happen.”  **®ns. 

Mr.  Tooke  says  with  some  plausibility  that  ?hev-^V^-' 
French  preposition  arec  is  only  a contraction  of  arez 
que,  have  that ; but  we  must  observe  that  in  old 
French  we  find  it  written,  or  eke,  ove  &c.  ; as  in  the 
letter  of  Sir  Perres  Da  Montfort  (a.  d.  1256)  before 
quoted  ■,  and  therefore  it  may  possibly  be  of  a different 
origin. 

Most  of  the  verbs  and  participles,  wbich  we  hat  e 
noticed  ; together  with  many  others  of  a like  nature, 
are  acknowledged  by  grammarians  in  general  to  be  Abbreviafr- 
prepositions,  without  any  change  of  form  or  even  of  <d  onnB‘ 
accentuation  ; hut  there  are  other  prepositional  phrases 
which,  occurring  frequently  in  conversation,  lead  to 
abbreviations  and  ellipses,  and  thus  ultimately  leave  a 
single  word  which  performs  the  function  of  a preposi- 
tion. In  order  to  illustrate  what  is  here  meant,  we 
shall  begin  with  those  words  which  return  the  same 
sense  both  in  the  form  of  prepositions  and  in  that  of 
nouns  or  verbs  : and  afterwards  wc  shall  notice  those 
prepositions  in  which  the  original  meaning  of  the 
noun  or  verb  from  which  they  arc  derived,  has  become 
obsolete,  or  is  to  be  traced  only  by  anulogy. 

The  substantive  Term  has  been  already  noticed  as 
employed  prcpositionally  in  our  old  Statutes  : nor  was 
this  a mere  legal  technicality : in  an  old  poem,  en-  Where  not 
entitled  Tytus  and  (iesypput,  published  in  the  beginning  o^let*. 
of  the  sixteenth  century,  we  find  the  following  lines  : 

Tytus  his  wedynge  rynge  forth*  than  dyd  take, 

Ami  put  it  on  the  fynger  of  his  wyfa, 

Grauntyogc  to  be  her  hotbonde  term*  of  lyfc. 

Here  the  full  construction  in  modern  language 
would  be  “ granting  to  be  her  husband,  during  the 
term  of  her  life;”  but  the  noun  being  used  absolutely 
becomes  a sort  of  preposition  ; and  if  this  mode  of 
speaking  hod  obtained  In  general  use,  the  word  term 
would  no  doubt  have  been  reckoned  by  modern  gram- 
marians among  our  prepositions. 

We  have  already  said  that  the  same  might  have 
happened  with  the  word  stead,  in  English  ; as  it  has 
with  the  same  word,  pronounced  statt  in  German.  The 
Germans  loo  use  our  noun  craft , (which  with  them 
means  strength)  os  a preposition  ; as  kraft  seines  Amtes 
“ by  the  power  of  his  office.”  So  they  say  " Lout  des 
briefes,"  the  word  laut  (our  loud)  being  the  substan- 
tive “sound.”  Laut  des  briefes,  then,  is  originally 
“ according  to  the  sound  of  the  letter,”  and  in  its 
modern  sense  “ according  to  the  purport  of  the  letter 
as  we  say  an  act  “ sounds  to  folly and  60  Chaucer 
Sovuinp  in  moral  vertuc  was  his  apeche, 

And  gladly  woldc  be  fame  and  gladly  tec  be. 

PeoL  Mii. 

The  Germans  likewise  use  the  prepositions  diesseits, 
and  jenseits,  literally  “ this  tide,”  and  “ yon  side.”  A 
similar  use  is  colloquially  made,  (particularly  in  the 
West  of  England)  of  our  common  nouns  outside  and 
inside:  and  the  former  is  used  by  Colkridcb  in  his 
Christabcl. 

Outride  of  her  kennel,  the  mastiff  old 
Lay  fast  aslcrp  in  the  moonlight  cold. 

No  difficulty  whatever  can  occur  in  the  explanation 
of  words,  beginning  with  the  prefix  a,  or  be,  most  of 
which  we  have  already  noticed  in  their  adverbial  use; 
such  as  along,  amidst,  around,  across,  astride,  aboard, 
below,  beside.  In  all  these  instances,  the  nouns  or  verbs 
s 2 


Di 


132 


GRAM  M A R. 


{>rain mar.  arc  in  common  use  : and  it  is  clear  that  in  employing 
s— - any  one  of  these  words  to  express  the  relation  in  which 
another  substantive  is  placed,  we  give  the  name  of 
that  relation,  considered  os  a separate  conception  of  the 
mind ; in  other  words  we  employ  a noun  in  a secondary 
use,  as  a preposition. 

It  is  unnecessary  to  explain  the  nouns  round,  cross, 
stride,  board,  low,  and  side ; only  let  it  be  observed  that 
these  nouns  become  prepositions,  not  by  the  addition 
of  the  prefix  a or  be  (for  that  is  merely  an  accident  of 
idiom,  and  applies  equally  to  the  same  words  when 
used  as  adverbs)  but  their  prepositional  force  depends 
on  their  expressing  a relation  of  some  substantive,  os 
" around  the  tree,”  " across  the  street,”  “ astride  the 
horse,”  “ aboard  the  ship,”  **  below  the  hill,”  " beside 
the  church.” 

tea*  There  is  a little,  and  but  a very  little  more  difficulty 

jl/vious,  jn  RUC},  prepositions  as  athwart,  against,  among,  about, 
behind,  between,  betwixt,  beyond,  beneath.  At  first  sight, 
it  is  clear,  that  they  are  of  the  some  family  with  the 
preceding ; and  a very  short  investigation  suffices  to 
trace  them  to  the  nouns  or  verbs,  of  which  they  are 
only  a slightly  varied  form.  It  must  be  remembered 
that  throughout  this  part  of  our  disquisitions,  when  we 
speak  of  nouns  and  verbs,  we  only  conform  to  the  es- 
tablished usage  ; for,  as  we  have  already  shown,  the 
essence  of  the  verb  being  to  assert,  it  is  really  the  noun 
involved  in  the  verb,  which  furnishes  the  name  of  the 
particular  conception  to  be  found  in  the  adverb,  pre- 
position, or  any  other  secondary  part  of  speech. 
Athwart.  Thus  the  preposition  athwart  is  derived  says  Johnson 
from  a and  thwart. 

“ Tboirmtocles  made  Xtrx«  pout  oat  of  Greets,  by  giving  oat  & 
liurjMisc  to  break  hi*  bridge  a thwart  the  Hellespont.” 

Bacon.  Essays. 

Here  the  bridge  is  not  in  fact  asserted  to  have  borne 
the  relation  of  thwartness  to  the  Hellespont,  or  to  have 
been  thwart  with  regard  to  the  Hellespont,  but  the  as- 
sertion is  supposed  and  the  name  of  the  conception 
only  is  expressed.  However,  it  seems  very  immaterial, 
whether  we  derive  the  preposition  athwart  from  the 
adjective  thwart  or  from  the  verb  thwart  j both  which 
we  happen  to  have  in  our  language : 

Mov'd  contrary  with  thwart  obliquities,  Milton. 

Swift  &»  a shootiny  star 

In  sutuian  thwart*  the  night  Idem. 

Equally  immaterial  would  it  have  been,  whether 
our  preposition  had  happened  to  be  written  thwart  or 
athwart ; for  as  we  have  frequently  observed,  it  is  not 
the  sound  of  the  word,  but  its  manner  of  signification, 
which  determines  tvhut  part  of  speech  it  is  to  oe  deemed. 
There  is  a conception  of  obliquity,  and  thence  of  harsh- 
ness, perversity,  gcc.  &c.,  which  in  the  various  northern 
dialects  is  expressed  by  this  word  thwart  and  similar 
articulations,  as  thwur,  twer,  dwar,  zwar,  swer,  of  which 
it  may  be  worth  while  to  notice  some  instances  : 

1.  Thwar,  thwur,  thweor,  thver. 

Anglo-Saxon,  thwur,  oblique  : thwur,  thweor,  thwyr, 
thuurh,  thweorlire,  perverse;  thweorscipe,  thwymisse, 
perverseness ; Mireorian,  thwyrian,  to  thwart  or  op- 
pose. 

Gothic,  ihwains,  angry,  thwarting. 

Runic  fftver,  contrary,  rebellious. 

Islandic,  thverskytningr,  a contrary  wind. 

8 Twer,  tver. 

Islandic,  tuer,  transverse. 


Swedish,  twert.  Pr* post- 

Danish,  tverer,  tvert,  tver. 

Old  German,  twerch,  the  dwarfs  supposed  to  be 
a perverse  race  of  beings. 

Armoric,  gitwcrch,  the  pigmies. 

3.  Dwar,  dwer. 

Armoric  ducrh,  athwart,  duerahtn  oblique 

Swedish,  dwerg,  the  dwarfs. 

Dutch,  dwars,  transverse,  dwarsdryven,  to  thwart, 
dwarsdryven,  u cross-grained  fellow,  dwarslyk, 
cross-wise,  dwarsstraat,  a cross  street,  dwerg. 
a dwarf,  &c. 

Islandic,  dwergur,  the  dwarfs,  dwergmal,  the  echo 
or  voice  of  the  dwarfs. 

Anglo-Saxon,  dwerg,  dweorh,  the  dwarfs. 

4.  Zwer,  swer. 

German,  twerch,  oblique.  Ztcerg,  a dwarf. 

Gothic,  tuzweryan,  to  faulter. 

Dutch,  zwerven,  to  swerve,  zircreer,  a wanderer. 

English,  swerve. 

We  may  observe  that  the  same  analogy  which 
applies  to  the  word  thwart  applies  also  to  the  word 
across ; for  in  English  we  use  it  adjcctively  to  signify 
perverse  and  peevish,  and  our  old  writers  also  employ 
it  os  a preposition  : 

Betwixt  the  midst  and  these,  the  Gods  assigo’d 
Two  habitable  neats  to  human  kind : 

And  trots  their  limits  cut  a sloaping  war. 

Drvden's  Virgil. 

Against  seems  to  be  derived  merely  from  the  verb  go.  Apai  tt 
In  the  Anglo-Saxon  it  is  ongeon  and  ongegen  in  the 
German  entgegen ; in  the  Dutch  jegens  and  tegens. 

Tookf.  observes  that  instead  of  this  preposition  the 
Danes  use  the  analogous  words  mod  and  imod  from 
their  verb  moder  to  meet ; and  the  Swedes  emot  from 
the  verb  mota  of  the  same  meaning:  both  which  verbs 
agree  with  the  Gothic  motyan,  the  Dutch  moeten  and 
the  English  meet } to  which  might  be  added  our  moti 
in  the  old  word  folc-mote,  the  modem  ward-mote,  Ik. c. 

Among  is  accurately  explained  by  Msnsheu;  being  Am  •«>£ 
from  the  word  meng,  the  root  of  many  terms  in  the 
northern  dialects  signifying  to  mingle  or  mix. 

Dutch,  mengen,  mengelen,  to  mix. 

Anglo-Saxon,  maengan,  the  same. 

German,  mengen,  to  mix,  mtnge,  a mixed  quantity. 

English,  monger,  os  in  Cheesemonger,  Ironmonger,  &r. 

Mr.  Tookc  says  among  is  always  pronounced  amung : 
we  do  not  happen  to  recollect  any  instance  of  this  in 
rhyme,  which  would  be  one  mode  of  testing  his  accu- 
racy of  observation  : and  we  apprehend  that  such  a 
pronunciation  is  by  no  means  universal,  nor  even 
common. 

Amonges  is  used  odjcctii'ally  by  Ciiaucbs. 

“ Yf  thou  cutest  thy  seedes  to  tit*  fcldes,  thou  shuldst  bane  in 
myndr,  that  the  sere*  beae  amonges,  otherwbyle  plecituous,  and 
utnerwhyle  bareyo.” 

Gower  uses  amonge  adverbially— 

Am!  tbo  ahe  toke  hir  chlide  in  bnndr 
And  ya te  it  souke ; and  euer  among t 
She  wepte — 

He  also  uses  amongest  and  emonge  prepositional! y — 

I stonrfc  as  one  among* tt  all 
Which  am  oute  of  hir  grace  fall. 

The  Kyng  with  all  his  hole  entent 
Then  at  laste  hem  axeth  this, 

What  kynire  men  teilen  that  he  is 
Emonge  the  folks — 
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Grammar.  In  the  ballad  on  the  Battle  of  Bruges  (a.  d.  1301,) 
v— v*» J we  find  both  amonges  and  among  used  as  prepositions. 
The  knur  of  Fraunc©  made  statuz  nt  we. 

In  the' loud  of  Fluuodret  among  false  snt  trewe. 

That  the  coraun  of  Bruges  ful  sore  con  srewe. 

Ant  widen  amonges  hem. 

In  the  Smgn  Sagei,  It  U written  omang , — 

Lew  he  was  and  also  lanjf , 

And  moat  dentil  man  tli&ra  among. 

In  the  Scottish  Acts  of  Parliament,  wc  find  amangis. — 

That  Uiai  ressaue  and  admitt  amangis  thame  Maister  William© 
Lundy.  Sr.  .let*,  a.  o.  1567. 

In  an  old  English  Letter  of  the  year  1258  it  is 
amanges. 

To  balden  a manges  yew  ine  hord.  1 Fan#.  378. 

The  word  meynt  appears  identical  with  this  prepo- 
sition, being  merely  the  participle  of  the  same  Anglo- 
Saxon  verb,  nuengan,  to  mingle. 

Warm*  milke  she  put  also  therto 

With  lioncy  meynt.  GOWER. 

For  euer  of  loue  the  slckcnessc 

Is  meynt  with  swete  & bitteraesw.  Chaucer. 

Tooke  observes  that  the  I>anes  use,  instead  of  among* 
the  prepositions  tnellem  and  iblandt.  Mcllem  is  from 
the  Danish  mclerer,  French  mcler,  Italian  mesrolare, 
from  which  source  also  came  the  old  English  ymell. 
Herdcst  thou  ever  alike  a ton*  rr  now  f 
Lo ! what  a complin  is  ymell  hem  alle. 

Chaucer. 

The  Danish  iblandt  and  Swedish  ibland  are  from  the 
verbs  iblander , and  blanda,  to  blend. 

About.  This  word  is  evidently  of  similar  origin  with  the 

French  bout,  the  butt,  limit,  or  end,  of  any  thing; 
which  Menaor  supposes  to  be  derived  from  an  old 
Celtic  word  bod,  and  which  occurs  again  in  the  Ger- 
man boden,  and  in  the  English  bottom,  bottomless,  &c. 
About,  is  directly  from  the  Anglo-Saxon  onboda, 
onbuln ; and  it  means  on  the  extremities  or  limits  of 
any  thing,  round  about  it. 

Behind.  On  the  hind-part.  In  the  Gothic  Gospels  wc  read 
gang  hintlar  mik  Sal  ana,  “ Get  thee  behind  me,  Satan  !" 
Matth.  c.  viii,  v.33.  In  the  Amioric,  hinter  is  behind. 
In  the  Anglo-Saxon,  hindan  is  the  same.  In  the 
modern  German,  hinten  and  hinter  are  behind.  In  the 
Gothic,  hinder,  that  which  is  left  behind.  Hence  also 
the  English,  to  hinder,  hind-most,  the  hind-wheel,  hind- 
quarter,  hinderling,  &c. 

Between,  By  twain,  by  twice. 

B<*.wlxl  i/y  twenr  tbe  waiwe  of  wode  and  wroth, 

In  to  his  dougbter  chambre  be  goth.  Gem  kh. 

By  turns  Mwih  and  Auerll,  when  spray  beginnetb  to  springe, 

Tbe  lutcl  foul  bath  hyre  wyl  on  byre  lud  to  aynge. 

Hart.  MSS.  No.  2253.  fol.  63. 
This  waa  the  forward  pleinly  for  t'endite, 

Ditwixen  Tl>c»e ua  and  him  Arcite.  Chaucer. 

This  latter  word,  it  will  be  observed,  very  closely 
resembles  the  German  iwuchen,  between,  from  iwey, 
two;  as  swischen  Jknf  und  techs,  “ between  five  and  six.” 
Eoery  man  to  other  will  seyne. 

That  bytvyx  you  is  ooromc  Wynne. 

Romance  of  the  Lyft  of  Ipomydon. 
TTiy  wife  and  thou  mote  hange  fer  atwynne, 

For  that  bytwyt  you  shall  be  no  synoe.  Chaucer. 

In  the  year  1420  we  find  it  written  betwyx  and 
betwene.  (9  Ryincr,  916.) 

Sir  Poiur  Sidney  uses  betweene  as  au  adjective  : 


His  authentic  bauing  bin  abased  by  those  great  lords,  who  in  fYepmi- 
those  hen ttrnt  times  of  raigning  had  brought  in  the  worst  kinde  tuww. 
of  oligarchic.  Arcadia. 

In  the  old  English  we  find  from  this  same  source 
the  adverbs  a twayne  and  oluynne. 

With  his  axe  be  smote  it  at  way  ns. 

See  Wharton,  v.  i.  p.  156. 
lie  fond  red  tbe  Saraxyns  otnynw. 

Robert  De  Rronb. 

This  word  seems  to  be  of  the  same  origin  as  the  Beyond, 
preposition,  against ; being  from  the  verb  gan,  gan- 
gan,  or  gongan,  to  go.  Hence  says  Mr.  Tooke, 

“ beyond  any  place”  means  **  be  passed  that  place/* 
or  *'  be  that  place  passed.’*  It  might  perhaps  be  more 
correctly  explained,  “ tliat  place  being  passed  /*  for 
as  we  have  before  observed,  the  preposition  does  not 
assert,  which  is  the  function  of  the  verb  j but  merely 
names  a conception,  which  is  the  function  of  a noun. 

Beneath  is  by  the  nether,  that  is,  lower  part.  In  Beneath, 
the  old  English  it  is  written  binethen. 

Here  kirtel,  here  pilchc  of  ermine. 

Here  kcuercbef*  of  silk,  here  amok  o line, 

Al  togiderr,  with  both  best, 

Sche  to  rent  bintthen  here  brr*t. 

Rom.  of  the  Sevyn  Sagtt. 

Widen  and  nider,  with  their  derivatives,  are  found  in 
many  northern  dialects,  signifying  that  which  is 
below,  or  inferior. 

German,  nieder,  below. 

Swedish,  nedre,  neder. 

Danish,  ned. 

Dutch,  neder,  down  j Netlerland,  the  Low  Coun- 
tries, or  Netherlands ; beneden,  beneath ; beneden- 
* caards,  downwards,  &c. 

Anglo-Saxon,  nither,  below 

Armoric,  nithane,  under. 

Frankish,  nulana,  beneath.  • 

To  this  same  source  Mr.  Tooke  traces  the  preposi- 
tion under , os  being  originally  on  neder . 

Hitherto  wc  have  spoken  of  words  used  as  prepo-  Where  rb- 
sitions,  and  also  as  nouns  or  verbs  in  the  same,  or  sulct*. 
nearly  the  same  signification ; and  in  these  we  have 
proceeded  from  the  more  to  the  less  obvious.  There 
is  no  absolute  line  to  be  drawn  in  mutters  of  this  kind 
between  that  which  is  discoverable  at  first  sight,  or 
on  a short  reflection,  and  that  which  it  requires  some 
study  to  make  out ; because  the  different  capacities, 
and  the  different  experience,  of  different  men.  must 
influence  the  degrees  in  this  scale  But  wc  may  pro- 
ceed by  almost  imperceptible  degrees  from  that  which 
almost  all  men  think  clear  and  self  evident,  to  that 
which  almost  all  will  admit  to  be  involved  in  obscu- 
rity, and  yet  the  analogical  principle,  discreetly  used, 
will  give  us  scarcely  less  confidence  in  the  latter  than 
in  the  earlier  stages  of  this  progress. 

Following  this  clue,  we  come  to  the  preposition  With. 
tcifA,  which  will  probably  be  found  rather  more  obscure 
in  its  derivation  than  any  of  the  words  hitherto 
examined.  There  are  no  leas  than  three  etymologies, 
to  which  it  has  been  thought  necessary  to  resort,  in 
order  to  account  for  the  different  uses  of  this  one 
preposition 

1.  The  Gothic  verb  withan,  to  bind,  or  join  toge- 

ther. 

2.  The  Gothic  preposition  withra,  toward,  or 

against 
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Crintintr.  3.  The  Anglo-Saxon  verb  wyrthan,  (or  rather  the 
Gothic  truon)  to  be. 

We  are  inclined  to  regard  the  first  and  second  of 
these  etymologies,  though  at  first  sight  so  widely 
different  in  signification,  as  originally  the  same. 
When  any  two  visible  objects  are  nearly  connected,  in 
local  sitnation,  they  must  appear  to  be  placed  in 
apposition  to  each  other,  if  both  be  viewed  from  a 
distant  point ; but  if  one  be  viewed  from  the  other,  it 
will  appear  to  be  placed  in  opposition.  Now,  the 
preposition  tritA,  both  in  Anglo-Saxon  and  in  English, 
expresses  these  different  relations  of  apposition  and 
opposition  : it  is  therefore  probable,  that  the  original 
radix  of  the  word,  (so  far  as  these  two  significations 
are  concerned,)  expressed  the  idea  common  to  both, 
namely,  the  idea  of  connection.  To  exemplify  this 
observation,  let  us  suppose  that  John  and  Andrew 
are  seen  at  the  distance  of  half  a mile  by  Peter  ; they 
appear  to  be  close  together,  to  be  joined  with,  or  bound 
to  each  other  ; but  on  approaching  them  he  finds 
that  there  is  a considerable  interval  between  them, 
and  the  one  cither  stands  opposite  to  the  other,  or 
comes  toward  him,  or  stands  against  him  resisting,  or 
draws  Lack  from  him.  Now  all  these  conceptions  of 
being  joined  with,  standing  opposite  to,  coming  to- 
ward, resisting,  and  drawing  back  from,  with  others 
of  a like  kind,  will  be  found  to  be  expressed  in  different 
Teutonic  dialects  by  words  obviously  related  to  our 
preposition  with.  This  will  apprar  more  at  large  as 
we  separately  examine  the  above  stated  etymologies. 

1.  The  idea  of  connection,  or  joining  together,  was 
expressed  by  the  Mieso-Gothic  verb,  withan,  of  which 
the  past  tense,  gawath,  occurs  in  the  following  passage 
of  the  Codex  Argenleus.  Thata  Goth  gawath,  Manna 
ni  skaidai,  “ What  God  hath  joined  together,  let  not 
man  put  asunder.’*  (St.  Mark,  x.  9.)  Hcncc,  as  a 
particular  kind  of  weed  is  called  bindweed,  because 
it  twists  round  and  binds  together  other  plants ; so  a 
particular  kind  of  tree  (the  willow)  was  called  the 
trifA-tree,  or  withy -tree,  (in  old  German,  treide-baum, 
or  write-baum)  ; because  its  tender  twigs  were  used 
to  with,  (that  is,  to  bind  together,)  many  objects  in 
rustic  economy.  The  twigs  so  used  for  binding  were 
also  called  withs,  or  wythes  . and  a with  or  wythe  was 
a term  given  to  any  thing  that  bound  either  the  body 
or  the  mind. 

Mobtimeb,  in  his  Husbandry,  speaks  of  the  tree  : — 

Birch  is  of  use  forox-yoeks,  hoops,  screws;  wythes  for  fnggnts- 

Lord  Bacon  uses  this  word  to  signify  the  twig 

An  Irish  rebel  put  up  • petition,  that  he  might  be  hanged  in  a 
with,  and  not  a baiter;  because  it  had  been  so  uaed  with  former 
rebel*. 

The  two  words  with  and  halter  are  simply  binder  and 
holder i but  use,  it  appears,  had  appropriated  the 
former,  to  a binder  made  of  willow  twigs ; and  the 
latter,  to  a holder  made  of  hemp. 

King  Cbabi.es  employs  the  same  word  metapho- 
rically 

These  cords  and  wythes  will  hold  men’s  consciences,  when  force 
attends  and  twists  them. 

In  different  Anglo-Saxon  glossaries,  we  find  witAig, 
the  willow ; witkthe , a hoop,  or  band  ; cynewiththe, 
the  diadem,  the  king’s  band,  or  **  golden  round,”  as 
Shakspeare  calls  it. 

In  an  Alamannic  glossary,  **  ubi  recensentur  res 


pistrini  atque  horrei,”  says  Junius,  **  with  exponitur  Ptypo**- 
tort  a."  boas. 

“ Danis  quoque,"  says  the  same  author,  tf  widde  est 
copula  vitntnea;  potissimum  tamen,  ut  videtur,  copula 
ex  salignis  viminibus  contexts,  contortave.” 

In  Dutch,  the  willow  is  called  wiede,  wiide,  weyde, 
wise. 

Our  word  willow  itself  originally  conveyed  the  same 
notion  of  binding ; it  being  derived  from  the  Anglo- 
Saxon  wtlig,  which  came  from  the  verb  trifan,  as  withig 
did  from  the  verb  unthanj  and  both  withan  and  wilan 
signified  to  bind. 

It  is  little  to  be  doubted,  but  that  our  verb  wed,  to 
marry,  is  radically  the  same  as  with ; and  means 
simply,  to  join,  or  bind  together. 

H'ed  seems  to  have  been  opposed  to  shed ; the  former 
signifying  to  join  together,  the  latter  to  separate. 

Shed  is  still  used  in  the  Scottish  dialect,  in  the  parti- 
cular sense  of  separating  or  dividing  the  hair  on  the 
forehead  ; as  in  the  old  ballad— 

Jsnet  hath  kilted  her  green  kirtk, 

A wee  nbuoe  her  knee ; 

And  she  hath  shtd  her  yellow  hsir, 

A wee  abunc  her  bree. 

It  is  obviously  derived  from  the  Gothic  slraidan,  re- 
ferred to  in  the  above  quotation  from  the  Codex  Argen- 
teus ; and  tkaidan  is  identical  with  the  Anglo-Saxon 
sceadan,  the  German  scheiden,  and  Dutch  scheyden,  to 
separate,  or  put  asunder. 

Moreover,  as  there  were  two  verbs,  trilAan  and 
iri/an,  signifying  to  join,  so  there  were  two  analogous 
verbs,  tkaidan  and  schalen,  signifying  to  separate.  Of 
tkaidan  we  have  already  spoken  : schalen  is  still  extant 
in  German,  in  the  sense  of  separat  ing  the  outer  coat, 
rind,  peel,  or  shell,  of  a thing  from  that  which  is 
within  : and  the  substantive  schale  in  that  language 
is  the  shell  of  an  egg  or  nut ; it  also  signifies  a small 
cup  or  saucer  for  drinking  out  of,  probably  because 
shells  were  originally  used  for  that  purpose.  Con- 
nected with  this  word  schale  is  our  substantive  shell, 
which  was  written  in  old  English  shale,  and  is  the  same 
word  with  the  scales  of  a fish,  meaning  that  which  is 
scaled  off,  or  separated  from  the  main  body.  Hence, 
in  Scotland,  the  kirk-scaling  is  the  departure  of  the 
congregation  from  church,  when  they  separate  in  all 
directions.  Our  word  shell  is  also  the  Danish, 

Swedish,  and  Icelandic,  skal  or  tkel,  the  Anglo-Saxon 
scyll,  the  Dutch  schell,  schille,  the  Italian  scaglia,  and 
the  French  escaille,  or  l caille . In  Dutch  also,  the 
tiles  of  houses  are  called  schalien,  and  in  Gothic 
skalyos. 

To  return  to  the  preposition  with.  Wacbtkr  derives 
the  German  weide,  and  Frankish  wide,  a willow,  from 
the  old  verb  wetten,  to  bind  j " ab  usu,  quem  arbor 
offieiosa  pnebet  colonis  et  hortulanis  in  jungendis  et 
alligandis  rebus and  he  suggests,  that  the  Latin 
vitis,  a vine,  is  so  named  from  its  binding  round  other 
trees.  H'eiden  also  he  explains,  to  bind,  and  weid, 
tried,  wette,  a bond.  The  Frankish  tanguvid,  is  a 
waggon-rope.  Wette  also  signifies,  metaphorically, 
the  law,  which  binds}  and  this  in  Dutch  is  tret, 
whence  wet-bock  is  a law-book  ; wetiteller,  wetmaaker, 
wet-geever,  a legislator ; wethouders,  magistrates  ; wet- 
geleerdc,  a lawyer  ; t cetbreker,  a lawbreaker ; t oetloot, 
an  outlaw  ; wet  tig.  legitimate,  &c.  The  verb  wetten 
is  not  only  to  bind,  but  to  bind  in  wedlock.  “ Oritur,'* 
says  Wachtbb,  “ a wette,  vinculum,  copula,  ligamen. 
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Grammar  unde  reliqua,  tin  verba,  quam  substantiva,  tan  quam 
v— * ex  matrice  prodieront." 

From  all  the»e  authorities  we  may  safely  conclude, 
that  we  have  ascertained  the  proper  origin  of  our 
common  preposition  with,  in  the  sense  of  association, 
e.gr. 

In  all  thy  humours , whether  crave  or  mellow, 

Thon'rt  *ucii  a touchy,  testy,  pleasing  fellow ; 

Hast  so  much  wit  and  mirth,  and  spleen  about  thee. 

There  is  no  living  with  thee,  nor  without  thee. 

Tatter. 

2.  It  is  obvious,  that  in  several  of  the  other  uses  of 
this  preposition,  which  Dr.  Johnson  points  out,  it 
really  expresses  no  more  than  the  same  conception  of 
joining  or  binding  together,  modified  by  the  nature  of 
the  objects  spoken  of.  Such  arc  the  following 
" in  company,  " in  partnership, ‘—"in  appendage,” 
— “ in  mutual  dealing,”— -for  I am  joined  with  those 
with  whom  I am  in  company  ; — I uin  bound  to  one 
with  whom  1 am  in  partnership  ; — a thing  is  joined  to 
that  of  which  it  is  an  appendage  ; — two  persons,  who 
mutually  deal  together,  are  bound  by  the  laws  of 
honesty  to  each  other  ; — and  so  of  similar  cases.  It 
is  remarkable  that  Johnson  himself  gives  the  two 
following  senses  of  this  preposition,  in  immediate 
succession. 

4.  On  the  side  of ; for — 

—————  O madness  of  discourse  ! 

Tbit  cause  arts  up  with,  and  against  thyself. 

SftAKarXABE. 

5.  In  opposition  to  ; in  competition,  or  contest — 

■ I do  contest 

As  hotly  and  as  oohly  with  thy  lore, 

As  erer  lursiust  thy  valour.  SuaKsprase. 

This  illustrates  the  transition  before  mentioned,  from 
apposition  to  opposition  ; and  hence  Johnson  says, 
" With,  in  composition,  signifies  opposition  or  priva- 
tion.” Instances  of  this  use  of  the  word  in  modem 
English  are,  withdraw,  withhold,  and  withstand. 

Harbour  uses  withsay— 

With  right  or  wrong  it  have  would  thay  j 
And  if  aaie  would  tluunr  wilhtay, 

Thar  would  sa  do,  that  thay  sold  tine, 

Eytlier  land  or  lyfe,  or  live  in  pine. 

This  is  in  German  t vidertagen  .•  ns  in  the  old  bap- 
tismal fonnula  “ widersagestu  dem  Teufel  und  alien  srinen 
werken  ?"  “ Dost  thou  renounce  the  devil  and  all  his 
works  ?"  And  in  this  sense  abtagen  is  also  used. 

It  is  observable,  that  the  modem  German,  which 
does  not  U9C  with,  or  any  similar  preposition  in  the 
sense  of  association,  has  wider  to  signify  opposition, 
both  in  the  simple  form,  and  in  a great  number  of 
compounds, — as  ictedcrAa//en,  to  resist  ; widerlegen,  to 
refute  ; wider-reden,  to  reply  ; wider-sprechen,  to  con- 
tradict, &c. ; and  so  widerschrin,  n reflected  light ; 
widersinn,  an  absurdity  ; widerschall , an  echo,  8cc. 

In  the  Anglo-Saxon,  with  and  wither,  are  both  used 
in  the  sense  of  opposition,  or  reflecting  back  from ; as 
withstandian,  to  resist ; with-coren,  wither-eoren,  cursed , 
wilh-tecyian,  withcrsecyian , to  contradict;  with-Urdan, 
to  lead  back  ; with-scufian,  to  repel.  In  the  laws  of 
Canute  we  find  wiUrsacan,  apostates.  In  the  old 
English  laws  we  have  withernam,  in  the  barbarous 
Latin  of  that  day,  withemamium,  a reseizure.  This 
last  word  is  said  to  have  given  an  easy  victory  to  an 
English  lawyer  in  Italy,  at  an  epoch  when  it  was  the 


custom  for  scholars  to  offer  public  challenges  for  dis-  Prvponi- 
putation  on  any  given  subject.  As  the  party  who  hunt, 
accepted  the  challenge  had  the  choice  of  a subject,  •v-— 
our  lawyer  proposed,  as  his  question,  An  arena  capt a 
in  wiihemanuo  replegian  possint ; to  which  his  anta- 
gonist, as  he  did  not  understand  what  withemamium 
meant,  was  unable  to  give  any  reply. 

la  the  Islandic,  wc  find  both  r id  and  ridur  signify- 
ing against.  In  the  Frankish,  wid  and  with  are 
44  against,”  as  with  thenne  Dicvel,  44  against  the 
Deni.”  Hut  in  most  of  the  other  Teutonic  dialects, 
when  the  sense  is  contra,  or  retro,  the  letter  r is  found 
in  the  word.  In  the  Gothic  of  Ulfila  wiihra  signifies 
both  toward  and  against,  as  alia  so  baurgs  usiddya  withra 
Jaisu,  44  all  the  city  went  out  toward  Jesus.”  Saei  nist 
withra  izwis,  four  iztru  ist;  44  He  that  is  not  against  us, 
is  for  us . * and  so  in  the  compounds  withrawairthan, 

“ opposite,"  44  over  against  withraidya,  44  he  met 
withragamotyan , 44  to  meet.”  In  the  Frankish,  uuidrvn- 
pintun,  is  to  write  in  reply.  In  the  Alamannic, 
uuidartragan,  is  to  carry  back.  In  the  old  Salic  laws, 
widredo  is  a repeater  of  his  oath,  from  eid,  an  oath. 

In  the  Lombard  laws,  widerboran  is  a manumitted 
slave.  This  lost  word  is  also  written  guiderbora,  as  in 
the  laws  of  Luitprand,  (circ.  a.  d.  720.)  44  Si  quis 

aldiain  alicnain  aut  suatn  ad  uxorem  tollcrc  voluerit, 
faciat  cam  gniderboram."  Another  remarkable  instance 
of  the  use  of  wider  in  composition,  is  in  widrigildum, 
which  some  writers  confound  with  wergeldum ; but 
Eccardus  accurately  distinguishes  these  words, 
observing  that  the  latter  property  signifies  the  price, 
ransom,  or  value  of  a man  ; the  former,  any  composi- 
tion by  which  a loss  is  paid  back,  nr  compensated. 

Weregell  is  well  known  to  the  old  English  and  Scottish 
law  ; (sec  Flcta,  and  the  Regiam  Majestatem  ) R'ere- 
geltthef  according  to  Fletn  is  44  Latro,  qui  redimi 
potest."  Hence  Somner  derives  wer-geld  from  iwr,  a 
inan,  and  gelt,  price.  On  the  other  hand,  Gaonua, 

(in  the  preface  to  the  Gothic  writers.)  defines  lecrfri- 
geldium  “quod  pro  tali  one  datur  and  this  word  is 
properly  derived  by  Wknoklinus  from  the  Teutonic 
weder  contra,  vicissim,  and  gelt,  irstimatio.  It  is 
differently  written,  widrigilth,  widrigildum,  guidrigild, 
widrigildum,  wedrigeldum,  widrigild. 

Hldrigitth  secundum  quod  appertains  turrit. 

J/eer.  CHII.DT.a.  II.  (A.D.  711.) 

Suam  widrigildum  otnninb  cotnpnnut. 

Deer.  Lunov.  II.  (a.  D.  879.) 

S»  stupri  rrimine  detect*  fnerit  compon*!  gmdrigitd  smim. 

Capitut.  Arech.  Princ.  Besevent. 

Jtrxtn  quod  widrigild  1111  as  r*t. 

Capti.  Lorn  arm,  Imp.  (a.  D.  824.) 

Perhaps  the  most  remarkable  derivation  from  the 
word  wither,  or  wider,  now  remaining  in  our  language, 
is  guerdon;  and  the  more  so,  as  the  English  etymo- 
logists in  general  have  entirely  mistaken  its  origin. 

The  English  word  guerdon  is  a mere  adoption  of 
the  French  guerdon,  of  which  Menage  thus  speaks  : — 

44  Jc  croy  qu’il  vient  dc  werdung  qui  signific  pretii  asti- 
matio,  ct  dont  les  escrivaina  de  la  basse  Lutinitc  ont 
fait  aussi  werdunia  pour  dire  la  mesme  chose.  Dc 
guerdon  les  Espagnola  ont  fait  galardon,  el  les  Italiens 
guiderdone."  Skinner  cites  this;  but  prefers  the 
derivation  of  guerdim  by  Myliis  from  the  Dutch  werr- 
deren,  waerdrren,  aistimare,  ccnsere;  and  this  from 
weerd,  waerd  dignus,  et  weerde,  valor,  pretium. 
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, ' Spanish  galartton,  anil  Welsh  whtrlh  , ijum  omnia, 

sacs  he, " valde  affinia  suntTcutonico  icccrde,  tmwtoe- 
M'hat  is  meant  bv  galardon  being  “ mute  affine,  to 
tcrerite,  we  cannot  guess  ; any  more  than  we  can  tell 
how  the  Italians  formed  guiderdmr  out  of  gaerrfon , 
and  as  to  the  base  Latin  trerditmo,  we  never  hap- 
pened to  meet  with  that  word.  The  real  history  of 
the  word  guerdon,  however,  may,  we  apprehend,  be  j 
very  satisfactorily  traced,  as  follows  : , 

1.  Hotter  donum . This  word  is  correctly explained 
bv  Dr  Caxe.K,  "Voxibrida,  niridorTeutonico,  contra,  t 
ct  donum  Latino,  munus  .”  This  mixture  of  Teutonic  t 
particles  with  Latin  substantives  or  verbs,  is  a tact,  . 
which,  properlv  considered,  may  cast  some  light  on  i 
the  true  principles  of  etymology  for  those  principles  1 
have  been  hitherto  but  little  studied  Thus  we  find  t 
our  word  mitmanl  to  be  compounded  of  the  1 cutomc  j 
mis  (our  verb,  to  mia.)  and  the  Latin  credere  : and  the  I 
French  have  many  such  compounds,  e.  gr.  mfeomple.  i 
met  onnoilr, , menu  tent,  mtWenture,  mtttfrir.memt'mer,  . 
me dire,  mffaire,  &c.  H’idcrdonum  occurs  in  the  Tabula-  , 
rium  Casauricnse,  (a.  D-  S7d.) 

Quis  tn  dedisti  inibi,  pro  memorial  coarcnlcatil,  adderdsaum,  ) 
caballum  unuio,  ct  argentum  solidus  centum. 

3.  Guiderdoue,  or  guidardone.  This  is  merely  the 
word  teiderdintum  with  the  Italian  articulation  gai  for 
tri,  as  io  guidrigild  and  guiilerbora  above  noticed,  for 
wulergild  and  widerbora.  The  Latin  termination  urn 
was  universally  changed  into  o by  the  elder  Italians  ; 
and  in  modem  writing  it  is  softened  still  more  into  e ; 
whence  wc  find  in  the  f ocnbohiruj  della  Cnuca,  guider- 
done-  and  guUlardnne,  with  their  derivatives,  guukrdo- 
„are , guidardonare,  guiderdonato,  guukr dona  trice,  gui- 
dardonatriee , guiderdonamento,  guulardonamento,  & c. 

E come  i fall!  mcriton  puntaione,  cost  l bencficii  meriton 
gmidertUm*.  BOCCACIO,  (oirc.  A.O.  1350.) 

E per  gttidardom  del  viucitpre  appareechib  Ghirlande. 

Idem. 

3.  Guizardonum.  This  is  evidently  a mere  pro- 
vincial corruption  of  pronunciation  from  guidardonum. 

Item  quad  nullum  munus,  guitar  don mm , nl  zenia  aliqua  rcci- 
jMCt,  • Staiut.  MaiZIL.  (ttre.  A.  D.  1220.) 

4.  Guiardonum. 

Non  currant  aliquv  pmnae,  usane,  guiardona,  rcl  rrpeno*. 

Statat.  VKRCEL. 

This  word  is  thus  explained  in  an  old  glossary - 
«*  Guifirdunum,  remuneratio ; Ital.  guidardonc,  nostris 
guerrtdon.”  (Vide  Glossar.  Provinc.  Lat  ex  cod.  Reg. 
Paris,  No. 7657-) 

5.  Guiardon,  in  the  Proventjal  dialect,  premium. 

6.  Guerredon.  The  old  French  word  above  alluded 
to,  which  is  also  found  in  the  verbal  form,  guerre- 
donner. 

Sc  Pieu  taun  Ic  baron, 

IU  cu  auroot  boo  guerre  don. 

Roman  I)' At hit. 

Voulonk,  pour  cc,  yceulx  gurrrrdotmer,  ct  pounuir  dr  fareur 
especial,  Chart.  Pint.  VI,  (a.  D.  1330.) 

7.  Guerdon.  In  the  old  French  translation  of  the 
passage  above  cited  from  the  Statutes  of  Marseilles, 
the  words  “ Guizardonum  vcl  xenia,"  arc  rendered 
“guerdon,  ou  cstrenne." 

In  English,  guerdon  is  used  to  signify  a just  recom- 
pense either  for  good  or  bad  deeds. 


He  shall  by  thy  revenging  hand  at  oner  receive  the  just  guerdon 1 PreposU 
of  ail  hw  Conner  villainies.  KkollEs.  Hut.  Turk.  liana. 

Fame  in  the  npur  that  the  dear  spirit  doth  raise,  s— 

(That  lost  infirmity  of  noble  mind) 

To  seoru  delights.  and  livr  laborious  days ; 

But  the  fair  guerdon  when  we  hope  to  find. 

Come*  the  blind  fury,  with  th*  abhomd  abeera, 

And  alita  the  thin  spun  Life.  Miltov. 

3.  Having  examined  two  derivations  of  our  modem 
preposition  with,  we  come  to  the  third,  which  is  thus 
stated  by  Mr.  Hobke  Took*. 

“ With  is  also  sometimes  the  imperative  of  wyrthan, 
to  be.  Mr.  Tyrwhit,  in  his  glossary,  (art.  But,)  has 
observed  truly,  that  * by  and  with  are  often  synoni- 
mous.’  They  are  always  so,  when  with  is  the  impe- 
rative of  wyrthan : for  av  is  the  imperative  of  beon,  to 
be.  He  has  also  in  his  glossary,  (art.  With,)  said 
truly,  tbit ' with  mascAonce,  with  misadventure,  with 
sorter:  5316,  7797,  6916,  4410,  5690,  .5923,  are  to 
be  considered  ns  parenthetical  curses.'  For  the  literal 
meaning  of  those  phrases  is  (not  God  yevc,  but)  be 
mbcAance,  be  misadventure,  be  sorrow,  to  him  or  them, 
concerning  whom  these  words  are  spoken.  But  Mr. 

Tyrwhit  is  mistaken  when  he  supposes — ‘ with  evil 
pre/e,  5829  ; with  horde  grace,  7810 ; with  rory  grace , 

12810 to  have  the  same  meaning ; for  in  those  three 
instances,  witd  is  the  imperative  of  irifAan ; nor  is 
any  parenthetical  curse  or  wish  contained  in  either  of 
those  instances." 

There  is  something  ingenious  in  connecting  irifA 
and  wyrthan ; and  it  was  probably  suggested  to  Mr. 

Tooke  by  the  analogy  which  iritA-out  and  uif  A-iu  bear 
to  the  Scottish  “ but  and  ben i.  e.  Ae-out  and  fcc-in. 

The  Anglo-Saxons  also  used  wi/A-yeondaii,  for  be- 
yond ; and  indeed  they  employed  the  separate  prepo- 
sition with  so  loosely,  as  to  afford  room  for  supposing 
that  it  was  only  equivalent  to  the  general  expression 
of  existence,  be:  for  Hicees,  in  liis  Grammatica  Anglo- 
Saxonica,  explains  with  by  the  Latin  words  juxta,  cum, 
contra,  adeerrus,  pro,  circa,  ebreiter,  erga,  a,  ab;  and 
one  of  his  examples  is  rcmarkuble,  as  using  with  for 
by  in  the  sense  of  near  to.  *«  With  tha  ta  ddriaticum, 
juxta  marc  Aclriaticum." 

Still  we  are  in  some  doubt  whether  the  Anglo-Saxon 
uyrthan  affords  the  proper  solution  of  this  question  ; 
since  we  do  not  find  the  r ever  introduced  before  the  th 
into  either  the  Anglo-Saxon  or  English  preposition  : 
in  other  words,  we  do  not  find  wyrth  used  as  a prepo- 
sition in  Saxon,  or  worth  in  English  : and  though 
worth  is  certainly  used  for  be  in  the  parenthetical  curse 
u o worth  ! and  in  the  parenthetical  blessing  well  worth  ! 
it  is  not  quite  so  dear  that  with  is  thus  used  in  the 
expressions  " irifA  meschnnce,  with  misaventure,  or 
with  sorwe.” 

In  the  vision  of  Piers  Plowman  we  have  the  verb 
worth,  to  be.  In  Chauceb  we  have  wo  worth,  and  in 
Piers  Plowman,  well  worth,  and  much  wo  worth. 

And  said,  mercy  madam,  your  maa  shall  I uartk. 

Piert  Plowman. 

H’o  worth  the  fairc  femme  rertulewe 

Wo  worth  that  hearbe  also  that  doth  no  bote ! 

We  worth  the  beauty  that  is  routblrsxe  ! 

Wo  worth  that  might  that  trede  ecb  under  fote ! 

Chaucer. 

Much  wo  worth  the  man  that  miomleth  hb  inwltte  1 

And  writ  worth  Piers  Plowman  that  pursueth  God  iu  hb  going' 

Piers  Plowman. 

The  Anglo-Saxon  vyrthan,  icurthan,  or  tr eorthax, 
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Grammar,  ond  the  English  worth,  are  from  the  tiothic  wairthan  f 
V-— but  perhaps  the  Anglo-Saxon  and  English  with,  used 
synonymously  with  be,  are  rather  from  the  other 
Gothic  verb  substantive,  iruon  ; for  the  different  Teu- 
tonic tribes  used  three  verbs  substantive,  (as  they  are 
called,)  viz.  beon,  t cisan,  and  wurthon ; of  which  wc 
retain  traces  in  the  different  tenses  of  our  verb,  to  be  j 
namely,  be,  was,  and  were. 

By.  From  the  last-mentioned  signification  rf  the  pre- 

position with,  the  transition  is  easy  to  the  perposition 
by,  which  in  many  of  its  uses  is  manifestly  nothing 
more  than  the  imperative  be.  Dr.  Johnson,  in  his 
usual  manner,  gives  no  less  than  twenty-five  senses 
of  this  preposition,  os  denoting  the  agent,  the  instru- 
ment, the  cause,  &c.,  all  which  is  very  proper  in 
lexicography,  but  will  assist  us  little  in  grammar, 
without  some  further  analysis.  The  dictionary  maker, 
moreover,  has  in  general  little  or  nothing  to  do  with 
those  uses  of  words  which  have  become  entirely 
obsolete  ; but  these  may  often  assist  the  researches  of 
the  grammarian.  Perhaps  wc  may  trace  all  the  uses 
of  this  preposition,  and  of  the  analogous  words  in 
other  Teutonic  dialects,  to  two  different  origins, 
namely,  the  verbs  to  be,  and  to  big.  When  derived 
from  the  former,  it  is  a sort  of  elliptical  expression, 
the  word  agent,  instrument,  cause,  &c.  being  under- 
stood from  the  context : when  derived  from  the  latter, 
it  signifies  proximity.  Thus,  in  the  following  examples, 
(quoted  by  Johnson) — “ The  grammar  of  a language 
is  sometimes  to  be  carefully  studied  by  a grown  man  $” 
— '*  When  Hector  fell  by  Pelides’  arm9  j" — **  If  we 
give  you  any  thing,  we  hope  to  gain  by  you:" — The 
meaning  is,  " the  grammar  is  to  be  studied,  there 
being  a grown  man  as  the  student  j" — “ Hector  fell, 
there  being  the  arms  of  Pelides,  which  caused  his 
falli” — “ We  hope  to  gain,  there  being  you,  to  pro- 
mote our  gains.”  But  in  the  following  examples,  by 
signifies  proximity,  either  stationary  or  in  passage. 

■ — A Bp  acinus  plain,  whereon 

Were  tent*  of  various  hoe ; by  wme,  were  herds 
Of  cattle  grazing.  Milton. 

Many  beautiful  places,  standing  along  the  sea-aborc,  make  the 
town  appear  much  longer  Uutn  it  is,  to  those  that  sail  by  it. 

Addison. 

Sitakkpkark  puns  on  the  two  different  uses  of  the 
word  by  in  tbe  following  passage  ; — 

So  thou  may’st  say  the  church  stands  by  thy  tabour,  if  thy  tabour 
staiula  by  the  church. 

That  is,  “ if  you  use  the  word  by  improperly,  you 
may  be  understood  to  mean  that  the  church  is  sup- 
ported by  means  of  your  tabour ; whereas,  the  fact 
merely  is,  that  your  tabour  happens  to  be  placed  near 
the  church.’*  • 

It  is  in  this  latter  sense  of  proximity,  that  we  find 
the  word  by  used  adverbially  and  as  a substantive,  and 
also  (when  in  composition)  adjectivally. 

1.  Adverbially — 

And  in  it  lies  the  God  of  Sleep, 

And  snorting  by. 

We  may  descry 

Hie  monsters  of  the  deep.  Drtdkn. 

— I did  hear 

The  galloping  of  horse.  Who  wastH  came  by  t 

Snakcpearr. 

Asa  substantive,  in  the  phrase  *fby  tbe  by  j' 
anciently  written,  “ upon  the  Ay.” 
tol.  i 


This  wolf  was  farced  to  make  bold,  rrrr  and  anon,  with  a Prepoti- 
■herp,  in  private,  by  the  by.  L'Ettiance.  tions. 

In  this  instance  there  is,  upon  the  by,  to  be  noted,  the  perco- 
Utkin  of  the  verjuice  through  the  wood.  Bacon. 

3.  “ By,  in  composition,"  says  Johnson,  “ implies 
something  out  of  the  direct  way,  and  consequently 
some  obscurity,  something  irregular,  something  col- 
lateral, or  private."  These  arc  instances  of  the 
natural  transitions  of  the  mind  in  the  use  of  words, 
and  the  enumeration  is  only  defective  in  not  specifying 
the  first  link  of  the  chain ; thus,  a bystander,  one 
who  stands  near.  A by-road,  a road,  which,  branch- 
ing off  from  ihc  main  road,  is  of  course  less  frequented 
and  comparatively  obscure  j a by-end,  an  object 
obscurely  connected  with  the  known  and  ostensible 
end  in  view  : the  by-play  of  un  actor,  those  actions 
and  gestures  which  are  carried  on  apart  from  the  main 
business  of  the  scene  : a by-law,  a law  apart  from  the 
public  laws  of  the  state,  and  affecting  only  a private 
body  of  men  : a by-word , a word  of  reproach,  used 
aside  as  it  were,  and  separately  from  honest  and 
honourable  conversation  : a by-name,  a surname,  or 
nickname,  added  to  or  substituted  for  the  original  and 
proper  name  of  the  individual  : by  past  times,  are  those 
times  which  once  were  passing  by  us,  (as  the  mari- 
ners sailed  by  the  town  above  spoken  of  by  Addison,) 
but  which  have  now  passed  by,  and  are  gone.  Dr. 

Johnson  says  that  “ this”  composition  is  used  at  plea- 
sure } but  in  fact  it  is  very  much  regulated  by  cus- 
tom ; for  several  even  of  ^hc  instances  which  he  quotes 
would  now  be  considered  as  antiquated  expressions  ; 
such  are  a by -concernment,  by-interest,  a Ay-name,  by- 
respects, by-views,  &c. 

To  this  we  may  add  the  use  of  the  word  by  in  the 
phrase  **  by  and  by:’  and  perhaps  in  the  phrase 
u Good  by  /”  * 

By  and  by  seems  to  signify  a time  near  to  the  pre- 
sent, but  not  immediately  following  it,  and  usually 
refers  to  some  action  out  of  the  course  of  that  on 
which  the  individual  is  at  the  present  moment  em- 
ployed. Thus,  when  the  friar  wishes  to  conceal 
Romeo  before  he  opens  the  door  to  the  nurse,  who  is 
knocking,  he  says, 

» — ■ Stand  op. 

Run  to  rev  Study — (by  and  by) — God's  will. 

Whst  wilfulncM  u this  1 (I  come,  1 cone.) 

where  the  passages  in  parenthesis  are  addressed  to 
the  nurse. 

So.  Othello,  speaking  alternately  to  himself  and  to 
Emilia,  who  is  calling  for  admittance,  says, 

(Ye*!)—' ‘tis  Emilia — (by  and  by)  She's  dead. 

Spun  her  uses  this  expression  narratively,  to  signify 
proximity  of  time. 

Hie  noble  knight  alighted  by  and  by 
From  lofty  steed. 

Chaucer  uses  it  to  signify  proximity  of  place. 

And  so  befel  dial  in  the  tas  they  found 
Two  yo ngt  knighta  Jigging  by  end  by. 

The  phrase  Good  by  ! is  commonly  supposed  to  be 
a mere  contraction  of  the  words  “ Good  be  with  you ;** 
but  it  seems  as  probably  to  have  been  an  elliptical 
phrase  for  **  may  good  he  by  ."  that  is,  " may  good 
be  near  you,  wherever  you  are  !** 

There  is  a singular  difference  in  the  use  of  the 
T 
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Crumnu  preposition  by  in  the  sense  of  proximity,  between  the 
English  and  Scottish  dialects.  In  the  former,  by  him - 
self  means  “ alone,"  **  no  one  else  being  by:"  in  the 
latter  it  signifies  " insane,”  “ betide  himself." 

Siding  in  some  place  ijr  ktmsetf,  let  him  translate  Into  English 
his  former  I csson.  Ascuam. 

And  monie  s day  was  by  MmstT, 

fie  wu  we  sairly  frighted.  Burns. 

In  old  English  be  and  by  are  often  used  indifferently  : 
e.  gr,  **  Damville  be  right  ought  to  have  the  leading 
of  the  army  j but  bycaute  thei  be  cosen  germane  to 
the  admirall,  thei  be  mistrusted.”  (Sec  Lodge's 
Illustrations,  vol.  ii.  p.  9.)  So  in  the  ballad — “ flow  a 
Merchande &c. 

Bothe  be  dajc  tad  be  nyght 

So  in  Montcomkrik’s  *f  Cherrie  and  the  Sloe." 

I uw  nae  war  quhairbv  to  cum, 

Be  ooj  craft  to  get  it  cltua. 

In  the  description  of  Cokaigne — 

Tber  beth  hriddea  man!  and  fail, 

That  stintetk  ncuer  6i  har  migt, 

Miri  to  sing  d&i  and  nigt. 

In  like  manner  we  find  byfore  and  before , bylove  and 
be  love,  bycaute  and  because,  &c. 

By  any  other  cause  or  matter  hadde  or  made  Mere  the  aeid 
fyne  levied.  Slat.  1,  Ric.  III.  c.  7.  MS. 

He  was  newly  fallen  to  his  fader’s  herytage,  who  was  so  well 
by  loved  in  Ida  royal  tuc,  BRRKERJ’s  Froissart,  fo!  lrxii. 

His  men  monnored  and  spake  «>f  bym  otherwyse  then  they 
shuttle  do  bycMMSf  of  them  of  the  garjaoa  of  Dnlceo. 

Ibid. 

In  the  letter  of  Hxnry  III.  (a.d.  1^58.)  which  is 
one  of  the  most  ancient  specimens  of  English  extant. 
We  find  biforen— 

Ala  wo  al  sc  hit  is  biforen  iacid. 

Fadera,  rol.  i.  part  i.  p.  378. 

There  are  several  uses  of  the  preposition  by  in  old 
English,  which  have  now  become  obsolete ; as  **  by 
daies  olde,”  which  Gower  uses  for  the  modern  phrase 
41  in  old  times." 

In  the  romance  of  Sir  Guy  we  find  " by  twenty  mile 
round  about,”  instead  of  “ for  twenty  mile  round 
about.”  King  James  I.  of  Scotland  uses  by  for  of. 

As  Tantalns  I travail,  ay  buttles. 

That  ever  ylike  hailUb  at  the  well, 

Water  to  draw  with  boket  bottemlea— 

So  by  myself  this  tale  I may  well  telle. 

King's  Quair,  canto  ii.  st.  51. 

These  and  many  other  uses  of  the  analogous  prepo- 
sitions occur  in  the  Mteso-Gothic,  Anglo-Saxon,  &c. 
In  Mseso-Gothic  the  verb  beon  or  bion  is  not  found, 
but  the  preposition  bi  exists  both  separately  and  in 
composition.  In  its  separate  use  it  answers  to  the 
Latin  in,  pro,  cum , contra,  secundum,  post.de,  and  circa. 
As  a component  particle,  it  appears  in  bigitan,  to  find, 
(or,  as  we  say,  to  get  at ;)  bifotuns,  fetters ; bihlahyan, 
to  laugh  at;  bimaitan,  to  cut  around;  bigaurdans, 
girded  round  about,  &c.  In  Anglo-Saxon,  **  be 
Petres  miERsan,”  is  " at  Peter-mass  j *.  e.  **  on  the 
festival  of  St.  Peter.”  “ Tha  he  gehyrde  be  tham 
Haclende,” — “ When  he  heard  of  the  Healer,”  i.  e.  of 
Jesus.  **  Be  Wihtgarcs  dBcge,,’— 1 11  In  the  days  of 
Whitgar.”  " Be  h)Ta  wsrtmum  ye  hig  onenawath," 
— ,e  By  their  fruits  shall  ye  know  them.”  Be  also 
enters  into  the  composition  of  several  Saxon  preposi- 


tions, as  beforan,  before ; betwux,  betwix ; bcheonan.  Piyposi* 
on  this  side  ■,  betzflan,  or bceflan,  after;  toman,  within; 
bulan,  without ; bufan,  upon.  In  these  and  in  many 
other  compound  words,  be  is  evidently  the  mere  root 
of  the  verb  beon,  to  be.  It  is,  however,  sometimes 
written  bi,  or  big,  as  '*  sc  bisecop  the  him  big  saet,” — 

“ The  bishop  who  sate  by  him,”  i.  e.  near  him  : and 
in  this  sense  it  may  be  reasonably  supposed  to  have 
some  affinity  to  the  verb  byan,  to  inhabit ; or  biegian , 
to  bnild  ; which  latter  is  still  retained  in  the  Scottish 
verb,  to  big ,*  as  in  tbe  song  of  Bessy  Bell  and  Mary 
Gray. — 

They  kigg’d  s hour  on  yon  burn  brae. 

From  the  verb  biegian  or  byan  comes  our  local  ter- 
mination in  by,  so  frequent  in  Yorkshire  and  Lincoln- 
shire, as  in  Dan  by,  Man  by,  Han  by,  Belby,  Kelby, 
Welby,Uoltby,  Boltby , Kirk  by , Birkby , llarmby , Barmby, 

Hax  by.  Sax  by,  Roman  by,  Normanby,  Salmonby,  Hareby, 

&c.  The  German  preposition  bey,  which  is  rendered 
by  the  French  chez,  and  the  Latin  apud,  may  perhaps 
be  in  like  manner  derived,  as  Adeluno  suggests,  from 
the  old  verb  bio,  bo,  bauen,  in  the  sense  of  dwelling  at, 
or  occupying  a certain  spot.  In  the  old  Prussian  lan- 
guage boor  po  was  used  prepositionolly  in  this  sense ; 
and  hence  the  Borussi  or  Porussi,  the  ancient  name  of 
the  Prussians  signified  those  who  dwelt  near  the 
Russians,  as  Pomeranii,  the  Pomeranians,  signified 
those  who  lived  ( Po-Metre ) near  the  sea.  In  the 
Frankish  we  find  pi,  as  pi  hatitun,  at  hand.  In  the 
Alamannic  it  is  written  pii,  as  pit  inkange , near  the 
entrance. 

Among  the  prepositions  compounded  with  be,  or  Before 
by,  we  have  already  noticed  behind,  before,  between, 
beyond,  beneath,  &c.  and  we  have  shown  that  in  the 
compound  word  behind,  the  simple  word  hind  is  a 
noun,  that  is  to  say,  tbe  name  of  a conception  formed 
by  the  mind.  There  can  be  little  doubt,  we  appre- 
hend, but  that  before  is  a preposition  of  the  same 
nature  as  behind ; that  is  to  say,  that  the  words  hind 
and  fore  were  equally  in  their  origin,  nouns.  We 
still  use  them  both  adjectivally,  even  in  their  separate 
state. 

Resistance  In  fluids  arises  from  their  greater  pressing  on  the 
fort  than  kind  part  of  the  bodies  moving  in  them. 

Chivul 

And  so  they  occur  in  various  compound  words,  as 
forewheel,  hmdwhetl,  foreman , hinderling,  &c. 

As  we  have  said  that  the  preposition  athwart  might 
have  been  thwart,  that  the  preposition  across  has  been 
actually  written  cross,  anu  that  the  Germans  indif- 
ferently use  anstatt  and  statt,  so  it  is  obvious  that  the 
preposition  before  would  be  equally  intelligible,  and 
would*  convey  exactly  the  same  meaning  if  it  were 
written  fore ; for  the  prefixes  a and  be  are  mere  mat- 
ter of  idiom,  and  do  not  alter  the.  meaning  of  the 
words  thwart,  cross,  fore,  &e.  with  which  they  are 
united  in  common  use.  Accordingly  afore  and  tofore 
were  formerly  used  for  before. 

Whosoever  should  make  light  of  any  thing  a/ore  spoken  or 
written,  out  of  his  own  bouse  a tree  should  be  taken,  and  be 
thereon  be  hanged.  Esdhas,  d».  vi.  v.  22. 

Dane  In  a verger  xt, 

Tofore  him  mony  knyghtu  pris. 

Kyng  /Hiseunder. 

And  so  we  still  use  these  expressions  in  the  compound 
words  aforesaid,  aforementioned,  heretofore,  &c 
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Grammar.  Fore,  therefore,  must  be  considered  as  a noun,  or 
the  name  of  a conception.  Now  of  what  conception 
is  it  the  name  ? This  question  will  be  best  answered 
by  comparing:  together  several  instances  of  its  use. 
We  have,  in  English,  the  words  forecastle,  foredeck, 
fore-end, forefinger , forefoot , forehead , foreland,  forelock, 
foremast,  &c.  relating  to  place ; and  the  words  fore- 
advise,  forebode,  forecast,  forefather, forenoon,  &c.  relat- 
ing to  time.  It  is  plain  that  there  is  an  analogy 
between  these  two  classes  of  words  •,  for  they  both 
agree  in  expressing,  by  the  particle  fore,  one  common 
conception,  namely,  that  the  thing  spoken  of  is  before 
some  other  thing,  either  in  place,  or  in  time.  A /ore- 
castle,  for  instance,  is  the  elevated  part  of  a ship j 
which,  as  she  moves  through  the  water,  goes  before 
the  main  body  of  the  vessel.  A /oreland  is  a part  of 
the  land  which  projects  before  the  rest  into  the  sea. 
To  /oreadvise  is  to  give  advice  before  the  emergency 
to  which  it  is  applicable,  actually  occurs.  The  fore- 
noon is  that  part  of  the  day,  which  elapses  before  the 
sun  reaches  the  meridian. 

Now,  this  conception,  so  expressed  by  the  particle 
fore,  is  not  the  conception  of  a real  object,  but  it  is  the 
conception  of  a relation  existing  between  two  objects. 
We  may  give  it  the  name  of  foreness  or  of  precession , 
nr  any  other  name  that  may  be  thought  more  suitable  ; 
but  the  conception  itself  must  unavoidably  be  formed 
by  all  men.  A savage,  when  in  preseuce  of  his  enemy, 
not  only  apprehends  that  such  enemy  exists,  but  that 
he  is  before  him.  The  same  savage,  when  he  perceives 
the  sun  rising,  not  only  knows  that  a certain  portion 
of  the  day  is  elapsing,  but  that  such  portion  is  before 
the  noon.  In  order  to  know  these  two  facts,  however, 
he  must  necessarily  be  able  to  form  a conception,  in 
the  one  case,  of  a relation  of  place,  and  in  the  other 
case,  of  a relation  of  time.  But  the  relations  of  place 
and  those  of  time,  are,  in  many  instances,  if  not  iden- 
tical, at  least  so  closely  analogous,  as  to  be  expressed 
in  most  languages  by  the  same  term  : and  thus,  in 
most  languages,  we  find  that  the  word,  which  implies 
priority  of  time,  expresses  also  precession  in  space  j 
which  is  the  case  with  the  word  in  question,  fore. 

Other  analogies  again  coincide  with  these.  The 
person  that  is  chief  in  dignity,  rank,  or  order,  is  usally 
said  to  precede  or  go  before  his  inferiors  and  the 
final  cause,  notice,  or  end  is  placed  before  the  mind 
when  deliberating  on  an  act  to  be  done. 

Lord  Monboddo  justly  says,  " every  kind  of  relation 
is  a pure  idea  of  intellect,  which  can  never  be  appre- 
hended by  sense and  when  Mr.  Hor.vb  Tooke  denies 
this  proposition,  he  shows  strange  ignorance  of  the 
human  mind.  Sense,  taking  that  term  in  its  widest 
acceptation,  can  only  apprehend  an  external  object,  it 
can  apprehend  the  thing,  which  is  before  another,  or 
the  thing,  before  which  another  is ; but  the  relation  of 
place,  time,  order,  causation,  or  the  like,  which  we 
express  by  the  word  before,  is  discerned  not  by  a 
simple  operation  of  sense,  but  by  means  of  an  exercise 
of  our  comparing  and  judging  faculties.  It  is  most 
extraordinary  that  Tooke,  who  asserts  universally 
that  " prepositions  are  the  names  of  real  objects?' 
should  say  of  the  preposition,  for,  14 1 believe  it  to  be 
no  other  than  the  Gothic  substantive  fairina,  cause.” 
What  real  object  is  Cause  ? How  is  causation  to  be 
apprehended  by  sense  ? That  we  have  a conception 
of  cause  is  certain  ; but  it  is  equally  certain  that  we 
come  at  it  by  means  of  our  intellect ; and  that  it  is  in 


truth  44  a pure  idea  of  intellect,”  which  sense  alone  Prejwwi- 
never  did  nor  ever  can  give.  **«>“»• 

That  the  Gothic  substantive  fairina  may  have  some  w*v— “ 
etymological  affinity  to  our  preposition  and  conjunc- 
tion,/or,  we  do  not  mean  to  dispute  j nor  do  we  deny 
that  for  often  expresses  the  relation  of  a final  cause 
to  its  effect ; but  the  reason  of  this  is,  thut  the  words 
for  and  fore  are  the  same. 

The  identity  of  these  words,  both  in  their  simple 
and  compound  states,  may  be  shown  in  a variety  of 
instances. 

In  " Christ's  descent  into  hell,”  we  have  fore  used  as 
we  now  use  for.— 

Fore  Adame’s  sunne  fol  y wis, 

Ich  liaue  tholed  al  lit*. 

Our  common  words  where/ure  And  thcre/bre  arc  44  for 
which,”  and  44  for  thisj”  and  the  latter  is  often  writ- 
ten forthi  or  for  thy,  in  ancient  authors  ; as  the  former 
is  written  for  why  by  some  of  more  modern  date. 

Forthi  myn  wongr*  vrurtli  woo. 

MSS.  Hart.  No.  2253.  fol.  63. 

And  forthy  if  it  h«ppc  in  «ny  wise. 

That  here  be  any  louer  in  tills  place. 

Chaucer's  Troitus. 

Sotysnan  had  three  hundred  field  pieces,  that  a camel  might 
well  carry  one  of  them,  being  taken  from  the  carriage  ; for  why, 

Solyimn  purposing  to  draw  the  emperor  onto  battle,  had  brought 
no  greater  pieces  of  battery  with  him. 

KnOLLES*  Hut.  Turk. 

Fort  aid  is  used  as  foresaid,  or  aforesaid,  in  a docu- 
ment of  the  year  1420.  ( Rymer , v.  Lx.  p.  916.) 

Forlok,  for  forelook,  L e.  foresight,  occurs  in  the 
romance  of  Sir  Amadas. 

Tbcr  Y had  an  bondorthc  markc  of  rent, 

Y spentte  hit  all  in  tyghttc  a tent. 

Of  tuche  forlok  was  Y. 

In  the  same  romance  we  have  fordryton  for  foredrwen. 

Polkc  fordryran  in  tba  •chore* 

Wrekkyd  with  the  water  lay. 

So,  forward  for  foreword  i.  e.  promise  made  before- 
hand. 

Tbenke  what  forward  that  thoo  made, 

When  thou  fall  greyt  myn  ter  hade. 

In  the  romance  of  Sir  Tristem,  edited  by  Sir  Walter 
Scott,  the  preposition  before  is  written  bi  for. 

The  folk  stode  unfa  in 
Bi  for  that  lenedi  fre : 

Roulojtd  mi  lord  is  tlain. 

He  speketh  no  more  with  me. 

Mr.  Tooke  has,  with  great  parade  of  comment,  in 
above  twenty  quarto  pages,  reviewed  the  seventeen 
significations  of  the  word  for,  which  are  given  by 
Greenwood,  and  the  forty-six  by  Joiinsox;  besides 
reprehending  Lowth  and  Terwiiit,  for  their  remarks 
on  the  same  word.  The  result  is,  that  in  Mr.  Tookes 
opinion,  for  always  signifies  cause.  Now,  this  is  an 
error.  For  signifies  merely  before ; and  as  the final  cause 
is  before  the  mind  of  the  agent,  for  may,  in  some  in- 
stances, be  rendered  cause ; but  there  are  other  cases 
in  which  the  notion  of  a final  cause  does  not  seem  to 
be  involved  in  the  signification  of  the  word  for.  When 
we  say  **  Christ  died  for  us,”  we  mean  that  our  salva- 
tion was  before  the  contemplation  of  Christ  os  the 
final  cause  of  his  death.  When  wc  speak  of  “ fighting 
for  the  public  good/*  we  mean  that  the  public  good 
is  before  the  mind  of  the  combatant,  as  the^Siai  caiut 
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inmnar.  of  his  fighting.  But  in  the  following  instances  the 
notion  of  cawt  is  very  indistinctly,  if  at  all  alluded 
to.  *'  He  is  big  enough  for  his  age  j"  i.  e.  having 
before  your  mind  his  age,  considering  his  age,  he  is 
big  enough.  **  He  speaks  one  word  for  unother,” 
i.  e.  he  speaks  one  word  before,  or  in  the  place  of  ano- 
ther, he  takes  the  wrong  word  first.  “ We  sailed 
directly  for  Genoa  i.  c.  Genoa  was  before  us  as  the 
* object  toward  which  we  sailed.  In  like  manner,  when 
for  is  used  in  the  sense  of  equivalence,  it  is  to  be  ex- 
plained by  the  same  word,  before.  “ An  eye  for  an 
eye  ;**  i.e.  having  before  you  the  consideration  that  an 
eye  has  been  destroyed,  another  eye  must  be  put  out. 
“ To  translate  line  for  line  ;**  i.  c.  laying  before  you 
one  line  of  the  original,  one  line  of  the  translation 
must  follow.  And  this  notion  of  equivalence  is  taken 
negatively  in  the  common  phrase, — For  alt.  Thus, 
t*for  all  his  exact  plot,  down  was  he  cast  from  his 
greatness i.  c.  the  casting  him  down  was  effected 
before,  in  presence  of,  or,  as  we  say,  in  the  teeth  of, 
all  his  plot. 

For,  when  used  as  a conjunction,  has  manifestly  the 
same  force. 

Hcnr’n  doth  with  u*,  u we  with  torches  deal, 

Not  light  them  for  tbeinwho ; for  if  our  virtues 
Did  out  go  forth  of  us,  ’twe re  ail  alike, 

As  if  we  had  them  not.  SlIAKSPEARB. 

Let  us  paraphrase  this  sentence  1 '*  If  our  virtues 

did  not  proceed  from  us  to  others,  we  might  os  well 
not  have  them  : and  therefore  I say,  that  lleavcn  uses 
us  as  we  tlo  our  torches.’*  The  words  for  and  therefore 
correspond  ; and  the  word  “ therefore we  know,  is 
the  same  as  “ that  fore,"  or  " that  being  before  me.** 
Now  that  which  is  before  the  mind  of  the  speaker,  and 
which  leads  him  to  the  conclusion  that  Heaven  deals 
with  us  us  we  with  torches,  is  the  reflection — that  if 
our  virtues  did  not  go  forth  of  us,  they  would  be  use- 
less and  this  reflection  is  marked  as  being  before  the 
mind  of  the  speaker,  by  the  word  for  in  the  original 
sentence,  as  it  is,  in  the  paraphrase,  by  therefore. 
Again,  in  the  9th  chapter  of  St.  Mark’s  Gospel,  verses 
5 and  6 : — 

PetCT  answered  and  said  to  Jeans,  Master,  It  is  good  for  ns  to 
be  here  ; and  let  us  make  three  Ulwmacle*  ; one  for  tber,  and 
one  foi  Moses,  and  one  for  Elisa.  For  be  wiat  not  wbat  to  sajrj 
for  they  were  sore  afraid. 

Here  we  sec,  the  construction  is,  **  They  were  sore 
afraid;  and  therefore  be  wist  not  what  to  say;  and 
therefore  he  talked  (09  Bishop  Taylor  says,)  he  knew 
not  what,  but  nothing  amiss,  something  prophetical." 
The  fear  and  wouder  of  the  apostles  was  before  the 
ecstasy  which  deprived  them  of  the  power  of  connected 
reasoning  ; and  the  ecstasy  was  before  the  words  which 
St.  I’ctcr  uttered. 

This  double  use  of  the  conjunction,  for,  serves  to 
explain  the  double  use  of  the  preposition  for  noticed 
by  Tookc.  **  A writ  was  moved  for,  for  Old  Sarum.’’ 
The  representation  of  Old  Sarum  was  before  any  writ, 
as  an  object  in  the  mind  of  those  who  first  devised 
such  nn  instrument ; and  the  desire  of  obtaining  this 
particular  writ  was  before  the  motion,  as  an  object  in 
the  mi  ml  of  the  mover. 

Nor  let  it  be  thought  strange,  that  our  wishes  and 
intentions  should  be  expressed  in  language  which 
seems  to  indicate  that  they  stand  before  the  mind 
locally,  as  a tree  or  a house  stands  before  the  eye  of 


a s|«ctator  ; for  this  arises  from  the  prevalent  dispo-  Pnp** 
sition  to  explain  intellectual  phenomena  by  material  hotu. 
analogies,  just  as  we  call  a certain  faculty  of  the  mind  s^v^' 
imagination,  which  word  properly  signifies  the  power 
of  making  visible  or  tangible  representations  of  sen- 
sible objects.  So  wc  call  another  faculty  acuteness, 
adopting  our  metaphor  from  the  sharpness  of  a sword 
or  knife.  So  we  speak  of  impressions  on  the  memory 
— of  rejections  on  our  acquired  knowledge,  fkc.  This 
disposition  to  speak  of  the  faculties  and  operations  of 
the  mind  in  language  originally  applied  to  the  powers 
and  exercises  of  the  body,  may  be  said  to  have  been  at 
first  and  in  the  early  stages  of  human  society,  a neces- 
sity ; and  if  we  confined  ourselves  to  the  etymological 
signification  of  words,  it  would  be  so  still.  In  the 
rude  ages  of  Gothic  and  Grecian  barbarism,  the  action 
of  taking  was  expressed  by  the  radical  tak  or  dek, 
whence  our  present  verb,  to  take,  and  the  Ionic  Icku. 

From  its  superior  use  in  taking,  the  right  hand  was 
allied  dextru  ; he  who  was  expert  at  any  manual  em- 
ployment, was  said  by  analogy  to  be  dextrous  * and  by 
a further  analogy,  a superior  readiness  of  contrivance, 
or  quickness  of  expedient,  (though  a mental  faculty,) 
was  called  dexterity.  This  sort  of  analogy  must  be 
resorted  to,  not  merely  by  the  untutored  savage,  in 
explaining  the  acts  of  his  mind,  but  even  by  the  most 
profound  philosophers  in  investigating  the  same 
abstruse  subject.  Even  the  sublime  speculations  of 
Plato  are  necessarily  conveyed  in  metaphors  derived 
from  external  and  material  nature ; a circumstance 
which  has  occasioned  some  modern  writers  of  emi- 
nence to  form  very  erroneous  notions  of  the  doctrines 
of  the  Grecian  sage.  Plato  never  dreamt  of  “ intelli- 
gible species,"  as  actually  distinct  from  the  intellect 
itself,  but  merely  os  distinguishable  for  purposes  of 
reasoning.  He  never  thought  that  the  eon fuva  were 
separate  from  the  v**,  as  u picture  is  from  the  eye  of 
the  pointer ; but  rather  held  that  they  were  the  very 
intellectual  life  and  beiug  itself.  In  like  manner, 
when  we  say  that  motives,  or  objects  of  desire  or 
aversion  are  before  the  mind,  wc  do  not  suppose  any 
local  position*,  either  of  the  mind  or  of  the  mental 
conception ; but  wc  adopt  on  analogy  on  which  are 
founded  the  various  uses  of  the  words  for,  fore , before, 
therefore.  &c. 

In  the  use  of  the  conjunction, for,  already  noticed, 
the  words  “ I say,”  or  some  such  phrase,  must  be 
supplied,  to  make  up  the  full  construction  of  the 
sentence  : but  there  is  another  and  now  obsolete  use 
of  the  some  conjunction,  in  which  the  sense  is  perfect 
without  such  addition. 

Thus,  in  the  old  satire  on  Grooms  and  Stable-boys, 

MSS.  Harl.  3253,  fol.  135. 


• Tpfrw  SI  ai  yirai  &*  rb  gapaf , •#!  Qfhpa*  ot  vponSrxiprrQv, 

fSjw v 81  wapfxu’  5 era  f yci  yivtaiv  wain*,  at hb  Si  p rr'  iraurthhrlat 
arrby,  A afioat*  T*rl  yvi i&m  nr  or,  irpoi  1 it  xal  impovoKapt* 

£A«nHT«x,  itaJ  tf'txui  v a rmytcaSov  Junb  wn,  rb  hr  Stray,  tv  rwt  rdirv,  *«u 
Keertxov  xvpar  rwi.  vk  Si  pijr*  tv  yff,  ji^rf  wa  tterr'  inWj'br, 
livat. 

The  filled  kind  of  thing  (having  mentioned  intellect  and  tense) 
is  spare,  which  is  not  subject  to  decay,  bat  affords  a place  to  all 
created  thing*  ; thb  in  touched  without  affording  the  sense  of 
touch,  ami  is  obscurely  understood  to  exist,  by  a apurioos  kind 
of  reasoning.  Looking  on  this,  ire  dream,  as  it  were,  and  aay, 
it  ib  somehow  necessary  that  exert  existing  thing  should  exist  in 
some  certain  place,  haring  some  definite  situation,  aad  that  wbat 
U neither  on  earth  oor  in  bearen.  Is  nothing. 

Plato,  in  J'imcto. 
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Gnmninr.  Whil  Ood  vet i on  erthe  nr.d  waadmie  »*yde. 

t r , What  wss  the  mon  win-  be  aolde  ry*k  ? 

For  be  aoldc  do  gratae  u>  go  by  y*  aydo. 

And  so  in  fC  Christ's  descent  into  Hell." 

For  y lltjra  hrste  hucldr  nobt, 

Doere  Ich  hahbe  Kit  her  abobt. 

The  name  use  of  the  word  for  occurs  occasionally 
in  Shakhpcaxi:. 

Hearrn  defend  your  good  soul*  that  you  think 
I trill  your  jierious  and  great  bui'uc#*  scant, 

For  abc  it  with  me,  OtkrUe. 

In  these  passages,  os  well  as  in  those  before  cited, 
for  may,  by  transposition,  be  rendered  therefore,  as 
follows  : — **  He  would  not  have  a groom  to  go  by  hi9 
side,  and  therefore  he  would  not  ride  — *'  I have  not 
kept  thy  commandments,  and  therefore  I have  paid 
dearly  for  my  conduct  j” — " She  is  with  me,  but  I 
will  not  therefore  neglect  your  business.”  Or,  to  vary 
the  phrases  still  more,  with  the  same  sense — " He 
would  not  have  a groom  to  go  by  his  side,  and  that 
determination  being  before  his  mind,  he  would  not 
ride;” — “ I have  not  Kept  thy  commandments,  and 
that  misconduct  having  occurred  before  my  present 
sufferings,  has  been  their  cause  She  is  with  me, 

but  though  her  society  be  before  my  mind  as  a motive 
to  idleness,  it  will  not  induce  me  to  neglect  your 
business." 

We  may  sum  up  the  different  nses  of  the  word,  for , 
as  follows.  It  is  employed  either  os  a preposition,  os 
a conjunction,  as  an  adverb,  as  an  adjective,  or  as  a 
component  particle  of  a word.  As  a preposition, 
when  properly  used,  and  without  ellipsis,  it  signifies  a 
relation,  1st.  of  place  ; 2dly.  of  time  ; 3dly.  of  rank, 
or  order  ; and  4thly.  of  cause,  motive,  or  object.  By 
an  ellipsis,  it  may  express  the  negative  of  its  proper 
signification  ; and  there  are  some  uses  of  it  in  writers 
or  repute,  which  are  altogether  improper.  In  the 
signification  of  rank,  causation,  4tc.  it  expresses  the 
future,  co-existent,  or  previous  cause  of  an  action,  the 
limitation  of  a quality,  or  the  equivalence,  substitution, 
similitude,  or  op|>osition  of  a sfibstance.  As  a conjunc- 
tion, adverb,  adjective,  or  particle,  its  significations 
coincide  with  some  of  those  which  it  has  as  a preposition. 
Upon  the  whole,  it  denotes  that  a person  or  thing  is 
before  another  thing  in  place,  time,  or  order  ; or  that 
it  is  /before  the  mind  as  a cause  or  object  positively  or 
relatively  : and  as  similar  relations  are  denoted  by  the 
terms  fore , n fore,  before,  tofore,  there  fore,  wherefore, 
&c.  the  inference  seems  clear  that  for  und  fore  were 
originally  the  same  word. 

When  for  is  applied  to  place,  it  signifies  that  which 
is  before  us  in  intention,  as  ,f  we  sailed  fir  Genoa.” 
That  which  is  before  us,  and  becomes  in  fact  the  end 
of  our  journey,  is  expressed  by  to  -,  as  “ we  sailed  to 
Malta.’ 

When/ir  is  applied  to  time,  it  signifies,  that  the 
time  in  question  is  before  the  mind  of  the  agent,  as 
that  which  cither  continues,  or  is  intended  to  conti- 
nue, during  the  whole  period  of  the  action.  “ He  is 
chosen  for  life  e he  is  chosen  to  serve/ir  life,  life 
being  before  the  mind  of  the  elector,  as  that  which  is 
to  form  the  duration  of  the  service.  “ He  studied  for 
a year  ; i,  e.  placing  before  your  mind  a year,  that  will 
he  found  to  equal  the  lime  that  he  studied. 

When  for  is  applied  to  causation,  or  motive , the 
jbjecl  is  future  in  such  sentences  as  the  following  ; — 


fi  Chelsea  Hospital  was  built  for  disabled  soldiers  ;* 

I.e.  the  future  accommodation  of  disabled  soldiers  was  v *|ljn-- 
the  object  before  the  minds  of  those  who  directed  the 

building.  In  Uke  manner,  when  the  poet  exclaims — 

*'  O ! fur  a muse  of  fire  1”  which  is  equivalent  to  f<  I 
wish  fora  mu<«  of  fire  j"  the  muse  is  before  his  mind 
us  the  object  of  hit  wish. 

The  cause  is  co-existent  in  such  sentences  as  these  : 

— ” Objects  depend  for  their  visibility,  upon  the 
light  }”  t o,  visibility  being  before  the  mind,  when  we 
consider  objects,  we  find  that  in  this  respect  they  de- 
pend upon  the  light.  **  He  does  all  things  for  the 
love  of  virtue  5”  ».  e.  in  every  action  of  his  life,  the 
love  of  virtue  is  before  his  mind  ns  a motive. 

The  object  or  cause  is  past,  in  such  phrases  ns 
these  ; — “ to  punish  a man  for  his  crimes  $’  — " to  re- 
ward him  Ar  his  valour,”  Here  the  crimes  and  the 
valorous  deeds  respectively,  though  they  may  have 
long  gone  by,  are  still  Uf  ire  the  tnind  of  the  person 
punishing  mid  rewarding. 

We  find  in  Ro»krt  ths  Birwr,  employed 

to  denote  a cause,  precedent.  In  speaking  of  the 
murder  of  Sir  Jonx  Comyn,  because  he  refused  to  rebel 
against  King  Edward,  he  says — 

Sir  Jon  wairj  not  so,  thrr  for  was  lif  dede. 

whore,  according  to  modern  usage,  we  should  say, 

**  there/ore  was  he  killed.” 

For,  used  after  an  adjective  or  adverb,  serves  to 
limit  and  restrain  the  quality  by  reference  to  some 
certain  object;  as,  “ big  for  his  age;"  i.e.  having 
before  your  mind  his  age,  speaking  with  reference  to 
that,  you  may  call  him  big.  u Situated  commodiously 
for  trade;"  i.e.  trade  being  before  the  mind  when  we 
speak  of  the  situation,  we  may  call  it  commodious. 

When  for  is  used  after  a substantive,  it  is  generally 
with  reference  to  some  verb,  expressed  or  understood, 
and  then  its  use  is  similar  to  what  we  haver  already 
observed  in  speaking  of  verbs  : e.  gr.  “ an  eye  for  an 
an  eye " he  takes  Richard  for  Robert “ be  shot 
Peter  for  a deserter  Here  an  eye  is  before  the  mind 

as  being  equivalent  to  an  eye  : Robert  is  before  the  mind 
as  being  the  person  for  whom  Richard  is  substitute*!. 

The  character  of  a deserter  is  before  the  mind  as  that 
to  which  the  character  of  the  person  shot  bore  a real 
or  supposed  similitude  ,*  and  the  context  will  show 
whether  it  is  meant  to  suggest  identity  or  diversity, 
whether  the  individual  was  really  a deserter,  or  whe- 
ther his  being  alleged  to  be  so,  was  merely  a pretence 
to  justify  the  execution. 

Among  the  uses  of  the  preposition, /or,  which  may 
be  regarded  as  improper,  or  at  least  have  become 
obsolete,  we  may  reckon  the  following,  in  which 
nevertheless,  for  always  retains  the  sense  of  before. 

I.  Mr.  Tvawnrr,  in  his  Glossary,  says,  — **  Foa, 
prep.  Sax.  sometimes  signifies  against,"  and  among 
other  instances  cite*— 

Some  shall  row  die  Mcke. 

Fur  shedding  of  the  wheat.  CllAUCtR. 

Mr.  Tooke  says,  that  **  this  construction  is  auk- 
ward  and  faulty  but  that  “ the  meaning  of  for  is 
equally  conspicuous  \ ’ *f  the  cause  of  sowing  the  sack 
being  that  the  wheat  may  serf  be  shed.”  The  shedding 
of  the  wheat  is  before  the  mind,  but  it  1*  not  before  the 
mind  as  the  proper  object  of  the  sowing ; that  is  to 
say,  as  an  end  to  be  attained  by  sowing  the  sack  ; but 
« 
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Grammar,  on  the  contrary,  a*  an  end  to  be  prevented  ; and  as 
this  distinction  may  not  immediately  appear  from  the 
context,  an  obscurity  is  introduced  into  the  sense, 
which  renders  the  construction  faulty,  and  has  justly 
brought  it  into  disuse. 

2.  The  redundant  use  of  for,  preceding  to,  with  an 
infinitive,  is  very  ancient  in  English.  It  occurs  fre- 
quently in  Robert  Dr  Broke. 

The  rtre  next  on  htnd  yedc  the  kynjr  of  France 
To  the  holy  land,  with’hw  purveyance. 

Upon  Code’s  cdujvi  forto  tak  vengeance. 

So  in  the  song,  on  the  Battle  of  Lewes,  a.  d.  1264. 

The  kvng  of  Alemaigne,  bi  mi  leaute, 

Tbritti  tnouMfiit  pound  aakede  be, 

Forte  make  the  pees  in  the  conntre. 

It  tvas  probably  adopted  in  imitation  of  the  French 
idiom,  “ pour  prendre."  “pour  fairc,"  &c.  ; inasmuch 
as  pour  and  for  equally  indicate  objects  before  the  mind 
as  causes  of  an  action  past  or  future ; but  the  cases 
differ,  because  in  French  the  termination  er  alone  does 
not  sufficiently  denote  motive,  or  cause  ; whereas,  the 
preposition  to,  in  English,  has  that  force  ; and  conse- 
quently it  renders  for  redundant.  This  idiom  there- 
fore is  at  present  confined  to  the  vulgar. 

3.  The  following  use  of  for  is  elliptical. 

For  tusks,  with  Indue  elephants  he  itrove. 

Tusks  were  not  before  the  monster  as  the  object 
which  he  strove  to  attain  ; but  he  strove  to  attain 
celebrity,  and  tusks  are  before  the  mind  of  the  narra- 
tor in  speaking  of  that  celebrity.  The  full  construc- 
tion therefore  would  be,  “ he  strove  with  Indian 
elephants  to  attain  celebrity  for  tusks  j"  but  os  the 
ellipsis  introduces  on  obscurity  into  the  sentence,  this 
construction  is  also  properly  reprobated. 

4.  Dr.  Lowtw  censures  Swift  for  saying  he 
accused  the  ministers  for  betraying  the  Dutch  and 
Dhydbk,  for  saying,  “you  accuse  Ovid  for  luxuriancy 
of  verse j"  both  which  expressions  Mr.  Tooke  de- 
fends. This,  however,  is  a matter  of  idiom,  and  it 
turns  on  the  force  given  in  English  to  the  verb  accuse. 
We  say,  to  accuse  of  a crime  or  fault,  but  not  to 
accuse  for  a crime  or  fault ; because  the  crime  or  fault 
is  not  regarded  as  the  motive  directly  before  the  mind 
in  such  an  act  as  accusation.  We  may  reproach  a 
minister  for  betraying  an  ally>;  or  wc  may  censure  a 
poet  for  the  luxuriancy  of  his  verses;  because  it  is 
the  nature  of  censure  and  reproach  to  assume  the  fact 
as  certain  ; whereas,  in  accusation,  properly  speak- 
ing, the  fact  remains  in  doubt.  However  this  may 
be,  it  is  certain  that  the  passages  above  quoted  from 
Swift  and  Drydcn  arc  not  consistent  with  modern 
idiom  ; and  they  probably  were  the  result  of  haste  in 
their  composition. 

5.  A somewhat  similar  observation  may  be  made 
on  the  expressions  “ sick  for  disgust,"  and  “ sick  for 
love,"  which  also  come  recommended  by  the  appro- 
bation of  Mr.  Tooke.  The  Lady , in  Wvc  her  lev’s 
play,  says  she  is"  sick  for  her  gallant;**  and  Falstajf, 
in  the  2d  part  of  King  Henry  IV.  says,  “ I know  the 
young  king  is  sick  for  me."  There  may  be  an  object 
before  the  ntind,  occasioning  sickness ; as  in  these 
coses : but  the  feeling  which  constitutes  the  sickness, 
be  it  disgust,  love,  or  any  other,  is  not  in  modern  use 
separated  from  it,  and  made  a distinct  object.  Shak- 


speare  indeed  makes  the  Duchess  of  York,  when  inter- 
ceding for  the  life  of  her  son  Aumerle,  say — 

Yet  am  I tick  for  few. 


But  here,  it  would  seem,  is  meant  an  actual  bodily 
sickness  occasioned  by  fear  : and  even  in  this  sense, 
the  construction,  however  allowable  in  poetry,  would 
appear  harsh  in  common  composition,  or  discourse. 

The  conjunctional  use  of  the  word  for  has  already 
been  noticed,  at  some  length.  The  adverbial  use  is 
colloquial,  and  is  generally  considered  inelegant  in 
composition.  Thus,  instead  of  saying,  “ a writ  was 
moved  for,"  where  for  performs  the  function  of  an 
adverb,  it  would  be  advisable  to  say  **  a motion  was 
made/or  a writ  j”  but  on  either  construction,  for  im- 
plies that  the  writ  was  the  object  before  the  motion, 
as  its  cause,  in  the  mind  of  the  mover. 

For  is  used  adjectivally  in  such  sentences  as  the 
following : — “ It  is  for  the  general  £ood  of  human 
society  ; ’ — " It  were  not  for  your  quiet  j*’ — " Moral 
considerations  could  not  move  us,  were  it  not  for  the 
will."  Here  the  general  good  of  human  life,  and  our 
own  quiet,  are  laid  before  us  as  proper  motives  to 
action  ? and  the  will  is  stated  to  be  before  our  capa- 
bility of  being  moved  by  moral  considerations,  as  the 
cause  of  such  capability.  In  the  colloquial  phrase  of 
vulgar  combatants,  “ I am  for  you ; the  meaning 
is,  “lam  before  you,  in  opposition." 

Lastly,  for,  when  used  as  a component  particle, 
agrees  with  ./ore  when  used  in  the  same  manner.  Thus 
we  have  forbear, forbid, forget, forlorn,  forsake, forswear, 
and  foreclose,  forego,  foreslack,  forespent,  forestall,  fore- 
taste. Some  words,  too,  are  written  indifferently 
cither  way, — as  forward  and  foreword  ,forf end  and  fore - 
fend.  Dr.  Johnson  says,  “/or  has,  in  composition, 
the  power  of  privation,  as  forbear ; or  depravation,  as 
forswear;  and  other  powers  not  easily  explained." 
The  explanation  is  easy  enough,  when  wc  consider 
the  various  analogies  of  that  which  is  before  ,•  inas- 
much os  it  signifies  going/>r/fi,  going  out  of  the  ordi- 
nary limits,  being  opposed  to,  ana  the  like. 

To  tlic  same  original,  fore,  we  may  trace  many 
other  English  words",  os  forth,  farther,  first,  &c. 

The  word  forth  occurs  in  a charter  of  King  Edward 
the  Confessor,  preserved  in  the  very  valuable  work  of 
Hickkn,  ( Thet . Ling.  Sept.  v.  i.  161.)  It  there  appears 
to  signify  “ freely"  or  “ readily  and  is  spelt  north, 
as  for  is  spelt  in  the  same  instrument  r or ; which  is 
the  more  remarkable,  because  the  charter  relates  to 
the  county  of  Somerset,  where  that  pronunciation  is 
still  preferred 

« leh  qnetbe  eou  that  ieh  will*  that  Gys*  Biwop  beo  thiwes 
biuoprichrs *wo  uol,  A r»o  «w/A  swo  hit  eni  bwaop  him  to 
norm  formal  hnueth  on  mite  thinF.*'— 1 “ Significamu*  robi#  noi 
veil*  quod  ep’wcopus  Giso  cpUcopatura  pouideat — »dri»  plri»*  ct 
librri  per  omnia  iicut  uilus  fpbeoponun  prxdecessorum  luonim 
uoquam  habebat." 


In  Robert  Dr  BatmxR  we  find  forthely  used  for 
**  readily  e.  gr.  “ als  forthely  as  he’’— os  readily 
as  he. 

Farther  (sometimes  erroneously  spelt  farther,)  was 
anciently  in  English  farther ; and  in  High  German 
/order  c.  gr.  “ Das  volk  zog  nicht  former  bis  Miljam 
aufgenommcn  wird  — “ The  people  journeyed  not 
(went  no  further)  till  Miriam  was  brought  in  again. 
(Arunt6.  c.xii.v.  15.)  Ottfrid,  In  the  Frankish  Gos- 
pels, instead  of  this  word,  uses  furder  j in  Anglo- 
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Grain  our.  Saxon  it  i«  written  forthor  i in  Low  Saxon,  rorder, 
v — sf—J  vurder,  rudder ; in  modern  German,  rorder  is  the 
foremost  part,  as  " vorderseite  des  gebandes,”  the  front 
of  a house  ; — 44  cordertheU  des  scMffs/’  the  prow  of  a 
ship.  In  old  German,  this  word  is  written  Jurter  and 
fur der.  Ademtno  says  firder  is  the  comparative  of 
fort ; which,  in  some  modern  dialects,  is  pronounced 
furt  and  fird. 

Ftrst , in  English,  was  originally  fore- ext,  i.e.  fore- 
most : and  of  the  same  origin  is  the  German  first, 
which  properly  signifies,  according  to  Adeluno,  " the 
first  and  most  eminent  person  of  his  nation,  proviuce, 
or  state."  It  is  commonly  rendered  “ prince/’  In 
the  German  Bible,  Abraham  and  Job  are  called  firs  ten, 
princes.  Farrt  is  written  by  Willeramus,  vorst ; by 
Ott-frid,  ; in  Low  Saxon,  firste  and  forste ; in 

Swedish,  J'orste ; in  Danish,  fyrste ; and  is  the  super- 
lative (says  Adelung)  of  fir.  44  Fur  and  ror  (pro- 
nounced fore ) are  sometimes  distinguished,  (says 
Wachtbr.)  as  if  r or  applied  only  to  time,  and  not  to 
place,  or  to  cause  ; fur  to  place  and  cause,  and  not  to 
time;  but  this  distinction  is  not  steadily  observed 
among  us,  nor  is  there  any  trace  of  it  in  the  ancient 
writers  j for  the  Goths  say  four,  faura : the  Anglo- 
Saxons,  for,  fore,  fir,  fire;  the  Franks  and  Alamans, 
fora,furij  the  Belgians,  cor;  the  English, for;  the 
Swedes,  fir,  &e/’  This  author  adds,  that  the  Greek 
t/w,  and  the  Latin  pro,  differ  not  from  fir  and  cor, 
except  in  a slight  change  of  the  labial  articulation, 
and  in  transposing  the  canine  letter,  r. 

The  simple  Greek  preposition  vpo  signifies  before, 
both  in  place  and  time  ; and  the  compounds  in  which 
it  has  that  meaning  are  innumerable.  The  adverb 
wfwi  denotes  the  early  morning,  the  fore most  part  of 
the  day.  The  adjective  rpwrot,  first,  is  evidently  the 
superlative  of  r/>o,  as  our  first  is  of  fore . IT pwpa  Ls.the 
prow,  the  forepart  of  the  ship. 

In  Latin,  the  prepositions  pro  and  prte  are  both 
connected  with  the  Greek  vpo.  The  ancients  also 
used  pri  for  prtt ; whence  prior  and  primus,  as  also 
pridem,  pridie,  princeps,  priscut,  pristinus  i all  relating 
to  that  which  Is  before,  in  time,  or  order.  Pr<e  sig- 
nifies before,  in  place  ; e,  gr.  “ 1 pra;  sequar  /’ — ■**  Go 
before,  I will  follow/*  “ Prefert  manus  /* — ■*  He 
stretches  out  his  hands  before  him  ; he  feels  his  way, 
like  a person  walking  in  the  dark."  44  Prctcalcm  j" — 
**  bald  before,  bald  on  the  fore  part  of  the  head  /’  or 
before,  in  time  j e.  gr.  14  prarcanus," — *'  greyheaded 
before  bis  time/'  “ Pracocia  poma/’ — 04  apples, 
which  grow  ripe  before  the  usual  time  or  before  as 
a cause,  e.  gr. 44  in i sera  pret  amore  /’  44  wretched  for 
love,"  love  being  that  which  was  before  her  wretched- 
ness, as  its  cause  ; or  before , as  denoting  superiority 
or  excess,  as  “ preealius,'  excessively  high,  before  all 
others  in  height.  In  like  manner,  pro  refers  to  place ; 
e.  gr.  " liana  posita  pro  sede  Jovis  Statoris / — " a 
spear  placed  before  the  temple  of  Jupiter  Stator /’  or  to 
time,  as  14  proatm"  44  a great  grandfather  j one  who 
lived  before  the  grandfather ; or  to  cause,  e.  gr. 
44  pcenam  promerui/’ — 44 1 have  deserved  punishment 
for  my  offences /*  my  evil  deserts  are  before  my  punish- 
ment, as  its  cause. 

Nor  is  the  Latin  language  without  closer  traces  of 
the  Teutonic  for,  in  forts,  foras,  forum,  forceps ; for 
these  words  signify  respectively,  forts,  44  the  door;" 
which  is  in  thejWpart  of  the  house ; foras,  44  out  of 
doors,"  abroad,  forth,  44  from  the  house /’  forum, 


44  the  market-place or  scene  of  public  debates  and  Prrpw* 
trials,  which  were  anciently  carried  on  in  an  open 
space  before  the  houses  of  the  citizens  ; forceps,  44  the 
tongs  the  instrument  with  which  a smith  drew 
forth  hot  iron  from  the  fire. 

Again,  in  the  base  Latin  of  a subsequent  age,  we 
find  such  words  as  foraneus,  forensis,forasticus,foresta, 
forgeldum,  forisfacere,  firisbannitus,  &c.  which  appear 
to  be  of  a similar  origin.  Foranetts,firensis,  and  foras - 
ticus,  signify  that  which  is  forth  of  the  house,  or 
country  ; a thing  or  person  that  is  external,  strange, 
or  foreign.  Hcncc  the  Italian  “ grazie  firanee," 

44  external  advantages  /’  44 forest  schiatta,"  “a  rustic 
race,"  (che  sta  fuor  della  citth,  os  it  is  explained  in  the 
Focabolario  Delia  Crusca.)  So  “ fbrastiae  pugns,"  are 
foreign  wars,  ( Epfrt.3.  S.  Bonifac.  Arrhicpisc-Mogunt.) 
and  “ formtiri  homines/ ’ arc  strangers,  foreigners; 

(TabuL  S.  Kemigii.  Hhemensis.)  Foresta  did  not 
originally  signify  “ a wild,  uncultivated  tract  of  ground 
iri/A  wood,  as  Dr.  Johnson  defines  our  word,  forest; 
but  rather  as  Giovanni  Vttum  defines  the  Italian 
word  fores ta ; 44  luogo  di/saru,  separate*  dalla  congre- 
gaztonc  e cnahitazione  degli  uomini **  a place  that  is 
forth  from  cities,  and  sejNirated  from  the  congregation 
and  co-habitation  of  men.1’  Whether  these  places  did  or 
did  not  abound  in  trees  was  occidental;  but  as  it  gene- 
rally happened  that  they  did  so,  the  word  forest  came  to  * 

be  considered  as  indicating  a woody  tract  of  country. 

It  is  remarkable,  however,  that  our  word  wood,  itself, 
does  not  seem  to  have  originally  had  a necessary  con- 
nection with  the  notion  of  a tree,  or  its  substance ; 
but  to  have  been  of  the  same  meaning  as  wild , weald, 
wald,  tr old,  it tod,  wud,  &c.  denoting  any  thing  unculti- 
vated, savage,  fierce,  or  mod.  Hence,  the  weald  of 
Kent  was  the  wild,  uncultivated  part  of  that  county. 

“ St.  Swithin  footed  thrice  the  wold i.  e.  the  desart. 

OrrratD,  in  the  Frankish  Gospels,  translates  the  voice 
of  one  crying  in  the  wilderness/' — “ Stiraiua  rua- 
fentes  in  wastinnu  ic aides."  Taman  translates  pe\i 
u~tpto»  (wild  honey)  44  midi  honug  but  the  Aoglo- 
Saxon  version  renders  it  44  wtulu  hunig."  This  word 
* md  often  occurs  in  Anglo-Saxon,  signifying  wild, — as 
" u udu  bucca,  a wild  goat ; 44  wnd-culfer,"  a wild 
pigeon  ; “ trudn-coc,"  a wild  cock  ; which  two  last 
we  still  call  a wood-pigeon,  and  a woodcock.  Wods, 
in  Gothic,  is  used  for  a demoniac  madman ; e.  gr. 

“ saei  was  wods,"  44  he  that  had  been  possessed  of  the 
devil."  (St.  Mark,  c.  v.  v,  18.)  In  Anglo-Saxon,  wod 
is  used  for  mad ; hence  44  wode-thlstle,"  L e.  mad- 
thistle,  was  the  name  of  hellebore,  a remedy  against 
madness.  In  Frankish,  wotvissa  was  madness.  In 
Dutch,  iconic  is  fury  j in  Scottish,  t eud  is  mad.  The 
English  wood,  in  the  same  sense,  has  become  obsolete ; 
but  is  found  in  Spenser. 


Cool  black  atreds  yWn  ofbelllih  brood. 

Hist  OB  their  rusty  bits  did  champ  as  they  were  i*  oorf. 

To  return  to  the  derivatives  of  for  and  forth.  For- 
geldum  was  an  impost  probably  on  foreign  goods  : — 

Omnibus  yrldij,  tcngrldii,  homfirldi*,  forgrUis,  pctugcldis,  Ac. 

Mumut.  Anglic**,  ml.  i.  p.  372. 

Forisficere,  is  explained  by  Ducange,  **  offendere, 
nocere,  q.  face  re  foris,  i.  e.  extra  rationem."  Here 
the  Latin  foris  is  unnecessarily  substituted  for  the 
Teutonic  for.  Forfare  was  the  Italian  word  of  which 
forisficere  was  the  barbarous  Latin  translation:  and 
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Grammar.  in  firfare,  war  employed  exactly  aa  /or  u m the 

forlorn  ; and  ter  (pronounced  fir)  m the  Ger- 

niiui  verloren.  In  a secondary  senae./ortore  algttlfled 
to  forfeit  limda  or  good*  for  one  » misdeed*.  So  Jorban 
W1H  one  who  acted  against  the  bat,  or  commandment 
of  the  law  j (for  Ottfrid  translates  " my  command- 
ment," “ 6<>a  minnan.")  and  in  a secondary  sense, 
one  who  was  banished,  or  exiled  by  command,  forth 
from  the  state.  In  the  former  signification,  the 
French  still  use  /urban  for  “ a pirate  and  in  the 
latter,  Maxmaw,  of  Paris,  uses/oriilanndns,  in  his 
history,  (ad  ann.  1245.) 

ExpuUtia  a Scotifi,  farubnnmltnt  *!>  Anglii. 

IvrJa  is  oar  word  ford,  which  is  manifestly  from 
the  Gothic  far  an. 

Non  liceat  alkui  facer*  dammafl,  aut  fordat,  aut  alia  impedi- 
menu  la  wstcnrannii*.  Ordu^U  U~t~t 

Fordalt  appears  to  be  of  the  same  origin. 


! MW  bis  sleucs  purfltd  at  (be  hand  Frvpo 

With  gria,  and  that  the  finest  in  the  land-  **wo1 

Chaucer. 

Gris  is  a better  sort  of  fur.  (v.  Dccange,  ad  voc. 
Griseum.) 

Thun  hare  we  seen  that  our  words  for  and  fare  are 
alike  connected  with  words  of  analogous  sound  and 
sense,  both  of  Gothic  and  Grecian  origin  : and  it 
seems  not  improbable,  that  they  also  agree  with  the 
verb,  to  fare,  which  is  the  Anglo-Snxou  and  Gothic 
farm,  to  go,  or  move  forward.  From  fare  doubtless 
comes  tlie  adverb  far : and  we  find  in  old  English,  that 
the  past  tense  of fare  was  fore. 

Tlmrghr  mountlvn  & mure,  the  Basckt  cr  tber  wcic, 

Our  iirMrhe  and  hard  thei  fort , tk  did  tiic  Wabcb  men  deie. 

RnHC.lt f DE  BRUXNE. 

Bnt  lie  mot  quitrlv  gn,  in  world  where  he  fore , 

And  freiy  paaae  him  fro,  fro  whom  that  he  to  wiore. 

Idem. 

As  before  is  compounded  of  be  and  fore ; so  but  is  But. 
comjiounded  of  be  and  oaf.  "But,”  says  Skinner. 
ab  A.  S.  bute,  butan,  pnrter,  nisi,"  &c. — “ bute  autem 


Tcodil  usque  sd  ss|in  p^SfT*  “nl1  *“<im  til0‘leln  dettecti  possint  u prsep.  be,  circ«, 


prati. 

It  is  scarcely  necessary  to  trace  minutely  the 
connection  of  for  and  fore  with  the  German  fir, 
per,  and  ror , the  Dutch  poor,  the  French  pmr, 

One  or  two  instances,  however  may  be  noted.  I he 
German  porky  is  thr  old  English /orM,  and  Scottish 
forbye ; but  with  some  variation  in  the  use.  I orbey 
sometime*  denote*  the  passing  along  before  a place  ; 
e gr  “ Die  flotte  segelte  die  inscl  vurbey  ; the  fleet 
sailed  along  before  the  island.  Sometimes  it  denotes 
utime  that  i*  past,  and  consequently  mime  before  the 
present ; e.  gr.  “ Das  jahr  1st  porky the  year  is 
at  an  end.  Fork  is  used  by  Robcst  De  Bausvc  in 
the  following  senses  " before."  “ notwithstanding, 

••  away,"  " therefrom "forbi  cuer  ilkonc,"  before 
every  one.  Beans  uses  farbye  for  " besides,"  " over 
and  above."  The  Dutch  poor  is  used  in  the  senses  of 


> togive'up  a thing  fir  lost,  boor  burg  is  a fenced 
suburb,  built  befin  a city.  In  old  French,  this  was 
foribourg,  since  corrupted  into ftmibourg, faubourg,  and 
faubour. 

Rt  nour  ladite  teqoeste,  le  ««rgent,  en  la  ville  ft  fortbwrgt, 
n’tura  qoe  cinq  sol*.  Cm*.  d t T owrrmbu. 

The  French  hort  was  anciently  w'riiten  fort : and 
•was  probably  derived,  as  Menage  suggests,  from  the 
Latin  foru.  M 

Hran’tome  uses  fort  in  the  sense  of  " except. 

Nc  fursat  k VolTrende,  fort  Monsieur  D'Angouleamc. 

And  so  La  Fontaine — 

Tout*  la  troupe  toit  lore  cadormie. 

Fort  1c  galaot- 

In  like  manner,  hormis  has  been  formed  fromforit, 
minus  j and  dehors  from  deforis. 

There  cannot  be  any  doubt,  but  that  the  French 
vour  is  the  Teutonic  for  or  fur.  In  English  compound 
words  adopted  from  the  French,  it  is  spelt  and  pro- 
nounced pur  ; as  purchase,  purport,  &c.  Fur/?e,  which 
Johnson  defines  “ a border  of  embroidery,"  is  simply 
/©reworked,  or /ore-edged,  pour-JiU. 


vel  beon  esse,  and  ute,  vel  utan,  foris."  Mr.  Tooke, 
however,  hns  observed,  that  this  word  has  in  English 
two  derivations  ; viz.  that  just  quoted  from  Skinner, 
which  is  indisputably  right  j and  another  suggested 
by  Tooke  himself,  which  will  require  some  observa- 
tion hereafter. 

1.  We  proceed,  however,  first,  with  but  in  the 
obvious  sense  of  be-out ; and  for  the  present  we  assume, 
that  the  meaning  of  the  word  ouf  is  sufficiently  under- 
stood, as  denoting  the  opposite,  to  in.  By  old  English 
and  Scottish  writers  we  find  it  often  written  hot,  or 
bote,  possibly  from  some  confusion  with  respect  to  its 
derivation  : however,  as  there  is  no  regularity  in  thia 
respect,  the  orthography  may  merely  have  varied 
according  to  the  accidental  habits  of  the  different 
writers. 

But,  answering  to  without  is  applied  to  place  in  the 
Scottish  dialect,  and  opposed  to  ben,  i e.  within ; c.  gr. 
««  blithe  was  she  hut  and  ben,”  i.  e.  she  was  sprightly 
both  within  the  house  and  without.  We  find  binnan 
in  Anglo-Saxon  for  bi-mnan,  or  be-innan,  in  the  same 
sense  as  the  Scottish  ben.  The  Dutch  also  use  buy  ten 
and  6mne»,  with  these  significations, — as  “ buyten 
deur,”  without  doors  ; u binnens  buys/*  trifAin  doors. 
In  the  old  ballad  of  the  Gaberlunzie  Man,  ascribed  to 
King  James  I.  of  Scotland,  in  the  15th  century,  we 
find  both  expressions. 

Gap  butt  the  bouse  Ism,  and  waken  my  bairn. 

And  bid  her  com*  quickly  ben. 

But,  answering  to  without  in  the  same  sense  of  pri- 
vation, is  of  very  ancient  use,  both  in  the  English  and 
Scottish  dialects. 

AUua  that  oil  the  laodb  of  the  kinrik  be  taxt  eftar  as  thai  ar 
of  rale  now.  and  that  but  fraud*  or  file. 

Scot.  Act . Part.  1424. 

The  snwkinfr  wolf  furth  atrekyng  brebt  and  udyr. 

About  his  palpi'*  but  fere,  as  thare  modyr 
The  twa  twynnyts.  Gawin  Douglas. 

But  mete  or  drinke,  she  dreaaed  her  to  lie 
In  a darke  comer  of  the  hous  alone.  Chaucer. 

But,  in  the  sense  of  privation,  answering  to  ercepf, 
occurs  in  our  common  expression  “ all  but  one  ; i.e, 
all  be-out  one,  all,  if  one  be-out.  In  this  sense  also  it 
occurs  frequently  in  old  English  and  Scottish. 
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Cnmmtr  Wlat  W ller  hi  puiufo, 

t j Bot  gnaoe  and  flurr,  and  grcnera  r 

v Deter.  af  Cakaygne. 

Quhich  baa  my  liert  for  ever  act  abut, 

In  perfvte  Jove  that  never  may  reroute 

tiki  oncly  detb.  King’s  Qmttir. 

In  this  sense  it  is  sometimes  preceded  by  a negative, 
as  in  the  Description  of  Cokaygne. 

Thrr  nit  met  bolt  frote, 

Beth  tber  wo  men  bat  two. 

So  in  the  Anglo-Saxon  Gospels,  (Luke  c.  viii.  r. 
51.)  " ne  let  he  n«»«<  mid  hvm  ingan  buton  Pet  rum 
el  Johannem  ct  Jacobum  he  suffered  no  man  to 
go  in  sate  Peter  and  James  and  John."  And  again, 
(Luke  c.  ix.  v.  13.)  “ We  nabbath  buton  fif  hlafas  and 
twegen  fixas,  buton  we  gan,  and  us  mete  bicyon 
**  we  have  no  more  6wf  five  loaves  and  two  fishes, 
except  we  should  go  and  buy  meat." 

In  Chaucer  we  find  (according  to  the  idiom  of  that 
day,)  no  less  than  three  negatives  preceding  but. 

,V<  never  y ntu  but  of  my  body  trewc. 

That  is,  " I never  was  otherwise  than  true.” 

In  the  present  day,  we  omit  the  negative ; which, 
as  Mr.Tooke  observes,  often  forms  a very  blamcablc 
and  corrupt  abbreviation  of  construction.  Thus  wc 
say,  “ I saw  but  two  plants }"  which,  in  old  English, 
would  have  been  “ I Ne  saw  but  two  plants  j”  I saw 
no  plants  bc-oiU  two.  So  Chillixgwobtii  says,  ” If  but 
wise  men  have  the  ordering  of  the  building  ; * i.  e.  if 
none  have  the  ordering  of  the  building  but  wise  men 
Hence  arises  the  conjunctiouol  force  of  but,  bote,  or 
bot,  answering  to  unless. 

Thus,  in  the  ballad  of  the  Mon  in  the  Mone.— 

Nia  no  wvbt  In  the  world,  that  wot  when  he  §yt, 

Ne,  bote  hit  tme  the  hegge,  whet  wrdes  he  weretfa. 

So  Robert  De  Brunnr, — 

For  alavn  U Kyng  Herald,  & in  load  may  non  be, 

Hot  of  William  he  bald  for  homage  & feaulc. 

So  in  Kyng  dlitaundcr, — 

A l that  wc  haritb  wonne  and  wrought, 

Y no  holdt*  bit  for  nought. 

Bole  wc  move  bcotn  wyone. 

So  in  Richard  Coer  de  Lion. — 

They  tolde  bym  the  hard  cans. 

Off  the  Sawiloun’a  boost  boa  it  waa, 

And  Inti  be  come  to  hem  anon. 

They  wer  forlome  everllkon. 

So  Gawin  Douglas. — 

Blvn  not,  blyn  not,  thoo  girtr  Troian  F.nee, 

Of  thy  bedia  nor  pmyero  qnod  acbe ; 

For  tor  thou  do,  thirgrete  durria,  butdred. 

And  grulie  yetti*  sail  neuer  warp  on  bred. 

So  Chaucer. — 

But  be  wO  hym  rcpentc. 

Rut,  or  bot,  in  this  sense,  was  often  followed  by 
give  or  if. 

Thus,  in  the  Scottish  Act  of  1424,  before  quoted,— 

Thai  aalbe  chaliuigU  be  the  kyng  a*  fautoura  of  aik  rebcllyng,  bot 
gif  iliai  half  fur  Uuune  rcaonable  excuaadon. 

So  in  the  romance  of  SirTristrem. — 

The  maiden  of  bright  kinne 
She  raid  hir  maiatera  thre  ; 

Bot  girt  it  be  thurcli  ginne, 

A aelly  man  is  be. 

So  in  Richard  Coer  de  Lion.— 


Whcr  tborwgh  tliev  myghten  not  whhstondc,  Prepovi- 

lint  yiff  Saladyn  the  Sawdan,  tiooa- 

Come  to  help  with  many  a man.  ' 

The  last  sense  of  this  word,  but,  which  we  shall 
notice,  is  that  of  our  common  conjunction,  answering 
to  the  French  inais  and  the  Anglo-Saxon,  ac. 

Robert  De  Brunke  commonly  spells  it  bot. 

Roberd  thouht  no  gile, 

Bol  come  on  gode  mancre  till  bin  brother  Henry. 

• • a • • a 

Roberd  bi  hia  letter  bis  hrothcr  gnn  diflSe, 

Bot  gndc  Anxelmr,  that  kept  of  CanUTbirle  the  aee, 

Before  the  baron*'  lept,  kried,  pea  per  charitic. 

G.iwix  Douglas  sometimes  spells  it  bot,  and  some- 
times, though  in  this  sense  more  rarely,  but. 

Sir  wourdia  vane  & unarmrlic  of  sound, 

Furth  warpis  wyde  thia  ligrr  falirheKe  ; 

Hot  the  Troianc  baroun  nnabaullie, 

Nn  woardi*  preiau  to  render  him  agane. 

Book*  x.  p.  338. 

Quhare  *one  foryndderit  all  the  Troyane  army. 

And  Uiyrk  about  him  flak  and  cam,  bat  tiaid. 

But  nowthir  bc  lie  Lid  nor  wapplnia  douQ  they  laid. 

Book*  xli.  p.  430. 

So  King  James  I.  of  Scotland,  in  his  poem  of  The 
King's  Quair,  uses  bot. 

Bot  for  alamoebe  aa  mm  miebt  think  or  sryne, 

Quluit  nr.lia  me  anoun  an  lytill  evyn 
To  writt  all  thia  ? I ansuerc  thus  ageyar. 

In  the  poem  of  CArufu  Kirk  of  the  Grene,  by  the 
same  royal  author,  however,  it  is  sometimes  written 
but. 

Twa,  that  wer  herdsmen  of  the  herd. 

Ran  upon  ndderi*,  lyk  rxrrnnu  ; 

But  quhair  lhair  gob  hi*  wer  ungeird, 

Tbay  gat  upon  the  gammia. 

In  the  schedule  of  accusation  against  King  Henry 
VI.  presented  in  Parliament,  a.  d.  1461,  it  is  written 
but. 

Not  oonlie  in  tbe  north  parties,  but  alao  oute  of  ScoUond. 

So  in  the  English  stutute  of  1483,  before  referred  to. 

Tliat  such  exact  ion*,  called  benevolence*,  afore  thia  tyine  takyn 
be  take  for  no  cxamplr,  to  make  niche  or  any  lyke  charge  here- 
after, but  it  be  dampned  and  annulled  for  ever. 

Di'niiar,  in  his  Goldin  Terge,  uses  but. 

All  thir  bare  geayiea  to  do  me  grivana  ; 

But  reaoun  bure  the  Urge. 

• • • • • 

Thick  was  the  uchot  of  gruodia  arrows  kmc ; 

But  Rraoua,  with  the  goldin  achield  aae  achene, 

Weirly  deffeodit  quhoaoeir  amayit. 

And  so  Montgomery,  in  the  “ Cherrie  and  the  Slae ." 

* 

My  agony  waa  sac  extreme, 

I swell  and  gwnnnd  for  (hir ; 

But  or  I walkynt  of  my  dreme. 

He  spulyied  me  of  my  geir. 

2.  We  have  seen  that  in  the  different  uses  of  bote , 
bot  or  but,  these  words  appear  to  be  used  almost  in- 
differently ; and  perhaps  they  may  all  be  referred  to 
the  same  derivation,  bc-out ; for  that  which  is  out,  is 
excepted  from  that  which  is  in  ; and  it  is  likewise  over 
and  above  that  which  is  in.  In  this  last  acceptation, 
therefore,  it  muy  well  answer  to  the  French  mats, 
which  is  a corruption  of  the  Latin  tnagis,  more  ; and 
to  the  Anglo-Saxon  ac,  or  eac,  whiclt  is  from  eacan,  to 
add  to  } as  in  Gothic,  there  arc  the  conjunction  auk, 
and  the  verb  aukan,  with  the  same  significations,  so 
v 
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fir*mm»r.  in  Greek,  av  and  **»»£■> ; in  Latin,  aut  and  augeo;  in 
v— Alamannic,  auh  and  auh/um  ; in  Danish,  og  and  age  j 
in  Dutch,  ook,  and  the  old  verb  oecken ; and  in  Eng- 
lish, eke,  und  to  eAtt  out. 

Mr.  Tooke,  however,  thinks  that  in  this  significa- 
tion of  over  and  above,  the  word  hot  was  tile  imperative 
of  the  Anglo-Saxon  und  Gothic  verb  Ixitan,  which  (he 
says)  “ means  to  bool,  i.  e.  to  superodd,  to  supply,  to 
substitute,  to  atone  for,  to  compensate  with,  to 
remedy  with,  to  make  amends  with,  to  add  some- 
thing more,  in  order  to  mukc  up  a deficiency  in 
something  else.”  We  do  not  mean  positively  to 
reject  one  of  the  very  Jet c original  etymologies  in  the 
first  volume  of  the  Diversions  of  Purity  ; but  we  must 
observe,  that  bo/an  rather  means  to  add  something 
belier  than  something  more,  The  Gothic  btdan  is  our 
verb,  to  boot ; and  is  explained  by  J units,  proficere, 
prodesse,  juvare.  There  can  be  little  doubt  but  that 
it  was  of  the  same  origin  with  the  Anglo-Saxon,  bet, 
hetera,  best,  which  two  last  we  retain  in  our  better  and 
best.  In  Anglo-Saxon,  betan  was  ctnendare,  and  bot , 
emendatio.  Hence,  perhaps,  when  the  conjunction 
but  implies  preference,  its  original  meaning  was  " bet- 
ter.” Thus,  “ I will  not  do  this,  but  I will  do  that,” 
mean*  *'  I will  not  do  this,  better  I will  do  that i.  e. 
I can  do  it  better  in  fact,  or  better  to  my  own  satis- 
faction and  pleasure.  Bedk  says,  (i.  26.)  **  hi  lefnysse 
onfengon  cyrican  to  timbrianne,  and  to  hetanne — 
**  They  received  permission  to  repair  and  amend  the 
churches.”  Lupvs  says,  (Serm.  ».  3.)  “ to  myclan 
hryco  ureal  miccl  bot  nyde — To  a great  breach 
shall  need  great  amends. 

Hence  Chatce*  says, — 

God  send  entry  gnde  man  bate  of  hii  hale ! 

Hence,  also  tr  nets  to  bete”  in  old  English,  was  to 
mend  nets. 

Bot  was  used  in  a secondary  sense  for  repentance, 
which  waa  supposed  to  amend  men  ; as  ” bot  theawas 
awent;” — repentance  changes  manners  ; and  also  for 
compensation,  os  we  say,  to  make  amends  for  any 
thing ; hence  in  the  Anglo-Saxon/coAtofe,  was  a pecu- 
niary mulct ; and  in  the  old  English  theftbote,  was  a fine 
for  theft.  Hence  also  fire-bote, foldbotc,  and  plough  bote, 
were  three  rights  anciently  reserved  to  tenants  of 
taking  what  boots,  (i.  e.  profits,  or  is  requisite)  for 
fuel,  for  the  fold,  and  for  the  plough.  Straw  and  hay 
bein^  among  some  of  these  botes : and  the  peasantry 
making  covering  for  the  legs  of  such  materials,  those 
coverings  came  to  be  called  boots ; and  what  is  now 
called  a bottle  of  hay,  was  the  botal,  or  quantity,  usually 
led  home  from  the  field  for  bote.  The  man  in  the 
moon  is  described  in  the  verses  often  quoted  above,  as 
bearing  his  burthen  on  a bol-fork  ; that  is,  an  instru- 
ment used  to  bring  home  thorns  and  other  materials 
used  for  bote. 

Mua  in  the  nmne  stout  and  stryt. 

On  la  bnt-fnrke  U burthen  he  bereth. 

From  this  source  evidently  are  our  noun,  booty ; the 
Italian,  bottino French,  butin  ; Spanish,  Imtin ; Dutch, 
buyt  ■,  and  Danish  bytte.  Our  verb,  to  boot,  adso  is  the 
Dutch  baeten.  Our  better  is  the  Dutch,  beter ; Gerinnn, 
betser Gothic,  batizo : Frankish,  bezxer;  Alatnannic, 
pezzira ; Danish,  bedre  ; Swedish,  baettre ; Islamite, 
bettri.  The  oldest  form  of  the  positive  of  these  words, 
(says  Adklcxo,)  was  in  German,  bot,  and  in  J<ower 
Saxon,  bat ; which  brings  us  back  again  to  the  Anglo- 
Saxon  bet  and  bot. 


Thus  have  we  seen  the  two  connecting  links  $ viz.  Ptepoa* 
be-out  and  bet,  one  or  both  of  which  connect  what  Mr. 

Locke  calls  " the  several  views,  |>ostures,  stands, 
turns,  limitations,  and  exceptions,  and  several  other 
thoughts  of  the  mind  intimated  hy  this  particle  but.” 

The  mraning  of  out  we  have  hitherto  explained  Oat.  In. 
only  by  its  opposition  to  in;  but  what  arc  these 
words  ? To  these  questions  we  have  little  more  to 
answer,  than  thut  inasmuch  as  they  name  distinct 
conceptions  of  relation,  they  must  have  been  origi- 
nally nouns.  Mr.  Tooke  observes,  ° that  in  the  Gothic 
and  Anglo-Saxon,  inna  means  uterus,  viscera,  venter, 
interior  pars  corporis and  that  “ there  are  some 
etymological  reasons,  which  make  it  not  improbable 
that  out  derives  from  a word,  originally  meaning  skin.  ' 

If  these  facts  could  be  well  established,  they  would 
prove  but  little.  They  would  only  prove  that  man, 
in  the  early  progress  of  thought,  applied  (as  it  waa 
most  natural  he  should  do)  his  conceptions  of  the 
relations  of  place  to  his  own  body,  and  distinguished 
the  inside  of  his  frame  from  the  outside.  “ Inna,  inne 
is  also  used  in  a secondary  sense,”  says  Mr.  Tooke, 

*'  for  cave,  cell,  cavern;”  that  is  to  say,  it  is  used  for 
the  place  in  which  a man  or  other  animal  dwelt. 

Thus,  in  the  song  on  The  Battle  of  Lcucs , (a.». 

1264.)  we  have  yn  for  a place  of  abode. 

Si  it  Simond  dc  Mono  fort  hath  ronrt  hi  ys  cfayn, 

Ilnicde  he  nou  here  the  Eri  of  Waryn, 

Sholde  be  neucr  more  com  to  is  j m. 

Hence  our  common  noun,  an  tan,  now  used  for  a 
house  of  entertainment  for  travellers ; the  place 
where,  after  having  been  out  all  day  on  their  joumev, 
they  arc  in  at  night.  That  this  word  was  ancientiy 
applied  to  a more  private  and  permanent  residence, 
however,  is  evident,  both  from  the  passage  just 
quoted,  and  also  from  a similar  one  in  the  ballad  on 
77ie  Battle  of  Bruges,  (a.  d.  1301.) 

Sir  Jakes  aacapede,  by  i com  to  gyn. 

Out  at  one  poMcroe,  ther  men  sokk  « yn, 

Out  of  the  fybte,  bora  to  y*  yn, 

The  Anglo-Saxon  verb  innan  is  our  verb,  to  inn,  as 
in  Bi'tlrr. — 

I’m  certain  ’tis  not  in  the  arrow! 

Of  all  those  beasts,  and  fob,  and  fowl. 

With  which,  like  Indian  plantations 
The  learned  stork  the  constellations  ; 

Nor  tbu*e  dial  drawn  for  sum*  bare  been 
To  tb’  house*  where  the  plancU  inn. 

From  the  signification  of  place,  the  transition  to 
signify  time,  is  nuturul  and  easy. 

Danger  before,  and  la,  and  after  lb'  art, 

You  needs  must  own  is  great. 

Damel.  CivU  War. 

The  signification  of  circumstance  is  still  more  com- 
prehensive. 

Jn  all  tiling*  approving  ourselves  ax  the  ministers  of  God ; i« 
much  patience,  in  afflictions,  in  necessities.,  in  diotrmea,  in  stripe*, 
in  Imprisonments,  in  tumults,  in  Inboura,  in  watchings,  in  last- 
ing*. St.  Paul,  2 Car.  c.  ri.  v.  4, 5. 

Now,  if  we  suppose  any  given  space,  or  lime,  or 
circumstance,  to  be  represented  by  n circle,  whoever 
or  whatever  is  between  the  periphery  und  the  centre, 
bears  to  the  thing  given  the  relation,  which  we  express 
by  the  word  in,  aud  whoever  or  whatever  is  further 
from  the  centre  than  the  periphery  is,  beans  to  the 
whole  the  relation  which  wc  express  by  the  word  oaf; 
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Grammar.  nn<j  this  may  be  considered,  either  simply,  or  with  re- 
ferencc  to  some  other  thing  or  person.  Thus,  a per- 
son may  be  said  simply  to  be  out  of  doors,  or  to  play 
out  of  time,  or  out  of  tune,  or  to  be  out  of  his  senses  ; 
or  with  reference  to  others,  he  may  be  said  to  outdo 
them,  or  to  outline  them,  or  the  like.  In  modem 
times,  out  is  not  used  alone,  os  a preposition  } but  we 
find  it  so  used  in  Chaucer. — 

Thou  ahold  ncuer  out  this  gnrne  pare. 

And  the  correspondent  aut  and  ausser,  in  German, 
have  the  same  force,  as  44  aus  dem  hause  gchen."  to 
go  out  of  the  house  ; " avurr  landes,”  out  of  the 
country.  Most  of  the  Teutonic  dialects  have  this 
word,— as  the  Gothic  us,  uzuh,  ut.  uta ; the  Anglo- 
Saxon,  ut ; the  Alamannic  and  Frankish,  ux  ; the 
Dutch,  uyt.  44  Even  the  Persian  ez,  and  Latin  ex," 
says  Adelung,  " belong  to  this  root  j and  if  so,  we 
may,  of  course,  add  the  Greek  and  «*,  and  the 

Latin  e ■ . v • 1 c 

We  have  noticed  within  and  without : but  instead  of 
these,  many  old  writers  use  inwith  and  outwith. 

Thus,  in  the  Seuyn  Sages  occurs  inwith. 

I m1  him  teebe,  with  hert  ft*. 

So  thi»t,  inwith  ytvr%  tbre, 

Sal  1m*  be  so  wiae  of  lire. 

That  yc  thank  me  eurmuure. 

Harbour  has  oaticifA. — 

Aa  lie  atiiaed  non  haue  th*y  done. 

And  to  them  outtrith  sent  lie  soon. 

And  bad  Uiame  barbre  thame  that  night. 

And  on  tbe  mom  cum  to  the  fight 
This  word  occurs  in  a curious  passage  of  the  Scottish 
Statute  of  a.  d.  1427. 

Item,  at  na  lipinvra  folk  ait  to  thig,  nothir  in  kirk,  nor  in  kirk 
vanle,  na  in  nane  rthir  place  within  tli*  bomwia,  bot  at  tbaie  twin 
hoapttalc,  andc  at  tbe  port*  of  the  loune,  ant  nhir  plac«*  outncith 
tlw  borowis. 

We  find  in  Harbour  the  words  mtlwulen  and 
for  out  ten. — 

For  he  would  in  hi*  cbalmer  be, 

A wel  gret*  while  in  prluite 
With  hjnn  a clerk  withouttem  mo. 


I ask  yon  respite  for  to  see 

This  letter,  and  therewith  adaised  be 

Till  to  morn  tliat  ye  be  set. 

And  then,  foroutttn  longer  let. 

This  letter  sal  1 enter  here. 

As  out  signifies  privation  in  without,  foroutttn,  and 
the  like,  so  it  has  a like  force  in  the  word  outlaw ; 
which  is,  in  Anglo-Saxon,  utlaga.  In  the  charter  of 
Edward  the  Confessor,  before  quoted,  we  find  anlage. 
— ,f  And  gif  what  sy  mid  unlage  out  of  than  biasop- 
riche  geydon  — and  if  any  thing  be  taken  from  that 
bishoprick  with  un-law ; i.  e.  with  injustice.  Our 
word  idle  is  derived  from  ut,  or  out.  The  German 
word  eitel  had  for  its  first  signification,  empty;  in 
Frankish,  ital.  44  Sinnn  stual  liaz  cr  iUtlan  ; — he 
left  his  scut  empty.  “ Thaz  itala  grab  — the  empty 
sepulchre  (from  which  Christ  liad  risen.)  44  Inti 
otmre  forliaz  itale the  rich  he  sent  away  empty. 
*«  Origo  vocis,”  says  Wachteh,  “ est  a particula 
privativa  ut,  cx  and  we  have  already  seen  that  ut  is 
our  word  out.  This  etymology  may  cast  some  light 
on  Shakspeare’s  well  known  passage — 

Of  antra  vast  and  dc-sarU  idle. 


MAR. 

Eitel  at  present  signifies  in  German,  vain.  44  Signi- 
ficatus,”  adds  Wachk*,  44  ex  priori  desumptus,  quod  t ; 

vono  nihil  sit  inertius  nec  nia^is  vacuum/’  Hence,  in 
the  Alamannic,  44  ttri/-ruam,  ’ is  vain-glory  : and  in 
the  Anglo-Saxon,  " ydel- yylp/‘  is  vain-boasting.  In 
this  sense  Hooker  uses  idle,  44  They  arc  not  in  our 
estimation  idle  reproofs/* 

In  is  a word  of  still  more  general  use  among  the 
European  nations  than  out.  We  find  it  in  the  Greek 
t¥,  the  Gothic,  Italian,  and  Latin,  in  ; the  French 
and  Spanish,  en  ; tbe  Swedish  and  Islundic,  inni ; the 
Frankish  and  Alamannic,  inna  j the  Anglo-Saxon, 
innan  ; and  many  compound  forms, — as  the  Gothic 
innathro,  within  ; and  in ngn/fgan,  to  enter  j the  Latin 
intra,  infra,  &c. ; the  Italian  and  Spanish  dentro,  the 
French  dans,  and  dedans,  &c. 

The  Anglo-Saxon  innan  sometimes  signifies  into,  as 
•*  heo  bcscah  w»a»  tha  byrgenne  she  looked  info 
the  sepulchre  : sometimes  within , as  “ uuum  huse,” 
within  the  house.  We  find  it  also  further  compounded, 
as  in  oninnan  and  fceinmm,  e.  gr.  “ oninnun  me  sclfum,’* 
within  myself \ 44  beinnan  thnm  carccrnc,"  in  the 
prison. 

In  like  manner  we  find  that  the  Latin  in  signifies  not 
only  irif/i«i,but  info,  toward,  and  consequently  against; 
agreeing  in  this  respect  with  owf,  which  wc  have  seen 
not  only  signifies  without,  but  beyond,  and  not  only 
privation,  but  excess.  So,  44  in  domo,"  signifies 
within  the  house  ; ” Piso  in  a-dem  Vest®  pervasit/1 
Piso  came  into  the  temple  of  Vesta ; “ in  meridiem 
spectut,"  it  looks  toward  the  south  ; 44  hsec  cum  audio 
in  tc  dici,  exerucior,"  when  1 hear  these  things  said 
against  thee,  I am  afflicted.  From  this  last  sense  it 
would  seem  that  the  privative  force  which  the  Latin 
in  has  in  composition  is  derived  j ns  infelix,  inops  j 
and  so  in  our  English  words  infamous,  inactive,  impro- 
bable, fee.  Miltox,  however,  seems  to  have  some- 
what exceeded  the  limits  of  grammatical  analogy, 
when  he  invented  the  word  inabstinence. 

That  thou  may ’at  know 

What  misery  th'  imahstimner  of  Eve 
Shall  briny  on  man. 

Mr.  Tooke  says,  44 1 imagine  that  of,  in  the  Gothic  Of.  Off. 
and  Anglo-Saxon  af,  is  a fragment  of  the  Gothic  and 
Anglo-Saxon  afara  posteritas,  afora  proles,  &c. ; that 
it  is  a noun  substantive,  and  means  always  canstipience, 
offspring,  successor,  follower."  That  of  or  af  was  a noun, 
that  is,  the  name  of  a conception,  is  not  to  be  doubted  ; 
hut  to  soy  that  it  is  a fragment  of  afara,  is  probably 
as  correct  as  to  say,  that  the  word  iron  is  a fragment 
of  the  ancient  noun  substantive,  ironmonger.  If  it  be 
a fragment  of  any  thing,  it  is  more  probably  of  aft , 
which  we  shall  consider  under  the  word  after.  How- 
ever, the  nounB,  which  by  long  use,  for  many  cen- 
turies, and  in  various  dialects,  have  come  to  serve  ns 
the  most  common  prepositions,  arc  in  general  so  far 
removed  from  their  source,  that  we  cannot  trace  them 
back  to  it  with  certainty,  as  wc  can  the  more  recently 
adopted  prepositions,  touching,  concerning,  during,  and 
others  already  mentioned.  It  is  very  possible  that 
the  term  of,  af,  or  op,  may,  in  certain  early  dialects 
have  signified  a *o»  ; and  indeed  some  traces  of  this 
seem  observable  in  the  Sclavonic  of,  as  Peterhof,  the 
Welsh  ap,  as  ap-Rice,  and  the  Irish  o,  a a O' Hanlon; 
but  this  fact,  if  it  could  be  established,  would  be  very 
far  from  proving,  that  the  term  might  not  huve  been 
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so  applied  with  reference  to  a more  general  idea, 
suck  us  that  of  proceeding  from,  depending  on,  or  be- 
longing to,  the  parents. 

The  preposition  of,  and  the  preposition  and  adverb 
of,  were  anciently  the  same  word,  and  the  subsequent 
variation  of  orthography  was  merely  accidental. 

I arlwUS  you  telle  ■»/*  kyiur*, 

A doughty  roan  without*  lesynge. 

Off  body  be  wa*  atyffe  and  stronpe. 

Lyfe  of  fpamydvu. 

Godwyn,  an  Erie  of  Kent,  met  with  Alfred, 

Him  and  aUe  his  feres  vntillt?  prison  lhain  led  : 

Of  tom  smote  c/ther  bedes,  of  aom  pat  out  liter  iyene. 

Robert  De  Bhusse. 

And  al  the  last,  with  girt  payne, 

Kynp  Ricliard  wan  tbe  Erl  off  Champagne  ; 

The  Erl  off  Leyeetre,  Scftr  Roburd, 

The  Erl  off  Rycbemond  and  Kvnr  Richard. 

' Hie  hard  Coer  de  Lion. 

And  in  the  castle  <ff  TynUirill. 

Legend  of  King  Arthur. 

Qubarc  sixirvnly  a turtiirc  quhitc  as  ciUk, 

So  eeinly  vpmi  my  hand  pan  lyt 
And  vnlo  me  ache  turnyt  liar  full  ryt 
Off  quliani  tbe  chere,  in  liir'blrdls  assort, 

Gave  me  in  hert  kaleudis  of  confurt. 

Kim*  James.  King't  Qnmir* 

Off  signifies  dissociation,  or  distance  of  place  j and 
this  both  adverbially  and  prcpositionally. 

— See 

Tbe  lurking  gold  upon  tbe  fatal  tree  ; 

Tlien  rend  it  off.  Dm  den. 

About  thirty  pace*  off  were  placed  barquebusiers. 

Knou.es. 

Cicero's  Ttwculum  was  at  a place  called  Grotto  ferrate,  about 
two  utiles  off  this  town.  ADDioON. 

" Proceeding  from"  may  probably  have  been  the 
original  sense  of  the  words  of  and  off,  both  which  in 
Dutch  are  written  of ; ns  “ Ik  weet’er  nict  af"  I 
know  nothing </it.  “ Zyn  hoed  is  of,"  his  balls  off. 
This  word  af was  used  in  old  French  ; ns  “ hostel  af 
brebe*,"  u shecpfold  ; hotel  aux  brebi*.  It  is  the 
Gothic  af  as  “ wairp  af  thus."  cast  from  thee ; " af 
missilbin  tauya  niwaiht,"  I tlo  nothing  of  myself.  It 
is  the  Lower  Saxon,  and  Swedish  af  It  is  without 
doubt  the  modem  German  ab,  as  “ die  fnrbe  gcht  ah," 
the  colour  goes  of,  or  iadcs } **  das  feuer  gcht  ab,”  the 
lire  goes  out ; “ abhangen,"  to  depend  on  ; “ abiutsen," 
to  leave  vf.  And  it  is  probably  connected  with  the 
Latin  ab,  and  Greek  or*.  •*  Af  pro  ab  scribere  anti- 
qui  solcbant,"  says  Pbisciak  : and  we  find  on  an 
ancient  brazen  tablet,  **  af  v obi  is"  for  “a  vobis." 
Gkllius,  speaking  of  the  verbs  aufugio  and  aufero, 
says,  **  illud  inspici  qusriquc  dignum  est,  versanc  sit 
et  mutata  ab  pruqiositio  in  at  syllabatn  propter  lcvita- 
tern  vocis;  an  potius  AV  particula  suA  sit  propria  ori- 
ginc,  et  proinde,  ut  plcrseque  alios  prcpositioncs  h 
Gratcis,  ita  hwc  quoque  inde  accepta  sit  j sicuti  est,  in 
illo  rersu  Hotneri  s'* — 

Aj  fpwrtw  plv  w pin  a,  *ol  lmpo|a *,  *ai  f5«ipaj». 

If  the  word  a/*  was  part  of  aO,  it  may  possibly  have 
signified  " Xhc  Lack,"  and,  consequently,  “ that  which 
we  leave  behind  ;"  that  " before  which  we  arc  placed 
or,  that  ‘‘from  which  we  proceed."  Hence  of  and 
fare  may  be  regarded  as  expressing  different  stages  of 
removal  from  an  object ; and  thus  we  may  see  how 


to  be  fond  of  an  object,  to  wish  for  R,  and  to  long  PrcjK>fc- 
after  it,  come  to  be  nearly  synonymous. 

In  many  old  writers  we  find  of  employed  as  we  now 
use  out  of  or  from. 

1 cal  tbe  brynge  of  hel  pyne. 

M S.  Hart.  No.  2253,  foL  55. 

Mote  ye  ocurr  of  world  wend. 

Idem.  No.  913. 

Chargit  tic  loua  of  this  Ilk  tnsnnls  hiuvlb. 

Gawin  Doer,  la*,  book  U.  p.  43. 

Quliilk  that  he  cayia  of  Prcncclie  he  did  IransUit. 

Idem.  Preface. 

There  are  several  other  uses  of  this  preposition  now 
obsolete,  among  which  we  may  notice  the  following  : 

Even  like  come  empty  creek,  that  long  hath  lain 
Left  and  neglected  of  the  rirer  by. 

Daniel's  Mntopkiiu*. 

How  many  thoumnda  never  beard  tbe  name 
Of  Sydney,  or  of  Spenser,  or  their  bookrs. 

And  yel  brave  fcllowu,  mid  presume  of  fame. 

Ibid. 

Lucifer  of  the  briahte*.t  ami  most  glorious  angrl,  U become  the 
blackest  and  the  foulest  fiend. 

Homily  against  Disobedience,  ift. 

Bot  yif  I mar  with  ray  brother  go. 

Mine  hert  it  breketli  of  tbre. 

.■/mis  and  Asnilomn . 

Then  1,  whicbe  hml  not  slept  of  tbe  bole  nyght. 

By  Morpbeus  sodaynly  had  loot  my  sight. 

Goomnrwi  Hayden's  Deems. 

Sir,  Mid  Rrgnawdc,  l thank  you  much  •/  vour  good  will. 

Pours  Sonnes  of  .dissum, 

tloli  CLirchc  wu  foundid  vf  tlic  apostlia  ou  Crist  the  stood. 

Wtcur. 

Soehe  an  other  for  to  rmake, 

That  might  u/benutc  be  kia  make.  Chaucer. 

The  adverb  of  “ is  generally  opposed,"  says  John-  On, 
sox,  *#  to  on  ; os  ” to  lay  on,  to  take  of."  On  would 
seem  to  afiply  adhesion  to,  as  of  does  separation 
from ; as  to  stand  on  a table,  to  fall  of  a table  j to  be 
fastened  on,  to  be  cut  of ; to  flow  oh,  as  a river,  with 
continuity,  to  fly  of  as  a bird,  with  separation.  Hut 
in  the  signification  of  belonging  to,  on  was  anciently 
used  where  we  now  use  of ; as  in  the  Letter  of 
Henry  III.,  a.  n.  1259. — “ Henr.  thurg  Godes  ful- 
tump,  King  on  Engleneloande,  Lhloaverd  on  Yrloand, 

I>uk  on  Norm,  on  Aquitain,  Eorl  oh  Aniou."  In  the 
old  English  it  was  also  used  for  in  ; as,  in  the  same 
letter, — **  toalle  hise  haldc  ilicrde  ilewed  on  Huntcn- 
don  schir.”  In  the  Anglo-Saxon,  besides  this  latter 
sense  it  bad  many  others,  as  “ thn  com  on  from  cast- 
dad  e to  yebiddenne  hi  on  Ierusalem,”  then  came  they 
from  the  east  parts  to  Jerusalem  to  pray  : '*  sum  feoU 
on  tha  thornas,"  some  fell  oniony  thorns : “ sceo 
fordicldc  on  lascus  eall  that  heo  ahte,"  she  had  spent 
all  her  living  upon  physicians : “ on  thone  heofen 

bescah,"  he  looked  up  to  heaven  : “ eode  on  anne 
munt,"  he  went  up  into  a mountain  : " thsere  halyan 
rode,  the  ure  drihten  on  throwode,"  the  holy  cross 
that  our  Lord  suffered  on  : “ Hwi  ferde  ye  on  westenne 
geseon  What  went  ye  out  into  the  wilderness  to 
see  r “ For  on,"  says  Hickes,  “ sometimes  occurs  an, 
from  the  Gothic  ana"  In  Gothic,  the  preposition  ana 
is  used  separately  for  on  or  in,  ns  **  ana  stainn,"  on  a 
rock  : “ ana  mesa,"  tn  a charger.  The  Goths,  Franks, 
and  Alamans,  used  also  an  and  ana  in  many  com* 
pounds  j as,  the  Gothic  anaau&on,  to  add,  or  join  on 
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Grammar.  to  . the  Frankish  anbeten,  to  pray  to.  or.  as  we  say, 

> v — S •*  to  call  upon  the  name  of  the  Lord.’  The  Alaman- 

nic  " angeuangen,”  to  lay  hands  on.  or  claim.  This  is 
also  the  Dutch  aan,  and  German  an,  of  which  Wach- 
te«,  in  the  5th  section  of  his  Prolegomena,  gives 
many  significations  ; e.  gr.  denoting  connection,  as 
anbirufen,  to  bind  on  to  ; denoting  the  direction  of  an 
act  toward  a particular  object,  ns  anbheken,  to  look 
upon,  or  toward;  denoting  continuity.^*  time,  as  oa- 
stehen,  to  stop,  to  stand  as  it  were  oii^.tfcp  same  point 
of  time ; thus  we  say,  a ship  stands  W,  in  the  same 
course,  using  the  word  on  for  a continuous  adherence, 
as  in  the  other  case  it  is  used  for  a stationary  adhe- 
rence. Adelcvg  considers  the  German  an  to  be  con- 
nected with  the  French  «i,  the  Latin  an  in  composi- 
tion, and  the  Greek  o*a,  as  urn  pe W,  in  the  middle  ; 

x0°va>  on  the  carth-  11  is  Plain  nur 

though  in  modem  use  most  frequently  applied  to  that 
which  is  higher  in  place,  did  not,  in  its  origin,  neces- 
sarily imply  such  a position  ; for  though  it  was  added 
to  up,  in  the  word  upon,  it  was  also  added  to  nether 
or  neder  in  the  word  on-neder,  under.  It  is  difficult  to 
assign  with  certainty  any  substantival  form  of  this 
word.  It  has,  however,  been  observed,  that  both  in 
the  Breton  and  Turkish  languages  ana  signifies  mo- 
ther ; and  from  this  circumstance,  the  learned  Pbzrov 
derives  Diana,  the  mother  of  light,  from  di,  dav,  or 
light,  and  ana,  mother.  The  scriptural  word  **  abba," 
father,  if  well  known ; and  perhaps  from  abba  and 
ana,  some  etymologists  may  be  inclined  to  derive  our 
prepositious  off  and  on. 

Up.  upon.  We  proceed  to  the  word  upon  just  noticed,  and 
•bove.oter.  are  connected  afore  and  over.  The  radix  up 

implying  superior  elevation  is  most  commonly  em- 
ployed, in  modem  English,  ns  an  adverb.  As  a pre- 
position, we  now  use  it,  only  to  denote  that  an  action 
is  directed  from  a lower  to  a higher  part,  as 
In  going  up  a hill  the  Wes  will  be  most  weary.  Bacon. 

But  by  old  English  writers  it  was  used  (as  we  now 
use  upon,)  to  signify  the  being  actually  placed  above 
and  resting  oa  an  object. 

Gjrfre  lie  rood  all  be  bvnde 
Up  Ulauncbanl  vrhvt  aa  flour. 

MS.  Calig.  A.  li.  fol.  36. 

A wel  mjrt  compajmeye. 

Vpp<  ray  re  wytr  atedes,  & in  royre  annnr?  also. 

R.  Gloucester. 

And  in  Robert  Dk  Bbfxxe  wc  find  “ up  that”  used 
for  **  upon  that,"  thereupon,  upon  that  account. 

Op,  the  corresponding  word  in  the  Dutch  language, 
is  used  in  the  same  manner  > e.  gr.  **  op  een  paerd 
ryden,"  to  ride  on  horseback.  So  “ op  den  tafel,"  is 
“ upon  the  table  j"  *'  op  de  vloer,"  on  the  floor.  And 
in  the  sense  of  completion,  the  Dutch  op  and  our  up 
also  agree  ; as  opeeten,  to  eat  up ; opdrinken,  to  drink 
up,-  opbouuen,  to  build  up ; opgeschikt,  drest  up. 

Mr.  Tooke,  in  his  usual  manner,  raises  a dispute 
about  that,  which  properly  understood,  can  admit  of 
no  dispute  at  all;  namely,  whether  up  was  originally 
an  adjective,  a substantive,  or  a verb.  *f  Upon,  up, 
over,  above,"  he  justly  says,  “ have  all  one  common 
origin ;"  and  he  is  clearly  right  in  connecting  them 
with  the  Anglo-Saxon  ujfan,  high.  He  adds  not  an 
irrational  conjecture,  that  ufa,  or  up  may  have  anciently 
meant  the  same  as  top,  or  head  ; but  when  be  goes  on 
VOL.  i. 


to  infer  from  this,  and  other  conjectures  of  a like  kind,  Pryr°M* 
*•  that  the  names  of  all  abstract  relations  (as  it  is  . 
called,)  arc  taken  cither  from  the  adjectived  common 
names  of  objects,  or  from  the  participles  of  common 
verbs,"  he  cither  means  to  advance  an  historical  fact, 
or  to  lay  down  a necessary  principle  in  tile  constitution 
of  the  human  mind.  If  he  means  to  speak  histori- 
cally, he  asserts  what  it  is  utterly  impossible  either 
to  prove  or  disprove : if  he  means  to  speak  philoso- 
phically, his  philosophy  is  destitute  of  common  sense. 

We  need  only  examine  our  own  minds  with  a very 
slight  degTcc  of  attention,  to  be  satisfied  that  our 
conceptions  of  quality,  positive  or  relative,  arc  just  as 
essential  to  human  reason,  as  our  conceptions  of  sub- 
stance or  of  action.  u The  relations  of  place,  says 
Tooke,  "are  more  commonly  from  the  names  of  some 
parts  of  our  body  ; such  as  head,  toe,  breast,  tide,  back, 
toomb,  skin,  &c It  would  have  been  equally  correct, 
or  rather  equally  incorrect,  in  a philosophical  point  of 
view,  to  have  said,  “ the  names  of  various  parts  of 
our  body  ; as  head,  toe,  breast,  side,  back , vsomb,  tkin, 

&c.  are  from  the  relations  of  place."  As  matter  of 
history,  both  assertions  are  equally  arbitrary.  Mr. 

Tooke  is  very  positive  that  the  etymologists  who  de- 
rive head  from  the  Scythian  ha,  German  hoch,  Dutch 
hoog,  Alamamiic  houch.  Gothic  hauh,  and . Anglo- 
Saxon  heah,  high,  are  all  wrong  ; and  that  it  is  the 
participle  of  the  Anglo-Saxon  verb,  hea/an,  to  heave. 

The  fact,  no  doubt,  is,  that  the  same  conception,  and 
the  same  radical  expression,  was  the  origin  of  them  all, 
as  well  as  of  the  Islnndic  had,  and  German  hnhe, 
height ; the  Anglo-Saxon  hcoftid,  Gothic  haubith, 
Alamannic  haubit,  Islnndic  hoffud,  Dutch  hoefd,  the 
head  ; the  Anglo-Saxon  heofon,  heaven  ; the  Alnraan- 
nic  hebig,  and  Anglo-Saxon  hetfig,  heavy,  difficult  to 
heave ; the  Alamannic  erhafan,  to  ferment,  to  raise 
dough;  the  Anglo-Saxon,  W,  fermenting;  the  An- 
glo-Saxon heap,  Alamannic  houph,  Dutch  hoop,  a 
heap;  and  numerous  other  cognate  words  in  many 
languages. 

As  the  Anglo-Saxon  ufa  is  our  up,  the  Dutch  op, 
and  the  German  nuf } so  the  Anglo-Saxon  u/cra,  the. 
comparative  of  ufa , and  nfer,  the  preposition,  are  our 
upper  and  over,  the  Dutch  opper  and  over,  the  German 
iiber,  Alamannic  ufor,  Frankish  upar.  Gothic  ufar,  &c. 

The  Anglo-Saxons  also  used  uppan  or  uppon ; and 
as  they  had  bunion  for  be -in non,  and  brfflan  for  be -cr  flan, 
so  they  had  bufan  for  be-ufan ,-  us  **  bufan  tham 
wjetcre,"  upon  the  water.  This  bufan  is,  no  doubt, 
the  origin  of  the  Dutch  form,  above  : and  our  word 
afore,  written  in  old  Scottish  abufe,  is  on-he-ufa ; us 
the  Scottish  abune,  is  on-be-ufan.  In  Danish,  we  find 
over,  ober,  over,  overate;  in  Swedish,  uppe,  up,  fiffeer, 
bfwerate,  ofre,  uppers*.  Wachtbb  considers  fiber  to  be 
connected  with  the  Hebrew  eber,  Persian  arar,  Greek 
inrep,  and  Latin  super ; and  he  traces  its  signification* 
from  that  which  is  above,  in  place,  to  afore,  in  power  j 
above,  in  eminence  ; above,  in  the  sense  of  prevailing 
over  ; above,  in  excellence  ; over  and  above,  in  abun- 
dance ; over,  in  excess:  and,  again,  from  that  which 
is  beyond  in  place,  to  that  which  is  beyond  in  quantity ; 
hence,  to  overlook,  is  to  look  beyond,  and  therefore 
not  to  notice ; while,  on  the  other  hand,  to  look  over, 
is  to  examine  carefully,  by  looking  from  point  to  point. 

After  noticing  these  and  many  other  meanings  of  this 
word,  he  concludes — “ Vber  plures  habet  significatus 
quorum  raccmationcm  aliis  relinquo,  qui  hisce  iuves- 
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Grammar,  tigandis  ct  in  ordinem  digerendis  ad  Medium  usque 
v— 'V'""''1  defaligatus  sum.” 

The  adjectival  use  of  over  and  upperest  is  common 
in  Chaucer. 


Her  outr  lyp  wyped  sbe  *o  dene, 

Thai  in  her  cop  wan  no  fexthynge  sew. 

/’rot.  Cant.  Tain. 


By  wkicbe  drgrea  men  mygbt  dimben  from  the  neytbcrest  letter 
to  the  upperest.  B*ecnu , book  ». 

So,  in  Kyng  Alisaunder 

Throw  irrwt  u y ftnde, 

L'ppwrtt  folk  butii  of  ynde. 

The  adverbial  use  of  ober,  answering  to  our  adverb 
too,  is  curiously  marked  in  a passage  of  Alexander 
Montgomery's  Cherrie  and  SUte. 

All  owrss  nr  repute  to  he  rye*  ; 

Own  bicb,  own  l»r,  owre  rascb,  own  0 ye* 

Ovrt  bet,  or  yit  owre  cauld. 

Up,  in  the  sense  of  completion,  occurs  in  our  word 

Ufa  hot. 

I cannot  pursue  this  business  with  any  safety  to  the  upshot. 

Shaespeare. 

Johnson  derives  upshot  from  up  and  shot ; it  would 
be  more  proper  to  derive  it  from  up  and  shut ; the 
shutting  up  of  a business  being  formerly  used  for  its 
close. 


to  signify  the  power  of  taking  up,  or  readily  compre- 
hending any  notion;  as  in  the  phrase  14  dull  i’th' 
uptak,'  which  signifies  slow  in  comprehending  an  v 
idea  ; the  mental  faculty  being  in  this  instance,  as  in 
so  many  others,  expressed  by  reference  to  a bodily 
action. 

Our  preposition,  at,  is  the  Gothic  a(,  and  Anglo-  At. 
Saxon  at.  It  may  probably  have  been  connected  with 
the  Latin  ad,  which  Tooke  awkwardly  derives  from 
actum.  Ad  was  more  probably  the  root  of  the  verb 
eddo ; though  it  may  not  now  be  easy  to  trace  it  in 
a substantival  form.  For  ad  we  sometimes  meet  with 
<ir,  as,  and  at.  Fulyius  Ur  si  vis  quotes,  from  the 
Laws  of  the  Twelve  Tables,  arcorsom,  for  adversum  ; as 
“ arvorsom  hostem  sterna  aueboritas  estod j”  that  is, 

against  an  alien,  the  right  of  projierty  is  never  barred 
by  prescription  whereas,  against  a Roman  it  was 
so  barred.  Velicb  Longus  says,  that  the  old  Romans 
not  only  used  arrortum  for  adversum,  but  asvortarius 
for  adversartus : and  Vomiub  observes,  that  in  many 
ancient  kooks  and  inscriptions,  ad  is  written  at. 

The  use  of  the  preposition  at,  in  Anglo-Saxon  and 
old  English,  was  much  more  loose  and  comprehen- 
sive than  in  our  modem  dialect.  We  find  it  used 
where  we  should  now  use  to,  from,  about,  of,  by,  in 
with,  &c. 

In  the  romance  of  the  Seuyn  Sages,  “ at  lere”  occurs 
for  " to  learn,”  or  to  be  taught. 


AliW  be  <ru  patiently  heard,  a*  he  delivered  lua  embassage, 
yet  in  the  shutting  up  of  nil,  be  received  no  more  but  ah  iwolcnt 
answer.  KrolIES. 

The  Dutch  bocen  corresponds  exactly  with  the  old 
English  uftot-cn,  which  occurs  in  the  ballad  of  the 
Battle  of  Lewes. 

Bv  God  that  is  abswen  ous  be  dude  much*  synoe. 

That  lette  pasaen  oversee  tlw  Erl  of  Warynne. 

Among  the  combinations  of  up  and  otser,  we  may 
notice  orer  that,  over  against,  out  owre,  and  uptak. 

Over  that  was  formerly  used,  as  we  now  use  more- 
• over  to  signify,  “ in  addition  to. — 

That  the  uhk  fyne  be  openly  and  solemply  red  proclaymcd  lo 
the  came  court ; and  otvr  that,  a transcript  of  the  same  fyoe  be 
sent  by  the  seid  justices  uoto  tbe  justices  of  assize. 

3 Slat.  1.  RJC.  111.  C.  7.  MS. 

In  the  same  sense,  the  Anglo-Saxon  writers  use 
*«  0fcr  theet,"  and  the  Germans  lifter  das.  Our  com- 
pound preposition,  over  against,  is  transposed , in  the 
German  gegenbber. 

Over  against  this  church  stands  a large  hospital,  erected  by  a 
shoemaker.  ADDISON,  «.  Italy. 

This  is  rendered  in  the  Anglo-Saxon  gospel  foran- 
ongean.  “ Tha  rcowon  hiy  to  Gerasenorum  rice,  that 
is  fofun-tmgean  Galileam  ; —n  And  they  arrived  at 
the  country  of  the  Gadarenoa,  which  is  over  against 
Galilee.”  Luke,  c.  viu.  v. 

In  the  Scottish  dialect,  wc  find  the  compound  pre- 
position out-owre,  which  is  used  in  two  senses  by 
Burns. 

The  rising  moon  becan  to  glow'r, 

Tbe  distant  Cumnock  hill*  out-ow'r. 

Death  and  Doctor  Hornbook. 

He  by  hi*  aboutber  va’c  a keek. 

Ah’  tumbled,  wi’  a wintlr. 

Out -our e,  that  night. 

The  word 44  uptak"  is  also  used  colloquially  in  Scotland, 


Tbe  MXt  maidter  raw  vp  onane. 

Sir,  he  said,  if  thi  will  were, 

T&k  thi  son  to  me,  at  lore. 

In  the  Anglo-Saxon,  “ tet  him”  is  used  for  “from 
him  e.  gr.  •*  aniraath  that  pund  art  him,”  take  the 
talent  from  him. 

Bishop  Latimer  uses  at  for  about,  in  the  following 
passage. 

What  ado  wan  there  made  in  London  at  a certain  man,  because 
be  Mid,  Burgenses  *.  nay,  butterflies ! 

Chaucer  uses  the  phrase  “ to  take  leave  at,"  for  of. 

She  toke  Iwr  leaue  at  hem  ful  ihriftcly. 

This  line  is  very  similar  to  one  in  the  romance  of 
Ocfouian  Jmperator. 

At  all  tbe  cjti  she  tok  her  leue. 

So,  in  the  Lyfc  of  Ipomydon, — 

He  toke  by*  lere  at  Jason  tliere, 

And  went  ‘forthc  clip  where. 

In  Richard  Coer  de  Lion,  wc  have  ” to  ask  at. 

He  askyd  at  all  the  route, 

Gvff  ony  dunte  com,  and  prove 
A court,  for  hyl  lemannes  lore. 

“ To  ask  at  a person,”  is  considered,  in  the  present 
day,  as  a Scoticism. 

Similar  to  this  is  Bishop  Latimer’s  phrase,  " to 
learn  at." — 

He  must  study,  ami  he  must  pray : and  how  shall  be  do  both 
these  ? He  maye  learn  at  Salomon. 

Robert  De  Brunne  uses  at  for  by. 

Sen  thou  baa  don  amiaae,  at  thin  rnconyng. 

We  may  not  fail*  at  this,  to  kelp  tbe  in  alk  thing. 

At  is  ulso  used  for  by  in  an  old  document  of  the  year 
1415.  (9  Rymer,  301.) 

Besechyng  yow,  at  the  reverence  of  God. 

In  the  romance  of  The  Lyfe  of  Ipomydon,  at  is  used 
for  in. 
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Grammar.  He  wold  weed  into  *tr*ngr  contxi, 

v— - v — So  that  ye  take  it  nut  at  prrtFe. 

Robert  Dk  Bbcxxk  also  uses  at,  where  we  should 
now  use  with ; a»  in  the  form  of  Baliol’s  homage  to 
King  Edward. — 

I Jon  Baliol,  the  ScotUa  kyng, 

I bkom  thi  man  fur  Scotland  tiling ; 

Thu  whilk  I bold,  A salle  thoqrb  right, 

Clayme  to  liold,  at  all  my  might. 

This  lax  mode  of  using  the  preposition  at  Is  observ- 
able in  our  phrase  “at  all,"  which  Johnson  explains"  in 
any  manner,  in  any  degree  and  which  corresponds 
to  the  Scottish  ora ; i.  c.  af  all,  or  of  all. 

An*  lows'd  his  ill-tonra'd,  wicked  scawl, 

was  want  arm’.  Burni. 

At  is  sometimes,  though  awkwardly,  cumulated 
with  other  prepositions,  as  " af  about  six  o’clock  j" 
and  so  in  a statute  of  the  year  1 195,  " at  after  none.” 

Dlrera  artificer*  nnd  laborers  reteyaed  to  werkc,  and  serve 
waste  mocb  part  of  tbe  day,  and  dewrre  not  tbeir  wagi* ; atune 
tyme  in  late  cOmyng  onto  tlieir  werkc,  crly  departing  tberfro,  lodge 
sitting  at  titer  brekfast,  at  thcr  dyoer  and  noocraetc,  and  long  tvme 
of  aleping  at  after  none.  Slat.  2.  He.v.  VII.  c.  xxli.  MS. 

Thus  also  in  Barbour  we  find  the  expression  **  at  to 
morn. 

That  tliry  may  this  night,  if  thcr  will 
Gang  barbry  them,  and  alccp,  and  reat ; 

And  at  to  morn,  but  longer  lot 
You  aluill  ub  forth  to  tfcr  baUail. 

To,  too.  origin  of  the  word  to,  like  that  of  the  word  at , 

can  at  best  be  but  matter  of  conjecture.  It  may 
however,  be  reasonably  conjectured,  that  <il  and  to  are 
from  the  same  root,  “ jtcr  mattrophn"  aa  W.cbtkr 
exprwsc.  it  ; that  ii  to  say,  that  the  vowel  waa 
sounded  before  the  radical  consonant  in  tlie  one 
instance,  ami  after  it  in  the  other.  The  primary  oon- 
ceptioo,  common  to  both  words,  seems  to  have  been 
that  of  touch,  either  in  consequence  of  moving  the 
bodily  organs  to,  or  in  consequence  of  their  being  af 
a specified  place.  Hence,  the  Latin  ad  coincides  with 
both  our  fo  and  at ; e.  gr.  « Vcrres  ad  Messanam 
vemt  ; V erres  came  to  Messina.  " Mihi  quoque 
etiam  cat  ad  portum  negotium  1 too  have  business 
also  at  the  harbour.  And  so  in  French,  " il  reste  d 
la  maison/'— est  alL5  d la  campagne.”  In  the 
Devonshire  dialect,  to  is  used  for  at;  as  « he  lives  to 
Exmouth:”  and  we  have  seen  above,  that  “ at  lere” 
was  used  for  " to  learn,”  ad  discendum. 

Mr.  Tooke  says,  " the  preposition  to,  in  Dutch, 
written  toe  and  tot,  a little  nearer  to  the  original,  is 
the  Gothic  substantive,  taui  or  tauhts,  i.  e.  acf,  effect 
result,  consummation  ; which  Gothic  substantive  is  in- 
deed itself  no  other  than  the  past  participle,  tauid,  or 
taunts,  of  the  verb  tauyan,  agere.  In  the  Teutonic 
this  verb  is  written  tuan  or  hum  ; whence  the  modem 
tierman  /Aim,  and  its  preposition  varying  like  its 
verb,  tu.  In  the  Anglo-Saxon,  the  verb  is  leogan,  and 
preposition  to. 

In  all  this,  we  see  nothing  of  the  " real  object ” 
which,  according  to  Mr.  Tookes  general  theory,  every 
preposition  should  signify  ; and  it  is  a very  circuitous 
mode  of  getting  at  a short  monosyllabic  preposition, 
to  suppose  that  there  first  existed  a dissyllabic  verb, 
WnS  forme(1  a dissyllabic  participle,  and 
that  this  participle,  a little  differently  articulated,  be- 


came a dissyllabic  substantive,  which  was  shortened,  Fr«pos»* 
we  know  not  how,  or  wherefore,  into  the  monosyl-  t*00*- 
lahle  in  question. 

The  German  zu  (not  tu,  as  Mr.  Tooke  supposes,) 
answers,  like  the  Latin  ad,  to  our  to  and  at ; e.  gr. 

" komm  zu  mir,”  come  to  me ; “ zu  Windsor,”  at 
Windsor,  Wacotrr  mentions,  as  connected  with  it, 
the  Gothic  at  and  du  ; Anglo-Saxon,  erf  and  to ; Frank- 
ish and  Alamannic  az,  zuo,sua,za,  ze,  si ; Dutch,  toe  and 
tot ; English,  to  and  af.  " Omnia,”  adds  this  learned 
author,  " aftinia  Latino  ad  ; nam  ad  et  to  se  mu  tub 
producunt  per  anastrophen.” 

The  various  uses  of  the  German  xu,  the  English,  to, 
too,  and  af ; the  French  d,  the  Latin  ad,  8cc.  will  illus- 
trate each  other : and  we  may  consider  them  as  indi- 
cating approach  to,  or  arrival  af,  a place,  time,  or  cir- 
cumstance ; and  thence,  as  having  an  objective  force 
before  a verb  or  substantive  ; moreover,  since  that  to 
which  a person  or  thing  has  attained,  or  which  has 
come  to  It,  is  an  addition  to  it,  therefore  fo  denotes  ad- 
dition ; and  thence  excess;  and  thence,  in  composition, 
it  has  an  intensive  force  ; and,  lastly,  where  the  inten- 
sive force  is  very  slight,  the  use  of  to  seems  almost 
superfluous. 

In  relation  to  place,  we  find  zu  used  emphatically  in 
German,  " die  thur  ist  zu,"  exactly  corresponding 
with  our  English  colloquial  phrase — the  door  is  shut 
fo.  So  zugang  is  the  Latin  aditus,  from  ad  and  ire. 

Zukunft  is  the  Latin  adrentus,  from  ad  and  venire,  the 
coming  of  Christ  to  the  world.  The  Frankish  zao- 
chumft,  from  zuo  and  chomtnen,  is  the  Latin  aggrestio, 
from  ad  and  gradior.  In  English  the  preposition  to  is 
not  commonly  prefixed,  as  in  German  to  verbs  in 
composition,  but  follows  them,  as  " to  fall  to,"  " to 
bring  a ship  fo  " and,  so  in  the  interjcctional  phrase, 
u Go  to /”  The  Germans  say  " reit  zu,"  for,  ride  on; 

" geh  zu,"  go  on,  &c. 

In  relation  to  time,  we  find  the  German  zu  nacht, 
answering  to  the  English  " at  night."  Zukunft,  in  a 
secondary  sense,  signifies  the  time  to  come,  the  French 
Vdvenir. 

In  relation  to  circumstance,  the  German  zufall  is 
the  Latin  accident,  from  ad  and  cado,  whatever  befalls, 
or  falls  to  a person  ; zubrtngen,  to  bring  fo  an  end  ; 
zusagen,  to  promise  fo  a person.  Zu  pferde  is  the 
French  d chcval,  on  horseback. 

The  objective  force  of  zu,  before  a verb,  is  well 
explained  by  Dr.  Noehden,  in  his  excellent  Grammar 
of  the  German  Language,  (3d  edit.  p.  388,  et  teq.) 
whence  it  appears  that  the  action  may  he  either  future, 
as  " lust  xm  spielen,”  an  inclination  fo  play  ; or  pre- 
sent, aa  "Das  vergnilgen  sic  zu  sehen,”  answering  to 
the  French  w j’ai  grand  plaisir  d vous  voir,”  I have 
great  pleasure  in  seeing  you;  or  past,  os  " mtlde  zu 
stehen,”  tired  of  standing. 

The  English  to  had  formerly  a similar  objective 
force  before  a substantive ; but  this  construction  is 
now  obsolete. 

They  hare  gruel  f®  potage, 

And  lakes  kynde  to  compitnage.  Tikvisa. 

Tho  th iii  were  fifteo  winter  old. 

He  dubbed  bo  Hie  tlvo  bemei  bold, 

To  Juaifbtea,  in  tliat  tide. 

Amis  and  Aatiloun. 

The  English  foo,  also,  denoting  addition,  is  the 
same  word  as  fo;  and  in  the  Anglo-Saxon  and  old 
English,  is  written  to. 

x 3 
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The  arriving  to  such  a disposition  of  mind,  as  shall  nuke  a man 
take  pleasure  in  other  men’s  sins, «»  evident  from  the  text,  and  from 
experience  too.  Socth. 

The  German  zu  in  composition,  possesses  this  same 
force  je.gr.  msom,  a name  in  addition  to  another 
name,  the  Latin  agnomen,  from  ad  and  nomen. 

The  word  toname  occurs  in  Robert  De  Bbu.vnb, 
with  the  same  meaning  in  speaking  of  Statin,  whose 
nose  had  been  cut  off  by  King  Isaac  Comnenus. 

For  I Mac  did  him  achame,  liis  lord  mild  be, 

Tbci  called  him  this  toneme,  Satin  the  Nssee. 

The  German  word  tugtmut  (in  Frankish.  luomuir.) 
signifies,  in  like  manner,  vegetables,  or  garnish  of  any 
kind  added  to  the  meat  j from  the  German  mm,  Frank- 
ish muot,  Alainannic  mua$,  Gothic  wtate,  French  melt, 
Anglo-Saxon  mete,  and  English  i»eui.  So  the  Ger- 
man verb  zogekn  is  to  give  something  in  addition  to 
the  stipulated  price. 

The  secondary  sense  of  our  too  is  excess,  as  " too 
great  that  is  something  added  to  the  proper  degree 
of  greatness  and  in  this  sense,  zu  is  used  in  the 
German  compounds  zuhoch,  too  high,  or  overhigh  ; 
zulang,  too  long,  or  overlong } zmearm,  too  warm,  or 
overwarm.  , 

Zu  is  used  with  an  intensive  force  in  such  words  as 
zubereiten,  to  tuuke  quite  ready  ; zulautn,  to  grant  to, 
Ike. ; and  this  may  probably  have  some  analogy  to 
the  Greek  £<*,  which  has  an  intensive  force ; as  in 
£«»\rro*,  very  rich;  very  divine;  faeror, 

very  furious,  &c.  The  old  English  to  before  a verb 
or  participle,  appears  to  have  had  nearly  this  force. 

He  achfti  tberfore  ben  rilawe, 

And  afterward  ri  fa-drawc.  Sruyn  Sogtt. 

Th'  emperour  sride,  I food  hire  to  rent. 

Hire  her  and  hire  face  bhent. 

So,  in  the  translation  of  the  Bihte,  in  the  time  of 
King  Henry  VIII.  "confregit  ccrehrum_  ejus,"  is 
rendered  '■  all  to  brake  hys  brayne  panne."  (-Judges 
c.  ix.  ▼.  53.)  In  the  modern  editions  this  is  impro- 
perly printed  “ to  break.’ 

The  intensive  force  of  zu  is  scarcely,  if  at  all  per- 
ceivable in  such  words,  as  zucor,  before;  luteider, 
against  j zustmen,  along  with.  In  English  w’c  still 
use  fo,  thus  in  together , and  in  heretofore,  as  we  formerly 
did  in  tofore  and  tofome. 

There  entered  Into  the  place,  there  I traa  lodged,  a la®*.  the 
coitc  Bcmclick  & moa*e  goodly  to  my  aiglrt,  that  eoer  tofome 
appeared  to  any  creature.  Chaucer.  Tort,  of  Lore. 

T of  art  the  kvng  com  an  lurpnur, 

And  made  a lay  of  gret  favour. 

Kyog  A it  Sound  er. 

To  appears  to  be  superfluously  used  by  Barbour  in 
the  preposition  into. 

That  he  would  travel  owe  the  lea 
And  a while  into  l*aria  be. 

On  the  other  hand,  in  the  preposition  unto,  the  syl- 
lable un,  which  seems  to  have  been  originally  on, 
augments  the  force  of  to,  and  gives  it  the  force  of  the 
Latin  tuque,  ad,  and  French  jusqu'd. 

We  have  seen  that  for  is  unnecessarily  prefixed  to 
to  before  an  infinitive  ; as  “for  to  go,”  which  is  now 
reckoned  a vulgarism.  “ From  toU  seems  still  more 
alien  to  the  general  idiom  of  our  language : yet  it 
occurs  in  poetry- 


Fur  not  to  have  been  flipp’d  In  Lethe’a  lake,  Prepori- 

Could  keep  the  son  of  Thetis  from  to  die.  turn*. 

And  there  is  something  analogous  to  this  in  the  Ger-  * 
man  ohne,  zu,  e.gr.  “ ohne  zu  wissen,”  which  we  con- 
strue, with  the  participle,  **  without  knowing,”  and 
the  French,  with  the  infinitive,  sans  savoir. 

As  the  origin  of  the  word  to  is  matter  of  con- 
jecture, of  course  wc  could  only  indicate  conjee- 
tu rally  those  words  with  which  it  may  very  anciently 
have  been  connected  in  sound  and  signification  : and 
among  these,  it  may  be  sufficient  to  notice  the 
numeral  two.  This  is  in  Gothic  f«ro  or  tu>a,  in  Anglo- 
Saxon  tu  or  lira,  in  Greek  Sv»,  in  Latin  duo , in  Welsh 
dan , dwu,  in  Breton  dou,  in  Tartarian  tua,  in  Danish 
tu,  in  Frankish  and  Alamannic  ztcei,  zwo,  in  German 
ztcetf,  in  Dutch  twee,  in  Scottish  twae  and  twa.  Sta- 
dkxii*  endeavours  to  show  that  it  is  u word  com- 
pounded of  the  Gothic  du,  to,  and  a,  or  o,  one  j so 
thnt  it  properly  signifies  “ one  added  to  one.” 

TiU  is  used  prepositionally  and  conjunctlonally  ; Till, 
but  always,  in  modern  English,  with  reference  to  time 
alone ; e.  gr. 

Unhappy  till  the  last,  the  kind,  r clearing  knell. 

Cowley. 

Meditate  w>  Ion--,  till  you  make  aom*  act  of  prayer  to  God,  or 
glorification  of  bin*.  J*  Tatlor. 

Dr.  Johnson  is  mistaken  in  explaining  the  latter  of 
these  examples,  as  not  signifying  “ to  the  time  that,” 
but  “ to  the  degree  that  j"  for  it  palpably  refers  to 
the  continuance  of  the  meditation,  which  must  occupy 
time.  Mr.  Tooke,  on  the  other  hand,  is  right  in  say- 
ing (with  reference  to  modern  usage.)  that  “ we 
apply  fo  indifferently  either  to  place  or  time  j but  till 
to  time  only  and  never  to  place.  Thus  we  may  say. 

From  morn  to  night  th’  eternal  I arum  rang  ; 

O,  from  morn  till  night,  dtc. 

But  we  cannot  say,  “ From  Turkey  till  England.” 

He  is,  however,  entirely  mistaken  in  supposing  •'  that 
till  is  a word  compounded  of  to  and  while,  i.  e.  time  ;** 
and  that  “ the  coalescence  of  these  two  words  fo - 
htcile  took  place  in  the  language  long  before  tbe  pre- 
sent wanton  and  superfluous  use  ot  the  article  the, 
which  by  the  prevailing  custom  of  modern  speech  is 
now  interposed.”  For,  on  the  contrary,  the  custom 
of  confining  the  signification  of  the  preposition  and 
conjunction  till  to  time,  is  comparatively  of  very 
modern  date,  and  is  confined  solely  to  the  English 
dialect. 

« Til,"  says  Hickrs,  “ is  a Gmfrric  word,  signify- 
ing ad,  tuque,  and  it  often  occurs  (in  slnglo- Saxon,)  os 
**  yearwian  til  etanne,”  to  make  ready  to  eat ; “ ewueth 
til  him  Hadcnd,”  the  Saviour  said  to  him.  “ Til,  in  the 
old  Norwegian  and  modem  hlandic  languages,  governed 
the  genitive.”  So  we  find  in  the  Islandic  History  of 
Hial mar,  « til  borgarinar,”  ad  propugnaculura. 

In  a marginal  note  to  the  letter  of  Henry  III.  (a.d. 

1258,)  we  find  this  word  written  tel. 

And  nl  on  Uio  Llche  worsen  is  bend  in  to  aurihcc  otbre  sheire, 
ouer  &1  tharc  kunerkhe  on  EnglcDdoand,  &.  ck  in  let  It  domic. 

Robert  Dr  Brvnnb  writes  it  tille. — 

A knyght  was  thmn  among,  Sir  Richard  Seward, 

Ttllt  oar  frith  was  he  long,  fit  with  Kyng  Edward, 

Title  our  men  be  com  rite. 

Chaucer  uses  fil. — 

A doly  season  til  a cart  full  dite 

Should  correspond.  Test,  of  Vreotid*. 
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Gremmtr.  Gawis  Douolai,  lyll. 

An*  young  bullock  of  eullour  qubit*  u srmw 
With  bed*  equilc  tyll  hi*  moder  on  kucht. 

In  Octouian  Imperator  it  is  written  tylle. 

Her  panylonn  whan  they  com  tyllr, 

Tber  that  ache  wu, 

Her  nwydeny*  gonne  to  crye  achyllr, 

Tresoo,  alas 

In  like  manner  wc  have  until,  and  thertil,  for  unto 
and  thereto. 

Then  atrake  the  dagger  untill  hla  heart. 

/,.  Thomxu  and  Fair  A»n*t. 

Hi*  owin  lady  he  tnke  by  liue. 

And  gaf  the  knygbt  until  bis  wiue. 

Sruyn  Sag  rt. 

Vntil  hia  ton  re  thua  wrodes  he  right. 

For  to  apeke  with  hia  lady  bright.  Ibid. 

They  found  the  gate*  abut  them  untyll. 

Adam  Hell,  ife. 

(That  is,  shut  against  them.) 

1 birum  (hi  man  for  Scotland  thing 
With  alle  the  purte  nance  t her  lilt*. 

Rob.  Da  Bsuwya. 

Tboffc  thei  haoc  not  ala  tyte  her  wyll, 

Yctte  ahall  they  cum  tumtyxne  tktrtyll. 

Sir  Amadat. 

And  the  knight  and  his  lady 
Went  th. am  forth  with  grrte  colas 
To  the  chip  whnre  liia  gndea  in  was. 

The  Erl  went  with  than)  tkartill.  Seuyn  Sag**. 

The  word  while  is  used  in  several  of  our  provin- 
cial dialects,  and  by  many  old  writers  for  till. 

Thus  in  the  Scottish  Statute  of  1 430. 

It  is  statute  and  ordanit,  that  the  art  of  the  filching  of  Sal* 
moodc,  maid  be  the  King  that  now  ia  and  the  thre  estatia,  he 
fenoly  keplt  ay  furth  juM  it  be  reuokit  be  the  King  and  the  thre 
sstatis- 

So  in  an  historian  quoted  by  Mr.  Took*,  vol.  i. 
p.  363. 

“ He  coin m sanded  her  to  be  bounden  to  a wylde  horse  tayle,  by 
the  here  of  her  hedde,  and  so  to  be  drtweo  w Ay/e  she  were 
drde.” 

In  like  manner  the  word  to  is  used  for  hi/  in  the 
romance  of  Sir  Amadas. 

And  owtte  of  cuntre  wille  y wend*. 

To  j ha uc  gold  and  tylucr  to  apende. 

But  we  have  never  met  with  the  compound  to- 
hxcile,  or  lo-while  in  any  English  or  Saxon  writer. 
The  German  zuwrilen,  which  is  the  only  compound 
resembling  it,  signifies  " sometimes”  " now  and  then," 
and  nearly  answers  to  the  Scottish  adverb  whiles , as 
in  Burns’s  inimitable  description  of  Tom  O' Shunter. 
Wkilet  h addin'  fast  Lb  gude  blue  bonnet. 

While t crooning  o'er  some  auld  Scott  sonnet, 

While*  glow'ring  round,  wi*  prudent  cam, 

Lest  bogles  catcu  him  unaware*. 

Skinner  says  that  til  was  used,  in  his  time,  in  Lin- 
colnshire for  to  Grohx  includes  it  in  his  Provincial 
Glossary  as  signifying  to  in  the  north  of  England  : and 
it  is  to  this  day  very  generally  so  used  in  the  country 
ports  of  Scotland. 

G*c  farer  up  the  born  til  llabbie's  how. 

* Au.ah  Ramsay. 

The  substantival  form  of  fiZ  is  to  be  found  in  the 
word  Zil,  which  Wachteb  thus  explains  : 

1.  **  Finis,  lime*,  terminus  temporis  et  loci.  Anglos** : tell 
spud  Benson.  (5 orris  riAai,  a riAw  finirr,  terroinare  ” 

2.  “ Meta  jacul antis,  acopus  agentia,  trrrainua  oculi  rt  mentis. 
Cum  scupua  ait  terminus  agentia,  quern  La  tin  i jtnem,  et  Scbohs 


trrminum  ad  farm,  meant;  hlnc  maalfcatum,  seatum  rocia  a Prrpuai- 
lermino  termioante  ad  trrminum  intea tioaaJcm  tranxlalum  esse.”  tioa*. 

The  preposition  from  is  the  word  fro  which  we  still 
use  adverbially. 

Aa  when  a heap  of  gathered  thorns  is  cast 

Now  to,  now  fro,  before  th'  autumnal  blast.  Font. 

In  the  Anglo-Saxon,  and  old  Scottish  dialect  it  is 
often  written  fra : and  there  can  be  little  doubt  but 
that  fro  and  fra  are,  in  fact,  the  same  word  with  tHe 
English  adjective  free,  the  Gothic  friya,  Anglo- 
Saxon  friy/frto,  Frankish  frio,  German  frey,  Swedish 
fry,  and  Dutch  try,  all  of  the  same  meaning.  These 
words  too,  were  no  doubt,  connected  with  the  Ger- 
man freude  joy,  and  froh  joyful,  free  from  care,  which 
last  is  in  Frankish  frn,  and  in  Batch  rro ; and  also 
with  the  German  fremde,  and  Anglo-Saxon  fremd,  a 
stranger,  one  who  dwells  far  from  us. 

“ From,”  says  Mr.  Tooke,  “ means  merely  begin- 
ning, and  nothing  else.  It  is  simply  the  Anglo-Saxon 
and  Gothic  noun  fmm,  beginning,  origin,  source, 
foundation,  author.”  But  beginning  is  not  " a real 
object,”  and,  therefore,  this  etymology,  if  it  prove  any 
thing,  proves  that  Mr.  Tooke  s theory  of  prepositions 
is  false.  The  word  frum,  was  no  doubt  the  same  as 
from,  and  may  have  been  used  to  signify  that  from 
which  any  thing  proceeded ; but  this  was  probably  with 
reference  to  a still  more  general  conception  involved 
in  all  the  terms  that  we  have  above  mentioned. 

In  the  Gothic  Gospel  of  St.John,  (c.  xv.  v.  27,) 
we  have  from  and  /rum  in  immediate  connection. 

" Dram  frum  a mith  mis  siyuth.”  From  the  beginning 
ye  are  with  me. 

The  Anglo-Saxons  used  both  fram  and  fra. 

The  old  Scottish  writers  use  fra,  and  frequently  in 
the  sense  of  “ from  the  time  of.*’  Thus  Gawin 
Dorct.AR,  (b.  ii.  p.  63,)  **  fra  she  was  loist,”  i.e.  from 
the  time  that  she  was  lost. 

So  Barbour, 

Am)  fra  he  wiat  what  charge  they  had 
He  busked  him,  but  mare  *b*d. 

Robert  dk  Brunnk  uses  fro. 

Andrew  is  wroth,  the  wax  him  loth,  for  ther  pride 
He  ia  tluun  fro,  bow  aalle  tbei  go,  schame  to  betide. 

Mr.  Tooke  says,  that  the  preposition  through  is  the  Through, 
name  of  a real  object,  namely,  door.  Tliis  notion  he 
probably  took  from  the  following  passage  in  Verste- 
can’s  Restitution  of  Decayed  Intelligence.  “ Dure  or 
durh,  now  a door ; it  is  as  much  to  say  as  through ; 
and  not  improper  ; because  it  is  a durh-fare  or  thorow 
passage.”  Verstegan  certainty  reasons  more  cor- 
rectly in  deriving  door  from  through,  titan  Tooke  in 
deriving  through  from  door ; the  more  general  idea 
must  have  preceded  the  more  particular ; men  must 
have  passed  through  many  places  before  doors  were 
invented.  Nevertheless  there  may  have  been  a con- 
nection between  the  words  through  and  door,  os  there 
probably  was  between  the  words  per  and  porta. 

Through  is  the  Gothic  thairh ; the  Anglo-Saxon 
thurh  •,  the  old  English  thurg,  thourh,  thorgh,  thorth, 
thorou,  he.-,  the  Alamannic  cfaruA,  durich.  dhurah ; 
the  Frankish  thuruh,  thttruhe,  thurah,  durh , the  Ger- 
man durch,  the  Dutch  door,  &c. 

The  following  are  old  English  and  Scottish  ex- 
amples : 

Hear  : thurg  Codes  Fultnme  Kioy  on  F-agtene  loand*. 

Letter  Hen.  III.  1254. 
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i _j — , Throgh  Noru&oz  U uio,  bondage  and  ilcnCrrs. 

Robert  De  Rhlnne. 

The  appcJ,  where  thorou  al  the  wold  wiu  forlore.” 

A/S.  Homuy,  temp.  Ric hard  II. 

Sixteae  hundred  of  horsemen  hede  tber  her  fyn 
Thomrh  Lucre  ounc  prude. 

Ballad  an  Hattie  of  Benges. 

The  lady  rod  thorth  Cardcule.  Syr.  Laumfat. 

In  like  manner  are  the  compounds,  therthrough, 
quhairthrougl te,  thorghout,  and  out  through. 

Rut  wbataoe’er  made  the  debate 

Ther  through  lie  died,  well  I wat  BaRBOCR. 

Sik  as  has  sufficiently  of  thar  awin,  quhar  throng  hr  thai  mni  be 
punyst  gif  thai  tmpua.  Scot.  Stmt.  A.  D.  1424* 

Dioers  ar  yit  absent,  fukairthrow  Unre  tyme  is  spent  and 
nathing  as  yit  done.  Scot.  S/at.  A.  D.  1567. 

The  kvnjt  thorghout  the  load,  lie  dul  rrie  hia  pea, 

And  with  the  law  tliam  bond,  ala  akille  wild  Ik  cbes, 

Robert  De  Brukne. 

■ an  aizle  brunt 

Her  braw  new  woraet  apron 

Ont  through,  that  night. 

Bl-rns,  Hallow  E’en. 

It  is  probable  that  one  of  the  most  ancient  substan- 
tival forms  of  the  word  through  is  to  be  found  in  the 
Anglo-Saxon  throt,  or  English  throat. 

Aoelino  considers  that  durch,  &c.  are  conneeted 
with  the  Greek  ttptw,  Latin  tero , and  Swedish  taera, 
to  pierce  through. 

To  these  we  may  odd  the  Anglo-Saxon  thirlian, 
which  is  our  verb  to  drill  a hole,  whence  nasethyrl, 
was  the  nostril. 

As  that  which  has  been  gone  through  with,  or  which 
is  thoroughly  effected,  is  complete,  so  duruh , dutch, 
door,  &c.  in  composition  signify  completeness,  or  ex- 
cellence ; ns  in  the  Frankish  duruhtuan  " to  accomp- 
lish, '*  or  do  thoroughly ; the  German  durchlauchtig , 
and  Dutch  doorlnchtig , **  most  illustrious,”  or 
thoroughly  illustrious. 

In  this  sense  we  may  explain  the  force  of  the  ter- 
mination thro  in  the  Gothic  vxathro,  extra,  com- 
pletely, or  thoroughly  out  of.  And  perhaps  to  this 
source  is  to  be  traced  the  Latin  tra,  in  the  preposi- 
tions intra,  extra,  ultra,  citra,  &C. 

Mr.  Tooke  is  undoubtedly  right  in  saying  that  this 
word  is  merely  the  comparative  of  aft ; and  he  has 
acted  with  more  prudence  than  usual,  in  not  pretend- 
ing to  specify  any  particular  object  of  which  aft  was 
originally  the  name.  It  may  probably  have  been  a 
• term  applied  to  the  Itack-,  and,  as  we  have  before 
suggested,  the  radie  of  aft,  may  have  been  af ; bub 
these  arc  all  mere  conjectures,  it  is  certain,  however, 
that  our  English  words  aft  and  after  are  related  to  the 
Gothic  aftara,  Anglo-Saxon  after,  Danish  and  Swedish 
efler,  Dutch  and  Swedish  achier,  all  of  the  same  signi- 
fication. Iu  German  after  is  not  found  in  its  sepa- 
rate state,  but  enters  into  many  compounds,  all  writh 
Analogous  significations,  e.  gr.  ttf'lerdarm,  the  intes- 
tinum  rectum;  afier-geburt,  the  after-birth  ; afterkind, 
a posthumous  child.  See.  What  we  express  by  " fore 
and  aft,”  the  Danes  express  by  "/or  og  bag  and 
the  Danish  bag  is  no  doubt  our  word  back.  They 
have  also  lagdetl,  the  breech,  the  stem  of  a ship ; and 
tillage,  behind,  analogous  in  construction  to  our  old 
wrord  tofore. 


The  nautical  expression  abaft  is  from  the  Anglo-  Pwpom- 
Saxon  bc-aflan,  or  baft  an,  as  " gang  baflait  me  Sa-  ^<m*‘ 
tanas." — Get  thee  behind  me  Satan. 

After  is  poetically  used  as  an  adjective  in  the  beau- 
tiful ballad  of  Oil  Morice. 

To  me  nue  afttr  <Uvt,  nor  tiicliU 

Will  eir  be  wA  or  kiwi. 

It  is  probable  that  the  Greek  dirr ap  may  have  been 
the  Gothic  after,  with  little,  if  any  change  in  the  pro- 
nunciation. Indeed  a modern  Greek  would  pronounce 
wrap,  attar. 

From  the  signification  of  that  which  is  behind,  in 
place,  naturally  follows  the  signification  of  that  which 
is  subsequent  in  time,  as  “ the  afternoon Hence 
our  modern  adverb  afterwards , and  the  obsolete  adverb 
eftsoons,  signifying  shortly  afterwards.  In  this  sense 
of  aft  it  may  have  given  rise  to  the  Greek  uvOn. 

As  the  effect  comes  after  the  cause,  in  order, 
and  the  copy  after  the  model,  we  have  the  expres- 
sions “ after  our  unrighteousness,"  **  after  Rem- 
brandt," &c.  which  are  expressed  according  to  a 
similar  analogy  in  Latin,  by  the  word  secundum.  In 
this  manner  the  Franks  used  the  word  after,  as  **  after 
kewrahti,"  after  what  wc  have  wrought.  A singular 
instance  of  this  use  of  the  word  after  occurs  in  A ’yng 
Alitaunder,  where  the  poet  is  describing  certain 
“ bestes  ferlich,"  called  " Dcutyrauns — " 

More  by  ben  than  Olyfaunt ; 

Blake  bructled  after  a palfrey  ; 

Ac  in  the  forrbed*,  parntaiay, 

Hy  Lave  ihre  boroes. 

Having  thus  examined  at  length  the  chief  English  Objolet* 
prepositions  now  in  use,  it  may  not  be  necessary  tQ  mdfomgn. 
consider  so  minutely  the  obsolete  prepositions  of  our 
own  language,  or  those  which  arc  only  to  be  found 
in  other  languages  or  dialects.  Some  of  these,  how- 
ever, we  will  briefly  notice. 

Mul,  used  in  Anglo-Saxon  and  old  English  for  irifA, 
is  the  Gothic  mi/ A,  Frankish,  Alamannic,  and  German 
tiiit,  Dutch  met,  Danish  mlid,  and  probably  the  Greek 
/sera.  It  is  evidently  connected  with  the  verb  mtet. 

Emb , of  which  we  retain  a trace  in  the  modern 
word  embassy,  was  an  Anglo-Saxon  preposition  signi- 
fying about.  It  seems  to  have  had  some  analogy  to 
the  Anglo-Saxon  substantive  tram  A,  the  belly  ; in  the 
Scottish  dialect  warne  .*  and  was  no  doubt  connected 
with  the  German  mm,  and  the  old  Latin  am.  "The 
particle  urn,"  says  Dr.  Noxhdxn,  " is  frequently  joined 
with  zu,  w hich ‘expresses  the  design  still  more  dis- 
tinctly. Liebct  die  Tugend  um  glUcklich  zu  seyn, 
love  virtue  (in  order)  to  be  happy."  Festus  says, 

««  Am  prwpositio  loquelaris  signilicat  circum and 
R.  Stepuanits  says  " Verisirnile  eat  Latinos  ambi 
8uum,  unde  contract  am,  Grsccorum  aptpi,  debere." 

The  old  English  whilom  seems  to  be  compounded  of 
while  and  om,  or  em. 

The  Scottish  participles  anent  and  forenent  are  of 
doubtful  origin  ; they  may  probably  be  derived  from 
ent,  for  end.  Robert  De  Brcnn*  uses  ent  for  ended. 

Be  tlist  die  we rre  vu  ent,  wynter  was  tber  yarr. 

To  Dounfcnnfl)n  he  went,  for  rest  wild  he  thare, 

The  German  ohne,  without,  seems  to  have  some 
affinity  with  our  negative  prefix  »»,  where  that  particle 
is  derived  (as  it  seems  to  be  in  some  instances)  front 
wan  or  want.  Wc  have  in  Burns's  poems,  tcanchancie. 
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Grammar,  wanrestfu,’  &c.  The  Frankish  preposition  answering 
J to  ohne  is  ano,  as  " ano  xwifal,"  without  doubt.  In 
tiie  Swabian  dialect  this  is  aun ; in  Alamannic  anoh, 
which  nearly  approaches  the  Greek  avev. 

The  Gcrmun  preposition  wegen,  concerning,  touch- 
ing, &c.  is  evidently  from  weg  motus,  which  is  our 
verb  wag,  and  substantive  way. 

The  German  preposition  totuicr,  and  Dutch  zander, 
without,  or  separated  from,  are  doubtless  connected 
with  our  w£rds  sundry  and  asunder , and  these  perhaps 
with  sand. 

The  French  preposition  chez  is  correctly  referred  by 
Mr.  Tooke  to  the  Italian  casa,  so  that  “ dies  moi"  is 
literally  “ house  me,”  i.  e.  at  my  house. 

The  Dutch  preposition  ran,  of,  or  from,  is  retained 
in  English  as  a substantive  ; but  it  docs  not,  as  Mr. 
Tooke  seems  to  suppose,  indicate  a real  object,  but  the 
relation  which  that  object  bears  to  some  other  j for 
when  we  speak  of  the  van  of  an  army,  we  do  not 
mean  merely  to  indicate  a certain  number  of  soldiers, 
but  to  signify  that  those  soldiers  are  placed  in  a certain 
relation  to  the  rest  of  their  comrades. 

Thus  have  we  considered  two  of  the  three  methods 
by  which  the  relotion  of  a substantive  to  a verb  or  to 
another  substantive,  may  be  expressed  in  language. 
The  remaining  mode  of  expressing  such  relation  is  by 
those  changes  or  inflections  of  the  word  itself  which 
are  called  eases.  Of  these  we  have  considered  the 
general  use  in  treating  of  nouns  and  their  incidents. 
The  particular  means  employed  to  form  such  inflec- 
tions wall  be  most  conveniently  considered  when  we 
come  to  treat  of  the  particles  which  enter  into  the 
composition  of  the  great  majority  of  words. 

III.  Having  stated  first  the  necessary  complexity 
of  every  sentence  in  which  a preposition  is  employed, 
and  secondly  the  origin  and  use  of  many  known  prepo- 
sitions, in  expressing  the  relations  of  substantives,  we 
have  only,  in  the  third  place,  to  subjoin  a few  remarks 
on  the  relations  ordinarily  so  expressed. 

Now  relation,  which  is  the  fourth  of  the  logical  pre- 
dicaments, supposes  three  things,  the  subject,  or  thing 
related,  the  object  or  correlative,  and  the  relation 
itself,  or  circumstance  existing  in  the  subject  by 
means  of  which  it  is  related  to  tnc  object,  aud  which 
logicians  call  the  foundation.  When  wc  say  John 
is  before  Peter,"  “ John"  is  the  subject,  “ Peter"  is 
the  correlative,  and  “ before " is  the  foundation,  or, 
as  we  have  been  accustomed  to  speak,  the  conception 
of  relation,  expressed  prepositional])'. 

It  is  manifest,  that  the  circumstance,  whatever  it  be, 
that  forms  the  foundation  of  a logical  relation,  or 
(which  is  the  same  thing)  that  constitutes  (when  ex- 
pressed in  language  together  with  its  subject  and 
object)  a prepos  if  ion,  may  either  be  common  to  the 
two  terms  (as  thev  arc  called)  of  the  relation,  or  it  may 
belong  to  one  of  them  exclusively.  If  I say  “ John 
is  with  Peter,"  the  relation  expressed  by  the  preposi- 
tion with  belongs  equally  to  Peter  and  to  John ; but  if 
I say  John  is  before  Peter,  the  relation  expressed  by 
the  preposition  before  belongs  exclusively  to  John.  In 
the  first  case  it  is  perfectly  indifferent  whether  I say 
" John  is  with  Peter,"  or  “ Peter  is  with  John  j"  it  is 
perfectly  indifferent  which  I make  the  subject  and 
which  the  object  of  the  relation  ; but  in  the  other 
case,  if  I were  to  say  “ Peter  is  before  John,”  I should 
not  only  vary  the  assertion,  but  I should  directly  con- 
tradict it. 

Still  the  foundation  of  the  relation  would  be  the 


same  : and  we  may  illustrate  this  with  the  trivial  Pmpos*. 
comparison  of  two  children  playing  at  see-saw.  If  tioo“* 
John  and  Peter  be  equally  balanced  at  the  opposite 
ends  of  a plank,  John  is  level  with  Peter,  and  Peter  is 
level  with  John,  and  the  plank  is  the  measure  or 
standard  of  the  level ; but  if  John  be  lighter  than 
Peter,  John  at  once  rises  above  Peter,  and  Peter  sinks 
below  John,  nnd  the  same  plonk  measures  the  elevation 
of  one  and  the  depression  of  the  other.  What  the 
supposed  plank  is  to  the  boys,  the  preposition  is  to 
the  substantives  related  •,  and  hence  we  may  easily  ex- 
plain not  only  certain  diversities  in  the  idioms  of 
different  languages,  but  some  apparent  contradictions 
in  the  same  idiom.  Thus  Mr.  Tookk  makes  the  fol- 
lowing just  observation  on  the  Dutch  preposition  ran  .• 

“ The  Dutch,"  says  he,  " are  supposed  to  use  Til 
in  two  meanings,  because  it  supplies  indifferently  the 
places  both  of  our  of  and  from.  Notwithstanding 
which,  van  has  always  one  and  the  same  single  mean- 
ing. And  its  use,  both  for  of  und  from,  is  to  be  ex- 
plained by  its  different  apposition.  When  it  supplies 
the  place  of  from,  van  is  put  in  opposition  to  the  same 
term  to  which  from  is  put  in  apposition,  llut  when  it 
supplies  the  place  of  or,  it  is  not  put  in  apposition  to 
the  same  term  to  which  of  is  put  in  apposition,  but  to 
its  correlative."  The  difference  of  idiom  between  the 
Dutch  and  English  languages  might  have  been  still 
more  strongly  stated  ; for  “Jan  Amsterdam  gekomen" 
signifies  “ conic  from  Amsterdam  j"  whereas  “ Van 
Amsterdam  geboortig,"  is  *'  born  at  Amsterdam 
nnd  our  prepositions  at  and  from  are  commonly  used 
in  senses  very  opposite  to  each  other. 

Hut  it  is  not  only  the  different  use  of  prepositions  in 
different  languages,  but  the  appnrcnt  contradictions 
in  the  same  language,  which  urc  thus  to  be  explained. 

The  prepositions  for  and  after  are  of  directly  contrary 
origin  and  signification,  being  (as  has  been  fully 
shown)  the  same  as  the  words  fore  and  aft.  Never- 
theless we  say,  " to  seek  for  that  which  is  lost,”  and 
" to  seek  after  that  which  is  lost.”  The  thing  sought 
is  considered  as  before  the  mind  of  the  seeker  j nnd 
consequently  the  seeker  is  considered  as  after,  or  be- 
hind the  thing  sought ; when,  therefore,  we  use  the 
word  before,  we  specify  the  relation  of  which  the 
thing  sought  is  the  subject } but  when  we  use  the 
word  after,  we  specify  a relation  of  which  the  subject 
is  the  seeker:  or  to  use  Mr.  Tooke’*  phraseology,  we 
put  before  in  apposition  with  the  thing  sought  ; and 
after  in  opposition  with  the  seeker. 

From  this  statement  it  appears  that  the  subject  of  the 
relation  specified  may  or  may  not  be  the  logical  subject 
of  the  proposition  enunciated  in  the  sentence.  In  the 
sentences,  “ John  seeks  for  Peter,"  and  “John  seeks 
after  Peter,"  John  is  the  logical  subject  * but  the 
former  sentence  involves  the  expression  of  a relation 
of  which  Peter  is  the  subject  ; the  latter  of  one  the 
subject  of  which  is  John.  The  relation  of  foreness 
exists  in  Peter  ; the  relation  of  aftemets  exists  in 
John. 

How  a particular  preposition  may  be  employed,  in 
this  respect,  is  mere  matter  of  idiom,  and  depends 
solely  on  custom — 

Quern  penes  sriiitrium  eat,  et  jus,  et  norms  loqoen JL 

But  it  will  generally  be  found  that  the  prepositions  of 
most  frequent  use  arc  employed  with  the  greatest 
latitude,  in  the  earlier  stages  of  a language,  and  so 
continue,  ut.til  their  equivocal  signification  gives  rise 
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Gritumur.  co  inconveniences  which  are  only  to  be  remedied  by 
confining  them  to  certain  forms  of  construction. 

Various  prepositions  may  sometimes  be  used  indif- 
ferently in  a sentence  > and  sometimes  a particular 
preposition  is  absolutely  essential  to  the  sense.  This 
circumstance  depends  on  the  nature  of  the  relation 
intended  to  be  expressed.  In  general,  the  external 
and  physical  relations  of  objects  must  be  expressed  by 
their  own  proper  and  peculiar  words.  Thus  we  can- 
not substitute  in  for  out,  or  after  for  before,  in  speaking 
of  visible  objects  and  bodily  actions  ; but  the  case  is 
different  when  we  come  to  speak  of  the  mind  ; for  as 
the  analogy  of  its  states  and  operations  to  those  of  the 
material  world  are  very  loose  and  general,  so  we  may 
adopt  almost  any  external  relation  of  things  as  a sym- 
bol whereby  to  explain  mental  relations.  Thus  we 
may  say  that  a person  did  a certain  act  in  envy,  or  out 
of  envy,  or  through  envy,  or  from  envy,  or  for  envy, 
or  with  envy  ; but  we  cannot  say  of  the  same  man, 
under  the  same  circumstances,  that  he  was  in  his  house 
and  out  o/'his  house,  passing  through  the  town,  and 
distant  from  the  town,  walking  with  another  person, 
or  a mile  before  him.  Still  there  arc  limits,  fixed  by 
custom,  to  the  use  of  each  preposition  j but  these 
limits  vary  much  in  different  languages ; and  hencC  a 
translation,  correct  in  substance,  often  appears  literally 
inaccurate.  Thus  the  French  “tout  peine,”  answers 
to  our  “ on  pain,”  and  to  the  old  English  **  up  peine.” 
No  more  up  peine  of  bug  of  your  bed.  Chaucei. 

Custom  also  varies  in  the  course  of  time,  as  we 
have  seen  in  many  of  the  examples  alrendy  cited,  and 
which  have  now  become  obsolete,  as  " to  learn  at," 
" to  accuse  for,"  &c.  But  it  must  not  always  be 
supposed  that  the  force  of  a preposition  is  varied,  be- 
cause the  application  is  different ; for  the  difference 
may  arise  from  the  other  words  in  the  sentence  ; thus 
the  French  6ter  <J  and  dormer  d,  are  our  **  take  from," 
and  "give  to;"  but  in  both  cases  d retains  its  pri- 
mary force,  and  the  apparent  opposition  depends  on 
the  contrariety  between  6ter  and  dormer. 

To  suppose  that  the  prepositions  necessary  to  any 
language  could  be  enumerated  d priori  would  certainly 
be  absurd.  Tooke  has  ridiculed  the  grammarians  who 
have  attempted  to  enumerate  them,  ns  matter  of  fact 
and  history.  It  has  been  said,  that  the  Greeks  had 
eighteen  prepositions,  the  Latins,  forty-nine,  and  the 
French,  (according  to  different  authors,)  thirty-two, 
forty-eight,  and  seventy-five.  It  is  certainly  a pos- 
sible, but  a very  useless  labour,  to  ascertain  what 
words  have  been  used  as  prepositions  in  a dead  lan- 
. guuge.  In  a living  language  it  is  quite  impracticable, 
for  every  day  may  enhance  their  number,  by  new 
combinations  of  thought  and  expression.  A preposi- 
tion is  not  like  a piece  of  money  stamped  to  pass  for 
a certain  value,  and  which  cannot  change  its  denomi- 
nation or  value.  It  is  a word  to  which  a transient 
function  is  assigned,  and  which,  as  soon  as  it  has  dis- 
charged that  office,  becomes  available  again  for  its 
former  purposes,  os  a noun,  verb,  or  other  part  of 
speech. 

But  although  it  be  not  possible  to  enumerate  pre- 
positions, yet  they  may  be  subjected  to  a general  clas- 
sification, according  to  the  great  distinctions  of  rela- 
tion in  human  conceptions.  M.  Coua  Pb  Gebklin 
has  attempted  something  of  this  kind,  and  Bishop 
Wilkins  has  also  given  an  arrangement  of  thirty-six 
prepositions,  " which,”  be  says,  " may,  with  much 


less  equivocal  ness  than  is  found  in  instituted  lan-  P"!*®**- 
guages,  suffice  to  express  those  various  respects,  ,iQnr 
which  are  to  be  signified  by  this  kind  of  purticle.”  It  v'""" 
may  be  doubted  whether  either  of  these  schemes  be 
sufficiently  comprehensive,  or  perfectly  philosophical. 
Prepositions  must  be  classed,  if  nt  all,  by  their  signi- 
cation  only,  ns  expressing  relations  of  parity  or  of 
disparity,  of  place,  time,  motion,  order,  causation, 

&c. ; and  in  forming  such  an  arrangement,  the  same 
word  will  frequently  occur,  with  different  powers, 
according  as  its  force  is  primary,  or  figurative. 

Although  the  proper  function  of  a preposition  be  to 
modify  a substantive,  yet  in  several  of  the  instances 
already  quoted,  we  have  seen  prepositions  accumulated 
on  each  other,  either  as  separate  words,  or  as  com- 
pounds, and,  of  course,  modifying  each  other. 

In  the  earlier  and  less  cultivated  periods  of  a lan- 
guage, such  cumulations  of  words  may  be  expected 
to  be  more  common  j but  as  grammatical  accuracy 
and  elegance  of  style  prevail,  the  prepositious  (consi- 
dered as  distinct  words,)  arc  usually  confined  more 
strictly  to  their  separate  use.  We  find  even  in  Mil- 
ton,  the  combination  at  under,  os  “ some  trifles  com- 
posed at  under  twenty  but  in  the  present  day,  such 
a construction  would  hardly  be  tolerated  by  the  critics. 

In  more  ancient  times  this  sort  of  construction  was 
still  more  prevalent } and  we  find  numberless  such 
expressions  as  “ of  beyond,”  "for  against,”  and  the 
like. 

Artifyccrs  sad  other  strsunjpers,  from  the  parties  of  bey  and,  the 
Stmt.  I.  Rjc.  111.  c.  ix. 

The  shiref  of  the  sent  emmtieof  Northumbrcliuul,  or  wardeyn 
of  the  cst  sad  middell  m&rchccs  for  eyrntt  Scotloml. 

Stmt.  11.  Hen.  VII.  c.  ix. 

Where  the  combination  has  been  such  as  to  present 
to  the  mind  the  ready  conception  of  a new  relation,  it 
has  generally  been  received  in  language  as  a new'  pre- 
position, as  throughout,  into , overthwart ; and  so  perhaps 
the  Latin  intra,  extra,  &c.  Custom  too  has  sometimes 
given  a distinct  force  to  compounds,  which  appear 
originally  to  have  had  no  signification  different  from 
that  of  the  simple  preposition  which  formed  their 
basis.  Thus  we  have  in  English  distinguished  within 
from  in,  without  from  out:  and  more  slightly  uafo  from 
to,  until!  from  till,  &c.  So  in  French  wc  find  en  and 
dans,  avant  and  devant,  vert  and  devert,  pr>$  and  aupr>t, 
with  more  or  less  of  distinction  in  their  modern  use 
and  application  ; and,  in  like  manner,  the  Italians, 
from  the  Latin  ante,  have  formed  innanzi,  formerly 
manti,  and  dinHzi ; as  from  premil  they  have  formed 
oppresso  and  d'appretso. 

L'alma  Cipriguia  manti  I primi  athori 

Rideodo  einpia  d’amor  la  terra  t'l  mure. 

Annual  Caro. 

Toma  amore  a I'aratro,  e I aette  rolli, 

Ou  'era  dirnnmi  il  scggto  tuo  maggiorr. 

F.  M.  Molza. 

lo  pur  doneua  11  mk>  bel  sole,  lo  ateaao 
Seguir  col  pid,  come  segu’hor  col  core ; 

E lc  frrdde  Alpi,  e’l  Rhcn,  ch'aapro  rignre, 

Mai  aeinpr*  aggtuacda  rimir  tf  appreuo. 

Idem. 

Where  the  prepositions,  os  they  are  called,  have 
entered  into  composition  with  nouns  and  verbs,  they 
arc  in  fact  no  more  than  adjectival  and  adverbial  par- 
ticles,  and  remain  to  be  considered  os  such,  in  a future 
part  of  this  essay.  It  is,  however,  to  be  observed,  that 
when  such  a composition  takes  place,  the  adding  of 
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Grammar,  the  same  preposition  to  the  sentence,  in  a separate 
form,  is  a redundancy,  to  be  justified  only  by  the  energy 
of  feeling  which  sanctions  the  repetition  of  words. 

Dr.  Johnson*,  citing  the  exquisite  lines  of  Hamlet — 

O ! that  tills  too,  too  snliil  jk«h  would  melt, 

Thaw,  and  rcaolre  itself  into  a dew! 

has  frigidly  observed,  that  too  **  is  doubled  to  in- 
crease its  emphasis  but  that  " this  reduplication 
seems  harsh ! It  is  clear,  that  to  repeat  and 
dwell  upon  a conception  often  gives  energy  aud 
weight  to  discourse.  In  the  dndna  of  Tkrrnce  we 
find—"  Quid  tibi  videtur  ? adeon  ad  cum  ?”  SoCicf.ro 
says  " Nihil  non  considerntum  enbat  ex  ore.”  So 
Virgil — " Retro  sublapsa  referri;"  in  all  which  in- 
stances it  is  impossible  not  to  see  that  the  repetition 
of  the  preposition  is  a great  beauty.  Nor  is  llaia  ob- 
servation to  be  confined  to  the  repetition  of  the  tame 
preposition  ; for  it  applies  substantially  to  all  preposi- 
tions, and  even  adverbs,  of  similar  meaning;  as  in 
Terence — " Nonnc  oporluit  pra-scitte  ine  ante?" — 
"Multa  coficurrurjf  timul."  Grammarians  of  repute, 
it  must  be  allowed,  have  censured  these  redundancies 
of  expression,  which,  doubtless,  are  to  be  regarded  as 
exceptions  from  a general  rule,  and  ought  not  to  enter 
into  the  ordinary  construction  of  a sentence.  Hut 
the  censure,  when  directed  against  such  passages  as 
wc  have  cited,  rather  shows  an  acquaintance  with 
technicalities,  than  a nice  feeling  of  the  higher  powers 
of  language. 

In  like  manner,  the  omission  of  prepositions, 
though  sometimes  owing  to  a defective  construction, 
has  been  in  other  instances  unnecessarily  blamed.  The 
omission  of  the  preposition  of  is  undoubtedly  awkward 
in  the  following  instances  : — 

That  rrrry  person  cOmyng  to  auche  frires  shuttle  hare  lawefull 
reined  of  mil  mancr  contractu.  Slat.  1.  Ric.  111.  c vi.  MS. 


But  God  that  b of  iniiftt  pouati 
Roerued  to  hia  majestic  ; 

For  u>  kiiaw  in  hia  prescience. 

Of  all  kind  time  the  first  morence. 

Barbovr. 

The  kyng  Robert  wiat  he  wa*  there 
And  u-kat  kind  eki/tains  willt  him  were. 

Idem. 

Then  should  they  full  enforcedly 
Right  in  mids  the  kirk  assail 
The  Englishmen. 

Idem. 

So,  in  old  French,  the  preposition  de  is  often  awk- 
wardly omitted. 

Wrepocli  ab  Edenanct,  Ac.  oreke  tot  le  orgoyl  dc  Gales— des- 
cendin'!) t a la  ttrre  no  tire  seigneurs  le  rei. 

Let.  P.  lit  Monn/ort,  A.  D.  1236. 
Qili  M WMiifow  low  robin  nnlnir  voit, 

De  la  sicnoc  floutrr  sc  doit. 

Faut  noter — la  maiiun  ion  voOin  estre  diet  k la  (119011  an- 
cienoe ; au  lieu  de  dire  " 1a  maiaoo  de  son  robin.” 

II.  Estiennb. 

So,  also  in  Italian,  the  authors  of  the  t’ocabolario  delta 
Crusca  observe,  on  the  word  casa  : *'  Nome,  dope  di 
cui  vicn  Insciato  talvolta  dagli  autori,  per  propriety  di 
linguaggio,  l’arlicolo,  o il  scgnacaso." 

E sen*  anduron  di  concordb  a run  i presto  (on. 

Boccacto. 

Cominciano  a chiedere  il  Gonfalone  the  stars  im  casa  Grrma- 
mieo. — " Vcxilltun  in  domo  Germania  situm  flngiurc  orcipiunt/’ 
Davaszati,  Tacit,  elnn. 

In  the  construction  of  the  Latin  language,  some 
grommurians  contend,  that  where  a noun  is  com- 

VOL.  I.  « 


monlv  said  to  be  governed  by  another  noun,  or  by  a Prepa«i- 
verb,  it  is  proper  to  consider  that  a preposition  has 
been  suppressed  ; as,  " Cicero  fuit  eloqucntior  (prat) 
fratre.''  But  this  seems  an  unne  essary  refinement  in 
grammar  ; for  the  particle  or  in  eloqucntior,  and  the 
termination  e in  fratre,  sufficiently  show  the  relation 
between  eminence  and  /rater,  which  is  all  the  effect 
that  a preposition  could  produce. 

The  same  observation  may  be  made  on  the  expres- 
sions ire  rue,  domum,  Rumarn,  Hierosolt/mam , where 
Vossius  seems  to  suppose  an  omission  of  ad  or  in  ; but 
he  odds,  " Latinis  lam  usitata  cut  hate  ellipsis,  in  ex- 
empli* allatis,  ut  v til  go  naturolis  scrum  cxistitnctur.” 

It  may,  however,  be  doubted,  whether  such  con- 
structions as  alias  res  improhus,  cetera  Lit  us,  and  the 
like,  arc  not  to  be  ranked  among  the  negligences  of 
composition,  though  sanctioned  by  names  of  high 
repute  in  Roman  literature. 

■ Ille  cum  nun  ulWi  inbril  rt  fnisr*lilcr 
Accurarlt,  ut  alias  res  c»t  impra**  improhus. 

Plact.  Kpid.  It.  I. 

Excepto  qubd  non  timul  rates,  centra  lethu. 

• Horat.  Ep.  i.  10. 

Similar  observations  may  be  mode  on  the  Greek 
writers,  who  are  often  censured  for  the  omission  of 
prepositions ; and  the  remark  is  sometimes  just, 
though  in  general  the  relation  is  sufficiently  expressed, 
and  the  preposition  would  therefore  l>c  superfluous. 

The  learned  Lam  hurt  r a Bos  says,  “ Prirpositionura 
cllipsin  tuntopcrc  amont  scriptorcs  Grwci  ut  interdum 
du:c  prtcpositioncs  in  un&  orationis  parte  omittautur. 
Aristoph.  \ub.  v.  1083.  * lit*  to«*to  viKi/Oijr  iftuv  : Si 
(io)  hoc  (n)  me.  rictus  futris.  Plene : ci»  rof-o  vietjO^r 

vv ’ ipov.”  In  this  instance  it  would  perhaps  have 
been  better,  had  the  rhythm  allowed  it,  to  express 
the  first  of  the  two  prepositions  ; but  the  relation  of 
ifsov  to  vtKTfOijr  is  sufficiently  denoted  by  their  respec- 
tive terminations. 

From  all  that  has  here  been  said  of  prepositions,  the 
necessity,  and  even  beauty,  of  such  a part  of  speech  is 
sufficiently  manifest.  " Most,  if  not  all  prepositions,” 
says  Harris,  " seem  originally  formed  to  denote  the 
relations  of  place.”  **  Omne  corpus,"  says  Scaligbr, 
aut  movetur  aut  quiescit:  quarc  opus  fuit  uliqufk  notk, 
qua;  to  too  significaret.  sice-  esset  inter  duo  extrema, 
inter  qu®  motus  fit,  sive  esset  iti  altero  extremorum, 
in  quibus  fit  quies.  Hinc  cflcicmus  pnepositionis 
csscntiolem  definitioncm."  " But  though  the  origi- 
nal use  of  prepositions,"  continues  Harris,  '*  was  to 
denote  the  relations  of  place,  they  could  not  be  con- 
fined to  this  office  only.  They,  by  degrees,  extended  * 
themselves  to  subjects  incorporeal,  and  came  to  denote 
relations,  as  well  intellectual  as  local.”  " But  how,” 
saysCoua  Dr.  Gkbbltn,  " can  such  words  introduce 
into  the  pictures  of  speech  so  much  harmony  and 
clearness,  and  become  ho  necessary,  that  without 
them,  language  would  present  but  an  imperfect  deli- 
neation t How  can  these  words  produce  such  power- 
ful effects,  and  diffuse  throughout  discourse  so  much 
warmth  and  delicacy  ?”  The  reason,  he  adds,  is 
simple  : " There  is  no  object  which  does  not  sup- 
pose the  existence  of  some  other  object  to  which 
it  is  bound,  with  which  it  is  connected,  to  which  it  in 
some  way  or  other  bears  relation.  A valley  supposes 
the  existence  of  a mountain,  a mountain  that  of  less 
elevated  lands  : smoke  implies  fire,  and  there  is  " no 
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Grammar,  rose  without  a thorn."  It  is  of  necessity,  then,  that 
Y*'/  different  objects  should  1m?  bound  together  in  speech 
os  they  are  in  nature  ; and  that  we  should  have  words 
to  express  the  relations  which  exist  among  things." 

After  this,  it  may  be  unnecessary  to  remark  on  Mr. 
Tookc’s  sweeping  censure  of  the  philosophers,  that 
u though  they  have  pretended  to  tench  others,  they 
have  none  of  them  known  themselves  what  the  nature 
of  u preposition  is." 

£ 8.  Of  conjunctions. 

We  have  seen  that  n perfect  sentence  is  formed  by 
a noun  and  a verb,  as,  “ John  walks  j”  that  it  is  com- 
plicated by  the  addition  of  an  adverb,  which  modifies 
the  verb,  as.  “ John  walks  foremost  and  that  it  is 
rendered  still  more  complex  by  a preposition  which 
shows  the  relation  of  the  noun  or  verb  to  another 
noun,  as,  “ John  walks  before  Peter  but  it  may  be 
requisite  to  connect  one  sentence  cither  simple  or 
complex,  with  another ; as  “ John  wulks,  awl  Peter 
rides.”  Now  the  word  which  thus  conjoins  sentences 
is  called  a conjunction. 

In  the  very  commencement  of  our  inquiry  into  this 
class  of  words,  we  are  met  by  the  broad,  unqualified 
assertion  of  Mr.  Tookk,  “ 1 deny  them  to  be  a sepa- 
rate sort  of  words,  or  part  of  speech  by  themselves." 
Such  are  the  bold,  but  absurd  or  unmeaning  propo- 
sitions which  have  obtained  foT  this  etymologist  the 
reputation  not  merely  of  a grammarian,  but  of  an 
absolute  inventor  of  the  science  of  grammar ! He 
himself  tells  us,  **  he  means  to  discard  all  mystery? 
Why,  udiat  greater  mystery  can  there  possibly  be, 
what  greater  confusion  in  the  mind  of  a student  of 
grammar  than  to  be  told  that  there  is  no  order,  no 
classification,  among  words, — that  if  is  derived  from 
give,  and  therefore  if  and  give  arc  words  of  the  same 
sort,  nay  identically  the  same  in  all  their  uses — that 
they  do  not  indicate  by  their  use,  any  different  “ turns, 
stands,  postures,  fee.  of  the  mind."  The  mystery 
here  discarded  is  the  mystery  of  learning.  The  student 
is  stopped  on  the  very  threshold  of  his  studies,  by  being 
assured  that  there  is  nothing  for  him  to  learn.  And 
the  sage  who  gives  him  this  precious  information, 
sets  up  for  the  great  illuminator  of  mankind.  u I he- 
lievc  1 differ  from  all  the  accounts  which  have  hitherto 
been  given  of  language,"  says  Mr.  Took*.  Very  true  : 
and  every  patient  in  Bedlam  differs  from  all  other 
persons  who  give  any  account  of  his  state  of 
mind.  It  is  somewhat  strange,  that  in  support  of 
his  title  to  absolute  originality  and  exclusive  know- 
ledge of  grammar,  this  writer  should  quote  the  fol- 
lowing (among  other)  expressions  of  Lord  Bacon:— 
**  Qua  bi  naturd  fundata  sunt,  crescunt  et  augentur ; 
qua  autan  in  opinione  Vahiantur,  now  migcntwr."  The 
science  of  grammar,  which  is  founded  in  nature,  wns 
taught,  as  we  have  shown  above,  by  Plato  and  Aais- 
totlic.  Since  their  time  it  has  grown  and  been  in- 
creased by  the  labours  of  grammarians  in  all  ages, 
and  in  a great  variety  of  languages  down  to  the  pre- 
sent time  ; and  now  we  see  it  illustrated  by  appli- 
cation to  languages  dead  and  living,  polished  and 
barbarous,  to  the  Sanskrit,  Hebrew,  Latin,  and  Gothic, 
as  well  us  to  the  English  and  French,  the  Soosoo,  and 
the  Chinese  : and  wc  find  the  same  principles  running 
throughout  them  nil,  because  language  is  the  ex- 
pression of  thought,  and  human  thought  runs  in  the 
same  channels,  among  all  mankind.  But  when  at 


the  close  of  the  eighteenth  century  of  the  Christian  C-wijunc- 
ern,  on  individual  professes  to  set  aside  every  trace  ,MI“- 
and  vestige  of  the  knowledge  which  preceded  hint, 
his  doctrine  is  not  on  augmentation,  but  a variation , 
anil  we  may  be  well  assured  that  it  is  founded  in  the 
mere  opinion  of  its  pretended  inventor.  Xow  what  is 
opinion?  Mr.  Tookc  presumes  to  ridicule  Lord 
Monboddo’s  account  of  it,  derived  from  the  Platonic 
philosophy,  simply  because  Mr.  Tookc  could  not  or 
would  not  understand  that  philosophy.  Plato  says 
that  the  subject  of  opinion  is  neither  to  op  nor  to 
py  op.  But  this,  however  paradoxical  it  may  appear 
to  any  person  who  will  not  take  the  trouble  to  reflect 
u|»on  it,  will  be  found  extremely  clear,  with  the  help 
of  a very  slight  degree  of  attention.  By  to  op  he 
means  that  which  is,  in  the  absolute  sense  of  the  word — 
that  which  is,  always,  and  certainly,  and  without  any 
variation.  By  to  py  op  he  means  that  which  is  not  at 
any  time,  or  in  any  manner,  and  cannot  be  conceived 
to  be.  Thus  it  is  always  and  certainly  true  that  in 
our  idea  of  a circle  nil  the  radii  arc  equal ; and  it  is 
not  at  any  time  or  in  any  manner  true  that  wc  can 
form  an  idea  of  a circle  with  unequal  radii.  But  there 
is  a third  case  which  is  continually  occurring  to  us, 
namely,  that  an  object  is  presented  to  our  observation 
which  muy  correspond  more  or  less  accurately  with 
a given  idea.  We  may  sec  for  instance  a coach-wheel, 
or  the  dome  of  St.  PhuTs  church,  but  wc  can  only 
form  an  opinion  how  nearly  cither  of  these  approaches 
to  our  idea  of  a perfect  circle ; for  the  life  of  man 
would  not  suffice  to  prove  such  coincidence  beyond 
the  possibility  of  a doubt.  Now,  Plato  distinguished 
this  class  of  objects  by  the  expression  to  ytyvopevoy, 
which  he  opposed  to  to  op,  as  in  the  following  cele- 
brated passage  of  the  TinufM — Em*  oiV  tfj  act’  ipyp 
bogav  T/ifc’Tov  fiaiprrrov  race  ‘ r i ro  *ON  pep  'aei,  ytpeatp 
fe  ’*%'  fx'se  * rat  ?/  to  nrNO'MENON  per,  op  £« 

V^tVoTC  • TO  pip  i IJ  NOin-EI,  fti.ru  \o~/e  irrpiXyirrbp  t 
*aci  rara  rom  op,  to  i'av  AO’SIf,  per*  dioOyaetor 
iXo'/ m,  fo^amov,  yypopepop  cni  ivoWvpepop  oVreet 
be  'uSiwora  op — which  passage  Cicero  hut*  thus  freely 
rendered  “ Quid  est,  quod  semper  sit,  neque  ullum 
habet  ortum  ? et  quod  gignatur,  nee  unquam  sit  t 
Quorum  ultcrum  intelligent  id  et  ratione  cotnprehen- 
ditur,  quod  unum  semper  atque  idem  est : alterum 
quod  affert  opinionem  per  sensus  rationis  expertes, 
quod  totum  opinabile  est ; id  gignitur  et  intcrit,  nec 
unquam  esse  verc  potest."— And  the  general  sense  of 
both  these  great  writers  is,  that  science  is  founded  on 
that  which  it ; opinion  on  that  which  seems : science 
relates  to  that  which  is  distinctly  apprehended,  because 
it  is  permanent,  immutable,  and  consonant  to  the 
necessary  laws  of  human  existence ; opinion  to  that 
which  is  vogue  und  indistinct,  arising  from  sensible 
impressions,  and  the  casual  accidents  of  time  and 
place.  What  Mr. Tooke  colls  his  “general  doctrine," 
is  of  this  latter  kind  : it  is  an  opinion  derived  from 
comparing  the  sound  of  words,  not  only  without  re- 
garding, but  often  in  direct  opposition  to  their  sense. 

Should  any  one  for  a moment  conceive  that  we  are 
speaking  without  due  respect  to  the  literary  repu- 
tation of  Mr.  Tooke,  we  beg  to  remind  him  that  we 
speak  of  a passage  in  which  Mr.  Tooke  himself  has 
treated  the  profound  wisdom  of  a Plato  and  a Cicero 
with  the  most  sovereign  contempt,  and  has  even 
represented  Lord  Monboddo  as  an  idiot,  for  quoting 
their  very  words.  As  to  Lord  Monboddo  himself. 
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Grammar.  Mr.  Took*  elsewhere  says  that  his  Lordship  was 
“ incapable  of  writing  a sentence  of  common  English  ;” 

hut  this  is  nothing  to  his  abuse  of  one  of  his  critics, 
the  late  Mr.  Wi  vhuau,  an  accomplished  scholar,  and 
ns  honourable  a man  as  ever  existed,  but  whom  Mr. 
Took*  calls  in  his  chapter  on  conjunctions,  a **  can- 
nibal,” and  41  a cowardly  assassin.” 

Defined  We  call  a word  which  conjoins  sentences  a con- 
front toe.  junction.  But  to  this  also  Mr.  Tooke  objects.  “ Con- 
junctions,” says  he,  “ it  seems,  are  to  have  their 
denomination  and  definition  from  the  use  to  which 
they  are  applied  : per  accident,  essentiam."  This  leads 
us  to  ask  what  Mr.  Tooke  understands  by  the  essence 
of  a word  ? Its  sense,  or  its  sound  ? Evidently  the 
latter,  which  is  in  truth,  nn  accitletit.  The  words 
**  Kai,"  **  et"  u and,"  are  all  essentially  the  same. 
The  Greek,  the  Homan,  the  Englishman,  who  may 
have  used  each  respectively,  must  have  meant  and 
intended  the  same  thing } but  by  the  thousand  acci- 
dents which  led  to  the  formation  of  each  separate 
language,  the  expression  became  varied  in  sound. 
Besides,  this  objection  involves  Mr.  Tooke  in  a gross 
inconsistency.  He  admits  that  a noun  differs  from  a 
verb  j but  how  does  it  differ,  if  not  in  use  ? How 
does  the  noun  love  differ  from  the  verb  love,  or  the 
noun  whip  from  the  verb  whip,  but  in  use  ? And  if  a 
noun  differs  from  a verb  in  its  use  alone,  why  should 
not  a conjunction  differ  from  both,  iu  the  same  man- 
ner ? This  is  an  essential  difference  ; because  the 
essence  of  a word  is  the  thought  which  it  conveys  ; 
but  there  is  no  more  reason  for  calling  the  sound 
of  a word  its  essence,  than  for  giving  that  appel- 
lation to 'the  colour  of  the  ink  with  which  it  is 
printed. 

“ There  is  not  such  a thing,”  sa^s  Mr.  Tooke,  “ as 
a conjunction  in  any  language,  which  may  not,  by  a 
skilful  hemld,  be  traced  home  to  its  own  family  and 
origin.”  This  may,  or  may  not,  be  the  case  j but  it 
has  nothing  to  do  with  the  science  of  grammar.  Mr. 
Tooke  has  accurately  “traced  home”  some  conjunc- 
tions : in  regard  to  others,  he  has  been  mistaken ; but 
whether  right  or  wrong  in  the  particular  instances,  his 
general  doctrine  can  derive  no  benefit  from  them.  To 
prove  that  a word  performs  one  function  at  one  time, 
does  not  disprove  its  performing  another  function  at 
another  time.  In  fact,  most  of  Mr.  Tooke’s  deriva- 
tions in  thus  part  of  his  work  are  borrotved  from 
former  writers ; hut  those  writers  never  conceived 
any  thing  so  absurd,  as  that  derivation  was  the  whole 
of  grammar. 

Definition.  The  early  grammarians  included  what  wc  call  con- 
junctions  and  prepositions,  under  the  name  of  the  con - 
nectice  Hvvetopov  : and  the  definition  given  of  the 
2wc€trpiot  by  Aristotle,  though  commonly  cited  as 
that  of  a conjunction,  is,  in  fact,  equally  applicable  to 
a preposition.  It  is  in  part  doubtful,  owing  to  the 
diversity  of  the  manuscripts,  but,  upon  the  whole, 
the  following  may  be  regarded  os  tolerably  correct : 

2tWc<T«4»ee«TTi  aarjuna,  »V  wXftovti'v  uiv  pm t, 

otjparTiK&’v  l< , wateiv  retfivKvta  time  cijpawrtKrjv (j>u>yi]v, — 

“A  connective  is  a non-significant  word,  formed  to 
make  one  significant  expression,  out  of  words  (or  ex- 
pressions) more  than  one,  but  (separately)  significant.” 
According  to  this  definition,  of  is  a connective  in  the 
phrase  “ the  Son  of  man;”  for  both  son  and  man  are 
separately  significant ; but  by  the  connective  they  arc 
so  united  as  to  produce  a third  significant  expression. 


According  to  the  same  definition,  but  is  a connective  Coujunc* 
in  the  expression  " John  danced,  hut  Peter  sang for  bocu*. 

“ John  danced”  is  one  significant  expression  ; and  1 
**  Peter  sang”  is  another  significant  expression  ; and 
they  arc  both  united  together,  so  as  to  form  one  con- 
tinued sense,  by  the  word  “ but" 

Subsequent  writers,  however,  perceived  that  it 
would  be  useful  to  separate  these  two  classes  of  con- 
nectives ; they  therefore  gave  to  that  which  showed 
the  relation  of  word  to  word  the  name  of  preposition ; 
and  to  that  which  showed  the  relation  of  sentence  to 
seutence,  the  name  of  conjunction.  Hence  Scaliger 
says  “ Conjunctio  cat  qua  conjunct  orationcs  plurcs 
and  Sanctils,  more  briefly,  “ Conjunctio  oraiiones  inter 
sc  conjungit."  Harris  says,  **  The  conjunction  con- 
nects not  words  but  sentences  and  he  gives  the 
definition  of  a conjunction  fully,  thus  : — “A  part  of 
speech,  void  of  signification  itself  but  so  formed  as  to 
help  signification,  by  making  two  or  more  significant 
sentences  to  be  one  significant  sentence"  Vossius  says 
“ Conjunctio  est  qua*  sententiam  sentential  conjungit;" 
and  he  more  formally  defines  it,  “ Dictio  invariabilis, 
quie  conjungit  verba,  et  sententias,  actu  vel  potestate." 

We  should  be  inclined  to  prefer  the  following  defini- 
tion— “A  conjunction  is  a word  used  to  show  the 
relation  of  sentence  to  sentence.”  Wc  designedly  omit 
stating  it  as  a characteristic  of  the  conjunction  to  be 
“ void  of  signification,”  or  to  be  “ invariable.”  Pos- 
sibly these  expressions  may  be  understood  in  such 
senses,  as  to  agree  with  the  proper  idea  of  a conjunc- 
tion ; but  they  may  also  serve  to  give  a false  idea  of  it : 
and,  at  all  events,  they  arc  not  essential  to  the  cha- 
racter of  a conjunction.  Neither  do  we  think  it  neces- 
sary to  say,  that  the  conjunction  unites  " verbs  and 
sentences for,  according  to  the  definition  tvliich  we 
have  heretofore  given  of  a sentence,  it  is  clear  that 
the  uniting  of  verbs  must  be  the  uniting  of  sentences 
Thus  u he  danced  and  san^”  combine  in  reality  the 
two  sentences  '*  he  danced”  and  " he  sang.”  Lastly, 
it  seems  scarcely  necessary  to  add,  as  Vossius  does, 
the  words  " actually  or  potentially ;”  for  this  seems 
merely  to  have  relation  to  those  cases  which  are  to  be 
explained  by  the  figure,  ellipsis,  so  common  in  all  the 
constructions  of  speech. 

The  main  point,  however,  is,  that  the  conjunction 
receives  its  distinguishing  characteristic  from  showing 
the  relation  of  sentences,  and  not  simply  of  words. 

Mons.  Cot’R  de  Gebelin  expresses  this  in  his  figurative 
way,  by  saying  “ unc  conjunction  est  un  mot,  qui,  de 
plusieurs  tableaus  de  la  parole  fait  un  tout for,  by 
tableaux  he  does  not  mean  n single  object,  n single 
assertion,  or  a single  sensation,  but  such  a combina- 
nution  of  these  os  we  have  called  a sentence. 

Mr.  Tooke,  however,  objects  that  there  are  rases  in 
which  the  words,  commonly  colled  conjunctions,  do 
not  connect  sentences,  or  show  any  relation  between 
them.  **  You , and  I,  and  Peter,  rode  to  London,  is 
one  sentence  mode  up  of  three.  Well ! So  far,  mat- 
ters seem  to  go  on  very  smoothly.  It  is,  You  rode,  I 
rode,  Peter  rode.  But  let  us  now  change  the  instance, 
and  try  some  others,  which  arc  full  ns  common, 
though  not  altogether  so  convenient.  Two  and  two 
make  four ; AB  and  BC  and  CA  form  a triangle ; John 
and  Jane  are  a handsome  couple.  Docs  AB  form  a 
triangle,  BC  form  a triangle  ? &c.  Is  John  a couple  ? 

Is  Jane  a couple  ? Are  two,  four  ?”  To  all  this  we 
answer,  that  if  it  could  be  shown  that  and,  or  any  other 
t S 
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word  generally  used  as  a conjunction,  was  occasionally  formed  on  an  elliptical  construction,  and  resolve  the  t'oojnne- 
used  with  a different  force  and  effect,  that  circumstance  assertion  applying  to  all  the  objects  os  a whole,  into  . 
would  not  make  it  less  a conjunction,  when  used  con-  separate  assertions  applying  to  the  separate  objects, 

junctinnallv.  In  the  instances  cited,  the  word  amt  as  parts  of  that  whole,  then  these  same  words  may 
serves  merely  to  distribute  the  whole  into  its  parts,  all  be  properly  called  conjunction*.  So.  when  Hamlet, 
which  bear  relation  to  the  verb  : and  it  is  observable,  addressing  the  ghost  of  his  father,  says. 


that  though  the  \erb  be  not  tw  ice  expressed,  yet  it  is 
expressed  differently  from  what  it  would  have  been, 
had  there  been  only  a single  nominative.  We  say, 
« John  it  handsome,  — " Jnnc  it  handsome  j”  but  we 
sav  John  and  Jane  are  a handsome  couple.  In  this 
particular,  the  use  of  the  conjunction  differs  from  that 
of  the  preposition  : it  varies  the  assertion,  and  thus  does 
pntestate,  if  not  actu,  (to  use  the  phrase  of  Vossius,) 
combine  different  sentences  ; for  though  AB  does  not 
form  a triangle,  yet  AB  forms  one  part  of  a triangle, 
and  BC  forms  another  part,  and  CA  the  remaining 
part  ; and  these  three  parts  arc  the  whole.  So,  when 
pBRizovit  s says  “ Emi  librum  x drachniis  et  iv  obolis,” 
although  the  buying  was  not  wholly  effected  by  the 
ten  drachmas,  nor  by  the  four  oboli  ; yet  the  pur- 
chaser did  employ  ten  drachmas  in  buying,  and  he  did 
also  employ  four  oboli  in  buying.  The  meaning, 
therefore,  if  fully  developed,  would  exhibit  two  sen- 
tences connected  by  the  conjunction  anti.  Neverthe- 
less, if  any  one  contend  that  the  word  and,  in  the 
above  sentences,  does  simply  and  solely  connect 
together  the  nouns,  then  we  say  it  must  in  such 
instances  be  called* a preposition  ; but  this  will  in  no 
degree  alter  its  property  or  character  as  a conjunction, 
when  it  is  really  employed  to  connect  sentences. 

In  pursuance  of  the  view  exhibited  by  our  definition 
of  this  part  of  speech,  we  proceed  to  consider  the 
three  following  subjects  : first,  the  sentences  con- 
nected ; secondly,  the  different  relations  between 
them,  intimated  by  different  conjunctions,  or  con- 
junctional forms  ; and  thirdly,  the  words  or  phrases 
which  are  used  to  imply  these  relations. 

We  have,  in  a former  part  of  this  treatise,  distin- 
guished  sentences  into  enunciative  and  passionate : and 
in  each,  the  verb,  or  the  interjection,  which  stands  in 


If  thou  but  any  sound,  or  use  of  voice, 

Speak  to  me  !— 

The  word  u or if  considered  as  merely  pointing  out 
a relation  between  the  nouns,  “ sound,”  and  *'  use,'* 
may  be  called  a connective  preposition ; but  if  the  sen- 
tence be  supposed  equivalent  (as  we  think  it  is)  to 
this,  **  if  thou  hast  any  sound,  or  if  thou  hast  any 
use  of  voice,”  then  or  is  certainly  to  be  called  a 
conjunction. 

Whatever  difficulty  there  may  be  when  the  verb  is  Connection 
suppressed,  there  can  be  none  when  it  is  expressed — ot  ****"• 

«• gr*  r • . 

■■  Fury  dvrs. 

Whose  midnight  revel*,  by  a forest  tide, 

Or  fountain,  some  belated  peasant  aees. 

Or  dreauu  be  sees. 

Here  the  sense  is  clearly,  u the  peasant  sees  revels, 
or  the  peasant  dreams  that  he  sees  revels,”  and  the 
latter  or  is  therefore  clearly  a conjunction  uniting 
those  two  short  sentences,  in  one  longer  sentence. 

How  far  these  connections  may  go  on,  that  is  to  say,  of 

how  many  conjunctions  may  be  admitted  into  one  P*****®*- 
comprehensive  sentence,  is  a matter  not  to  be  deter- 
mined by  any  grammatical  rule,  but  must  depend  on 
the  taste  and  judgment  of  the  writer  \ and  great 
writers,  more  particularly  great  poets  and  orators 
often  seem  to  indulge  in  a more  than  common  degree 
of  continuity.  Thus  Milton — 


AW,  Morn,  Iw-r  rosy  iteps  in  til'  eastern  clime 
Advancing,  *ow’d  the  earth  with  orient  penrl, 

W.hfH  Adam  wait’d,  tocuatom’d  ; /or  hi*  ilcep 
Was  airy,  light,  from  pure  <lige*tion  bred, 
stmd  tcinp’ratc  vapour*  bland,  which  th‘  only  sound 
Of  leave*  and  fuming  rill*,  Aurora'*  fan, 

Lirhtiy  dispers’d,  and  the  shrill,  matin  song 
Of  birds  on  ev’ry  bough. 


the  place  of  a verb,  is  to  be  taken  as  the  hinge  on 
which  all  the  rest  of  the  sentence  turns.  By  means 
of  this  we  form  on  unity  of  thought,  a distinct  per- 
ception of  some  fact,  or  a feeling  of  some  sentiment, 
connected  with  a distinct  object.  But  thoughts  and 
sentiments  do  not  always  succeed  each  other  in  the 
mind  as  detached,  and  perfectly  separate  things,  but 
more  commonly  with  associations  of  similarity  or 
contrast,  with  relations  of  cause  and  effect,  and  with 
a thousand  other  modifications  and  mutual  depen- 
dencies. Hence  these  first  and  elementary  unities 
become  parts  of  larger  unities *,  the  simple  sentence 
forms  only  a phrase  or  paragraph  in  a more  compre- 
hensive sentence  : and  the  longest  sentence  is  more  or 
less  closely  connected  with  what  precedes  or  follows 
it,  in  along  discourse  or  )>ocm. 

Connection  When  this  compression  (so  to  speak)  of  thoughts 

of  noun*.  c|ogcst|  jt  unitcs  mere  words,  in  the  manner 

we  have  already  described  ; thus,  in  the  expressions, 
“ I paid  six  shillings  and  twopence" — “ I gave  six 
shillings  want  twopence” — “ II  est  dix  heures  moint 
un  quart" -—**  XY  pint  7*"  — **  AB  minus  C”-—  the 
words  and,  want,  moint,  plus,  minus,  all  serve  to  con- 
nect words,  and  may  be  called  prepositions  if  we  regard 
only  what  is  expressed  in  their  respective  sentences  ; 
but  if  we  consider  the  sentences  themselves  to  be 


Thus,  too,  Cicero— 

Potrstne  tibl  bujoa  rit*  lut,  Cutilina,  <r*f  huju*  ctrli  tpirita* 
hk  jurundn*,  r»m  vein*,  ho  rum  ewe  neminetn  qul  uewim,  tc 
pridic  Kalends*  J antiarias,  Lepldo  el  Tullo  Cotuulibua,  atetisae  in 
comitin  cum  trio ; manual  rotualutn  rt  principum  Civitatu 
intrTficirndonim  causA  paravisse ; *celcn  oe  furori  tuo  non 
men  tern  aliquant  ant  timorciu  tuuin,  ttH  fortonara  Populi  Ro- 
mani obttitUac  ? 

And  it  is  to  be  observed,  that  in  both  these  instances, 
the  following  sentence  begins  with  a distinct  ex- 
pression of  relation  to  that  which  preceded  it.  Mil- 
ton,  having  described  Adam  s sleep  as  light,  goes  on 
to  say,  **  so  much  the  more  his  wonder  was”  to  find 
that  the  rest  of  Eve  had  been  unquiet : and  Cicero 
having  briefly  alluded  to  the  former  atrocities  of 
Catiline,  proceeds,  “ ae  jam  ilia  omitto.”  Indeed 
there  are  some  writers  whose  sentences,  for  whole 
pages  together,  are  connected,  and  it  is  difficult  to 
detach  a short  passage  so  as  to  show  its  whole  force 
and  effect,  without  referring  to  the  previous  and  sub- 
sequent parts  of  the  discourse.  For  instances  of  this 
continuous  style,  wc  may  particularly  refer  to  the 
Sermons  on  the  Creed  by  the  celebrated  Dr.  Isaac 
Barrow  ; who,  it  must  be  confessed,  carries  this 
method  to  an  excess  ; for  even  in  a continued  argu- 
ment the  mind  seems  to  require  some  short  pauses. 
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Grammar,  and  resting  places,  as  It  were,  to  enable  it  to  pursue 
v— ^ its  steps  with  regularity  and  firmness. 

DiffcrvBt  A very  slight  degree  of  reflection  must  teach  any 
relations  of  one,  that  the  relations  of  sentences  to  each  other  must 
srntences.  ^ very  various*  and  consequently  that  the  modes  of 
marking  these  different  relations  ought  to  be  classed 
under  several  different  heads.  Those  persons,  how- 
ever, whose  vanity  or  ignorance  prompts  them  to 
overturn  the  whole  fabric  of  that  wisdom  which  has 


preceded  them,  uniformly  begin  by  decrying  it  a a mere 
rubbish.  Thus  Mr,  Tooke,  shaking  of  conjunctions, 
says, — “ At  the  same  time  we  shall  get  rid  of  that 
farrago  of  useless  distinctions  into  conjunctive,  ad- 
junctive, disjunctive,  subdisjunctive,  copulative,  negative- 
copulative,  continuance,  subcontinualiee,  positive,  sup- 
positive,  causal,  collective,  effective,  approbative,  decretive, 
ablative,  presumptive,  abnegative,  completive,  augmenta- 
tive, alternative,  hypothetical,  extensive,  periodical , 
mofira/,  coHcltcrive,  explicative,  transitive,  interrogative , 
comparative,  diminutive,  preventive,  adequate  -preventive, 
adversative,  conditional,  suspensive,  illative,  conductive, 
declarative,  he.  he.  which  explain  nothing  ; and  (as 
most  other  technical  terms  arc  abused)  serve  only  to 
throw  a veil  over  the  ignorance  of  those  who  employ 
them."  As  this  mode  of  treating  a scientific  subject 
is  extremely  flattering  to  the  indolence  of  mankind  in 
general,  the  above  passage  may  not  improbably  have 
produced  an  injurious  effect,  in  deterring  the  gram- 
matical student  from  investigations  which  it  falsely 
describes  as  unprofitable : and  we  therefore  think  it 
proper  to  examine  a declamation,  which  in  any  other 
point  of  view  would  be  totally  beneath  notice. 

In  the  first  place,  there  is  a manifest  want  of  good 
faith  in  heaping  together  a number  of  words.  " con- 
junctive, adjunctive, “ he.  he.  he.  which  are  not  to  be 
found  in  any  one  grammatical  writer,  and  presenting 
the  whole  as  a **  farrago"  common  to  such  writers. 
This  is  a mere  trick,  and  a trick  extremely  unworthy 
of  any  man  w ith  the  least  pretension  to  literary  repu- 
tation. The  thirty-nine  terms  above  cited  are  indeed 
a “ farrago  ;**  they  have  no  meaning  aa  they  stand, 
they  are  placed  in  no  order,  and  they  have  no  relation 
to  each  other  ; but  whose  fault  is  that  ? Undoubtedly 
Mr.  Tookc’s,  for  he  was  the  sole  author  and  inventor  of 
the  “ farrago"  which  he  pretends  to  ridicule. 

“ Most  other  technical  terms,"  says  he,  “ serve  only 
to  throw  a veil  over  the  ignorance  of  those  who  em- 
ploy them."  A profound  remark  ! So,  the  geometri- 
cian must  not  tell  us  of  a parallelogram,  or  of  a rhomboid ; 
a surgeon  must  not  speak  of  the  metacarpal  bone,  or  of 
the  arterial  tube ; nor  an  engineer  of  n counterscarp,  or 
a ravelin,  because  these  are  all  technical  terms  ; and 
technical  terms  arc  a mere  veil  for  ignorance  ! Mr. 
Tooke,  however  is  not  original,  in  applying  this  sort 
of  reasoning  to  grammar.  That  philosophic  statesman. 
Jack  Cade,  thus  reproaches  his  prisoner  Loan  Say, 
“ It  will  be  proved  to  thy  face,  that  thou  hast  men 
about  thee,  that  usually  talk  of  a noun  and  a verb,  arid 
such  abominable  words,  as  no  Christian  ear  can  endure 
to  hear."  Admitting  however  that  some  technical 
terms  may  be  properly  employed,  Mr.  Tooke  asserts 
that  the  terms  applied  to  classify  conjunctions  form 
only  a “farrago  of  useless  distinctions."  Now,  this  il 
would  have  been  better  for  him  to  prove  than  to  assert : 
only  assertion  was  the  easier  process  of  the  two,  and 
presented  the  shorter  road  to  celebrity  as  a grammati- 
cal reformer  ! If  Mr.  Tooke  had  submitted  to  the 


labour  of  attempting  this  proof,  he  would  have  found  Conjnne- 
thnt  gome,  at  least,  of  the  terms  which  he  has  specified, 
serve  to  mark  useful  distinctions  j and  that  that  utility  ^ ’V^' 
has  been  very  well  marked  out  by  Mr.  Haems,  an 
author  whom  Mr.  Tooke  affects  to  hold  in  so  much,  but 
such  very  undeserved,  contempt ; for  whatever  may  have 
been  the  errors  of  Harris,  they  are  not  a thousandth 
part  so  gross,  or  so  injurious  to  the  science  of  grammar, 
as  those  into  which  Tooke  himself  has  fallen. 

Mr.  Harris  exhibits  the  following  scheme  of  the  Harris’* 
different  species,  into  which  conjunctions  may  be 
divided.  “ Conjunctions  while  they  connect  sentences, 
either  connect  also  their  meanings  or  not."  The 
first  division  of  them  therefore  is  into  coanexire  and 
disjunctive.  44  Aut  sensurn  conjungunt  ac  verba,"  says 
Scai.ioer,  “ aut  verba  tuutuui  conjungunt,  sensum 
vero  disjnngunt."  So  says  Vossius,  “ Alise  sunt 
copulative,  ut,  et,  que,  ac ; ali«  suftt  disjunctive  ut  tel, 
aut.*'  The  former  of  these  terms  adds  he,  is  used  in  a 
strict  sense,  “ ruim  omnis  quidera  cnnjunctio  copulat; 
ged  hoe  simpliciter  id  praestant  citra  disjunctionem 
aententiae,  aut  eaussaditatem,  vel  ratiocinationem."  On 
the  other  hand  he  defends  the  expression  of  du/uitc<ir« 
conjunctions  because  by  them  44  conjunguntur  voces 
materinliter,  diajunguntur  formaliter."  And  Borruua 
gives  the  same  reason  in  different  words,  where  he 
says,  “ conjunctiouem  ea  qu*  conjungit  inter  sc,  dis- 
jungere  in  tertio."  We  do  not  cite  these  expressions  of 
Vossius  and  Boethius  as  most  happily  chosen  to  illus- 
trate the  distinction  iu  question  ; yet  that  distinction 
is  no  less  obvious  than  fundamental.  Every  one  must 
perceive  at  first  sight,  the  marked  difference  between 
these  two  passages,  “ Caesar  was  ambitious  and  Rome 
was  enslaved" — “ Cflfltr  was  ambitious,  or  Rome  was 
enslaved."  It  is  clear  that  the  words  and  and  or  alike 
join  the  same  sentences  ; but  it  is  equally  clear  that 
they  join  them  differently.  In  the  one  cose,  they  inti- 
mate, that  the  propositions  stand  on  the  same  basis, 
and  are  both  meant  to  be  asserted  with  the  same  de- 
gree of  confidence  : in  the  other,  that  the  ground,  on 
which  the  one  assertion  is  made,  excludes  the  other ; 
and  that  if  not  contradictory  they  arc  at  least  meant 
to  be  contradistinguished.  Both  and  and  or  are  con- 
junctions ; both  mark  that  a relation  exists  between 
the  sentences  ; but  the  particular  relations,  which  they 
mark,  are  different : one  serves  to  cumulate,  the  other 
to  separate. 

Gbllius  uses  the  word  ronneruw  for  that  sort  of 
conjunction,  which  Vossius  calls  copulativa ; and  the 
former  term  is  better  suited  than  the  latter  to  the 
gcherae  adopted  by  Harris  ■,  for  he  divides  “ the  con- 
junctions, which  conjoin  both  sentences  and  their 
meanings,"  i.  e.  those  which  may  be  called  connesives, 
into  copulatives  and  coatiaantiee*.  The  copulative 
(which  perhaps  might  be  called  the  cumulative  con- 
junction) “ does  no  more"  according  to  him,  “than 
barely  couple  sentences  ; and  is  therefore  applicable 
to  all  subjects  whose  natures  are  not  incompatible. 

G mtinuatices  on  the  contrary,  by  a more  intimate  con- 
nection, consolidate  sentences  into  one  continuous 
whole;  and  are  therefore  applicable  only  to  subjects 
which  have  an  essential  coincidence.  To  explain  by 
examples, — *Tis  no  way  improper  to  say  Lysippus  was 
a statuary,  a.vd  Priscian  us  as  a grammarian — The  sun 
shineth,  axd  the  sky  is  clear.  But  ’twould  be  absurd  to 
gay  Lysippus  was  a statuary  because  Priscian  teas  a 
grammarian — though  not  to  say  the  nw  shineth  because 
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Onunmr.  the  sky  is  clear.  The  reason  is,  with  respect  to  the 
v— * v— first,  the  coincidence  is  merely  accidental ; with 
respect  to  the  last,  ’tis  essential  and  founded  in  nature," 
The  Greek  name  for  the  copulative  (in  this  sense) 
was  evpirXvettttos ; for  the  continuative 

even medt,  or  vapaavyamicvi. 

The  continuntivcs  are  subdivided  by  Harris  into 
suppositive  and  positive.  The  suppositives  are  such  as 
if ; the  positives,  such  as  because,  therefore , as,  <tc. 
The  former  denote  (necessary)  connection,  but  do 
not  assert  existence  ; the  latter  imply  both  the  one 
and  the  other.  The  Greek  term  ovt'asrrtKb*  and  the 
Latin  continuativa  was  applied  to  the  suppositive  con- 
junctions, which  extend  not  only  to  possible  but  even 
to  impossible  suppositions,  ns,  *'  if  the  sky  fall,  we 
shall  catch  larks ; the  positives  were  rnlled  vapn- 
owa-jr-Tirot  or  iKkos/insatinr,  and  assumed  the  actual 
existence  of  the  primary  fact ; and  this  cither  where 
the  connection  is  strictly  and  logically  necessary  or 
where  it  is  mere  matter  of  analogy,  the  former  case 
being  expressed  by  Isecause,  &c.  the  latter  by  as,  Jkc. 
Of  the  suppositives,  GiU  says,  thrapgtv  utv  turo- 
XavOinv  be  nvn,  sai  rnfii'  bqXovetv  : PrISCIAN  SAVS  they 
signify  to  us  **  quail*  cst  ordinatio  et  natura  rerutn, 
cum  dubitatione  nliquA  essentia?  rerum."  And  Scaliger 
says  they  conjoin  “ sine  subsistentia  nccessarid  ; potest 
enim  subsistcre,  et  non  subsistcre,  utrumquc  cnim 
admittunt." 

The  positives  are  either  causal  nr  collective.  The 
enusals  are  such  as  because,  since,  &c.  which  subjoin 
causes  to  effects  ; e.  gr.  the  sun  is  in  eclipse , because 
the  moan  intervenes.  The  collectives  arc  such  as  sub- 
join effects  to  causes  ; e.  gr.  the  maun  intervenes,  there- 
fore the  sun  is  in  eclipse.  The  causals  were  called  in 
Greek'A(TMX«Yim,and  in  Latin  causales  or  causative: ; 
the  collectives  were  called  in  Greek  SfU^imni,  and 
in  Latin  collective  or  illative?. 

The  disjunctive  conjunctions  are  in  like  manner 
divisible  into  various  classes.  Their  first  distinction 
is  into  simple  and  adversative.  A simple  disjunctive 
conjunction,  disjoins  and  opposes  indefinitely  as  either 
it  is  day,  or  it  is  night.  An  adversative  disjoins  with  a 
positive  and  definite  opposition,  asserting  the  one 
alternative  and  denying  the  other ; as  it  is  not  day, 
bct  it  is  night. 

The  adversative*  admit  of  two  distinctions,  first  as 
they  are  either  absolute  or  comparative,  and  secondly 
as  they  arc  cither  adequate  or  inadequate.  The  abso- 
lute adversative  is  where  there  is  a simple  opposition 
of  the  same  attribute  in  different  subjects,  or  of 
different  attributes  in  the  same  subject,  or  of  dif- 
ferent attributes  in  different  subjects;  as  1.  Achilles 
was  brave,  but  Thersiles  teas  not  ; 2.  Gorguts  teas  a 
sophist  but  not  a philosopher  S.  Plato  teas  a philoso- 
pher but  Hippias  was  a sophist . The  comparative 

adversative  marks  the  equality  or  exreii  of  the  same 
attribute  in  different  subjects,  as  Nivens  was  more 
beautiful  than  Achilles — Firgil  was  as  great  a poet,  ah 
Cicero  was  an  orator.  These  relate  to  substances  and 
their  qualities,  but  the  other  sort  of  adversative* 
relate  to  events,  and  their  causes  or  consequences. 
Mr.  Harris  applies  to  these  latter  the  terms  adequate 
and  inadequate;  he  however  confesses  that  this  is  a 
distinction  referring  only  to  common  opinion,  and  the 
form  of  language  consonant  thereto  ; for  in  strict 
metaphysical  truth  no  cause  that  is  not  adequate  is 
any  cause  at  all.  With  this  explanation  the  terms 


may  be  admitted  into  use.  Thus  we  may  say,  Troy 
will  be  taken  unless  the  Palladium  be  preserved ; where 
the  word  unless  implies  that  the  preservation  of  the 
Palladium  will  be  au  adequate  preventive  of  the  cap- 
ture of  Troy.  On  the  other  hand,  when  we  say,  Troy 
will  be  taken  although  Hector  defend  it,  we  intimate 
thut  Hector's  defending  it,  though  employed  to  pre- 
vent the  capture,  will  be  an  inadequate  preventive. 

The  following,  then,  is  a comprehensive  view  of 
Mr.  Harris's  scheme  for  an  arrangeiueut  of  tbe 
conjunctions. 

< 1.  copulative 

la.  comidu.ti.cJ ''  ■“PPO'i'i™ 

1 2.  po.iii™ 

la.  collective 


. conncxive 


2.  dinjunclire  ®*xn^e 


•drmtflre  (*■  <*  cdo.|arativc 

12.  adequate,  or  inadequate 


Conjune 

tuna. 

v— ' 


PrUcian  distinguishes  the  subdisjunctive  from  the 
disjunctive  : and  he  gives  the  former  appellation  to  the 
Latin  five,  as  Alexander  kivr  Paris  ; where  site  has 
nearly  a similar  force  with  the  Greek  «<t*  obu.  In 
English  wc  use  the  conjunction  or  indifferently  as  a 
disjunctive  or  subdisjunctive ; that  is,  we  say,  *'  Alex- 
ander or  Paris,”  whether  Alexander  and  Paris  be  two 
different  persons,  or  only  two  different  names  for  the 
same  person.  Si-auger  and  Vossius  both  approve  of 
the  distinction  between  the  disjunctive  and  the  sub- 
disjunctive : and  though,  in  our  own  language,  we 
employ  the  same  word  for  both  purposes,  yet  it  may 
not  be  amiss  to  distinguish  its  two  functions  by 
appropriate  designations. 

It  remains  to  be  seen  what  are  the  conjunctional  Conjnne- 
forms  in  language.  Now  it  is  manifest  that  one  boirni 
sentence  may,  and  generally  speaking,  in  a long  dis- 
cuurse,  the  majority  of  sentences  must  serve  to  lead 
the  mind  from  what  precedes  to  what  follows.  It 
would,  however,  be  endless  to  attempt  to  point  out 
the  means  by  which  this  is  effected  ; nor  would  such 
an  explanation,  if  practicable,  properly  fall  within  the 
scope  of  grammar.  The  remark  nevertheless  is 
important ; for  a sentence  is  in  this  respect  only  the 
dcvclnpemcnt  of  an  operation  more  briefly  effected  by 
n word  or  a phrase.  In  treating  of  prepositions,  we 
first  considered  prepositional  phrases,  and  then  showed 
how  those  phrases  were  gradually  compressed  into 
words  constituting  that  class  to  which  the  name  of 
preposition  is  usually  assigned.  It  may  not  be 
necessary  to  follow  exactly  the  same  order  of  dis- 
cussion in  this  part  of  our  treatise  ; but  we  will  begin 
with  some  of  the  more  common  conjunctions,  and 
afterwards  advert  to  phrases,  and  to  certain  other 
modes  by  which  a connection  of  thought  is  kept  up 
between  sentence  and  sentence. 

**  The  principal  copulative,"  says  Harris,  u is  and,"  And. 
which  answers  to  the  Greek  nai  and  the  Latin  et,  and 
is  found  we  apprehend  substantially  in  all  cultivated 
languages.  Vossirs  considers  the  Latin  et  to  be 
derived  per  apocopen  from  the  Greek  rr«,  preeterea , 
insuper,  or  more  properly  speaking  to  be  the  very 
word  «t i only  pronounced  more  briefly  by  the  Latins. 

It  is  remarkable  that  in  the  most  ancient  remains  that 
we  have  of  the  Latin  language,  the  fragments  of  the 
laws  of  the  Twelve  Tables,  et  rarely  if  ever  occurs,  but 
its  place  is  supplied  by  the  enclitic  que,  which  is  pro- 
bably of  the  same  origin  as  the  Greek  *<u.  The  force 
and  effect  of  all  these  words,  as  simply  coupling  toge- 
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(rrammar.  ther  sentences,  will  be  folly  understood  from  whut 

v bos  been  already  said  of  the  copulative  conjunctions. 

Mr.  Took*  derives  our  common  word  and  from  An-ad, 
which  he  says  in  Anglo-Saxon  signifies  dare  conger  iem. 
Thus  etymology  is  altogether  obscure.  It  has  even 
been  doubted  whether  Anan  which  he  expounds  dare , 
to  give  or  grant,  had  any  such  meaning  ; and  what 
to  make  of  the  syllable  ad  which  he  translates  eon- 
geriem  we  do  not  know.  However,  with  his  usual 
confidence  in  his  own  judgment,  he  elsewhere  says,  *'  I 
have  already  given  the  derivation  which  1 believe  will 
alone  staud  examination."  Skinner  more  modestly,  but 
with  quite  ns  much  plausibility,  says,  “ And— nescio 
on  a Lat.  addere,  q.  d.  add,  interject^  per  epenthesin  n, 
ut  in  render , a reddendo.*'  A word  of  this  very’  ancient 
use  can  only  be  guessed  at  with  much  doubt,  and  may 
probably  be  itself  one  of  the  original  roots  of  language. 
We  find  terms  of  some  analogy  to  it  in  the  early 
Uothic  dialects.  In  (he  Frankish  and  Alamannie  it  is 
written  indi,  inli,  enti,  unle,  unde  i in  the  modern 
German  und  i in  Icelandic  end,  in  Lower  Saxon  tin. 
Adkllno  considering  (like  Skinner)  that  the  letter 
n is  often  inserted  in  one  dialect,  while  it  is  omitted 
in  another,  is  of  opinion  that  the  Latin  ct,  and  Greek 
cri  arc  identical  in  origin  with  the  Teutonic  enti,  ante, 
&c.  It  is  possible  too,  that  our  word  and  may  have 
a connection  with  the  Mccso-Gothic  and,  which  is 
used  as  a preposition  answering  to  the  Greek  eV,  civ, 
iVi,  card  ; or  with  the  word  andar,  which  in  the  same 
language  means  '*  other."  Upon  the  whole,  Skin- 
ner's suggestion  is  probably  not  remote  from  the 
truth  ; for  the  meaning  of  and  is  clearly  add ; nay,  in 
separate  sentences  we  may  always  substitute  the 
imperative  add  for  the  conjunction  and,  with  little  if 
any  difference  in  the  force  or  intelligibility  of  the 
sentence.  Thus,  44  I rode,  add  Peter  walked,  add 
James  sailed,"  will  not  only  convey  the  same  notions, 
but  will  connect  them  nearly  in  the  same  manner,  as 
if  it  had  been  more  elegantly  written,  44  1 rode,  and 
Peter  walked,  and  James  sailed." 

Ac  The  Latin  ac,  which  seems  to  be  identical  with  our 

* eke,  is  a copulative  of  nearly  the  same  force  as  our 

and.  The  Latin  language  does  not  afford  any  obvious 
etymology  for  the  conjunction  ac ; but  of  the  etymo- 
logy of  eke  there  can  be  no  doubt ; and  Tookb  wisely 
adopts  that  of  Junius.  Eke  as  a conjunction,  has 
become  nearly  obsolete  In  modern  English,  with  the 
exception  of  a few  colloquial  phrases  in  which  it  is 
still  employed  ; but  it  is  clearly  the  same  as  the  verb 
to  eke  out ; and  they  are  both  from  the  Anglo-Saxon 
eac,  also,  again,  and  eacan  to  add  to,  or  augment.  In 
the  Gothic,  Frankish,  and  Alamannie  we  find  it 
written  auk,  auh,  ouh.  The  Gothic  verb  aukan  is 
manifestly  identical  with  the  Greek  ai-fc tv  and  the 
4 Latin  augere.  In  Alamannie  and  Frankish  the  verb  is 
written  auction,  auhhon,  ouhhon,  in  Danish  age,  in 
Islandic  auka.  Ademtng  says  that  some  of  the  most 
ancient  German  writers  use  auch  for  und  (our  con- 
junction, and).  Of  similar  origin  too  are  the  Lower 
Saxon  ook,  the  Dutch  oock,  Swedish  ok,  Danish  and 
Icelandic  og : and  it  is  observable  that  in  old  Frankish 
ioh  was  similarly  used  for  a conjunction.  Tooke 
reprehends  Skinner  for  deriving  eacan  from  eac,  rather 
than  eac  from  eacan.  There  is  no  doubt  that  eac  is 
the  root,  and  eacan  the  derivative  ; and  so  far  Skinner 
is  doubtless  right j but  that  eac  itself  was  used  as  a 
verb  before  it  was  used  as  a conjunction  is  not  to  be 


doubted,  inasmuch  as  the  former  use  depends  on  a Conjunct 
more  simple  operation  of  thought  than  the  latter.  Eac  ,iwUV 
mi.'ht  be  a verb  in  a single  and  simple  sentence  : it 
could  not  be  a conjunction  except  in  a complex  sen- 
tence, that  is,  in  the  union  of  several  sentences.  Mr. 

Tooke  has  made  an  observation  which  holds  true  in 
several  instances,  but  which  like  alt  philosophy  that 
is  founded  on  mere  observation  would  be  calculated  to 
mislead,  if  adopted  as  an  universal  truth.  lie  remarks 
that  44  in  each  language  where  this  imperative  is  used 
conjunctively,  the  conjunction  varies  just  as  the  verb 
docs." — Thus,  says  he, 

44  In  Danish  the  conjunction  is  og  and  the  verb  oger. 

“ In  Swedish  the  conjunction  is  och  and  the  verb  oka. 

44  In  Dirtch  the  conjunction  is  ook  from  the  verb  oecken. 

“ In  German  the  conjunction  is  auch  from  the  verb 
auchon.  m 

44  In  Gothic  the  conjunction  is  auk  and  the  verb  aukan. 

44  As  in  English  the  conjunction  is  eke  or  eak  from  the 
verb  eacan." 

So  far  he  is  right  j but  on  the  other  hand,  the  Latin 
conjunction  ac  varies  from  the  verb  augeo : the  Greek 
an  wants  the  characteristic  £ of  uvgttv,  and  the  Ice- 
landic og  differs  from  the  verb  auka. 

As  eke  varies  in  a slight  degree  from  the  simple  AJ<o 
copulative,  and,  so  alto  is  a copulative  with  a still 
more  specific  meaning  ; inasmuch  as  it  implies  some- 
thing of  similitude  with  w hat  went  before.  We  have 
already  seen  thut  to  when  used  as  a pronoun,  was 
originally  equivalent  to  44  this,”  and  when  used  as 
an  adverb,  to  ,r  thus.”  Also,  therefore,  though  by  long 
use  it  has  become  a conjunction,  may  properly  be 
regarded  as  an  elliptical  phrase,  meaning  44  wholly 
thus,"  or  44  in  like  manner." 

We  come  now  to  the  eanUmiative  conjunctions, 
that  is  to  say,  those  which  not  only  connect  sentences 
and  their  meanings  bv  coupling  them  together,  but 
mark  a dependence  of  one  on  the  other  ; and  this, 
first  as  suppositives — ir  is  called  by  Mr.  Harris  a 
suppositicc  conjunction : some  other  grammarians 
term  it  a conditional ; but  however  it  may  be  desig- 
nated, the  general  force  and  effect  of  such  a con- 
junction is  obvious  in  most  languages.  It  serves  to 
mark  the  certain  dependence  of  otic  event  on  another, 
wiihont  asserting  the  absolute  existence  of  either. 

We  therefore  intimate,  that  if  the  one  be  the  other  must 
be  its  necessary  result,  that  u-hen  we  are  sure  of  the 
one,  then  we  may  reckon  upon  the  other  also  $ or 
that  the  former  being  given  us  a datum,  the  latter 
follows  by  the  power  of  reasoning.  Hence  the  Greek 
ci,  and  the  Latin  si  merely  expressed  being ; for  «t  is 
part  of  the  verb  cw  or  tifu,  and  si  is  part  of  siet  or  sit 
The  power  of  the  conjunction  et  is  thus  elegantly 
illustrated  by  Plutarch,  according  to  the  free  trans- 
lation of  the  old  English  folio  : 44  In  logike  this  con- 
junction El  (that  is  to  say  if,  which  is  so  apt  to 
continue  a speech  and  proposition)  hath  a great  force, 
as  being  that  which  giveth  forme  unto  that  propo- 
sition, which  is  most  agreeable  to  discourse  of  reason 
and  argumentation.  And  who  can  deny  it?  consi- 
dering that  the  very  brute  beasts  themselves  have  in 
some  sort  a ccrteine  knowledge  and  true  intelligence 
of  the  subsistence  of  things ; but  nature  hath  given 
to  man  alone  the  notice  of  consequence,  and  the  judge- 
ment for  to  know  how  to  disceme  that  which  fol- 
lowcth  upon  every  thing.  For  that  it  is  day,  and 
that  it  is  light,  the  very  woolvcs,  dogs,  and  cocks 
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Grammar,  perceive  ; but  that  if  it  be  day,  of  necessitic  it  mutt 
v""— V"-^  make  the  aire  light,  there  is  no  creature,  save  onely 
man  that  knoweth,"  The  Greek  or  Latin  construction 
therefore  is  " be  it  that  there  is  day  there  must  be 
light."  Again,  the  German  conjunction  answering 
to  our  if  is  vena,  which  also  signifies  tchen.  Hence 
the  expression,  " Henn  man  dich  fragt,  so  antwortc," 
which  signifies  **  f any  one  asks  you,  answer  thus," 
may  be  rendered  with  little  difference  of  meaning, 
“ v hen  any  one  asks  you,  answer  thus."  Lastly,  the 
English  if  it  plainly  in  signification  give  ,*  and  hence 
Skinner's  etymology  of  it  has  never  been  disputed. 
He  says,  **  Ip  (in  agro  Line,  gif)  ab  A.  S.  gif,  si.  Hoc 
a verbo  gif  an,  dare,  q.  d.  dato."  Tooke  justly  odds 
that  gif  for  ifis  to  be  found  not  only  in  Lincolnshire, 
but  in  all  our  old  writers.  It  must  be  observed  that 
the  same  letter  was  variously  pronounced  g and  y in 
different  dialects,  ns  gate  and  yate,  give  and  ye  re.  It  is 
also  to  be  observed  that  the  participle  g iven  (approach- 
ing still  more  nearly  to  Skinner's  dato ) was  used  as 
well  as  the  imperative  give ; and  from  these  two 
sources  we  have  for  the  conjunction  gere,  gef,  gijfe , 
gif,  ytre,  yef,  yif,  yf,  if,  and  gin : which  may  be  still 
further  illustrated  by  tracing  the  verb,  participle,  and 
substantives,  gyffe,  yive,  ye re,  yate,  gaff,  ye r,  ylh,  yefi. 
ytfle , gytyi,  yever,  yevour,  yeven,  yetyn,  &c  ; as  in  the 
following  examples  : 

Hartrly  inyylit  diet  warry  me. 

That  of  liter  gud  had  lien  no  fre. 

To  gyfft  iur  and  l o sende. 

Sir  A mad  at. 

Sir  Amis  snswenl  thu 
Sir,  themf  yiee  Y nought  a slo 
Do  al  that  Guru  may. 

Amit  and  Amiloun. 

Not  Avarice  tl»c  foulc  caytyfe 
Was  lialfe  to  gryjw  so  ententyfe. 

As  Largesse  is  to  year  A spende. 

CiiAUCsa. 

And  with  by*  lrevy  in  axe  of  »trk- 
There  he  giyftbc  kyng  by*  ilrlc. 

Rickard  Coer  de  Lion. 

And  tniely  in  the  Unstring  of  her  lookr,  shcc  your  glndncs  & 
comforte  aodalnly  to  all  my  wittc*.  ClIAOCRR.  Trot.  Lot. 

The  remedy  by  the  seid  estalatci  is  not  vrrray  perfitc  nor 
ynytk  certeyn  nc  tasty  remedy. 

Sint.  1 1.  Hen.  VII.  c.  22.  JUS. 

H*  gaf  gyftye  largelyche 
Gold  A syluer  A c lodes  ryche. 

Launfal  A/i/n. 

For  grcl  yrflyt  that  she  fan  bedr. 

To  londe  the  schyptucn  gonne  her  led*. 

Octouinn  Imprrator. 

Every  asUte,  fcoffement,  yep,  releare,  granule,  lf»is  nod  con- 
firmation* of  huidys.  Stat.  1 . Hick.  Hi.  c.  1.  MS. 

Provided  that  thb  arte— extend  not — to  any  grannie  or  grnunte*, 
yeft  or  yif  tit  had  or  made  by  the  kinpes  Ictres  patentes  to  the 
same  Anthony.  Slat,  11,  Hen.  VII,  c.  31 . MS. 

Ayenst  the  sellers,  fe (Tours,  yevonn  or  grauntour*  and  his  or 
their  heirea.  Stat  1 . Itiek.  HI.  C.  1 . JUS. 

That  no  artificer  ne  laborer  He  rafter  nnmed  take  no  more  ne 
gretler  wagis  tlren  in  this  catatute  is  lymytled,  upon  the  payoe 
assessed  o*  well  unto  the  taker  as  to  the  t/errr. 

Stat.  1 1.  Hen.  Til.  t.  22.  MS. 

Which  lawe  by  negligence  y»  disused,  and  therliy  srete  bnldnes 
ys  govcti  to  then  and  murdrers.  Stat.  3.  Hen.  VII.  C.  2.  JUS. 

Veovrn  under  our  signet.  (f.  Elisabeth,  Let . to  Sir  W.  Cecil. 

If  the  seid  lessee  or  lesaes  within  viii  daies  wamyag  to  thevm 
yrren  by  any  of  Uie  seid  justice*  of  the  peas. 

Slat.  11.  Hen.  YU.  e - 9.  MS. 


Or  yit  genre  Virgil  stnde  well  before.  Gawin  Dovoui, 
Eortbliche  knyglit,  or  eortbUcbr  kyng 
Nia  so  nretc  in  no  lliyng  ; 

Gef  he  U God,  he  b inylde. 

Kyng  A lieu  under. 

He  aakyd  at  all  the  route, 

Gyff  ony  durste  com  and  prove 
A cours  for  hys  lenuuuivs  love. 

Rickard  Coer  de  Lion. 
For  gtjThe  he  of  so  erete  excellence. 

That  he  nf  every  wight  hath  cure  A charge, 

QuUal  have  1 gilt  to  him,  or  doon  offense  } 

K.  jAMKs  I.  The  King's  Qwatr. 
The  domes  and  law  pronounris  ache  to  thaym  then, 

'Die  fria  nf  thare  Umhouris  cqualyr 
Gart  distribute.  Gif  d mt  fallis  tharrby 
Be  cut  or  cavill  that  plcde  souc  parlid  was. 

Gawi.h  Douglas. 

Ich  am  comen  hlder  to  day, 

For  to  sauen  hem , yine  Y may. 

Amit  and  Amilomn. 
Yef  thou  me  louest  asc  own  says, 

Lemmon  as  y wcnc  j 
Ant  yef  hit  tbi  wille  he 
Thou  loke  that  hit  hr  acne, 

MS  Harl.  No.  2253,  fol.  80. 
Wurthe  we  never  for  men  telde, 

Sith  Ire  hath  dun  us  thy*  drspyte, 

Ytjfe  be  agayn  pure  cjuyte. 

Rickard  Coer  de  Lion. 
lie  thought  yi/Idi  com  hir  to. 

More  than  icliaue  ydo, 

IV  abbcsic  wil  aouchy  gile. 

Lay  l.e  Ferine. 

The  lawe  of  lire  land  y»  that  yf  eny  man  he  slnvne  in  the  day, 
and  lire  felon  not  taken,  the  townshipp  wher  the  deth  or  murder 
b done  shal  be  amerved.  Slat.  3.  Hen.  VII.  e.  2.  MS. 


Coujune- 

lions- 


Gin  living  worth  con’d  win  my  licart. 

You  wou’d  na  speak  in  vain. 

Scott  Song. 

These  words  ge re,  gef,  gyff,  gif.  gif,  yire,  yef,  yijfe, 
yf,  W*  ftf*  which  in  the  lust  eleven  examples  are 
conjunctions,  are  doubtless  the  same  in  origin  with 
the  preceding  verbs  gete,  yegt.gyjfe,  gef,  gave,  yevyth, 
and  the  nouns  gipy*.  yeflys , yeft,  yiftis,  yet toun,  yevers ; 
and  in  like  manner  the  conjunction  gin  is  clearly 
nothing  more  than  a new  application  of  the  participle 
goven,  yeoven,  or  j/rteit,  which  is  tho  modern  gir«n. 
But  this  new  application  causes  the  words  if,  gif, 
gin,  &c.  to  express  a new  “ posture,  stand,  turn,  or 
thought  of  the  mind,"  (as  Mr.  I>ocke  speaks)  and 
thus  to  perfonn  a different  function  in  language,  or 
become  a different  “ part  of  speech,"  namely,  a con- 
junction. Mr.  Tooke  therefore  is  right  so  far  as  he 
follows  Skinner,  who  first  showed  the  connection 
between  if  and  give:  but  he  is  wrong,  when,  trusting 
to  his  own  theory,  he  says  “ our  corrupted  if  has 
always  the  signification  of  the  English  imperative  give, 
and  no  other.”  In  short  he  is  right  where  he  is  not 
original,  and  original  only  where  he  is  not  right.  Nor 
is  nis  “ additional  proof"  of  much  relevancy.  As 
an  additional  proof,"  says  he,  we  may  observe,  that 
whenever  the  data. m upon  which  any  conclusion 
depends,  is  a sentence,  the  article  that  if  not  ex- 
pressed is  always  understood,  and  may  be  inserted 
after  if ; os  in  the  instance, — 

— ■ - - * My  lurgcsM 

Hath  lotted  ber  to  be  your  hrotlrev’*  nibtirw. 

Gif  »bce  can  Ire  recliun’d } gif  not,  hi*  prey.' 

Sad  Shepherd,  act.  2-  *C.  1 , 

the  poet  might  have  said, 

* G*f  that  she  can  be  reclaimed,  Ac.* 
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But  the  article  that  is  not  understood  and  cannot  be 
inserted  after  if,  where  the  datum  is  not  a sentence  but 
some  noun  governed  by  the  verb  if  or  give.  Exam. 

* How  will  the  weather  dispose  of  you  to-morrow  ? 
If  fair,  it  will  send  nie  abroad,  &c/  ’ 

Now  the  whole  of  this  observation  turns  on  the 
peculiar  idiom  of  the  English  language,  which  admits 
one  form  of  ellipsis  and  not  another  , for  all  these 
constructions  arc  elliptical ; and  the  word  that,  which 
is  a conjunction  as  well  as  if,  has  not  the  least  pre- 
tension in  such  sentences  to  be  called  an  article.  VVe 
shall  have  occasion  hereafter  to  notice  some  other 
uses  of  this  conjunction,  when  wc  speak  of  the 
phrases  O ! si — O ! gi'n,  an  if,  as  if,  fee. 

The  conjunction  an,  is  not  mentioned  by  Skinner, 
Juxirs,  Lyr,  or  any  writer  of  note,  before  Dr.  John- 
son, whose  account  of  it  is  perfectly  unintelligible. 
He  says  it  is  " sometimes  a contraction  of  and  iff* 
sometimes  a contraction  of  “ and  before  if some- 
times a contraction  of  “ as  if  t"  and  to  complete  this 
jumble  of  inconsistencies,  he  elsewhere  says,  " and 
sometimes  signifies  though,  and  seems  n contraction 
of  and  if" — And  again,  “ in  and  if,  the  and  is  redun- 
dant.” 

Tookb,  who  has  justly  reprehended  the  errors  of 
Johnson,  thus  speaks  of  the  word  an  himself  '*  We 
have  in  English  another  word,  which,  though  now 
rather  obsolete,  is  used  frequently  to  supply  the  place 
of  if;  as,  44  an  you  had  any  eye  behind  you,  you 
might  see  more  detraction  at  your  heels,  than  fortune 
before  you.  Twelfth  Night,  net  ii.se.  8.”  Again,  44  An 
is  also  a verb,  and  may  very  well  supply  the  place  of 
if  i it  being  nothing  else  but  the  imperative  of  the 
Anglo-Saxon  verb  anan , which  likewise  means  to  give 
or  grant." 

This  conjectural  etymology  of  Mr.  Tooke’s  is 
plausible,  though  not  perfectly  satisfactory.  The 
verb  anan,  to  grant,  is  of  dubious  authority.  The 
supposed  instances  of  its  occurrence  are  rare,  and  may 
possibly  be  accounted  for  from  casual  errors  in  manu- 
scripts. Few  words  are  brought  into  use  as  secondary 
parts  of  speech,  which  have  not  also  a very  general 
use  as  primary  parts,  and  that  in  different  dialects  j 
but  we  have  in  vain  sought  to  trace  this  verb  anan  ns 
a verb  or  noun  in  any  dialect  ancient  or  modem, 
beyond  the  two  or  three  doubtful  instances  cited  by 
Mr.  Tookc.  Wc  do  not  positively  reject  his  etymology, 
but  we  must  own  it  appears  to  us  quite  as  probable 
that  ’an  is  only  a further  corruption  than  gi'n  from 
given  or  yeven  ; and  this  is  the  more  probable  because 
'an  seems  never  to  have  been  used  but  in  the  collo- 
quial dialect  of  homely  life,  or  of  distant  provinces. 

Thus,  in  Muck  Ado  about  Salhing,  Beatrice,  who 
affects  a homely  ami  somewhat  coarse  kind  of  wit, 
replies  to  the  messenger  as  follows 

Mrv*.  I set,  lady,  tbe  gcntlcmnn  is  no*  in  your  hooka. 

Beat.  No;  'am  he  were,  I would  burn  my  study. 

So  we  find,  in  an  old  Scotch  song — • 

'An  thou  writ  mine  sin  thing:, 

O f I vrou'd  k»*e  thee,  1 wou'd  lo’e  thee ! 

But  no  serious  and  polished  writer  at  any  period  of 
our  literature  uses  an  for  if ; and  at  present  it  is  not 
only  44  rather  obsolete,”  but  has  long  been  obsolete 
altogether. 

The  circumstance  which  tends  to  give  the  most 
plausibility  to  Mr.  Tookc's  etymology,  is,  that  this 

VOL.  I. 


word  is  often  spelt  by  old  writers  and,  which  may  Conjuae- 
seem  to  be  a contraction  of  tinned,  L e.  granted,  if  t 
there  be  such  a verb  as  to  an.  1 

Hereafter,  litel  in  a stouode, 

Comen  vp,  out  of  the  ground*, 

Among?  the  folk  sodcynlich, 

Crete  foxes,  and  grixclicV — 

Her  hytt  rnvenymed  wax, 

Man  tie  beext  non  there  nax, 

And  be  were  of  hem  vbite. 

That  he  oas  ded,  God  it  wyte 

A yng  AliSttumder. 

So  in  an  old  MS.  in  the  public  library  at  Cambridge— 

THer  is  Lertbc,  Reytbe,  and  Meytlre  : 

Meythe  ouerxet  Revthe  for  ll*e  defawte  of  Ley  the ; 

Hot  and  Rry  the  met  lie  com  to  Leytiie, 

Sr lio) den  neuer  Meythc  ouerset  Reytbe. 

In  Gammer  Gur ton's  Needle,  Diccon  Stays, 

It  is  a murrion  crafty  drab  and  frnward  to  be  pleased, 

And  ye  take  not  the  better  way,  your  nedle  yet  ye  leae  if. 

Lord  Bacon,  also,  thus  writes — 

It  is  the  nature  of  extreme  irlf-lovrre,  as  they  u-ill  net  an  bouse 
on  fire,  and  it  were  hut  to  roast  their  eggs. 

Still,  "in  the  very  unsettled  state  of  our  ancient 
orthography,  much  stress  cannot  be  laid  on  this  cir- 
cumstance : and  it  seems  hardly  sufficient  to  out- 
weigh the  presumption  against  the  derivation  from 
anan,  arising  from  the  want  of  correspondent  nouns 
and  verbs  in  all  the  Teutonic  dialects. 

Whatever  be  the  true  etymology  of  an,  its  gram- 
matical force  and  effect  arc  exactly  the  same  as  those 
of  if. 

Because,  since,  and  as  are  enumerated  by  Harris  as  BeeAuxe, 
causal  conjunctions.  We  have  already  noticed  the  *Loce,  a*, 
word  because  as  a preposition.  It  was  originally  a 
phrase  or  combination  of  the  words  by  and  cause,  and 
we  sometimes  find  by  cause  that  used  in  old  writers  j 
e.  gr. 

On  me  no  fatnewe  wllbe  xrenc, 

B*  cause  that  pasture  1 fvnde  none. 

Ballad  of  ChuhevacAe,  VIS.  Harl.  2251. 

In  modern  use  it  commonly  signifies  a cause  prece- 
dent but  formerly  it  appears  to  have  been  applied 
to  denote  the  final  cause,  or  object  of  on  action. 

The  word  since  will  afford  scope  for  more  particular 
observation.  Dr.  Johnson,  though  he  calls  jtnee  an 
adverb,  has  given  the  following  instances  of  its  use 
evidently  as  a conjunction. 

1.  44  From  the  time  that”— 

He  is  the  moat  improved  mind,  since  you  saw  him,  that  ever 
was,  without  xhiflinff  into  ■ new  body.  Port. 

2.  44  Because  that"— 

Since  the  dearest  ducovcrici  we  have  of  other  xpiritx,  besides 
God  and  our  own  Sonin,  .ire  imparted  by  revelation ; the  information 
of  them  should  be  taken  from  thence.  Lovkk. 

Mr.  Tookk  says  “ since  is  a very  corrupt  abbre- 
viation confounding  together  different  words,  and 
different  combinations  of  words  and  he  afterwards 
classes  the  different  uses  of  this  word  under  four 
heads,  viz.— 

1.  (As  a preposition)  for  siththan,  sit  hence : or  seen 
and  thenceforward. 

2.  (As  a preposition)  for  seand,  seeing  os,  or  seeing 
that. 

3.  (As  a conjunction)  for  seand,  seeing,  seeing  as, 
or  seeing  that. 

4.  (As  a conjunction)  for  siththe,  situ,  seen  as,  or 
seen  that. 
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Grammar.  And  he  adds  in  a note,  ” it  is  likewise  used  adver- 
■“V*""  bially  i as  when  we  say — it  is  a year  since  s i.  e.  a 
year  seen/*  In  short,  Mr.  Tooke  contends  that  it  " is 
the  participle  of  sow,  to  see.” 

We  conceive  that  a little  investigation  will  show 
this  etymology  to  be  entirely  erroneous.  There  are 
in  English  two  cuu«al  conjunctions,  which,  as  such, 
have  nearly  the  same  force  and  effect,  viz.  since  and 
teeing  t the  latter  speaks  for  itself  j the  former 
requires  to  be  traced  to  its  source. 

We  say  then,  that  since  is  a contraction  of  sith 
thence,  or  sithens,  the  root  of  which  latter  is  the  word 
sith  or  sithe : and  we  have  before  shown  that  sithe  is 
identical  with  title,  which  in  (icnnnn  is  pronounced 
t«/,  in  Frankish  sit,  and  citi,  and  was  probably  the 
origin  of  the  Latin  cito,  and  in  nil  these  words  the 
common  idea  expressed  is  tune. 

Now,  as  the  noun  white,  w hich  also  signified  time, 
came  to  be  used  adverbially  in  the  forms  of  while, 
whiles,  whilst,  to  signify  the  time  during  which  an 
action  continued,  so  the  noun  sith,  time,  in  the  forms 
of  sith,  sithen,  syihyn,  seththrn,  was  used  adverbially 
to  signify  the  time  from  which  on  event  was  to  be 
reckoned. 

This  adverb,  like  most  others  of  a similar  con- 
struction. came  next  to  be  employed  prepositional ly 
and  eonjunctionally,  with  the  same  reference  to  time 
past. 

Finally,  ns  the  effect  commonly  succeeds  the  cause 
in  time,  sith  came  to  be  used  as  a causal  conjunction, 
either  distinctly  referring  to  time,  or  without  such 
distinct  reference. 

The  different  stages  in  this  progress  we  shall  pro- 
ceed to  illustrate,  by  udduciug  examples  of  the  use  of 
sith  and  its  derivatives. 

1.  As  a bom  a,  signifying  time. 

Wluin  he  him  seghth,  than  viu  be  blithe. 

And  kcsl  him  wcl  mani  a tithe. 

Sewym  Sages. 

Anti  such  bo  was  iprourd  ofte  tithes.  ClIAtCER. 

F<>r  tbi  wit*  Trirtrrm  oft 

To  court  doped  fete  tithe.  Sir  Trtstrem. 

For  node  now  wo  b me, 

S«iil  Trial  re  in  that  tithe.  Ibid. 

Thai  undorfenren  him  with  elier  Withe, 

And  thonged  him  a thausand  tithe. 

Seayn  Sages. 

2.  As  an  adverb,  signifying  afterwards , i.  e.  at  a time 
subsequent. 


3.  As  a conjunction,  simply  signifying  “ from  the 
time  that.” 

To  hit  ostage  the  weot  right, 

There  *he  njrver  come  bjiure, 

Sithe  hit  * ted  u tuir  ho  rowed  tborc. 

I.yft  of  Ipotnydvn. 

Sethe  Normans  came  tint  into  Engelondc.  TitEVtaa. 

N«  quo  mi  holy  prophete 
St  t hi  he  Adam  and  Enc  the  appel  etc. 

Ckrisf  l Ur  Kent  to  Hell. 
Sith  the  that  I was  Ixirn  to  man, 

Swylke  aurwe  hadde  I never  nan. 

Richard  Coer  it  U»n. 

4.  As  a conjunction,  signifying  **  from  the  time 
that,”  with  the  farther  idea  of  causation. 

Sith  to  b that  shine  was  first  cause  of  thraldome,  than  (L  e. 
then,'  is  St  thus ; that  at  the  time  that  all  this  world  wa*  in  sinue, 
than  wan  ail  this  world  was  in  thraldome.  Ciiacceh,  P.T. 
For  sith  tl»r  dale  is  come  that  I ahnl  die, 

1 tunke  plainly  my  confession.  Ciuccer,  Kn.  T. 

5.  As  a conjunction,  in  relation  to  cause  only. 

The  wise  eke  Mirth  wo  him  that  b alone, 

For  and  lie  fall  Ik*  hath  none  help  to  rise. 

And  sith  thou  hast  a Mow,  tell  thy  raone. 

CHAtcea. 

Sithe  In  tld  rapport  mvn  hope  abiditli  at  Ljdcate. 
And  therefore  ntadame,  if  your  wil  be, 

Sithe  we  have  so  gretr  plenty. 

Send*  hjrm  sommo,  while  we  may. 

I-yft  of  Ipamydtm. 

In  the  Scottish  dialect,  wc  find  sithin,  syne,  and  sen. 
Sitltin  we  have  already  cited  from  Barbour.  Syne 
appears  to  be  a contraction  from  tithin,  or  sithen, 
used  adverbially,  and  in  contradistinction  to  a time 
preceding. 

He  husked  him,  l>ot  muir  shade, 

And  left  purpoi*  that  be  bad  lane, 

Aud  to  England  auain  ia  pane, 

And  tv  nr  to  Scotland  word  sent  be.  Barbour. 

By  prooceie  and  by  tnenys  favourable, 

First  of  the  bHflfal  guddi*  purveyance. 

And  syne  tlirflu  long  and  Lrewc  rontynance 
Of  reray  faith.  TV  King's  Qaatr. 

Till  first  ne  raper,  syne  anitlirr, 

Tam  tint  his  muon  a'  thrgitlier.  BURN*. 

Lang  syne,  long  since,  a time  long  put,  ia  an  ex- 
pression well  known  from  the  admirable  song  of 
Auld  long  syne.  Sen  may  possibly  have  been  the 
past  participle  seen,  used  us  a causal  conjunction,  in 
the  wunc  manner  os  wc  employ  the  active  participle 


Conjane* 


And  b sith  nofoc  dele  changed.  Trevisa. 

The  letter  told  him  all  the  deed. 

And  hr  uuto  Lis  men  gart  read ; 

And  tithin  Mid  them  sickerty, 

I hope  Thomas  his  prophecy 

Of  Ereiltonn  verifyd  be.  Barrocr. 

Ac  AlUannder,  lira  owen  Hondo, 

Biheucdrd  the  prince  of  the  londe, 

And  sithen,  wiiHoutcn  any  pytd, 

Sett*  on  fyre  that  ryt/*.  Kyng  Alitmtader. 

lie  tok  tbnt  hlod  that  wiu  to  bright, 

And  ailed  that  pm  til  kniadit,  * 

'That  rar  was  hmde  in  hale. 

And  seththtn  ia  a bed  him  digbt. 

* .emit  and  Amilmtn. 

He  raffe  thcr  ryehe  fryfftes, 

Both  to  aqwyars  and  to  knyghtr*. 

Stede*.  hawkef,  and  bowndei : 

And  tythyn  apon  a day 

He  buskyd  byro  on  lijra  jornay.  Sir  Amadas. 


Giff  ye  be  warldly  wiphl  that  dnoth  me  slke, 

Qnhy  lest  God  utak  you  no,  my  defeat  licrt, 

To  do  a arly  prisoner  thus  smert, 

That  lufis  you  all,  and  wote  of  nought  but  wo, 

And  therefore  merci  aucte  ! ten  it  is  an. 

The  King’s  Qmair. 

Sensyne,  n compound  of  mu  and  syne,  is  used  adver- 
bially, ns  in  the  Scottish  translation  of  the  Romance 
of  Alexander,  a.  d.  1439. 

Sensyne  b past  ane  thousand  yeir, 

Four  hundred  and  tluvttie  thairto  nelr, 

And  auch,  and  some  dele  mnir  1 » is. 

So  in  the  Act  of  the  Scottish  Parliament,  a.  d.  1540- 

All  hb  gudis  movable  and  vnmovable  pertening  to  him,  the 
tytne  of  tlie  committing  of  the  Mid  cryinc,  and  tentyne,  to  be 
dccernit  to  pertene  U»  lbs  Grace. 

Wc  now  come  to  the  word  as,  which  Harris  reckons 
among  the  causal  conjunctions,  ex.  gr. 
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At  wlten  the  moon  hath  comforted  the  night. 

And  cet  the  world  in  • Liver  of  her  light — 

So,  when  the  glories  of  our  tires,  Ac. 

Chapman. 

Here  we  see  that  as  marks  an  analogical  connection 
between  one  set  of  incidents  and  another.  The  first 
set  are  assumed  to  be  well  known  and  certain,  the 
latter  to  be  equally  true  but  less  obvious.  Whether 
the  term  causal  be  strictly  applicable  to  this  sort  of 
analogical  connection  may  perhaps  be  doubted  j but 
inasmuch  as  the  certainty  in  both  instances  is  first 
stated,  because  and  as  may  properly  enough  be  dis- 
tinguished by  a common  appellation  from  therefore 
and  so,  which  mark  the  less  obvious  or  certain  ot  the 
two  facts. 

Mr.  Tookb  however  seems  to  deny  that  as  is  n 
conjunction.  His  words  are,  **  the  truth  is  that  as 
is  also  an  article  j and  (however  and  whenever  used 
in  English)  means  the  same  as  it,  or  that,  or  tchich 
Why  he  calls  it  an  article  wc  know  not ; for  in 
another  part  he  says,  " I should  be  sorry  if  any  of 
my  readers  were — to  believe— -that  articles  and  pro- 
nouns arc  neither  nouns  nor  verbs — for  I hope  herv 
after  to  satisfy  the  reader  that  they  are  nothing  else, 
and  can  be  nothing  else.’*  He  afterwards  published 
another  volume  on  grammar  ; but  though  it  contains 
a long  chapter  on  “ the  Rights  of  Man, ' it  has  none 
on  cither  article  or  pronoun.  We  arc  therefore  left 
in  the  dark,  as  to  Mr.  Tooke’s  opinion  of  the  word 
or;  and  know  not  whether  he  thought  it  a noun  or  a 
verb  ; why,  being  either,  he  called  it  an  article  ; and 
why,  if  it  could  at  once  lx*  either  a noun  or  a verb 
and  an  article,  it  could  not  also  be  a conjunction. 

In  its  etymology  indeed  Mr.  Tooke  is  certainly 
right  \ as  is  the  German  et,  it  ; and  as  we  have  else- 
where had  occasion  to  observe,  the  same  word  which 
signified  identity,  by  an  easy  transition  came  to  sig- 
nify likeness  ; and  hence  we  often  find  in  our  ancient 
style  the  word  like , either  prefixed  pleonasticnlly  to 
as,  or  else  used  with  a corresponding  force.  Of  the 
former  we  have  an  instance  in  Psalm  ciii.  13. 

Like  as  a father  pitlcth  his  children ; so  the  Lord  pitieth  them 
that  fear  him." 

The  poet  S.  Daniel  furnishes  an  example  of  the 
latter  kind. — 

O 1 thou  ami  I hare  heard,  and  read,  and  known, 

Of  /r*'-prmid  *(atr«,  at  woefully  inraniberd. 

And  framed  by  tlirni  eaamples  for  our  own. 

Which  now  among  examples  must  be  numherd. 

We  use  .to  as  a relative  to  the  antecedent  as,  or  as 
an  antecedent  *o  the  relative  that  .•  and  so  (as  Mr. 
Tooke  justly  observes)  is  the  Gothic  sa,  or  so,  it  or 
that  ; but  so  by  some  of  our  old  writers  was  used 
where  we  now  use  as. 

BuNifnl  neinl  so  Inode 

That  it  achrillith  into  the  doiide — 

Ac  Alisanndre  loop  on  hi*  run?*, 

Sa  a jroliifvnrh  doth  on  tin?  hegge  ; 

Hit  uiontrtli,  and  he  let  him  gon. 

Si  of  bo  we  doth  the  flon.  A 'yng  Alisaundrr. 

In  the  German  translation  of  the  Bible,  so  is  some- 
times used  as  the  relative  pronoun  who,  in  the  same 
manner  us  we  employ  the  pronoun  that. 

Alle  Juden  w in  Altryptenlami  wohneten. 

All  the  Jew*  which  dwell  in  the  land  of  Ejrrpt. 

Jeremiah,  c.  44.  v.  1. 

Als  is  also  used  in  the  Anglo-Saxon  and  old  English 


for  as : and  this  word  likewise  is  correctly  explained  Coojunc. 
by  Mr.  Tooke,  as  “ a contraction  of  al  mid  es,  or  as."  *‘on* 

— This  al,"  adds  he,  “ which  in  comparisons  used  " 

to  be  very  properly  employed  before  the  first  es  or  as, 
but  was  not  employed  before  the  second,  we  now  in 
modern  English  suppress.”  It  would  not  be  quite 
correct  to  say  that  a Is  was  never  employed  before  the 
second  es  or  as ; for  examples  of  it  sometimes  occur. 

Vnto  the  tourc  he  take*  the  wny 

Alt  hastily  tils  cocr  he  may.  Smyn  Sages. 

Vot'd  the  kirk  than  went  be  sonc 

And  herd  hi*  me*,  alt  be  wu  wone.  Ibid. 

From  as  we  naturally  pass  to  the  word  that,  which  That 
is  also  a pronoun  conjunctionally  used.  It  is  rather 
singulur  that  any  difficulty  should  ever  have  occurred, 
respecting  either  this  word,  or  the  corresponding 
Latin  words  q uod  and  ul  or  uti.  Mr.  Tooke  says, 

“ that  is  the  article  or  pronoun  that  /’  in  which  he 
seems  to  have  copied  Vossius,  who  says,  “ quod 
pronomcn  est,  etiam*  efim  dico,  gaudeo  quod  veneris ; 
vel  illo  Horatii,  lib.  1.  sat.  4/' 

Iocolumu  letor  fwod  virit  in  urbe. 

Nam  integrfe  sit,  gaudeo  eo  nomine,  vel  la-tor  ob  id, 
sivepropter  id  nogotiuni,  quod  est  te  venisse. 

Tnat  quod  muy  be  used  as  u pronoun  is  no  reason 
why  it  should  not  also  be  used  os  a conjunction  : and 
its  use  is  what  determines  its  grammatical  character. 

Ut  seems  to  have  been  an  abbreviation  of  the  later 
Romans  from  uti,  and  is  manifestly  the  Greek  con- 
junction on,  which  Hoocjf.vev  justly  remarks  is 
formed  by  uniting  the  pronouns  o and  to. 

Mr.  Harris  calls  therefore  a collect  ire  conjunction,  Therefore, 
meaning  that  it  subjoins  an  effect  to  a cause,  e.  gr.  therefore, 
**  The  moon  intervenes  j therefore  the  sun  is  in  t*lcn* 
eclipse.”  And  he  observes,  u we  use  causa  Is  (such 
as  because)  in  those  instances  where  the  effect  being 
conspicuous  we  seek  its  cause  ; and  collectives  in 
demonstrations,  and  science  properly  so  called,  where 
the  cause  being  known  first,  by  its  help  we  discern 
consequences.  Our  English  word  therefore  is  mani- 
festly a phrase,  or  combination  of  words  reduced  by 
custom  into  one;  like  the  Latin  propterea,  which  for 
tlus  reason  Vossius  excludes  from  the  class  of  con- 
junctions.—" Quantobrem,  qnasobres,  propterea,  quare, 
et  similia,”  says  he,  **  non  videntur  hujus  esse  classis  ; 
quia  non  tnm  yox  unica  sunt,  eaque  composita,  quhm 
plnres  : cui  rei  argumento  nobis  est,  qttbd  structure, 
quat  in  simplici  voce  locum  non  habet,  in  earum 
singulis  observatur.  Et  vix  caussa  apparct  cur 
quamobrrm  magls  sit  vox  unica,  qn&m  tnm  ob  rem  ; vel 
quare  quhm  ed  re.*’  The  latter  part  of  this  reasoning 
does  not  strictly  apply  to  the  English  therefore,  and 
even  admitting  it  to  be  correct  w-e  may  still  call  that 
word  a conjunction.  Its  meaning,  as  we  have  else- 
where had  occasion  to  show,  is  simply  for  this  (sub- 
auditur  cause  or  reason :)  and  it  has  two  conjunctional 
meanings;  first  when  we  state  the  effect  as  a matter 
of  fact ; and  secondly  when  we  state  it  as  a matter 
of  reasoning.  % 

1.  This  i«  the  latest  parley  we  will  admit, 

TKrrefsrt  to  our  best  mercy  «ire  you  reel  tm. 

SlIAKSFEARE. 

2.  He  blushes,  ihtrtfort  be  is  guilty. 

Sportster. 

The  blush  is  not  the  cause  of  the  guilt  in  fact ; but  it 
is  the  cause  of  our  asserting  the  person  to  be  guilty, 
s 2 
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Grammar.  The  statement  would  be  the  very  reverse,  if  the  fact 
s— . y— * alone  were  considered  ; for  we  should  then  say,  **  he 
is  guilty,  therefore  he  blushes /’  but  the  full  con- 
struction in  the  other  sense  is,  u he  blushes,  thcrrfore 
1 conclude  that  he  is  guilty.” 

Wherefore  is  so  similar  iti  construction  and  effect  to 
therefore,  that  it  needs  no  further  explanation. 

Then,  used  ns  an  adverb,  signifies  at  that  time,  but 
used  as  a conjunction  it  not  only  has  that  meaning, 
but  in  a secondary  sense  it  means  “ in  consequence.” 

1 . — — — My  brother*!  nrrotnl* 

Were  then  iny  fellows,  now  lUev  are  oiy  men. 

SlUKSVEARK. 

2.  If  * II  this  be  ao,  tksn  man  Has  • tin  turn]  freedom. 

Locke. 

Either,  We  call  either  and  neither,  or  and  nor  simple  dis- 
iwither,  or,  junctives,  in  conformity  with  the  scheme  of  Harris 
nor,  els*,  above  particularised  ; but  they  might  perhaps  be 
more  appropriately  styled  alternatives  ; either  and  or 
being  set  in  opposition  to  each  other  affirmatively  ; 
neither  and  nor  negatively.  Either  is  clearly  in  origin 
a pronoun  ; and  or  is  a contraction  of  other,  which  is 
also  a pronoun.  In  old  English  other  frequently 
occurs  at  length,  in  the  sense  of  the  modern  or. 

Ful  frole  and  fille 

flroth  yfooodc,  in  b«»rU*  ami  wklle 

That  hiddc  kvere  a rilMtodye 

Than  to  litre  of  God,  Stktr  of  acyate  Marie. 

A yng  ./luaundcr. 

In  a charter  of  king  Edward  the  Confessor  we 
have  oth  for  or. 

Swo  ful  and  two  forth,  two  Duduc  Bilsop  oth  toy  Bissop  bit 
firmest  Lira  toforen  bavede. 

The  conjunction  or  is  frequently  followed  by  else. 
As  nor  is  by  yet.  The  word  else,  Mr.  Tookc  says,  is 
“ the  imperative  ales  of  the  (Anglo-Saxon)  verb 
aUsan  to  dismiss."  The  learned  Hickk*.  however, 
thinks  it  is  contracted  from  the  Latin  alias:  and  of 
this  opinion,  which  appears  to  us  the  more  probable, 
are  Skinner  and  Mixkiiew.  It  occurs  both  in  the 
Scottish  and  English  idioms,  and  is  written  els,  elles, 
ellis,  ellys,  Ike. 

To  take  wlwre  a man  bath  leiie 

Good  i*  ; sod  *iUs  he  mote  Icon.  Gower. 

What  mnn  that  in  special 

Hath  not  him  sclfe  be  bath  not  tit 

No  more  the  perln  than  the  shels.  Idem. 

'Vi  them  ten  novae  or  cUttrrynR  of  belles 
Te  Dram  was  our  aouge,  and  notbyug  rile*. 

CllAUCBR. 

Him  hehouetb  serve  biauelfe  that  has  no  swayn. 

Or  els  lie  is  a foie,  as  clerics  sayn.  Idem. 

m Traist  not  all  Uli*  that  wanton  wow&rls  tellil 
You  to  dciloure  purpoayng,  and  not  rtUt. 

Gawim  Douglas. 

F rehold  withyn  the  same  shim  to  the  yerely  value  of  xxs  at  tbe 
k«tr,  or  rt/ss  lomks  and  ten**  holdyn  by  nistume  of  maneir. 

Sint.  1.  Hie.  /It.  c.  4.  AW. 

As  though  they  larked  wysedome  and  leamvnf  to  be  able  for 
sneb  offices,  nr  riles  were  no  men  of  conscience,  or  els  were  not 
mrete  to  be  trusted.  Latimer's  Sermvms,  Ed. 

Than  may  ye  haue  baith  qnaiffii  and  kelllf 
Hicli  candle  ruffes  aud  bsrlrt  bellis 
All  for  your  weiring  and  not  ettis. 

/'Atlolm,  Edinburg  ed. 

Mr.  Tookc  very  angrily  accuses  his  critics  of  “ igno- 
rance and  idleness/’  because  they  venture  to  suggest 
that  el  or  al  (signifying  other)  is  the  radix  of  the 


English  else  and  the  Latin  alius ; but  certainly  Wacmter  Coojimc* 
was  neither  idle  nor  ignorant  : and  yet  he  has  traced 
this  radix,  with  a similar  signification,  through  a 
great  variety  of  lunguages.  The  passage  is  a very 
curious  one,  and  well  deserves  attention. 

" Kt.,  ell.  alius,  alienus,  peregrinus.  Hexischius 
in  Thes.  L.  Germ,  el,  alius,  jemand  el,  alter  quispiam. 
alius  quispiam,  niemand  el,  nemo  alius.  Vox  Celtica 
et  prirnitiva,  quae  Grsecis  effertur  «\Vot.  Lnt.  alius. 

Inde  composita  et  derivata  in  omnibus  dialcctis,  et 

prvcipufc.' 

“ Camorica,  aliicn,  alienus,  alon  alieni,  inimici, 
alltml  alienigcna,  advena,  alUudo  in  exilium  pellere, 
altudaeth  ex  ilium,  alhclad  alienigcna,  arallu  alterare, 
e.llmyn  Alainuimi,  et  usurpatur  pro  peregrino  quovis. 

Bo xu on. v in  Le^.  Ant.  Brit." 

“ Gothica,  aljalh  alio,  aliorsum,  peregre,  aljathro 
aliunde,  oljakunja  alienigcna,  upud  Junu.ii  in  Gloss. 

Goth.  p.  49” 

" Anolo-Saxonica,  tiles  alias,  alioquin,  elles— hitter 
aliorsum,  eltheodig,  altheodtg,  extents,  extruneus, 
peregrinus,  elreordig,  barbarus,  apud  Somx  et  Bknsom. 

Quibus  addi  potest  eltheodiscemen  peregrini,  ex  Malth. 
xxvii.  7." 

" Francica,  allasuuara,  alio,  in  Gloss.  Fez.  eliporo, 
alienigcna,  in  Gloss.  Boxh.  elirarter  barbarus,  in  Gloss. 

II.  Mauri.” 

" A law  annica,  alU  suuannn,  aliunde,  in  Gloss. 

Keren.” 

" Is  lan  me  a,  ella,  alias,  apud  Vkrel.  in  Ind 

**  Anglica,  else,  alius,  alias,  aliter,  alioqui,  else- 
tchere,  alibi.” 

**  Geruaxica  hodiema,  alfanz  aliena  loquens, 
clgittze,  ldolum  peregrinura,  etejid  terra  aliena,  buff  el 
bos  peregrinus,  &c.*: 

Wacbter  goes  on  to  cite  the  proper  names  derived 
from  this  root,  as  Allobroges,  Alamanni  and  Aliso. 

Neither  and  nor  are  merely  either  and  or  with  a 
negative  particle  prefixed  to  them.  To  these  two 
distinct  words  the  Latin  nec , or  neque,  answers  when 
repeated.  Vossius  speaking  of  the  passage  “ ncque 
natare  netjue  litcras  novit,”  says,  " ncque  magis 
negnndi  adverbium  est  quit  in  conjunctio.”  In  this 
position  we  cannot  acquiesce,  and  indeed  his  subse- 
quent argument  shows  that  he  had  some  doubt  on  the 
point  himself.  **  Certfc,”  says  he,  “ in  eft  particulft 
duo  sunt,  to  ne,  quod  negondi  adverbium  cst,  ct  to  que 
quod  copulativa  est  conjunctio.  L train que  munus 
prnrstat  neque  i ac  quatenus  negat , adverbium  est  ; 
quia  verb  ct  disjunctos  connect  it  aententias,  quodaxn- 
modo  conjunctio  cst."  We  cannot  but  think  that  a 
little  reflection  would  have  shown  this  very  acute  and 
judicious  grammarian,  that,  under  such  circumstances 
as  he  describes,  a word  becomes  not  merely  quodam- 
modo,  but  plainly  and  altogether  a conjunction. 

To  the  simple  disjunctives  either,  or,  and  neither,  Both, 
nor,  are  opposed  the  simple  connectives  both,  and. 

It  is  sufficient  to  observe  that  as  cither  and  or  are 
pronouns  used  conjunctionally,  so  is  both  a pronoun 
employed  in  the  same  manner,  and  consequently 
converted  into  a real  conjunction. 

Of  the  etymology  of  but  we  have  already  spoken  at  But,  u* 
length.  It  belongs  to  that  class  of  conjunctions 
which  Harris  calls  the  adversative  absolute.  In  these 
a positive  and  a negative  arc  both  asserted.  We  have 
a remarkable  instance  of  this  in  Milton,  who 
reduplicates  the  conjunction  but  in  application  to 
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Grammar,  two  different  kinds  of  opposition  in  the  same  sen- 
v-—'  tence. 

Virtue  may  be  umllfd  tut  nerer  hurt ; 

Bat  eril  on  itxelf  tball  bark  recoil, 

Aud  mix  no  more  with  goodness. 

Whether  this  reduplicated  construction  be  a beauty, 
or  a blemish,  in  style,  we  shall  not  here  inquire  : we 
only  cite  the  passage  to  show  the  effect  of  the  con- 
junction but,  which  in  both  cases  is  as  above  stated. — 
1.  It  is  positively  asserted  that  virtue  may  be  assailed, 
and  negatively  asserted  that  virtue  cannot  be  hurt. 
9.  It  is  negatively  asserted  that  virtue  cannot  be 
hurt,  and  positively  asserted  that  evil  shall  recoil  on 
itself  j i.  e.  shall  be  hurt.  In  the  one  case,  the  sub- 
ject remains  the  same,  but  the  predicates  vary  ; in  the 
other,  the  subjects  are  opjiosed  to  each  other,  but  the 
predicates  are,  if  not  identical,  at  least  equivalent. 

Ac,  which  was  probably  identical  with  eac,  eke,  and 
originally  signified  also,  is  found  in  old  English 
writers,  for  but ; e.  gr. 

With  wmththe  to  Aliftxundre  be  sxide, 

" Qulh  tak  U'v  wed  far  thy  deth.” 

Alivumdre,  “ Nay"  onxwcrith 
Wed  no  st  lia.lt  thou  have  of  me, 

Ac  Y wol  have  wed  of  the. 

Aysf  Jtisammdrr. 

Nor  is  this  surprising,  since  the  French  mats  and 
Italian  ma,  but,  are  merely  the  Latin  magis,  more 
and  therefore  originally  signified  mere  addition,  with- 
out opposition. 

Tina.  Than  and  as  (which  latter  we  have  already  con- 
sidered as  a causal)  are  reckoned  by  Harris  among 
adversatives  of  comparison,  the  former  implying 
superiority,  the  latter  equality,  as,  “ Nireus  was 
fairer  lA<ia  Achilles." — " Virgil  was  not  so  great  at 
Cicero.”  It  is  clear,  therclore,  that  these  words 
having  a relative  force,  must  be  preceded  cither  by 
some  separate  word,  as  an  antecedent,  or  by  some 
inflection  which  hits  the  force  of  an  antecedent.  In 
the  first  of  the  examples  just  quoted,  the  comparative 
termination  er  renders  the  word  fairer  the  antecedent 
of  the  relative  than : in  the  second  examples  to  acts 
as  an  antecedent  to  the  relative  at.  The  antecedents, 
when  consisting  of  separate  words,  are  commonly 
called  adverbs,  and  properly  so,  inasmuch  os  they 
modify  an  adjective  or  another  adverb.  The  relatives 
are  also  called  adverbs  by  many  grammarians,  but 
improperly  since  they  obviously  connect  sentences. 
It  is  of  course  matter  of  mere  idiom  whether  the  com- 
parison be  effected  by  an  inflection  in  the  antecedent, 
in  the  relative,  or  in  both  j or  whether  it  be  effected 
by  a separate  word,  but  in  the  latter  case  we  call  the 
relative  a conjunction. 

It  is  also  matter  of  idiom  whether  the  same  con- 
junction answer  one  or  several  purposes.  Thus  the 
Latin  ac  and  atque , which  in  their  first  sense  arc  mere 
copulatives,  become  adversatives  of  comparison  in 
such  phrases  as  a qui  ac,  etqui  atque,,  aliter  ac,  aliter 
atque. 

Somnla  tformienti,  non  trqui  ac  vig^lnnti  proban  tur.  Cicero. 

benefuia  magna  non  *not  babenda  atjae  m qua 

jmhiso,  considerate,  constantcrque  delata  aunt.  Idem. 

Ego  »t»  nihilo  turn  aliter  ac  fnl.  TerEXTICS. 

Nunquxm  te  aliter  atfuc  es  In  animnm  induxi  meuro.  Idem. 

So  we  use  at,  with  the  force  of  a causal  conjunction, 
or  of  a relative  conjunction,  or  of  the  antecedent  to 


such  relative}  as  in  the  sentence,  **  Cssar  was  at  Conjuac- 
brave,  at  Alexander.” 

So  in  Greek,  M the  simple  disjunctive  or  te/,” 
as  Harris  observes,  “ is  mostly  used  indefinitely,  so 
as  to  leave  an  alternative.  Hut  when  it  is  used 
definitely,  so  as  to  leave  no  alternative,  it  is  then  a per- 
fect disjunctive  of  the  subsequent  from  the  previous  ; 
and  has  the  same  force  with  *ai  »*,  or  et  non.  It  is 
thus  Ga/.a  explains  that  verse  of  Homer” — 

BaAjig  4yk  A air  060*  fptpsras,  f) 

“ That  is  to  say,  I desire  the  people  should  be  saved 
and  not  be  destroyed  } the  conjunction  ^ being 
ayaiftfTiKoi  or  sublativc.  It  must  however  be  confest, 
thut  this  verse  is  otherwise  explained  by  an  ellipsis, 
either  of  paWor,  or  detiV,  concerning  which,  sec  the 
commentators.” 

The  grammarians  seem  to  have  doubted  to  what 
class  they  should  assign  most  of  these  words.  Thus 
Priscian  in  one  place  calls  quUm  an  elective  conjunction, 
hut  in  another  an  adverb  of  comparititn . Fliny,  ac- 
cording to  C'harisius  and  Diomedes  designated  these 
words  generally  as  conjunctiones  re  la  tine  ad  aliquid. 

VosKiiK  says  “ multa  esse  fatemur,  qui  bus  ct  in 
adverbiis  et  htc  (sc.  in  conjunctionibus)  recti;  tribua- 
tur  locus — Ac  ct  atque  conjunctiones  sunt,  ehm  dico 
Brutus  ac  vcl  ATQtTE  Cast  lit  s odverbia  sunt  in  isto 
aliter  facit  ac  tu,  vcl  atqck  tu  ; nom  idem  valent  ac 
adverbium  couipnrandi  qu<im.” 

It  is  remarkable  thut  all  these  words,  than,  at, 
quum,  »}  were  originally  pronouns  ; for  than  and  then, 
os  has  been  observed,  urc  the  same  word.— 

Tham  hsddc  the  dnnkc  icb  rnderstond 
A chef  steward  of  idle  hix  loiul. 

Amis  and  A mil  on*. 

Hire  twyre  U whiUore  them  tlw  iwon. 

Ballad  oh  Atiioun,  MS.  I lari.  No.  2253. 

The  French  que  is  used  both  for  our  than  and  at, 
e.  gr.  plus  que,  **  more  thun,”  tmd  autant  que.,  “ as  much 
as.”  In  some  provincial  dialects  of  England  they  say 
**  greater  as”  for  “ greater  than;”  and  in  the  old 
Scottish  dialect  na  or  nor  is  used  for  than. 

Item  it  ix  xtatut  that  ns  man,  of  qulial  estate  dejrre  or  condicionn 
he  Ik*  of,  ryilaiwle  or  ganiriuwfe  in  tbe  cuntre,  Iride  nor  half  ma 
peraonis  with  bim  tut  may  suffice  him,  or  till  Ins  estate. 

Scat.  Jet,  Pari.  A.  D.  1424. 

I lerir  half  erir 

A foul  in  baud  or  twxjr 
Nor  sirand  ten  fltatnd 
About  roe  all  the  day. 

The  Choreic  and  the  Sloe, 

Skiwfr  has  given  two  etymologies  of  the  conjunc-  Unkaa. 
tion  unless.  He  says,  " unless,  nisi,  praeter,  pneterquam, 
q.  d.  one  leu,  uno  dempto  seu  excepto  : vel  potihs  ah 
nnlctan  dimittere,  liberare,  q.  d.  hoc  dimiuo.”  Toons 
adopts  the  latter  etymology,  only  suggesting  that  it  is 
from  the  imperative  onlet  dimitte.  it  does  not  appear 
to  us  that  there  is  any  reason  to  believe  that  the 
Anglo-Saxon  verb  onlemn  was  ever  used  in  this  con- 
junctional manner  : and  we  rather  incline  to  think 
that  the  present  word  was  originally  on  leu  that,  a 
phrase  adopted  ns  a literal  translation  of  the  French 
phrase  d mnins  que. 

Bui  id  way  lister  rrmembre  that  Outride  is  not  perfect  onUt  that 
U be  burnlnpc.  Treatise  of  Charitie. 

The  Diet ionna ire  de  l'  Academic  says — 

A urns*  Qt‘E,  aorte  de  conjunction  qui  refit  le  aibjonrtif,  et 
qnl  xtgnifie,  *»  ce  n’eat  que . //  m en  / era  rim  a moomi  tfUR  corns 
me  lay  parties. 
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Grammar.  This  explanation  is  confirmed  by  observing,  that  in 
' — v— ' the  old  Scottish  dialect  the  phrase  les  than  was  used 
instead  of  our  modem  unleu. 

That  na  notaris  maid  nor  tn  be  maid  be  tlw  impemnri*  antorite 
haur  faith  in  coo  tract  io  ciuile  within  the  realm*-,  Ur  than  be  be 
examinvt  be  Ui«  ordinare  and  appronit  be  the  kingis  hietws. 

Scot.  Act.  i'mrl.  a.  D.  14(99. 

I aboil  dUtroye  byr  landis  allc 
Hit  men  ole  bolta  jrrvlc  and  umalle 
Hyr  eaatelk  breke  and  byr  hMire 
With  Strenghe  take  byr  in  brr  boar* 

/,<•«*•  than  she  may  fvnde  a kerffbt 
That  for  byr  loue  with  me  darre  fight. 

The  I.yfe  of  Ipomydon. 

Mr.  Tooke  however  is  not  only  very  positive  in  the 
etymology  which  he  has  borrowed  from  skinner,  but 
is  extremely  angry  at  the  critics  who  presume  to 
question  it.  What  he  says  further  of  this  word  and  of 
leu,  lest,  tuid  least,  we  &hall  have  occasion  to  consider 
hereafter. 

Unless  is  called  by  Harris  an  adversative  adequate, 
with  reference  to  the  prevention  of  un  event.  Mr. 
Tooke  says  this  is  “ a gross  mistake;”  hilt  as  Mr. 
Harris  had  explained  the  terms  adequate  and  inadequate 
precentive  by  analogy  to  ade*jucite  and  inadequate  cause, 
and  had  expressly  added  that  ” this  distinction  has 
reference  to  common  opinion  and  the  form  of  language 
consonant  thereto,"  there  was  little  ground  for  Mr. 
Tookc’s  object  km.  When  we  say,  “Troy  will  be 
taken  unleu  the  Palladium  he  preserved,"  we  moan  to 
express  an  opinion  that  if  the  Palladium  be  preserved 
Troy  will  not  be  taken.  That  opinion  however  we 
do  not  assert  ns  a fact : and  the  fact  may  eventually 
happen  to  differ  from  it,  without  any  great  impeach- 
ment of  our  judgment  in  calling  unless  an  adversative 
adequate. 

Except,  which  is  manifestly  the  imperative  mood  of 
a verb  used  eonjunctionully,  agrees  in  effect  with 
unleu.  Thus  wo  might  say,  “ Troy  will  be  taken, 
except  the  Palladium  be  preserved." 

But  if  is  a conjunctional  phrase  used  formerly  in  a 
like  sense — 

Tluit  noon  of  thoo  roorchaunU  of  Venice  convey  Into  this  uid 
real  me  any  tnerdiandiac*,  but  yf  the  same  mercnauilt  and  n»cr- 
ebauuta  bnni  with  every  butte  of  Malvcsy  x lw>w»Uve»- 

Slat.  I.  ftic.  til.  c.  11.  MS. 

Without  is  also  conjunct ionally  used  in  the  same 
sense. 

Tills  realine  b like  to  lacke  both?  stuff  of  artillary,  and  c-C 
artifiorrs  of  the  same,  without  a prorisuon  of  due  remedy  in  this 
behalf  las  the  more  vjxdcly  fourwle.  ibid. 

We  find  in  another  statute  of  the  same  date,  (a.  d. 
148,’i)  the  phrase  hut  if  the  rather  employed,  with  the 
same  signification, — 

Wbenippoo  but  if  the  rather  a remedy  lie  purvewl  by  youre 
moat  noble  erscc,  of  wrny  likelrluwk  consequently  bliall  ensue 
the  deatrucciiMi  of  draperv  of  all  this  your  Mid  rralnic. 

Slot.  1.  /tic.  III.  e.  8.  MS. 

T.iougti.  Harris  calls  though,  or  although,  an  inadequate 
adversative,  that  is  to  say  a conjunction  uniting  two 
sentences,  one  of  which  states  an  event  or  circum- 
stance, and  the  other  states  another  event  or  cir- 
cumstance as  inadequate  to  prevent  the  former ; c.  gr. 

" Troy  trill  be  taken  although  Hector  defend  it," 
where  the  conjunction  although  serves  to  shew  that 
Hector  defends  Troy  with  a view  to  prevent  its  being 
taken  ; but  that  this  preventive  is  inadequate  to  pro- 
duce the  intended  effect.  We  may,  however,  observe 


that  the  same  conjunction  is  used,  and  by  a just  Conjunc- 
analogy  to  mark  an  apparent  incongruity  of  qualities,  t'on8, 
where  the  [wssession  of  the  one  does  not  in  fact  pre-  ' ■“ 
elude  the  existence  of  the  other,  as,  “ though  brave, 
yet  pious,”  **  though  learned,  yet  polite." 

Mr.  Tooke  sava  " tho  or  though  is  the  imperative 
thaf  or  thajig,  from  the  verb  thnjian  or  thajigan  to 
allow."  This  is  one  of  the  few  original  etymologies 
of  Mr.  Tooke  ; and  we  must  confess  we  think  it  more 
Ingenious  than  sound.  In  a charter  of  William  the 
Conqueror  we  find,  **  ic  nelle  gellutjiun  thast  tenig  man 
this  nhrecan,"  which  in  the  ancient  Latin  version  is 
thus  rendered,  **  ego  nolo  consenlire  ut  aliquis  istud 
frangat  and  the  same  clause  occurs  in  two  other 
charters,  ont*  of  Henry  I.  the  other  of  Hkxry  II.  in 
the  latter  of  which  the  verb  is  spelt  gel  human,  i.  e. 
gethavinn.  These  examples  seem  to  show  that  in  the 
Anglo-Saxon  language  thujian  or  th/tvian  signified  to 
consent  or  permit,  neither  of  which  ideas  has  much 
in  common  with  the  meaning  of  the  conjunction 
though.  If  this  however  had  been  the  origin  of  the 
conjunction,  we  might  expect  to  find  it  in  Anglo- 
Saxon  thaf  or  that ; but  it  is  theah.  We  might  also 
expect  to  find  the  / or  c in  the  numerous  other 
Teutonic  dialects  in  which  a similar  conjunction  or 
adverb  occurs  ; but  there  isnosucb  thing.  Adei.cno, 
under  the  Herman  word  doch,  says,  “ In  Low  Saxon 
this  particle  is  sounded  doch  and  dog,  by  Ulphikt  than,  by 
Ottfried  thoh,  by  Willeram  doh,  in  Anglo-Saxon  theah, 
in  Dutch  doch,  in  English  though,  in  Danish  dog,  in 
Swedish  dock.” 

In  old  English  and  Scottish  we  find  it  written  very 
variously,  thah,  thau,  though,  thoffe,  thaf \ thocht,  and 
thought. 

Richard  thah  thou  be  ouer  trichord 
Tricdwa  stall  tbuu  araer  more. 

Song  on  battle  of  Lewes. 

Ant  for  ir  felrnesse,  than  bo  lie  comm  of  thrclle, 

Hire  wredlac  no  seal  ho  nout  lesen  all. 

Vita  Saudi r Mar  gate  tee. 

Thong  h me  slows*  froh?  of  team, 

They  alowc  mo  of  the  kynyis  men. 

A yng  Afitauntler. 

Thnfe  V owe  ayrhc  too.  Sir  AmaJas. 

Thnf  men  wolde  alle  ibe  lomle  scchc. 

MS.  Hart.  7333.  fol.  125. 

Rot  thocht  I failyrit  of  rhyming, 

Forgif  me  for  iny  will  was  gude. 

Scottish  Rem  of  Alexander. 

Thocht  he  na  rrson  penam*  1 myrht  but  fale 
SJuhat  than  the  tom*  of  arniU  coin!  anale. 

Ga*  i\  Douglas. 

Thocht  lie  rrmiMion 
Haif  for  prodiiwion, 

Selmine  anil  mmpiision 

Ay  with  in  in  dwells.  Duvdar. 

The  kin® — wall — that  nurhc  poowwon — vrate  and  be— lioly  ill 
llte  other  pemunc — in  like  wise  ai  thought  lie  bad  never  be 
enfeoffed.  Stat.  1.  Ric.  III.  c.  5.  .IAS. 

It  is  to  be  observed  that  Gawin  Douglas  and  other 
Scottish  writers  spell  thctcht,  the  past  tense  of  the 
verb,  to  think,  cxactlyxis  they  do  this  conjunction. 

So  that  we  thocht  maisl  scnwlyc,  in  ane  field, 

To  de  frebtand  ennarmed  voder  schirld- 

Gawin  Dot-cut. 

Rut  said  they  nould  maud  thair  retrei* 

Because  they  thocht  them  line  ways  melt 
Cunducters  unto  me. 

Alex.  Montgomery. 
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Grammar.  Add  to  this  that  the  Anglo-Saxon  athoht,  the  Dutch 
gedocht,  and  the  German  gedacht  all  answer  to  our 
substantive  thought ; and  U|H>n  the  whole  it  may  not 
be  deemed  improbable,  that  the  words  though  and 
thought  are  of  the  same  origin. 

Thus  the  example,  " Troy  will  be  taken  though 
Hector  defend  tt,"  may  he  paraph  rased,  “ even  if  it 
be  thought  or  sujiposed  that  Hector  defends  Troy,  even 
if  this  supposition  he  admitted,  or  be  true  in  fact, 
still  Troy  will  lie  taken." 

In  confirmation  of  this  etymology  we  may  observe, 
that  the  word  suppose  is  often  used  in  the  Scotch 
dialect  for  though. 

Your  alar,  cm pport  thou  think  it  sour, 

May  utitfic  to  alokkiu 

Thy  drouth  now.  Alex.  Montgomery. 

Stones  to  mie  ar  deleetobil 

Suppou  that  lhay  he  aocht  hut  Cab'll.  Dardour. 

For  though  were  also  used  a l be,  albeit,  howbeit,  all  had, 
all  should,  ail  mere,  alt  give,  &c. 

Vet,  still.  Yet  and  still  are  conjunctions  used  in  English  as 
relatives  to  the  antecedent  adversative*  though , 
suppose,  &c. ; e.  gr 

Though  Rim  am  wood  he  come  to  Dunainane, 

Yst  will  1 try  the  last.  Smaksfeare. 

■ ■ — — Though  1 do  contemn  report  myself, 

A*  a mere  sound,  1 Stitt  will  be  so  leader 
Of  what  concerns  you  in  all  points  of  honour, 

That  the  immaculate  whiteness  of  your  fame 

Shall  nr'er  be  sullied.  MaASINOER. 

The  use  of  yet  as  a conjunction  is  directly  taken 
from  its  use  os  an  adverb  ; e.  gr. 

■ Tarry,  Jew ; 

The  law  hath  yet  another  hold  of  you. 

SriAKSPEARE. 

Here  yet  means,  *'  at  this  time,  after  you  have  coine, 
as  you  suppose,  to  the  end  of  the  legal  proceedings 
against  you,  in  addition  to  these  there  remains 
another."  So,  in  the  above  example  where  it  is 
employed  as  a conjunction,  yet  means — “ at  this  time, 
after  Birnam  wood  has  come  to  Ihmsinane,  and  when 
no  ho|>e  seems  to  lie  in  resistance,  I will  nevertheless 
resist.  # 

The  etymology  of  this  word  has  already  been  con- 
sidered in  our  chapter  on  adverbs. 

As  yet  refers  primarily  to  time,  so  still  refers  prima- 
rily to  place,  but  secondarily  to  time.  St  elk  in  German 
is  place,  and  it  answers  to  our  stcpd,  os  an  meiner  strife, 

••  in  my  stead."  Adelu.vo,  speaking  of  this  word, 
says,  “ By  Notkcr  it  is  written  stal ; in  Swedish  it  is 
stdlle  •,  in  the  Anglo-Saxon  stealle,  steak,  in  Low 
Saxon  stede,  in  the  Swiss  dialect  stahl.' ' Hence  the 
Anglo-Saxon,  English,  Frankish,  and  German  adjective 
still,  means  primarily  remaining  in  the  same  place, 
motionless  ; and  consequently  quiet ; secondarily  it 
means  that  which  remains  unchanged  by  the  lapse  of 
time,  or  which  moves  on  equally  with  it. 

1.  Tby  atone,  0 Sjtipkut,  stands  stilt.  Pope. 

Such  alienee  wait*  on  Chilomclaa  a train 
l »n  some  sti U evening.  Idem. 

2.  It  hath  been  anciently  reported  and  is  still  received. 

Bacon 

A feneration  of  sU/f-hrcediug  thoughts. 

SlUMKAIE. 

Still  as  a conjunction  is  manifestly  the  adverb  so 
employed,  and  the  adverb  is  taken  from  the  adjective  : 
it  is  not  easy  to  conceive  a direct  transition  from  the 


Anglo* Saxon  imperative  ifrii,  to  our  moderq  con-  Conjure* 
junction.  The  analysts  of  the  above  example  is,  “ I t“MW- 
contemn  report  as  fares  it  merely  affects  myself;  but 
at  the  same  time  (and  indeed  at  all  times  alike)  I will  be 
tender  of  your  reputation.” 

In  treating  of  yet,  Mr.  Tooke  has  very  erroneously 
explained  algate  as  **  meaning  uo  other  than  all  get . 

The  very  example  which  he  adduces  might  have 
taught  him  a different  origin  of  this  word. 

" Pur  •their  Unriiff  be  noyful,  algate  it  is  not  to  be  reproued  la 
ycuynge  of  iugement,  oe  Lu  vengvaurer  takyaf."  Chaucer. 

French  having  long  been  the  fashionable  language, 
previously  to  the  time  of  Chaucer,  the  construction  of 
his  sentences  is  generally  to  be  explainer!  by  reference 
to  French  idioms  ; and  algate,  which  is  literally  all 
troy,  was  undoubtedly  a translation  of  the  French 
conjunction  toutefois. 

Et  re  el*  Hcluuiit  i Mitre— tote  » *>•«  qe  ele  eiut  rate  atari  dou^e 
— U donrolt  la  fie  au  Roi  de  Apfletefre. 

Treaty,  England  and  France,  A.  D.  1259. 

Si  nr  pooras  A vostre  prior*?  entendre  quant  k ores ; tolerates, 
pur  ceo  quo  nous  ae  rohcu.n  mir  q'il  hiisrent  en  uuatre  trrre 
surpris  de  leur  cor*  n«  dc  lour  torus,  si  lor  ivodu  tuifert  d« 
marcbiuulor.  Letter  K.  Edw.  I.  A.  D.  1304. 

Toutefois.  Conjonrtion  adversat : urammoine,  mo  it,  pourtanf. 

Tous  les  liaramra  rectarchrnt  les  rirbesres,  anil  tuutetfois  on  roil 
peu  d'houunes  riches  iKurrux.  Diet,  de  f.itcademie. 

Kyn*  A IU» under  IcoflctU  many  men 

Ac  attrgate  l lie  kynpra 

Loren  Urn  ageyus  on  in  werryoge*. 

Kgng  AUtaundcr, 

Gate,  as  has  already  been  explained,  is  the  same  as 
gait  from  the  verb  go  or  gae. 

Harris  notices  another  claw  of  conjunctions  which 
he  says  “ may  be  properly  culled  adverbial  conjunctions, 
because  they  participate  the  uaturc  both  of  adverbs 
and  conjunctions — of  conjunctions  as  they  conjoin 
sentences  ; of  adverbs  as  they  denote  the  attributes 
of  time  and  place."  Such  arc  i then,  where,  whence, 
whither,  whenever,  wherever,  &C.  Upon  the  principles 
which  we  have  adopted,  these  are  to  be  called  con- 
junctions when  they  conjoin  sentences  ; but  the  name 
adverbial,  is  not  at  all  distinctive,  because  many  other 
conjunctions  have  occasionally  an  adverbial  use  ; and 
many  prepositions  when  used  ronjunctionally  serve  to 
mark  time  or  pbice.  The  scheme  of  arrangement 
which  Harris  has  followed,  is  principally  directed  to 
the  logical  connection  of  sentences  ; but  the  connec- 
tions of  fine  and  place  u re  merely  physical,  and  should 
therefore  form  a class  apart.  The  term  ordmatwe 
which  Vostros  applies  to  dei/ule,  postea,  &c.  may  not 
improperly  designate  this  class. 

Thus,  among  ordinatives  of  time  wc  should  reckon 
whiles,  till , o that,  or,  be.  • 

Hit  Lord  sold  lie  never  forsake 
H ’hi.es  he  ware  oliue. 

etuu's  and  dmiloun 

Full  ofte  drlnkea  thee. 

Till  ye  may  see 

The  team  run  down  her  cheek r. 

Gammer  Gar  tan's  Xetdu. 

Al  the  day  and  al  the  nyht 
O that  sproog  the  day  lyht. 

Geite  */  A ‘yog  lies  n» 

Snthanaa  Y Imulc  the  her  shall  thou  lay, 

O that  come  l)omesd*y. 

Christ's  Descent  t»  J fell. 

He  It  U my  dedly  foo  ; 

He  sdul  abeyeo  it  re  be  goo. 

Richard  Coer  de  Lean. 
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, Your  madyaia  than  anil  bane  your  grtr 
Put  in  gwK  ordour  and  rtfcir 
Ilk  morning  or  your  ryac. 

The  supper  done  than  rp  ye  rjrae. 

To  gang  ane  quhyle  aa  is  tbr  Jryae  ; 

Be  ye  hnue  rowmit  anc  alley  Uiryve 
It  u ane  myle  almaist. 

So,  where  is  an  ordmative  of  place  in  the 


Philotus 


ibid. 

following; 


(.'oiijunc* 

tional 

phrases. 


passage. 

— — — — He  rajls 

Even  their,  where  merchants  most  do  congregate. 

Shakmpf.aie. 

We  hare  seen  that  several  of  the  conjunctions,  now 
considered  us  stogie  word*,  were  formerly  phra*c$t 
such  are  because,  therefore,  wherefore,  quamobrem,  and 
toutefois ; hut  there  are.  many  other  conjunctional 
phrases,  which  have  been  more  or  less  generally 
appropriated  to  the  connection  of  sentences,  such  are 
the  following  in  old  English,  Scottish,  and  French, 
if  owe  be  it— for  als  moclte — at  least  teaye — not  forcing 
whether  — contrariwise  — iusafer  as  — pur  ceo  qe — cest 
asavoir  — and  over  that  — content  que — how  often,  so 
often  — no  the  less—neuertheLis — not  for  thi — nought 
gaynstandand— (offered  that — set  in  cui» — put  the  cait — 


foneing  that,  &c.  &c. 

Howe  be  it,  the  kynge  held  styll  bis  siege.  Bruner's  Froissart, 
Dot  for  .1 Is  motAeas  suiu  atiebt  think  or  oeyae 
Quhnl  nedi?  me  apoun  so  lytill  cryn 
To  writt  all  this;  I nnxiierc  tlius  agejrue. 

The  King's  Quair. 


This  geare  Incketb  withering}  at  least  wayt  it  is  not  for  me  to 
plough.  Bishop  Latimer. 

TIi  ear  words  goe  generally  to  all  the  king's  tenants — not  forcing 
whether  be  bauc  the  rcurrsiua  by  dysrcnL. 

Sir  IK  SrAUNFORD,  A.  D.  1590. 


Contrariwise,  rrrtain  Laodiceans  and  lukewarm  persons  think 
they  may  accommodate  points  of  religion  by  middle  way*. 

Bacon.  Essays. 

Ami  deccrois  the  saidis  actis  and  cncry  anc  of  tbame  to  he 
abolishit  and  extinct  for  ener,  insaftr  as  ony  of  the  aaidis  artis  ar 
repugnant  and  rontrmri*  to  tbe  confmiuun  and  word  of  God 
foirsaidis.  Scot.  Act.  Pari.  A.  o.  15G7. 

E par  ceo  ye  au runes  gents  de  nrc  Ruiaumc  sc  doutent  qc  lea 
aides  etc.  pit  went  turner  en  acreage  a eu«  c a lours  heirs  neoins 
grannie  pur  nous  ct  pur  nos  heires  qe  uses  tides  aide*  Ar.  i»c 
treroms  a costume.  . Slat.  25,  Edw.  I.  c.  I.  A.  D.  1297. 


Meismcs  les  rbartrrs  en  touts  kur  points  en  pies  devaunt  eus 
e en  jugements  le*  facent  dower,  cest  asaroir  U grand  cbnrtre 
dea  franchises  rorne  ley  commune,  e la  chart rc  de  U forest  *dom 
1’ assise  de  la  forest.  Ibid. 


Thnt — the  same  fync  be  openly  and  soleroplv  rail  ami  pro- 
claymrd  in  llw*  same  court — And  in  the  same  tviue  that  it  is  so 
redd  and  prodaymed  ail  plee*  cease ; and  over  that  a transciipt 
of  the  same  fync  be  sent  i>v  the  scid  j-uiices  unto  the  justices  of 
assises.  Stat.  I . Jtfe  HI.  c.  7 . MS. 


II  de  common  droit  poit  distreiner  pur  le  rent  aderere,  mount 
fue  tie!  done  fuit  fait  snuns  faiu  Littleton,  Sect.  2N. 

How  often  bis  eye  turned  to  his  attrartiur  adamant,  so  often 
did  an  mapcakeablc  horrour  strike  his  noble  heart. 

Sir  p.  Sidney's  Arcadia. 
What  snanerr  tbei  bare  tbe  sothe  ran  I not  say 
.Vo  the  lei  of  fele  this  was  tbe  nunon  sawe . 

R.  Dx  Brdnne. 

Youe  knowe,  I»rdes  Syracusans,  that  sre  hnue  bviberto  done 
in  thvi  vrnrre,  &i  men  of  honest io  : nenrrthelas,  Irate  there  he 
anny  Uiat  rmlentandetb  not  fuller  the  affayre,  1 wolle  well  declare 
yt  rnto  hyin.  Nicolls's  Thucydides,  fo.  191. 

MPas  mad  another  statute,  tliat  non  erle  no  lwroun 
No  ether  loede  atoute  n«  fraunketeyn  of  toun 
THIe  holy  kirkc  salle  gyue  tenement  rrnl  no  lond. 

Hot  far  thi  he  wille  (bat  alie  religioun 
liaf  and  bold  in  skillc  that  gyuen  is  at  reaoun. 

K.  Dr  Brcnnr. 


Item  it  is  ordmnyt  that  all  craftia  die  be  dbtroylt  die  no1  Coajunc- 
gaynstandand  ony  priuilegu  or  fredome  geifyn  in  tlir  conlrare.  two*. 

Scot.  Act.  Pari.  a.  d.  1424.  ■ — y — - 
llr  slogh  him  sone  that  ilk  day 
Forfrrtd  that  be  sold  ogbt  say. 

The  Sasyn  Sages. 

With  stout  rung*  agane  him  wend  I will 
Thockt  he  in  p roues  pas  the  grrte  Acbill, 

(I r set  is  caii  sic  armour  be  wens  as  lie, 

Wrucht  be  tbe  Landis  of  God  Yulcanus  ale. 

Gawin  Douglas. 

And  put  the  cats  tliat  I may  not  optrne 
From  l*atvnr  Land  ihaim  to  expel!  all  clrne, 

Yit  at  leis’t  thare  may  fall  stop  or  delay.  Jtnw. 

It  may  be  ordered  that  ii  or  Ui  of  our  ovrae  sbippes  do  see  the 
saytle  Frenche  soldiers  wafted  to  tbe  coast  of  France  ; forseing 
that  our  snyd  shippes  nitre  no  hanrn  there. 

*J.  hAUUKTH  to  Sir  W.  Cenl. 

It  is  plain,  that  these  phrases  operate,  with  relation 
to  the  sentences  between  which  they  show  a relation, 
exactly  in  the  same  manner  as  the  words  do  which  we 
call  conjunctions.  A phrase  is  first  abbreviated  into 
its  principal  words,  and  these  are  again  contracted 
into  one  short  word.  Thus  the  French  cest  asavoir 
above  quoted  was  probably  first  translated  into  English, 

“ it  is  to  know,”  or  **  it  is  to  wit,*’  whence  we  now 
have  in  our  legal  documents  the  abbreviated  phrase, 

" to  wit,"  as  from  the  Latin  c idere  licet  comes  videlicet, 
which  we  have  adopted  into  the  English  language. 

These  abbreviations  and  contractions  are  very  arbitrary 
in  their  use ; thus  our  ancestors  in  the  fifteenth  century 
used  to  sav  where , for  that  conjunction  which  we  now 
express  by  whereas,  i.  e.  where  that. 

Whrr  in  a statute  mnde  in  tbe  xrij  yene  of  the  reign  of  King 
Edward  tbe  iiijtli  bit  wm  ordeigned  Ac  Ac  Flcasc  it  therfore 
youre  highness*  Ac  to  ordcign. 

Stat.  1.  Ric.  III.  c.  6.  MS 

The  ordinals,  which  we  have  included  in  the  class 
of  pronouns,  such  as  Jirsb,  second,  fkc.  necessarily  imply 
connection,  and  consequently  the  adverbs  formed 
from  them,  are  easily  employed  with  a conjunctional 
force,  as  prlmb,  sentndb,  tertib,  when  placed  at  the 
beginnings  of  sentences.  The  same  also  is  to  be 
observed  of  the  adverbs  used  as  relatives  to  these 
antecedents,  such  ns  deinde,  item,  puis,  next,  syne, 
lastly,  &c.  " Deinde"  says  Voasips,  " etini  verbo 

jungitur,  ad  circumstantinm  temporis  indicandum, 
adverbium  est : conjunetio  autem,  cbm  tantum  ad 
oralionis  juncturum  pertinet." 

Acrcpit  coodiiioncm  fdein  quantum  oecipit.  Terentius. 

Pcrgratum  mibl  feccris  ; spero  item  Scarolc,  Ac.  Cicero. 

lib  font  cstAt  d'allvr  i Orleans,  i Bloks,  puis  k Tour*. 

Diet,  de  C Academie. 

First  m caper,  syne  anitber.  Burns. 

The  adverbs  where,  when,  &c.  which  we  have 
heretofore  shown  to  be  pronouns  in  origin,  have  often 
the  same  conjunctional  force,  ami  in  such  case  are 
properly  to  be  reckoned  conjunctions. 

It  remains  to  be  observed  that  some  conjunctions 
arc  used  singly,  and  others  in  u succession  of  two  or 
more.  Thus  we  may  say,  “ John  and  William  came," 
or,  " both  John  and  William  came." — " It  is  ordained 
that  proclamation  be  made,  and  that  the  judgment  be 
recorded,  and  furthermore  that  the  record  be  trans- 
mitted." Where  two  or  more  succeed  each  other, 
there  is  a certain  order  in  the  succession  ; ex.  gr. 

*'  04 — so  j"  " so— that “ when — then,"  &c.  On 
this  subject  Vossius  thus  speaks  — “ Conjunctions 
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etiam  accidit  ordo ; secundum  quern  alix  sunt 
proposition,  ut  et,  nam ; alia?  postpositive , ut  tfttoque, 
autem  ; alia?  communes,  ut  equtdem , ilaqve . Igitur 
sspiilg  postponitur.  Enim  ctiam  est  portlcula  prae- 
positiva,  Terent.  Phor.  act  v.  sc.  viii.  Enim  nequeo 
solus."  Ad  postpositive  ctiam  pertinent  enclitic®. 
Kx  his,  que  interdum  altcri  verbo  jungitur  quAm 
nativus  verborum  ordo  extgebat : ut  apud  H«>k  at, 
lib.  ii.  od.  19. 

■ — ■ ■ ■ Ore  pedes  tetigitque  crura. 

Pro  entraque  tetigit.  These  however  arc  matters 
depending  on  the  particular  idiom  of  each  lan- 
guage, and  not  governed  by  the  philosophy  of  general 
grammar. 

The  case  is  different  with  the  pleonasms  and  cumu- 
lations of  conjunctions.  These  occur  in  all  languages, 
and  they  therefore  clearly  arise  out  of  principles 
common  to  the  human  mind  in  different  countries. 
Hence  Vossitrs  speaks  of  expletive  conjunctions — 
'*  Exjiletiv* t sunt,  qux  nullA  necessitate  sententis,  sed 
explendi  tanthm  gratis  usurpantur.  Ut  quo;  metri 
vel  ornatbs  caussA  insoruntur.  Sallust  in  Catil. 
Peril  m enimeerb  is  demum  mihi  vivere,  et  frui  animd 
vi/tet ur  ; ubi  veriim  redundat.”  Virgil  in  xii. 
l<  Equidcm  mend  w deprecor  inquit. 

Plena  fuerit  sententia,  licet  equidem  tollas.”  To  this 
head  are  to  be  referred  such  expressions  as  " an  tf” 

Well  I know 

The  clerk  will  ne'er  wear  hnir  on's  face  th*t  bad  it. 
————lie  will  «*’  if  he  live  to  be  a roan. 

Where  either  an  or  if  is  redundant ; for  they  both 
signify  the  same,  and  Johnson  is  wrong  in  supposing 
that  an  in  this  instance  is  a contraction  of  and. 

Vossius  refers  these  redundancies  to  the  custom  of 
ancient  writers,  “ nempe  is  veterum  mos  fuit,  ut  inter- 
dum  conjungerent  voces  idem  significantes.”  But 
they  are  not  peculiar  to  any  age  or  nation  : they 
are  the  result  of  hasty  and  inconsiderate  habits  of 
speech,  which,  it  is  true,  are  more  cunuuon  in  the 
first  formation  of  n language,  thau  in  more  cultivated 
and  civilired  periods  of  history. 

Cumulation,  however,  is  not  always  redundancy. 
Thus  when  we  find  a sentence  beginning  thus — “ but 
nevertheless  if,”  the  conjunction  but  connects  it  with 
what  goes  before,  and  if  with  some  subsequent 
sentence,  and  the  word  nevertheless  alone  may  be 
called  redundant,  and  yet  not  strictly  so,  since  it  adds 
a great  force  and  emphasis  to  the  word  but. 

In  the  Greek  language,  this  cumulation  of  con- 
junctions is  frequent ; and  is  sometimes  explained  by 
an  ellipsis.  Thus  Hoocr.YKV  says — “ hoc  modo  b\\a 
rOvyc  redditur  nunc  maxim*,  suppress!!  per  cllipsin 
voculfc  itrare.”  lta  SoniocL  in  Electr.  v.  413. — 

*0  e*ol  irwrpwM  avyytrtadi  y'  LWk  nr  ! 

O DU  palrii,  adette  mote  minimi,  rel  nunc  sat  tern  / 

Plenior  structure  cst*G  Oeoi  varpu'oi,  ttworrt  avy-jlveaOi 
pat,  o\X«  rvryt  mryyertaOe  ! — O Dii  patrii,  si  unquam 
a lull  mihi  adfuuiis , at  nunc  adeste  saltern  ! 

And  so  much  for  the  conjunction,  which  may  be 
considered  as  the  completion  of  the  parts  of  speech 
necessary  in  any  language  to  discourse,  so  far  as  it 
consists  merely  of  enunciating  sentences  ! 

§ 9.  Of  interjections. 

" The  brutish,  inarticulate  interjection says  Mr. 
IIoene  Tooke,  " which  has  nothing  to  do  with  speech, 
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and  is  only  the  miserable  refuge  of  the  speechless, 
has  been  permitted,  because  beautiful  and  gaudy,  to 
usurp  a place  among  words.”  This  is  what  we  learn  v“~ 
from  Mr.  Tooke,  on  the  subject  of  interjections  : and 
surely  this  is  sufficiently  inconsistent  with  itself,  and 
with  common  experience.  How  can  a class  of  words 
be  at  once  beautiful,  gaudy,  brutish , and  inarticulate  P 
And  what  is  meant  by  saying  that  the  interjection, 
which  somehow  or  other  bus  been  enabled  to  occupy 
a place  among  words,  has  nothing  to  do  with  speech, 
and  is  only  the  miserable  refuge  of  the  speechless  ? 

If  some  grammarians  have  reckoned  inarticulate 
sounds  among  interjections,  it  is  certain  that  far  the 
greater  part  of  the  sounds  so  designated  are  not  only 
articulate,  but  like  adverbs,  conjunctions,  &c.  may 
generally  be  traced  to  a distinct  connection  with  nouns 
and  verbs.  Vossius,  speaking  of  Chaksios,  says— 

" Malfe  idem  hue  refert  fni  qux  mu  rum  vox  est, 
apud  Nevium  CorollariA.  Par  ratio  erit  Aristophani 
B p*k*k*£,  qu®  vox  est  ran  arum.  Idem  censendum  d« 
rei  inonima  sono,  vel  humano  quidem,  sed  nec  ex 
institute  aliquid  significante,  nec  animi  affectum 
testante.  Uti  bat  qni  sonus  est  ex  ore  cornicinis 
lituum  eximentis,  quemadmodum,  ex  Cassllio 
V in  nice,  observat  Charisius.  (Utitur  Plautus,  Pseudo : ) 

Item  bat  tat  ti  fluctus  quidam,  et  sonus  vocis  effiemi- 
ruitior,  ut  esse  in  sacris  anagmenorum,  vocum  veterum 
interpres  scribit ; et  ex  eo  idem  Charisius  extreme, 
lib.  ii.“  Upon  this  principle  we  may  admit  that 
sounds,  whether  articulate  or  inarticulate,  which  are 
merely  intended  as  imitations  of  other  sounds,  not 
proceeding  from  the  human  mind  nor  expressing 
human  passion  or  affcctiou,  are  neither  interjections 
nor  parts  of  speech. 

But  excluding  these,  there  are  many  sounds,  more 
or  less  perfectly  articulated,  which  occur  constantly 
in  human  speecn,  but  which  yet  are  not  to  be  reduced 
to  any  of  the  classes  which  we  have  hitherto  discussed. 

These,  generally  speaking,  we  reckon  umong  inter- 
jections : they  do  not  form  part  of  an  enunciative 
sentence  ; but  they  are  commonly  thrown  in  between 
such  sentences,  or  the  parts  of  them,  according  as  the 
impulse  of  a strong  or  sudden  feeling  dictates. 

Now,  as  a botanist  would  but  imperfectly  teach  his 
science,  if  he  were  to  tell  his  scholars  that  certain 
large  portions  of  the  vegetable  world  were  beneath 
their  notice,  as  weeds  ; or  as  he  would  be  a poor 
mineralogist  who  should  disdain  to  cast  an  eye  on 
pebbles ; so  he  is  a miserable  grammarian  who  affects 
to  disregard  the  numerous  interjections  and  interject  tonal 
phrases  which  give  such  force,  tenderness,  variety, 
and  truth  to  the  works  of  the  rhetorician  and  poet, 
and  contribute  so  much  toward  rendering  language 
an  exact  picture  of  the  human  mind. 

Sanctius,  like  Tooke,  denied  that  the  interjection  Definition, 
was  a part  of  speech  j hut  he  did  this,  with  at  least 
a show  of  argument : his  conclusion  was  fairly  derived 
from  his  premises  : only  those  premises  were  built 
on  too  narrow  and  limited  a view  of  his  subject. 

“ Intcrjcctkuiem  non  esse  partem  orotionis,”  says  he, 

*'  sic  ostendo : quod  naturale  est  idem  est  apud 
omnes  : sed  gemitus  et  signa  lstitis  idem  sunt  apud 
omnes  : aunt  igitur  naturale*.  Si  vero  naturalcs  non 
sunt  partes  orotionis.  Nam  eas  partes,  secundum 
Aristotelcm,  ex  institute,  non  naturA  debent  const* re.” 

The  error  here  arises  from  giving  too  great  a latitude 
to  a proposition  which  within  certain  limits  is  true  j 
9a 
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Grammar,  viz.  that  words  are  significant  ex  instituto ; for  in  truth 
v~ ' this  proposition  applies  only  to  noun*  (i.e.  names  of 
* distinct  conception)  and  to  words  derived  from  them. 
But  in  the  nature  of  the  human  mind,  intellect  is 
mixed  up  with  feeling,  the  will  is  often  confounded 
with  the  reason  ; and  our  desires,  or  fears,  uncon- 
sciously modify  our  conceptions  or  assertions.  We 
express  in  speech  the  transitions  and  raixt  states  of 
the  mind,  as  well  as  its  dear,  fixt,  and  determinate 
distinctions  ; and  hence  the  interjection  rises  from  a 
scarcely  articulate  sound  to  a passionate,  and  almost 
to  an  enuuciative  sentence. 

According  to  Charisius,  Commixiaxus  briefly  defines 
the  interjection  thus,  “ pars  oralionis  significana  ad- 
fectuai  niiitui." — Caius  Julius  Romaxus  thus,  “ pars 
oration  is  moluiu  animi  significans  and  Paurmon 
thus,  “ interjectiones  sunt  qus  nihil  docibile  habent, 
significant  tainen  adfectmn  animi."  Diomkdes  gives 
the  following  definition — “ pers  orationia  adfectam 
mentis  adsignificans  voce  inconditA."  Vossius  how- 
ever observes  that  apage  / euge ! and  many  others, 
are  not  voce t incondite ; nor  is  the  signifying  on 
affection  of  the  mind  peculiar  to  the  interjection,  for 
even  adverbs  do  this,  as  iracundi,  irridenter , tunufe,  ftc 
He  also  censures  the  following  definition,  dictio  wea- 
riaOilis  que  interjicitur  orotund  ad  declarandum  animi 
affectum ; for  says  he,  '*  interjections  are  not  always 
thrown  in  between  the  parts  of  a sentence  ; since  we  may 
properly  begin  a sentence  with  an  interjection."  His 
own  definition  is,  “ vox  affectum  mentis  significans, 
ac  citra  verb)  opem  sententiam  compleus."  This 
definition  agrees  in  the  main  with  that  which  is  to 
be  gathered  from  the  works  of  that  excellent  old 
grammarian,  Prisciax  ; viz.  “ vox  qua:  alicujus 
passion  is  animi  pulsu,  per  exclamationem,  interjicitur : " 
and  finally  from  all  these  authorities  it  is  clear,  that 
an  interjection  is  a word  thawing  an  actual  emotion  of 
the  mind,  without  assertion  : which,  therefore,  we  may 
adopt  as  the  definition  of  this  part  of  speech. 

To  illustrate  this  definition,  it  may  be  necessary  to 
explain,  first,  what  we  here  mean  by  a word  ; secondly, 
why  we  say  the  interjection  does  not  assert  any  thing, 
and,  thirdly,  what  we  understand  by  an  emotion  of 
Cbe  mind. 

1 oter )ecti-  First  then,  we  take  the  term  word  in  a large  and 

ooal  form*,  comprehensive  sense,  including  not  only  what  Has  sis 
calls  “ voices  of  art,"  but  also  what  he  terms  “ voices 
of  nature,  expressing  those  passions  and  natural 
emotions  of  the  mind  which  spontaneously  arise  in 
the  human  soul,  upon  the  view,  or  narrative  of 
interesting  events."  Now,  the  expressions  of  mere 
passion  or  emotion,  as  such,  are  either  effected  with 
some  degree  of  volition,  or  they  are  extorted  by  a 
physical  necessity  ; but  on  the  one  band,  it  may  be 
doubted  whether  pure  physical  necessity  can  operate 
so  as  to  produce  speech  properly  so  called,  that  is, 
with  any  the  slightest  degree  of  articulation.  To  take 
a striking  instance,  that  of  the  Philoctetes  of  Sopho- 
cles : wc  find  him  at  one  time  exclaiming  * A a,  a,  a, 
at  another  A?,  at,  01,  at,  and  again  flawa,  wawa,  ms/; 
but  it  is  manifest  that  some  power,  beyond  that  of 
mere  mechanical  impulse,  must  intervene  to  give  even 
the  slightest  of  these  articulations  its  difference  from 
the  rest.  On  the  other  hand,  if  wc  admit  that  some 
degree  of  thought  enters  into  all  those  11  voices," 
which  express  the  emotions  of  the  human  mind,  then 
it  becomes  difficult,  if  not  impossible,  for  us  to 


distinguish  them  grammatically  into  classes,  having  latwjw* 
more  or  less  distinctness  of  conception  attached  to  ,*ou*- 
them — to  distinguish,  for  instance,  in  this  respect, 
between  O’  Sw ! euge  ! evax  ’ papa*  ! fie  ! harrow  ! 
pax  ! hush  ! hurrah  ! alas  ! bravo  ! &c.  &c. ; for  such 
words  may  form  an  ascending  gnulation  from  that 
which  is  but  just  above  mechanical  impulse  to  that 
which  is  but  just  below  the  assertion  of  a proposition. 

Where  indeed  such  an  assertion  takes  place,  that  is 
(speaking  as  a grammarian)  where  a verb  is  con- 
nected with  a noun,  there  is  formed  a scntrnce,  which 
may  be  resolved  grammatically  into  its  separate  parts 
of  speech.  But  this  is  not  all — the  same  difficulty 
which  is  found  in  the  ascending  scale  of  expression, 
occurs  in  the  descending  scale.  A whole  sentence  is 
sometimes  suddenly  interposed  in  a discourse,  by  the 
mere  effect  of  passion  or  strong  feeling,  without  any 
direct  connection  with  what  goes  before,  or  with  wbal 
follows.  Some  such  sentences  become  popular  and 
common,  they  constitute  ktterjectional phrases,  expletive 
parts  of  the  daily  conversation  of  particular  sects, 
parties,  or  classes  of  men  ; they  become  habitual  | 
they  are  abbreviated,  contracted,  corrupted  ; they 
remain  in  language  as  words,  sometimes  with  little 
more  articulation,  or  distinct  meaning  than  those 
other  sounds  which  are  ascribed  to  the  effect  of  mere 
natural  impulse.  Here  then  is  a wide  field  for  inter - 
jectional  forms  in  speech,  comprehending  the  almost 
involuntary  exclamation , the  word  more  or  less  signi- 
ficant, and  the  phrase  more  or  less  imperfect  and 
obscure.  And  thus  we  see,  that  the  interjection,  like 
the  conjunction,  preposition,  or  adverb,  may  often  be 
trared  home  to  its  origin  in  the  verb,  or  noun. 

We  have  said  that  the  interjection  does  not  assert. 

It  manifests  the  existence  of  an  emotion,  to  the  sym-  ***CTt‘ 
pathies  of  mankind,  but  it  does  not  declare  that 
existence  as  a fact  addressed  to  their  judgment.  In 
this  respect  therefore  it  differs  from  the  verb.  Again, 
we  say  it  shows  actual  emotion.  It  does  not  merely 
name  the  conception  of  an  emotion,  but  gives  to  that 
conception  a vital  energy  as  it  were  ; it  shows  the 
speaker  to  he  affected  by  its  impulse,  and  is  thus  dis- 
tinguished from  a noun.  It  is  true,  that  the  limits 
between  an  interjection  and  a noun  or  verb  are  not 
always  very  easy  to  he  observed.  The  imperative 
mood,  and  the  interrogative  form  of  a verb  have  so 
much  of  animation  about  them,  that  they  easily  pass 
into  mere  interjections,  and  the  same  may  be  said  of 
the  vocative  case  of  nouns.  In  practice,  we  should 
be  inclined  to  say,  that  so  long  as  a noun  or  verb 
(distinguishable  as  such)  enters  into  construction 
with  other  parts  of  a sentence,  or  admits  of  gram- 
matical inflection,  according  to  its  particular  appli- 
cation, it  is  to  be  considered  as  not  having  assumed 
the  character  of  a mere  intcijection  ; whilst  on  the 
other  hand,  the  simply  articulated  exclamation,  or 
the  noun  or  verb  which  has  lost  somewhat  of  its 
original  form  and  signification,  while  it  expresses 
emotion,  is  to  be  called  an  interjection. 

Though  the  interjection  itself  does  not  assert,  it 
may  be  coupled  with  an  assertion,  as  one  subordinate 
sentence  is  coupled  with  another  in  a larger  sentence. 

This  we  have  already  exemplified  ki  the  passages — 

“ O ! that  I had  wings  like  a dove  !" — ” O ! that 
this  too  solid  flesh  would  melt  !" — in  both  which,  the 
verbs  (had,  and  would  melt)  arc  put  in  the  subjunc- 
tive mood,  as  dependent  on  the  interjection,  O ! — just 
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Grammar  M they  would  have  heen  had  the  place  of  O ! been 
v— supplied  by  a verb,  auch  as,  **  I wish,"  “ 1 desire," 
or  the  like. 

In  an  union  of  this  kind  the  interjection  precedes 
the  sentence  with  which  it  is  connected  \ for  it  has 
been  observed  by  Vossius,  that  though  the  name 
interjection  is  given  on  account  of  its  being  thrown  in 
between  the  parts  of  a sentence,  yet  this  is  not  essential 
to  the  character  of  an  interjection.  It  is  so  named, 
not  because  it  is  always,  but  because  it  is  generally 
so  placed.  *'  Interjectiones  dicta  sunt  quia  strpe 
interserantur  orationi,  non  qubd  id  perpetuum  sit."— 
“ Interjectio  non  semper  interjicitur ; quia  ab  oft 
quoque  rectfe  auspicamur."  — 44  Nec  tamen  de  iahs 
ejus  cst,  ut  interjiciatur cum  perse  com  pleat  sen- 
tentuun,  nec  rar6  ab  eft  incipiat  oratio." 

It  is  scarcely  necessary  to  add,  that  the  interjection 
may  stand  quite  alone.  The  mind  may  be  satisfied 
with  giving  utterance  to  its  feelings,  without  entering 
into  any  train  of  reasoning  whatever;  or  those  feel- 
ings may  be  too  intense  and  overpowering  to  admit 
of  any  exercise  of  the  discursive  faculty.  In  either 
case  the  interjection,  to  use  the  phrase  of  Vossius, 
" sententiam  per  se  complet," 

I ‘motion*  We  come  now  to  the  most  interesting  part  of  this 

npresxcL  discussion,  namely  the  consideration  of  the  emotions 
expressed  by  interjections,  or  interjectional  phrases. 


if  it  were  only  to  be  met  with  in  the  “ plays"  of 
Sopnoclks,  Plautus,  Molikbf.,  Shaksfkabb  ; or  in 
the  **  romances  and  novels"  of  Sidney,  Crbvantxr, 

Lx  Sac*,  Pikloi.no,  how  lamentable  must  be  the 
taste,  how  blind  the  philosophy,  which  would  decline 
the  examination  of  this  interesting  part  of  speech  ! 

The  emotions  expressed  by  interjections  and  inter- 
jectional forms  of  speech  may  be  considered  as  of 
three  kinds,  each  running  into  the  others  by  scarcely 
distinguishable  shades.  The  impulse  of  the  mind, 
which  leads  to  the  expression,  arises  either  from  strong 
passion,  from  milder  affections,  (that  is,  emotions  in 
the  narrower  sense  of  the  word,)  or  else  from  certain 
feelings  intimately  connected  with  particular  objects 
or  events. 

Let  us  first  consider  the  interjectional  expression 
of  the  stronger  passions,  such  as  terror , fear,  pain , 
sorrow,  hatred , eager  desire,  warm  affection,  and  enthu- 
siastic joy. 

Chaucer  uses  harrow!  as  a common  exclamation  Harrow ! 
of  the  vulgar  in  situations  of  danger  and  terror. 

Or  I will  cry  ont  harrow?  ! and  alas  ! 

And  again. 

That  down  he  gottb,  and  cricth  harrows  / I die. 

So  in  the  Proces  of  the  Seuyn  Sages. 

With  both  hondea  here  yaulew  hem 


And  it  is  to  be  observed,  that  we  here  use  the  term 
emotions,  as  wc  before  used  the  term,  word,  in  its  most 
comprehensive  sense,  including  not  only  the  gentler 
movements  of  the  mind  which  are  sometimes  so 
called,  but  all  kinds  and  degrees  of  passion,  feeling, 
or  sentiment,  which  for  the  moment  exclusively 
govern  and  direct  expression  in  speech.  In  this  view, 
so  far  is  the  interjection  from  being  a “ brutish" 
thing,  that  the  nice  and  philosophical  examination  of 
it,  as  it  has  been  practised  in  the  different  languages 
and  ages  of  the  world,  would  furnish  matter  for  a 
better  treatise  than  was  ever  yet  written  on  the  sen- 
sibilities and  sympathies  of  the  human  mind.  Mr. 
Tookc  declares  that  “ the  dominion  of  speech  is 
erected  upon  the  downfal  of  interjections." — If  so, 
the  dominion  of  speech  never  was  erected,  nor  ever 
will  be,  till  the  minds  of  all  men  arc  " a standing 
pool"  — incapable  of  being  moved  or  incited  to 
action  even  by  the  naked  calculations  of  a cold, 
exclusive,  hateful  selfishness.  Mr.  Tooke  himself 
uses  interjections,  especially  in  those  passages  which 
relate  to  matters  affecting  his  own  personal  feelings 
and  interests.  Vet  he  says,  “ where  speech  can  be 
employed,  they  are  totally  useless ; and  are  always 
insufficient  for  the  purpose  of  communicating  our 
thoughts."  M And  indeed,"  adds  he,  *'  where  will 


Out  of  the  tremet  ache  hit  tore  : 

And  schc  to-cragged  hire  ri»g* 

And  gradde  harow,  with  grel  rape. 

It  is  probable  that  this  exclamation  was  brought  by 
our  Norman  ancestors  from  France.  In  the  old 
coustumicr  of  Normandy  haro  or  harou  is  the  cry  of 
the  country,  for  pursuit  of  felons,  or  other  demand  of 
justice. 

Pkntaldcs  in  his  Rollo  Normanicus  interprets  it 
ha  ! Raoul ! as  a cry  addressed  to  Rollo  Duke  of  Nor- 
mandy, whose  name  was  formidable  to  all  evil-doers. 

This  is  what  we  now  call  the  hue  and  cry  from  the 
French  huer,  to  hiss  or  hoot ; in  the  Statute  of  West- 
minster, the  First,  a.  d.  1272,  it  is  termed  crie  de  pays , 
(see  the  ingenious  remarks  of  the  Hon.  Dainbs  Bar- 
rington on  the  statutes)  and  in  the  Statute  of  Win- 
chester, a,  D-  1285,  heu  e cri. 

Other  etymologist*  may  perhaps  prefer  the  deri- 
vation of  this  word  from  the  adjective  hot  owe,  used  in 
old  English  for  filthy,  odious,  in  Anglo-Saxon  horu, 
horuwc,  from  the  Icelandic  hor,  muenr,  probably  not 
unconnected  with  the  Latin  korreo. 

And  tbei  wer  noughtle,  foule,  and  horvwe. 

Chaucer. 

Sometime  carious  folk*  with  tongrs  Kotow*. 

local. 


you  look  for  the  interjection  ? Will  you  find  it  Be  this  as  it  may,  the  interjection  harrow,  although 


amongst  laws,  or  in  books  of  civil  institutions,  in 
history,  or  in  any  treatise  of  useful  arts  or  sciences  ? 
No  : you  must  seek  for  it  in  rhetoric  and  poetry,  in 
novels,  plays,  and  romunces."  Mr.  Tooke  has  for- 
gotten one  book,  in  which  interjections  abound  from 
the  beginning  to  the  end,  and  fill  the  mind  with 
impressions  of  the  highest  sublimity  and  pathos — 
That  book  is  the  Bjbi.k.  But  if  the  interjection  had 
only  to  do  with  “ rhetoric  and  poetry,"  surely  it* 
sphere  would  not  be  narrow.  If  a knowledge  of  it 
only  led  us  properly  to  appreciate  the  lofty  mind  of 
Demosthenes  or  Cicero,  to  read  with  true  relish  the 
immortal  verses  of  Houbr,  Virgil,  Tasso,  Milton — 


its  origin  is  involved  in  some  obscurity,  was  evidently 
used  either  to  denote  a strong  feeling  of  horror,  or  a 
want  of  help,  in  which  latter  sense  it  would  nearly 
resemble  the  invocations  for  help,  common  in  old 
poetry. 

God  help  TVUtrrm,  the  knight ! 

He  fattghl  for  ¥ n gland.  Sir  Trirtrem. 

O empti  aailc ! qubarc  is  the  wynd  udd  blow* 

Me  to  the  port  quhare  gyueth  all  my  game  f 
Help  Calyope ! and  wyod  in  Marye  name. 

The  King'*  Quso 

It  is  obvious,  that  the  simpler  any  articulations  are,  Ah ! Oh » 
the  more  easily  they  may  be  adapted  by  the  flexibility 
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Grammar,  of  the  voice  to  express  different  state*  of  the  mind  : it 
alight  degree  of  elevation  or  depression,  of  length  or 
shortness,  of  weakness  or  force,  serves  to  mark  a very 
sensible  difference  in  the  emotion  meant  to  be  ex- 
pressed. Hence  Cino.vio  thus  speaks  of  the  Italian 
oA  and  ahi “ I varj  affetti  cui  serve  quest*  interiez- 
zione  ah  ed  ahi  sotio  piii  di  venti ; raa  v'abbisogna 
d'un  avvertimento ; che  uell'  esprimerli  sempre  diver- 
sificano  il  suono,  e vaglkmo  quel  tanto  che,  presso  i 
Latini,  ah ! proh  ! ok  / wr  / hei ! papa  f &c.  Ma  quest* 
h parte  spettante  a chi  pronunzia,  che  sappiu  dar  loro 
l'accento  di  quell'  affetto  cui  servono ; c sono— 
d ‘esclamazione — di  dolersi— di  svillareggiare — di  pre- 
pare— di  gridare  minacciando — di  minacciare — di 
sospirare — di  agararc — di  maraviglinrsi — d'incitare — 
— di  dsegno— di  desiderare— di  rcprcnderc — di  vcn- 
dicarsi — di  raccomandazionr — di  commovimento  per 
allegrczza — di  lam en tarsi — di  beffare — cd  altri  varj." 
Vossius  obscives  of  the  Latin  ah,  that  in  ancient  books 
it  is  often  written  a without  the  aspiration  ; ns  pro 
is  also  written  for  proh  ; and  indeed  the  Greeks  write 
a without  the  breathing.  Thus  the  739th,  and  the 
74bth  lines  of  the  Philoctetes  are  both  written  "A,  a,  a,  «. 
I*it isc Ian,  too,  says  that  a is  the  name  of  a letter,  and 
a preposition,  and  also  an  interjection.  We  need 
scarcely  observe  that  both  ah  ’ and  oh ! are  used  by 
English  writers  as  interjections  of  pain  and  sorrow. 

In  youth  alnnp  unhappy  mortals  lire 

But  ah  / the  mighty  bibs  b fugitive.  Drvoen. 

Oh  ! this  will  make  my  mother  die  with  grief. 

SniiOTUR. 

Dr.  JonNSON  says  “ah,  interjection — a word  noting 
sometimes  dislike  and  censure — sometimes  contempt 
and  exultation  — sometimes,  and  most  frequently, 
compassion  and  complaint.’*  He  also  says  “ oh, 
interjection — an  exclamation  denoting  pain,  sorrow,  or 
surprise.**  The  Greek  ’!«*>  and  Latin  lo,  varying  but 
little  in  sound  from  O,  were  also  sometimes  used  to 
denote  pain  or  sorrow.  Thus  Philoctetes  in  the  agony 
of  his  bodily  torture  cries  iu,  l£> ; and  Polymcstor  in 
the  Hecuba  of  Euripides  uses  the  same  exclamation. 
Thus  Tibullus  says, 

Uror,  io  ! remove,  wri  Puclla  faces  ! 

Lib,  ii.  EUg.  4. 

And  in  Claudian,  Io  seems  to  express  the  agony  of 
grief  — 

Mater  io  / sea  te  FhryjrU*  hi  valllbua  Id* 

Mrgrior.io  but  us  clmunsonat  borrida  rantu  ; 

tu  sanguiocis  ululantia  Diadynta,  Gallia 
I u cull*  hr  rapt.  Proterp. 

Alas ! The  word  ala * / was  manifestly  adopted  into  the  En- 
glish language  from  the  French  helot ! which  is  only  a 
corruption  of  the  Italian  oAi  lasso,  " ah  ! weary  !"  It 
does  not  appear  to  have  been  known  in  England  much 
before  the  time  of  Chaucer,  who  frequently  uses  it. 

How  shall  I darn  > whan  shall  she  com*  sgalne  * 

I note  alas  ! why  let  1 her  go.  Troihu,  book  r. 

So  in  the  early  romances — 

Tlmreh  the  botli  him  piyht, 

With  giie  i 
To  drth  he  him  dight 

Mias  that  ich  while ! Sir  Tristrem. 

AUat  that  he  no  badde  ywitc, 

Fr  the  forward  wrre  yamiie. 

That  hye  and  hia  lemon  also 

Soatreu  were  and  tvinnea  to.  Lag  Is  Frains. 


Quhat  aall  I think  f AlUce  (fuhat  reverence  Inlrrjec- 

Sall  I mratcr  to  your  excellence  ? liaua. 

The  King's  Quair.  >■ 

E*  ir  atlace  / than  aaid  scho. 

Am  1 audit  clcirlie  tynt  ? 

Peblit  to  the  play. 

The  sensation  of  weariness,  expressed  in  ahi  lasso,  is 
ul so  to  l>e  found  in  the  Scottish  intcrjectioual  phrase 
“ weary  fa'  you.*’ 

Weary  fa  you  Duncan  Gray  ! Old  Scottish  Song. 

The  latin  nr,  which  is  used  only  as  an  interjection,  v«! 
in  that  language,  is  no  doubt  identical  with  the 
Anglo-Saxon  wa  and  Scottish  wae,  which  is  our  sub- 
stantive woe  .*  and  it  is  to  be  observed  that  the  Latin  t 
was  in  all  probability  pronounced  like  our  tr. 

r«r  miscro  mihi ! Tm  Ermas. 

Hickfs  reckons  «co  is  me  f and  team  we  / nmong  the 
Anglo-Saxon  interjertions  of  grief.  In  old  English 
we  find  " wo  the  be ‘ 14  woe  worth  !"  &c.  j and  in 
Scottish  “ wue’s  me  !*’  and  “ woe's  my  heart.*’ — 

Wales  uo  the  he  ! the  fende  the  confound  ! 

R.  I)r.  Bkcnke. 

Where  ar  those  wnrldlyng'*  now  ? Wo  worth  them,  that  euer 
they  were  about  any  kyng!  Latimer. 

All,  true  be  to  you  Gregory, 

An  til  death  may  you  dee  ' 

Ballad  gf  Lard  Gregory, 

War's  my  heart  that  we  shoo'd  sunder  1 

Scottish  Song. 

From  wae  it  is  probable  came  the  verb  wail,  and  Wdaway. 
from  waile  wae  came  tcaileteat;,  uelmcay,  and  corruptly 
wtlladay. 

Hickks  expounds  the  Anglo-Saxon  train  wa ! heu  ! 
proh  dolor  ! and  he  adds  in  a note,  “ h«c  inteijectio 
frequenter  tropic^  ponitur  pro  dolore,  preecipufe  in 
scriptis  Satyrographi,  ut, 

**  Wote  no  wyriit  what  war  is  ther  that  peace  rrinrth 
Ne  what  is  wilrrly  weole  till  wetaweye  him  teacbe.” 

We  find  it  written  variously,  weylatcay,  tcaylewoy, 
waileway,  i ret  atcaic. 

IWterc  hem  wrre  at  home  in  hue  re  londe, 

Tlian  forte  seche  Flemnirwh  by  the  see  stronde, 

Whirr  routh  moni  Frensh  wyf  wryngeth  hire  honde. 

Ant  singrtb  trey  tart  ny. 

Battle  of  Bruges. 

Sche  aeyd  t raulrway. 

When  hye  herd  il  was  so : 

To  her  mautresse  ache  gan  say. 

That  bye  was  boun  to  go.  Sir  Tristrem. 

BLclcpt  him  in  his  arrncs  twain. 

And  oft  alias  hr  «an  sain. 

His  song  was  waileway. 

Amis  and  Amiloun. 

I set  hem  so  a wtirhe,  by  my  fab, 

That  many  a night  they  songen  wel  await. 

Ciiraa. 

Connected  with  wae  and  wail  is  the  verb  i raiment , 
which  Chaucer  uses  for  lament. 

Tlie  swalow  Proiirnc  with  a actrowftjl  lay 
Whan  morow  come  gon  make  her  waimmting. 

Troitus,  book  ii. 

Lastly,  the  Anglo-Saxon  i tala  (in  tnala  tea ) seems 
to  be  still  retained  in  the  Scottish  interjection  sra/y.— 

O waly  I waly!  up  the  hank. 

And  waly  ! waly  ! down  the  brae  1 

Scottish  Song. 

Och  hone  ! or  O hone  ! and  0 hnne-a~chree ! appear  qcj,  i*,,*  i 
to  be  exclamations  of  grief  used  in  the  Gaelic  language : 
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Grammar,  and  this  word  hone  is  evidently  connected  with  the 
. rcrb  to  hone,  of  which  Lye  gives  this  account. — 
“ Hone  after  a thing,  anxife  rem  aliquant  appctcrc,  agi 
desidcrio  alicujua  rei.  Vox  agro  Devoniensi  pcrfami- 
liaris  ; ab  AS  konywn,  hogian  qua*  occurruut  apud 
Boet/uum,  p.  31,  33.  Unde  hwc  nisi  a Goth,  hunyan  ? 
— hwaiva  aglu  ist  thaim  hunyandum  afar  faihu  ! quhin 
difficile  est  iis  qui  solicit!  sunt  dc  pecuniis  1"  To  hoe 
for  any  thing,  according  to  Gaoss,  is  in  the  Berkshire 
dialect  to  long  for  it 

Pape  | Dante  commences  his  seventh  canto  of  the  Inferno , 
with  the  exclamation  pape  t— 

Pmpe  ! Satan,  pnpt  / Satan,  alepe ! 

Comlncib  Plato  coo  la  toco  chioccia. 

It  is  curious  to  trace  this  exclamation  into  the  Italian 
from  the  Latin,  and  into  the  Latin  from  the  Greek. 
In  Latin  it  seems  to  have  chiefly  expressed  wonder. 

Eequid  beo  te  ? Mcae  ? Papa  ! ‘Auumnoa. 

Donatos  says  “ papa  intcrjcctio  mini  subito  accipi- 
entia:"  and  R.  Stepuanus  says,  “ admirantis  inter- 
jectio,  habet  cnim  in  se  affectum  verbi  iniror.”  It  is 
however  admitted  to  be  the  Greek  TUTai,  which  is 
manifestly  used  by  Sophocles  as  an  exclamation  of 
pain. — 

’AmjAwAa,  rberor  Bpbxopeu,  rbtror  rtnru. 

Ilwri,  irara1  »««'  *«*«-  wawtU. 

PJkiloet.  v.  752. 

It  is  said  to  be  synonymous  with  Bafiai,  called  by 
Scapula  “ odmirantis  adverbium.”  Perhaps  however 
it  may  have  had  some  connection  with  wowoi,  which 
is  used  by  Homes,  and  generally  rendered  0 DU  f 
or  papa  ! 

*Cl  viwoi,  4 ptya  vrrS»i  ynlap  Udr* i. 

0 Dii,  ccrii  m&fnui  luctus  Achiram  terrain  inradit. 

Iliad,  a.  v.  254. 

rn  tAra,  ouw*  if)  rv  Btaz  Bporol  4ir«W7«* 

Papa  t ut  scilicet  Dcos  mo rt ales  culpant  i 

Odytt.  It.  V.  32. 

In  both  which  instances  it  is  clear,  that  a strong 
feeling  of  dissatisfaction  or  reprobation  is  intended  to 
be  expressed.  Plutarch  says  that  this  word  wo  to* 
signified  in  the  language  of  the  Drvopans  the  same 
as  iaipowe v;  so  that  it  was  originally  an  invocation 
of  the  minor  deities. 

pte  Few  words  in  any  language  more  obviously  deserve 

the  title  of  interjection  than  fie  docs  in  English  ; yet 
Mr.  Tookb  ranks  it  among  adverbs  ! It  is  certainly 
connected  with  the  Gothic  verb  fyan,  Anglo-Saxon 
feogan,  fern,  fin,  Frankish  and  AJainannic  fen,  figen, 
all  which  signify  to  hate  ; but  that  it  is  to  be  re- 
garded os  the  imperative  of  any  of  these  verbs,  may 
be  doubted.  More  probably  the  verb  was  formed 
from  the  exclamation,  of  which  Wachtbr  gives  the 
following  account.  **  Ft,  inteijectio  a vers. unis  apud 
Saxones  inferiores  et  Gallos  hodiernos,  sicut  apud 
Latinos  /w.  Germani  super  tores  dicunt  phui  et  pfui , 
Grtcci  rfv.  A flatu  contra  putidum."  R.  Stepuanus 
explains  the  Latin  fue  " inteijectio  ructum  expri- 
mentis.”  (See  Plautus,  Mott.  I.  37  ) The  Greek  0e& 
sometimes  expresses  sorrow,  and  in  this  sense  pro- 
bably was  the  same  as  the  Latin  heu  ! — Thus  Xenophon 
says,  0e v *>  AfuOrj  yfevx^j — v vov  avtpi<i — both  relating 
to  persons  dead  : and  Sophocles  says  0*t)  ro\at,  heu, 
me  miscrum  ! The  same  interjection  is  also  used  to 
express  admiration  ; as  by  AaiSTOPnAxcs,  0c3,  0»O, 

$ pef  ivaptb  BavXfuf  «V  oprtOmi*  «y«V ** — where  the 


scholiast  observes,  that  0*5  commonly  expresses  com-  luierjac- 
plaint  or  indignation,  but  here  admiration.  So  in  two*. 
Latin  phy  is  an  iuterjection  of  admiration,  (see  Terence, 

Adclph.  3.  3.  59.)  With  the  verb  fan  are  connected 
feide  odium  and  feind  hostis.  Feide  or  fede  is  ex- 
plained by  Wacuteb  “ inimicitia  aperta,  persecutio, 
viudicta.  Anglo-Saxon  fathlh,  Ishuid.  fad.  Latino 
Barbaris  fatda  and  feida,  Belgis  veede,  Anglis  feud." 

Thus  in  the  Lombard  Laws  (lib.  1.  tit.  7-  art.  1 and  15.) 
we  find  “ faida,  id  cat  inimicitia.”  From  faida  was 
formed  the  Barbarous  Latin  difidare,  which  is  the 
origin  of  the  French  defier,  and  of  our  verb  to  defy. 

The  modern  German  fehde,  the  Low-Saxon  r tide,  and 
the  Dunish/ci*/e,  all  signify  enmity.  Feind,  hostis,  an 
enemy,  is  properly,  says  Adklung,  the  participle  of 
the  old  verb  fan  to  hate.  This  word  is  written  by 
U lpila  fijand,  by  Kebo  and  Ottpkikd  font,  by  Wil- 
i.ekam  ricnf,  in  Anglo-Saxon  feond,  fynd,  in  Lower- 
Saxon  find,  in  Danish  fiende,  in  Swedish  fit  tide,  in 
Icelandic  fiande;  and  in  many  of  those  dialects  it 
receives  like  the  English  fend , the  particular  signifi- 
cation of  an  enemy  to  the  soul,  on  evil  spirit.  So  iq 
old  English.— 

The  xntftll  fcndet  that  buelh  nout  itrongc 
He  xlmlen  Among  men  gonge. 

Ckruf’i  Detvent  to  UeU. 

In  the  Scottish  dialect  the  word  fient,  the  Devil,  is  jocu- 
larly employed  as  a sort  of  adverb,  answering  to  our 
colloquial  use  of  such  phrases  as  " the  devil  a bit,”  &c. 

When  I looked  to  my  dart. 

It  ur  blunt, 

Fient  hart  o’t  wad  liae  pierced  the  heart 

Of  a kail-runt.  Bcs.va. 

They  loiter,  lounging,  lank,  and  laay, 

Tbo  ite'ii  hart  alia  them,  yet  uneasy.  Iocm. 

Fte  is  also  related  to  the  interjections  foh  1 an d faugh  ! 
und  they  all  three  express  various  modifications  of 
dislike.  Thus  the  French  f,  done!  is  a slight,  and  often 
a sportive  reproof,  while  the  English  foh  ! is,  as  Dr. 

Johnson  says,  **  an  interjection  of  abhorrence." 

W / «•»•»  may  smell,  in  such,  a will  most  rank. 

Foul  portions,  tboughta  unnaturnl. 

SflAXaPBARE. 

Both  foh!  and  faugh  ! are  connected  with  the  Anglo- 
Saxon  fah , and  English  foe,  an  enemy ; but  this 
circumstance  has  led  Dr.  Johnson  into  an  error  in 
grammatical  reasoning.  He  says  foh  1 is  from  the 
Saxon  word  fah  an  enemy,  “as  if  one  should 
at  sight  of  any  thing  hated  cry  out  a foef’  This 
supposes  the  conception  of  an  enemy  to  be  prior  to 
the  more  general  emotion  of  dislike,  or  at  least  to 
have  received  a name  before  the  other  had  been 
expressed  by  a sound.  Now  the  contrary  is  so  obvi- 
ously probable,  we  had  almost  said  so  necessarily 
true,  that  it  must  be  taken  as  a first  principle  in  all 
rational  etymology. 

Most  authors  reckon  such  expressions  os  ah  me ! Ab  oe ! Ac 
OTpot ! hei  mihi ! me  miserum,  &c.  as  real  interjections. 

We  may  at  least  rank  them  among  interjeetional 
phrases. 

Cry  but  aA  me  ! couple  but  lore  sod  dorr. 

MtUttAU, 

Vigbr  calls  Of  an  adverb  of  grieving  : and  he  adds, 

M e*  at  el  dativo  po\  con  flat  ur  novum  dolentis  adver- 
bium  otyiat,  unde  factum  est  verbum  oipw^tm,  h.  e. 
ofpoi  V ohs i us,  however,  contends  that  a 

word  like  miserum  is  not  to  be  called  an  interjection. 
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r.nmmir,  His  expressions  are  these,  **  sunt  alia,  qu*  etsi  animi 
v — adfectum  testentur,  ad  hanc  tamen  classem  non  per- 
tinent. Ut  malum  ! quod  rectfe  interjectionum  numero 
exiinit  Caun  Calcao  minus,  lib.  ii.  eplst.  8.  Sed  est 
fTt'pu'vrjua  per  interpo*itionem,  ut  Donatos  quoque 
annotavit  super  Terentii  non  uno  loco.  Si  mills  ratio 
in  istis,  miserum  f in/uudum  ! nefas  ! atque  alii*.”  How 
far  an  epiphonema  per  interpositionera,  differs  from 
an  interjection,  it  may  not  be  easy  to  say.  We  think, 
upon  the  whole,  that  when  any  word  expressing 
emotion,  be  it  noun,  verb,  or  other  part  of  speech,  is 
prefixed  or  thrown  into  a sentence  without  connection, 
and  does  not  enter  into  grammatical  construction 
with  the  other  members  of  the  sentence,  it  may  not 
improperly  be  called  an  interjection.  Thus  the  furious 
clamor  of  the  Jewish  populace  against  our  blessed 
Saviour — *A pav,  *Apov  — which  is  rendered  in  our 
translation  by  the  interjectional  phrase,  **  Aw  ay  with 
him  ! atcey  with  him  !”  might  perhaps  be  culled  an 
interjection,  though  it  is  in  origin  an  imperative  mood. 
The  same  may  be  said  of  the  expression  of  Philoctctes, 
*0\wXa,  and  *A wikmkn  (7.  v.  749  and  752)  which 
differ  but  little  from  the  vulgar  Irish  exclamation, 
••  fm  kil’t." — *hpov,  *Apow,  may  be  compared,  in 
point  of  grammatical  form,  to  the  expressions  so 
common  in  popular  meetings  off  f off ! — dote  11 ! down  l 
fee.  And  " a tray  with  him”  may  in  like  manner  be 
compared  to  the  phrase  “ out  upon  it !” 

guv, My  own  flesh  and  blood  to  rebd  ! 

Sal.  Oui  upon  it,  old  Carrion  ! 

SllAKSTEARK. 

Leer*  me!  From  interjections  expressing  painful  emotions  we 
Ac.  turn  to  those  which  express  pleasurable  emotions. 
In  the  Scottish  dialect  we  find  leeze  me  ! signifying 
••  it  is  dear  to  me.” 

Lent  me  on  drink  ! it  gir'f  us  mair 

Than  eitlier  school  or  college.  Burns. 

Lett*  me  on  your  curly  pow, 

Bonie  Davie,  daiatie  Davie  1 

Old  Scottiifi  Song. 

The  explanation  of  this  phrase  is  " lief  is  roc  •”  and 
of  the  meaning  of  the  word  lief,  carus,  dear,  wc  have 
already  spoken  under  the  head  of  adverbs. 

The’  construction  of  the  phrase  is  similar  to  the 
German  wohl  uns  ! and  the  English  well  it  him! 

Well  it  Him  that  dwelleth  with  a wife  of  understanding,  and 
llut  bath  not  dipped  with  liia  tongue  Let UtUut.  xxr.  8. 

The  Latin  amabo,  the  future  tense  of  the  verb  amo 
I love,  is  often  introduced  interjectionally  as  an  ex- 
clamation of  fondness. — 

Vide,  amabo,  il  dob  cum  adapiciaa  os  hnpudena 
Vidctur.  Tanawnu*. 

Exgraruius,  an  old  commentator,  on  this  passage, 
gays  that  amabo  is  used  by  the  poets  without  any 
meaning  but  on  this  Vossius  justly  remarks — “ si 
blandientis  est,  otiosmn  esse  ncquit,  cum  multiim 
blandititc  et  prcccs  valeunt." 

O »!  Eager  desire  is  shown  by  such  expressions  as  0 si ! 
— oh,  gin  ! — 0 utinam  / — ««0«,  Ei  *fap,  &c. 

guamquara  O it  ! Rolitsc  qalrquam  virtu  ii*  inesart. 

Virgil. 

0 / gi’n  mjr  hn  were  yon  red  rose, 

Tliat  grow*  upon  the  cafctle  wa’ ! 

Old  Scottish  Song* 

0 utinam  tnne,  cbm  I.nccdwmona  c)*bm  petehat, 

Obrutus  ioAiuuri  eaaet  adulter  aquis ! Ovum.'*. 


*Ci  jJpo*,  dST,  an  «**i>i  did  rrhtaan  flKstew,  Interi*c- 

'a*  rot  yiraff  twoila.  IloMERCS.  tiomT 

Kt  yip  Aiytfw  9 ipi.  Sophocles. 

Our  common  huzza ! and  hurrah ! seem  to  be  old  Huzu ! 
German  shouts  of  exultation.  It  does  not  appear  brB,P0 ! 4c- 
that  they  were  ever  used  by  the  more  southern 
nations.  The  Latin  words  io  ! eta  / and  evax ! ex- 
press nearly  similar  emotions.  We  have  adopted 
into  the  English  language  the  Italian  exclamation  of 
applause  brato ! but  chiefly  at  our  theatrical  enter- 
tainments. Some  persons  affect  to  distinguish  the 
persons  applauded  by  the  terminations  bravo,  brave, 
bravi ; but  this  seems  to  be  carrying  the  adoption  of  a 
foreign  idiom  further  than  is  suited  to  the  character  of 
a mere  interjection.  A strong  proof  that  interjections 
are  not,  as  Sanctuir  contends,  naturales,  et  idem  a pud 
omnes,  is,  that  even  in  such  apparently  unpremeditated 
effusions  of  joy,  people  of  different  countries  testify 
their  feelings  differently,  and  each  in  the  mode  of  his 
own  country.  Thus  where  the  Englishman  exclaims 
hurrah ! the  Frenchman  would  cry  ha  ! bon  ! and  the 
Italian  braro ! 

Among  milder  emotions,  we  may  reckon  the  various  Ifedi ! Ac. 
degrees  of  surprise,  sometimes  tnixt  with  a certain 
dissatisfaction,  which  arc  indicated  by  the  Scottish 

hech  ! the  French  cowmen/  / the  English  good  note  ! 

good  lack  ! — la,  la,  Ut ! — dear  me  ! sure  / fee.  & c. 

Heck  man ! dear  nr* ! U that  the  pate 

They  waste  sae  mony  a braw  estate  l Burns, 

Comment  done  ! qn'est  que  c'rit  que  cerl  ? On  dit  que  you* 

▼oulez  donner  rotre  fille  m manage  k un  Carilme-prenant ! 

Mounts. 

Good  now  ! good  now  / how  your  devotions  jump  with  mine  ! 

Dry  den. 

Flax.  Mr  lord,  baring  great  and  instant  occasion  to  use  fifty 
talents,  bain  sent  to  your  lordship  to  furnish  him : nothing 
doubting  jronr  present  assistance  therein. 

Lucul.  La,  la,  la  .'—nothing  doubting,  says  be  ? A noble 
gentleman  "t»,  it  he  would  not  keep  so  good  a bouse. 

Shah  spear*. 

Interjections  expressing  haste,  slowness,  and  the  Yaw! 
like,  are  common  in  ull  languages,  and  are  usually  swltk!  Ac. 
verbs  or  adjectives  applied  to  this  purpose.  Such  are 
the  old  English  yare ! the  Scottish  swith  ! and  hoolie  ! 
the  German  mir  frisch ! the  French  allont ! the  Italian 
piano  ! the  modern  English  make  haste  ! come,  come  ! 
stay  ! stop  ! hold  ! &c.  &c. 

Yare  is  from  the  Anglo-Saxon  verb  yearwian,  to 
prepare,  as  yearwian  til  etanne,  to  prepare  for  eating. 

Heigh,  my  hearts  t cbecrly,  cliecrly,  roy  hurt*,  yare  t yare  l 
Take  in  the  top-sail.  8UUMUS. 

We  have  noticed  swithe  among  the  adverbs.  It  is 
used  interjectionally  by  Burns. 

Then  switk  an  get  a wife  to  hug. 

The  same  poet  uses  hoolie  for  gently. — 

But  still  the  mair  I'm  that  way  bent. 

Something  cries  koolie  I 
I red  you,  boarst  man,  Ink  trot 
Ye'll  aliaw  your  folly. 

There  are  many  interjections  expressing  slight  con-  Prithee! 
tempt — some  by  way  of  expostulation,  as  prithee  ! — p»ak ! &c. 
some  indicating  the  trivial  nature  of  the  object,  as 
pish ! — some  showing  a degree  of  vexation  in  the 
speaker,  as  pshaw  ! — some  denoting  the  absurdity  of 
the  thing  in  question,  us  the  English  tut  ! and  tusk  f 
the  Latin  caA.'  the  French  bah!  and  the  Scottish 
houi  / whilst  others  mark  in  the  speaker  a certain 
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fimmirur.  feeling  ofdisgust  or  weariness,  as  the  English  humph  ! 
v>— V— ' the  French  ouf ! Sic. 

Took».  ranks  prithee!  among  adverbs.  Johnson 
does  not  decide  what  part  of  speech  it  is,  but  merely 
calls  it  “ a familiar  corruption  of  pray  thee."  This 
corruption,  however,  becomes  in  use  a real  inter- 
jection. In  the  following  instance  the  request  is 
merely  contemptuous. — 

Poll *.  prithee ! ne’er  trouble  thy  bead  with  such  fancies ; 

But  rely  on  tbe  aid  ibou  sbalt  have  from  St.  Franrit. 

OU  Song. 

In  the  next,  the  request  is  more  serious,  but  still  the 
abbreviation  of  the  phrase  marks  a degree  of  fumi* 
liarity. — 

Alas ! why  contest  thou,  at  this  dreadful  moment, 

To  shock  the  peace  of  my  departing  soul  ? 

Array  t I prithee  leave  me  ! Rowr. 

Of  the  interjection  pish  ! Dr.  Johnson  thus  speaks— 
“ Pisa  ! interj.  a contemptuous  exclamation.  This 
is  sometimes  spoken  and  written  pshaw  I I know 
not  their  etymology,  and  imagine  them  formed  by 
chance.*' 

She  frowned,  and  cried  pith  / when  I said  a thing  that  I stole. 

Spectator,  No.  268. 

A paevish  fellow  has  some  reason  for  being  oat  of  humour,  or 
has  a natural  incapacity  for  delight,  and  therefore  disturbs  all  with 
pishes  and  ptkaws.  JM,  No.  438. 

Pshaw  would  certainly  be  an  odd  way  either  of  speak- 
ing or  writing  pish  : and  an  interjection  is  no  more 
formed  by  chance  than  a chronometer.  Pith  and 
pshaw  both  appear  to  be  natural  exclamations  j but 
they  express  different  shades  of  contempt,  the  latter 
showing  more  of  ill  humour  and  vexation  than  tbe 
former. 

Dr.  Johnson  says  of  tut  I " this  seems  to  be  the 
same  with  tush  /"  and  of  the  latter  he  says — " Tush  ! 
interj. — of  this  word  I can  find  no  credible  etymology 
— an  expression  of  contempt." 

Tut,  roan  l one  fire  burns  oat  another's  burning. 

SlIAKSnuna. 

7V*A  ! say  they,  how  should  God  perceive  it ; is  there  know* 
ledge  In  the  Most  High  t Pmtrn  IxxiU. 

Among  the  few  interjections,  which,  Wallis  says, 
the  English  language  possesses,  he  reckons  **  tush 
content uentis."  It  is  probably  connected  with  the 
French  verb  t ouster,  to  cough.  Wallis  renders  it  by 
the  Latin  vah,  which  sometimes  has  a similar  force. — 

Vah  t leao  ioiqua  me  non  vult  loquL  True* tics. 

With  this  latter  the  French  hah ! is  probably  con- 
nected, and  it  may  also  have  some  relation  to  the 
French  verb  baailUr,  to  yawn. 

The  interjection  hout ! is  very  common  in  the  novels 
of  the  author  of  Waver  ley — 

Wcel,  but  Tronda  kens  this  lad  wed  ; and  site  has  often  spoke 
to  me  about  him.  They  call  his  father  the  silent  man  of  bum* 
burgh  ; and  lliey  say  hefi  uncanny — Horn!  ! hout  / Nonsense ! non- 
sense ! they're  sye  at  sic  trash  as  tiiat,  said  the  brother. 

The  Pirate. 

Hout  / seems  to  be  an  onomatopoeia  of  the  same  nature 
as  the  English  verb,  to  hoot , or  the  Scottish,  to  boost, 
to  cough. 

Humph  ! appears  to  be  a mere  imitation  of  the 
natural  expression  of  contemptuous  discontent  in  the 
following  passage. 

8cmp.  Must  be  needs  trouble  roe  on  t — Humph  ! 

'Bore  all  others  l SuAKireatjr. 


Ouf ! a similar  expression  of  the  pain  arising  from  Interjee* 
weariness,  os  in  the  Bourgeois  GentUhomme  of  Mo-  l,nM- 
LIEHE-—  ' ■*- L ‘ 

Apr^n  qur  1'Invoration  est  fide  les  Derrlrbea  fitent  1’Alrornn  de 
dcssus  le  dos  do  Bourgeois,  qui  crie  oh/,  parce  qu’il  est  las  d’avoir 
tit  long  temps  co  cettr  posture. 

Among  interjections  of  soothing  and  encouraging,  Eugr ! 
of  satisfaction,  acquiescence,  and  the  like,  wc  may  firaiuvrcie, 
reckon  euge ! (well  done)  ; Odpest  (be  of  good  cheer)  j e‘ 
todes,  (I  pray  you)  $ paramour  (for  love's  sake)  ; gru- 
tnercy ! &c. 

The  Latin  euge  ! was,  in  its  origin,  a compound  of 
the  Greek  tv  and  7*. 

The  Greek  imperative  <W past  is  rendered  by  the  in- 
terjectional  phrase  “ be  of  good  cheer.!"  in  our  trans- 
lation of  St.  Matthew’s  Gospel,  (c.  ix.  v.2.) — Odptret 
■tiuvov  d<fi*we*at  aoi  at  apapitai  aov.  In  the  Latin  vul- 
gate,  the  correspondent  word  is  “ confide."  In  the 
Anglo-Saxon  translation,  the  passage  runs  thus— 

**  La  ! beam,  gelyfe  I the  beoth  thine  synnn  forgifene." 

In  the  Gothic  it  is  " ihrafsUi  thttr  baruilo  ! ■iHudi 
thus  frawaurhtois  theinos  where  the  verb  thrafstyan 
appears  to  have  oome  affinity  both  with  the  Greek 
Bdpcew,  and  the  Teutonic  irost,  whence  came  tbe  Ber- 
barous-Latin  trustis  and  antrustio,  the  Icelandic  trausi, 
the  Dutch  troost,  the  German  trost  and  gc frost,  the 
Scottish  fryft,Bnd  the  English  trust  and  trusty ; all  which 
have  the  analogous  significations  of fiducia,  solatium, &c. 

The  French  courage ! answers  not  to  the  imperative 
Capon,  but  to  the  substantive  Odpoo v.  Of  thi9  word, 
courage,  the  Dictionnaire  de  1' Academic  says,  “ il  ge  dit 
quelqncfois  absolument,  par  mauicre  dc  particule  ex- 
hortative, courage  mes  amis  ! courage,  soldats  !"  Thus 
we  use  the  words  courage ! comfort ! patience ! Sic. 

PAND.  Courage!  and  com /art  ! oil  olioll  yet  go  well. 

K.  Pun..  Patience,  good  lady  ! Comfort  gentle  Cunstance ! 

SltAKOPKAKa. 

The  Latin  sodes ! is  rendered  by  R.  Step  harms 
Stops  i ; and  he  calls  it  “ bland  lent  is  vet  exhort&ntis 
adverbium,  seu  mavis  interjectio  ; quasi  tu  dicas  queeso, 
rogo , obsecro."  It  is  a contraction  of  the  phrase  si 
asides. 

Quintllio  si  quid  reeltom,  corrige,  sodes  ! 

Hoc  oirlat,  et  hoc.  Hmativl 

Paramour!  par  chariit!  and  such  like  words  ami 
phrases  occur  often  in  our  old  writers. 

Ife  apok  vnto  the  rmperoure , 

Tok  me  till  min,  air,  paramoure  ! 

And  I aal  tec  he  him  ful  treaty. 

Sruyu  Saga. 

Ynough  thal  hadde  of  warldea  wele, 

Togedrr  thal  lered  yeres  fele, 

Thai  ford  roiri,  and  ao  mot  we. 

Amca,  amen,  per  ckmriti . 

lieu  a Merchant,  Ac. 

Gramercy,  or  gramercies ! which  occurs  often  in  our 
old  writers  as  a mode  sometimes  serious,  sometimes 
ironical,  of  returning  thanks,  is  a contraction  of  the 
French  grand  tuerci,  great  thanks. 

When  the  king  understood  this  word,  he  was  right  glad  of  it, 
and  said  to  Regnawde,  1 right  gladly  grant  this  to  you  : and  with 
tbe  tame  ye  thoit  hare  of  roe  x thousand  mark  every  year  for  to 
maintain  your  eatote.  Sir,  taid  Regnawde,  grtmerde  ! and  coat 
himtdf  at  bit  foot.  The  Four*  Su*aee  Aim—. 

Gobbo.  God  blew  your  worship ! 

Bass.  Gramertp  I Would*  thou  ought  with  me  ? 

Stuunat 
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Grammar.  Foo,L-  I*0"  A 0 T «*♦  frentl«m«»  ? 

i j Serv.  Grmmereits guod  fool ; bow  does  your  mi*tre«*  ? 

V SlIARSCEARE. 

Grand  mrrri  fa^on  ilc  p*rler  doot  ouu  *crt  duu  le  ityle  familirr, 
pour  dire,  jf  roiu  rends  grace*.  Font  me  d»nnr£  cels  7 Grand 
merci monsieur.  Art.  dr  C .Icadrmir. 

Merit , peutritrr  de  misrrtn-f,  pur  contraction. 

Menage. 

The  signification  of  thanks  is  so  different  from  that  of 
mercy,  as  to  render  it  probable  that  there  were  two 
derivations  of  this  word  in  French,  the  one  pointed 
out  by  Menage  applying  to  the  substantive  merci, 
mercy  ; the  other  from  merces,  recompense  j in  which 
latter  sense  grand  merci  would  be  in  Latin  (cupio  tibi) 
grandem  mercedem.  In  the  other  sense,  the  French 
have  an  interjectional  phrase,  merci  de  ma  vie!  an- 
swering to  our  familiar  exclamation,  mercy  upon  us  ! 
expressing  astonishment. 

Eh  ! is  used  very  ludicrously  in  the  soothing  expos- 
tulations of  the  Bourgeois  tientilhomme,  with  his  danc- 
ing and  fencing  masters,  when  they  quarrel. 

M.  d'Armka.  Comment ! Petit  impertinent ! 

Joe  hd.  Eh  ! nvon  MAitrr  d'arroc*  ! 

M.  a Dans.  Comment Grand  cheral  de  cirow  1 

Jol'KD.  Eh  moo  M Ait  re  \ danurr  ! MOLIEEE. 

Hnch ! There  arc  many  words  of  admonition,  such  as 

umlaut ! hush  l and  i chisht ! to  keep  silence ; gare!  to  beware,  &c. 
^c*  Hush  ! seems  to  be  the  Gothic  imperative  hautei  I 

hear  ! from  the  verb  hausyan , which  occurs  frequently 
in  Ulfila's  translation  of  the  Gospels,  c.  gr.  " //atari ! 
Israel,  fan  Goth  unsar  fan  ains  ist  j”  *'  Hear , O Israel! 
the  Lord  our  God  is  one  Lord.*"  (Mark,  c.  xii.  V.  29.) 
The  verb  hausyan  is  manifestly  from  auso,  the  ear. 
The  denomination  of  this  part  of  the  body  has  a 
similarity  in  many  dialects,  which  may  be  divided 
into  two  classes  distinguished  by  the  letters  s and  r. 
Of  the  former  class  are  the  Gothic  aw*o,  the  old  Latin 
ausis,  and  the  Greek  *w ; of  the  latter  are  the  more 
modern  Latin  nuns,  the  Frankish  aud  Alamannic  ora, 
ore,  or,  the  Low-Saxon  and  Dutch  oor,  the  modern 
German  ohr,  the  Danish  lire,  the  Swedish  oera,  the 
Icelandic  eyra,  the  Anglo-Saxon  rare,  and  the  English 
ear.  The  Italian  orecchio,  and  Spanish  oreja,  are  cor- 
ruptions of  the  Latin  diminutive  auriculas,  and  from 
orecchio  comes  the  French  oreille. 

Hark  ! is  of  the  same  family.  From  ohr,  the  ear, 
the  Germans  have  formed  htiren  ! to  hear,  and  horchen  ! 
to  listen  to ; as  the  Latins,  from  auris  or  aim*,  had 
audire  and  auscultarc  ■,  and  so  the  Anglo-Saxons  had 
hyntn  and  heorchian,  which  are  our  hear  and  harken, 
or  hark,  and  of  this  last  the  imperative  easily  becomes 
an  inteijection. 

The  Scottish  exclamation  whisht ! may  not  impro- 
bably be  of  the  same  origin  as  hush ! We  pronounce 
this  word  tehisi ! and  use  it,  as  Johnson  observes,  1st. 
as  an  interjection  commanding  silence,  2dly.  as  an 
adverb,  Sdly.  as  a verb,  and  4thly.  as  a noun,  the 
name  of  a well  known  game,  requiring  silent  atten- 
tion. Brass  uses  whisht  as  a noun  implying  silence. 

A tight  outlandish  hizzle,  truer, 

Caroe  full  in  sight. 

Ye  seed  oa  doubt  1 held  ray  whisht. 

Nrwly  similar  to  thi,  is  our  wonl  hut ! of  which 
Jobksox  thus  speaks  : — '•  Hilt,  inlaj.  of  this  word  I 
know  not  the  original  : probably,  it  may  be  a corrup- 
tion of  htu/i,  hull.  it.  hutht , hist. 


Hist  * Romeo,  hist  f O for  a falc'ner'i  voice. 

To  lure  this  taucl-gcutk  track  Again ! 

Sflilimu. 

It  is,  however,  to  be  observed,  thal  the  Romans 
used  the  imperfect  articulation  'st  for  the  same  pur- 
pose. R.  Stenianus  says  u .ST  [r]  vox  est  silentium 
indiccotis.  Ter.  Phorm.  v.  1.  15.  Quid  ? Non  is, 

obseero,  cs,  quem  semper  te  esse  dictitasti  > — C.  if 8. 

Quid  has  metuis  fores  !"  The  Italians  use  the  word 
xiffo  / and  the  French  5ay  chut  ! Varchi,  in  his  Erco- 
lano,  or  Iiialogo  sopra  U lingue,  printed  at  Florence  in 
1570.  says  of  this  word,  " II  quale  sitto,  credo  che 
sia  tolto  da’  Latini,  i quali,  quando  voievano,  che 
alcuno  stesse  chcto,  usavano  profferire  verso  quel  tale, 
queste  due  consonant!  * st , quasi  come  diciamo  noi 
zitto !"  It  is  used  substantively  for  the  slightest  sound 
possible.  Thus  Boccaccio  says  “ senza  far  motto,  o 
zitto  alcuno  j”  **  without  uttering  a word,  or  sound, 
the  slightest  possible."  It  is  also  used  adjectively, 
w ith  the  variation  of  gender  and  number,  e.  gr. 

E i boon  Boltistj,  in  raropn,  o in  citadel!*. 

Si  bUodo  tiiti  iu  far  la  arnlinclU.  Allegsi. 

Of  the  French  chut  l the  Dictionnaire  de  l .4  cad  emit 
merely  says,  " Chut,  particule  dont  on  sc  sert  pour 
imposer  silence.*’ 

Care ! is  a French  interjection,  the  imperative  of 
the  old  verb  garer.  **  On  se  sert,"  says  the  Diction- 
naire  de  l\Icadcmie,  “ pour  avertir  que  l‘on  sc  range, 
quo  Foil  se  detourne  pour  laisscr  passer  quelqu‘un,  ou 
quelque  chose,  gare  ! gare  ! gare.  de  la  ! gare  I’eau  ! il 
se  dit  nussi  par  maniere  d'avertissement  et  de  menace : 
ainsi  on  dit  h un  jeune  escolier  gare  le  fouet  /**  Hence 
the  French  garenne,  a warren,  or  place  for  preserving 
rabbits  . guerir,  anciently  garir,  to  cure,  to  preserve 
from  disease.  Cuerite,  anciently  garite,  a watch 
tower,  or  centry  box,  which  is  the  origin  of  our  word 
garret.  It  is  said  to  have  been  formerly  a custom  in 
the  northern  parts  of  Great  Britain,  in  throwing  water 
from  a high  window'  to  cry  to  the  passengers  below 
gardyloo  ! a corruption  of  the  above  cited  French 
phrase  gare  feau ! or  gare  ! de  t’eau  / The  verb  garer  or 
garir,  is  only  another  pronunciation  of  the  old  Teutonic 
uiaren,  which  appears  in  so  many  forms  and  dialects. 
Hence  Wachtkr  says  1.  u Harm  oculis  usurparc, 
spectate,  intuert.  Hie  primus  verbi  latissiinb  patentis 
significatus,  quem  Mymcs  quoque  apud  vetcrea  ani- 
madvertit  in  sirchaologo  Teutone — Francis  uuara  «epe 
est  adspectus,  et  uuara  tuon  adspicere— ex  eodem 
fonte  haud  dubife  est  adjectivum  tear  videos,  in  for- 
mula vetustissimA  getcar  tterden  videre,  videntem  fieri 
visu  cognoscere.  2.  Waren  ob  oculo  corporis  trans- 
fertur  ad  oculum  animi,  et  tunc  significat,  quantum 
potest,  consoler  are,  curare,  obtervare,  servers,  c us  tod  ire, 
cacere."  Of  all  these  significations  he  gives  exam- 
ples, as  follows . — 

Consitierare,  hence  the  Frankish  uuara,  considera- 
tion, and  uuara  tuon,  to  consider  $ e.  gr.  " Ne  duont 
thes  niet  uuara  thaz  ih  so  salo  him  j"  “ nolite  at  ten  - 
dere  quftd  tarn  fusca  siraj"  (Willeram.  cap.  i.  6.) 
hence  also  in  modem  German  ir amehmen  is  used  for, 
to  observe. 

Curare,  hence  the  Frankish  ungiuueri,  carelessness  ; 
wngiifuartu,  inconsiderate : in  modern  German  they 
sometimes  say  tear  lot,  for  careless, 

Observare,  hence  the  Frankish  uuara,  observation, 
used  by  Willrram,  cap.  ii.  15.  u Ir  doctores  eccktis 
tuot  uuara,"  “ The  doctors  of  the  church  observe." 
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Grammar . Snvare,  the  Frankish  tmtna  has  also  this  sense, 

e.  gr.  nun  sin  mihila  uuara,  u lake  much  care  of  him,” 
“ keep  your  eye  on  him.” 

Custodire,  hence  the  Dutch  waarande,  Barbarous  - 
Latin  warenna,  French  garenne,  ami  English  warren. 
The  Germans  also  use  gewarsame  for  aatwiia. 

Cavere,  as  in  the  Frankish  geuucri  cautelu.  From 
the  participle  warend  in  the  sense  of  caution,  came  the 
Barbarous-Latin  warendia,  and  tearamlia,  hail ; also 
warendator,  warandure,  and  warentuare ; the  French 
garant,  garantir,  garantie ; the  English  warrant,  yoa- 
rantce,  &c.  From  warm  in  this  sense  came  trar/ien, 
to  premonish,  to  provide  against  danger,  to  fortify. 
In  the  Icelandic,  vantan  is  cautio ; in  the  German, 
andem  zu  tcarnung  is,  "as  a warning  to  others.”  In 
the  Frankish,  we  have  giuuarnot  werdet,  " be  prepared 
for  defence,”  “ arm  yourselves.”  Ingegin  uuiduruuiuon 
$ o tculun  uuir  untth  uuarnon  ; ” against  the  enemy  so 
should  we  arm  ourselves.”  (Ottfricd,  1.  ii.  c.  3.  3.) 
IVarniugit  is  used  by  Willeram  for  munitio.  Itarnitus 
signifies,  in  the  Barbarous-Latin  of  the  Frankish  Capi- 
tulars, " armed.”  Hence  the  Italian  guarnire,  to  for- 
tify, and  guamig'ume,  which  is  the  French  gamison,  uud 
English  garrison. 

Other  analogous  meanings  might  be  added,  as  the 
German  gewarten,  to  expect  or  look  for  j and  getearli^ 
einer  sachc  seyn,  "to  be  uwurc  that  a thing  will  happen.’ 

In  the  Anglo-Saxon  we  find  traer  caut us,  traere 
cautio,  werian,  to  defend,  tcamian,  to  beware,  & c. 

In  Dutch  waarande,  a park  for  keeping  deer  or 
other  animals  ; waarborg,  a surety : waaren,  to  gua- 
rantee ; i caarnemen,  to  regard  ; waarschouwen,  to  pre- 
monish,  &c. 

From  these  sources  lastly  come  our  English  words 
aware,  beware,  wary,  and  others  already  mentioned. 

W are  ! pronounced  by  the  lower  classes  of  people 
war!  is  often  used  as  an  interjection  of  premonition, 
as  in  war  hawk  ! a notice  to  smugglers  to  avoid  tho 
excisemen.  Hence  Lyr,  in  his  edition  of  Junius's 
Dictionary,  says — **  War,  cavere,  prospiccrc.  War 
heatls ! prospicite  capil^bus,  ah  A.  S.  warian  ejusdem 
signiiicationis. 

False  witness*  is  in  word,  and  also  in  dede  ; in  word,  u for  to 
bireue  the  neighbour’s  good  name. — Ware/  ye  questinongcr*  and 
notaries ! Cuacccr. 

Among  words  of  this  kind  we  may  reckon  mum  ! 
pax  ! paix  / peace  I silence  ! 

Johnson  says.  " Mum,  interject.  Of  this  word  I 
know  not  the  original : it  may  be  observed,  that  when 
it  is  pronounced,  it  leaves  the  lips  closed ; a word 
denoting  prohibition  to  speak,  or  resolution  not  to 
speak  ; silence ; hush.”  It  seems  to  be  connected 
with  the  Latin  murmur,  the  German  mummeln,  the 
Dutch  mompelen,  and  the  English  to  mumble. 

Fas  / is  called  by  R,  Stephancs  an  interjection  ; 
as  in  Plautus,  " pax  te  tribus  verbis  volo.”  “ Malfe 
autern,”  says  Vossius,  " qmdaui  interpretes  posu£re 
pax  inter  admira/ionu  intcrjectiones  ; nnm,  ut  pluribus 
oaten dit  Jos.  Scaliger  in  Ausonianis  lectionibus  cst 
silentium  sibi  aut  alteri  imponentis.”  it  is  manifestly 
the  noun  pax,  used  interjectionally,  in  the  sense  of 
peace,  quietness,  silence,  as  wc  say,  " hold  your 
peace  !”  for  **  be  silent !”  retain  your  peacefulness  and 
quietness.  So  the  French  use  the  exclamation  paix  / 

Madame  Joe  ad,  Hfla* ! moo  Mari  nt  drreaa  foa. 

Mwi,  Jouid.  r*ir ! iuolcnte  ; poms  respect  k Monsieur 
is  Mamanouclu ! Mouxar. 

VOL.  1. 


So  Johnson  says  u Peace,  interjection.  A word 
commanding  silence.”  . ***"  , 

Hark  ! prort  / 

It  was  the  owl  that  shriek'd,  the  fatal  bellman 

Which  gives  the  strrn’at  good  nigbt. 

StuumiR. 

In  pointing  out  an  object,  we  say  lo ! in  inviting  Lo!  Troth* 
attention  list ! in  giving  assurance  troth  ! and  there  Ac. 
are  many  other  such  interjections  which  occur  in 
hooks  anti  conversation,  as  forsooth ! indeed ! well ! 
why  ! hum ! a'tweel ! poz'  ! &c.  &c. 

Lo ! is  ranked  by  Mr.  Tooke  among  adverbs : 
wliv,  it  would  be  in  vain  to  ask,  since  the  only  thing 
he  tells  us  of  adverbs  is,  that  they  arc  not  a separate 
part  of  speech.  He  is,  however,  right  in  bis  etymo- 
logy. Lo ! is  the  imperative  of  the  verb  look,  used 
interjectionally.  The  old  imperative,  loketh , was 
used  in  the  same  manner. 

l^keth  ! A tty  In  the  jrrrnt*  conqurronr. 

Dyed  in  his  slope,  with  shamr  and  dishonour. 

Chaucer. 

List  l is  in  like  manner  the  imperative  of  the  verb 
to  list  or  /ufen. 

List  ! litt  t Oh  list  ! 

If  thou  didst  crer  thy  dear  father  love. 

SlIAKSPEARE. 

Troth  l is  the  old  noun  troth,  truth,  trust,  fidelity. 

D.  Fpd.  Now,  Sitntor  1 where's  the  Count  ? Did  you  sec  him  ? 

Ben.  Troth  ray  lord,  I have  played  the  part  of  lady  Fame. 

I found  him  here,  Ac.  Shakspeare. 

This  exclamation  is  still  common  among  the  lower 
ranks  of  people  in  Scotland  and  Ireland  : and  it  is  the 
abbreviation  of  a sentence  such  as  " I say  the  truth” 

— " the  truth  is  }”  or  the  like. 

Forsooth  is  little  different,  in  its  originul  meaning, 
from  troth  ; **  the  sooth"  being  " the  truth.” 

The  pauyloun  was  wrouth,  for  tot  he  ywis, 

All  of  werk  of  sarsynya.  Ayr  Lawmfal. 

The  wer  lasted  so  long. 

Till  Morgan  asked  pen, 

Thurch  pioc  l 
For  tothe,  withouten  1m, 

His  liif  be  wende  to  tine.  Sir  Trittrem. 

Indeed!  This  word,  which  Johnson  notes  as  an 
adverb,  and  which  is  in  fact  made  of  the  two  words 
in  and  deed,  serves  interjectionally  to  denote  surprise, 
with  witne  degree  of  doubt. 

Hell ! and  why ! are  elliptical  intetjections  com- 
monly used  at  the  beginning  of  a sentence.  When 
any  matter  has  been  stated  which  is  known  to,  or 
admitted,  by  the  other  party  in  conversation,  the 
speaker  introduces  his  next  position  with  the  inter- 
jection i cell  *— or  else  the  person  addressed  exclaims 
well ! meaning  to  deny  or  dispute  what  follows.  The 
meaning  is  " so  far  is  spoken  well but  as  to  what 
follows  a further  consideration  is  necessary.  When 
a certain  degree  of  impatience  is  meant  to  be  ex* 
pressed  by  the  hearer,  he  exclaims  well,  well  / mean- 
ing, so  far  it  is  well,  but  you  must  proceed. 

IVhy ! used  in  a similar  manner,  expresses  a transient 
feeling  of  hesitation,  or  surprise. 

■ V ou  have  not  boen  s-bed  then  ? 

W**y  ! no.  The  day  had  broke  before  we  parted. 

Shakiprare. 

Whence  n this  ? — Why!  From  that  essential  sultalileneaa, 
which  obedience  has  to  die  relation  which  is  between  a rational 
creature  and  his  Creator.  South. 

* » 
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Kin  us'  tomb,  man  ! — Why  / you  must  not  rptik  tliit  yet. 
'Hint  you  answer  to  Pjrmmm.  Sharbfeare. 

In  the  two  first  of  these  instances,  the  speaker 
seems  to  have  an  indistinct  intention  of  asking  why 
the  Question  is  put  : in  the  third  tchy  the  fort  hap- 
pened. It  is  as  if  he  had  said,  if  Ay  do  you  ask  whether 
I have  been  n-bed  ? the  circumstance  is  trivial — tchy 
do  you  ask  whence  this  happens  ? the  reason  is 
obvious — ir Ay  do  you  speak  of  N inns’  tomb  ? you  are 
not  yet  come  to  that  part  of  the  play.  Ilut  in  all  these 
cases  the  emotion  is  transient,  and  satisfies  itself,  as 
it  were,  with  a brief  interjection,  instead  of  proceed- 
ing to  develope  itself  in  a formal  interrogatory. 

Johnson  calls  hum  / an  interjection  : und  says  it  id 
*•  a sound  implying  doubt  or  deliberation." 

- See  Sir  Robert  ? Ifum  ! 


And  never  laugh  for  all  roy  life  to  come. 


PoM. 


Pox'  is  a vulgar  colloquial  expression  introduced 
into  some  of  our  comedies — n mere  abbreviation  of 
positively to  express  that  a thing  is  certain. 

We  shall  not  dwell  on  the  interjections  of  com- 
pcllation  or  inquiry — hollo  ! eheu  ! hetu  tu  ! hark  ye 
friend  / &c. — nor  on  those  of  vexation,  plague  out  ! 
peste  ! dear  heart  ! O dear  / &c.  &c. 

The  religious  opinions  and  feelings  of  mankind  have 
furnished  a great  variety  of  exclamations,  impreca- 
tions, and  asseverations,  all  constituting  interjections 
or  interjectional  phrases.  Hence  the  Greek  Nai  pa 
Aid,  the  Latin  ttdepol f The  old  English  and  French 
parde  ! perfay  ! jtarmafey  ! parbleu  ! morbleu  t Christe t 
rode!  ouh  for  Saint  Davy  t for  Seynt  Martin ! by 
Seint  Eloy  I with  tor  tee  ! Gotlatnercy  ! Gad's  face ! gadso  / 
egad  ! fore  quit  l Gog's  soul  l by  cock's  bones  ! odsbodikins! 
zounds  / besides  a number  of  whimsical  and  arbitrary 
exclamations  of  a similar  nature,  as  gemim ! snigs  / 
cadedis  / tele  ! ventre ! by  my  pan ! by  my  top  ! by  bread 
and  salt ! he.  &c. 

ErsTATinrs  contends  that  in  the  phrase  pal  pa  A <a 
the  particle  pal  has  the  power  of  adjuration  ; but 
Hoogeveex  more  accurately  says  that  pal  has  only  the 
power  of  confirming  the  adjuratory  particles  pa  and 
wpbr  j as  in  Nai  pa  root  twjirrpov  {Iliad,  a.)  Nai  wpot 
wv  0(£i v.  (Aristoph.  Nub.) 

jEdepol ! is  commonly  written  with  an  <r,  and  is 
explained  to  be  a contraction  of  per  tedem  Pollucis. 
Vorsics  however  contends  that  it  should  be  written 
edepol ! and  thut  it  is  made  up  of  three  words  e or  me, 
a particle  of  adjuration,  deus,  and  Pollux.  But 
Mcumios  suggests  that  it  was  originally  epol,  as  we 
find  Ecastor ! Equirine  / Ejuno  ! and  that  the  <!  was 
inserted  merely  as  it  is  in  medccum  for  mecum.  At  all 
events  this  is  a contracted  exclamation  relating  to 
Pollux. 

JEdcpol ! morUlem  parce  parcum  prwdica*. 

PlAITTH. 

Parde  f perfay  / and  parmafey  / ore  the  French  par 
Dieu,  par  foi,  and  par  win  foi. 

Alt good  Mr  boat 1 bane  wedded  be, 

Tlicfrc  moncths  tvrp,  and  nat  more,  parde  ■ 

Chaocer. 

When  Alexander  the  kin*  Was  dead, 

That  Scotland  had  to  steer  and  lead, 

Tbe  land  six  year*  and  more,  perfay  ! 

Lay  desolate  aftir  hi*  day.  BaISOCX 

SatHan.  Parmafey  t irh  holde  mrne 
AUe  tho  that  bwtfa  her  yne. 

Christ’s  Descent  to  Hell. 


Parbleu  ! is  an  exclamation  of  the  same  kind  but 
not  quite  90  intelligible.  It  seems  to  be  connected  , 
with  morbleu  ! or  mort  bleu  ! which  was  originally  an 
imprecation  of  death  with  putrefaction,  either  on  the 
speaker,  if  his  words  should  not  prove  true,  or  on  the 
person  addressed.  They  have,  however,  both  dwindled 
into  mere  ejaculations  of  surprise.  Ventrebleu  t and 
tetebleu  / also  occur  in  a similar  sense. 

M.  de  P.  Qoc  me  vernier  vous  ? 

Medbciv.  Vans  irucrir,  trlon  l’ordre  qui  news  a AM  dona*. 

M.  i»k  P.  Par  bleu  ! je  me  auii  paa  maladr.  Mousse. 

Comment,  Maraats ! ran  aver  la  hardiest*  dc  vous  attaqwer 
k moi  l allocu  ! morbtru  l tor  1 pout  de  qnartier  1 Idem  . 

Ls  Mahq.  ■ Vout,  trt  vs  de  cokrr  1 

Oh  jt  me  Acbeni. 

Le  Bab.  F be  Lex  rooa,  rmtnbie*  f 

Psttocckes. 

Le  Com.  Moi,  je  meat*  tHcblen  • non  pere  permettex. 

Ls  Ma««.  Tout  duux,  il  n’a  paa  tort,  et  e'eal  vous  qui  mentex. 

Idem. 

For  Christ  es  rode  t for  Seynt  Martin  ! are  solemn 
adjurations  signifying  before  the  cross  of  Christ  l before 
Saint  Martin ! By  Saint  Loy,  or  Saint  Eloy,  is  an 
asseveration  of  similar  import. 

Scbo  crid  mercl  anough. 

And  aeyd  for  Crittet  rode  / 

What  have  Y don  wongh  ? 

Whi  wills  yc  spille  mi  Mode  ? 

Sir  Tristrem. 

Bi  God,  quoth  EH  FVorrntln, 

Who  may  that  be, /or  Seynt  Martin  ! 

That  Lch  here  in  mi  forest  blow  t 

Gtty  of  Warwick. 

The  Walach  without  the  toun  sucrilkon  thri  l*r» 

Whan  thei  the  trumpes  herd  ; that  be  to  bataile  b’ew, 

And  uv  tbe  yat*s  speed,  than  qrameaud  tharu  no  ftkwe. 

OuA for  Say  at  Demy  ! the  Pleuunyng  wille  him  gfle. 

R.  DE  Brukke. 

There  was  alao  a nonne,  a prioresae 

Tliat  of  her  atnilin#  was  simple  and  coy 

Her  greatest  oth  was  but  by  Saint  Loy  / CllACCBR. 

The  wife  of  Bath  however  swears  much  more  roundly 
than  the  prioress. 

But  now  Sir,  let  me  sc,  what  shal  I sain  ? 

Aba ' by  Gad  I I banc  my  talc  sgaine.  Idem. 

And  wc  find  in  old  writer*  some  singular  adjurations 
of  the  divinity,  as  he  Goddis  fact  l bi  Godcs  ore  1 &c. 
F.rya  in  the  Pcth  waa  FHe  Dawy, 

And  til  a grel  *tiuw  that  lay  lor, 

Uc  savd  “ be  Goddit  face,  we  twa 
The  fleycbl  on  us  sail  aamyn  U." 


WlNTON’t  Chroixutt. 

Bren pwain  the  coupe  bore 
Hem  rewe  that  fcrly  fode 
He  swore  bi  Gmirt  are 

In  her  Ikood  fast  it  atode.  Sir  Tristrem. 

Godamercy  t is  the  more  obvious  exclamation  (how- 
ever improperly  introduced  into  trivial  discourse)  God 
have  mercy ! 

Cm at.  Go  to  then  ’ what  i*  your  rede  ? say  on  row  mind. 

Ye  shall  me  rule  heron. 

DlC.  Godamercy  / dame  chat,  in  faith, 

Thou  rauvt  the  gere  brgin.  Gammer  Gmrtam. 

This  irreverent  and  irreligious  use  of  the  sacred  name 
of  God  being  fell  to  be  very  reprehensible,  the  vulgar 
resorted  to  various  modes  of  avoiding  its  sinfulness, 
and  yet  giving  way  to  their  emotions  in  such  excla- 
mations as  Gog's  soul ! Gog's  sides!  cock’s  bones  t gads 0 ! 
foregad  ! egad  / odsbodikins  f bodikmt  I Godzovnd 1 1 
zounds  ! odd  so  ! odd's  life  ! slife  ! Stc.  &c. 


Digitized  by  Google 


GRAMMAR. 


183 


Gremmar.  Hodo.  Daintre  Is,  Diccon  ? Gog's  w/  / man,  save 
V — J This  pcce  of  dry  borsbrcd, 

* Char  byt  tto  bit  thi»  live  long  day. 

No  CTO  IB®  co  CM  in  uiy  hod.  ' Gammer  G*ertvn. 

HODO.  Gog’s  sides  ! Diccon,  mo  tbiok  kb  bear  him. 

An  tarry,  chaU  mar  all.  Ibid. 

Sea,  bow  he  nanpetb.  Sec ,for  cork'*  bones  l 
How  he  woll  fall  from  his  lion  atooc*.  CUU  CEK. 

Mr.  Tooke  has  thought  proper  lo  call  godso  ! an 
adverb,  and  to  explain  it  by  cazzo,  an  obscene  Italian 
word.  He  is  wrong  on  both  points.  A begad!  was 
an  evasion  of  by  God ; and  fore  gad  ! of  before  God ; 
so  gadto  / was  an  evasive  contraction  of  by  God  it  is 
so,  or  by  God,  is  it  so  ? 

Od'sbodikins  ! is  n diminutive  of  by  God ' s body  ; and 
this  is  further  corrupted  to  bodikins  ! — So  ( Jodzounds  ! 
and  zounds ! are  by  Gods  wounds — odd's  life!  and 
'•life  / are  by  God's  life, 

SffAL.  BodiJans  t Ma*trr  l'agr,  thnnfb  I now  be  old,  and  of 
the  peace,  if  1 tee  a sword  out,  my  finder  itebea  to  be  one. 

SflAKtP.  Merry  Wives.  fee. 
lie  swore  by  the  \ rounds  in  Jcsu’*  side 
He  would  proclaim  it  far  and  wide.  Coles  idoe. 

Zound*  ■ sirrah,  the  lady  shall  be  as  ugly  as  I choose  : she  skill 
hare  a bump  on  each  shoulder,  Ac. 

SHERIDAN,  The  Rivals. 

Odift  life  / wlicn  I ran  away  with  your  mother,  I would  not 
bare  touched  any  thing  old  or  ugly,  to  gala  an  empire. 

Ibid. 

0 gemini ! was  probably  an  evasive  imitation  of 
0 Jesu  ! What  ad's  Higgs  and  'sNigs,  odzooks  ' and 
sooks  ! were  meant  to  resemble,  it  would  perhaps  be 
difficult  to  ascertain.  All  these  exclamations  occur 
in  ludicrous  writings  about  the  end  of  the  seventeenth 
and  beginning  of  the  eighteenth  century. 

But  the  man  of  Clare  Hall  that  proffer  refuse*  : 

'Snigs ' he’ll  be  beholden  to  none  but  the  rouse*. 

Geo.  Srwsir. 

.Yd* m niggt,  cry*  Sir  Demine, 

Gemini  ! go  in  ltd  \ 

Shall  n rogue  stay  ? 

Come  strike  hands  I’ll  take  your  offer : 

Farther  on  I may  fare  worse. 

Zook*  ! I can  no  longer  suffer.  Midas. 

So  in  French  wc  find,  among  the  vulgar,  numerous 
exclamations  of  this  kind,  which  it  is  not  easy  to 
explain.  Such  are  cadedis ! perguenne  1 iestiguf ! 
morguene  ! palsanguennt  ! 

Cadedis  ! is  a Gascon  expression,  perhaps  signifying 
originally  chef  de  Dieu  ! “ by  the  bead  of  God  !’’  for 
cup  in  the  Gascon  dialect  was  used  for  **  head." 
Thus  cadet  the  younger  son  of  a family,  anciently 
capdet,  is  derived  from  the  Barbarous-Lotin  capitelum, 
or  little  chief,  the  elder  being  the  great  chief. 

Yiiuirctit  dciiant  one  place  nominee  Malaunuy,  dedans  UquclJc 
otoit  to  Capitainc  Gascon,  nommt  le  Capdet  Remosxevt. 

Chmniyne  de  Istuyi  XI. 

Parguennt  ! J’avoos  prifl  li,  ton*  denz,  unr  fpirhlc  de  com* 
mission  ! Me  ft  rein  malgrd  Ini. 

Testigui  vela  Jnstemcnt  l’homme  qu’il  nous  fauL  Ibid. 

Eli ! Morguene laiaaez  nous  fairc.  S'll  ne  tient  qu’a  hattre, 
la  raclic  eat  h nous.  ibid. 

PaLanguenne  ! vela  un  mcdccln  qui  me  plait.  Ibid. 

The  custom  of  swearing  by  the  head  of  the  person 
making  oath  was  very  ancient ; and  is  forbidden  by 
our  Saviour  in  the  well  known  text,  “ Neither  sb.-ilt 
thou  swear  by  thy  head  ; because  thou  canst  not 
make  one  hair  white  or  black."  (5.  Matt.  c.  vi.  v.  36.) 


Nevertheless  it  appears  to  have  long  prevailed  j for  the 
words  pan  and  top  in  the  following  examples  both  tiuaA 
signify  head. 

Looc  is  a grrttrr  law®,  by  my  pan  ' 

Ilian  may  be  ycuen  lo  any  crlnly  man. 

Chaucer. 

Sire  Sinead  de  Moootfort  hath  swore  bi  yt  top, 

Hcvedc  lie  nou  here  Sir  Hue  de  Bigot 
Al  he  ahulde  grauntr  ben  twelfcinantb  scot 
Shuldc  he  neucr  more  witlt  his  ftit  pot 
To  help  Wyndesorc. 

Battle  of  Lewes. 

The  military  cries,  halt  ! or  sus  ! az  armet ! God  and 
St.  George 1 Hour l ton,  nostre  Dame ! Montjoie,  St. 

Denys  ! &c.  &c.  are  interjection&l  forms ; as  are  the 
naval  exclumutious  yo,  ho  ! avast  I 'vast  heaving  ! fee. 

Mr.  Tooke  reckons  halt!  among  adverbs,  and  says 
it  is  the  imperative  of  the  Anglo-Saxon  verb  healdan, 
to  hold.  It  was  probably  borrowed  by  us  as  a tech- 
nical expression  from  the  French,  who  use  the  excla- 
mation halts,  la  ! derived  from  the  German  still  hallen, 
to  halt  or  stop. 

Kicliard  arris,  and  tnke  hyv  wede. 

And  lept  on  Pavel  hya  fodc  *tcde, 

And  asyde,  Lnrdynfrrs  or  sus!  nr  ms l 
That  hath  us  warned  swete  Jesus. 

Richard  Coer  de  Lion , 

/fi  armet ! he  let  cry®  there, 

Ayenat  tli®  Sarazvns  for  to  far®.  Ibid. 

God  it ud  St,  George  l Talbot  and  England's  right  l 
Frew  per  oar  colours  In  this  dangerous  fight. 

SUAIiSPKARJE. 

Instead  of  the  tumult  and  din  of  tlscir  anarchy,  the  human  roiee 
divine  may  yet  be  heard.  The  aolirnt  spirit  may  yrt  revive.  The 
cry  of  Bourbon,  nottre  Dame  ! and  Montjoie  St.  Deny*  ! may 
again  resound  through  France.  Wilde.*  1793. 

We  need  not  dwell  on  the  modern  popular  cries, 
such  as  England  for  ever  ! vire  le  roi ! rival ! d has  ! 
off ! encore  ! bis  ! But  the  old  Scottish  and  English 
**  here  and  hoic,“  and  " rumbclotc  r ” is  singular  enough 
to  be  cited. 

Mlth  hey  and  how  ! robumbelow 
The  young  folk  wer  full  bald. 

PebU*  to  the  Play. 

They  rnwrde  hard,  and  tungg®  liter  too 
With  heuelow  ! and  rwmbcloo  l 

Richard  Coer  de  Lion. 

Yoor  manners  shall  syngc  arowc, 

Uey  haw  ! and  rnmhytowe  t 

Sqnyre  of  tou'f  degree. 

Salutations  and  valedictions  afford  several  inter- 
jections and  inteijcctiounl  forms,  as  hail ! allhail  / 
welcome  ! bencdicite  ! greeting  ! farewell,  adieu  ! 

— Farewell  liappv  fields 

Where  joy  for  ever  dwells.  Hail  Lotto rs ! hail 
infernal  world.  Milton. 

And  while  1 stock*,  this  derke  and  pale 
Reason  begau  to  me  Lcr  talc  j 
She  SAicd  alhfule  / ray  swetc  frend. 

Chaucer. 

Of  hail ! Ji'xics  thus  speaks,  “ bee  salutandi 
formula  ex  pervetustA  Gothonnn,  Anglo-Saxonurmpie, 
Frnncoruniquc,  consuctudine."  Hence  in  St.  Mark’s 
Gospel,  (e.  xv.  v.  18.)  the  Greek  Xw/x  fiaatXcu  t&v 
'Uiaiwv  ; aiid  Latin  “ act  f rex  Judaeofum/'  are  ren- 
dered in  Gothic  " laili  tkiudun  Judaic," — in  Anglo- 
Saxon  *'  hal  beo  thu  Judea  eyning,"  and  in  Frankish 
“ hcil  coning  Judeono."  From  hail  or  heil  come 
the  Alamaunic  heilizen  snlutare,  heilizung  salutation. 

2b2 
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Gnmmir.  Wachtkr  thinks  that  the  root  of  hal  was  all  *'  quod 
eleganti  migration?  ab  omni  pervenit  ad  lotum,  a toto 
ad  sanura  et  talvum,"  and  he  might  have  added  “ a 


salvo  ad  sanctum.'' 

1.  In  the  sense  of  tot  us,  we  find  the  Greek  oXwt, 
the  old  English  hole,  and  modern  English  whole. 

2.  In  the  sense  of  soittu  are  the  Gothic  lutilai  san i , 
ttnhaiUms  legroti,  unhaili  infirmitates,  hailyan  son  are — 
the  Frankish  and  Alamannic  heilon  sani,  uuanaheilem 


egroti,  heilaz  s&nitatis  expers,  Aeii,  sanatus,  heilen, 
sanare,  heilhhoor  salubriu*  — the  Anglo-Saxon  hal 
san us,  unheel  aegrotus,  unhalo  invaletudo,  halan  sanare 
—in  modern  German  heil  teerden  to  be  cured,  heilen 
to  cure,  heilbar  curable,  heilkraut  a sanatory  herb, 
heilsam  salutary,  heilung  a cure,  unheilbar  incurable, &C. 
— In  English  hale,  heal,  health,  healthy , healthful,  he. 

3.  In  the  sense  of  sulcus  we  have  the  Anglo-Saxon 

hal  salvus,  e.  gr.  “ hwa  maeg  hal  beon  ?*  “ Who  can 

be  saved  ?'*  (Mark  x.  2'i.)  hal  sal  us,  e.  gr.  “ the  hal 
ys  of  Judeum,"  " salvation  is  of  the  Jews,"  (John  iv. 
22.)  and  halend  the  Saviour — the  Frankish  and  Ala- 
mannic heil  and  heiler  salvus,  c.  gr.  “ ther  giluubit 
inti  gituufit  uuirdit  ther  uuirdit  heil,"  *'  he  who  shall 
believe  and  be  baptized  shall  be  saved  keili  solus, 
heilen  sulvarc,  heilant  salvator— in  modern  German  Aeii 
well  being,  unheil  misfortune,  Heiland  the  Saviour,  flic. 

4.  In  the  sense  of  sanctuj,  ore  the  Frankish  heilag 
and  hetlig,  the  Dutch  and  German  heilig,  the  Swedish 
helig,  the  Anglo-Saxon  halig,  and  the  English  holy, 
sanctns.  Hence  the  German  verb  heitigen  and  English 
to  halloa,  sanctificore  ; the  old  English  hallows,  saints, 
AUhalloas  all  saints,  he. 

The  Saxons  and  old  English  used  the  expression 
teas  hal  ! salvus  sis  ! in  drinking  to  each  other : 
whence  the  » cattail  or  wattcl-cup,  and  i candling  for 
carousing.  In  Mr.  Dibdix’m  Typographical  Antiquities 
we  find  u collation  of  a MS.  English  Chronicle,  with 
Caxton’s  printed  Cronicles  of  England,  cd.  1480.  The 
MS.  contains  this  passage, — 


The  mnnkt  toke  a cup,  unit  filled*  hit  with  (rode  ate,  and 
brought*  lx  Cure  the  king  and  aette  Lina  on  liU  knen,  and  wide  Sir, 
n-atiaUU  ’ to r aercrc  daps  of  ylioure  lyf  at  drooke  ybe  auclie 
ate. 


In  the  printed  copy,  the  word  is  more  accurately  spelt 
t castayl,  l>eing  derived  from  the  Anglo-Saxon  i cesan  to 
be,  and  hal,  well.  Wes  hal ! u be  well,”  is  therefore 
the  same,  in  substantial  meaning,  as  the  modern 
English  compliment,  on  a similar  occasion,  your 
health!  the  French  d votre  sank ! the  Italian  salute  / he. 

Welcome ! is  a literal  translation  of  the  two  French 
words  bien  and  venu,  which  when  used  together  as  a 
substantive,  are  thus  explained  in  the  Dictionnaire  de 
l Academic.  " Bibv-vencb,  s.  f.  L’  heureuse  arrivle  de 
quelquun.  11  ne  Be  dit  proprement  que  de  la  pre- 
miere fois  qu  on  arrive  en  quelque  endroit,  on  qu’on 
est  rciju  en  quelque  corps  : et  pareeque  la  coustume 
est  de  payer  quelque  droit  en  y entrant,  ou  de  faire 
quelque  regale  h ceux  qui  en  sont,  on  dit  payer  ta 
bienrenue  donner  un  repas  pour  ta  bien  venue ." 

Benedicitc  .'  This  Latin  verb  was  used  by  oar  ances- 
tors, in  its  proper  sense,  as  an  interjection  of  saluta- 
tion, and  more  loosely  as  a mere  expression  of  surprise ; 
as  the  common  people  still  say  bleu  me ! bleu  my 
soul!  he. 

Row.  Good  morrow,  Father 
FRIAR.  — Benedict!*  / 

Shaesfeajul 


— — •'  A bentdicite  ! Inter]  ec- 

What  aileth  twicbe  an  old  mao  for  to  chide  ? ttoim. 

CHAVCBR. 

Greeting  ! is  a word  which  has  travelled  very  far 
from  its  origin.  In  Greek  we  find  */»«£*»,  and  epa^w 
clumo,  epuv qq  and  epe^yj,  clamor.  The  Gothic  greitan, 

Cimbric  gratia,  Icelandic  graata,  Swedish  grata,  Danish 
grade,  8 punish  gridar,  Italian  gridare,  French  crier, 

Scottish  to  greet,  Dutch  kryten,  old  English  grate, 
and  modern  English  to  cry,  all  signify  to  weep,  cry, 
call  aloud,  flee.  Wachter  says  the  old  German  kreide, 
clamor,  is  from  krahen,  clatnare;  and  krahen  appears 
to  be  connected  with  our  verb  to  croir,  and  to  give 
name  to  krahe,  in  Frankish  chraio,  Dutch  kraai,  Anglo- 
Saxon  and  Scottish  crawe,  English  a crow,  corvus. 

From  kreide  came  the  Barbarous -Latin  erida,  and 
Italian  grida,  a proclamation.  Gridare  in  Italian  is 
explained  “ mandar  fuori  la  voce,  con  alto  suono— 
roanifestare,  pubblicare — moslrare,  far  comprendere — 
garrire,  riprendere." — Gratig  is  applied  in  Suabia  to 
signify  a ttfualling  child.  It  seems  that  to  greet  was 
very  early  used  in  Anglo-Saxon  and  old  English,  for 
to  salute  or  wish  joy  to  a person  : and  greeting  was 
consequently  used  as  a noun,  signifying  salutation  or 
well  being.  Thus  a charter  of  King  Edward  the 
Confessor  begins,  " Eadweard  Kyng  gret  Kodberd 
biscop.”  The  letter  of  king  Henry  III.  x.  d.  1258, 
begins  “ Henr.  thurg  Godes  fullume  King  (&c  ) tend 
igretinge  to  alle  hise  hulde,"  ».  e.  Henry  by  God's 
grace  King  of  England,  flee,  sends  salutation  to  all 
nis  subjects.  Afterwards  the  verb  ,f  send”  was 
omitted  in  English,  as  the  correspondent  verb  had 
before  been  in  Latin  and  French  ■,  for  the  French 
copy  of  the  last  mentioned  letter  has  “ Henri,  par  le 
grace  Dieu,  Bey  de  Engleterre  (flee.)  a tuz  set  feaus, 
talus and  another  letter  of  the  same  year  begins, 

“ Domino  Pap«,  Rex  Angliae  talutem .”  Thus  greeting 
having  lost  its  use,  in  regular  construction,  as  a noun ; 
and  its  original  signification  as  such,  being  almost 
forgotten,  it  remains  in  modern  official  documents 
merely  as  a sort  of  interjection. 

Farewell!  is  absurdly  called  by  Johnson  an  adverb. 

He  says  : “ Farewell,  adv.  This  word  is  originally 
the  imperative  of  the  verb  fare  well,  or  fare  you  well  -, 
sis  felix,  abi  in  bonam  rem  ; or  bene  sit  tibi  • but  in  time, 
use  familiarised  it  to  an  adverb  ; and  it  is  used  both 
by  those  who  go,  and  by  those  who  are  left.”  So  R. 
Stephanos  says  of  the  Latin  vale  : u imperativus,  quo 
utimur  quum  recedimus,  vcl  quum  remanentes  respon- 
demus  abeunti.” 

The  long  day  Ihua  gan  l prye  and  poore, 

Till  PlicbuB  end  it  bail  hu  heme*  bryt, 

Aad  but  go  far  ewe  It  every  lef  and  floure. 

The  King's  Qumir. 

To  fare  well  is  in  modern  usage  applied  chiefly  to 
the  food  and  other  enjoyments  of  life  ; and  the  noun 
fare  has  this  among  other  significations  ; but  they  all 
come  no  doubt  from  the  Gothic  faran,  Anglo-Saxon 
faran,  Alamannic  faren , Cimbric  far  a,  Danish  fare, 
and  Dutch  vaeren,  to  go  ; which  are  connected  with 
our  for,  fore,  forth,  further,  he. 

Well  to  fare ! is  used  as  an  intcrjcctional  phrase  in 
Gammer  Gurtons  Needle. 

Heil  fellow  Hodg  ! and  well  lo /are. 

With  thy  meat,  if  thou  have  any ! 

The  Italian  and  French  valedictions  addio ! and 
adieu  ! are  manifest  interjections,  being  abbreviations 
of  the  phrase  " 1 commit  you  to  God.’ 
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finmnur.  A more  unmeaning  exclamation  cannot  well  be 
v— -V— ^ conceived,  than  that  appears  at  first  sight  to  be,  which 
O yes  * is  used  by  our  public  criers  to  call  attention  in  courts 
of  justice,  Ac.  viz.  O / ye#  ! — O ! yes  ! — 0 ! yes ! It 
ia  however  the  imperative  of  the  old  French  oyer, 
the  modem  ouir,  a corruption  of  the  Latin  audire,  to 
hear  ; so  that  it  exactly  coincides  with  the  exclamation 
hear ! hear  ! so  much  used  in  our  senate.  Both  0 yet  ■ 
and  Aear  / may  properly  be  styled  interjections.  The 
same  we  may  say  of  many  miscellaneous  exclamations 
applied  to  incidental  circumstances,  as  " Anon  ! anon, 
Sir  !”  used  by  the  waiter,  Francis,  in  K.  Henry  IF. — 
coming  ! the  more  modem  exclsunation  of  a waiter — 
going  ! that  of  an  auctioneer — lullaby  ! and  hushaby  / 
those  of  a nurse  lulling  and  hushing  an  infant,  &c.  Ac. 
Iraiutivc  Finally,  wc  may  revert  to  the  imitative  sounds,  of 
toaiuls.  which  we  before  spoke.  Although  considered  as 
mere  imitations  they  con  hardly  be  called  words,  or 
reckoned  among  the  parts  of  speech  ; yet  it  often 
happens  that  a certain  degree  of  mental  emotion  is 
mixed  with  their  utterance,  and  they  may  then  perhaps 
be  not  improperly  denominated  interjections.  Thus 
the  lively  Scottish  poet  Burks  gives  great  animation 
to  his  description  by  the  sounds  click  ! jet  I fuff!  &c. 

When  click  ! the  string  live  meek  did  draw  ; 

Aud  jet  l the  door  gsed  to  the  wa'.  The  Ficion. 

He  blecx’d  owre  her,  and  she  own*  him, 

As  they  wad  tierer  malr  psrt ; 

Till  fuff  ! he  started  up  the  luiu. 

And  Jean  had  e'en  • satr  heart.  Hallow  e’en. 

The  German  poet  Bibgbr  uses  similar  onomatopoeias 
with  equal  effect,— 

l.'nd  jrt'n  beer  mil  ting  und  tong, 

Mil  paiiketuchlog,  und  khug  ! und  hieing  . 

(teach  in dekt  mit  grdneo  raises, 

Zog  helm  xu  seioetu  h&uaca.  Ignore. 

The  sounds  kling  and  klang  arc  connected  with  the 
German  verb  klingen  to  sound  (like  a bell)  with  our 
words  clink  and  clang,  the  Greek  aXdyyw  and  aXayyj, 
and  the  Latin  clangor  and  clango.  The  German  com- 
posite wohlklang  signifies  harmony. 

Very  similar  to  this  is  our  ding,  dong  b«U!  used 
interjectionally. — 

Sea-nymphs  hourly  ring  lilt  bell. 

Hark  ! now  1 hear  them — ding,  dong,  bell  l 

Shakspeark. 

The  same  may  be  said  of  tantara  ! tantara  ! imitating 
the  trumpet ; row-de-dow-dow the  drum ; rat-a-tat- tat ! 
the  knocking  at  a door,  Ac. 

The  German  interjection  schnapp ! or  schnapps! 
(quickly  !)  may  perhaps  be  ranked  among  these  imi- 
tative sounds.  It  is  however  connected  with  the 
German  verb  fchnappen,  the  Swedish  tnappa,  and  our 
snap.  The  Dutch  say  met  een  snap,  in  a trice.” 
The  French  habber  is  to  snap,  and  the  Italian  chiappare 
appears  to  be  of  the  same  family.  Our  word  slap  ! is 
used  like  the  German  schnapp  ! in  the  following  lines 
of  a ludicrous  poet,— 

Up  cornea  s man,  on  a sudden,  stop  ! doth  l 
Snuffs  the  candies,  and  carries  away  all  the  cash. 

A*rrmv. 

The  French  gUm  ! glout ! is  used  to  imitate  the 
gurgling  sound  of  liquor  from  a bottle,  as  by  Sganarelle 
in  the  Medtcin  malgrf  lui. — 

Qtt’ila  soot  doux,  boutrijlc  jotie  ! 

Qu’Ue  soot  doux,  roe  petite  glou  glmx 

MoLiaaa. 


The  songs  and  cries  of  birds  are  imitated  by  such 
sounds  as  pepe  ' — jug,  jug  ! — tirra-lirra  • — too-hoo  ! — 
cuckoo  . Ac. 

Now,  swete  bird,  say  ones  to  me  pepe  / 

The  King’s  Quoir. 

And  murmurs  musical,  sad  swift  jug  / jug  ! 

Couuudcz. 

Then  nightly  sings  the  staring  owl, 

Tu-whit!  fa-wko  % merry  note  ! 

ShaKSTEARE. 

The  lark  that  tirra-lirra  ! channte.  Idem 

The  cuckoo  then  on  cr’ry  tree, 

Morks  married  men,  for  thu*  sings  be— 

Cuckoo  ! cuckoo  /— O word  of  fear  1 Idxm. 

In  like  manner  many  loose  syllables  and  imperfect 
articulations  are  used  to  imitate  human  laughter, 
coughing,  whistling,  singing,  Ac.  such  as  ha  ! ha  ! ha! 
— te  ! he  ! — ugh  ! — whew  ' — tol  de  rol  lol ! Ac.  which 
require  no  particular  notice. 

We  have  not  pretended  to  reduce  the  great  variety 
of  interjections  to  a complete  aud  systematic  arrange- 
ment. The  only  attempt  of  the  kind  which  deserves 
attention  is  that  of  the  very  ingenious  Bishop  Wilkins  ; 
but  it  is  a mere  outline,  and  is  meant  to  include  only 
" rude,  incondite  sounds,”  the  “ natural  signs  of  our 
mental  notions  or  passions,”  and  " several  of  which 
are  common  with  us  to  brute  creatures.”  It  is  as 
follows 

1.  Solitary,  the  result  of  a surprised 

1.  judgment,  denoting 

1.  admiration,  heigh  ! 

2.  doubt  or  consideration,  hem  ! hm  ! by ! 

3.  contempt,  pish  1 shy ! tysh  ! 

2.  affection  moved  by  apprehension  of  good  or  evil 
mirth,  ha  ! ha  ! he  ! 
sorrow,  hoi ! oh  ! oh  ! ah  ! 


2.  present 

i 

3.  future 

2.  Social 

1.  preceding  discourse 

1.  exclaiming,  oh  ! soho  ! 

2.  silencing,  *st ! hush  ! 

2.  beginning  discourse 

1.  to  dispose  the  senses  of  the  hearer 

II.  bespeaking  attention,  ho  ! oh  ! 

2.  expressing  attention,  ha ! 

2.  to  dispose  the  affections  of  the  hearer 
1.  by  way  of  inrinnotion,  eja  ! now  ! 

2.  by  way  of  threatening,  vac  ! wo  ! 

Even  this  short  scheme  shows  the  error  of  the  learned 
Wallis  in  supposing  that  there  were  but  few  inter- 
jections in  the  English  language  : and  it  furnishes 
ground  for  two  or  three  other  observations  of  some 
importance  in  grammatical  science.  The  first  is, 
that  no  precise  line  can  be  drawn  between  inter- 
jections consisting  of  “ incondite  sounds”  the  “ natural 
signs”  of  mental  emotion,  and  exclamations  derived 
from  a partial  exercise  of  the  reasoning  faculty  ; for 
among  the  sounds  enumerated  by  Wilkins  we  find 
alas  ! derived  from  the  regular  Latin  adjective  lassus — 
alack!  from  the  English  verb  to  lack,  and  Dutch 
laeckcn — hush  ! from  the  Gothic  verb  hausyau — and 
v<f ! identical  with  the  English  noun  woe.  That  the 
noun  and  the  mere  incondite  sound  are  used  as  equi- 
valents,  and  with  the  same  sort  of  grammatical  con- 
struction, we  see  in  the  following  lines  of  Butlbe. — 


( love  and  pity,  ah  ! alack  ! alas  ! 
\ hate  and  anger,  vauh  ! hau  ! 

( desire,  O ! O that ! 

I aversion,  phy  ! 


1.  past 

l 
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Intrust  it  nadrr  solemn  row* 

Of  irnna  ! aad  silence,  and  tbc  fate  Hnttibrat. 

We  may  next  observe,  that  the  same  interjection 
expresses  very  different  emotions.  Thus  we  find  Wilkins 
describing  oh!  as  an  expression  of  sorrow,  as  an 
exclamation  preceding  discourse,  and  as  bespeaking 
attention  in  discourse.  These  variations  then  depend 
not  on  the  articulation,  but  on  the  intonation ; that  is, 
not  on  the  letters  which  go  to  form  the  word,  but  on 
the  elevation  or  depression  of  voice  in  pronouncing  it : 
but  this  is  not  peculiar  to  the  interjection  oh  ! or  to 
the  " incondite"  interjections  generally ; for  the  same 
may  be  observed  of  any  nouns  or  verba  used  intcr- 
jectionally.  Thus  we  say  impatiently,  " ire///  and 
what  of  that  or  with  patient  acquiescence,  M well  / 
never  mind  : it  can't  be  helped."  So  there  is  great 
difference  between  the  affected  gravity  of  FalstnfTs 
imprecation,  plague ! and  the  same  imprecation 
Seriously  uttered  against  Apemantus. 

Fal^t.  A plague  of  sighing  and  grief ! It  blows  a mtn  np, 
like  a bladder.  First  part  Henry  IF. 

CAril.  Stay,  stay,  lie  re  comes  the  fool,  vrilh  Apemantus. 

Skrv.  Hang  biro  ! He'll  abuse  us. 

IwD.  — '■■■  A plague  upon  him  ! Dog ! 7'imen. 

The  scheme  of  Wilkins  too,  short  as  it  is,  helps  to 
illustrate  the  connection  which  we  have  already  pointed 
out  between  the  interjection  on  the  one  hand,  and  the 
vocative  case,  imperative  mood,  and  interrogative  form 
of  the  verb  on  the  other.  Wo  f which  he  properly 
ranks  among  interjections,  is  the  vocative  case  of  a 
noun,  so  used. — Hush  ' (like  liark  ! lo  ! oyez  ! &e.) 
is  the  imperative  mood  of  a verb.  The  interrogative 
is  in  some  degree  implied  by  hem  ! or  km  ! which  he 
considers  as  interjections  of  doubt.  It  i&  more  dis- 
tinctly marked  in  French  by  the  word  puis,  as  ex- 
plained in  the  Dictionnaire  de  C dcadcmic.  " On  dit, 
par  ellipse,  et  par  interrogation,  ct  puis  ! pour  dire, 
eh  Lien!  qu'en  arrivem-t-il  ? que  s'cnsuivra-t»il  ? 
que  fera-t-on  apres  ? Ou  bien,  qu'en  arriva-t-il  ? 
que  s’ensumt-il  r 

Thus  have  we  shown  the  propriety  of  ranking  the 
interjection  as  a sepurnte  part  of  speech,  determinable 
as  all  the  other  parts  of  speech  are,  not  by  its  sound 
or  derivation,  but  by  its  use  in  the  particular  passage 
which  may  be  under  consideration.  We  have  shown 
that  It  evinces  actual  emotion  of  tbc  mind,  but  does 
not  assert  the  existence  of  such  emotion.  Lastly,  we 
have  endeavoured  to  illustrate  the  nice  shades  and 
gradations  by  which  as  emotion  passes  into  conception 
or  assertion,  in  the  human  mind,  and  dee  vend ; so 
the  interjection  rises  to  a noun,  a verb,  or  a phrase, 
and  the  phrase,  verb,  or  noun  sinks  into  an  interjec- 
tion. And  thus  have  we  concluded  our  survey  of 
words  as  distributed  into  those  classes  which  gram- 
marians call  the  parts  of  speech. 

$ 10.  Of  particles. 

Having  treated  of  sentences  and  words,  it  only 
remains  to  inquire  whether  we  cannot  carry  our 
grammatical  analysis  still  further,  and  examine  the 
constituent  parts  of  words.  Now,  words  may  be 
resolved  into  syllables  ; and  syllables  may  he  resolved 
into  the  articulations,  which  arc  marked  In  writing  by 
letters ; and  this  part  of  grammar  is  called  orthography, 
but  ns  it  relates  wholly  to  the  sound,  and  not  lit  all  to 
the  signi/ication  of  words,  it  has  nothing  to  do  with 


our  present  inquiry.  It  is  part  of  the  art  of  grammar ; 
but  no  part  of  the  science. 

Nevertheless,  though  we  have  called  words  " the 
primary  integers  of  significant  language,"  and  have 
denominated  the  classes  into  which  they  are  divided 
the  parts  of  speech  j yet,  even  with  reference  lo  signi- 
fication, there  arc  certain  fractions,  if  we  may  so 
spenk,  which  go  to  make  up  these  integers.  Thus  if 
we  say,  " Johnson  was  learned ” — 44  Friendship  is  delighl- 
J'ulj ' each  of  these  sentences,  as  a sentence,  contains 
three,  and  only  three,  significant  parts  ; viz.  a subject, 
a predicate,  and  u copula  ; and  each  of  these  parts  is 
a i cord.  But  if  wc  take  one  of  these  words,  and 
inquire  how  it  comes  to  possess  its  actual  signification, 
wc  may  find  that  this  is  owing  to  the  peculiar  force 
ami  effect  of  its  separate  portions.  Thus,  in  the  word 
Johnson,  there-  are  two  portions,  John  and  son,  which, 
taken  separately,  would  be  significant ; anil  which, 
when  put  together,  form  a third  signification  relating 
to  the  two  former.  Again,  in  the  word  friendship , 
there  arc  two  portions,  friend  and  ship,  each  signifi- 
cant, when  taken  separately  ; and  the  relation  of  the 
word  friend  to  friendship  is  very  obvious,  but  the  re- 
lation of  ship  to  friendship  is  not  equally  so,  at  first 
sight,  though  it  may  be  discovered  by  study  and 
reflection,  as  will  hereafter  be  shown.  Lastly,  the 
word  learned,  may,  in  like  manner,  be  divided  into 
two  portions,  learn  and  ed,  of  which  the  former  has  a 
clear  meaning  of  its  own  ; but  the  latter,  if  it  ever 
had  a distinct  and  separate  meaning,  has  long  since 
lost  it,  and  serves  only  to  mark  that  learned  is  a parti- 
ciple of  the  verb  to  learn.  The  three  words,  Johnson, 
friendship,  and  learned,  therefore,  ore  munifest  com- 
pounds, each  consisting  of  a primary  part,  which  is 
modified  by  a secondary  part.  John  is  modified  by 
son,  friend  by  ship,  and  learn  by  ed.  The  primary  parts 
in  such  compounds  are  commonly  words,  that  is,  when 
used  separately,  they  have  a plain  and  distinct  signi- 
fication of  their  own.  The  secondary  parts  may  or  may 
not  have  such  separate  signification  ; and  their  signi- 
fication, if  any,  muy  be  more  or  less  obvious.  These 
secondary  parts,  we  call  particles,  when  so  used  in 
composition.  Thus,  wc  say,  that  in  the  word  Johnson, 
son  is  a particle ; in  the  word  friendship,  ship  is  a 
particle  j and  in  the  word  learned,  ed  is  a particle. 

Particles  modify  words  in  three  different  ways,  and 
with  three  different  effects. 

1.  In  the  ordinary  compounds,  such  as  Johnson , 
noon  mete,  overtake,  foreuam,  crew  lule , elsewhere,  there 
is  no  alteration  of  the  principal  word,  either  by  chang- 
ing the  grammatical  class  to  which  it  belongs,  or  by 
varying  the  grammatical  construction  of  the  sentence 
in  which  it  is  used. 

2.  In  such  compounds  as  friendship,  bisyhed,  procu - 
roar,  gadelyng,  arette,  masterless,  delightful,  btaunchard, 
lonely,  Utlich,  sweetly,  &c.  the  grammatical  class  of  the 
word  is  more  or  less  altered  > thus,  from  the  personal 
substantive,  friend,  we  form  the  abstract  substantive, 
friendship ; from  the  common  substantive  apis,  we 
form  the  diminutive  substantive  avette ; from  the 
common  adjective  blanche,  wc  form  the  diminutive 
adjective  blaunclwrd ; from  the  adjective  busy,  wc  form 
the  substantive  bisyhed ; from  the  substantive  master, 
wc  form  the  adjective  master  lest ; from  the  adjective 
sweet,  we  form  the  adverb  sweetly,  and  so  forth. 

3.  In  such  compounds  as  growen,  beon,  makede, 
walked , monethes,  children,  &c.  the  principal  word  is 


Partirlr*. 
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Grammar,  varied  in  it*  construction,  by  the  particles  en,  on,  ede, 
erf,  es,  &c. } and  thus  are  formed  those  inflections, 
which  grammarians  call  declensions  and  conjugations. 

We  shall  trace  the  first  sort  of  compounds,  beginning 
with  the  more  obvious,  and  proceeding  to  the  more 
obscure. 

Son,  4c.  The  word  Johnson  was  manifestly  in  its  origin 
nothing  more  than  Johns  son.  Thus  in  all  languages 
have  been  formed  patronymics,  the  most  ancient  of  nil 
family  names.  The  Greeks  did  this  in  several  instances, 
whence  such  names  as  jSSacides,  Pelules,  Alrides,  Ike. ; 
»ut  the  Romans  adopted  it  generally  at  a very 
early  period  of  their  history.  u Kemarquons  snr 
lea  noms  pro  pres  dcs  families  Romaines,  (says  M. 
ok  Brohbks,)  qu’il  n'y  en  a pas  tra  seul  chcz  eux,  qui 
ne  soit  termini  en  ius,  desinence  fort  semblable  h 
1’  vi®*  des  Grecs,  e'est-h-dire  filius — par  oh  on  pour- 
nit  conjecturer  que  lea  noms  des  families,  du  moins 
ceux  des  anciennes  maisons,  seraient  du  genre  pntro- 
nimitjue."  Thus  Catcilius  was  (ktenlee  #>«»*,  Julius , 
Juli  vi®*,  /Emihus,  .-F.mili  too*,  &c.  Mr.  Tookr  says, 
“ I think  it  not  unworthy  of  remark,  that  whilst  the 
old  patronymical  termination  of  our  northern  ancestors 
was  son,  the  Sclavonic  and  Russian  patronymic  was 
of.  Thus  whom  the  Knglish  and  Swedes  named  Peter- 
son, the  Russians  called  Pettrhof.  And  os  a polite 
foreign  affectation  afterwards  induced  some  of  our 
ancestors  to  assume  Fits  (i.  t.fils  or  filius,)  instead  of 
son  ; so  the  Russian  affectation,  in  more  modern  times 
changed  of  to  vitch,  (i.  e.  fitz,  fils,  or  filius)  and  Peter- 
hof,  became  Pctrovitch,  or  Petrowitx The  Irish 
patronymic  0’  may  possibly  be  of  the  same  origin  os 
the  Russian  of.  The  Welsh  'P  is  well  known  to  be 
ap,  an  abbreviation  of  mab,  a son,  os  Price  for  Ap 
Rhys,  Powell  for  Ap  HoCl,  &c. : the  Scottish  high- 
landers used  the  cognate  word  mac,  a son,  for  their 
patronymical  prefix,  as  in  Mac  Donald,  i.  e.  the  son 
of  Donald,  Mac  Kenzie,  (i.  e.  the  son  of  Kenneth,) 
&c.;  while  the  lowland  Scotch  used  still  a different 
mode  of  expressing  the  same  thing,  by  prefixing  to 
the  son's  name  the  genitive  case  of  the  father’s,  as 
Watt's  Ro6in,  for  Robert  the  son  of  Walter;  Sims  Will, 
for  William,  the  son  of  Simon,  whence  arose  such 
family  names,  as  Watts,  Sims,  and  the  like  : and  so 
much  for  the  particles  son,  ius,  fitz,  of,  rich,  mac,  O',  ' P, 
and  ’S. 

The  proper  name,  Johnson,  is  no  less  obviously  a 
compound,  than  watchman,  spearman,  boat-hook,  and 
thousands  of  similar  words  in  common  use.  There 
are  also  many  that  have  fallen  into  disuse,  though  still 
perfectly  intelligible  ; t.  gr.  nonemete,  a meal  formerly 
eaten  by  artificers  at  noon,  but  which  seems  to  be 
distinguished  from  dinner. 

Direr*  artificers  and  laborer*  reteyned  to  werke  aod  aerre, 
waste  moch  part  of  tbe  day,  and  deserve  not  tbrir.  wn#is,  sutnmc 
tyroc  in  late  coratnyng  tint©  their  werfce,  erly  departing  therfru, 
loafc  sitting  at  ther  hrrkfast  at  tber  dyner  aod  nonrmttr,  and 
Ion#  tyme  of  ikpiag  at  after  none. 

Stmt.  2 Hen.  VIL  c.  xxii.  MS. 


And  as  we  have  the  word  noonmeat,  so  we  have  the 
words,  noontide,  noonday,  mid-day,  mid-night,  forenoon, 
afternoon,  &c.  all  noons  compounded  on  similar  prin- 
ciples ; for  as  noon  modifies  meat,  so  mid  modifies  night, 
and  fore  modifies  noon  : and  thus  noon,  mid,  and  fore 
are  equally  to  be  considered  in  these  three  instances 
respectively,  as  particles.  So,  in  the  compound  verb 
overtake,  over  is  & particle  modifying  take ; and  this 


particle,  over,  is  sometimes  corrupted  into  or,  as  in  the  Partide*. 
word  orlop,  which  is  a platform  of  planks  laid  ©rev  V„  . * 
the  beams  in  the  hold  of  a ship  of  war ; so  named 
from  the  Dutch  ocerloopen,  to  run  over,  and  anciently 
written  in  English  overlopps. 

Somuche  a*  they  shall  pot  greater  nomber  of  people  in  tbe 
cast  dies  aod  omcrlojrpi  at  their  ahypps  they  shallx*  tbe  more 
oppressed.  NlCOLU’s  Thucydides,  M.  191.0. 

In  Danish,  this  same  preposition  over,  written  ober,  is 
used  as  a particle  in  compound  nouns,  as  oberdommer 
the  chief-justice. 

We  have  already  noticed  the  particle  fore  which 
occurs  in  forewarn,  and  in  many  other  compound 
verbs  re.gr. 

Fom  akit  aod  forwallomit  thus  musing 
Vstry  forty  in,  1 leatnyt  aodayoiye. 

The  King's  Quoit. 

Erewhile  and  elsewhere  are  compound  adverbs,  of 
which  wc  have  already  noticed  the  constituent  parts 
ere,  else,  while,  and  where.  In  addition  to  what  we 
have  said  of  else,  we  may  observe  that  the  particle  el 
occurs  with  a similar  effect  in  the  Danish  titer,  “or," 
and  tilers , “ else." 

In  proceeding  to  compounds,  which,  by  course  of 
time,  and  change  of  pronunciation,  have  become  less 
obvious,  we  will  begin  as  before,  with  some  proper 
names.  M.  ok  Bbossks  says  with  great  truth,  “ Urns  , 
les  mots  formant  les  noms  propres,  ou  appellatifs  des 
personnes,  out,  en  quelque  langage  que  ce  soit,  un 
origine  certainc,  unc  signification  dEtermiuEe,  une 
Etymologic  veritable."  Vebstkcaw  has  preserved  a rude 
distich  not  unworthy  of  notice,  in  this  respect. 

In  foord,  in  A®**,  in  tty,  in  tun  Ford,  4<w 

The  most  of  English  surname*  run. 

Thus,  says  he,  " the  sirname  of  Rainford , now 
Raimford,  geeineth  to  have  risen  by  reason  that  the 
first  of  this  name  had  his  dwelling  at  a passage  or 
foord  caused  through  raine." — “ JIam  originally  sig- 
nified a coverture  or  place  of  shelter,  and  is  thence 
grown  to  signifie  one  s home,  as  now  uncomposed 
we  pronounce  it — it  is  one  of  our  greatest  ter- 
minations of  simouies,  os  of  Denham,  for  having  his 
home  or  residence  downe  in  a volley ; of  Higham  for 
the  situation  of  his  ham  or  home  upon  high  ground ; 
and  accordingly  of  many  others." — “ Legh,  ley,  or  lea, 
howsoever  wee  do  now  distinguish  these  terminations, 

I take  them  to  have  been  anciently  all  one,  and  to 
signifie  ground  that  lieth  unman u red  and  wildly  over- 
growne  — hence  Berkley,  “ of  birch  trees,  anciently 
called  berk,"  Bromley,  **  of  the  store  of  broom,"  and 
Bramley,  “ of  lee  or  legh  ground  bearing  brambles." 

Of  the  name  Lesley,  he  relates  this  story,  **  A combat 
being  once  fought  in  Scotland  betweenc  a gentleman 
of  the  family  ot  the  Lesleyes  and  a knight  of  Hungary, 
wherein  the  Scottish  gentleman  was  victor:  in  memory 
thereof,  and  of  the  place  where  it  happened,  these 
ensuing  verses  doc  in  Scotland  yet  remaine. 

* Between*  tbe  Uitt  tty,  ami  the  marc 
He  slew  the  Knight,  aod  left  bun  there/ 

" Though  the  name  of  hedge  doe  anciently  appertains 
to  our  language,  yet  we  also  used  sometimes  for  the 
same  thing  the  nauie  of  fun.  In  the  Netherlands  they 
yet  call  it  a tuyn ; and  In  some  ports  of  England  they 
will  say  “ hedging  and  fining. " Our  ancestors,  in  time 
of  war,  to  prevent  themselves  from  being  spoyled, 
would,  in  st<Ud  of  a palizado  as  is  now  used,  cast  a 
ditch,  and  make  a strong  hedge  about  their  houses. 
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Grammar,  and  the  houses,  so  environed  about  with  tunes  or 
, , tu_i  hedges,  gat  the  name  of  tunes  annexed  unto  them.  As 
Cote-tun,  now  Cotton,  for  that  his  cote,  or  house,  was 
fenced  or  tuned  about ; North- tun,  now  Norton  in 
regard  of  the  opposite  situation  thereof  from  South- 
tun  now  Sutton.  Moreover,  when  necessity,  by  rcuson 
of  wanes  and  troubles,  caused  whole  thorpes  to  be  with 
such  tuner  environed  about,  those  enclosed  places  did 
thereby  take  the  name  of  tunes  afterward  pronounced 
towns.''  To  the  same  effect  Junils  says4'  Town,  villa, 
vicus,  pagus,  et  in  genere,  quiiibct  locus  conclusus  et 
circumseptus.  A.  S.  tun,  Al.  mn,  lk  tuyn,  sunt  ab  A.S. 
tynan,  betynan,  claudere,  circumsepire.”  And  Lye  says 
“ tine  the  door,  fores  claudere,  abA.  S.  tynan  claudere jM 
which  expression  44  tine  the  door*  is  also  noticed  by 
Grose  in  his  Provincial  Glossary.  In  Dutch,  tuyn  is  in 
its  first  sense  the  hedge  of  a garden,  and  then  the 
garden  itself : it  is  also  used  for  sonic  other  inclosed 
places,  as  ten  hout-tuyn,  a wood-yard.  So  in  Scotland, 
the  toon  means  the  inclosure  round  about  a farm-house, 
and  in  Cornwall  the  town-place  means  the  farm-yard. 

Worth.  The  last  mentioned  particle  ton,  has  much  affinity  in 
point  of  signification  to  the  particle  worth , also  very 
common  in  English  names  of  places  and  thence  of 
persons.  44  Anciently,”  says  Yehsteoan,  44  it  was 
u- earth,  and  weard,  whereof  yet  the  name  of  werd 
. remaincth  to  divers  places  in  Germany,  as  Thonawerd, 

( Donawert , Danubu  Insula,)  Keytencerd,  Homelswtrd 
and  the  like  ; and  in  England,  to  the  same  sense 
and  signification,  the  names  of  Tamwnorth,  Kentlme- 
woorth,  and  the  like.  A wearth  or  weed  is  a place  situate 
betweene  two  rivers,  or  the  nooke  of  land  where  two 
waters,  passing  by  the  two  sides  thereof,  doe  enter 
into  the  other  ; such  nooks  of  ground  having  of  old 
time  beene  chosen  out  for  places  of  safety,  where 
people  might  be  irarrfed or  defended  in.”  Vcrsteganhas 
here  described  only  one  kind  of  worth  or  wearth ; for 
this  word,  (which  is  the  same  with  garth  or  yard,) 
signifies  any  inclosure  whatever.  Indeed  its  first  sig- 
nification is  the  act  of  girding  or  surrounding,  then  the 
thing  which  girds  or  surrounds,  then  the  thing  girded 
or  surrounded,  then  the  purpose  for  which  it  is  sur- 
rounded, namely  to  guard  it,  then  the  thing  guarded, 
the  person  guarding  it,  and  so  forth. 

1.  The  act  of  girding  or  surrounding  is  expressed  by 
the  Gothic  verb  gaurdan,  the  Anglo-Saxon  gyrdan,  the 
Frankish  and  Alamannic  gurten  and  cur  ten,  the  Danish 
gyrde,  the  Icelandic  gyrda,  the  Swedish  giorda,  the 
Dutch  gorten,  the  German  gurten,  and  the  English  to 
gird.-  and  all  these  have  an  evident  affinity  to  the 
Greek  */^itov,  and  the  Latin  circuw,  ctrculus,  circum,  &c. 

2.  Various  things  used  for  girding  or  surrounding 
were  hence  named  ; e.  gr. 

A belt,  which  is  tied  round  the  body  of  a man.  horse, 
&c.j  in  Gothic  gaird,  in  modem  German  gurt,  in 
English  girth  and  girdle,  in  Anglo-Saxon  and  Danish 
gyrdel,  in  Alamannic  gurdet,  in  Dutch  gortel. 

A curtain,  which  is  drawn  round  a bed  ; in  Dutch 
gordyn,  in  later  Latin,  Italian  and  Spanish  cortwa,  in 
old  French  courline,  in  English  curtain. 

The  bark,  which  surrounds  the  body  of  a tree,  in 
Latin  cortex. 

A hedge,  which  surrounds  a garden  or  other  inclosed 
place  ; in  Anglo-Saxon  geard,  in  Swedish  gtrde,  in 
Danish  gierde ; and  so  the  act  of  hedging  round  about 
a place,  is  in  Ciinbric  gertha,  in  Swedish  gaerda,  and 
in  Danish  at  gierde. 


Lastly  any  hoop  or  band  which  surrounds  things,  is  Psrtidta 
called  in  the  north  of  England  a garth. 

3.  Among  things  surrounded,  which  derive  their 
names  from  this  source,  may  be  particularised  the 
following.  The  old  Latin  cors,  cortis  signified  a farm- 
yard, or  inclosed  space  before  a country  bouse ; whence 
the  Barbarous-Latin  curtis,  Italian  corte,  old  French 
court  and  English  court  often  applied  formerly  as  the 
name  of  a country  house.  The  Gothic  gards,  Danish 
gaard,  Icelandic  gard,  Ciinbric  garthur,  signified  a 
house  or  farm  $ the  Anglo-Saxon  geard,  or  yeard 
an  inclosed  space,  as  win -gaard  a vineyard,  ortgeard , 
an  orchard  or  garden  (in  Gothic  aurtigards,  from 
the  Gothic  waurts,  and  Anglo-Saxon  wurt  or  orf, 
a root)  the  Frankish  and  Alamannic  gardo  and  karto, 

Welsh  gardd,  Danish  gaard,  Dutch  gaerde,  Italian 
giardino,  Spanish  gardin,  French  jardin,  German 
garten  and  English  garden,  hortus.  The  modem 
English  yard,  the  provincial  English  garth,  and  the 
old  English  wearth  or  worth,  are  only  variations  in 
pronunciation  from  the  Anglo-Saxon  geard  or  yeard. 

In  the  north  of  England  garth  is  still  used  generally 
for  a yard  or  inclosed  place  ; so  churchgnrth  is  a 
churchyard,  stockgarth  arickyard,  &c.  and  in  Scotland 
ward  is  used  in  the  same  sense. 

Hi*  bnw  calf-ward,  wharf  jrowsns  grew, 

Sue  white  anil  borne, 

Nae  doubt  tbty'Jl  rive  it  wi'  the  plcw.  Be  ass. 

Hence  originated  many  English  names  of  places,  and 
consequently  of  persons  ; us  Kenilworth,  i.  c.  Kenelnis 
wearth,  or  Kenelm’s  inclosure ; Wordsworth,  i.  c.  the 
IPurts’  wenrth,  or  garden  of  roots  (as  before  explained 
under  the  word  orchard ;)  Holdsworth,  i.  e.  the  Holts' 
wearth,  or  inclosure  of  trees  j .Ipplcgarth,  the  inelusure 
of  apple-trees  j Haygarth  the  h ay- yard ; Hoggart  the 
hog-yard  (or  sheep  inclosure,  some  sheep  being  pro- 
vincially  called  hogs,)  Garth,  the  inclosure,  &c. 

Moreover,  as  places  were  often  inclosed  for  defence, 
gard,  and  its  cognate  sounds  came  to  signify  a fortified 
place,  or  city.  Hence  the  Ciinbric  gard  and  garthur, 
a fortification  ; the  Icelandic  gard,  a city  ; the  .Sclavo- 
nic terminations  grod  and  gradz,  os  in  Novvgrod  cas- 
trurn  novum,  and  Belgrade  castruin  album  j the  Ger- 
man termination  gard,  as  in  Stutgard,  (from  slut  a 
horse,)  ci vitas  cquaria  : hence  also  the  French  boule- 
vard, corrupted  from  burgward,  in  Barbarous-Latin 
burgwardium,  munitio  oppidi. 

4.  The  English  verbs  to  guard  and  to  irard,  which 
are  the  same  word  differently  pronounced,  agree  with 
the  Gothic  wardyan,  Anglo-Saxon  weardian,  Aleinannic 
vuarten,  Icelandic  tarda,  Italian  guardare,  Spanish 
guardar,  and  French  garder,  to  protect,  and  keep. 

Hence  the  Anglo-Saxon  weard,  which  is  both  custos 
and  custodia.  So  in  English  we  have  guard,  guardian, 
and  warden,  the  person  who  defends,  protects,  or 
keeps  -,  ward  the  act  of  safe  custody,  the  place  where 
prisoners  or  others  are  safely  kept,  and  the  person  who 
is  under  the  protection  of  a guardian.  The  Anglo- 
Saxon  it  card  custos  appears  frequently  in  composition, 
as  dureweard  a porter,  in  old  English  a gaieward — 

Wcr  y*  non  this  gate  ward  T 

Me  thunebeth  be  is  a coward. 

Chrut'i  Tier  cent  to  HeU. 

Many  other  employments  were  designated  by  this 
particle  ward,  which  have  since  become  proper  names 
of  families,  whence  Howard,  Hayward,  H'oodward, 
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Gruomu.  Stewart,  Stoddart,  Icc.  Howard,  says  Vkrstkgax, 
' u came  of  Holdward,  which  aignifielh  the  ^overnour 
or  keeper  of  a castle,  fort,  or  hold  of  warre.'  Hayward 
was  the  person  who  had  the  care  of  the  hedges. 

He  bath  lieire  aumwber  a burthen  of  brare, 

Thare  fore  tuna  hay  ward  hath  taken  v»  wed. 

Ballad  of'  the  Mm*  in  the  Moon. 

Woodward  is  explained  by  Lrx,  " aylvae  custoa, 
saltuurius.” — Stewart  is  from  the  Anglo-Saxon  and  old 
English  itiward  or  sty  ward,  and  modern  English  steward. 
The  kyng  com  in  to  balle. 

Among  bia  knjbtcs  alle. 

Forth  he  ciepelh  Alhebrua, 

Hia  i toward,  mad  him  Mide  thus  j 
A'fiK'nrrf  tar  thou  here 
My  fondling  forto  lera 

Onto  of  Kyng  Horn. 

The  iiyu  ard  walkyd  lliere  withal) 

Among  the  lordes  in  the  ball.  Sir  Cltget. 

Tbe  tty-ward  told#  Rye  bard  the  Kviif 
Sonc  anon  off  that  tydog 

Richard  Coer  do  Hon. 
Stywarde,  u thou  art  me  left, 

Let  uo  moo  wytte  of  my  myschefe. 

Sir  Amadat. 

That  every  ttywmrd,  under styward,  bailHf,  eommiasarie  or 
other  uiyoy»lre  holilyng  arid  rulyng  any  of  the  acid  courtea  that 
doth  the  contrary  of  this  ordinance  «bali  forfeit  an  C 

star.  1.  Rjc.  III.  C.  6.  MS. 

In  the  Icelandic,  this  word  is  stivardurt  from  stia 
opus  and  vardur  custos  : and  the  Word  ttia  seems  to 
be  connected  with  the  Italian  tin  are,  to  stow  goods  or 
ballast  in  a ship. 

Stoddart  is  from  the  old  English  Stodward , cquorum 
custos.  A family  of  this  name  was  anciently  settled  near 
Stodmarth,  in  Kent,  and  the  name  of  the  place  as  well 
as  that  of  the  person  was  derived  from  the  Anglo-Saxon 
ttod  and  iteda , (in  Swedish  stod,  in  Alamannic  stud,  in  Ice* 
landic  ttedda,)  a horse,  whence  come  our  modern  steed 
and  stud.  In  the  Anglo-Saxon  also  arc  found  stod-hors , 
a stallion,  (connected  with  the  Danish  stod-lust,)  stod- 
myra,  a stud -mare,  and  stod-fold  an  inclosure  where 
horses  are  kept.  Ducance  explains  stvot,  cquus 
admissarius ; and  Wachtkr  gives  the  same  explanation 
of  the  old  German  tiut.  The  modern  German  stute 
is  a brood  mare.  In  old  English  we  also  find  slot, 
used  for  a horse. 

This  Rctk  Mte  upon  a right  good  ttot. 

That  was  all  pomell  gray,  and  bight  Scot. 

C HA  IICER. 

Hence  are  derived  many  other  old  English  names  of 
places  and  persons,  as  Stodham,  Stodinton,  Stodelegh, 
Stud  lay,  S to  tactile,  Stuteville,  Stovel,  Stotfald , Stoutes- 
feld,  Stutfeld,  Stottesden,  Stotlesdon,  Stuton,  Stoteng- 
hem,  Stoteney,  Stotesbrok , Stotholme,  & c. 

Reverting  to  the  particle  worth,  we  must  observe 
that  it  has  sometimes  a very  different  origin  from  that 
which  we  have  above  noticed  \ for  the  substantive 
worth,  value,  derived  from  wirthan,  to  be,  is  often 
used  as  a particle.  Hence  the  substantive  worlhship , 
or  worship,  is  estimation,  and  the  verb  to  worship,  to 
hold  in  esteem  or  reverence. 

The  profit  and  the  won  hip  of  tbe  same  rot  *1  me. 

Treaty  He*.  V.  a.  D.  1420. 

Thame,  a a our  fadir  and  modir,  we  abaU  bare  and  worship 


Tbowe  bwte  oaowryd  all  my  feat,  Paiticlea 

And  wortehepyd  me  alao.  Sir  Cleft*. 

In  this  sense,  magistrates  arc  called  "Your  Worship  f" 
and  designated  " Worshipful."  We  find  in  old 
English  the  adjective  derworth,  signifying  precious. 

Now  Jc*u  for  till  derworth  Mode. 

MS.  HmrL  No.  913.  fol.  29.  b. 

So,  io  Danish,  elksveerdig  is  "worthy  of  love  or 
esteem,”  from  wrer  to  be,  vttrd,  worth. 

Thus  have  we  examined  the  particles,  ford , ham, 
ley,  ton,  worth,  garth,  ward,  &c.  which  enter  into 
the  formation  of  so  many  proper  names.  Nor  should 
the  grammarians  disregard  this  class  of  words  j for  in 
them  arc  often  preserved  many  traces  of  connection 
between  different  dialects,  contributing  much  to  the 
illustration  of  the  whole.  Thus  the  English  name 
Fairfax,  i.  e.  fair-haired,  retains  the  Anglo-Saxon  feax 
crinis.  The  Spanish  Ferdinand,  shows  the  connection 
of  Spain  with  the  Goths,  being  derived  from  pftrd 
dienend  equo  serviens.  The  Scottish  Telfair,  anciently 
written  tailyfeir,  talliefeir,  and  taiUfeir,  is  the  French 
tailU-fer,  cut-iron ; as  Playfair  is  pli  fer , or  bend- 
iron. 

The  particles  stead,  rick,  and  dom,  art  often  applied,  strad  Ho 
in  modern  use,  to  express  locality.  Stead,  which  we  ’ 
have  before  had  occasion  to  notice,  is  the  Anglo-Saxon 
noun  sled,  Gothic  stads,  Alamannic  stat,  Dutch  stad , » 

and  old  English  stede,  a place.  This  word  is  used  as  a 
particle  in  gyrdylstede,  hache-styd,  &c. 

To  rah  a stede  tbe  Kyng  hym  seote 

He  wan  tbe  fygbt  Oe  teuton  Imperater. 

Some  he  hytte  on  tbe  baryn, 

That  be  deff  him  to  tbe  chyn ; 

And  some  to  tbe  gyrdyl  stede. 

Richard  Coer  de  Horn. 

Tbei  mvgbtt  not  pane  the  dure  tbresewold, 

Nor  lope  oucr  tbe  hache-styd. 

The  Huntyng  of  the  Hate. 

And  so  in  the  modern  words  bedstead,  roadstead,  home- 
stead, with  which  agrees  the  Danish  fyr-sted,  a fire-place. 

Rick  is  the  obsolete  English  noun  riche,  and 
modern  German  rexch,  a kingdom. 

He  that  made  beeves  and  ertbe 
And  sun  and  mone  for  to  ahina 
Bring  ona  into  Ida  riche. 

And  acheld  out  frmm  belle  pine. 

Legend  if  Seynt  Katerine. 

It  is  used  os  a particle  in  tbe  modern  English  word 
bishopridt,  as  in  old  English  it  was  usual  to  say  kingriche. 

Over  londes  be  gan  fare. 

With  aorwe  and  rewrful  there. 

Seven  kingriche  and  mare 
Tristram  to  bode  there.  Sir  Trietrem. 

Thar  sal  be  raayt  a general  gelde  or  raa  gif  it  misters  throa 
tbe  It  site  hinryh.  Scottish  Ad.  ParL  A.  D.  1424- 

Dom  is  a particle  of  obscure  origin,  but  of  very 
extensive  use  in  the  different  northen  dialects.  In  the 
Anglo-Saxon,  dom  is  judgment,  from  deman  to  judge, 
whence  our  words  doom  and  deem,  and  the  proper 
name  demster,  a judge.  In  Frankish  duam  is  power, 
which  Wachtkr  and  Adbluxo  seem  to  consider  as  the 
primary  signification,  from  whence  the  special  power 
of  jurisdiction  was  derived  as  a secondary  signification 
was  derived.  Hence  the  Anglo-Saxon  cynedom, 

Dutch  koningdom,  and  English  kingdom,  first  for  the 
power,  and  then  for  the  territories  of  a king.  So,  in 
Frankish  rxhthuom  is  empire,  and  hertuom  government, 
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Grammar,  and  in  modem  German  kaiser  thum  is  the  empire,  herzog- 
■ v thum  a dukedom,  bisthum  abishoprick,  fcc.and  in  these 
senses  dom  is  probably  connected  with  the  Latin  do  mo 
and  domxnus.  Where  dom  merely  signifies  a general 
state,  it  may  perhaps  be  connected  with  the  verb  do,  as 
the  correspondent  German  particle  thum,  in  the  same 
sense,  may  with  the  verb  thun.  Thus  we  have 
Gate, gang,  freedom  and  thraldom , the  Germans  aUerlhum,  &c. 

Gate,  gang,  and  fare,  all  originally  signify  going,  as 
in  Lwlgate,  gangway,  thoroughfare.  Hence  the  old 
English  algate , the  old  Scottish  howgate,  the  Danish 
tnellemgang,  an  intercession  or  going  between  ; the 
Dutch gangbaar,  passable  ; the  Scottish  auldfarran,  kc. 

As  we  have  seen  the  word  worth  corrupted  into  the 
Leman, Ac.  pRrticlc  lror>  jn  worship,  so  lof-man  was  corrupted 
into  le-man,  i cyfman  into  i co-man,  gtxl-nl  into  gos-np — 
itf,  U a relation  ; whence  UobEar  i»k  Helkne  uses 
the  word  sihred  for  kindred.  In  our  modern  word 
harbour , the  particle  frour  has  undergone  such  a 
change  as  not  to  be  easily  recognised.  To  harbour, 
was,  in  old  English,  herbarewen. 

Herknrth  hideward  horsmen, 

A ltd)  r>B  ichou  telle ; 

That  ye  shiilcn  hongen 
And  herbaretcen  in  belle. 

Satire  an  Ilonrme n. 

It  is  the  wune  verb  os  the  modern  German  herber- 
gm,  and  comes  from  the  Alamnnnic  herebrrga,  com- 
pounded of  her  an  army  and  berg  a fortification. 
Hereberga  therefore  first  meant  the  safe  quarters  of 
an  army  ; thence  any  place  of  safe  resort,  and  thence 
a place  of  safe  resort  for  travellers,  or  for  ships. 
Hence  the  Dutch  herberg,  Italian  albtrgo,  Spanish 
alcergue,  and  French  auberge.  Hence  also  the  old 
Euglish  herbergeour,  a person  sent  before  to  unnounce 
the  approaching  arrival  of  an  army  at  its  quarters,  or 
of  a traveller  at  his  inn  ; which  word  we  have  cor- 
rupted to  harbinger,  used  generally  as  a forerunner  or 
precursor. 

Ami  nowoflocc  they  treat,  till  tl»’  ev’ning  star, 

Love’n  harbinger  appear’d.  MlLToS. 

The  particle  lour,  in  oor  word  neighbour,  is  of  a 
different  origin.  It  seems  to  agree  with  the  German 
bar  in  nachbar,  which  some  derive  from  noth  nigh 
and  bauer  an  inhabitant.  Bar,  however,  is  a particle 
of  extensive  use  in  German,  and  may,  in  its  various 
applications,  come  from  barren  to  bear,  or  /urea  to  do  j 
as- in  lastbar,  brauchbar,  dienstbar,  kc.  kc. 

Certain  particles  arc  frequently  confounded  with 
words  which  they  resemble  only  in  sound.  Thus  the 
particle  gale,  in  nightingale,  has  no  relation  to  the  noun 
Nlghtia-  gaie>  a breeze  j but  like  the  German  nachtigal  is  de- 
**k’  . rived  from  the  Iccland,c  antl  Anglo-Saxon  galan, 
*T’  to  sing  i and  these  seem  to  have  some  relation  to 
wail,  whence  the  name  of  the  bird  called  the  wodewale. 
To  gale  was  metaphorically  used,  in  old  English,  for 
“ to  jest/’ 

And  wh&n  the  Soropnimr  herd  the  Frcre  gale. 

Ciuuru. 

So  round  in  roundelay,  1ms  no  relation  to  a circle ; 
but  is  derived  from  the  verb  to  roun,  to  sing,  or  hum 
over  a song,  whence  a song  was  called  a roun. 

I>rotea  ys  coroc,  with  loco,  to  tounc. 

With  blosmen,  and  with  hrid>1cs  runne. 

MS.  Hart.  2253.  fol.  71.  b. 

Gcywst  umkr  gore,  berkoc  to  my  roun. 

Ibid.  fol.  63.  b. 


Lace  did  not  anciently  mean  the  elegant  manufac-  particle*, 
ture  so  termed  in  modern  days,  but  any  thing  which  Vr— y 
served  for  the  purpose  of  a girdle  or  strap  : whence 
the  anlas  or  anlace,  was  a kind  of  knife  or  dagger, 
so  called  because  it  hung  on  a lace  or  strap  at  the 
girdle,  as  described  by  Chauceb. 

A darker  hanging  by  a tat  had  hr. 

The  modern  particle  lass  in  cutlass  seems  to  have  been 
ignorantly  taken  from  the  old  word  anlas. 

The  numbers  one,  two,  and  ten  are  not  at  first  sight  One,  two 
obvious  as  {►articles,  when  entering  into  the  compound  kc. 
words  eleren,  twelve,  forty,  kc. ; but  we  easily  see 
that  the  jmrticle  on,  in  the  old  English  or ilevene,  is  the 
numeral  word  one. 

Onterrne  thousand  off  our  meyatf 
Ther  were  slayn  without™  pytf. 

Richard  Coer  de  Lion. 

So  the  particles  twa  and  rime  in  the  Gothic  twalif,  and 
Frankish  zuwtlf,  twelve,  are  easily  recognised  as  the 
numerals  twa  and  ru««  two,  in  those  languages 
respectively : hence  the  Gothic  twalif,  Swedish  and 
Icelandic  tolf,  Dutch  twaalf,  Anglo-Saxon  twelf, 

Frankish  zuuelif,  and  German  zwOlf,  all  evidently 
mean  two  left,  as  onltvene  means  one  left,  over  and 
above  the  |>erft*ct  number  ten. 

In  like  manner  the  particle  tig,  which  Junius  sup- 
poses to  have  been  the  old  Gothic  numeral  ten,  is 
seen  in  twaimttg,  thrinstig,Jidwortig,  which  arc  twenty, 
thirty,  und  forty,  in  that  language.  And  this  same 
particle  tig  was  also  retained  in  old  English ; as  in 
the  letter  of  Hknby  III.  before  quoted. 

Witnewr  uwrluen  .wt  London,  Uuuie  egtetcnlli*  day  on  the 
month?  of  Octobr’  in  lh*  two  *ad  fovertigtke  year*  of  ure 
cruninge. 

There  are  numberless  other  compounds  of  the  kind 
which  we  have  hitherto  considered  ; namely  those, 
which  merely  unite  two  conceptions,  without  chang- 
ing the  grammatical  class,  to  which  the  principal 
portion  of  the  word  belongs. 

We  now  come  to  words  in  which,  by  a slight 
inflection,  the  class  that  the  word  belongs  to  is  altered. 

Friendship  is  such  a compound,  and  the  word  friend.  Ship,  bead, 
which  forms  the  primary  part  of  it,  is  sufficiently  kc. 
obvious  } but  what  is  ship  ? In  order  to  answer  this 
we  must  look  through  the  other  dialects,  in  which  it 
occurs.  The  Germans  use  the  termination  sc  haft, 
the  Dutch  schap,  and  the  Swedes  skap and  these  are 
manifestly  from  the  Gothic  skapan,  Anglo-Saxon 
sampan,  or  scyppan,  Frankish  and  Alamnnnic  scajfen, 

Dutch  Mcheppen , Icelandic  skapa  and  skijns,  Danish 
skaber,  and  old  English  to  shup,  kc.  to  shape,  make, 
or  do. 

The  *hupparr  that  Itucm  tkupte 
To  aUome  he  huem  thadde. 

Satire  oh  Horsemen. 

Wymmcn  were  tl*e  best*  thing, 

That  * hap  oar  beye  bcuene  kvng. 

MS.  Bari.  2233.  fol.  71.  b. 

Friendship  therefore  is  the  action,  the  work,  of  a 
friend  : Chaucer  uses  gladshipe. 

That  gladskipe  be  bath  tl  forsake. 

In  Danish  we  find  selkskab,  a fellowship ; in  Anglo- 
Saxon  eaUior-scipe,  cynescipe,  sib-scipe,  kc.  In  Ger- 
man htrrschafl,  eigenschaft,  gesellschafl,  kc.  kc. 

The  particle  scope,  in  landscape,  is  the  same  as  ship  ; 
for  wc  find  in  Anglo-Saxon  landscipe , in  Dutch  land- 
schap , and  in  Germun  landschaffl 
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Grammar  The  particle  head  or  hood  has  nothing  to  do  with 
the  common  nonn  head,  from  which  some  ignorant 
grammarians  have  supposed  it  to  be  derived.  It  is 
the  Saxon  had,  status,  and  is  probably  connected 
with  the  pronoun  hyt,  it.  In  Danish  the  purticle  is 
hedf  in  Gcrmun  heit,  and  keit.  licit  is  used  in  Frunkish 
as  a word  signifying  **  person  "—-e.gr.  der  antler  heit 
Gotcs  the  second  person  of  the  Divinity/’  We  find 
in  Frankish  magadheit  virginity,  uuipheit  woman- 
hood ; in  Anglo-Saxon  cniht-hade  childhood,  preost- 
kade  priesthood  j in  German  freyheit  freedom, 
tnenschhcit  human  nature,  einsamkeit  solitariness, 
seligkeit  happiness.  In  old  English  the  particle  head 
occurs  in  many  compounds  now  disused  ; as  yunghead, 
t cighthede,  fairehed,  brother  hale,  boldehed,  buy  bed,  &c. 

The  particle  ness  has  been  still  more  absurdly 
derived  from  the  French  nez,  the  nose.  How  any  human 
being  could  ever  have  dreamt  that  greatness,  in  the 
abstract,  was  named  from  a great  nose,  redness  from  a 
red  note,  or  sweetness  from  a sweet  nose,  it  is  diffi- 
cult to  conceive.  Ness  appears  to  be  nothing  more 
than  the  French  termination  ette,  preceded  by  the 
Saxon  infinitive  termination  en.  Thus  from  great 
would  be  formed  the  verb  greuten,  which  would  be 
converted  into  the  abstract  greaten-eue ; so,  sweet, 
sweeten,  sweeten-esse ; red,  redden,  redden-esse,  & c.  It 
must  not  however  he  omitted  that  the  learned  Hickcs, 
with  some  doubt,  suggests  this  termination  to  be 
taken  from  the  Gothic  eim. 

Ess  or  esse  is  a particle  common  to  the  Anglo- 
Saxons,  and  the  French;  and  it  is  probably  a mere 
corruption  of  the  Latin  termination  etia  or  ilia. 
Gower  uses  tristeue.  Some  old  English  words  ending 
in  ess  have,  by  modern  corruption,  been  used  as 
plurals ; such  arc  riches  and  alms,  anciently  richctse, 
and  almesse  or  elmeste. 

Dame  richeut  on  her  boade  gan  lede 
A yong  cuaa  full  of  wmclyhede.  Chaucer. 

Send*  god  biform  him  man. 

The  while  he  mni,  to  hruene  ; 

For  betere  U on  elmtut  biform, 

Thanoe  ben  after  acamc. 

Digby  MS.  (dre*  1066.) 

Besides  these  terminations  of  abstract  nouns,  we 
have,  from  the  Latin  and  French,  mice,  ence,  dge,  ery, 
owr,  ty,  as  in  finance,  credence,  courage , drapery,  honour, 
piety,  all  which  are  manifestly  framed,  in  the  Latin 
original,  by  combining  pronouns,  and  participial  termi- 
nations with  the  radical  word. 

Other  terminations  of  abstract  nouns  we  have  from 
Teutonic  sources  ; such  arc  ledge,  red , er,  th,  t,  &e. 
as  in  knowledge,  kindred,  sibred,  hunger,  murder,  death, 
sloth,  drift,  thrift.  Ledge  seems  to  be  formed  from 
lagen,  and  red  from  raden.  Thus  rtrdesmen,  in  King 
Henry  the  Third's  lettcr,are  counsellors,  and  in  Scotland 
they  still  say  “ I read  you  not  to  do  such  a thing,” 
for  “ I advise  you  not  to  do  it.”  Er,  th,  and  t are 
probably  remains  of  Teutonic  pronouns  ; the  two 
latter  are  still  used  in  the  conjugation  of  our  verbs. 
Hence  deaf  A is  that  which  dieth  or  maketh  to  die  ; 
drift  is  that  which  hath  driven j thrift  that  which  hath 
thriven,  &c. 

Ling  is  a diminutive,  which  Wachter  thinks  to  be 
derived  from  langen,  in  the  sense  of  tangere  or  of perti- 
nere ; thus  the  Anglo-Saxons  used  the  word  earth- ling 
for  a husbandman,  as  we  use  worldling  for  a man  of 
this  world. 


The  diminutive  et  is  from  the  French  ette  and  p^ick*. 
Italian  etto.  Thus  we  find  the  word  baronette  long  w— .y,— 
prior  to  its  institution  os  a separate  dignity  by  King 
James  I. 

But  be  wer  prdat,  other  baronntr. 

MS.  Colton,  Calig.  A-2.  fol.  .13. 

Mr.  Tyrwhit  thinks  that  doucet  w-as  the  name  of  a 
particular  kind  of  musical  instrument ; it  was  pro- 
bably no  more  than  our  adjective  dulcet. 

Titer  were  trumpc*  and  tnmijietos 

LowiU'  shul my*  and  demerits.  Lido att. 

i.e.  " there  were  large  and  small  instruments  of  the 
trump  kind  ; and  there  were  loud  and  soft  instruments 
of  the  shawm  kind/ 

Full,  less,  and  some  are  particles  which  give  an 
adjectival  force  to  a compound.  The  particles  full 
and  some  are  obviously  identical  with  the  words  full 
and  some.  The  particle  less,  in  such  words  as  hopeless, 
rest  leu,  deathless,  motionless,  &c.  Mr.  Tooke  explains 
to  be  the  imperative  les  - which  (he  says)  is  rfumis*. 

It  docs  not  appear  that  les  means  dismiss : and  if  it 
did,  how  arc  we  to  explain  by  dismiss,  the  word  (less) 
the  comparative  of  little.  It  is  well  known  that  many 
adjectives  are  used  aS  comparatives  which  have  little 
or  no  affinity  with  the  positives.  Thus  iftes'uwu  is 
used  as  the  comparative  of  a^aOU,  melior  of  bonus,  and 
Utter  of  good.  So  leu  seems  to  have  been  an  adjective 
originally  implying  iron/.  When  compared  with  little, 
therefore,  it  would  signify  that  quality  in  a stronger 
degree  : but  when  compounded  with  suck  words  os 
those  above  quoted,  it  might  denote  a total  want  or 
privation  of  the  ideas  they  express.  In  the  following 
instance,  it  appears  to  be  used  in  the  sense  of  wanting 
honour,  evil,  worthless,  as  we  now  say  a loose,  bad  man. 

By**ltopc*  nat  bsrouns  come  lo  live  kyngts  pcs. 

Am;  dca  Unit  wcrco  Ul»,  fykr.l,  wit  fa. 

MS.  Hart.  2253.  fol.  59.  b. 

Ish  is  a particle  of  very  ancient  and  general  use, 
as  in  reddish,  Turkish,  he.  It  signifies  “ of  the 
nature  or  substance  of  n thing  and  seems  to  have 
an  affinity  to  the  Greek  verb  €<V*>  and  termination 
ucoi.  It  is  undoubtedly  the  German  ische,  the  Dutch 
sche,  the  Frankish  isc,  the  Italian  esco,  and  the  French 
es^ue.  In  the  Edda  of  Sxuvyin,  the  first  roan  (or 
perhaps  the  first  substance)  is  called  ask. 

Unst  thriar  cornu  ur  thui  lide. 

Until  three  came  out  of  that  company. 

Auffigir  og  astgier  user  ad  htue. 

Powerful  and  lovely  asans  to  the  house. 

Hindu  a lande  lyte  meigande. 

They  found  on  the  land  powerless. 

Ask  og  emblo  ocrloeg  lausa. 

Ask  And  emblo  strengthlcss. 

" Ab  hoc  asko  vcl  atsco,  primo  condito  hoinine,” 
says  Hickes,  “ venit  proprium  nomen  ttsc  apud 
Anglo-Saxones and  he  cites  various  instances  in 
which  asc  appears  to  have  the  general  signification 
of  man. 

Ard  is  an  adjectival  particle  somewhat  similar  in 
efTect  to  ish,  but  appearing  to  have  been  derived  into 
English  immediately  from  the  French.  We  find  in 
old  English  /yard,  bayard,  blaunchard,  trichard,  caynard, 

&c.  now  obsolete  ; but  we  still  retain  drunkard,  coward, 
braggart,  and  Home  others.  It  seems  to  exist,  as  a 
word,  in  the  Scottish  airt,  a ounrter  of  the  heavens  or 
portion  of  the  earth. 
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Grammar.  The  adjectival  particle  trite  we  have  already  shown 
to  be  the  same  as  the  word  guise . Right  wise  has  been 
corrupted  into  righteous. 

It  is  scarcely  necessary  to  dwell  on  such  particles 
as  mis  from  the  verb  to  miu — wan  (as  in  the  Scottish 
uanchaiuy)  front  the  noun  want — -fold  as  in  twofohl, 
from  the  verb  to  fold — the  Latin  plex,  as  in  duplex 
from  the  verb  plico.  We  have  specified  enough  to 
show,  th.it  the  generality  of  particles  which  serve  the 
purpose  of  changing  the  grammatical  class  to  which 
a word  belongs,  originally  existed  in  a separate  shape, 
as  significant  words. 

Declension  It  is  certainly  not  so  easy  to  prove  that  the  particles 
and  conju-  used  ill  the  declension  of  nouns  and  conjugation  of 
gallon.  verbs  were  originally  significant  words';  yet  we 
cannot  but  agree  with  Mr.  Tookb  that  there  is  good 
reason  to  believe  that  they  were. 

One  forcible  reason  for  this  opinion  is,  that  what 
is  done  in  some  languages  by  terminations,  is  done  in 
other  languages  by  separate  words,  by  prepositions,  by 
adverbs,  by  auxiliary  verbs,  ice. ; but  we  have  already 
shown,  that  not  only  the  auxiliary  verbs,  but  the 
adverbs  and  prepositions,  were  significant ; and  hence 
it  is  reasonable  to  infer  that  what  stands  in  their  place 
is  significant  also. 

The  noun  substantive,  for  instance,  in  some  lan- 

fuages  may  be  varied  in  gender,  number  and  cose, 
y its  terminations.  Thus  the  Latins  expressed  the 
children  of  the  two  sexes  by  the  words  pucr  and 
puclla.  Paer  signifies  what  we  mean  by  a man-child. 
Wc  have  therefore  reason  to  believe,  that  as  man  is  a 
word  significant  of  a mule  of  the  human  kind,  so  er 
when  standing  alone  had  a similar  signification  : and 
in  fact  wc  find  that  er  is  to  this  day  the  German  mas- 
culine pronoun  he.  Puella  signifies  a girl  : if  we  call 
pu-er  a he- child,  we  may  call  pu-ella  a she -child .-  and 
in  fact  ilia  is  the  Latin  feminine  pronoun  the.  In  like 
manner  our  feminine  particle  ess,  as  in  shepherdess,  is 
found  in  the  Italian  pronoun  essa,  she. 

The  terminations  of  number  and  case,  are  not 
very  clearly  to  be  traced  to  their  origin  ; but  they 
seem  in  general  to  be  pronouns.  Thus  the  nomina- 
tive case  lapis  a stone,  is  evidently  made  up  of  two 
parts,  lap,  which  conveys  the  conception  of  stone 
through  all  its  inflections,  and  a,  which  distinguishes 
this  particular  case.  Now  is  is  a Latin  pronoun.  So 
we  think  the  final  o in  homo,  is  the  Greek  article  «, 
and  the  final  a in  muta  the  Greek  article  tj. 

In  nouns  adjective,  we  have  already  said  that  the 
termination  ly  is  the  Gothic  substantive  leik,  body  ; and 
if  the  hj  in  greatly  have  a separate  meaning,  it  is  pro- 
bable that  the  er  and  est  in  greater  and  greatest,  have 
also  separate  meanings. 

Various  explanations  have  been  attempted  of  the  ter- 
minations of  the  Latin  and  Greek  verbs:  and  though 
they  may  none  of  them  be  perfectly  satisfactory 
throughout,  yet  it  can  hardly  fail  to  be  admitted, 
that  some  of  the  particles  have  a connection  with 
the  words  to  which  they  have  been  traced,  'liras  in 
capiam,  copies,  eapiet,  the  termination  am  has  certainly 
some  analogy  to  the  Latin  me,  or  the  Greek  *p*  j the 
termination  et  to  av,  and  the  termination  et  to  rr». 
M.  de  Brasses,  after  following  the  radical  sound  cap 
through  all  its  developementa  in  the  verb  capio,  con- 


cludes with  a just  observation.  *r  Toute  celte  com- 
position est  Touvroge  non  d une  combinoison  reflechie, 
ni  d’une  philosophic  roisonnle  mais  d une  inetapby- 
aique  d'inatinct."  Now  instinct  could  never  have  led 
men  to  form  a complicated  and  beautiful  system  out 
of  sounds  altogether  unmeaning , but  it  might  easily 
lead  to  the  gradual  combination  of  known  elements, 
until  they  formed  at  length  the  complete  structure  of 
a language. 

As  the  effect  of  a particle  in  declension  or  conjuga- 
tion is  sometimes  supplied  by  a word ; so  on  the  other 
hand  it  is  sometimes  produced  by  a mere  change  in 
articulation  : and  this  seems  to  be  natural  to  mankind, 
because  we  find  it  in  different  languages,  and  in  very 
various  languages,  and  in  very  various  ways,  as  rtrrrw, 
rturu — cap  to,  cepi — sing,  sang — man,  men,  &c. 

Lastly  we  must  observe,  that  there  are  numerous 
causes  of  anomaly  in  language,  which  render  it  more 
particularly  difficult  to  systematise  and  explain  the 
minor  portions  of  speech,  such  as  the  prepositions, 
auxiliary  verbs,  and  particles.  One  of  these  causes  is 
a mistaken  notion  of  analogies  between  particular 
words,  where  no  such  analogy  exists.  Thus  our  word 
further,  which  was  the  comparative  of  forth,  has 
been  supposed  by  many  persons  to  be  the  compa- 
rative of  far,  and  has  therefore  been  erroneously 
written  farther.  A still  more  striking  instance  is  that 
of  the  word  coud,  which  we  always  pronounce  pro- 
perly, but  spell  could,  inserting  the  l,  without  any 
reason  whatever,  but  that  there  is  an  l in  would  and 
should.  The  two  latter  words  are  from  the  Anglo- 
Saxon  trills  and  tccal,  the  former  Is  from  the  Anglo- 
Saxon  ewethan  ; and  was  always  written  in  old  English 
couthe,  cow  the , or  coude. 

Thai  though  he  had  me  bet*  od  every  boot, 

He  coutAt  wiuue  agea  my  love  anonc.  Chaccki. 

He  thovght  to  taste  if  be  co uthe, 

Anti  on  be  put  in  bis  moirtii.  Sir  CUget. 

Sir,  quod  this  knyght  myltl  of  speclie, 

Wold  God  1 row  Mr  your  sonue  teebe  ! 

Lyft  of  J/ncmydem. 

Ae  he  no  coutht  neuer  mo 

Chesc  the  better  of  hem  to.  Ami*  and  AmtUmn. 

W incite  vat  right  dUplesaot  tn  the  kyug,  but  be  eonde  nai 
amende  It.  Berners'*  Froissart,  fol.  -13. 

Another  and  a more  effective  cause  of  anomaly  is 
the  love  of  euphony,  or  easy  pronunciation,  which 
leads  the  ignorant  especially  to  corrupt  words  by 
abbreviations  and  changes,  os  Godild  f for  God  yclde, 
i.  c.  reward  him.  Gossip  for  god-sib,  & c. 

Allowing  for  the  obscurities  which  these  and  other 
causes  spread  over  the  minor  portions  of  speech,  it 
may  fairly  be  said,  that  in  regard  to  particles,  as  well 
as  to  words,  we  have  established  the  great  principle  of 
transition , by  which  significant  sounds  pass  from  out 
class  and  description  of  signs  into  another.  The  noun 
or  verb  becoming  a particle,  and  the  particle  coalescing 
with  another  verb  or  noun,  serve  to  modify  tbeir  signi- 
fication, and  determine  their  grammatical  use.  And, 
finally,  wc  may  conclude,  that  language  is,  throughout, 
a combination  of  significant  sounds,  fitted  to  express 
thoughts  and  emotions,  os  they  exist  interchangeably 
in  the  human  mind. 
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Logic.  Lome  in  the  most  extensive  sense  which  it  can  with 
propriety  be  made  to  bear,  may  be  considered  as  the 
Science  and  also  as  the  Art  of  Reasoning.  It  investigates 
the  principles  on  which  argumentation  is  conducted, 
and  furnishes  rules  to  secure  the  mind  from  error  in 
its  deductions.  Its  most  appropriate  office,  however, 
is  that  of  instituting  an  analysis  of  the  process  of  the 
mind  in  Reasoning  : and  in  this  point  ot  view  it  is,  as 
has  been  stuted,  strictly  a Science  : while  considered 
in  reference  to  the  practical  rules  above  mentioned,  it 
may  be  called  the  Art  of  Reasoning.  This  distinction, 
as  will  hereafter  Appear,  has  been  overlooked,  or  not 
clearly  pointed  out  by  most  writers  on  the  subject,  Logic 
having  been  in  general  regarded  as  merely  an  Art ; 
and  its  claim  to  hold  a place  among  the  Sciences  having 
been  expressly  denied. 

Considering  how  early  Logic  attracted  the  attention 
of  philosophers,  it  may  appear  surprising  that  so 
little  progress  should  have  been  made,  as  is  confes- 
sedly the  case,  in  developing  its  principles,  and  per- 
fecting the  detail  of  the  system  : and  this  circum- 

stance has  been  brought  forward  as  a proof  of  the 
barrenness  and  futility  of  the  study.  But  a similar 
argument  might  have  been  urged  with  no  less  plausi- 
bility, in  past  ages,  against  the  study  of  Natural  Phi- 
losophy, and  very  recently  against  that  of  Chemistry. 
No  Science  can  be  expected  to  make  any  considerable 
progress,  which  is  not  cultivated  on  right  principles. 
Whatever  may  be  the  inherent  vigour  of  the  plant,  it 
will  neither  be  flourishing  nor  fruitful  till  it  nuvt  with 
a suitable  soil  and  culture  ; and  in  no  case  is  the  remark 
more  applicable  than  in  the  present  ; the  greatest 
mistakes  having  always  prevailed  respecting  the  nuture 
of  Log  ic,  and  its  province  having  in  consequence  been 
extended  by  many  writers  to  subjects  with  which  it 
has  no  proper  connection.  Indeed,  with  the  exception 
of  Aristotle,  (who  is  himself  not  entirely  exempt  from 
the  errors  in  question,)  hardly  a writer  on  Logic  can 
be  mentioned  who  has  clearly  perceived,  and  steadily 
kept  in  view  throughout,  its  real  nature  and  object. 
Before  his  time,  no  distinction  was  drawn  between 
the  Science  of  which  we  are  speaking,  and  that  which  is 
now  usually  called  Metaphysics  : a circumstance  which 
alone  shews  how  small  was  the  progress  made  in 
earlier  times.  Indeed  those  who  first  turned  their 
attention  to  the  subject,  hardly  thought  of  inquiring 
into  the  process  of  Reason  itself,  but  confined  them- 
selves almost  entirely  to  cerUiin  preliminary  points, 
the  discussion  of  which  is  (if  logically  considered) 
subordinate  to  that  of  the  main  inquiry. 

VOL.  I. 


Zeno  the  Elcatic,  whom  most  accounts  represent  Iniroduc- 
as  the  earliest  systematic  writer  on  the  subject  of  tory 
Logic,  or  as  it  was  then  called,  Dialectics,  divided  his 
work  into  three  parts  ■,  the  first  of  which  (upon  Con-  ' V 

sequences)  is  censured  by  Socrates  [Plato,  Pam  i«i.] 
for  obscurity  and  confusion.  In  his  second  |»ort, 
however,  he  furnished  that  interrogatory  method  of 
disputation  [^erynt]  which  Socrates  adopted, 
ami  which  has  since  borne  bis  name.  The  third  part 
of  his  w ork  was  devoted  to  wbat  may  not  improperly 
be  termed  the  art  of  wrangling,  [c/uvTtct)]  which  sup- 
plied the  disputant  with  a collection  of  sophistical 
questions,  so  contrived  that  the  concession  of  some 
point  which  seemed  unavoidable,  immediately  involved 
some  glaring  absurdity.  This,  if  it  is  to  be  esteemed 
as  at  all  falling  within  the  province  of  Logic,  is  cer- 
tainly not  to  be  regarded  (as  some  have  ignorantly  or 
heedlessly  represented  it)  os  its  principal  or  proper 
business.  The  Greek  philosophers  generally  have 
unfortunately  devoted  too  much  attention  to  it  : but 
wc  must  beware  of  falling  into  the  vulgar  error  of 
supposing  the  ancients  to  have  regarded  as  a serious 
and  intrinsically  important  study,  that  which  in  fact 
they  considered  as  an  ingenious  recreation.  The  dispu- 
tants diverted  themselves  in  their  leisure  hours  by 
making  trial  of  their  own  and  their  adversary's  acute- 
ness, in  the  endeavour  mutually  to  perplex  each  other 
with  subtle  fallacies , much  in  the  same  way  as  men 
amuse  themselves  with  propounding  and  guessing 
riddles,  or  with  the  game  of  chess  ; to  each  of  whicn 
diversions  the  sportive  disputations  of  the  ancients 
bore  much  resemblance.  They  were  closely  analogous 
to  the  wrestling  and  other  exercises  of  the  gymnasium, 
these  last  being  reckoned  conducive  to  bodily  vigour 
and  activity,  as  the  former  were  to  habits  of  intellec- 
tual acuteness  ; but  the  immediate  object  in  each  was 
a sportive,  not  a serious  contest ; though  doubtless 
fashion  and  emulation  often  occasioned  on  undue 
importance  to  be  attached  to  success  in  each. 

Zeno  then  is  hardly  to  be  regarded  as  any  further  a 
logician  than  as  to  what  respects  his  emtetic  method 
of  disputation  ; a course  of  argument  constructed  on 
this  principle  being  properly  an  hypothetical  sorites, 
which  may  easily  be  reduced  into  a series  of  syllo- 
gisms. 

To  Zeno  succeeded  Euclid  of  Megara,  and  Antis- 
thenes,  both  pupils  of  Socrates.  The  former  of  these 
prosecuted  the  subject  of  the  third  part  of  his  prede- 
cessor's treatise,  und  is  said  to  have  been  the  author 
of  many  of  the  fallacies  attributed  to  the  Stoical  scbooL 
2 o 
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Logic.  Of  the  writings  of  the  latter  nothing  certain  is  known : 
if,  however,  we  suppose  the  above  mentioned  sect  to 
be  his  disciples  in  this  study,  and  to  have  retained  his 
principles,  he  certainly  took  a more  correct  view  of 
the  subject  than  Euclid.  The  Stoics  divided  all  Xckto, 
every  thing  that  could  lie  said,  into  three  classes : 
1st,  the  simple  term ; ‘2d.  the  proposition  ; 3d.  the 
syllogism  ; viz.  the  hypothetical  t for  they  seem  to 
have  had  little  notion  of  a more  rigorous  analysis  of 
argument  than  into  that  familiar  form. 

We  must  not  here  omit  to  notice  the  merits  of 
Archytus,  to  whom  we  are  indebted  for  the  doctrine 
of  the  categories.  He,  however,  (as  well  as  the  other 
writers  on  the  subject,)  appears  to  have  had  no  dis- 
tinct view  of  the  proper  object  and  just  limits  of  the 
science  of  Logic  ; but  to  have  blended  with  it  Meta- 
physical discussions  not  strictly  connected  with  it, 
and  to  have  dwelt  on  the  investigation  of  the  nature 
of  terms  and  propositions,  without  maintaining  a con- 
stant reference  to  the  principles  of  Reasoning,  to 
which  all  the  rest  should  be  made  subservient. 

The  state  then  in  which  Aristotle  found  the  Science, 
(if  indeed  it  can  properly  be  said  to  have  existed  at  all 
before  his  time,)  appears  to  have  been  nearly  this  : 
the  division  into  simple  terms,  propositions  and  syllo- 
gisms, had  been  slightly  sketched  out ; the  doctrine 
of  the  categories,  and  perhaps  that  of  the  opposition 
of  propositions,  had  been  laid  down;  and,  as  some 
believe,  the  analysis  of  species  into  genus  and  diffe- 
rentia, had  been  introduced  by  Socrates.  These,  at 
best,  were  rather  the  materials  of  the  system  than  the 
system  itself ; the  foundation  of  which  indeed  he  dis- 
tinctly claims  the  merit  of  having  laid  ; and  which 
remains  fundamentally  the  same  as  he  left  it. 

It  has  been  remarked,  that  the  Logical  system  is  one 
of  those  few  theories  which  have  been  begun  and  per- 
fected by  the  same  individual.  The  history  of  its  dis- 
covery, as  far  as  the  main  principles  of  the  science  arc 
concerned,  properly  commences  and  ends  with  Aris- 
totle. And  this  may  perhaps  in  part  account  for  the 
subsequent  perversions  of  it.  'The  brevity  and  sim- 
plicity of  its  fundamental  truths,  (to  which  indeed  all 
real  science  is  perpetually  tending,)  has  probably  led 
many  to  suppose  that  something  much  more  com- 
plex, abtruse,  and  mysterious,  remained  to  be  disco- 
vered. The  vanity  by  which  all  men  are  prompted 
unduly  to  magnify  their  own  pursuits,  has  led  unphi- 
losuphtcal  minds,  not  in  this  case  alone,  but  in  many 
others,  to  extend  the  boundaries  of  their  respective 
Sciences,  not  by  the  patient  developement  and  just 
application  of  the  principles  of  those  Sciences,  but  by 
wandering  into  irrelevant  subjects.  The  mystical  em- 
ployment of  numbers  by  Pythagoras,  in  matters 
utterly  foreign  to  Arithmetic,  is  perhaps  the  earliest 
instance  of  the  kind.  A more  curious  and  important 
one  is  the  degeneracy  of  Astronomy  into  judicial  Astro- 
logy; blit  none  is  more  striking  than  the  misapplica- 
tion of  Logic,  by  those  who  have  treated  of  it  as 
“ the  art  of  rightly  employing  the  rational  faculties/' 
or  who  have  intruded  it  into  the  province  of  Natural 
Philosophy,  and  regarded  the  syllogism  as  an  engine 
for  the  investigation  of  nature : overlooking  the  bound- 
less field  that  was  before  them  within  the  legitimate 
limits  of  the  Science  ; and  not  perceiving  the  import- 
ance and  difficulty  of  the  task  of  completing  and 
properly  filling  up  the  masterly  sketch  before  them. 
The  writings  of  Aristotle  were  not  only  absolutely 


lost  to  the  world  for  about  two  centuries,  but  seem  to  latm**. 
have  been  but  little  studied  for  a long  time  after  their  *ol7 
recovery.  An  Art,  however,  of  Logic,  derived  from  l‘s<ctltjr"j 
the  principles  traditionally  preserved  by  his  disciples,  v 
seems  to  have  been  generally  known,  and  was  em- 
ployed by  Cicero  in  bis  philosophical  works  ; but  the 
pursuit  of  the  science  seems  to  have  been  abandoned 
for  a long  time.  Early  in  the  Christian  era,  the  Peripa- 
tetic doctrines  experienced  a considerable  revival ; and 
we  meet  with  the  names  of  Galen  and  Porphyry  as 
Logicians : but  it  is  not  till  the  fifth  century  that  Aris- 
totle's Logical  works  were  translated  into  Latin  by  the 
celebrated  Boethius.  Not  one  of  these  seems  to  have 
made  any  considerable  advances  in  developing  the 
Theory  of  Reasoning.  Of  Galen's  labours  little  is 
known  ; and  Porphyry’s  principal  work  is  merely  on 
the  predicables.  We  have  little  of  the  Science  till  the 
revival  of  learning  among  the  Arabians,  by  whom 
Aristotle’s  treatises  on  this  as  well  as  on  other  subjects 
were  eagerly  studied. 

Passing  by  the  names  of  some  Byzantine  writers  of 
no  great  importance,  we  conic  to  the  times  of  the 
Schoolmen,  whose  waste  of  ingenuity  and  frivolous 
subtilty  of  disputation  need  noi  be  enlarged  upon.  It 
may  be  sufficient  to  observe,  that  their  fault  did  not 
lie  in  their  diligent  study  of  Logic,  and  the  high 
value  they  set  upon  it,  but  in  their  utterly  mistaking 
the  true  nature  and  object  of  the  science  ; and  by 
attempting  to  employ  it  for  the  purpose  of  physical 
discoveries,  involving  every  subject  in  a mist  of 
words,  to  the  exclusion  of  sound  philosophical  inves- 
tigation. Their  errors  may  serve  to  account  for  the 
strong  terms  in  which  Bacon  sometimes  appears  to 
censure  logical  pursuits  ; but  that  this  censure  was 
intended  to  hear  against  the  extravagant  perversions, 
not  the  legitimate  cultivation  of  the  Science,  may  be 
proved  from  his  own  observations  on  the  subject,  in 
his  Advancement  of  Learning. 

His  moderation,  however,  was  not  imitated  in  other 
quarters.  Even  Locke  confounds  in  one  sweeping 
censure  the  Aristotelic  theory,  with  the  absurd  misap- 
plications and  perversions  of  it  in  later  years.  His 
objection  to  the  Science,  as  unserviceable  in  the  disco- 
very of  truth,  (which  has  of  lute  been  often  repeated ) 
while  it  holds  good  in  reference  to  many  (misnamed) 
Logicians,  indicates  that  with  regard  to  thetruc  nature 
of  the  Science  itself  he  had  no  clearer  notions  than  they 
have,  of  the  proper  province  of  Logic,  viz.  Reasoning  ; 
and  of  the  distinct  character  of  that  operation  from  the 
observations  and  experiments  which  are  essential  to 
the  study  of  nature. 

An  error  apparently  different,  but  substantially  the 
same,  pervades  the  treatises  of  Watts  and  other 
modem  writers  on  the  subject.  Perceiving  the  inade- 
quacy of  the  syllogistic  theory  to  the  vast  purposes  to 
which  others  had  attempted  to  apply  it,  he  still  craved 
after  the  attainment  of  some  equally  comprehensive 
and  all-powerful  system  ; which  he  accordingly 
attempted  to  construct,  under  the  title  of  The  Right 
Use  of  Reason  ; which  was  to  be  a method  of  invigo- 
rating and  properly  directing  all  the  powers  of  the 
mind  : a most  magnificent  object  indeed,  but  one 
which  not  only  does  not  fall  under  the  province  of 
Logie,  but  cannot  be  accomplished  by  any  one  Science 
or  system  that  can  even  be  conceived  to  exist.  The 
attempt  to  comprehend  so  wide  a field  is  no  extension 
of  Science,  but  a mere  verbal  generalization,  which 
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Logic.  leads  only  to  vague  and  barren  declamation.  In  every 
— pursuit,  the  more  precise  and  definite  our  object,  the 
more  likely  we  are  to  attain  some  valuable  result  ; if, 
like  the  Platonists,  who  sought  after  the  a^d'/aOof, 
the  abstract  idea  of  good,  we  pursue  some  specious 
nut  ill-defined  scheme  of  universal  knowledge,  we 
shall  lose  the  substance  while  grasping  at  a shadow, 
and  bewilder  ourselves  in  empty  generalities. 

It  is  not  pcrhope  much  to  be  wondered  at,  that  in 
still  later  times  several  ingenious  writers,  forming 
their  notions  of  the  Science  itself  from  professed 
masters  in  it,  such  as  have  just  been  alluded  to,  and 
judging  of  its  value  from  their  failures,  should  have 
treated  the  ArUtotelic  system  with  so  much  reproba- 
tion and  scorn.  Too  much  prejudiced  to  bestow  on  it 
the  requisite  attention  for  enabling  them  clearly  to 
understand  its  real  character  and  object,  or  even  to 
judge  correctly  from  the  little  they  did  understand, 
they  have  assailed  the  study  with  a host  of  objections, 
so  totally  irrelevant,  and  consequently  impotent,  that, 
considering  the  talents  and  general  information  of 
those  from  whom  they  proceed,  they  might  excite 
astonishment  in  any  one  who  did  not  fully  estimate 
the  force  of  very  early  prejudice. 

Logic  has  usually  been  considered  by  these  objectors 
as  professing  to  furnish  a peculiar  method  of  Reason- 
ing, instead  of  a method  of  analyzing  that  mental  pro- 
cess which  must  invariably  lake  place  in  all  correct 
Reasoning;  and  accordingly  they  have  contrasted  the 
ordinary  mode  of  reasoning  with  (he  syllogistic  ; and 
have  brought  forward  with  an  air  of  triumph  the  argu- 
mentative skill  of  many  who  never  learned  the  system : 
a mistake  no  less  gross  than  if  any  one  should  regard 
Grammar  as  a peculiar  language,  and  contend  against 
its  utility  on  the  ground  that  many  speak  correctly 
who  never  studied  the  principles  of  Grammar  ; 
whereas  Logic,  which  is,  as  it  were,  the  Grammar  of 
Reasoning,  does  not  bring  forward  the  regular  syllo- 
gism us  a distinct  mode  of  argumentation,  designed  to 
be  substituted  for  any  other  mode ; but  as  the  form  to 
which  all  correct  Rcosoningmay  be  ultimately  reduced, 
and  which  consequently  serves  the  purpose  (when  we 
arc  employing  Logic  as  an  Art)  of  a test  to  try  the 
validity  of  any  argument,  in  the  same  manner  as  by 
chemical  analysis  we  develope  and  submit  to  a distinct 
examination  the  elements  of  which  any  compound 
body  is  composed,  and  are  thus  enabled  to  detect  any 
latent  sophistication  and  impurity. 

Complaints  have  also  been  made  that  Logie  leaves 
untouched  the  greatest  difficulties,  and  those  which 
are  the  sources  of  the  chief  errors  in  Reasoning ; viz.  the 
ambiguity  or  indistinctness  of  terms,  and  the  doubts 
respecting  the  degrees  of  evidence  in  various  proposi- 
tions : an  objection  which  is  not  to  be  removed  by 
any  such  attempt  os  that  of  Watts  to  lay  down  “ rules 
for  forming  clear  ideas,  and  for  guiding  the  judgment;’* 
but  by  replying  that  no  Art  is  to  be  censured  for  not 
teaching  more  than  falls  within  its  province,  and 
indeed  more  than  can  be  taught  by  any  conceivable 
art.  Such  a system  of  universal  knowledge  as  should 
instruct  us  in  the  full  meaning  of  every  term,  and  the 
truth  or  falsity,  certainty  or  uncertainty,  of  every 
proposition,  thus  superseding  all  other  studies,  it  is 
most  unphilosnphicnl  to  expect  or  even  to  imagine. 
And  to  find  fault  with  Logic  for  not  performing  this 
is  as  if  one  should  object  to  the  Science  of  Optics  for 
not  giving  sight  to  the  blind  ; or  as  if  (like  the  man 
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of  whom  Warburton  tells  a story  in  his  Div.  Leg.)  one  lotrndur. 
should  complain  of  a reading  glass  for  being  of  no 
service  to  a person  who  had  never  learned  to  read. 

In  fact,  the  difficulties  and  errors  above  alluded  to  v 
are  not  in  the  process  of  Reasoning  itself,  (which  alone 
is  the  appropriate  province  of  Logic,)  but  in  the  sub- 
ject matter  about  which  it  is  employed.  This  process 
will  have  been  correctly  conducted  if  it  have  con- 
formed to  the  Logical  rules  which  preclude  the  possi- 
bility of  any  error  creeping  in  between  the  principles 
from  which  we  ore  arguing,  and  the  conclusions  wc 
deduce  from  them.  But  still  that  conclusion  may  be 
false,  if  the  principles  wc  start  from  are  so.  In  like 
manner,  no  Arithmetical  skill  will  secure  a correct 
result  to  a calculation,  unless  the  data  are  correct 
from  which  we  calculate  ; nor  does  any  one  on  that 
account  undervalue  Arithmetic  ; and  yet  the  objection 
against  Logic  rests  on  no  better  foundation. 

There  is  in  fact  a striking  analogy  in  this  respect 
between  the  two  lienees.  All  numbers  (which  are 
the  subject  of  Arithmetic)  must  be  numbers  of  tome 
things,  whether  coins,  persons,  measures,  or  any  thing 
else ; but  to  introduce  into  the  Science  any  notice  of 
the  thmgt  respecting  which  calculations  ore  made, 
would  be  evidently  irrelevant,  and  would  destroy  its 
scientific  characters  : we  proceed  therefore  with  arbi- 
trary signs  representing  numbers  in  the  abstract.  So 
also  docs  Logic  pronounce  on  the  validity  of  a regu- 
larly-constructed argument  equally  well,  though 
orbit* ary  symbols  may  have  been  substituted  for  the 
terms,  und  consequently  without  any  regard  to  the 
things  signified  by  those  terms.  And  the  proliability 
of  doing  this  (though  the  employment  of  6urh  arbi- 
trary symbols  has  been  absurdly  objected  to,  even  by 
writers  who  understood  not  only  Arithmetic  but  Alge- 
bra) is  a proof  of  the  strictly  scientific  character  of  the 
system.  But  many  professed  Logical  writers,  not 
attending  to  the  circumstances  which  have  been  just 
mentioned,  have  wandered  into  disquisitions  on  various 
branches  of  knowledge  ; disquisitions  which  must 
evidently  be  as  boundless  as  human  knowledge  itself, 
since  there  is  no  subject  on  which  Reasoning  is  not 
employed,  and  to  which  consequently  Logic  may  not 
be  applied.  The  fcrror  lies  in  regarding  every  thing  as 
the  proper  province  of  Logic,  to  which  it  is  applicable. 

A similar  error  is  complained  of  by  Aristotle,  as  haring 
taken  place  with  res|iect  to  Rhetoric  of  which  indeed 
we  find  specimens  in  the  arguments  of  several  of  the 
interlocutors  in  Cie.  de  Oratore. 

From  what  has  been  said,  it  will  be  evident  that 
there  is  hardly  any  subject  to  w hich  it  is  so  difficult 
to  introduce  the  student  in  a clear  and  satisfactory 
manner,  as  the  one  we  are  now  engaged  in.  In  any 
other  branch  of  knowledge,  the  reader,  if  he  have 
any  previous  acquaintance  with  the  subject,  will 
usually  be  so  far  the  better  prepared  for  comprehend- 
ing the  exposition  of  the  principles;  or  if  he  be 
entirely  a stranger  to  it,  will  at  least  come  to  the 
study  with  a mind  unbiassed,  and  free  from  prejudices 
and  misconceptions ; whereas  in  the  present  case  it 
cannot  but  happen  that  many  who  have  given  some 
attention  to  Logical  pursuits,  (or  w hat  are  usually  con- 
sidered as  such)  will  frequently  have  rather  been 
l>ewi!dered  by  fundamentally  erroneous  views,  than 
prepared  by  the  acquisition  of  just  principles  for  ulte- 
rior progress  ; and  that  not  a few  who  pretend  not  to 
any  acquaintance  whatever  with  the  Science,  will  yet 
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Logic-  have  imbibed  either  such  prejudices  against  it,  or  such 
“‘■'v*— false  notions  respecting  its  nature,  as  cannot  but  prove 
obstacles  in  their  study  of  it 

There  is,  however,  a difficulty  which  exists  more 
or  less  in  all  abstract  pursuits,  though  it  is  perhaps 
more  felt  in  this,  and  often  occasions  it  to  be  rejected 
by  beginners  os  dry  and  tedious  ; via.  the  difficulty  of 
perceiving  to  what  ultimate  end, — to  what  practical 
or  interesting  application  the  abstract  principles  lead 
which  are  first  laid  before  the  student j so  that  he 
will  often  have  to  work  his  way  patiently  through  the 
most  laborious  part  of  the  system  before  he  can  gain 
any  dear  idea  of  the  drift  and  intention  of  it. 

This  complaint  has  often  been  made  by  chemical 
students,  who  are  wearied  with  descriptions  of  oxygen, 
hydrogen,  and  other  invisible  elements,  before  they 
have  any  knowledge  respecting  such  bodies  as  com- 
monly present  themselves  to  the  senses.  And  accord- 
ingly some  teachers  of  Chemistry  obviate  in  a great 
degree  this  objection,  by  adopting  the  analytical 
instead  of  the  synthetical  mode  of  procedure,  when 
they  are  first  introducing  the  subject  to  beginners  •, 
».  e.  instead  of  synthetically  enumerating  the  elemen- 
tary substances,  proceeding  next  to  the  simplest  com- 
binations of  these,  and  concluding  with  those  more 
complex  substances  which  are  of  the  most  com- 
mon occurrence,  they  begin  by  analyzing  these  last, 
and  resolving  them  step  by  step  into  their  simple 
elements ; thus  presenting  the  subject  at  once  in  an 
interesting  point  of  view,  and  clearly  setting  forth  the 
object  of  it.  The  synthetical  form  of  teaching  is 
indeed  sufficiently  interesting  to  one  who  has  made 
considerable  progress  in  any  study  ; and  being  more 
concise,  regular,  and 'systematic,  is  the  form  in  which 
our  knowledge  naturally  arranges  itself  in  the  mind, 
and  is  retained  by  the  memory  : but  the  analytical  is 
the  more  interesting,  cosy,  and  natural  kind  of  intro- 
duction, as  being  the  form  in  which  tbe  first  invention 
or  discovery  of  any  kind  of  system  roust  originally  have, 
taken  place. 

It  may  be  advisable,  therefore,  to  begin  by  giving 
a slight  sketch,  in  this  form,  of  the  Logical  system, 
before  we  enter  regularly  upon  the  details  of  it.  The 
reader  will  thus  be  presented  with  a kind  of  imaginary 
history  of  the  course  of  inquiry  by  which  the  Logical 
system  may  be  conceived  to  have  occurred  to  a 
philosophical  mind. 

In  every  instance  in  which  wc  reason,  in  the  strict 
sense  of  the  word,  i.  e.  make  use  of  arguments,  whe- 
ther for  the  sake  of  refuting  an  adversary,  or  of  con- 
veying instruction,  or  of  satisfying  our  own  minds  on 
any  point,  whatever  may  be  the  subject  we  are  engaged 
on,  a certain  process  takes  place  in  the  mind,  which 
is  one  and  the  same  in  all  cases,  provided  it  be 
correctly  conducted. 

Of  course  it  cannot  be  supposed  that  every  one  is 
even  conscious  of  this  process  in  his  own  mind,  much 
less  is  competent  to  explain  the  principles  on  which  it 
proceeds  ; which  indeed  is,  and  cannot  but  be,  the 
case  with  every  other  process  respecting  which  any 
system  has  been  formed  ; the  practice  not  only  may 
exist  independently  of  the  theory,  but  must  have  pre- 
ceded the  theory ; there  must  have  been  language 
before  a system  of  Grammar  could  be  devised  ; and 
musical  compositions  previous  to  the  science  of  Music. 
This  by  the  way  will  serve  to  expose  the  futility  of 
tbe  popular  objection  against  Logic,  that  men  may 


reason  very  well  who  know  nothing  of  it.  The  Iotrwlnc- 
parallel  instance  adduced,  shews  that  such  an  objec- 
lion  might  be  applied  in  many  other  cases,  where  its  v StfCt>"f1'; 
absurdity  would  be  obvious  ; and  that  there  is  no  ren- 
son  Car  deciding  thence,  either  that  the  system  has  no 
tendency  to  improve  practice,  or  that  even  if  it  had 
not,  it  might  not  still  be  a dignified  and  interesting 
pursuit. 

One  of  the  chief  impediments  to  the  attainment  of 
a just  view  of  the  nature  and  object  of  Logic,  is  the 
not  fully  understanding,  or  not  sufficiently  keeping  in 
mind,  the  samenxsb  of  the  Reasoning  process  in  all 
cases  ; if,  as  the  ordinary  mode  of  speaking  would 
seem  to  indicate.  Mathematical  Reasoning,  and  Theo- 
logical, and  Metaphysical,  and  Political,  &c.  were 
essentially  different  from  each  other,  i.  e.  different 
kinds  of  reasoning,  it  would  follow,  that  supposing 
there  could  be  at  all  any  such  Science  as  wc  have 
described  Logic,  there  must  be  so  many  different 
species,  or  at  least  different  branches  of  Logic.  And 
such  is  perhaps  the  most  prevailing  notion.  Nor  is 
this  much  to  be  wondered  at ; since  it  is  evident  to 
all  that  some  men  converse  and  write  in  an  argumen- 
tative way,  very  justly  on  one  subject,  and  very 
erroneously  on  another,  in  which  ugain  others  excel, 
who  fail  in  the  former.  This  error  may  be  at  once 
illustrated  and  removed,  by  considering  the  parallel 
instance  of  Arithmetic,  in  which  every  one  is  aware 
that  the  process  of  a calculation  is  not  affected  by  the 
nature  of  tbe  objects  whose  numbers  are  before  us  : 
but  that  (e.  g.)  the  multiplication  of  a number  is 
the  very  same  operation,  whether  it  be  a number  of 
men,  of  miles,  or  of  pounds ; though  nevertheless 
men  may  perhaps  be  found  who  are  accurate  in  calcu- 
lations relative  to  Natural  Philosophy,  and  incorrect 
in  those  of  Political  Economy,  from  their  different 
degrees  of  skill  in  the  subjects  of  these  two  Sciences  ; 
not  surely  because  there  are  different  arts  of  Arithme- 
tic applicable  to  each  of  these  respectively. 

Others  again,  who  are  aware  that  the  simple  system 
of  Logic  may  be  applied  to  all  subjects  whatever,  are 
yet  disposed  to  view  it  as  a peculiar  method  of  Reason- 
ing, and  not  as  it  is,  a method  of  unfolding  and 
analyzing  our  Reasoning:  whence  many  have  been  led 
(e.  g.  tbe  uuthor  of  the  Philosophy  of  Rhetoric)  to 
talk  of  comparing  syllogistic  Reasoning  with  moral 
Reasoning,  and  to  take  it  for  granted  that  it  is  possible 
to  reason  correctly  without  reasoning  Logically  ; which 
is  in  fact  as  great  a blunder  os  if  any  one  were  to  mis- 
take Grammar  for  a peculiar  language,  and  to  suppose 
it  possible  to  speak  correctly  without  speaking  Gram- 
matically. They  have  in  short  considered  Logic  as 
an  Art  of  Reasoning ; whereas,  so  far  as  it  is  an  Art,  il 
is  the  Art  of  Reasoning  : the  Logician's  object  being, 
not  to  lay  down  principles  by  which  one  may  reason, 
but  by  which  all  must  reason,  even  though  they  arc  not 
distinctly  aware  of  them  : to  lay  down  rules,  not 
which  may  be  followed  with  advantage,  but  which 
cannot  possibly  be  departed  from  in  sound  reasoning. 

These  misapprehensions  and  objections  being  such  as 
lie  on  the  very  threshold  of  the  subject,  it  would  have 
been  hardly  possible,  without  noticing  them,  to  con- 
vey any  just  notion  of  the  nature  and  design  of  the 
Logical  system. 

.Supposing  it  then  to  have  been  perceived  that  the 
operation  of  Reasoning  is  in  all  cases  the  same,  the 
analysis  of  that  operation  could  not  fail  to  strike  the 
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Logic,  mind  as  an  interesting  matter  of  inquiry : and 
.-v-w > moreover,  since  (apparent)  arguments  which  are 

unsound  and  inconclusive,  are  so  often  employed 
cither  from  error  or  from  design  -r  and  even  those  who 
are  not  misled  by  these  fallacies,  are  so  often  at  a loss 
to  detect  and  expose  them  in  a manner  satisfactory  to 
others,  or  even  to  themselves,  it  could  not  but- appear 
desirable  to  lay  down  some  general  rules  of  Reasoning, 
applicable  to  all  cases,  by  which  a person  might  be 
enabled  the  more  readily  ami  clearly  to  state  the 
grounds  of  bis  own  conviction,  or  of  his  objection  to 
the  arguments  of  an  opponent,  instead  of  arguing  at 
random  without  any  fixed  and  acknowledged  princi- 
ples to  guide  his  procedure.  Such  rules  would  be 
analogous  to  those  of  Arithmetic,  which  obviate  the 
tediousness  and  uncertainty  of  calculations  In  the 
head,  wherein,  after  much  labour,  different  persons 
might  arrive  at  different  results,  without  any  of  them 
being  able  distinctly  to  point  out  the  error  of  the  rest. 
A system  of  such  rules,  it  is  obvious,  must,  instead  of 
deserving  to  be  called  the  Art  of  wrangling,  lie  more 
justly  characterised  as  " the  Art  of  cutting  short 
wrangling,"  by  bringing  the  parties  to  issue  nt  once, 
if  not  to  agreement,  and  thus  saving  a waste  of 
ingenuity. 

In  pursuing  the  supposed  investigation,  it  will  be 
found  that  every  conclusion  is  deduced,  in  reality, 
from  two  other  propositions,  (thence  called  pre- 
mises 3)  for  though  one  of  these  may  be,  and  com- 
monly is,  suppressed,  it  must  nevertheless  be  under- 
stood as  admitted  ; as  may  easily  be  made  evident  by 
supposing  the  dkkul  of  the  suppressed  premiss, 
which  will  at  once  invalidate  the  argument  : e.  g.  if 
eny  one  from  perceiving  that  die  world  exhibits 
marks  of  design,  infers  that  '*  it  must  have  had  an 
intelligent  author,'*  though  he  may  not  be  aware  in 
his  own  mind  of  the  existence  of  any  other  premiss, 
be  will  readily  understand,  if  it  be  denied  that 
" whatever  exhibits  marks  of  design  must  have  had  au 
intelligent  author,"  that  the  affirmative  of  that  propo- 
sition is  necessary  to  the  validity  of  the  argument. 
An  argument  thus  stated  regularly  and  nt  full  length 
is  called  a Syllogism  ; which  therefore  is  evidently  not 
a peculiar  kind  of  argument,  but  only  a peculiar  form 
of  expression,  in  which  every  argument  may  be 
stated.  When  one  of  the  premises  is  suppressed, 
(which  for  brevity's  sake  it  usually  is)  the  argument 
is  called  an  Enthymcme.  And  it  may  be  worth  while 
to  remark,  that  when  the  argument  is  in  this  state, 
the  objections  of  an  opponent  are  (or  rather  appear 
to  l>e)  of  two  kinds ; viz.  either  objections  to  the 
assertion  itself,  or  objections  to  its  force  as  an  argu- 
ment ; e.  g.  in  the  above  instance,  an  atheist  may  be 
conceived  cither  denying  that  the  world  does  exhibit 
marks  of  design,  or  denying  that  it  follows  from  thence 
that  it  had  nn  intelligent  author.  The  only  difference 
in  the  two  coses  is,  that  in  the  one  tlie  erjtressejl  pre- 
miss is  denied,  iu  the  other  the  suppressed ; for  the 
force  as  on  argument  of  either  premiss  depends  on  the 
other  premiss  : if  both  he  admitted,  the  conclusion 
legitimately  connected  with  them  cannot  be  denied. 

It  is  evidently  immaterial  to  the  argument  whether 
the  conclusion  be  placed  first  or  last ; but  it  may  be 
proper  to  remark,  that  a premiss  placed  after  its  c on- 
clusion is  called  the  reason  of  it,  and  is  introduced  by 
one  of  those  conjunctions  w hich  are  called  causal  j 
via.  ” since,"  " because,”  &e.  which  may  indeed  be 


employed  to  designate  a premiss,  whether  it  came  first  introduc- 
er last ; the  illative  conjunctions,  '«  therefore,”  fee.  . ^ 

designate  the  conclusion.  It  is  a circumstance  which  !section* 
often  occasions  error  and  perplexity,  that  both  these 
classes  of  conjunction*  have  also  another  signification, 
being  employed  to  denote,  respectively,  cause  and 
effect,  os  well  as  premiss  and  conclusion:  e,  g.  if  I 
say,  (to  use  an  instance  employed  by  Aristotle)  “ yon- 
der h a fixed  star,  because  it  twinkles,”  or,  it 
twinkles,  and  therefore  is  a fixed  star,”  1 employ 
these  conjunctions  to  denote  the  connection  of  pre- 
miss and  Conclusion ; for  it  is  plain  that  the  twink- 
ling of  the  Star  is  not  the  cause  of  its  being  fixed,  but 
only  the  cause  of  my  knowing  that  it  is  so  : but  if  1 say, 

“ it  twinkles  because  it  is  a fixed  star,”  or  it  is  a fixed 
star,  and  therefore  twinkles,”  I am  using  the  same 
conjunctions  to  denote  the  connection  of  cause  and 
effect ; for  in  this  case  the  twinkling  of  the  star,  being 
evident  to  the  eye,  would  hardly  need  to  be  pro  red, 
but  might  need  to  he  accounted  for.  There  are, 
however,  many  cases  in  which  the  cause  is  employed 
to  prove  the  existence  of  its  effect  j especially  in  argu- 
ments relating  to  future  events  : the  comr  and  the 
reason,  in  tlmt  case,  coincide  3 nnd  this  contributes  to 
their  being  so  often  confounded  together  in  other 
cases.  In  an  argument,  such  as  the  example  above 
given,  it  is,  as  baa  been  said,  impossible  for  any  one, 
who  admits  both  premises,  to  avoid  admitting  the 
conclusion  ; hut  there  will  be  frequently  an  apparent 
connection  of  premises  with  a conclusion  which  does 
not  in  reality  follow  from  them,  though  to  the  inat- 
tentive or  unskilful  the  argument  may  appear  to  be 
valid:  and  there  are  many  other  cases  in  which  a 
doubt  may  exist  whether  the  argument  be  valid  or 
not  ; L e.  whether  it  be  possible  or  not  to  admit  the 
premises,  and  yet  deny  the  conclusion.  It  is  of  the 
highest  importance,  therefore,  to  lay  down  some 
regular  form  to  which  every'  valid  argument  may  be 
reduced,  and  to  devise  a rule  which  shall  prove  the 
validity  of  every  argument  in  that  form,  ami  conse- 
quently the  uri soundness  of  any  apparent  argument 
which  cannot  bo  reduced  to  it  ; — e.  g.  if  such  an 
argument  us  this  be  proposed,  “ every  rational  agent 
is  accountable  3 brutes  are  not  rational  agents  ; there- 
fore they  are  not  accountable  or  again,  “ at) 
wise  legislators  suit  their  laws  to  the  genius  of  their 
nation ; Solon  did  this ; therefore  he  was  a wise 
legislator  there  are  some,  perhaps,  who  would  not 
perceive  any  fallacy  in  such  arguments,  especially  if 
enveloped  in  a cloud  of  words  ; and  still  more  when 
the  conclusion  is  true,  or,  which  comes  to  the  same 
point,  if  they  are  disposed  to  believe  it;  and  others 
might  perceive  indeed,  but  might  be  nt  n loss  to 
explain  the  fallacy.  Now  these  (apparent)  arguments 
exactly  correspond  respectively  with  the  following, 
the  absurdity  of  the  conclusions  from  which  i#  manifest : 

” every  horse  is  an  animal ; sheep  are  not  horses  3 
therefore  they  are  not  animals  and,  ,<f  all  vegetables 
grow  ; an  animal  grows  3 therefore  it  is  a vegetable.” 

These  loot  examples,  It  has  been  said,  correspond 
exactly  (considered  ns  arguments)  with  the  former; 
the  question  respecting  the  validity  of  an  argument 
being,  not  whether  the  conclusion  be  true,  but  whe- 
ther It  follows  from  the  premises  adduced.  This  mode 
of  ex  poring  a fatlucv,  by  bringing  forward  a similar 
one  whose  conclusion  is  obviously  absurd,  is  often, 
and  very  advantageously,  resorted  to  iu  addressing 
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Logic,  those  who  are  ignorant  of  Logical  rule* ; but  to  lay 
— v— ' down  such  rules,  and  employ  them  as  a test,  is  evi- 
dently a safer  and  more  compendious,  as  well  as  a 
more  philosophical  mode  of  proceeding.  To  attain 
these,  it  would  plainly  be  necessary  to  analyze 
some  clear  and  valid  arguments,  and  to  observe  in  what 
their  conclusiveness  consists.  Let  us  suppose,  then, 
such  an  examination  to  be  made  of  the  syllogism 
above  mentioned : " whatever  exhibits  marks  of  design 
had  an  intelligent  author." 

The  world  exhibits  marks  of  design  ; therefore  the 
world  had  an  intelligent  author.  In  the  first  of  these 
premises  we  find  it  assumed  universally  of  the  clast  of 
*'  things  which  exhibit  marks  of  design,"  that  they 
had  an  intelligent  author  ; and  in  the  other  premiss, 
“ the  world  " is  referred  to  that  class  as  comprehended 
in  it : now  it  is  evident,  that  whatever  is  said  of  the 
whole  of  a class,  may  be  said  of  any  thing  compre- 
hended in  that  class  ; so  that  wc  are  thus  authorized 
to  say  of  the  world,  that  it  had  on  intelligent  author. 
Again,  if  we  examine  a syllogism  with  a negative  con- 
clusion, as,  e.  g.  u nothing  which  exhibits  marks  of 
design  could  have  been  produced  by  chance  : the  world 
exhibits,  &c.  ; therefore  the  world  could  not  have 
beeu  produced  by  chance. ' The  process  of  Keusoning 
will  be  found  to  he  the  same  since  it  is  evident, 
that  whatever  is  denied  universally  of  any  class,  may 
be  denied  of  any  thing  that  is  comprehended  in  that 
class. 

On  further  examination  it  will  be  found,  that  all 
valid  arguments  whatever  may  be  easily  reduced  to 
such  a form  as  that  of  the  foregoing  syllogisms  ; and 
that  consequently  the  principle  on  which  they  are 
constructed  is  the  universal  principle  of  Reasoning. 
So  elliptical  indeed  is  the  ordinary  mode  of  expression, 
even  of  those  who  are  considered  as  prolix  writers, 
i.  e.  so  much  is  implied  and  left  to  be  understood  in 
the  course  of  argument,  in  comparison  of  what  is 
actually  stated,  (most  men  being  impatient,  even  to 
excess,  of  any  appearance  of  unnecessary  and  tedious 
formality  of  statement,)  that  a single  sentence  will 
often  be  found,  though  perhaps  considered  os  a single 
argument,  to  contain,  compressed  into  a short  com- 
pass, u chain  of  several  distinct  arguments ; hut  if 
each  of  these  be  fully  developed,  and  the  whole  of 
whai  the  author  intended  to  imply  be  stated  expressly, 
it  will  be  found  that  all  the  steps  even  of  the  longest 
and  most  complex  train  of  Reasoning,  may  be  reduced 
into  the  above  form. 

It  is  a mistake  (which  might  appear  scarcely  worthy 
of  notice  had  not  so  many,  even  esteemed  writers, 
fallen  into  it)  to  imagine  that  Aristotle  and  other 
Logicians  meant  to  propose  that  this  prolix  form  of 
unfolding  arguments  should  universally  supersede,  in 
argumentative  discourses,  the  common  forms  of  ex- 
pression ; and  that  to  reason  Logically,  means,  to  state 
all  arguments  at  full  length  in  the  syllogistic  form  : 
and  Aristotle  has  even  been  charged  with  inconsistency 
for  not  doing  so ; it  has  been  said,  that  44  in  his 
Treatises  of  Ethics,  Politics , &c.  he  argues  like  a 
rational  creature,  and  never  attempts  to  bring  his  own 
system  into  practice  as  well  might  a Chemist  be 
charged  with  inconsistency  for  making  use  of  any  of 
the  compound  substances  that  are  commonly  em- 
ployed, without  previously  analysing  and  resolving 
them  into  their  simple  elements  as  well  might  it  be 
imagined  that,  to  speak  grammatically,  means,  to 


parse  every  sentence  we  utter.  The  Chemist  (to  pur-  Introduc- 
sue  the  illustration)  keeps  by  him  his  tests  and  his 
method  of  analysis,  to  be  employed  when  any  sub-  i 

stance  is  offered  to  his  notice,  the  composition  of  which  *v  " 
has  not  been  ascertained,  or  in  which  adulteration  is 
suspected.  Now  a fallacy  may  aptly  be  compared  to 
some  adulterated  compound  ; it  consists  of  an  inge* 
nious  mixture  of  truth  and  falsehood,  so  entangled, 
so  intimately  blended,  that  the  falsehood  is  (in  the 
chemical  phrase)  held  in  solution  : one  drop  of  sound 
Logic  is  that  test  which  immediately  disunites  them, 
makes  the  foreign  substance  visible,  and  precipitates 
it  to  the  bottom. 

But  to  resume  the  investigation  of  the  principles  of 
Reasoning  : the  maxim  resulting  from  the  examination 
of  a syllogism  in  the  foregoing  form,  and  of  the 
application  of  which  every  valid  argument  is  in  reality 
an  instance,  is,  44  that  whatever  is  predicated  (L  e. 
affirmed  or  denied)  universally,  of  any  class  of  things, 
may  be  predicated,  in  like  manner,  (viz.  affirmed  or 
denied)  of  any  thing  comprehended  in  that  class." 

This  is  the  principle,  commonly  called  the  dictum  (it 
omni  et  nulla,  for  the  establishment  of  which  we  are 
indebted  to  Aristotle,  and  which  is  the  keystone  of  his 
whole  Logical  system.  It  is  not  a little  remarkable 
that  some,  otherwise  judicious  writers,  should  have 
been  so  carried  away  by  their  zeal  against  that  philo- 
sopher, as  to  speak  with  scorn  and  ridicule  of  this 
principle,  on  account  of  its  obviousness  and  simplicity ; 
though  they  would  probably  perceive  at  once,  in  any 
other  case,  that  it  is  the  greatest  triumph  of  philoso- 
phy to  refer  many,  and  seemingly  very  various,  phe- 
nomena to  one,  or  a very  few,  simple  principles  ; and 
that  the  more  simple  and  evident  such  a principle  is, 
provided  it  be  truly  applicable  to  all  the  cases  in 
question,  the  greater  is  its  value  and  scientific  beauty. 

If,  indeed,  any  principle  be  regarded  as  not  thus  appli- 
cable, that  is  an  objection  to  it  of  a different  kind. 

Such  an  objection  against  Aristotle's  dictum,  no  one 
has  ever  attempted  to  establish  by  any  kind  of  proof  j 
but  it  has  often  been  taken  for  granted  j it  being  (as 
has  been  stated)  very  commonly  supposed,  without 
examination,  that  the  syllogism  is  a distinct  kind  of 
argument,  and  that  the  rules  of  it  do  not  apply,  nor 
were  intended  to  apply,  to  all  Reasoning  whatever. 

Under  this  misapprehension,  Campbell  (Philosophy  of 
Rhetoric)  labours,  with  some  ingenuity,  and  not 
without  an  air  of  plausibility,  to  shew  that  every 
syllogism  must  be  futile  and  worthless,  because  the 
premises  virtually  assert  the  conclusion  : little  dream- 
ing, of  course,  that  his  objections,  however  specious, 
lie  against  the  process  of  Reasoning  itself  universally ; 
and  will  therefore,  of  course,  apply  to  those  very 
arguments  which  he  is  himself  adducing. 

It  is  much  more  extraordinary  to  find  another 
author  (Dugald  Stewart)  adopting,  expressly,  the  very 
same  objections,  and  yet  distinctly  admitting  within 
a few  pages,  the  possibility  of  reducing  every  course 
of  argument  to  a series  of  syllogisms. 

The  same  writer  brings  an  objection  against  the 
dictum  of  Aristotle  ; which  it  may  be  worth  while 
to  notice  briefly,  for  the  sake  of  setting  in  a clearer 
light  the  real  character  and  object  of  that  principle. 

Its  application  being,  as  has  been  seen,  to  a regular 
and  conclusive  syllogism,  he  supposes  it  intended  to 
prove  and  make  evident  the  conclusiveness  of  such  a 
syllogism ; and  remarks  how  unphilosophicil  it  is  to 
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attempt  giving  a demonstration  of  a demonstration. 
^n(j  certainly  the  charge  would  be  just,  if  we  could 
imagine  the  Logician's  object  to  be,  to  increase  the 
certainty  of  a conclusion  which  we  are  supposed  to 
have  already  arrived  at  by  the  clearest  possible  mode 
of  proof.  But  it  is  very  strange  that  such  an  idea 
should  ever  have  occurred  to  one  who  had  even  the 
slightest  tincture  of  Natural  Philosophy  : for  it  might 
as  well  be  imagined  that  a Natural  Philosopher  or  a 
Chemist's  design  to  strengthen  the  testimony  of  our 
senses  by  a priori  reasoning,  and  to  convince  us  that 
a stone  when  thrown  will  fall  to  the  ground,  and  that 
gunpowder  will  explode  when  fixed,  because  they 
shew  that  according  to  tbeir  principles  those  pheno- 
mena must  take  place  os  they  do.  But  it  would  lie 
reckoned  a mark  of  the  grossest  ignorance  and  stu- 
pidity, not  to  be  aware  that  their  object  is  not  to 
prove  the  existence  of  an  individual  phenomenon, 
which  our  eyes  have  witnessed,  but  (as  the  phrase  is) 
to  account  for  it : i.  c.  to  shew  according  to  wbat 
principle  it  takes  place ; — to  refer,  in  short,  the 
individual  case  to  a general  law  of  nature.  The  object 
of  Aristotle's  dictum  is  precisely  analogous : he 
hod,  doubtless,  no  thought  of  adding  to  the  force  of 
any  individual  syllogism  ; his  design  was  to  point 
out  the  general  principle  on  which  that  process  is  con- 
ducted which  takes  place  in  each  syllogism.  And  ns 
the  laws  of  nature  (as they  are  called)  are  in  reality 
merely  generalized  facts,  of  which  all  the  phenomena 
coming  under  them  are  particular  instances ; so  the 
proof  drawn  from  Aristotle's  dictum  is  not  a distinct 
demonstration  brought  to  confirm  another  demonstra- 
tion, but  is  merely  a generalized  and  abstract  state- 
ment of  all  demonstration  whatever  ; and  is  therefore 
in  fact,  the  very  demonstration  which  ( rnutatis  mutandis) 
accommodated  to  the  various  subject  matters,  is 
actually'em  ployed  in  each  particular  case. 

In  order  to  trace  more  distinctly  the  different  steps 
of  the  abstracting  process,  by  which  any  particular 
argument  may  be  brought  into  the  most  general  form, 
we  mav  first  take  a syllogism  stated  accurately  and  at 
full  length,  such  as  the  example  formerly  given, 
" whatever  exhibits  marks  of  design,  &c.,"  and  then 
somewhat  generalize  the  expression,  by  substituting 
(as  in  Algebra)  arbitrary  unmeaning  symbols  for'  the 
significant  terms  that  were  originally  used  ; the  syllo- 
gism will  then  stand  thus  ; **  every  B is  A ; C is  B ; 
therefore  C is  A."  The  Reasoning  is  no  less  evidently 
valid  when  thus  stated,  whatever  terms  A,  B,  and  C, 
respectively  may  be  supposed  to  stand  for  : such 
terms  may  indeed  be  inserted  as  to  make  all,  or  any 
of,  the  assertions  false;  but  it  will  still  be  no  less  im- 
possible for  any  one  who  admits  the  truth  of  the 
premises,  iu  an  argument  thus  constructed,  to  deny  the 
conclusion  ; and  this  it  is  that  constitutes  the  conclu- 
stveness  of  an  argument. 

Viewing  then  the  syllogism  thus  expressed,  it  ap- 
pears clearly,  that  “ A stands  for  any  thing  whatever 
that  is  predicated  of  a whole  class,"  (viz.  of  every  B) 
“ which  comprehends  or  contains  in  it  something  else," 
viz.  C,  of  which  B is,  in  the  second  premiss  affirmed  ; 
and  that  consequently  the  first  term  (A)  is,  in  the  con- 
clusion, predicated  of  the  third  C. 

Now  to  assert  the  validity  of  this  process,  now 
before  us,  is  to  state  the  very  dictum  wc  are  treating 
of  with  hardly  even  a verbal  alteration,  viz.: 

1.  Any  thing  whatever,  predicated  of  a whole  clasa. 


2.  Under  which  class  something  else  is  contained,  latrodtac- 

3.  May  be  predicated  of  that  which  is  so  con-  tol7 

tained.  , 

The  three  members  into  which  the  maxim  is  here 
distributed,  correspond  to  the  three  propositions  of 
the  syllogism  to  which  they  are  intended  respectively 
to  apply. 

The  advantage  of  substituting  for  the  terms,  in  a 
regular  syllogism,  arbitrary  unmeaning  symbols  such 
os  letters  of  the  alphabet,  is  much  the  same  as  in 
Mathematics  : the  Reasoning  itself  is  then  considered, 
by  itself,  clearly,  and  without  any  risk  of  our  being 
misled  by  the  truth  or  falsity  of  the  conclusion,  which 
are,  in  fact,  accidental  and  variable  ; the  essential 
point,  being,  os  far  as  the  argument  is  concerned,  the 
connection  between  the  premises  and  the  conclusions. 

We  are  thus  enabled  to  embrace  the  general  principle 
of  all  Reasoning,  and  to  perceive  its  applicability  to 
an  indefinite  number  of  individual  cases.  That 
Aristotle,  therefore,  should  have  been  accused  of 
making  use  of  these  symbols  for  the  purpose  of 
darkening  his  demonstrations,  and  that  too,  by  per- 
sons not  unacquainted  with  Geometry  and  Algebra, 
is  truly  astonishing.  If  a Geometer,  instead  of  desig- 
nating the  four  angles  of  a square,  by  four  letters, 
were  to  call  them  north,  south,  east,  and  west,  he 
would  not  render  the  demonstration  of  a theorem  the 
easier ; and  the  learner  would  be  much  more  likely 
to  be  perplexed  in  the  application  of  it. 

It  belongs  then  exclusively  to  a syllogism,  properly 
so  called  (i.  e.  a valid  argument,  so  stated  that  its 
conclusiveness  is  evident  from  the  mere  form  of  the 
expression)  that  if  letters  or  any  other  unmeaning 
symbols  be  substituted  fur  the  several  terms,  the 
validity  of  the  argument  shall  still  be  evident. 
Whenever  this  i*  not  the  case,  the  supposed  argu- 
ment is  either  unsound  and  sophistical,  or  else  may 
be  reduced,  (without  any  alteration  of  its  meaning) 
into  the  syllogistic  form  ; in  which  form,  the  test 
just  mentioned  may  be  applied  to  it. 

What  is  called  an  unsound  or  fallacious  argument, 
i.  e.  an  apparent  argument  which  is,  in  reality,  none, 
cannot,  of  course,  be  reduced  into  this  form  ; but 
when  stated  in  the  form  most  nearly  approaching  to 
this  that  is  possible,  its  fallaciousness  becomes  more 
evident,  from  its  nonconformity  to  the  foregoing 
rule  : e.  g,  “ whoever  is  capable  of  deliberate  crime 
is  responsible  ; an  infunt  is  not  capable  of  deliberate 
crime;  therefore,  an  infant  is  not  responsible here, 
the  term  “ responsible  " is  affirmed  universally  of 
4t  those  capable  of  deliberate  crime It  might,  there- 
fore, according  to  Aristotle's  dictum,  have  been 
affirmed  of  any  thing  contained  under  that  class  ; but 
in  the  instance  before  us  nothing  is  mentioned  os  con- 
tained under  that  class,  only  the  term  infunt  is 
exeluderl  from  that  class  ; and  though  what  is  affirmed 
of  a whole  class  may  be  affirmed  of  any  thing  that  is 
contained  under  it,  there  is  no  ground  for  supposing 
that  it  inay  be  denied  of  whatever  is  not  so  contained  ; 
for  it  is  evidently  possible  that  it  may  be  applicable  to 
a whole  class  and  to  something  else  besides : to  say, 
e.  g.  that  all  trees  ore  vegetables,  does  not  imply  that 
nothing  else  is  a vegetable.  It  is  evident,  therefore, 
that  such  on  apparent  argument  as  the  above  does  not 
comply  with  the  rule  laid  down,  and  is  consequently 
invalid. 

Again,  iu  this  instance,  “ food  is  necessary  to  life} 
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Logic,  corn  is  food  ; therefore  corn  is  necessary  to  life  the 

— V"*” J term  " necessary  to  life’*  is  aflinned  of  food,  but  not 
universally  ; for  it  is  not  said  of  every  kind  of  food : the 
meaning  of  the  assertion  being  manifestly  that  some 
food  is  necessary  to  life  ; here  again  therefore  the  rule 
has  not  been  complied  with,  since  that  which  is  pre- 
dicated, (L  e.  affirmed  or  denied,)  not  of  the  whole,  but 
of  a part  only  of  a certain  class,  cannot  be  predicated 
of  any  thing,  whatever  is  contained  under  that  class. 

The  fallacy  in  this  last  case  is,  what  is  usually 
described  in  Logical  language  its  consisting  in  the 
**  non -distribution  of  the  middle  term.”  In  order  to 
understand  this  phrase,  it  is  necessary  to  observe, 
that  a proposition  being  on  expression  in  which  one 
thing  is  affirmed  or  denied  of  another  ; c.  g.  " A is  B,” 
both  that  of  which  something  is  said,  and  that  which 
is  said  of  it,  (i.e.  both  A and  B,)  are  called  " Terms,” 
from  their  being  (in  their  nature)  the  extremes  or 
boundaries  of  the  proposition  ; and  there  are,  of  course, 
two,  and  but  two,  terms  in  a proposition,  (though  it 
may  so  happen  that  either  of  them  may  consist  either 
of  one  word,  or  of  several  ;)  and  a term  is  said  to  be 
u distributed,”  when  it  is  taken  universally,  so  as  to 
stand  for  every  thing  it  is  capable  of  being  applied  to; 
and  consequently  “ undistributed,”  when  it  stands 
for  a part  only  of  the  things  signified  by  it ; thus,  “ all 
food,  ' or  every  kind  of  food,  are  expressions  which 
imply  the  distribution  of  the  term  4*  food  " some 
food”  would  imply  its  non-distribution  : and  it  is  also 
to  be  observed,  that  the  term  of  which,  in  one  pre- 
miss, something  is  affirmed  or  denied,  and  to  which 
in  the  other  premiss  something  else  is  referred  as  con- 
tained in  it,  is  called  the  “ middle”  term  in  the  syl- 
logism, as  standing  between  the  other  two,  (viz.  the 
two  terms  of  the  conclusion,)  and  being  the  medium 
of  proof.  Now  it  is  plain,  that  if  in  each  premiss  a 
part  only  of  this  middle  term  is  employed,  i.  c.  if  it 
be  not  at  all  distributed,  no  conclusion  con  be  drawn. 
Hence,  if  in  the  example  formerly  adduced,  it  had 
been  merely  slated  that  “ something'  (not  " whatever ,” 
or  14  every  thing")  44  which  exhibits  murks  of  design, 
is  the  work  of  an  intelligent  author,”  it  would  not 
have  followed,  from  the  world's  exhibiting  marks  of 
design,  that  that  is  the  work  of  an  intelligent  author. 

It  is  to  be  observed,  also,  that  the  words  44  all,'* 
and  44  every,”  which  mark  the  distribution  of  a term, 
and  **  some,”  which  marks  its  non-distribution,  are 
not  always  introduced : they  are  fiequently  under- 
stood, and  left  to  be  supplied  by  the  context ; c.  g. 
il  food  is  necessary  viz.  44  some  food 44  man  U 
mortal ; ' viz.  **  every  man.”  Propositions  thus  ex- 
pressed are  called  by  Logicians  44  indefinite"  because 
it  is  left  undetermined  by  the  form  o i the  expression 
whether  the  44  subject,”  (the  term  of  which  some- 
thing is  affirmed  or  denied  being  called  the  44  subject” 
of  the  proposition,  and  that  which  is  said  of  it,  the 
44  predicate”)  be  distributed  or  not.  Nevertheless  it 
is  plain  that  in  every  proposition  the  subject  either  is, 
nr  is  not,  distributed,  though  it  be  not  declared  whe- 
ther it  is  or  not ; consequently  every  proposition, 
whether  expressed  indefinitely  or  not,  must  be  either 
" universal ” or  44  particular  j"  those  being  called 
universal,  in  which  the  predicate  is  said  of  the  whole 
of  the  subject,  (or  in  other  words,  where  the  subject 
is  distributed  , ) and  those,  particular,  in  which  it  is 
said  only  of  a part  of  the  subject  : e.  g.  14  All  men 
are  sinful,”  is  universal ; **  some  men  are  sinful,” 


particular  : and  this  division  of  propositions  is  in 
Logical  language  said  to  be  according  to  their 
14  quantity." 

But  the  distribution  or  non-distribution  of  the 
predicate  is  entirely  independent  of  the  quality  of  the 
proposition;  nor  are  the  signs  "all”  and  44  some  ” 
ever  affixed  to  the  predicate  ; because  its  distribution 
depends  upon,  and  is  indicated  by  the  44  quality ” of 
the  proposition  ; i.  e.  its  being  affirmative  or  negative ; 
it  being  a universal  rule,  that  the  predicate  of  a nega- 
tive proposition  is  distributed,  and,  of  an  affirmative, 
undistributed.  The  reason  of  this  may  easily  be  under- 
stood, by  considering  that  a term  which  stands  for  a 
whole  class  may  be  applied  to  (i.  e.  affirmed  of)  any 
thing  that  is  comprehended  under  that  doss,  though 
the  term  of  which  it  is  thus  affirmed  may  be  of  much 
narrower  extent  than  that  other,  and  ruay,  therefore, 
be  far  from  coinciding  with  the  whole  of  it : thus  it 
may  be  said  with  truth,  that  4t  the  Negroes  are  un- 
civilized,” though  the  term  uncivilized  be  of  much 
wider  extent  than  44  Negroes,”  comprehending,  be- 
sides them,  Hottentots,  &c.  : so  that  it  would  not  be 
allowable  to  assert,  that  “ all  who  are  uncivilized  are 
Negroes;”  it  is  evident,  therefore,  that  it  is  a port 
only  of  the  term  44  uncivilized  ” that  has  been  affirmed 
of  44  Negroes  and  the  same  reasoning  applies  to 
every  affirmative  proposition  ; for  though  it  may  so 
happen  that  the  subject  and  predicate  coincide,  i.e.  are 
of  ctpal  extent,  as,  e.  g.  *'  ull  men  are  rational  ani- 
mals, ' (it  being  equally  true,  that  44  all  rational 
animals  are  men,)  yet  this  is  not  implied  by  the  form  of 
the  expression ; since  it  would  be  no  less  true,  that 
44  all  men  arc  rational  animals,”  even  if  there  were 
other  rational  animals  besides  man. 

It  is  plain,  therefore,  that  if  any  part  of  the  predi- 
cate is  applicable  to  the  subject,  it  may  be  affirmed, 
and,  of  course,  cannot  be  denied  of  that  subject  ; and 
consequently,  when  the  predicate  i»  denied  of  the  sub- 
ject, it  is  implied  that  no  part  of  that  predicate  is 
applicable  to  that  subject  ; i.  e.  that  the  whole  of  the 
predicate  is  denied  of  the  subject : for  to  say,  c.g.  that 
" no  beasts  of  prey  ruminate,”  implies  that  beasts  of 
prey  are  excluded  from  the  whole  class  of  ruminant 
animals,  and  consequently  that  " no  ruminant  animals 
are  beasts  of  prey.  And  hence  results  the  above  men- 
tioned rule,  thut  the  distribution  of  the  predicate 
is  implied  in  negative  propositions,  and  its  non- 
distribution in  affirmatives. 

It  is  to  be  remembered,  therefore,  that  it  is  not 
sufficient  for  the  middle  term  to  occur  in  a universal 
proposition,  since  if  that  proposition  be  an  affirmative, 
and  the  middle  term  be  the  predicate  of  it,  it  will  not 
be  distributed  : e.g.  if  in  the  example  formerly  given 
it  had  been  merely  asserted,  that  44  all  the  works  of  an 
intelligent  author  shew  marks  of  design,”  and  that 
44  the  universe  shows  marks  of  design,”  nothing  could 
have  been  proved  ; since,  though  both  these  proposi- 
tions are  universal,  the  middle  term  is  made  the  pre- 
dicate in  each,  and  both  are  affirmative;  and  accord- 
ingly the  rule  of  Aristotle  is  not  here  complied  with, 
since  the  term,  **  work  of  an  intelligent  author,” 
which  is  to  be  proved  applicable  to  44  the  universe,** 
is  not  affirmed  of  the  middle  term,  ("  what  shown 
marks  of  design,”)  under  which  44  universe”  is  con- 
tained ; but  the  middle  term  on  the  contrary  is 
affirmed  of  it. 

If,  however,  one  of  the  premises  be  negative. 
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Lo«ic-  the  middle  term  may  then  be  made  the  predicate 
-“v— ^ of  it,  and  will  thus,  according  to  the  above  remark, 
be  distributed  : e.  g.  “ no  ruminant  animals  are 
predacious j the  lion  is  predacious ; therefore  the 
lion  is  not  ruminant this  is  a valid  syllogism  ; and 
the  middle  term  (predacious)  is  distributed  by  being 
made  the  predicate  of  a negative  proposition.  The 
form,  indeed,  of  the  syllogism,  is  not  that  prescribed 
by  the  dictum  of  Aristotle,  but  it  may  easily  be 
reduced  to  that  form,  by  stating  the  first  proposition 
thus  ; no  predacious  animals  are  ruminant ; which  is 
manifestly  implied  (os  was  above  remarked)  in  the 
assertion,  that  " no  ruminant  animals  arc  predacious." 
The  syllogism  will  thus  appear  in  the  form  to  which 
the  dictum  applies. 

It  is  not  every  argument,  indeed,  that  can  be  reduced 
to  this  form  by  so  short  and  simple  an  alteration  as  in 
the  cue  before  us  : a longer  and  more  complex  pro- 
cess will  often  be  required  j and  rules  will  hereafter 
he  laid  down  to  facilitate  this  process  in  certain  cases : 
but  there  is  no  sound  argument  but  wbnt  ran  be 
reduced  into  this  form,  without  at  all  departing  from 
the  real  meaning  and  drift  of  it : and  the  form  will  be 
found  (though  more  prolix  than  is  needed  for  ordi- 
nary use)  the  most  perspicuous  in  which  an  argument 
can  be  exhibited. 

All  reasoning  whatever,  then,  rests  on  the  one  sim- 
ple principle  laid  down  by  Aristotle  ; that,  “ what  is 
predicated,  either  affirmatively  or  negatively,  of  a term 
distributed,  may  be  predicated,  in  like  manner,  (Le. 
affirmatively  or  negatively)  of  any  thing  contained 
under  that  term."  So  that  when  our  object  is  to  prove 
any  proposition,  i.  e.  to  shew  that  one  term  may 
rightly  be  affirmed  or  denied  of  another,  the  process 
which  really  takes  plaice  in  our  minds  is,  that  we 
refer  that  term  (of  which  the  other  is  to  he  thus  pre- 
dicated,) to  some  class,  (i.e.  middle  term)  of  which 
that  other  may  be  affirmed,  or  denied,  os  the  case  may 
be.  Whatever  the  subject  matter  of  an  argument 
may  be,  the  Reasoning  itself,  considered  by  itself,  is 
in  every  case  the  same  process  ; and  if  the  writers 
against  Logic  had  kept  this  in  mind,  they  would  have 
been  cautious  of  expressing  their  contempt  of  what 
they  call  “ syllogistic  Reasoning,"  which  is  in  truth 
all  Reasoning  j and  instead  of  ridiculing  Aristotle's 
principle  for  its  obviousness  and  simplicity,  would 
have  perceived  that  these  are  in  fact  its  highest 
praise  : the  easiest,  shortest,  and  most  evident  theory, 
provided  it  answer  the  purpose  of  explanation,  being 
ever  the  best. 

If  we  conceive  an  inquirer  to  have  reached,  in  his 
investigation  of  the  theory  of  Reasoning,  the  point 
to  which  we  have  now  arrived,  a question  which 
would  be  likely  next  to  engage  his  attention,  is,  that 
of  predication  ; i.  e.  since  in  Reasoning  we  are  to  find 
a middle  term,  which  may  he  predicated  affirmatively 
of  the  subject  in  question,  we  are  led  to  inquire  what 
terms  may  lie  affirmed,  and  what  denied,  of  what  others. 

It  is  evident  tlrnt  proper  names,  or  any  other  terms, 
which  denote  each  but  a single  individual,  as  “ Cassar,'* 
**  the  Thames,'  “ the  Conqueror  of  Pompey,” 
u this  river,"  (hence  culled  in  Logic,  **  singular 
terms")  cannot  be  affirmed  of  any  thing  besides  them- 
selves, and  are  therefore  to  be  denied  of  any  thing 
else ; we  may  say,  **  this  river  is  the  Thames,"  or 
**  t a-sar  was  the  conqueror  of  Pompey  but  we 
cannot  say  of  any  thing  else  that  it  is  the  Thames. 

VOL.  1. 


On  the  other  hand,  those  terms  which  are  called  Iatroduc- 
“ common,"  as  denoting  any  one  individual  of  a tor? 
whole  class,  as  **  river,"  “ conqueror,"  may  of  , ^gcti0ll  y 
course  be  affirmed  of  any,  or  all  that  belong  to  that  y 

class  j as,  “ the  Thames  is  a river  j"  “ the  Rhine 
and  the  Danube  are  rivers." 

Common  terms,  therefore,  are  called  " predica- 
bles," (viz.  affirmatively  predicable,)  from  their 
capability  of  being  affirmed  of  others  : a singular  term 
on  the  contrary  may  be  subject  of  a proposition, 
but  never  the  predicate,  unless  it  be  of  a negative 
proposition  ; (as,  c.  g.  the  first-born  of  Isaac  was  not 
Jacob  j)  or,  unless  the  subject  and  predicate  be  only 
two  expressions  for  the  some  individual  object,  as  in 
some  of  the  above  instances. 

The  process  by  which  the  mind  arrives  at  the 
notions  expressed  by  these  **  common"  (or  in  popular 
language,  “ general")  terms,  is  properly  called  gene- 
ralization ; though  it  is  usually  (and  truly)  said  to  be 
the  business  of  abstraction ; for  generalization  is  one 
of  the  purposes  to  which  abstraction  is  applied  : when 
we  draw  off,  and  contemplate  separately,  any  part  of  an 
object  presented  to  the  mind,  disregarding  the  rest 
of  it,  we  are  said  to  abstract  that  part.  Thus,  a per- 
son might,  when  a rose  was  before  his  eyes  or  mind, 
make  the  scent  a distinct  object  of  attention,  laying 
aside  all  thought  of  the  colour,  form,  &c. ; and  thus, 
though  it  were  the  only  rose  he  had  ever  met  with, 
he  would  be  employing  the  faculty  of  abstraction  ; 
but  if,  in  contemplating  several  objects,  and  finding 
that  they  agree  in  certain  points,  we  abstract  the  cir- 
cumstances of  agreement,  disregarding  the  differences, 
and  give  to  all  and  each  of  these  objects  a name  appli- 
cable to  them  in  respect  of  this  agreement,  i.e.  a 
common  name,  (as  “ rose,")  we  are  then  said  to 
generalize.  Abstraction,  therefore,  does  not  neces- 
sarily imply  generalization,  though  generalization 
implies  abstraction 

Muck  needless  difficulty  has  been  raised  respecting 
the  results  of  this  process  j many  having  contended,  and 
perhaps  more  having  taken  for  granted,  that  there  must 
be  some  really  existing  thing,  corresponding  to  each 
of  these  general  or  common  terms,  and  of  which  such 
term  is  the  name,  standing  for  and  representing  it : 
e.  g.  that  as  there  is  a really  existing  being  cor- 
responding to  the  proper  name  /Etna,  and  signifying 
it,  so  the  common  term  “ mountain,"  must  have  some 
one  really  existing  thing  corresponding  to  it,  and  of 
course  distinct  from  each  individual  mountain,  (since 
the  term  is  not  singular,  but  common,)  yet  existing 
w each,  since  the  term  is  applicable  to  each  of  them. 
u When  many  different  men,"  it  is  said,  “ are  at  the 
same  time  thinking  or  speaking  about  a mountain, 
i.  e.  not  any  particular  one,  but  a mountain  generally, 
their  minds  must  be  all  employed  on  something  ; which 
must  also  be  one  thing,  and  not  several,  and  yet  can- 
not be  any  one  individual  and  hence  a vast  train  of 
mystical  disquisitions  about  ideas,  &c.  has  arisen, 
which  are  at  best  nugatory,  and  tend  to  obscure  our 
view  of  the  process  which  actually  takes  place  in  the 
mind. 

The  fact  is,  the  notion  expressed  by  a common 
term  is  merely  an  inadequate  (or  incomplete)  notion 
of  an  individual ; and  from  the  very  circumstance  of 
its  inadequacy,  it  will  apply  equally  well  to  any  one 
of  several  individuals:  e.  g.  if  1 omit  the  mention 
and  tlie  consideration  of  everv  circumstance  which 
2 x 
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Loyfc.  distinguishes  .'Etna  from  any  other  mountain,  I then 
— v— * form  a notion  (expressed  by  the  common  term 
mountain)  which  inadequately  designates  .Etna,  nnd 
is  equally  applicable  to  any  one  of  several  other 
individuals. 

Generalization,  it  is  plain,  may  be  indefinitely 
extended  by  a further  abstraction  applied  to  common 
terms  ; c.  g.  as  by  abstraction  from  the  term  Socrates 
we  obtain  the  common  term  philosopher ; so  from 
**  philosopher,"  by  a similar  process,  we  arrive  at  the 
more  general  term  “ man } " from  “ man  ” to 
“ animal,''  &c. 

l*he  employment  of  this  faculty  at  pleasure  has  been 
regarded,  and  perhaps  with  good  reason,  as  the  cha- 
racteristic distinction  of  the  human  mind  from  that  of 
the  brutes.  We  ore  thus  enabled,  not  only  to  sepa- 
rate, and  consider  singly,  one  part  of  an  object  pre- 
sented to  the  mind,  but  also  to  fix  arbitrarily  upon 
whatever  part  we  please,  according  as  may  suit  the 
purpose  we  happen  to  have  in  view  : e.g.  any  indivi- 
dual person  to  whom  we  may  direct  our  attention, 
may  be  considered  either  in  a political  point  of  view, 
and  accordingly  referred  to  the  class  of  merchant, 
former,  lawyer,  &c.  as  the  case  may  be  ; or  physio- 
logically, as  negro,  or  white  man  ; or  theologi- 
cally, as  1‘agan  or  Christian,  Papist  or  Protestant  ; 
or  geographically,  as  European,  American,  &c.  &c. 
Ami  so,  in  respect  of  anything  else  that  may  be  the 
subject  of  our  Reasoning  : wc  arbitrarily  fix  upon  and 
abstract  that  point  which  is  essential  to  the  purpose  in 
hand  ; so  that  the  same  object  may  be  referred  to 
vnrious  different  classes,  according  to  the  occasion. 
Not,  of  course,  that  we  are  allowed  to  refer  anything 
to  a class  to  which  it  does  not  really  belong ; which 
would  be  pretending  to  abstract  from  it  something 
that  was  no  part  of  it ; but  that  we  arbitrarily  fix  on 
any  part  of  it  which  we  choose  to  abstract  from  the 
rest.  It  is  important  to  notice  this,  because  men  are 
often  disposed  to  consider  each  object  as  really  and 
properly  belonging  to  5ome  one  class  alone,  from  their 
having  been  accustomed,  In  the  course  of  their  own 
pursuits,  to  consider  in  one  point  of  view  only  things 
which  may  with  equal  propriety  be  considered  in  other 
points  of  view  also  : i.  e.  referred  to  various  classes, 
(or  predicates.)  And  this  is  that  which  chiefly  consti- 


tutes what  is  called  narrowness  of  mind  : e.  g.  a mere 
Botanist  might  be  astonished  at  hearing  such  plants  as 
clover  and  lucerne  included,  hi  the  language  of  a 
farmer,  under  the  term  **  passes,"  which  he  has  been 
accustomed  to  limit  to  a tribe  of  plants  widely  different 
in  all  Botanical  characteristics  ; and  the  mere  farmer 
might  be  no  less  surprised  to  find  the  troublesome 
**  weed,"  (as  he  has  been  accustomed  to  call  it,) 
known  by  the  name  of  couch  grass,  and  which  he  lias 
been  used  to  class  with  nettles  and  thistles,  to  which 
it  has  no  Botanical  affinity,  ranked  by  the  Botanist  as  a 
species  of  wheat,  (Triticum  Repens.)  And  yet  neither 
of  these  classifications  is  in  itself  erroneous  or  irra- 
tional ; though  it  would  be  absurd  in  a Botanical 
treatise  to  class  plants  according  to  their  Agricultural 
use  ; or  in  an  Agricultural  treatise,  according  to  the 
structure  of  their  flowers. 

The  utility  of  these  considerations,  with  a view  to 
the  present  subject,  will  be  readily  estimated,  by 
recurring  to  the  account  which  has  been  already  given 
of  the  process  of  Reasoning ; the  analysis  of  which 
shews,  that  it  consists  in  referring  the  term  we  are 
speaking  of  to  some  class,  viz.  a middle  terra  ; which 
term  aguin  is  referred  to  or  excluded  from  (ns  the  case 
may  be)  another  class,  viz.  the  term  which  we  wish  to 
affirm  or  deny  of  the  subject  of  the  conclusion.  So 
that  the  qnality  of  our  Reasoning  in  any  case  must 
depend  on  our  being  able,  correctly,  clearly,  and 
promptly,  to  abstract  from  the  subject  in  question  that 
which  may  furnish  a middle  term  suitable  to  the 
occasion. 

The  imperfect  and  irregular  sketch  which  has  here 
been  attempted,  of  the  Logical  System,  may  suffice 
(even  though  some  parts  of  it  should  not  be  at  once 
fully  understood  by  those  who  are  entirely  strangers 
to  the  study)  to  point  out  the  general  drift  and  pur- 
pose of  the  Science,  nnd  to  render  the  details  of  it  both 
more  interesting  and  more  intelligible.  The  analytical 
form,  which  has  here  been  adopted,  is,  generally 
speaking,  the  best  suited  for  introducing  any  science  in 
the  plainest  and  most  interesting  form ; though  the 
synthetical,  which  will  henceforth  be  employed,  is  the 
most  regular  nnd  the  most  compendious  form  for 
storing  it  up  in  the  memory. 
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CHAPTER  I. 

or  THE  OPERATIONS  OP  THS  MIND  AND  OF  TERMS. 


Torre  are  three  operations  of  the  mind  which  ore 
concerned  in  argument:  1st.  Simple  Apprehension; 
2d.  Judgment;  3d.  Discourse  or  Reasoning.  1st.  Sim- 
ple apprehension  is  the  notion  (or  conception)  of  any 
object  in  the  mind,  analogous  to  the  perception  of  the 
senses.  It  is  cither  incomplex  or  complex  : incom- 
plex apprehension  is  of  oue  object,  or  of  several  with- 
out any  relation  being  perceived  between  them,  as  of 
**  a man,"  " a horse,"  u cards:**  complex  is  of 
several  tcith  such  a relotion,  os  of  “ a man  on  horse- 
back," “ a pack  of  cards." 

2d.  Judgment  is  the  comparing  together  in  the 
mind  two  of  the  notions,  (or  ideas)  whether  complex 
or  incomplex,  which  arc  the  objects  of  apprehension, 
ami  pronouncing  that  they  agree  or  disagree  with  each 


other  ; (or  that  one  of  them  belongs  or  docs  not  belong 
to  the  other.)  Judgment  therefore  is  either  affirmative 
or  negative. 

3d.  Reasoning  (or  discourse)  is  the  act  of  proceed- 
ing from  one  judgment,  to  another  founded  upon  it, 
(or  the  result  of  it.) 

$ 2.  Language  affords  the  signs  by  which  these 
operations  oi  the  mind  are  expressed  nnd  communi- 
cated. An  act  of  Apprehension  expressed  in  language, 
is  called  a Term  ; an  act  of  Judgment,  a Proposition  ; 
an  act  of  Reasoning,  an  Argument  or  Syllogism  ; as 
* •£• 

**  Every  dispensation  of  Providence  is  beneficial ; 
Afflictions  arc  dispensations  of  Providence, 
Therefore  they  arc  beneficial is  a Syllogism  ; 
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Logic,  (the  act  of  Reasoning  being  indicated  by  the  word 
“ therefore,")  it  consists  of  three  Propositions t each  of 
which  has  (necessarily)  two  Terms , as  “ beneficial,** 
“ dispensations  of  Providence,”  &c. 

Language  is  employed  for  various  purposes,  e.  g. 
the  province  of  an  historian  is  to  convey  information  j 
of  an  orator,  to  persuade,  &c.  Logic  is  concerned 
with  it  only  when  employed  for  the  purpose  of 
Reasoning,  (i.  e.  in  order  to  tomwce  ;)  and  whereas,  in 
reasoning,  Terms  are  liable  to  be  indistinct , v>-  «•  with- 
out any  clear  determinate  meaning.)  Propositions , to 
he  false,  and  Arguments,  inconclusive , Logic  undertakes 
directly  and  completely  to  guard  against  this  last 
defect,  and  incidentally  and  in  a certain  degree 
against  the  others,  as  far  as  can  be  done  by  the  proper 
use  of  language : it  is,  therefore,  (when  regarded  as  an 
art0)  “ the  art  of  employing  language  properly  for  the 
purpose  of  Reasoning/'  Its  importance  no  one  can 
rightly  estimate  who  has  not  long  and  attentively  con- 
sidered how  much  our  thoughts  are  influenced  by 
words,  and  how  much  error,  perplexity,  and  labour, 
arc  occasioned  by  a faulty  use  of  language. 

A Syllogism  being,  as  aforesaid,  resolvable  into  three 
Propositions,  and  each  Proposition  containing  two 
Terms  ; of  these  Terms,  that  which  is  spoken  of,  is 
called  the  Subject ; that  which  is  said  of  it,  the  Predi- 
cate f and  these  two  together  are  called  the  Terms,  (or 
extremes,)  because,  logically,  the  subject  is  placed 
• first,  and  the  predicate  last : and,  in  the  middle,  the 
Copula,  which  indicates  the  act  of  Judgment,  as  by  it, 
the  Predicate  is  affirmed  or  denied  of  the  Subject.  It 
must  be  either  is  or  is  not;  the  substantive  verb 
being  the  only  t>er6  recognised  by  Logic  : all  others 
are  resolvable,  by  means  of  the  verb,  “ to  be,"  and 
a participle  or  adjective ; e.  g.  “ the  Romans  con- 
quered the  word  " conquered"  is  both  Copula  and 
Predicate,  being  equivalent  to  “ were  (Cop.)  victorious ” 

(Pred.)t 

$ 3.  It  is  evident  that  a Term  may  consist 
either  of  one  word  or  of  several ; and  that  it  is  not 
every  word  that  is  capable  of  being  employed  by 
itself  as  a Term  ; e.  g.  adverbs,  prepositions,  fcc.  and 
also  nouns  in  any  other  case  besides  the  nominative. 
A noun  may  be  by  itself  a Term  ; a verb  (all  except 
the  substantive  verb  used  as  the  Copula,)  is  resolvable 
into  the  Copula  and  Predicate,  to  which  it  is  equiva- 
lent, and  indeed  is  often  so  resolved  in  the  mere  ren- 
dering out  of  one  language  into  another  ; os  “ ipse 
adest,"  he  is  present.  It  w to  be  observed,  however. 


* It  is  to  be  observed,  aowever,  that  as  a science  is  conversant 
about  know  It  A % < 01 *ty,  an  art  h die  application  of  knowledge  to 
practice;  hence  Logie  (as  well  aa  any  other  system  of  know- 
ledge) becomes,  when  applied  to  practice,  an  art;  while  con- 
fined to  the  theory  of  Reasoning:,  it  is  strictly  a retrace : and  it  is 
as  such  that  it  occupies  the  higher  place  in  point  of  dignity,  since 
it  professes  to  develope  some  of  the  most  interesting  and  curious 
intellectual  phenomena. 

♦ It  Is  proper  to  observe,  that  dm  Copula,  as  such,  has  do 
relation  to  tim*;  but  expresses  merely  the  agreement  or  disagree- 
ment of  two  given  terms  : hence,  if  any  other  tense  of  the  sub- 
stantive verb,  beside*  the  present,  is  used,  it  is  either  to  be  under- 
stood a*  die  same  in  sense,  (the  difference  of  tense  being  regarded 
as  a matter  of  grammatical  convenience  only;)  or  else,  if  the  cir- 
cumstance of  time  really  do  modify  the  tense  of  tbs  whole  propo- 
sition, so  as  to  make  the  use  of  that  tense  an  essential,  then  this 
circumstance  is  to  be  regarded  as  a part  of  one  of  the  terms : 
“ at  that  time,"  or  some  such  expression,  being  understood. 
Sometimes  the  substantive  verb  is  both  Copula  and  Predicate  ; 
L e.  where  existence  only  is  predicated  : t.  f . Dess  est. 


that  under  u verb,"  we  do  not  include  the  infinitive.  Chap.  L 
which  is  properly  a noun  substantive,  nor  the  parti- 
ciple,  which  is  a noun  adjective.  They  ore  verbals, 
being  related  to  their  respective  verbs  in  respect  of 
the  things  they  signify  ; but  not  verbs,  inasmuch  as  they 
differ  entirely  in  tbeir  mode  of  signification.  It  is  worth 
observing,  that  an  infinitive  (though  it  often  comes 
last  in  the  sentence)  is  never  the  Predicate,  except 
when  another  infinitive  is  the  Subject.  It  is  to  be 
observed,  also,  that  in  English  there  are  two  infinitives, 
one,  in  “ tag,"  the  same  in  sound  and  spelling  as  the 
participle  present,  from  which,  however,  it  should  he 
carefully  distinguished  ; e.g.  “ rising  early  is  health- 
ful," and  “ it  is  healthful  to  rise  early,"  are 
equivalent. 

An  adjective  (including  participles)  cannot,  by 
itself,  be  made  the  Subject  of  a Proposition  ; but  is 
often  employed  as  a Predicate  ; as  " Crassus  was 
rich  ;**  though  some  choose  to  consider  some  substan- 
tives as  understood  in  every  such  case,  (e.  g.  rich 
man)  and  consequently  do  not  reckon  adjectives 
among  simple  Terms  ; i.  e.  words  which  are  capable, 
simply,  of  being  employed  as  Terms.  This,  however, 
is  a question  of  no  practical  consequence. 

Of  simple  Terms,  then,  (which  are  what  the  first 
part  of  Logic  treats  of)  there  are  many  divisions  ;*  of 
which,  however,  one  will  be  sufficient  for  the  present 
purpose  ; viz.  into  singular  and  common ; because, 
though  any  Term  whatever  may  be  a Subject,  none  but 
a common  Term  can  be  affirmatively  predicated  of 
several  others.  A singular  Term  stands  for  one  indivi- 
dual, as  Cassar,”  “ the  Thames (these,  it  is 
plain,  cannot  be  said  [or  predicated]  affirmatively , of 
any  thing  but  themselves.)  A common  Term  stands 
for  several  individuals  : i.  e.  can  be  applied  to  any  of 
them,  os  comprehending  them  in  its  single  signification  ; 
as  “ man,”  " river,”  *'  great."  The  notions  expressed 
by  these  common  Terms,  we  arc  enabled  to  form,  by 
the  faculty  of  abstraction  .*  for  by  it,  in  contemplating 
any  object  (or  objects,)  we  can  attend  exclusively  to 
some  particular  circumstances  belonging  to  it,  [some 
certain  parts  of  its  nature  as  it  were]  and  quite  with- 
hold our  atleritiou  from  the  rest.  When,  therefore, 
we  ore  thus  contemplating  several  individuals  which 
resemble  each  other  in  some  pari  of  their  nature,  we 
can  (by  attending  to  that  fntri  alone,  and  not  to  those 
points  in  which  they  differ)  assign  them  one  common 
name,  which  will  express  or  stand  for  them  merely  as 
far  as  they  all  agree ; and  which  of  course  will  be 
applicable  to  all  or  any  of  them  ; (which  process  is 
called  generalization,)  and  each  of  these  names  is 
culled  a common  Term,  from  its  belonging  to  them  all 
alike  t or  a Predicable . because  it  may  be  predicated 
affirmatively  of  them,  or  of  any  one  of  them. 

Generalization  (as  has  been  remarked)  implies 
abstraction,  but  it  is  not  the  same  thing ; for  there 
may  be  abstraction  without  generalization  : when  we 
are  speaking  of  an  individual,  it  is  usually  nn  abstract 
notion  that  we  form  ; e.  g.  suppose  we  arc  speaking 
of  the  present  King  of  France ; he  must  actually  be 


• The  usual  division*  of  words  into  uni  vocal,  equivocal,  sod 
analogous,  and  Into  words  of  the  first  and  second  intention, 
however,  are  not,  strictly  speaking:,  divisions  of  mords,  but  divi- 
sions of  the  manner  of  employing  them  . the  same  word  n**v  be 
employed  either  univocalhr,  equivocally,  or  analogously , either 
in  the  first  intention  or  in  the  second. 
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Lofic.  either  at  Paris  or  elsewhere  ; sitting,  standing,  or  in 
^ some  other  posture  ; and  in  such  and  such  a dress,  &c. 
Yet  many  of  these  circumstances,  (which  arc  separable 
accidents,  (vide  $ 7-)  and  consequently)  which  arc 
regarded  as  non-essential  to  the  individual,  arc  quite 
disregarded  by  us  ; and  wc  abstract  from  them  what 
we  consider  as  essential ; thus  forming  an  abstract 
notion  of  the  individual.  Yet  there  is  here  no 
generalization. 

§ 4.  Whatever  Term  can  be  affirmed  of  several 
things,  must  express  either  their  whole  essence,  which 
is  called  the  Species  ; or  a part  of  their  essence,  (viz, 
either  the  material  part,  which  is  called  the  Genus,  or 
the  formal  and  distinguishing  part,  which  is  called 
Differentia,)  or  in  common  discourse,  characteristic,  or 
something  joined  to  the  essence , whether  necessarily, 
which  is  called  a property,  or  contingently,  which  is 
an  accident. 

Every  Predicable  expresses  either 


The  whole  essence  or  part  of  its  or  something 
of  its  subject : essence  joined  to  its 

viz. : Species — | essence 

r 

Genus — Difference 


Property  Accident 


universal  peculiar  universal 
but  not  but  not  and  pe- 

peculiar  universal  culiar  ( ~ , , 

* inseparable — separable. 

It  is  evident  from  what  has  been  said,  that  the  Genus 
and  Difference  put  together  make  up  the  Species  : 
e.  g.  ''rational'  and  “animal"  constitute  “ man  j" 
so  that,  in  reality,  the  Species  contains  the  Genus 
(i.e.  implies  it;)  and  when  the  Genus  is  called  a 
whole,  and  is  said  to  contain  the  Species,  this  is  only  a 
metaphorical  expression,  signifying  that  it  comprehends 
the  Species,  in  its  own  more  extensive  signification  : 
e.  g.  it  1 predicate  of  Caesar  that  he  is  an  animal,  1 say 
the  truth  indeed,  but  not  the  whole  truth  ; for  he  is  not 
only  un  animal,  but  a man  ; so  that  “ man"  is  a more 
full  and  complete  expression  than  “ animal  $”  which 
for  the  some  reason  is  more  extensive,  as  it  contains, 
(or  rather  comprehends)  and  may  be  predicated  of, 
several  other  Species,  i.  e.  “ beast,"  “ bird,"  &c.  In 
the  same  manner  the  name  of  a .Species  is  a more  exten- 
sive, but  less  full  and  complete  term  than  that  of  an 
individual,  (viz.  a singular  term;)  since  the  Species 
may  be  predicated  of  each  of  these.  [Note,  that 
Genus  and  Species  are  commonly  said  to  be  predicated 
in  quid , (ri)  (i.  e.  to  answer  to  the  question  “ what  ?” 
ns,  “ what  is  Caesar?”  Answer,  “ a man  “ what 
is  a man?”  Answer,  “an  unimal.")  Difference,  in 
“ quale  quid  " (wo?ov  n)  Property  and  Accident  m 
quale  (volo*).] 

k '*•  A Genus,  which  is  also  a Species,  is  culled  a 
subaltern  Genus  or  Species ; as  11  bird,"  which  is  the 
Genus  of  “ pigeon,  (i.  e.  of  which  “ pigeon  ” is  a 
Species)  is  itself  a Species  of  “ animal."  A Genus 
which  is  not  considered  as  a .Specie*  of  anything,  is 
called  wmn««  (the  highest)  Genus  ; a Species  which 
is  not  considered  as  a Genus  of  any  thing,  Le.  is 


regnrded  as  containing  under  it  only  tadteiduai*,  is  cb*p,  i. 
called  infma  (the  lowest)  Species.  ^ 

When  I say  of  a magnet,  that  it  is  “ a kind  of  iron 
ore,"  that  is  called  its  prorimum  Genus,  because  it  m 
the  closest  (or  lowest)  Genus  that  can  be  predicated 
of  it  : “ mineral  " is  its  more  remote  Genus. 

When  I say  that  the  Differentia  of  a magnet  is  its 
“ attracting  iron,"  and  that  its  Property  is  “ polarity," 
these  are  called  respectively  a specific  Difference  and 
Property  ; because  magnet  is  un  infma  Species,  (i.  e. 
only  a Species.) 

When  I say  that  the  Differentia  of  iron  ore  is  its 
“ containing  iron,"  and  its  Property  “ being  attracted 
by  the  magnet ,"  these  are  called  respectively,  a generic 
Difference  and  Property,  because  iron  ore  is  a subaltern 
Species  or  Genus,  being  both  the  Genu*  of  magnet,  and 
a Species  of  mineral. 

That  is  the  most  strictly  called  a Property,  which 
belongs  to  the  whole  of  a Species,  and  to  that  Species 
alone  ; as  polarity  to  the  magnet.  [And  such  a pro- 
perty, it  is  often  hard  to  distinguish  from  the 
Dfferentia  ; but  whatever  you  consider  as  the  most 
essential  to  the  nature  of  a Species  with  respect  to  the 
matter  you  are  engaged  in,  you  must  call  the  Dffe- 
rentia  ,*  as  “rationality”  to  “ man  j”  and  whatever  you 
consider  as  rather  an  accompaniment  (or  result)  of  that 
Difference,  you  must  call  the  Property  ; as  the  “ use 
of  speech"  seems  to  be  a result  of  rationality.]  But 
very  many  Properties  which  belong  to  the  whole  of  a 
8pecies  are  not  peculiar  to  it ; os,  “ to  breathe  air  " 
belongs  to  every  man,  but  not  to  man  alone ; and  it 
is,  therefore,  strictly  speaking,  not  so  much  a Pro- 
perty of  the  Species  “ man,"  as  of  the  higher,  i.e. 
more  comprehensive,  Species,  which  is  the  Genus  of 
that,  viz.  of  “ land  animal.”  Other  Properties,  as 
some  Logicians  call  them,  are  peculiar  to  a Species,  but 
do  not  belong  to  the  whole  of  it:  e.  g.  man  alone  can 
be  a poet,  but  it  is  not  every  man  that  is  so.  These, 
however,  are  more  commonly  and  more  properly 
reckoned  as  Occidents, 

For  that  is  most  properly  called  an  Accident,  which 
may  be  absent  or  present,  the  essence  of  the  Species 
continuing  the  same  ; as,  for  a man  to  be  “ waUcing," 
or  a “ native  of  Paris  .*"  of  these  two  examples,  the 
former  is  what  Logicians  call  a separable  Accident, 
because  it  may  be  separated  from  the  individual: 

(e.g.  he  may  sit  down;)  the  latter  is  an  inseparable 
Accident,  being  not  separable  from  the  individual, 

(i.  e.  he  who  is  an  individual  of  Paris  can  never  be 
otherwise  ;)  “ from  the  individual,"  I say,  because 
every  Occident  must  be  separable  from  the  Species , else 
it  would  be  u Property. 

Let  it  here  he  observed,  that  both  the  general  name 
“ Predi cable,"  and  each  of  the  classes  of  Predicables, 

(viz.  Genus,  Species,  &c.)  arc  re/atice ; i.e.  we  cannot 
gay  what  PredicaUe  any  Term  is,  or  whether  it  is  any  at 
all,  unless  it  be  specified  q/'irAaf  it  is  to  be  predicated : 
e.g.  the  Term  “ red  " would  be  considered  a Genus, 
in  relation  to  the  Terms  “ pink,"  “ scarlet,"  fkc.  ic 
might  be  regarded  as  the  Differentia,  in  relation  to 
“red  rose;” — os  a property  of  “blood;" — as  an 
Accident  of  “ a house, " &c. 

And  universally,  h is  to  be  steadily  kept  in  mind, 
that  no  “ common  Terms"  have,  as  the  names  of 
individuals  have,  any  real  thing  existing  in  nature  cor- 
responding to  them  ; (roicTi,  as  Aristotle  expresses  it, 
though  he  has  been  represented  as  the  champion  of 
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the  opposite  opinion  r Tide  Categ.  c.  3.)  but  is 
merely  ft  name  denoting  a certain  inadequate  notion 
which  our  minds  have  formed  of  an  individual,  and 
which,  consequently,  not  including  any  thing  wherein 
that  individual  differs  from  certain  others,  is  applicable 
equally  well  to  all  or  any  of  them  : thus  “ man  " 
denotes  no  real  thing  (as  the  sect  of  the  Realists 
maintained,)  distinct  from  each  individual,  but  merely, 
any  man,  viewed  inadequately,  i,  e.  so  as  to  omit  and 
abstract  from  all  that  is  peculiar  to  each  individual ; 
by  which  means  the  Terra  becomes  applicable  alike  to 
any  one  of  several  individuals,  or  (in  the  plural)  to 
several  together  ; and  we  arbitrarily  fix  on  the  circum- 
stance which  we  thus  choose  to  abstract  and  consider 
separately,  disregarding  all  the  rest ; so  that  the  same 
individual  may  thus  be  referred  to  any  of  several 
different  Species,  and  the  same  Species  to  several 
Genera,  ns  suits  our  purpose.  Thus  it  suits 
the  farmer's  purpose  to  class  his  cattle  with  his 
ploughs,  carts,  and  other  possessions,  under  the 
name  of  “ slock  " the  naturalist,  suitably  to  his  pur- 
pose, classes  them  as  “ quadrupeds which  Term 
w'ould  include  wolves,  deer,  &c.,  which  to  the  farmer 
would  be  a most  improper  classification  : the 
commissary,  again,  would  class  them  with  corn, 
cheese,  fish,  &c.  as  '*  provision ."  That  which  is 
most  essential  in  one  view,  being  subordinate  in 
another. 

§ 6.  An  indiviilual  is  so  called  because  it  is  inca- 
pable of  logical  Division ; which  is  a metaphorical 
expression  to  signify  " the  distinct  (1.  c.  separate) 
enumeration  of  several  things  signified  by  one  common 
name."  This  operation  is  directly  opposite  to  genera- 
lization, (which  is  performed  by  means  of  abstrac- 
tion ;)  for  as  in  that,  you  lay  aside  the  difference  by 
which  severul  things  are  distinguished,  so  as  to  call 
them  all  by  one  common  name,  so,  in  Division,  you 
add  on  the  differences,  so  os  to  enumerate  them  by 
their  several  particular  names.  Thus,  “ mineral  M is 
said  to  be  divided  into  '*  stones,  metals,"  &c. ; and 
metals  again  into  “ gold,  iron,"  &c.  and  these  arc 
called  the  parts  (or  members)  of  the  Division. 

The  rules  for  Division  are  three  : 1st.  each  of  the 
parts,  or  any  of  them  short  of  all,  must  contain  less 
(i.  e.  have  a narrower  signification)  than  the  thing 
divided.  2d.  All  the  parts  together  must  be  exactly 
equal  to  the  thing  divided  ; (therefore  we  must  be 
careful  to  ascertain  that  the  surnmum  Genus  may  be 
predicated  of  every  Term  placed  under  it,  and  of 
nothing  else.)  3d.  The  parts  or  members  must  be 
opposed ; i.  e.  must  not  he  contained  in  one  another  : 
e.  g.  if  you  were  to  divide  **  book"  into  " poetical, 
historical,  folio,  quarto,  French,  Latin,"  &c.  the  mem- 
bers would  be  contained  in  each  other  ; for  a French 
book  may  be  a quarto,  and  a quarto,  French,  &c. 
You  must  be  careful,  therefore,  to  keep  in  mind  the 
principle  of  Division  w ith  which  you  set  out  : e.  g whe- 
ther you  begin  dividing  books  according  to  their  mat- 
ter, their  language,  or  their  fire,  &c.  these  being  also 
so  many  cross  Divisions.  And  when  any  thing  is  capable 
(as  in  the  above  instance)  of  being  divided  in  several 
different  ways,  we  arc  not  to  reckon  one  of  these  as 
the  true,  or  real,  or  right  one,  without  specifying 
what  the  object  is  which  we  have  in  view  : for  one 
mode  of  dividing  may  be  the  most  suitable  for  one 
purpose,  and  another,  for  another ; as  e.  g.  one  of 
the  above  modes  of  dividing  books  would  be  the  most 
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suitable  to  a bookbinder ; nnothor  in  a philosophical, 
and  the  other  in  a philological  view. 

It  must  be  carefully  remembered,  tluit  the  word 
*'  Division,"  as  employed  in  Logic,  is,  as  has  been 
observed  already,  metaphorical  j for  to  divide,  means 
originally  and  properly  to  separate  the  component 
parts  of  any  thing,  each  of  which  is  of  course  abso- 
lutely less  than  the  whole  : e.  g.  a tree  (i.  e.  any  indi- 
vidual tree)  might  be  divided  “ physically,"  as  it  is 
called,  into  root,  trunk,  branches,  leaves,  &c.  Now 
it  cannot  be  snid  that  a root  or  a leaf  is  a tree : 
whereas  in  a logical  Division  each  of  the  members  is, 
in  reality*,  wore  than  the  whole:  e.g.  if  you  divide 
tree  (i.  c.  the  Genus,  tree ) into  oak,  ash,  elm,  flic.  we 
may  say  of  the  oak,  or  of  any  individual  oak,  that 
**  it  is  a tree  for  by  the  very  word  " oak,"  we 
express  not  only  the  general  notion  of  a tree,  but 
wore,  viz.  the  peculiar  characteristic  (i.e.  difference) 
of  that  kind  of  tree. 

It  is  plain,  then,  that  it  is  logically  only,  i.  e.  in  our 
mode  of  speaking,  that  a Genus  is  said  to  contain  (or 
rather,  comprehend)  its  Species;  while  metaphysi- 
cally, 1.  c.  in  our  conceptions,  a Species  coutains, 
i.  e.  implies,  its  Geuus. 

Care  must  be  taken  not  to  confound  a physical  Divi- 
sion with  a Logical,  against  which  a caution  is  given 
under  R.  1. 

§ 7-  Definition  is  another  metaphorical  word,  which 
literally  signifies,  “ laying  down  a boundary  ;"  and  is 
used  in  Logic  to  signify  an  expression  which  explains 
any  term,  so  as  to  separate  it  from  every  thing  else,  as 
a boundary  separates  fields.  A nominal  Definition 
(such  as  arc  those  usually  found  in  a dictionary  of  one's 
own  language)  explains  only  the  meaning  of  the  term, 
by  giving  some  equivalent  expression,  which  may 
happen  to  be  better  known.  Thus  you  might  define 
a " Terra,"  that  which  forms  one  of  the  extremes  or 
boundaries  of  a “ Proposition  and  a " Predicable," 
that  which  may  be  predicated  ; “ decalogue,”  " ten 
commandments;"  “ telescope,"  an  instrument  for 
viewing  distant  objects,  flic.  A real  Definition  is  one 
which  explains  and  unfolds  the  nature  of  the  thing  ,* 
and  each  of  these  kinds  of  Definition  is  either  accidental 
or  essential.  An  essential  Definition  assigns  (or  lays 
down)  the  constituent  parts  of  the  essence,  (or  nature.) 
An  accidental  Definition  (which  is  commonly  called  a 
Description)  assigns  the  circumstances  belonging  to  the 
essence,  viz.  Properties  and  Accidents,  (e.  g.  causes, 
effects,  &c.)  thus,  ” man"  may  be  described  as  '*  an 
animal  that  uses  fire  to  dress  his  food,"  fee.  [And 
here  note,  that  in  describing  a Species,  you  cannot  men- 
tion any  thing  which  is  strictly  on  Accident,  because  if 
it  does  not  belong  to  the  whole  of  the  Species,  it  can- 
not define  it : in  describing  an  individual,  on  the 
contrary,  you  enumerate  the  Accidents,  because  by 
them  it  is  that  one  individual  differs  from  another, 
and  in  this  case  you  add  the  Species : e.  g.  " Philip  was 
a man  of  Macedon,  who  subdued  Greece,"  See.  Indi- 
viduals, it  is  evident,  can  be  defined  in  this  wuy 
alone.] 

Lastly,  the  essential  Definition  is  divided  into 
physical  (i.  e.  natural)  and  logical  or  Metaphysical : 
the  physical  Definition  lays  down  the  real  parts  of  the 
essence  which  are  actually  separable  ; the  logical,  lays 
down  the  ideal  parts  of  it,  which  cannot  be  Mpu rated 
except  in  the  mind:  thus,  a plant  ivould  be  defined 
physically,  by  enumerating  the  leaves,  stalks,  roots. 
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Logic.  ficc.  of  which  it  is  composed  : logically,  it  would  be 
defined  an  organized  being,  destitute  of  sensation  ; 
the  former  of  these  expressions  expressing  the  Genus, 
the  latter,  the  Difference  : for  a logical  Definition  must 
always  consist  of  the  Cent!*  and  Differentia,  which  are 
the  parts  of  which  Logic  considers  every  thing  as  con- 
sulting, and  which  evidently  arc  separable  in  the 
mind  alone.  Thus  " man  ” is  defined  " a rational 
animal,"  &c.  So  also  a " Proposition  ’’  might  be 
defined,  physically,  a Subject  and  Predicate  combined 
by  a Copula : the  parts  here  enumerated  being  actually 
separable  ; but  logically  it  would  be  defined  44  a sen- 
tence which  affirms  or  denies  and  these  two  parts 
of  the  essence  of  a Proposition  (which  are  the  Genus 
and  Differentia  of  it)  can  be  separated  in  the  mind 
only.  And  note,  that  the  difference  is  not  always 
one  quality,  but  is  frequently  compounded  of  several 
together,  no  one  of  which  would  alone  suffice. 

Definitions  are  divided  into  nominal  and  real, 
according  to  the  object  accomplish#!  by  them  ; whether 
to  explain,  merely,  the  meaning  of  the  word,  or  the 
nature  of  the  thing  : they  were  divided  into  accidental, 
physical,  and  logical,  according  to  the  means  employed 
by  each  for  accomplishing  their  respective  objects, 
whether  it  be  the  enumeration  of  attributes,  or  of  tlie 
physical  or  the  metaphysical  parts  of  the  essence. 
These,  therefore,  are  evidently  two  cross  divisions. 
In  this  place  we  are  concerned  with  nominal  Definitions 
only,  (except,  indeed,  of  logical  Terras,)  because  all 
that  is  requisite  for  the  purposes  of  Reasoning  (which 
is  the  proper  province  of  Logic,)  is,  that  a Term  shall 


not  be  used  in  different  senses  : a real  Definition  of  any  Chap.  I. 
thing  belongs  to  the  science  or  system  which  is  em-  — 
ployed  about  that  thing.  It  is  to  be  noted,  that  in  Cl,*p*  11- 
Mat  hematics  the  nominal  and  real  Definition  exactly 
coincide  ; the  meaning  of  the  word,  and  the  nature  of 
the  thing,  being  exactly  the  same.  This  bolds  good  also 
with  respect  to  logical  Terms,  most  legal,  and  many 
ethical  terms. 

It  is  scarcely  credible  how  much  confusion  has 
arisen  from  the  ignorance  of  these  distinctions  which 
has  prevailed  among  logical  writers. 

The  principal  rules  for  Definition  are  three  j viz. 

1st.  The  Definition  must  be  adequate;  i.  e.  neither  too 
extensive  nor  too  narrow  for  the  thing  defined  : 
e.  g.  to  define  “ fish,"  " an  animal  that  lives  in  the 
water,”  would  be  too  extenn ve,  because  many  insects, 
fiic.  live  in  the  water ; to  define  it,  " an  animal  that 
has  an  air-bladder,”  would  be  too  narrow;  because 
many  fish  are  without  any. 

2d.  The  Definition  must  be  in  itself  plainer  than  the 
thing  defined,  else  it  would  not  explain  it : 1 say,  “ in 
itself,”  (i.e.  generally)  because,  to  some  particular 
person,  the  term  defined  may  happen  to  be  even  more 
familiar  and  better  understood,  than  the  terms  of  the 
definition. 

3d.  It  must  be  couched  in  a convenient  number  of 
appropriate  words,  (if  such  can  be  found  suitable  for 
the  purpose  :)  for  figurative  words  (which  ore  opposed 
to  appropriate)  are  apt  to  produce  ambiguity  or  indis- 
tinctness : too  great  brevity  may  occasion  obscurity  ; 
and  too  great  prolixity,  confusion. 


CHATTER  II. 
or  propositions. 


$ 1.  Tur  second  part  of  Logic  treats  of  the  Proposi- 
tion; which  is,  44  Judgmeut  apressed  in  words." 

A proposition  is  defined  logically  " a sentence  indica- 
tive, i.  e.  affirming  or  denying;  (this  excludes  com- 
mand* and  questions.)  ” Sentence”  being  the  Genus, 
and4*  indicative"  the  Difference,  this  definition  expresses 
the  whole  essence  j and  it  relates  entirely  to  the  words 
of  a Proposition.  With  regard  to  the  matter,  its  Pro- 
perly is  to  be  true  or  false , and  therefore  it  must  not 
be  ambiguous,  (for  that  which  has  more  than  one 
meaning,  is  in  reality  several  Propositions;)  nor  imper- 
fect, nor  ungrammatical,  for  such  an  expression  has  no 
meaning  at  all. 

Since  the  Substance  (i.e.  Genus,  or  material  part)  of 
a Proposition  is,  that  it  is  a sentence;  and  since  every 
sentence  (whether  it  be  a Proposition  or  not)  may  be 
expressed  cither  absolutely,  (as  44  Cassar  deserved 
death  jM  " did  Caesar  deserve  death?")  or  under  an 
hypothesis,  (as,  " if  Caesar  was  a tyrant,  what  did  he 
deserve  ?”  " Was  Caesar  a hero  or  a villain  ?”  " If 
Csesar  was  a tyrant,  he  deserved  death  j”  " he  was 
either  a hero  or  a villain,’  ) on  this  wc  found  the 
division  of  Propositions  according  to  their  substance; 
viz.  into  categorical  and  hypothetical.  And  as  Genus 
is  said  to  be  predicated  in  quid  (what,)  it  is  by  the 
members  of  this  division  that  we  answer  the  question, 
what  is  this  Proposition  ? (qua  est  proposition  Answer, 
categorical  or  hypothetical. 


Categorical  Propositions  are  subdivided  into  pure , 
which  uKserts  simply  or  purely,  that  the  Subject  does 
or  docs  not  agree  with  the  predicate,  and  modal,  which 
expresses  in  what  mode  (or  manner)  it  agrees  ; e.  g. 
" an  intemperate  man  will  be  sickly " Brutus  killed 
Cwsar;”  are  pure.  "An  intemperate  man  will  pro- 
bably be  sickly  " Brutus  killed  Csesnr  justly  $**  are 
tiwdul  At  present  wc  speak  only  of  pure  categorical 
Propositions. 

It  being  the  Differentia  of  a Proposition,  that  it  affirms 
or  denies,  and  its  Property  to  be  true  or  false ; and  Dif- 
ferentia being  predicated  in  quale  quid ; Property  in 
quale,  wc  hence  form  another  division  of  Propositions, 
viz.  according  to  their  quality,  into  affirmative,  and 
negative,  (which  is  the  quality  of  the  expression,  and 
therefore  (in  Logic)  essential ;)  and  into  true  and  false, 
(which  is  the  quality  of  the  matter,  and  therefore  acci- 
dental. ) An  affirmative  Proposition  is  one  whose  Copula 
is  affirmative,  as  " birds  fly;’*  "not  to  advance  is  to 
go  back  ;”  a negative  proposition  is  one  whose  Copula 
is  negative,  os  44  man  is  not  perfect;”  no  "miser  is 
happy.” 

Another  division  of  Propositions  is  according  to 
their  quantity,  (or  extent ;)  if  the  Predicate  is  said  of 
the  whole  of  the  Subject,  the  Proposition  is  universal ; if 
of  a part  of  it  only,  the  Proposition  is  particular,  (or 
partial ;)  e.£. 44  England  is  an  island  j”  " all  tyrants  are 
miserable/  "no  miser  is  rich/’  are  universal  Propo- 
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Legfr.  sitions,  and  their  Subjects  are  therefore  said  to  be 
— V— ^ distributed,  be  ini;  understood  to  stand,  each,  for  the 
whole  of  Us  signiftcstea  : but,  “ some  islands  are  fertile 
“ all  tyrants  ore  not  assassinated  arc  particular,  and 
their  Subjects,  consequently  not  distributed,  being  taken 
to  stand  for  a part  only  of  their  significaftes. 

As  every  Proposition  must  be  either  affirmative  or 
negatnc,  and  must  also  be  eitber  universal  or  parti- 
cular, we  reckon  in  all,  four  kinds  of  pure  categorical 
Propositions,  (L  e.  considered  as  to  their  quantity  and 
quality  both  ;.)  viz.  universal  affirmative,  whose  symbol 
(used  for  brevity,)  is  A / universal  negative,  Ei  par- 
ticular affirmative,  / ; particular  negative,  O. 

f)  9.  When  the  subject  of  a Proposition  is  a common 
Term,  the  universal  signs  (**  all,  no,  every,*’)  are  used 
to  indicate  that  it  is  distributed,  (and  the  Proposition 
consequently  is  universal ;)  the  particular  signs, 
(“  some,  Sic.")  the  contrary  ; should  there  be  no  sign 
at  all  to  the  common  Term,  the  quantity  of  the  Pro- 
position (which  is  called  an  indefinite  Proposition)  is 
ascertained  by  the  matter  j i.  c.  the  nature  of  the 
connection  between  the  extremes;  which  is  either 
necessary,  impossible,  or  contingent.  In  necessary 
and  in  impossible  matter,  an  indefinite  is  understood 
as  a universal e.  g.  11  birds  have  wings  i.  e.  all  : 
•*  birds  are  not  quadrupeds i.  e.  none:  in  contingent 
matter,  (i.e.  where  the  terms  partly  (i.e.  sometimes) 
agree,  and  partly  not,)  an  indefinite  is  understood  as  a 
particular ; c.  g.  “ food  is  necessary  to  life  “ birds 
sing;"  Le.  some  doj  “birds  are  not  carnivorous;” 
i.  e.  “ some  are  not,”  or,  “ ali  are  not." 

As  for  singular  Propositions,  (viz.  those  whose  Sub- 
ject is  either  a proper  name,  or  a common  Term  with  a 
singular  sign.)  they  are  reckoned  as  universal**,  (sec 
ch.  iv.  $ 9.)  because  in  them  we  speak  of  the  whole  of 
the  subject;  e. g.  when  we  say,  “Brutus  was  a 
Homan,”  wc  mean,  the  whole  of  Brutus : this  is  the 
general  rule ; but  some  singular  Propositions  nmy 
fairly  be  reckoned  particular  i i.e.  when  some  qualify- 
ing word  is  inserted,  which  indicates  that  you  are  not 
speaking  of  the  whole  of  the  subject ; e.  g.  “ Cmr 
was  not  wholly  a tyrant “ this  man  is  occasionally 
intemperate  “ non  omnu  moriar It  is  evident 
that  the  Subject  is  distributed  in  every  universal  Propo- 
sition, and  never  In  a particular  ; (that  being  the  very 
difference  between  universal  and  particular  Proposi- 
tions ;)  but  the  distribution  or  non-distribution  of  the 
Predicate,  depends  (not  on  the  quantity,  but)  on  the 
qualify,  of  the  Proposition ; for,  if  any  part  of  the  Pre- 
dicate agrees  with  the  Subject,  it  must  be  affirmed  and 
not  denied  of  the  Subject  ; therefore,  for  an  affirmative 
Proposition  to  be  true,  it  is  sufficient  that  some  part  of 
the  Predicate  agree  with  the  Subject;  and  (for  the 
same  reason)  for  a negative  to  be  true,  it  is  necessary 
that  the  whole  of  the  Predicate  should  disagree  with 
the  Subject : e.g.  it  is  true  that  “ learning  is  useful,” 
though  the  whole  of  the  Term  “ useful”  does  not 
agree  with  the  Term  “ learning,"  (for  many  things  are 
useful  besides  learning,)  but  “ no  vice  is  useful,” 
would  be  false,  if  any  part  of  the  Term  “ useful”  agreed 
with  the  Term  “ vice  (L  c.  if  you  could  find  any  one 
useful  thing  which  was  a vice.)  The  two  practical 
rules  then  to  be  observed  respecting  distribution,  are, 

1st.  All  universal  Propositions  (and  no  particular) 
distribute  the  Subject. 

9d.  All  ntgatitc,  (and  no  affirmative)  the  Predi- 
cate. 


It  may  happen  indeed,  that  the  whole  of  the  Predi-  Cbay.  ll. 
cate  in  an  affirmative  may  agree  with  the  Subject ; v«— ' 

e.  g.  it  is  equally  true,  that  “ all  men  are  rational 
animals;"  and  “ all  rational  animals  are  men:”  hut 
this  is  merely  accidental,  and  is  not  at  all  implied  in  the 
form  of  erpression,  which  alone  is  regarded  in  Logic. 

Of  Opposition. 

$ 3.  Two  Propositions  are  said  to  be  opposed  to 
each  other,  when  having  the  same  Subject  and  Predi- 
cate ; they  differ  in  quantity,  or  quality,  or  both.  It 
is  evident,  that  with  any  given  Subject  and  Predicate, 
you  may  state  four  distinct  Propositions,  viz.  A,  E,  I, 
and  O;  and  any  two  of  these  arc  said  to  be  opposed ; 
hence  there  are  four  different  kinds  of  opposition,  viz. 

1st.  the  two  universal*  (A  and  E)  are  called  contraries 
to  each  other ; 9d.  the  two  particular,  (I  and  O,) 
safreon/rortes  t 3d.  A and  I,  or  E and  O,  subalterns  ; 

4th.  A and  O,  or  E und  I,  contradictories.  As  it  is 
evident  that  the  truth  or  falsity  of  any  Proposition  (its 
quantity  and  quality  being  known,)  must  depend  on 
the  matter  of  it,  we  must  bear  in  mind  that,  " in  neces- 
sary matter  all  affirmatives  are  true  and  negatives  false  ; 
in  impossible  matter,  vice  versd  ,•  in  contingent  matter,  all 
unioersals  false , and  particulars  true;"  (e.  g.  “ all 
islands,  (or,  some  islands,)  are  surrounded  by  water,” 
must  be  true,  because  the  matter  w necessary  to  say, 

“ no  islunds,  or  some — not,  &c.”  would  have  been 
false  ; again,  “ some  islands  are  fertile  ; “ some  are  not 
fertile,"  arc  both  true,  because  it  is  contingent  matter : 
put  “ali"  or  “ no"  instead  of  “tome,"  and  the  propositions 
will  be  false.)  Hence  it  will  be  evident,  that  contraries 
will  be  both  false  in  contingent  matter,  but  never  both 
true:  subcontraries,  60//1  true  in  contingent  matter, 
but  never  both  false  : contradictories,  always  one  true 
and  the  other  false,  Ac.  with  other  observations,  which 
will  be  immediately  made  on  viewing  the  scheme  ? in 
which  the  four  Propositions  are  denoted  by  their 
symbols ; the  different  kinds  of  matter,  by  the  initiaU 
n,  i,  c,  and  the  truth  or  falsity  of  each  Proposition  in 
each  matter,  by  the  letter  v.  for  (verum)  true,  f.  for 
( JaUum ) false. 


By  a careful  study  of  this  scheme,  bearing  in  mind, 
and  applying  the  above  rule  concerning  matter, 
the  learner  will  easily  elicit  all  the  maxims  relating 
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Lofit.  to  Opposition ; ns  thtit,  in  the  snbsltenu,  the  truth  of 
— V—-1  the  partintlsr  (which  is  called  the  .ubnllertmlt)  follows 
from  the  truth  of  the  universal  (tubaUtmunt)  and  the 
falsitv  of  the  universal  from  the  falsity  of  the  particular: 
that  subalterns  differ  in  quantity  atone  i contraries,  and 
also  subcontraries  in  quality  alone ; contradictories,  in 
both  : and  hence,  that  if  any  Proposition  is  known  to 
be  true,  we  infer  that  its  contradictory  is  false  ; if  false, 
its  contradictory  true,  & c. 

Of  Conversion. 

§ 4.  A Proposition  is  said  to  be  converted  when  its 
Terms  are  transposed : when  nothing  more  is  done,  this 
is  called  simple  Conversion.  No  Conversion  is  of  any 
use  unless  it  be  illative  t i.e.  tchen  the  truth  of  the 
converse  follows  from  the  truth  of  the  exposita,  (or  pro- 
position given ;)  e.  g. 

••  No  virtuous  miui  is  a rebel,  therefore 
No  rebel  is  a virtuous  man.” 

'*  Some  boasters  are  cowards,  therefore 
Some  cowards  are  boasters.” 

Conversion  con  then  only  be  illative  when  no  Term  is 
distributed  in  the  converse,  which  was  not  distributed  in 
the  expotila  : (for  if  that  be  done,  you  will  employ  a 
Term  iinruerwiiy  in  the  converse,  which  was  only  used 
partially  in  the  exposita.)  Hence,  os  E distributes  both 
Terms,  and  I neither,  these  Propositions  may  be  illa- 
tively  converted  in  the  simple  manner;  (vid.  Rule  2.) 
But  as  A does  not  distribute  the  Predicate,  its  simple 
Conversion  would  not  be  illative;  (c.  g.  from  “ all 
birds  are  animals,”  you  cannot  infer  that  “all  animals 
are  birds,”)  as  there  would  be  a Term  distributed  in 
the  converse,  which  was  not  before.  Wc  must  there- 
fore limit  its  quantity  from  universal  to  particular,  and 
the  Conversion  will  be  illative  . (e.g.  “ some  animals 
are  birds  ;”)  this  might  be  fairly  named  Conversion  by 
limitation  ; but  is  commonly  called  “ Conversion  per 
accident."  E may  thus  be  converted  also.  But  in 
O,  whether  the  quantity  be  changed  or  not,  there  will 
8till  be  a Term  (the  Predicate  of  the  converse)  distri- 
buted, which  was  not  before : you  can  therefore  only 
convert  it  by  changing  the  quality  ; i.  e.  considering 


the  negative  as  attached  to  the  Predicate  instead  of  to  the  Chap.  H* 
Copula,  and  thus  regarding  it  as  I.  One  of  the  Terms  Ch~n, 
will  then  not  be  the  same  as  before  ; but  the  Proposi-  v > 

tion  will  be  eequipollent ; e.  convey  the  same  mean- 
ing,) e.  g.  “ some  members  of  the  University  are  not 
learned  you  may  consider  " not  learned"  as  the  Pre- 
dicate, instead  of  “ learned;"  the  Proposition  will  then 
be  I,  and  of  course  may  be  simply  converted,  “ some 
who  are  not  learned  are  members  of  the  University.” 

This  may  be  named  Conversion  by  negation  ; or  as  it 
is  commonly  called,  by  contra-position.  A may  also 
be  fairly  converted  in  this  way,  e.  g. 

" Every  poet  is  a man  of  genius ; therefore 
He  who  is  not  a man  of  genius,  is  not  a poet 
(or,  u None  but  a man  of  genius  can  be  a poet.”) 

For  (since  it  is  the  same  thing,  to  affirm  some  Attri- 
bute of  the  Subject,  or  to  deny  the  absence  of  that  Attri- 
bute.) the  original  Proposition  is  precisely  equipollent 
to  this, 

•uirj.  pud. 

“ No 'poet  is  not  a man  of  genius 

which,  being  E,  may  of  course  be  simply  converted. 

Thus,  in  one  of  these  three  ways,  every  Proposition 
may  be  illatively  converted  : via.  “ E,  I,  simply ; A, 

O,  by  negation  ; A,  E,  limitation.”  Note,  that  as  it 
was  remarked,  that  in  some  affirmatives,  the  whole  of 
the  Predicate  does  actually  agree  with  the  Subject ; 
ao,  when  this  is  the  case,  A may  be  illatively  converted, 
simply  ; but  this  ia  an  accidental  circumstance.  In  a 
just  definition,  this  is  always  the  case  ; for  there  the 
Terms  being  exactly  eipiiirtiieiif,  (or,  as  they  are  called, 
convertible  Terms)  it  is  no  matter  which  is  made  the 
Subject,  and  which  the  Predicate,  e.  g.  “ a good 
government  is  that  which  has  the  happiness  of  the 
governed  for  its  object if  this  be  a right  definition,  it 
will  follow  that  “ a government  which  has  the  happi- 
ness of  the  governed  for  its  object,  is  a good  one.” 

Most  Propositions  in  Mathematics  are  of  this  descrip- 
tion : e.  g. 

" All  equilateral  triangles  are  equiangular  and 
“ All  equiangular  triangles  are  equilateral.’ 


CHAPTER  III. 
or  AHGUMRvrs. 


§ 1.  TnE  third  operation  of  the  mind,  viz.  Reason- 
ing (or  discourse)  expressed  in  words,  is  Argument ; 
and  an  Argument  stated  at  full  length,  and  in  its  rec- 
tor form  is  called  a Syllogism  : the  third  part  of  Logic 
therefore  treats  of  the  Syllogism.  Every  Argument 
consists  of  two  parts  ; that  which  is  to  be  proved  ; and 
that  by  means  of  which  it  is  proved  : the  former  is  called 
before  it  is  proved  the  Question ; when  proved,  the  Con- 
ciusion,  (or  inference  ;)  that  which  is  used  to  prove  it, 
if  slated  last,  (as  is  often  done  in  common  discourse  J is 
called  the  Reason,  and  is  introduced  by  “ because,"  or 
some  other  casual  conjunction  ; (c.  g.  “ Cicsar 

deserved  death,  because  he  was  a tyrant,  and  all 
tyrants  deserve  death.”)  It  the  Conclusion  be  stated 


last,  (which  is  the  strict  logical  form,  to  which  all 
Reasoning  may  be  reduced,)  then  that  which  is 
employed  to  prove  it  is  called  the  Premises  and  the 
Conclusion  is  then  introduced  by  some  illative  con- 
junction, as  “ therefore”  e.  g. 

" All  tyrants  deserve  death  ; 

Caesar  was  a tyrant ; 
therefore  he  deserved  death.” 

Since  then  an  Argument  is  an  expression  in  which 
“ from  something  laid  down  and  granted  as  true,  (i.  e. 
the  Premises j something  else,  fi.e.  the  Conclusion)  beyond 
this,  must  be  admitted  to  Le  true,  as  following  necessarily, 
(or  resulting)  from  the  other ;”  ami  since  Logic  is 
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wholly  concerned  in  the  use  of  language,  it  follows 
that  a Syllogism  (which  is  an  Argument  stated  in  a 
regular  logical  form,)  must  be  •*  an  Argument  so 
expressed,  that  the  conclusivencas  of  it  is  manifest 
from  the  mere  force  of  the  expression,"  i.  e.  without  con- 
sidering the  meaning  of  the  Terms:  e.  g.  in  this  syllo- 
gism, “ B is  A,  C is  B,  therefore  C is  A the  Con- 
clusion is  inevitable,  whatever  Terms  A,  B,  and  C, 
respectively,  are  understood  to  stand  for.  And  to 
this  foim,  all  legitimate  Arguments  may  ultimately  be 
brought. 

$2.  The  rule  or  axiom,  (commonly  called  “ dictum 


Or  a Term  not  distributed ; for  as  it  is  then  used  to  Chap.  III. 
stand  for  a part  only  of  its  signification,  it  may  happen  v -1 
that  one  of  the  extremes  may  have  been  compared 
with  one  part  of  it,  and  the  other,  with  another  part 
of  it  I c.  g. 


" White  is  a colour, 

Black  is  a colour  ; therefore 
Black  is  white.” — Again, 

“ Some  animals  are  beasts, 

Some  nnimals  are  birds;  therefore 
Some  birds  are  beasts.** 


ae  omni  et  nullo,”)  by  which  Aristotle  proves  the 
validity  of  this  Argument  is  this  : " whatever  is  pre- 
dicated of  a Term  distributed,  whether  affirmatively  or 
negatively,  may  be  predicated  in  like  manner,  of  every 
thing  contained  under  it.”  Thus,  in  the  examples  above, 
A is  predicated  of  B distributed,  and  C is  contained 
under  B,  (i.  e.  is  it*  Subject;)  therefore  A is  pre- 
dicated of  C : so  “ all  tyrants,  &c.*'  (p.  508.)  This 
rule  may  be  ultimately  applied  to  all  Arguments  ; (and 
their  validity  ultimately  rests  on  their  conformity 
thereto ;)  but  it  cannot  be  directly  and  immediately 
applied  to  all,  even  of  pure  categorical  Syllogisms  ; 
for  the  sake  of  brevity  therefore  some  other  axioms 
are  commonly  applied  in  practice,  to  avoid  the  occa- 
sional tediousness  of  reducing  all  Syllogisms  to  that 


The  middle  Term  therefore  must  be  distributed  once,  at 
least,  in  the  Premises  (i.  e.  by  being  the  Subject  of 
an  universal,  or  Predicate  of  a negative,  Ch.  11.  (5. 
.907.)  and  once  is  sufficient ; since  if  one  extreme 
as  been  compared  to  a part  of  the  middle  Term,  and 
another  to  the  whole  of  it,  they  must  have  been  both 
compared  to  the  same. 

4th.  No  Term  must  be  distributed  in  the  Conclusion  which 
was  not  distributed  in  one  of  the  Premises ; for  that  (it 
is  called  an  illicit  process,  either  of  the  major  or  the 
minor  Term)  would  be  to  employ  the  whole  of  a Term 
in  the  Conclusion,  when  you  had  employed  only  a 
part  of  it  in  the  Premiss ; and  thus,  in  reality,  to 
introduce  a fourth  Terra  ; e.  g. 


form  in  which  Aristotle's  dictum  is  applicable. 

We  will  speak  first  of  pure  categorical  Syllogisms  ; 
and  the  axioms  or  canons  by  which  their  validity  is  to 
be  proved : viz.  first,  if  two  Terms  agree  with  one  and  the 
same  third,  they  agree  with  each  other : second,  if  one 
Term  agrees  and  another  disagrees  with  one  and  the  same 
third,  these  two  disagree  with  each  other.  On  the  former  of 
these  canons  rests  the  validity  of  affirmative  conclu- 
sions ; on  the  latter,  of  negative:  for  no  Syllogism  can 


“ All  quadrupeds  are  animals, 

A bird  is  not  a quadruped  ; therefore 

It  is  not  an  animal.” — Illicit  process  of  the  major. 

5th.  From  negative  Premises  you  can  infer  nothing.  For 
in  them  the  middle  is  pronounced  to  disagree  with 
both  extremes ; not  to  agree  with  both;  or  to  agree  with 
one,  and  disagree  with  the  other  ; therefore  they  cannot 
be  compared  together;  c.  g. 


be  faulty  which  does  not  violate  these  canons ; none 
correct  which  does  : hence  on  these  two  canons  are 
built  the  rules  or  cautions  whicn  are  to  be  observed 


A fish  is  not  a quadruped,'* 

A bird  is  not  a quadruped,'*  proves  nothing. 


with  respect  to  Syllogisms,  for  the  purpose  of  ascer- 
taining whether  those  canons  have  been  strictly 
observed  or  not. 

1st.  Every  Syllogism  has  three,  and  only  three  Terms ; 
viz.  the  two  Terms  (or  extremes,  as  they  are  commonly 
called)  of  the  Conclusion,  (or  question ;)  (whereof  first, 
the  Subject  is  called  the  minor  Term ; second,  the  Predi- 
cate, the  major ;)  and  third,  the  middle  Term,  with  which 
each  of  them  is  separately  compared,  in  order  to  judge 
of  their  agreement  or  disagreement  with  each  other. 
If  therefore  there  were  two  middle  Terms,  the  extremes, 
(or  Terms  of  the  Conclusion)  not  being  both  compared  to 
the  rame,  could  not  be  compared  to  each  other. 

2d.  Every  syllogism  has  three,  and  only  three  Pro- 
positions ; viz.  first,  the  major  Premiss,  (in  which  the 
major  Term  is  compared  with  the  middle;)  second,  the 
minor  Premiss,  (in  which  the  minor  Term  is  compared 
with  the  middle ;)  and  third,  the  Conclusion,  in  which 
the  minor  Term  is  compared  with  the  major. 

3d.  Note,  that  if  the  middle  Term  is  ambiguous,  there 
are  in  reality  two  middle  Terms,  in  sense,  though  but  one 
in  sound.  An  ambiguous  middle  Term  is  either  an 
equivocal  Term,  used  in  different  senses  in  the  two 
Premises;  (e.g. 

*'  Light  is  contrary  to  darkness  ; 

Feathers  are  light;  therefore 

Feathers  are  contrary  to  darkness.'*) 

VOL.  I, 


6th.  If  one  Premiss  be  negative,  the  conclusion  must  be 
negative;  for  in  that  Premiss  the  middle  Term  is  pro- 
nounced ti>  disagree  with  one  of  the  extremes,  and  in 
the  other  Premiss,  (which  of  course  is  affirmative,  by 
the  preceding  rule)  to  agree  with  the  other  extreme  ; 
therefore  the  extremes  disagreeing  with  each  other, 
the  conclusion  is  negative.  In  the  same  manner  it 
may  be  shewn,  that  to  prove  a negative  conclusion  one  of 
the  Premises  must  be  a negative. 

By  these  six  rules,  all  Syllogisms  are  to  be  tried ; 
and  from  them  it  will  be  evident;  first,  that  nothing  can 
be  proved  from  two  particular  Premises ; (for  you  will 
then  hate  either  the  middle  Term  undistributed,  or  an 
illicit  process ; e.  g. 

“ Some  animals  are  sagacious  ; 

Some  beasts  are  not  sagacious  ; 

Some  beasts  are  not  animals  ”) 

And  for  the  same  reason  secondly,  that  if  one  of  the 
Premises  be  particular,  the  Conclusion  must  be  par- 
ticular ; e.  g-  from 

“ All  who  fight  bravely  deserve  reward ; 

Some  soldiers  fight  bravely  ;'*  you  can  only  infer 
that  some  soldiers  deserve  reward. 

For  to  infer  a universal  Conclusion,  would  be  an 
illicit  process  of  the  minor.  But  from  two  universal 

2 r 
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Logic  Premises  you  cannot  always  infer  a universal  Coo- 
— v*^  elusion  i e.  g. 

**  AU  gold  is  precious. 

All  gold  is  a mineral ; therefore 
Some  mineral  is  precious." 

And  even  when  we  com  infer  a universal,  we  are 
always  at  liberty  to  infer  a particular ; since  what  is 
predicated  of  all  may  of  course  be  predicated  of  some. 

Of  Moods. 

$ 3.  When  we  designate  the  three  Propositions  of  a 
Syllogism  in  their  order,  according  to  their  respective 
quantity  and  quality,  (i.  e.  their  symbols)  we  are  said  to 
determine  the  Mood  of  the  Syllogism  j e.  g.  the 
example  just  above,  “ all  gold,  kc.’1  is  in  the  Mood 
A,  A,  I.  As  there  are  four  kinds  of  Proposi lions,  and 
three  Propositions  in  each  Syllogism,  all  the  possible 
ways  of  combining  these  four,  ( A,  E,  1, 0.)  by  threes,  are 
sixty-four.  For  any  one  of  these  four  may  be  the  major 
Premiss ; each  of  these  four  majors  may  have  four  dif- 
ferent minors,  and  of  these  sixteen  pairs  of  Premises, 
each  may  have  four  different  Conclusions.  4x4 
(=16)  x 4 = 64.  This  is  a mere  arithmetical  calcu- 
lation of  the  Moods,  without  any  regard  to  the  Logical 
rules  : for  many  of  these  Moods  are  inadmissible  in 
practice,  from  violating  some  of  those  rules  } e.  g, 
the  Mood  E,  E,  E,  must  be  rejected,  as  having  nega- 
tive Premises I,  O,  O,  for  particular  Premises;  and 
many  others  for  the  same  faults.  By  examination  then 
of  all,  it  will  be  found  that  of  the  sixty-four,  there 
remain  but  twelve  Moods,  which  can  be  used  in  a 
legitimate  Syllogism,  viz.  A,  A,  A,  A,  A,  I,  A,  E,  E, 
A,'E,0,  A,  1,1,  A,  0,0,  E,  A,  E,  E,  A,  0,  E,I,0, 
I,  A,  I,  I,  E,  O,  O,  A,  O. 

Of  Figure . 


Let  A represent  the  major  Term,  C 
middle. 

1st  Fig.  2d  Fig.  3d  Fig. 

B,  A,  A,  B,  B,  A, 

C,  B,  C,  B,  B,  C, 

C,  A,  C,  A,  C,  A, 


the  minor,  B the  HI. 


4th  Fig. 

A,  B, 

B,  C, 

C,  A. 


The  Terms  alone  being  here  stated,  the  quantity  and 
quality  of  each  Proposition  (and  consequently  the 
Mood  of  the  whole  Syllogism)  is  left  to  be  filled  up  : 
(i.  e.  between  B,  and  A,  1 may  place  either  a negative 
or  affirmative  Copula ; and  I may  preiix  either  a universal 
or  particular  sign  to  B.)  By  applying  the  Moods  then 
to  each  Figure,  it  will  be  found  that  each  Figure  will 
admit  six  Moods  only,  as  not  violating  the  rules 
against  undistributed  middle,  and  against  illicit  process  : 
and  of  the  Moods  so  admitted,  several  (though  valid) 
are  useless,  as  having  a particular  Conclusion,  when 
a universal  might  have  been  drawn  ; e.  g.  A,  A,  I,  in 
the  first  Figure, 


" All  human  creatures  are  entitled  to  liberty  j 
All  slaves  arc  human  creatures  j therefore 
Some  slaves  are  entitled  to  liberty." 

Of  the  twenty-four  Moods  then  (six  in  each  Figure) 
five  are  for  this  reason  neglected  : for  the  remaining 
nineteen,  Logicians  have  devised  names  to  distinguish 
both  the  Mood  itself,  and  the  Figure  in  which  it  is 
found  ; since  when  one  Mood  (i.  e.  one  in  itself,  with- 
out regard  to  Figure)  occurs  in  two  different  Figures, 
(as  E,  A,  E,  in  the  first  and  second)  the  mere  letters 
denoting  the  Mood  would  not  inform  us  concerning 
the  Figure.  In  these  names  then,  the  three  rowels 
denote  the  Propositions  of  which  the  Syllogism  is 
composed  ; the  consonants  (besides  their  other  uses, 
of  which  hereafter)  sene  to  keep  in  mind  the  Figure 
of  the  Syllogism. 


h 4.  The  Figure  of  a Syllogism  consists  in  the  situa- 
tion of  the  middle  Term  with  respect  to  the  extremes 
of  the  conclusion,  (i.  e.  the  major  and  minor  term.) 
When  the  middle  Term  is  made  the  subject  of  the  major 
Premiss,  and  the  Predicate  of  the  minor,  that  is  called  the 
first  Figure  ; (which  is  far  the  most  natural  and  clear 
of  all,  as  to  this  alone,  Aristotle's  dictum  may  be  at 
once  applied.)  In  the  second  Figure  the  middle  Term 
is  the  Predicate  of  both  Premises:  in  the  third,  the 
Subject  of  both  : in  the  fourth,  the  Predicate  of  the 
major  Premiss,  and  the  Subject  of  the  minor.  (This 
is  the  most  awkward  and  unnatural  of  all,  being  the 
very  reverse  of  the  first.)  Note,  that  the  proper  order 
is  to  place  the  major  Premiss  first,  and  the  minor 
second;  but  this  does  not  constitute  the  major  and 
minor  Premises  ; for  that  Premiss  (wherever  placed) 
is  the  major  which  contains  the  major  Term,  and  the 
minor,  the  minor,  (v.  R.  2.  p.  209.)  Each  of  the 
allowable  Moods  mentioned  above,  will  not  be  allow- 
able in  every  Figure  ; since  it  may  violate  some  of  the 
foregoing  rules,  in  one  Figure,  though  not  in  another  : 
e.  g.  I,  A,  I,  is  an  allowable  Mood  in  the  third  Figure ; 
but  in  the  first,  it  would  have  an  undistributed  middle.  So 
A,  E,  E,  would  in  the  first  Figure  have  an  illicit  process 
of  the  major,  but  is  allowable  in  the  second  } and 
A,  A,  A,  which  in  the  first  Figure  is  allowable,  would 
>n  the  third  have  an  illicit  process  of  the  minor:  all 
which  may  be  ascertained  by  trying  the  different 
Moods  in  each  Figure,  as  per  scheme. 


Fig.  1.  bArbArA,  cElArEtt,  dArll,  fErlOque 
prioris. 

Fig.  2.  cEsArE,  cAmEstrEs,  fEstlnO,  bArOkO, 
secundse. 

r tertia,  dArAptl,dIsAmIs,dAt[fi],fElAptOn, 

Fig.  3.<  bOkArdO,  fErlsO,  h&bet:  quarta  insuper 
laddie. 

Fig.  4.  brAmAntlp,  cAmEnEs,  dlmArls,  fElApo, 
frEelsOn. 

By  a careful  study  of  these  mnemonic  lines  (which 
must  be  committed  to  memory)  you  will  perceive 
that  A can  only  be  proved  in  the  first  Figure,  in  which 
also  every*  other  Proposition  may  be  proved  ; that  the 
second  proves  only  negatives;  the  third  only  particulars, 
&c. ; with  many  other  such  observations,  which  will 
readily  be  made,  (on  trial  of  several  Syllogisms,  in 
different  Moods)  and  the  reasons  for  which  will  be 
found  in  the  foregoing  rules.  E.  G.  to  shew  why  the 
second  Figure  has  only  negative  Conclusions,  we  have 
only  to  consider,  that  in  it  the  middle  Term  being  the 
Predicate  in  both  Premises,  would  not  be  distributed 
unless  one  Premiss  were  negative ; (v.  R.  2.  p.  205.) 
therefore  the  conclusion  must  be  negative  also,  by 
R.  6.  p.  209.  One  Mood  in  each  Figure  may  suffice  in 
this  place  by  way  of  example;  first,  Barbara,  viz.  (bAr.) 

Every  B is  A j (bA)  every  C is  B ; therefore  (rA) 
every  C is  A,  e.  g.  let  the  major  Term  (which  is 
represented  by  A)  be  *'  one  who  possesses  all  virtue  j” 
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the  minor  term  (C)  " every  man  who  possesses  one 
' virtue  and  the  middle  term  (B)  ••  every  one  who 
possesses  prudence  and  you  will  hare  the  cele- 
brated argument  of  Aristotle,  Eth.  sixth  book,  to 
prove  that  the  virtues  are  inseparable  > vir. 

" He  who  possesses  prudence,  possesses  all  virtue ; 

He  who  possesses  one  virtue,  must  possess  pru- 
dence j therefore 

He  who  possesses  one,  possesses  all/’ 

Second,  Camestres,  (cAm)  every  A is  B ; (Es)  no  C 
is  B ; (trES)  no  C is  A.  Let  the  major  term  (A)  be 
“ true  philosophers,”  the  minor  (C)  “ the  Epicu- 
reans j”  the  middle  (B)  “ reckoning  virtue  a good  in 
itself;*'  and  this  will  be  part  of  the  reasoning  of 
Cicero,  Off.  book  first  and  third,  against  the  Epicu- 
reans. Third,  Daropti,  viz.  (dA f)  every  B is  A; 
( rAp ) every  B is  C ; therefore  (</.)  Some  C is  A.  e.  g. 

•*  Prudence  has  for  its  object  the  benefit  of  indivi- 
duals ; 

But  prudence  is  a virtue  ; therefore 

Some  virtue  has  for  its  object  the  benefit  of  the 
individual,”  is  part  of  Adam  Smith's  reasoning, 
( Moral  Sentiment*,)  against  Hutcheson  and  others, 
who  placed  all  virtue  in  benevolence.  Fourth,  Cumenes, 
via.  (cAm)  every  A is  B;  ( En ,)  no  B is  C;  there- 
fore (Es,)  no  C is  A,  e.  g. 

" Whatever  is  expedient,  is  conformable  to  nature ; 

Whatever  is  conformable  to  nature,  is  not  hurtful 
to  society ; therefore 

What  is  hurtful  to  society  is  never  expedient,” 
is  part  of  Cicero's  argument  in  Off.  third  book  : but 
it  is  an  inverted  and  clumsy  way  of  stating  what 
would  much  more  naturally  fall  into  the  first  Figure; 
for  if  you  examine  the  propositions  of  a Syllogism  in 
the  fourth  Figure,  beginning  at  the  Conclusion,  you  will 
see  that  as  the  major  Term  is  predicated  of  the  minor, 
so  is  the  minor  of  the  middle,  and  that  again  of  the 
major  : so  that  the  major  appears  to  be  merely  pre- 
dicated of  itself.  Hence  the  five  Moods  in  this  Figure 
are  seldom  or  never  used  ; some  one  of  the  fourteen 
(Moods  with  names)  in  the  first  three  Figures,  being  the 
forms  into  which  all  Arguments  may  most  readily  be 
thrown  ; but  of  these,  the  four  in  the  first  Figure  are 
the  dearest  and  most  natural ; as  to  them,  Aristotle’s 
dictum  will  immediately  apply.  And  as  it  is  on  this 
dictum  that  all  Reasoning  ultimately  depends,  so  all 
Arguments  may  be  somehow  or  other  brought  into 
some  one  of  these  four  Moods  ; and  a Syllogism  is,  in 
that  case,  said  to  be  reduced  : (i.  c.  to  the  first  Figure.) 
These  four  are  called  the  perfect  Moods,  and  all  the 
rest,  imperfect. 

Offensive  Reduction. 

k S.  In  reducing  a Syllogism,  wc  arc  not  of  course 
allowed  to  introduce  any  new  Term  or  Proposition, 
having  nothing  granted  but  the  truth  of  the  Pre- 
mises ; but  these  Premises  are  allowed  to  be  tUa- 
ticely  converted,  (because  the  truth  of  any  Proposition 
implies  that  of  its  illative  converse)  or  transposed : by 
taking  advantage  of  this  liberty,  where  there  is  need, 
we  deduce  in  Figure  one,  from  the  Premises  origin - 
ally  given,  either  the  eery  same  Conclusion  as  the  original 
one,  or  another  from  which  the  original  Conclusion 
follows,  by  illative  Conversion ; e.  g.  Daropti 


All  wits  are  dreaded  ; 

All  wits  are  admired  ; 

Some  who  are  admired  are  dreaded." 

Into  Darii,  by  converting  by  limitation  (per  accidcns) 
the  minor  Premiss. 

" All  wits  arc  dreaded  ; 

Some  who  are  admired  are  wits ; therefore 
Some  who  are  admired  are  dreaded.” 


" All  true  philosophers  account  virtue  a good  in 
it9elf ; 

The  advocates  of  pleasure  do  not  account,  &c. 

Therefore  they  are  not  true  philosophers.” 

Reduced  to  Celarent,  by  simply  converting  the  minor, 
and  then  transposing  the  Premises. 

" Those  who  account  virtue  a good  in  itself,  are 
not  advocates  of  pleasure ; 

All  true  philosophers  account  virtue,  &c. ; therefore 

No  true  philosophers  are  advocates  of  pleasure.*' 

This  Conclusion  may  be  Ulafively  converted  into  the 
original  one. 

Baroko,  e.  g. 

**  Every  true  patriot  is  a friend  to  religion  ; 

Some  great  statesmen  are  not  friends  to  religion ; 

Some  great  statesmen  are  not  true  patriots.'* 

To  Ferio,  by  converting  the  major  by  negation  (con- 
traposition) vide  Ch.  II.  t 4. 

” He  who  is  not  a friend  to  religion,  is  not  a true 
[Mtriot , 

Some  great  statesmen,  &c.” 
and  the  rest  of  the  Syllogism  remains  the  same  ; 
only  that  the  minor  Premiss  must  be  considered  as 
affirmative,  because  you  take  “ not  a friend  to  reli- 
gion ” as  the  middle  Term.  In  the  same  manner 
Bokardo  to  Darii ; e.  g. 

u Some  slaves  are  not  discontented ; 

All  slaves  are  wronged  ; therefore 

Some  who  are  wronged  are  not  discontented." 

Convert  the  major  by  negation  (contraposition) 
and  then  transpose  them  ; the  Conclusion  will  be  the 
converse  by  negation  of  the  original  one,  which  therefore 
may  be  inferred  from  it;  c. g. 

“ All  slaves  are  wronged ; 

Some  who  are  not  discontented  are  slaves  ; 

Sonic  who  are  not  discontented  are  wronged.” 

In  these  ways  (which  are  called  Ostenhve  Reduction, 
because  you  prove  in  the  first  Figure,  either  the  very 
same  conclusion  as  before,  or  one  which  implies  it)  all 
the  imperfect  Moods  may  be  reduced  to  the  four  per- 
fect ones.  But  there  is  also  another  way,  called 
reductio  ad  impassibile , 

$ 6.  By  which  we  prove  (in  the  first  Figure)  not 
directly  that  the  original  Conclusion  is  true,  but  that 
it  cannot  be  false;  i.  e.  that  an  absurdity  would  follow 
from  the  supposition  of  its  being  false ; e.  g. 

" All  true  patriots  are  friends  to  religion  ; 

Some  great  statesmen  are  not  friends  to  religion  ; 

Some  great  statesmen  are  not  true  patriots. 

If  this  conclusion  be  not  true,  its  contradictory  must 
be  true ; vir. 
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“ All  great  statesmen  are  true  patriots.*’ 

Let  this  then  be  assumed,  in  the  place  of  the  minor 
Premiss  of  the  original  Syllogism,  and  a false  con- 
clusion will  be  proved  ; e.  g.  bAr. 

“ All  true  patriots  arc  friends  to  religion ; 
bA,  All  great  statesmen  arc  true  patriots  j 
rA,  All  great  statesman  are  friends  to  religion 
for  as  this  Conclusion  is  the  contradictory  of  the 
original  minor  Premiss,  it  must  be  false,  since  the 
Premises  are  always  supposed  to  be  granted  j there- 
fore one  of  the  Premises  (by  which  it  has  been  cor- 
rectly proved)  must  be  false  also ; but  the  major  Pre- 
miss (being  one  of  those  originally  granted)  is  /me; 
therefore  the  falsity  must  be  in  the  minor  Premiss g 
which  is  the  contradictory  of  the  original  Conclusion ; 
therefore  the  original  Conclusion  must  be  true.  This 
is  the  indirer/  mode  of  Reasoning. 

$ 7.  This  kind  of  Reduction  is  seldom  employed  but 
for  Baroko  and  Bokdrdo,  which  are  thus  reduced  by 
those  who  confine  themselves  to  simple  Conversion, 
and  Conversion  by  limitation,  {per  actidens;)  and  they 


framed  the  names  of  their  Moods  with  a view  to  Cksp.  Ill, 
point  out  the  manner  in  which  each  is  to  be  reduced  ; — 

via.  B,  C,  D,  F,  which  are  the  initial  letters  of  all  the  ,v* 

Moods,  indicate  to  which  Mood  of  the  first  Figure,  ^ 

( Barbara , Celarent,  Dora,  and  Ferio, ) each  of  the 
others  is  to  be  reduced  : m,  indicates  that  the  Pre- 
mises are  to  be  transposed ; »,  and  p,  that  the  Propo- 

sition denoted  by  the  vowel  immediately  preceding, 
is  to  be  converted  g s,  simply,  p,  per  accidens,  (by 
limitation  :)  thus,  in  Camestres,  (see  example,  p.  211,) 
the  C,  indicates  that  it  must  be  reduced  to  Celarent 
the  two  ss,  that  the  minor  Premiss  and  Conclusion 
must  be  converted  simply ; the  m,  that  the  Premises 
roust  be  transposed.  K,  (which  indicates  the  reduction 
ad  impossible)  is  a sign  that  the  Proposition  denoted 
by  the  vowel  immediately  before  it,  must  be  left  out, 
and  the  contradictory  of  the  Conclusion  substituted  > 
viz.  for  the  minor  premiss  in  Baroko,  and  the  major  in 
Bokardo.  But  it  has  been  already  shewn,  that  the 
Conversion  by  contraposition,  (by  negation,)  will 
enable  us  to  reduce  these  two  Moods,  attentively. 


CHAPTER  IV 

OF  MODAL  SYLLOGISMS,  AMD  or  ALL  ARGUMENTS  BESIDES  REGULAR  AND  RUU  CATEGORICAL  SYLLOGISMS. 


Of  Models. 

$ 1.  Hitherto  we  have  treated  of  pure  categorical 
Propositions,  and  the  Syllogisms  composed  of  such  : a 
Modal  Proposition  maybe  stated  os  a pure  one,  by  attach- 
ing the  Male  to  one  of  the  Terms  : and  the  Proposition 
will  in  all  respects  fall  under  the  foregoing  rules  j e.  g. 
**  John  killed  Thomas  wilfully  and  maliciously  g"  here 
the  Mode  is  to  be  regarded  as  part  of  the  Predicate. 
'*  It  is  probable  that  all  knowledge  is  useful  j”  “ pro- 
bably useful " is  here  the  Predicate;  but  when  the 
Mode  is  only  used  to  express  the  necessary,  contingent, 
or  impossible  connection  of  the  Terms,  it  may  os  well 
be  attached  to  the  Subject : e.  g.  “ man  is  necessarily 
mortal;*’  is  the  same  as,  H all  men  are  mortal:”  and 
" this  man  is  occasionally  intemperate,”  has  the  force 
of  a particular : (vide  Part  II.  § 2.  p.  207.)  It  is 
thus  that  two  singular  Propositions  may  be  contradic- 
tories ; e.  g.  “ this  man  is  never  intemperate,”  will  be 
the  contradictory  of  the  foregoing.  Indeed  every  sign 
(of  universality  or  particularity)  may  be  considered  as 
a Mode.  Since,  however,  in  ail  Modal  Propositions, 
you  assert  that  the  dictum  (i.  c.  the  assertion  itself  J and 
the  mode,  agree  together,  or  disagree,  so,  in  some 
ases,  this  may  be  the  most  convenient  Way  of  stating 

Mlllj.  cop.  prrd.  uhjfct. 

a Modal,  purely:  e.  g.  “ It  it  impossible  that  all  men 
should  be  virtuous.”  Such  is  a proposition  of  St. 

»nbj.  cop.  pTril.  wbjjfcl. 

Paul's  : “ This  is  a faithful  saying,  &c.  that  Jesus 

•uLicct. 

Christ  came  into  the  world  to  save  sinners.''  In  these 
cases,  one  of  your  Terms  (the  Subject)  is  itself  an  entire 
Proposition.  Thus  much  for  Modal  Propositions. 


Of  Hypothetical 

$ 2.  A hypothetical  Proposition  is  defined  to  be, 
two  or  more  calegorieals  united  by  a Copula,  (or  conjunc- 
tion ;)  and  the  different  kinds  of  hypothetical  Propo- 
sitions are  named  from  their  respective  conjunctions  ; 
viz.  conditional,  disjunctive,  causal,  Ac. 

When  a hypothetical  Conclusion  is  inferred  from 
a hypothetical  Premiss,  so  that  the  force  of  the 
Reasoning  does  not  turn  on  the  hypothesis,  then  the 
hypothesis  (as  in  Modals)  must  be  considered  as  part 
of  one  of  the  Terms  ; so  that  the  Reasoning  will  be,  in 
effect,  categorical : e.  g. 

prtStaw. 

“ Every  conqueror  is  either  a hero  or  a villain  : 

Cicsar  was  a conqueror  ; therefore 

predicate. 

He  was  either  a hero  or  a villain.” 

“ Whatever  comes  from  God  is  entitled  to  reverence  > 

collect. 

If  the  Scriptures  arc  not  wholly  false,  they  must 
come  from  God  ; 

If  they  are  not  wholly  false,  they  are  entitled  to 
reverence.” 

But  when  the  Reasoning  itself  rests  on  the  hypothe- 
sis, (in  which  way  a categorical  Conclusion  may  be 
drawn  from  a hypothetical  Premiss,)  this  is  what  is 
called  a hypothetical  Syllogism  ; and  rules  have  been 
devised  for  ascertaining  the  validity  of  such  Arguments, 
nt  once,  without  bringing  them  into  the  categorical 
form.  (And  note,  that  in  these  Syllogisms  the  hypo- 
thetical Premiss  is  called  the  major,  and  the  categorical 
one,  the  minor.)  They  are  of  two  kinds,  conditional 
and  di^/unr/ice. 
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Logie.  Of  Conditional*. 

$ 3.  A Conditional  Proposition  boa  in  it  an  illative, 
force  i i.e.  it  contains  two,  and  only  two  categorical 
Propositions,  whereof  one  results  from  the  other,  (or, 
follows  from  it,)  e.  g. 

•atvceieat. 

*'  If  the  Scriptures  are  not  wholly  false, 

CWMqMlK. 

they  are  entitled  to  respect.” 

That  from  which  the  other  results.  Is  called  the  antece- 
dent ; that  which  results  from  it,  the 'consequent,  ( con - 
sequent ;)  and  the  connection  between  the  two,  (ex- 
pressed by  the  word  “ if")  the  consequence,  (cvnse- 
quentia.)  The  natural  order  is,  that  the  antecedent 
should  come  before  the  consequent ; but  this  is  fre- 
quently reversed  : e.  g.  “ the  husbandman  is  well  off 
if  he  knows  his  own  advantages  j"  Virg.  Geor.  And 
note,  that  tbc  truth  or  falsity  of  a conditional  Propo- 
sition depends  entirely  on  the  consequence : e.  g *•  if 
Logic  is  useless,  it  deserves  to  be  neglected  j here 
both  antecedent  and  consequent  are  false  t yet  the 
whole  proposition  is  true ; i.  e.  it  it  true  that  the 
consequent  follows  from  the  antecedent.  “ If  Crom- 
well was  an  Englishman,  he  was  an  usurper,"  is  just 
the  reverse  case  : for  though  it  is  true  that  **  Crom- 
well was  an  Englishman,”  and  also  that  “ he  was  an 
usurper,”  yet  it  is  not  true  that  the  latter  of  these 
Propositions  depends  on  the  former  ; the  whole  Propo- 
sition, therefore,  is  false,  though  both  antecedent  and 
consequent  are  true.  A Conditional  Proposition,  in 
short,  may  be  considered  as  an  assertion  of  the  valulity 
of  a certain  Argument ; since  to  assert  that  an  Argu- 
ment is  valid , is  to  assert  that  the  Conclusion  neces- 
sarily results  from  the  Premises,  whether  those  Pre- 
mises be  true  or  not.  The  meaning,  then,  of  a 
Conditional  Proposition  is  this  ; that,  the  antecedent 
being  granted,  the  consequent  is  granted  : which  may  be 
considered  in  two  points  of  view  : first,  if  the  antece- 
dent be  true,  the  consequent  must  be  true  ; hence  the 
first  rule  ; the  antecedent  being  granted,  the  consequent 
may  be  inferred  : secondly,  if  the  antecedent  were  true, 
the  consequent  would  be  true  j hence  the  second  rule  ; 
the  consequent  being  denied,  the  antecedent  may  be  denied ; 
for  the  antecedent  must  in  that  case  be  false ; since  if 
it  were  true,  the  consequent  (which  is  granted  to  be 
false)  would  be  true  also  : e.  g.  “ if  this  man  has  a 
fever,  he  is  sick  j"  here,  if  you  grant  the  antecedent, 
the  first  rule  applies,  and  you  infer  the  truth  of  the 
consequent ; u he  has  a fever,  therefore  he  is  sick : " 
if  A is  B,  C is  D ; but  A is  B,  therefore  C is  D,  (und 
this  is  called  a constructive  Conditional  Syllogism  ») 
but  if  you  deny  the  consequent  (i.  e.  grant  its  contradic- 
tory,) the  second  rule  applies,  and  you  infer  the  contra- 
dictory of  the  antecedent : u he  is  not  sick,  therefore  he 
has  not  a fever this  is  the  destructive  Conditional 
Syllogism  : if  A is  B,  C is  D } C is  not  D,  therefore 
A is  not  B.  Again,  " if  the  crops  are  not  bad,  corn 
must  be  cheap  for  a major ; then,  " but  the  crops 
are  not  bad,  therefore  corn  must  be  cheap,"  is  con- 
structive. “ Corn  is  not  cheap,  therefore  the  crops 
are  bud,”  is  destructive.  “ If  every  increase  of  popu- 
lation is  desirable,  some  misery  is  desirable  ; but  no 
misery  is  desirable,  therefore,  some  increase  of  popu- 
lation is  not  desirable,”  is  destructive.  But  if  you  affirm 


the  consequent,  or  deny  the  antecedent,  you  can  infer  Chap  IV. 
nothing  ; for  the  same  consequent  may  follow  from 
other  antecedents  : e.  g.  in  the  example  above,  a man 
may  be  sick  from  other  disorders  besides  a fever; 
therefore  it  does  not  follow  from  his  being  sick,  that 
he  has  a fever ; nor  (for  the  same  reason)  from  bis  not 
having  a fever,  that  he  is  not  sick.  There  are,  there- 
fore, two,  and  only  two  kinds  of  Conditional  Syllo- 
gisms ; the  constructive,  founded  on  the  first  rule,  and 
answering  to  direct  Reasoning ; and  the  destructwe  on 
the  second,  answering  to  indirect.  And  note,  that  a 
conditional  Proposition  may  (like  the  categorical  A,)  be 
converted  by  negation ; 1.  e.  you  may  take  the  contradic- 
tory of  the  consequent,  as  an  antecedent,  and  the  contra- 
dictory of  the  antecedent,  as  a consequent : e.  g.  “ if  this 
man  is  not  sick,  he  has  not  a fever.”  By  this  con- 
version of  the  major  Premiss,  a constructive  Syllogism 
may  be  reduced  to  a destructive,  and  vice  versa.  (See 
k 6.  Ch.  IV.  p.  914.  ) 


Of  Disjunctives, 

M-  A disjunctive  Proposition  may  consist  of  any 
number  of  ealegorieals ; and,  of  these,  some  one,  at  least, 
must  be  true,  or  the  whole  Proposition  will  be  false  : 
if,  therefore,  one  or  more  of  these  catcgoricnls  be 
denied,  (1.  e.  grunted  to  be  false,)  you  tnuy  infer  that 
the  remaining  one,  or  (if  several)  some  one  of  the 
remaining  ones  is  true : e.  g.  “ either  the  earth  is 
ctemAl,  or  the  work  of  chance,  or  the  work  of  an 
intelligent  being ; it  is  not  eternal,  nor  the  work  of 
chance  ; therefore  it  is  the  work  of  an  intelligent 
being."  “ It  is  either  spring,  summer,  autumn,  or 
winter ; but  it  is  neither  spring  nor  summer,  there- 
fore it  is  either  autumn  or  winter."  Either  A is  B, 
or  C is  D : but  A is  not  B,  therefore  C is  D.  Note, 
that  in  these  two  examples  (as  well  as  very  many 
others.)  it  is  implied  not  only  that  one  of  the  mem- 
bers (the  categorical  Propositions)  must  be  true,  but 
that  only  one  can  be  true ; so  that,  in  such  cases,  if  one 
or  more  members  be  affirmed,  the  rest  may  be  denied  t 
[the  members  may  then  be  called  exclusive .]  c.g.  “ it 
is  summer,  therefore  it  is  neither  spring,  autumn,  nor 
winter  “ cither  A is  B,  or  C is  D ; but  A is  B, 
therefore  C is  not  D."  But  this  is  by  no  means  uni- 
versally the  case ; c.  g.  **  virtue  tends  to  procure  us 
either  the  esteem  of  mankind  or  the  favour  of  God 
here  both  members  arc  true,  and  consequently  from 
one  being  affirmed,  we  are  not  authorised  to  deny  the 
other,  ft  is  evident  that  a disjunctive  Syllogism  may 
easily  be  reduced  to  a conditional : e.  g.  if  it  is  not 
spring  or  summer,  it  is  either  uuluinn  or  winter,  &c. 

The  Dilemma. 

t 5.  Is  a complex  kind  of  Conditional  Syllogism. 

1st.  If  you  have  in  the  major  Premiss  several  antece- 
dents all  with  the  same  consequent,  then  these  antece- 
dents, being  (in  the  minor)  disjunctively  granted,  (»,  e. 
it  being  grunted  that  some  one  of  them  is  true,)  the 
one  common  consequent  may  be  inferred,  (as  in  the  case 
of  a simple  constructive  syllogism  :)  e g.  if  A is  H, 
C.  is  D ; and  if  X is  Y,  C is  D ; but  either  A is  B,  or 
X is  Y ; therefore  C is  D.  *'  If  the  blest  in  heaven 
have  no  desires,  they  will  be  perfectly  content ; so 
they  will,  if  their  desires  arc  fully  gratified ; but 
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Lofir.  either  they  will  have  no  desires,  or  have  them  fully 
— v'—'  gratified ; therefore  they  will  be  perfectly  content/' 
Note,  in  this  case,  the  two  conditionals  which  moke 
up  the  major  Premiss  may  be  united  in  one  Proposi- 
tion by  means  of  the  word  “ whether  e.g.  " whe- 
ther the  blest,  flee.  have  no  desires,  or  have  their 
desires  gratified,  they  will  be  content.*' 

2d.  But  if  the  several  antecedent t have  each  a 
different  consequent,  then  the  antecedents,  being  as 
before,  disjunctively  granted,  you  can  only  disjunc- 
tively infer  the  consequents  : e.  g.  if  A is  B,  C is  D $ 
and  if  X is  Y,  E is  F : but  either  A is  B,  or  X is  Y 5 
therefore  either  C is  D,  or  E is  F.  “ If  Aeschines 
joined  in  the  public  rejoicings,  be  is  inconsistent ; if 
he  did  not,  he  is  unpatriotic  ; but  he  either  joined,  or 
not,  therefore  he  is  either  inconsistent  or  unpatriotic." 
(Dernost.  For  the  Crown)  litis  case,  as  well  as  the 
foregoing,  is  evidently  constructive.  In  the  destruc- 
tive form,  whether  you  have  one  antecedent  with 
several  consequents,  or  several  antecedents,  either 
with  one,  or  with  several  consequents;  in  all  these 
cases,  if  you  deny  the  whole  of  the  consequent  or  con- 
sequents, you  may  in  the  conclusion,  deny  the  whole 
of  the  antecedent  or  antecedents  : e.  g.  ••  if  this  fact 
be  true,  it  must  be  recorded  either  in  Herodotus,  Thu- 
cydides, or  Xenophon  ; it  is  not  recorded  in  any  of  the 
three,  therefore  it  is  not  true."  " If  the  world  existed 
from  eternity  there  would  be  records  prior  to  the 
Mosaic  ; and  if  it  were  produced  by  chance,  it  would 
not  bear  marks  of  design  : there  are  no  records  prior 
to  the  Mosaic  5 and  the  world  does  bear  marks  of  design ; 
therefore  it  neither  existed  from  eternity,  nor  is  the 
work  of  chance."  These  are  commonly  called  Dilem- 
mas, but  hardly  differ  from  simple  conditional  Syllo- 
gisms. Nor  is  the  case  different  if  you  have  one  antece- 
dent with  several  consequents,  which  consequents  you 
rfu/unr/irefy  deny ; for  that  comes  to  the  something 
as  wholly  denying  them  ; since  if  they  be  not  all  true, 
the  one  anteceelent  must  equally  full  to  the  ground  ; 
and  the  Syllogism  will  be  equally  simple  : e.  g.  “ if 
we  are  at  peace  with  France  by  virtue  of  the  treaty 
of  Paris,  we  must  acknowledge  the  sovereignty  of 
Buonaparte  ; and  also  we  must  acknowledge  that  of 
Louis  : but  we  cannot  do  both  of  those  ; therefore  we 
arc  not  at  peace,"  &c. ; which  is  evidently  a plain 
destructive.  The  true  dilemma  is,  **  a conditional 
Syllogism  with  several  antecedents  in  the  major , and  a 
disjunctive  minor  /’  hence, 

3d . That  is  most  properly  colled  a destructive  Dilemma, 
which  has  (like  the  constructive  ones)  a disjunctive 
minor  Premiss ; i.  c.  when  you  have  several  antecedents 
with  each  a different  consequent ; which  consequents, 
(instead  of  wholly  denying  them,  as  in  the  last  case,) 
you  disjunctively  deny  ; and  thence,  in  the  Conclusion, 
deny  disjunctively  the  antecedents  : e.  g.  if  A is  B, 

C is  D ; and  if  X is  Y,  E is  F : but  either  C is  not  D, 
or  E is  not  F ; therefore,  either  A is  not  B,  or  X is  not 
Y.  “ If  this  man  were  wise,  he  would  not  speak 
irreverently  of  Scripture  In  jest ; and  if  he  were 
good  he  would  not  do  so  in  earnest  ; but  he  docs  it, 
cither  in  jest  or  in  earnest ; therefore  he  is  either 
not  wise  or  not  good."  Every  Dilemma  may  be 
reduced  into  two  or  more  simple  Conditional  Syllo- 
gisms : e.  g.  **  if  vEschines  joined,  &c.  he  is  incon- 
sistent ; he  did  join,  &c.  therefore  he  is  inconsistent  : 
and  again,  if  jEachines  did  not  join,  See.  lie  is  unpa- 
triotic ; he  did  not,  &c.  therefore  he  is  unpatriotic.” 


Now  an  opponent  might  deny  either  of  the  minor  Pre- 
mises in  the  above  Syllogisms,  but  he  could  not  deny  1 
both  ; and  therefore  he  mast  admit  one  or  the  other  of 
the  Conclusions  : for,  when  a Dilemma  is  employed,  it 
is  supposed  that  tome  one  of  the  antecedents  must  be 
true,  (or,  in  the  destructive  kind,  some  one  of  the  con- 
sequents false,)  but  that  we  cannot  tell  which  of  them 
is  so  ; and  this  is  the  reason  why  the  argument  is 
stated  in  the  form  of  a Dilemma.  From  what  has 
been  said,  it  may  easily  be  seen  that  all  Dilemmas  are 
in  fact  conditional  syllogisms  ; and  that  disjunctive  Syl- 
logisms may  also  be  reduced  to  the  same  form  : but  as 
it  has  been  remarked,  that  all  Reasoning  whatever  may 
ultimately  be  brought  to  the  one  test  of  Aristotle's 
“ dictum,”  it  remains  to  shew  how  a Conditional  Syl- 
logism may  be  thrown  into  such  a form  that  that  test 
will  at  once  apply  to  it ; und  this  is  called  the 

Reduction  of  Hypothetical s. 

§ 6.  For  this  purpose  we  must  consider  every 
Conditional  Proposition  as  a universal  affirmative 
categorical  Proposition,  of  which  the  Terms  are  entire 
Propositions,  viz.  the  antecedent  answering  to  the 
Subject,  and  the  consequent  to  the  Predicate  ; e.g.  to 
•ay,  "if  Louis  is  a good  king,  France  is  likely  to 
prosper is  equivalent  to  saying,  **  the  case  of  Louis 
being  a good  king,  is  a case  of  France  being  likely  to 
prosper  and  if  it  be  granted,  as  a minor  Premiss  to 
the  Conditional  Syllogism,  that  “ Louis  is  a good 
king  ihat  is  equivalent  to  saying,  " the  present 
case  is  the  case  of  Louis  being  a good  king : * from 
which  you  will  draw  a conclusion  in  Barbara,  (viz. 

'*  the  present  ease  is  a case  of  France  being  likely  to 
prosper,’  'Jexaetly  equivalent  to  the  original  Conclusion 
of  the  Conditional  Syllogism  ; viz.  gt  France  is  likely 
to  prosper.”  As  the  constructive  condition  may  thus 
be  reduced  to  Barbara,  so  may  the  destructive  in  like 
manner,  to  Cetarent,  c.  g.  u if  the  Stoics  are  right, 
pain  is  no  evil  : but  pain  is  an  evil ; therefore,  the 
Stoics  are  not  right  is  equivalent  to,  “ the  case  of 
the  Stoics  being  right,  is  the  ease  of  pain  being  no 
evil ; the  present  case  is  not  the  case  of  pain  being  no 
evil  ; therefore  the  present  case  is  not  the  case  of  the 
Stoics  being  right.”  This  is  Camestres,  which  of 
course  i*  easily  reduced  to  Celarent.  Or,  if  you  will, 
all  Conditional  Syllogisms  may  be  reduced  to  Barbara, 
by  considering  them  all  as  constructive ; which  may 
be  done,  as  mentioned  above,  by  converting  by  nega- 
tion the  major  Premiss,  (see  p.  212-  § 3.  Ch.  IV'.)  The 
reduction  of  Hypothetical 9 may  always  be  effected  in 
the  manner  above  stated  ; but  us  it  produces  a cir- 
cuitous awkwardness  of  expression,  a more  convenient 
form  may  in  some  cases  be  substituted  : e.  g.  in  the 
example  above,  it  may  be  convenient  to  take,  " few," 
for  one  of  the  Terms  : '*  that  pain  is  no  evil  is  not 
true:  that  pain  is  no  evil  is  asserted  by  the  Stoics; 
therefore  something  asserted  by  the  Stoics  is  not 
true.”  Sometimes  again  it  mny  be  better  to  unfold 
the  argument  into  two  Syllogisms  : c.  g.  in  a former 
example  ; first,  " Louis  is  a good  king  ; the  governor 
of  France  is  Louis;  therefore  the  governor  of  France 
is  a good  king.”  And  then,  second,  " every  country 
governed  by  a good  king  is  likely  to  prosper,"  &e. 

[A  Dilemma  is  generally  to  be  reduced  into  two  or 
more  categorical  Syllogisms.]  And  when  the  ante- 
cedent and  consequent  have  each  the  same  Subject, 
you  may  sometimes  reduce  the  Conditional  by  merely 
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j substituting  a categorical  major  Premiss  for  the  coo- 
ditional  one  : e.  g.  instead  of  “ if  Ciesar  was  a tyrant, 
he  deserved  death;  he  was  a tyrant,  therefore  he 
deserved  death you  may  put  for  a major,  <*  all 
tyrants  deserve  death,”  &c.  But  it  Is  of  no  great 
consequence,  whether  Hypothetical*  are  reduced  in  the 
most  neat  and  concise  manner  or  not ; since  it  is  not 
intended  that  they  should  be  reduced  to  categorical, 
in  ordinary  practice,  as  the  readiest  way  of  trying  their 
validity,  (their  own  rules  being  quite  sufficient  for 
that  purpose  ;)  but  only  that  we  should  be  able,  if  re- 
quired, to  subject  any  argument  whatever  to  the  test 
of  Aristotle's  dictum,  in  order  to  shew  that  all  Reason- 
ing turns  upon  one  simple  principle. 

Of  Enthymeme,  Sorites,  ire. 

§ 7.  There  are  various  abridged  forms  of  Argument 
which  may  be  easily  expanded  into  regular  Syllogisms : 
such  as,  first,  the  Enthymeme,  which  is  a Syllogism 
with  one  Premiss  suppressed.  As  ail  the  Terms  will 
be  found  in  the  remaining  Premiss  and  Conclusion,  it 
will  be  easy  to  fill  up  the  Syllogism  by  supplying  the 
Premiss  that  is  wanting,  whether  major  or  minor: 
e.  g.  “ Caesar  was  a tyrant ; therefore  he  deserved 
death.”  “A  free  nation  must  be  happy;  therefore 
the  English  arc  happy.” 

This  is  the  ordinary  form  of  speaking  and  writing. 
It  is  evident  that  Enthytncmcs  muy  be  filled  up 
hypothetically. 

2d.  When  you  have  a string  of  Syllogisms,  in  which 
the  Conclusion  of  each  is  made  the  Premiss  of  the 
next,  till  you  arrive  at  the  main  and  ultimate  Conclu- 
sion of  all,  you  may  sometimes  state  these  briefly,  in 
a form  called  Sorites  t In  which  the  Predicate  01  the 
first  proposition  is  made  the  Subject  of  the  next ; and 
so  on,  to  any  length,  till  finally  the  Predicate  of  the 
last  of  the  Premises  is  predicated  (in  the  Conclusion) 
of  the  Subject  of  the  first : e.  g.  A is  B,  B isC,  C is  D, 
D La  E j therefore  A is  E.  *'  The  English  are  a brave 
people;  a brave  people  are  free;  a free  people  are 
happy  therefore  the  English  are  happy.”  A Sorites 
then  has  as  many  middle  Terms  as  there  ore  interme- 
diate Propositions  between  the  first  and  the  last ; and 
consequently  it  may  be  drawn  out  into  as  many  sepa- 
rate Syllogisms  ; of  which  the  first  will  have,  for  its 
major  Premiss , the  second  5 and  for  its  minor,  the  first 
of  the  Propositions  of  the  Sorites  ; as  may  be  seen  by 
the  example.  It  is  also  evident,  that  in  a Sorites  you 
cannot  have  more  than  one  negative  Proposition,  and 
one  particular;  for  else,  one  of  the  Syllogisms  would 
have  its  Premises  both  negative  or  both  particular, 
(vid.  p.  209.)  A string  of  Conditional  Syllogisms  may 
in  like  manner  be  abridged  into  a Sorites  ; e.  g.  if  A 
U B,  C is  D ; if  C is  D,  E U F ; if  E is  F,  G is  H , 
but  A is  B,  therefore  G is  H.  u If  the  Scriptures  are 
the  word  of  God,  it  is  important  that  they  should  be 
well  explained ; if  it  is  important,  &c.  they  deserve 
to  be  diligently  studied  ; if  they  deserve,  (kc . an  order 
of  men  should  be  set  aside  for  that  purpose  : but 
the  Scriptures  are  the  word,  &c.  ; therefore  an  order 
of  men  should  be  set  aside  for  the  purpose,  &c.” 
Hence,  it  is  evident,  bow  injudicious  an  arrangement 
has  been  adopted  by  former  writers  on  Logic,  who 
have  treated  of  the  Sorites  and  Enthymeme  before  they 
entered  on  the  subject  of  (lypothettcals. 

Those  who  have  spoken  of  induction  or  of  example, 
as  a distinct  kind  of  Argument  in  a Logical  point  of 


view,  have  fallen  into  the  common  error  of  confound-  Chap.  IV 
ing  Logical  with  Rhetorical  distinctions,  and  have 

wandered  from  their  subject  as  much  as  a writer  on 
the  orders  of  Architecture  would  do,  who  should 
introduce  the  distinction  between  buildings  of  stone  and 
of  marble.  Logic  takes  no  cognizance  of  induction,  for 
instance,  or  of  a priori  reasoning,  &c.  as  distinct 
Forms  of  argument ; for  when  thrown  into  the  syllogistic 
form,  and  when  letters  of  the  alphabet  are  substituted 
for  the  Terms  (and  it  is  thus  that  Argument  is  properly 
to  be  brought  uuder  the  cognizance  of  Logic,)  there 
is  no  distinction  between  them;  e.  g.  u Property  which 
belongs  to  the  ox,  sheep,  deer,  goat,  and  antelope, 
belongs  to  all  horned  animals  ; rumination  belongs 
to  these ; therefore,  to  all.  This,  which  is  an  induc- 
tive argument,  is  evidently  a Syllogism  in  Barltara. 

The  essence  of  an  inductive  argument  (and  so  of  the 
other  kinds  which  are  distinguished  for  it.)  consists, 
not  in  the  form  of  the  Argument,  but  in  (he  relation 
which  the  Subject  matter  of  the  Premises  bears  to  that 
of  the  Conclusion. 

3d.  There  are  various  other  abbreviations  commonly 
used,  which  are  so  obvious  as  hardly  to  call  for  expla- 
nation : as,  where  one  of  the  Premises  of  a Syllogism 
is  itself  the  Conclusion  of  on  Kiithyincinc  which  is 
expressed  at  the  same  time  : e.  g.  “ all  usefol  studies 
deserve  encouragement ; Logic  is  such,  («nre  it  helps 
us  to  reason  accurately,)  therefore  it  deserves  encou- 
ragement;” here,  the  minor  Premiss  is  what  is  rallied 
an  Entbymematic  sentence.  The  antecedent  in  that  minor 
Premiss,  (1.  e.  that  which  makes  it  Enthyniematic.)  is 
culled  by  Aristotle  the  ProtyUogism.  * 

It  is  evident  that  you  may  for  brevity  trubstilute  for 
any  term  an  cquirahni  t as  in  the  last  example,  “ ii” 
for  “ Logic  such " for  “ a useful  study,”  kc. 

4th.  And  many  Syllogisms,  which  nl  first  appear 
faulty,  will  often  be  found,  on  examination,  to  contain 
correct  reasoning,  and,  consequently,  to  be  reducible 
to  a regular  form;  c.g.  when  you  have,  apparently, 
negative  Premises,  it  may  happen,  that  by  considering 
one  of  them  as  affirmative,  (sceCh.  II.  $ 4.  p.  SOB.)  the 
Syllogism  will  be  regular : c.  g.  **  nu  mim  is  happy 
who  is  not  secure ; no  tyrant  is  secure  ; therefore  no 
tyrant  is  happy,”  is  a Syllogism  in  Celarent  .*  Some- 
times there  will  appear  to  be  too  many  terms ; and 
jret  there  will  be  no  fault  in  the  Reasoning,  only  an 
irregularity  in  the  expression  : e.  g.  “ no  irrational 
agent  could  produce  a work  which  manifests  design  ; 
tne  universe  is  a work  which  manifests  design  ; there- 
fore no  irrational  agent  could  have  produced  the 
universe.”  Strictly  speaking,  this  Syllogism  has  five 
Terms  ; but  if  you  look  to  the  meaning,  you  will  see, 
that  in  the  first  Premiss  (considering  it  as  apart  of  this 
Argument,)  it  is  not,  properly,  " an  irrational  agent” 
that  you  are  speaking  of,  and  of  which  you  predicate 
that  it  could  not  produce  a work  manifesting  design ; 
but  rather  it  is  this  “ work,”  &c.  of  which  you  are 
speaking,  and  of  which  it  is  predicated  that  it  could 


• If  thia  experiment  he  tried  on  « which  has  realty 

negative  Premises,  the  only  effect  will  be  to  change  that  fault  into 
another:  vi*.  an  excen  of  Term*,  or,  (whirl:  w substantial;  v the 
•» me)  an  undistributed  middle ; e.  g.  **  an  enslaved  people  in  not 
bappv;  the  English  are  not  enslaved  ; therefore  they  an?  Happy  s'* 
if  **  enslaved"  he  regarded  as  one  of  the  Terms,  and  “ not  en- 
dured'* m another,  there  will  manifestly  be  fnor.  Hence  you  may 
•re  how  very  little  difference  there  U in  reality  between  the  dif- 
ferent faults  which  arc  enumerated. 
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L°iPc-  not  be  produced  by  on  irrational  agent ; if  then  you 
state  the  Propositions  in  that  form,  the  Syllogism  will 
be  perfectly  regular. 

Thus,  such  a Syllogism  os  this,  **  every  true 
patriot  is  disinterested;  few  men  are  disinterested; 
therefore  few  men  arc  true  patriots;"  might  ap- 
pear at  first  sight  to  be  in  the  second  Figure, 
and  faulty;  whereas  it  is  Barbara,  with  the  Prewitts 
transposed ; for  you  do  not  really  predicate  of  “ few 
men,'"  that  thejf  are  “ disinterested,"  but  of  “ disin- 
terested pertoru, ' that  they  arc  “ few."  Again,  " none 
but  candid  men  are  good  reasoners;  few  infidels  arc 
candid ; few  infidels  are  good  reasoners."  In  this  it 
will  be  most  convenient  to  consider  the  major  Pre- 
miss as  being  " all  good  reasoners  are  candid,'*  (which 
of  course  is  precisely  equipollent  to  its  illative  con- 
verse by  negation  ;)  and  the  minor  Premiss  and  Con- 
clusion may  in  like  manner  be  fairly  expressed  thus 
— “ most  infidels  are  not  candid ; therefore  most 
infidels  are  uot  good  reasoners  :*'  which  is  a regular 
Syllogism  in  Camestres.  Or,  if  you  would  state  it  in 
the  first  'Figure,  thus — those  who  are  not  candid  (or 
uncandid)  are  not  good  reasoners;  most  infidels  are 
not  candid  ; roost  infidels  are  not  good  reasoners, 

$ 8.  The  foregoing  rules  enable  us  to  develope  the 
principles  on  which  all  Reasoning  is  conducted,  what- 
ever be  the  Subject  matter  of  it,  and  to  ascertain  the 
validity  or  fallaciousness  of  any  apparent  argument, 
as  for  as  the  form  of  expression  is  concerned  ; that  being 
alone  the  proper  province  of  Logic. 

But  it  is  evident  that  we  may  nevertheless  remain 
liable  to  be  deceived  or  perplexed  in  Argument  by  the 
assumption  of  false  or  doubtful  Premises,  or  by  the 
employment  of  indistinct  or  ambiguous  terms  ; mid, 
accordingly,  many  Logical  writers,  wishing  to  make 
their  systems  appear  as  perfect  as  possible,  have 
undertaken  to  give  rules  " for  attaining  clear  ideas,’* 
and  for*' guiding  the  judgment;**  and  fancying  or 
professing  themselves  successful  in  this,  have  con- 
sistently enough  denominated  Logic,  the  11  Art  of 
using  the  Reason  j**  which  in  truth  it  would  be,  and 
would  supersede  all  other  studies,  if  it  could  alone 
ascertain  the  meaning  of  every  Term,  and  the  truth  or 
falsity  of  every  Proposition,  in  the  same  manner  os  it 


actually  can  the  validity  of  every  Argument.  And  Chap.  IV. 
they  have  been  led  into  this,  partly  by  the  consider- 
ation  that  Logic  is  concerned  about  the  three  opera- 
tions of  the  mind — simple  Apprehension,  Judgment, 

And  Reasoning ; not  observing  that  it  is  not  equally 
concerned  about  all ; the  last  operation  being  alone  its 
appropriate  province  ; and  the  rest  being  treated  of 
only  in  reference  to  that. 

The  contempt  justly  due  to  such  pretensions  has 
most  unjustly  fallen  on  the  Science  itself,  much  in  the 
same  manner  os  Chemistry  was  brought  into  disrepute 
among  the  unthinking  by  the  extravagant  pretensions 
of  the  Alchemists.  And  those  Logical  writers  have 
been  censured,  not  (as  they  should  have  been)  for 
making  such  professions,  but  for  not  fulfilling  them. 

It  has  been  objected,  especially,  that  the  rules  of  Logic 
leave  us  still  at  a loss  as  to  the  most  important  and 
difficult  point  in  Reasoning  ; viz.  the  ascertaining  the 
•ease  of  the  terms  employed,  and  removing  their 
ambiguity.  A complaint  resembling  that  mode 
(according  to  a story  told  by  Warburton  in  his  Dio. 

Leg.)  by  a man  who  found  fault  with  all  the  read- 
ing-glasses presented  to  him  by  the  shopkeeper  ; the 
fact  being  that  he  had  never  learnt  to  read.  In  the 
present  case,  the  complaint  is  the  more  unreasonable, 
inasmuch  as  there  neither  is,  nor  ever  can  possibly  be, 
any  such  system  devised  as  will  effect  the  proposed 
object  of  clearing  up  the  ambiguity  of  Terms.  It  is, 
however,  no  small  advantage,  that  the  rules  of  Logic, 
though  they  cannot  alone,  ascertain  and  clear  up 
ambiguity  in  any  Term,  point  out  in  which  Term  of  an 
Argument  it  is  to  be  songht  for,  directing  our  attention 
to  the  middle  Term,  us  the  one  on  the  ambiguity  of 
which  a fallacy  is  likely  to  be  built. 

It  will  be  useful,  however,  to  class  and  describe  the 
different  kinds  of  ambiguity  which  are  to  be  met  with  ; 
and  also  the  various  ways  in  which  the  insertion  of 
fal.se,  or,  at  least,  unduly  assumed  Premises,  is  most 
likely  to  elude  observation.  And  though  the  remarks 
which  will  be  offered  on  these  points  may  not  be  con- 
sidered as  strictly  forming  apart  of  Logic,  they  cannot 
be  thought  out  of  place,  when  it  is  considered  how 
essentially  they  are  connected  with  the  application 
of  it. 
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CHAPTER  V. 

Or  FALLACIES. 


Introduction. 

Logic.  By  a Fallacy  is  commonly  understood,  “ any  unsound 
mode  of  arming,  which  appears  to  demand  our  con- 
viction, and  to  be  decisive  of  the  question  in  hand, 
when  in  fairness  it  is  not  so.*’  As  we  consider  the  ready 
detection  and  clear  exposure  of  Fallacies  to  be  both 
more  extensively  important,  and  also  more  difficult 
than  many  arc  aware  of,  we  propose  to  take  a Logical 
view  of  the  subject  ; referring  the  different  Fallacies 
to  the  most  convenient  heads,  and  giving  a scientific 
analysis  of  the  procedure  which  takes  place  in  each. 

After  all,  indeed,  in  the  practical  detection  of  each 
individual  Fallacy,  much  must  depend  on  natural  and 
acquired  acuteness  ; nor  can  any  rules  be  given,  the 
mere  learning  of  which  will  enable  us  to  apply  them 
with  mechanical  certainty  and  readiness  : but  still  wc 
shall  find  that  to  take  correct  general  views  of  the 
subject,  and  to  be  familiarized  with  scientific  discus- 
sions of  it,  will  tend,  above  all  things,  to  engender 
such  a habit  of  mitul  as  will  best  fit  us  for  practice. 

Indeed  the  case  is  the  same  with  respect  to  Logic  in 
general  ; scarce  any  one  would  in  ordinary  practice, 
state  to  himself  either  his  own  or  another's  reasoning 
in  Syllogisms  in  Barbara  at  full  length ; yet  a fa- 
miliarity with  Logical  principles,  tends  very  much, 
(as  all  fed,  who  are  really  well  acquainted  with 
them,)  to  beget  a habit  of  clear  and  sound  Reasoning. 
The  truth  is,  that  in  this,  as  in  many  other  things,  there 
are  processes  going  on  in  the  mind  (when  we  are 
practising  any  thing  quite  familiar  to  us)  with  such 
rapidity  as  to  leave  no  trace  in  the  memory  j and  we 
often  apply  principles  which  did  not,  as  fur  as  we  are 
conscious,  even  occur  to  us  at  the  time. 

It  would  be  foreign,  however,  to  the  present  pur- 
pose, to  investigate  fully  the  manner  in  which  certain 
studies  operate  in  remotely  producing  certain  effects 
on  the  mind  : it  is  sufficient  to  establish  the  fact,  that 
habits  of  scientific  analysis  (besides  the  intrinsic  beauty 
and  dignity  of  such  studies)  lead  to  practical  advan- 
tage. It  is  on  Logical  principles  therefore  that  wc 
propose  to  discuss  the  subject  of  Fallacies : and  it 
might,  indeed,  seem  to  lie  unnecessary  to  make  any 
apology  for  so  doing,  after  what  has  been  formerly 
said,  generally,  in  defence  of  Logic  : if  the  majority 
of  Logical  writers  had  not  usually  followed  a very 
opposite  plan.  Whenever  they  have  to  treat  of  any 
thing  that  is  beyond  the  mere  elements  of  Logic,  they 
totally  lay  aside  all  reference  to  the  principles  which 
they  have  been  occupied  in  establishing  and  explaining, 
and  have  recourse  to  a loose,  vague,  and  popular  kind 
of  language  ; such  as  would  be  the  best  suited  indeed 
to  an  exoterical  discourse,  but  seems  strangely  incon- 
gruous in  a professed  Logical  treatise.  What  should 
we  think  of  a Geometrical  writer,  who,  after  having 
gone  through  the  Elements  with  strict  definitions  and 
demonstrations,  should,  on  preceding  to  Mechanics, 
totnlly  lay  aside  all  reference  to  scientific  principles, — 
all  use  of  technical  terms, — and  treat  of  the  subject  in 
undefined  terms,  and  with  probable  and  popular  argu- 
ments? It  would  be  thought  strange,  if  even  a 
Botanist,  when  addressing  those  whom  he  had  been 
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instructing  in  the  principles  and  the  terms  of  his  Chap.  V. 
system,  should  totally  lay  these  aside  when  he  came  to 
describe  plants,  and  should  adopt  the  language  of  the 
vulgar.  Surely  it  affords  but  too  much  plausibility  to 
the  cavils  of  those  who  scoff  at  Logic  altogether,  that 
the  very  writers  who  profess  to  teach  it,  should  never 
themselves  moke  any  application  of,  or  reference  to 
its  principles,  on  those  very  occasions,  when,  and 
when  only,  such  application  and  reference  are  to  be 
expected.  If  the  principles  of  any  system  are  well 
laid  down, — if  its  technical  language  is  well  framed, — 
then,  surely  those  principles  and  that  language  will 
afford,  (for  those  who  have  once  thoroughly  learned 
them,)  the  best,  the  most  clear,  simple,  and  concise 
method  of  treating  any  subject  connected  with  that 
system.  Yet  even  the  accurate  Aldrich,  in  treating 
of  the  Dilemma  and  of  the  Fallacies,  has  very  much 
forgotten  the  Logician,  and  assumed  a loose  and  rhe- 
torical style  of  writing,  without  making  any  application 
of  the  principles  he  had  formerly  laid  down,  but  on 
the  contrary,  sometimes  departing  widely  from  them. 

The  most  experienced  teachers,  when  addressing 
those  who  are  familiar  with  the  elemental*)'  principles 
of  Logic,  think  it  requisite,  not  indeed  to  lead  them, 
on  each  occasion,  through  the  whole  detail  of  those 
principles,  when  the  process  is  quite  obvious,  but 
always  to  put  them  on  the  road , as  it  were,  to  those 
principles,  that  they  may  plainly  see  their  own  way  to 
the  end,  and  take  a scientific  v.ew  of  the  subject : in 
the  same  manner  ns  Mathematical  writers,  avoid 
indeed  the  occasional  tediousness  of  going  all  through 
a very  simple  demonstration  which  the  learner,  if  he 
will,  may  easily  supply  ; but  yet  always  speak  in  strict 
Mathematical  language,  and  with  reference  to  Mathe- 
matical principles,  though  they  do  not  always  state 
them  at  full  length.  We  would  not  profess,  therefore, 
any  more  than  they  do,  to  write  (on  subjects  connected 
with  the  science,)  in  a language  intelligible  to  those 
who  are  ignorant  of  its  first  rudiments;  to  do  so, 
indeed,  would  imply  thut  we  were  not  taking  a scien- 
tific view  of  the  subject,  fior  availing  ourselves  of  the 
principles  which  hod  been  established,  and  the  accurate 
and  concise  technical  language  which  hnd  been  framed. 

§ 1.  The  division  of  Fallacies  into  those  in  the 
words,  IN  DICTIONE,  and  those  in  the  matter 
EXTRA  DICTIONEM,  has  not  been,  by  any 
w riters  hitherto,  grounded  on  any  distinct  principle ; 
at  least,  not  on  any  that  they  have  themselves  adhered 
to.  The  confounding  together,  however,  of  these 
two  classes  is  highly  detrimental  to  all  clear  notions 
concerning  Logic  ; being  obviously  allied  to  the  pre- 
vailing erroneous  views  which  make  Logic  the  art  of 
employing  the  intellectual  faculties  in  general,  having  the 
discovery  of  truth  for  its  object,  and  all  kinds  of  know- 
ledge for  its  proper  subject  matter  ; with  nil  that  train 
of  vague  and  groundless  speculations  which  have  led 
to  such  interminable  confusion  and  mistakes,  and 
afforded  a pretext  for  such  clamorous  censures. 

It  is  important,  therefore,  that  rules  should  be 
given  for  a division  of  Fallacies  into  Logical,  and  Non- 
logical,  on  such  a principle  os  shall  keep  dear  of  all 
this  indistinctness  and  perplexity. 
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Logic.  If  any  one  should  object  that  the  division  we  adopt 

— v— is  in  some  degree  arbitrary,  placing  under  the  one  head 
Fallacies,  which  many  might  be  disposed  to  place 
under  the  other,  let  him  consider  not  only  the  in- 
distinctness of  all  former  divisions,  but  the  utter 
impossibility  of  framing  any  that  shall  be  completely 
secure  from  the  objection  urged,  in  a case  where  men 
have  formed  such  various  and  vague  notions,  from  the 
very  want  of  some  clear  principle  of  division.  Nay, 
from  the  elliptical  form  in  which  all  Reasoning  is 
usually  expressed,  and  the  peculiarly  involved  and 
oblique  form  in  which  Fallacy  is  for  the  most  part 
conveyed,  it  must  of  course  be  often  a matter  of 
doubt,  or  rather,  of  arbitrary  choice,  not  only  to 
which  genus  each  kind  of  Fallacy  should  be  referred, 
but  even  to  which  kind  to  refer  any  one  individual 
Fallacy  : for  since  in  any  course  of  argument,  one 
Premiss  is  usually  suppressed,  it  frequently  happens, 
in  the  case  of  n Fallacy,  that  the  hearers  are  left  to 
the  alternative  of  supplying  either  a Premiss  which  is 
not  true , or  else,  one  which  does  not  prove  the  conclu- 
sion ; e.  g.  if  a man  expatiates  on  the  distress  of  the 
country,  and  thence  argues  that  the  government  is 
tyrannical,  we  must  suppose  him  to  assume  either  that 
*'  every  distressed  country  is  under  a tyranny,”  which 
is  a manifest  falsehood,  or,  merely  that  “ every 
country  under  a tyranny  is  distressed,”  which,  how- 
ever true,  proves  nothing,  the  middle  term  being 
undistributed.  Now,  in  the  former  cose,  the  Fallacy 
would  be  referred  to  the  head  of  **  extra  dictionem ; 
in  the  latter,  to  that  of  “ in  dictione which  arc  we 
to  suppose  the  speaker  meant  us  to  understand  ? surely 
just  whichever  each  of  his  hearers  might  happen  to 
prefer : some  might  assent  to  the  false  Premiss  ; 
others,  allow  the  unsound  Syllogism  : to  the  Sophist 
himself  it  is  indifferent,  as  long  as  they  can  but  be 
brought  to  admit  the  conclusion. 

Without  pretending  tbeu  to  conform  to  every  one’s 
mode  of  speuking  on  the  subject,  or  to  lay  down  rules 
which  shall  be,  in  themselves,  (without  any  call  for 
inbour  or  skill  in  the  person  who  employs  them,) 
readily  applicable  to,  and  decisive  on  each  individual 
case  ; we  propose  a division  which  is  at  least  perfectly 
clear  in  its  main  principle,  and  coincides,  perhaps,  os 
nearly  as  possible  with  the  established  notions  of 
Logicians  on  the  subject. 

§ 2.  In  every  Fallucy,  the  conclusion  either  does,  or 
does  not  follow  from  the  Premises:  where  the  conclu- 
sion does  not  follow  from  the  Premises,  it  is  manifest 
that  the  fault  is  in  the  Reasoning , and  in  that  alone  ; 
these,  therefore,  we  call  Logical  Fallacies,*  as  being 
properly  violations  of  those  rules  of  Reasoning  which 
it  is  the  province  of  Logic  to  lay  down.  Of  these, 
however,  one  kind  are  more  purely  Logical,  as  ex- 
hibiting tbeir  fallaciousness  by  the  bare  form  of  the 
expression,  without  any  regard  to  the  meaning  of  the 
terms : to  which  class  belong  : 1st.  undistributed 
middle;  2d.  illicit  process  ; 3d.  negative  Premises,  or 
affirmative  conclusion  from  a negative  Premiss,  nnd 
vice  versd  : to  which  may  be  added,  4th.  those  which 
have  pal{»ably  (i.  e.  erprctsetl)  more  than  three  terms. 
The  other  kind  may  be  most  properly  called  semi- 
logical  i viz.  all  the  cases  of  ambiguous  middle  term 


* Just  ft*  we  cal)  ih».t  a criminal  Court  la  vrhlth  crimes  are 

judged. 


except  its  non-distribution  : for  though  in  such  cases  ClLa*.  V. 
the  Conclusion  does  not  follow,  and  though  the  rules 
of  Logic  shew  that  it  does  not,  as  soon  as  the  ambiguity 
of  the  middle  term  is  ascertained,  yet  the  discovery  aud 
ascertainment  of  this  ambiguity  requires  attention  to 
the  sense  of  the  term,  and  knowledge  of  the  subject 
matter  ; so  that  here.  Logic  **  teaches  us  not  how  to 
find  the  Fallacy,  but  only  t there  to  search  for  ft,”  and 
on  what  principles  to  condemn  it.  Accordingly  it  has 
been  made  a subject  of  bitter  complaint  against  Logic, 
that  it  presupposes  the  most  difficult  point  to  be  already 
accomplished,  viz.  the  sense  of  the  terms  to  be  ascer- 
tained. A similar  objection  might  be  urged  against 
every  other  art  in  existence  ; e.  g.  against  Agriculture, 
that  all  the  precepts  for  the  cultivation  of  land  presup- 
pose the  possession  of  a farm  ; or  against  Perspective, 
that  its  rules  are  useless  to  a blind  man.  The  objec- 
tion is  indeed  peculiarly  absurd  when  urged  against 
Logic,  bccanse  the  object  which  it  is  blamed  for  not 
accomplishing,  cannot  possibly  be  within  the  province 
of  any  one  art  whatever.  Is  it  indeed  possible  or  con- 
ceivable that  there  should  be  any  method,  science,  or 
system,  that  should  enable  one  to  know  the  fall  and 
exact  meaning  of  ever)'  term  in  existence?  The  utmost 
that  can  be  done  is  to  give  some  general  rules  that 
may  assist  us  in  this  work  ; which  is  done  in  the  two 
first  parts  of  Logic. 

The  very  author  of  the  objection  says,  “ this  (the 
comprehension  of  the  meaning  of  general  terms)  is  a 
study  which  every  individual  must  carry  on  for  himself; 
and  of  which  no  rules  of  Logic  (how  useful  soever 
they  may  be  in  directing  our  labours)  cun  supersede 
the  necessity.”  D.  Stewart,  Phil.  vol.  ii.  ch.  ii.  a.  2. 

Nothing  perhaps  tends  more  to  conceal  from  men 
their  imperfect  conception  of  the  meaning  of  u term, 
than  the  circumstance  of  their  being  able  fully  to 
comprehend  a process  of  Reasoning  in  which  it  is  in- 
volved, without  attaching  any  distinct  meaning,  or 
perhaps  nnv  meaning  at  all  to  that  term  ; ns  is  evident 
when  A UC,  arc  used  to  stand  for  terms,  in  a regular 
Syllogism:  thus  a man  may  be  familiarized  with  a 
term,  and  never  And  himself  at  a loss  from  not  com- 
prehending it ; from  which  he  will  be  very  likely  to 
infer  that  he  does  comprehend  it,  when  perhaps  he 
docs  not,  but  employs  it  vnguely  and  incorrectly, 
which  leads  to  fallacious  reasoning  nnd  confusion.  It 
must  be  owned,  however,  that  ninny  Logical  writer# 
have,  in  great  measure,  brought  on  themselves  the 
reproach  in  question,  by  calling  Logic  “ the  right 
use  of  Reason,”  laying  down  “ rules  for  gaining  clear 
ideas,”  and  such-like  d\a£Wc<a,  ns  Aristotle  calls  it. 

Rhet.  book  i.  ch.  ii. 

§ 3.  The  remaining  class  (viz.  where  the  Con- 
clusion does  follow  from  the  Premises^  may  be  called 
the  Material,  or  Non-logical  Fallacies  : of  these  there 
are  two  kinds ; 1st.  when  the  Premises  are  such  as 
ought  not  to  have  been  assumed  ; 2d.  when  the 
Conclusion  is  not  the  one  required,  hut  irrelevant; 
which  Fallacy  is  called  “ ignoratio  elenchi,"  because 
your  argument  is  not  the  elvnchus , <i.  c.  proof  of  the 
contradictory)  of  your  opponent’s  assertion,  which  it 
should  be  ; but  proves,  instead  of  that,  some  other 
proposition  resembling  it.  Hence,  since  Logic  defines 
what  Contradiction  is,  some  may  choose  rather  to 
range  this  with  the  Logical  Fallacies,  as  it  seems,  so 
far,  to  come  under  the  jurisdiction  of  that  an  . never- 
theless, it  is  perhaps  better  to  adhere  to  the  original 
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Logic,  division,  both  on  account  of  to  clearness,  and  also 
•ryV  because  few  would  be  inclined  to  apply  to  the  Fallacy 
in  question  the  accusation  of  being  inconclusive,  and 
consequently  illogical  reasoning:  besides  which,  it 
seems  an  artificial  and  circuitous  way  of  speaking,  to 
suppose  in  all  cases  on  opponent  and  a contradiction  # 
the  simple  statement  of  the  matter  being  this, — I am 
required,  by  the  circumstances  of  the  case,  (no  matter 
why)  to  prove  a certain  Conclusion  ; 1 prove,  not  that, 
but  one  which  is  likely  to  be  mistaken  for  it  ; — in  this 
lies  the  Fallacy. 

It  might  be  desirable  therefore  to  lay  aside  the  name 
of  “ ignoratio  elenchi,"  but  that  is  so  generally  adopted 
as  absolutely  to  require  some  mention  to  be  made  of 
It.  The  other  kind  of  Fallacies  in  the  matter  will 
comprehend,  (as  far  ns  the  vague  and  obscure  language 
of  Logical  writers  will  allow  us  to  conjecture,)  the 
Fallacy  of  “ non  causa  pro  catud,"  and  that  of  “ petitio 
principii of  these,  the  former  is  by  them  distinguished 
into  “ a non  verd  pro  verd,  and  " <i  non  tali  pro  tali  this 
last  would  appear  to  be  arguing  from  a case  not 
parallel  as  if  it  were  so  ; which,  in  Logical  language,  is, 
having  the  suppressed  Premiss  false  ; (for  it  is  in  that 
the  parallelism  is  affirmed)  and  the  " a non  verd  pro  verd” 
will  in  like  manner  signify  the  exjneaed  Premiss  being 


false  ; so  that  this  Fallacy  will  turn  out  to  be,  in  plain  cwp.  V. 
terms,  neither  more  nor  less  than  falsity,  (or  unfair  V.— y 
assumption)  of  a Premiss. 

The  remaining  kind,  “ petitio  principii,"  (begging 
the  question)  takes  place  when  a Premiss,  whether 
true  or  false,  is  either  plainly  equivalent  to  the  Con- 
clusion, or  depends  on  it  for  its  own  reception.  It  is 
to  be  observed,  however,  that  in  all  correct  Reasoning 
the  Premises  must,  virtually,  imply  the  conclusion  ; so 
that  it  is  not  possible  to  mark  precisely  the  distinction 
between  the  Fallacy  in  question  and  fair  argument  j 
since  that  may  be  correct  und  fair  Reasoning  to  one 
person,  which  would  be,  to  another,  begging  the 
question,  since  to  one  the  Conclusion  might  be  more 
evident  than  the  Premiss,  and  to  the  other,  the  reverse. 

The  most  plausible  form  of  this  Fallacy  is  arguing  in 
a circle ; and  the  greater  the  circle,  the  harder  to 
detect 

§ 4.  There  is  no  Fallacy  that  may  not  properly  be 
Included  under  some  of  the  foregoiug  heads;  those 
which  in  the  Logical  Treatises  are  separately  enu- 
merated, and  contradistinguished  from  these,  being  In 
reality  instances  of  them,  and  therefore  more  properly 
enumerated  in  the  subdivision  thereof : as  in  the 
scheme  annexed. 


Fallacies, 

i 


f Logical. 

( i.  e.  when  the  fault  is,  strictly,  in  the  very  process 
of  Reasoning  ; the  conclusion  not  following  from 
the  Premises.  1 


Non-logicul  or  Material. 

(i.  e.  when  the  conclusion  does  follow  from  the 
Premises.) 


r Purcly-logical.  (§  7.) 

(i.  e.  where  the  fallacious- 
ness is  apparent  from  the 
mere  form  of  e-xprtssion.) 


Semi-logical. 

(the  middle  term  being 
ambiguous  in  sense.) 


Undistributed 

middle. 


Illicit  process,  he. 


rin  itself, 


from  the  context,1 


'accidentally. 


from  some  connection 
between  the  different 
senses, 


'resemblance,  analogy. 


cause  and  ' 
effect,  &c. 


r (§  10.) 
Fallacy  of  Division 
and  Composition. 


' Premiss  unduly  assumed.  Conclusion  irrevelant? 

(ignoratio  elenchi) 


(§  PL) 

( Petitio  principii.) 
Premiss  depend- 
ing on  the  Con- 
clusion, 


(h  13.)  ^ 

Premiss  fulse  or 
unsupported. 


circle.  assuming  a proposition 
not  the  very  some  as 
the  question,  but  un- 
fairly implying  it. 


(§11.)  . 
fal  la  cut  acci- 
dentis,  &c. 


' (Ti«) 

Fallacy  of 
objections,  fee. 


(§  15.) 

Fallacy  of  shifting 
ground, 


(§14.) 

Fallacy  of  using 
complex  and  ge- 
neral terms. 


(W  ' 

Fallacy  of  appeals  to  the 
passions  ; ad  hominem ; 
ad  verecundiam , &c. 


to  something  wholly 
irrelevant. 


from  Premiss  to  Pre- 
miss alternately. 


§ 5.  On  each  of  the  Fallacies  which  have  been  tbuj 
enumerated  and  distinguished,  we  propose  to  offer 
some  more  particular  remarks  : but  before  we  proceed  to 
this,  it  will  be  proper  to  premise  two  genersd  observa- 
tions, 1st.  on  the  importance,  and  2d.  the  difficulty, 


of  detecting  and  describing  Fallacies  ; both  have  been 
already  slightly  alluded  to,  but  it  is  requisite  that  they 
should  here  be  somewhat  more  fully  and  distinctly  set 
forth. 

1st.  It  seems  by  most  persons  to  be  taken  for  granted 
2 o 8 
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Logic,  that  a Fallacy  is  to  be  dreaded  merely  as  a weapon 
— -v.-— ^ fashioned  mid  wielded  by  a skilful  Sophist : or  if  they 
allow  that  a man  may  with  honest  intentions  slide 
into  one,  unconsciously,  in  the  heat  of  argument,  still 
they  seem  to  suppose  that  where  there  is  no  dispute, 
there  is  no  cause  to  dread  Fallacy  ; whereas  there  is 
much  danger,  even  in  what  may  be  called  solitary 
Reasoning,  of  sliding  unawares  into  some  Fallacy,  by 
which  one  may  be  so  far  deceived  as  even  to  act  upon 
the  Conclnsion  thus  obtained.  By  solitary  Reasoning 
is  meant  the  case  in  which  we  are  not  seeking  for 
arguments  to  prove  a given  tfuestion,  but  labouring  to 
elicit  from  our  previous  stuck  of  knowledge  some 
useful  inference.  To  select  one  from  innumerable  exam- 
ples which  might  be  cited,  arid  of  which  some  more  will 
occur  in  the  subsequent  part  of  this  Essay  ; it  is  not 
improbable  that  many  indifferent  sermons  have  been 
produced  by  the  ambiguity  of  the  word  “plain  a 
young  divine  perceives  the  truth  of  the  maxim,  that 
“ for  the  lower  orders  one’s  language  cannot  be  too 
plain  T (i.  c.  clear  and  perspicuous,  so  as  to  require 
no  learning  nor  ingenuity  to  understand  it,)  and  when 
be  proceeds  to  practice,  the  word  "ptem”  indistinctly 
flits  before  him,  as  it  were,  and  often  checks  him  in 
the  use  of  ornaments  of  style,  such  us  metaphor,  epi- 
thet, antithesis.  &e.  which  are  opposed  to  “plainness** 
in  a totally  different  sense  of  the  word,  being  by  no 
means  necessarily  adverse  to  perspicuity,  but  mt her, 
in  many  cases,  conducive  to  it  j as  may  be  seen  in 
several  of  the  clearest  of  our  Lord's  discourses, 
which  arc  of  all  others  the  most  richly  adorned  with 
figurative  language.  So  far  indeed  is  an  ornamented 
style  from  being  unfit  for  the  vulgar,  that  they  arc 
pleaded  with  it  even  in  excess.  Yet  the  desire  to  be 
“plain,”  combined  with  that  dim  und  confused  notion 
which  the  ambiguity  of  the  word  produces  in  such  as 
do  not  separate  in  their  minds,  and  set  distinctly  before 
themselves,  the  two  meanings,  often  causes  them  to 
write  in  a dry  and  bald  style,  which  has  no  advantage 
in  point  of  perspicuity,  ami  is  least  of  all  suited  to  the 
taste  of  the  vulgar.  The  above  instance  is  not  drawn 
from  mere  conjecture,  but  from  actual  experience  of 
the  fact. 

Another  instance  of  the  strong  influence  of  words 
on  our  ideas  may  be  adduced  from  a widely  different 
subject : most  persons  feel  a certain  degree  of  surprise 
on  first  hearing  of  the  result  of  some  late  experiments 
of  the  agricultural  Chemists,  by  which  they  have  ascer- 
tained that  universally  what  are  called  heavy  soils  are 
specifically  the  lightest  ; and  rice  versd.  Whence  this 
surprise ? for  no  one  ever  distinctly  believed  the  esta- 
blished names  to  be  used  in  the  literal  and  primary 
sense,  in  consequence  of  the  respective  soils  having 
been  teeighetl  together  ; indeed  it  is  obvious  on  a 
moment  s reflection  that  tenacious  clay  soils  (as  well  as 
muddy  roads)  are  figuratively  called  heavy  from  the 
difficulty  of  ploughing  or  passing  over  them,  which 
produces  an  effect  like  that  of  bearing  or  dragging  a 
heavy  weight  ; yet  atill  the  terms,  " light”  and 
“ heavy,”  though  used  figuratively,  have  most  un- 
doubtedly introduced  into  men’s  minds  something  of 
the  ideas  expressed  by  them  in  their  primitive  sense. 
So  true  is  the  ingenious  observation  of  Ilohhes,  that 
44  words  are  the  counters  of  wise  men,  and  the  inoncv 
of  fools.” 

More  especially  deserving  of  attention  is  the  in- 
fluence of  analogical  terms  in  lending  men  into  erro- 


neous notions  in  Theology  , where  the  most  important  Chip.  V. 
terms  arc  analogical ; and  yet,  they  are  continuully 
employed  in  Reasoning  without  due  attention  (oftener 
through  want  of  caution  than  by  unfair  design;  to  their 
analogical  nature  ; and  most  of  the  errors  into  which 
Theologians  have  fallen  may  be  traced,  in  part,  to  this 
cause. 

Thus  much,  os  to  the  extensive  practical  influence 
of  Fallacies,  and  the  consequent  high  importance  of 
detecting  and  exposing  them. 

4 6.  Sdly.  The  second  remark  is,  that  while  sound 
Reasoning  is  ever  the  more  readily  admitted,  the  more 
clearly  it  is  perceived  to  be  inch.  Fallacy,  on  the 
contrary,  being  rejected  os  soon  as  perceived,  will,  of 
course  be  the  more  likely  to  obtain  reception,  the 
more  it  is  obscured  and  disguised  by  obliquity  and  com- 
plexity of  expression : it  is  thus  that  it  is  the  most  likely 
either  to  slip  accidentally  from  the  careless  reasoner, 
or  to  be  brought  forward  deliberately  by  the  Sophist. 

Not  that  he  ever  wishes  that  obscurity  anil  complexity 
to  be  perceived  ; on  the  contrary  it  is  for  his  purpose 
that  the  expression  should  appear  as  clear  and  simple 
as  possible,  while  in  reality  it  is  the  most  tangled  net 
he  can  contrive.  Thus,  whereas  it  is  usual  to  express 
our  Reasoning  elliptical))',  so  that  a Premiss,  (or  even 
two  or  three  entire  steps  in  a course  of  argument) 
which  may  he  readily  supplied,  as  being  perfectly 
obvious,  shall  he  left  to  be  understood,  the  Sophist  in 
like  manner  suppresses  what  is  not  obvious,  but  U in 
reality  the  weakest  pari  of  the  argument ; and  uses 
every  other  contrivance  to  withdrew  our  attention  (his 
art  closely  resembling  the  juggler's)  from  the  quarter 
where  the  Fallacy  lies.  Hence  the  uncertainty  before 
mentioned,  to  which  class  any  individual  Fallacy  is  to 
be  referred : and  hence  it  is  that  the  difficulty  of 
detecting  and  exposing  Fallacy,  is  so  much  greater 
than  that  of  comprehending  anil  developing  a process 
of  sound  argument.  It  is  like  the  detection  and 
apprehension  of  a criminal  in  spite  of  all  his  arts  of 
concealment  and  disguise;  when  this  is  accomplished, 
and  he  is  brought  to  trial  with  all  the  evidence  of  his 
guilt  produced,  hi4  conviction  and  punishment  are 
easy;  and  this  is  precisely  the  case  with  those  Fallacies 
Which  are  given  as  examples  in  Logical  Treatises;  they 
are  in  fact  already  detected,  by  being  stated  in  a plain 
and  regular  form,  and  are,  as  it  w’ere,  only  brought  up 
to  receive  sentence.  Or  again,  fallacious  Reasoning  may 
be  compared  to  a perplexed  and  entangled  mass  of 
(iceowrWf,  which  it  requires  much  sagacity  and  close 
attention  to  clear  up,  and  display  in  a regular  and  in- 
telligible form  ; though  u-hen  this  is  once  accomplished, 
the  whole  appears  so  perfectly  simple,  that  the  un- 
thinking are  apt  to  undervalue  the  skill  and  pains 
which  have  been  employed  upon  it. 

Moreover,  it  should  be  remembered  that  a very  long 
discussion  is  one  of  the  most  effectual  veils  of  Fallacy. 

Sophistry,  like  poison,  is  at  once  detected,  and  nau- 
seated when  presented  to  us  in  a concentrated  form  j 
but  a Fallacy  which  when  slated  barely,  in  a few 
sentences,  would  not  deceive  a child,  may  deceive  half 
the  world  if  dilated  in  a quarto  volume.  To  speak 
therefore  of  all  the  Fallacies  that  have  ever  been  enu- 
merated as  too  glaring  and  obvious  to  need  even  being 
mentioned,  because  the  simple  instances  given  in 
kooks,  and  there  stated  in  the  plainest  and  conse- 
quently most  easily  detected  form,  arc  such  ns  would 
(in  that  form)  deceive  no  one  ; this,  surely,  shews 
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Logic,  cither  extreme  weakness,  or  else  unfairness.  It  may 
readily  be  allowed,  indeed,  that  to  detect  individual 
Fallacies,  and  brin%  them  under  the  general  rules,  is  a 
harder  task  than  to  lay  down  those  general  rules  ; but 
this  does  not  prove  that  the  latter  office  is  trifling  or 
useless,  or  that  it  does  not  essentially  conduce  to  the 
performance  of  the  other  : there  may  be  more  inge- 
nuity shewn  in  detecting  and  arresting  a malefactor, 
and  convicting  him  of  the  fact,  than  in  laying  down  a 
law  for  the  trial  and  punishment  of  such  a person  ; but 
the  latter  office,  i.  e.  that  of  a legislator,  is  surely 
neither  unnecessary  nor  trifling. 

It  should  be  added  that  a close  observation  and 
Logical  analysis  of  fallacious  arguments,  os  it  tends 
(according  to  what  has  been  already  said)  to  form  a 
habit  of  mind  well  suited  for  the  practical  detection 
of  Fallacies  ; so,  for  that  very  reason,  it  will  make  us 
the  more  careful  in  making  allowance  for  them  ; i.  e. 
bearing  in  mind  how  much  men  in  general  arc  liable 
to  be  influenced  by  them  : c.  g.  a refuted  argument  ought 
to  go  for  nothing  ,*  but  in  fact  it  will  generally  prove 
detrimental  to  the  cause,  from  the  Fallacy  which  will 
be  presently  explained.  No  one  is  more  likely  to  be 
practically  aware  of  this,  and  to  take  precautions 
accordingly,  than  he  who  is  moat  versed  in  the  whole 
theory  of  Fallacies  ; for  the  best  Logician  is  the  least 
likely  to  calculate  on  men  in  general  being  such. 

Of  Fallacies  in  form. 

$ 7-  Enough  has  already  been  said  in  the  preceding 
compendium  ; and  it  has  been  remarked  above,  that 
it  is  often  left  to  our  choice  to  refer  on  individual 
Fallacy  to  this  head  or  to  another. 

, To  the  present  class  we  may  the  most  conveniently 

refer  those  Fallacies,  so  common  in  practice,  of  sup- 
posing the  Conclusion  false,  because  the  Premiss  is 
false,  or  because  the  argument  is  unsound  ; and 
inferring  the  truth  of  the  Premiss  from  that  of  the 
Conclusion  ; e.  g.  if  any  one  argues  for  the  existence 
of  a God,  from  its  being  universally  believed,  a man 
might  perhaps  be  able  to  refute  the  argument  by  pro- 
ducing an  instance  of  some  nation  destitute  of  such 
belief ; the  argument  ought  then  (as  has  been  observed 
above)  to  go  for  nothing : but  many  would  go  further, 
and  think  that  this  refutation  had  disjtroved  the  exist- 
ence of  a God  ; in  which  they  would  be  guilty  of  an 
illicit  process  of  the  tuujor  term  •,  viz.  **  whatever  is 
universally  believed  must  be  true  ; the  existence  of  a 
God  is  not  universally  believed  ; therefore  it  is  not 
true.”  Others  again  from  being  convinced  of  the 
truth  of  the  Conclusion  would  infer  that  of  the  Pre- 
mises ; which  would  amount  to  the  Fallacy  of  undis- 
tributed middle : viz.  “ wlmt  is  universally  believed, 
is  true  ; the  existence  of  a God  is  tme  ; therefore  it 
is  universally  believed.”  Or,  these  Fallacies  might 
be  stated  in  the  hypothetical  form  ; since  the  one 
evidently  proceeds  from  the  denial  of  the  antecedent 
to  the  denial  of  the  consequent  ; and  the  other  from 
the  establishing  of  the  consequent  to  the  inferring  of 
the  antecedent;  which  two  Fallacies  correspond  re- 
spectively with  those  of  illicit  process  of  the  major, 
and  undistributed  middle. 

Fallacies  of  this  class  arc  vert'  much  kepi  out  of 
sight,  being  seldom  perceived  even  by  those  who 
employ  them  ; but  of  their  practical  importance  there 
can  be  no  doubt,  since  it  is  notorious  that  a weak 
argument  is  always,  in  practice,  detrimental ; and  that 


there  is  no  absurdity  so  gross  which  men  will  not  Chap.  V. 
readily  admit,  if  it  appears  to  lead  to  a Conclusion  of 
what  they  are  already  convinced.  Even  u candid  and 
sensible  writer  is  not  unlikely  to  be,  by  this  means, 
misled,  when  he  is  seeking  for  arguments  to  support 
a Conclusion  which  he  has  long  been  fully  convinced 
of  himself;  1.  e.  he  will  often  use  such  nrgu  incuts  as 
would  never  have  convinced  himself,  and  arc  not 
likely  to  convince  others,  but  rather  (by  the  operation 
of  the  converse  Fallacy)  to  confirm  in  their  dissent 
those  who  before  disagreed  with  him. 

It  is  best  therefore  to  endeavour  to  put  yourself  in 
the  place  of  an  opponent  to  your  own  arguments,  and 
consider  whether  you  could  not  find  some  objection  to 
them.  The  applause  of  one's  own  party  is  a very 
unsafe  ground  for  judging  of  the  real  force  of  an  ar- 
gumentative work,  and  consequently  of  its  real  utility. 

To  satisfy  those  who  were  doubting,  and  to  convince 
those  who  were  opposed,  is  the  only  sure  test ; but 
these  are  seldom  very  loud  in  their  applause,  or  very 
forward  in  bearing  their  testimony. 

Of  Ambiguous  middle. 

$ 8.  That  case  in  which  the  middle  is  undistributed, 
belongs  of  course  to  the  preceding  head,  the  fault 
being  perfectly  manifest  from  the  mere  form  of  the 
expression  : in  that  case  the  extremes  arc  compared 
with  two  parts  of  the  same  term ; but  in  the  Fallacy 
which  has  been  called  semi-logical,  (which  wc  are 
now  to  speak  of)  the  extremes  are  compared  with 
two  different  terms,  the  middle  being  used  in  two 
different  senses  in  the  two  Premises. 

And  here  it  may  be  remarked,  that  when  the  argu- 
ment is  brought  into  the  form  of  a regular  Syllogism,  the 
contrast  between  these  two  senses  will  usually  appear 
very  striking,  from  the  two  Premises  being  placed 
together  i anil  hence  the  scorn  with  which  many  hare 
treated  the  very  mention  of  the  Fallacy  of  equivocation, 
deriving  their  only  notion  of  it  from  the  exposure  of  it 
in  LogicalTreatises;  whereas,  in  practice  it  is  common 
for  the  two  Premises  to  be  placed  very  far  apart,  and 
discussed  in  different  parts  of  the  discourse;  by  which 
means  the  inattentive  hearer  overlooks  any  ambiguity 
that  may  exist  in  the  middle  term.  Hence  the  advan- 
tage of  Logical  habits,  to  fix  our  attention  strongly  ami 
steadily  on  the  important  terms  of  an  argument. 

One  case  which  may  be  regarded  os  coming  under 
the  head  of  Ambiguous  middle,  is,  wlmt  is  called 
" Fallficia  Figurts  Diction  is,"  the  Fallacy  built  on  the 
grammatical  structure  of  language,  from  men's  usually 
taking  for  granted  that  paronymous  words,  (i.  e.  those 
belonging  to  each  other,  as  the  substantive,  adjective, 
verb,  &c.  of  the  same  root)  have  a precisely  eorres- 
ponclcnt  meaning  : which  is  by  no  means  universally 
the  case.  Such  a Fallacy  could  not  indeed  be  even 
exhibited  in  strict  Logical  form,  which  would 
preclude  even  the  attempt  at  it,  since  it  has  two 
middle  terms  in  sound  as  well  as  sense  ; but  nothing 
is  more  common  in  practice  than  to  vary  continually 
the  terms  employed,  with  a view  to  grammatical  con- 
venience ; nor  is  there  any  tiling  unfair  in  such  a 
practice,  as  long  ns  the  meaning  is  preserved  unaltered  : 
e.  g.  “ murder  should  be  punished  with  death ; this 
man  is  a murderer  ; therefore  he  deserves  to  die;  ” 

&c.  &c.  Here  we  proceed  on  the  assumption  (in  this 
case  just)  that  to  commit  murder  and  to  be  a mur- 
derer,— to  deserve  death  and  to  be  one  who  ought  to 
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Logic,  die,  a re,  respectively,  equivalent  expressions  ; and  it 
would  frequently  prove  a heavy  inconvenience  lo  be 
debarred  this  kind  of  liberty  ; but  the  abuse  of  it 
gives  rise  to  the  Fallacy  in  question  . e.  g.  projector s 
are  unlit  to  be  trusted  ; this  man  has  formed  a project, 
therefore  he  U unlit  to  be  trusted  :*  here  the  !$ophwt 
proceeds  on  the  hypothesis  that  he  who  forms  a project 
must  be  a projector;  whereas  the  bad  sense  that 
commonly  attaches  to  the  latter  word,  is  not  at  all 
implied  in  the  former. 

This  Fallacy  may  often  lie  considered  as  lying  not  in 
the  middle,  but  in  one  of  the  terms  of  the  Conclusion; 
so  that  the  Conclusion  drawn  shall  not  be,  in  reality, 
at  all  warranted  by  the  Premises,  though  it  will 
appear  to  be  so,  by  means  of  the  grammatical  affinity 
of  the  words  : e.  g.  “ to  be  acquainted  with  the  guilty 
is  a presumption  of  guilt ; this  man  is  so  acquainted  ; 
therefore  we  may  presume  that  he  is  guilty  this 
argument  proceeds  on  the  supposition  of  an  exact 
correspondence  between  14  presume"  and  “ presump- 
tion," which  however  docs  not  really  exist ; for 
“ presumption”  is  commonly  used  to  express  n kind 
of  slight  suspicion  ; whereas  44  to  presume  ' amounts  to 
abeolute  belief. 

The  above  remark  will  apply  to  some  other  cases 
of  ambiguity  of  term  ; viz.  the  Conclusion  will  often 
contain  n term,  which  (though  not  as  here,  different  in 
expression  from  the  corresponding  one  in  the  Premiss, 
yet)  is  liable  to  be  understood  in  a sense  different  from 
that  which  it  bears  to  the  Premiss  ; though  of  course 
such  a Fallacy  is  less  common,  because  less  likely  to 
deceive,  in  those  cases,  than  in  this ; where  the  term 
used  in  the  Conclusion,  though  professing  to  correspond 
with  one  in  the  Premiss,  is  not  the  very  saoie  in 
trpresrion,  and  therefore  is  more  certain  to  convey  a 
different  sense  j which  is  what  the  Sophist  wishes. 

There  are  innumerable  instances  of  a non-corres- 
pondence in  paronymous  words,  similar  to  that  above 
instanced  ; as  between  art  and  artful,  design  and 
designing,  faith  and  faithful,  he.  ; and  the  more  slight 
the  variation  of  meaning,  the  more  likely  is  the  Fallacy 
to  be  successful ; for  when  the  words  have  become  so 
widely  removed  in  sense  as  “ pity”  and  " pitiful,” 
every  one  would  perceive  such  a Fallacy,  nor  could  it 
be  employed  but  in  jest. 

This  Fallacy  cannot  in  practice,  be  refuted,  by  stating 
merely  the  impossibility  of  reducing  such  an  argument 
to  the  strict  Logical  form  ; (unless  indeed  you  are 
addressing  regular  Logicians,)  you  must  find  some  way 
of  pointing  out  the  non-correspondence  of  the  terms 
in  question ; c.  g.  with  respect  to  the  example  above, 
it  may  be  remarked,  that  we  speak  of  strong  or  faint 
•*  presumption,”  but  yet  we  use  no  such  expression 
in  conjunction  with  the  verb  “ presume,"  because 
the  word  itself  implies  strength. 

No  Fallacy  is  more  common  in  controversy  than  the 
present,  since  in  thi9  way  the  Sophist  will  often  lie 
able  to  misinterpret  the  propositions  which  his  oppo- 
nent admits  or  maintains,  and  so  employ  them  against 
him  : thus  in  the  examples  just  given,  it  is  natural  to 
conceive  one  of  the  Sophist's  Premises  to  have  been 
borrowed  from  his  opponent. 

Perhaps  a dictionary  of  such  paronymous  words  as 
do  not  regularly  correspond  in  meaning,  would  be 
nearly  as  useful  as  one  of  synonyms  ; 1.  e.  properly 
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speaking,  of  pseudo-synonyms.  The  present  Fallacy  is  Chap.  V. 
nearly  allied  to,  or  rather  perhaps  may  be  regurded  - . — < 
as  a branch  of  that  founded  on  Etymology  viz.  when 
a term  is  used,  at  one  time,  in  its  customary,  and  at 
another,  in  its  Etymological  sense.  Perhaps  no 
example  of  this  can  be  found  that  is  more  extensively 
and  mischievously  employed  than  in  the  case  of  the 
word  representative : assuming  that  its  right  meaning 
must  correspond  exactly  with  the  strict  and  original 
sense  of  the  verb  represent,  the  Sophist  persuades  the 
multitude,  that  a member  of  the  House  of  Commons 
is  Hound  to  be  guided  in  all  points  by  the  opinion  of 
his  constituents;  and,  in  short,  to  be  merely  their 
spokesman  ; whereas  law  and  custom,  which  in  this 
case  tuny  be  considered  as  fixing  the  meaning  of  the 
terra,  require  no  such  thing,  but  enjoin  the  represen- 
tative to  uct  according  to  the  best  of  his  own  judgment, 
and  on  his  own  responsibility.  lJ.Taokc  has  furnished 
a whole  magazine  of  such  weapons  for  any  Sophist 
who  may  need  them,  and  has  furnished  some  speci- 
mens of  the  employment  of  them. 

§ 9.  It  is  to  be  observed,  that  to  the  head  of 
Jmbignous  middle  should  be  referred  what  is  called 
**  Falla cm  plurium  Interrogationum which  may  very 
properly  be  named,  simply,  “ the  Fallacy  of  Interro- 
gation ;”  viz.  the  Fallacy  of  asking  several  questions 
which  appear  to  be  but  one  ; so  that  whatever  one 
answer  is  given,  being  of  course  applicable  to  one  only 
of  the  implied  questions,  may  be  interpreted  as  applied 
to  the  other ; the  refutation  is,  of  course,  to  reply 
separately  to  each  question,  i.e.  to  detect  theambiguilv- 

We  have  said  several  **  questions  which  appear  to  be 
hut  one,  for  else  there  is  no  Fallacy  ; such  an  example 
therefore,  os  11  estne  homo  animal  et  lapis?"  which 
Aldrich  gives,  is  foreign  to  the  matter  in  hand  ; for 
there  is  nothing  unfair  in  asking  two  distinct  ques- 
tions, or  asserting  two  distinct  propositions,  distinctly 
and  avowedly. 

This  Fallacy  may  be  referred,  as  has  been  said,  to 
the  head  of  jfmbiguous  mitldle : in  all  Reasoning 
it  is  very  common  to  state  one  of  the  Premises  in 
form  of  a question,  and  when  that  is  admitted,  or 
supposed  to  be  admitted,  then  to  fill  up  the  rest ; if 
then  one  of  the  terms  of  that  question  be  ambi- 
guous, whichever  sense  the  opponent  replies  to,  the 
Sophist  assumes  the  other  sense  of  the  term  in  the 
remaining  Premiss.  It  is  therefore  very  common  to 
state  an  unequivocal  orgument,  in  form  of  a question 
so  worded,  that  there  shall  be  little  doubt  which  reply 
will  be  given:  but  if  there  be  such  doubt,  the  Sophist 
must  have  two  Fallacies  of  equivocation  ready : e.  g. 
the  question  14  whether  any  thing  vicious  is  expedient," 
discussed  in  Clc.  Off.,  book  iii.  (where,  by  the  bye,  he 
seems  not  a little  perplexed  with  it  himself.)  is  of  the 
character  in  question,  from  the  ambiguity  of  the  word 
" expedient,"  which  means  sometimes,  " conducive  to 
temporal  prosperity,”  sometimes,  “ conducive  to  the 
greatest  good w hichever  answer  therefore  was 
given,  the  Sophist  might  have  a Fallacy  of  equivoca- 
tion founded  on  this  term  ; viz.  if  the  answer  be  in  the 
negative,  his  argumeut  Logically  developed,  will 
stand  thus, — “ what  is  vicious  ts  not  expedient ; 
whatever  conduces  to  wealth  and  aggrandizement  is 
expedient,  therefore  it  cannot  bo  vicious  if,  in  the 
affirmative,  then  thus,  44  whatever  is  expedient  is 
desirable  something  vicious  is  expedient,  therefore 
desirable.” 
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Lofic.  This  kind  of  Fallacy  is  frequently  employed  in  such 

■— a manner,  that  the  uncertainty  shall  he,  not  about 
the  meaning,  but  the  extent  of  a term,  i.  e.  whether  it 
is  distributed  or  not : e.  g.  " did  A U in  this  case  act  from 
such  and  such  a motive  ?**  which  may  imply  either, 
**  was  it  his  sole  motive  ?’*  or  " was  it  one  of  his 
motives  V*  in  the  former  case  the  term  " that  which 
actuated  A B”  is  distributed  ; in  the  latter  not  : now 
If  he  acted  from  a mixture  of  motives,  whichever 
answer  you  give,  may  be  misrepresented  and  thus 
disproved. 

§ 10.  In  some  cases  of  Ambiguous  middle,  the  term 
in  question  may  be  considered  as  having  w itself,  from 
its  own  equivocal  nature,  two  significations  ; (which 
apparently  constitutes  the  “ Fallacia  etfuivocatumis  of 
Logical  writers  j)  others  ngain  have  a middle  terra 
which  is  ambiguous  from  the  context,  i.  e.  from  what 
is  understood  in  conjunction  with  it : this  division  will 
be  found  Tiscful,  though  it  is  impossible  to  draw'  the 
line  accurately  in  it. 

There  are  various  ways  in  which  words  come  to  have 
two  meanings  ; 1st.  by  accident ; (i.  e.  when  there  is 
no  perceptible  connection  between  the  two  meanings) 
as  **  light ” signifies  both  the  contrary  to  “ heavy,  * 
and  the  contrary  to  “ dark.”  Thus,  such  proper 
names  as  John  or  Thomas,  &c.  which  happen  to 
belong  to  several  different  persons,  arc  ambiguous, 
because  they  have  n different  signification  in  each  case 
where  they  are  applied.  Words  w hich  fall  under  this 
first  head  are  what  are  the  most  strictly  called  equivocal. 

8dly.  There  arc  several  terms  in  the  use  of  which 
it  is  necessary  to  notice  the  distinction  between  first 
and  second  intention:  the  " first  intention”  of  a 
term,  (according  to  the  usual  acceptation  of  this 
phrase,)  is  a certain  vague  and  general  signification 
of  it,  as  opposed  to  one  more  precise  and  limited, 
which  it  bears  in  some  particular  art,  science,  or 
system,  and  which  is  called  its  11  second  intention.” 
Thus,  among  farmers  in  some  parts,  the  word  “ beast” 
is  applied  particularly  and  especially  to  the  ox  kind; 
and  “ bird,”  in  the  language  of  many  sportsmen  is 
in  like  manner  appropriated  to  the  purtridge  : the 
common  and  general  acceptation  (which  every  one 
is  well  acquainted  with)  of  each  of  those  two  words, 
is  the  first  intention  of  each  ; the  other,  its  second 
intention. 

It  is  evident  that  a term  may  have  several  second 
intentions,  according  to  the  several  systems  into 
which  it  is  introduced,  and  of  which  it  is  one  of  the 
technical  terms : thus  line  signifies,  in  the  Art  Military, 
a certain  form  of  drawing  up  ships  or  troops  ; in 
Geography,  a certain  division  of  the  earth  ; to  the 
fisherman,  a string  to  catch  fish,  ftc.  fee. ; all  which 
are  so  many  distinct  second  intentions,  in  each  of 
which  then;  is  a certain  signification  of  '*  extension 
in  length”  which  constitutes  the  first  intention,  and 
which  corresponds  pretty  nearly  with  the  employ- 
ment of  the  term  in  Mathematics. 

It  will  sometimes  happen,  that  a term  shall  be 
employed  always  in  some  one  or  other  of  its  second 
intentions  ; and  never,  strictly,  in  the  first,  though  that 
first  intention  is  a part  of  its  signification  in  each  case. 
It  is  evident,  that  the  utmost  care  is  requisite  to  avoid 
confounding  together,  either  the  first  and  second 
intentions,  or  the  different  second  intentions  with  each 
other. 

iidly.  When  two  or  more  things  ore  connected  by 


resemblance  or  analogy,  they  will  frequently  have  the  Chap.  V. 
same  name.  Thus  a **  blade  of  grass,”  and  the  con-  u 

trivance  in  building  called  a *'  dove-tail,"  are  so  called 
from  their  resemblance  to  the  blade*  of  a sword,  and 
the  tail  of  a real  dove  : but  two  things  may  be  con- 
nected by  analogy,  though  they  have  in  themtelres  no 
resemblance  ; for  unalogy  is  the  resemblance  of  ratios, 

(or  relations)  thus, — as  a «reef  taste  gtatifies  the  palate, 
so  does  a sweet  sound  gratify  the  ear  ; and  hence  the 
same  word,  " sweet,"  is  applied  to  both,  though  no 
flavour  can  resemble  a sound  in  itself : so,  the  leg  of 
a table,  does  not  resemble  that  of  an  animal  ; nor  the 
foot  of  a mountain  that  of  an  animal : but  the  leg 
answers  the  same  purpose  to  the  table,  as  the  leg  of  an 
animal  to  that  animal ; the  foot  of  a mountain  has  the 
same  situation  relatively  to  the  mountain,  ns  the  foot 
of  an  animal,  to  the  anitnal ; this  analogy  therefore 
may  be  expressed  like  a Mathematical  analogy  ; (or 
proportion)  leg : animal  : : supporting  stick  : table.— 

In  all  these  cases,  (of  this  3d  head)  one  of  the  meanings 
of  the  word  is  called  by  Logicians  proper,  i.  e.  original 
or  primary  ; the  other  improper,  secondary  or  trans- 
ferred: thus,  sweet,  is  originally  and  properly  applied 
to  tastes  ; secondarily  and  impropc^rly  (i.  e.  by  nnaiogy,) 
to  sounds  : thus  also,  dove-tail  is  applied  secondarily 
though  not  by  analogy,  but  by  direct  resemblance  to 
the  contrivance  in  building  so  called.  When  the 
secondary  meaning  of  a word  is  founded  on  some 
fanciful  analogy,  nnd  especially  when  it  is  introduced 
for  ornament  sake,  we  call  this  a metaphor  ; us  when 
we  speak  of  “ a ship’s  ploughing  the  deep.”  The 
turning  up  of  the  surface  being  essential  indeed  to 
the  plough,  but  incidental  only  to  the  ship  ; but  if  the 
analogy  be  a more  important  and  essential  one,  nnd 
especially  if  we  have  no  other  word  to  express  our 
meaning  but  this  transferred  one,  we  then  call  it 
merely  an  analogous  word,  (though  the  metaphor  is 
analogous  also ;)  c.  g.  oue  would  hardly  call  it  meta- 
phorical or  figurative  language  to  speak  of  the  leg  of  a 
table,  or  mouth  of  a river. 

dtbly.  Several  things  may  be  called  by  the  same 
name,  (though  they  have  no  connection  of  resemblance 
or  analogy)  from  being  connected  by  vicinity  of  time  or 
place  ; under  which  head  will  come  the  connection  of 
cause  and  effect,  or  of  part  and  whole,  &c.  Thus  a 
door  signifies  lmth  an  opening  in  the  wall,  (more 
strictly  called  the  door-way,)  and  a board  which  closes 
it:  which  are  things  neither  similar  nor  analogous. 

When  I say,  “ the  rose  tiueUt  sweet  ” and  “ I smell 
the  rose  the  word  “ smell’*  has  two  meanings  • in 
the  hitter  sentence,  I am  speaking  of  a certain  sensa- 
tion in  my  own  mind  ; in  the  former,  of  a certain 
quality  in  the  flower,  which  produces  that  sensation, 
but  which  of  course  cannot  in  the  least  resemble  it : 
and  here  the  word  smell,  is  applied  with  equal  propriety 
to  both.  Thus  we  speuk  of  Homer,  for  " the  works 
of  Homer  ;’*  nnd  this  is  a secondary  or  transferred 
meaning  : and  so  it  is  when  we  say,  “ a good  shot,  ’ 
for  a good  marksman  : but  the  word  **  shot"  has  two 
other  meanings,  which  arc  both  equally  proper  ; viz. 
the  thing  put  into  a gun  in  order  to  be  discharged  from 
it,  and  the  act  of  discharging  it. 


• Unless  indeed  the  primary  application  of  the  term  be  to  tbr 
leaf  of  pwn,  nnd  the  wrnndary,  to  catting?  inatnimcoto  j which 
i*  perhaps  more  probable ; bnl  the  queation  is  unimportant  in 
the  present  case. 
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Logic.  Thus,  44  framing ” .signifies  either  the  act  of  ac- 
quiring  knowledge,  or  the  knowledge  itself  ; e.  g. 
“ he  neglects  his  learning.”  41  Johnson  was  a man 
of  learning.”  PoiKMon  is  ambiguous  in  the  same 
manner  ; anti  a multitude  of  others.  Much  confusion 
often  arises  from  ambiguity  of  this  kind,  when  uo per- 
ceived ; nor  is  there  any  point  in  which  the  copious- 
ness and  consequent  precision  of  the  Greek  language 
is  more  to  be  admired  than  in  its  distinct  terms  for 
expressing  an  act,  and  the  result  of  that  act ; e.  g. 
s rftZgn  “ the  doing  of  anything  vpafpa,  '*  the  thing 
done  so,  2mi«  and  cwpov,  and  \ijnua,  &c.  It 
will  very  often  happen,  that  two  of  the  meanings  of  a 
word  will  have  no  connection  with  one  another,  hut 
will  each  have  some  connection  with  a third.  Thus 
“ martyr,”  originally  signified  a uitness,  thence  it 
was  applied  to  those  who suffered  in  beariug  testimony 
to  Christianity  ; and  thence  again  it  is  often  upplied  to 
sufferers  in  general  : the  first  and  third  significations 
are  not  the  least  connected.  Thus  “ post”  signifies 
originally  a pillar,  (p&tlum,  from  poao;)  then  a distance 
marked  out  by  posts;  and  then  the  carriages, 
messengers,  &c.  that  travelled  over  this  distance. 

Innumerable  other  ambiguities  might  be  brought 
under  this  fourth  bald,  which  indeed  comprehends 
all  the  cases  which  do  not  fall  under  the  three  others. 

The  remedy  for  ambiguity  is  a definition  of  the 
term  which  is  suspected  of  being  used  in  two  senses  ; 
viz.  a verbal,  not  necessarily  a real  definition  ; as  was 
remarked  in  the  Compendium. 

But  here  it  may  be  proper  to  remark,  that  for  the 
avoiding  of  Fallacy  or  of  verbal  controversy,  it  is  only 
requisite  that  the  term  should  be  employed  uniformly 
in  the  same  sense  as  far  at  the  existing  question  is  con- 
cerned. Thus,  two  persons  might,  in  discussing  the 
question,  whether  Buonaparte  was  a cheat  man,  have 
some  difference  in  their  acceptation  of  the  epithet 
" great,”  which  would  be  non-essential  to  that  ques- 
tion ; e.  g.  one  of  them  might  understand  by  it  nothing 
more  than  eminent  intellectual,  und  moral  qualities  ; 
while  the  other  might  conceive  it  to  imply  the  per- 
formance of  splendid  actions  this  abstract  difference 
of  meaning  would  not  produce  any  disagreement  in 
the  existing  question,  because  both  those  circum- 
stances are  united  in  the  case  of  Buonaparte  ; hut  if 
one  of  the  parties  understood  the  epithet  " great”  to 
imply  can sau» ITT  of  character,  &c.  then  there  would 
be  a disagreement.  Definition,  the  specific  for  am- 
biguity, is  to  be  employed  and  demanded  with  a 
view  to  this  principle ; it  is  sufficient  on  each  occasion 
to  define  a term  as  far  as  regards  the  question  in  hand. 

Of  those  cases  in  which  the  nmbiguily  arises  from 
the  context,  there  are  many  species;  several  of  which 
Logicians  have  enumerated,  but  have  neglected  to 
refer  them,  in  the  first  place,  to  one  common  class, 
(viz.  the  one  under  which  they  are  here  placed  j)  and 
have  even  arranged  some  under  the  head  of  Fallacies 
*r  in  dictione,”  and  others,  “ extra  dictumem." 

We  may  consider,  as  the  first  of  these  species,  the 
Fallacy  of  •*  Division”  and  that  of  “ Composition,” 
taken  together,  since  in  each  of  these  the  middle  term 
is  used  in  one  Premiss  collectively,  in  the  other,  dis- 
tributively : if  the  former  of  these  is  the  major  Premiss, 
and  the  latter  the  minor,  this  is  called  the  " Fallacy  of 
division the  term  which  is  first  taken  collectively 
being  afterwards  divided ; and  rice  versd.  The  ordinary 
examples  arc  such  as  these  ; all  the  angles  of  a triangle 


are  equal  to  two  right  angles  : A B C,  is  an  angle  of 
a triangle  ; therefore  A B C,  is  equal  to  two  right 
ungles.  Five  is  one  number  ; three  and  two  are  five ; 
therefore  three  and  two  are  one  number;  or,  three 
and  two  are  two  numbers,  five  is  three  atul  two, 
therefore  five  is  two  numbers  : it  is  manifest  that  the 
middle  term,  three  and  two,  (in  this  last  example)  is 
ambiguous,  signifying,  in  the  major  Premiss  ••  taken 
distinctly,”  iu  the  minor,  “ taken  together  ami  so 
of  the  rest. 

To  this  head  may  be  referred  the  Fallacy  by  which 
men  have  sometimes  been  led  to  admit,  or  pretend  to 
admit,  the  doctrine  of  necessity  ; e.  he  who  neces- 
sarily goes  or  stays  (i.  e.  in  reality,  “ who  neces- 
sarilygoes,  or  who  necessarily  stays'')  is  not  a free  agent ; 
you  must  necessarily  go  or  stay  ; (i.  e.  44  you  must 
necessarily  take  the  alter  native,")  therefore  you  are  not 
a free  agent.  Such  also  is  the  Fallacy  which  probably 
operates  on  most  adventurers  in  lotteries;  e.  g.  the 
gaining  of  a high  prize  is  no  uncommon  occurrence  ; 
and  what  is  no  uncommon  occurrence  may  reasonably 
be  expected  ; therefore  the  gaining  of  a high  prize 
**  may  reasonably  l>e  expected  :**  the  conclusion  w hen 
applied  to  the  individual,  (as  iu  practice  it  is)  must 
be  understood  in  the  sense  of  “ reasonably  expected 
by  a certain  individual therefore  for  the  major  Premiss 
to  be  true  the  middle  term  must  be  understood  to 
mean,  **  no  uncommon  occurrence  to  some  ouc 
particular  person  ;”  whereas  for  the  minor  (which  bus 
been  placed  first)  to  be  true,  you  must  understand  it 
of  **  no  uncommon  occurrence  to  tome  one  or  other  /' 
and  thus  you  will  have  the  Fallacy  of  Composition. 

There  is  no  Fallacy  more  common,  or  more  likely 
to  deceive  than  the  one  now  before  us  : the  form  in 
which  it  is  most  usually  employed,  is,  to  establish 
some  truth,  separately,  concerning  each  single  member 
of  a certain  class,  and  thence  to  infer  the  same  of  the 
tchole  collectively  : thus  some  infidels  have  laboured  to 
prove  concerning  some  one  of  our  Lord's  miracles,  tlutl 
it  might  have  been  the  result  of  an  accidental  conjunc- 
ture of  natural  circumstances ; next,  they  endeavour 
to  prove  the  same  concerning  another ; und  so  on  j 
and  thence  infer  that  all  of  them  might  have  been  so. 
They  might  argue  in  like  manner,  that  because  it  is 
not  very  improbable  one  may  throw  sixes  in  any  one 
out  of  a hundred  throws,  therefore  it  is  no  more  impro- 
bable that  one  may  throw  sixes  a hundred  times 
running. 

This  Fallacy  may  often  be  considered  ns  turning  on 
the  ambiguity  of  the  word  “ all;”  which  may  easily 
be  dispelled  by  substituting  for  it  the  word  each” 
or  every,”  where  that  is  its  signification  ; c.  g.  “ all 
these  trees  make  a thick  shade”  is  ambiguous,  mean- 
ing, either  “ every  one  of  them,”  or  “ all  together.” 

This  is  a Fullucy  with  which  men  are  extremely  apt 
to  deceive  themselves : for  when  a multitude  of  par- 
ticulars are  presented  to  the  mind,  many  are  too  weak 
or  too  indolent  to  take  a comprehensive  view  of  them; 
but  confine  their  attention  to  each  single  point,  by 
turns;  and  then  decide,  infer,  and  act,  accordingly  ; 
e.  g.  the  imprudent  spendthrift,  finding  that  he  is  able 
to  afford  this,  or  that,  or  the  other  expense,  forgets 
that  all  of  them  together  will  ruin  him. 

To  the  same  head  may  lie  reduced  that  fallacious 
reasoning  by  which  men  vindicate  themselves  to  their 
own  conscience  and  to  others,  for  the  neglect  of  those 
undefined  duties,  which  though  indispensable,  and 
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W*c-  therefore  not  left  to  our  choice  whether  we  will  practise 
— * them  or  not,  are  left  to  our  discretion  as  to  the  mode, 
and  the  particular  occasions  of  practising  them  ; e.  g. 
“ i am  not  bound  to  contribute  to  this  charity  in  par- 
ticular ; nor  to  that ; nor  to  the  other  the  practical 
conclusion  which  they  draw,  is,  that  all  charity  may 
be  dispensed  with. 

As  men  are  apt  to  forget  that  any  two  circum- 
stances (not  naturally  connected)  are  more  rarely  to 
be  met  with  combined  than  separate,  though  they  be 
not  at  all  incompatible  ; so  also  they  are  apt  to  imagine 
from  finding  that  they  are  rarely  combined,  that  there 
is  an  incompatibility  ; e.  g.  if  the  chances  arc  ten  to  one 
against  a man  s possessing  strong  reasoning  powers,  and 
ten  to  one  against  exquisite  taste,  the  chances  against 
the  combination  of  the  two  (supposing  them  neither 
connected  nor  opposed)  will  be  a hundred  to  one.  Many 
therefore,  from  finding  them  so  rarely  united,  will 
infer  that  they  are  in  some  measure  incompatible ; 
which  Fallacy  may  easily  be  exposed  in  the  form  of 
Undistributed  middle  : “ qualities  unfriendly  to  each 
other  are  rarely  combined  ; excellence  in  the  reasoning 
powers  and  in  taste  arc  rarely  combined  ; therefore 
they  are  qualities  unfriendly  to  each  other.'' 

§ 11.  The  other  kind  of  ambiguity  arising  from  the 
context,  and  which  is  the  last  case  of  Ambiguous 
middle  that  we  shall  notice,  is  the  44  faltacia  accidentis," 
together  with  its  converse  44  fallacia  a dicto  secundum 
quid  ad  dictum  simpliciter  j"  in  each  of  which  the  middle 
is  used  in  one  Premiss  to  signify  something  considered 
simply,  in  itself,  and  as  to  its  essence  ; and  in  the 
other  Premiss,  so  as  to  imply  that  its  accidents  are  taken 
into  account  with  it : as  in  the  well-known  example, 
44  what  is  bought  in  the  market  is  eaten  ; raw  meal  is 
bought  in  the  market ; therefore  raw  meat  is  eaten.'4 
Here  the  middle  has  understood  in  conjunction  with 
it,  in  the  major  Premiss  41  as  to  its  substance  merely  •“ 
in  the  minor,  " as  to  its  condition  and  circumstances. ' 

To  this  head  perhaps,  as  well  os  to  any,  may  be 
referred  the  Fallacies  which  ore  frequently  founded  on 
the  occasional,  partial,  and  temporary  variations  in 
the  acceptation  of  some  term,  arising  from  circum- 
stances of  person,  time,  and  place,  which  will  occasion 
something  to  be  understood  in  conjunction  with  it 
beyond  its  strict  literal  signification  ; e.  g.  the  phrase 
44  Protestant  ascendancy,*  having  become  a kind  of 
watch-wordor  gathering-cry  of  a party,  the  expression 
of  good  wishes  for  it  would  commonly  imply  on  ad- 
herence to  certain  measures  not  literally  expressed  by 
the  words  j to  assume  therefore  (hat  one  is  unfriendly 
4 to  " Protestant  ascendancy"  in  the  literal  sense, 
because  he  has  declared  himself  unfriendly  to  it  when 
implying  and  connected  with  such  and  such  other 
sentiments,  is  a gross  Fallacy ; and  such  an  one  as 
perhaps  the  authors  of  the  above  would  much  object 
to,  if  it  was  assumed  of  them  that  they  were  adverse 
to  “ the  cause  of  liberty  throughout  the  world,"  and 
to  44  a fair  representation  of  the  people,"  from  their 
objecting  to  join  with  the  members  of  a factious  party 
in  the  expression  of  such  sentiments. 

Such  Fallacies  may  fairly  be  referred  to  the  present 
head. 

§ 12.  Of  the  Non-logic«tl  (or  material)  Fallacies, 
and  first  of  begging  the  question. 

The  indistinct  and  unphilosophical  account  which 
has  been  given  by  Logical  writers  of  the  Fallacy  of 
44  non-caiud,"  and  that  of  44  petitio  principu ,"  makes  it 
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very  difficult  to  ascertain  wherein  they  conceived  them  Cli*p.  V. 
to  differ,  and  what,  according  to  them,  is  the  nature  ' ,/  L_ 

of  each  ; without  therefore  professing  to  conform 
exactly  to  their  meaning,  and  with  a view  to  distinct- 
ness only,  which  is  the  main  point,  let  us  confine  the 
name  44  petitio  principii"  to  those  cases  in  which  the 
Premiss  either  appears  manifestly  to  be  the  same  as 
the  Conclusion,  or  is  actually  proved  from  the  Conclu- 
sion, or  is  such  as  would  naturally  and  properly  so  be 
proved  ; (as  if  one  should  attempt  to  prove  the  being 
of  a God  from  the  authority  of  holy  writ;)  and  to  the 
other  class  be  referred  all  other  cases,  in  which  the 
Premiss  (whether  the  expressed  or  the  suppressed  one) 
is  cither  proved  false,  or  has  no  sufficient  claim  to  be 
received  as  true.  Let  it  however  be  observed,  that  in 
such  cases  (apparently)  as  this,  we  must  not  too 
hastily  pronounce  the  argument  fallacious ; for  it 
may  be  perfectly  fair  at  the  commencement  of  an  argu- 
ment to  assume  a Premiss  that  is  not  more  evident  than 
the  Conclusion,  or  is  even  ever  so  paradoxical,  provided 
you  proceed  to  prove  fairly  that  Premiss : and  in  like 
manner  it  is  both  usual  and  fair  to  begin  by  deducing 
your  Conclusion  from  a Premiss  exactly  equivalent  to 
it ; which  is  merely  throwing  the  proposition  in  ques- 
tion into  the  form  in  which  it  will  be  most  conveniently 
proved.  Arguing  in  a circle  however  must  necessarily 
be  unfair ; though  it  frequently  is  practised  unde- 
signedly  ; e.  g.  some  Mechanicians,  attempt  to  prove, 

(what  they  ought  to  lay  down  as  a probable  but 
doubtful  hypothesis,)  that  every  particle  of  matter 
gravitates  equally;  44  why?"  because  those  bodies 
which  contain  more  particles  ever  gravitate  more 
strongly,  i.  e.  are  heavier : 44  but  (it  may  be  urged) 
those  which  arc  heaviest  are  not  always  more  bulky  j” 

44  no,  but  still  they  contain  more  particles,  though 
more  closely  condensed  ; **  how  do  you  know  that  •" 

44  because  they  are  heavier  44  how  does  that  prove  it  ?" 

" because  all  particles  of  matter  gravitating  equally, 
that  mass  which  is  specifically  the  heavier,  must  needs 
have  the  more  of  them  in  the  same  space." 

Obliquity  and  disguise  being  of  course  most  im- 
portant to  the  success  of  the  petitio  principii,  os  well 
as  of  other  Fallacies,  the  Sophist  will  in  general  either 
have  recourse  to  the  circle,  or  else  not  venture  to  slate 
distinctly  his  assumption  of  the  point  in  question,  but 
will  rather  assert  some  other  proposition  which  implies 
it ; thus  keeping  out  of  sight  (as  a dexterous  thief  does 
stolen  goods)  the  point  in  question,  at  the  very 
moment  when  he  is  taking  it  for  granted  : hcncc  the 
frequent  union  of  this  Fallacy  with  “ ignoratio  elenchi 
vide  § 14.  The  English  language  is  perhaps  the  more 
suitable  for  the  Fallacy  of  petitio  principii,  from  its 
being  formed  from  two  distinct  languages,  and  thus 
abounding  in  synonymous  expressions  which  have  no 
resemblance  in  sound , and  no  connection  in  etymology' ; 
so  that  a Sophist  may  bring  forward  a proposition 
expressed  in  words  of  Saxon  origin,  and  give  as  a 
reason  for  it,  the  very  same  proposition  stated  in 
words  of  Norman  origin  ; e.  g.  " to  allow  every  man 
an  unbounded  freedom  of  speech,  must  always  be, 
on  the  whole,  advantageous  to  the  State ; for  it  is 
highly  conducive  to  the  interest  of  the  community, 
that  each  individual  should  enjoy  a liberty  perfectly 
unlimited  of  expressing  his  sentiments/’ 

§ IS.  The  next  head  is,  the  falsity,  or  at  least, 
undue  assumption  of  a Premiss  when  it  is  not  equiva- 
lent to,  or  dependent  on  the  Conclusion ; which,  as  has 
2 H 
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Logic,  been  before  said,  seems  to  correspond  nearly  with  the 
•“V'**-'’  meaning  of  Logicians,  when  they  speak  of  ’*  non  causa 
pro  cautd  i"  this  name  indeed  would  seem  to  apply  a 
much  narrower  class,  there  being  one  species  of 
arguments  which  are  from  cause  to  effect,  in  which  of 
course  two  things  are  necessary ; 1st.  the  sufficiency  of 
the  cause,  2d.  Its  establishment ; these  are  the  two 
Premises  j if  therefore  the  former  be  unduly  assumed, 
we  are  arguing  from  that  which  is  Hot  a sufficient 
cause  as  if  it  were  so ; e.  g.  as  if  one  should  contend  from 
such  a man's  having  been  unjust  or  cruel,  that  he  will 
certainly  be  visited  with  some  heavy  temporal  judg- 
ment, and  come  to  an  untimely  end.  In  this  instance 
the  Sophist,  from  having  assumed  in  the  Premiss, 
the  (granted)  existence  of  a pretended  cause,  infers  in 
the  conclusion  the  existence  of  the  pretended  effect, 
which  we  have  supposed  to  be  the  Question  : or  rice 
vend,  the  pretended  effect  may  be  employed  to  esta- 
blish the  cause;  e.  g.  inferring  sinfulness  from  tem- 
poral calamity  : but  when  both  the  pretended  cause, 
and  effect  are  granted,  i.e,  granted  to  exist,  then  the 
Sophist  will  infer  something  from  their  pretended 
connection  ; i.  e.  he  will  assume  as  n Premiss,  that  " of 
these  two  admitted  facts,  the  one  is  the  cause  of  the 
other  ;‘‘as  the  opponents  of  the  Reformation  assumed 
that  it  was  the  cause  of  the  troubles  which  took  place 
at  that  period,  and  thence  inferred  that  it  was  an  evil. 
Such  an  argument  as  either  of  these  might  strictly  be 
called  “ non  causa  pro  cautd but  it  is  not  probable, 
that  the  Logical  writers  intended  any  such  limitation, 
(which  indeed  would  be  wholly  unnecessary  and  im- 
pertinent,) but  rather  that  they  were  confounding 
together  cause  and  reason  ; the  sequence  of  Conclusion 
from  Premises  being  perpetually  mistaken  for  that  of 
effect  from  physical  cause.  It  is  indeed  a very  necessary 
caution  in  philosophical  investigation  not  to  assume  too 
hastily  that  one  thing  is  the  cause  of  another,  when 
perhaps  it  is  only  an  accidental  concomitant ; (as  was 
the  case  in  the  assumption  of  the  Premises  of  the  last 
mentioned  examples  :)  but  investigation  is  a perfectly 
distinct  business  from  argumentation  ; and  to  mingle 
together  the  rules  of  the  two,  (as  Logical  writers  have 
generally  done,  especially  in  the  present  case,)  tends 
only  to  produce  confusion  in  both.  It  may  be  better 
therefore  to  drop  the  name  which  tends  to  perpetuate 
this  confusion,  and  simply  state  (when  such  is  the  case) 
that  the  Premiss  is  unduly  assumed  ; i.  e.  without 
being  either  self-evident,  or  satisfactorily  proved. 

The  contrivances  by  which  men  may  deceive  them- 
selves or  others,  in  assuming  Premises  unduly,  so  that 
that  undue  assumption  shall  not  be  perceived,  (for  it  is  in 
this  the  Fallacy  consists)  arc  of  course  infinite.  Some- 
times (as  was  before  observed)  the  doubtful  Premiss  is 
suppressed , as  if  it  were  too  evident  to  need  being 
proved,  or  even  stated,  and  as  if  the  whole  question 
turned  on  the  establishment  of  the  other  Premiss. 

Thus  H.  Tooke  proves,  by  an  immense  induction, 
ihat  all  particles  were  originally  nouns  or  verbs  ; and 
thence  concludes,  that  In  reality  they  arc  so  still,  and 
that  the  ordinary  division  of  the  parts  of  speech  is 
absurd  ; keeping  out  of  sight,  as  self-evident,  the 
other  Premiss,  which  is  absolutely  false  ; viz.  that  the 
meaning  and  force  of  a term,  now  and  for  ever,  must 
be  that,  which  it,  or  its  root  originally  bore. 

Sometimes  men  are  shamed  into  admitting  an  un- 
founded assertion,  by  being  assured,  that  it  is  so 
evident  it  would  argue  great  weakness  to  doubt  it.  In 


general,  however,  the  more  skilful  Sophiat  will  avoid  Clap.  v. 
a direct  assertion  of  what  he  means  unduly  to  assume ; V — y— ^ 
since  that  might  direct  the  reader's  attention  to  the 
consideration  of  the  question  whether  it  be  true  or  not, 
since  that  which  is  indisputable  does  not  so  often  need 
to  be  asserted  : it  succeeds  better,  therefore,  if  you 
allude  to  the  proposition  as  something  curious  and  re- 
markable ; just  as  the  Royal  Society  were  imposed  on 
by  being  asked  to  account  for  the  fact  that  a vessel  of 
water  received  no  addition  to  its  weight  by  a live  fish 
put  into  it ; while  they  were  seeking  for  the  cause, 
they  forgot  to  ascertain  the  fact,  and  thus  admitted 
without  suspicion  a mere  fiction.  Thus  an  eminent 
Scotch  writer,  instead  of  assert  mg  that  “ the  advocates 
of  Logic  have  been  worsted  and  driven  from  the  field 
in  ever)-  controversy,"  (an  assertion,  which  if  made, 
would  have  been  the  more  readily  ascertained  to  be 
perfectly  groundless.)  merely  observes , that  ,f  it  is  a 
circumstance  not  a little  remarkable." 

Frequently  the  Fallacy  of  ignoratio  elenchi  is  called 
in  to  the  aid  of  this ; i.  e.  the  Premiss  is  assumed  on 
the  ground  of  another  proposition,  sometchat  like  it, 
having  been  proved  ; thus  in  arguing  by  example,  &c. 
the  parallelism  of  two  cases  is  often  assumed  from 
their  being  in  some  respects  alike,  though  perhaps  they 
differ  in  the  very  point  which  is  essential  to  the  argu- 
ment ; e.  g.  from  the  circumstance  that  some  men  of 
humble  station,  who  have  been  well  educated,  are  apt 
to  think  themselves  above  low  drudgery,  it  is  argued 
that  universal  education  of  the  lower  order,  would 
beget  general  idleness  : this  argument  rests  of  course 
on  the  assumption  of  parallelism  in  the  two  cases,  viz. 
the  post  and  the  future  j whereas  there  is  a circum- 
stance that  is  absolutely  essential,  in  which  they  differ  ; 
for  when  education  is  universal  it  must  cease  to  be  a 
distinction ; which  is  probably  the  very  circumstance 
that  renders  men  too  proud  for  their  work. 

This  very  same  Fallacy  is  often  resorted  to  on  the 
opposite  side  ; an  nttempt  is  made  to  invalidate  some 
argument  from  example,  by  pointing  out  a difference 
between  the  two  cases,  though  they  agree  in  every 
thing  that  is  essential  to  the  question.  Lastly,  it  may 
be  here  remarked,  conformably  with  what  has  been 
formerly  said,  that  it  will  often  be  left  to  your  choice 
whether  to  refer  this  or  that  fallacious  argument  to 
the  present  head,  or  that  of  Ambiguous  middle  ; **  if 
the  middle  term  is  here  used  in  this  sense,  there  is  an 
ambiguity  ; if  in  that  sense,  the  proposition  is  false." 

§ 14.  The  Inst  kind  of  Fallacy  to  be  discussed  is  that 
of  Irrelevant  Conclusion,  commonly  called  ignoratio 
elenchi.  Various  kinds  of  propositions  are,  according  • 
to  the  occasion,  substituted  for  the  one  of  which  proof 
is  required. 

.Sometimes  the  particular  for  the  universal  ; some- 
times a proposition  with  different  terms  : and  various 
are  the  contrivances  employed  to  effect  and  to  conceal 
this  substitution,  and  to  make  the  Conclusion  which  the 
Sophist  has  drawn,  answer,  practically,  the  same  pur- 
pose os  the  one  he  ought  to  have  established.  We  soy, 

practically  the  same  purpose,”  becuusc  it  will  very 
often  happen  that  some  emotion  will  be  excited — some 
sentiment  impressed  on  the  mind — (by  n dexterous 
employment  of  this  Fallacy)  such  as  shall  bring  men 
into  the  disposition  requisite  for  your  purpose,  though 
they  may  not  have  assented  to,  or  even  stated  dis- 
tinctly in  their  own  minds  the  proposition  tvhich  it  was 
your  business  to  establish.  Thus  if  a Sophist  has  to 
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Logic,  defend  one  who  has  been  guilty  of  some  serious  offence, 
«— v'**'  which  he  wishes  to  extenuate,  though  he  L»  unable  dis- 
tinctly to  prove  that  it  is  not  such^  yet  if  he  can  suc- 
ceed in  making  the  audience  laugh  at  some  casual  matter, 
he  has  gained  practically  the  same  point.  So  also  if 
any  one  has  pointed  out  tfie  extenuating  circumstances 
in  some  particular  case  of  offence,  so  as  to  shew  that  it 
differs  widely  from  the  generality  of  the  same  class, 
the  Sophist,  if  he  find  himself  unable  to  disprove  these 
circumstances,  may  do  away  the  force  of  them,  by 
simply  referring  the  action  to  that  very  class,  which  no 
one  can  deny  that  it  belongs  to,  and  the  very  name  of 
which  will  excite  a feeling  of  disgust  sufficient  to 
counteract  the  extenuation  ; c.  g.  let  it  be  a case  of 
peculation,  and  that  many  mitigating  circumstances 
have  been  brought  forward  which  cannot  be  denied ; 
the  sophistical  opponent  will  reply,  “ well,  but  after 
all,  the  man  is  a rogue,  and  there  is  on  end  of  it;" 
now  in  reality  this  was  (by  hypothesis)  never  the 
nestion  ; and  the  mere  assertion  of  what  was  never 
enied,  ought  not,  in  fairness,  to  be  regarded  os  deci- 
sive ; but,  practically,  the  odiousness  of  the  word, 
arising  in  great  measure  from  the  association  of  those 
very  circumstances  which  beiong  to  most  of  the  class, 
but  which  we  have  supposed  to  he  absent  in  this  par- 
ticular instance , excites  precisely  that  feeling  of  disgust, 
which  in  effect  destroys  the  force  of  the  defence.  In 
like  manner  wc  may  refer  to  this  head  all  cases  of 
improper  appeals  to  the  passions,  and  ever)  thing  else 
which  is  mentioned  by  Aristotle  as  extraneous  to  the 
matter  in  hand,  (•*£«»»  t S irpdffiaro*.) 

In  all  these  cases,  as  has  been  before  observed,  if 
the  Fallacy  we  arc  now  treating  of  be  employed  for 
the  apparent  establishment,  not  of  the  ultimate  Con- 
clusion, but  (aa  it  very  commonly  happens)  of  a 
Premiss,  (L  c.  if  the  Premiss  required  be  assumed  on 
the  ground  that  some  proposition  resembling  it  has 
been  proved,)  then  there  will  be  a combination  of  this 
Fallacy  with  the  lust  mentioned.  A good  instance 
ot  the  employment  and  exposure  of  this  Fallacy 
occur*  in  Thucydides,  in  the  speeches  of  Cleon  and 
Diodotu*  concerning  the  Mitylenaenns  : the  former 
(over  and  above  his  appeal  to  the  angry  passions  of  his 
audience.)  urges  the  justice  of  putting  the  revoltcrs  to 
death  ; which,  as  the  latter  remarked,  was  nothing  to 
the  purpose,  since  the  Athenians  were  not  sitting  in 
judgment,  hut  in  deliberation,  of  which  the  proper 
end  is  expediency. 

It  is  evident  that  ignoratio  elenchi  may  be  employed 
as  well  for  the  apparent  refutation  of  your  opponent's 
# proposition,  as  for  the  npparent  establishment  of  your 
own  ■,  for  it  is  substantially  the  same  thing  to  prove  what 
was  not  denied,  or  to  disprove  what  was  not  asserted  : 
the  latter  practice  is  not  less  common,  and  it  is  more 
offensive,  because  it  frequently  amounts  to  a personal 
affront,  in  attributing  to  a person  opinions,  &c.  which 
he  perhaps  holds  in  abhorrence.  Thus,  when  in  a 
discussion  one  party  vindicates,  on  the  ground  of  gene- 
ral expediency,  a particular  instance  of  resistance  to 
Government  in  a case  of  intolerable  oppression,  the 
opponent  may  gravely  maintain  that  " wc  ought  not 
to  do  evil  that  good  may  cotne:"  a proposition  which 
of  course  had  never  been  denied,  the  point  in  dispute 
being  “ whether  resistance  in  this  particular  case  mere 
doing  evil  or  not."  In  this  example  it  is  to  be  re- 
marked, (and  the  remark  will  apply  very  generally,) 
that  the  Fallacy  of  petUio principu  is  combined  with  that 


of  ignoratio  elenchi , which  is  a \ ery  common  and  suc- 
cessful practice  ; viz.  the  Sophist  proves,  or  disproves, 
not  the  proposition  which  is  really  in  question,  but  one 
which  so  implies  it  as  to  proceed  on  the  supposition 
that  it  i9  already  decided,  and  can  admit  of  uo  doubt ; 
by  this  means  his  “ assumption  of  the  point  in 
question"  is  so  indirect  and  oblique,  tbat  it  may  easily 
escape  notice ; and  he  thus  establishes,  practically, 
his  Conclusion,  at  the  very  moment  when  he  is  with- 
drawing your  attention  from  it  to  another  question. 

There  are  certain  kinds  of  argument  recounted  and 
named  by  Logical  writers,  which  we  should  by  no  means 
universally  call  Fallacies  ; but  which  wheu  unfairly 
used,  and  so  far  as  they  are  fallacious,  may  very  well  be 
referred  to  the  present  head ; such  as  the  “ argument  urn 
ad  hommem,"  or  personal  argument,  “ argurnentum  ad 
verecundiam,"  “ argurnentum  ad  populum,"  &c.  all  of 
them  regarded  as  contradistinguished  from  '*  argu- 
mentum  ad  rem,"  or  according  to  others  (meaning 
probably  the  very  same  thing)  '*  ad  judicium.  These 
have  all  been  described  in  the  lax  and  popular  language 
before  alluded  to,  but  not  scientifically  : the  " argu- 
mcnlum  ad  hommem"  they  say,  " is  addressed  to  the 
peculiar  circumstances,  character,  avowed  opinions, 
or  past  conduct  of  the  individual,  and  therefore  has  a 
reference  to  him  only,  und  does  not  boar  directly 
and  absolutely  on  the  real  question,  as  the  * argumen- 
lum  ad  rem'  docs  in  like  manner  the  “ argurnentum 
ad  verecundiam"  is  described  as  an  appeal  to  our  reve- 
rence for  some  respected  authority,  some  venerable 
institution,  &c.  and  the  “ grgumentum  ad  populum  " as 
an  appeal  to  the  prejudices,  passions,  &c.  of  the  mul- 
titude, and  so  of  the  rest.  Along  with  these  is 
usually  enumerated  “ argurnentum  ad  ignorantiam ," 
which  is  here  omitted  as  being  evidently  nothing  more 
than  the  employment  of  some  kind  of  Fallacy,  in  the 
widest  sense  of  that  word,  towards  such  as  arc  likely 
to  be  deceived  hv  it.  It  appears  then,  (to  speak  rather 
more  technically,)  that  in  the  “ argumenlum  ad  homi - 
nem"  the  Conclusion  which  actually  is  established,  is 
not  the  absolute  and  general  one  in  question,  but 
relative  and  particular  ; viz.  not  that  ''such  and  such 
is  the  fact,”  hut  that  “this  man  is  bound  to  admit  it,  in 
conformity  to  his  principles  of  Reasoning,  or  in  consis- 
tency with  his  own  conduct,  situation,  Ike.”  Such  a 
Conclusion  it  is  often  both  fair  and  necessary  to  esta- 
blish, in  order  to  silence  those  who  will  not  yield  to 
fair  general  argument;  or  to  convince  those  whose 
weakness  and  prejudices  would  not  allow  them  to 
assign  to  it  its  due  weight : it  is  thus  that  our  Lord 
on  many  occasions  silences  the  cavils  of  the  Jews  ; ns 
in  the  vindication  of  healing  on  the  Sabbath,  which  is 
paralleled  by  the  authorized  practice  of  drawing  out  a 
ocas t that  has  fallen  into  a pit.  All  this,  as  we  have 
said,  is  perfectly  fair,  provided  it  be  done  plainly, 
knowingly,  and  avowedly  ; but  if  you  nttempt  to  substi- 
tute this  partial  and  relative  Conclusion  for  a more 
general  one — if  you  triumph  as  having  established 
your  proposition  absolutely  and  universally,  from 
having  established  it,  in  reality,  only  as  far  os  it  relates 
to  your  opponent,  then  you  arc  guilty  of  a Fallacy  of 
the  kind  which  we  are  now  treating  of : your  Conclu- 
sion is  not  in  reality  that  which  was,  by  your  own 
account,  proposed  to  be  proved  : the  fallaciousness 
depends  upon  the  deceit  or  attempt  to  deceive.  The 
same  observations  will  apply  to  w argurnentum  ad  vert- 
c undiam,"  and  the  rest. 
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It  ii  very  common  to  employ  an  ambiguous  term 
' for  the  purpose  of  introducing  the  Fallacy  of  Irrelevant 
Conclusion  ; i.  e.  when  you  cannot  prove  your  propo- 
sition in  the  sense  in  which  It  was  maintained,  to 
prove  it  in  some  other  sense  j e.  g.  those  who  contend 
against  the  efficacy  of faith , usually  employ  that  word 
in  their  arguments  in  the  sense  of  mere  belief,  unac- 
companied with  any  moral  or  practical  result,  but 
considered  as  a mere  intellectual  process  ; and  when 
they  have  thus  proved  their  Conclusion,  they  oppose 
it  to  one  in  which  the  word  is  used  in  a widely 
different  sense. 

§ 15.  The  Fallacy  of  ignoratio  elenchi  is  no  where 
more  common  than  in  protracted  controversy,  when 
one  of  the  parties,  after  having  attempted  in  vain  to 
maintain  his  position,  shifts  hu  ground  as  covertly  as 
possible  to  another,  instead  of  honestly  giving  up  the 
point.  An  instance  occurs  in  an  attack  made  on  the 
system  pursued  at  one  of  our  Universities.  The  ob- 
jectors finding  themselves  unable  to  maintain  their 
charge  of  the  present  neglect  of  Mathematics  in  that 
place,  (to  which  neglect  they  had  attributed  the  late 
general  decline  in  those  studies,)  they  shifted  their 
ground,  and  contended  that  that  University  was  never 
famous  for  Mathematicians  ; which  not  only  does  not 
establish,  but  absolutely  overthrows  their  own  origi- 
nal assertion  ; for  if  it  never  succeeded  in  those  pur- 
suits, it  could  not  have  caused  their  late  decline . 

A practice  of  this  nature  is  common  in  oral  contro- 
versy especially;  viz.  that  of  combating  both  your 
opponent’s  Premises  alternately,  and  shifting  the 
attack  from  the  one  to  the  other,  without  waiting  to 
have  either  of  them  decided  upon  before  you  quit  it. 

It  has  been  remarked  above,  that  one  class  of  the 
propositions  that  may  be,  in  this  Fallacy,  substituted 
for  the  one  required,  is  the  particular  for  the  universal  „• 
nearly  akin  to  this  is  the  very  common  case  of  proving 
something  to  be  possible  when  it  ought  to  have  been 
proved  highly  probable;  or  probable,  when  it  ought  to 
have  been  proved  necessary ; or,  which  comes  to  the  very 
same,  proving  it  to  be  not  necessary,  when  it  should 
have  been  proved  not  probable  ; or  improbable,  when 
it  should  have  been  proved  impossible.  Aristotle,  (in 
Rhet.  book  ii.)  complains  of  this  lost  branch  of  the 
Fallacy,  as  giving  an  undue  advantage  to  the  respon- 
dent: many  a guilty  person  owes  his  acquittal  to  this ; 
the  jury  considering  that  the  evidence  brought  does 
not  demonstrate  the  absolute  impossibility  of  his  being 
innocent,  though  perhaps  the  chances  arc  innumerable 
against  it. 

§ Id.  Similar  to^  this  case  is  that  which  may  be 
called  the  Fallacy  of  objections  ; i.  e.  shew  ing  that  there 
are  objections  against  some  plan,  theory  or  system, 
and  thence  inferring  that  it  should  be  rejected  ; when 
that  which  ought  to  have  been  proved,  is,  that  there 
are  more,  or  stronger  objections  against  the  receiving 
than  the  rejecting  of  it.  This  is  the  main,  and  almost 
universal  Fallacy  of  infidels,  and  is  that  of  which 
men  should  be  first  and  principally  warned.  This  is 
also  the  stronghold  of  bigoted  anti -innovators,  who 
oppose  all  reforms  and  alterations  indiscriminately ; 
for  there  never  was,  nor  will  be,  any  plan  executed 
or  proposed,  against  which  strong  and  even  unan- 
swerable objections  may  not  be  urged  ; so  that  unless 
the  opposite  objections  be  set  in  the  balance  on  the 
Other  side,  we  can  never  advance  a step.  “ There 
are  objections,"  said  Dr.  Johnson,  “ against  a plenum. 


and  objections  against  a rocuam ; but  one  of  them  Chip-  V. 
must  be  true." 

The  very  same  Fallacy  indeed  is  employed  on  the 
other  side,  by  those  who  are  for  overthrowing  what- 
ever is  established  as  soon  as  they  can  prove  an 
objection  against  it,  without  considering  whether  more 
and  weightier  objections  may  not  lie  against  their  own 
schemes : but  their  opponents  have  this  decided  advan- 
tage over  them,  that  they  can  urge  with  great  plausi- 
bility, “ we  do  not  call  upon  you  to  reject  at  once 
whatever  is  objected  to,  but  merely  to  suspend  your 
judgment  and  not  come  to  a decision  as  long  as  there 
are  reasons  on  both  sides  now  since  there  always  will 
be  reasons  on  both  sides,  this  non-decision  is  practically 
the  very  same  thing  as  a decision  ui  favour  if  the 
existing  state  of  things  ; the  delay  of  trial  becomes 
equivalent  to  an  acquittal .* 

$ 17.  Another  form  of  ignoratio  elenchi,  which  is 
also  rather  the  most  serviceable  on  the  side  of  the 
respondent,  is,  to  prove  or  disprove  some  part  of  that 
which  is  required,  and  dwell  on  that,  suppressing  all 
the  rest. 

Thus,  if  a University  is  charged  with  cultivating 
only  the  mere  elements  of  Mathematics,  and  in  reply 
a list  of  the  books  studied  there  is  produced,  should 
even  any  one  of  those  books  be  not  elementary,  the 
charge  is  in  fairness  refuted  ; but  the  Sophist  may 
then  earnestly  contend  that  some  of  those  books  are 
elementary  ; and  thus  keep  out  of  sight  the  real 
question,  viz.  whether  they  are  all  so. 

Hence  the  danger  of  ever  advancing  more  than  can 
be  well  maintained  ; since  the  refutation  of  that  will 
often  quash  the  whole  : a guilty  person  may  often 
escape  by  having  too  much  laid  to  his  charge  : so  he 
may  also  by  having  too  much  evidence  against  him, 
i.e.  some  that  is  not  in  itself  satisfactory:  thus,  a 
prisoner  may  sometimes  obtain  acquittal  by  shewing 
that  one  of  the  witnesses  against  him  is  an  infamous 
informer  and  spy  ; though  perhaps  if  that  part  of  the 
evidence  had  been  omitted,  the  rest  would  have  been 
sufficient  for  conviction. 

Cases  of  this  nature  might  very'  well  be  referred 
also  to  the  Fallacy  formerly  mentioned,  of  inferring 
the  Falsity  of  the  Conclusion  from  the  Falsity  of  a 
Premiss,  which  indeed  is  very  closely  allied  to  the 
present  Fallacy  : the  real  question  is  “ whether  or 
not  this  Conclusion  ought  to  be  admitted the  Sophist 
confines  himself  to  the  question,  “ whether  or  not 
it  is  established  by  this  particular  argument  leaving  it 
to  be  inferred  by  the  audience,  if  he  has  carried  his 
point  os  to  the  latter  question,  that  the  former  is 
thereby  decided. 

$ 18.  It  will  readily  be  perceived  that  nothing  is 
less  conducive  to  the  success  of  the  Fallacy  in  question 
than  to  state  clearly,  in  the  outset,  either  the  propo- 
sition you  are  about  to  prove,  or  that  which  you  ought 
to  prove  ; it  answers  best  to  begin  with  the  Premises, 
and  to  introduce  a pretty  long  chain  of  argument  before 
you  arrive  at  the  Conclusion.  The  careless  hearer 
takes  for  grunted,  at  the  beginning,  that  this  chain 


• “ Not  to  resolve,  is  to  resolve."  baron. 

How  happy  it  > for  mankind  that  in  the  most  momentous  con- 
cerns of  life  their  decision  is  generally  formed  f<tr  them  bv 
external  circumstances  ; wliirh  thus  <u»ve*  them  not  only  from 
the  perplexity  of  doobt  And  the  dimmer  of  delay,  but  al*o  from 
the  pain  of  rejrrel,  since  we  aerjuirsce  much  more  cheerfully  in 
that  which  is  imtivoidablc. 
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Logic-  will  lead  to  the  Conclusion  required  j and  by  the  time 
you  are  come  to  the  end,  he  is  ready  to  take  for 
granted  that  the  Conclusion  which  you  draw  is  the  one 
required  ; his  idea  of  the  question  having  gradually 
become  indistinct.  This  Fallacy  is  greatly  aided  by 
the  common  practice  of  suppressing  the  Conclusion  and 
leaving  it  to  be  supplied  by  the  hearer,  who  is  of 
course  leas  likely  to  perceive  whether  it  be  really  that 
“ which  was  to  be  proved,”  than  if  it  were  distinctly 
stated.  The  practice  therefore  is  at  best  suspicious  j 
and  it  is  better  in  general  to  avoid  it,  and  to  give  and 
require  a distinct  statement  of  the  Conclusion  intended. 

4 19.  Before  we  dismiss  the  subject  of  Fallacies,  U 
may  not  be  improper  to  mention  the  just  and  inge- 
nious remark,  that  Jests  are  Fallacies  ; i.  e.  Fallacies  so 
palpable  as  not  to  be  likely  to  deceive  any  one,  but 
yet  bearing  iust  that  resemblance  of  argument  which 
is  calculated  to  amuse  by  the  contrast  ; in  the  same 
manner  that  a parody  does,  by  the  contrast  of  its  levity 
with  the  serious  productiou  which  it  imitates.  There 
is  indeed  something  laughable  even  in  Fallacies  which 


are  intended  for  serious  conviction,  when  they  are  Chap.  V. 
thoroughly  exposed.  There  ore  several  different  kinds 
of  joke  and  raillery,  which  will  be  found  to  corres- 
pond with  the  different  kinds  of  Fallacy  : the  pun  (to 
take  the  simplest  and  most  obvious  case)  is  evidently 
a mock  argument  founded  on  a palpable  equivocation 
of  the  middle  term : and  the  rest  in  like  manner  will 
be  found  to  correspond  to  the  respective  Fallacies,  and 
to  be  imitations  of  serious  argument.  It  is  probable 
indeed  that  all  jests,  sports,  or  games,  (ratSuu)  pro- 
perly so  called,  will  be  found,  on  examination,  to  be 
imitative  of  serious  transactions : but  to  enter  fully 
into  this  subject  would  be  unsuitable  to  the  present 
occasion. 

We  shall  conclude  the  consideration  of  this  subject 
with  some  general  remarks  on  the  legitimate  province 
of  Reasoning,  and  on  its  connection  with  Inductive 
philosophy,  and  with  Rhetoric  : on  which  points  much 
misapprehension  has  prevailed,  tending  to  throw 
obscurity  over  the  design  and  use  of  the  Science  under 
consideration. 
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Logic.  Looic  being  concerned  with  the  theory  of  Reasoning 
<— is  evidently  necessary,  in  order  to  take  a correct 
view  ot  this  Science,  that  nil  misapprehensions  should 
be  removed,  relative  to  the  occasions  on  which  the 
Reasoning  process  is  employed,  the  purposes  it  has 
in  view',  and  the  limits  within  which  it  is  confined. 

Simple  and  obvious  as  such  questions  may  appear 
to  those  who  have  not  thought  much  on  the  subject, 
they  will  appear  on  further  consideration  to  be  in- 
volved in  much  perplexity  and  obscurity,  from  the 
vague  and  inaccurate  language  of  many  popular 
writers.  To  the  confused  and  incorrect  notions  that 
prevail  respecting  the  Reasoning  process,  may  be 
traced  most  of  the  common  mistakes  respecting  the 
Science  of  Logic,  and  much  of  the  unsound  and  un- 
philosophical  argumentation  which  is  so  often  to  be 
met  with  in  the  works  of  ingenious  writers. 

These  errors  have  been  incidentally  adverted  to  in 
the  foregoing  part  of  this  article ; but  it  may  be 
desirable,  before  we  dismiss  the  subject,  to  offer  on 
these  points  some  further  remarks,  which  could  not 
have  been  there  introduced  without  too  great  an  in- 
terruption to  the  dcvelopemcnt  of  the  system.  Little 
or  nothing  indeed  remains  to  be  said  that  is  not 
implied  in  the  principles  which  have  been  already  laid 
down  ; but  the  results  and  applications  of  those  prin- 
ciples are  liable  in  many  instances  to  be  overlooked  if 
not  distinctly  pointed  out.  These  supplementary 
observations  will  neither  require,  nor  admit  of,  so 
systematic  an  arrangement  as  has  hitherto  been 
arrived  at,  as  they  will  be  such  as  are  suggested 
principally  by  the  objections  and  mistakes  of  those 
who  have  misunderstood,  partially,  or  entirely,  the 
nature  of  the  Logical  system. 

Of  Induction. 

§ 1,  Much  has  been  said  by  some  writers  of  the 
superiority  of  the  Inductive  to  the  Syllogistic  method 
of  seeking  truth,  as  if  the  two  stood  opposed  to  each 
other;  and  of  the  advantage  of  substituting  the  Orga- 
non of  Bacon  for  that  of  Aristotle,  Ac.  Ac.  w hich  indi- 
cates a total  misconception  of  the  nature  of  both. 
There  is,  however,  the  more  excuse  for  the  confusion 
of  thought  which  prevails  on  this  subject,  because 
eminent  Logical  writers  have  treated  or  at  least 
have  appeared  to  treat  of  Induction*  as  a distinct 
kind  of  argument  from  the  Syllogism  ; which  if  it 
were,  it  certainly  might  be  contrasted  with  the  Syllo- 
gism : or  rather  the  whole  Syllogistic  theory  would 
fall  to  the  ground,  since  one  of  the  very  first  prin- 
ciples it  establishes,  is  that  all  Reasoning,  on  whatever 
subject,  is  one  and  the  same  process , which  may  be 
clearly  exhibited  in  the  form  of  Syllogisms.  It  is 
hardly  to  he  supposed,  therefore,  that  this  was  the 
meaning  of  those  writers  ; though  it  must  be  admitted 
that  they  have  countenanced  the  error  In  question,  by 


their  inaccurate  expressions.  This  inaccuracy  seems  E«*»v  ea 
chiefly  to  have  arisen  from  a vagueness  in  the  use  of  u.,e 
the  word  Induction,  which  is  sometimes  employed  to  0*°“°^ 
designate  the  process  of  investigation  and  of  collect-  i 
ing  facts  ; sometimes  the  deducing  of  an  inference  from  r 
those  facts.  The  former  of  these  processes  (i.  e,  that 
of  observation  and  experiment)  is  undoubtedly  distinct 
from  that  which  takes  place  in  the  Syllogism ; but 
then  it  is  not  a process  of  argument ; the  latter  again  it 
an  argumentative  process  ; but  then  it  Is,  like  all 
other  arguments,  capable  of  being  Syllogistically 
expressed.  And  hence  Induction  has  come  to  be 
regarded  as  a distinct  kind  of  argument  from  the 
Syllogism.  This  Fallacy  cannot  be  more  concisely 
or  clearly  stated,  than  in  the  technical  form  with 
which  wc  may  now  presume  our  readers  to  be  familiar. 


Induction  is  distinct  from  Syllogism  : 

Induction  is  a process  of  Reasoning  ; therefore 
There  is  a process  of  Reasoning  distinct  from  Syl- 
logism. 

Here,  “ Induction**  which  is  the  middle  term,  is 
used  in  different  senses  in  the  two  Premises. 

In  the  process  of  Reasoning  bv  which  wc  deduce, 
from  our  observation  of  certain  known  cases,  an  in- 
ference with  respect  to  unknown  ones,  we  arc  employ- 
ing a Syllogism  in  Barbara  with  the  major*  Premiss 
suppressed  ; that  being  always  substantially  the  same, 
as  it  asserts  that  " what  belongs  to  the  individual  or 
individuals  we  have  examined,  belongs  to  the  whole 
class  under  which  they  come  e.  g.  from  an  exami- 
nation of  the  history  of  several  tyrannies,  and  finding 
that  each  of  them  was  of  short  duration,  we  con- 
clude that  “ the  same  is  likely  to  be  the  case  with  all 
tyrannies;"  the  suppressed  major  Premiss  being  easily 
supplied  by  the  hearer  ; viz.  **  that  what  belongs  to 
the  tyrannies  in  question  is  likely  to  belong  to  all.** 
Induction,  therefore,  so  far  forth  as  it  is  an  argu- 
ment, may  of  course  he  stated  Syllogistically  ; hut  so 
far  forth  as  it  is  a process  of  inquiry  with  a view  to 
obtain  the  Premises  of  that  argument,  it  is  of  course 
out  of  the  province  of  Logic.  Whether  the  Induction 
(in  this  last  sense)  has  been  sufficiently  ample,  i.  e. 
takes  in  a sufficient  number  of  individual  coses, — 
whether  the  character  of  those  cases  ha#  been  correctly 
ascertained — and  how  far  the  individuals  wc  have 
examined  are  likely  to  resemble,  in  this  or  that  circum- 
stance, the  rest  of  the  class,  Ac.  Ac.  are  points  that 
require  indeed  great  judgment  and  caution  ; but  this 
judgment  and  caution  are  not  to  be  aided  by  Logic, 
because  they  are,  in  reality,  employed  in  deciding 
whether  or  not  it  is  fair  and  allowable  to  lay  dou-n  your 
Premises;  i.  e.  whether  you  are  authorized  or  not, 
to  assert  that  “ what  is  true  of  the  individuals  you 


* Not  the  minor,  u Aldrich  represents  it. 
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Logic,  have  examined,  is  true  of  the  whole  clast  s'*  and  that 
this  or  that  is  true  of  those  individuals.  Now  the 
rules  of  Logic  have  nothing  to  do  with  the  truth  or 
falsity  of  the  Premises,  but  merely  teach  us  to  decide 
(not  whether  the  Premises  are  fairly  laid  down,  but) 
whether  the  Conclusion  fallow*  fairly  from  the  Premises 
or  not. 

Whether  the  Premises  may  fairly  be  assumed,  or 
not,  is  a point  which  cannot  be  decided  without  a 
competent  knowledge  of  the  nature  of  the  subject,  e.  g. 
in  Natural  Philosophy,  in  which  the  circumstances 
which  in  any  case  affect  the  result,  are  usually  fur 
more  clearly  ascertained,  a single  instance  is  often 
accounted  a sufficient  Induction  : e.  g.  having  once 
ascertained  that  an  individual  magnet  will  attract  iron, 
we  are  authorized  to  conclude  that  this  property  is 
universal : in  the  affairs  of  human  life,  a much  fuller 
Induction  is  required } as  in  the  former  example.  In 
short  the  degree  of  evidence  for  any  proposition  we 
originally  assume  as  a Premiss,  (whether  the  expressed, 
or  the  suppressed  one)  is  not  to  be  learned  from  Logic, 
nor  indeed  from  any  one  distinct  Science ; hut  is  the 
province  of  whatever  Science  furnishes  the  subject 
matter  of  your  argument.  None  but  a Politician  can 
judge  rightly  of  the  degree  of  evidence  of  a proposi- 
tion in  Politics ; a Naturalist,  in  Natural  History, 
&c.  &e.  e.  g.  from  examination  of  many  honied 
animals,  as  sheep,  cows,  &c.  a Naturalist  finds  that 
they  have  cloven  fret  ; now  his  skill  as  a Naturalist 
is  to  be  shewn  in  judging  whether  these  animals 
are  likely  to  resemble  in  the  form  of  their  feel  all 
other  horned  animals  ; and  it  is  the  exercise  of  this 
judgment,  together  with  the  examination  of  indivi- 
duals, that  constitutes  what  is  usually  meant  by  the 
Inductive  process  ; which  is  that  by  which  wc  gain  new 
truths,  and  which  is  not  connected  with  Logic  ; being 
not  what  is  strictly  called  Reasoning,  but  Investigation. 
But  when  this  major  Premiss  is  granted  him,  and  is 
combined  with  the  minor,  viz.  that  the  animals  he  has 
examined  have  cloven  feet,  then  he  draws  the  conclusion 
Logically  : viz.  that  " the  fret  of  all  horned  animats 
are  cloven."  Again,  if  from  several  times  meeting 
with  ill-luck  on  a Friday,  any  one  concluded  that 
Friday,  universally,  is  an  unlucky  day,  one  would 
object  to  his  Induction  and  yet  it  would  not  be,  as  an 
argument,  illogical;  since  the  conclusion  follows  fairly, 
if  you  grant  his  implied  Premiss,  that  the  events  which 
happened  on  those  particular  Fridays  are  such  as  must 
happen  on  all  Fridays  j"  but  we  should  object  to  his 
laying  down  this  Premiss ; and  therefore  should  justly 
say  thnt  his  Induction  was  faulty,  though  his  argument 
was  correct. 

And  here  it  may  he  remarked  that  the  ordinary  rule 
for  fair  argument,  viz.  that  in  an  Enthymeine  the 
suppressed  Premiss  should  be  always  the  one  of  whose 
truth  least  doubt  can  exist,  is  not  observed  in  Induc- 
tion ; for  the  Premiss  which  is  usually  the  more  doubt- 
ful of  the  two,  is,  in  that,  the  major  ; it  being  In  few 
cases  quite  certain  that  the  individuals  respecting 
which  some  point  has  been  ascertained  are  to  be  fairly 
regarded  as  a sample  of  the  whole  class  ; the  major 
Premiss  nevertheless  is  seldom  expressed,  for  the 
reason  just  given,  that  it  is  easily  understood,  as  being 
mutatis  mutawl'u,  the  same  in  every  Induction. 

What  has  been  said  of  Indnction  will  equally  apply 
to  Example,  which  differs  from  it  only  in  having  a 
singular  instead  of  a general  conclusion  : e.  g.  in  the 


instance  above,  if  the  conclusion  had  been  drawn,  not  E»*»y  on 
respecting  tyrannies  in  general,  but  respecting  this  or  *j?e  *’ro‘ 
that  tyranny,  that  it  was  not  likely  to  be  lasting,  each  u^Z^i 
of  the  cases  adduced  to  prove  this,  would  have  been  i J!T* 
called  an  Example. 

On  the  Discovery  of  Truth. 

§ 2.  Whether  it  is  by  a process  of  Reasoning  that 
New  Truths  arc  brought  to  Light,  is  a question  which 
seems  to  be  decided  in  the  negative  by  what  has  beet, 
already  said,  though  many  eminent  writers  seem  to 
have  taken  for  granted  the  affirmative.  It  is  perhaps, 
in  a great  measure,  a dispute  concerning  the  use  of 
words  ; but  it  is  not  for  that  reason  either  uointerest- 
ing  or  unimportant,  since  an  inaccurate  use  of  lan- 
guage may  often,  in  matters  of  Science,  lead  to  con- 
fusion of  thought,  and  to  erroneous  conclusions.  And  in 
the  present  instance  much  of  the  undeserved  contempt 
which  has  been  bestowed  on  the  Logical  system  may 
be  traced  to  this  source  •,  for  when  any  one  has  laid 
down  that  “ Reasoning  is  important  in  the  discovery 
of  Truth,"  and  that  **  Logic  is  of  no  service  in  the  dis- 
covery of  Truth,"  each  of  which  propositions  is  true 
in  a certain  sense  of  the  terms  employed,  but  not  in 
the  same  sense  ; he  is  naturally  led  to  conclude  that 
there  are  processes  of  Reasoning  to  which  the  Syllo- 
gistic theory  does  not  apply,  and  of  course  to  mis- 
conceive altogether  the  nature  of  the  Science. 

In  maintaining  the  negative  side  of  the  above  ques- 
tion, three  things  are  to  be  premised : first,  that  it  is 
not  contended  that  Discoveries  of  any  kind  of  Truth 
can  be  made  (or  at  least  are  usually  made)  without 
Reasoning ; only  that  Reasoning  is  not  the  whole  of 
the  process,  nor  the  w hole  of  that  which  is  important 
therein  : secondly,  that  Reasoning  shall  be  taken  in 
the  sense,  not  of  every  exercise  of  the  Reason,  but  of 
Argumentation,  in  which  we  have  all  along  used  it, 
and  in  which  it  has  been  defined  by  all  the  Logical 
writers,  viz.  **  from  certain  granted  propositions  to 
infer  another  proposition  as  the  consequence  of  them  :*’ 
thirdly,  that  by  a **  New  Truth,"  be  understood 
something  neither  expressly  nor  virtually  asserted 
before, — not  implied  and  involved  in  any  thing  already 
known. 

To  prove  then  this  point  demonstratively  becomes 
in  this  manner  perfectly  easy  ; for  since  all  Reasoning 
(in  the  sense  above  defined)  may  be  resolved  into 
Syllogisms  ; and  since  even  the  objectors  to  Logic 
make  it  a subject  of  complaint,  that  in  a Svllogism  the 
Premises  do  virtually  assert  the  Conclusion,  it  follows 
at  once  that  no  New  Truth  (as  above  defined)  can  be 
elicited  by  any  process  of  Reasoning. 

It  is  on  this  ground  indeed,  that  the  justly  celebrated 
author  of  the  Philosophy  of  Rhetoric  objects  to  the 
Syllogism  altogether,  ns  necessarily  involving  a petitio 
principii;  an  objection  which,  of  course,  he  would  not 
have  been  disposed  to  bring  forward,  had  he  perceived 
that,  whether  well  or  ill  founded,  it  lies  against  all 
arguments  whatever. 

Had  he  been  aware  that  a Syllogism  is  no  distinct 
kind  of  argument  otherwise  than  in  form,  but  is,  in 
fact,  any  argument  whatever  stated  regularly  and  nt 
full  length,  he  would  have  obtained  n more  correct 
view  of  the  object  of  all  Reasoning,  which  is  merely  to 
expand  and  unfold  the  assertions  wrapt  up,  as  it  were, 
and  implied  in  those  with  which  we  set  out,  and  to 
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k***-  j bring  n person  to  perceive  anti  acknowledge  the  foil 
■“ force  of  that  which  he  has  admitted, — to  contemplate 
it  in  various  points  of  view, — to  admit  in  one  shape 
what  he  lias  already  admitted  in  another,  and  to  give 
up  and  disallow  whatever  is  inconsistent  with  it. 

Nor  is  it  always  a very  easy  task  even  to  bring 
before  the  mind  the  several  bearings, — the  various 
applications, — of  any  one  proposition.  A common 
term  comprehends  several,  often  numberless  individu- 
als, and  these  often,  in  some  respects,  widely  differing 
from  each  other  ; and  no  one  con  be,  on  each  occasion 
of  his  employing  such  a term,  attending  to  and  fixing 
his  mind  on  each  of  the  individuals,  or  even  of  the 
species  so  comprehended.  It  is  to  be  remembered 
too,  that  both  Division  and  Generalization  are  in  a 
great  degree  arbitrary  j i.  e.  that  we  may  both  divide 
the  same  genus  on  several  different  principles,  and 
may  refer  the  same  species  to  several  different  classes, 
according  to  the  nnture  of  the  discourse  and  drift  of 
the  argument , each  of  which  classes  will  furnish  a 
distinct  middle  term  for  an  argument,  according  to 
the  question  : c.  g.  if  we  wished  to  prove  that  '*  a 

horse  feels,"  (to  adopt  an  ill-chosen  example  from 
the  above  writer,)  we  might  refer  it  to  the  genus 
" animal  to  prove  that  “ it  has  only  a single 
stomach,”  to  the  genus  of  " non-ruminants  to 
prove  that  it  is  **  likely  to  degenerate  in  a very  cold 
climate,”  we  should  class  it  with  “ original  produc- 
tions of  a hot  climate,  flic.  &c.”  Now  each  of  these, 
and  numberless  others  to  which  the  some  thing  might 
be  referred,  arc  implied  by  the  very  term  “ horse  ;’* 
yet  it  cannot  he  expected  that  they  all  be  at  once 
present  to  the  mind  whenever  that  term  is  uttered. 
Much  less,  when  instead  of  such  a term  as  that,  we 
are  employing  terms  of  a very  abstract,  and  perhaps 
complex  signification,*  as  “ government,  justice,  &c.” 

The  ten  Categoriest  or  Predicaments  which  Aris- 
totle and  other  Logical  writers  have  treated  of,  being 
certain  general  heads  or  summa-genera,  to  one  or 
more  of  which  every  term  may  he  referred,  serve  the 
purpose  of  marking  out  certain  tracks,  as  it  were, 
which  are  to  be  pursued  in  searching  for  middle  terms 
in  each  argument  respectively  ; it  being  essential  that 
we  should  generalize  on  a right  principle,  with  a view 
to  the  question  before  us  ; or,  in  other  wonts,  that  we 
should  abstract  that  portion  of  any  object  presented 
to  the  tnind,  which  is  itn|>ortant  to  the  argument  in 
hand.  There  are  expressions  in  common  use  w hich 
have  a reference  to  this  enution  ; such  ns  *•  this  is  a 
question,  not  as  to  the  nature  of  the  object,  but  the 
magnitude  of  it j”  “ this  is  a question  of  time,  or  of 
place,  &c."  i.  e.  ,r  the  subject  must  be  referred  to  this 
or  to  that  Category.” 

With  resj»ect  to  the  meaning  of  the  terms  in  ques- 
tion, “ Discovery,"  and  ” New  Truth  y'  it  matters  not 
whether  we  confine  ourselves  to  the  narrowest  sense, 

* On  thin  point  there  are  some  valuable  remarks  in  the  Pkilc- 

**phy  of  Rhrtoru • itself,  Ixwk  iv.  ch.  vii. 

f The  Categoric*  enumerated  by  Aristotle,  are  owrla,  Weer, 
velar,  vfktm,  vov,  vir&,  KtlcQtu,  vaiSir,  via%*»  ; which  are 

usually  rendered,  as  adequately  as  perhaps  they  can  be  in  our 
Untruaire,  SubaUnee,  Quantity,  Quality,  Relation.  Place,  Time, 
Situation,  Possession,  Action,  Suffering.  The  catalogue  has  been 
by  some  writer*  enlarged,  as  it  is  evident  may  easily  he  done  by 
subdividing  some  of  the  brads ; and  by  others  curtailed,  ns  it  is 
no  less  evident  that  all  may  ultimately  be  referred  to  the  two 
bends  of  Substanre  and  Attribute,  or  in  the  language  of  some 
Logicians,  Accident. 


or  admit  the  widest,  provided  we  do  but  dututgtus A ; Esaay  nn 
there  certainly  are  two  kinds  of  “ New  Truth,  and  of  the  Pro- 
" Discovery,”  if  we  take  those  words  in  the  widest  ,r,liC*0f 
sense  in  which  they  arc  ever  used.  First,  such  Truths 
os  were,  before  they  were  discovered,  absolutely  v 
unknown,  being  not  implied  by  any  thing  we  previ- 
ously knew,  though  wc  might  perhaps  suspect  them 
as  probable  ; such  are  all  matters  of  fact  strictly  so 
called,  when  first  made  known  to  one  who  hiy|  noj 
any  such  previous  knowledge,  as  would  enable  him  to 
ascertain  them  a priori  ; i.  e.  by  Reasoning  ; as  if  we 
inform  a man  that  we  have  a colony  at  Botany  Ray  ; 
or  that  the  earth  is  at  such  a distance  from  the  sun  ; 
or  that  platina  is  heavier  than  gold.  The  communi- 
cation of  this  kind  of  knowledge  is  most  usually  and 
most  strictly  called  information i - we  gain  it  from  obser- 
vation, and  from  teslimon iy ; no  mere  internal  workings 
of  our  own  minds,  (except  when  the  mind  itself  is  the 
very  object  to  be  observed,)  or  mere  discussions  iu 
words,  will  make  these  known  to  us  ; though  there  is 
great  room  for  sagacity  in  jutlging  what  testimony  to 
admit,  and  forming  conjectures  that  may  lead  to  pr o/St- 
able  observation , and  to  experiments  with  a view  to  it. 

The  other  class  of  Discoveries  is  of  a very  different 
nature  ; that  which  may  be  elicited  by  Reasoning,  and 
consequently  is  implied  in  that  which  wc  already  know, 
we  assent  to  on  that  ground,  and  not  from  observa- 
tion or  testimony  *.  to  take  a Geometrical  truth  upon 
trust,  or  to  attempt  to  ascertain  it  by  observation,  would 
betray  a total  ignorance  of  the  nature  of  the  Science. 

In  the  longest  demonstration  the  Mathematical  teacher 
seems  only  to  lead  US  to  make  use  of  our  own  stores, 
and  point  out  to  us  how  much  wc  had  already  admit- 
ted ; and  in  the  case  of  tunny  Ethical  propositions, 
we  assent  at  first  hearing,  though  perhaps  we  had 
never  heard  or  thought  of  the  proposition  before  ; so 
also  do  we  readily  <usent  to  the  testimony  of  a respect- 
able man  who  tells  us  that  our  troops  have  gained  a 
victory  ; but  how  different  is  the  nature  of  the  assent 
in  the  two  cases.  In  the  latter,  we  are  ready  to  thank 
the  person  for  his  information,  as  being  such  as  no 
wisdom  or  learning  would  have  enabled  us  to  ascer- 
tain ; in  the  former  wc  usually  exclaim  " very  true  f* 

“ that  is  a valuable  and  just  remark  ; that  never  struck 
me  before  !"  implying  at  once  our  practical  ignorance 
of  it,  and  also  our  consciousness  that  wc  possess,  in 
what  wc  already  know,  the  means  to  ascertain  the 
truth  of  it. 

To  nil  practical  purposes,  indeed,  a Truth  of  this 
description  may  lie  as  completely  unknown  to  a man 
as  the  other ; hut  as  soon  as  it  is  set  before  him,  and 
the  argument  by  which  it  is  connected  with  his  pre- 
vious notions  is  made  clear  to  him,  he  recognises  it  as 
something  conformable  to,  and  contained  in  his  former 
belief. 

It  is  not  improbable  that  Plato's  doctrine  of  Remi- 
niscence arose  from  a hasty  extension  of  what  he  had 
observed  in  this  class,  to  all  acquisition  of  knowledge 
whatever. 

HU  Theory  of  ideas  served  to  confound  together 
matters  of  fact  respecting  the  nature  of  things,  (which 
may  be  perfectly  new  to  us,)  with  propositions  relating 
to  our  own  notions,  and  modes  of  thought  ; (or  to  speak 
perhaps  more  correctly,  our  own  arbitrary  signs)  which 
propositions  must  be  contained  and  implied  in  those 
very  complex  notions  themselves  ; and  whose  truth 
i i a conformity,  not  to  the  nature  of  things,  but  to 
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Logic,  our  own  hypothesis.  Such  are  all  propositions  in  pure 
— - v~ ' Mathematics,  and  many  in  Ethics,  viz.  those  which 
involve  no  assertion  os  to  real  matters  of  fact.  It  has 
been  rightly  remarked,  that  Mathematical  propositions 
are  not  properly  true  or  false  in  the  same  sense  as  any 
proposition  respecting  real  fact  is  so  called  j and 
hence  the  truth  (such  as  it  is)  of  such  propositions  is 
necessary  and  eternal  ; since  it  amounts  only  to  this, 
that  any  complex  notion  which  you  have  arbitrarily 
framed,  must  be  exactly  conformable  to  itself.  The 
proposition  that  " the  belief  in  a future  state,  com- 
bined with  a complete  devotion  to  the  present  life,  is 
not  consistent  with  the  character  of  prudence/'  would 
be  not  at  all  the  less  true  If  a future  state  were 
a chimera,  and  prudence  a quality  which  was 
nowhere  met  with ; nor  would  the  truth  of  the 
Mathematician's  conclusion  be  shaken,  that  " circles 
are  to  each  other  ns  the  squares  of  their  diameters/’ 
should  it  be  found  that  there  never  hail  been  a circle 
or  a square,  conformable  to  the  definition,  in  rerun 
nnturd. 

The  Ethical  proposition  just  instanced,  is  one  of 
those  which  Locke  calls  “ trifling,"  because  the  Pre- 
dicate is  merely  a part  of  the  complex  idea  implied  by 
the  subject ; and  he  is  right,  if  by  '*  trifling  " be  means 
that  it  gives  not,  strictly  speaking,  any  information  ; 
but  he  should  consider  that  to  remind  a man  of  what 
lie  had  not,  and  what  he  would  have  thought  of,  may 
be,  practically,  as  valuable  as  giving  him  information  ; 
and  that  most  propositions  in  the  best  sermons,  and 
all  in  pure  Mathematics,  are  of  the  description  which 
he  censures. 

It  is  indeed  rather  remarkable  that  he  should  speak  so 
often  of  building  Morals  into  a demonstrative  Science, 
and  yet  speak  so  slightingly  of  those  very  propositions 
to  which  we  must  absolutely  confine  ourselves,  in  order 
to  give  to  Ethics  even  the  appearance  of  such  a 
Science ; for  the  instant  you  come  to  an  assertion 
respecting  a matter  of  fai  t,  as  that  "men  (i.  e.  actually 
existing  men)  arc  bound  to  practise  virtue/’  or  **  are 
liable  to  many  temptations,”  you  have  stepped  off  the 
ground  of  strict  demonstration,  just  as  when  you  pro- 
ceed to  practical  Geometry. 

But  to  return : It  is  of  the  utmost  importance  to 
distinguish  these  two  kinds  of  Discovery  of  Truth  j 
to  the  former,  as  wc  have  said,  the  word  u infor- 
mation" is  most  strictly  applied  the  communication 
of  the  latter  is  more  properly  called  " instruction .'* 
We  speak  of  the  uivai  practice  ; for  it  would  he 
going  too  far  to  pretend  that  writers  are  uniform  and 
consistent  in  the  use  of  these,  or  of  any  other  term. 
We  say  that  the  Historian  gives  us  information  res- 
pecting past  times  ; the  Traveller,  respecting  foreign 
countries  : on  the  other  hand,  the  Mathematician  gives 
instruction  in  the  principles  of  his  Science  ; the  Moralist 
instructs  us  in  our  duties ; and  we  generally  use  the 
expressions  “a  well-informed  man,*  and  “a  well- 
instructed  man,”  in  a sense  conformable  to  that  which 
has  been  here  laid  down.  However,  let  the  words  be 
used  as  they  may,  the  things  are  evidently  different, 
and  ought  to  be  distinguished.  It  is  a question  com- 
paratively unimportant,  whether  the  term  " Discovery” 
shall  or  shall  not  be  extended  to  the  elicitiog  of  those 
Truths,  which,  being  implied  in  our  previous  know- 
ledge, may  be  established  by  mere  strict  Reasoning. 
Similar  verbal  questions  indeed  might  be  raised  res- 
pecting many  other  cases ; c.  g.  one  has  forgotten 
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(I.  e.  cannot  recollect)  the  name  of  some  person  or  Essay 
place  ; perhaps  we  even  try  to  think  of  it,  but  in  vain  j 
at  last  some  one  reminds  us,  and  we  instantly  recog- 
nise  it  as  the  one  wc  wanted  to  recollect } it  may  be 
asked,  was  this  in  our  mind  or  not  ? The  answer  is,  that  v 
in  oue  sense  it  was,  and  in  another  sense,  it  was  not. 

Or,  again,  suppose  there  is  a vein  of  metal  on  a man  s 
estate  which  he  does  not  know  of ; is  it  part  of  his 
possessions  or  not?  and  when  he  finds  it  out  and  works 
it,  does  he  then  acquire  a new  possession  or  not  ? Cer- 
tainly not,  in  the  same  sense  as  if  he  has  a fresh  estate 
bequeathed  to  him,  which  he  had  formerly  no  right  to  ; 
but  to  all  practical  purposes,  it  is  a new  possession. 

This  case  indeed  may  serve  as  an  illustration  of  the  one 
wc  have  been  considering ; and  in  all  these  cases,  if 
the  real  distinction  be  understood,  the  verbal  question 
will  not  be  of  much  consequence.  To  use  one  more 
illustration ; Reasoning  has  been  aptly  compared 
to  the  piling  together  blocks  of  stone  j on  each  of 
which,  as  on  a pedestal,  a man  can  raise  himself  a 
small,  and  but  a small,  height  above  the  plain  ; but 
which,  when  skilfully  built  up,  will  form  a flight  of 
steps,  which  will  raise  him  to  a great  elevation.  Now 
(to  pursue  this  analogy)  when  the  materials  arc  all 
ready  to  the  builder's  hand,  the  blocks  ready  dug  and 
brought,  his  work  resembles  one  of  the  two  kinds  of 
Discovery  just  mentioned,  viz.  that  to  which  we  have 
assigned  the  name  of  instruction  : but  if  his  materials 
are  to  be  entirely,  or  in  part,  provided  by  himself, — if  he 
himself  is  forced  to  dig  fresh  blocks  from  the  quarry,— 
this  corresponds  to  the  other  kind  of  Discovery. 

We  have  hitherto  spoken  of  the  employment  of 
argument  in  the  establishment  of  those  hypothetical 
Truths  (as  they  may  be  called)  which  relate  only  to 
our  own  abstract  notions  ; it  is  not,  however,  meant 
to  be  insinuated  that  there  is  no  room  for  Reasoning 
in  the  establishment  of  a matter  of  fact } but  the  other 
class  of  Truths  have  first  been  treated  of,  because  in 
discussing  subjects  of  that  kind  the  process  of  Rea- 
soning is  always  the  principal,  and  often  the  wily  thing 
to  be  attended  to;  if  w'e  are  but  certain  and  clear  na  to 
the  meaning  of  the  terms  j whereas,  when  assertions 
respecting  real  existence  are  introduced,  we  have  the 
additional  and  more  important  business  of  ascertain- 
ing and  keeping  in  mind  the  degree  of  evidence  for 
those  facts,  since,  otherwise,  our  Conclusions  could  not 
be  relied  on,  however  accurate  our  Reasoning ; but, 
undoubtedly,  we  may  by  Reasoning  arrive  at  matters 
of  fact,  if  wc  have  matters  of  fact  to  set  out  witkas  data: 
only  that  it  will  very  often  happen  that  u from  certain 
facts,”  as  Campbell  remarks,  u we  draw  only  probable 
Conclusions  / because  the  other  Premiss  introduced 
(which  he  overlooked)  is  only  probable.  He  observed 
that  in  such  an  instance,  for  example,  as  the  one  lately 
given,  wc  infer  from  the  certainty  that  such  and  such 
tyrannies  have  been  short-lived,  the  probability  that 
others  will  he  so  j anil  he  did  not  consider  that  there 
is  an  understood  Premiss  which  is  essential  t<y  the 
argument ; (viz.  that  nil  tyrannies  will  resemble  those 
we  have  already  observed)  which  being  only  of  a pro- 
bable character,  must  attach  the  same  degree  of  un- 
certainty to  the  Conclusion.  An  individual  fact  is  not 
unfrequeutly  elicited  by  skilfully  combining,  and 
Reasoning  from,  those  already  known ; of  which 
monv  curious  cases  occur  in  the  detection  of  crimi- 
nals by  officers  of  justice  and  Barristers,  who  acquire 
by  practice  such  dexterity  in  that  particular  depart- 
9 i 


Digitized  by  G>oogle 


234 


LOGIC. 


Logic,  ment,  as  sometimes  to  draw  the  right  Conclusion  from 
v— 1 “v— data,  which  might  be  in  the  possession  of  others,  with- 
out being  applied  to  the  same  use.  In  all  cases  of 
the  establishment  of  a general  fact  from  Induction, 
that  general  fact  (as  has  been  formerly  remarked)  is 
ultimately  established  hy  Reasoning  ; e.  g.  Bake  well, 
the  celebrated  cattle-breeder,  observed,  in  a great 
number  of  individual  beasts,  a tendency  to  fatten 
readily,  and  in  a great  number  of  others  the  absence 
of  this  constitution  ; in  every  individual  of  the  former 
description,  he  observed  a certain  peculiar  make,  though 
they  differed  widely  in  size,  colour,  &c.  Those  of 
the  latter  description  differed  no  less  in  various  points, 
but  agreed  in  being  of  a different  make  from  the 
others  : these  facts  were  his  data  ; from  which,  com- 
bining them  with  the  general  principle  that  Nature 
is  steady  and  uniform  in  her  proceedings,  he  IjOgicaUy 
drew  the  conclusion  that  beasts  of  the  *|>eeified  make 
have  universally  a peculiar  tendency  to  fattening  : but 
then  his  principal  merit  consisted  in  making  the  ob- 
servations, and  in  so  combining  them  as  to  abttract 
from  each  a multitude  of  cases,  differing  widely  in 
many  respects,  the  circumstances  in  which  they  all 
agreed ; and  also  in  conjecturing  skilfully  how 
far  those  circumstances  were  likely  to  be  found 
in  the  whole  class ; the  making  such  observa- 
tions, and  still  more  the  combination,  abstraction, 
and  judgment  employed,  arc  what  men  commonly 
mean  (as  was  above  observed)  when  they  speak  of 
Induction ; and  these  operations  are  certainly  distinct 
from  Reasoning.  The  same  observations  will  apply 
to  numberless  other  cases,  as,  for  instance,  to  the 
Discovery  of  the  law  of  " Hit  inertia,"  and  the  other 
principles  of  Natural  Philosophy. 

But  to  what  class,  it  may  be  asked,  should  be  re- 
ferred the  Discoveries  thus  made  r All  would  agree 
in  calling  them,  when  first  ascertained,  “ New  Truths," 
in  the  strictest  sense  of  the  word  j which  would  seem 
to  imply  their  belonging  to  the  class  w hich  may  be 
called,  by  way  of  distinction,  “Physical  Discoveries 
and  yet  their  being  ultimately  established  by  Reason- 
ing, would  seem,  according  to  the  foregoing  rule,  to 
refer  them  to  the  other  class,  viz.  what  may  be  called 
“ Logical  Discoveries  since  whatever  is  established 
by  Reasoning,  must  have  been  contained  and  virtually 
asserted  in  the  Premises.  In  answer  to  this,  it  is  to 
be  observed,  that  they  certainly  do  belong  to  the 
latter  class,  relatively,  to  a person  who  is  is  jmssession 
of  tkedatai  but  to  him  who  is  not,  they  are  New  Truths 
of  the  other  class ; for  it  is  to  be  remembered,  that 
the  words  “ Discovery"  and  “ New  Truths"  are  ne- 
cessarily relative : there  may  be  a proposition  which 
is  to  one  person  absolutely  known  ; to  another,  (viz. 
one  to  whom  it  has  never  occurred,  though  he  is  in 
possession  of  all  the  data  from  which  it  may  be  protwd) 
it  will  he,  w hen  he  comes  to  perceive  it,  by  a process 
of  instruction,  what  we  have  called  a Logical  Discovery i 
to  a third,  (viz.  one  who  is  ignorant  of  these  data  ) it 
will  be  absolutely  unknown,  rind  will  have  been,  when 
made  known  to  him,  a perfectly  anil  properly  New 
Truth, — a piece  of  information, — a Physical  Discovery 
ns  wc  have  cnlled  it.  To  the  Philosopher,  therefore,  who 
urrivea  at  the  Discovery  by  Reasoning  from  his  obser- 
vations, and  from  established  principles  combined  with 
them,  the  Discovery  is  ot  the  former  class ; to  the  mul- 
titude, probably  of  the  latter,  as  they  will  have  been  most 
likely  not  possessed  of  all  his  data.  It  follows  from 


what  has  been  said,  that  in  Mathematics,  and  in  such  Fmy  on 
Ethical  propositions  os  we  were  lately  speaking  of,  the  Pro- 
we  do  not  allow  the  possibility  of  any  but  a Logical  *,BCr 
Discovery  ; i.  e.  no  proposition,  of  that  class,  can  be  t^MOnmg‘ 
true,  which  was  not  implied  in  the  definitions  we  net  v_^ 
out  with,  which  are  the  first  principles  : for  since 
these  propositions  do  not  profess  to  state  any  matter 
of  fuel,  the  only  Truth  they  can  possess,  consists  in 
conformity  to  the  original  principles  ; to  one,  there- 
fore, who  knows  fhese  principles,  such  propositions 
are  Truths  already  implied,  since  they  may  be  de- 
veloped to  him  by  Reasoning,  if  he  is  not  defective 
in  the  discursive  faculty  ; to  one  who  does  not  under- 
stand those  principles,  (i.  e.  is  not  master  of  the  defini- 
tions) such  propositions  are  absolutely  unmeaning.  On 
the  other  hand,  propositions  relating  to  matters  of  fact, 
may  be,  indeed,  implied  in  what  he  already  knew; 

(as  he  who  knows  the  climate  of  the  Alps,  the  Andes, 

&c.  &c.  has  virtually  admitted  the  general  fact,  that 
“ the  tops  of  mountains  are  comparatively  cold;*’) 
but  as  these  possess  on  absolute  and  physical  Truth, 
they  may  also  be  absolutely  “ new,"  their  Truth  not 
being  implied  by  the  mere  terms  of  the  propositions. 

The  truth  or  falsity  of  any  proposition  concerning  a 
triangle,  is  implied  by  the  meaning  of  that  and  of  the 
other  (ieometrical  terms ; whereas,  though  one  may 
understand  (in  the  ordinary  sense  of  that  word)  the 
full  meaning  of  the  terms,  “ moon"  and  “ inhabited," 
and  of  all  the  other  terms  in  the  language,  he  cannot 
thence  be  certain  that  the  moon  is,  or  is  not,  inhabited. 

It  has  probably  been  the  source  of  much  perplexity 
that  the  term  " true  " has  been  applied  indiscriminately 
to  two  such  different  classes  of  propositions.  The 
term  definition  is  used  with  the  same  laxity  j and 
much  confusion  has  thence  resulted. 

Such  Definitions  as  the  Mathematical,  must  imply 
every  attribute  that  belongs  to  the  thing  defined  ; 
because  that  thing  is  merely  our  meaning,  which 
moaning  the  Definition  lays  down  ; whereas,  real 
substances,  having  an  independent  existence,  may 
possess  innumerable  qualities  (as  Locke  observes) 
not  implied  by  the  meaning  we  attach  to  their  names, 
or,  as  Locke*  expresses  it,  by  our  ideas  of  them. 

" Their  nominal  essence  (to  use  his  language)  is  not 
the  same  as  their  real  essence whereas  the  nominal 
essence,  and  the  rcul  essence,  of  a cirele,  & c.  are  the 
same.  A Mathematical  Definition,  therefore,  cannot 
properly  be  called  true,  since  it  is  not  properly  a 
proposition,  (any  more  than  an  article  in  a Dictionary,) 
but  mcrelv  an  explanation  of  the  meaning  of  a term. 

Perhaps  in  Definitions  of  this  class,  it  might  be  better 
to  substitute  (as  Aristotle  usually  does)  the  imperative 
mood  for  the  indicative  ; thus  bringing  them  into  the 
form  of  postulates  ; for  the  Definitions  anil  the  pos- 
tulates in  Mathematics  differ  in  little  or  nothing  but 
the  form  of  expression  : e.  g " let  a four-sided  figure, 
of  equal  sides  and  right  angles,  he  called  a square," 
would  c learly  imply  that  such  a figure  is  conceivable, 
and  that  the  writer  intended  to  employ  that  term  to 
signify  such  a figure  ; which  is  precisely  all  that  is 
intended  to  be  asserted.  If,  indeed,  a Mathematical 
writer  mean  to  assert  that  the  ordinary  meaning  of 
the  term  is  that  which  he  has  given,  that,  certainly, 
is  a proposition,  which  must  be  either  true  or  false  j 
but  in  defining  a ncie  term,  the  term  indeed  may  be 
ill-chosen  and  Improper,  or  the  Definition  may  be 
self- contradictory,  and  consequently  unintelligible ; 
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I-oific.  but  the  word*,  *'  true,”  and  M false,”  do  not  apply. 
The  same  may  be  said  of  what  are  called  nominal 
Definition*  of  other  things,  i.  e.  those  which  merely 
explain  the  meaning  of  the  word  ; viz.  they  can  be 
true  or  false  only  when  they  profess  (and  so  far  as  they 
profess)  to  give  the  ordinary  and  established  meaning 
of  the  term.  But  those  which  are  called  real  Defini- 
tions, viz.  which  unfold  the  nature  of  the  thing, 
(which  they  may  do  in  various  degrees,)  to  these  the 
epithet  **  true  ” may  be  applied  -r  and  to  make  out 
such  a Definition  will  often  be  the  very  end  (not  as  in 
Mathematics  the  tariniiiag)  of  our  study. 

In  Mathematics  there  is  no  such  distinction  between 
nominal  and  real  Definition  ; the  meaning  of  the  term , 
and  the  nature  of  the  thing,  being  one  and  the  same  : 
so  that  no  correct  Defnition  whatever  of  any  Mathema- 
tical term  enn  be  devised,  which  shall  not  imply 
every  thing  which  belongs  to  the  term. 

When  it  is  asked,  then,  whether  such  great  Dis- 
coveries, as  have  been  made  in  Natural  Philosophy, 
were  accomplished,  or  can  be  accomplished  by  Rea - 
toning  9 the  inquirer  should  be  reminded,  that  the 
question  is  ambiguous  ; it  may  be  answered  in  the 
affirmutive,  if  by  **  Reasoning  ” is  meant  to  be  in- 
cluded the  assumption  of  Premises  ; to  the  right 
performance  of  that  work,  is  requisite,  not  only  in 
many  cases,  the  ascertainment  of  facts,  and  of  the 
degree  of  evidence  for  doubtful  propositions,  (in  which 
observation  and  experiment  will  often  be  indispensa- 
ble,) but  also  a skilful  selection  and  combination  of 
known  facts  and  principles  ; such  as  implies,  amongst 
other  things,  the  exercise  of  that  powerful  abstraction 
which  seizes  the  common  circumstunces — the  point 
of  agreement — in  a number  of,  otherwise  dissimilar, 
individuals  : it  is  in  this  that  the  greatest  genius  is 
shewn.  But  if  **  Reasoning"  be  understood  in  the 
limited  sense  in  which  it  is  usually  defined,  then  we 
must  answer  in  the  negative ; and  reply  that  such 
Discoveries  are  made  by  means  of  Reasoning  combined 
with  other  operations. 

In  the  process  we  have  been  speaking  of,  there  it 
much  Reasoning  throughout ; and  thence  the  whole 
has  been  carelessly  called  n “ Process  of  Reasoning.*’ 

It  is  not,  indeed,  any  just  ground  of  complaint  that 
the  word  Reasoning  is  used  in  two  senses  ; hut  that 
the  two  senses  are  jierpetually  confounded  together : 
and  hence  it  is  that  some  Logical  writers  fancied  that 
Reasoning  (viz.  that  which  Logic  treats  of)  was  the 
method  of  discovering  Truth  ; and  that  so  many  other 
writers  have  accordingly  complained  of  Logic  for  not 
accomplishing  that  end,  urging  that  “ Syllogism 
(i.  e.  Reasoning;  though  they  overlooked  the  co- 
incidence) never  established  any  thing  that  is,  strictly 
speaking,  unknown  to  him  who  has  granted  the 
Premises  : and  proposing  the  introduction  of  a certain 
*'  rational  Logic  " to  accomplish  this  purpose ; i.  e. 
to  direct  the  mind  in  the  progress  of  investigation. 
Supposing  that  some  such  system  could  be  devised— 
that  it  could  even  be  brought  into  a Scientific  form, 
(which  he  must  be  more  sanguine  than  Scientific  who 
expects,)  that  it  were  of  the  greatest  conceivable 
utility,  and  that  it  should  be  allowed  to  bear  the 
name  of  " Logic,"  since  it  would  not  be  worth  while 
to  contend  about  a word,  still  it  would  not,  as  these 
writers  seem  to  suppose,  have  the  same  object  proposed 
with  the  Aristotelian  Logic  ; nor  be  in  any  respect  a 
rival  to  that  system.  A plough  may  be  a much  more 


ingenious  and  valuable  instrument  than  a fail,  but  it  *•**'  on 
never  can  be  substituted  for  it. 

Those  Discoveries  of  general  laws  of  Nature,  &c. 
of  which  we  have  been  speaking,  being  of  that  cha-  ‘ 

racier  which  we  have  described  by  the  name  of  v 
" Logical  Discoveries/'  to  him  who  it  in  pratession  of 
all  the  Premises  from  which  they  are  deduced ; but  being, 
to  the  multitude  (who  are  unacquainted  with  many  of 
those  Premises)  strictly  “ New  Truths  /'  hence  it  is, 
that  men  in  general  give  to  the  general  facts,  and  to 
them,  most  peculiarly,  the  name  of  Discoveries ; for  to 
themselves  they  arc  such,  in  the  strictest  sense  ; the 
Premises  from  which  they  were  inferred  being  not 
only  originally  unknown  to  them,  but  frequently 
remaining  unknown  to  the  very  last .-  e.  g.  the  general 
conclusion  concerning  cattle,  which  Bakcwcll  made 
known,  is  what  most  Agriculturists  (and  many  others 
also)  are  acquainted  with ; but  the  Premises  he  set 
out  with,  viz.  the  facts  respecting  this,  that,  and  the 
other,  individual  ox,  (the  ascertainment  of  which 
facts  was  his  first  Discovery ) these  are  w hat  few  know, 
or  core  to  know,  with  any  exact  jKirticularity. 

And  it  may  be  added,  that  these  discoveries  of  parti- 
cular facts,  which  arc  the  immediate  result  of  observation , 
are,  in  themselves,  uninteresting  and  insignificant, 
till  they  arc  combined  so  as  to  leud  to  a grand  general 
result ; those  who  on  each  occasion  watched  the 
motions,  and  registered  the  date  of  a comet,  little 
thought,  perhaps,  themselves,  wliat  magnificent  results 
they  were  preparing  the  way  for.  So  that  there  is  an 
additional  cause  which  lias  confined  the  term  Discovery 
to  these  grand  general  conclusions  ; and,  as  was  just 
observed,  they  arc,  to  the  generality  of  men,  per- 
fectly New  Truths  in  the  strictest  sense  of  the  word, 
not  being  implied  in  any  previous  knowledge  they 
possessed.  Very  often  it  will  happen,  indeed,  that 
the  conclusion  thus  drawn  will  amount  only  to  a 
probable  conjecture ; which  conjecture  will  dictate  to 
the  inquirer  such  an  experiment , or  course  of  experi- 
ments, as  will  fully  establish  the.  fact  ; thus  Sir  H. 

Davy,  from  finding  that  the  flame  of  hydrogen  gas 
was  not  communicated  through  a long  slender  tube, 
conjectured  that  a shorter,  out  still  slenderer  tube, 
would  answer  the  same  pOrpo.se ; this  led  him  to  try 
the  experiments,  in  which,  by  continually  shortening 
the  tube,  and  at  the  same  time  lessening  its  bore, 
he  arrived  at  last  at  the  wire-gauze  of  his  safety- 
lamp. 

It  is  to  be  observed  also,  that  whatever  credit  is  con- 
veyed by  the  word  “ Discovery,”  to  him  who  is  regarded 
as  the  author  of  it,  is  well  deserved  by  those  who 
skilfully  select  and  combine  known  Truths,  ( especially 
such  us  have  been  long  and  generally  known,)  so  as  to 
elicit  important,  and  hitherto  unthought-of,  conclu- 
sions ; theirs  is  the  master  mind , afi\n(KTuutnrj 
whereas  men  of  very  inferior  powers  may  sometimes, 
by  immediate  observation,  discover  perfectly  new 
facts,  empirically,  and  thus  be  of  service  in  furnishing 
materials  to  the  others ; to  w hom  they  stand  in  the 
same  relation  (to  recur  to  a former  illustration)  as  the 
brickuiakcr  or  stonequorricr,  to  the  architect.  It  is 
peculiarly  creditable  to  A.  Smith,  and  to  Mr.  Malthas, 
that  the  data  from  which  they  drew  such  important 
Conclusions  had  been  in  every  ones  hands  for  cen- 
turies. 

As  for  Mathematical  Discoveries,  they  (as  we  have 
before  said)  must  always  be  of  the  description  to  which 
9 i 9 
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Logic,  we  have  given  the  name  of  " Logical  Discoveries  j" 
— v— since  to  him  who  properly  comprehends  the  meaning 
of  the  Mathematical  terms,  (and  to  no  other  are  the 
Truths  themselves,  properly  speaking,  intelligible,) 
those  results  are  implied  in  his  previous  knowledge, 
since  they  are  Logically  deduciblc  therefrom.  It  is 
not,  however,  meant  to  be  implied  that  Mathematical 
Discoveries  are  effected  by  pure  Reasoning,  and  by 
that  singly.  For  though  there  is  not  here,  as  in  Phy- 
sics, any  exercise  of  judgment  as  to  the  degree  of  evi- 
dence of  the  Premises,  nor  any  experiments  and  obser- 
vations, yet  there  is  the  same  call  for  skill  in  the 
selection  and  combination  of  the  Premises  in  such  a 
manner  as  shall  be  best  calculated  to  lead  to  a new, 
that  is.  unperceived  and  unthought-of  Conclusion. 

In  following,  indeed,  and  taking  in  a demonstration, 
nothing  is  called  for  but  pure  Reasoning;  but  Me 
assumption  of  Premises  is  not  a part  of  Reasoning,  in 
the  strict  and  technical  sense  of  that  term.  Accord- 
ingly, there  arc  many  who  can  follow  a demonstration, 
or  any  other  train  of  argument,  who  would  not  suc- 
ceed well  in  framing  one  of  their  own.* 

For  both  kinds  of  Discovery  then,  the  Logical,  as 
well  as  the  Physical,  certain  operations  are  requisite, 
beyond  those  which  can  fairly  be  comprehended  under 
the  strict  sense  of  the  word  “ Reasoning ; " in  the  Logical, 
is  required  a skilful  selection  and  combination  of  known 
Truths  ; in  the  Physical  we  must  employ,  in  addition 
(generally  speaking)  to  that  process,  observation  and 
experiment.  It  will  generally  happen,  that  in  the 
study  of  Nature,  and,  universally,  in  all  that  relates  to 
matters  of  fact,  both  kinds  of  investigation  will  be 
united ; i.  e.  some  of  the  facts  or  principles  you 
reason  from  as  Premises,  must  be  ascertained  by 
©kferratio*  or,  as  in  the  case  of  the  safety-lamp, 
the  ultimate  Conclusion  will  need  confirmation  from 
experience  ; so  that  both  Physical  and  Logical  Dis- 
covery will  take  place  in  the  course  of  the  same 
process : we  need  not,  therefore,  wonder,  that  the 
two  are  so  perpetually  confounded.  In  Mathematics, 
on  the  other  hand,  and  in  great  part  of  the  discussions 
relating  to  £thics  and  Jurisprudence,  there  being  no 
room  for  any  Physical  Discovery  whatever,  we  have 
only  to  make  a skilful  use  of  the  propositions  in  our 
possession,  to  arrive  at  every  attainable  result. 

The  investigation,  however,  of  the  latter  class  of 
subjects  differs  in  other  points  also  from  that  of  the 
former ; for  setting  aside  the  circumstance  of  our 
having,  in  these,  no  question  as  to  facts, — no  room  for 
observation, — there  is  also  a considerable  difference  in 
what  may  be  called  the  process  of  Logical  investigation ; 
the  Premises  on  which  we  proceed  being  of  so  different 
a nature  in  the  two  cases. 

To  take  the  example  of  Mathematics,  the  defini- 
tions, which  are  the  principles  of  our  Reasoning,  are 
very  few,  and  the  axioms  still  fewer ; and  both  are, 
for  the  most  part,  laid  down,  and  placed  before  the 
student  in  Me  outset ; the  introduction  of  a new  defi- 
nition or  axiom,  being  of  comparatively  rare  occur- 
rence, at  wide  intervals,  and  with  a formal  statement ; 
besides  which,  there  is  no  room  for  doubt  concerning 
either.  On  the  other  hand,  in  all  Reasonings  which 
regard  matters  of  fact,  we  introduce,  almost  at  every 
step,  fresh  and  fresh  propositions  (to  a very  great 
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number)  which  had  not  been  elicited  in  the  course  of  E wi  cm 
our  Reasoning,  but  are  taken  for  granted  ; viz.  facts  Me  Pro- 
aud  laws  of  Nature  which  are  here  the  principles  of  JL'DC#  °f 
our  Reasoning,  and  maxuns,  or  “ elements  of  belief," 
which  answer  to  the  axioms  in  Mathematics.  If,  at 
the  opening  of  a Treatise,  for  example,  on  Chemistry, 
on  Agriculture,  on  Political  Economy,  &c.  the  author 
should  make,  os  in  Mathematics,  a formal  statement 
of  all  the  propositions  he  intended  to  assume,  as 
granted  throughout  the  whole  work,  both  he  and  his 
readers  would  be  astonished  at  the  number  : and,  of 
these,  many  would  be  only  probable,  and  there  would 
be  much  room  for  doubt  as  to  the  degree  of  proba- 
bility, and  for  judgment,  in  ascertaining  that  degree. 

Aforeover,  Mathematical  axioms  are  always  em- 
ployed precisely  in  the  same  simple  form ; e g.  the 
axiom  that  " things  equal  to  the  same,  ure  equal  to 
one  another,’*  is  cited,  whenever  there  is  need,  in  those 
very  words ; whereas  the  maxims  employed  in  the  other 
class  of  subjects,  admit  of,  and  require,  continual  mo- 
difications in  the  application  of  them  : e.  g.  “ the  sta- 
bility of  the  laws  of  Nature,"  w hich  is  our  constant 
assumption  iu  inquiries  relating  to  Natural  Philosophy, 
assumes  many  different  shape*,  and  in  some  of  them, 
does  not  possess  the  same  absolute  certainty  as  in 
others : e.  g.  when  from  having  alw  ays  observe  d a cer- 
tain sheep  ruminating,  we  infer,  that  this  individual 
sheep  will  continue  to  ruminate,  we  assume  that  “ the 
property  which  has  hitherto  belonged  to  this  sheep, 
will  remain  unchanged;"  when  we  infer  the  same  pro- 
perty of  all  sheep,  we  assume  that " the  property  which 
belongs  to  this  individual,  belongs  to  the  whole 
species  if,  on  comparing  sheep  with  some  other 
kinds  of  horned  animals,  and  finding  that  all  agree  in 
ruminating,  we  infer  that,  " all  horned  animals  rumi- 
nate," we  assume  that  “ the  whole  of  a genus  or  class 
ore  likely  to  agree  in  any  point  wherein  many  species 
of  that  genus  agree  j"  or  in  other  words,  " that  if 
one  of  two  properties,  &c.  has  often  been  found  ac- 
companied by  another,  and  never  without  it,  the 
former  will  be  universally  accompanied  by  the  latter 
now  all  these  are  merely  different  forms  of  the 
maxim,  that  “ nature  is  uniform  in  her  operations;" 
which,  it  is  evident,  varies  in  expression  in  almost 
every  different  case  where  it  is  applied,  and  admits  of 
every  degree  of  evidence,  from  absolute  moral  cer- 
tainty, to  mere  conjecture. 

The  same  may  be  said  of  an  infinite  number  of 
principles  and  maxims  appropriated  to,  nnd  employed 
in  each  particular  branch  of  study.  Hence,  all  such 
Reasonings  are,  in  comparison  of  Mathematics,  very 
complex  ; requiring  so  much  more  than  that  does, 
beyond  the  process  of  merely  deducing  the  Conclusion 
Logically,  from  the  Premises  ; so  that  it  is  no  wonder 
that  the  longest  Mathematical  demonstration  should  be 
so  much  more  easily  constructed  and  understood,  than 
a much  shorter  train  of  just  Reasoning  concerning 
real  facts.  The  former  has  been  aptly  compared  to  a 
long  und  steep,  but  even  and  regular,  flight  of  steps, 
which  tries  the  breath,  und  the  strength,  and  the 
perseverance,  only;  while  the  latter  resembles  a short, 
but  rugged  and  uneven,  ascent  up  a precipice,  which 
requires  a quick  eye,  agile  limbs,  and  a firm  step  ; and 
in  whieb  we  have  to  tread  now  on  this  side,  now  on 
that  ; ever  considering,  as  we  proceed,  whether  this 
projection  will  afford  room  for  our  foot,  or  whether 
some  loose  stone  may  not  slide  from  under  us. 
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ffc*  As  for  those  Ethical  and  Legal  Reasonings  which 
were  lately  mentioned,  as  in  some  respects  resembling 
those  of  Mathematics,  (vii.  such  as  keep  clear  of 
all  assertions  respecting  facts,)  they  have  this  dif- 
ference ; that  not  only  men  are  not  so  completely 
agreed  respecting  the  maxims  and  principles  of  Ethics 
and  Law,  but  the  meaning  also  of  each  terra  cannot 
be  absolutely,  and  for  ever,  fixed  by  an  arbitrary  de- 
finition j on  the  contrary,  a great  pnrt  of  our  labour 
consists  in  distinguishingaccurately  the  various  senses 
in  which  men  employ  each  term,  ascertaining  which 
is  the  most  proper,  and  taking  care  to  avoid  con- 
founding them  together. 

Of  Inference  and  Proof. 

$ 3.  Since  it  appears,  from  what  has  been  said,  that 
universally  n man  must  possess  something  else  besides 
the  Reasoning  faculty,  in  order  to  apply  that  faculty 
properly  to  his  own  purpose,  whatever  that  purpose 
may  be  ; it  may  be  inquired  whether  some  theory 
could  not  be  made  out,  respecting  those  “ other 
operations,”  and  u intellectual  processes  distinct  from 
Reasoning,  which  it  is  necessary  for  us  sometimes  to 
employ  in  the  investigation  of  truth  and  whether 
rules  could  not  be  laid  down  for  conducting  them. 

Something  has,  indeed,  been  done  in  this  way  by 
more  than  one  writer ; and  more  might  probably  be 
accomplished  by  one  who  should  fully  comprehend 
and  carefully  bear  in  mind  the  principles  of  Logic, 
properly  so  called  ; but  it  would  hardly  he  possible 
to  build  up  any  thing  like  a regular  Science,  respecting 
these  matters,  such  os  Logic  is,  with  respect  to  the 
theory  of  Reasoning.  It  may  he  useful,  however,  to 
observe,  that  these  “ other  operations ” of  which  we  have 
been  speaking,  and  which  are  preparatory  to  the  exercise 
of  Reasoning,  are  of  tiro  kinds,  according  to  the  nature 
of  the  end  proposed  ; for  Reasoning  comprehends  In- 
ferring and  Proving;  which  are  not  two  different 
things,  but  the  same  thing  regarded  In  two  different 
points  of  view:  (like  the  road  from  London  to  York, 
and  the  road  from  York  to  London,)  he  who 
infers, f proves ; and  he  who  proves,  infers  ; but  the 
word  “ infer  " fixes  the  mind  first  on  the  Premiss, 
and  then  on  the  Conclusion ; the  word  “ prove,”  on 
the  contrary,  leads  the  mind  from  the  Conclusion  to 
the  Premiss.  Hence,  the  substantives  derived  from 
these  words  respectively,  arc  often  used  to  express 
that  which,  on  each  occasion,  is  last  in  the  mind  ; 
Inference  being  often  used  to  signify  the  Conclusion, 
(i.  e.  Proposition  inferred ) and  Proof,  the  Premiss. 
We  say  also  " How  do  you  prove  that  ?”  and  “ What 
do  you  infer  from  that?”  which  sentences  would  not 
be  so  properly  expressed  if  we  were  to  transpose 
those  verbs.  One  might,  therefore,  define  Proving, 
" the  assigning  of  a reason  or  argument  for  the  sup- 
port of  a given  proposition  and  " Inferring.”  the 
“ deduction  of  a Conclusion  from  given  Premises.”  In 
the  one  case  our  Conclusion  is  given,  (i.  c.  set  before  us) 
and  we  have  to  seek  for  arguments ; in  the  other,  our 
Premises  arc  given,  and  we  have  to  seek  for  a Con- 
clusion ; i.  e.  to  put  together  our  own  propositions, 
and  try  what  will  follow  from  them  ; or,  to  speak 
more  Logically,  in  the  one  case,  we  seek  to  refer  the 
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subject  of  which  we  would  predicate  something,  to  a «« 
class  to  which  that  predicate  will  (affirmatively  or 
negatively)  apply;  in  the  other  we  seek  to  find  com- 
prehended,  in  the  subject  of  which  we  have  predicated  v_i 
something,  some  other  term  to  which  that  predicate 
hail  not  been  before  applied.  Each  of  these  is  a 
definition  of  Reasoning. 

To  infer,  then,  is  the  business  of  the  Philosopher  ; 
to  prove,  of  the  Advocate  ; the  former,  from  the  great 
mass  of  known  and  admitted  truths,  wishes  to  elicit 
any  valuable  additional  truth  whatever,  that  has 
been  hitherto  unperccived ; and,  perhaps,  without 
knowing,  with  certainty,  what  will  l>c  the  terms  of 
his  Conclusion.  Thus  the  Mathematician,  c.  g.  seeks 
to  ascertain  what  is  the  ratio  of  circles  to  each  other, 
or  what  is  the  line  whose  square  will  he  equal  to  u 
given  circle  : the  Advocate,  on  the  other  hand,  has  u 
proposition  put  before  him,  which  he  is  to  maintain 
as  well  os  he  can  ; his  business,  therefore,  is  to  find 
middle  terms,  (which  is  the  invent io  of  Cicero j)  the 
Philosopher's,  to  combine  and  select  known  facts,  or 
principles,  suitably  for  gaining  from  them  conclusions 
which,  though  implied  in  the  Premises,  were  before 
unperceived  j in  other  words,  for  making  “ Logical 
Discoveries.**  Such  arc  the  respective  preparatory 
processes  in  these  two  branches  of  study.  They  are 
widely  different ; — they  arise  from,  and  generate,  very 
different  habits  of  mind  ; and  require  a very  different 
kind  of  training  and  precept.  The  Lawyer,  or  Con- 
troversialist. or,  in  short,  the  Rhetorician  in  general, 
who  is,  in  his  own  province,  the  most  skilful,  niny  be 
but  ill-fitted  for  Philosophical  investigation,  even 
where  there  is  no  observation  wanted  when  the 
facts  are  all  ready  ascertained  for  him.  And  again, 
the  ablest  Philosopher  may  make  an  indifferent  dis- 
putant ; especially,  since  the  arguments  which  have 
led  Arm  to  the  conclusion,  and  have,  with  him,  the 
most  weight,  may  not,  perhaps,  be  the  most  power- 
ful in  controversy.  The  commonest  fault,  however, 
by  far,  is  to  forget  the  Philosopher  or  Theologian, 
and  to  assume  the  Advocate,  Improperly.  It  is  there- 
fore of  great  use  to  dwell  on  the  distinction  between 
these  two  branches  : as  for  the  bare  process  of  Rea- 
soning, that  is  the  same  in  both  cases  ; but  the  pre- 
paratory processes  which  arc  requisite  in  order  to 
employ  Reasoning  profitably,  these  we  see  branch  off 
into  two  distinct  channels.  In  each  of  these  undoubt- 
edly, useful  rules  may  be  laid  down ; hut  they  should 
not  be  confounded  together.  Racon  has  chosen 
the  department  of  Philosophy,  giving  rules  in  his 
Organon,  (not  only  for  the  conduct  of  experiments  to 
ascertain  new  facts,  hut  also  for  the  selection  and 
Combination  of  known  facts  and  principles.)  with  a 
view  of  obtaining  vnlunble  Inferences  s and  it  is  proba- 
ble that  a system  of  such  rules  is  what  some  writers 
mean  (if  they  have  any  distinct  meaning)  by  their 
proposed  “ Logic.”  In  the  other  department,  precepts 
have  been  given  by  Aristotle  and  other  Rhetorical 
writers,  as  a part  of  their  plan.  How  far  these  pre- 
cepts are  to  lx?  considered  ns  belonging  to  the  present 
system, — whether  "method”  is  to  he  regarded  as  a 
part  of  logic,— whether  the  matter  of  Logic  is  to  be 
included  in  the  system, — whether  Racon's  is  properly 
to  he  reckoned  a kind  of  Logic  ; all  these  are  merely 
verbid  questions  relating  to  the  extension,  not  of  the 
Science,  hut  of  the  name.  The  bare  process  of  Rea- 
soning, i.  e.  deducing  a Conclusion  from  Premises, 
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must  ever  remain  a distinct  operation  from  the  ajuump- 
lion  of  Premises,  however  useful  the  rules  may  be 
that  have  been  given,  or  may  be  given,  for  conducting 
this  latter  process,  and  others  connected  with  it  ; and 
however  properly  such  rules  may  be  subjoined  to  the 
precepts  of  that  system  to  which  the  name  of  Logic  is 
applied  in  the  narrowest  sense.  Such  rules  as  we  now 
allude  to  may  be  of  eminent  service  •,  but  they  must 
always  be,  as  wc  have  before  observed,  comparatively 
vague  and  general,  and  incapable  of  being  built  up  into 
a regular  demonstrative  theory  like  that  of  the  Syllo- 
gism ; to  which  theory  they  bear  much  the  same 
relation  as  the  principles  and  rules  of  Poetical  und 
Rhetorical  criticism,  to  those  of  Grammar  ; or  those 
of  practical  Mechanics,  to  strict  Geometry.  We  find 
no  fault  with  the  extension  of  a term  ; but  wc  would 
suggest  a caution  against  confounding  together,  by 
means  of  a common  name,  things  essentially  different ; 
and  above  all  we  deprecate  the  sophistry  of  striving  to 
depreciate  what  Ls  called  “ the  school  Logic,"  by  per- 
petually contrasting  it  with  systems  with  which  it  has 
nothing  in  common  but  the  name ; and  whose  object 
is  essentially  different. 

It  is  not  a little  remarkable  that  writers  whose 
expressions  tend  to  confound  together,  by  means  of 
a common  name,  two  brunches  of  study  which  have 
nothing  else  in  common,  (as  if  they  were  two  different 
plana  for  attaining  one  and  the  tame  object,)  have  them- 
selves complained  of  one  of  the  effects  of  this  confu- 
sion, viz.  tlie  introduction,  early  in  the  career  of  Aca- 
demical Education,  of  a course  of  Logic ; under  which 
name,  they  observe  “ men  now  universally  comprehend 
the  works  of  Locke,  Bacon,  &c.”  which,  us  is  justly 
remarked,  are  unfit  for  beginners.  Now  this  would  not 
have  happened,  if  men  had  always  kept  in  mind  the 
meaning  or  meanings  of  each  name  they  used.  Anil  it 
may  be  added,  that,  however  justly  the  wort!  Logic  may 
be  thus  extended,  we  have  no  ground  for  allying  to  the 
Aristotelian  Logic,  the  remarks  above  quoted  respect- 
ing the  Baconian;  which  the  ambiguity  of  the  word, 
if  not  carefully  kept  in  view,  might  lead  us  to  do. 
Grant  that  Bacon’s  work  is  a part  of  Logic  ; it  no  more 
follows  from  the  unfitness  of  that  for  learners,  that 
the  elements  of  the  theory  of  Reasoning  should  be 
withheld  from  them,  than  it  follows  that  the  elements 
of  Euclid,  and  common  Arithmetic,  are  unfit  for  boys, 
because  Newton  t Principia,  which  also  bears  the  title 
of  Mathematical,  is  above  their  grasp.  Of  two  branches 
of  study  which  bear  the  same  name,  or  even  of  two 
parts  of  the  same  branch,  the  one  may  be  suitable  to 
the  commencement,  the  other  to  the  close,  of  the 
Academical  career. 

At  whatever  period  of  that  career  it  may  be  proper 
to  introduce  the  study  of  such  as  ore  usually  called 
Metaphysical  writers,  it  may  be  safely  asserted,  that 
those  who  have  had  the  most  experience  in  the  burli- 
ness of  giving  instruction  in  Logic,  properly  so  called, 
together  with  other  branches  of  knowledge,  prefer 
and  generally  pursue  the  plan  of  letting  their  pupils 
enter  on  that  study  next  in  order,  after  the  elements 
of  Mathematics. 

Of  Verbal  and  Real  Questions . 

$ 4.  The  ingenious  author  of  the  Philosophy  of  Rhe- 
toric having  maintained,  or  rather  assumed,  that  Logic 
is  applicable  to  \ erbal  controversy  alone,  there  may  be 
an  advantage,  though  it  has  been  our  aim  throughout 


to  shew  the  application  of  it  to  all  Reasoning,  in  Essay  on 
pointing  out  the  difference  between  Verbal  and  Real  the  Pro- 
Questions,  and  the  probable  origin  of  Campbell's  I*”*  °f 
mistake  ; for  to  trace  any  error  to  its  source,  will  Rt*a*on,nS- 
often  throw  more  light  on  the  subject  in  hand  than 
can  Ik*  obtained  if  we  rest  satisfied  with  merely  detect- 
ing and  refuting  it. 

Leery  Question  that  can  arise,  is  in  fact  a Question 
whether  a certain  Predicate  is  or  is  not  applicable  to 
u certain  subject ; and  whatever  other  account  may 
be  given  by  any  writer  of  the  nature  of  any  matter  of 
doubt  or  debate,  will  be  found,  ultimately,  to  resolve 
itself  into  this.  But  sometimes  the  Question  turns  on 
the  meaning  ami  extent  of  the  terms  employed  ; some- 
times on  the  things  signified  by  them.  If  it  be  made 
to  appear  therefore,  that  the  opposite  sides  of  a certain 
Question  may  be  held  by  persons  not  differing  in  their 
opinion  of  the  matter  in  hand,  then  that  Question  may 
be  pronounced  Verbal,  as  depending  on  the  different 
senses  in  which  they  respectively  employ  the  terms. 

If  on  the  contrary  it  appears  that  they  employ  the 
terms  in  the  same  sense,  but  still  differ  as  to  the  appli- 
cation of  one  of  them  to  the  other,  then  it  may  be 
pronounced  that  the  Question  is  Real, — that  they  differ 
its  to  the  opinions  they  hold  of  the  things  in  Question, 

If,  for  instance,  two  persons  contend  whether 
Augustus  deserved  to  be  called  a great  man,  then  if 
it  appeared  that  the  one  included  under  the  term 
" great,’’  disinterested  patriotism,  and  on  that  ground 
excluded  Augustus  from  the  class,  ns  wanting  in  that 
quality,  and  that  the  other  also  gave  him  no  credit  for 
that  quality,  but  understood  no  more  by  the  term 
“ great,”  than  high  intellectual  qualities,  energy  of 
character,  and  brilliant  actions,  it  would  follow  that 
the  juirlics  did  not  differ  in  opinion  except  as  to  the 
use  of  a term,  and  that  the  Question  was  Verbal.  If 
again  it  appeared  that  the  one  did  give  Augustus  credit 
for  such  patriotism  as  the  other  denied  him,  both  of 
them  including  that  idea  in  the  term  great,  then  the 
Question  would  be  Heal.  Either  kind  of  Question,  it  is 
plain,  is  to  be  argued  according  to  Logical  principles  j 
but  the  middle  terms  employed  would  be  different ; 
and  for  this  reason  among  others  it  is  important  to 
distinguish  Verbal  from  Ileal  controversy.  In  the 
former  case,  e.  g.  it  might  be  urged  with  truth,  that 
the  common  use  of  the  expression  “ great  and  good’ 
proves  that  the  idea  of  good  is  not  implied  in  the 
ordinary  sense  of  the  word  great ; an  argument  which 
could  have,  of  course,  no  place  in  deciding  the  other 
Question. 

It  is  by  no  means  to  be  supposed  that  all  Verbal 
Questions  are  trifling  and  frivolous ; it  is  often  of  the 
highest  importance  to  settle  correctly  the  meaning  of 
a word,  either  according  to  ordinary  use  or  according 
to  the  meaning  of  any  particular  writer,  or  class 
of  men  ; but  when  Verbal  Questions  are  mistaken  for 
lleul,  much  confusion  of  thought  and  unprofitable 
wrangling  will  be  generally  the  result.  Nor  is  it 
always  so  easy  und  simple  a task,  as  might  at  first  sight 
appear,  to  distinguish  them  from  each  other : for 
several  objects  to  which  one  common  name  is  upplied 
will  often  have  many  points  of  difference,  and  yet  that 
name  may  perhaps  be  applied  to  them  all  in  the 
snme  sense,  and  may  be  fairly  regarded  as  the  genus 
they  come  under,  if  it  appear  that  they  nil  agree  in 
what  is  designated  by  that  name,  and  that  the  differ- 
ences between  them  arc  in  points  not  essential  to  the 
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L»fk.  character  of  the  genua.  A cow  and  a horse  differ  in 

- -V— ■ d many  respects,  but  agree  in  all  that  h implied  by  the 
term  " quadruped,”  which  is  therefore  applicable  to 
both  in  the  same  sense.  So  also  the  houses  of  the 
ancients  differed  in  many  respects  from  ours,  and 
their  ships,  still  more  ; yet  no  one  would  contend  that 
the  terms  “ house"  ami  “ ship,"  us  applied  to  both,  were 
ambiguous,  or  that  qiko*  might  not  fairly  be  rendered 
house,  anil  ea&r,  ship  : because  the  essential  charac- 
teristic of  a house  is,  not  its  being  of  this  or  that  form 
or  materials,  but  its  being  a dwelling  for  men  ; these 
therefore  would  be  called  two  different  kinds  of  houses  ; 
and  consequently  the  term  "house"  would  he  applied 
to  each,  without  uny  equivocation,  in  the  same  sense  : 
and  so  in  the  other  instances.  On  the  other  hand, 
two  or  more  things  may  bear  the  same  name,  and  may 
also  have  a resemblance  in  many  points,  and  may  from 
that  resemblance  have  come  to  bear  the  same  name, 
and  yet  if  the  circumstance  which  is  essential  to  each 
be  wanting  in  the  other,  the  term  may  be  pronounced 
umbiguous : e.  g.  the  word  " Priest"  is  applied  to 
the  ministers  of  the  Jewish  and  of  the  Pagan  religions, 
and  also  to  those  of  the  Christian  : and  doubtless  the 
term  is  so  used  iu  consequence  of  their  being  both 
ministers,  (in  some  sort)  of  religion.  Nor  would  every 
difference  that  might  be  found  between  the  Priests  of 
different  religions  constitute  the  term  ambiguous, 
provided  such  differences  were  non-essential  to  the 
idea  suggested  by  the  word  Priest ; as  e.  g.  the  Jewish 
Priest  served  the  true  God,  and  the  Pagan,  false  Gods  : 
this  is  a most  important  difference,  but  docs  not  con- 
stitute the  term  ambiguous,  because  neither  of  these 
circumstances  is  implied  and  suggested  by  the  term 
which  accordingly  was  applied  both  to  Jewish 
and  Pagan  Priests.  Hut  the  term  'lepevv  does  seem  to 
have  implied  the  office  of  offering  sacrifice,  atoning  for 
the  sins  of  the  people,  and  acting  as  mediator  between 
man  and  the  object  of  his  worship  ; and  accordingly 
that  term  is  never  applied  to  any  one  under  the  Chris- 
tian sygtem,  except  to  the  one  great  Mediator.  The 
Christian  jninisters  not  having  that  office  which  was 
implied  as  essential  in  the  term  'le/wt't,  were  never 
called  by  that  name,  but  by  that  of  Tpr.nfivrrpat,  It 
may  be  concluded  therefore,  that  the  term  Priest  is 
ambiguous,  as  corresponding  to  the  terms  ie/ici”.  and 
vpcajiv’tfpos  respectively,  notwithstanding  that  there 
are  points  in  which  these  two  agree.  These  therefore 
should  be  reckoned,  not  Itco  different  kinds  of  Priests, 
but  Priests  in  two  different  senses  ; since,  (to  adopt 
the  phraseology  of  Aristotle,)  the  definition  of  them 
bo  far  forth  as  they  are  Priests,  would  be  different. 

It  is  evidently  of  much  importance  to  keep  in  inind 
the  above  distinctions,  in  order  to  avoid,  on  the  one 
hand,  stigmatizing  as  Verbal  controversies,  what  in 
reality  are  not  such,  merely  because  the  Question 
turns  on  the  applicability  of  a certain  Predicate  to  a 
certain  subject ; or  on  the  otherTiancI,  failing  into  the 
opposite  error  of  mistaking  words  for  things,  and  judg- 
ing of  men’s  agreement  or  disagreement  in  opinion  in 
every  case,  merely  from  their  agreement  or  disagree- 
ment in  the  terms  employed. 

Of  Realism. 

f)  5.  Nothing  has  a greater  tendency  to  lead  to  the 
mistake  just  noticed,  and  thus  to  produce  undetected 
Verbal  Questions  and  fruitless  Logomachy,  than  the 
prevalence  of  the  notion  of  the  Realists,  that  genus 


and  species  were  some  real  Things,  existing  inde-  Easayon 
pemlently  of  our  conceptions  and  expressions,  and  that,  **r0* 

as  in  the  case  of  singular  terms,  there  is  some  real  j|BB-ajL, 
individual  corresponding  to  each,  so  in  common  terms  il^~ 

also  there  is  something  corresponding  to  each,  which 
Is  the  object  of  our  thoughts  when  we  employ  any 
such  term-*  Few,  if  any  indeed,  in  the  present  day 
avow  and  maintain  this  doctrine ; but  those  who  are 
not  especially  on  their  guard,  are  perpetually  sliding 
into  it  unawares.  Nothing  so  much  conduces  to  this 
as  the  transferred  and  secondary  use  of  the  words 
“ same,”  “ one  and  the  same,"  “ identical,  &c."  when 
it  is  not  clearly  perceived  and  carefully  borne  in  mind 
that  they  are  employed  in  a secondary  sense,  and  that 
more  frequently  even  than  in  the  primary.  Suppose 
e.  g.  a thousand  persons  are  thinking  of  the  sun,  it 
is  evident  it  is  one  and  the  same  individual  object  on 
W'hich  all  these  minds  are  employed ; so  far  all  is  clear  : 
but  suppose  all  these  persons  are  thinking  of  a tri- 
angle ; not  any  individual  triangle,  bnt  triangle  in 
general ; and  considering  perhaps  the  equality  of  its 
angles  to  two  right  angles  ; »t  would  seem  as  if  in  this 
case  also,  their  minds  were  all  employed  on  “ one  and 
the  same”  object : and  this  object  of  their  thoughts, 
it  mnv  be  said,  cannot  be  the  mere  word  triangle,  but 
that  which  is  meant  by  it;  nor  again,  can  it  be  every- 
thing that  the  word  will  apply  to,  for  they  are  not 
thinking  of  triangles,  but  of  one  thing  : those  who 
do  not  acknowledge  that  this  “ one  thing"  has  an 
existence  independent  of  the  human  mind,  are  in 
general  content  to  tell  us  by  way  of  explanation,  that 
the  object  of  their  thoughts  is  the  abstract  **  idea"  of 
a triangle  ; an  explanation  which  satisfies,  or  at  least 
silences  many,  though  it  may  be  doubted  whether  they 
very  clearly  undersiand  what  sort  of  a thing  an  idea  is, 
which  may  thus  exist  in  a thousand  different  minds  at 
once,  and  yet  be  “ one  and  the  same." 

The  fact  is,  that  " unity"  and  " sameness"  are  in 
such  cases  employed,  not  in  the  primary  sense,  but  to 
denote  perfect  similarity.  When  we  say  that  ten  thou- 
sand different  persons  have  all  " one  and  the  same  ” 
idea  in  their  mindB,  or  are  all  of  " one  and  the  same  ’* 
opinion,  we  mean  no  more  than  that  they  are  all 
thinking  exactly  alike  : when  we  say  that  they  are  all 
in  the  44  same"  posture,  we  mcau  that  they  are  all 
placed  alike  : and  so  also  they  are  said  all  to  have  the 
44  same  " disease  when  they  arc  ull  diseased  alike. 

The  origin  of  this  secondary  sense  of  the  words, 

"same,”  “one,"  44  identical," &c.  (an  attention  to  which 
would  clear  away  an  incalculable  mass  of  confused 
Reasoning  and  Logomachy,)  is  easily  to  be  traced  to  the 
use  of  language  and  of  other  signs,  for  the  purpose  of 
mutual  communication.  If  any  one  utters  the  “ one 
single"  word  “ triangle,”  and  gives  “ one  single** 
definition  of  it ; ench  person  who  bears  him  forms  a 
certain  notion  in  his  oivn  inind,  not  differing  in  any 
respect  from  that  of  each  of  the  rest ; they  are  said 
therefore  to  have  all  “ one  and  the  same"  notion, 
because,  resulting  from,  ami  corresponding  with,  that 
which  is  in  the  primary  sense  “ one  and  the  same" 
expression  ; and  there  is  said  to  be  44  one  single"  idea 
of  every  triangle,  (considered  merely  as  a triangle,) 
because  one  single  name  or  definition  is  equally  appli- 
cable to  eaeh.  In  like  manner  all  the  coins  struck  by 


* A dortrine  commonly,  but  falsely,  Attributed  to  Aristotle, 
who  expressly  contradic  t*  it.  Categories,  rtpi  *vo(<a. 
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the  same  single  die,  arc  said  to  have  “one  and  the  ambiguity  thus  introduced,  and  watchfulness  against  Eaaay  ot> 
same"  impression,  merely  because  the  one  descrip-  the  errors  thence  arising.  The  difficulties  and  per-  l|*c  **re' 
tion  which  suits  one  of  these  coins  will  equally  suit  plexities  which  have  involved  the  questions  respecting  ^>Ct’  of 
any  other  that  is  exactly  like  it.  personal  identity,  among  others,  may  be  traced  prin-  v 

It  is  not  intended  to  recommend  the  disuse  of  the  cipallv  to  the  neglect  of  this  caution.  But  the  further  * 
words  " same/’  “ identical/’  &c.  in  this  transferred  consideration  of  that  question  would  be  unsuitable  to 
sense  ; which,  if  it  were  desirable,  would  be  utterly  the  subject  of  this  article, 
impracticable ; but  merely,  a steady  attention  to  the 


Digitized  by  Google 


RHETORIC. 


INTRODUCTORY  SECTION.  # 


Rhetoric.  Of  Rhetoric  various  definitions  have  been  given 
by  different  writers  j who,  however,  scctn  not  so 
much  to  have  disagreed  in  their  conceptions  of  the 
nature  of  the  same  thing,  os  to  have  had  different 
things  in  view  while  they  employed  the  same  terras. 
Not  only  the  word  Rhetoric  itself,  but  also  those  used 
in  defining  it,  have  been  taken  in  various  senses ; ns 
may  be  observed  with  respect  to  the  word  " Art”  in 
Cic.  de  Or  at.  where  a discussion  is  introduced  as  to 
the  applicability  of  that  term  to  Rhetoric  ; manifestly 
turning  on  the  different  senses  in  which  "Art"  may 
be  understood. 

To  enter  into  an  examination  of  all  the  definitions 
thnt  have  been  given,  would  lead  to  much  uninterest- 
ing and  uninstructivc  verbul  controversy.  It  is  suffi- 
cient to  put  the  reader  on  his  guard  against  the 
common  error  of  supposing  that  n general  term  has 
some  real  object,  properly  corresponding  to  it,  inde- 
pendent of  our  conceptions  ■, — that,  consequently, 
some  one  definition  is  to  be  found  which  will  com- 
prehend every  thing  that  is  rightly  designated  by 
that  term  j — and  thnt  all  others  must  be  erroneous  ; 
whereas  in  fact  it  will  often  happen,  as  in  the  present 
Instance,  that  both  the  wider,  and  the  more  restricted 
sense  of  a term,  will  be  alike  sanctioned  by  use, 
(the  only  competent  authority  ;)  and  thut  the  conse- 
quence will  be  a corresponding  variation  in  the  defi- 
nitions employed,  none  of  which  perhaps  may  be 
fairly  chargeable  with  error,  though  none  can  be 
framed  that  will  apply  to  ever}'  acceptation  of  the 
term. 

It  is  evident  that  in  its  primary  signification. 
Rhetoric  had  reference  to  public  Speaking  alone,  as 
its  etymology  implies : but  as  most  of  the  rules  for 
speaking  arc  of  course  applicable  equally  to  writing, 
an  extension  of  the  term  naturally  took  place  ; and 
we  find  even  Aristotle,  the  earliest  systematic  writer 
on  the  subject  whose  works  have  come  down  to 
us,  including  in  his  Treatise  such  compositions  as 
were  not  intended  to  be  publicly  recited.*  And  even 
as  far  os  relates  to  Speeches,  properly  so  called,  he 
takes,  in  the  same  Treatise,  at  one  time  a wider,  and 
at  nnothcr  a more  restricted  view  of  the  subject  j 
including  under  the  term  Rhetoric,  in  the  opening  of 
his  work,  nothing  beyond  the  finding  of  topics  of 
Persuasion,  as  far  as  regards  the  matter  of  what  is 
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spoken  ; and  afterwards  embracing  the  consideration  Introduc- 
of  Style,  Arrangement,  and  Delivery.  lory 

The  invention  of  Printing,  by  extending  the  sphere  Section 
of  operation  of  the  Writer,  has  of  course  contributed 
to  the  extension  of  those  terms  which  in  their  primary 
signification  had  reference  to  Speaking  alone.  Many 
objects  are  now  accomplished  through  the  medium  of 
the  Press,  which  formerly  came  under  the  exclusive 
province  of  the  Orator ; and  the  qualifications  re- 
quisite for  success  arc  so  much  the  same  in  both  cases, 
that  we  apply  the  term  " Eloquent"  as  readily  to  a 
Writer  as  to  a S|>eaker;  though  etymologically  con- 
sidered it  could  only  belong  to  the  latter.  Indeed 
“ Eloquence"  is  often  attributed  even  to  such  com- 
positions, c.  g.  Historical  works,  as  have  in  view  an 
object  entirely  different  from  any  that  could  be  pro- 
posed by  an  Orator ; because  some  part  of  the  rules 
to  be  observed  in  Oratory,  or  rules  analogous  to  these, 
are  applicable  to  such  compositions.  Conformably 
to  this  view  therefore,  some  writers  have  spoken  of 
Rhetoric  as  the  Art  of  Composition,  universally  ; or, 
with  the  exclusion  of  Poetry  alone,  as  embracing  all 
Prose  composition. 

A still  wider  extension  of  the  province  of  Rhetoric 
has  been  contended  for  by  some  of  the  ancient  writers  ; 
who  thinking  it  necessary  to  include,  as  belonging  to 
the  Art,  every  thing  that  could  conduce  to  the  attain- 
ment of  the  object  proposed,  introduced  into  their 
systems  Treatises  on  Law,  Morals,  Politics,  &c.  on 
the  ground  that  a knowledge  of  these  subjects  was 
requisite  to  enable  a man  to  speak  well  on  them  j and 
even  insisted  on  Virtue,*  as  an  essential  qualification 
of  a perfect  Orator,  because  a good  character,  which 
can  in  no  way  be  so  surely  established  as  by  deserving 
it,  has  great  weight  with  the  audience. 

These  notions  are  combated  by  Aristotle  ; who 
attributes  them  either  to  the  ill-cultivated  understand- 
ing (dra«cet»tf/o)  of  those  who  maintained  them,  or  to 
their  arrogant  and  pretending  disposition,  dkagoptm  • 
i.  e.  a desire  to  extol  and  magnify  the  Art  they  pro- 
fessed. In  the  present  day,  the  extravagance  of  such 
doctrines  is  so  apparent  to  most  readers,  that  it  would 
not  be  worth  while  to  take  much  pains  in  refuting 
them.  It  is  worthy  of  remark  however,  that  the  very 
same  erroneous  view  is,  even  now,  often  taken  of 
Logic,  (as  was  remarked  under  that  article  *)  which 
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tone,  bsi*  been  considered  by  some  as  a kind  of  system  of 
^ universal  knowledge,  on  the  ground  that  argument 
may  be  employed  on  all  subjects,  and  that  no  one 
can  argue  well  on  a subject  which  he  does  not  under* 
stand  ; and  which  has  been  complained  of  by  others 
as  not  supplying  any  such  universal  instruction  as  its 
unskilful  advocates  have  placed  within  its  province ; 
such  as  in  fact  no  one  Art  or  System  can  possibly 
afford. 

The  error  is  precisely  the  same  in  respect  of 
Rhetoric  and  of  Logic  ; both  being  instrumental  arts  j 
and,  as  such,  applicable  to  various  kinds  of  subject* 
matter,  which  do  not  properly  come  under  them. 

So  judicious  an  author  as  Quinctilian  would  not 
have  failed  to  perceive,  had  he  not  been  carried  away 
by  an  inordinate  veneration  for  his  own  Art,  that  as 
the  possession  of  building  materials  is  no  part  of  the 
art  of  Architecture,  though  it  Is  impossible  to  build 
without  materials,  so,  the  knowledge  of  the  subjects 
on  which  the  Orator  is  to  speak,  constitutes  no  part  of 
the  art  of  Rhetoric,  though  it  be  essential  to  its  suc- 
cessful employment ; sna  that  though  virtue  and  the 
good  reputation  it  procures,  mid  materially  to  the 
.Speaker's  influence,  they  are  no  more  to  be,  for  that 
reason,  considered  as  belonging  to  the  Orator,  as  such, 
than  wealth,  rank,  or  a good  person,  which  manifestly 
have  a tendency  to  produce  the  same  effect. 

In  the  present  day  however,  the  province  of 
Rhetoric,  in  the  widest  acceptation  that  would  be 
reckoned  admissible,  comprehends  all  “ Composition 
in  l’rosc  i"  in  the  narrowest  sense,  it  would  be  limited 
to  **  Persuasive  Speaking.’* 

We  propose  in  the  present  article  to  adopt  a middle 
course  between  these  two  extreme  points  ; and  to 
treat  of  Argumentative  Composition  generally,  and  ex- 
clusively i considering  Rhetoric  (in  conformity  with 
our  original  plan,  and  with  the  very  just  and  philoso- 
phical view  of  Aristotle)  as  an  off-shoot  from  Logic. 

It  W’os  remarked  in  our  article  on  that  Science,  that 
Reasoning  may  be  considered  as  applicable  to  two 
purposes,  which  we  ventured  to  designate  respectively 
by  the  terms  41  Inferring,  and  Proving  ;M  1.  e.  the 
ascertainment  of  the  truth  by  investigation,  and  the 
establishment  of  it  to  the  satisfaction  of  another  : and 
it  was  there  remarked,  that  Bacon,  in  his  Organon,  had 
laid  down  rules  for  the  conduct  of  the  former  of  these 
processes,  and  that  the  latter  belonged  to  the  province 
of  Rhetoric  : and  it  was  added,  that  to  infer  is  to  be 
regarded  as  the  proper  office  of  the  Philosopher  ; — to 
prove,  of  the  Advocate.  It  is  not  however  to  be  un- 
derstood that  Philosophical  works  arc  to  be  excluded 
from  the  class  to  which  Rhetorical  rules  are  appli- 
cable $ for  the  Philosopher  who  undertakes,  by  writing 
or  speaking,  to  convey  his  notions  to  others,  assumes 
for  the  time  being,  the  character  of  Advocate  of  the 
doctrines  he  maintains  ; the  process  of  iawstiga/ioa 
must  be  supposed  completed,  and  certain  conclusions 
arrived  at  by  that  process,  before  he  begins  to  impart 
his  ideas  to  others  in  a treatise  or  lecture  \ the  object 
of  which  must  of  course  be  to  prove  the  justness  of 
those  conclusions.  - And  in  doing  this,  he  will  not 
always  find  it  expedient  to  adhere  to  the  same  course 
of  reasoning  by  which  his  own  discoveries  were  ori- 
ginally made ; other  arguments  may  occur  to  him  after- 
wards, more  clear  or  more  concise,  or  better  adapted  to 
the  understanding  of  those  he  addresses.  In  explain- 
ing therefore,  and  establishing  the  truth,  he  may  often 


have  occasion  for  rules  of  a different  kind  from  those  Inirodui- 
employed  in  its  discovery.  Accordingly,  when  we  lory 
remarked,  In  the  article  above  alluded  to,  that  it  is  a Sect*0®* 
common  fault,  for  those  engaged  in  Philosophical  and 
Theological  inquiries,  to  forget  their  own  peculiar 
office,  and  assume  that  of  the  Advocate,  improperly, 
this  caution  is  to  be  understood  as  applicable  to  the 
process  of  forming  their  own  opinions  ; not,  as  excluding 
them  from  advocating  by  all  fair  arguments,  the  con- 
clusions at  which  they  have  arrived  by  candid  inves- 
tigation. But  if  this  candid  investigation  do  not  take 
place  in  the  first  instance,  no  pains  that  they  may 
bestow  in  searching  for  arguments,  will  have  any  ten- 
dency to  ensure  their  attainment  of  truth.  If  a man 
begins  (as  is  too  plainly  a frequent  mode  of  proceed- 
ing) by  hastily  adopting  or  strongly  leaning  to  some 
opinion,  which  suits  his  inclination,  or  which  is  sanc- 
tioned by  some  authority  that  he  blindly  venerates, 
and  then  studies  with  the  utmost  diligence,  not  as 
an  Investigator  of  Truth,  but  as  an  Advocate  labour- 
ing to  prove  his  point,  his  talents  and  hi9  researches, 
whatever  effect  they  may  produce  in  making  converts 
to  his  notions,  will  avail  nothing  in  enlightening  his 
own  judgment  and  securing  him  from  error. 

Composition  however,  of  the  Argumentative  kind, 
may  be  considered  (as  has  been  above  slated)  as 
coming  under  the  province  of  Rhetoric.  And  this 
view  of  the  subject  is  the  less  open  to  objection,  in- 
asmuch as  it  is  not  likely  to  lead  to  discussions  that 
can  be  deemed  superfluous,  even  by  those  who  may 
choose  to  consider  Rhetoric  in  the  mast  restricted 
sense,  as  relating  only  to  “ Persuasive  Speaking  j" 
since  it  is  evident  thatvfr^ttmm/  must  be,  in  most  cases 
at  least,  the  basis  of  Persuasion. 

Wc  propose  then,  to  treat  first,  and  principally,  of 
the  Discovery  of  Arguments,  and  of  their  Arrange- 
ment ; secondly,  to  lay  down  some  Rules  respecting 
the  excitement  and  management  of  the  Passions,  with 
a view  to  the  attainment  of  any  object  proposed,— 
principally,  Persuasion  in  the  strict  sense,  i.e.  the 
influencing  of  the  Will ; thirdly,  to  offer  some  re- 
marks on  Style  and  fourthly,  to  treat  of  Elocution.- 

It  may  be"  expected  that  before  we  proceed  to  treat 
of  the  Art  in  question,  we  should  present  our  readers 
with  a sketch  of  its  history.  Little  however  is  re- 
quired to  be  said  on  this  head,  because  the  present  is 
not  one  of  those  branches  of  study  in  which  we  can 
trace  with  interest  a progressive  improvement  from 
age  to  age.  It  is  one,  on  the  contrary,  to  which  more 
Attention  appears  to  have  been  paid,  and  in  which 
greater  proficiency  is  supposed  to  have  been  made,  in 
the  earliest  days  of  Science  and  Literature,  than  at  any 
subsequent  period.  Among  the  ancients,  Aristotle, 
who  was  the  earliest,  may  safely  be  pronounced  to  be 
also  the  best,  of  the  systematic  writers  on  Rhetoric. 

Cicero  is  hardly  to  be  reckoned  among  the  number  j 
for  he  delighted  so  much  more  in  the  practice  than 
in  the  theory  of  his  art,  that  he  is  perpetually  drawn  off 
from  the  rigid  Philosophical  analysis  of  its  principles, 
into  discursive  declamations,  always  eloquent  indeed, 
and  often  highly  interesting,  but  adverse  to  regularity 
of  system,  and  frequently  as  unsatisfactory  to  the 
practical  student  as  to  the  Philosopher.  He  abounds 
indeed  with  exceUent  practical  remarks,  though  the 
best  of  them  are  scattered  up  and  down  his  worka 
with  much  irregularity ; but  his  precepts,  though  of 
great  weight,  as  being  the  result  of  experience,  are 
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Rhetoric  not  often  traced  up  by  biro  to  first  principles  ; and 
we  are  frequently  left  to  guess,  not  only  on  what  basis 
his  rules  are  grounded,  but  in  what  cases  they  are 
applicable.  Of  this  latter  defect  a remarkable  instance 
will  be  hereafter  cited. 

Quinctilian  is  indeed  a systematic  writer ; but 
cannot  be  considered  as  having  much  extended  the 
Philosophical  views  of  his  predecessors  in  this  depart- 
ment. He  possessed  much  good  sense,  but  this  was 
tinctured  with  pedantry ; — with  that  aXofoetca  as  Aristo- 
tle calls  it,  w hich  extends  to  an  extravagant  degree  the 
province  of  the  Art  which  he  professes.  A great  part  of 
his  work  indeed  is  a Treatise  on  education  generally,  in 
the  conduct  of  which  he  was  no  mean  proficient  •,  for 
such  was  the  importance  attached  to  public  Spenking, 
even  long  after  the  downfall  of  the  Republic  had  cut 
off  the  Orator  from  the  hopes  of  attaining,  through 
the  means  of  this  qualification,  the  highest  political 
importance,  that  he  who  was  nominally  a Professor 
of  Rhetoric,  had  in  fact  the  most  important  branches 
of  instruction  intrusted  to  his  care. 

Many  valuable  maxims  however  are  to  be  found  in 
this  author  \ but  he  wanted  the  profundity  of  thought, 
and  power  of  analysis  which  Aristotle  possessed. 

The  writers  on  Rhetoric  among  the  ancients  whose 
works  arc  lost,  seem  to  have  been  numerous ; but 
most  of  them  appear  to  have  confined  themselves  to 
a very  narrow  view  of  the  subject ; and  to  have  been 
occupied,  as  Aristotle  complains,  with  the  minor 
details  of  style  and  arrangement,  and  with  the  sophis- 
tical tricks  and  petty  artifices  of  the  Pleader,  instead 
of  giving  a masterly  and  comprehensive  sketch  of  the 
essentials. 

Among  the  moderns,  few  writers  of  ability  have 
turned  their  thoughts  to  the  subject ; and  but  little 
has  been  added,  either  in  respect  of  matter,  or  of 
system,  to  what  the  ancients  have  left  us.  It  were 
most  unjust  however  to  leave  unnoticed  Dr,  Camp- 
bell's Philosophy  of  Rhetoric : a work  which  does 
not  enjoy  indeed  so  high  a degree  of  popular 
favour  as  Dr.  Blair's,  but  is  incomparably  superior 
to  it,  not  only  in  depth  of  thought  and  ingenious 
original  research,  but  also  in  practical  utility  to 
the  student.  The  title  of  Dr.  Campbell's  work  has 
perhaps  deterred  many  readers,  who  hud  concluded  it 
to  be  more  abstruse  and  less  popular  in  its  character 
than  it  really  is.  Amidst  much  however  that  is 
readily  understood  by  any  moderately  intelligent 
reader,  there  is  much  also  that  calls  for  some  exertion 
of  thought,  which  the  indolence  of  most  readers  re- 
fuses to  bestow.  And  it  must  be  owned  that  he  also 
in  some  instances  perplexes  his  readers  by  being  per- 
plexed himself,  and  bewildered  in  the  discussion  of 
questions  through  which  be  does  not  clearly  see  his 
way.  His  great  defect,  which  not  only  leads  him 
into  occasional  errors,  but  leaves  many  of  his  best 
ideas  but  imperfectly  developed,  is  his  ignorance  and 
utter  misconception  of  the  nature  and  object  of  Logic, 
on  which  some  remarks  were  made  in  our  article  on 
that  Science.  Rhetoric  being  in  troth  an  off-shoot  of 
Logic,  that  Rhetorician  must  labour  under  great 
disadvantages  who  is  not  only  ill-acquainted  with  that 
system,  but  also  utterly  unconscious  of  his  deficiency. 

From  a general  view  of  the  history  of  Rhetoric, 
two  questions  naturally  suggest  themselves,  which  on 
examination  will  be  found  very  closely  connected 
together  : 1st,  what  is  the  cause  of  the  careful  and 


extensive  cultivation,  among  the  ancients,  of  an  Art  fatrodno- 
which  the  moderns  have  comparatively  neglected ; 1 u>,7 

and  My,  whether  the  former  or  the  latter  are  to  be  0**'°"' 

regarded  as  the  wiser  in  this  respect  j— in  other  words,  "* 

whether  Rhetoric  be  worth  any  diligent  cultivation. 

With  regard  to  the  first  of  these  questions,  the 
answer  generally  given  is  that  the  nature  of  the  Govern- 
ment in  the  ancient  deniocrntical  States  caused  a 
demand  for  public  speakers,  and  fur  such  speakers  as 
Should  be  able  to  gain  influence  not  only  with  edu- 
cated persons  in  disjmssionate  deliberation,  but  with 
& promiscuous  multitude  , and  accordingly  it  is  re- 
marked, that  the  extinction  of  liberty  brought  with  it, 
or  at  least  brought  after  it,  the  decline  of  Eloquence  ; 
as  is  justly  remarked  (though  in  a courtly  form)  by 
the  author  of  the  dialogue  on  Oratory,  which  passes 
under  the  name  of  Tacitus  : **  Quid  tnim  opus  tst  longis 
t«  Senatu  senteniiis,  rum  optmi  cito  consentiant  >*  7 aid, 
multis  apud  populism  evneionibus,  cum  de  Republica  non 
imperils  et  multi  delibercni,  setl  sopientusimus,  et  unus  f 

This  account  of  the  matter  is  undoubtedly  correct 
us  far  os  it  goes  ; but  the  importance  of  public  speaking 
is  so  great,  in  our  own,  and  all  other  countries  that  are 
not  under  a despotic  Government,  that  the  apparent 
neglect  of  the  study  of  Rhetoric  seems  to  require 
some  further  explanation.  Part  of  this  explanation 
may  be  supplied  by  the  consideration,  that  the  dif- 
ference in  this  respect  between  the  ancients  and  our- 
selves, is  not  so  great  in  reality  as  in  appearance. 

When  the  only  way  of  addressing  the  public  was  by 
orations,  and  when  all  political  measures  were  debated 
in  popular  assemblies,  the  characters  of  Orator, 

Author,  and  Politician,  utmost  entirely  coincided ; 
he  who  would  communicate  his  ideas  to  the  world, 
or  would  gain  political  power,  and  carry  his  legis- 
lative schemes  into  effect,  was  necessarily  a Speaker  ; 
since  as  Pericles  is  made  to  remark  by  Thucydides, 

" one  who  forms  a judgment  on  any  point,  but  can- 
not explain  himself  clearly  to  the  people,  might  as 
well  have  never  thought  at  all  on  the  subject."  * The 
consequence  was,  that  almost  all  who  sought,  and  all 
who  professed  to  give,  instruction,  in  the  principles 
of  Government,  and  the  conduct  of  judicial  proceed- 
ings, combined  these,  in  their  minds  and  in  their 
practice,  with  the  study  of  Rhetoric,  which  was 
necessary  to  give  effect  to  all  such  attainments  ; and 
in  time  the  Rhetorical  writers  (of  whom  Aristotle 
makes  that  complaint)  came  to  consider  the  Science 
of  Legislation  and  of  Politics  in  general,  as  a part  of 
their  own  Art. 

Much  therefore  of  what  was  formerly  studied  under 
the  name  of  Rhetoric  is  still*  under  other  names,  as 
generally  and  as  diligently  studied  as  ever. 

It  cannot  be  denied  however  that  a great  difference, 
though  less,  as  we  have  said,  then  might  at  first 
sight  appear,  does  exist  between  the  ancients  and  the 
moderns  in  this  point  j — that  what  is  strictly  and 
properly  called  Rhetoric,  is  much  less  studied,  at 
least  less  systematically  studied,  now,  than  formerly. 

Perhaps  this  also  may  be  in  some  measure  accounted 
for  from  the  circumstances  which  have  been  just 
noticed.  Such  is  the  distrust  excited  by  any  suspicion 
of  Rhetorical  artifice,  that  every  speaker  or  writer 
who  is  anxious  to  carry  his  point,  endeavour#  to  dis- 
own or  to  keep  out  of  sight,  any  superiority  of 
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Rhetoric,  skill ; and  wishes  to  be  considered  os  relying  rather 
on  the  strength  of  his  cause,  and  the  soundness  of  his 
views,  than  on  his  ingenuity  and  expertness  as  an 
advocate,  lienee  it  is,  that  even  those  who  have 
paid  the  greatest  and  the  most  successful  attention  to 
the  study  of  Composition  and  of  Elocution,  are  so  far 
from  encouraging  others  by  example  or  recommenda- 
tion to  engage  in  the  same  pursuit,  that  they  Labour 
rather  to  conceal  and  disavow  their  own  prottciency  \ 
and  thus,  theoretical  rules  are  decried,  even  by  those 
who  owe  the  most  to  them.  Whereas  among  the 
ancients,  the  same  cause,  did  not,  for  the  reasons 
lately  mentioned,  operate  to  the  some  extent  ; since, 
however  careful  any  speaker  might  be  to  disown  the 
artifices  of  Rhetoric  properly  so  called,  he  would  not  be 
ashamed  to  acknowledge  himself,  generally,  a student, 
or  a proficient  in  an  Art  which  was  understood  to 
include  the  elements  of  Political  wisdom. 

With  regard  to  the  other  question  proposed,  viz. 
concerning  the  utility  of  Rhetoric,  it  is  to  be  observed 
that  it  divides  itself  into  two  ; 1st,  whether  Oratorical 
skill  be,  on  the  whole  a public  benefit,  or  evil ; and 
Sndly,  whether  any  artificial  System  of  Rules  is  con- 
ducive to  the  attainment  of  that  skill.  The  former 
of  these  questions  was  eagerly  debated  among  the 
ancients ; on  the  latter  but  little  doubt  seems  to 
have  existed.  With  us,  on  the  contrary,  the  state  of 
these  questions  seems  nearly  reversed.  It  seenis 
generally  admitted  that  skill  in  Composition  and  in 
Speaking,  liable  as  it  evidently  is,  to  abuse,  is  to  be 
considered,  on  the  whole,  us  advantageous  to  the 
public  ; because  that  liability  to  abuse  is  neither  in 
this,  nor  in  any  other  case,  to  be  considered  as  con- 
clusive against  the  utility  of  any  kind  of  art,  faculty, 
or  profession  ; — because  the  evil  effects  of  misdirected 
power,  require  that  equal  powers  should  be  arrayed 
on  the  opposite  side  ; — and  because  truth  having 
an  intrinsic  superiority  over  falsehood,  may  be  ex- 
pected to  prevail  when  the  skill  of  the  contending 
parties  is  equal  j which  will  be  the  more  likely  to 
take  place,  the  more  widely  such  skill  is  diffused. 
But  many,  perhaps  most  persons,  are  inclined  to  the 
opinion  that  Eloquence  either  in  writing  or  speaking, 
is  either  a natural  gift,  or  at  least,  is  to  be  acquired 
only  by  practice,  and  is  not  to  be  attained  or  im- 

S roved  by  any  system  of  rules.  And  this  opinion  is 
ivoured  not  least  by  those  (as  has  been  just  ob- 
served) whose  own  experience  would  enable  them 
to  decide  very  differently  and  it  certainly  seems 
to  be  in  a great  degree  practically  adopted.  Most 
persons,  if  not  left  entirely  to  the  disposal  of  chance 
in  respect  of  this  branch  of  education,  are  at  least 
left  to  acquire  what  they  can  by  practice,  such  as 
school  or  college  exercises  afford,  without  much  cure 
being  taken  to  initiate  them  systematically  into  the 
principles  of  the  Art ; and  that,  frequently,  not  so 
much  from  negligence  in  the  conductors  of  education, 
as  from  their  doubts  of  the  utility  of  any  such  regular 
system. 

It  certainly  must  be  admitted,  that  rules  not  con- 
structed on  broad  Philosophical  principles,  are  more 
likely  to  cramp,  than  to  assist  the  operations  of  our 
faculties  ; — that  a pedantic  display  of  technical  skill  is 
more  detrimental  in  this  than  in  any  other  pursuit, 
since  by  exciting  distrust,  it  counteracts  the  very  pur- 
pose of  it  that  a system  of  rules  imperfectly  com- 
prehended, or  not  familiarized  by  practice,  will. 


(while  that  continues  to  be  the  case,)  prove  rather  lairodu*- 
an  impediment  than  a help  ; as  indeed  will  be  found 
in  all  other  Arts  likewise - and  thst  no  system  can 
be  expected  to  equalise  men  whose  natural  powers  arc 
different  : but  none  of  these  concessions  at  all  inva- 
lidate the  positions  of  Aristotle ; that  some  succeed 
better  than  others  in  explaining  their  opinions,  and 
bringing  over  others  to  them  j and  that,  not  merely  by 
superiority  of  natural  gifts,  but  by  acquired  habit ; and 
that  consequently  if  we  can  discover  the  causes  of  this 
superior  success,— -the  means  by  which  the  desired  end 
is  attained  by  oil  who  do  attain  it, — we  shall  be  in  pos- 
session of  rules  capable  of  general  application  : vrsp 
tori,  says  he,  Experience  so  plainly 

evinces,  what  indeed  we  might  naturally  be  led 
antecedently  to  conjecture,  that  a right  judgment  on 
any  subject  is  not  necessarily  accompanied  by  skill 
in  effecting  conviction, — nor  the  ability  to  discover 
truth,  by  a facility  in  explaining  it, — that  it  might  be 
matter  of  wonder  how  any  doubt  should  ever  have 
existed  as  to  the  possibility  of  devising,  and  the  utility 
of  employing,  a System  of  Rules  for  “ Argumentative 
Composition,"  generally,  distinctfrom  any  system  con- 
versant about  the  subject-matter  of  each  composition. 

It  is  probable  that  the  existing  prejudices  on  this 
subject  may  be  traced  in  great  measure  to  the  im- 
perfect or  incorrect  notions  of  some  writers,  who 
have  cither  confined  their  attention  to  trifling  minutiae 
of  style,  or  at  least  have  in  some  respect  failed  to 
take  a sufficiently  comprehensive  view’  of  the  principle* 
of  the  Art.  One  distinction  especially  is  to  be  clearly 
laid  down  and  carefully  borne  in  mind  by  those  who 
would  form  a correct  idea  of  those  principles ; via. 
the  distinction  already  noticed  under  the  article  Logic, 
between  an  Art,  and  Me  Art.  “ An  Art  of  Reasoning’’ 
would  imply,  •'«  System  of  Rules  by  the  observance 
of  which  one  may  Reason  correctly  •/*  “ the  Art  of 
Reasoning'’  would  imply  a System  of  Rules  to  which 
every  one  docs  conform,  (whether  knowingly,  or  not) 
who  reasons  correctly  : and  such  is  Logic,  considered 
as  an  Art.  In  like  manner  “ an  Art  of  Composition" 
would  imply  “ a System  of  Rules  by  which  a good 
Composition  may  be  produced  ;’*  ,r  the  Art  of  Compo- 
sition,"— “ such  rules  as  every  good  Composition  must 
conform  to,”  whether  the  author  of  it  bad  them  in 
his  mind  or  not.  Of  the  former  character  appear  to 
have  been  (among  others)  many  of  the  Logical  and 
Rhetorical  Systems  nf  Aristotle’s  predecessors  in  those 
departments  : he  himself  evidently  takes  the  other  and 
more  Philosophical  view  of  both  branches  : os  appears 
(in  the  case  of  Rhetoric)  both  from  the  plan  he  seta 
out  with,  that  of  investigating  the  causes  of  the  suc- 
cess of  all  who  do  succeed  in  effecting  conviction,  and 
from  several  passages  occurring  in  various  parts  of 
his  Treatise,  which  indicate  how  sedulously  he  was  on 
his  guard  to  conform  to  that  plan.  Those  who  have 
not  attended  to  the  important  distinction  just  alluded 
to,  are  often  disposed  to  feel  wonder,  if  not  weariness, 
at  his  reiterated  remarks,  that  **  all  men  effect  per- 
suasion cither  in  this  way  or  in  that  *4  it  is  impotable 
to  attain  such  and  such  an  object  in  any  other  way  j** 

&c.  which  doubtless  were  intended  to  remind  his 
readers  of  the  nature  of  his  design  \ viz.  not,  to  teach 
an  Art  of  Rhetoric  but  Me  Art ; — nut  to  instruct  them 


jOOQIC 


• Rkti.  book  i.  eh.  i. 


R H E T 

Rhetoric,  nwrelj  how  conviction  might  be  produced  but  how  it 
mutt. 

If  this  distinction  were  carefully  kept  in  view  by 
the  teacher  and  by  the  lcurncr  of  Rhetoric,  wc  should 
no  looger  bear  complaints  of  the  natural  powers 
being  fettered  by  the  formalities  of  a System  ; since 
no  such  complaint  can  lie  against  a System  whose 
Rules  are  drawn  from  the  invariable  practice  of  all 
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who  succeed  in  attaining  their  proposed  object  No  latorntm  • 
one  would  expect  that  the  study  of  Sir  Joshua  Rey- 
noldss  lectures,  would  cramp  the  genius  of  the  painter.  S*r_n* 
No  one  complains  of  the  Rules  of  Grammar  as  fettering  Oi*p.  f. 
Language  ; because  it  is  understood  that  correct  use 
is  not  founded  ou  Grammar,  but  Grammar  upon  cor- 
rect use.  A just  system  of  Logic  or  of  Rhetoric,  is 
analogous,  in  this  respect,  to  Grammar. 


CHAPTER  I. 

Or  TUB  INVENTION,  ARRANGEMENT,  AND  INTRODUCTION  Of  AROUMENTS. 


It  has  been  formerly  remarked  in  our  Treatise  on 
Logic,  that  in  the  process  of  Investigation  properly  so 
called,  viz.  that  by  which  we  endeavour  to  discover 
Truth,  it  must  of  course  be  uncertain  to  him  who  is  en- 
tering on  that  process,  what  the  conclusion  will  be,  to 
which  his  researches  will  lend  ; but  that  in  the  pro- 
cess of  conveying  truth  to  others  by  reasoning,  (i.  e. 
that  which  according  to  the  view  we  have  at  present 
taken,  may  he  termed  the  Rhetorical  procins,)  the 
conclusion  or  conclusions  which  are  to  be  established 
must  be  present  to  the  mind  of  him  who  is  conduct- 
ing the  Argument,  and  whose  business  is  to  find 
Proofs  of  a given  proposition. 

It  is  evident  therefore,  that  the  first  step  to  be 
token  by  him,  is,  to  lay  down  distinctly  in  his  own 
mind,  the  proposition  or  propositions  to  be  proved. 
It  might  indeed  at  first  sight  appear  superfluous  even 
to  mention  so  obvious  a rule ; but  experience  shows 
that  it  is  by  no  means  uncommon  for  a young  or  ill- 
instructed  writer  to  content  himself  with  such  a 
vague  and  indistinct  view  of  the  point  he  is  to  aim  at, 
that  the  whole  train  of  his  reasoning  is  in  consequence 
affected  with  a corresponding  perplexity,  obscurity, 
and  looseness.  It  may  be  worth  while  therefore  to 
give  some  hints  for  the  conduct  of  this  preliminary 
process,—- the  choice  of  propositions.  Not,  of  course 
that  wc  are  supposing  the  author  to  be  in  doubt  what 
opinion  he  shall  adopt .•  the  process  of  Investigation 
(which  docs  not  fall  within  the  province  of  Rhetoric) 
being  supposed  to  be  concluded  ; but  still  there  will 
often  be  room  for  deliberation  as  to  the  form  in  which 
an  opinion  shall  be  stated,  and,  when  several  propo- 
sitions are  to  be  maintained,  in  what  order  they  shall 
be  placed. 

On  this  head  therefore  we  shall  proceed  to  propose 
some  rules;  after  having  premised  (in  order  to  antici- 
pate some  objections  or  doubts  which  might  arise) 
one  remark  relative  to  the  object  to  be  effected.  This 
is  of  course,  what  may  be  called,  in  the  widest  sense 
of  the  word,  Conviction  ; but  under  that  term  are 
comprehended  1st,  what  is  strictly  called  Instruction  ; 
and  Sndly,  Conviction  in  the  narrower  sense;  i. e.  the 
Conviction  of  those  who  are  either  of  a contrary 
opinion  to  the  one  maintained,  or  who  are  ta  doubt 
whether  to  admit  or  deny  it.  By  Instruction  on  the 
other  hand,  is  commonly  meant  the  Conviction  of  those 
who  have  neither  formed  an  opinion  on  the  subject, 
nor  are  deliberating  whether  to  adopt  or  reject  the 
proposition  in  question,  but  are  merely  desirous  of 


ascertaining  what  is  the  truth  in  respect  of  the  case 
before  them.  The  former  ore  supposed  to  have  before 
their  minds  the  terms  of  the  proposition  maintained, 
and  arc  called  upon  to  consider  whether  that  particular 
proposition  be  true  or  false ; the  latter  are  not  sup- 
posed to  know  the  terms  of  the  conclusion,  but  to  be 
inquiring  ichat  proposition  is  to  be  received  as  true. 
It  is  evident  that  the  speaker  or  writer  is,  relatively 
to  these  last,  (though  not  to  himself,)  conducting  a 

rocess  of  Investigation  ; as  is  plain  from  what  has 

een  said  of  that  subject,  in  the  article  Logic. 

The  distinction  between  these  two  objects  gives  rise 
in  some  points  to  corresponding  differences  in  the  mode 
of  procedure,  which  will  be  noticed  hereafter ; these 
differences  however  are  not  sufficient  to  require  that 
Rhetoric  should  on  that  account  be  divided  into  two 
distinct  branches,  since,  generally  speaking,  though 
not  universally,  the  same  rules  will  be  serviceable  for 
attaining  each  of  these  objects. 

$ 1.  The  first  step  is,  os  we  have  observed,  to  lay 
down,  (in  the  author's  mind,)  the  proposition  or  pro- 
positions to  be  maintained,  clearly,  and  in  a suitable 
form.  He  who  makes  a point  of  observing  this  rule, 
and  who  is  thus  brought  to  view  steadily  the  point  he 
is  aiming  at,  will  be  kept  clear,  in  a great  degree,  of 
some  common  faults  of  young  writers;  viz.  entering 
on  too  wide  n field  of  discussion,  and  introducing  many 
propositions  not  sufficiently  connected;  an  error  which 
destroys  the  unity  of  the  composition.  This  last  error 
those  are  apt  to  fall  into,  who  place  before  themselves 
a Term  instead  of  a Proposition  ; and  imagine  that  be* 
cause  they  are  treating  of  one  thing,  they  are  discussing  one 
question.  In  an  Ethical  work,  for  instance,  one  may  be 
treating  of  virtue,  while  discussing  all  or  any  of  these 
questions  ; " Wherein  virtue  consists?"  “ Whence  our 
notions  of  it  arise  ?’’**  Whence  itderives  its  obligation  >** 
&c.,  but  if  these  questions  were  confusedly  blended 
together,  or  if  all  of  them  were  treated  of  within  a short 
compass,  the  most  just  remarks  and  forcible  argu- 
ments would  lose  their  interest  and  their  utility  in  so 
perplexed  a composition. 

Nearly  akin  to  this  fault,  is  the  other  just  men- 
tioned, that  of  entering  on  too  wide  a field  for  the 
length  of  the  work ; by  which  means  the  writer  is 
confined  to  barren  and  uninteresting  generalities  ; as 
e.  g.  in  genersd  exhortations  to  virtue,  (conveyed,  of 
course,  in  very  general  terras,)  in  the  space  of  a dis- 
course only  of  sufficient  length  to  give  a charac- 
teristic description  of  some  one  branch  of  duty,  or 
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Rhetoric,  of  some  one  particular  motive  to  the  practice  of  it. 
— - -v-^'  Unpractised  composers  are  apt  to  fancy  that  they 
shall  have  the  greater  abundance  of  matter,  the  wider 
extent  of  subject  they  comprehend  ; but  experience 
shows  that  the  reverse  is  the  fact : the  more  general 
and  extensive  view  will  often  suggest  nothing  to  the 
mind  but  vague  and  trite  remarks,  when  upon  narrow- 
ing the  field  of  discussion,  many  interesting  questions 
of  detail  present  themselves.  Now  a writer  who  is 
accustomed  to  state  to  himself  precisely,  in  the  first 
instance,  the  conclusions  to  which  he  is  tending,  will 
be  the  less  likely  to  content  himself  with  such  as 
consist  of  very  general  statements  ; and  will  often  be 
led,  even  where  an  extensive  view  is  at  first  proposed, 
to  distribute  it  into  several  branches,  and  waiving  the 
discussion  of  the  rest,  to  limit  himself  to  the  full  dc- 
velopement  of  one  or  two ; and  thus  applying,  as  it 
were,  a microscope  to  a small  space,  will  present  to 
the  view  much  that  a wider  survey  would  not  have 
exhibited. 

It  may  be  useful,  for  one  who  is  about  thus  to  lay 
down  his  propositions,  to  ask  himself  these  three 
questions  : 1st,  What  is  the  fact  > 2ndly,  Why  (i.  e. 
from  what  Cause)  is  it  so  ; or,  in  other  words,  how 
is  it  accounted  for  ? and  Srdly,  What  Consequence 
results  from  it  ? 

The  last  two  of  these  questions,  though  they  will 
not  in  every  case  suggest  such  answers,  as  arc  strictly 
to  be  called  the  Cause  and  the  Consequence  of  the 
principal  truth  to  he  maintained,  may,  at  least,  often 
furnish  such  propositions  as  hear  a somewhat  similar 
relation  to  it. 

It  ia  to  he  observed  that  in  recommending  the  writer 
to  begin  hv  laying  down  in  his  own  mind  the  propo- 
sitions to  be  maintained,  it  is  not  meant  to  be  implied 
that  they  are  always  to  be  stated  first ; that  will  de- 
pend upon  the  nature  of  the  case,  and  rules  will  here- 
after be  given  on  that  point. 

It  is  to  be  observed  also,  that  by  the  words  “ Pro- 
position" or  " Assertion,"  throughout  this  Treatise,  is 
to  be  understood  some  conclusion  to  be  established  for 
itself;  not  with  a view  to  an  ulterior  conclusion : those 
propositions  which  are  intended  to  serve  as  premises, 
being  called,  in  allowable  conformity  with  popular 
usage,  Arguments ; it  being  customary  to  argue  in  the 
enthymematic  form,  and  to  call,  for  brevity’s  sake, 
the  expressed  premiss  of  an  enthymeme,  the  argument 
by  which  the  conclusion  of  it  is  proved. 

Of  Arguments . 

§ 2.  Arguments  are  divided  according  to  several  dif- 
ferent principles ; L c.  logically  speaking,  there  are 
several  divisions  of  them.  And  these  cross -divisions  have 
proved  a source  of  endless  perplexity  to  the  Logical  and 
Rhetorical  student,  because  the  writers  on  those  sub- 
jects have  not  been  aware  of  them.  Hardly  any  thing 
perhaps  has  contributed  so  much  to  lessen  the  interest 
and  the  utility  of  systems  of  Rhetoric,  as  the  indistinct- 
ness hence  resulting.  When  in  any  subject  the  mem- 
bers of  a division  are  not  opposed,  but  are  in  fact 
members  of  different  divisions  crossing  each  other,  it 
is  manifestly  impossible  to  obtain  any  clear  notion  of 
the  species  treated  of ; nor  will  any  labour  or  ingenuity 
bestowed  on  the  subject  be  of  the  least  avail,  till  the 
original  source  of  perplexity  is  removed  ■, — till,  in 
short,  the  cross-division  is  detected  and  explained. 

Arguments  then  may  be  divided. 


1st,  Into  Irregular,  and  Regular,  i.  e.  Syllogisms  ; Chap.  1. 
these  last  into  Categorical  aud  Hypothetical ; and  the v— *■ “v'— 
former  into  Syllogisms  in  the  first  Figure,  and  in  the 
other  figures,  fee.  fee. 

2ndly,  They  are  frequently  divided  into  “ Moral,1' 

(or  " Probable/’)  and  “ Demonstrative,"  (or  “ Ne- 
cessary.”) 

3rdly,  Into  “ Direct"  and  “ Indirect/’  (or  reductio 
ad  absurdum,)  the  Deictic  and  Elenctic  of  Aristotle. 

4thly,  Into  Arguments  from  “ Example,"  from 
“ Testimony/*  from  “ Cause  to  Effect,”  from  “ Ana- 
logy," fee.  &c. 

It  will  be  perceived  on  attentive  examination,  that 
several  of  the  different  species  just  mentioned  will 
occasionally  contain  each  other  ; e.  g.  a probable  Argu- 
ment may  be  at  tbe  same  time  a Categorical  Argument, 
a Direct  Argument,  und  an  Argument  from  Testimony, 
fee.  j this  being  the  consequence  of  Arguments  having 
been  divided  on  several  different  principles;  a circum- 
stance so  obvious  the  moment  it  is  distinctly  stated, 
that  we  apprehend  such  of  our  readers  as  have  not 
been  conversant  in  these  studies,  will  hardly  be  dis- 
posed to  believe  that  it  could  have  been  (as  is  the  fact) 
generally  overlooked,  und  that  eminent  writers  should 
in  consequence  have  been  involved  in  inextricable 
confusion.  Wc  need  only  remind  them  however  of  the 
anecdote  of  Columbus  breaking  tbe  egg  ; that  which  is 
perfectly  obvious  to  any  man  of  common  sense,  as 
soon  as  it  is  mentioned,  may  nevertheless  fail  to  occur, 
even  to  men  of  considerable  ingenuity. 

It  will  also  be  readily  perceived,  on  examining  tbe 
principles  of  these  several  divisions,  that  the  last  of 
them  alone  is  properly  and  strictly  a division  of  Argu- 
ments as  such.  The  1st  is  evidently  a division  of  the 
Forms  of  stating  them  ; for  every  one  would  allow  that 
the  same  Argument  may  be  either  stated  as  an  enthy- 
mcme,  or  brought  into  the  strict  syllogistic  form  ; and 
that  .either  categorically  or  hypothetically,  fee.,  e.  g. 

“ Whatever  has  a beginning  has  a cause ; the  earth 
had  a beginning,  therefore  it  had  a cause  /*  or,  “ If 
the  earth  had  a beginning  it  had  a cause  : it  had  a be- 
ginning/’ fee.  everyone  would  call  the  same  Argument, 
differently  stated.  This,  therefore,  evidently  is  not  a 
division  of  Arguments  as  such. 

The  2nd  is  plainly  a division  of  Arguments  according 
to  their  subject-matter,  whether  Necessary  or  Probable, 
certain  or  uncertain.  In  Mathematics,  c.  g.  every  pro- 
position that  can  be  stated  is  either  an  immutable 
truth,  or  an  absurdity  and  contradiction ; while  in  human 
affairs  the  propositions  which  we  assume  are  only  true 
for  tbe  most  pert,  and  as  general  rules ; and  in  Physics, 
though  they  must  be  true  as  long  os  the  laws  of  nature 
remain  undisturbed,  the  contradiction  of  them  does 
not  imply  an  absurdity ; and  the  conclusions  of  course, 
in  each  case,  have  the  same  degree  and  kind  of  cer- 
tainty with  the  premises.  This,  therefore,  is  properly 
n division,  not  of  Arguments  as  such,  but  of  the  Pro- 
positions of  which  they  consist. 

The  3rd  is  a division  of  Arguments  according  to  the 
purpose  for  which  they  are  employed  ; — according  to 
the  intention  of  the  reasoner  ; whether  that  be  to  esta- 
blish “directly”  (or  “ostensively")  the  conclusion  drawn, 
or  (“  indirectly")  by  means  of  an  absurd  conclusion 
to  disprove  one  of  the  premises  : (i.  e.  to  prove  its 
contradictory)  since  the  alternative  proposed  in  every 
valid  Argument  is,  either  to  admit  the  conclusion,  or 
to  deny  one  of  the  premises.  Now  it  may  so  happen 
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Rkctork.  that  in  xome  cases,  one  person  will  choose  the  former, 
anil  another  the  latter,  of  these  alternatives.  It  is 
probable,  e.  g.  that  many  has©  been  induced  to  admit 
the  doctrine  of  Traxuubatantiation,  from  its  clear 
connection  with  the  infallibility  of  the  Romish  Church  ; 
and  many  others,  by  the  very  same  Argument,  have  sur- 
rendered their  belief  in  that  infallibility.  Again,  Berkley 
and  Reid  seem  to  have  alike  admitted  that  the  non- 
existence  of  matter  wus  necessary  consequence  of 
Locke's  Theory  of  Ideas  ; but  the  former  was  hence 
led,  bond  fide,  to  admit  and  advocate  that  non-exis- 
tence, while  the  latter  was  led  by  the  very  same 
Argument  to  reject  the  Ideal  Theory.  Thus,  we  see 
it  is  possible  for  the  very  same  Argument  to  be  Direct 
to  one  person,  and  Indirect  to  another  ; leading  them 
to  different  results,  according  as  they  judge  the  origi- 
nal conclusion,  or  the  contradictory  of  a premiss,  to  be 
the  more  probable.  This,  therefore,  is  not  properly 
a division  of  Argument*  as  such,  but  a division  of  the 
purposes  for  which  they  are  employed. 

The  4th,  which  alone  is  properly  a division  of  Argu- 
ments as  such,  and  accordingly  will  be  principally 
treated  of,  is  a division  according  to  the  “ relation  of 
the  subject-matter  of  the  premises  to  that  of  the  con- 
clusion." We  say,  n of  the  subject-matter,"  because 
the  logical  connection  between  the  premises  and  con- 
clusion is  independent  of  the  meaning  of  the  terms 
employed,  and  may  be  exhibited  with  letters  of  the 
alphabet  substituted  for  the  terms  j but  the  relation 
we  are  now  speaking  of  between  the  premises  and 
conclusion,  (and  the  varieties  of  which  form  the  seve- 
ral species  of  Arguments,)  is  in  respect  of  their  subject- 
matter  5 as  e.  g.  an  “ Argument  from  Cause  to  Effect" 
is  so  called  and  considered,  in  reference  to  the  rela- 
tion existing  between  the  premiss,  which  is  the 
Cause,  and  the  conclusion,  which  is  the  Effect ; and 
an  **  Argument  from  Example,”  In  like  manner,  from 
the  relation  between  a known  and  an  unknown  in- 
stance, both  belonging  to  the  same  class.  And  it  is 
plain  that  the  present  division,  though  it  has  a re- 
ference to  the  subject-matter  of  the  premises,  is  yet 
not  a division  of  propositions  considered  by  them- 
selves, (as  in  the  case  with  the  division  into  probable 
and  demonstrative,)  but  of  Arguments  considered  os 
such ; for  when  we  say.  e.  g.  that  the  premiss  is  a 
Cause,  and  the  conclusion  the  Effect,  these  expres- 
sions are  evidently  relative,  and  have  no  meaning, 
except  in  reference  to  each  other  ; and  so  also  when 
we  say  that  the  premiss  and  the  conclusion  are  two 
parallel  cases,  that  very  expression  denotes  their 
relation  to  each  other. 

In  distributing,  then,  the  several  kinds  df  Argu- 
ments, according  to  this  division,  it  will  be  found 
convenient  to  lay  down  first  two  great  classes,  under 
one  or  other  of  which  all  can  be  brought  ; viz. 
1st,  such  Arguments  as  might  have  been  employed 
to  account  for  the  fact  or  principle  maintained,  sup- 
posing it9  truth  granted  ; 2nd,  such  as  could  not  be 
so  employed.  The  former  class  (to  which  in  this 
Treatise,  the  name  of  A priori  ” Argument  will  be  con- 
fined,) is  manifestly  Argument  from  Cause  to  Effect ; 
since  to  account  for  any  thing,  signifies  to  assign  the 
Cause  of  it.  The  other  class,  of  course,  comprehends 
all  other  Arguments,  of  which  there  are  several  kinds, 
which  will  be  mentioned  hereafter. 

The  two  sorts  of  proof  which  have  been  just 
spoken  of,  Aristotle  seems  to  have  intended  to  de- 


signate by  the  titles  of  Srt  for  the  latter,  and  hen  for  Chap.  I. 
the  former ; but  he  has  not  been  so  clear  as  could 
be  wished,  in  observing  the  distinction  between 
them.  The  only  decisive  test  by  which  to  distinguish 
the  Arguments  which  belong  to  the  one,  and  to  the 
other  of  these  classes  is,  to  ask  the  question,  “ Sup- 
posing the  proposition  in  question  to  he  admitted, 
would  this  Argument  serve  to  account  for  the  truth, 
or  not  ?”  It  will  then  be  readily  referred  to  the 
former  or  to  the  latter  class,  according  as  the  answer 
is  in  the  affirmative  or  the  negative,  as,  e.  g.  if  a 
murder  were  imputed  to  any  one  on  the  grounds  of 
bis  “ having  a hatred  to  the  deceased,  and  an  interest 
in  his  death,”  the  Argument  would  belong  to  the 
former  class  ; because,  supposing  his  guilt  to  be  ad- 
mitted, and  an  inquiry  to  be  mode  how  he  come  to 
commit  the  murder,  the  circumstances  just  mentioned 
would  serve  to  account  for  it } but  not  so,  with  respect 
to  such  an  Argument  as  his  “ having  blood  on  his 
clothes }”  which  would  therefore  be  referred  to  the 
other  class. 

And  here  let  it  be  observed,  once  for  all,  that  when 
we  speak  of  arguing  from  Cause  to  Effect,  it  is  not 
intended  to  maintain  the  real  and  proper  efficacy  of 
what  are  called  Physical  Causes  to  produce  their  re- 
spective Effects,  nor  to  enter  into  any  discussion  of  the 
controversies  which  have  been  raised  on  that  point, 
which  would  be  foreign  from  the  present  purpose. 

The  word  “ Cause,"  therefore,  is  to  be  understood  as 
employed  in  the  popular  sense  j as  well  as  the  phrase 
of  " accounting  for"  any  fact. 

As  far,  then,  as  any  Cause,  popularly  speaking,  has 
a tendency  to  produce  a certain  Effect,  so  far  its 
existence  is  an  Argument  for  that  of  the  Effect.  If 
the  Cause  be  fully  sufficient,  and  no  impediments  in- 
tervene, the  Effect  in  question  follows  certainly  \ and 
the  nearer  we  approach  to  this,  the  stronger  the 
Argument. 

This  is  the  kind  of  Argument  which  produces, 

(when  short  of  absolute  certainty,)  that  species  of 
the  Probable  which  is  usually  called  the  Plausible. 

On  this  subject  Dr.  Campbell  has  some  valuable  re- 
marks in  his  Philosophy  of  Rhetoric  (book  i.  §5.  ch.  vii.) 
though  he  has  been  led  into  a good  deal  of  perplexity, 
partly  by  not  having  logically  analyzed  the  two 
species  of  probabilities  he  is  treating  of,  and  partly 
by  departing,  unnecessarily,  from  the  ordinary  use 
of  terms,  in  treating  of  the  Plausible  as  something 
distinct  from  the  Probable,  instead  of  regarding  it  as  a 
species  of  Probability. 

This  is  the  only  kind  of  Probability  which  poets,  or 
other  writers  of  fiction,  aim  at  j and  in  such  works 
it  is  often  designated  by  the  term  " natural."  Writers 
of  this  class,  as  they  aim  not  at  producing  belief,  are 
allowed  to  take  their  '*  Causes”  for  granted,  (I.  e.  to 
assume  any  hypothesis  they  please,)  provided  they 
make  the  Effects  follow  naturally ; representing, 
that  is,  the  personages  of  the  fiction  as  acting,  and 
the  events  as  resulting,  in  the  same  manner  os  might 
have  been  expected,  supposing  the  assumed  circum- 
stances to  have  been  real.  And  hence,  the  great 
Father  of  Criticism  establishes  his  paradoxical  maxim, 
that  impossibilities  which  appear  probable,  are  to  be 
preferred  to  possibilities  which  appear  improbable. 

For,  as  he  justly  observes,  the  impossibility  of  the 
hypothesis,  as  e.  g.  in  Homer,  the  familiar  intercourse 
of  God  with  mortals,  is  no  bar  to  the  kind  of  Pro- 
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Rhetoric.  bability  required,  if  those  mortals  are  represented  as 
>— ' acting  in  the  manner  men  naturally  would  have  done 
under  those  circumstances. 

The  Probability,  then,  which  the  writer  of  fiction 
aims  at,  has,  for  the  reason  just  mentioned,  no  tendency 
to  produce  a particular,  but  only  a general  belief ; 
i.  e.  not  that  these  particular  events  actually  took 
place,  but  that  nich  are  likely,  generally,  to  take 
place  under  such  circumstances.*  In  Argumentative 
Compositions  however,  as  the  object  of  course  is  to 
produce  conviction  as  to  the  particular  point  in  ques- 
tion, the  Causes  from  which  our  Arguments  are  drawn, 
must  be  such  as  are  either  admitted,  or  may  be  proved, 
to  be  actually  existing,  or  likely  to  exist. 

On  the  appropriate  use  of  this  kind  of  Argument, 
(which  is  probably  the  «'«rov  of  Aristotle,  though  un- 
fortunately be  has  not  furnished  any  example  of  it,) 
some  Rules  will  be  laid  down  hereafter  ; our  object  at 
present  having  been  merely  to  ascertain  the  nature 
of  it.  And  here  it  may  be  worth  while  to  remark, 
that  though  we  have  applied  to  this  mode  of  Rea- 
soning the  title  of  " a priori,"  it  is  not  meant  to  be 
maintained  that  all  such  Arguments  as  have  been  by 
other  writers  so  designated,  correspond  precisely  with 
what  has  been  just  described  1 The  phrase,  “ a 
priori"  Argument,  is  not,  indeed,  employed  by  all  in 
the  same  sense  ; it  would  however  generally  be  under- 
stood to  extend  to  any  argument  drawn  from  an 
antecedent  or  forerunner,  whether  a Cause  or  not ; 
e.  g.  “ the  mercury  sinks,  therefore  it  will  rnin.“ 
Now  this  Argument  being  drawn  from  a circumstance 
which  though  an  antecedent,  is  in  no  sense  a Cause, 
would  fall  not  under  the  former,  but  the  latter,  of  the 
classes  laid  down,  since  when  rein  comes,  no  one 
would  account  for  the  phenomenon  by  the  falling  of 
the  mercury  ; and  yet  most,  perhaps,  would  class 
this  among  ” a priori"  Arguments.  In  like  manner 
the  expression,  “ a posteriori”  Arguments,  would  not 
in  its  ordinary  use,  coincide  precisely,  though  it  would, 
very  nearly,  with  the  second  class  of  Arguments. 
The  division,  however,  which  has  here  been  adopted, 
appears  to  be  both  more  Philosophical,  and  also  more 
precise,  and  consequently  more  practically  useful  than 
any  other  ; since  there  is  so  easy  and  decisive  a test  by 
which  an  Argumeut  may  be  at  once  referred  to  the 
one  or  to  the  other  of  the  classes  described. 

The  second,  then,  of  these  classes,  (viz.  " Arguments 


• On  which  ground  Aristotle  contends  that  the  end  of  Fiction 
is  more  Philosophical  than  that  of  History,  since  it  aims  at 
general,  instead  of  particular  Truth. 

t .Some  Rhetorical  students  accordingly,  partly  with  a view 
to  keep  clear  of  any  ambiguity  that  might  hence  arise,  and 
partly  for  the  sake  of  brevity,  hare  found  it  useful  to  adopt,  in 
drawing  up  an  outline,  or  analysis  of  any  composition,  certain 
arbitrary  symbols,  to  denote,  respectively,  each  class  of  Argu- 
ments and  of  Propositions  ; viz.  A,  for  the  former  of  the  two 
classes  of  Arguments  just  described,  (to  denote  “ A priori,"  or 
" Antecedent,"  probability, > and  B,  fur  the  latter,  which,  as 
consisting  of  srTcral  different  kinds,  may  hr  denominated  •*  the 
BoJp  of  evidence."  Again,  they  designate  the  proposition, 
which  arcemmti  for  the  principal  and  original  assertion,  by  a 
small  « a,"  or  flreek  a,  to  denote  its  identltv  in  nknamcr  with 
the  Argument  bearing  the  symbol  “ A,"  though  employed  fora 
different  purpose)  vis.  not  to  ntabluh  a fart  that  is  doubtful, 
but  to  account  far  one  that  is  admitted.  The  proposition,  afain, 
which  results  as  a Consequence  or  Corollary  from  the  principal 
one,  they  designate  by  the  symbol  C.  There  seems  to  be  the 
same  convenience  in  the  me  of  these  symbols  ae  Logicians  bars 
found  in  the  employment  of  A,  E,  1,  O,  to  represent  the  four 
kinds  of  Propositions  according  to  quantity  and  quality. 


which  could  not  be  used  to  account  for  the  fact  in  Chap.  I. 
question,  supposing  it  granted,")  may  be  sub-divided 
into  two  kinds ; which  will  be  designated  by  the 
terms  “Sign"  and  “Example." 

By  “ Sign,"  (so  called  from  the  of  Ari- 

stotle,) is  meant  a species  of  Argument  of  which  the 
analysis  is  as  follows  : As  far  os  any  circumstance  is, 
what  may  be  called,  a Condition  of  the  existence  of  a 
certain  effect  or  phenomenon,  so  far  it  may  be  in- 
ferred from  the  existence  of  that  Effect  : if  it  be  a 
Condition  absolutely  essential,  the  Argument  is,  of 
course,  demonstrative ; and  the  Probability  is  the 
stronger  in  proportion  as  we  approach  to  that  cose. 

Of  this  kind  is  the  Argument  in  the  instance  lately 
given  : a man  is  suspected  as  the  perpetrator  of  the 
supposed  murder,  from  the  circumstance  of  his  clothes 
being  bloody ; the  murder  being  considered  os  in  a 
certain  degree  a probable  condition  of  that  appearance  ; 
i.  e.  it  is  presumed  that  his  clothes  would  not  otherwise 
have  been  bloody.  Again,  from  the  appearance  of 
ice,  we  infer,  decidedly,  the  existence  of  a temperature 
below  freezing  point,  that  temperature  being  an  essen- 
tial Condition  of  the  crystallization  of  water. 

Among  the  circumstances  which  are  conditional  to 
any  Effect,  must  evidently  come  the  Cause  or  Causes ; 
and  if  there  be  only  one  possible  Cuu.se,  this  being 
absolutely  essential,  may  be  demonstratively  proved 
from  the  Effect : if  the  same  Effect  might  result  from 
other  Causes, then  the  Argument  is,  at  best, but  probable. 

But  it  is  to  be  observed,  that  there  are  ulso  many 
circumstances  which  have  no  tendency  to  produce  a 
certain  Effect,  though  it  cannot  exist  without  them, 
and  from  which  Effect,  consequently,  they  may  be 
inferred,  as  Conditions,  though  not  Causes;  e.  g.  a 
man's  “ being  alive  one  day,”  is  a circumstance  ne- 
cessary, ns  a Condition,  to  his  “ dying  the  next 
but  has  no  tendency  to  produce  it : his  having  been 
alive,  therefore,  on  the  former  day,  may  be  proved 
from  his  subsequent  death,  but  not  rice  t* ersd.  * 

It  is  to  be  observed  therefore,  that  though  it  is  very 
common  for  the  Cause  to  be  proved  from  its  Effect, 
it  is  never  so  proved,  so  far  forth  as  [iy]  it  is  a Cause, 
but  so  far  forth  as  it  is  a condition,  or  necessary 
circumstance. 

A Cause,  again,  may  be  employed  to  prove  an 
Effect,  (this  being  thf  first  class  of  Arguments  already 
described,;  so  far  as  it  hat  a tendency  to  produce  the 
Effect,  even  though  it  be  not  at  all  necessary  to  it  ; (i.  e. 
when  otber  Causes  may  produce  the  same  Effect,) 
and  in  this  case,  though  the  Effect  may  be  inferred 
from  the  Cause,  the  Cause  cannot  be  inferred  from  the 
Effect ; •«.  g.  from  a mortal  wound  you  may  infer 
death,  but  not  vice  vend. 

Lastly,  when  a Cause  is  also  a necessary  or  proba- 
ble condition,  i.  e.  when  it  is  the  only  possible  or 
likely  Cause,  then  we  may  argue  both  wavs  5 e.  g we 
may  infer  a General's  success  from  his  known  skill, 
or,  his  skill,  from  his  known  success  : these  two 


* It  « however  very  common,  in  the  carelessness  of  common 
language,  to  mention,  u the  Causes  of  phenomena,  circumstances 
which  everr  one  would  allow,  on  consideration,  to  be  not  Causes, 
but  only  Conditions,  of  the  Effects  in  question  ; e.  g . it  wonld 
be  said  of  a tender  plant,  that  it  was  destroyed  in  consequence 
of  not  being  covered  with  a mat ; though  every  one  would 
to  imply  that  the  frost  destroyed  it ; this  being  a Cause  too  well 
known  to  need  being  mentioned  ; and  that  which  is  spoken  of  aa 
the  Cause,  via.  the  absence  of  a covering,  being  only  the  Condition, 
without  which  the  real  Cause  could  not  bare  operated. 
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Rlirtorto.  Arguments  Wlranrinsr.  respectively,  to  the  t«vo  classes 

■ _ - v -a- ' originally  laid  down.  Ami  it  k to  be  observed  that, 
in  such  Arguments  from  Sign  its  this  lust,  the  con- 
clusion which.  f&Uo >«#,  ingimUy,  from  the  pmmili, 
being  the  Cwae  from  which  the  premiss  foliates, 
physically,  k «.  y t natural  Effect,  there  are  in  this 
cue  two  different  kinds  of  Sequcn o$  opposed  to  cock 
other.  In  Arguments  of  the  first  class,  on  the  con- 
trary, these  two  kinds  of  Sequence  are  combined  * 
i.  e.  the  Conclusion  which  follows  logically  from  the 
premiss,  is  also  the  Effect  following  physically  from  it 
us  a Cause;  a General's  skill,  e.  g.  being  both  the  Cause 
and  the  Proof  of  his  being  likely  to  succeed. 

It  is  most  important  to  keep  in  mind  the  distinction 
between  these  two  kinds  of  Sequence,  which  are,  in 
Argument,  sometimes  cotnbinetl,  and  sometimes  vp~ 
posed.  There  is  no  more  fruitful  source  of  confusion 
of  thought  than  that  ambiguity  of  language  employed 
on  these  subjects,  which  tends  to  confound  together 
these  two  things,  so  entirely  distinct  in  their  nature. 
There  is  hardly  any  argumentative  writer  on  subjects 
involving  a discussion  of  the  Causes  or  Effects  of  any 
thing,  who  has  dearly  perceived  and  steadily  kept  in 
view  the  distinction  we  have  been  speaking  of,  or 
who  has  escaped  the  errors  and  perplexities  thence 
resulting.  The  wide  extent  accordingly,  and  the 
Importance  of  the  mistakes  and  difficulties  arising  out 
of  the  ambiguity  complained  of,  is  incalculable.  To 
dilate  upon  this  point  as  fully  *u>  might  be  done  with 
advantage,  would  lead  us  beyond  our  present  limits  j 
but  it  will  not  be  foreign  to  the  purpose  of  this  article 
to  offer  some  remarks  on  the  origin  of  the  ambiguity 
complained  of,  and  on  the  cautions  to  l>e  used  in 
guarding  against  being  misled  by  it. 

The  premiss  by  which  any  thing  is  proved,  is  not 
necessarily  the  Cause  of  the  fact's  being  such  os  it  is ; 
but  it  is  the  Cause  of  our  burning  and  being  con- 
vinced that  it  is  so  i «.  g.  the  wetness  of  the  earth  is 
not  the  Cause  of  rain,  but  it  is  the  Cause  of  our 
knowing  that  it  has  rftined.  These  two  things,  the 
premiss  which  produces  our  comktim , and  the  Cause 
which  produces  that  of  which  we  are  convinced,  are 
the  more  likely  to  be  confounded  together,  in  the 
looseness  of  colloquial  language,  from  the  circum- 
stance that  (as  has  been  above  remarked)  they  fre- 
quently coincide;  as,  e.  g.  when  we  iufer  that  the 
ground  will  he  wet,  from  the  fall  of  rain  w hich  pro- 
duce* tlmt  wetness.  And  hence  it  is  that  the  same 
words  have  come  to  he  applied,  in  common,  to  each 
kind  of  Sequence  ; e.g.  an  Effect  is  said  to  “ follow” 
from  a Cause,  and  a Conclusion  to  “ follow  ” from 
the  premises;  the  words  “ Cause  ” and  “ Reason/’ 
are  each  applied  indifferently,  both  to  a Cause,  pro- 
perly so  called,  and  to  the  premiss  of  an  Argument  j 
though  “ Reason,”  in  strictness  of  speaking,  should 
be  confined  to  the  latter.  Therefore,”  “ hence,” 
“ consequently,”  &c.,  and  also,  “ since,”  “ because/* 
and  “ why,”  have  likewise  a corresponding  ambiguity. 
The  multitude  of  the  words  which  hear  this  doable 
meaning,  (and  that,  ia  all  languages,)  greatly  in- 
creases our  liability  to  be  misled  by  it ; since  thus  the 
very  means  men  resort  to  for  ascertaining  the  sense  of 
any  expression,  arc  infected  with  the  very  same  ambi- 
guity i e.  g.  if  we  inquire  what  is  meant  by  a ” Cause,” 
we  shall  be  told  that  it  is  that  from  which  something 
“follows}”  or,  which  U denoted  by  the  words 
“ therefore,”  **  consequently/*  &c.  all  which  expres- 
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sions  are  as  equivocal  and  uncertain  in  their  signifies-  Chap. 1 
tion  m the  original  one.  It  is  in  vain  to  attempt  >—• 
ascertaining  by  the  bulance  the  true  amount  of  anv 
commodity,  if  false  weights  are  placed  in  the  oppo- 
site scale.  Hence  it  ia  that  so  many  writers,  in 
investigating  the  Cause  to  which  any  fact  or  phe- 
nomenon is  to  be  attributed,  have  assigned  that  which 
ia  not  a Chute,  but  ouly  a Proof  that  the  fact  is  so ; 
and  have  thus  been  led  into  an  endless  train  of  errors 
and  perplexities. 

Several,  however,  of  the  words  in  question,  though 
employed  indiscriminately  in  both  significations, 
seem  (as  was  observed  in  the  case  of  the  word 
“Reason,")  in  their  primary  and  strict  sense,  to  be 
confined  to  one,  “ 07/’  in  Greek,  and  “ergo,”*  or 
“ itaque,”  in  Latin,  seem  originally  and  properly  to 
denote  the  Sequence  of  Effect  from  Cause;  “w/na/'t 
and  “ igitur,”  that  of  conclusion  from  premises.  The 
English  word  " accordingly/’  will  generally  be  found 
to  corre«|»ond  with  the  Latin  “ itaque.” 

The  interrogative  " why,”  is  employed  to  inquire, 
either,  1st,  the  “ Reason,  (or“  Proof;”)  $nrily,  the 
“Cause;”  or  ijnlly,  the  “object  proposed,”  or  final 
Cause  : e.  g.  1st,  Why  are  the  angles  of  a triangle 
equal  to  two  right  angles  r Qnd.  Why  arc  the  days 
shorter  in  winter  than  in  summer  ? 3rd,  Why  arc  the 
works  of  a watch  constructed  as  they  are  ? If  any 
one  were  to  ask  “ Why  the  Gospcl-revelation  is  to 
be  received  J”  he  might  intend  by  this  question  any 
one  of  these  three  inquiries  ; which  would  of  course 
require  very  different  answers. 

It  is  to  be  ohserved  that  the  discovery  of  Causes 
belongs  properly  to  the  province  of  the  Philosopher ; 
that  of  “ Reasons,”  strictly  so  called,  (i.e.  Arguments) 
to  that  of  the  Rhetorican  ; and  that,  though  each  will 
have  frequent  occasion  to  assume  the  character  of  the 
other,  it  is  most  important  that  these  two  objects 
should  not  be  confounded  together. 

Of  Signs  then  one  kind  are  such  as  from  n certain 
Effect  or  phenomenon,  infer  the  “ Cause”  of  it  ; nnd 
the  other,  such  as,  in  like  manner,  infer  some  “ Con- 
dition*' which  is  not  the  Cause.  Of  these  last,  one  spe- 
cies is  the  Argument  from  Testimony  ; the  premiss 
being  the  existence  of  the  Testimony,  the  Conclusion, 
the  truth  of  what  is  attested  ; which  is  considered  as 
a “ Condition”  of  the  Testimony  having  been  given  ; 
since  it  is  evident  that  so  far  only  m this  is  allowed, 

(i.  c.  so  far  only  ns  it  is  allowed  that  the  Testimony 
would  not  have  been  given,  had  if  not  been  true,)  can 
this  Argument  have  any  force. 

Testimony  is  of  various  kinds  ; but  the  distinction 
between  them  is  so  obvious,  as  well  as  the  various 
circumstances  which  add  to,  or  diminish  the  weight  of 
any  Testimony,  that  it  is  not  necessary  to  enter  into 
any  detailed  discussion  of  the  subject.  It  may  be  worth 
remarking,  however,  that  one  of  the  most  important 
distinctions  is  between  Testimony  to  matters  of  Fuel, 
and  to  .Docfrinei  or  Opinions  : in  estimating  the  weight 
of  the  former,  we  look  chiefly  to  the  honesty  of  the 
witness,  and  his  means  of  obtaining  information  : in 
the  latter,  his  ability  to  judge  is  equally  to  he  taken 
— - 

* Most  Logical  writers  teem  not  to  he  iwarr  of  till*,  ax  they 
•federally,  in  Latin  lYeatlaea,  employ  14  cno  **  in  the  other  •com’  j 
it  ia  from  the  Greek  tpy?.  i.  e.  “ ia  fact.*' 

+ 'A  p*  having  a signification  of  //urn  ov  tvOstfdmt* : whence 
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Rhetoric,  into  consideration.  With  respect  however  to  the  ere- 
dibility  of  witnesses,  it  is  evident  that  when  many 
coincide  in  their  testimony,  (where  no  previous  concert 
can  have  taken  place,)  the  probability  resulting  from 
this  concurrence  does  not  rest  on  the  supposed  veracity 
of  each  considered  separately,  but  on  the  improbability 
of  such  an  agreement  taking  place  by  chance.  For 
though  in  such  a case  each  of  the  witnesses  should  be 
considered  as  unworthy  of  credit,  and  even  much  more 
likely  to  speak  falsehood  than  truth,  still  the  chances 
might  be  infinite  against  their  all  agreeing  in  the  some 
falsehood.  This  remark  is  applied  by  Dr.  Campbell 
to  the  Argument  from  Testimony  ; but  he  might  have 
extended  it  to  other  Arguments  also,  in  which  a simi- 
lar calculation  of  chances  will  enable  us  to  draw  a 
Conclusion,  sometimes  even  amounting  to  moral  cer- 
tainty, from  a combination  of  data  which  singly  would 
have  had  little  or  no  weight ; e.  g-  if  anv  one  out  of 
a hundred  men  throw  a stone  which  strikes  a certain 
object,  there  is  but  a slight  probability,  from  that  fact 
alone,  that  he  aimed  at  that  object ; but  if  nil  the 
hundred  threw  stones  which  struck  the  same  object, 
no  one  would  doubt  that  they  aimed  at  it.  It  is  from 
such  a combination  of  Argument  that  we  infer  the 
existence  of  an  intelligent  Creator  from  the  marks  of 
contrivance  visible  in  the  Universe,  though  many  of 
these  are  such  as,  taken  singly,  might  well  be  conceived 
undesigned  and  accidental ; but  that  they  should  all 
be  such,  is  morally  impossible.  Great  care  is  requisite 
in  setting  forth  clearly,  especially  in  any  popular  dis- 
course, Arguments  of  this  nature  ; the  generality  of 
men  being  better  qualified  for  understanding,  (to  use 
Lord  Bacon's  words,)  " particulars,  one  by  one,’*  than 
for  taking  a comprehensive  view  of  h whole ; and 
therefore  in  a Galaxy  of  Evidence,  as  it  may  be  called, 
in  which  the  brilliancy  of  no  single  star  can  be  pointed 
out,  the  lustre  of  the  combination  is  often  lost  on  them. 
Hence  it  is,  as  was  remarked  in  the  Treatise  on  Fal- 
lacies, that  the  sophism  of  <f  Composition,1'  us  it  is 
called,  so  frequently  misleads  men : it  is  not  impro- 
bable, (in  the  above  example,)  that  each  of  the  stones, 
considered  separately,  may  have  been  thrown  at  ran- 
dom ; and  therefore  the  same  is  concluded  of  aU,  con- 
sidered in  conjunction.  Not  that  in  such  an  instance  os 
the  above,  any  one  would  reason  so  weakly  ; but  that 
a still  greater  absurdity  of  the  very  same  kind  is  in- 
volved in  the  rejection  of  the  evidences  of  our  religion, 
will  be  plain  to  any  one  who  considers,  not  merely  the 
individual  force,  but  the  number  and  variety  of  those 
evidences. 

And  here  It  may  be  observed,  that  though  the 
easiest  and  most  popular  way  of  practically  refuting 
the  Fallacy  just  mentioned,  (or  indeed  any  Fallacy,) 
is,  by  bringing  forward  a parallel  case,  where  it  leads 
to  a manifest  absurdity,  a metaphysical  objection 
may  still  be  urged  against  many  cases  in  which  we 
thus  reason  from  calculation  of  chances  ; an  objection 
not  likely  indeed  practically  to  influence  any  one,  but 
which  may  afford  the  Sophist  a triumph  over  those  who 
arc  unable  to  find  a solution.  If  it  were  answered  then 
U>  those  who  maintain  that  the  universe,  which  exhi- 
bits so  many  marks  of  design,  might  be  the  work  of 
non-intelligent  causes,  that  no  one  would  believe  it 
possible  for  such  a work  as  the  Iliad,  e.  g.  to  be  pro- 
duced by  a fortuitous  shaking  together  of  the  letters 
of  the  alphabet,  the  Sophist  might  challenge  ns  to 
explain  why  even  this  last  supposition  should  be 


regarded  as  less  probable  than  any  other  ; since  the  cb*p.  I. 
letters  of  which  the  Iliad  is  composed,  if  shaken  togc-  - - y — 
ther  at  random,  must  fall  in  some  form  or  other ; und 
though  the  chances  are  millions  of  millions  to  one  against 
that,  or  any  other  determinate  order,  there  are  precisely 
as  many  chances  against  one,  as  again*;  another  : and  in 
like  manner,  astonished  as  we  should  be,  and  convinced 
of  the  intervention  of  artifice,  if  we  saw  any  one  draw  . 
out  all  the  cards  in  a pack  in  regular  sequences,  It  is 
demonstrable  that  the  chances  are  not  more  against 
that  order,  than  against  any  one  determinate  order  we 
might  choose  to  fix  upon.  The  multitude  of  the  chances, 
therefore,  he  wonld  say,  against  any  series  of  events, 
does  not  constitute  it  improbable  ; since  the  like  hap- 
pens to  every  one  every  day;  e.  g.  a man  walking 
through  London  streets  on  his  business,  meets  acci- 
dentally hundreds  of  others  passing  to  and  fro  on 
theirs  : and  he  would  not  say  at  the  close  of  the  day 
that  any  thing  improbable  had  occurred  to  him ; yet  It 
would  almost  bailie  calculation  to  compute  the  Chances 
oguinst  his  meeting  precisely  those  very  persons,  in  the 
order,  and  at  the  times  and  places  of  his  meeting  each. 

The  paradox  thus  seemingly  established,  though  few 
might  be  practically  misled  by 'it,  many  would  be 
at  a loss  to  solve.  The  truth  t9,  that  any  supposition 
is  justly  called  improbable,  not  from  the  number  of 
chances  against  it,  considered  independently,  but  from 
the  number  of  chances  against  it  compared  with  those 
which  lie  against  some  other  supposition  : we  call  the 
drawing  or  a prize  in  the  lottery  improbable,  though 
there  be  but  five  to  one  against  it,  because  there  are 
more  chances  of  a blank ; on  the  other  hand,  if  any 
oue  was  cast  on  a desert  island  under  circumstances 
which  warranted  his  believing  that  the  chances  were 
a hundred  to  one  against  any  one's  having  been  there 
before  him,  yet  if  he  found  on  the  sand  pebbles  so 
arranged  as  to  form  the  letters  of  a man's  name,  he 
would  not  only  conclude  it  probable,  but  absolutely 
certain  that  some  human  being  had  been  there ; be- 
cause there  would  be  millions  of  chances  against  those 
forms  having  been  produced  by  the  fortuitous  action 
of  the  waves.  So  also,  in  the  instance  above  given, 
any  unmeaning  form  into  which  a number  of  letters 
might  foil,  would  not  be  called  improbable,  countless 
ns  the  chances  arc  against  that  particular  order,  be- 
cause there  are  just  as  many  against  each  one  of  all 
other  unmeaning  forms  ; bht  if  the  letters  formed  a 
coherent  poem,  it  would  then  be  called  incalculably 
improbable  that  this  form  should  have  been  fortuitous, 
though  the  chances  against  it  remain  the  very  same  j 
because  there  mast  be  much fewer  chances  against  the 
supposition  of  its  having  been  the  work  of  design.  The 
probability  in  short,1 *of  any  supposition,  is  estimated 
from  a comparison  with  each  of  its  alternatives. 

The  foregoing  observations  however,  as  was  above 
remarked,  are  not  confined  to  Arguments  from  Testi- 
mony, but  Apply  to  all  cases  in  which  the  degree  of 
probability  is  estimated  from  a calculation  of  chances. 

Before  we  dismiss  the  consideration  of  Signs,  it  may 
be  worth  while  to  notice  another  case  of  combined 
Argument  different  from  the  one  lately  mentioned,  yet 
in  some  degree  resembling  it.  The  combination  just 
spoken  of  is  where  several  Testimonies  or  other  Signs, 
singly  perhaps  of  little  weight,  produce  jointly,  and 
by  their  coincidence,  a degree  of  probability  far  ex- 
ceeding the  sum  of  their  several  forces,  taken  sepa- 
rately j in  the  case  we  are  now  about  to  notice,  the 
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combined  force  of  the  aeries  of  Arguments  resulting 
from  the  order  in  which  they  are  considered>  and  from 
their  progressive  tendency  to  establish  a certain  con- 
clusion. K.  g.  one  part  of  the  law  of  nature  called  the 
“ Tis  inertia,"  is  established  by  the  Argument  we 
allude  to ; viz.  that  a body  act  in  motion  will  eter- 
nally continue  in  motion  with  uniform  velocity  in  a 
right  line,  so  far  as  it  is  not  acted  upon  by  any  causes 
which  retard  or  stop,  accelerate  or  divert  its  course. 
Now,  as  in  every  case  which  can  corue  under  our  ob- 
servation, some  such  causes  do  intervene,  the  as- 
sumed supposition  is  practically  impossible,  and  we 
have  no  opportunity  of  verifying  the  law  by  direct 
experiment  $ but  we  may  gradually  approach  indefi- 
nitely near  to  the  case  supposed  : and  on  the  result  of 
such  experiments  our  conclusion  is  founded.  We  find 
that  when  a body  is  projected  along  a rough  surface, 
its  motion  is  speedily  retarded  and  soon  stopped ; if 
along  a smoother  surface,  it  continues  longer  in  mo- 
tion } if  upon  ice,  longer  still,  and  the  like  with  regard 
to  wheels,  Ac.  in  proportion  as  we  gradually  lessen  the 
friction  of  the  machinery  $ if  we  remove  the  resistance 
of  the  air,  by  setting  a wheel  or  pendulum  in  motion 
under  an  air-pump,  the  motion  is  still  longer  continued. 
Finding  then  that  the  effect  of  the  original  impulse  is 
more  and  more  protracted,  in  proportion  as  we  more 
and  more  remove  the  impediments  to  motion  from 
friction  and  resistance  of  the  air,  we  reasonably  conclude 
that  if  this  could  be  completely  done,  (which  is  out  of 
our  power,)  the  motion  would  never  cease,  since  what 
appear  to  be  the  only  causes  of  its  cessation,  would  be 
absent. 

Again,  in  arguing  for  tho-  existence  and  moral  at- 
tributes of  the  Deity  from  the  authority  of  men’s 
opinions,  great  use  may  be  made  of  a like  progressive 
course  of  Argument,  though  it  has  been  often  over- 
looked. Some  have  argued  for  the  being  of  a God  from 
the  universal  or  at  least  general  consent  of  mankind  ; 
and  some  have  appealed  to  the  opinions  of  the  wisest 
and  most  cultivated  portion,  respecting  both  the  exist- 
ence and  the  moral  excellence  of  the  Deity.  It  cannot 
be  dented  that  there  is  a presumptive  force  in  each  of* 
these  Arguments  ; but  it  may  be  answered  that  it  is 
conceivable  an  opinion  contmon  to  almost  all  the  spe- 
cies, may  possibly  be  an  error  resulting  from  a con- 
stitutional infirmity  of  the  human  intellect j — that  if 
we  are  to  acquiesce  in  the  belief  of  the  majority,  we 
shall  be  led  to  Polytheism  ; such  being  the  creed  of 
the  greater  part : and  that  though  more  weight  may 
reasonably  be  attached  to  the  opinions  of  the  wisest 
and  best- instructed,  still,  as  we  know  that  such  men 
are  not  exempt  from  error,  we  cannot  be  perfectly  safe 
in  adopting  the  belief  they  hold,  unless  wc  arc  con- 
vinced that  they  hold  it  in  consequence  of  their  being 
the  wisest  and  best  instructed  ; — ■*/>  far  forth  as  they 
are  such.  Now  this  is  precisely  the  point  which  may 
be  established  by  the  above-mentioned  progressive 
Argument.  Nations  of  Atheists,  if  there  are  any  such, 
are  confessedly  among  the  rudest  and  most  ignorant 
savages  : those  who  represent  their  God  or  Gods  us 
malevolent,  capricious,  or  subject  to  human  passions 
•nd  vices,  are  invariably  to  be  found,  (in  the  present 
day  at  least,)  among  those  who  are  brutal  and  unci- 
vilized ; and  among  the  most  civilized  nations  of  the 
ancients,  who  professed  a similar  creed,  the  more  en- 
lightened members  of  society  seem  cither  to  have 
rejected  altogether,  or  to  have  explained  away,  the 


popular  belief.  The  Mahometan  nations,  again,  of  the 
present  day,  who  are  certainly  more  advanced  in  civi- 
lisation than  their  Pagan  neighbours,  maiutain  the 
unity  and  the  moral  excellence  of  the  Deity ; but  the 
nations  of  Christendom,  whose  notions  of  the  divine 
goodness  arc  more  exalted,  arc  undeniably  the  most 
civilized  part  of  the  world,  and  possess,  generally 
speaking,  the  most  cultivated  and  improved  intellec- 
tual powers.  Now  if  we  would  ascertain,  and  appeal 
to,  the  sentiments  of  man  as  a rational  being,  we 
must  surely  look  to  those  which  not  only  prevail 
most  among  the  most  rational  and  cultivated,  but  to- 
wards which  also  a progressive  tendency  is  found  in 
men  in  proportion  to  their  degrees  of  rationality  and 
cultivation.  It  would  be  most  extravagant  to  suppose 
that  man's  advance  towards  a more  improved  and 
"exalted  |iate  of  existence  should  tend  to  obliterate 
true  and  instil  false  notions.  On  the  contrary  wc  are 
authorized  to  conclude,  that  those  notions  would  be 
the  most  correct,  which  men  would  entertain,  whose 
knowledge,  intelligence,  and  intellectual  cultivation 
should  have  reached  the  highest  pitch  of  perfection  j 
and  that  those  consequently  will  approach  the  nearest 
-to  the  truth  which  are  entertained,  more  or  less,  by 
various  nations,  in  proportion  os  they  have  advanced 
towards  this  civilized  state. 

Many  other  instances  might  be  adduced,  in  which 
truths  of  the  highest  importance  may  be  elicited  by 
this  process  of  Argumentation,  which  will  enable  us 
to  decide  with  sufficient  probability  what  consequence 
would  follow  from  an  hypothesis  which  we  have  never 
experienced  ; it  might,  not  improperly,  be  termed 
the  Argument  from  Progressive  Approach. 

The  third  kind  of  Arguments  to  be  considered 
being  the  other  branch  of  the  second  of  the  two  classes 
originally  laid  down,  may  be  treated  of  under  the 
general  name  of  Example,  taking  that  term  in  its 
widest  acceptation,  so  as  to  comprehend  the  Argu- 
ments designated  by  the  various  names  of  Induction, 
Experience,  Analogy,  Parity  of  Reasoning,  &c.  all  of 
which  arc  essentially  the  same,  as  far  as  regards  the 
fundamental  principles  we  are  here  treating  of ; for  in 
all  the  Arguments  designated  by  these  names  it  will 
be  found,  that  we  consider  one  or  more,  known,  indi- 
vidual objects  or  instances,  of  a certain  class,  as  fair 
specimens,  in  respect  of  some  point  or  other,  of  that 
class  ; and  consequently  draw  an  inference  from  them 
respecting  either  the  whole  class,  or  other,  less  known, 
individuals  of  it.  In  Arguments  of  this  kind  then  it 
will  be  found,  that  universally  we  assume  as  a major 
premiss  that  what  is  true,  (in  regard  to  the  point  in 
question,)  of  the  individual  or  individuals  which  we 
bring  forward  and  appeal  to,  is  true  of  the  whole  class 
to  which  they  belong  ; the  minor  premiss  next  asserts 
something  of  that  individual  j and  the  same  is  then 
inferred  respecting  the  whole  class  : whether  we  stop 
at  that  general  conclusion,  or  descend  from  thence  to 
another,  unknown,  individual ; in  which  lost  case, 
which  is  the  most  usually  called  the  Argument  from 
Example,  we  generally  omit,  for  the  sake  of  brevity, 
the  intermediate  step,  and  pass  at  once  in  the  expres- 
sion of  the  Argument  from  the  known,  to  the  un- 
known, individual.  This  ellipsis  however  does  not, 
as  some  seem  to  suppose,  make  any  essential  difference 
in  the  mode  of  Reasoning;  the  reference  to  a common 
class  being  always,  in  such  a case,  understood,  though 
not  expressed  ; for  it  is  evident  that  there  can  be  no 
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RWtorir.  reasoning  from  one  individual  to  another,  unlea.  they 
come  under  some  common  genus,  and  nre  conai.lered 
in  that  point  of  view  ; e.  g. 


Astronomy  was  decried 
at  its  first  introduction,  as 
adverse  to  religion  : 


Geology  is  likely  to  be 
decried,  &C. 


£ 


0ven,'  Science  is  likely  to  be  decried  at  its  first  in- 
troduction, as  adverse  to  religion. 

This  kind  of  example,  therefore,  appears  to  be  a 
compound  Argument,  consisting  of  two  enthymemes  > 
and  when  (as  often  happens)  we  inter  from*  known 
Effect  a certain  Cause,  and  again,  from  that  Cause* 
another  unknown  Effect,  wc  then  unite  in  this  ex- 
ample, the  argument  from  Effect  to  Cause,  and  that 
from  Cause  to  Effect,  c.  g.  we  may  from  the  marks  of 
Divine  benevolence  in  this  world,  argue,  that  “ the 
like  will  be  shown  in  the  next  through  the  inter- 
mediate conclusion,  that  “ God  is  benevolent."  This 
is  not  indeed  always  the  case  ; but  there  seems  to  be 
in  every  example,  a reference  to  some  Cause,  though 
that  Cause  may  frequently  bo  unknown  | c.g.  we 
suppose,  in  the  instance  above  given,  that  there  is 
some  Cause,  though  we  may  be  at  a lost  to  assign  it, 
which  leads  men  generally  to  decry  u new  Science. 

The  term  " Induction"  is  commonly  applied  to  such 
Arguments  as  stop  short  at  the  general  conclusion  j 
and  is  thus  contradistinguished,  in  common  use,  from 
Example.  There  is  also  this  additional  difference, 
that  when  we  draw  a general  conclusion  from  ter  era  l 
individual  cases,  we  use  the  word  Induction  in  the 
singular  number,  while  each  one  of  these  cases,  if  the 
application  were  made  to  another  individual,  would 
be  called  a distinct  Example.  This  difference,  however, 
is  not  essential,  since  whether  the  inference  be  made 
from  one  instance  or  from  several,  it  is  equally  called  an 
Induction,  if  a general  conclusion  be  legitimately  drawn, 
and  this  is  to  be  determined  by  the  nature  of  the  sub- 
ject-matter; in  the  investigation  of  the  laws  of  nature,  a * 
single  experiment,  fairly  and  carefully  made,  is  usually 
allowed  to  be  conclusive,  because  we  can  then  pretty 
nearly  ascertain  all  the  circumstances  operating  : a 
Chemist  who  has  ascertained,  in  a single  specimen  of 
gold,  its  capability  of  combining  with  mercury,  would 
not  think  it  necessary  to  try  the  same  experiment  with 
several  other  specimens,  but  would  draw  the  conclu- 
sion concerning  those  metals  universally,  and  with 
certainty  j in  human  affairs  on  the  contrary,  our  un- 
certainty respecting  many  of  the  circumstances  that 
may  affect  the  result,  obliges  us  to  collect  many  coin- 
ciding instances  to  warrant  even  a probable  conclusion. 
From  one  instance,  c.g.  of  the  assassination  of  an 
Usurper,  it  would  not  be  allowable  to  infer  the  cer- 
tainty, or  even  the  probability,  of  a like  fate  attending 
ail  Usurpers.* 

Experience,  in  its  original  and  proper  sense,  is 
applicable  to  the  premises  from  which  wc  orgue, 
not  to  the  inference  we  draw.  Strictly  speaking,  we 
know  by  Experience  only  the  port,  and  what  has  passed 
under  our  own  observation  ; thus,  we  know  hv  Expe- 
rience that  the  tides  have  daily  ebbed  and  flowed, 
during  such  a time  ; and  from  the  Testimony  of  others 
as  to  their  own  experience,  that  they  have  formerly 


done  so  ; and  from  this  experience,  we  conclude,  by 
Induction,  that  the  same  phenomenon  will  continue. 

The  word  Analogy  again  is  generally  employed  in 
the  case  of  Arguments  in  which  the  instance  adduced 
is  somewhat  more  remote  from  that  to  which  it  is 
upplied ; e.  g.  a physician  would  be  said  to  know  by 
experience  the  noxious  effects  of  a certain  drug  oil 
the  human  constitution  if  he  had  frequently  seen  men 
poisoned  by  it ; but  if  he  thence  conjectured  that  it 
would  be  noxious  to  some  other  species  of  animal,  he 
would  be  said  to  reason  from  Analogy  ; the  only  dif- 
ference being  that  the  resemblance  is  less,  between  a 
man  and  a brute,  than  between  one  man  and  another) 
and  accordingly  it  is  found  that  many  brutes  are  not 
acted  upon  by  some  drugs  which  are  pernicious  to 
man.  Hut  more  strictly  speaking,  Analogy  ought  to 
be  distinguished  from  direct  resemblance,  with  which 
it  is  often  confounded  in  the  language  even  of  eminent 
writers  (especially  on  Chemistry'  and  Natural  History) 
in  the  present  day.  Analogy  being  a “ resemblance 
of  ratios,"*  that  should  strictly  be  called  an  Argu- 
ment from  Analogy,  in  which  the  two  cases  (viz.  the 
one  from  which,  and  the  one  to  which  we  argue)  are 
not  themselves  alike,  but  stand  in  a similar  relation  to 
something  else ; or  in  other  words  that  the  common 
genus  which  they  both  fall  under,  consists  in  a rela- 
tion. Thus  an  egg  and  a seed  arc  not  in  themselves 
alike,  but  bear  a like  relation  to  the  parent  bird  and 
to  her  future  nestling,  on  the  one  hand,  and  to  the  old 
and  young  plant  on  the  other,  respectively ; this  rela- 
tion being  the  genus  which  both  fall  under : and 
many  Arguments  might  be  drawn  from  this  Analogy. 
Again  the  fact  that  from  birth  different  persons  have 
different  bodily  constitutions,  in  respect  of  compac- 
tion, stature,  strength,  shape,  liability  to  particular 
disorders,  &e.  w hich  constitutions,  however,  are  ca- 
pable of  being,  to  a certain  degree,  modified  by  regi- 
men, medicine,  &c.  affords  an  Analogy  by  which  we 
may  form  a presumption,  that  the  like  takes  place  in 
respect  of  mental  qualities  also ; though  it  is  plain 
that  there  con  be  no  direct  resemblance  either  between 
body  and  mind,  or  their  respective  attributes. 

In  this  kind  of  Argument  one  error,  which  is  very 
common,  and  which  is  to  be  sedulously  avoided,  is 
that  of  concluding  the  things  in  question  to  be  alike, 
because  they  are  Analogous ; — to  resemble  each  other  in 
themselves,  because  there  is  a resemblance  in  the 
relation  they  bear  to  certain  other  things  ; which  is 
manifestly  a groundless  inference.  Another  caution  is 
applicable  to  the  whole  class  of  Arguments  from  Ex- 
ample ; viz.  not  to  consider  the  resemblance  or  Ana- 
logy to  extend  further  (i.  e.  to  more  particulars)  than 
it  does.  The  resemblance  of  a picture  to  the  object 
it  represents,  is  direct ; but  it  extends  no  further  than 
the  one  sense  of  seeing  is  concerned.  In  the  parable 
of  the  unjust  steward  an  Argument  is  drawn  from 
Analogy,  to  recommend  prudence  and  foresight  to 
Christians  in  spiritual  concerns  ; but  it  would  be  ab- 
surd to  conclude  that  fraud  was  recommended  to  our 
imitation  ; and  yet  mistakes  very  similar  to  such  a 
perversion  of  that  Argument  are  by  no  means  rare.f 


“ Soywv  ifuuirrft,  Aristotle. 

f " liuis,  because  a just  Analogy  has  been  discerned  between  the 
metropolis  of  a country,  and  the  heart  of  tbe  anirual  body,  it  baa 
been  sometimes  contended  that  its  increased  site  is  a disease, — 
that  it  may  Impede  some  of  its  most  important  functions,  or  even 
be  the  cause  of  it*  dissolution.'’  Coplestoa's  Inquiry  into  the 


Chap.  L 


B 


Digitized  by  Google 


• See  article  Logic,  **  Oa  the  Province  of  Reasoning, "(p.  230.) 


fcHETORIC. 


253 


Rhetoric.  The  Argument  from  Contraries,  tVsrrtAv)  noticed 
•^-^,-^.by  Aristotle,  falls  under  the  class  we  are  now  treating 
of ; as  it  is  plain  that  Contraries  must  have  something 
in  common  3 and  it  is  so  far  forth  only  as  they  agree , 
that  they  are  thus  employed  in  Argument.  Two 
things  are  called  **  Contrary,"  which,  coming  under  the 
same  class,  are  the  most  dissimilar  in  that  class.  Thus, 
virtue  and  vice  are  called  Contraries,  as  being,  both, 
“ moral  habits,"  and  the  mostdtmwt/or  of  moral  habits, 
mere  dissimilarity,  it  is  evident,  would  not  constitute 
Contrariety  3 for  no  one  would  say  that  virtue  was  con- 
trary to  a mathematical  problem,  the  two  things 
having  nothing  in  common.  In  this  then,  ns  in  other 
Arguments  of  the  same  class,  we  may  infer  that  the 
two  Contrary  terms  have  a similar  relation  to  the  same 
third,  or  respectively  to  two  corresponding,  (i.  e.  in 
this  case.  Contrary)  terms  : we  may  conjecture  e.  g. 
that  since  virtue  may  be  acquired  by  education,  so 
may  vice  3 or  again,  that  since  virtue  leads  to  happi- 
ness, so  does  vice  tq  misery. 

The  phrase  **  Parity  of  Reasoning,"  is  commonly 
employed  to  denote  Analogical  Reasoning. 

Aristotle,  in  his  Rhetoric,  ha^divide^  Examples  into 
Real  and  Inrented : the  one  being  drawn  from  actual 
matter  of  fact ; the  other,  from  a supposed  case.  And 
he  remarks,  that  though  the  latter  is  more  easily  ad- 
duced, the  former  is  more  convincing.  If  however 
due  care  be  taken,  that  the  fictitious  instance, — the 
supposed  case,  adduced,  be  not  wanting  in  probability, 
it  will  often  be  no  less  convincing  than  the  other.  For 
it  may  so  happen,  tlmt  one,  or  even  several  historical 
facts  may  be  appealed  to,  which  being  nevertheless 
exceptions  to  a general  rule,  will  not  prove  the  pro- 
bability of  the  conclusion.  Thus,  from  several  known 
instances  of  ferocity  in  black  tribes,  we  are  not  autho- 
rized to  conclude,  that  blacks  are  universally,  or  gene- 
rally ferocious  3 and  in  fact,  many  instances  may  be 
brought  forward  on  the  other  side.  Whereas  in  the 
supposed  case,  (instanced  by  Aristotle,  as  employed 
hy  Socrates,)  of  mariners  choosing  their  steersman  by 
lot,  though  we  have  no  reason  to  suppose  such  a case 
ever  occurred,  we  sec  so  plainly  the  probability,  that  if 
it  did  occur,  the  lot  might  fall  on  an  unskilful  person, 
to  the  loss  of  the  ship,  that  the  argument  has  con- 
siderable weight  against  the  practice,  so  common  in 
the  ancient  republics,  of  appointing  magistrates  by 
lot.  There  is,  however,  this  important  difference ; 
that  a fictitious  case  which  has  not  this  intrinsic  pro- 
bability, has  absolutely  no  weight  whatever ; so  that 
of  course  such  arguments  might  be  multiplied  to  any 
amount  without  the  smallest  effect : whereas  any 
matter  of  fact  which  is  well  established,  however 
unaccountable  it  may  seem,  has  some  degree  of  weight 
in  reference  to  a parallel  case  3 and  a sufficient  number 
of  such  arguments  may  fairly  establish  a general  rule, 
even  though  we  may  be  unable,  after  all,  to  account 
for  the  alleged  fact  in  any  of  the  instances  ; e.  g.  no  sa- 
tisfactory reason  has  yet  been  assigned  for  a connection 
between  the  absence  of  upper  cutting  teeth,  or  of  the 
presence,  of  horns#*nd  rumination  ; but  the  instances, 
arc  so  numerous  and  constant  of  this  connection,  that 
no  Naturalist  would  hesitate,  if  on  examination  of  a 
new  species  he  found  those  teeth  absent,  and  the  head 


JhxtriMft  of  Serenity  and  Predeitinattm,  note  to  Disc.  ML  q.  V, 
for  a very  able  duaerUtion  on  the  subject  of  Analorv,  in  the 
cuurae  of  an  analyaii  of  Dr.  King’*  I)itco*rst  on  PredettMtion. 


horned,  to  pronounce  the  animal  a ruminant.  Whereas  Chap.  f. 
on  the  other  hand,  the  fable  of  the  countryman,  who 
obtained  from  Jupiter  the  regulation  of  the  weather, 
and  in  consequence  found  his  crops  fail,  does  not  go 
one  step  towards  proving  the  intended  conclusion  : 
because  that  consequence  is  a mere  gratuitous  assump- 
tion without  any  probability  to  support  it.  There  is 
an  instance  of  a like  error  in  a tale  of  Cumberland's, 
intended  to  prove  the  advantage  of  a public  over  a 
private  education;  he  represents  two  brothers  edu- 
cated, on  the  two  plans  respectively;  the  former 
turning  out  very  well,  and  the  latter  very  ill : and  had 
the  whole  been  nvatter  of  fact,  a sufficient  number  of 
such  instances  would  have  had  weight  us  an  Argument; 
but  us  it  is  a fiction,  aud  no  reason  is  shown  why  the 
result  should  be  |pch  as  represented,  except  the  sup- 
posed superiority  of  a public  education,  the  Argument 
involves  a manifest  petitio  principii;  and  resembles  the 
appeal  made  in  the  well-known  fable,  to  the  picture  of 
a man  conquering^!  lion  3 a result  which  might  just 
as  easily  have  been  reversed,  and  which  would  have 
been  so,  hod  lions  been  painters.  It  is  necessary,  in 
short,  to  be  able  to  maintain,  either  that  such  and 
such  an  event  did  actually  take  place,  or  that,  under  a 
certain  hypothesis,  it  would  he  likely  to  take  place. 

Under  the  head  of  Invented  Example,  a distinction  is 
drawn  by  Aristotle,  between  wapafiaXq  et  \<rfo*  ; from 
the  instances  he  gives,  it  is  plain  that  the  former  cor- 
responds (not  to  Parable,  in  the  sense  in  which  we 
use  the  word,  derived  from  that  of  irapufloXii  iu  the 
Sacred  Writers,  but)  to  Illustration  ; the  latter  to 
Fable  or  Tale.  In  the  former,  an  allusion  only  is  made 
to  a case  easily  supposable  ; in  the  latter,  a fictitious 
story  is  narrated.  Thus,  in  his  instance  above  cited, 
of  Illustration,  if  uny  one,  instead  of  a mere  allusion, 
should  relate  a talc,  of  mariners  choosing  a steersman  by 
lot,  and  being  wrecked  in  consequence,  Aristotle  would 
evidently  have  placed  that  under  the  head  of  Logos. 

The  other  method  is  of  course  preferable,  from  its 
brevity,  whenever  the  allusion  can  be  readily  under- 
stood ; and  accordingly  it  is  common,  in  the  case  of 
well-known  fables,  to  allude  to,  instead  of  narrating, 
them.  That,  e.  g.  of  the  horse  and  the  stag,  which  he 
gives,  would,  in  the  present  day,  be  rather  alluded  to 
than  told,  if  we  wished  to  dissuade  a people  from 
calling  in  a too  powerful  auxiliary.  It  is  evident  that 
a like  distinction  might  have  been  made  in  respect  of 
historical  examples;  those  cases  which  are  well 
known,  being  often  merely  alluded  to,  and  nut  recited. 

The  wort!  “ Fable"  is  at  present  generally  limited  to 
those  fictions  in  which  the  resemblance  to  the  matter 
in  question  is  not  direct,  but  analogical ; the  other 
class  being  called  Novels,  Tales,  &c.  Those  resem- 
blances arc,  (as  Dr.  A.  Smith  has  observed)  the  most 
striking,  in  which  the  things  compared  arc  of  the  most 
dissimilar  nature  ; as  is  the  case  in  what  we  call  Fables ; 
and  such  accordingly  are  generally  preferred  for  Argu- 
mentative purposes,  both  from  that  circumstance 
itself,  ami  also  on  account  of  the  greater  brevity  which 
Is,  lor  that  reason  not  only  allowed  but  required  in 
them.*  For  a Fable  spun  out  to  a great  length  becomes 
an  Allegory,  which  generally  satiates  and  disgusts  ; on 
the  other  hand,  a fictitious  Tale,  having  a more  direct. 


* A Novel  or  Tale  may  be  compared  to  a Picture ; a Fable  to 
a Do  ire. 


Digitized  by  Goog 


l 


254 


RHETORIC. 


Rhetoric,  and  therefore  less  striking  resemblance  to  reality,  re* 
— quire*  that  an  interest  in  the  events  and  persons  should 
be  created  by  a longer  detail,  without  which  it  would  be 
insipid.  The  Fable  of  the  Old  Man  and  the  Bundle  of 
Sticks,  compared  with  the  Iliad,  may  serve  to  exem- 
plify what  has  been  said ; the  moral  conveyed  by  each 
being  the  same,  viz.  the  strength  acquired  by  union, 
and  the  weakness  resulting  from  division  ; the  latter 
fiction  would  be  perfectly  insipid  if  conveyed  in  a 
few  lines ; the  former,  in  twenty-four  books,  insup- 
portable. • 

Of  the  various  uses,  and  of  the  real  or  apparent  re- 
futation, of  Examples, (as  well  as  of  other  Arguments), 
we  shall  treat  hereafter;  but  it  mry  be  worth  while 
here  to  observe,  that  we  have  been  speaking  of  Ex- 
ample as  a kind  of  Argument,  and  wit|j  a view  therefore 
to  that  purpose  alone  ; it  often  happens,  that  a resem- 
blance, either  direct,  or  analogical,  is  introduced  for 
other  purposes  ; viz.  not  to  prove  anything,  but  either 
to  illustrate  and  explain  one's  meaning,  (which  is  the 
strict  etymological  use  of  the  word  Illustration,)  or  to 
amuse  the  fancy  by  ornament  of  language.  It  is  of 
course  most  important  to  distinguish,  both  in  our 
own  compositions  and  those  of  others,  between  these 
different  purposes. 

Of  the  various  use  and  order  of  the  several  kinds  of  Pro- 
position and  of  Argument,  in  different  cases . 

§ 3.  The  Jirst  rule  to  be  observed  is,  that  it  should 
be  considered,  whether  the  principal  object  of  the 
discourse  be,  to  give  satisfaction  to  a candid  mind , and 
convey  instruction  to  those  who  are  ready  to  receive  it, 
or  to  compel  the  assent,  or  silence  the  objections,  of  an 
opponent.  The  former  of  these  purposes  is,  in  genera), 
principally  to  he  accomplished  by  the  former  of  those 
two  great  classes  into  which  arguments  were  divided; 
(viz.  by  those  from  Cause  to  Effect,)  the  other,  by  the 
latter 

To  whatever  class,  however,  the  Arguments  we 
resort  to  mey  belong,  the  general  ten  our  of  the  reason- 
ing will,  in  many  respects,  be  affected  by  the  present 
consideration.  The  distinction  in  question  is  never- 
theless in  general  little  attended  to.  It  is  usual  to  call 
an  Argument,  simply,  strong  or  weak,  without  refer- 
ence to  the  purpose  for  which  it  is  designed  ; whereas 
the  Arguments  which  afford  the  most  satisfaction  to  a 
candid  mind,  are  often  such  as  would  have  less  weight 
in  controversy  than  many  others,  which  again  would  be 
less  suitable  for  the  former  purpose.*  E.  g.  the  inter- 


* Our  meaning  cannot  be  better  illustrated  than  by  an  instance 
referred  to  in  that  incomparable  specimen  of  Reasoning,  Dr. 
Paley’a  Hone  PauUtuc,  “ When  are  take  into  our  hands  the 
letter*,”  (vi*.  St.  Paul'*  Epistle*,)  “ which  the  suffrage  and 
coawn t of  antiquity  hath  thus  transmitted  to  us.  the  first  thing 
that  strike*  our  attention  ia  the  air  of  reality  and  businesa,  as 
well  as  of  seriousness  and  conviction,  which  pervades  the  whole. 
Let  the  sceptic  read  them.  If  he  he  not  sensible  of  these  qualities 
In  them,  thr  argument  can  have  no  weight  with  him.  If  he  be  ; 
if  be  perceive  in  almost  every  page  the  language  of  a mind  actu- 
ate! by  real  occasion*,  and  operating  upon  real  circumstances,  I 
would  wUb  it  to  he  observed,  that  the  proof  which  arises  from 
this  perception  is  not  to  he  .termed  occult  or  Imaginary,  because 
it  Is  incapable  of  belnir  drawn  out  in  words,  or  of  bring  conveyed 
to  the  apprehension  of  the  reader  in  any  other  way,  than  by  send- 
ing him  to  the  hooks  themselves.”  p.  403. 

There  U also  a passage  in  Dr.  A.  Smith's  T&exrry  of  Xfvral  Sen- 
timent,, which  illustrate*  very  happily  one  of  the  applications  of 
the  principle  in  question  • “ Sometimes  we  have  occasion  to 


ual  evidence  of  Christianity  ia  general,  proves  the  most 
satisfactory  to  a believer's  mind,  but  is  not  that  which 
mokes  the  most  show  in  the  refutation  of  infidels;  the 
Arguments  from  Analogy  on  the  other  hand,  which 
are  the  most  unanswerable,  are  not  so  pleasing  and 
consolatory. 

Rule  second.  Matters  of  Opinion,  (as  they  are  coil ed ; 
i.  e.  where  we  are  not  said  properly  to  know,  but  to 
judge,)  are  established  chiefly  by  Antecedent -proba- 
bility ; (Arguments  of  the  first  class,  viz.  from  Cause 
to  Effect,)  though  the  testimony  of  wise  men  ia  also 
admissible ; past  Facta,  chiefly  by  Signs,  of  various 
kinds  ; (that  term,  it  must  be  remembered,  including 
Testimony,)  and  future  events  by  Antecedent-proba- 
bilities and  Examples. 

Example,  however,  is  not  excluded  from  the  proof  of 
matters  of  opinion ; since  a man's  judgment  in  one 
case,  may  be  aided  or  corrected  by  an  uppeal  to  his 
judgment  in  another  similar  case.  It  it  in  this  way 
that  wc  are  directed,  by  the  highest  authority,  to  guide 
our  judgment  in  those  questions,  in  which  we  are 
most  liable  to  deceive  ourselves  ; viz.  what,  on  each 
occasion,  ought  to  be*our  conduct  towards  another; 
we  are  directed  to  frame  for  ourselves  a similar  sup- 
posed case,  by  imagining  ourselves  to  change  places 
with  our  neighbour,  and  then  considering  how,  in  that 
case,  we  shoutd  wish  to  be  treated. 

It  happens  more  frequently,  however,  that,  when  in 
the  discussion  of  matters  of  opinion,  an  Example  is  in- 
troduced, it  is  designed,  not  for  Argument,  but,  strictly 
speaking,  for  Illustration  ; — not  to  prove  the  proposition 
in  question,  but  to  make  it  more  clearly  understood  i 
e.  g.  the  Proposition  maintained  by  Cicero,  (de  Off. 
book  iii.)  is  w hat  may  be  accounted  a matter  of  opiuion  ; 
viz.  that  “ nothing  is  expedient  which  is  dishonourable  j** 
whan  then  he  adduces  the  Example  of  the  supposed 
design  of  Thcmistocles  to  burn  the  allied  fleet,  which 
he  maintains,  in  contradiction  to  Aristides,  would  not 
have  been  expedient,  because  it  would  have  been 
unjust,  it  is  manifest,  that  wc  must  understand  the 
instance  brought  forward  as  no  more  than  an  Illustra- 
tion of  the  general  principle  he  intends  to  establish  ; 
sinoe  it  would  be  a plain  begging  of  the  question  to 
argue  from  a particular  assertion,  which  could  only 


Chap.  I. 


defend  the  propriety  of  observing  the  general  rule*  of  justice  by 
the  consideration  of  their  necessity  to  the  support  of  society. 
>Vc  frequently  hear  the  young  and  the  licentious  ridiculing  the 
most  *ar red  rule*  of  morality,  and  professing,  sometimes  from 
the  corruption,  but  morr  frequently  from  tlie  vanity  of  their 
hearts,  the  most  abominable  mnxims  of  conduct.  Our  indigna- 
tion rouses,  and  we  are  eager  to  refute  and  expose  snch  detest- 
able principles.  But  though  it  is  their  intrinsic  hatefulneas  and 
detestablcness  which  originally  inflnmcs  us  against  them,  we  are 
unwilling  to  aaslgu  this  as  the  sole  rruon  why  we  condemn  them, 
or  to  pretend  that  it  is  merely  because  we  'ourselves  bate  and 
detest  them.  The  reason,  we  think,  would  not  appear  to  be  con- 
clusive. Yet,  why  should  it  not ; if  we  hate  and  detest  them 
because  they  are  the  natural  and  proper  objects  of  hatred  and 
detestation  ? But  when  we  are  asked  why  we  should  not  act  in 
snch  or  snch  a manner,  the  very  question  seems  to  suppose  that, 
to  those  who  ask  it,  this  manner  of  acting  floes  not  appear  to  be 
for  it*  own  sake  the  natural  and  proper  object  of  those  sentiments. 
We  must  show  them,  therefore,  that  it  ought  to  be  so  fur  the 
Bake  of  bo m r thing  else.  Upon  this  account  we  generally  cast 
about  for  othcT  arguments,  and  the  consideration  Which  first 
occurs  to  u*.  is  the  disorder  and  confusion  of  society  which 
would  result  from  the  universal  prevalence  of  such  practices.  We 
seldom  fall,  therefore,  tu  insist  upon  this  topic.”  lPartii.sec.il, 
p.lM,  152,  roU.c<l.  18120 
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Rhetoric,  be  admitted  by  those  who  assented  to  the  general 
principle. 

It  is  important  to  distinguish  between  these  two  uses 
of  Example  ; that  on  the  one  hand  wc  may  not  be  led 
to  mistake  for  an  Argument  such  an  one  as  the  fore- 
going;  and  that  on  the  other  hand,  we  may  not  too 
hastily  charge  with  sophistry  him  who  adduces  such  an 
one  simply  with  a view  to  explanation. 

It  is  also  of  the  greatest  consequence  to  distinguish 
between  Examples  (of  the  invented  kind,)  properly 
so  called,  i e.  which  have  the  force  of  Arguments,  and 
Comparisons  introduced  for  the  ornament  of  style,  in 
the  form,  cither  of  simile,  as  it  is  called,  or  a Metaphor. 
Not  only  is  an  ingenious  comparison  often  mistaken 
for  a proof,  though  it  be  such  as,  when  tried  by  the 
rules  laid  down  in  the  present  Article,  and  under  the 
head  of  Looic.  affords  no  proof  at  all ; but  also  on  the 
other  hand,  a real  and  valid  argument  is  not  unfre- 
quently  considered  merely  ns  an  ornament  of  style,  if 
it  happen  to  be  such  as  to  produce  that  effect ; though 
there  is  evidently  no  reason  why  that  should  not  be 
fair  Analogical  Reasoning,  in  which  the  new  idea  in- 
troduced by  the  Analogy  chances  to  be  a sublime  or  a 
pleasing  one.  E.  g.  “ The  efficacy  of  penitence,  and 
piety,  and  prayer,  in  rendering  the  Deity  propitious, 
is  not  irreconcileable  with  the  immutability,  of  his 
nature,  and  the  steadiness  of  his  purposes.  It  is  not 
in  man’s  power  to  alter  the  course  of  the  sun  ; but  it 
is  often  in  his  power  to  cause  the  sun  to  shine  or  not 
to  shine  upon  him  ; if  he  withdraws  from  its  beams, 
or  spreads  a curtain  before  him,  the  sun  no  longer 
shines  on  him  ; if  he  quits  the  shade,  or  removes  the 
curtain,  the  light  is  restored  to  him  ; and  though  no 
change  is  in  the  mean  time  effected  in  the  heavenly  lu- 
minary, but  only  in  himself,  the  result  is  the  same  as  if  it 
were.  Nor  is  the  immutability  of  God  any  reason  why 
the  returning  sinner,  tfho  tears  away  the  veil  of  pre- 
judice or  of  indifference,  should  not  again  be  blessed 
with  the  sunshine  of  divine  favour.'*  The  image  here 
introduced  is  ornamental,  but  the  Argument  is  not  the 
less  perfect ; since  the  case  adduced  fairly  establishes 
the  general  principle  required,  that  ” a change  effected 
in  one  of  two  objects  having  a certain  relation  to 
each  other,  may  have  the  same  practical  result  as  if  it 
had  taken  place  in  the  other.” 

The  mistake  in  question,  is  still  more  likely  to 
occur  when  such  an  Argument  is  conveyed  in  a single 
term  employed  metaphorically ; as  is  generally  the 
case  where  the  allusion  is  common  and  obvious  ; e.  g. 
"we  do  not  receive  as  the  genuine  doctrines  of  the  pri- 
mitive Church  what  have  passed  down  the  polluted  stream 
of  Romish  tradition.”  The  Argument  here  is  not  the  less 
valid  for  being  conveyed  in  the  form  of  a Metaphor. 

The  employment,  in  questions  relating  to  the  future, 
both  of  the  Argument  from  Example,  and  of  that  from 
Cause  to  Effect,  may  be  explained  from  what  has  been 
already  said  concerning  the  connection  between  them  $ 
some  cause,  whether  known  or  not,  being  always 
supposed,  whenever  an  Example  is  adduced. 

Rule  third.  When  Arguments  of  each  of  the  two 
formerly-mentioned  classes  arc  employed,  those  from 
Cause  to  Effect  (Antecedent-probability)  have  usually 
the  precedence. 

Men  are  apt  to  listen  with  prejudice  to  the  Argu- 
ments adduced  to  prove  any  thing  which  appears 
abstractedly  improbable  ; i.  e.  according  to  what  has 
been  above  laid  down,  unnatural , or  (if  such  an  expres- 


sion might  be  allowed)  unplausible  ; and  this  prejudice  Chap.  I. 
is  to  be  removed  by  the  Argument  from  Cause  to  — ~ 
Effect,  which  thus  prepares  the  way  for  the  reception 
of  the  other  Arguments  ; e.  g.  if  a man  who  bore  a good 
character,  were  accused  of  corruption,  the  strongest 
evidence  against  him  might  avail  little  ; but  if  he  were 
proved  to  be  of  a covetous  disposition,  this,  though  it 
would  not  alone  be  allowed  to  substantiate  the  crime, 
would  have  great  weight  in  inducing  bis  judges  to  lend 
an  car  to  the  evidence.  And  thus,  in  whnt  relates  to 
the  future  also,  the  a priori  Argument  and  Example 
*up|>ort  each  other,  when  thus  used  in  conjunction  and 
in  the  order  prescribed  ; a sufficient  cause  being  esta- 
blished, leaves  us  still  at  liberty  to  suppose  that  there 
may  be  circumstances  which  will  prevent  the  effect 
from  taking  place  ; but  Examples  subjoined  show  that 
these  circumstances  do  not,  at  least  always,  prevent 
that  effect ; and  on  the  other  hand,  Examples  intro- 
duced at  the  first,  may  be  suspected  of  being  excep- 
tions to  the  general  rule,  (unless  they  arc  very 
numerous,)  instead  of  being  instances  of  it ; which  on 
adequate  cause  previously  assigned,  will  show  them  to 
be  ; e.  g.  if  any  one  had  argued,  from  the  temptations 
and  opportunities  occurring  to  a military  commander, 
that  Buonaparte  was  likely  to  establish  a despotism 
on  the  ruins  of  the  French  Republic,  this  Argument, 
by  itself,  would  have  left  men  at  liberty  to  suppose 
that  such  a result  would  be  preveuted  by  a jealous 
attachment  to  liberty  in  the  citizens,  and  a fellow 
feeling  of  the  soldiery  with  them  ; then,  the  Examples  t 
of  Caisar  and  of  O.  Cromwell  would  have  proved,  that 
such  preventives  are  not  to  be  trusted. 

Aristotle  accordingly  has  remarked  on  the  expe- 
diency of  not  placing  Examples  in  the  foremost  rank 
of  Arguments  j in  which  case,  he  says,  a considerable 
number  would  be  requisite ; whereas,  in  confirmation, 
even  one  will  have  much  weight.  This  observation, 
however,  he  omits  to  extend,  as  he  might  have  done, 
to  Testimony  and  every  other  kind  of  Sign,  to  which 
it  is  no  less  applicable. 

Another  reason  for  adhering  to  the  order  here  pre- 
scribed is,  that  if  the  Argument  from  Cause  to  Effect, 
were  placed  after  the  others,  a doubt  might  often 
exist,  whether  we  w ere  engaged  in  proving  the  point  in 
question,  or  (assuming  it  as  already  proved)  in  seeking 
only  to  account  for  ii ; that  Argument  being,  by  tlio 
very  nature  of  it,  such  as  t could  account  for  the  truth 
contended  for,  supposing  it  were  granted.  Constant 
care,  therefore,  is  requisite  to  guard  against  any  con- 
fusion or  indistinctness  os  to  the  object  in  each  case 
proposed } whether  that  be,  when  a proposition  is 
admitted,  to  assign  a cause  which  does  account  for  it, 

(which  is  one  of  the  classes  of  Propositions  formerly 
noticed)  or,  when  it  is  not  admitted,  to  prove  it  by  an 
Argument  of  that  kind  which  tcould  account  for  it,  if  it 
ir ere  granted. 

With  a view  to  the  Arrangement  of  Arguments,  no 
rule  is  of  more  importance  than  the  one  now  under 
consideration  ; and  Arrangement  is  a more  important 

int  than  is  generally  supposed  j indeed  it  U not  per- 

ps  of  less  consequence  in  Rhetoric  than  in  the  Mili- 
tary Art ; in  which  it  is  well  known,  that  with  an 
equality  of  forces.  In  numbers,  courage,  and  every 
other  point,  the  manner  In  which  they  are  drawn  up, 
so  as  cither  to  afford  mutual  support,  or  on  the  other 
hand,  even  to  impede  and  annoy  each  other,  may  make 
the  difference  of  victory  or  defeat. 
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Rhetoric.  E.  g.  in  the  statement  of  the  Evidences  of  our  Reli- 
gion,  so  as  to  give  them  their  just  weight,  much 
depends  on  the  Order  in  which  they  are  placed.  The 
Antecedent-probability  that  a Revelation  should  be 
given  to  man,  and  that  it  should  be  established  by 
miracles,  all  would  allow  to  be,  considered  by  itself, 
in  the  absence  of  strong  direct  testimony,  utterly 
insufficient  to  establish  the  Conclusion.  On  the  other 
hand,  miracles  considered  abstractedly,  as  represented 
to  have  occurred  without  any  occasion  or  reason  for 
them  being  assigned,  carry  with  them  such  n strong 
intrinsic  improbability  as  could  not  be  wholly  sur- 
mounted even  by  such  evidence  as  would  fully  estab- 
lish nny  other  matters  of  fact.  Rut  the  evidences  of 
the  former  class,  however  inefficient  alone  towards 
the  establishment  of  the  Conclusion,  have  very  great 
weight  in  preparing  the  mind  for  receiving  the  other 
Arguments  ; which  again,  though  they  would  be 
listened  to  with  prejudice  if  not  so  supported,  will 
then  be  allowed  their  just  weight.  The  writers  in 
defence  of  Christianity  have  not  always  attended  to 
this  principle;  and  their  opponents  have  often  availed 
themselves  of  the  knowledge  of  it,  by  combating  in 
detail  Arguments  the  combined  force  of  which  would 
have  been  irresistible.  They  argue  respecting  the 
credibility  of  the  Christian  miracles,  abstractedly,  as  if 
they  were  insulated  occurrences,  without  any  known 
or  conceivable  purpose;  asc.g.  “what  testimony  is 
sufficient  to  establish  the  belief  that  a dead  man 
was  restored  to  life  1"  and  then  they  proceed  to  show 
that  the  probability  of  a Revelation,  abstractedly  con- 
sidered, is  not  such  at  least  as  to  establish  the  fact 
that  one  has  been  given.  Whereas,  if  it  were  first 
proved  (as  may  easily  he  done)  merely  that  there  is 
no  such  abstract  improbability  of  a Revelation  ns  to 
exclude  the  evidence  in  favour  of  it,  and  that  if  one 
were  given,  it  might  he  expected  to  be  supported  by 
miraculous  evidence,  then,  just  enough  reason  would 
be  assigned  for  the  occurrence  of  miracles,  not  indeed 
to  establish  them,  but  to  allow'  a fair  hearing  for  the 
Arguments  by  which  they  arc  proved. 

The  importance  attached  to  the  Arrangement  of 
Arguments  by  the  two  great  rival  orators  of  Athens, 
may  serve  to  illustrate  and  enforce  what  has  been 
said.  AJschincs  strongly  urged  the  judges  (in  the  cele- 
brated contest  concerning  the  crown)  to  confine  his 
adversary'  to  the  same  order  in  his  reply  to  the  charges 
brought,  which  he  himself  had  observed  in  bringing 
them  forward.  Demosthenes  however  was  far  too 
skilful  to  lie  thus  entrapped  ; and  so  much  import- 
ance does  he  attach  to  this  point,  that  he  opens  his 
speech  with  a most  solemn  appeal  to  the  Judges  for 
an  impartial  hearing;  which  implies,  he  says,  not  only 
a rejection  of  prejudice,  but  no  less  also  a permission 
for  each  speaker  to  adopt  whatever  Arrangement 
he  should  think  fit.  And  accordingly  he  proceeds 
to  adopt  one  very  different  from  that  which  his  anta- 
gonist had  laid  down  ; for  he  was  no  less  sensible 
than  his  rival  thnt  the  same  Arrangement  which  is 
the  most  favourable  to  one  side,  is  likely  to  be  the 
least  favourable  to  the  other. 

It  is  to  be  remembered  however,  that  the  rules 
which  have  been  given  respecting  the  Order  in 
which  different  kinds  of  Argument  should  be  arranged, 
. relate  only  to  the  different  kinds  of  Arguments  ad- 
duced in  support  of  each  separate  Proposition  ; since 
of  course  the  refutation  of  an  opposed  assertion,  effected 


by  means  of  signs,  may  be  followed  by  an  a priori  Clap.  f. 
Argument  in  favour  of  our  own  Conclusion  ; and  the 
like  in  many  other  such  cases. 

Rule  fourth.  A Proposition  that  is  t cell  known  (whe- 
ther easy  to  be  established  or  not)  should  in  general 
be  stated  at  once,  and  the  Proofs  subjoined  ; but  if  it 
be  not  familiar  to  the  hearers,  and  especially  if  it  be 
likely  to  be  unacceptable,  it  is  usually  better  to  state 
the  Arguments  first,  or  at  least  some  of  them,  and 
then  introduce  the  Conclusion. 

There  is  no  question  relating  to  Arrangement  more 
important  than  the  present  ; and  it  is  therefore  the 
more  unfortunate  that  Cicero,  who  possessed  so  much 
practical  skill,  should  have  laid  down  no  rule  on  this 
point,  (though  it  is  one  which  evidently  hail  engaged 
his  attention,)  but  should  content  himself  with  saying 
that  sometimes  he  adopted  the  one  mode  and  some- 
times the  other,*  (which  doubtless  he  did  not  do  at 
random,)  without  distinguishing  the  cases  in  which 
each  is  to  be  preferred,  and  laying  down  principles  to 
guide  our  decision.  Aristotle  also,  when  he  lays 
down  the  two  great  heads  into  which  speech  is  divi- 
sible, the  Proposition  and  the  Proof,  + is  equally 
silent  as  to  the  order  in  which  they  should  be  placed ; 
though  he  leaves  it  to  he  understood,  from  his 
manner  of  speaking,  thnt  the  Conclusion  (or  Ques- 
tion) is  to  be  first  stated,  and  then  the  Premises,  as 
in  Mathematics.  This  indeed  is  the  usual  and  natural 
way  of  speaking  or  writing ; viz.  to  begin  by  declin- 
ing your  Opinion, nnd  then  to  subjoin  the  Reasons  for 
it.  But  there  arc  many  occasions  on  which  it  will  he 
of  the  highest  consequence  to  reverse  this  plan.  It 
will  sometimes  give  an  offensively  dogmatical  air  to  a 
Composition  to  fcegin  by  advancing  some  new  and  un- 
expected assertion j though  sometimes  again  this  may 
he  advisable,  when  the  Arguments  arc  such  as  can 
be  well  relied  on,  nnd  the  principal  object  is  to  excite 
attention,  and  awaken  curiosity.  And  accordingly, 
with  this  view,  it  is  not  unusual  to  present  some  doc- 
trine, by  no  means  really  novel,  in  a new  and  para- 
doxical shape.  But  when  the  Conclusion  to  he 
established  is  one  likely  to  hurt  the  feelings  nnd 
offend  the  prejudices  of  the  hearers,  it  is  essential  to 
keep  out  of  sight,  ns  much  as  possible,  the  point  to 
which  wc  are  tending,  till  the  principles  from  which 
It  is  to  be  deduced  shall  have  been  clearly  established  ; 
because  men  listen  with  prejudice,  if  at  all,  to  Argu- 
ments which  are  avowedly  leading  to  a Conclusion 
which  they  are  indisposed  to  admit ; whereas  if  we 
thus,  as  it  were,  mask  the  battery,  they  will  not  be 
able  to  shelter  themselves  from  the  discharge.  The 
observance  accordingly,  or  neglect,  of  this  rule,  will 
often  make  the  difference  of  success  or  failure. 

And  it  will  often  he  advisable  to  advance  very  gra- 
dually to  the  full  statement  of  the  Proposition 
required,  and  to  prove  it,  if  one  may  so  speak,  by 
instalments,  establishing  separately,  and  in  order, 
each  part  of  the  truth  in  question.  It  is  thus  that 
Aristotle  establishes  many  of  his  doctrines,  and  among 
others  his  definition  of  happiness,  in  the  beginning  of 
the  Nicomachcan  Ethics;  he  first  proves  in  what  it  docs 
not  consist,  and  then  establishes,  one  by  one,  the 
several  points  which  together  constitute  his  notion. 

Rule  fifth.  If  the  Argument  a priori  has  been 
introduced  in  the  proof  of  the  main  Proposition  in 
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Rhetoric.  question,  there  will  generally  be  no  need  of  afterwards 
adducing  Causes  to  account  for  the  truth  established  ; 
(since  that  will  have  been  already  done  in  tbe  course 
of  the  Argument.)  on  the  other  hand,  it  will  often  be 
advisable  to  do  this  when  Arguments  of  the  other 
class  have  alone  been  employed. 

For  it  is  in  every  case  agreeable  and  satisfactory, 
and  may  often  be  of  great  utility,  to  explain,  where  it 
can  be  done,  the  Causes  which  produce  an  Effect  that 
is  itself  already  admitted  to  exist.  But  it  must  be 
remembered  that  it  is  of  great  importance  to  make  it 
clearly  appear  which  object  is,  in  each  case,  proposed ; 
whether  to  establish  the  fact,  or  to  account  for  it ; 
since  otherwise  we  may  often  be  supposed  to  be  em- 
ploying a feeble  Argument ; for  that  which  is  a satis- 
factory explanation  of  an  admitted  fact,  will  frequently 
be  such  as  would  be  very  insuflicicnt  to  prove  it,  sup- 
posing it  were  doubted. 

Rule  tixth.  Refutation  of  Objections  should  gene- 
rally be  placed  in  the  midst  of  the  other  Arguments, 
but  nearer  the  beginning  than  the  end. 

If  indeed  very  strong  Objections  have  obtained 
much  currency,  or  have  been  just  stated  by  an  oppo- 
nent, so  that  what  is  asserted  is  likely  to  be  regarded 
&»  paradoxical,  it  may  be  advisable  to  begin  with  a 
Refutation  ; but  when  this  is  not  the  case,  the  men- 
tion of  Objections  in  the  opening  will  be  likely  to  give 
a paradoxical  air  to  our  assertion,  by  implying  a con- 
sciousness that  much  may  be  said  against  it.  If 
. again  all  mention  of  Objections  be  deferred  till  the 
last,  the  other  Arguments  will  often  be  listened  to 
with  prejudice  by  those  who  may  suppose  us  to  be 
overlooking  what  may  be  urged  on  the  other  side. 

Sometimes  indeed  it  will  be  difficult  to  give  u satis- 
factory Refutation  of  the  opposed  Opinions  till  wc 
have  gone  through  the  Arguments  in  support  of  our 
own  : even  in  that  case  however  it  will  be  better  to 
take  some  brief  notice  of  them  early  in  the  Composi- 
tion, with  a promise  of  afterwards  considering  them 
more  fully,  and  refuting  them*  This  is  Aristotle's 
usual  mode  of  procedure. 

A Sophistical  us£  is  often  made  of  this  last  rule, 
when  the  Objections  are  such  as  cannot  really  be  satis- 
factorily answered.  The  skilful  Sophist  will  often,  by 
the  promise  of  a triumphant  Refutation  hereafter, 
gain  attention  to  his  own  statement,  which,  if  it  be  mode 
plausible,  will  so  draw  off  the  hearer's  attention  from 
the  Objections,  that  a very  inadequate  fulfilment  of 
that  promise  will  pass  unnoticed,  and  due  weight  will 
not  be  allowed  to  the  Objections. 

It  may  be  worth  remarking,  that  Refutation  will 
often  occasion  the  introduction  of  fresh  Propositions ; 
i.  e.  we  may  have  to  disprove  Propositions,  which, 
though  incompatible  with  the  principal  one  to  be 
maintained,  will  not  be  directly  contradictory'  to  it ; 
e.  g.  Burke,  in  order  to  the  establishment  of  his 
theory  of  beauty,  refutes  the  other  theories  which 
have  been  advanced  by  those  who  place  it  in  ,f  fitness  " 
for  a certain  end — in  " proportion  " — in  M perfec- 
tion," &c. : and  Dr.  A.  Smith,  in  his  Theory  of  Moral 
Sentiments,  combats  the  opinion  of  those  who  make 
expediency  the  test  of  virtue— of  the  advocates  of  a 
**  Moral  sense,"  fkc.  which  doctrines  respectively  are 
at  variance  with  those  of  these  authors,  and  imply, 
though  they  do  not  express,  a contradiction  of  them. 

Though  we  are  at  present  treating  principally  of 
the  proper  collocation  of  Refutation,  some  remarks  on 

toi.,  u 


the  conduct  of  it  will  not  be  unsuitable  in  this  place,  chap.  I. 
In  the  first  place,  it  is  to  be  observed  that  there  is 
(as  Aristotle  remarks,  Rhet.  book  ii., apparently  in  oppo- 
sition to  some  former  writers)  no  distinct  class  of 
refutatory  Arguments,  since  they  become  such  merely 
by  tbe  circumstances  under  which  they  are  em- 
ployed. 

There  are  two  ways  in  which  any  Proposition  may 
be  refuted  j*  first,  by  proving  the  contradictory  of  it; 
second,  by  overthrowing  the  Arguments  by  which  it 
has  been  supported.  The  former  of  these  is  less 
strictly  and  properly  called  Refutation,  being  only 
accidentally  such,  since  it  might  have  been  employed 
equally  well  had  the  opposite  Argument  never  existed ; 
and  in  fact  it  will  often  bapgcn  that  a Proposition 
maintained  by  one  author  may  be  in  this  way  refuted 
by  another,  who  had  never  heard  of  his  Arguments. 

Thus  Pericles  is  represented  by  Thucydides  as  prov- 
ing, in  a speech  to  the  Athenians,  the  probability  of 
their  success  against  the  Peloponnesians,  and  thus, 
virtually,  refuting  the  speech  of  the  Corinthian  am- 
bassador at  Sparta,  who  had  laboured  to  show  the 
probability  of  their  speedy  downful. t In  fact,  every 
one  who  argues  in  favour  of  any  Conclusion  is  virtu- 
ally refuting,  in  this  way,  the  opposite  Conclusion. 

But  the  character  of  Refutation  more  strictly  be- 
longs to  the  other  mode  of  procedure ; viz.  in  which 
a reference  is  made,  and  an  answer  given,  to  some 
specific  Arguments  in  favour  of  the  opposite  Conclu- 
sion. This  may  consist  cither  in  the  denial  of  one  of 
the  Premises,  or  an  Objection  agninst  the  conclusicenett 
of  the  Reasoning.  And  here  it  is  to  be  observed  that  the 
Objection  is  often  supposed,  from  the  mode  in  which 
it  is  expressed,  to  belong  to  this  lost  class,  when  in 
truth  it  does  not,  but  consists  in  tbe  contradiction  of 
a Premiss  ; for  it  is  very  common  to  say,  “ 1 admit 
your  principle,  but  deny  that  it  leads  to  such  a con- 
sequence •/  " the"  assertion  is  true,  but  it  has  no 
force  os  an  Argument  to  prove  that  Conclusion  j"  this 
sounds  Like  an  objection  to  the  Reasoning  itself,  but  it 
will  often  be  found  to  amount  only  to  a denial  of  the 
suppressed  Premiss  of  an  Enthymeme;  the  assertion 
which  is  admitted  being  only  the  expressed  Premiss, 
whose  force  as  an  Argument  must  of  course  depend 
on  the  other  Premiss  which  is  understood.  Thus 
Warburton  admits  that  in  the  Law  of  Moses  tbe  doc- 
trine of  & future  state  was  not  revealed  ; but  conteuds 
that  this,  so  fur  from  disproving,  as  the  Deists  pre- 
tend, his  Divine  mission,  does,  on  the  contrary,  estab- 
lish it.  But  the  Objection  is  not  to  the  Deist  s Argu- 
ment properly  so  called,  but  to  the  other  Premiss, 
which  they  so  hastily  took  for  granted,  and  which  he 
disproves,  viz.  “ that  a divinely-commissioned  Law- 
giver would  have  been  sure  to  reveal  that  doctrine." 

The  Objection  is  then  only  properly  said  to  lie  against 
the  Reasoning  itself,  when  it  is  shown  that  granting 
all  that  is  assumed  on  the  other  side,  whether  ex- 
pressed or  understood,  still  the  Conclusion  contended 
for  would  not  follow  from  the  Premises,  either  on 
account  of  some  ambiguity  in  the  Middle  Term,  or 


* 'ArruTv\Xojwn&t  uul  htrramt  of  Aristotle,  book  ii. 
f The  speeches  indeed  are  avowedly  tbe  cmupoaitioD  of  the 
historian  ; but  hr  professes  to  giv®  the  substance  of  what  waa 
either  actually  said,  or  itAtly  to  be  said,  ou  each  occasion  ; and 
tbe  Arguments  urged  in  the  speeches  now  m question  are  un- 
doubtedly such  as  the  respectire  speakers  would  be  likely  to 
employ. 
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Rhetoric,  some  other  fault  of  that  class.  (Sec  Logic,  chapter  on 
— Fallacies.) 

It  may  be  proper  In  this  place  to  remark,  that 
" Indirect  Reasoning  " is  sometimes  confounded  with 
'*  Refutation,”  or  supposed  to  be  peculiarly  connected 
with  it ; which  is  not  the  case ; either  Direct  or  Indirect 
Reasoning  being  employed  indifferently  for  Refutation 
as  well  as  for  any  other  purpose.  The  application  of 
the  term  “elenctic/*  (from  refute  or  dis- 

prove,) to  Indirect  Arguments,  has  probably  contri- 
buted to  this  confusion  ; which,  however,  principally 
arises  from  the  very  circumstance  that  occasioned  such 
a use  of  that  term  j vix.  that  in  the  Indirect  method 
the  absurdity  or  falsity  of  a Proposition  (opposed  to  our 
own)  is  proved  ; and  hence  is  suggested  the  idea  of 
an  advertary  maintaining  that  Proposition,  and  of  the 
Refutation  of  that  adversary  being  necessarily  accom- 
plished in  this  way.  Rut  it  should  be  remembered 
that  Euclid  and  other  mathematician*,  though  they 
can  have  no  opponent  to  refute,  often  employ  the 
Indirect  Demonstration ; and  that  on  the  other 
hand,  if  the  contradictory  of  an  opponent's  Premiss 
can  be  satisfactorily  proved  in  the  Direct  Method,  the 
Refutation  is  sufficient.  It  is  true  however  that 
while  in  science  the  Direct  Method  is  considered  pre- 
ferable, in  controversy  the  Indirect  is  often  adopted 
by  choice,  as  it  affords  an  opportunity  for  holding  up 
an  opponent  to  scorn  and  ridicule,  by  deducing  some 
very  absurd  Conclusion  from  the  principles  lie  main- 
tains, or  according  to  the  mode  of  arguing  he  em- 
ploys. Nor  indeed  can  a fallacy  be  so  clearly  exposed 
to  the  unlearned  reader  in  any  other  way.  For  it  is 
no  easy  matter  to  explain,  to  one  ignorant  of  Logic, 
the  grounds  on  which  you  object  to  an  inconclusive 
Argument,  though  he  will  be  able  to  perceive  its  cor- 
respondence with  another  brought  forward  to  illus- 
trate it,  in  which  an  absurd  Conclusion  may  be 
introduced,  as  drawn  from  true  Premises. 

It  is  evident  that  either  the  Premiss  of  an  opponent 
or  his  Conclusion  may  be  disproved,  either  in  the 
Direct  or  in  the  Indirect  Method  j i.  e.  either  by  prov- 
ing the  truth  of  the  Contradictory,  or  by  showing  that 
an  absurd  Conclusion  may  fairly  be  deduced  from  the 
Proposition  in  question  : when  this  latter  mode  of 
Refutation  is  adopted  with  respect  to  the  Premiss, 
the  phrase  by  which  this  procedure  is  usually  desig- 
nated, is,  that  the  " Argument  proves  too  much;'*  i.e. 
that  it  proves,  besides  the  Conclusion  drawn,  another, 
which  is  manifestly  inadmissible  ; e.  g.  the  Argu- 
ment by  which  Dr.  Campbell  labours  to  prove  that 
every  correct  Syllogism  must  be  nugatory,  as  involv- 
ing a “petitio  prinripn proves,  if  admitted  at  all, 
more  than  he  intended,  since  it  may  easily  be  shown 
to  be  equally  applicable  to  all  Reasoning  whatever. 

It  is  worth  remarking,  that  that  which  is  in  sub- 
stance an  Indirect  Argument,  may  easily  be  altered  in 
form  so  as  to  be  stated  in  the  Direct  Mode.  For, 
strictly  speaking,  that  is  Indirect  Reasoning  in  which 
we  assume  as  true  the  Proposition  whose  Contradic- 
tory it  is  our  object  to  prove  ; and  deducing  regularly 
from  it  an  absurd  Conclusion,  infer  thence  that  the 
Premiss  in  question  is  false  ; the  alternative  proposed 
in  all  correct  Reasoning  being  cither  to  admit  the 
Conclusion,  or  to  deny  one  of  the  Premises  ; hut  by 
adopting  the  form  of  a Destructive  Conditional,*  the 


• See  Logic. 


same  Argument  as  this  in  substance  may  be  stated 
directly  j e.  g.  we  may  say,  let  it  be  admitted  that  no 
testimony  can  satisfactorily  establish  such  a fact  us 
is  not  agreeable  to  our  experience  ; thence  it  will 
follow,  that  the  Eastern  Prince  judged  wisely  and 
rightly  in  at  once  rejecting,  as  a manifest  falsehood, 
the  account  given  him  of  the  phenomenon  of  ice; 
but  he  was  evidently  mistaken  in  so  doing;  there- 
fore the  Principle  assumed  is  unsound.  Now  the 
substance  of  this  Argument  remaining  the  same,  the 
form  of  it  may  be  so  altered  as  to  make  the  Argu- 
ment Direct  ; vix.  “if  it  be  true  that  no  testimony, 
&c.  that  Eastern  Prince  must  have  judged  wisely,  &c. 
but  he  did  not  ; therefore  that  Principle  is  not 
true.” 

Universally  indeed  n Conditional  Proposition  may 
be  regarded  ns  an  assertion  of  the  validity  of  a certain 
Argument ; the  Antecedent  corresponding  to  the 
Premises,  and  the  Consequent  to  the  Conclusion ; and 
neither  of  them  being  asserted  as  true,  only  the 
dependence  of  the  one  on  the  other  ; the  alternative 
then  is,  to  admit  the  Consequent,  (which  forms  the 
Constructive  Syllogism,)  or  to  deny  the  Antecedent, 
which  forms  the  Destructive : and  the  former  accord- 
ingly corresponds  to  Direct  Reasoning,  the  latter  to 
Indirect,  being,  as  has  been  said,  a mode  of  stating 
it  in  the  Direct  form,  as  is  evident  from  the  examples 
adduced. 

The  difference  between  these  two  inodes  of  stating 
such  an  Argument  is  considerable,  when  there  is  a 
long  chain  of  Reasoning ; for  when  wc  employ  the 
Categorical  form,  and  assume  as  true  the  Premises  we 
design  to  disprove,  it  is  evident  wc  must  be  speaking 
ironically,  and  in  the  character,  assumed  for  the  mo- 
ment, of  an  adversary;  when,  on  the  contrary,  we 
use  the  hy]M)thctir<d  form,  there  is  no  irony.  Rutter's 
Analogy  is  an  instance  of  the  latter  procedure; 
he  contends  that  if  such  and  such  objections  arc 
admissible  against  Religion,  they  must  be  applied 
equally  to  the  constitution  and  course  of  nature. 
Had  he,  on  the  other  hand,  assumed,  for  the  Argu- 
ment's sake,  that  such  objections  against  Religion  are 
valid,  and  had  thence  proved  the  condition  of  the 
natural  world  to  be  totally  different  from  what  we  see 
it  to  be,  his  Arguments,  which  would  have  been  the 
same  in  substance,  would  have  assumed  an  ironical 
form.  This  form  has  been  adopted  by  Burke  in  his 
celebrated  Defence  of  Natural  Society,  by  n late  noble 
Lonl  ;*  in  which,  assuming  the  person  of  Bolingbroke, 
lie  proves,  according  to  the  principles  of  that  author, 
that  the  Arguments  he  brought  against  ecclesiastical, 
would  equally  lie  against  civil  institutions. 

It  is  in  some  respects  a recommendation  of  this 
latter  method,  and  in  others  an  objection  to  it,  that 
the  sophistry  of  an  adversary  will  often  be  exposed  by 
it  in  a ludicrous  point  of  view ; and  this,  even  where 
no  such  effect  is  designed ; the  very  essence  of  jest 
being  its  mimic  sophist ry.f  This  will  often  give  addi- 
tional force  to  the  Argument,  by  the  vivid  impression 
which  ludicrous  images  produce  : hut  again,  it  will 
not  unfrequently  have  this  disadvantage,  that  weak 
men,  perceiving  the  wit,  are  opt  to  conclude  that 
nothing  but  wit  is  designed,  and  lose  sight  perhaps  of 


Chap.  I. 


• Thb  U ao  Arpnment  from  Analogy,  a»  well  •«  Hinbop  But- 
lirrV,  t’jouith  not  relating  to  the  unit  point,  Butlers  beta*  a 
dcfi*«ce  of  the  Doctrim*  of  Religion. 

■f  See  Logic,  Chapter  on  Fallacies,  at  the  conclusion. 
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Rhetoric  a solid  and  convincing  Argument,  which  they  regard 
— as  no  more  than  a good  joke.  Having  been  warned 
that  **  ridicule  is  not  the  test  of  truth,”  and  that 
“ wisdom  and  wit " arc  not  the  same  thing,  they 
distrust  every  thing  that  can  possibly  be  regarded  os 
witty;  not  having  judgment  to  perceive  the  combina- 
tion, when  it  occurs,  of  wit  with  sound  Reasoning. 
The  ivy-wreath  completely  conceals  from  their  view 
the  point  of  the  Thyrsus  : and  moreover  if  such  a 
mode  of  Argument  be  employed  on  serious  subjects, 

, the  " weak  brethren  *'  are  sometimes  scundnlized  by 
what  appears  to  them  a profanation  ; not  having  dis- 
cernment to  perceive  when  it  is  that  the  ridicule 
does,  and  when  it  does  not,  affect  the  solemn  subject 
itself.  But  for  the  respect  paid  to  Holy  Writ,  the 
taunt  of  Elijah  against  the  prophets  of  Baal  would 
probably  appear  to  such  persons  irreverent.  And  the 
caution  now  implied  will  apfiear  the  more  important 
when  it  is  considered  how  large  a majority  they  are, 
who,  in  this  point,  come  under  the  description  of 
“ weak  brethren he  that  can  laugh  at  what  is 
ludicrous,  and  at  the  same  time  preserve  a clear  dis- 
cernment of  sound  and  unsound  Reasoning,  is  no 
ordinary  man. 

It  may  be  observed  generally  that  too  much  stress 
is  often  laid,  especially  by  unpractised  Rcnsoncrs,  on 
Refutation ; (in  the  strictest  und  narrowest  sense,  i.  c. 
of  Objections  to  the  Premises,  or  to  the  Reasoning,) 
they  arc  apt  both  to  expect  a Refutation  where  none 
can  fairly  he  expected,  and  to  attribute  to  it,  when 
satisfactorily  made  out,  more  than  it  really  accom- 
plishes. 

For  first,  not  only  specious,  but  real  and  solid  Argu- 
ments, such  os  it  would  be  difficult  or  impossible  to 
refute,  may  be  urged  against  a Proposition  which  is 
nevertheless  true,  and  may  be  satisfactorily  established 
by  a preponderance  of  probability.  It  is  in  strictly 
scientific  Reasoning  alone  that  all  the  Arguments 
which  lead  to  a false  Conclusion  must  be  fallacious  : 
in  what  is  called  moral  or  probable  Reasoning,  there 
may  be  sound  Arguments  and  valid  objections  on 
both  side*  e.  g.  it  may  be  shown  that  each  of  two 
contending  parties  has  some  reason  to  hope  for  suc- 
cess ; and  this,  by  irrefragable  Arguments  on  both 
sides,  leading  to  Conclusions  which  are  not  contra- 
dictory to  each  other  ; for  though  only  one  party  can 
obtain  the  victory,  it  may  lie  true  that  each  has  some 
reason  to  expect  it.  The  real  question  in  such  cases  is, 
which  event  is  the  more  probable ; — on  which  side  the 
evidence  preponderates.  Now  it  often  happens  that 
the  inexperienced  Reasoner,  thinking  it  necessary  that 
ever)'  Objection  should  be  satisfactorily  answered, 
will  have  his  attention  drawn  off  from  the  Arguments 
of  the  opposite  side,  and  will  be  occupied  perhaps  in 
making  a weak  defence,  while  victory  was  in  his 
hands.  The  Objection  perhaps  may  be  unanswerable, 
and  yet  may  safely  be  allowed,  if  it  can  be  shown  that 
more  and  weightier  Objections  lie  against  every  other 
supposition.  This  is  a most  important  caution  for 
those  who  arc  studying  the  Evidences  of  Religion. 

Secondly,  the  force  of  a- Refutation  is  often  over- 
rated : an  Argument  which  is  satisfactorily  answered 
ought  to  go  for  nothing;  but  it  is  possible  that  the 


* " There  arc  objections  against  a PUmtm , sod  objections 

against  s f'acumm  ; but  one  of  them  must  be  true.’'  Johnson. 


Conclusion  drawn  may  nevertheless  be  true  : yet  men  Chap. !. 
are  apt  to  take  for  granted  that  the  Conclusion  itself  v—“\— 
ia  disproved,  when  the  Arguments  brought  forward  to 
establish  it  have  been  satisfactorily  refuted  ; assuming, 
when  perhaps  there  is  no  ground  for  the  assumption, 
that  these  are  all  the  Arguments  that  could  be  urged. 

This  may  be  considered  os  the  fallacy  of  denying  the 
Consequent  of  a Conditional  Proposition,  from  the 
Antecedent  having  been  denied  : " if  such  and  such 
an  Argument  he  admitted,  the  Assertion  in  question 
is  true  ; hut  that  Argument  is  inadmissible  ; therefore 
the  Assertion  is  not  true."  Hence  the  injury  done  to 
any  cause  by  a weak  advocate  ; the  cause  itself  appear 
ing  to  the  vulgar  to  be  overthrown  when  the  Argu 
nients  brought  forward  arc  answered. 

On  the  same  principle  is  founded  a most  important 
maxim,  that  it  is  not  only  the  fairest,  hut  nlso  the 
wisest  plan,  to  state  Objections  in  their  full  force;  at 
least,  wherever  there  does  exist  a satisfactory  answer 
to  them  ; otherwise,  those  who  hear  them  stated  more 
strongly  than  by  the  unenndid  advocate  who  had 
undertaken  to  repel  them,  will  naturally  enough  con- 
clude that  they  are  unanswerable.  It  is  but  a mo- 
mentary and  ineffective  triumph  that  can  be  obtained 
by  niunceuvres  like  those  of  Turnus's  charioteer,  who 
furiously  chased  the  feeble  stragglers  of  the  anny, 
and  evaded  the  main  front  of  the  battle. 

Rule  seventh.  The  Arguments  which  should  be 
placed  first  in  order  arc,  catens  paribus,  the  most 
Obvious,  oml  such  as  naturally  first  occur. 

This  is  evidently  the  natural  order ; and  the  adher- 
ence to  it  gives  an  easy,  natural  air  to  the  Composi- 
tion. It  is  seldom  therefore  worth  while  to  depart 
from  it  for  the  soke  of  beginning  with  the  most  power- 
ful Arguments,  (when  they  happen  not  to  he  also  the 
most  Obvious)  or  on  the  other  hand,  for  the  sake  of 
reserving  these  to  the  last,  and  beginning  with  the 
weaker  : or,  again; of  imitating,  a*  some  recommend, 

Nestor’s  plan  of  drawing  up  troops,  placing  the  best 
first  and  hist,  and  the  weakest  in  the  middle.  It  will 
be  advisable  however  (and  by  this  means  you  may 
secure  this  lost  advantage)  when  the  strongest  Argu- 
ments naturally  occupy  the  foremost  place,  to  recapitu- 
late in  a reverse  order ; which  will  destroy  the  apjiear- 
auce  of  anti-climax,  and  is  also  in  itself  the  most  easy 
and  natural  mode  of  recapitulation.  Let,  e.  g.  the 
Arguments  be  A,  B,  C,  D,  E,  &c.  each  less  weighty 
than  the  preceding;  then  in  recapitulating  proceed 
from  E to  D,  C,  B,  concluding  with  A. 

Of  Introduction. 

$ 4.  A Proem,  Exordium,  or  Introduction,  is,  os 
Aristotle  has  justly  remarked,  not  to  be  accounted  one 
of  the  essential  parts  of  a Composition,  since  it  is  not 
in  every  case  necessary.  In  most,  however,  except 
such  as  arc  extremely  short,  it  is  found  advisable  to 
premise  something  before  we  enter  on  the  main  Argu- 
ment, to  avoid  an  appearance  of  abruptness,  and  to 
facilitate,  in  some  way  or  other,  the  Object  proposed. 

In  larger  works  this  assumes  the  appellation  of  Pre- 
face or  Advertisement  ; and  not  unfrequently  two  are 
employed,  one  under  the  name  of  Preface,  and  ano- 
ther, more  closely  connected  with  the  main  work, 
under  that  of  Introduction. 

The  rules  which  have  been  laid  down  already  will 
ShS 
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Hhetorie.  apply  equally  to  that  preliminary  course  of  Argument 
of  which  Introductions  often  consist. 

The  writers  before  Aristotle,  are  censured  by  him 
for  inaccuracy,  in  placing  under  the  head  of  Introduce 
tions,  as  properly  belonging  to  them,  many  things 
which  are  not  more  appropriate  in  the  beginning  than 
elsewhere ; as,  e.  g.  the  contrivances  for  exciting 
the  hearer’s  attention } which,  as  he  observes,  is  an 
improper  Arrangement ; since,  though  such  an  In- 
troduction may  sometimes  be  required,  it  is,  generally 
speaking,  anywhere  else  rather  than  in  the  beginning, 
that  the  attention  is  likely  to  flag. 

The  rule  laid  down  by  Cicero,  ( De  Orat.)  not  to 
compose  the  Introduction  first,  but  to  consider  first 
the  main  Argument,  and  let  that  suggest  the  Exordium, 
is  just  and  valuable ; for  otherwise,  as  he  observes, 
seldom  any  thing  will  suggest  itself  but  vague  gene- 
ralities; u common " topics,  as  he  calls  them,  i.  e. 
what  would  equally  well  suit  several  different  Com- 
l>ositions  ■,  whereas  the  Introduction,  which  is  com- 
posed last,  will  naturally  spring  out  of  the  main 
subject,  and  appear  appropriate  to  it. 

1.  One  of  the  Objects  most  frequently  proposed  in 
an  Introduction,  is,  to  show  that  the  subject  in  question 
is  inifwrtanl,  curious,  or  otherwise  interesting,  and 
worthy  of  attention.  This  may  be  called  an  " Intro- 
duction inquisitive." 

2.  It  will  frequently  happen  also,  when  the  point 
to  be  proved  or  explained  is  one  which  may  be  very 
fully  established,  or  on  which  there  is  little  or  no 
doubt,  that  it  may  nevertheless  he  strange,  and  different 
from  what  might  have  been  expected  ; in  which  case 
it  will  often  have  a good  effect  in  rousing  the  atten- 
tion, to  set  forth  as  strongly  as  possible  this  para- 
doxical character,  and  dwell  on  the  seeming  improba- 
bility of  that  which  must,  after  all,  be  admitted.  This 
may  be  called  an  “ Introduction  paradoxical.' '* 


• **  If  you  should  see  a flock  of  pigeons  in  a field  of  corn  : and 
if  . instead  of  each  picking  where  and  what  it  liked,  taking  just 
as  much  aa  it  wanted,  and  no  more  you  should  see  ninety-nine 
them  gathering  all  they  got,  into  a heap;  reserving  nothing 
for  themselves,  but  the  chaff  and  the  refuse  ; keeping  this  heap 
for  one,  and  that  the  weakest,  perhaps  worst,  pigeon  of  the 
flock  ; sitting  round,  and  looking  on,  ail  the  winter,  whilst  this 
one  was  devouring,  throwing  about,  and  wanting  it ; and  if  a 
pigeon,  more  hardy  or  hungry  than  the  rest,  touched  a grain  of 
the  board,  all  the  others  instantly  flying  upon  it,  and  tearing  it 
to  pieces  ; if  you  should  ace  this,  you  would  see  nothing  more 
than  what  ts  every  day  practised  and  established  among  men. 
Among  men,  you  aee  the  ninety  and  nine  toilmg  anil  scraping 
together  a heap  of  superfluities  lor  one,  [and  this  one  too,  often- 
times the  feeblest  and  wont  of  the  whole  set,  a child,  a woman, 
a madman,  or  a fool ;)  getting  nothing  for  themselves  all  the 
while,  but  a little  of  the  coarsest  of  the  provision,  which  their 
own  industry  produces;  looking  quietly  on,  while  they  see  the 
fruits  of  ail  their  labour  spent  or  spoiled ; and  if  one  of  the 
number  take  or  touch  a particle  of  the  board,  the  others  joining 
against  him,  and  hanging  him  for  the  theft. 


3.  What  may  be  called  an  " Introduction  cor-  Chap.  I 
rective,”  is  also  in  frequent  use ; viz.  to  abow  that  the 
subject  has  been  neglected,  misunderstood,  or  misrepre- 
sented by  others.  This  will,  in  m&ny  cases,  remove  a 

most  formidable  obstacle  in  the  hearer’s  mind,  the 
anticipation  of  triteness,  if  the  subject  be,  or  may 
supposed  to  be,  a hacknied  one ; and  it  may  also 
serve  to  remove  or  loosen  such  prejudices  as  might 
be  adverse  to  the  favourable  reception  of  our  Argu- 
meats. 

4.  It  will  often  happen  also,  that  there  may  be  nced# 
to  explain  some  peculiarity  in  the  mode  of  Reasoning 
to  be  adopted  ; to  guard  against  some  possible  mistake 
as  to  the  Object  proposed  ; or  to  apologise  for  some 
deficiency ; this  may  be  called  the  “ Introduction 
preparatory." 

5.  And  lastly,  in  many  cases  there  will  he  occasion 
for  what  may  be  called  a “ Narrative  Introduction/* 
to  put  the  reader  or  hearer  in  possession  of  the  out- 
line of  some  transaction,  or  the  description  of  some 
state  of  things,  to  which  references  and  allusions  arc 
to  he  made  iu  the  course  of  the  Composition.  Thus, 
in  Preaching,  it  is  generally  found  advisable  to  detail, 
or  at  least  briefly  to  sum  up,  a portion  of  Scripture 
history,  or  a parable,  when  either  of  these  is  made 
the  subject  of  a Sermon. 

T\Vo  or  more  of  the  Introductions  that  have  been 
mentioned  are  often  combined,  especially  in  the  Pre- 
face to  a work  of  auy  length. 

And  very  often  the  Introduction  will  contain  appeals 
to  various  passions  and  feelings  in  the  hearers  ; espe- 
cially a feeling  of  approbation  towards  the  Speaker, 
or  of  prejudice  against  an  opponent  who  has  pre- 
ceded him ; but  this  is,  as  Aristotle  has  remarked,  by 
no  mcous  confined  to  Introductions.* 


“ There  must  be  some  very  important  advantages  to  account 
for  an  institution,  which,  in  the  view  of  it  above  given,  is  so 
paradoxical  and  unnatural. 

“ The  principal  of  tliesc  advantages  are  the  following  tM  Ac.— 
May's  Moral  PAUasophy,  book  iii.  part  i.  c.  I and  2. 

• It  lias  not  been  ♦.bought  accessary  to  treat  of  Conclusion, 
I’eroratiou,  or  Epilogue,  os  a distinct  head : the  general  rules, 
that  a Conclusion  should  be  neither  sudden  and  abrupt,  (so 
os  to  induce  the  hearer  to  say,  " I did  not  know  he  was  going 
to  trace  nor,  again,  so  long  m to  excite  the  bearer's  im- 
patience after  be  has  been  led  to  expect  an  end,  being  so  obvious 
us  bardlv  to  need  being  mentioned.  The  raaltrr  of  which  the 
vi including  part  of  a Composition  consists,  will,  of  course, 
vary  according  to  the  subject  and  the  occasion  ; but  that 
which  is  most  appropriate,  and  consequently  most  frequent  (in 
('(impositions  of  any  considerable  length,}  U a Kerapitulatiun, 
either  of  a part  or  the  whole  of  the  Arguments  that  have  been 
used  ; respecting  which  a remark  has  been  made  at  the  end" 
of  Section  3. 

Any  thing  rvlalivc  to  the  Feelings  and  the  Will,  that  may  be 
especially  appropriate  to  the  Conclusion,  will  be  mentioned  in 
its  proper  place. 
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CHAPTER  II. 


or  PERSUASION. 


Rhetoric.  Pfb suasion,  properly  so  called,  i.  e.  the  Art  of  in- 
fluencing  the  Will,  is  the  next  point  to  be  considered. 
And  Rhetoric  is  often  regarded  (as  was  formerly  re- 
marked) in  a more  limited  sense,  as  conversant  about  this 
head  alone.  But  even,  according  to  that  view,  the  rules 
above  laid  down  will  be  found  not  the  less  relevant  ; 
since  the  Conviction  of  the  understanding  (of  which 
we  have  hitherto  been  treating)  is  an  eaacntinl  part  of 
Persuasion,  and  will  generally  need  to  be  effected  by 
the  Arguments  of  the  Writer  or  Spenker.  For  in  order 
thut  the  Will  may  be  influenced,  two  things  are  re- 
quisite ; viz.  that  the  proposed  Object  should  appear 
desirable  ; and  that  the  Meant  suggested  should  lie 
proved  to  be  conducive  to  the  attainment  of  that  Ob- 
ject ; and  this  last,  evidently,  must  depend  on  a process 
of  Reasoning.  In  order,  e.  g.  to  induce  the  Greeks  to 
unite  their  efforts  against  the  Persian  invader,  it  was 
necessary  to  prove  that  cooperation  could  alone  render 
their  resistance  effectual,  and  also  to  awaken  such 
feelings  of  patriotism,  and  abhorrence  of  a foreign  yoke, 
as  might  prompt  them  to  make  these  combined  efforts. 
For  it  is  evident,  that  however  ardent  their  love  of 
liberty,  they  would  make  no  exertions  if  they  appre- 
hended no  danger ; or  if  they  thought  themselves  able, 
separately,  to  defend  themselves,  would  be  backward 
to  join  the  confederacy  ; and  on  the  other  hand,  thut 
if  they  were  willing  to  submit  to  the  Persian  yoke,  or 
valued  their  independence  less  than  their  present  ease, 
the  fullest  conviction  that  the  Means  recommended 
would  secure  their  independence,  would  have  no 
practical  effect. 

Persuasion,  therefore,  depends  on  1st,  Argument, 
(to  prove  the  expediency  of  the  Means  proposed)  and 
Sndly,  What  is  usually  called  Exhortation,  i,  e.  the 
incitement  of  men  to  adopt  those  Means,  by  repre- 
senting the  End  os  sufficiently  desirable.  It  will  hap- 
pen indeed,  not  unfrequently,  that  the  one  or  the  other 
of  these  Objects  will  have  been  already,  either  wholly 
or  in  part,  accomplished,  so  that  the  other  shall  be 
the  only  one  that  it  is  requisite  to  insist  on  ; viz. 
sometimes  the  hearers  will  be  sufficiently  intent  on  the 
pursuit  of  the  End,  and  will  be  in  doubt  only  as  to 
the  Menus  of  attaioing  it ; and  sometimes,  again,  they 
will  have  no  doubt  on  that  point,  hut  will  lie  indif- 
ferent, or  not  sufficiently  ardent,  with  respect  to  the 
proposed  End,  and  will  need  to  be  stimulated  by 
Exhortations.  Not  sufficiently  ardent,  we  have  said, 
because  it  will  not  so  often  happen  that  the  Object  in 
Question  will  be  one  to  which  they  are  totally  indif- 
ferent, as  that  they  will,  practically  at  least,  not 
reckon  it,  or  not  feel  it,  to  be  worth  the  requisite 
pains.  No  one  is  absolutely  indifferent  about  the 
attainment  of  a happy  immortality  ; and  yet  a great 
part  of  the  Preacher's  business  consists  of  Exhortation, 
L e.  endeavouring  to  induce  men  to  use  those  exertions 
which  they  themselves  know  to  be  necessary  for  the 
attainment  of  it. 


Aristotle,  and  many  other  writers,  have  spoken  of  chap.  II. 
Appeals  to  the  Passions  as  an  unfair  mode  of  influenc-  ^ ^ - 

ing  the  hearers  j in  answer  to  which  Dr.  Campbell 
has  remarked,  that  there  can  be  no  Persuasion  without 
an  address  to  the  Passions:*  and  it  is  evident,  from 
what  has  been  just  said,  that  he  is  right,  if  under  the 
term  Passion  is  included  every  active  principle  of  our 
nature.  This  however  is  a geatcr  latitude  of  meaning 
than  belongs  even  to  the  Greek  word  IIa'07,  though 
the  signification  of  that  is  wider  than,  according  to 
ordinary  use,  that  of  our  term  u Passions."  But 
Aristotle  by  no  means  overlooked  the  necessity  for 
Persuasion,  properly  so  termed,  calling  into  action 
some  motive  that  may  influence  the  Will;  it  is  plain 
that  whenever  he  speaks  with  reprobation  of  an 
appeal  to  the  Passions,  his  meaning  ia,  the  excitement 
of  such  feelings  os  ought  not  to  injiuence  the  decision 
of  the  question  in  hand.  A desire  to  do  justice  may 
be  called,  in  Dr.  Campbell's  wide  acceptation  of  the 
term,  a Passion  : this  is  what  ought  to  influence  n 
Judge  ; and  no  one  would  ever  censure  a Pleader  for 
striving  to  excite  and  heighten  this  desire  ; but  if  the 
decision  be  influenced  by  an  appeal  to  Anger,  Pity, 

&c.  the  feelings  thus  excited  being  such  as  ought  not 
to  have  operated,  the  Judge  must  be  allowed  to  have 
been  unduly  biassed  ; and  that  this  is  Aristotle's  mean- 
ing is  evident  from  his  characterising  the  introduction 
of  such  topics,  as  rob  wpa^/putret, 11  foreign  to  the 
matter  in  hand."  And  it  is  evident  that  as  the  motives 


* “ To  say,  that  it  is  possible  to  persuade  without  speaking 
to  tbe  passions,  is  but  at  best  a kind  of  specious  immense.  The 
coolest  rcosoner  always  in  persuading , addresseth  himself  to  the 
passions  some  way  or  other.  This  be  cannot  avoid  doing,  if  he 
speak  to  the  purpose.  To  make  me  beliere,  it  is  enough  to  show 
me  that  things  are  so ; to  make  me  act,  it  is  necessary  to  show 
that  tbe  action  will  answer  some  End.  That  can  never  be  an  End 
to  me  which  gratifies  no  passion  or  affection  in  my  nature.  You 
assure  me,  * It  i*  for  my  honour.’  Now  you  solicit  my  pride,  with- 
out which  I had  never  been  able  to  understand  the  word.  You 
■ sav,  * It  is  for  my  interest.’  Now  vtra  bespeak  my  self-love. 
4 It  is  for  the  public  good.’  Now  you  rouse  mv  patriotism.  • It 
will  relieve  the  miserable.’  Now  you  touch  iny  pHy.  So  far 
therefore  it  ia  from  being  an  unfair  method  of  peiwuosion  to 
move  the  passions,  that  there  is  no  persuasion  without  moving 
thrm. 

44  But  if  so  much  depend  on  passion,  where  is  the  scope  for 
argument?  Before  I answer  this  question,  let  it  he  ohsrrvrd. 


that,  in  order  to  persuade,  there  are  two  things  which  must  be 
carefully  studied  by  the  orator.  Tbe  first  is,  to  excite  some 
desire  or  passion  in  the  hearers;  the  second  is,  to  satisfy  their 
judgment  that  there  is  a connection  betr-rrn  (he  action^o  which 
hr  would  persuade  them,  and  the  gratification  of  the  desire  or 
mutaion  which  he  excites.  This  is  tbe  analysis  of  persuasion. 
Tbe  former  b effected  by  communicating  lively  and  glowing 
ideas  of  the  object ; the  latter,  unless  so  evident  of  itself  as  to 
supersede  the  necessity,  by  presenting  the  best  and  most  forcible 
arguments  which  the  nature  of  the  subject  admits.  In  the  one 
lies  the  pathetic,  in  the  other  the  argumentative.  These  inerr- 
po rated  together  constitute  thAt  vehemence  of  contention  to 
which  the  greatest  exploits  of  Eloquence  ought  doubtless  to  be 
ascribed.”— Campbell's  1’kitwphy  of  Rhetoric,  book  i.  c.  viL 
sec.  4. 
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Rhetoric.  which  ought  to  operate  will  be  different  in  different 
— cases,  the  same  may  be  objectionable  and  not  fairly 

admissible  in  one  case,  which  in  another  would  be 
perfectly  allowable.*  An  instance  occurs  in  Thucy- 
dides, in  which  this  is  very  judiciously  and  neatly 
oointed  out : in  the  debate  respecting  the  Mitylrucana, 
who  had  been  subdued  after  a revolt,  Cleon  is  intro- 
duced contending  for  the  justice  of  inflicting  on  them 
capital  punishment  ; to  which  Diodotus  is  made  to 
reply,  that  the  AlbCniaus  are  not  sitting  in  judgment 
on  the  offenders,  but  in  deliberation  os  to  their  own 
interest ; and  ought  therefore  to  consider,  not  the 
right  they  may  have  to  put  the  revoltera  to  death,  but 
the  expediency  or  inexpediency  of  such  a procedure. 

In  judicial  cases,  on  the  contrary,  any  appeal  to  the 
personal  interests  of  the  Judge,  or  evuu  to  public 
expediency,  would  be  irrelevant.  lu  framing  laws 
indeed,  and  (which  comes  to  the  some  thing)  giving 
those  decisions  which  are  to  operate  as  precedents, 
the  public  good  is  the  Object  to  be  pursued  ; but  in 
the  mere  administering  of  the  established  laws,  it  is 
inadmissible. 

There  are  many  feelings,  again,  which  it  is  evident 
should  in  no  case  be  allowed  to  operate,  as  Envy, 
thirst  for  Revenge,  &c.  &c.  the  excitement  of  which 
by  the  Orator  is  to  be  reprobated  as  an  unfair  artifice  ; 
but  it  is  not  the  less  necessary  to  be  well  acquainted 
with  them,  in  order  to  allay  them  when  previously 
existing  in  the  hearers,  or  to  counteract  the  efforts 
of  an  adversary  in  producing  or  influencing  them. 
It  is  evident,  indeed,  that  all  the  weaknesses,  as  well 
as  the  powers  of  the  human  mind,  and  ail  the  arts  by 
which  the  Sophist  takes  advantage  of  these  weak- 
nesses, must  be  familiarly  known  by  a perfect  Oratorj 
who,  though  he  may  be  of  such  a character  as  to  dis- 
dain employing  such  arts,  must  not  want  the  ability 
to  do  so,  or  he  would  not  be  prepared  to  counteract 
them.  An  acquaintance  with  the  nature  of  }>oisons  is 
necessary  to  him  who  would  administer  antidotes. 

The  uctive  principles  of  our  nature  may  be  classed 
in  various  ways  ; the  arrangement  adopted  by  Mr, 
Dugnld  Stewartf  is,  perhaps,  the  most  correct  and 
convenient ; the  heads  he  enumerates  arc  Appetites, 
(which  have  their  origin  in  the  body,)  Desires,  and 
Affections;  these  lost  being  such  as  imply  some  kind 
of  disposition  relative  to  another  Person  ; to  which 
must  be  added,  Self-love,  or  the  desire  of  Hnppiness 
as  such,  and  the  Moral  faculty,  called  by  some  writers 
Conscience,  by  others  the  Moral  sense,  and  by  Dr.  A. 
Smith,  the  sense  of  Propriety. 

Underthe  head  of  Affections  may  be  included  the 
sentiments  of  Esteem,  Regard,  Admiration,  &c.  which 
it  is  so  important  that  the  audience  should  feel  to- 
wards the  Speaker.  Aristotle  has  considered  this  as 
a distinct  head,  separating  the  consideration  of  the 
speaker's  Character  (*H0ur  too  Xeytrrn)  from  that  of 
the  disposition  of  the  hearers  ; under  which,  how- 
ever, it  might,  according  to  his  own  views,  have  been 
included  ; it  being  plain  from  his  manner  of  treating 
of  the  speaker's  Character,  that  he  means,  not  his 
real  character,  (according  to  the  fanciful  notion  of 
Quinctilian,)  but  the  impression  produced  on  theminds 
of  the  bearers,  by  the  speaker,  respecting  himself. 
He  remarks,  justly,  that  the  Character  to  be  established 


• ibc  Treatise  on  Fauacim,  set.  14. 
f Ouf/imes  '/Moral  l'htUu>pky. 


is  that  of,  1st,  Good  Principle,  2ndly,  Good  Sense,  Chap.  II. 
and  Srdly,  Goodwill  and  friendly  disposition  towards 
the  audience  addressed  j*  and  that  if  the  Orator  can 
completely  succeed  in  this,  he  will  persuade  more 
powerfully  than  by  the  strongest  Arguments.  He 
might  have  added,  (as  indeed  he  docs  slightly  hint  at 
the  conclusion  of  his  Treatise,)  that,  where  there  is  an 
opponent,  a like  result  is  produced  by  exciting  the 
contrary  feelings  respecting  him  ; viz.  holding  him 
up  to  contempt,  or  representing  him  as  an  object  of 
reprobation  or  suspicion. 

To  treat  fully  of  all  the  different  emotions  and 
springs  of  action  which  an  Orator  may  at  any  time 
find  it  necessary  to  call  into  play,  or  to  contend 
against,  would  be  to  enter  on  an  almost  boundless 
field  of  Metaphysical  inquiry,  which  does  not  pro- 
perly fall  within  the  limits  of  the  subject  now  before 
us  ; and  on  the  other  hand,  a brief  definition  of  each 
passion,  &c.  &c.  a few  general  remurks  on  it,  could 
hurdly  fail  to  be  trite  anil  uninteresting.  A few  mis- 
celluncous  Rules  therefore  may  suffice,  relative  to  the 
conduct,  generally,  of  those  parts  of  any  Composition 
which  are  designed  to  influence  the  Will. 

$ 1.  The  first  and  most  important  point  to  be 
observed  in  every  address  to  any  Passion,  Sentiment, 

Feeling,  &c.  is,  that  it  should  not  be  introduced  as 
such,  and  plainly  avowed  ; otherwise  the  effect  will 
be,  in  great  measure,  if  not  entirely  lost.  This  cir- 
cumstance forms  a remarkable  distinction  between 
the  head  now  under  consideration,  and  that  of  Argu- 
mentation. When  engaged  in  Reasoning,  properly 
so  called,  our  purpose  not  only  need  not  be  concealed, 
but  may,  without  prejudice  to  the  effect,  be  distinctly 
declared  : on  the  other  hand,  even  when  the  feelings 
we  wish  to  excite  are  such  as  ought  to  o|>enitc,  so 
that  there  is  no  reason  to  be  ashamed  of  the  endea- 
vours thus  to  influence  the  hearer,  still,  our  purpose 
and  drift  should  be,  if  not  absolutely  concealed,  yet 
not  openly  declared,  and  made  prominent.  Whether 
the  motives  which  the  Orator  is  endeavouring  to  call 
into  action,  be  suitable  or  unsuitable  to  the  occasion, 
such  as  it  is  right,  or  wrong  for  the  hearer  to  act 
upon,  the  same  rule  will  hold  good.  In  the  latter  case 
it  is  plain,  that  the  speaker  who  is  seeking  to  bias 
unfairly  the  minds  of  the  audience  will  be  the  more  likely 
to  succeed  by  going  to  work  clandestinely,  in  order  that 
his  hearers  may  not  be  ou  their  guard,  and  prepare  and 
fortify  their  minds  against  the  impressions  he  wishes 
to  produce ; in  the  other  case,  where  the  motives  dwelt 
on  are  such  os  ought  to  be  present  and  strongly  to 
operate,  men  are  not  likely  to  be  pleased  with  the 
idea  that  they  need  to  have  these  motives  urged  u]x>n 
them,  and  that  they  are  not  already  sufficiently  under 
the  influence  of  such  sentiments  as  the  occusion  calls 
for.  A man  may  indeed  be  convinced  that  he  is  in 
such  n predicament,  and  may  ultimately  feel  obliged  to 
the  Orator  for  exciting  or  strengthening  such  senti- 
ments; but  while  he  confesses  this,  he  cannot  but 
feel  a degree  of  mortification  in  making  the  con- 
fession, and  a kind  of  jealousy  of  the  apparent  as- 
sumption of  superiority  in  a speaker,  wbo  seems 
to  say,  " now  I will  exhort  you  to  feel  as  you  ought 
on  this' occasion  I will  endeavour  to  inspire  you 

with  such  noble  and  generous,  and  amiable  senti- 
ments as  you  ought  to  entertain which  is,  in  effect, 

* Afcrij,  , Events,  book  ii.  c.  i. 
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Rhetoric,  the  tone  of  him  who  avows  the  purpose  of  Exborta- 
«— -V— — lion.  The  mind  is  sure  to  revolt  from  the  humi- 
liation of  being  thus  moulded  and  fashioned,  in  respect 
to  its  feelings,  at  the  pleasure  of  another ) and  is 
apt,  perversely,  to  resist  the  influence  of  such  a dis- 
cipline. 

Whereas  there  is  no  such  implied  superiority  in 
avowing  the  intention  of  convincing  the  understand- 
ing : men  know,  and  (what  is  more  to  the  purpose) 
feel,  that  be  who  presents  to  their  minds  a new  and 
cogent  train  of  Argument,  does  not  necessarily  pos- 
sess or  assume  any  offensive  superiority,  but  may,  by 
merely  having  devoted  a particular  attention  to  the 
poiut  in  question,  succeed  in  setting  before  them 
Arguments  and  Explanations  which  hod  not  occurred 
to  themselves ; and  even  if  the  Arguments  adduced, 
and  the  Conclusions  drawn,  should  be  opposite  to 
those  with  which  they  had  formerly  been  satisfied, 
still  there  is  nothing  in  this  so  humiliating,  as  in 
that  which  seems  to  amount  to  the  imputation  of  a 
moral  defect. 

It  is  true  that  Sermons  not  unfrcquently  prove 
popular,  which  consist  avowedly  and  almost  exclu- 
sively of  Exhortation,  strictly  so  called, — in  which 
the  design  of  influencing  the  sentiments  and  feelings 
is  not  only  apparent,  but  prominent  throughout ; but 
it  is  to  be  feared,  that  those  who  are  the  most  pleased 
with  such  discourses  arc  more  npt  to  apply  these 
Exhortations  to  their  neighbours  than  to  themselves  ; 
and  that  each  bestows  his  commendation  rather  from 
the  consideration  that  such  admonitions  are  much 
needed, and  must  be  generally  useful,  than  from  finding 
them  thus  useful  to  himself. 

When  indeed  the  speaker  has  made  some  progress 
in  exciting  the  feelings  required,  and  ha9  in  great 
measure  gained  possession  of  his  audience,  a direct 
and  distinct  Exhortation  to  adopt  the  conduct  recom- 
mended will  often  prove  very  effectual ; but  never 
can  it  be  needful  or  advisable  to  tell  them  (as  some 
do)  that  you  are  going  to  exhort  them. 

It  will,  indeed,  sometimes  happen  that  the  excite- 
ment of  a certain  feeling  will  depend,  in  some  mea- 
sure, on  a process  of  Reasoning  j c.  g.  it  may  be 
requisite  to  prove,  where  there  is  a doubt  on  the  sub- 
ject, that  the  person  recommended  to  the  Pity,  Gra- 
titude, &c.  of  the  hearers,  is  really  an  object  deserving 
of  these  sentiments : but  even  then,  it  will  almost 
always  be  the  case,  that  the  chief  point  to  be  accom- 
lished  shall  be  to  raise  those  feelings  to  the  requisite 
eight,  after  the  understanding  is  convinced  that  the 
occasion  calls  for  them.  Ant£  this  is  to  be  effected 
not  by  Argument,  properly  so  called,  but  by  present- 
ing the  circumstances  in  such  a point  of  view,  and  so 
fixing  and  detaining  the  attention  upon  them,  that 
corresponding  sentiments  and  emotions  shall  gra- 
dually, and  as  it  were  spontaneously,  arise. 

§ ‘i.  Hence  arises  another  Rule,  closely  connected 
with  the  foregoing,  though  it  also  so  far  relates  to 
Style  that  it  might  with  sufficient  propriety  have  been 
placed  under  that  head  ; viz.  that  in  order  effectually 
to  excite  feelingB  of  any  kind,  it  is  necessary  to  em- 
ploy some  copiousness  of  detail,  and  to  dwell  some- 
what at  large  on  the  several  circumstances  of  the  case 
in  hand  ; in  which  respect  there  is  a wide  distinction 
between  strict  Argumentation,  with  a view  to  the 
conviction  of  the  understanding  alone,  and  the  at- 
tempt to  influence  the  will  by  the  excitement  of  any 


emotion.  With  respect  to  Argument  itself  indeed,  Chap.  U. 
different  occasions  will  call  for  different  degrees  o fw-y— » 
Copiousness,  Repetition,  and  Expansion  ; the  chain  of 
Reasoning  employed,  may,  in  itself,  consist  of  more 
or  fewer  links ; abstruse  nnd  complex  Arguments  • 
must  be  unfolded  at  greater  length  than  such  as  arc 
more  simple ; and  the  more  uncultivated  the  au- 
dience, the  more  foil  must  be  the  explanation  and 
illustration,  and  the  more  frequent  the  repetition  of 
the  Arguments  presented  to  them  but  still  the  same 
general  principle  prevails  in  all  these  cases ; viz.  to 
nim  merely  at  letting  the  Arguments  be  folly  under- 
stood and  admitted ; this  will  indeed  occupy  a shorter 
or  longer  space,  according  to  the  nature  of  the  case 
and  the  character  of  the  hearers  j but  all  Expansion 
and  Repetition  beyond  what  is  necessary  to  accomplish 
conviction,  is  in  every  instance  tedious  and  disgust- 
ing. On  the  contrary,  in  a description  of  anything 
that  is  likely  to  net  on  the  feelings,  this  effect  will  by 
no  means  be  produced  ns  soon  ns  the  understanding 
is  sufficiently  informed  ; detail  and  expansion  nre 
here  not  only  admissible,  but  absolutely  necessary,  in 
order  that  the  mind  may  have  leisure  and  opportunity 
to  form  vivid  nnd  distinct  ideas.  For  as  Quinctilian 
well  observes,  he  who  tells  us  that  a city  was  sacked, 
although  that  one  word  implies  all  that  occurred, 
will  produce  little,  if  any,  impression  on  the  feelings, 
in  comparison  of  one  who  sets  before  us  a lively 
description  of  the  various  lamentable  circumstances  ; 
to  tell  the  whole,  he  adds,  is  by  no  means  the  same 
as  to  tell  every  thing. 

§ 3.  It  is  not  however,  nlways  advisahle  to  enter 
into  a direct  detail  of  circumstances,  which  would  often 
hove  the  effect  of  wearying  the  hearer  beforehand, 
with  the  expectation  of  a long  description  of  some- 
thing in  which  he  probably  does  not  ns  yet  feel  much 
interest ; and  would  also  be  likely  to  prepare  him  too 
much,  and  forewarn  him  as  it  were  of  the  object  pro- 
posed,— the  design  laid  ngninst  his  feelings.  It  will 
often,  therefore,  have  a better  effect  to  describe 
obliquely,  (if  we  may  so  speak,)  by  introducing  cir- 
cumstances connected  with  the  mnin  Object  or  event, 
and  affected  by  it,  but  not  absolutely  forming  a pnrt 
of  it.  And  circumstances  of  this  kind  may  not  unfre- 
qnently  be  selected,  so  as  to  produce  a more  strik- 
ing impression  of  anything  that  is  in  itself  great  nnd 
remarkable,  than  could  be  produced  by  a minute  and 
direct  description ; because  in  this  way  the  general 
nnd  collective  result  of  a whole,  and  the  effects  pro- 
duced by  it  on  other  objects,  may  be  vividly  impressed 
on  the  hearer's  mind ; the  circumstantial  detail  of 
collateral  circumstances  not  drawing  off  the  mind  from 
the  fontemplntion  of  the  principal  matter  os  one  nnd 
complete.  Thus  the  woman’s  application  to  the  King 
of  Samaria,  to  compel  her  neighbour  to  fulfil  her 
agreement  of  sharing  with  her  the  infant’s  flesh,  gives 
a more  frightful  impression  of  the  horrors  of  the 
famine  than  any  more  direct  description  could  have 
done  ; since  it  presents  to  us  the  picture  of  that  hard- 
ening of  the  heart  to  every  kind  of  horror,  and  that 
destruction  of  the  ordinary  state  of  human  sentiment, 
which  is  the  result  of  long-continued  and  extreme 
misery.  Nor  could  any  detail  of  the  particular  vexa- 
tions suffered  by  the  exiled  Jews  for  their  disobe- 
dience, convey  no  lively  an  idea  of  them  as  that 
description  of  their  result  contained  in  the  denuncia- 
tion of  Moses  ; “ in  the  evening  thou  shalt  say,  would 
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Rkrtoric.  God  it  were  morning,  «nd  in  the  morning  thou  «hult 
. I say,  would  God  it  were  evening." 

Y In  the  poem  of  Itukeby,  a striking  exemplification 
occurs  of  wlmt  has  been  said  : Bertram  in  describing 
the  prowess  he  had  displayed  ns  a Buccaneer,  does 
not  particularize  any  of  his  exploits,  but  alludes  to 
the  terrible  impression  they  had  left  : 

« Pununa’ft  m»i<U  *hsll  Ion*  look  psle, 

When  Rmngham  inspire*  the  taJc 
Chili's  dark  matrons  Ion*  shall  tame. 

The  /toward  child  with  Bertram'*  name.*' 

The  first  of  Dramatists,  who  might  have  been  per- 
haps  the  first  of  Orators,  has  afforded  some  excellent 
exemplifications  of  this  rule,  especially  in  the  speech 
of  Antony  over  Cesar's  body. 

§ 4.  Comparison  is  one  powerful  means  of  exciting 
or  heightening  any  emotion  ; viz.  by  presenting  a 
parallel  between  the  case  in  hand  and  some  other  that 
is  calculated  to  call  forth  such  emotions  : taking  care, 
of  course,  to  represent  the  present  case  as  stronger 
than  the  one  it  is  compared  with,  and  such  as  ought 
to  affect  us  more  powerfully. 

When  several  successive  steps  of  this  kind  arc  em- 
ployed to  raise  the  feelings  gradually  to  the  highest 
pitch,  (which  is  the  principal  employment  of  what 
Rhetoricians  call  the  Climax,*)  a far  stronger  effect 
is  produced  than  by  the  mere  presentation  of  the 
most  striking  object  at  once.  It  is  observed  by  all 
travellers  who  have  visited  the  Alps,  or  other  stu- 
pendous mountains,  that  they  form  a very  inadequate 
notion  of  the  vastness  of  the  greater  ones,  till  they 
ascend  some  of  the  less  elevated,  (which  yet  are  huge 
mountains,)  and  thence  view  the  others  still  towering 
above  them.  And  the  mind,  no  less  than  the  eye, 
cannot  so  well  take  in  and  do  justice  to  any  vast 
object,  at  a single  glance,  as  by  several  successive 
approaches  and  repeated  comjMirisons.  Thus  in  the 
well-known  Climax  of  Cicero  in  the  Oration  against 
Verres,  shocked  as  the  Homans  were  likely  to  be  at 
the  bare  mention  of  the  crucifixion  of  one  of  their 
citizens,  the  successive  steps  by  which  he  brings 
them  to  the  contemplation  of  such  an  event,  were 
calculated  to  work  up  their  feelings  to  a much  higher 
pitch  : “ It  is  an  outrage  to  6ind  a Roman  citizen  ; 
to  scourge  him  is  an  atrocious  crime;  to  put  him  to 
death  is  almost  parricide  ; but  to  crucify  him — whul 
shall  I call  It?” 

It  is  observed,  accordingly,  by  Aristotle,  in  speaking 
of  Panegyric,  that  the  person  whom  we  would  hold 
up  to  admiration,  should  always  be  compared,  and 
advantageously  compared,  if  nossiblc,  with  those  that 
arc  already  illustrious,  but  if  not,  at  least  with»^>me 
person  whom  he  excclls  : to  excel,  being  in  itself, 
he  snvs,  a ground  of  admiration.  The  same  rule  will 
apply,  as  has  been  said,  to  all  other  feelings  as  well 
as  to  Admiration  : Anger,  or  Pity,  for  instance,  are 
more  effectually  excited  if  wc  produce  cases  such 
as  would  C4ill  forth  those  passions,  and  which  though 
similar  to  those  before  us,  ore  not  so  strong  ; and  so 
with  respect  to  the  rest. 

When  it  is  said,  however,  that  the  Object  which  we 


• An  analogous  Arrangement  of  Arguments  in  nrdrr  to  set  forth 
the  full  force  of  the  one  me  mean  to  dwell  upon,  would  al»o 
receive  the  tain*  appellation,  and  in  tael  » vrry  often  combined 
and  blended  with  that  which  in  here  spoken  of. 


compare  with  another,  should  be  one  which  ought  to  Chap.  II. 
excite  the  feeling  in  question  in  a higher  degree  than 
that  other,  it  is  not  meunt  that  this  must  actually  be, 
already,  the  impression  of  the  hearers  : the  reverse 
will  more  commonly  be  the  cose ; that  the  instances 
adduced  will  be  such  as  actually  affect  their  feelings 
more  strongly  than  that  to  which  we  are  endeavouring 
to  turn  them,  till  the  fiame  spreads,  as  it  were,  from 
the  one  to  the  other.  This  will  especially  bold  good  in 
every  case  where  self  is  concerned  ; e.  g.  men  feel  na- 
turally more  indignant  at  a slight  affront  offered  to 
themselves,  or  those  closely  connected  with  them, 
than  at  the  most  grievous  wrong  done  to  a stranger ; 
if  therefore  you  would  excite  their  utmost  indignation 
in  such  a case,  it  must  be  by  comparing  it  with  a pa- 
rallel case  that  concerns  themselves  ; i.  e.  by  leading 
them  to  cousider  how  they  would  feel  were  such  and 
such  an  injury  done  to  themselves.  And,  on  the  other 
hand,  if  you  would  lead  them  to  a just  sense  of  their 
own  faults,  it  must  be  by  leading  them  to  contemplate 
like  faults  in  others  j of  which  the  celebrated  parable 
of  Nathan,  addressed  to  David,  affords  an  admirable 
instance. 

§ 5.  Another  Rule,  (which  also  is  connected  in 
some  degree  with  Style)  relates  to  the  tone  of  feeling 
to  be  manifested  by  the  writer  or  speaker  himself,  in 
order  to  excite  the  most  effectually  the  desired  emo- 
tions in  the  minds  of  the  hearers.  And  this  is  to  be 
accomplished  by  two  opposite  methods  : the  one, 
which  is  most  obvious,  is  to  express  openly  the  feeling 
in  questiou  ; the  other,  to  seem  labouring  to  suppress 
it : in  the  former  method,  the  most  forcible  remarks 
arc  introduced, — the  most  direct  as  well  as  impas- 
sioned kind  of  description  is  employed, — and  some- 
thing of  exaggeration  introduced,  in  order  to  carry 
the  hearers  us  far  as  possible  in  the  same  direction  in 
which  the  Orator  seems  to  be  himself  hurried,  and 
to  iufect  them  to  a certain  degree  with  the  emotions 
and  sentiments  which  he  thus  manifests : the  other 
method,  which  is  often  no  less  successful,  is  to  ab- 
stain from  all  remarks,  or  from  all  such  os  come  up 
to  the  expression  of  feeling  which  the  occasion  seems 
to  authorize, — to  use  a gentler  mode  of  expression 
than  the  case  mi^ht  fairly  warrant, — to  deliver  “ an 
unvarnished  tale,  ’ leaving  the  hearers  to  make  their 
own  comments, — and  to  appear  to  stifle  and  studiously 
to  keep  within  bounds  such  emotions  as  may  seem 
natural.  This  produces  a kind  of  reaction  in  the 
hearers’  minds;  and  being  struck  with  the  inadequacy 
of  the  expressions,  and  the  laboured  calmness  of  the 
speaker’s  manner  of  stating  things,  compared  with 
what  he  may  naturally  be  disposed  to  feel,  they  will 
often  rush  into  the  opposite  extreme,  and  become  the 
more  strongly  affected  by  that  which  is  set  before 
them  in  so  simple  and  modest  a form.  And  though 
this  method  is  in  reality  more  artificial  than  the  other, 
the  artifice  is  the  more  likely  (perhaps  for  that  very 
reason)  to  escape  detection  ; men  being  less  on  their 
guard  against  a speaker  who  does  not  seem  so  much 
labouring  to  work  up  their  feelings,  as  to  repress  or 
moderate  his  own  ; provided  that  this  calmness  and 
coolness  of  manner  be  not  carried  to  such  an  ex- 
treme as  to  hear  the  appearance  of  affectation  ; which 
caution  is  also  to  be  attended  to  in  the  other  mode  of 
procedure  no  less  ; an  excessive  hyperbolical  exag- 
geration being  likely  to  defeat  its  own  object. 
Aristotle  mentions,  ( HheU  book  lx. ) though  very  briefly. 
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Rhetoric,  these  two  modes  of  rousing  the  fcrlings,  the  latter 
— - under  the  name  of  Eironeia,  which  in  his  time  was 
commonly  employed  to  signify,  not  according  to  the 
modern  use  of  41  Irony,  saying  the  contrary  to  what 
is  meant/'  but,  wbat  later  writers  usually  express  by 
Litotes,  i.  e.  " saying  lest  than  is  meant.'* 

The  two  methods  may  often  be  both  used  on  the 
same  occasion,  beginning  with  the  calm,  and  pro- 
ceeding to  the  impassioned,  afterwards,  when  the 
feelings  of  the  hearers  are  already  wrought  up  to  a 
certain  pitch  : o-rav  7^7  <Lrpo«Tav,  rai  Toirjerj 
Mhmansu*  Universalfy  indeed  it  is  a fault  carefully 
to  be  avoided,  to  express  feeling  more  vehemently  than 
that  the  audience  can  go  along  with  the  speaker ; 
who  would,  in  that  case,  as  Cicero  observes,  seem 
like  one  raving  among  the  sane,  or  intoxicated  in  the 
midst  of  the  sober.  And  accordingly,  except  where 
from  extraneous  causes  the  audience  are  already  in  an 
excited  slate,  we  must  carry  them  forward  gradually, 
and  allow  time  for  the  fire  to  kindle.  The  blast  which 
would  heighten  a strong  flame,  would,  if  applied  too 
soon,  extinguish  the  first  faint  spark.  The  speech  of 
Antony  over  Caesar's  corpse,  which  has  been  already 
mentioned,  affords  an  admirable  example  of  that  com- 
bination of  the  two  methods  which  lias  been  just 
spoken  of. 

Generally  however,  it  will  be  found  that  the  same 
Orators  do  not  excel  equally  in  both  modes  of  exciting 
the  Passions  ; and  it  should  be  recommended  to  each 
to  employ  principally  that  in  which  he  succeeds  best, 
since  either,  if  judiciously  managed,  will  generally 
prove  effectual  for  its  object.  The  well-known  tale 
of  Inkle  and  Yarico,  which  is  an  instance  of  the 
extenuating  method,  (as  it  may  be  called,)  could  not, 
perhaps,  have  been  rendered  more  affecting,  if  equally 
so,  by  the  most  impassioned  vehemence  and  rhetorical 
heightening. 

§ 6.  When  the  occasion  or  Object  in  question  is  not 
such  as  calls  for,  or  as  is  likely  to  excite  in  those  par- 
ticular readers  or  hearers,  the  emotions  required,  it 
it*  a common  Rhetorical  artifice  to  turn  their  attention 
to  some  Object  which  will  call  forth  these  feelings; 
und  when  they  are  too  much  excited  to  be  capable  of 
judging  calmly,  it  will  not  be  difficult  to  turn  their 
Passions,  once  roused,  in  the  direction  required,  and 
to  make  them  view  the  ease  before  them  in  a very 
different  light,  When  the  metal  h heated,  it  may 
easily  be  moulded  into  the  desired  form.  Thus  vehe- 
ment indignation  against  some  crime,  may  be  directed 
against  a person  who  has  not  been  proved  guilty  of 
it;  and  vague  declamations  against  corruption,  op- 
pression, &c.  or  against  the  mischiefs  of  anarchy  ; with 
high-flown  panegyrics  on  liberty,  rights  of  roan,  &c. 
or  on  social  order,  justice,  the  constitution,  law, 
religion,  &c.  will  gradually  lead  the  bearers  to  take 
for  granted,  without  proof,  that  the  measure  pro- 
posed will  lead  to  these  evils  or  these  advantages  ; 
and  it  will  in  consequence  become  the  object  of 
groundless  abhorrence  or  admiration.  For  the  very 
utterance  of  such  words  as  have  a multitude  of  what 
may  be  called  slim* lating  ideas  associated  with  them, 
will  operate  like  a charm  on  the  minds,  especially  of 
the  ignorant  and  unthinking,  and  raise  such  a tumult 
of  feeling,  as  will  effectually  blind  their  judgment ; 
so  that  a string  of  vague  abuse  or  panegyric,  will 

* Aristotle,  Mti,  book  iii.  cb.  vjj. 


often  have  the  effect  of  a train  of  sound  Argument.  Chip.  ll. 
This  artifice  falls  under  the  head  of  “ Irrelevant  Con-  — 
elusion,"  or  ignoratio  elenchi,  mentioned  in  the  Treatise 
on  Fallacies.  (Art.  Lome,  ch.  v.  sec.  14.)  Mr.  Ben- 
tbam  has  treated  of  the  employment  of  these  “ pas- 
sion-kindling appellatives,"  as  he  calls  them,  under 
the  head  of  “ Fallacies  of  Confusion,"  in  his  work 
entitled  the  Book  of  Fallacies.  Many  other  observa- 
tions, also  occurring  in  that  Treatise,  will  be  found 
very  nearly  to  coincide  with  that  w hich  has  been  said 
in  the  fifth  chapter  of  the  Article  on  Logic  just  referred 
to ; though  not  to  be  so  strictly  tried  by  Logical  rules. 

Of  many  popular  Sophisms  be  has  given  (though  in 
a singular  manner,)  an  able  exposure ; and  of  mauy 
others,  unfortunately,  the  most  striking  exemplifica- 
tions may  be  found  in  his  ow  n misoiiings  ; in  which 
pelilio  prinajm  in  particular,  occurs  perpetually;  as 
well  as  the  one  now  before  us,  the  employment  of 
vituperative,  or  as  he  calls  it  44  Dyslogistic  ' language  . 
that  also  which  we  there  described  as  the  “ Fallacy  of 
Objection#,"  (which  might  be  called  by  a lover  of 
new-coined  epithets,  In  language  similar  lo  that  often 
employed  by  Mr.  Hentham,  a reverse- of- wroug-for- 
right-mistakiug  Fallacy)  is  skilfully  described,  ami 
but  too  often  employed  ; as  if,  because  existing  abuse* 
are  maintained  by  those  who  have  an  interest  in  keeping 
what  they  have,  no  apprehension  were  to  l>e  enter- 
tained of  new  evils  being  introduced  through  the 
interested  conduct  of  those  who  wish  to  acquire  wbat 
they  have  not;*  and  as  if,  because  many  are  mis- 
led by  a blind  veneration  for  “ Authority  " and  the 
*'  Wisdom  of  our  Ancestors,”  there  did  not  exist  also, 
as  antagonist  muscles,  as  it  were,  to  these,  nn  equally 
blind  craving  after  novelty  for  its  own  sake,  and  a 
veneration  lor  the  ingenuity  of  one's  own  inventions. 

It  is  matter  of  regret  that  the  powers  of  such  n mind 
as  that  of  Mr.  Rent  hum,  should  be  to  so  great  a degree 
wasted.  Such,  however,  must  always  be  the  cast, when 
a Scientific  work  is  composed  (w  ith  whatever  sincerity) 
for  party  purposes,  or  with  any  object  foreign  to  the 
precise  Foil  of  the  Science  in  question.  Many  A rgumeut* 
accordingly  arc,  in  tlie  work  alluded  to,  stigmatised 
as  Fallacies,  which  may  he,  cither  sophistical,  a* 
sound  and  fair,  according  to  the  circumstances  in 
which  they  are  employed  ; such  as  that  a certain 
proposed  reformation  ought  to  be  effected  “gradually;" 
that  we  must  “ wait  awhile,  the  present  not  being 
the  time  for  such  and  such  n measure  j ” or  that 
44  this  or  that  proposal  comes  from  a suspicious 
quarter/'  &c.  which  are  topics  that  may  be  fairly  or 
unfairly  urged.  And  it  is  blit  too  plain  that  the  line 
is  drawn  not  with  a view  to  the  mode  in  which,  hut 
to  the  oifjeti  for  which,  and  the  party  by  which,  cacti 
Argument  ia  urged.  It  is  only  when  certain  classes 

^ Those  vbo  will  not  profit  by  tie  ktaon  of  the  Freach 
Revolution,  arc  not,  perhaps,  likely  to  leant  wisdom  from  the  great 
htUnrinu  of  Greeccr,  Who  )ia*  mi  well  described  the  workings  of 
human  passion  as  nuuiifenled  in  the  civil  commotion*  of  Corcvra 
awl  other  States.  13ut  to  such  as  arc  willing  to  receive  instruc- 
tion, that  which  be  affords  can  never  cease  to  ho  valuable.-* 

*Ev  rp  Kcpaopp  ri  vaAAa  dvrwv  vpofTaAf«j#ii,  nal  iwac* 

vSpu  * of'X’W1''*1  veirXwr  i erttypon i’h-jj , Wo  rwv,  or  va- 

patfxAvwe,  t>i  &»-ratuw4»«*wi  TIEN  I A3  AE  TH3  ElflOTTAS 

ATIAAAASKIONTES  t«At.  uaXarra  V hr  5cd  w&Botn  l*i9vpeu*r«s  r* 

-Twrwfxm  fxdr,  w<yA  Atmy  yfrwtoatw  * • * * * {vvri^ax^**ar91 

T«  »»  fiu IV,  ft  vir  icaq> Is  Tonra*,  rp  *al  r*p  tune  ap«T^<raaa 

17  irfywreia  f irr  11,  iiuAZi*  mi  to v*i>r  rJfjews  k*rp*Jrn 
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Rhetoric,  of  Proposition#  arc  distinctively  pointed  out  as  abso- 
lately  false,  inadmissible,  or  irrelevant,  or  certain 
deductions  from  true  ones  shown  to  be  unfair,  that 
any  useful  warning  can  be  supplied.  The  hopes* 
therefore,  which  the  author  entertains  (p.  410,)  that  by 
the  general  study  and  adoption  of  his  Principles,  de- 
bates maybe  cleared  and  shortened,  (each Fallacy  being 
detected,  exposed  by  name,  and  exploded,  as  soon  iw 
uttered)  seem  more  sanguine  than  well-founded.  If 
the  general  adoption,  by  the  great  majority  of  the 
audience,  of  the  same  system,  means,  their  being  of 
the  same  party,  no  doubt  they  would  readily  and  easily 
silence  by  clamour  every  opposite  Argument  j but  if 
they  are  merely  to  agree  in  udopliug  Logical  prin- 
ciples as  ill-defined  as  those  we  arc  speaking  of,  the 
proposed  plan  for  the  ready  exposure  of  each  fallacious 
Argument,  resembles  that  by  which  children  are  de- 
luded, of  catching  a bird  by  laying  salt  on  its  tail; 
the  existing  doubts  and  difficulties  of  debate  being  no 
greater  than,  on  the  proposed  system,  would  be  found 
in  determining  i chat  Arguments  were,  and  what  not, 
to  be  classed  with  the  Fulliicics  in  question. 

The  work,  however  may  be  read  safely,  and,  per- 
haps, not  without  advantage,  by  those  who  have 
sufficient  interest  in  the  subject  to  encounter  the 
obscurity  of  the  style,  and  sufficient  patience  in  in- 
vestigation, and  power  of  discrimination,  to  separate 
the  particles  of  gold-dust  from  the  mass  of  sand  and 
weed  with  which  they  are  blended.  It  has  been 
thought  advisable  therefore  to  make  this  reference 
to  an  author  who  is,  perhaps,  too  generally  regarded, 
except  by  the  very  small  number  of  disciples  who 
idolize  him,  with  that  unmixod  contempt  which  is  due 
to  n portion  only  (though  certainly  no  inconsiderable 
portion)  of  his  tenets.  Among  posterity,  the  opinions 
entertained  of  him  may  probably  be  less  violently 
contrasted,  and,  un  the  whole,  more  favourable;  at 
least  it  usually  happens  that  those  who  have  manifested 
any  considerable  original  powers,  and  have  elicited 
valuable  truths,  however  contaminated  by  the  most 
extravagant  errors,  are  remembered,  even  more  fa- 
vourably than  is  strictly  their  due  ; their  absurdities 
are  gradually  forgotten,  like  the  inscription  on  plaster 
on  the  light-house  of  Pharos,  which  mouldered  away 
by  the  action  of  the  weather  ; while  the  value  of 
their  discoveries  is  durably  recorded,  and  becomes 
more  and  more  conspicuous,  like  the  inscription  en- 
graved on  the  marble  beneath. 

§ 7.  In  raising  u favourable  impression  of  the 
speaker,  or  an  unfavourable  one  of  bis  opponent,  u 
peculiar  tact  will  of  course  be  necessary  ; especially 
in  the  former,  since  direct  self-commendation  will 
usually  be  disgusting  to  a greater  degree,  even  than 
a direct  personal  attack  on  another;  though,  if  the 
Orator  is  pleading  bis  own  cause,  or  one  in  which  he 
is  personalty  concerned,  (as  was  the  case  in  the  speech 
of  Demosthenes  concerning  the  Crown,)  n greater 
allowance  will  be  made  for  him  on  this  point ; espe- 
cially if  he  be  a very  eminent  person,  and  one  who 
may  safely  nppeal  to  public  actions  performed  by  him. 
Thus  Pericles  is  represented  by  Thucydides  as  claim- 
ing directly,  when  speaking  in  his  own  vindication, 
exactly  the  qualities  (good  Sense,  good  Principle,  and 
Good-will,)  which  Arfstotle  lays  down  as  constituting 
the  character  which  wc  must  seek  to  appear  in.  But 
then  it  19  to  be  observed,  that  the  historian  represents 
him  *s  accustomed  to  address  the  people  with  more 


authority  than  others  for  the  most  part  ventured  to  f'Hsp.  II. 
assume.  It  is  by  the  expression  of  wise,  amiable,  and  v— “v"**" 
generous  SenfiJtwvif*,  that  Aristotle  recommends  the 
speaker  to  manifest  his  own  character  ; but  even  this 
must  generally  be  done  in  an  oblique*  and  seemingly 
incidental  manner,  lest  the  hearers  be  disgusted  with 
a pompous  and  studied  display  of  fine  sentiments; 
and  care  must  also  he  taken  not  to  affront  them  by 
seeming  to  inculcate  as  something  likely  to  be  new  to 
them,  maxims  which  they  regard  as  almost  truisms. 

Of  course  the  application  of  this  last  caution  must 
vary  according  to  the  character  of  the  persons  ad- 
dressed ; that  might  excite  admiration  and  gratitude 
in  one  audience,  which  another  would  receive  with 
indignation  and  ridicule.  Most  men,  however*  are 
disposed  rutlier  to  overrate  than  to  extenuate  their  own 
moral  judgment ; or  at  least  to  be  jealous  of  any  one's 
appearing  to  underrate  it. 

Universally  indeed,  in  the  Arguments  used,  as  well 
as  in  the  appeals  made  to  the  Feelings,  a consideration 
must  be  had  of  the  hearers,  whether  they  are  leurncd  or 
ignorant.— of  this  or  that  profession, — nut  ion, — cha- 
racter, &c.  and  the  address  must  be  adapted  to  each ; 
so  that  there  can  be  no  excellence  of  writing  or 
speaking  in  the  abstract;  nor  can  we  any  more  pro- 
nounce on  the  Eloquence  of  any  Composition,  than 
upon  the  wholesmnencss  of  a medicine,  without  know- 
ing for  whom  it  is  intended.  The  less  enlightened 
the  hearers,  the  harder,  of  course,  it  is  to  make  them 
comprehend  a long  and  complex  train  of  Reason- 
ing ; so  that  sometimes  the  Arguments,  in  themselves 
the  most  cogent,  cannot  be  employed  at  all  with 
effect ; and  the  rest  wilt  need  an  expansion  and  copious 
illustration  which  would  be  needless,  and  therefore 
tiresome,  (as  has  been  above  remarked,)  before  a 
different  kind  of  audience : on  the  other  bund,  their 
feelings  may  be  excited  by  much  bolder  and  coarser 
expedients  ; such  as  those  are  the  most  ready  to  em- 
ploy, and  the  most  likely  to  succeed  in,  who  are  them- 
selves but  a little  removed  above  the  vulgar  j as  may 
be  seen  in  the  effects  produced  by  fanatical  preachers. 

But  there  arc  none  whose  feelings  do  not  occasionally 
need  and  admit  of  excitement  by  the  powers  of  Elo- 
quence ; only  there  is  a more  exquisite  skill  required 
in  thus  affecting  the  educated  classes  than  the  popu- 
lace.f 


* F..  *.  **  It  would  be  needles*  to  impress  upon  you  the 
maxim,  dec.  " You  cannot  be  Ignoraut,”  &c.  Ac.  “ 1 am  not 
advancing  any  high  pretensions  in  expressing  the  sentiments 
which  suck  an  occasion  most  call  forth  io  every  honest  heart," 
he. 

f “ The  less  improved  in  knowledge  and  discernment  the 
beamy  are,  the  eaaier  it  » for  the  speaker  to  work  upon  tbrir 
paseums,  and  by  working  on  their  passions,  to  obtain  his  end. 
This,  it  must  be  owned,  appears  nn  Uic  other  hand,  to  give  a 
considerable  advantage  to  tiie  preacher,  as  in  no  congregation 
can  the  bulk  of  the  people  be  regarded  as  on  a footing,  in  point 
of  improvement,  with  either  House  of  I’arli anient,  or  with  the 
Judges  in  a Court  of  Judicature.  It  is  certain,  that  the  tout 
gross  the  bearers  are,  the  more  avowedly  may  von  address  Your- 
self to  their  paasious,  and  the  less  occasion  tkere  la  for  argu- 
ment ; whereas,  the  more  intelligent  they  are,  the  more  covertly 
mast  yua  operate  on  their  passions,  and  the  more  attentive  must 
you  be  in  regard  to  the  justness,  or  at  least  the  speeionsneaa  of 
yuur  reasoning.  Hence  some  hare  strangely  concluded,  that 
the  only  scope  for  eloquence  is  in  haranguing  the  multitude  ; 
that  io  gaining  over  to  your  purpose  nmi  of  knowledge  and 
breeding,  the  exertion  of  Oratorical  talents  hath  no  influence. 
This  Is  precisely  as  if  one  should  argue,  because  a mob  ismnch  more 
easily  subdued  than  regular  troops,  there  is  no  occasion  for  the 


Digitized  by  Google 


RHETORIC. 


267 


Rhetoric.  In  no  point  more  than  in  that  now  under  conaidera- 
tion,  viz,  the  Conciliation  (to  adopt  the  term  of  the 
Latin  writers)  of  the  hearers,  is  it  requisite  to  con- 
sider who  and  what  the  hearers  are  ; for  when  it  is 
said  that  good  Sense,  good  Principle,  and  Good-will, 
constitute  the  character  which  the  speaker  ought  to 
establish  of  himself,  it  is  to  be  remembered  that 
every  one  of  these  is  to  be  considered  in  reference  to 
the  opinions  and  habits  of  the  audience.  To  think 
very  differently  from  his  hearers,  may  often  he  a 
sign  of  the  Orator's  wisdom  and  worth  ; but  they 
are  not  likely  to  consider  it  so.  A witty  Satirist,* 
has  observed,  that  “ it  is  a short  way  to  obtain  the 
reputation  of  a wise  and  reasonable  man,  whenever 
any  one  tells  you  his  opinion,  to  agree  with  him.” 
Without  going  the  full  length  of  completely  acting 
on  this  maxim,  it  is  absolutely  necessary  to  remem- 
ber, that  in  proportion  as  the  speaker  manifests 
his  dissent  from  the  opinions  and  principles  of  his 
audience,  so  far  he  runs  the  risk  at  least,  of  im- 
pairing their  estimation  of  his  judgment.  But  this 
it  is  often  necessary  to  do  when  any  serious  object 
is  proposed ; because  it  will  commonly  happen  that 
the  very  End  aimed  at  shall  be  one  w-hich  im- 
plies a change  of  sentiments,  or  even  of  principles 
and  character,  in  the  hearers.  Those  indeed  who  aim 
only  at  popularity,  nre  right  in  conforming  their  sen- 
timents to  those  of  the  hearers,  rather  than  the 
contrary ; but  it  is  plain  that  though  in  this  way  they 
obtain  the  greatest  reputation  for  Eloquence,  they  de- 
serve it  the  less ; it  being  much  easier,  according  to 
the  talc  related  of  Mahomet,  to  go  to  the  mountain, 
than  to  bring  the  mountain  to  tit.+  There  is  but 
little  Eloquence  in  convincing  men  that  they  arc  in 
the  right,  or  inducing  them  to  approve  a character 
which  coincides  with  their  own. 


art  of  war,  nor  is  there  a proper  field  for  tlx?  exertion  of  military 
skill,  anlcss  when  you  nre  quelling  an  undisciplined  rabble. 
Every  body  tees  in  this  ease,  not  only  how  absurd  such  a way  of 
arguing  would  be,  but  that  the  very  reverse  ought  to  be  the  con- 
clusion. The  reason  why  people  do  not  so  quickly  perceive  the 
ahaunlity  in  the  other  ease,  is,  that  they  affix  no  distinct  mean- 
ing to  the  word  eloquence,  often  denoting  no  more  by  that  term 
than  simply  tbe  power  of  morinir  the  passions.  Hut  even  in 
this  improper  acceptation,  their  notion  U far  from  being  just; 
for  wherever  there  are  men,  learned  or  ignorant,  civilised  or 
barbarous,  there  are  passions  ; and  tlie  greater  the  difficulty  it 
in  nffccting  these,  the  more  art  Ls  requisite."  Campbell's  Rhetoric, 
book  i.  ch.  x.  sec.  2.  p.  224,  225. 

* SwifL 

+ “ Little  forre  U necessary  to  push  down  heavy  bodies  placed 
on  the  verge  of  a declivity,  hut  much  force  is  requisite,  to  stop 
them  in  their  progress,  and  push  them  up.  If  a man  should 
*sy,  that  because  the  first  is  more  frequently  effected  than  the 
last,  it  ia  the  best  trial  of  strength,  and  the  only  suitable 
use  to  which  it  can  he  applied,  we  should  at  least  not  think 
him  remarkable  for  distinctness  in  his  ideas.  Popularity  alone, 
therefore,  is  no  test  at  all  of  the  eloquence  of  the  speaker, 
no  more  than  velocity  alone  would  be,  of  the  force  of  tbe 
external  impulse  originally  given  to  the  body  moving.  As  in 
this  the  direction  of  the  body,  and  other  circumstances,  must 
be  taken  into  the  account ; so  In  that,  you  must  consider  the 
teudency  of  the  tracking,  whether  it  favours  or  oppose*  the 
vices  of  the  hearers.  To  head  a sect,  to  infuse  party -spirit,  to 
make  men  arrogant,  uncharitable,  and  malevolent,  is  the  easiest 
task  imaginable,  and  to  which  almost  any  blockhead  ia  fully 
equal.  But  to  produce  the  contrary  effect,  to  subdue  the  spirit 
of  faction,  ana  that  monster  spiritual  pride,  with  which  it  U 
invariably  accompanied,  to  inspire  equity,  moderation,  and 
charity  into  mrn'a  sentiments  and  conduct  with  regard  to  others, 
is  the  genuine  test  of  eloquence."  Campbell’s  Rhetoric,  book  i. 
ch.  x.  sec-  5.  p.  239. 


The  Christian  preacher  therefore  is  in  this  respect  Chap.  n. 
placed  in  a difficult  dilemma,  since  he  may  be  sure  i_.  ^ 
that  the  less  he  complies  with  the  depraved  judgments 
of  man's  corrupt  nature,  the  leas  acceptable  is  he 
likely  to  be  to  that  depraved  judgment. 

But  he  who  would  claim  the  highest  rank  as  an 
Orator,  (to  omit  all  higher  considerations)  must  be 
the  one  who  is  the  most  successful,  not  in  gaining 
popular  applause,  but  in  carrying  his  point,  whatever 
it  be.  The  preacher,  however,  who  is  intent  on  this 
object,  should  use  all  such  precautions  as  are  not 
inconsistent  with  it,  to  avoid  raising  unfavourable 
impressions  in  his  hearers.  Much  will  depend  on  a 
gentle  and  conciliatory  manner ; nor  is  it  necessary 
that  ne  should,  at  once,  in  an  abrupt  and  offensive 
form,  set  forth  all  the  differences  of  sentiment  between 
himself  and  his  congregation,  but  win  them  over  by 
degrees ; and  in  whatever  point,  and  to  whatever 
extent,  he  may  suppose  them  to  agree  with  him,  it 
is  allowable,  and  for  that  reason  advisable,  to  dwell 
on  that  agreement ; os  the  Apostles  began  every  ad- 
dress to  the  Jews  by  an  appeal  to  the  Prophets, 
whose  authority  they  admitted ; and  as  St.  Paul 
opens  his  discourse  to  the  Athenians  (though  unfor- 
tunately the  words  of  our  translation  are  likely  to 
convey  an  opposite  idea,*)  by  a commendation  of  their 
respect  for  religion.  And  above  all,  where  censure  is 
called  for,  the  speaker  should  avoid,  on  Christian,  as 
well  as  on  Rhetorical  principles,  all  appearance  of 
exultation  in  his  own  superiority, — of  contempt, — or 
of  uncharitable  triumph  in  the  detection  of  faults  ; 

" in  mcckneu,  instructing  them  that  oppose  them- 
selves.” 

Of  intellectual  qualifications,  there  is  one  which 
it  is  evident,  should  not  only  not  bo  blazoned  forth, 
but  should  in  n great  measure  be  concealed,  or  kept 
ont  of  sight,  viz.  Rhetorical  skill ; since  whatever  is 
attributed  to  the  Eloquence  of  the  speaker  is  so  much 
deducted  from  the  strength  of  his  cause.  Ilcnce, 

Pericles  is  represented  by  Thucydides  as  artfully  claim- 
ing, in  his  vindication  of  himself,  the  {tower  of  cx- 
pUiining  the  measures  he  proposes,  not.  Eloquence 
in  persuading  their  adoption.  And  accordingly  a 
skilful  Orator  seldom  fails  to  notice  and  extol  the 
Eloquence  of  his  opponent,  and  to  warn  the  hearers 
against  being  misled  by  it.  It  is  a peculiarity  there- 
fore in  the  Rhetorical  art,  that  in  it,  more  than  in  any 
other,  vanity  has  a direct  and  immediate  tendency  to 
interfere  with  the  proposed  object.  Excessive  vanity 
may  indeed,  in  various  ways,  prove  an  impediment  to 
success  in  other  pursuits;  but  in  the  endeavour  to 
Persuade,  all  wish  to  appear  excellent  in  that  art, 
operates  as  a hindrance.  A Toct,  a Statesman,  or  a 
General,  &c.  though  extreme  covetousness  of  ap- 
plause may  mislead  them,  will,  however,  attain  their 
respective  Ends,  certainly  not  the  less  for  being  ad- 
mired as  excellent  in  Poetry,  Politics,  or  War  ; but 
the  Orator  attains  his  End  the  better  the  less  he  is 
regarded  as  an  Orator ; if  he  can  make  the  hearers 
believe  that  he  is  not  only  n stranger  to  all  unfair 
artifice,  but  even  destitute  of  all  Persuasive  skill  what- 
ever, he  will  Persuade  them  the  more  effectually;  and 
if  there  ever  could  he  an  absolutely  perfect  Orator, 


• AiurAoifiow+crripovt,  not  **  too  superstition*,*’  bat  (a*  almost 
all  commentators  sre  now  agreed  j " rety  much  disposed  to  ike 
worship  of  Dirioe  Icings." 
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Rhetoric,  no  one  would,  at  the  time  at  least,  discover  that  he 
y— ” was  so.  And  this  consideration  may  serve  to  account 
for  the  fact  which  Cicero  remarks  upon  {De  Oratore, 
book  i.)  as  so  inexplicable;  viz.  the  small  number  of 
persons  who,  down  to  his  time,  had  obtained  high 
reputation  as  Orators,  compared  with  those  who  had 
attained  excellence  in  other  pursuits.  Few  men  are 
destitute  of  the  desire  of  admiration  ; and  most  are 
especially  ambitious  of  it  in  the  pursuit  to  which  they 
have  chiefly  devoted  themselves  ; the  Orator  therefore 
is  continually  tempted  to  sacrifice  the  substance  to 
the  shadow,  by  aiming  rather  at  the  admiration  of 
the  hearers,  than  their  conviction  ; and  thus  to  fail 
of  thnt  excellence  in  his  art  which  he  might  other* 
wise  be  well  qualified  to  attain,  through  the  desire  of 
a reputation  for  it.  And  on  the  other  hand,  some  may 
have  been  really  Persuasive  speakers,  who  vet  may 
not  have  ranked  high  in  men’s  opinion,  and  may  not 
have  been  known  to  possess  that  art  of  which  they 
gave  proof  by  their  skilful  concealment  of  it.  There 
is  no  point,  in  short,  in  which  report  is  so  little  to 
be  trusted. 

Of  the  three  points  which  Aristotle  directs  the 
Orator  to  claim  credit  for,  it  might  seem  at  first  sight 
that  one,  viz.  **  Good-will,”  is  unnecessary  to  be 
mentioned  ; since  Ability  and  Integrity  would  appear 
to  comprehend,  in  most  cases  at  least,  all  that  is 
needed  ; a virtuous  man,  it  may  be  said,  must  wish  well 
to  his  countrymen,  or  to  any  persons  whatever,  whom 
he  may  be  addressing.  But  on  a more  attentive  con- 
sideration, it  will  be  manifest  that  Aristotle  had  good 
reason  for  mentioning  this  head  ; if  the  speaker  were 
believed  to  wish  well  to  his  Country,  and  to  every 
individual  of  it,  yet  if  he  were  suspected  of  being 
unfriendly  to  the  pobtical  or  other  Party  to  which 
his  hearers  belonged,  they  would  listen  to  him  with 
prejudice.  The  abilities  and  the  conscientiousness  of 
Phocion  seem  not  to  have  been  doubted  by  any  ; but 
they  were  so  far  from  gaining  him  a favourable  hear- 
ing among  the  Democratical  party  at  AthcnB,  (who 
knew  him  to  be  no  friend  to  democracy,)  that  they 
probably  distrusted  him  the  more;  as  one  whose 
public  spirit  would  induce  him,  and  whose  talents 
would  enable  him,  to  subvert  the  existing  Consti- 
tution. 

One  of  the  most  powerful  engines,  accordingly, 
of  the  Orator,  is  this  kind  of  appeal  to  party-spirit. 
Party-spirit  may,  indeed,  be  considered  in  another 
point  of  view,  as  one  of  the  Passion*  which  may  be 
directly  appealed  to,  when  it  con  be  brought  to  operate 
in  the  direction  required ; i.  c.  when  the  conduct  the 
writer  or  speaker  is  recommending  appears  likely 
to  gratify  party-spirit  ; but  it  is  the  indirect  appeal  to 
it  which  is  now  under  consideration  ; viz.  the  favour, 
credit,  and  weight  which  the  speaker  will  derive  from 
appearing  to  be  of  the  same  party  with  the  hearers, 
or  at  least  not  opposed  to  it.  And  this  is  a sort  of 
credit  which  he  may  claim  more  openly  and  avowedly 
than  any  other  ; and  likewise  may  throw  discredit  on 
his  opponent  in  a less  offensive,  but  not  less  effectual 
manner.  A man  cannot  say  in  direct  terms,  '*  I 
am  a wise  and  worthy  man,  and  my  adversary  the 
reverse but  he  is  allowed  to  say,  “ I adhere  to 
Whig  or  Tory  principles,”  (as  the  case  may  be,)  and 
“ my  opponent  the  reverse  j"  which  is  not  regarded 
as  an  offence  against  modesty,  and  yet  amounts 
virtually  to  as  strong  a self-commendation,  and  as 


decided  vituperation,  in  the  eyes  of  those  imbued  Chap.  II. 
with  party- spirit,  os  if  every  kind  of  merit  and  of  >-■- v— 
demerit  had  been  enumerated  : for  to  zealous  party 
men,  zeal  for  their  party  will  very  often  cither  imply, 
or  stand  as  a substitute  for,  every  other  kind  of 
worth. 

Hard,  indeed,  therefore  is  the  task  of  him  whose 
object  itfto  counteract  party-spirit  and  to  soften  the 
violence  of  those  prejudices  which  spring  from  it.* 

His  only  resource  must  be  to  take  care  that  he  give 
no  ground  for  being  supposed  imbued  with  the  violent 
and  unjust  prejudices  of  the  opposite  party, — that  he 
give  his  audience  credit  (since  it  rarely  happens  but 
that  each  party  has  some  tenets  that  are  reasonable,) 
for  whatever  there  may  be  that  deserves  praise, — that 
he  proceed  gradually  and  cautiously  in  removing  the 
errors  with  which  they  are  infected, — and  above  ail, 
that  he  studiously  disclaim  and  avoid  the  appearance 
of  any  thing  like  a feeling  of  personal  hostility,  or 
personal  contempt. 

If  the  Orator's  character  can  be  sufficiently  esta- 
blished in  respect  of  Ability,  and  also  of  Good-will 
towards  the  hearers,  it  might  at  first  sight  appear  as 
if  this  would  be  sufficient  ; since  the  former  of  these 
would  imply  the  Power,  and  the  latter,  the  Inclination, 
to  give  the  best  advice,  whatever  might  be  bis  Moral 
character;  but  Aristotle  (in  his  Politics)  justly  remarks 
that  this  last  is  also  requisite  to  be  insisted  on,  in 
order  to  produce  entire  confidence ; for,  says  he, 
though  a man  cannot  be  suspected  of  wanting  Good- 
will towards  himself,  yet  many  very  able  men  act 
most  absurdly,  even  in  their  own  affairs,  for  want  of 
Moral  virtue,  being  either  blinded  or  overcome  by 
their  Passions,  so  as  to  sacrifice  their  own  most  im- 
portant interests  to  their  present  gratification  ; and 
much  more,  therefore,  may  they  be  expected  to  be  thus 
seduced  by  personal  temptations,  in  the  advice  they 
give  to  others.  Pericles,  accordingly,  in  the  speech 
which  has  been  already  referred  to,  is  represented  by 
Thucydides  as  insisting  not  only  on  his  political 
ability  and  his  patriotism,  but  also  on  his  unim- 
peached integrity,  os  a qualification  absolutely  neces- 
sary to  entitle  him  to  their  confidence  : for  **  the 
man,”  says  he,  '*  who  possesses  every  other  requisite, 
but  is  overcome  by  the  temptation  of  a bribe,  will  be 
ready  to  sell  every  thing  for  the  gratification  of  bis 
avarice.' ' 

From  what  has  been  said  of  the  speaker's  recom- 
mendation of  himself  to  the  audience,  and  establish- 
ment of  his  authority  with  them,  sufficient  Rules 
may  readily  be  deduced  for  the  analogous  process, 
the  depreciation  of  an  opponent.  Both  of  these,  and 
especially  the  latter,  under  the  offensive  title  of 
personality,  are  by  many  indiscriminately  decried  as 
unfair  Rhetorical  artifices;  and,  doubtless  they  are, 
in  the  majority  of  cases,  sophistically  employed  ; and 
by  none  more  effectually  than  by  those  who  are  per- 
petually declaiming  against  such  Fallacies  ; the  un- 
thinkinghcarers  not  being  prepared  toexpect  them  from 


• **  Of  all  the  prepossessions  in  the  minds  of  the  hearers, 
which  lend  to  Impede  or  counteract  the  drsijfn  of  the  speaker, 
pnrty-spirit,  where  it  happens  to  prevail,  ts  the  most  pernicious, 
being  at  once  the  most  inflexible,  sod  the  most  unjust.  • • • • 
Violent  party  mrn  not  only  lose  all  sympathy  with  those  of  the 
opposite  side,  but  even  contract  an  antipathy  to  them.  This, 
on  some  occasion*,  ereu  the  dirinest  eloquence  will  not  harmount.'* 
Campbell’*  RAetmrie. 
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Rhetoric,  those  who  represent  themselves  as  holding  them  in  such 
«— 1 -'v'— * abhorrence.  But  surely  it  is  not  in  itself  an  unfair  topic 
of  Argument,  in  cases  not  admitting  of  decisive  anti  un- 
questionable proof,  to  urge  that  the  one  party  deserves 
the  hearers'  confidence,  or  that  the  other  is  justly  on 
object  of  their  distrust.  “ If  the  measure  is  a good 
one,"  says  Mr.  Rcntham,  “ will  it  become  bud  be- 
cause it  is  supported  by  a bad  man  ? if  it  is  bad,  will 
it  become  good,  because  supported  by  a good  man  ? 
If  the  measure  be  really  inexpedient,  why  not  at  once 
show  that  it  is  so?  Your  producing  these  irrelevant 
and  inconclusive  Arguments,  iu  lieu  of  direct  ones, 
though  not  sufficient  to  prove  that  the  measure  you 
thus  oppose  is  a good  one,  contributes  to  prove  that 
you  yourself  regard  it  as  a good  one."  Now  there  is 
no  doubt  that  the  generality  of  men  arc  too  much 
disposed  to  consider  more,  who  proposes  a measure, 
than  what  it  is  that  is  proposed  ; and  probably  would 
continue  to  do  so,  even  under  a system  of  annual 
Parliaments  and  universal  suffrage  • and  if  a warning 
he  given  against  an  excessive  tendency  to  this  way  of 
judging,  it  is  reasonable,  and  may  be  useful ; nor 
should  any  one  escape  censure  who  confines  himself  to 
these  topics,  or  dwells  principally  on  them,  in  cases 
where  **  direct " Arguments  are  to  be  expected  ; but 
they  are  not  to  be  condemned  i»  toto  as  “ irrelevant 
and  inconclusive,"  because  they  arc  only  probable,  and 
not  in  themselves  decisive;  it  is  only  in  matters  of 
strict  science,  and  that  too,  in  arguing  to  scientific 
men,  that  the  character  of  the  advisers  (us  well  as  nil 
other  probable  Arguments,)  should  be  wholly  put  out 
of  the  question.  And  it  is  remarkable  that  the  neces- 
sity of  allowing  some  weight  to  this  consideration,  in 
political  matters,  increases  in  proportion  as  any 
country  enjoys  a free  government ; if  all  the  power 
be  in  the  hands  of  a few  of  the  higher  orders,  who 
have  the  opportunity  at  least,  of  obtaining  education, 
it  is  conceivable,  whether  probable  or  not,  that  they 
may  be  brought  to  try  each  proposed  measure  exclu- 
sively on  its  intrinsic  merits,  by  abstract  Arguments  ; 
but  can  any  man,  in  his  senses,  really  believe  that  the 
great  mass  of  the  people,  or  even  any  considerable 

r»rtion  of  them,  can  ever  possess  so  much  political 
now  ledge,  patience  in  investigation,  ami  sound  Logic, 
(to  say  nothing  of  candour,)  as  to  be  able  and  willing 
to  judge,  and  to  judge  correctly,  of  every  proposed 
political  measure,  in  the  abstract,  without  any  regard 
to  their  opinion  of  the  person  who  proposes  it  ? 
And  it  is  evident  that  in  every  case,  in  which  the 
hearers  arc  not  completely  competent  judges,  they 
not  only  will,  but  must,  take  into  consideration  the 
characters  of  those  who  propose,  support,  or  dissuade 
any  measure  the  persons  they  are  connected  with, — 
the  designs  they  may  be  supposed  to  entertain,  &c. ; 
though,  undoubtedly,  an  excessive  and  exclusive  re- 
gard to  Persons  rather  than  Arguments,  is  one  of  the 
chief  Fallacies  against  which  men  ought  to  be  cau- 
tioned. 

In  no  way,  perhaps,  are  men,  not  bigoted  to  party, 
more  likely  to  "be  misled  by  their  favourable  or  un- 
favourable judgment  of  their  advisers,  than  in  what 
relates  to  the  authority  derived  from  Experience;  not 
that  Experience  ought  not  to  be  allowed  to  have  great 
weight ; but  that  men  are  apt  not  to  consider  with 
sufficient  attention,  what  it  it  that  constitutes  Ex- 
perience in  each  point ; so  that  frequently  one  man 
shall  have  credit  for  much  Experience,  in  what  relates 


to  the  matter  in  band,  and  another,  who,  perhaps*  Cbap.  IT. 
possesses  as  much,  or  more,  shall  be  underrated  as 
wanting  it.  The  vulgar,  of  all  ranks,  need  to  be 
warned,  1st,  that  time  alone  does  not  constitute  Expe- 
rience ; so  that  many  years  may  have  passed  over  a 
man's  head,  without  his  even  having  had  the  same 
opportunities  of  acquiring  it,  as  another,  much 
younger  : 2nd,  that  the  longest  practice  in  conducting 
any  business  in  one  way,  does  not  necessarily  confer 
uny  Experience  in  conducting  it  in  a different  way ; 
e.  g.  an  experienced  Husbandman,  or  a Minister  of 
State,  in  Persia,  would  be  much  at  a loss  in  Europe  ; 
and  if  they  had  some  things  less  to  learn  than  an  entire 
novice,  ou  the  other  hand  they  would  have  much  to 
unlearn  : and,  3rd,  that  merely  being  conversant  about 
a certain  class  of  subjects,  does  not  confer  Experience 
in  a case  where  the  Operations,  and  the  End  proposed, 
are  different.  It  is  said  that  there  wus  an  Amsterdam 
merchant,  who  had  dealt  largely  in  corn  all  his  life, 
who  had  never  seen  a field  of  wheat  growing ; this 
man  had  doubtless  acquired,  by  Experience,  an  accu- 
rate judgment  of  the  qualities  of  each  description  of 
corn, — of  the  best  methods  of  storing  it, — of  the  arts 
of  buying  and  selling  it  at  proper  times,  &c. ; but  he 
would  have  been  greatly  at  a loss  in  its  cultivation  ; 
though  he  had  been,  in  a certain  wav,  long  coni'errant 
about  corn.  Nearly  similar  it  the  Experience  of  a prac- 
tised Lawyer,  (supposing  him  to  be  nothing  more)  in  a 
case  of  Legislation ; because  he  has  been  long  conversant 
about  Law,  the  unreflecting  attribute  great  weight  to 
his  judgment;  whereas  his  constant  habits  of  fixing 
his  thoughts  on  what  the  law  is,  and  withdrawing  it 
front  the  irrelevant  question  of  what  the  law  ought 
to  be  his  careful  observance  of  n multitude  of 
Rules,  (which  afford  the  more  scope  for  the  dis- 
play of  his  skill,  in  proportion  as  they  are  arbitrary, 
unreasonable,  and  unaccountable,)  with  a studied  in- 
difference as  to  that  which  is  foreign  from  his  business, 
the  convenience  or  inconvoueMce  of  those  Rules,  mny 
be  expected  to  operate  unfavourably  on  bis  judgment 
in  questions  of  Legislation  ; and  are  likely  to  counter- 
balance the  advantages  of  his  su|>erior  knowledge,  even 
in  such  points  os  do  bear  on  the  question.  The  con- 
sideration then  of  the  character  of  the  speaker,  and 
of  his  opponent,  being  of  so  much  importance,  both 
as  a legitimate  source  of  Persuasion,  in  many  instances, 
and  also  as  a topic  of  Fallacies,  it  is  evidently  incum- 
bent on  the  Orator  to  be  well  versed  in  this  branch 
of  the  art,  with  a view  both  to  the  justifiable  advance- 
ment of  his  own  Cause,  and  to  the  detection  and 
exposure  of  unfair  artifice  in  an  opponent.  It  is 
neither  possible,  nor  can  it,  injustice  be  expected,  that 
this  mode  of  Persuasion  should  be  totally  renounced- 
and  exploded,  great  as  are  the  abuses  to  which  it  is 
liable ; but  the  speaker  is  bound,  in  conscience,  to 
abstain  from  those  abuses  himself,  and,  in  prudence, 
to  be  on  his  guard  against  them  in  others. 

It  only  remains  to  observe,  on  this  head,  that,  as 
Aristotle  teaches,  the  place  for  the  disparagement  of 
an  opponent  is,  for  the  first  speaker,  near  the  close  of 
bis  discourse,  to  weaken  the  force  of  what  may  be 
said  in  reply  ; and,  for  the  opponent,  near  the  open- 
ing, to  lessen  the  influence  of  what  has  been  already 
said.  '-Ti  <4  iStfOita. 

§ 8.  Either  a personal  prejudice,  such  as  has  been 
just  mentioned,  or  some  other  passion  unfavourable 
to  the  speaker's  Object,  may  already  exist  in  the 
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Historic,  minds  of  the  hearer,  which  it  most  be  his  business 
1 ' to  allny. 

It  is  obvious  that  this  will  the  most  effectually  be 
done,  not  by  endeavouring  to  produce  a state  of 
perfect  calmness  and  apathy,  but  by  exciting  some 
contrary  emotion.  And  here  it  is  to  be  observed  that 
some  passions  may  lw,  Rhetorically  speaking,  oppo- 
site to  each  other,  though  in  strictness  they  are  not 
so  ; viz.  whenever  they  are  incompatible  with  each 
other  : c.  g.  the  opposite,  strictly  speaking,  to  Anger, 
would  he  a feeling  of  Good-will  and  approbation 
towards  the  person  in  question ; but  it  is  not  by 
the  excitement  of  this,  alone,  that  Anger  may  be 
nllayed  ; for  Fear  is,  practically,  contrary  to  it  also  ; 
ns  is  remarked  by  Aristotle ; who  Philosophically 
accounts  for  this,  on  the  principle  that  Anger  im- 
plying a desire  to  inflict  punithnunt,  must  imply  also 
a sup]K>sitio»  that  it  is  ptmible  to  do  so  ; and  accord- 
ingly men  do  not,  be  says,  feel  Anger  towards  one  who 
is  so  much  superior  as  to  be  manifestly  out  of  their 
reach  ; and  the  Object  of  their  Anger  ceases  to  be  so, 
as  soon  as  he  becomes  an  Object  of  Apprehension.  Of 
course  the  converse  also  of  this  holds  good  ; Anger, 
when  it  prevails,  in  like  manner  subduing  Fear. 


Compassion,  likewise,  may  be  counteracted  either  by  Chap.  II. 
Disapprobation,  by  Jealousy,  by  Fear,  or  by  Disgust  — 
and  Horror ; and  Envy,  either  by  Good-will,  or  by  Ch*P-  HI* 
Contempt.  ''’“•“v— ^ 

This  is  the  more  necessary  to  be  attended  to,  in  order 
that  the  Orator  may  be  on  his  guard  against  inadver- 
tently defeating  his  own  Object,  by  exciting  feelings 
at  variance  with  those  he  is  endeavouring  to  pro- 
duce, though  not  strictly  contrary  to  them.  Aristotle 
accordingly  notices,  with  this  view,  the  difference 
between  the  “ Pitiable,”  (cXeupo*-)  and  the  “ Horrible 
or  Shocking,"  ($c ivlv,)  which,  as  he  observes,  excite 
different  feelings,  destructive  of  each  other ; so  that  the 
Orator  must  be  warned,  if  the  former  is  his  Object, 
to  keep  clear  of  any  thing  that  may  excite  the  latter. 

It  will  often  happen  that  it  will  be  easier  to  give  anew 
direction  to  the  unfavourable  passion,  than  to  subdue 
it ; e.  g.  to  turn  the  indignation  or  the  laughter  of 
the  hearers  against  a different  object.  Indeed,  when- 
ever the  case  will  admit  of  this,  it  will  generally  prove 
the  more  successful  expedient,  because  it  docs  not 
imply  the  accomplishment  of  so  great  a change  in  the 
minds  of  the  hearers 


CHAPTER  III 


OF  STYLE. 


Tinmen  the  consideration  of  Style  has  been  laid 
down  as  holding  a place  in  a Treatise  of  Rhetoric,  it 
would  be  neither  necessary  nor  pertinent,  to  enter  fully 
into  a general  discussion  of  the  subject,  which  would 
evidently  embrace  much  that  by  no  means  peculiarly 
belongs  to  our  present  inquiry.  It  is  requisite  for  an 
Orator,  e.  g.  to  observe  the  rules  of  Grammar  ; but 
the  same  may  be  said  of  the  Poet  and  the  Historian, 
&c.  nor  is  there  any  peculiar  kind  of  grammatical 
propriety  belonging  to  Persuasive  or  Argumentative 
compositions;  so  that  it  would  be  a departure  from 
our  subject  to  treat  at  large,  under  the  head  of  Rhe- 
toric, of  such  rules  as  equally  concern  every  other  of 
the  purposes  for  which  Language  is  employed. 

Conformably  to  this  view  we  shall,  under  the  pre- 
sent head,  notice  but  slightly  such  principles  of  com- 
position as  do  not  exclusively  or  peculiarly  belong  to 
the  present  subject ; confining  our  attention  chiefly  to 
such  observations  on  Style  as  have  an  especial  reference 
to  Argumentative  and  Persuasive  works. 

§ l.  It  is  sufficiently  evident  (though  the  maxim  is 
often  practically  disregarded)  that  the  first  requisite  of 
Style  not  only  in  Rhetorical,  but  in  all  compositions, 
is  Perspicuity  ; since,  us  Aristotle  observes,  language 
which  is  not  intelligible,  or  not  clearly  and  readily  in- 
telligible, fails,  in  the  same  proportion,  of  the  purpose 
for  which  language  is  employed.  And  it  is  equally  self- 
evident  (though  this  truth  Is  still  more  frequently 
overlooked)  that  Perspicuity  is  n relative  quality,  and 
consequently  cannot  properly  be  predicated  of  any 
work,  without  a tacit  reference  to  the  class  of  readers 
or  hearers  for  whom  it  is  designed.  Nor  is  it  enough 
that  the  Style  be  such  as  they  are  capable  of  under- 
standing, if  they  bestow  their  utmost  attention  : the 


degree  and  the  kind  of  attention  , which  they  nave  been 
accustomed,  or  are  likely  to  bestow,  will  be  among 
the  circumstances  that  are  to  be  taken  into  the  account, 
and  provided  for.  The  kind,  os  well  as  the  degree,  of 
attention,  is  mentioned,  because  some  hearers  and 
readers  will  be  found  slow  of  apprehension  indeed, 
but  capable  of  taking  in  what  is  very  copiously  and 
gradually  explained  to  them  , while  others  on  the 
contrary,  who  are  much  quicker  at  catching  the  sense 
of  what  is  expressed  in  a short  compass,  are  incapable 
of  long  attention,  and  arc  not  only  wearied,  but  abso- 
lutely bewildered,  by  a diffuse  Style. 

When  a numerous  and  very  mixed  audience  is  to  be 
addressed,  much  skill  will  be  required  in  adapting  the 
Style,  (both  in  fAis,  and  in  other  respects,)  and  indeed 
the  Arguments  also,  and  the  whole  structure  of  the 
discourse,  to  the  various  minds  which  it  is  designed 
to  impress ; nor  can  the  utmost  art  and  diligence 
prove  after  all  more  than  partially  successful  in  such 
a case ; especially  when  the  diversities  are  so  many 
and  so  great,  as  exist  in  the  congregations  to  which 
most  Sermons  are  addressed,  and  in  the  readers  for 
whom  popular  works  of  an  argumentative,  instructive, 
and  hortatory  character,  are  intended.  It  is  possible, 
however,  to  approach  indefinitely  to  an  object  which 
cannot  be  completely  attained,  and  to  adopt  such  a 
Style  and  such  a mode  of  Reasoning,  as  shall  be  level 
to  the  comprehension  of  the  greater  part,  at  least,  even 
of  a promiscuous  audience,  without  being  distasteful 
to  any. 

It  is  obvious,  and  sufficiently  well  known,  that  ex- 
treme conciseness  is  ill  suited  to  hearers  or  readers, 
whose  intellectual  powers  and  cultivation  are  but 
small : the  usual  expedient,  however,  of  employing  a 
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Rhetoric,  prolix  Style  by  way  of  accommodation  to  such  minds, 
is  seldom  successful : most  of  those  who  could  have 
comprehended  the  meaning,  if  more  briefly  expressed, 
and  many  of  those  who  could  not  do  so,  are  likely  to  be 
bewildered  by  tedious  expansion  ; and  being  unable 
to  maintain  a steady  attention  to  what  is  said,  they 
forget  part  of  what  they  have  heard  before  the  whole  is 
completed.  Add  to  which,  that  the  feebleness  produced 
by  excessive  dilution,  (if  such  an  expression  may  be 
allowed,)  will  occasion  the  attention  to  lunguish  ; and 
what  is  imperfectly  attended  to,  however  dear  in  itself, 
will  usually  be  but  imperfectly  understo<>d.  Let  not  an 
author,  therefore,  satisfy  himself  by  finding  that  he 
has  expressed  his  meaning  so  that,  if  attended  to,  he 
cannot  fail  to  be  understood  ; he  must  consider  also 
(as  was  before  remarked)  what  attention  is  likely  to 
be  paid  to  it : if  on  the  one  hand  much  mutter  is  ex- 
pressed in  very  few  words,  to  an  unreflecting  audience, 
or  if,  on  the  other  hand,  there  is  a wearisome  prolixity, 
the  requisite  attention  may  very  probably  not  be  be- 
stowed. * 

The  best  general  rule  for  avoiding  the  disadvantages 
both  of  conciseness  and  of  prolixity,  is  to  employ 
Repetition  s to  repeat,  that  is,  the  same  sentiment  and 
Argument  in  many  different  forms  of  expression ; each 
in  itself  brief,  but  all,  together,  affording  such  an  ex- 
pansion of  the  sense  to  be  conveyed,  and  so  detaining 
the  mind  upon  it,  as  the  case  may  require.  Cicero 
among  the  ancients,  and  Burke  among  the  modern 
writers,  afford,  perhaps,  the  most  abundant  practi- 
cal exemplifications  of  this  rule.  The  latter  some- 
times shows  a deficiency  in  correct  taste,  and  lies  open 
to  Horace’s  censure  of  an  author,  “ Qui  variare  cupit 
rem  prodigaliier  unam  " but  it  must  be  admitted  that 
he  seldom  fails  to  make  himself  thoroughly  under- 
stood, and  docs  not  often  weary  the  attention,  even 
when  he  offends  the  taste  of  his  readers. 

Care  must  of  course  be  taken  that  the  repetition 
may  not  be  too  glaringly  apparent;  the  variation  must 
not  consist  in  the  mere  use  of  other,  synonymous, 
words  ; hut  what  has  been  expressed  in  appropriated 
terms  may  be  repeated  in  metaphorical ; the  antece- 
dent and  consequent  of  an  Argument,  or  the  parts  of 
an  antithesis  may  be  transposed ; or  several  different 
points  that  have  been  enumerated,  presented  ina  varied 
order,  &c. 

It  is  not  necessary  to  dwell  on  that  obvious  rule  laid 
down  by  Aristotle,  to  avoid  uncommon,  as  they  are 
vulgarly  called,  hard  words,  i.  c.  those  which  are  such 
to  the  persons  addressed  ; but  it  may  be  worth  re- 
marking, that  to  those  who  wish  to  be  understood  by 
the  low  er  orders,  one  of  the  best  principles  of  selection 


• It  U remarked  by  Anatomists  that  the  nutritive  quality  is  not 
the  only  requisite  in  fowl ; — that  a certain  decree  of  dittenllm  of 
the  stomach  it  required,  to  enable  it  to  act  with  its  full  powers  ; — 
and  that  it  is  for  th'u  reason  hay  and  straw  must  he  given  to 
horses,  as  well  as  com,  in  order  to  supply  the  nccowary  bulk. 
Something  analogous  to  this  takes  place  with  respect  to  the  gene- 
rality of  mind*,  which  are  incapable  of  thoroughly  digesting  and 
assimilating  what  is  presented  to  them,  however  clearly,  in  a very 
small  compass.  Many  a one  is  capable  of  deriving  that  instruc- 
tion from  a moderate  sized  volume,  which  he  could  not  receive 
from  a very  small  pamphlet,  even  more  perspicuously  written,  and 
containing  every  thing  that  is  to  the  purpose,  it  is  neceaaary  that 

the  attention  should  be  detained  for  a certain  time  on  the  subject : 
and  persons  of  unphilosophical  mind,  though  they  can  attend  to 
what  they  read  or  hear,  arc  unapt  to  dwell  upon  it  In  the  way  of 
subsequent  meditation. 


is  to  prefer  terms  of  Saxon  origin,  which  will  gencr-  Chap.  III. 
ally  be  more  familiar  to  them,  than  those  derived  ' 

from  the  Latin,  (cither  directly  or  through  the  me- 
dium of  the  French,)  even  when  the  latter  arc  more 
in  use  among  persons  of  education.  Our  language 
being  (with  very  trifling  exceptions)  made  up  of  these 
elements,  it  is  very  easy  for  any  one,  though  unuc- 
quointed  with  Saxon,  to  observe  this  precept,  if  he  has 
but  a knowledge  of  French  or  of  Latin  ; and  there  is  a 
remarkable  scope  for  such  a choice  as  we  ore  speaking 
of,  from  the  multitude  of  synonymes  derived,  respec- 
tively, from  those  two  sources.  The  compilers  ot  our 
Liturgy  being  anxious  to  reach  the  understandings  of 
all  classes,  at  a time  when  our  language  was  in  u less 
settled  state  than  at  present,  availed  themselves  of  this 
circumstance  in  employing  many  synonymous,  or  nearly 
synonymous  expressions,  most  of  which  are  of  the  des- 
cription just  alluded  to.  Take  as  an  instance,  the  Ex- 
hortation: “ acknowledge”  and  “confess  j"  " dissemble’ ’ 
and  “ clonk  “ humble"  and  “ lowly  j"  “ goodness" 
and  “ mercy  **  assemble"  and  **  meet  together 
and  here  it  may  be  observed  that,  as  in  this  last  in- 
stance, a word  of  French  origin  will  very  often  not 
have  a tingle  icord  of  Saxon  derivation  corresponding 
to  it,  but  may  find  on  exact  equivalent  in  o phrase  of 
two  or  more  words  : e.  g.  “ constitute,"  “go  to  make 
up;"  “arrange,"  “ put  in  order  {"  “ substitute,"  “ put 
in  the  stead,"  &c.  &c. 

It  is  worthy  of  notice  that  a Style  composed  chiefly 
of  the  words  of  French  origin,  while  it  is  less  intelli- 
gible to  the  lowest  classes,  is  characteristic  of  those 
who  in  cultivation  of  taste  ore  below  the  highest.  As 
in  dress,  furniture,  deportment,  &c.  so  also  in  language, 
the  dread  of  vulgurity  constantly  besetting  those  who 
urc  half  conscious  that  they  arc  in  danger  of  it,  drives 
them  into  the  extreme  of  affected  finery.  So  that  the 
precept  which  has  been  given  with  a view  to  perspi- 
cuity, may,  to  a certain  degree,  be  observed  with  an 
advantage  in  point  of  elegance  also. 

In  adapting  the  Style  to  the  comprehension  of  the 
illiterate,  a caution  is  to  be  observed  against  the  am- 
biguity of  the  word  “ Plain  /*  which  is  opposed  some- 
times to  Obtcurity,  and  sometimes  to  Ornament ,-  the 
vulgar  require  a perspicuous,  but  by  no  means,  n dry 
and  unadorned  Style ; on  the  contrary,  they  have  a 
taste  rather  for  the  over-florid,  tawdry,  and  bombastic  : 
nor  arc  the  ornaments  of  style  by  nnv  means  necessarily 
inconsistent  with  perspicuity ; Metaphor,  which  is 
among  the  principal  of  them,  is  indeed,  in  many  coses, 
the  clearest  mode  of  expression  that  can  be  udopted; 
it  being  usually  much  easier  for  uncultivated  minds  to 
comprehend  a similitude  or  analogy,  than  an  abstract 
term.  And  hence  the  language  of  savages,  as  has 
often  been  remarked,  is  highly  metaphorical  ; and 
such  appears  to  have  been  the  case  with  all  languages 
in  their  earlier,  and  consequently  mder  and  more 
savage  state  ; many  terms  relating  to  the  mind  and 
its  operations,  being,  as  appears  from  their  ctymo- 
logy,  originally  metaphorical,  though  by  long  use 
they  have  ceased  to  be  so  : e.  g.  the  words  “ ponder," 

“ deliberate,"  “ reflect,"  and  many  other  such,  are  evi- 
dently drawn  by  analogy  from  external  seusiblc  bodily 
actions. 

In  respect  to  the  Construction  of  sentences,  it  is 
an  obvious  caution  to  abstain  from  such  as  arc  too 
long  ; but  it  is  a mistake  to  suppose  that  the  obscu- 
rity of  many  long  sentences  depends  on  their  length 
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Rhetoric  alone  ; a well  constructed  sentence  of  very  consider- 
— — able  length  may  be  more  readily  understood,  than  a 
shorter  one  which  is  more  awkwardly  framed.  If  a 
sentence  be  so  constructed  that  the  meaning  of  each 
part  can  be  taken  in  as  we  proceed,  (though  it  be 
evident  that  the  sense  is  not  brought  to  a close)  its 
length  will  be  little  or  no  impediment  to  perspicuity ; 
but  if  the  former  part  of  the  sentence  convey  no  dis- 
tinct meaning  till  we  nrrive  nearly  at  the  end,  how- 
ever plain  it  may  then  appear,  it  will  be  on  the  whole 
deficient  in  perspicuity  ; for  it  will  need  to  be  read 
over,  or  thought  over,  a second  time,  in  order  to  be 
fully  comprehended ; which  is  what  few  readers  or 
hearers  are  willing  to  be  burthened  with.  Take  as  an 
instance  such  a sentence  as  this  : "It  is  not  without  a 
degree  of  patient  attention  and  persevering  diligence, 
greater  than  the  generality  are  willing  to  bestow, 
though  not  greater  than  the  object  deserves,  that  the 
habit  can  be  acquired  of  examining  and  judging  of 
our  own  conduct  with  the  same  accuracy  and  impar- 
tiality as  that  of  another : ” this  labours  under  the  defect 
we  are  speaking  of,  which  may  be  remedied  by  some 
such  alteration  as  the  following : "the  habit  of  examin- 
ing our  own  conduct  as  accurately  as  that  of  another, 
and  judging  of  it  with  the  same  impartiality,  cannot  be 
acquired  without  a degree  of  patient  attention  and  fter- 
severing  diligence,  not  greater  indeed  than  the  object 
deserves,  but  greater  than  the  generality  ore  willing  to 
bestow.*’  The  two  sentences  arc  nearly  the  same  in 
length,  and  in  the  words  employed  } but  the  alteration 
of  the  arrangement  allows  the  latter  to  be  understood 
clause  by  clause,  as  it  proceeds.  The  caution  just  given 
is  the  more  necessary  to  be  insisted  on,  because  an 
author  is  apt  to  be  misled  by  reading  over  a sentence 
to  himself,  and  being  satisfied  on  finding  it  perfectly 
intelligible,  forgetting  that  he  himself  has  the  advan- 
tage, which  a hearer  has  not,  of  knowing  at  the  begin- 
ning of  the  sentence  what  is  coming  in  the  close. 

Universally,  indeed,  an  unpractised  writer  is  liable 
to  be  misled  by  his  own  knowledge  of  his  own  mean- 
ing. into  supposing  those  expressions  clearly  intelli- 
gible, which  are  so  to  himself;  but  which  may  not  be 
so  to  the  reader,  whose  thoughts  are  not  in  the  same 
train.  And  hence  it  is  that  some  do  not  write  or  speak 
with  so  much  perspicuity  on  a subject  which  has  long 
been  very  familiar  to  them,  as  on  one  which  they  un- 
derstand indeed,  but  with  which  they  are  less  intimately 
acquainted,  and  in  which  their  knowledge  has  been 
more  recently  acquired.  In  the  former  case  it  is  a matter 
of  some  difficulty  to  keep  in  mind  the  necessity  of 
carefully  and  copiously  explaining  principles  which  by 
loug  habit  have  come  to  assume  in  our  minds  the 
appearance  of  self-evident  truths.  So  far  is  Blair's 
notion  from  being  correct,  that  obscurity  of  Style 
necessarily  springs  from  indistinctness  of  Conception. 

The  foregoing  rules  have  all,  it  is  evident,  pro- 
ceeded on  the  supposition  that  it  is  the  writer’s  inten- 
tion to  be  understood  ; and  this  cannot  but  be  the  case 
in  every  legitimate  exercise  of  the  Rhetorical  art ; and 
generally  speaking,  even  where  the  design  is  Sophisti- 
cal. For,  as  Dr.  Campbell  has  justly  remarked,  the 
Sophist  may  employ  for  his  purpose  what  are  in  them- 
selves real  and  valid  Arguments,  since  probabilities 
may  lie  on  opposite  sides,  though  truth  can  be  but  on 
one  ; his  fallacious  artifice  consisting  only  in  keeping 
out  of  sight  the  stronger  pro babili ties  which  may  be 
urged  against  him,  and  in  attributing  an  undue  weight 


to  those  which  he  has  to  allege.  Or  again  he  may.  Chap.  IIT. 
either  directly  or  indirectly,  assume  as  self-evident  u v 
premiss  which  there  is  no  sufficient  ground  for  ad- 
mitting ; or  he  may  draw  off  the  attention  of  the  hearers 
to  the  proof  of  some  irrelevant  point,  ike.  according  to 
the  various  modes  described  in  the  Treatise  on  Falla- 
cies j but  in  all  this  there  is  no  call  for  any  departure 
from  perspicuity  of  Style,  properly  so  called  ; not 
even  when  he  avails  himself  of  an  ambiguous  term. 

"For  though,"  as  Dr.  Campbell  says,  “ a Sophism  can 
be  mistaken  for  an  Argument  only  where  it  is  not  rightly 
understood,"  it  is  the  aim  of  him  who  employs  it,  rather 
that  the  matter  should  be  misunderstood  than  not  under- 
stood j— -that  bis  language  should  be  deceitful  rather 
than  obscure  or  unintelligible.  The  hearer  must  not 
indeed  form  a correct,  hut  he  must  form  some,  and  if 
possible,  a distinct,  though  erroneous  idea  of  the  Ar- 
guments employed,  in  order  to  be  misled  by  them. 

The  obscurity  in  short,  if  it  is  to  be  so  called,  must 
not  be  obscurity  of  Style ; that  must  be,  not  like  a mist 
which  dims  the  appearnnee  of  objects,  but  like  a 
coloured  gloss  which  disguises  them. 

There  are,  however,  certain  spurious  kinds,  as  they 
may  be  called,  of  writing  or  speaking,  (distinct  from 
what  is  strictly  termed  Sophistry,)  in  which  obscurity 
of  Style  may  be  apjioaite.  The  object  which  has  all 
along  been  supposed,  is  that  of  convincing  or  persuad- 
ing ; but  there  are  some  kinds  of  Oratory,  if  they  are 
to  be  so  named,  in  which  different  ends  are  pro- 
posed. One  of  these  ends  is,  (when  the  cause  is  such 
that  it  cannot  be  sufficiently  supported  even  by  speci- 
ous Fallacies,)  to  appear  to  say  something,  when  there  is 
in  fact  nothing  to  be  said  ; m)  as  Rt  least  to  avoid  the 
ignominy  of  being  silenced.  To  this  end,  the  more 
confused  and  unintelligible  the  language,  the  better, 
provided  it  carry  with  it  the  appearance  of  profound 
wisdom,  and  of  being  something  to  the  purpose. 

" Now  though  nothing  (says  Dr.  Campbell)  would 
seem  to  be  easier  than  this  kind  of  Style  where  an 
Author  falls  into  it  naturally  ; that  is,  when  he  de- 
ceives himself  as  well  as  his  reader,  nothing  is  more 
difficult  when  attempted  of  design.  It  is  beside  requi- 
site, if  this  manner  must  be  continued  for  any  time, 
that  it  be  artfully  blended  with  some  glimpses  of 
meaning  ; else,  to  persons  of  discernment,  the  charm 
will  at  length  be  dissolved,  and  the  nothingness  of 
what  has  been  spoken  will  be  detected  ; nay  even  the 
attention  of  the  unsuspecting  multitude,  when  not 
relieved  by  any  thing  that  is  level  to  their  compre- 
hension, will  infallibly  flag.  The  Invocation  in  the 
Dunciad  admirably  suits  the  Orator  who  is  unhappily 
reduced  to  the  necessity  of  taking  shelter  in  the  unin- 
telligible : 

" Of  darkness  risible  so  mnch  be  lent, 

As  half  to  show,  half  veil  the  deep  intent.” 

Chap.  viii.  see.  1.  p.  119. 


This  artifice  is  distinguished  from  Sophistry,  pro- 
perly so  called,  (with  which  Dr.  Campbell  seems  to 
confound  it,)  by  the  circumstance  that  its  tendency  is 
not,  as  in  Sophistry,  to  convince,  but  to  have  the  ap- 
pearance of  arguing,  when  in  fact,  nothing  is  urged  j 
for  in  order  for  men  to  be  convinced,  on  however  in- 
sufficient grounds,  they  must  (as  was  remarked  above) 
understand  something  from  what  is  said,  though,  if  it 
be  fallacious,  they  must  not  understand  it  rightly;  but 
if  this  cannot  be  accomplished,  the  Sophist's  next 
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Rhetoric,  resort  is  the  unintelligible,  which  indeed  is  very  often 
'w—  ' intermixed  with  the  bophUlical,  when  the  hitter  is  of 

itself  too  scanty  or  loo  weak.  Nor  does  tin?  adoption 
of  this  Style  serve  merely  to  save  his  credit  as  an 
Unitor  or  Author  ; it  frequently  does  more  : i^nomnt 
and  unretlei'tiug  persons,  though  they  cannot  be, 
strictly  speaking,  convinced,  by  what  they  do  not  un- 
derstand, yet  will  very  often  suppose,  each,  that  the 
rest  understand  it ; and  each  is  ashamed  to  acknow- 
ledge, even  to  himself,  his  own  darkness  and  per- 
plexity ; so  that  if  the  speaker  with  u confident  air  an- 
nounces his  conclusion  us  established,  they  will  often, 
according  to  the  maxim  “ omne  ignotum  pro  mirijico 
lake  for  granted  that  he  has  advanced  valid  Arguments, 
and  w ill  be  loth  to  seem  behind  hand  in  comprehend- 
ing them.  It  usually  requires  that  a man  should  have 
some  coufulcncc  in  his  own  understanding,  to  venture 
to  say,  “ what  has  been  spoken  is  unintelligible  to  me." 

Another  purpose  sometimes  answered  by  a discourse 
of  this  kind,  is  that  it  serves  to  furnish  an  excuse, 
flimsy  indeed,  but  not  (infrequently  sufficient,  for  men 
to  vote  or  act  according  to  tbeir  own  inclinations ; 
which  they  would  perhaps  have  been  ashamed  to  do, 
if  strong  Arguments  bad  been  urged  oil  the  other  side, 
and  had  remained  confessedly  unanswered  ; but  they 
satisfy  themselves  if  something  has  been  said  in  favour 
of  the  course  they  wish  to  adopt,  though  that  some- 
thing be  only  fair-sounding  sentences  that  convey  no 
distinct  meaning.  They  arc  content  that  am  tiuawer 
has  been  made,  without  troubling  themselves  to  con- 
sider what  it  is. 

Another  end,  which  in  speaking,  is  sometimes  pro- 
posed, and  which  is,  if  possible,  still  more  remote 
from  the  legitimate  province  of  Rhetoric,  is  to 
occupy  time.  When  an  unfavourable  decision  is  ap- 
prehended, anti  the  protraction  of  the  debate  may 
afford  lime  for  fresh  voters  to  be  summoned,  or 
may  lead  to  an  adjournment,  which  will  afford 
scope  for  some  other  manoeuvre ; — when  there  is  a 
chance  of  so  wearying  out  the  attention  of  the 
hearers,  that  they  will  listen  with  languor  and 
impatience  to  what  shall  he  urged  on  the  other  side  j— 
when  un  advocate  is  called  upon  to  plead  a cause  in 
the  absence  of  those  whose  opinion  it  is  of  the  utmost 
importance  to  influence,  and  wishes  to  reserve  all  his 
Arguments  till  they  arrive,  but  till  then,  must  appa- 
rently proceed  in  his  pleading  ; in  these  and  many 
similar  cases,  which  it  is  needless  to  particularize,  it  is 
a valuable  talent  to  be  able  to  pour  forth  with  fluency 
an  unlimited  quantity  of  well-sounding  language  which 
has  little  or  no  meauing  j— which  shall  not  strike  the 
hearers  as  unintelligible  or  nonsensical,  though  it  con- 
vey to  their  minds  no  distinct  idea.  Perspicuity  of 
Style,  real,  not  apparent  perspicuity,  is  in  this  case 
never  necessary,  and  sometimes,  studiously  avoided. 
If  any  distinct  meaning  were  conveyed,  and  that  which 
was  said  were  irrelevant,  it  would  be  perceived  to  be 
so,  and  would  produce  impatience  in  the  bearers,  or 
afford  an  advantage  to  the  opponents  ; if,  on  the  other 
hand,  the  speech  were  relevant,  and  there  were  no 
Arguments  of  any  force  to  be  urged,  except  such  as 
either  had  been  already  dwelt  on,  or  were  required  to 
be  reserved  (as  in  the  rase  last  alluded  to)  for  a fuller 
uudience,  the  speaker  would  not  further  his  cause  by 
bringing  them  forward.  So  that  the  usual  resource  on 
these  occasions,  of  such  Orators  as  thoroughly  under- 
stand the  tricks  of  their  art,  and  do  not  disdain  to 
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employ  them,  is  to  amuse  their  audience  with  specious  Chap,  m, 
emptiness.  ■«— — 

Another  kind  of  spurious  Oratory,  and  the  last  that 
will  he  noticed,  is  that  which  has  for  its  object  the 
bearer’s  admiration  of  the  Eloquence  displayed.  This, 
indeed,  constitutes  one  of  the  three  kinds  of  Oratory 
enumerated  by  Aristotle,  and  is  regularly  treated  of  by 
him  along  with  the  deliberative  and  judicial  branches; 
though  it  hardly  deserves  the  place  he  has  bestowed 
on  it. 

When  this  is  the  end  pursued,  perspicuity  is  not 
indeed  to  be  avoided,  but  it  may  often  without  detriment 
be  disregarded.*  Men  frequently  admire  as  eloquent, 

• In  I)r.  Campbell's  ingenious  dissertation.  [Rhetoric.  book  ii. 

C.  v»i.)  “ on  the  chum's  that  nonsense  often  escape*  being  de- 
tected, both  by  the  writer  and  the  reader,"  he  remarks,  (sec.  2,) 
that  “ there  are  particularly  three  sort*  of  writing  wherein  we  are 
Halite  to  b«  imposed  upon  by  word*  without  meaning." 

" TWt  limt  is,  * here  there  is  an  exubrranre  of  metaphor.  Nothing 
is  more  certain  than  that  this  trope,  when  temperately  and  nppo 
sitcly  used,  serve*  to  add  light  to  the  expression,  and  energy  to 
the  sentiment.  On  the  contrary,  when  vaguely  and  intern perately 
used,  nothing  c-an  serve  more  effectually  to  cloud  the  sense,  where 
there  i*  arose , and  by  consequence  to  conceal  the  defect,  where 
there  is  no  sense  to  show.  And  this  is  the  case,  not  only  where 
there  is  in  the  same  sentence  a mixture  of  discordant  metaphors, 
but  also  where  the  metaphoric  Style  is  too  long  continued,  and 
too  far  pursued.  [£7  tnodiv m antem  altjur  oppartumu  traniJatwnii 
tutu  iiluilral  orntwncm  : i la  frequent  ft  olncvrat  rt  tredio  romplet  ; 
eon tiHura  rri*a  i«  alltgnriam  rt  n-mguuito  frit.  Oulnt.  lib.  viil.  C.  vi.j 
Tin-  reason  is  obvious.  In  common  speech  tlw>  words  arc  the  Im- 
mediate signs  of  the  thought.  Hut  it  is  not  so  here ; for  when  a 
person,  instead  nf  adopting  metaphors  that  come  natn rally  and 
opportunely  in  hi*  way,  rummages  the  whole  world  in  quest  of 
them,  and  piles  them  one  upon  anutber,  when  he  cannot  so  pro- 
perly be  said  to  use  metaphor,  as  to  talk  in  metaphor,  or  rather 
when  from  metaphor  he  runs  into  allegory,  and  thence  into  enigma, 
his  words  are  not  the  iuimcdiate  signs  of  bis  thought ; they 
arc  at  best  hut  the  signs  of  the  signs  of  his  thought.  His  writing 
may  then  be  culled,  what  Spenser  not  unjustly  styled  his  Fairy 
Queen,  a perpetual  a Ur  gut  y or  dark  eomrrtt.  Most  readers  will 
account  it  much  to  bestow  a transient  glance  on  the  literal  sense, 
which  lies  nrurcht ; but  will  never  think  of  that  menning  more 
remote,  which  tint  figures  themselves  arc  intended  to  signify,  it 
is  no  wonder  then  that  this  sense,  for  the  discovery  of  which  it  is 
necessary  to  sec  through  a double  veil,  should,  where  U is,  more 
readily  escape  our  observation,  and  that  where  it  is  wanting  wc 
should  not  so  quickly  mis*  it. 

41  There  is,  in  rc.».|<ct  of  the  two  meanings,  considerable  variety 
to  be  found  in  the  tropical  Style.  In  just  allegory  and  similitude 
there  is  always  a propriety,  or,  if  you  choose  to  call  it,  congrnity, 
in  the  literal  srtm*,  a*  well  as  a distinct  meaning  nr  sentiment 
suggested,  which  b called  the  figurative  sense.  Examples  of  this 
are  unnecessary.  Again,  where  the  figurative  seme  is  unexcep- 
tionable, there  is  sometimes  an  incongruity  in  tbc  expression  of 
the  literal  sense.  This  is  always  the  case  in  mixed  metaphor,  a 
thing  not  unfrequent  even  in  good  writer*.  Thus,  when  Addison 
remarks  that  * there  is  not  a single  view  of  human  nature,  which 
is  not  sufficient  to  ertingnith  the  iredt  of  pride,’  be  expresses  a 
a true  sentiment  somewhat  incongruously ; for  the  term*  rstim- 
gnuh  and  teed*  here  metaphorically  used,  do  not  suit  each  other. 

In  like  manner,  there  is  something  incongruous  in  the  mixture  of 
tropes  employed  in  the  following  passage  from  Lord  Uolingbroke  : 

* Nothing  less  than  the  heart*  of  his  people  will  content  a patriot 
JVincc,  nor  will  he  think  hi*  throne  established,  till  it  is  esta- 
blished there.'  Yet  the  thought  is  excellent.  But  in  neither  of 
these  examples  does  the  incongruity  of  the  expression  hart  the 
perspicuity  of  the  sentence.  Sometime*,  indeed,  the  literal 
meaning  involves  a direct  absurdity.  When  this  is  the  case,  as 
in  the  quotation  from  The  Principle a of  Painttng  given  in  the  pre- 
ceding chapter,  it  is  natural  for  the  reader  to  suppose  that  there 
must  be  something  under  it ; for  it  is  not  easy  to  say  how  ab- 
surdly even  just  sentiments  will  sometimes  be  exprestwd.  But 
when  no  sucb  hidden  sense  can  be  discovered,  what,  in  the  first 
view  conveyed  to  our  minds  a glaring  mbturdity,  is  rightly  on  re- 
flection denominated  nantense.  We  are  satisfied  that  f)«  File* 
neither  thought,  nor  wanted  his  readers  to  think,  that  Rubens 
w&s  really  the  original  performer,  and  God  the  copier.  This 
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Rhetoric,  and  soraetiroea  admire  the  most,  what  they  do  not  at 
all,  or  do  not  fully  comprehend,  if  elevated  and  high 


then  was  not  his  meaning.  But  what  he  actually  thought  am! 
wanted  them  to  think.lt  is  impossible  to  elicit  from  his  word*. 
His  words  then  may  justly  be  attributed  60 Id,  la  respect  of  their 
literal  Import,  but  in  respect  of  the  author's  intention. 

••  )(  fjiuv  be  proper  here  to  observe,  that  some  are  apt  to  con- 
found the  term*  atnurtlify  ami  noturme  os  synonymous,  which  tbey 
manifestly  are  out.  An  abaurdily,  in  the  strict  acceptation,  is  a 
proposition  either  intuitively  or 'demonstratively  false.  Of  this 
kind  art  these  : • Three  and  two  make  seven.’  * All  the  angles  of  a 
triangle  are  greater  than  two  right  angles.'  That  the  former  is  false 
we  know  by  intuition  ; that  the  latter  is  so,  we  **«  able  to  demon- 
strate. But  the  term  is  further  extended  to  denote  a notorious 
falsehood,  if  one  should  affirm,  that  * at  the  vernal  equinox  the 
son  rises  in  the  north  and  sets  in  the  south,'  we  should  not  hesi- 
tate to  sav,  that  he  advance*  an  absurdity;  but  still  what  be 
affirms  !iu  a meaning  ; insomuch,  that  un  hearing  the  sentence 
we  pronounce  Its  falsity.  Now  MMuewsr  is  that  wbermf  we  cannot 
say  either  that  it  is  true,  or  that  it  is  false.  Thu*,  when  the  Teutonic 
Theosopher  enounces,  that  ‘ all  the  voices  of  the  celestial  jorful- 
ness,  qualify,  commix,  and  harmonize  in  the  fire  which  was  from 
eternity  in  the  good  quality,’  I should  tbiuk  it  equally  imperti- 
nent to  aver  the  faUity  as  the  truth  of  this  enunciation.  Fur, 
though  the  words  grammatically  form  a sentence,  they  exhibit  to 
the  understanding  no  judgment,  and  consequently  admit  neither 
assent  nor  dissent.  In  tbc  former  instances  1 say  the  meaning,  or 
what  they  affirm,  is  absurd  ; in  tbc  last  instance  I say  there  is  no 
inclining,  aud  therefore  property  nothing  is  affirmed.  In  popular 
language.  I own,  the  terms  absurdity  and  nonsense  are  not  so  ac- 
curately distinguished.  Absurd  pcisithma  are  sometimes  called 
nonsensical.  It  is  not  rnmmnn,  cm  the  other  hand,  to  say  of 
downright  nonsense,  that  it  comprises  an  absurdity. 

•4  Further,  in  the  literal  sense  there  may  be  nothing  unsuitable, 
aud  vet  the  reader  may  be  at  a Ins*  to  find  a figurative  meaning, 
to  which  hi*  expression*  can  with  justice  be  applied.  Writers 
immoderately  attached  to  the  florid,  or  highly  figured  diction . arc 
often  misled  by  a desire  of  flourishing  on  the  several  attributes 
of  a metaphor,  which  they  have  pompously  ushered  into  the  dis- 
course, without  taking  the  trouble  to  examine  whether  there  he  any 
qualities  in  the  sulijert,  to  which  these  attributes  can  with  justice 
aud  perspicuity  be  applied.’*  Tills  immoderate  uae  of  metaphor. 
Dr.  Campbell  observes,  “ Is  the  principal  source  of  all  the  non- 
•ease  of  Orator*  and  Poets. 

The  second  species  of  writing  wherein  we  are  liable  to  be 
imposed  on  by  word*  without  meaning.  Is  that  wherein  the 
term*  most  frequently  occurring,  denote  things  which  an*  of  a 
complicated  nature,  and  to  which  the  mind  is  not  sufficiently 
familiarised.  Many  of  those  notion*  which  are  called  by  Philo- 
sopher* mixed  inodes,  come  under  this  denomination.  Of  these 
the  instances  arc  numerous  in  every  tongue  ; such  esgitvrmmrmt, 
eknrrh,  it  air,  constitution,  polity,  power,  commrrtr,  legislature, 
juriiiitchon,  proportion , rytmrtry,  tlrganrr  It  will  considerably 
increase  the  danger  of  our  being  deceived  by  an  unmeaning  use  of 
such  terms,  if  they  are  besides  (as  very  often  they  are)  of  so  in- 
determinate, and  consequently  equivocal  significations,  thnt  a 
writer,  unobserved  either  by  himself  or  br  Ills  reader,  may  slide 
from  one  sense  of  the  term  to  another,  till  by  degrees  he  fall  into 
such  applications  of  it  n»  will  make  no  sense  at  all.  It  deserve* 
our  notice  also,  that  we  arc  in  much  greater  danger  of  terminating 
in  this,  if  the  different  meanings  of  the  same  word  have  some 
affinity  to  one  another,  than  if  they  have  none.  In  the  latter  case, 
wlien  there  is  no  affinity,  the  transition  from  one  meaning  to 
another,  is  taking  a very  wide  atep,  and  what  few  writer*  are  in 
any  danger  of ; it  is,  besides,  what  will  not  so  readily  escape  the 
observation  of  the  reader.  So  much  for  the  second  cause  of 
deception,  which  is  the  chief  source  of  all  the  nonsense  of  writers 
on  politics  and  criticism. 

“ The  third  and  last,  and  I may  add,  the  priuripal  specie*  of 
composition,  wherein  we  are  exposed  to  this  illusion  by  the  abuse 
of  words,  is  that  in  which  the  terms  employed  are  very  abstract, 
and  ronseqiwntly  of  very  extensive  signification.  It  is  an  obser- 
vation that  plainly  arise th  from  the  nature  and  structure  of  lan- 
guage. and  may  lie  deduced  as  a corollary  from  what  hath  been 
•aid  of  the  use  of  artificial  signs,  that  the  more  general  any  name 
la,  as  it  comprehnul*  the  more  individuals  under  it,  and  conse- 
quently require*  the  more  extensive  knowledge  in  the  mind  that 
would  rightly  apprehend  it,  the  more  it  must  have  of  indUtincl- 
nc*a  and  ob*c*»rity.  Thus  the  word  Ham  is  more  distinctly  ap- 
prohcikded  by  the  mind  than  the  word  beast,  beast  than  animal, 


sounding  words  be  arranged  in  graceful  and  sonorous  Chap.  HI. 
periods.  Those  of  uncultivated  minds  especially,  are 
apt  to  think  meanly  of  any  thing  that  is  brought  down 
perfectly  to  the  low  level  of  their  capacity  ; though  to 
do  this  with  respect  to  valuable  Truths  which  are  not 
trite,  is  one  of  the  most  admirable  feats  of  genius  ; they 
admire  the  profundity  of  one  who  is  mystical  and  ob- 
scure ; mistaking  the  muddiness  of  the  water  for  depth; 
and  magnifying  in  their  imaginations  what  is  viewed 
through  n fog  ; and  they  conclude  that  brilliant  lan- 
guage must  represent  some  brilliant  ideas,  without 
troubling  themselves  to  inquire  what  those  ideas  arc. 

Many  an  enthusiastic  admirer  of  a " fine  discourse/' 
or  a piece  of  “fine  writing,'*  would  be  found  on  ex- 
amination to  retain  only  a few  sonorous,  but  empty 
phrases  ; and  not  only  to  have  no  notion  of  the  general 
drift  of  the  Argument,  but  not  even  to  have  ever  con- 
sidered whether  the  Author  had  any  such  drift  or  not. 

It  is  not  meant  to  be  insinuated  that  in  every  such 
case  the  composition  is  in  itself  unmeaning,  or  that 
the  Author  had  no  other  object  than  the  credit  of  Elo- 
quence: he  may  have  had  a higher  end  in  view;  and 
he  may  have  expressed  himself  very  clearly  to  some 
hearers,  though  not  to  nil  : but  it  is  most  important 
to  be  fully  aware  of  the  fact,  that  it  is  possible  to 
obtain  the  highest  applause  from  those  who  not  only 
receive  no  edification  from  what  they  hear,  but  abso- 
lutely do  not  understand  it.  So  far  is  popularity  front 
being  a safe  criterion  of  the  usefulness  of  a Preacher. 

& 2.  The  next  quality  of  Style  to  he  noticed  is  what 
may  be  called  Energy  ; the  term  being  used  in  o 
wider  sense  than  the  Eropyttm  of  Aristotle,  and  nearly 
corresponding  with  what  Dr.  Campbell  calls  Vivacity ; 
so  as  to  comprehend  every  thing  that  may  conduce  to 
stimulate  attention, — to  impress  strongly  on  the  mind 
the  Arguments  adduced, — to  excite  the  Imagination, 
and  to  arouse  the  Feelings. 

This  Energy  then,  or  Vivacity  of  Style,  must  de- 
pend fas  is  likewise  the  case  in  respect  of  Perspicuity.) 
on  three  things;  1st,  the  Choice  of  words,  id,  their 
Number,  and  3d,  their  ilrrungeiHCHt, 

With  respect  to  the  Choice  of  wrordfl,  it  will  be  most 
convenient  to  consider  them  under  those  two  classes 
which  Aristotle  has  described  under  the  titles  of 


Animal  than  bring.  Bat  there  is,  in  what  arc  called  abstract  sub- 
jects. a still  greater  fund  of  obscurity,  than  that  arising  from 
tlic  frequent  mention  of  the  most  general  terms.  Names  must 
be  assigned  to  those  qualities  as  considered  abstractly,  which 
never  subsist  independently,  or  by  themselves,  hot  which  consti- 
tute the  generic  char  meters  and  the  specific  differences  of  things. 
And  this  leads  to  a manner  which  is  in  many  instances  remote 
from  the  common  u«o  of  speech,  and  therefore  must  he  of  more 
difficult  conception."  (Honk  ii.  sec.  2.  p.  102,  l(Ki.J 
It  is  trnly  to  be  regretted  that  an  author  who  ha*  written  so  justly 
on  this  subject,  should  within  a few  page*  so  strikingly  exemplify 
the  errors  he  ha*  been  treating  of,  by  indulging  in  a declamation 
Against  I.ogir  which  mu  1«1  not  evrn  lei  himself  have  conveyed  any 
distinct  meaning.  When  he  says  that  a man  who  had  learned 
I^.Hfic  wo*  “ qualified  without  any  other  kind  of  knowledge,  to 
defend  any  position  whatever,  however  contradictory  to  common 
sense  -,  and  that  that  art  observed  the  most  absolute  Indifference 
to  truth  and  error,"  he  cannot  mean  that  a false  conclusion  could 
be  logically  proved  from  true  premise*  ; since,  ignorant  os  he 
was  of  the  unbicct,  be  was  aware,  and  ba*  in  another  place  dis- 
tinctly acknowledged,  that  this  is  not  the  case  ; nor  could  he 
mean  merely  that  a false  conclusion  could  be  proved  from  a false 
premiss,  since  that  wonld  evidently  be  a nugatory  and  ridiculous 
objection.  He  seems  to  have  bail,  in  truth,  no  meaning  at  all  j 
though  like  the  authors  be  had  been  so  ably  criticising,  he  was 
perfectly  unaware  of  the  emptinew  of  what  he  was  saying. 
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Kvpm  and  *rV«,  for  whieh  our  language  does  not  afford 
• precisely  corresponding;  names  : " Proper,”  4r  Appro- 
priate,” or  **  Ordinary/'  terms,  will  the  most  nearly 
designate  the  former ; the  latter  claw  including  all 
others  ; — all  that  are  in  any  way  removed  front  com- 
mon use ; — whether  uncommon  terms,  or  ordinary 
terms,  either  transferred  to  a different  meaning  from 
that  which  strictly  belongs  to  them,  or  employed  in 
a different  manner  from  that  of  common  discourse. 
All  the  Tropes  and  Figures,  enumerated  by  Gram- 
matical and  Rhetorical  Writers,  will  of  course  fall 
under  this  bend. 

With  respect  then  to  11  Proper  ” terms,  the  prin- 
cipal rule  for  guiding  our  Choice  with  a view  to  Energy, 
is  to  prefer,  ever,  those  words  which  are  the  least 
abstract  nnd  general.  Individuals  alone  haring  a real 
existence,*  the  terms  denoting  them  (called  by  Logi- 
cians " Singular  terms,")  will  of  course  make  the  most 
vivid  impression  on  the  mind,  and  exercise  most  the 
power  of  Conception  j and  the  less  remote  any  term 
is  from  these,  i.  e.  the  more  sjxcifie,  the  more  Energy 
it  will  possess,  in  comparison  of  such  as  are  more 
general.  The  impression  produced  on  the  mind  by 
a Singular  term,  may  be  compared  to  the  distinct 
view  taken  in  by  the  eve  of  any  object  (suppose  a 
man)  near  at  hand,  in  a clear  light,  which  enables  us 
to  distinguish  the  features  of  the  individual j in  a 
fainter  light,  or  rather  farther  off,  we  merely  perceive 
that  the  object  is  a man  i this  corresponds  with  the 
Idea  conveyed  by  the  name  of  the  Species  j yet  further 
off,  or  in  a still  feebler  light,  we  can  distinguish 
merely  some  living  object,  and  at  length,  merely  some 
object ; these  views  corresponding  respectively  with  the 
terms  denoting  the  genera,  less  or  more  remote  : and 
as  each  of  these  views  conveys,  as  far  as  it  goes,  an 
equally  correct  impression  to  the  mind,  (for  we  are 
cqaally  certain  that  the  object  at  a distance  is  some- 
thing,  as  that  the  one  close  to  us  is  such  and  such  an 
individual,)  though  each,  successively,  is  less  vivid  f 
to,  in  language,  a General  term  may  be  ns  clearly 
understood,  us  a Specific  or  Singular  term,  bnt  will 
convey  a much  less  forcible  impression  to  the  hearer’s 
mind.  " The  more  General  the  terms  are,”  (as  Dr. 
Campbell  justly  remarks,)  " the  picture  is  the  fainter] 
the  more  Special  they  are,  the  brighter.  The  same 
sentiment  may  be  expressed  with  equal  justness,  and 
even  equal  perspicuity,  in  the  former  way,  as  in  the 
latter  •,  but  as  the  colouring  will  in  that  case  be  more 
languid,  it  cannot  give  equal  pleasure  to  the  fancy, 
and  by  consequence  will  not  contribute  so  much 
either  to  fix  the  attention,  or  to  impress  the  me- 
mory." 

It  might  be  supposed  at  first  sight,  that  an  Author 
has  little  or  no  Choice  on  this  point,  but  must  employ 


• Thence  culled  by  Aristotle,  ( Cetrg . wc.  It,)  **  primary  sub- 
k tan  era,”  {rpiret  islet,)  Genua  and  Specie*,  being  denominated 
“ secondary,”  **  not  properly  denoting  a **  rcally-cxUting-thiog,*’ 
(v<flW  t«,}  but  ratlier  nn  attribute.  He  haa,  indeed,  been  con- 
sidered »»  the  great  advocate  of  the  opposite  doctrine ; L t.  of 
the  system  of  “ Realign  j“  wbicli  was  certainly  embraced  by 
many  of  hi*  professed  follower* ; but  bis  own  Language  la  Sul* 
ficiently  explicit.  Tinea  Si  nmlm  lom?  r/St  n erfpturtir,  *£*1 
ftiv  &v  ru/v  wpdrw  mstorv  irnttpiaS-r^vrov  «al  Jn  t<4£« 

ta  aityialrfi'  yip,  wal  tv  ri  force.  ’E»i  S< 

rmv  8 ivripmv  iamv,  4A1KETAI  piv  ipolus  ry  iTx;tuai»ti  njt  vpwrtj- 
7*p(«  r45<  n iMiMOtwiv,  Sra*  Trfrp,  ^ fSe*r  OT  MH.V  fit 

AAH0K2-  4 Khi  paW or  wvmov  rt  otyuilnr  n.  V.  X.  Aristotle, 
Cetrg.  see.  3. 


either  more  or  less  General  terms  according  to  the  Chap.  lit. 
objects  he  is  speaking  of.  There  is,  however,  in  v— ■ -s 
almost  every  case,  great  room  for  such  a Choice  as  we 
are  speaking  of ; for,  in  the  first  place,  it  depends  on 
our  Choice  whether  or  not  we  will  employ  terms  more 
General  thuti  tbs  subject  requires  •,  which  may  almost 
always  be  done  consistently  with  Truth  and  Propriety, 
though  oot  with  Energy  : if  it  be  true  that  a man 
has  commuted  murder,  it  may  lie  correctly  asserted, 
that  he  has  committed  n crime ; if  the  Jews  were 
u exterminated,’  and  Jerusalem  demolished  ” by 
u Vespasian’*  army,”  it  may  be  said,  with  truth,  that 
they  were  44  subdued  ” by  **  an  Enemy/’  and  their 
"Capital”  taken.  This  substitution  then  of  the 
General  for  the  Spodle,  or  of  the  Specific  for  the  Sin- 
gular, is  always  within  our  reach  ; and  many,  espe- 
cially unpractised  Writers,  fall  into  a feeble  Style  by 
resorting  to  it  unnecessarily  > either  because  they 
imagine  there  is  more  uppeorance  of  refinement  or  of 
profundity,  in  the  employment  of  such  terms  as  are 
in  lew  common  use  among  the  vulgar,  or,  in  some 
cases,  with  a view  to  give  greater  comprehensiveness 
to  their  Reasonings,  and  U>  increase  the  utility  of 
what  they  say  by  enlarging  tlic  field  of  its  application. 
Inexperienced  Preachers  frequently  err  in  fids  way,  by 
dwelling  on  Virtue  and  Vice,  Piety  and  Irreligion,  in 
the  abstract,  without  particularizing  j forgetting  that 
while  they  include  much,  they  imprest  little  or 
nothing. 

The  only  Appropriate  occasion  for  this  Generic 
language,  (as  it  may  be  called,)  is  when  we  wish  to 
avoid  giving  a vivid  impression, — when  our  Object  is 
to  soften  what  is  offensive,  disgusting,  or  shocking  ; 
as  when  we  speak  of  an  " execution,”  for  the  inflic- 
tion of  the  sentence  of  death  on  a criminal  : of  which 
kind  of  expressions,  common  discourse  furnishes 
numberless  instances.  On  the  other  hand,  in  An- 
tony's speech  over  Cssar’s  body,  his  object  being  to 
exdie  horror,  Shakspeorc  puts  into  his  mouth  the  moat 
particular  expressions  : " those  honourable  men  (not, 
w ho  killed  Caesar,  but)  whose  daggers  have  stabbed 
ClEiMUr  ” 

But  in  the  second  place,  not  only  does  a regard  for 
Energy  require  that  we  should  not  use  terms  more 
General  than  arc  exactly  adequate  to  the  objects 
spoken  of,  but  we  are  also  allowed,  in  many  cases,  to 
employ  less  General  terms  than  are  exactly  Appropriate. 

In  which  case  we  arc  employing  words  uot  44  Appro- 
priate,” but  belonging  to  the  second  of  the  two  classes 
just  mentioned.  The  use  of  this  Trope,*  (enumerated 
by  Aristotle  among  the  Metaphors,  but  since  more 
commonly  called  Synecdoche)  is  very  frequent,  as  it  con- 
duces much  to  the  Energy  of  the  expression,  without 
occasioning,  in  general,  any  risk  of  its  meaning  being 
mistaken.  The  passage  cited  by  Dr.  Campbelbt  from 
one  of  our  Lord’s  discourses,  (which  are  in  general 
of  this  character,)  together  with  the  remarks  made 
upon  it,  will  serve  to  illustrate  what  has  been  just  said : 

44  ‘ Consider/  says  our  Lord,  4 the  lilies  how  they 
grow : they  toil  not,  they  spin  not  3 and  yet  l say 


• From  r f**bi  any  word  turned  from  it*  primary  signi- 
fication. 

t The  ixucenions  Author  cites  this  in  the  Section  treating  of 
“ Prmper  terms,''  which  Is  a trifling  oversight ; as  it  b plain  that 
“ lily"  is  used  for  the  Genus  “ flower,"— 44  Solomon,"  for  the 
Species  14  King,’’  &e. 

So* 


igitized  by  Google 


276 


RHETORIC. 


Rhetoric,  unta  you.  that  Solomon  in  all  his  glory,  was  not  arrayed 
like  one  of  these.  If  then  God  so  clothe  the  grass 
which  to-day  is  in  the  field,  and  to-morrow  is  cost 
into  the  oven,  how  much  more  will  he  clothe  you 
Let  us  here  adopt  a little  of  the  tasteless  manner  of 
modern  paraphrasis,  by  the  substitntion  of  more  Gene- 
ral terms,  one  of  their  ninny  expedients  of  infrigidat- 
ing,  and  let  us  observe  the  effect  produced  by  this 
change  * Consider  the  flowers,  how  they  gradually 
increase  in  their  size,  they  do  no  manner  of  work, 
and  yet  I declare  to  you,  that  no  king  whatever,  in  his 
most  splendid  habit,  is  dressed  up  like  them.  If  then 
God  in  his  providence  doth  so  adorn  the  vegetable 
productions,  which  continue  but  a little  time  on  the 
land,  and  nre  afterwards  devoted  to  the  meanest  uses, 
how  much  more  will  he  provide  clothing  for  you  ?* 
How  spiritless  is  the  same  sentiment  rendered  by  these 
small  variations  ? The  very  particularizing  of  to-day 
and  to-morroi r,  is  infinitely  more  expressive  of  transi- 
toriness, than  any  description  wherein  the  terms  nre 
General,  that  can  he  substituted  in  its  room."  It  is  a 
remarkable  circumstance  that  this  characteristic  of 


Analogy  or  Resemblance,  and  what  is  properly  coiled  Cb»p.  III. 
a Simile  or  Comparison,  introduced  merely  to  give  v— v— ^ 
force  or  beauty  to  the  expression.  The  aptness  and 
beauty  of  on  Illustration  sometimes  leads  men  to  over- 
rate, and  sometimes  to  underrate,  its  force  as  an 
Argument.  (Vol.  i.  p.  S55.) 

With  respect  to  the  choice  between  the  Metaphori- 
cal form  and  that  of  Comparison,  it  may  be  laid  down 
as  a general  rule,  that  the  former  is  alwuys  to  be  pre- 
ferred,* wherever  it  is  sufficiently  simple  and  plain 
to  he  immediately  comprehended  ; but  that  which  as 
a Metaphor  would  sound  obscure  and  enigmatical, 
may  be  well  received  if  expressed  as  a Comparison. 

We  may  say,  e,  g.  with  propriety,  that  “ Cromwell 
trampUd  on  the  laws  it  would  sound  flat  to  say 
that  “ he  treated  the  laws  with  the  same  contempt 
ns  a man  does  any  thing  which  lie  tramples  under  his 
feet."  On  the  other  hand  it  would  be  harsh  and 
obscure  to  say,  " the  stranded  vessel  lay  shaken  by 
the  waves,"  meaning  the  wounded  chief  tossing  on 
the  bed  of  sickness  ; it  is  therefore  necessary  in  such 
a case  to  stite  the  Resemblance.  But  this  is  never  to 


Style  is  perfectly  retained  in  translation,  in  w hich  every 
other  excellence  of  expression  is  liable  to  he  lost ; 
so  that  the  prevalence  of  this  kind  of  language  in 
the  Sacred  writers,  may  be  regarded  as  something 
providential.  It  may  be  said  with  truth,  that  the  book 
which  it  is  the  most  necessary  to  translate  into  every 
Language,  is  chiefly  characterised  by  that  kind  of 
excellence  in  diction  which  is  least  impaired  by  trans- 
lation. 

But  to  proceed  with  the  consideration  of  Tropes  ; 
the  most  employed  and  most  important  of  all  those 
kinds  of  expressions  which  depart  from  the  plain  and 
strictly  Appropriate  Style, — all  that  arc  called  by 
Aristotle,  *o*a,— is  the  Metaphor,  in  the  usual  and 
limited  sense  ; viz.  a word  substituted  for  another, 
on  account  of  the  Resemblance  or  Analogy  between 
their  significations.  The  Simile  or  Comparison  may 
be  considered  as  differing  in  form  only  front  a Meta- 
phor ; the  Resemblance  being  in  that  case  stated, 
which  in  the  Metaphor  is  implied.  Each  may  be 
founded  cither  on  Resemblance,  strictly  so  called,  i.  e. 
direct  Resemblance  between  the  objects  themselves 
i'o  question,  (as  when  we  speak  of  “ /aide-land,"  or 
compare  gTent  waves  to  mountains,)  or  on  Analogy, 
which  is  the  Resemblance  of  ratios, — it  similarity  of 
the  relations  they  bear  to  certain  other  objects  ; as 
when  we  speak  of  the  “ light  of  reason,"  or  of  **  re- 
velation }’’  or  compare  a wounded  and  captive  warrior 
to  a stranded  ship.f  The  Analogical  Metaphors  and 
Comparisons  are  both  the  most  frequent  and  the  most 
striking.  They  are  the  most  frequent,  because  almost 
every  object  has  such  a multitude  of  relations,  of 
different  kinds,  to  many  other  objects  ; and  they  are 
the  most  striking,  because  (as  Dr.  A.  Smith  has  well 
remarked,)  the  more  remote  and  unlike  in  themselves 
any  two  objects  are,  the  more  is  the  mind  impressed 
and  gratified  by  the  perception  of  some  point  in  which 
they  agree. 

It  has  been  already  observed,  under  the  head  of 
Example,  (chap.  1,)  that  we  arc  carefully  to  distin- 
guish between  an  Illustration,  i.  c.  an  Argument  from 

• /.«*#,  cb.  xii.  vsr.  27.  28. 

t Roderic  Dbo,  in  the  lady  of  tht  LeJkt. 


be  done  more  fully  than  is  necessary  to  perspicuity, 
because  all  men  are  more  gratified  at  catching  the 
Resemblance  for  themselves,  than  at  having  it  pointed 
out  to  them. t And  accordingly  the  greatest  masters 
of  this  kind  of  Style,  w hen  the  case  will  not  udmit  of 
pure  Metaphor,  generally  prefer  a mixture  of  Meta- 
phor with  Simile ; first  pointing  out  the  similitude, 
and  afterwards  employing  metaphorical  terms  which 
imply  it ; or,  rice  vtrsd,  explaining  a Metaphor  by  a 
statement  of  the  Comparison.  To  take  examples 
from  an  Author  w ho  particularly  excels  iu  this  point ; 
peaking  of  a morbid  Fancy,) 

" like  the  list  of  Indian  brakes. 

Her  pinions  fan  the  wound  she  makes, 

Anti  soothing  thus  the  dmnitcr  s pain, 

She  drinks  the  life-blood  from  the  rcin."J 

The  word  “ like  " makes  this  a Comparison  ; but 
the  three  succeeding  lines  are  Metaphorical.  Again, 
to  take  an  instance  of  the  other  kind, 

**  They  mrttrd  from  tlic  field,  a*  snow, 

Wbrn  streams  are  awoln,  and  south  wind*  blow. 
Dissolves  in  iikot  dew 

Of  the  words  here  put  in  italics,  the  former  is  a 
Metaphor,  the  latter,  introduces  a Comparison. 
Though  the  instances  here  adduced  are  taken  from  a 
Poet,  the  judicious  management  of  Comparison  w hich 
they  exemplify,  is  even  more  essential  to  a Prose 
writer,  to  whom  less  licence  is  allowed  in  the  em- 
ployment of  them.  It  is  a remark  of  Aristotle, 

( Hhet . book  ill.  c.  4,)  that  the  Simile  is  more  suitable 
in  Poetry,  and  that  Metaphor  is  the  only  ornament  of 
language  in  which  the  Orator  may  freely  indulge. 
He  should  therefore  he  the  more  careful  to  bring  a 
Simile  as  near  as  possible  to  the  Metaphorical  form. 
The  following  is  an  example  of  the  same  kind  of 
expression  : " These  metaphysic  rights  entering  into 
common  life,  like  rays  of  light  which  pierce  into  a 
dense  medium,  are,  by  the  laws  of  nature,  refracted 

• d iutmr  firt  apoph,  Umpipoga  9poOJ*» r lii  yjrrow  ifil, 

trt  pomporipotv  « r.  A.  Aristotle,  Rktt.  book  iii.  e.  10 

+ T*  poieiptitf  froilut  jj!!u  pig  it  Aristotle,  KJiet.  book  lii.  c.  5. 

X Hokeby.  § Maronon, 
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Rhetoric,  from  their  straight  line.  Indeed,  in  the  gross  and 
Vi— ■■ ■■■■ ' complicated  mui  of  human  passions  and  concerns,  the 
primitive  rights  of  man  undergo  such  a variety  of  refrac- 
tions and  reflections,  that  it  becomes  absurd  to  talk  of 
them  ns  if  they  continued  in  the  simplicity  of  their 
original  direction."* 

Metaphors  may  be  employed,  as  Aristotle  observes, 
either  to  elevate  or  to  degrade  the  subject,  according 
to  the  design  of  the  Speaker  ; being  drawn  from 
similar  or  corresponding  objects  of  a higher  or  lower 
character.  Thus  a loud  and  vehement  Speaker  may 
be  described  either  as  bellowing,  or  as  thundering.  And 
in  both  cases,  if  the  Metaphor  is  apt  and  suitable  to 
the  purpose  designed,  it  is  alike  conducive  to  Energy. 
He  remarks  that  the  same  holds  good  with  respect  to 
Epithets  also,  which  may  be  drawn  either  from  the 
highest  or  the  lowest  attributes  of  the  thing  spoken 
* of.t  Metonymy  likewise  (in  which  a port  is  put 

for  a whole,  a cause  for  an  effect,  &c.)  admits  of  a 
similar  variety  in  its  applications. 

Any  Trope  (as  is  remarked  by  Dr.  Campbell,)  adds 
force  to  the  expression,  when  it  tends  to  fix  the  mind 
on  that  part,  or  cirtvmstance,  in  the  object  spoken 
of,  which  is  most  essential  to  the  purpose  in  hand. 
Thus,  there  is  an  Energy  in  Abraham's  Periphrasis  for 
**  God,"  when  he  is  speaking  of  the  allotment  of  Di- 
vine punishment : “ shall  not  the  Judge  of  all  tkr  earth 
do  right  1"  If  again  we  were  alluding  to  ilis  omniscience, 
it  would  be  more  suitable  to  say,  **  this  is  known  only 
to  the  Searcher  of  hearts :**  if,  to  his  power,  wc  should 
speak  of  Him  as  “ the  Almighty,"  &c. 

Of  Metaphors,  those  generally  conduce  most  to 
♦hat  Energy  or  Vivacity  of  Style  we  are  speaking  of, 
which  illustrate  an  intellectual  by  a sensible  object  j 
the  latter  being  always  the  most  early  familiar  to  the 
mind,  and  generally  giving  the  most  distinct  im- 
pression to  it.  Thus  wc  speak  of  44  unbridled  nie^e," 
44  deep-rooted  prejudice,"  “ glowing  eloquence,  * a 
44  stony  heart,"  Ac.  And  a similar  use  may  be  made 
of  Metonymy  also;  as  when  we  speak  of  the  **  Throne 
or  the  “ Crown  " for  44  Royalty," — the  " sword " for 
**  military  violence,"  Ac. 

But  the  highest  degree  of  Energy  (and  to  which 
Aristotle  chiefly  restricts  the  term)  is  produced  by 
such  Metaphors  as  attribute  life  and  action  to  things 
inanimate ; and  that,  even  when  by  this  means  the 
last  mentioned  rule  is  violated,  i.  c.  when  sensible 
objects  are  illustrated  by  intellectual.  For  the  dis- 
advantage is  overbalanced  by  the  vivid  impression 
produced  by  the  idea  of  personality  nr  activity  ;*  as 
when  wc  speak  of  the  rage  of  a torrent,  a furious 
storm,  a river  disdaining  to  endure  its  bridge,  &c.§ 
Many  such  expressions,  indeed,  are  in  such  common 


• Burke,  On  the  French  Revolution. 

t A happier  example  cannot  be  found  than  the  one  which 
Aristotle  cite*  from  Sunonidcs,  who,  when  offered  a small  price 
for  an  Ode  to  celebrate  a victory  in  a male-race.,  expressed  his 
contempt  for  half -oars,  ns  they  were  commonly  called  ; 

but  when  a larger  sum  was  offered,  addressed  them  in  an  fide  ns 

•*  Daughters  of  Steeds  swift-  ns-tlie-storm."  ksf&orri&w  HymrfHi 
hrem-. 

I The  figure  called  by  Rhetoricians  Prosopopcria  (literally. 
Personification)  is,  in  fact,  no  other  than  a Metaphor  of  this 
kind  : thus,  in  Demosthenes,  Greece  is  represented  as  addreuimg 
the  Athenians.  So  also  in  the  book  of  Genesis,  (chap.  hr.  ver.  10,) 
“ the  wur  of  thy  brother's  blood  crieth  nolo  me  from  the 
ground." 

I Pomtem  iudignatus. 


use  as  to  have  lost  all  their  Metaphorical  force,  since  Chap.  ***• 
they  cease  to  suggest  the  idea  belonging  to  their 
primary  signification,  and  thus  are  become,  practically, 

Proper  terms.  But  a new,  or  at  least,  unhac  kneyed, 
Metaphor  of  this  kind,  if  it  be  not  far-fetched  and 
obscure,  adds  greatly  to  the  force  of  the  expression. 

This  was  a favourite  figure  with  Homer,  from  whom 
Aristotle  has  cited  several  examples  of  it  j as  44  the 
raging  arrow,"  “ the  darts  eager  to  taste  of  flesh,"* 

“ the  shameltss  "(or  as  it  might  be  rendered  with  more 
exactness,  though  with  less  dignity,  **  the  provoking ) 
stone"  (Xaat  iraicyr)  which  mocks  the  efforts  of  Sisy- 
phus, Ac.  Our  language  possesses  one  remarkable  ad- 
vantage, with  a view  to  this  kind  of  Energy,  in  the 
constitution  of  its  genders.  All  nouns  in  English, 
which  express  objects  that  are  really  neuter,  are  con- 
sidered as  strictly  of  the  neuter  gender  ; the  Greek 
and  Latin,  though  possessing  the  advantage,  which  is 
wanting  in  the  languages  derived  from  them,  of 
having  a neuter  gender,  yet  lose  the  benefit  of  it  hy 
fixing  the  masculine  or  feminine  genders  upon  many 
nouns  denoting  things  inanimate  ; whereas  in  Eng- 
lish, when  we  speak  of  any  such  object  in  the  mascu- 
line nr  feminine  gender,  that  form  of  expression  at 
once  confers  personality  upon  it.  When  44  Virtue,’* 
e.  g.  or  our  “ Country,"  arc  spoken  of  as  females, 
or  44  Ocean  " as  a male,  Ac.  they  are,  by  that  very 
circumstance,  personified ; and  a stimulus  is  thus  given 
to  the  imagination,  from  the  very  circumstance  that 
in  calm  discussion  or  description,  all  of  these  would 
be  neuter ; whereas  in  Greek  or  Latin,  as  in  French 
or  italiun,  no  such  distinction  could  be  made.  The 
employment  of  “ Virtus,"  and  *'  ’A/xti},"  in  the  femi- 
nine gender,  can  contribute,  accordingly,  no  animation 
to  the  Style,  when  they  could  not,  without  a Solecism, 
be  employed  otherwise. 

There  is,  however,  very  little,  comparatively,  of 
Energy  produced  by  any  Metaphor  or  Simile  that  is 
in  common  use,  and  already  familiar  to  the  bearer; 
indeed,  what  were  originally  the  boldest  Metaphors, 
are  become,  by  long  use,  virtually.  Proper  terms ; as 
is  the  case  with  the  words  44  source,"  " reflection," 
he.  in  their  transferred  senses  ; and  frequently  are 
even  nearly  obsolete  in  the  literal  sense,  as  in  the 
words  "ardour,"  44  acuteness,"  **  ruminate,"  Ac.  If, 
again,  a Metaphor  or  Simile  that  is  not  so  hackneyed 
us  to  be  considered  common  property,  be  taken  from 
any  known  Author,  it  strikes  every  one,  as  no  less  a 
plagiarism  than  if  an  entire  argument  or  description 
had  been  thus  transferred.  And  hence  it  is,  that,  as 
Aristotle  remarks,  the  skilful  employment  of  these, 
more  than  of  any  other,  ornaments  of  language,  may 
be  regarded  as  a mark  of  genius  ; ayutiov,) 

not  that  he  means  to  say,  as  some  interpreters  sup- 
pose, that  this  power  is  entirely  a gift  of  nature,  and 
in  no  degree  to  be  learnt ; on  the  contrary,  he  ex- 
pressly affirms,  that  the  44  perception  of  Resem- 
blances,"t  on  which  it  depends,  is  the  fruit  of 
44  Philosophy  but  he  means  that  Metaphors  are 
not  to  be,  like  other  words  and  phrases,  selected  from 

• There  is  a peculiar  aptitude  in  some  of  these  expressions  which 
the  modern  student  Is  very  likely  to  overlook  ; an  arrow  or 
d*rt,  from  its  flying  whh  • spinning  motion,  fafcrrr  violently  when 
it  is  fixed  ; thus  suggesting  the  idea  of  a person  trembling  with 
eagerness. 

t T4  liuu*  Afar.  Aristollc,  RJut.  look  iL 

; 'Pfw  i k ptXooafiu,  Ibid,  book  ii.  snd  iii. 
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Historic,  comon  use,  and  transferred  from  one  composition  to 
another,  * but  must  be  formed  for  the  occasion,  home 
care  is  accordingly  requisite,  in  order  that  they  may 
be  readily  comprehended,  and  may  not  have  the  ap- 
pearance of  being  far- fetched  and  extravagant  ; for 
this  purpose  it  is  usual  to  combine  with  the  Metaphor 
a Proper  term  which  explains  it ; viz.  either  attri- 
buting to  the  term  in  its  transferred  sense,  something 
which  does  not  belong  to  it  in  its  literal  sense  ; or, 
vice  vend,  denying  of  it  in  its  transferred  sense,  some- 
thing which  does  belong  to  it  in  its  literal  sense. 
To  call  the  Sen  the  “ watery  bulwark”  of  our  island, 
would  be  an  instance  of  the  former  kind  ; an  example 
of  the  latter  is  the  expression  of  a writer  who  speaks 
of  the  dispersion  of  some  hostile  fleet  by  the  winds 
and  waves,  H those  ancient  and  unsulxulizcd  allies  of 
England.” 

It  is  hardly  necessary  to  mention  the  obvious  and 
hackneyed  cautions  against  mixture  of  Metaphors  it 
and  against  any  that  arc  complex  and  far-pursued,  so 
as  to  approach  to  Allegory.  In  this  last  case,  the 
more  apt  and  striking  is  the  Analogy  suggested,  the 
more  will  it  have  of  an  artificial  appearance  ; and 
will  draw  off  the  reader's  attention  from  the  subject, 
to  admire  the  ingenuity  displuycd  in  the  Style.  Young 
writers,  of  genius,  ought  especially  to  be  admonished 
to  ask  themselves  frequently,  not  whether  this  or  that 
is  a striking  expression,  but  whether  it  makes  the 
meaning  more  striking  than  another  phrase  would,— 
whether  it  impresses  more  forcibly  the  sentiment  to  be 
conveyed. 

It  is  a common  practice  with  some  writers  to  en- 
deavour to  add  force  to  their  expressions  by  accumu- 
lating high-sounding  Epithets,  ( denoting  the  greatness, 
beauty,  or  other  admirable  qualities  of  the  things 
spoken  of ; but  the  effect  is  generally  the  reverse  of 
what  is  intended.  Most  readers,  except  those  of  a 
very  vulgar  or  puerile  taste,  are  disgusted  at  studied 
efforts  to  point  out  and  force  upon  their  attention 
whatever  is  remarkable  j and  this,  even  when  the  ideas 
conveyed  arc  themselves  striking.  Hut  when  on  at- 
tempt is  made  to  cover  poverty  of  thought  with 
mock  sublimity  of  language,  and  to  set  off  trite  sen- 
timents and  feeble  arguments  by  tawdry  magnificence, 
the  only  result  is,  that  a kind  of  indignation  is  super- 
added  to  contempt ) as  when  (to  use  Quinctil urn's 
comparison)  an  attempt  is  made  to  supply,  hy  paint, 
the  natural  glow  of  a youthful  and  healthy  com- 
plexion. $ 


* ‘Owe  fern  irap'  fiAAsw  Aristotle,  Hhrt.  book  Hi. 

f Dr.  Johnson  justly  censures  AddUon  for  speaking  of 
"'hridtinr  in  his  muse,  who  long’s  to  tamnfk  into  n nobler  strain 

•*  which,  sags  the  Critic,  " i**n  act  that  was  never  restrained  by 
a bridle.'*  Some,  however,  are  ton  fastidious  on  this  point. 
Words,  which  by  Ion#  un  in  a transferred  sense,  hare  lost  nearly 
all  their  metaphorical  force,  may  fairly  be  combined  in  a man 
iter  which,  taking  them  literally,  would  be  incongruous.  It 
would  savour  of  hypcrcriticUm  to  object  to  auch  an  expression  as 
" fertile  source." 

X Epithets,  in  the  Rhetorical  sense,  denote,  not  every  adjec- 
tive, bat  those  only  which  do  not  add  to  the  mmc,  hut  signify 
something  already  implied  in  the  noun  iterif ; as,  if  one  says, 
“ the  glorious  sun  ;**  on  the  other  hand,  to  speak  of  the  *4  rising" 
or  “ meridiem  tun,”  would  not  be  considered  as,  in  this  arose, 
rm  pi  ovine  an  Epithet. 

$ “A  principal  devica  in  the  fabrication  of  this  Style,”  (the 
mock-eloquent,)  “ is  to  multiply  epithet*.— dry  epithets,  laid  on 
the  outside,  and  into  which  none  of  the  vitality  of  the  acutiment 
Is  found  to  circulate.  V ou  may  take  a great  number  of  the  words 


Wo  expect,  indeed,  and  excuse  ia  ancient  writer*,  Chap.  111. 
us  a part  of  the  unrefined  simplicity  of  a ruder  language,  ' 

such  a redundant  use  of  Epithets  ns  would  not  be  tole- 
rated in  a modern,  even  in  a translation  of  their  works  > 
the  “ white  milk,”  and  *'  dark  gore,”  & c.  of  Homer, 
must  not  be  retained,  at  least,  not  so  frequently  as 
they  occur  in  the  original.  Aristotle,  indeed,  gives  us 
to  understand  that  in  bis  time  this  liberty  was  still 
allowed  to  Poets  ; but  later  taste  is  more  fastidious. 

He  censures,  however,  the  adoption  by  prose  writers 
of  this,  and  of  every  other  kind  of  ornament  that 
might  seem  to  border  on  the  poetical ; and  he  bestows 
on  such  a Style,  the  appellation  of  '*  frigvi,"  (fv^sv.) 
which,  at  first  sight  may  appear  somewhat  remark- 
able, (though  the  same  expression,  “ frigid,”  might 
very  properly  be  so  applied  by  us,)  because  “ warm," 

**  glowing,"  and  such  like  Metaphors,  seem  naturally 
applicable  to  poetry.  This  very  circumstance,  how- 
ever, does  not  in  reality  account  for  the  use  of  the 
other  expression.  We  are,  in  poetical  prose,  re- 
minded  nf,  and  for  that  reason  disposed  to  miss,  the 
“ warmth  and  glow  ” of  poetry  : it  is  on  the  same 
principle  that  wc  are  disposed  to  speak  of  coldness  in 
the  ruysof  the  moon,  because  they  remind  us  of  sunshine, 
but  want  its  warmth ; and  that  (to  use  an  humbler 
and  more  familiar  iusiance)  an  empty  fire-place  is 
apt  to  suggest  an  idea  of  cold. 

The  use  of  Epithets  however,  in  prose  composition, 
is  not  to  be  proscribed  ; as  the  judicious  employment 
of  them  is  undoubtedly  conducive  to  Energy,  it  is 
extremely  difficult  to  lay  down  any  precise  rules  on 
such  a point.  The  only  safe  guide  in  practice  must 
be  a taste  formed  from  a familiarity  with  the  best 
Authors,  and  from  the  remarks  of  a skilful  Critic,  on 
one's  own  composition.  It  may,  however,  be  laid 
down  as  a general  caution,  more  particularly  needful 
for  young  writers,  that  un  excessive  luxuriance  of 
Style,  and  especially  a redundancy  of  Epithets,  is  the 
worse  of  the  two  extremes  > as  it  is  a positive  fault, 
and  a very  offensive  one  ; while  the  opposite  is  but  the 
absence  of  an  excellence.  It  is  also  au  important 
rule  that  the  boldest  and  most  striking,  and  almost 
poetical,  turns  of  expression,  should  be  reserved  (as 
Aristotle  has  remarked,  book  iii.  c.  7>)  for  the  most  im- 
passioned parts  of  a discourse ; and  that  an  Author  should 
guard  against  the  vain  ambition  of  expressing  every 
iking  in  an  equally  high-wrought,  brilliant,  and  forcible 
Style.  The  neglect  of  this  caution  often  occasions 
the  imitation  of  the  best  models  to  prove  detrimental. 

When  the  admiration  of  some  fine  and  animated  pas- 
sages leads  a young  writer  to  take  those  passages  for 
his  general  model,  and  to  endeavour  to  make  every 
sentence  he  composes  equally  fine,  he  will,  on  the 
contrary,  give  a flatness  to  the  whole,  and  destroy  the 
effect  of  those  portions  which  would  have  been  forci- 
ble if  they  had  been  allowed  to  stand  prominent.  To 
brighten  the  dark  parts  of  a picture,  produces  much 
the  same  result  as  if  one  had  darkened  the  bright 
parts } in  either  case  there  is  a want  of  relief  and 
contrast ; and  Composition,  as  well  as  Painting,  has 
its  lights  and  shades,  which  must  be  distributed 


out  of  each  page,  sad  find  that  the  sense  U neither  more  nor  less 
for  your  having  cleared  the  composition  of  these  Epithets  of 
dialk  of  various  colours,  with  which  the  tsnir  thoughts  had 
submitted  to  be  rubbed  over,  in  order  to  be  made  fine.”  Foster, 
Essay  iv. 


Digitized  by  Goog 


- r 


IlHET 

Rhetoric,  with  no  less  skill,  if  we  would  produce  the  desired 
effect.* 

In  no  piece,  however,  will  it  be  advisable  to  introduce 
any  Epithet  which  docs  not  fulfil  one  of  these  two 
purposes  ; 1st,  to  Explain  a Metaphor ; a use  which  tots 
been  noticed  under  that  head,  and  which  will  justify-, 
and  even  require,  the  introduction  of  an  Epithet, 
which,  if  it  bad  been  joined  to  the  Proper  term,  would 
have  been  glaringly  superfluous;  thus,  /Eachylus.t 
speaks  of  the  “ winged  hound  of  Jove,**  meaning  the 
Eagle  : to  have  said  the  “ winged  eagle,”  would  have 
had  a very  different  effect : ‘idly,  when  the  Epithet, 
expresses  something  which,  though  implied  in  the 
subject,  would  not  have  been  likely  to  occur  at  once 
spontaneously  to  the  hearer's  mind,  and  yet  is  im- 
portant to  be  noticed  with  u view  to  the  purpose  in 
hand.  Indeed  it  will  generally  happen,  that  the  Epi- 
thets employed  by  a skilful  Orator,  will  be  found  to 
be,  in  fact,  so  many  abridged  arguments,  the  force  of 
which  is  sufficiently  conveyed  by  a mere  bint ; e.  g. 

If  any  one  says,  " we  ought  to  take  warning  from  the 
bloody  revolution  of  France,”  the  Epithet  suggests 
one  of  the  reasons  for  our  being  warned  ; and  that, 
not  less  clearly,  and  more  forcibly,  than  if  the  Argu- 
ment tout  been  stated  at  length. 

With  respect  to  the  use  of  Antiquated,  Foreign, 
New-coined  or  New* compounded  words,!  or  words 
applied  in  an  unusual  sense,  it  may  be  sufficient  to 
observe,  that  all  writers,  and  prose  writers  most, 
should  be  very  cautious  and  sparing  in  the  use  of 
them  ; not  only  because  in  excess  they  produce  a 
barbarous  dialect,  but  because  they  are  so  likely 
to  suggest  the  idea  of  artifice ; the  perception  of 
which  is  most  especially  adverse  to  Energy  . The 
occasional  apt  introduction  of  such  a term,  will  some- 
times produce  a powerful  effect ; but  whatever  may 
seem  to  savour  of  affectation,  or  even  of  great  solici- 
tude and  study  in  the  Choice  of  terms,  will  effectually 
destroy  the  true  effect  of  Eloquence.  The  language 
which  betrays  art,  and  carries  not  an  air  of  simplicity 
and  sincerity,  may,  indeed,  by  some  hearers,  be  thought 
not  only  very  floe,  but  even  very  Energetic  ; this  very 
circumstance,  however, may  be  taken  for  a proof  that  it 
is  not  so  j for  if  it  had  been,  they  would  not  have  thought 
about  it,  but  would  have  been  occupied,  exclusively, 
with  the  subject.  An  unstudied  and  natural  air,  there- 
fore, is  an  excellence  to  which  the  true  Orator,  i.  e. 
he  who  is  aiming  to  carry  his  point,  will  be  ready  to 
sacrifice  any  other  that  may  interfere  with  it. 

The  principle  here  laid  down  will  especially  apply 
to  the  Choice  of  words,  with  a view  to  their  Imitative, 
or  otherwise,  Appropriate  sound  'The  attempt  to  make 
the  sound  an  echo  to  the  sense,  is  indeed  more  fre- 
quently to  he  met  with  in  poets  than  in  prose  writers; 
but  it  may  be  worth  remarking,  that  an  evident  effort 
after  this  kind  of  excellence,  as  it  is  offensive  in  any 
kind  of  Composition,  would  in  prose  appear  peculiarly 


• Omnia  mnlt  tulle  Moffo  dictrti  die  aUqnando 
F.t  bent ; dir  neutron;  die  ali/ptonda  nude. 

f Prom  etkrut. 

Z It  i*  * ntrioas  Instance  of  wbimnral  inconsistency,  that 
many  who,  with  Justice,  censure  as  pedantic,  the  frequent  intro- 
duction of  Greek  auJ  Latin  words,  neither  object  to,  nor  refrain 
frum,  s aimtiar  pedantry  with  respect  to  French  and  Italian. 

Tiiia  kind  of  affectation  is  one  of  the  “ dangers  " of**  k little 
learning  i"  thaw  who  are  really  good  linguists  are  seldom  so 
noxious  to  display  their  knowledge. 
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disgusting.  Critics  treating  on  this  subject  have  gone  Chap.  III. 
into  opposite  extremes  ; some  fancifully  attributing  ■ y— ' 

to  words,  or  combinations  of  words,  an  Imitative  power 
tor  beyond  what  they  can  really  possess,*  and  repre- 
senting this  kind  of  Imitation  os  deserving  to  be 
studiously  aimed  at  ; and  others,  on  the  contrary, 
considering  nearly  the  whole  of  this  kind  of  excellence 
os  no  better  than  imaginary,  and  regarding  the  exam- 
ples which  do  occur,  and  have  been  cited,  of  a con- 
gruity  between  the  sound  and  the  sense  as  purely 
accidental.  The  truth  probably  lies  between  these 
two  extremes.  In  the  first  place,  that  words  denoting 
sounds,  or  employed  in  describing  them,  may  be  Imi- 
tative of  those  sounds,  must  be  admitted  by  all ; indeed 
this  kind  of  Imitation  is,  to  a certain  degree,  almost 
unavoidable,  in  our  language  at  least,  which  abounds 
perhaps  more  than  any  other,  in  these,  as  they  may 
be  called,  naturally  expressive  terms  ; such  as  “ hiss,  ’ 

**  rattle,”  **  clatter,**  splash,”  and  many  others. 

In  the  next  place,  it  is  also  allowed  by  most,  that 
quick  or  slow  mo/ton  may,  to  a certain  degree  at  least, 
be  imitated  or  represented  by  words  ; ninny  short 
syllables  (unincumbered  by  a clash  either  of  vowels, 
or  of  consonants  coming  together,)  being  pronounced 
in  the  same  time  with  a smaller  mun her  of  long  syl- 
lables, abounding  with  these  incumbrances,  the  former 
seems  to  have  a natural  correspondence  to  a quick, 
and  the  latter  to  a slow  motion,  since  in  the  one  a 
greater,  and  in  the  other  a less  space,  seem  to  be 
passed  over  in  the  same  time.  In  the  ancient  Poets, 
their  hexameter  verses  being  always  considered  ns  of 
the  same  length , i.  e.  in  respect  of  the  time  taken  to 
pronounce  them,  whatever  proportion  of  dactyls  or 
spondees  they  contained,  this  kind  of  Imitation  of 
quick  or  slow  motion,  is  the  more  apparent ; and 
after  making  all  allowances  ftir  fancy,  it  seems  im- 
possible to  doubt  that  in  many  instances  it  does  exist ; 
as,  e.  g.  in  the  often-cited  line  which  expresses  the 
rolling  of  Sisyphus's  stone  down  the  bill: 

Av$t*  dire  it*  irtborbe  «n/Xari«rs  X««t  artubipt. 

The  following  passage  from  the  /Eneid  can  hardly 
he  denied  to  exhibit  a correspondence  with  the  slow 
and  quick  motions  at  least,  which  it  describes  ; that  of 
the  Trojans  laboriously  hewing  the  foundations  of  a 
tower  on  the  top  of  Priam's  palace,  and  that  of  its 
sudden  and  violent  toll  : 

■f  **  rig  great  Jerri  e'trrim,  yw<3  jnjmm*  inbante*, 

JnnctHrHi  tufolata  dafot,  dire  Hi  mm  a If  it 
SfdibHe,  bopdfhuutymt,  id  toped  repentl  rtiiuom 
Com  j imitm  dUU,  et  DtbtXam  tdpbr  mgmioJ  tote 
Caucidit.'  ''■■■  ■■  ■■■ 


* Pope  baa  accordingly  been  Justly  censured  for  bis  incon- 
sistency In  making  the  Alexandrine  represent  both  a quick  sad  a 
•low  motion : 

1.  •*  Flies  o'er  the  unbending  mm,  and  skims  along  the  main." 

2.  “ Which,  like  a wounded  snake,  drags  its  atow  length  along." 
Id  the  first  instance,  he  forgot  that  an  Altxemdrfoc  U long,  from 
containing  more  fret  than  a common  verse ; where**  a long 
keoometer  lias  but  the  same  number  of  feel  as  a short  one,  and 
therefore  being  pronounced  in  the  same  tone,  seems  to  move  more 
rapidly. 

t The  alow  movement  of  this  line  would  he  much  more  per- 
ceptible, if  wc  pronounced  (as  doubtless  the  Latina  did,)  the 
doubled  cantooouU  ; **  ag  •gret-u  Jrr-ro——suiM~wo  but  in  Eng- 
lish, and  consequently  in  live  English  way  of  reading  Latin  or 
Greek,  the  duutding  of  a rotmoQant  only  senes  to  fis  the  place 
of  the  accent;  the  1 alter  of  the  two  being  never  pronounced, 
except  In  a very  few  compound  words ; as  “ innate,"  “ conna- 
tural,” “ poor-rate,”  *'  hop-pole." 
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KUetorir.  But.  lastly,  it  seems  not  to  require  any  excessive 
exercise  of  fancy  to  perceive,  if  not,  properly  speaking, 
an  Imitation,  by  words,  of  other  things  besides  sound 
and  motion,  at  least,  an  Analogical  aptitude.  That 
there  is  at  least  an  apparent  Analogy  between  things 
sensible,  und  things  intelligible,  is  implied  by  numher- 
less  Metaphors  ; as  when  we  speak  of  " rough,  or 
harsh.  soft,  or  n nooth  manners,”  “ turbulent  passions,” 
the  '*  stroke,  or  the  storms  of  adversity/’  &c.  Now 
if  there  are  any  words,  or  combinations  of  words, 
which  have  in  their  sound  a congruity  with  certain 
sensible  objects,  there  is  no  reason  why  they  should 
not  have  the  same  congruity  with  those  emotions, 
actions.  &c.  to  which  these  sensible  objects  are  ana- 
logous. Especially,  as  it  is  universally  allowed  that 
certain  musical  combinations  are,  respectively,  appro- 
priate to  the  expression  of  grief,  anger,  agitation,  Kc. 

On  the  whole,  the  most  probable  conclusion  seems 
to  be,  that  many  at  least  of  the  celebrated  jiassuges 
that  are  cited  as  Imitative  in  sound,  were,  on  the 
one  hand,  not  the  result  of  accident,  nor  yet,  on  the 
other  hand,  of  study  ; but  that  the  idea  in  the  au- 
thor’s mind  spontaneously  suggested  appropriate 
sounds:  thus,  when  Milton’s  mind  was  occupied  with 
the  idea  of  the  opening  of  the  infernal  gates,  it  seems 
natural  that  his  expression — 

" And  on  their  hingr*  prate  harsh  thunder,” 

should  have  occurred  to  him  without  any  distinct 
intention  of  imitating  sounds. 

It  will  he  the  safest  rule,  therefore,  for  a prose 
writer  at  least,  never  to  make  any  distinct  effort  after 
this  kind  of  Energy  of  expression,  but  to  trust  to  the 
spontaneous  occurrence  of  suitable  sounds  on  every 
occasion  where  the  introduction  of  them  is  likely  to 
have  a good  effect. 

It  is  hardly  necessary  to  give  any  warning,  gene- 
rally, against  the  unnecessary  introduction  of  Technical 
language  of  any  kind,  when  the  meaning  can  be 
adequately,  or  even  tolerably,  expressed  in  common, 
i.  e.  unscientific  words ; the  terms  and  phrases  of  Art 
have  on  air  of  pedantic  affectation,  for  which  they  do 
not  compensate,  by  even  the  smallest  appearance  of 
increased  Energy.  But  there  is  an  apparent  exception 
to  this  rule,  in  the  case  of  what  may  be  called  the 
**  Theological  Style  a peculiar  phraseology,  adopted 
more  or  less  by  a large  proportion  of  writers  of 
Sermons  and  other  religious  works ; consisting  partly 
of  peculiar  terms,  but  chiefly  of  common  words  used 
in  a peculiar  sense  or  combination,  so  ns  to  form  alto- 
gether a kind  of  diction  widely  differing  from  the 
classical  standard  of  the  language.  This  phraseology 
having  been  formed  partly  from  the  Style  of  some 
of  the  most  eminent  Divines,  partly,  and  to  a much 
greater  degree,  from  that  of  the  Scriptures,  i.  e.  of 
our  Version,  has  been  supposed  to  carry  with  it  an 
air  of  appropriate  dignity  and  sanctity,  which  greatly 
adds  to  the  force  of  what  is  said.  And  this  may,  per- 
haps, be  the  case  when  what  is  said  is  of  little  or  no 
intrinsic  weight,  and  is  only  such  meagre  common- 
place as  many  religious  works  consist  of;  the  asso- 
ciations which  such  language  will  excite  in  the  minds 
of  those  accustomed  to  it,  supplying,  in  some  degree, 
the  deficiencies  of  the  matter.  But  this  diction, 
though  it  may  serve  as  a veil  for  poverty  of  thought, 
will  be  found  to  produce  no  less  the  effect  of  obscur- 
ing the  lustre  of  what  is  truly  valuable  : if  it  adds  au 


appearance  of  strength  to  what  is  weak,  it  adds  Chap.  III. 
weakness  to  what  is  strong  ; und  if  pleasing  to  those 
of  narrow  and  ill  cultivated  mind,  it  is  in  a still  higher 
degree  repulsive  to  person*  of  taste.  It  may  be  said, 
indeed,  with  truth,  that  the  improvement  of  the  ma- 
jority is  a higher  object  than  the  gratification  of  a re- 
fined taste  in  a few ; hut  it  may  be  doubted  whetherany 
real  Energy,  even  with  respect  to  any  class  of  hearers, 
is  gained  by  the  use  of  such  a diction  as  that  of  which 
we  are  speaking.  For  it  will  often  be  found  that  w hat 
is  received  with  great  approbation,  is  yet,  even  if, 
strictly  speaking,  understood,  but  very  little  attended 
to  or  impressed  upon  the  minds  of  the  hearers.  Terms 
and  phrases  which  have  been  long  familiar  to  ibein, 
and  have  certain  vague  aud  indistinct  notions  asso- 
ciated with  them,  men  often  suppose  themselves  to 
understand  much  more  fully  than  they  do  ; and  still 
oftener  give  u sort  of  indolent  assent  to  what  is  said, 
without  making  any  effort  of  thought.  It  is  justly 
observed  by  Mr.  Foster,  iv.)  when  treating  on 

this  subject,  that  “ with  regard  to  a considerable 
proportion  of  Christian  readers  and  hearers,  a re- 
formed language  would  be  excessively  strange  to 
them  j”  but  that  " its  being  so  strange  to  them,  would 
be  a proof  of  the  necessity  of  adopting  it,  at  least,  in 
part,  and  by  degrees.  For  the  maimer  in  which  some 
of  them  would  receive  this  altered  diction,  would 
prove  that  the  customary  phraseology  had  scarcely 
given  them  any  clear  ideas.  It  would  be  found  that 
the  peculiar  phrases  had  been  not  so  much  the  vehi- 
cles of  ideas,  as  the  substitutes  for  them.  These 
readers  and  hearers  have  been  accustomed  to  chiine 
to  the  sound,  without  apprehending  the  sense  ; inso- 
much, that  if  they  hear  the  very  ideas  which  these 
phrases  signify,  expressed  ever  so  simply  in  other 
language,  they  do  not  recognise  them.  ’ lie  observes 
also,  with  much  truth,  that  the  studied  incorporation 
and  imitation  of  the  language  of  the  Scriptures  in 
the  texture  of  any  Discourse,  neither  indicates  reve- 
rence for  the  Divine  composition,  nor  adds  to  the 
dignity  of  that  which  is  human  ; but  rather  diminishes 
that  of  such  passages  as  might  lie  introduced  from  the 
sacred  writings  in  pure  and  distinct  quotation,  standing 
contrasted  with  the  general  Style  of  the  work. 

Of  the  Technical  terms,  as  they  tnay  be  called,  of 
Theology,  there  are  many  the  plucc  of  which  might 
easily  be  supplied  by  corresponding  expressions  in  com- 
mon use  ; there  are  others,  doubtless,  which,  denoting 
ideas  exclusively  belonging  to  the  subject,  could  not 
be  avoided  without  a tedious  circumlocution  ; these, 
therefore,  may  be  admitted  as  allowable  peculiarities 
of  diction  ; and  the  others,  perhaps,  need  not  be  cn- 
tirely  disused  : but  it  is  highly  desirable  that  both 
should  be  very  frequently  exchanged  for  words  or 
phrases  entirely  free  from  any  Technical  peculiarity, 
even  at  the  expense  of  some  circumlocution.  Not  that 
this  should  be  done  so  constantly  as  to  render  the  terms 
in  .question  obsolete ; but  by  introducing  frequently  both 
the  term  and  a sentence  explanatory  of  the  same  idea, 
the  evil  just  mentioned, — the  habit  of  not  thinking, 
or  not  thinking  attentively,  on  the  meaning  of  what 
is  said,  will  be,  in  great  measure,  guarded  against, — 
the  Technical  words  themselves  will  make  a more 
forcible  impression, — and  the  danger  of  sliding  into 
unmeaning  cant  will  be  materially  lessened.  Such 
repetitions,  therefore,  will  more  than  compensate  for, 
or  rather  will  be  exempt  from,  any  appearance  of 
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| Rhetoric,  tediousneas,  by  the  addition  both  of  Perspicuity  and 

[ Energy.*  It  may  be  asserted,  with  but  too  much 

truth,  that  a very  considerable  proportion  of  Christians 
have  a habit  of  laying  aside,  in  a great  degree,  their 
common  sense,  and  letting  it,  as  it  were,  lie  dormant, 
when  points  of  Religion  come  before  them  ; — as  if 
Reason  were  utterly  at  variance  with  Religion,  and 
the  ordinary  principles  of  sound  judgment  were  to 
be  completely  superseded  on  that  subject ; and  accord- 
ingly it  will  be  found,  that  there  are  many  errors 
which  arc  adopted,  many  truths  which  are  over- 
looked, or  not  clearly  understood,  and  many  difficulties 
which  stagger  and  perplex  them,  for  want,  properly 
speaking,  of  the  exercise  of  their  common  sense;  i.  c. 
in  case?  precisely  analogous  to  such  as  daily  occur  in 
the  ordinary  affairs  of  life,  in  which  those  very  same 
persons  would  form  a correct,  clear,  prompt,  and  de- 
cisive judgment.  It  is  well  worthy  of  consideration, 
how  far  the  tendency  to  this  habit  might  be  diminished 
by  the  use  of  a diction  conformable  to  the  suggestions 
which  have  been  here  thrown  out. 

» 

With  respect  to  the  Number  of  words  employed, 
*'  it  is  certain,"  as  Dr.  Campbell  observes,  **  that  ot 
whatever  kind  the  sentiment  be,  witty,  humorous, 
grave,  animated,  or  sublime,  the  more  briefly  it  is 
expressed,  the  Energy  is  the  greater." — “As  when 
the  rays  of  the  sun  are  collected  into  the  focus  of  a 
burning-glass,  the  smaller  the  spot  is  which  receives 
them,  compared  with  the  surface  of  the  glass,  the 
greater  is  the  splendour,  so,  in  exhibiting  our  senti- 
ments by  speech,  the  narrower  the  compass  of  words 
is,  wherein  the  thought  is  comprised,  the  more 
energetic  is  the  expression.  Accordingly,  we  (ind 
that  the  very  same  sentiment  expressed  diffusely,  will 
be  admitted  barely  to  be  just  expressed  concisely, 
will  be  admired  as  spirited."  He  afterwards  remarks, 
that  though  a languid  redundancy  of  words  is  in  all 
cases  to  be  avoided,  the  energetic  brevity  which  is 
the  most  contrary  to  it,  is  not  adapted  alike  to  every 
subject  and  occasion.  **  The  kinds  of  writing  which 
arc  less  susceptible  of  this  ornament,  arc,  the  De- 
scriptive, the  Pathetic,  the  Dcdamatory,t  especially 

* **  It  most  indeed  be  acknowled^d,  that  in  many  ruses 
innovations  have  been  introduced,  partly  by  the  ceasing  tn  em- 
ploy the  words  dcsignatui^  those  doctrines  which  were  (Icsi^nrtl 
to  be  set  tside  : but  it  is  probable  they  may  hare  hern  still  more 
frequently  and  successfully  introduced  under  the  advsntsgv  of 
rtiammi'  Ike  term*,  white  the  principles  were  gradually  sub- 
verted. And  therefore,  since  the  peculiar  words  can  be  Wept  tn  one 
invariable  signification  only  by  keeping  that  signification  clearly 
in  sight,  by  means  of  something  separate  from  these  words  them- 
selves, it  might  be  wise  in  Christian  authors  and  speakers  some- 
times to  expreas  the  ideas  in  common  words,  either  in  connexion 
with  the  peculiar  terms,  or,  occasionally,  instead  of  them. 
Common  words  might  lesa  frequently  he  applied,  as  affected  dc- 
nominations  of  things,  which  have  their  own  dirrrt  and  common 
denominations,  and  he  less  frequently  combined  into  uncouth 
phrases.  Many  peculiar  and  antique  words  might  be  exchanged 
for  other  single  words  of  equivalent  signification,  sad  in  com- 
mon use.  And  the  small  number  nf  peculiar  terms  acknowledged 
and  established,  as  of  permanent  use  and  necessity,  might,  even 
separately  from  the  consideration  of  modifying  the  diction,  he, 
occasionally,  with  advantage  to  the  explicit  declaration  and  clear 
comprehension  of  Christian  truth,  made  to  give  place  to  a fuller 
expression,  in  a number  of  common  words,  of  those  Ideas  of 
which  they  are  the  single  signs."  Foster,  iv.  p.  304. 

•f  This  remark  is  made,  and  the  principle  of  it  (which  Dr. 
Campbell  has  omitted  ) ^subjoined,  in  chap.  ii.  sec.  2,  of  this 
Article,  p.  242. 

VOL.  I, 


the  last.  It  is,  besides,  much  more  suitable  in  writing  Chap.  III. 
than  in  speaking.  A reader  has  the  command  of  his  -L 
time  ; he  may  read  fast  or  slow',  us  he  finds  conve- 
nient j he  can  peruse  a sentence  a second  time  when 
necessary,  or  lay  down  the  book  and  think.  Rut  if, 
in  haranguing  the  people,  you  comprise  a great  deal  in 
few  words,  the  hearer  must  have  uncommon  quick- 
ness of  apprehension  to  catch  the  meaning,  before 
you  have  put  it  out  of  his  power,  by  engaging  his 
attention  to  something  else."  The  mode  in  which 
this  inconvenience  should  be  obviated,  and  in  which 
the  requisite  expansion  may  be  given  to  any  thing 
which  the  persons  addressed  cannot  comprehend  in  a 
very  small  compass,  is,  as  we  hare  already  remarked, 
not  so  much  by  increasing  the  number  of  words  in 
which  the  sentiment  is  conveyed  in  each  sentence, 

(though  in  this  some  variation  must  of  course  be  ad- 
mitted,) as  by  repeating  it  in  various  forms.  The 
uncultivated  and  the  dull  will  require  greater  expan- 
sion, and  more  copious  illustration  of  the  same 
thought,  than  the  educated  and  the  acute  ; but  they 
are  even  still  more  liable  to  be  wearied  or  bewildered 
by  prolixity,  if  the  material  is  too  stubborn  to  be 
speedily  cleft,  wc  must  patiently  continue  our  efforts 
for  a longer  time,  in  order  to  accomplish  it : but 
this  is  to  be  done,  not  by  making  each  blow  fall 
more  slowly,  which  would  only  enfeeble  them,  but  by 
often -repeated  blows. 

It  is  needful  to  insist  the  more  on  the  energetic 
effect  of  Conciseness,  because  so  many,  especially 
young  writers  and  speakers,  arc  apt  to  fall  into  n 
style  of  pompous  verbosity,  not  from  negligence,  but 
from  an  idea  that  they  are  adding  both  Perspicuity 
and  Force  to  what  is  said,  when  they  arc  only  incum- 
bering the  sense  with  a needless  load  of  words.  And 
they  are  the  more  likely  to  commit  this  mistake,  be- 
cause such  a style  will  often  appear  not  only  to  the 
author,  but  to  the  vulgar  (i.  e.  the  vulgar  in  intellect,) 
among  his  hearers,  to  be  very  majestic  and  impres- 
sive. It  is  not  uncommon  to  hear  a speaker  or  writer 
of  this  class,  mentioned  as  having  a “ very  fine  com- 
mand of  language,"  when,  perhaps,  it  might  be  said 
with  more  correctness,  that  “ his  language  has  n 
command  of  him  j”  i.  e.  that  he  follows  a train  of 
words  rather  than  of  thought,  and  strings  together 
all  the  striking  expressions  that  occur  to  him  on  the 
subject,  instead  of  first  forming  a clear  notion  of  the 
sense  he  wishes  to  convey,  and  then  seeking  for  the 
most  appropriate  vehicle  in  which  to  convey  it.  If, 
indeed,  any  class  of  men  are  found  to  be  the  most 
effectually  convinced,  persuaded,  or  instructed,  by  a 
turgid  amplification,  it  is  the  Orator’s  business,  true 
to  his  object,  not  to  criticise  or  seek  to  improve  their 
tnste,  but  to  accommodate  himself  to  it.  Rut  it  will 
be  found  that  this  is  not  near  so  often  the  case  as 
many  suppose.  The  Orator  may  often  by  this  kind 
of  style  gain  great  admiration,  without  being  the 
nearer  to  his  proper  end,  which  is  to  carry  his  point. 

It  will  frequently  happen  that  not  only  the  ap- 
probation, but  the  whole  attention  of  the  hearers 
will  hayc  been  confined  to  the  Style,  which  will  have 
drawn  their  minds,  not  to  the  subject,  but  front  iU 
In  those  spurious  kinds  of  Oratory,  indeed,  which  have 
been  above  mentioned,  (p.  27 2,  273,)  in  which  the  in- 
culcation of  the  Subject-matter  is  not  the  principal 
object  proposed,  u redundancy  of  words  may  often 
be  very  suitable;  but  in  all  that  comes  within  the 
3 r 
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Rhctorie.  legitimate  province  of  Rhetoric,  there  is  no  fault  to 
k — v— ^ be  more  carefully  avoided.* 

It  will  therefore  be  advisable  for  a tiro  in  compost- 
lion  to  look  over  what  he  has  written,  and  to  strike 
out  every  word  and  clause  which  he  finds  will  leave  the 
passage  neither  less  perspicuous  nor  less  forcible  thun 
it  was  before;  “ quanta  uwiia  recedant ,-"  remciu- 
boring  that,  as  has  been  aptly  observed,  “ nobody 
knows  what  good  things  you  leave  out if  the 
general  effect  is  improved,  that  advantage  is  enjoyed 
by  the  rentier  unalloyed  by  the  regret  which  the 
author  may  feel  at  the  omission  of  any  thing  which 
he  may  think  in  itself  excellent.  Hut  this  is  not 
enough  ; he  must  study  contraction,  us  well  ns  omis 
sion.  There  arc  many  sentences  which  would  not 
bear  the  omission  of  a single  word  consistently  with 
perspicuity,  which  yet  may  be  much  more  concisely 
expressed,  with  equal  clearness,  by  the  employment  of 
different  words,  and  by  recasting  a great  part  of  the 
expression.  Take  for  example  such  a sentence  as  the 
following : “ A severe  and  tyrannical  exercise  of 
power  must  become  a matter  of  necessary  policy  with 
Kings,  when  their  subjects  arc  imbued  with  such 
principles  as  justify  and  nuthorizc  rebellion this 
sentence  could  not  be  advantageously,  nor  to  any 
considerable  degree,  abridged,  by  the  mere  omission  of 
any  of  the  words  ; but  it  may  be  expressed  in  a much 
shorter  compass,  with  equal  clearness  and  far  greater 
energy  ; thus,  " Kings  will  be  tyrants  from  policy, 
when  subjects  arc  rebels  from  principle."  f The 
hints  we  have  thrown  out  on  this  point  coincide  pretty 
nearly  with  Dr.  Campbell’s  remark  on  44  Verbosity,"  as 
contra-distinguished  from  '*  Tautology,” X and  from 
“ Pleonasm."  44  The  third  and  last  fault  I shall 
mention  against  vivid  Conciseness  is  Verbosity.  This 
it  may  be  thought  coincides  with  the  Pleonasm  already 
discussed.  One  difference  however  is  this  ; in  the 
Pleonasm  there  arc  words  which  add  nothing  to  the 
sense  ; in  the  Verbose  manner,  not  only  single  words, 
but  whole  clauses,  may  have  a meaning,  and  yet  it 
were  better  to  omit  them,  because  what  they  mean  is 
unimportant-  Instead,  therefore,  of  enlivening  the 
expression,  they  moke  it  lnnguish.  Another  dif- 

* “ By  » mnltiplicily  of  word*,  the  wntimrnt  U nut  net  off 
ud  aecnnsuimUled,  but  like  David,  in  Saul'*  armour,  it  is  ia- 
cuiutared  and  oppressed. 

44  Vet  this  is  not  the  only,  or  perhaps  the  wont,  consequence  re- 
sulting from  this  manner  of  treating  Sacred  writ,"  [ par«f»hr<uing] 

**  wc  arc  told  of  the  torpedo,  that  it  1ms  the  wonderful  quality 
of  numbing  every  thing  it  touches ; a paraphrase  is  a torpedo. 
By  its  Influence  the  most  vivid  sentiments  become  lifeless, 
the  most  sublime  arc  flattened,  the  most  fervid  chilled,  the 
most  vigorous  enervated.  In  the  very  best  compositions  of  this 
kind  that  ran  be  expected,  the  Gospel  may  be  compared  to  a 
rich  wine  of  a high  flavour,  diluted  in  such  a quantity  of  water 
as  renders  it  extremely  vapid."  Campbell,  Rhetoric,  book  iii. 
ch.  U.  sec.  2. 

+ Burke. 

J Tautology,  which  he  describes  as  " either  a repetition  of  tbe 
same  sense  in  different  words,  or  a representation  of  any  thing 
as  the  cause,  condition,  ur  consequence,  of  itself,"  is,  iu  most 
instances,  (of  the  latter  kind  at  least,)  accounted  an  offence 
rather  against  cvfrrctmen  than  hreuity tbe  example  he  gives 
from  Bolingbroke,  “ how  many  are  there  by  whom  these  tutirngt 
of  good  ae«w  were  never  heard,"  would  usually  be  reckoned  a 
Mumh-r  rather  than  an  instance  of  protiriJy  s like  the  expression 
of  “ Situturt  places  which  bar#  no  duty  annexed  to  them."  “The 
Pleonasm,"  he  observes,  *'  implies  merely  superfluity.  Tbongh 
tbe  words  do  not,  as  in  the  Tautologv,  repeat  th*  senile,  they 
add  nothing  to  it;  c.  g.  They  returned  [hack  again]  to  the  [same] 
city  [bom]  whence  they  coma  [forth.] " Book  iii.  ch.  ki.  soc.  2. 


fe rente  in,  that  in  a proper  Pleonasm,  a complete  cor-  Chap.  Ill 
rection  is  always  made  by  razing.  This  will  not  v 
always  answer  in  the  Verbose  style  ; it  is  often  neces- 
sary to  alter  as  well  ns  blot."* 

It  is  of  course  impossible  to  lay  down  precise  rules 
as  to  the  degree  of  Conciseness  which  is,  on  each  oc- 
casion that  may  arise,  allowable  and  desirable  ; but 
to  an  author  who  is,  in  his  expression  of  any  senti- 
ment, wavering  between  the  demands  of  Perspicuity 
and  of  Energy,  (of  which  the  former  of  course  re- 
quires the  first  care,  lest  he  should  foil  of  both,)  and 
doubling  whether  the  phrase  which  has  the  most 
forcible  brevity  will  be  readily  taken  in,  it  may  be  re- 
commended to  use  both  expressions  ; — first  to  expand 
the  sense,  sufficiently  to  be  clearly  understood,  ami 
then  to  contract  it  into  tbe  most  compendious  and 
striking  form.  This  expedient  might  seem  at  first 
sight  the  most  decidedly  adverse  to  the  brevity  re- 
commended ; but  it  will  be  found  in  practice  that  the 
addition  of  a compressed  and  pithy  expression  of  the 
sentiment,  which  has  been  already  stated  at  greater 
length,  will  produce  tha  eftci  of  brevity.  For  it  is 
to  be  remembered  that  it  is  not  on  account  of  the 
uctual  Number  of  words  that  diffusencss  is  to  be  con- 
demned, (unless  one  were  limited  to  a certain  space, 
or  time,)  but  to  avoid  the  flatness  and  tediousness 
resulting  from  it  j so  that  if  this  appearance  cun  be 
obviated  by  the  insertion  of  such  an  abridged  repe- 
tition os  is  here  recommended,  which  adds  poignancy 
and  spirit  to  the  whole.  Conciseness  will  be,  practically, 
promoted  by  the  addition.  The  hearers  will  be  struck 
by  the  forcibleness  of  the  sentence  which  they  will 
have  been  prejxared  to  comprehend ; they  will  under- 
stand the  longer  expression,  and  remember  the  shorter. 

But  the  force  will,  in  general,  be  totally  destroyed,  or 
much  enfeebled,  if  the  order  be  reversed ; — if  the 
brief  expression  be  put  first,  and  afterwards  expanded 
and  explained  ; for  it  loses  much  of  its  force  if  it  be 
not  clearly  understood  the  moment  it  is  uttered  ; and 
if  it  be,  there  is  uo  need  of  the  subsequent  expansion. 

The  seutencc  recently  quoted  from  Burke,  as  an 
instance  of  Energetic  brevity,  is  in  this  manner 
brought  in  at  the  close  of  a more  expanded  exhibition 
of  the  sentiment,  as  a condensed  conclusion  of  the 
whole.  **  Power,  of  some  kind  or  other,  will  survive 
the  shock  in  which  manners  and  opinions  perish  ; 
and  it  will  find  other  and  worse  means  for  its  support. 

The  usurpation  which,  in  order  to  subvert  ancient 
institutions,  has  destroyed  ancient  principles,  will 
hold  power  by  arts  similar  to  those  by  which  it  has 
acquired  it.  When  the  old  feudal  and  chivalrous 
spirit  of  fealty,  which,  by  freeing  kings  from  fear, 
freed  both  kings  and  subjects  from  the  precaution 
of  tyrauny,  shall  be  extinct  in  the  minds  of  men, 
plots  and  assassinations  will  be  anticipated  by  pre- 
ventive murder  and  preventive  confiscation,  and  that 
long  roll  of  grim  and  bloody  maxims,  which  form 
the  political  code  of  all  Power,  not  stunding  on  its 
own  honour,  and  the  honour  of  those  who  arc  to 
obey  it.  Kings  will  be  tyrants  from  policy  when 
subjects  are  rebels  from  principle."  Burke,  Reflections 
on  the  Revolution  in  France,  Works,  vol.  v.  p.  1 53. 

The  same  writer,  in  another  passage  of  the  same 
work,  has  a paragraph  in  like  mnnner  closed  and  sum- 
med up  by  a striking  metaphor,  (which  will  often 

* Campbell,  Rhetoric,  book  iii.  ch.  ii.  see.  2.  part  hi. 
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Rhetoric,  prove  the  most  concise,  as  well  as  in  other  resects, 
■_«-v  striking,  form  of  expression,)  such  as  would  not  have 
been  so  readily  taken  in  if  placed  at  the  beginning. 
««  To  avoid  therefore  the  evils  of  inconstancy  and 
versatility,  ten  thousand  times  worse  thau  those  of 
obstinacy  and  the  blindest  prejudice,  we  have  conse- 
crated the  State,  that  no  man  should  approach  to  look 
into  its  defects  or  corruptions  but  with  due  caution  j 
that  he  should  never  drcuiu  of  beginning  its  reforma- 
tion by  its  subversion  ; that  he  should  approach  to 
the  faults  of  the  State  as  to  the  wounds  of  a father, 
with  pious  awe  and  trembling  solicitude.  By  this 
wise  prejudice  we  are  taught  to  look  with  horror  on 
those  children  of  their  country  who  are  prompt  rashly 
to  hack  that  aged  parent  in  pieces,  nod  put  him  into 
the  kettle  of  magicians,  in  hopes  that  by  their  poison- 
ous weeds,  and  wild  incantations,  they  may  regenerate 
the  paternal  constitution,  and  renovate  their  father's 
life."*  Burke,  Reflections  on  the  Revolution  in  France, 
H'orks,  vol.  v.  p.  183. 

So  great,  indeed,  is  the  effect  of  a skilful  inter- 
spersion  of  short,  pointed,  forcible  sentences,  that  even 
a considerable  violation  of  some  of  the  foregoing  rules 
may  be  by  this  means,  In  a great  degree,  concealed  ; 
and  vigour  may  thus  be  communicated  (if  vigour  of 
thought  be  not  wanting)  to  a Style  chargeable  even 
with  Tautology.  This  is  the  case  with  much  of  the 
language  of  Dr.  Johnson,  who  is  certainly,  on  the 
whole,  an  Energetic  writer,  though  he  would  have 
been  much  more  so,  had  not  an  over  attention  to  the 
roundness  and  majestic  sound  of  his  sentences,  and 
a delight  in  balancing  one  clause  against  another,  led 
him  so  frequently  into  a faulty  redundancy.  Take, 
os  an  instance,  a passage  in  his  life  of  Prior,  which 
may  be  considered  as  a favourable  specimen  of 
bis  style  : “ Solomon  is  the  work  to  which  he  in- 
trusted the  protection  of  his  name,  and  which  he 
expected  succeeding  ages  to  regard  with  veneration. 
Hi*  affection  was  natural  j H had  undoubtedly  been 
written  with  great  labour ; and  who  is  willing  to 
think  that  he  has  been  labouring  in  vain  ? lie  had 
infused  into  it  much  knowledge,  and  much  thought ; 
had  often  polished  it  to  elegance,  often  dignijb-d  it  with 
splendour , and  sometimes  heightened  it  to  sublimity ; 
he  perceived  in  it  many  excellences,  and  did  not  dis- 
cover that  it  wanted  that  without  which  all  others  are 
of  small  avail,  the  power  of  engaging  attention  and 
alluring  curiosity.  Tediousness  is  the  most  fatal  of  all 
faults  ; negligences  or  errors  are  single  and  local ; 
but  tediousness  pervades  the  whole}  other  fault*  are 
censured  and  forgotten,  but  the  power  of  tediousness 
propagates  itself.  He  that  is  weary  the  first  hour,  is 
more  weary  the  second ; as  bodies  forced  into  motion 
contrary  to  their  tendency,  pass  more  and  more  slowly 
through  every  successive  interval  of  space.  Unhap- 
pily this  pernicious  failure  is  that  which  an  author  is 
least  able  to  discover.  We  are  seldom  tiresome  to 


• This,  however,  being  an  instance  of  what  may  be  called  the 
classical  Metaphor,  no  preparation  or  explanation,  even  though 
sufficient  to  make  it  iattlUgibie,  could  render  it  very  striking  to 
those  not  thoroughly  and  early  familiar  with  die  ancient  fables 
of  Medea. 

The  Preacher  has  a considerable  resource,  of  an  analogous 
kind,  in  aimilar  allusions  to  the  history,  description,  parables,  &c. 
of  Scripture,  which  will  often  furnish  useful  illustrations  and 
forcible  metaphors,  in  an  address  to  dune  well  acquainted  with  the 
Bible ; though  these  would  be  frequently  unintelligible,  and  al- 
ways comparatively  feeble,  to  persons  not  familiar  with  Scripture. 


ourselves ; and  the  act  of  composition  fills  and  de-  Ck*P-  IB. 
lights  the  mind  with  change  of  language  and  succes-  s— 
sion  of  images  ; every  couplet  when  produced  is  new, 
and  novelty  is  the  great  source  of  plcusure.  Perhaps 
no  man  ever  thought  a line  superfluous  when  he  first 
wrote  it,  or  contracted  his  work  till  bis  ebullitions  of 
invention  had  subsided.*’  It  would  not  have  been 
just  to  the  author,  nor  even  so  suitable  to  the  present 
purpose,  to  cite  less  than  the  whole  of  this  passage, 
which  exhibits  the  characteristic  merits,  even  more 
strikingly  than  the  defects,  of  the  writer.  Few  could 
be  found  in  the  works  of  Johnson,  und  still  fewer  in 
those  of  any  other  writer,  more  happily  and  forcibly 
expressed  ; yet  it  can  hardly  l>e  denied  that  the  parts 
here  distinguished  by  italics  arc  chargeable,  more  or 
less,  with  Tautology. 

It  happens,  unfortunately,  that  Johnson's  Style  is 
particularly  easy  of  imitation,  even  by  writers  utterly 
destitute  of  his  vigour  of  thought ; aud  such  imitators 
are  intolerable.  They  bear  the  same  resemblance  to 
their  model,  that  the  armour  of  the  Chinese,  as  de- 
scribed by  travellers,  consisting  of  thick  quilted  cotton 
covered  with  stiff  glazed  paper,  docs  to  that  of  the 
ancient  knights ; equally  glittering,  bulky,  and  cumber- 
some, but  destitute  of  the  totnjicr  and  firmness  which 
was  its  sole  advantage.  At  first  sight,  indeed,  this 
kind  of  Style  appears  far  from  easy  of  attainment  > 
on  account  of  its  being  remote  from  the  colloquial, 
and  having  an  elaborately  artificial  appearance ; but 
in  reality,  there  is  none  less  difficult  to  acquire.  To 
string  together  substantives,  connected  by  conjunctions, 
which  is  the  characteristic  of  Johnson's  Style,  is,  in 
fact,  the  rudest  and  clumsiest  mode  of  expressing  our 
thoughts  : we  have  only  to  find  names  for  our  ideas, 
and  then  put  them  together  by  connectives,  instead 
of  interweaving,  or  rather  Jelling  them  together,  by  a 
due  admixture  of  verbs,  participles,  prepositions,  ike. 

So  that  this  way  of  writing,  as  contrasted  with  the 
other,  may  be  likened  to  the  primitive  rude  carpentry, 
in  which  the  materiuls  were  united  by  coarse  external 
implements,  pins,  nails,  and  cramps,  when  compared 
with  that  art  in  its  most  improved  state,  after  the 
invention  of  dovetail  joint*,  grooves,  and  mortices, 
when  the  junctions  are  effected  by  forming  properly 
the  extremities  of  the  pieces  to  be  joined,  so  as  at 
once  to  consolidate  and  conceal  the  juncture. 

If  any  one  will  be  at  the  pains  to  compare  a few 
pages,  taken  from  almost  any  part  of  Johnson's  works, 
with  the  same  quantity  from  any  other  of  our  admired 
writers,  noting  down  the  number  of  substantives  in 
each,  he  will  t>e  struck  with  the  disproportion.  This 
would  be  still  greater,  if  he  were  to  examine  with  the 
same  view  an  equal  portion  of  Cicero  ; but  it  must 
be  acknowledged  that  the  genius  of  the  Latin  lan- 
guage allows  and  requires  a much  smaller  proportion 
of  substantives  than  are  necessary  in  our  own. 

In  aiming  at  a Concise  Style,  however,  care  must 
of  course  be  taken  that  it  be  not  crowded  the  frequent 
recurrence  of  considerable  ellipses,  even  when  ob- 
scurity docs  not  result  from  them,  will  produce  an 
appearance  of  affected  and  laborious  compression, 
which  is  offensive.  The  author  who  is  studious  of 
Energetic  brevity,  should  aim  at  what  may  be  called 
a Suggestive  Style  ; such,  that  is,  as,  without  making  a 
distinct,  though  brief,  mention  of  a multitude  of  par- 
ticulars, shall  put  the  hearer's  mind  into  the  same 
train  of  thought  as  the  speaker's,  aud  suggest  to  him 
3r  2 
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RKetorir.  more  than  is  actually  expressed.*  Aristotle's  Style, 
which  in  frequently  so  elliptical  as  to  be  dry  ntul  ob- 
scure, is  yet  often,  at  the  very  same  time,  unneces- 
sarily diffuse,  from  his  enumerating  much  that  the 
reader  would  easily  have  supplied,  if  the  rest  had  been 
fully  and  forcibly  stated.  He  seems  to  have  regarded 
his  readers  a*  capable  of  going  along  with  him  readily, 
in  the  deepest  discussions,  out  not,  of  going  beffoud 
him,  in  the  most  simple  j i.  e.  of  lilting  up  his  mean- 
ing, and  inferring  what  he  does  not  actually  express  ; 
so  that  in  many  passages  a free  translator  might  con- 
vey his  sense  in  n shorter  compass,  and  yet  in  a less 
crumped  and  elliptical  diction.  A particular  statement, 
of  which  the  general  application  is  obvious,  w ill  often 
save  a long  abstract  rule,  which  needs  much  expla- 
nation and  limitation  ; and  will  thus  suggest  much 
that  is  not  actually  said  ; thus  answering  the  purpose 
of  a mathematical  diagram,  which  though  itself  an 
individual,  serves  as  a representative  of.  a class. 
Slight  hulls  also  respecting  the  subordinate  branches 
of  any  subject,  and  notices  of  the  principles  that  will 
apply  to  them,  he.  may  often  be  substituted  for 
digressive  discussions,  which,  though  laboriously 
compressed,  would  yet  occupy  a much  greater  space. 
Judicious  divisions  likewise  and  classifications,  save 
much  tedious  enumeration  ; and,  as  ha*  been  formerly 
remarked,  a well-chosen  epithet  may  often  suggest, 
and  therefore  supply  the  place  of,  an  entire  argument. 
It  would  not  be  possible,  within  a moderate  compass, 
to  lay  down  precise  rules  for  the  Suggestive  kind  of 
writing  we  arc  speaking  of ; but  if  the  slight  hints 
here  given  are  sufficient  to  convey  an  idea  of  the 
object  to  be  aimed  at,  practice  will  enable  a writer 
gradually  to  form  the  habit  recommended.  It  may 
be  worth  while,  however,  to  add,  that  those  accus- 
tomed to  rational  conversation,  will  fiud  in  that  a very 
useful  exercise,  with  a view  to  this  point,  (as  well  as 
to  almost  every  other  connected  with  Rhetoric ;)  since, 
in  conversation,  a man  naturally  tries  first  one  and  then 
another  mode  of  expressing  his  thoughts,  and  stops  as 
soon  as  lie  perceives  that  his  companion  fully  compre- 
hends his  sentiments,  and  is  sufficiently  impressed  with 
them. 

We  have  dwelt  the  more  earnestly  on  the  head  of 
Conciseness,  because  it  is  a quality  in  which  young 
writers  (who  arc  the  most  likely  to  seek  for  practical 
benefit  in  a Treatise  of  this  kind,)  arc  usually  most 
deficient ; and  because  it  is  commonly  said  that,  in 
them,  exuberance  is  a promising  sign  ; without  suf- 
ficient care  being  taken  to  qualify  this  remark,  by- 
adding,  that  this  over-luxuriance  must  he  checked  In- 
judicious pruning.  If  an  early  proneness  to  redun- 
dancy be  an  indication  of  natural  genius,  those  who 
possess  this  genius  should  he  the  more  sedulously  on 
their  guard  against  it;  and  those  who  do  not,  should 
be  admonished  that  the  want  of  a natural  gift  cannot 
be  supplied  by  copying  its  attendant  defects.  The 
praises  which  have  been  bestowed  on  Copiousness  of 
diction,  have  probably  tended  to  mislead  authors  into 
a cumbrous  verbosity.  It  should  be  remembered, 
•hat  there  is  no  real  Copiousness  in  a multitude  of 
synonymes  and  circumlocutions.  A house  would  not 

• Such  m Style  may  be  compared  to  n good  map,  which  marks 
distinctly  the  great  outline*,  setting  down  the  principal  firm, 
towns,  mountains,  Ac.  and  ) caring  the  imagination  to  Biipply  the 
village*,  hillock*,  and  streamlet* ; which  If  they  were  nil  in* 
*ertrd  in  their  due  proportion*  would  crowd  the  map,  though, 
miter  all,  they  could  not  be  discerned  without  n microscope. 


be  the  better  furnished  for  being  stored  with  ten  time*  Chap.  III. 
ns  many  of  tome  kind*  of  article*  as  were  needed, v*— 
while  it  wa*  perhaps  destitute  of  those  required  for 
other  purposes ; nor  was  J.ucullus's  wardrobe  which, 
according  to  Horace,  boasted  five  thousand  mantle*, 
necessarily  well  stocked,  if  other  articles  of  dress  were 
wanting.  The  completeness  of  a library  does  not 
consist  in  the  number  of  volumes,  especially  if  many 
of  them  are  duplicates ; but  in  it*  containing  copies  of 
ail  tbe  most  valuable  works.  And  in  like  manner, 
true  Copiousness  of  language  consists  in  having  at 
command,  a*  fur  as  possible,  a suitable  expression  for 
each  different  modification  of  thought.  This,  conse- 
quently, will  often  tare  much  circumlocution  ; go  that 
the  greater  our  command  of  language,  the  more 
concisely  we  shall  be  enabled  to  write.  In  an  author 
who  is  attentive  to  these  principles,  diffuseness  may 
be  accounted  no  dangerous  fault  of  Style,  because 
practice  will  gradually  correct  it : but  it  is  otherwise 
with  one  who  pleases  himself  in  stringing  together 
well-sounding  words  into  an  easy,  flowing,  and 
(falsely-called)  Copious  Style,  destitute  of  nerve; 
and  w ho  is  satisfied  w it h a small  portion  of  matter; 
seeking  to  increase,  as  it  were,  the  appearance  of  his 
wealth  by  hammering  out  his  metal  thin.  This  is  far 
from  a curable  fault.  When  the  .Style  is  fully  formed 
in  other  respect*,  pregnant  fulness  of  meuuitig  is 
seldom  superadded ; but  when  there  is  a basis  of 
Energetie  condensation  of  thought,  the  faults  of  harsh- 
ness, baldness,  or  even  obscurity,  ore  much  more 
likely  to  be  remedied.  Solid  gold  may  be  new- 
moulded  and  polished  ; but  what  can  give  solidity  to 
gilding } 

Lastly,  the  Arrangement  of  words  may  be  made 
highly  conducive  to  Energy.  The  importance  of  an 
attention  to  this  point,  with  a view  to  Perspicuity, 
ha*  been  already  noticed  : but  of  two  sentence*  equally 
perspicuous,  and  consisting  of  the  very  same  words, 
the  one  may  be  a feeble  and  languid,  the  other  a 
striking  and  Energetic  expression,  merely  from  the 
difference  of  Arrangement. 

Some, among  the  modern*,  are  accustomed  to  speak 
of  the  Natural  order  of  the  words  ui  o sentence,  ami  to 
consider,  each,  the  established  Arrangement  of  his  own 
language  ns  the  nearest  to  such  a natural  order;  re- 
garding that  which  prevails  in  Latin  and  in  Greek  as 
a sort  of  deranged  and  irregular  structure.  We  are 
apt  to  consider  that  as  most  natural  and  intrinsically 
proper,  which  is  the  most  familiar  to  ourselves  ; but 
there  seems  no  good  ground  for  asserting,  that  the 
customary  structure  of  sentences  in  the  ancient  lan- 
guages is  less  natural,  or  less  suitable  for  the  purposes 
for  which  language  is  employed,  than  in  the  modern. 
Supposing  the  established  order  in  English  or  in 
French,  for  instunce,  to  be  more  closely  conformed  to 
the  grammatical  or  logical  analysis  of  a sentence, 
tlmn  that  of  Latin  or  Greek,  because  wc  place  tbe 
Subject  first,  the  Copula  next,  aiul  the  Predicate  last, 
he.  it  does  not  follow  that  such  an  Arrangement  is 
necessarily  the  best  fitted  in  every  case  to  excite  the  at- 
tention,— to  direct  it  to  the  most  essential  points, — 
to  gratify  the  imagination, — or  to  affect  the  feelings  : 
it  is,  surely,  the  natural  object  of  language  to  express 
as  strongly  ns  possible  the  speaker's  sentiments,  and  to 
convey  the  same  to  the  hearer*  ; and  that  Arrangement 
of  words  may  fairly  be  accounted  the  most  natural  by 
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Rhetoric,  which  all  men  are  naturally  led,  as  far  m the  rules  of 
w-  their  respective  language*  allow  them,  to  accomplish 
this  object.  The  rules  of  many  of  the  modern  lan- 
guages do  indeed  frequently  confine  an  author  to  an 
order  which  he  would  otherwise  never  hare  chosen } 
but  wbut  translator  of  any  taste  would  ever  cofon- 
tarilg  alter  the  Arrangement  of  the  words  in  such  a 
sentence,  as  MrynXiy  ij  ''Ayrton  which  our 

language  allows  us  to  render  exactly,  “ Great  is  Diana 
of  the  Ephesians  ! " How  feeble  in  comparison  is 
the  translation  of  Lc  Clcrc,  “ La  Diane  des  Lphetiens 
eit  une  grande  Decsse!"  How  inqierfect  that  of  Bcnu- 
sobre,  “ La  grande  Diane  da  Ephesient  /”  How  un- 
dignified that  of  Saci,  **  Five  la  grande  Diane  det 
Ephmens  l " 

Our  language  indeed  is,  though  to  a lesa  degree, 
very  much  hampered  by  the  same  restrictions  j it  be- 
ing in  general  necessary,  for  the  expression  of  the  sense, 
to  udhere  to  an  order  which  nifty  not  be  in  other  re- 
spects the  most  eligible  ; **  Cicero  praised  Caesar,*' 
and  '*  Ctcsar  phiised  Cicero,"  would  be  two  very  dif- 
ferent propositions  ; the  situation  of  the  words  being 
all  that  indicates,  (from  our  want  of  Caset,)  tthich  is 
to  be  taken  as  the  nominative,  and  which  as  the  accu- 
sative ; but  such  a restriction  is  far  from  being  an 
ndvuntnge.  The  transposition  of  words  which  the 
ancient  languages  admit  of,  conduces,  not  merely  to 
variety,  but  to  Energy,  and  even  to  Precision.  It,  for 
instance,  a Homan  hod  been  directing  the  attention  of 
his  hearers  to  the  circumstance  that  Casar  had  been 
the  object  of  Cicero's  praise,  he  would,  most  likely, 
have  put  “ Gesarem " first  $ but  he  would  have  put 
“ Cicero " first,  if  he  haul  been  remarking  that  not 
only  others,  but  even  he,  had  praised  Cassur. 

It  is  for  wunt  of  this  liberty  uf  Arrangement  tlmt 
we  are  often  compelled  to  murk  the  emphatic  words  of 
our  sentences  by  the  voice,  in  speaking,  and  by  italics, 
in  writing ; which  would,  in  Greek  or  in  Latin,  be 
plainly  indicated,  in  most  instances,  by  the  collocation 
alone.  The  sentence  which  has  been  often  brought 
forward  as  an  example  of  the  varieties  of  expression 
which  may  be  given  to  the  same  words,  “ Will  you 
ride  to  London  to-morrow  ?"  and  which  may  be  pro- 
nounced and  understood  in,  at  least,  five  different 
ways,  according  as  the  first,  second,  Ac.  of  the  words 
is  printed  in  italics,  would  be,  by  a Latin  or  Greek 
writer,  arranged  in  os  many  different  orders,  to  answer 
these  several  intentions.  The  ail  vantage  thus  gained 
must  be  evident  to  any  one  who  considers  how  im- 
portant the  object  is  which  is  thus  accomplished,  and 
for  the  soke  of  which  we  are  often  compelled  to  resort 
to  such  clumsy  expedients  j it  is  like  the  proper  dis- 
tribution of  the  lights  in  a picture  ; which  is  hardly  of 
less  consequence  than  the  correct  and  lively  represen- 
tation of  the  objects. 

It  must  be  the  aim  then  of  an  author,  who  would 
write  with  Energy,  to  avail  himself  of  all  the  liberty 
which  our  language  does  allow,  so  to  arrange  his 
words  that  there  shall  be  the  least  possible  occasion 
for  under-scoring  and  italics ; and  this,  of  course,  must 
be  more  carefully  attended  to  by  the  writer  than  by 
the  speaker,  who  may,  by  his  mode  of  utterance,  con- 
ceal, in  great  measure,  a defect  in  this  point.  It 
may  be  worth  observing,  however,  that  some  writers, 
having  been  taught  that  it  is  a fault  of  Style  to  require 
many  of  the  words  to  be  in  italics,  fancy  they  avoid 
the  fault,  by  omitting  those  indications  where  they 


are  really  needed  ; which  Is  no  less  absurd  than  to  Chap.  IH. 
attempt  remedying  the  intricacies  of  a road  by  re- 
moving  the  direction-posts,*  The  proper  remedy  is, 
to  endeavour  so  to  construct  the  Style,  that  the  col- 
location of  the  words  may,  os  far  as  is  possible,  direct 
the  attention  to  those  which  are  emphatic.  And  the 
general  maxim  that  should  chiefly  guide  us,  is,  as 
l>r.  Campbell  observes,  the  homely  saying,  " Nearest 
the  heart,  nearest  the  mouth the  idea,  which  is  the 
most  forcibly  impressed  on  the  author’s  mind,  will 
naturally  claim  the  first  utterance,  as  nearly  as  the 
rules  of  the  lunguugc  will  permit.  And  it  will  be 
found  that,  in  a majority  of  instances,  the  most  Em- 
phatic word  will  be  the  Predicate ; contrary  to  the 
rule  which  the  nature  of  our  language  compels  us,  in 
most  instances,  to  observe.  It  w'»ll  often  happen, 
however,  that  we  do  place  the  Predicate  first,  and 
obtain  a great  increase  of  Energy  by  thU  Arrange- 
ment. Of  this  licence  our  translators  of  the  Bible 
have,  in  many  instances,  very  happily  availed  them- 
selves ; as,  c.  g.  in  the  sentence  lately  cited,  “ Great 
is  Diana  of  the  Ephesians  j"  so  also,  “ Blessed  is 
he  that  cometh  in  the  name  of  the  Lord:**  it  is 
evident  how  much  this  would  be  enfeebled  by  alter- 
ing the  Arrangement  into  44  He  that  cometh  in  the 
name  of  the  Lord  is  blessed."  And,  again,  “ To  Him 
give  all  the  prophets  witness  :*’  here,  indeed,  it  may 
be  said  that  that  is  properly  the  Subject  which  comes 
first)  since  that  of  which  we  are  speaking  is  lie,  of 
whom  we  assert,  that  nil  the  prophets  hear  Him  wit- 
ness ; but  still,  the  placing  of  the  oblique  case  first, 
is  a departure  from  the  most  common,  and,  what 
many  call,  the  Grammatical  order  of  our  language. 

And,  again,  44  Silver  and  Gold  have  1 none ; but  what 
1 have,  that  give  I unto  lhce."t  Another  passage,  in 
which  they  might  advantageously  have  adhered  to 
the  order  of  the  original,  is,  " Trfwr,  « treat.  BafJi'K&r, 
if  /fytiXij,"}  which  would  certainly  have  been  ren- 
dered os  correctly,  and  more  forcibly,  as-  well  as 
more  closely.  ,r  Fallen,  fallen  is  Babylon,  that  great 
city,”  than,  “ Babylon  is  fallen,  is  fallen.” 

The  wortl  **  IT"  is  frequently  very  serviceable  in 
enabling  us  to  alter  the  Arrangement : thus,  the  sen- 
tence, “ Cicero  praised  Comr,"  which  admits  of  at 
least  two  modifications  of  sense,  may  be  altered  so  as 
to  express  either  of  them,  by  thus  varying  the  order  : 

“ It  was  Cicero  that  praised  Caesar,"  or,  “ It  was 
Ctesar  that  Cicero  praised."  “ IT  " is,  in  this  mode 
of  using  it,  the  representative  of  the  Subject, § which 
it  thus  enables  us  to  place,  if  wc  will,  oiler  the  Pre- 
dicate. 

With  respect  to  Periods,  it  would  be  neither  prac- 


• The  censure  o(  frequent  and  long  Parentheses  also  lends 
some  writer*  into  the  like  preposterous  expedient  of  leaving  out 
tbe  marks  ( ) by  which  they  are  indicated,  and  substituting 
commas  ; instead  of  so  framing  each  sentence  that  they  shall  not 
be  needed.  It  is  no  cure  to  a lame  man,  to  take*  away  hfc* 
crutches. 

t Acts,  oh.  v.  »er.  6. 

Z tier.  cb.  xviii.  ver.  2. 

$ Of  whatever  gmttcr  nr  number  the  subject  referred  to  may 
be,  41  IT"  may,  with  equal  propriety,  be  employed  to  represent 
it.  Our  translators  of  the  Bible  have  ant  scrupled  to  make 
**  IT  " refer  to  a msucu&m*  none  •,  *«  It  is  I,  be  not  afraid  but 
they  seem  to  have  thought  it  not  allowable,  as  perhaps  it  wan 
not,  at  the  time  when  they  wrote,  to  male  such  a reference  to  a 

plural  noun,  44  Search  the  Scriptures they  are  they  which 

testify  o!  Me we  should  now  say,  without  any  Impropriety, 
'•  IT  it  they,  ^e,*' 
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Rhetoric,  ti cully  useful,  nor  even  suitable  to  the  present  object, 
— to  enter  into  an  examination  of  the  different  senses  in 
which  various  authors  have  employed  the  word.  A 
technical  term  may  allowably  be  employed,  in  a 
scientific  work,  in  any  sense  not  very  remote  from 
common  usage  (especially  when  common  usage  is 
not  uniform,  and  invariable,  in  the  meaning  affixed  to 
it,)  provided  it  be  clearly  defined,  and  the  definition 
strictly  adhered  to.  By  a Period,  then,  is  to  be  un- 
derstood in  this  place,  any  sentence,  whether  simple 
or  complex,  which  is  so  framed  that  the  Grammatical 
construction  will  not  admit  of  a close,  before  the  end 
of  it  ; in  which,  in  short,  the  meaning  remains  sus- 
pended, os  it  were,  till  the  whole  is  finished  A loose 
sentence,  on  the  contrary,  is,  any  that  is  not  a Period;— 
any,  whose  construction  will  allow  of  a stop,  so  as  to 
form  a perfect  sentence,  at  one  or  more  places,  before 
we  arrive  at  the  end.  E.  g.  u We  caine  to  our  jour- 
ney's end — at  last — with  no  small  difficulty — after 
much  fatigue — through  deep  roads — and  had  weather." 
This  is  an  instance  of  a r cry  loose  sentence  ; (for  it  is 
evident  (hat  this  kind  of  structure  admits  of  degrees,) 
there  being  no  less  than  five  places,  marked  by 
dashes,  at  any  one  of  which  the  sentence  might  have 
terminated,  so  as  to  be  grammatically  perfect.  The 
same  words  may  be  formed  into  a Period,  thus  : 
“ At  last,  after  much  fatigue,  through  deep  roads, 
and  bad  weather,  we  came,  with  no  small  difficulty, 
to  our  journey’s  end."  Here,  no  stop  can  be  made  at 
any  part,  so  that  the  preceding  words  shall  form  a 
sentence  before  the  final  close.  These  are  both  of 
them  simple  sentences  ; i.  e.  not  consisting  of  several 
clauses,  but  having  only  a single  verb  ; so  that  it  is 
plain  we  ought  not,  according  to  this  view,  to  confine 
the  name  of  Period  to  complex  sentences  ; as  Dr. 
Campbell  has  done,  notwithstanding  bis  having  adopted 
the  same  definition  ns  has  been  here  laid  down. 

Periods,  or  sentences  nearly  approaching  to  Periods, 
have  certainly,  when  other  things  are  equal,  the  ad- 
vantage in  point  of  Energy.  An  unexpected  conti- 
nuation of  a sentence  which  the  reader  had  supposed 
to  be  concluded,  especially  if  in  reading  nloud,  be 
had,  under  that  supposition,  dropped  his  voice,  is  apt 
to  produce  a sensation  in  the  mind  of  being  disagree- 
ably balked  ; analogous  to  the  unpleasant  jar  which 
is  felt,  when  in  ascending  or  descending  stairs,  wc 
meet  with  a step  more  than  we  expected  : and  if  this 
be  often  repeated,  as  in  a eery  loose  sentence,  a kind 
of  weary  impatience  results  from  the  uncertainty 
when  the  sentence  is  to  close.  This,  however,  must 
have  been  much  more  the  case  in  the  ancient  lan- 
guages, than  in  the  modern  ; because  the  variety  of 
Arrangement  which  they  permitted,  and,  in  particular, 
the  liberty  of  reserving  the  wri,  on  wrhich  the  whole 
sense  depends,  to  the  end,  made  that  structure  natural 
and  easy,  in  many  instances  in  which,  in  our  language, 
it  would  appear  forced,  unnatural,  and  affected.  But 
the  agreeablcncss  of  a certain  degree,  at  least,  of 
Periodic  structure,  in  all  languages,  is  apparent  from 
this  ; tlmt  they  all  contain  words  which  nmy  be  said 
to  have  no  other  use  or  signification  but  to  suspend 
the  tense,  and  lead  the  hearer  of  the  first  port  of  the 
sentence  to  expect  the  remainder.  He  who  says, 
**  the  world  is  not  eternal,  nor  the  work  of  chance," 
expresses  the  same  sense  as  if  he  said,  “ The  world  is 
neither  eternal,  nor  the  work  of  chance yet  the 
latter  would  be  generally  preferred.  So  also,  " The 


vines  afforded  both  a refreshing  shade,  and  a delicious  Chap.  III. 
fruit ;M  the  word  **  both,"  would  be  missed,  though 
it  adds  nothing  to  the  sense.  Again,  " While  all  the 
Pagan  nations  consider  Religion  as  one  jwirt  of  Virtue, 
the  Jews,  on  the  contrary,  regard  Virtue  as  a part  of 
Religion  the  omission  of  the  first  word  would 
not  alter  the  sense,  but  would  destroy  the  Period  ; to 
produce  which  is  its  only  use.  The  MESf,  AE,  and  TE 
of  the  Greek  are,  in  many  places,  subservient  to  this 
use  alone. 

The  modern  languages  do  not  indeed  admit,  as  was 
observed  above,  of  so  Periodic  a Style  as  the  ancient 
do  : hut  an  author,  who  docs  but  clenrlv  understand 
what  a Period  is,  and  who  applies  the  test  we  have  laid 
down,  will  find  it  very  easy,  after  a little  practice,  to 
compose  in  Periods,  even  to  a greater  degree  than,  in 
an  English  writer,  good  taste  will  warrant.  His 
skill  and  care  will  be  chiefly  called  for  in  avoiding 
all  appearance  of  stiffness  and  affectation  in  the  con- 
struction of  them, — in  not  departing,  for  the  sake  of 
a Period,  too  far  from  colloquial  usage, — and  in  ob- 
serving such  moderation  in  the  employment  of  this 
Style,  as  shall  prevent  any  betrayal  of  artifice, — any 
thing  savouring  of  elaborate  stateliness,  which  is 
always  to  be  regarded  as  a worse  fault  than  the 
slovenliness  and  languor  which  accompany  a very 
loose  Style. 

It  should  lie  observed,  however,  that,  as  a sentence 
which  is  not  strictly  a Period,  according  to  the  fore- 
going definition,  may  yet  approach  indefinitely  near 
to  it,  so  as  to  produce  nearly  the  same  effect,  so  on 
the  other  hand.  Periods  may  be  so  constructed  as  fo 
produce  much  of  the  same  feeling  of  weariness  and 
impatience  which  results  from  an  excess  of  loose 
sentences.  If  the  cluuscs  be  very  long,  and  contain 
an  enumeration  of  many  circumstances,  though  the 
sentence  be  so  framed,  that  we  are  still  kept  in  ex- 
pectation of  the  conclusion,  yet  it  will  be  an  impatient 
expectation  ; and  the  reader  will  feel  the  same  kind  of 
uneasy  uncertainty  when  the  clause  is  to  be  finished, 
as  would  be  felt  respecting  the  sentence,  if  it  were 
loose.  And  this  will  especially  be  the  case,  if  the  rule 
formerly  given  with  a view  to  Perspicuity  be  not 
observed, T of  taking  care  that  each  part  of  the  sen- 
tence be  understood,  as  it  proceeds.  Each  clause,  if 
it  consist  of  several  parts,  should  be  continued  with 
the  same  attention  to  their  mutual  connection,  so  as 
to  suspend  the  sense,  as  is  employed  in  the  whole 
sentence  ; that  it  may  be,  as  it  were  a Permtic  clause; 
and  if  one  clause  be  long  and  another  short,  the  shorter 
should,  if  possible,  be  put  last.  Universally  indeed  a 
sentence  will  often  be,  practically,  too  long,  i.c.  will  have 
a tedious,  dragging  effect,  merely  from  its  concluding 
with  a much  longer  clause  than  it  began  with;  so 
that  a composition  which  most  would  censure  a? 
abounding  too  much  in  long  sentences,  may  often 
have  its  defect,  in  gTeat  measure,  remedied  without 
shortening  any  of  them  ; merely  by  reversing  the 
order  of  each.  This  of  course  holds  good  with  respect 
to  all  complex  sentences  of  any  considerable  length, 
whether  Periods  or  not.  An  instance  of  the  difference 
of  effect  produced  by  this  means,  may  be  seen  in  such 
n sentence  ns  the  following : **  The  State  was  made, 
nnder  the  pretence  of  serving  it,  in  reality,  the  prize 
of  their  contention,  to  each  of  those  opposite  parties, 
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Rhetoric,  who  professed  in  specious  terms,  the  one,  a prefer* 
enoft  for  moderate  Aristocracy,  the  other,  a desire  of 
admitting  the  people  at  large,  to  an  equality  of 
civil  privileges.1'  This  may  be  regarded  ae  a complete 
Period ; and  yet,  for  the  reusou  just  mentioned,  has 
a tedious  and  cumbrous  effect.  Many  critics  might 
recommend,  and  perhaps  with  reason,  to  break  it  into 
two  or  three ; but  it  is  to  our  present  purpose  to 
remark  that  it  might  be,  in  some  degree  at  least, 
decidedly  improved,  by  merely  reversing  the  clauses  } 
as  thus  : *4  The  two  opposite  parties,  who  professed 
in  specious  terms,  the  one,  a preference  for  moderate 
Aristocracy,  the  other,  a desire  of  admitting  the  people 
at  Urge  to  an  equality  of  civil  privileges,  made  the 
State,  which  they  pretended  to  serve,  in  reality  the 
prize  of  their  contention.'**  Another  instance  may 
be  cited  from  a work,  in  which  any  occasional  awk- 
wardness of  expression  is  the  more  conspicuous,  on 
account  of  its  general  excellence,  the  Church  Liturgy  j 
the  style  of  which  is  so  justly  admired  for  its  remark- 
able union  of  energy  with  simplicity,  smoothness,  und 
elegance  : the  following  passage  from  the  Exhortation 
is  one  of  the  very  few,  which,  from  the  fuult  just 
noticed,  it  is  difficult  for  a good  reader  to  deliver  wi*h 
spirit : And  although  we  ought  at  ull  times  humbly 

to  acknowledge  our  sins  before  God.H  yet  ought  we 
most  chiefly  so  to  do,||  when  we  assemble  and  meet 
together— to  render  thanks  for  the  great  benefits  that 
we  buve  received  ot  his  hands,  — to  set  forth  his  most 
worthy  praise,  to  hear  his  most  holy  word,  and  to  ask 
those  things  which  are  requisite  and  necessary, — as 
well  for  the  body  as  the  soul."  This  is  evidently  a very 
loose  sentence,  as  it  might  be  supposed  to  conclude 
at  any  oue  of  the  three  places  which  are  marked  by 
dashes  ( — ) ; this  disadvantage,  however,  muy  easily  be 
obviated  by  the  suspension  of  voice,  by  which  a good 
reader, acquainted  with  the  passage,  would  indicate  that 
the  sentence  was  not  concluded  ; but  the  great  fault 
is  the  length  of  the  last  of  the  three  principal  clauses, 
in  comparison  of  the  former  two  ; (the  conclusions 
of  which  we  have  marked  ||)  by  which  a dragging 
and  heavy  effect  is  produced,  and  the  sentence  is  made 
to  appear  longer  than  it  really  is.  This  would  be  more 
manifest  to  any  one  not  familiar,  as  most  are,  with 
the  passage  ; but  a good  reader  of  the  Liturgy  will 
find  hardly  any  sentence  in  it  so  difficult  to  deliver  to 
his  own  satisfaction.  It  is  perhaps  the  more  profitable 
to  notice  a blemish  occurring  in  a composition  so 
well  known,  and  so  deservedly  valued  for  the  excel- 
lence, not  only  of  its  sentiments,  but  of  its  language. 

It  is  a useful  admonition  to  young  writers,  with  a 
view  to  what  has  lately  been  said,  that  they  should 
always  attempt  to  recast  a sentence  which  dues  not 
please  ; altering  the  Arrangement  and  entire  construc- 
tion of  it,  instead  of  merely  seeking  to  change  one 
word  for  another.  This  will  give  a great  advantage 
in  point  of  Copiousness  also  : for  there  may  be,  suppose, 
a substantive,  which,  either  because  it  does  not  fully 
express  our  meaning,  or  for  some  other  reason,  we 
wish  to  remove,  but  can  find  no  other  to  supply  its 
place  } bat  the  object  may  perhaps  be  cosily  accom- 
plished by  means  of  a verb,  adverb,  or  some  other 
part  of  speech,  the  substitution  of  which  implies  an 
alteration  of  the  construction.  It  is  an  exercise  ac- 
cordingly which  may  be  recommended  as  highly  con- 


ducive to  the  improvement  of  Style,  to  practise  casting  Chap, 
a sentence  into  a variety  of  different  forms. 

It  is  evident,  from  what  has  been  said,  that  in 
compositions  intended  to  be  delivered,  the  Periodic 
Style  is  much  less  necessary,  and  therefore  much 
less  suitable,  than  in  those  designed  for  the  closet. 

The  speaker  may,  in  most  instances,  by  the  skilful 
suspension  of  bis  voice,  give  to  a loose  sentence  the 
effect  of  a Period  : and  though,  in  both  species  of 
composition  the  display  of  art  is  to  be  guarded  against, 
a more  unstudied  air  is  looked  for  in  such  as  are 
spoken. 

The  study  of  the  best  Greek  and  Latin  writers  may 
be  of  great  advantage  towards  the  improvement  of  the 
Style  in  the  point  concerning  which  we  have  now 
been  treating,  (for  the  reason  lately  mentioned,)  as 
well  as  in  most  others  : and  there  is  this  additional 
advantage,  (which,  at  first  sight,  might  appear  a dis- 
advantage,) that  the  Style  of  a foreign  writer  cannot 
be  so  closely  imitated  as  that  of  one  in  our  own  lan- 
guage : for  this  reason  there  will  be  the  less  danger  of 
fulling  into  an  otaiotu  and  servile  imitation.  Boling- 
broke  may  be  noted  os  one  of  the  most  Periodic  of 
English  writers  : Swift  and  Addison,  (though  in  other 
respects  very  different,)  arc  among  the  most  loose. 

Antithesis  has  been  soi  net  hues  reckoned  us  one 
form  of  the  Period  ; but  it  is  evident  that,  accord- 
ing to  the  view  here  taken,  it  has  no  necessary  con- 
nection with  it.  One  clause  may  be  opposed  to  another, 
by  means  of  some  contrast  between  corresponding 
words  in  each,  whether  or  not  the  clauses  be  so  con- 
nected that  the  former  could  not,  by  itself,  be  a com- 
plete sentence.  Tacitus,  who  is  one  of  the  mo9t 
Antithetical,  is  at  the  same  time  one  of  the  least 
Periodic,  of  all  the  Latin  writers. 

There  can  be  no  doubt  that  this  figure  is  calculated 
to  add  grearty  to  Energy.  Every  thing  is  rendered 
more  striking  by  contrast ; and  almost  every  kind  of 
subject-matter  affords  materials  for  contrasted  expres- 
sions. Truth  is  opposed  to  error  ; wise  conduct  to 
foolish  ; different  causes  often  produce  opposite  effects ; 
different  circumstances  dictate  to  prudence  opposite 
conduct;  opposite  impressions  may  be  made  by  the 
same  object,  on  different  minds  ; and  every  extreme 
is  opposed  both  to  the  Mean,  and  to  the  other  ex- 
treme. If,  therefore,  the  language  be  so  constructed 
as  to  contrast  together  these  opposites,  they  throw 
light  on  each  other  by  a kind  of  mutual  reflexion, 
and  the  view  thus  presented  will  be  the  more  striking. 

By  this  means  also  we  may  obtain,  consistently  with 
Perspicuity,  a much  greater  degree  of  Conciseness  j 
which  in  itself  is  so  conducive  to  Energy ; e.  g. 

" When  Reason  is  against  a man,  be  will  be  against 
Reason  ;M#  it  would  be  hardly  possible  to  express 
this  sentiment,  not  Antithetically,  so  as  to  lie  clearly 
intelligible,  except  In  a much  longer  sentence.  Again, 

" Words  are  the  Counters  of  wise  men,  and  the 
Money  of  fools  j”  here  we  have  an  instance  of  the 
combined  effect  of  Antithesis  and  Metaphor  in  pro- 
ducing increased  Energy,  both  directly,  and  at  the 
same  time,  (by  the  Conciseness  resulting  from  them,) 
indirectly;  and  accordingly,  in  such  pointed  and  pithy 
expressions,  we  obtain  the  gratification  which,  as 
Aristotle  remarks,  results  from  '*  the  act  of  learning 
quickly  and  easily.”  It  is  a remark  of  the  same  «i- 
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Rhetoric,  thor,  (hat,  in  Antithesis,  either  “ contraries  are  joined 
to  contraries,"  in  the  two  clauses  respectively,  or 
" the  same  thing  is  joined  to  contraries  of  this  last, 
the  former  of  the  two  examples,  just  cited,  is  an 
instance ; — the  condemnation  pronounced  on  any 
one’s  principles  or  conduct,  by  Reason,  being  con- 
trasted with  his  dislike  and  defiance  of  it : the  other 
example  is  an  instance  of  the  former  kind  ; u Coun- 
ters ” being  opposed  to  “ Money,"  and  “ wise  men  " 
to  " fools.'  Of  the  same  nature  is  the  Antithetical 
expression,  *f  Party  is  the  madness  of  many,  for  the 
gain  of  a few  j"  which  affords,  likewise,  an  instance 
of  this  construction  in  n sentence  which  does  not 
contain  two  distinct  clauses.  Frequently  the  same 
Words,  placed  in  different  relations  with  each  other, 
will  stnnd  in  contrast  to  themselves  ; ns  in  the  expres- 
sion, 44  A fool  with  judges  ; among  fools,  judge  j"* 
and  in  that  given  by  Quinctilion,  **  non  ut  edam  vivo, 
red  ut  riram  edo  “ I do  not  live  to  eat,  but  eat  to 
live  j"  both  of  these  are  instances  also  of  perfect 
Antithesis,  without  Period  ; for  each  of  these  sentences 
might,  grammatically,  be  concluded  in  the  middle. 
Of  the  same  kind  is  an  expression  in  a .S|*ech  of 
Air.  Wyndhnm  s,  *'  Some  contend  that  I disapprove 
of  this  plan,  because  it  is  not  my  own  ; it  would  be 
more  correct  to  say,  that  it  is  not  my  own,  because 
1 disapprove  it." 

The  use  of  Antithesis  has  been  censured  by  some, 
as  if  it  were  a paltry  and  affected  decoration,  unsuit- 
able to  a chaste,  natural,  and  masculine  Style.  Pope, 
accordingly,  himself  one  of  the  most  Antithetical  of 
our  writers,  speaks  of  it  in  the  Dvncind  with  con- 
tempt ! 

“ 1 *re  a Chief  who  lead*  mv  rhoaen  tons. 

All  arm’d  with  Points,  Antitheses,  and  Pun».M 

The  excess,  indeed,  of  this  Style,  by  betraying  arti- 
fice, effectually  destroys  Energy  ; and  draws  off  the 
attention,  even  of  those  who  are  pleasetl  with  effemi- 
nate glitter,  from  the  matter  to  the  Style.  But,  as 
Dr.  Campbell  observes,  " the  excess  itself  into  which 
some  writers  have  fallen,  is  an  evidence  of  its  value— 
of  the  lustre  and  emphasis  which  Antithesis  is  calcu- 
lated to  give  to  the  expression.  There  is  no  risk  of 
intemperance  in  using  a liquor  which  has  neither  spirit 
nor  flavour," 

It  is,  of  course,  impossible  to  lay  down  precise  rules 
for  determining,  u'hat  will  amount  to  excess,  in  the  use 
of  this,  or  of  any  other  figure  : the  great  safeguard 
will  be  the  formation  of  a pure  taste,  by  the  study  of 
the  most  chaste  writers,  and  unsparing  self-correction. 
But  one  rule  always  to  be  observed  in  respect  to  the 
antithetical  construction,  is  to  remember  that  in  a 
true  Antithesis  the  opposition  is  always  in  the  ideal 
expressed.  Some  writers  abound  with  a kind  of  mock- 
antithesis,  in  which  the  same,  or  nearly  the  same 
sentiment  which  is  expressed  by  the  first  clause,  is 
repeated  in  a second  ; or  at  least,  in  which  there  is 
but  little  of  real  contrast  between  the  clauses  which 
are  expressed  in  a contrasted  form.  This  kind  of 
style  not  only  produces  disgust  inste.nl  of  pleasure, 
when  once  the  artifice  is  detected,  which  it  soon  must 
be,  but  also,  instead  of  the  brevity  and  vigour  result- 
ing from  true  Antithesis,  labours  under  the  fault  of 
prolixity  and  heaviness.  Sentences  which  might  liave 
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been  expressed  simply,  are  expanded  into  complex  Chap.  III. 
ones,  by  the  addition  of  clauses,  which  add  little  or 
nothing  to  the  sense  ; and  which  have  been  compared 
to  the  false  handles  and  keyholes  with  which  furniture 
Is  decorated,  that  serve  no  other  purpose  than  to 
correspond  to  the  real  ones.  Much  of  Dr.  Johnson’s 
writing  n chargeable  with  this  fault. 

Bacon,  in  bis  Rhetoric,  furnishes,  in  his  common- 
places, (i.  c.  heads  of  Arguments,  pro  and  contra,  on  a 
variety  of  subjects,)  some  admirable  specimens  of 
compressed  and  striking  Antitheses;  many  of  which 
arc  worthy  of  being  enrolled  among  the  most  ap- 
proved proverbs : e.  g.  " He  who  dreads  new  reme- 
dies, must  abide  old  evils."  “ Since  things  alter  for 
the  worse  spontaneously,  if  they  be  not  altered  for  the 
better  designedly,  what  end  will  there  be  of  the  evil  ?" 

“ The  humblest  of  the  virtues  the  vulgar  praise,  the 
mkkllc  ones  they  admire,  of  the  highest,  they  have 
no  perception."  fcc. 

It  will  not  unfrequently  happen  that  an  Antithesis 
may  be  even  more  happily  expressed  by  the  sacrifice 
of  the  Period,  if  the  clauses  ore  by  this  means  made 
of  a more  convenient  length,  and  a resting-place 
provided  at  the  most  suitable  point ; e.  g.  “ The  per- 
secutions undergone  by  the  Apostles,  furnished  both 
a trial  to  their  faith,  and  a confirmation  to  our'i .- — 
a trial  to  them,  because  if  human  honours  and  rewards 
had  attended  them,  they  could  not,  even  themselves, 
have  been  certain  that  these  were  not  their  object ; 
and  a confirmation  to  us,  because  they  would  not 
have  encountered  such  sufferings  in  the  cause  of  im- 
osture.'1  If  this  sentence  were  not  broken  as  it  is, 
ut  compacted  into  a Period,  it  would  have  more 
heaviness  of  effect,  though  it  would  be  rather  shorter: 
e.  g.  " The  persecutions  undergone  by  the  Apostles, 
furnished  both  a trial  of  their  faith,  since  if  human 
honours,  &c.  &c.  and  also  n confirmation  of  ours,  be- 
cause," &c.  Universally,  indeed,  a complex  sentence, 
whether  Antithetical  or  not,  will  often  have  a degree 
of  spirit  and  liveliness  from  the  latter  clause  being 
made  to  turn  back,  as  it  were,  upon  the  former,  by 
containing,  or  referring  to,  some  word  that  had  there 
been  mentioned  : e.  g.  " The  introducers  of  the  now- 
established  principles  of  political  economy  may  fairly 
be  considered  to  have  made  a great  discovery  ; a dis- 
covery  the  more  creditable,  from  the  circumstance 
that  the  facts  on  which  it  was  founded  had  long  been 
well  known  to  all."  This  kind  of  Style  also  may,  as 
well  as  the  Antithetical,  prove  offensive  if  carried  to 
such  an  excess  as  to  produce  an  appearance  of  af- 
fectation or  mannerism. 

Lastly,  to  the  Speaker  especially,  the  occasional 
employment  of  the  Interrogatitt  form,  will  often  prove 
serviceable  with  a view  to  Energy.  It  calls  the  hearer’s 
attention  more  forcibly  to  some  important  point,  by 
n personal  appeal  to  each,  either  to  assent  to  what  is 
urged,  or  to  frame  a reasonable  objection  ; and  it 
often  carries  with  it  an  air  of  triumphant  defiance  of 
an  opponent  to  refute  the  argument  if  he  can. 

Either  the  Premiss  or  the  Conclusion,  or  both,  of  any 
argurrfent,  may  be  stated  in  this  form  ; but  it  is  evi- 
dent that  if  it  be  introduced  too  frequently,  it  will 
necessarily  fail  of  the  object  of  directing  a particular 
attention  to  the  most  important  points.  To  attempt 
to  make  every  thing  emphatic,  is  to  make  nothing 
emphatic.  The  utility,  however,  of  this  figure,  to  the 
Orator  at  least,  is  sufficiently  established  by  the  single 
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Rhetoric,  consideration,  that  it  abounds  in  the  Speeches  of 
Demosthenes. 

^ 3.  On  the  last  quality  of  Style  to  be  noticed. 
Elegance  or  Beauty,  it  is  the  less  necessary  to  en- 
large, both  because  the  most  appropriate  and  cha- 
racteristic excellence  of  the  class  of  compositions 
here  treated  of,  is,  that  Energy  of  which  we  have 
been  speaking,  and  also  because  many  of  the  rules 
laid  down  under  that  head,  ore  equally  applicable 
with  a view  to  Elegance  ; the  same  Choice,  Number, 
and  Arrangement  of  words,  will,  for  the  most  part, 
conduce  both  to  Energy  and  to  Beauty,  The  two 
qualities  however  are  by  no  means  undisttnguishable  : 
a Metaphor,  for  instance,  may  be  apt,  ana  striking, 
und  consequently  conducive  to  Energy  of  expression, 
even  though  the  new  image,  introduced  by  it,  have 
no  intrinsic  beauty,  or  be  even  unpleasant ; in  which 
case  it  would  be  at  variance  with  Elegance,  or  at  least 
would  not  conduce  to  it.  Elegance  requires  that  all 
homely  and  coarse  words  and  phrases  should  be 
avoided,  even  at  the  expense  of  circumlocution ; though 
they  may  be  the  most  apt  and  forcible  that  language 
con  supply.  And  Elegance  implies  a smooth  and 
easy  flow  of  words  in  respect  of  the  sound  of  the 
sentences  ; though  a more  harsh  and  abrupt  mode  of 
expression  may  often  be,  at  least  equally,  energetic. 

Accordingly,  many  are  generally  acknowledged  to 
be  forcible  writers,  to  whom  no  one  would  give  the 
credit  of  Elegance  ; and  many  others,  who  arc  allowed 
to  be  elegant,  are  yet  by  no  means  vigorous  and 
energetic. 

When  the  two  excellencies  of  Style  are  at  vari- 
ance, the  general  rule  to  be  observed  by  the  Orator, 
is  to  prefer  the  energetic  to  the  elegant.  Sometimes, 
indeed,  a plain,  or  even  a somewhat  homely  expres- 
sion, may  have  even  a more  energetie  effect,  from  that 
very  circumstance,  than  one  of  more  studied  refine- 
ment, since  it  may  convey  the  idea  of  the  Speaker's 
being  thoroughly  in  earnest,  and  anxious  to  convey 
his  sentiments,  where  he  uses  an  expression  that  can 
have  no  other  recommendation  ; whereas  u strikingly 
elegant  expression  may  sometimes  convey  u suspicion 
that  it  was  introduced  fur  the  take  of  its  Elegance; 
which  will  greatly  diminish  the  force  of  what  is  said. 
Universally,  a writer  or  speaker  should  endeavour  to 
maintain  the  appearance  of  expressing  liimsclf,  not, 
as  if  he  wanted  to  say  something,  but  as  if  be  had 
something  to  say  : L c.  not  as  if  he  bad  a subject  set 
him,  und  was  anxious  to  compose  the  best  essay  or 
declamation  on  it  that  he  could  ; but  as  if  he  had  some 
ideas  to  which  he  was  anxious  to  give  utterance; — 
not  as  if  he  wanted  to  compose  (for  instance)  a sermon, 
and  was  desirous  of  performing  that  task  satisfactorily, 
but  as  if  there  was  something  in  his  mind  which  hcavoa 
desirous  of  communicating  to  his  hearers.  This  is 
probably  what  Dr.  Butler  means  when  he  speaks  of  a 
man’s  writing  “ with  simplicity  and  in  earnest."  His 
manner  has  this  advantage,  though  it  is  not  only  in- 
elegant, but  often  obscure : Dr.  Pnley's  is  equally 
earnest,  and  very  perspicuous ; and  though  often 
homely,  is  more  impressive  than  that  of  many  of  our 
most  polished  writers.  It  is  easy  to  discern  the  preva- 
lence of  these  two  different  manners  in  different 
authors,  respectively,  and  to  perceive  the  very  different 
effects  produced  by  them  ; it  is  not  so  easy  for  one 
who  is  not  really  writing  “ with  simplicity  and  in 
earnest,"  to  assume  the  appearance  of  it.  But  eer- 
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tainly  nothing  is  more  adverse  to  this  appearance  than  Chap.  lit. 
over- refinement.  Any  expression  indeed  that  is  vul- 
gur,  in  bad  taste,  and  unsuitable  to  the  dignity  of 
the  subject,  or  of  the  occasion,  is  to  be  avoided  ; 
since,  though  it  might  have,  with  seme  hearers,  an 
energetic  effect,  this  would  be  more  than  counter- 
balanced by  the  disgust  produced  in  others ; and  where 
a small  accession  of  Energy  is  * to  be  gained  at  the 
expense  of  a great  sacrifice  of  Elegance,  the  latter 
will  demand  a preference.  But  still,  the  general  rule 
is  not  to  be  lost  sight  of  by  him  who  is  in  earnest 
aiming  at  the  true  ultimate  end  of  the  Orator,  to 
which  all  others  are  to  he  made  subservient  ; v iz.  not 
the  amusement  of  his  hearers,  nor  their  admiration  of 
himself,  but  their  Conviction  or  Persuasion.  It  is 
from  this  view  of  the  subject  that  we  have  dwelt  most 
on  that  quality  of  Style  which  seems  most  especially 
adapted  to  thut  object.  Perspicuity  is  required  in  all 
compositions  ; and  may  even  be  considered  as  the 
ultimate  end  of  a Scientific  writer,  considered  as  such; 
he  may  indeed  practically  increase  his  utility  by  writ- 
ing so  as  to  excite  cariosity,  and  recommend  his 
subject  to  general  attention  ; but  in  doing  so,  he  is, 
in  some  degree,  supemdding  the  office  of  the  Orator 
to  his  own ; as  a Philosopher,  he  may  assume  the 
existence  in  his  reader  of  a desire  for  knowledge,  and 
has  only  to  convey  that  knowledge  in  language  that 
may  be  clearly  uniUrstootl.  Of  the  Style  of  the  Orator, 

(in  the  wide  .sense  in  which  wc  have  been  using  this 
appellation,  as  including  all  who  are  aiming  at  Con- 
viction,) the  appropriate  object  is  to  imprest  the  mean- 
ing strongly  upon  men’s  minds.  Of  the  Poet,  as  such, 
the  ultimate  end  is  to  give  pleasure ; and  accordingly 
Elegance  or  Beauty  (in  the  most  extensive  sense  of 
those  terms,)  will  be  the  appropriate  qualities  of  his 
language. 

Some  indeed  have  contended,  that  to  give  pleasure 
is  not  the  ultimate  end  of  Poetry  ;*  not  distinguish- 
ing between  the  object  which  the  Poet  may  have  in 
view,  as  a roan,  and  that  which  is  the  object  of  Poetry,  as 
Poetry.  Many,  no  doubt,  may  have  proposed  to  them- 
selves the  far  more  important  object  of  producing 
moral  improvement  in  their  hearers  through  the 
medium  of  Poetry  ; and  so  have  others,  the  inculca- 
tion of  their  own  political  or  philosophical  tenets,  or, 

(as  is  supposed  in  the  case  of  the  Georgies,)  the  en- 
couragement of  Agriculture  : but  if  the  views  of  the 
individual  are  to  be  taken  into  account,  it  should  be 
considered  that  the  personal  fame  or  emolument  of 
the  author  is  very  frequently  hit  ultimate  object.  The 
true  test  is  easily  applied  : that  which  to  competent 
judges  affords  the  appropriate  pleasure  of  Poetry,  is 
good  poetry,  whether  it  answer  any  other  purpose  or 
not ; that  which  does  not  afford  this  pleasure,  however 
instructive  it  may  be,  is  not  good  Poetry,  though  it 
may  be  a valuable  work. 

It  may  be  doubted,  however,  bow  far  these  remarks 
apply  to  the  question  respecting  Beauty  of  •Style  ; since 
the  chief  gratification  afforded  bv  Poetry,  arises,  it 
may  be  said,  from  the  Beauty  the  thoughts ; and 
undoubtedly  if  these  be  mean  ami  common-place,  the 
Poetry  will  be  worth  little  ; but  still,  it  is  not  any 
quality  of  the  thoughts  that  constitutes  Poetry.  Not- 
withstanding all  that  has  been  advanced  by  some . 


• Supported  in  *on»e  degree  by  the  authority  of  Horace  : 

WW  prudent:  volunt,  ant  dtlrctare  Portae* 
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Rhetoric.  French  critic*,* * §  to  prove  that  a work,  not  in  metre, 
wp-v-w/  may  be  a Poem,  (which  doctrine  was  partly  derived 
from  a misinterpretation  of  a passage  in  Aristotle's 
Poetics, f)  universal  opinion  has  always  given  a con- 
trary decision.  Any  composition  in  verse,  (and  none 
that  is  not,)  is  always  called,  whether  good  or  bad,  n 
Poem,  by  all  who  have  no  fuvourite  hypothesis  to 
maintain.  It  is  indeed  a common  figure  of  speech  to 
say,  in  speaking  of  any  work  that  is  deficient  in 
the  qualities  which  Poetry  ought  to  exhibit,  that  it  is 
not  a Poem  ; just  as  we  say  of  one  who  wants  the 
characteristic  excellences  of  the  species,  or  the  sex, 
that  he  is  not  a man  ; J and  thus  some  have  been  led 
to  confound  together  the  appropriate  excellence  of  the 
thing  in  question,  with  its  essence  : but  the  use  of 
such  an  expression  as,  an  " indifferent,"  or  **  a dull 
Poem,”  shows  plainly  that  the  title  of  Poetry  does  not 
necessarily  imply  the  requisite  Heauties  of  Poetry. 

Poetry  is  not  distinguished  from  Prose  by  superior 
Beauty  of  thought  or  of  expression,  but  is  a distinct 
kind  of  composition  and  they  produce,  when  each 
is  excellent  in  its  kind,  distinct  kinds  of  pleasure. 
Try  the  experiment,  of  merely  breaking  up  the  me- 
trical structure  of  a fine  Poem,  and  you  will  find  it 
inflated  and  bombastic  Prose:  remove  this  defect  by 
altering  the  words  and  the  Arrangement,  and  it  will 
be  better  Prose  than  before  j then  arrange  this  again 
into  metre,  without  any  other  change,  and  it  will  be 
tame  and  dull  Poetry  ; but  still  it  will  be  Poetry,  as  is 
indicated  by  the  very  censure  it  will  incur  ; for  if  it 
were  not,  there  would  be  no  fault  to  be  found  with  it ; 
since,  while  it  remained  Prose,  it  was  (os  we  have 
supposed,)  unexceptionable.  The  circumstance  that 
the  same  Style  which  was  even  required  in  one  kind 
of  composition,  proved  offensive  in  the  other,  shows 
that  a different  kind  of  language  is  suitable  for  a com- 
position in  metre. 

Another  indication  of  the  essential  difference  be- 
tween the  two  kinds  of  composition,  and  of  the 
superior  importance  of  the  expression  in  Poetry,  is, 
that  a good  translation  of  a Poem,  (though,  perhaps, 
strictly  speaking,  what  is  so  called  is  rather  an  imita- 
tion,) is  read  with  equal,  or  even  superior  pleasure 
by  one  well  acquainted  with  the  original ; whereas 
the  best  translation  of  a Prose  work,  (at  least  of  one 
not  principally  valued  for  beauty  of  Style,)  will  sel- 
dom be  read  by  one  familiar  with  the  original.  And 
for  the  same  reason,  a fine  passage  of  Poetry  will  be 
reperused,  with  unabated  pleasure,  for  the  twentieth 
time,  even  by  one  who  knows  it  by  heart 

According  to  the  views  here  taken,  good  Poetry 
might  be  defined,  “ Elegant  and  decorated  language 
in  metre , expressing  such  and  such  thoughts/'  and 

• Sec  Preface  to  Telemaque, 

t hJy*  h«»  been  erroneously  interpreted  Isamus**  et-i/A- 
amt  metre,  in  a pauuige  wbcrc  it  certainly  means  Metre  without 
imrir;  or,  as  be  calls  it  in  another  passage  of  the  same  work, 
i^iXofirryia. 

J “ I dare  bo  all  that  may  become  ■ man 

Who  <lare«  do  more  is  imm.” — Macbeth. 

§ It  U hardly  accessary  to  remark,  that  we  are  not  defendiafj 

or  seeking  to  introduce  any  umutuai  or  new  sense  of  the  word 
Poetry ; but,  on  the  contrary,  explaining  snd  vindicating  that 
which  is  the  most  customary  among  all  men  who  have  no  parti- 
cular theory  to  support.  The  mass  of  mankind  often  need,  in- 
deed. to  liave  the  meaning  of  a word  (i.  e.  their  own  meaning,) 
eiflntnrd  and  develop^ ; b„t  not,  to  have  it  determined  when  it 
•hall  mean,  since  that  is  determined  by  their  use  ; the  true  sense 
of  each  word  being,  that  which  it  wUcrstosi  by  it. 


good  Prose  composition,  **  such  and  such  thoughts  ex-  ciup,  jjj 
pressed  tn  good  language  /’  that  which  is  primary  in  v_,  _u , 
each  being  subordinate  in  the  other. 

What  has  been  said  may  be  illustrated  as  fully,  not 
as  it  might  be,  but  as  is  suitable  to  the  present  occa- 
sion, by  the  following  passages  from  Dr.  A.  Smith's 
admirable  fragment  of  an  Essay  on  the  Imitative  Arts : 

“ Were  I to  attempt  to  discriminate  between  Dancing 
and  any  other  kind  of  movement,  1 should  observe, 
that  though  in  performing  any  ordinary  action, — in 
walking,  for  example,  across  the  room,  a person  may 
manifest  both  grace  and  agility,  yet  if  he  betrays  the 
least  intention  of  showing  either,  he  is  sure  of  offend- 
ing more  or  less,  and  we  never  fail  to  accuse  him  of  some 
degree  of  vanity  and  affectation.  In  the  performance  of 
any  such  ordinary  action,  every  one  wishes  to  appear 
to  be  solely  occupied  about  the  proper  purpose  of 
the  action  ; if  he  means  to  show  either  grace  or 
agility,  he  is  careful  to  conceal  that  meaning  ; and 
in  proportion  as  he  betrays  it,  which  he  almost  always 
does,  he  offends.  In  Dancing,  on  the  contrary,  every 
one  professes  and  avows,  as  it  were,  the  intention 
of  displaying  some  degree  either  of  grace  or  of 
agility,  or  of  both.  The  display  of  one  or  other,  or 
both  of  these  qualities,  is,  in  reality,  the  proper  pur- 
pose of  the  action  ; and  there  can  never  be  any  dis- 
agreeable vanity  or  affectation  in  following  out  the 
projier  purpose  of  any  action.  When  we  say  of  any  par- 
ticular person,  that  he  gives  himself  many  affected  airs 
and  graces  in  Dancing,  we  mean  either  that  he  exhibits 
airs  and  graces  unsuitable  to  the  nature  of  the  Dance, 
or  that  he  exaggerates  those  which  are  suitable.  Every 
Dance  is,  in  reality,  a succession  of  airs  and  graces  of 
some  kind  or  other,  which,  if  I may  say  so,  profess 
themselves  to  be  such.  The  steps,  gestures,  end 
motions  which,  as  it  were,  avow  the  intention  of  ex- 
hibiting a succession  of  such  airs  and  graces,  are  the 
steps,  gestures,  and  motions  which  are  peculiar  to 
Dancing.  * * * * The  distinction 

between  the  sounds  or  tones  of  Singing,  and  those  of 
Speaking,  seems  to  be  of  the  same  kind  with  that 
between  the  step,  &e.  of  Dancing,  and  those  of  any 
other  ordinary  action.  Though  in  Speaking  a person 
may  show  a very  agreeable  tone  of  voice,  yet  if  he 
seems  to  intend  to  show  it, — if  he  appears  to  listen 
to  the  sound  of  his  own  voice,  and  ns  it  were  to  tune 
it  into  a pleasing  modulation,  lie  never  fails  to  offend, 
as  guilty  of  a most  disagreeable  affectation.  In  Speak- 
ing, os  in  every  other  ordinary  action,  we  expect  and 
require  that  the  speaker  should  attend  only  to  the 
proper  purpose  of  the  uction, — the  clear  and  distinct 
expression  of  what  he  has  to  say.  In  Singing,  on  the 
contrary,  every  one  professes  the  intention  to  please 
by  the  tone  and  cadence  of  his  voice ; and  he  not 
only  appears  to  be  guilty  of  no  disagreeable  affectation 
in  doing  so,  but  we  expect  and  require  that  lie  should 
do  so.  To  please  by  the  Choice  and  Arrangement  of 
agreeable  sounds,  is  the  proper  purpose  of  all  music, 
vocal,  as  well  as  instrumental;  and  we  always  expect 
that  every  one  should  attend  to  the  proper  purpose  of 
whatever  action  he  is  performing.  A person  may  appear 
to  sing,  as  well  as  to  dance,  affectedly ; be  may  endea- 
vour to  please  by  sounds  and  tones  which  are  unsuit- 
able to  the  nature  of  the  song  ; or  he  mny  dwell  too 
much  on  those  which  are  suitable  to  it.  The  dis- 
agreeable affectation  appears  to  consist  always,  not 
in  attempting  to  please  by  a proper,  but  by  some 
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Rhetoric*  improper  modulation  of  the  voice."  It  is  only  necessary 
to  add,  (what  seems  evidently  to  have  been  in  the 
author's  mind,  though  the  Dissertation  is  left  un- 
finished,) that  Poetry  has  the  same  relation  to  Prose, 
as  Dancing  to  Walking,  and  Singing  to  Speaking ; 
and  that  what  has  been  said  of  them,  will  apply  exactly, 
mutatis  mutandis,  to  the  other.  It  is  needless  to  state 
this  at  length,  as  any  one,  by  going  over  the  pas- 
sages just  cited,  merely  substituting  for  “Singing," 
“Poetry,"  for  “Speaking,"  “Prose,”  for  “Voice,” 
“Language,”  Stc.  will  at  once  perceive  the  coin- 
cidence. 

What  has  been  said  will  not  be  thought  an  unneces- 
sary digression,  by  any  one  who  considers,  (not  to 
mention  the  direct  application  of  Dr.  Smith's  remarks, 
to  E/ocufion)  the  important  principle  thus  established 
in  respect  of  the  decorations  of  Style  : viz.  that  though 
it  is  possible  for  a poetical  Style  to  be  affectedly  and 
offensively  ornamented,  yet  the  same  degree  and  kind 
of  decoration  which  is  not  only  allowed,  but  required, 
in  Verse,  would  in  Prose  be  disgusting ; and  that  the 
appearance  of  attention  to  the  Beauty  of  the  expression. 


and  to  the  Arrangement  of  the  words,  which  in  Verse  Chap.  111. 
is  essential,  is  to  be  carefully  avoided  in  Prose.  — 

And  since,  as  Dr.  Smith  observes,  " such  a design,  Cliap’  *'  • 
when  it  exists,  is  almost  always  betrayed  : the  vafest 

rule  is,  never,  during  the  act  of  composition,  to  study 
Elegance,  or  think  about  it  at  all.  Let  on  author 
study  the  best  model*— mark  their  beauties  of  Style, 
and  dwell  upon  them,  that  he  may  insensibly  catch 
the  habit  of  expressing  himself  with  Elegance  ; and 
when  he  has  completed  any  composition,  he  may  re- 
vise it,  anil  cautiously  alter  any  passage  that  is  awk- 
ward and  harsh,  as  well  as  those  that  arc  feeble  and 
obscure : but  let  him  never,  while  writing,  think  of 
any  beauties  of  Style;  but  content  himself  with  such 
as  may  occur  spontaneously.  He  should  carefully 
study  Perspicuity  as  he  goes  along  ; he  may  also, 
though  more  cautiously,  aim,  in  like  manner,  at 
Energy  j but  if  he  is  endeavouring  after  Elegance, 
he  will  hardly  fail  to  betray  that  endeavour ; and  in 
proportion  os  he  docs  this,  he  will  be  so  far  from 
giving  pleasure,  to  good  judges,  that  he  will  offend 
more  than  by  the  rudest  simplicity. 


CHAPTER  IV. 

OF  KLOCCTION. 


Ok  the  importance  of  this  branch,  it  is  hardly  neces- 
sary to  offer  any  remark.  Few  need  to  be  told  that 
the  effect  of  the  moat  perfect  composition  may  be 
entirely  destroyed,  even  by  a Delivery  which  does  not 
render  it  unintelligible  ; — that  one,  which  is  inferior 
both  in  matter  and  style,  may  produce,  if  better 
spoken,  a more  powerful  effect  than  another  which 
surpasses  it  in  both  those  points ; and  that  even  such 
an  Elocution  as  does  not  spoil  the  effect  of  what  is 
said,  may  yet  fall  far  short  of  doing  full  justice  to  it. 
“ What  would  you  have  said,”  observed  zEschines, 
when  his  recital  of  his  great  rival’s  celebrated  Speech 
on  the  Crown  was  received  with  a burst  of  admira- 
tion,— “ what  would  you  have  said  had  you  beard 
him  speak  it?” 

The  subject  is  far  from  having  failed  to  engage 
attention  : of  the  prevailing  deficiency  of  this,  more 
than  of  any  other  qualification  of  a perfect  Orator, 
many  have  complained;  and  several  have  laboured  to 
remove  it : but  it  may  safely  he  asserted,  that  their 
endeavours  have  been,  at  the  very  best,  entirely  un- 
successful. Probably  not  a single  instance  could  be 
found  of  any  one  who  has  attained  by  the  study  of  any 
system  of  instruction  that  has  appeared,  a really  good 
Delivery ; but  there  are  many,  probably  nearly  as  many 
ns  have  fully  tried  the  experiment,  who  have  by  this 
means  been  totally  spoiled  ; — who  have  fallen  irre- 
coverably into  an  uffected  style  of  spouting,  worse,  in 
all  respects,  than  their  original  mode  of  Delivery. 
Many  accordingly  have,  not  unreasonably,  conceived 
a disgust  for  the  subject  altogether ; considering 
it  hopeless  that  Elocution  should  be  taught  by  any 
rules ; and  acquiescing  in  the  conclusion  that  it  is 
to  be  regarded  as  entirely  a gift  of  nature,  or  an  acci- 
dental acquirement  of  practice.  It  is  to  counteract 
the  prejudice  which  may  result  from  these  feelings, 
that  we  profess  in  the  outset  a dissent  from  the 
principles  generally  adopted,  and  lay  claim  to  some 


degree  of  originality  in  our  own.  Novelty  affords  at 
least  an  opening  for  hope,  and  the  only  opening,  when 
former  attempts  have  met  with  total  failure. 

The  requisites  of  Elocution  correspond  in  great  RennhUes 
measure  with  those  of  Style:  Correct  Enunciation,  in  ®f  ' 
opposition  both  to  indistinct  utterance,  and  to  vulgar  tU)°' 
and  dialec.ic  pronunciation,  may  be  considered  as 
answering  to  Purity,  and  Grammatical  Propriety.  These 
qualities  of  Style  and  of  Elocution,  being  equally  re- 
quired in  common  conversation,  do  not  properly  fall 
within  the  province  of  Rhetoric.  The  three  qualities, 
again,  which  have  been  treated  of,  under  the  head 
of  Style,  Perspicuity,  Energy,  and  Elegance,  may  be 
regarded  os  equally  requisites  of  Elocution  ; which,  in 
order  to  be  perfect,  must  convey  the  meaning  clearly, 
forcibly,  and  agreeably. 

Before  however  we  enter  upon  any  separate  ex- 
amination of  these  requisites,  it  will  be  necessary  to 
premise  a few  remarks  on  the  distinction  between 
the  two  branches  of  Delivery,  viz.  Reading  aloud,  and  Reading 
Speaking.  The  object  of  correct  Reading  is,  to  convey  ani1  Speak- 
to  the  hearers,  through  the  medium  of  the  ear,  what  inG- 
is  conveyed  to  the  reader  by  the  eye ; — to  put  them 
in  the  same  situation  with  him  who  has  the  book  be- 
fore him  ; — to  exhibit  to  them,  in  short,  by  the  voice, 
not  only  each  word,  but  also  all  the  stops,  para- 
graphs, italic  characters,  notes  of  interrogation,  &c.* 


• It  may  be  said,  indeed,  that  even  tolerable  Reading  aloud 
■applies  more  than  is  exhibited  by  a book  to  tbe  eye ; store 
though  italics,  e.  g.  indicate  which  word  is  to  receive  the  em- 
phasis, they  do  not  point  out  the  lent  in  which  it  is  to  be  pro- 
nounced ; which  may  be  csaentiaJ  to  tbe  right  understanding  of 
the  sentence ; e.  g.  in  such  a sentence  ai  in  Gtaertt,  ck.  I.  “ God 
said,  let  there  be  light,  and  there  was  light  s**  here  wc  can  indi- 
cate  indeed  that  the  stress  is  to  be  upon  “ was.*’  hut  it  may  be 
pronounced  in  different  tones ; one  of  which  would  alter  tbe 
sense,  by  implying  that  there  w*»  light  alrtmify.  This  is  true 
indeed;  and  it  is  also  true,  that  the  very  words  themselcrs  ara 
2q* 
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Rhetoric,  which  his  sight  present*  to  him.  His  voice  seems  to 
J indicate  to  them,  “ thus  and  thus  it  is  written  in  the 
book  or  manuscript  before  me,”  Impressive  reading 
superadds  to  this,  some  degree  of  adaptation  of  the 
tones  of  voice  to  the  character  of  the  subject,  and  of 
the  Style.  What  is  usually  termed  fine  Heading  seems 
to  convey,  in  addition  to  this,  u kind  of  admonition  to 
the  hearers  respecting  the  feelings  which  the  com- 
position ought  to  excite  in  them  : it  appears  to  say, 
“ this  deserves  your  admiration  this  is  sublime 
this  is  pathetic,  fee/'  Hut  Speaking,  i.  e.  natural 
-speaking, when  the  Speaker  is  uttering  his  own  sen- 
timents, and  is  thinking  exclusively  of  them,  has  some- 
thing in  it  distinct  from  all  this  : it  conveys,  by  the 
sounds  which  reach  the  ear,  the  idea,  that  what  is 
said  is  the  effusion  of  the  Speaker's  own  mind,  which 
he  is  desirous  of  imparting  to  others.  A decisive 
proof  of  which  is,  that  if  any  one  overhears  the  voice 
of  another,  to  whom  he  is  an  utter  stranger — suppose 
in  the  next  room — without  being  able  to  cutch  the 
sense  of  wliut  is  said,  he  will  hardly  ever  be  for  a 
moment  at  a loss  to  decide  whether  he  is  Reading  or 
Speaking;  and  this,  though  the  hearer  mny  not  l>e  one 
who  hits  ever  paid  any  critical  attention  to  the  various 
modulations  of  the  human  voice.  So  wide  is  the  dif- 
ference of  the  tones  employed  on  these  two  occasions, 
be  the  subject  what  it  may.* 

The  difference  of  effect  produced  is  proportionnbly 
great : the  personal  sympathy  felt  towards  one  who 
appear  to  be  delivering  his  own  sentiments  is  such, 
that  it  usually  rivets  the  attention,  even  involuntarily, 
though  to  a discourse  which  appears  hardly  worthy  of 
it.  ft  is  not  easy  for  an  auditor  to  fall  asleep  while 
he  is  hearing  even  perhaps  feeble  reasoning  clothed 
in  indifferent  language,  delivered  extemporaneously, 
and  in  an  unaffected  style ; whereas  it  is  common  for 
men  to  find  a difficulty  in  keeping  themselves  awake, 
while  listening  even  to  a good  dissertation,  of  the 
same  length,  or  even  shorter,  on  a subject,  not  unin- 
teresting to  them,  when  read,  though  with  propriety, 
and  not  in  a languid  manner.  And  the  thoughts,  even 
of  those  not  disposed  to  be  drowsy,  arc  apt  to  wander, 
unless  they  use  an  effort  from  time  to  time  to  prevent 
it  j while,  on  the  other  hand,  it  is  notoriously  difficult 
to  withdraw  our  attention,  even  from  a trilling  talker, 

not  alvraya  presented  to  the  eye  with  the  same  dUtinctions  n a are 
t a be  conveyed  to  the  ear;  asc,  g.  “abase,”  “refuse,"  “pro- 
ject.” ami  many  otlwrs  are  pronounced  diffrrrntly,  as  nouns  sn«l 
ns  verbs,  'ttiia  ambiguity  however  in  our  written  nifrns,  as  well 
as  the  other,  relative  to  the  emphatic  words,  are  imperfections 
which  will  not  mislead  a moderately  practised  reader.  Our 
meaning  in  saying  that  such  Kendinr  ns  we  sre  speaking  of,  puts 
the  hearers  in  the  name  situation  as  :f  the  book  were  before  them, 
is  to  be  understood  cm  the  supposition  of  thrir  heinir  able  not  only 
to  read,  but  to  read  no  as  to  take  in  the  fail  scam:  of  what  is 
written. 

• “ At  every  sentence  let  them  ask  them  wives  this  qneition. 
How  should  I utter  this,  were  1 Speaking  it  as  my  own  immediate 

sentiments  ? 1 have  often  tried  an  experiment  to  show  the 

great  difference  between  Lheae  two  modes  of  utterance.  Urn 
natural  and  the  artificial ; which  was,  that  when  I found  n person 
of  vivacity  delivering  his  sentiment*  with  energy,  and  of  rourM! 
with  all  that  variety  of  tone*  which  nature  lunushes,  I have 
taken  occasion  to  put  sumethtug  into  bis  baud  to  read,  as  rela- 
tive to  Utc  topic,  of  conversation  ; and  it  was  surprising  to  we 
wbat  an  immediate  change  there  was  in  his  Delivery,  from  the 
moment  lie  began  to  read.  A different  pitch  of  voice  took  place 
of  his  natural  one,  and  a tedious  uniformity  of  cadence  succeeded 
to  a spirited  variety ; insomuch  that  a blind  man  could  hardly 
conceive  the  person  who  Read  to  lie  the  same  who  had  just  been 
Speak  ing.”  Sheridan,  At!  of  Rending. 


of  whom  we  are  weary,  and  to  occupy  the  mind  with  Clup.  IV. 
reflections  of  its  own. 

Of  the  two  branches  of  Elocution  which  have  been 
just  mentioned,  it  might  at  tirst  sight  appear  as  if  one 
only,  that  of  the  Speaker,  came  under  the  province  of 
Rhetoric.  But  it  will  be  evident,  on  consideration, 
that  both  must  be,  to  a certain  extent,  regarded  as 
connected  with  our  present  subject  j not  merely  be- 
cause many  of  the  same  principles  are  applicable  to 
both,  but  because  any  one  who  delivers  (os  is  so  com- 
monly the  case)  a written  composition  of  his  own, 
may  be  reckoned  as  belonging  to  either  class  ; us  a 
Reader  who  is  the  author  of  what  he  reads,  or  os  a 
Speaker  who  supplies  the  deficiency  of  his  memory  by 
writing.  And  again,  in  the  (less  common)  case  where 
a Sj»enker  is  delivering  without  book,  and  from 
memory  alone,  a written  composition,  either  his  own 
or  another's,  though  this  cannot  in  strictness  be  called 
Reading,  yet  the  tone  of  it  will  be  very  likely  to  re- 
semble that  of  Reading.  In  the  oilier  case,  that  where 
the  author  is  actually  reading  his  own  composition, 
he  will  be  still  more  likely,  notwithstanding  its  being 
his  own,  to  approach,  in  the  Delivery  of  it,  to  the 
Elocution  of  a Render  j and,  on  the  other  hand,  it  is 
possible  for  him,  even  without  actually  deceiving  the 
henrers  into  the  belief  that  he  is  speaking  extempore, 
to  approach  indefinitely  near  to  that  Style. 

The  difficulty  however  of  doing  this  to  one  who  has 
the  writing  actually  before  him,  is  considerable;  and 
it  is  of  course  far  greater  when  the  composition  is  nol 
his  own.  And  as  it  is  evident  from  what  has  been 
said,  that  this,  as  it  may  be  called.  Extemporaneous 
style  of  Elocution,  is  much  the  more  impressive,  it 
becomes  on  interesting  inquiry,  how  the  difliculty  in 
question  may  best  be  surmounted. 

Little,  if  any,  attention  has  been  bestowed  on  this  Artificial 
point  by  the  writers  on  Elocution ; the  distinction  M)',e  °f 
above  pointed  out  between  Reading  and  Speaking,  E‘0Cul»00- 
having  seldom  or  never  been  precisely  stated  and 
dwelt  on.  Several  however  have  written  elaborately 
on  “good  Reading,”  or  on  Elocution,  generally  ,*  and 
it  is  not  to  be  denied,  that  some  ingenious  and  (in' 
themselves)  valuable  remarks  have  been  thrown  out 
relative  to  such  qualities  in  Elocution  as  might  be 
classed  under  the  three  heads  we  have  laid  down,  of 
Perspicuity,  Energy,  and  Elegance : but  there  is  one 
principle  running  through  all  their  precepts,  which 
being,  according  to  our  views,  radically  erroneous, 
must  (if  those  views  be  correct)  vitiate  every  system 
founded  on  it.  The  principle  we  mean  is,  that  in 
order  to  acquire  the  best  style  of  Delivery,  it  is  requi- 
site to  study  analytically  the  emphases,  tones,  pauses, 
degrees  of  loudness,  fitc.  which  give  the  proper  effect 
to  each  passage  that  is  well  delivered — to  frame 
rules  founded  on  the  observation  of  these — and  then, 
in  practice,  deliberately  and  carefully  to  conform  the 
utterance  to  these  rules,  so  as  to  form  a complete  arti- 
ficial system  of  Elocution. 

That  such  a plan  not  only  directs  us  into  a circuitous 
and  difficult  path,  towards  an  object  which  may  be 
reached  by  a shorter  and  straightcr,  but  also,  in  most 
instances,  completely  fails  of  that  very  object,  and 
even  produces,  oftener  than  not,  effects  the  very  re- 
verse of  what  is  designed,  is  a doctrine  for  which  it 
will  be  necessary  to  offer  some  reasons  ; especially  as 
it  is  undeniable  that  the  system  here  reprobated,  as 
employed  in  the  case  of  Elocution,  is  precisely  that 
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Rhetoric,  recommended  and  taught  in  this  rery  article,  in  re- 
>— specl  of  the  conduct  of  Arguments.  By  analyzing  the 
best  compositions,  and  observing  what  kinds  of  argu- 
menu,  and  what  modes  of  arranging  them,  in  each 
case,  prove  most  successful,  general  rules  have  been 
formed,  which  an  author  is  recommended  studiously 
to  observe  in  Composition  : and  this  is  precisely  the 
procedure  which,  in  Elocution,  we  deprecate.  The 
reason  for  making  such  a difference  in  these  two  cases 
is  this  : whoever  (as  Dr.  A.  Smith  remarks  in  the 
passage  lately  cited*)  appears  to  be  attending  to  his 
own  utterance,  which  will  almost  inevitably  be  the 
case  with  every  one  who  i#  doing  so,  is  sure  to  give 
offence,  and  to  be  censured  for  nn  affected  delivery  ; 
because  every  one  is  expected  to  attend  exclusively  to 
the  proper  object  of  the  action  he  is  engaged  in  j which, 
in  this  case,  is  the  expression  of  the  thoughts — not  the 
sound  of  the  expressions.  Whoever  therefore  learns 
and  endeavours  to  apply  in  practice,  any  artificial 
rules  of  Elocution,  so  us  deliberately  to  modulate  his 
voice  conformably  to  the  principles  he  has  adopted, 
(however  sound  they  may  be  in  themselves)  will 
hardly  ever  fail  to  betray  bis  intention;  which  always 
gives  offence  when  perceived.  Arguments,  on  the 
contrary,  must  be  deliberately  framed  : whether  any 
one's  course  of  reasoning  be  sound  and  judicious,  or 
not,  it  is  necessary,  and  it  is  expected,  that  it  should 
be  the  result  of  thought.  No  one,  as  Dr.  Smith  ob- 
serves, is  charged  with  affectation  for  giving  hia  atten- 
tion to  the  proper  object  of  the  action  he  is  engaged 
in.  As  therefore  the  proper  object  of  the  Orator  is  to 
adduce  convincing  arguments,  and  topics  of  Persua- 
sion, there  is  nothing  offensive  in  his  appearing  deli- 
berately to  aim  ut  this  object.  He  may  indeed  weaken 
the  force  of  what  is  urged,  by  too  great  an  appearance 
of  elaborate  composition,  or  by  exciting  suspicion  of 
Rhetorical  trick  ,*  but  he  is  so  fur  from  being  ex- 
pected to  pay  no  attention  to  the  sense  of  what  he 
says,  that  the  most  powerful  argument  w*ould  lose 
much  of  its  force,  if  it  were  supposed  to  have  been 
thrown  out  casually,  and  at  random.  Here  therefore 
the  employment  of  a regular  system  (if  founded  on 
just  principles)  can  produce  no  such  ill  effect  as  in  the 
case  of  Elocution  ; since  the  habitual  attention  which 
that  implies  to  the  choice  and  arrangement  of  argu- 
ments, is  such  os  must  take  place,  at  any  rate ; whether 
it  be  conducted  on  any  settled  principles  or  not.  The 
only  difference  U,  that  he  who  proceeds  on  u correct 
system,  will  think  and  deliberate  concerning  the 
course  of  his  Reasoning  to  Utter  purpose  than  he  who 
does  not : be  will  do  well  and  easily,  what  the  other 
does  ill,  and  with  more  labour.  Both  alike  must  be- 
stow their  attention  on  the  Matter  of  what  they  say, 
if  they  would  produce  any  effect  ; both  are  not  only 
allowed,  but  expected  to  do  so. 

The  two  opposite  modes  of  procedure  therefore 
which  are  recommended  in  respect  of  these  two 
points,  (the  Argument  and  the  Deliver)*,)  arc,  in  fact, 
hoth  the  result  of  the  same  circumstance;  viz.  that 
the  Speaker  is  expected  to  bestow  his  attention  on  the 
proper  ultimate  object  of  his  Speech,  which  is,  not  the 
Elocution,  but  the  Matter,  f 


* Set  eh.  iii.  *cc.  3.  p.  21J0. 

+ Style  occupies  in  some  respects  an  intermediate  place  be- 
tween these  two ; in  what  degree  ench  quality  of  it  should  or 
should  not  be  made  an  object  of  attention  at  the  time  »/ composing, 


When  however  we  protest  against  all  artificial  sys-  Chap.  IV. 
terns  of  Elocution,  and  all  direct  attention  to  Delivery,  at v— ' 
the  time , it  must  not  b6  supposed  that  a general  mat-  Natural 
tention  to  that  point  is  recommended ; or  that  the  most 
perfect  Elocution  Is  to  be  attained  by  never  thinking  'oe*u  u* 
at  all  on  the  subject ; though  it  may  safely  be  affirmed 
that  even  this  negative  plan  would  succeed  far  better 
than  a studied  modulation.  But  it  i»  evident  that  if 
any  one  wishes  to  assume  the  Speaker  as  far  ns  pos- 
sible j i.  e.  to  deliver  a written  composition  with 
some  degree  of  the  manner  and  effect  of  one  that  is 
extemporaneous,  lie  will  have  a considerable  difficulty 
to  surmount : since  though  this  may  be  called,  in  u 
certain  sense,  the  Natural  Maxxkr,  it  is  fur  from 
being  what  he  will  naturally,  i.  c.  spontaneously, 
fall  into.  It  is  by  no  means  natural  for  any  one  to 
read  as  if  he  were  not  reading,  hut  speaking.  And 
again,  even  when  any  one  is  reading  what  he  docs  nut 
wish  to  deliver  as  his  own  composition,  as,  for  instance, 
a portion  of  the  Scriptures,  or  the  Liturgy,  it  is  evident 
that  this  may  be  done  better  or  worse,  in  Infinite  de- 
grees ; and  that  though  (according  to  the  views  here 
token)  a studied  attention  to  the  sounds  uttered,  at 
the  time  of  uttering  them,  leads  to  an  affected  and 
offensive  delivery,  yet,  on  the  other  hand,  an  utterly 
careless  reader  cannot  be  a good  one. 

With  a view  to  Perspicuity  then,  the  first  requisite  Reading, 
in  all  Delivery,  viz.  that  quality  which  makes  (he 
meaning  fully  understood  by  the  hearers,  the  great 
paint  is  that  the  Rcuder  (to  confine  our  attention  for 
the  present  to  that  branch)  should  appear  to  under - 
stand  what  he  reads.  If  the  composition  be,  in  itself, 
intelligible  to  the  persons  addressed,  he  will  make 
them  fully  understand  it,  by  to  delivering  it.  But  to 
this  end,  it  is  not  enough  that  he  should  himself 
actually  understand  it;  it  is  possible,  notwithstanding, 
to  read  it  as  if  he  did  not.  And  in  like  manner  with 
a view  to  the  quality,  which  lias  been  here  called 
Energy,  it  is  not  sufficient  that  he  should  himself  feel, 
and  be  impressed  with  the  force  of  what  he  utters ; 
he  may,  notwithstanding,  deliver  it  as  if  he  were 
unimpressed. 

The  remedy  that  has  been  commonly  proposed  for 
these  defects,  is  to  point  out  in  such  a w ork,  for  instance, 
as  the  Liturgy,  which  words  ought  to  be  marked  as  em- 
phatic,— in  what  places  the  voice  is  to  be  suspended, 
raised,  lowered,  &c.  One  of  the  best  writers  on  the 
subject,  Sheridan,  in  his  Lectures  on  the  Art  of  Read- 
ing,* (whose  remarks  on  many  points  coincide  with 
the  principles  here  laid  down,  though  he  differs  from 
us  on  the  main  question — as  to  the  System  to  be  prac- 
tically followed  with  a view  to  the  proposed  object,) 
adopts  n peculiar  set  of  marks  for  denoting  the  differ- 
ent pauses,  emphases,  &e.  ond  applies  these,  with 
accompanying  explanatory  observations,  to  the  greater 
part  of  the  Liturgy,  and  to  an  Essay  subjoined  ;t 


and  hmr  for  the  appearance  of  such  attention  is  tolerated,  has 
been  already  treated  of  In  the  preceding  chapter. 

• See  note  *,  p.  292. 

f 4‘  For  t1»e  benefit  of  (hose  who  are  desirous  of  getting  orer 
their  bad  habits,  and  discharging  that  Important  part  of  the 
Sacred  office,  the  Rending  the  Liturgy  with  due  decorum,  1 shall 
first  enter  into  a minute  examination  of  some  parts  of  the  Ser- 
vice, and  afterward*  deliver  the  rest,  accompanied  by  such  marks 
as  will  enable  the  Render,  in  a abort  time,  and  with  moderate 
pains,  to  make  himself  master  of  the  whole. 

llut  first  it  will  be  necessary  to  explain  the  marks  which  you 
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Historic,  recommending  that  the  habit  should  be  formed  of 
regulating  the  voice  by  his  marks  ; and  that  afterwards 
readers  should  "write  out  such  parts  as  they  want  to 
deliver  properly,  without  any  of  the  usual  stops } and, 
after  having  considered  them  well,  mark  the  pauses 
and  emphases  by  the  new  signs  which  have  been 
annexed  to  them,  according  to  the  best  of  their  judg- 
ment,” &c. 

To  the  adoption  of  any  such  artificial  scheme  there 
are  three  weighty  objections ; 1st,  that  the  proposed 
system  must  necessarily  be  imperfect ; Sdly,  that  if  it 

trill  hereafter  see  throughout  the  rest  of  this  course.  They  are 
of  two  kinds  ; one,  to  point  oat  the  emphatic  words,  for  which  I 
shall  use  the  Grave  accent  of  the  Greek,  {’]. 

44  The  other,  to  point  out  the  different  paoses  or  stops,  far 
which  I shall  use  the  following  marks  : 

“ Por  the  shortest  pause,  marking  an  incomplete  line,  thus'. 

“ Por  the  second,  double  the  time  of  the  former,  two  " . 

44  And  for  the  third  or  full  atop,  three  . 

“ When  I would  mark  a pause  longer  than  any  belonging  to 
the  u«unl  stops,  it  shall  be  by  two  horizontal  lines,  as  thus  — . 

44  When  1 would  point  out  a Syllable  that  is  to  be  dwelt  on 
some  time,  1 shall  use  this  — , or  a short  boriionUl  over  the  Syl- 
lable. 

44  When  a Syllsble  should  he  rapidly  uttered,  thus  or  a 
curve  turned  upwards ; the  usual  marks  of  long  and  short  in 
Prosody. 

“ The  Exhortation  I have  often  heard  delivered  in  the  follow- 
ing manner  t 

**  4 Dearly  beloved  brethren,  the  Scripture  moretli  us  in  sundry 
places  to  acknowledge  and  ennfesa  our  manifold  sins  and  wick- 
edness. And  that  we  should  not  dissemble  nor  cloke  them  be- 
fore the  face  of  Almighty  God  our  Heavenly  Father,  but  confeoa 
them  with  on  humMe  lowly  penitent  and  obedient  heart,  to  the 
end  that  we  may  obtain,  forgiveness  of  the  same,  by  bis  infinite 
goodness  and  mercy.  And  although  we  ought  at  hll  times 
humbly  to  acknowledge  our  sins  before  God,  yet  ought  we  roost 
chiefly  si)  to  do,  when  we  assemble  and  meet  together.  To 
render  thanks  for  the  great  benefits  we  have  received  at  his 
hands,  to  set  forth  his  most  worthy  praise,  to  hear  his  most  holy 
word,  and  to  ask  those  tilings  that  are  requisite  and  necessary, 
as  well  fur  the  body  os  the  soul.  Wherefore  I pray  and  beseech 
you,  os  many  aa  are  here  present,  to  accompany  me  with  a pure 
heart  and  humble  voice  to  the  throne  of  the  heavenly  grace,  say- 
ing after  me.’ 

**  In  the  latter  part  nf  the  first  period,  * but  confeas  them  with 
an  hnmblc  lowly  penitent  and  obedient  heart,  to  the  end  that  we 
may  obtain,  forgiveness  of  the  same,  by  his  infinite  goodness  and 
mercy,’  there  are  several  faults  committed.  In  the  first  place, 
the  four  epithets  preceding  the  word 1 heart,’ are  huddled  together, 
and  pronounced  in  a monotone,  disagreeable  to  the  car,  and 
enervating  to  the  sense  ; whereas  each  word  rising  in  force  above 
the  other,  ought  to  be  marked  by  a pmportional  rising  of  the 
notes  in  the  voice ; and,  in  the  last,  there  should  be  such  a note 
used  as  would  declare  it  at  the  Mine  time  to  be  the  last — * with 
an  humble7  lowly'  penitent  and  obedient  heart,’  dec.  At  first  view 
it  msy  appear,  that  the  words  ' bumble  ’ and  * lowly,’  ore  synony- 
mous ; but  the  word  * lowly,’  certainly  implies  a greater  degree  of 
humiliation  than  the  word  ‘bumble/  The  word  4 penitent ’ that 
follows,  is  of  stronger  import  than  either;  and  the  word  * obe- 
dient,’ signifying  a perfect  resignation  to  llie  will  of  God,  in  con- 
sequence of  our  humiliation  and  repentance,  furnishes  the  climax. 
Hut  if  the  climax  in  the  words  be  not  accompanied  by  a suitable 
climax  in  the  notes  of  the  voice,  it  cannot  be  made  manifest. 

In  the  following  part  of  the  sentence,  4 to  the  dud  that  we  may 
obtain’  forgiveness  of  the  shine'  ’ there  arc  usually  three  emphases 
lnld  on  the  words,  aid,  obtain,  same,  where  there  should  not  be 
any,  and  the  only  emphatic  word,  forgiecneu,  is  slightly  passed 
over;  whereas  it  should  be  read — 4 to  the  end  that  we  may  ob- 
tain forgiveness  of  the  same,’  keeping  the  words,  obtain,  and 
forgiven en,  closely  together,  and  not  disuniting  them,  both  to 
the  prejudice  of  the  Sense  and  Cadence,  &c.  &c. 

“ I *h*H  now  read  the  whole,  la  the  manner  I hare  recom- 
mended ; and  if  you  will  give  attention  to  the  marks,  you  will 
be  reminded  of  the  manner,  when  you  come  to  practise  in  your 
private  reading.  * Dearly  belbved  brethren  ! —The  Scripture 
moveth  us'  in  sundry  places'  to  acknowledge  and  confers  our 
manifold  sins  aad  wickedness"  and  that  we  should  not  dissemble 


were  perfect,  it  would  be  a circuitous  path  to  the  Chap.  IV. 
object  in  view ; and  Sdly,  that  even  if  both  those  y--' 
objections  were  removed,  the  object  would  not  be 
effectually  obtained. 

lit.  Such  a system  must  necessarily  be  imperfect,  impeifec. 
because  though  the  emphatic  word  in  each  sentence  tioo  of  the 
may  easily  be  pointed  out  in  writing,  no  variety  of  *rt*®c**1 
marks  that  could  be  in  vented,— not  even  musical  note-  •5’,lcDU 
tion, — would  suffice  to  indicate  the  different  tones* 
in  which  the  different  emphatic  words  should  be  pro- 
nounced ; though  on  this  depends  frequently  the 
whole  force.  And  even  sense  of  the  expression.  Take 

nor  cliike  them'  before  the  face  of  Almighty  God'  oar  Hekreaiy 
Father's  bat  confute  them’  with  an  bumble'  lowly'  penitent'  and 
obedient  heart'  to  the  end  that  wc  may  obtain  forgiveness  of  the 
Same'  by  bit  Infinite  goodness  and  mere/*  And  although  wc 
ought  at  all  times’  humbly  to  acknowledge  our  sins  before  Gbd" 
yet  ought  we  most  chiefiy  to  to  do'  when  we  assemble  and  meet 
together'  to  render  thanks'  for  the  great  benefits  we  hare  received 
at  his  hands"  to  set  forth'  his  most  worthy  pridse"  to  hltari  his 
most  hilly  word  and  to  ksk  those  things'  which  are  requisite  and 
neccmry'  as  well  for  the  bod/  os  the  abul"'  Wherefore  I pray 
and  beseech  you'  as  mkny  as  are  here  present'  to  accompany  in*' 
with  a pure  heart’  and  humble  voice'  to  the  throne  of  the  heavenly 
grace'  saying,’  fitc.” 

The  generality  of  the  remarks  respecting  the  way  in  which 
each  psunge  of  the  Liturgy  should  be  read,  are  correct ; 
though  the  inode  recommended  for  attaining  the  proposed  end, 
is  totally  different  from  what  is  suggested  In  the  present  chapter. 

In  some  points,  however,  the  author  is  mistaken  os  to  the  em- 
phatic words  : e.  g.  in  the  Lord's  Prayer,  be  directs  the  following 
passage  to  he  read  thus  ; 44  tby  will'  b£  done*  on  earth'  os  it  Is' 
in  Heaven,"  with  the  emphasis  on  the  words  44  be  **  and  44  is;" 
these,  however,  are  not  the  emphatic  words,  and  do  not  even 
rsitt , in  the  original  Greek,  but  are  supplied  by  tbo  translator  ; 
the  latter  of  them  might,  indeed,  be  omitted  altogether  without 
any  detriment  to  the  sense ; 44  thy  will  be  done,  as  in  liravrn. 
so  also  on  earth,”  which  is  a more  literal  translation,  is  perfectly 
intelligible.  A passage  in  the  second  Commandment  again,  be 
directs  to  be  read,  according  indeed  to  the  usual  mode,  both  of 
reading  and  pointing  it, — 44  visit  the  sins  of  the  fathers'  upon 
the  children’  unto  the  third  and  fourth  generation  of  them  that 
hkte  me  which  mode  of  reading  destroys  the  sense,  by  making 
a pause  at  44  children,”  and  none  at  44  generation for  this  im- 
plies that  the  third  and  fourth  generations,  who  suffer  these 
j udgments,  ore  thmitelvej  such  aa  hate  the  Lord,  instead  of  being 
merely,  os  is  meant  to  lie  expressed,  the  children  of  such  ; •*  of 
them  that  hate  me,"  is  a genitive  not  governed  by  44  generation, 
but  by  44  children  it  should  be  read  (according  to  Sheridan's 
marks)  44  visit  the  sins  of  the  fathers'  upon  the  children  unto  the 
third  and  fourth  generation'  of  them  that  hate  me  I.  e.  44  visit 
the  sins  of  the  fathers  who  hate  me,  upon  the  third  and  fourth 
generations  of  their  descendants.''  The  same  sanction  is  given 
to  an  equally  common  fault  in  reading  the  fifth  Commandment ; 

44  that  tby  days'  may  be  long  in  the  land'  which  the  Lord  thy 
God  giveth  thee  tie  pause  should  evidently  be  at  44  tang”  not 
at  44  land”  No  one  would  say  in  ordinary  conversation,  44  I 
hope  you  will  find  enjoyment  In  the  garden'  — ■ which  you 

have  planted."  He  has  also  strangely  omitted  on  emphasis  on 
the  word  44  covet,”  in  the  tenth  Commandment.  He  has,  how- 
ever, in  the  negative  or  prohibitory  commands  avoided  the 
common  fault  of  accenting  the  word  44  not.”  And  here  it  may 
he  worth  while  to  remark,  that  in  some  cases  the  Copnla  ought 
to  be  made  the  emphatic  word  j (!.  e.  the  44  is  ” If  the  proposition 
be  affirmative,  the  44  not”  if  negative)  viz.  where  the  proposition 
may  be  considered  as  In  opposition  to  its  contradictory . If,  e.  g. 
it  had  been  a question,  whether  wc  ought  to  steal  or  not,  the 
commandment,  in  answer  to  tbat,  would  have  been  rightly  pro- 
nounced, 44  thou  shall  not  steal  i”  but  the  question  being,  what 
thing*  we  are  forbidden  to  do,  the  answer  is,  that  44  to  steal  *’  is 
one  of  them, 44  thou  shall  not  eteaL ” In  such  a case  as  this,  the 
proposition  is  considered  os  opposed,  not  to  its  contradictory, hut 
to  one  with  a different  Predicate.  The  question  being  not, 
which  Copnla  (negative  ot  affirmative)  shall  be  employed,  but 
what  shall  be  affirmed  or  denied  of  tli«  subject  : e.  g.  14  it  is  law- 
ful to  heg ; but  not  to  ileal”  in  such  a cose,  the  Predicate  will 
usually  br  the  emphatic  word,  not  tbc  Cupula. 

0 See  note  *,  p.  291. 


Digitized  by  Goo 


RHETORIC. 


295 


Rhetoric.  a*  ail  instance  the  words  of  Macbeth  in  the  witches’ 
cave,  when  he  is  addressed  by  one  of  the  Spirits  which 
they  raise,  " Macbeth  I Macbeth ! Macbeth !”  on  which 
he  exclaims,  “ Had  I three  cars  I d hear  thee  no 
one  would  dispute  that  the  stress  is  to  be  laid  on  the 
word  “ three;"  and  thus  much  might  be  indicated 
to  the  reader’s  eye;  but  if  be  had  nothing  else  to 
trust  to,  he  might  chance  to  deliver  the  passage  in 
such  a manner  as  to  be  utterly  absurd  ; for  it  is  pos- 
sible to  pronounce  the  emphatic  word  “ three,  * in 
such  a tone  os  to  indicate  that  “ since  he  hus  but 
tiro  cars,  he  cannot  bear."  It  would  be  nearly  as 
hopeless  a task  to  attempt  adequately  to  convey,  by 
any  written  marks,  precise  directions  as  to  the  rate , — 
the  degree  of  rapidity  or  slowness, — with  which  each 
sentence  and  clause  should  be  delivered.  Longer 
and  shorter  pauses  may  indeed  be  easily  denoted  j and 
marks  may  be  used,  similar  to  those  in  music,  to  in- 
dicate, generally,  quick,  slow,  or  moderate  time  ; but 
it  is  evident  that  the  variations  which  actually  take 
place  are  infinite ; — fiir  beyond  what  any  marks  could 
suggest ; and  that  much  of  the  force  of  what  is  said 
depends  on  the  degree  of  rapidity  with  which  it  is 
uttered  ; chiefly  on  the  relative  rapidity  of  one  part  in 
comparison  of  another : for  instance  in  such  a sentence, 
as  the  following  in  one  of  the  Psalms,  which  one  may 
usually  hear  read  at  one  uniform  rate  ; **  all  men 
that  sec  it  shall  say,  this  hath  God  done  ; for  they 
shall  perceive  that  it  is  his  work the  four  words, 
“ this  hath  God  done,"  though  monosyllables,  ought 
to  occupy  very  little  less  time  in  utterance  than  all 
the  rest  of  the  verse  together. 

Circuitous*  2(lly,  But  were  it  even  possible  to  bringto  the  highest 
crtSflcto]111*  P^rfeclion  proposed  system  of  marks,  it  would 
system.  still  a circuitous  road  to  the  desired  end.  Suppose 
it  could  be  completely  indicated  to  the  eye,  in  what 
tone  each  word  and  sentence  should  be  pronounced 
according  to  the  several  occasions,  the  learner  might 
ask,  **  but  why  should  this  tone  suit  the  awful, — 
this,  the  pathetic,  this,  the  narrative  style  ? why  is 
this  mode  of  delivery  adopted  for  a command, — 
this  for  an  exhortation, — this,  for  a supplication  ? ” he. 


these  marks.  This  seems  like  recommending,  for  Cbap.lV. 
the  purpose  of  raising  the  hand  to  the  mouth,  that  he  v'— v — ' 
should  first  observe,  when  performing  that  action, 
without  thought  of  any  thing  else,  what  muscle*  arc 
contracted, — in  what  degrees, — and  m what  order; 
then,  that  he  should  note  down  these  observations  ; 
and,  lastly,  that  lie  should,  in  conformity  with  these 
notes,  contract  cadi  muscle  in  due  degree,  and  in  pro- 
per order ; to  the  end  that  he  may  be  enabled,  after 
all,  to— lift  his  hand  to  his  mouth  ; which,  by  supjwj- 
sition,  he  had  alrcudy  done.  Such  instruction  is  like 
that  bestowed  by  Molicre's  pedantic  tutor  upon  his 
Bourgeois  Gentilhommc,  who  was  taught,  to  his  in- 
finite surprise  and  delight,  what  configurations  of  the 
mouth  be  employed  in  pronouncing  the  several  letters 
of  the  alphabet,  which  he  had  been  accustomed  to 


utter  all  his  life,  without  knowing  how.* 

Sdty,  Lastly,  waving  both  the  above  objections,  if  a Appearance 
person  could  learn  thus  to  rend  and  speak,  as  it  were,  aifwu* 
by  note,  with  the  same  fluency  and  accuracy  as  are  result- 
attainable  in  the  ease  of  singing,  still  the  desired  ob-  Re- 
ject of  a perfectly  natural  as  well  as  correct  Elocu-  cbl  system, 
tion,  would  never  be  in  this  way  attained.  The 


reader's  attention  being  fixed  on  his  own  voice,  the 
inevitable  consequence  would  be  that  he  would  betray 

more  or  less,  his  studied  and  artificial  Delivery  ; and 


would,  in  the  same  degree,  manifest  an  offensive 
affectation,  f 


The  practical  rule  then  to  be  adopted,  in  conformity  Natural 
with  the  principles  here  maintained,  is,  not  only  to  nwaocr. 
pay  no  studied  attention  to  the  voice,  but  studiously 
to  withdraw  the  thoughts  from  it,  and  to  dwell  os  in- 
tently as  possible  on  the  Sense ; trusting  to  nature  to 
suggest  spontaneously  the  proper  emphases  and  tones.  J 
He  who  not  only  understands  fully  what  he  is  read- 
ing, but  is  earnestly  occupying  bis  mind  with  the 
matter  of  it,  will  be  likely  to  read  os  if  he  under- 
stood it,  and  thus,  to  make  others  understand  it;$ 
and  in  like  manner,  he  who  not  only  feels  it,  but  is 
exclusively  absorbed  with  that  feeling,  will  be  likely 
to  read  os  if  he  felt  it,  and  to  conunuuicatc  the  im- 


Thc  only  answer  that  could  be  given,  is,  that  these 
tones,  emphases,  &c.  arc  a part  of  the  language 
that  nature,  or  custom,  which  is  a second  nature, 
suggests,  spontaneously,  these  different  modes  of 
giving  expression  to  the  different  thoughts,  feelings, 
and  designs,  which  are  present  to  the  mind  of  any 
one  who,  without  study,  is  speaking  in  earnest 
his  own  sentiments.  Then,  if  this  be  the  case,  why 
not  leave  nature  to  do  her  own  work  ! Impress  but 
the  mind  fully  with  the  sentiments,  &c.  to  be  uttered ; 
withdraw  the  attention  from  the  sound,  and  fix  it  on 
the  sense ; and  nature,  or  habit,  will  spontaneously 
suggest  the  proper  Delivery.  That  this  will  be  the 
case,  is  not  only  true,  but  is  the  very  supposition  on 
which  the  artificial  system  proceeds ; for  it  professes 
to  teach  the  mode  of  delivery  naturally  adapted  to 
each  occasion.  It  is  surely,  therefore,  a circuitous 
path  that  is  proposed,  when  the  learner  is  directed, 
first  to  consider  how  each  passage  ought  to  be  read  ; 
i.  e.  what  mode  of  delivering  each  part  of  it  would  spon- 
taneously occur  to  him,  if  he  were  attending  exclusively 
to  the  matter  of  it  j then  to  observe  all  the  modula- 
tions, (cc.  of  voice,  which  take  place  in  such  a Deli- 
very ; then,  to  note  these  down  by  established  marks, 
in  writing ; and,  lastly,  to  pronounce  according  to 


• " Qv'rri  c*  MW  faitcM  fmnd  iww  frronottcez  0 t Man, 

Jc  du,  O /" 

An  answer  which,  if  not  savouring  of  Philosophical  analysis, 
gave  at  least  a good  practical  solution  of  the  problem. 

It  should  be  observed,  however,  that,  in  tbc  reading  of  the 
Liturgy  especially,  so  many  grow  faults  arc  become  quite  fami- 
liar to  many,  from  what  they  are  accustomed  to  bear,  if  not 
from  their  owa  practice,  aa  to  render  it  peculiarly  difficult  to 
unlearn.  nr  even  detect  them  ; and  aa  an  aid  towards  the  exposure 
of  such  faults,  there  may  be  great  advantage  in  studying  Sheri- 
dan's obsemUioas  and  directions  respecting  the  delivery  of  it  ; 
provided  care  be  taken,  tm  practice,  to  keep  clear  of  his  faulty 
principle,  by  withdrawing  the  attention  from  the  sound  of  the 
voice,  as  carefully  as  he  recommends  it  to  be  director  to  that 
point 

I Many  persons  arc  to  far  impressed  with  the  troth  of  tha 
doctrine  here  inculcated,  as  to  acknowledge  that  “it  is  a great 
fault  for  a reader  to  be  too  much  occupied  with  thoughts  respect- 
ing his  owa  voice  and  thus  they  think  to  steer  a middle  course 
between  opposite  extremes : but  it  should  be  remembered  that 
this  middle  course  entirely  nullifies  the  whole  advantage  pro- 
posed by  the  plan  recommended.  A reader  is  sure  to  pay  too 
much  attention  to  his  voice,  not  only  if  be  pays  any  at  all,  but  if 
he  does  not  strenuously  labour  to  withdraw  Iris  attention  from  it 
altogether. 

I Who,  for  instance,  that  was  really  thinking  of  a resurrection 
from  the  dead,  would  ever  tell  any  one  that  our  Lord  '*  rose 
again  from  the  dead,*'  0 which  la  so  common  a mode  of  reading 
toe  Creed,)  as  if  He  bad  doao  so  more  than  once  ? 
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Rhetoric,  pression  to  his  hearers.  But  this  cannot  be  the  ease 
v— V-— ' {/  he  is  occupied  with  the  thought  of  what  their  opi- 
nion will  be  of  his  reading,  and,  how  his  voice 
ought  to  be  regulated ; — if,  in  short,  he  is  thinking  of 
himself,  and,  of  course,  in  the  same  degree,  abstract- 
ing his  attention  from  that  which  ought  to  occupy  it 
exclusively. 

It  is  not,  indeed,  desirable,  that  in  reading  the  Bible, 
for  example,  or  any  thing  which  is  not  intended  to  appear 
as  his  own  composition,  he  should  deliver  what  arc, 
avowedly,  another’s  sentiments,  in  the  same  style,  as 
if  tbev  were  such  as  arose  in  his  own  mind  ; but  it  is 
desirable  that  he  should  deliver  them  us  if  he  were 
reporting  another’s  sentiments,  which  were  both  fully 
understood  and  felt  in  all  their  force  by  the  reporter } 
and  the  only  way  to  do  this  effectually, — with  such 
modulations  of  voice,  «cc.  as  are  suitable  to  each  word 
and  passage, — is  to  fix  his  mind  earnestly  on  the 
meaning,  and  leave  nature  and  habit  to  suggest  the 
utterance. 

Some  may,  perhaps,  suppose  that  this  amounts  to 
the  same  thing  as  fafrin/*  ho  pains  at  alt ; and  if,  with 
this  impression,  they  attempt  to  try  the  experiment 
of  a natural  Delivery,  their  ill -success  w ill  probably 
lead  them  to  censure  the  proposed  method,  for  the 
failure  resulting  from  their  own  mistake.  In  truth, 
it  is  by  no  means  a very  easy  task,  to  fix  the  attention 
on  the  meaning,  in  the  manner,  and  to  the  degree,  now 
proposed.  The  thoughts  of  one  who  is  reading  any 
thing  very  familiar  to  him,  are  apt  to  wander  to  other 
subjects,  though  perhaps  such  as  are  connected  with 
that  which  is  before  him  ; if,  again,  it  be  something 
new*  to  him,  he  is  apt  (not  indeed  to  wander  to  another 
subject,)  but  to  get  the  start,  as  it  were,  of  his  readers, 
and  to  be  thinking,  while  uttering  each  sentence,  not 
of  that,  but  of  the  sentence  which  comes  next.  And 
in  both  cus.es,  if  he  is  careful  to  avoid  those  faults, 
and  is  desirous  of  reading  well,  it  is  a matter  of  no 
small  difficulty,  and  calls  for  a constant  effort,  to  pre- 
vent the  mind  from  wandering  in  another  direction  ; 
viz.  into  thoughts  respecting  his  own  voice, — respect- 
ing the  effect  produced  by  each  sound, — the  approba- 
tion he  hopes  for  from  the  hearers,  &c.  And  this  is 
the  prevailing  fault  of  those  who  are  commonly  said 
to  take  great  pains  in  their  reading  j pains  which  will 
always  be  taken  in  vain,  with  a view  to  the  true  ob- 
ject to  be  aimed  at,  as  long  as  the  effort  is  thus 
applied  in  a wrong  direction.  With  a view’,  indeed, 
to  a very  different  object,  the  approbation  bestowed 
on  the  reading,  this  artificial  delivery  will  often  be 
more  successful  than  the  natural.  Pompous  spout- 
ing, and  many  other  descriptions  of  unnatural  tone 
and  measured  cadence,  arc  frequently  admired  by 
many  as  excellent  reading;  which  admiration  is 
itself  a proof  that  it  is  not  deserved;  for  when  the 
Delivery  is  really  good,  the  hearers  (except  any  one 
who  may  deliberately  set  himself  to  observe  .and 
criticise,)  never  think  about  it,  but  are  exclusively 
occupied  with  the  sense  it  conveys,  and  the  feelings 


it  excites. 

Advantages  Still  more  to  increase  the  difficulty  of  the  method 
ofimitAtiua  ]»ere  recommended,  (for  it  Is  no  lcs9  wise  than  honest 
and  of  to  tuke  a fair  vjew  Qf  difficulties)  this  circumstance  is 
prechided  *°  *,e  not*ccd,  that  he  who  is  endeavouring  to  bring 
hv  tin*  it  into  practice,  is  in  a great  degree  precluded  from 
adoption  of  the  advantages  of  imitation.  A person  who  hears  and 
the  Natural  approves  a cood  reader  in  f/ie  iVoturoI  manner,  may, 
manner.  1 1 D 


indeed,  so  far  imitate  him  with  advantage,  as  to  adopt  Chap.  IV. 
his  plan,  of  fixing  hi*  attention  on  the  matter,  and  not  — 

thinking  about  his  voice;  but  this  very  plun,  evidently 
by  its  nature,  precludes  any  further  imitation;  for  if, 
w hile  reading,  he  is  thinking  of  copying  the  manner 
of  his  model,  he  will,  for  that  very  reason,  be  unlike 
that  model ; the  main  principle  of  the  proposed  me- 
thod being,  carefully  to  exclude  every  such  thought. 
Whereas,  any  artificial  system  may  as  easily  be 
learned  by  imitation  as  the  notes  of  a song.  Practice 
also,  (i.  c.  private  practice  for  the  sake  of  learning,) 
is  much  more  difficult  in  the  proposed  method  ; be- 
cause the  rule  being  to  use  such  a Delivery  as  is 
suited,  not  only  to  the  matter  of  what  is  said,  but  also, 
of  course,  to  the  place,  and  oct'osion,  and  this,  not  by 
any  studied  modulations,  but  according  to  the  spon- 
taneous suggestions  of  the  matter,  place,  and  occasion, 
to  one  whose  mind  is  fully  and  exclusively  occupied 
with  these,  it  follows,  that  he  who  would  practise 
this  method  in  private,  must,  by  a strong  effort  of  a 
vivid  imagination,  figure  to  himself  n place  and  an 
occasion  which  arc  not  present ; otherwise,  he  will 
either  be  thinking  of  his  Delivery , (which  is  fatal  to  his 
proposed  object,)  or  else  will  use  a Delivery  suited  to 
the  situation  in  which  he  actually  is,  and  not,  to  that 
for  which  he  would  prepare  himself.  Any  system,  on 
the  contrary,  of  studied  emphusia  nnd  regulation  of 
the  voice,  may  be  learned  in  private  practice,  as  easily 
as  singing. 

Some  additional  objections  to  the  method  recom- 
mended, and  some  further  remarks  on  the  counter- 
balancing advantages  of  it,  will  he  introduced  presently, 
when  we  shall  have  first  offered  some  observations  on 
Speaking,  nnd  on  that  brunch  of  Reading  which  the 
most  nearly  approaches  to  it. 

When  any  one  delivers  a written  composition,  of 
which  he  is,  or  is  supposed  to  profess  himself  the  au- 
thor, he  has  peculiar  difficulties  to  encounter,*  if  bis 
object  be  to  approach  os  nearly  as  possible  to  the  ex- 


* ll  must  be  admitted,  however,  that  the  difficulty  of  reading 
the  Liturgy  with  spirit,  and  even  with  propriety,  la  something 
peculiar,  on  account  of  (what  has  been  already  remarked)  the 
inveterate  and  long-cstabiished  faults  to  which  almost  every  one’s 
ears  are  become  familiar  ; so  that  such  a delivery  as  would 
•hock  any  one  of  even  moderate  taste,  in  any  other  composition, 
he  will,  in  this.  U likely  to  tolerate,  and  to  practise.  Some,  c.  g. 
In  the  Liturgy,  read,  “ have  mercy  *po*  us.  miserable  sinners  : 
and  others,  **  have  mercy  upon  mi,  miserable  sinners;**  both, 
laving  the  stress  on  a wrong  word,  and  making  the  pause  in  the 
wrong  place,  suuto  disconnect  “ us"  and  *•  miserable  sinners,” 
which  the  context  requires  us  to  combine.  Every  one,  in  expres- 
sing bis  own  natural  sentiments,  would  say  “ have  wercy,  upon 

us- miserable -sinners." 

Many  are  apt  even  to  commit  so  gross  an  error,  as  to  lay  the 
chief  stress  on  the  words  which  denote  the  most  important  iking-*: 
without  anv  consideration  of  the  emphatic  word  of  each  sentence : 
e.  g.  in  the"  Absolution  many  read,  *’  let  us  btt*tcb  llim  to  grant  us 
true  repentance*"  because  " forsooth  true  repentance  " is  an  im- 
portant thing;  not  considering  thnt,  as  it  has  been  just  mentioned, 
u is  not  the  »tu<  idea,  to  which  the  attention  should  be  directed  by 
the  emphasis ; the  sense  being,  that  since  God  pardonclh  all  that 
have  true  repentance,  therefore,  we  should  “ beseech  Him  to 
grant  it  to  w." 

In  addition  to  the  other  difficulties  of  reading  the  Liturgy 
well,  it  should  be  mentioned,  that  pravrr.  thanksgiving,  and  the 
like,  even  when  avowedly  not  of  our  own  composition,  should 
I*  delivered  as  (what  in  truth  they  ought  to  t*,)  the  genuine 
sentiments  of  our  own  minds  at  the  moment  of  utterance  ; 
which  is  not  the  case  with  the  Scriptures,  or  with  any  thing 
else  that  is  read,  not  professing  to  be  the  speaker  a own  com- 
position. * 
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Rhetoric,  temporancous  style.  It  is  indeed  impossible  to  produce 
the  full  effect  of*  that  style,  while  the  audience  arc 
awure  that  the  words  he  utters  arc  before  him  : but 
he  may  approach  indefinitely  near  to  such  an  effect ; 
and  in  proportion  as  he  succeeds  in  this  object,  the 
impression  produced  will  be  the  greater.  It  has  been 
already  remarked,  how  easy  it  is  for  the  hearers  to 
keep  up  their  attention, — indeed,  how  difficult  for 
them  to  withdraw  it, — when  they  are  addressed  by  one 
who  is  really  sfteaking  to  them  in  a natural  and  earnest 
manner  ; though  perhaps  the  discourse  mny  be  in- 
cumbered  with  a good  deal  of  the  repetition,  awk- 
wardness of  expression,  and  other  faults  incident 
to  extemporaneous  language  j and  though  it  be  pro- 
longed for  an  hour  nr  two,  and  yet  contain  no  more 
matter  than  a good  writer  could  have  clearly  expressed 
in  a discourse  of  half  an  hour  ; which  last,  if  read  to 
them,  would  not,  without  some  effort  on  their  part, 
have  so  fully  detained  their  attention.  The  advantage 
in  point  of  Style,  Arrangement,  &c.  of  written,  over 
extemporaneous,  discourses,  (such  at  least  as  any  but 
the  most  accomplished  orators  can  produce,)  is  suffi- 
ciently evident  :*  and  it  is  evident  also  that  other 
advantages,  such  as  have  been  just  alluded  to,  belong 
to  the  latter.  Which  is  to  be  preferred  on  each  occa- 
sion, and  by  each  orator,  it  does  not  belong  to  the 
present  discussion  to  inquire : but  it  is  evidently  of  the 
highest  importance  to  combine,  as  far  as  possible,  in 
each  case,  the  advantages  of  both.  A perfect  fami- 
liarity with  the  rules  laid  down  in  the  first  Chapter  of 
this  Essay,  would  be  likely,  it  is  hoped,  to  give  the 
extemporaneous  orator  that  habit  of  quickly  me- 
thodizing his  thoughts  on  a given  subject,  which  is 
essential  (at  least  where  no  very’  long  premeditation 
is  allowed,)  to  give  to  a speech  something  of  the 
weight  of  argument  and  clearness  of  arrangement 
which  characterise  good  Writing.!  In  order  to 
attain  the  corresponding  advantage, — to  import  to 
the  delivery  of  a written  discourse  something  of  the 
vivacity  and  interesting  effect  of  real,  earnest, 
speaking,  the  plan  to  be  pursued,  conformably 
with  the  principles  we  have  been  maintaining,  is, 

• Practice  in  public  speaking,  generally, — practice  in  speaking 
on  the  particular  subject  in  Hand, — and  (on  each  occasion]  pre* 
meditation  of  the  matter  and  arrangement,  are,  all,  rirrumstanrea 
of  great  consequence  to  a speaker.  Nothing  but  a miramtoas 
gift  can  supersede  tbcie  advantages.  The  Apostles  accordingly 
were  forbidden  to  uit  any  premeditation,  being  assured  that  “ it 
should  be  given  them,  in  that  same  hour,  what  they  should 
say  •*’  and  when  they  found,  in  effect,  this  promise  fulfilled  to 
them,  they  had  experience,  within  themselves,  of  a sensible 
miracle.  This  circumstance  mar  furnish  a person  of  sincerity 
with  a useful  test  for  distinguishing  (in  hi*  own  case;  the  emo- 
tions of  a fervid  irangimition,  from  actual  inspiration,  ft  is 
Clident  that  an  inrjnred  preacher  ran  have  nothing  to  gain  from 
practice,  or  study  of  any  kind  : he  therefore  who  finds  himself 
improve  by  practice,  either  in  Argument,  Style,  or  Drlirny, — 
or  wlu»  observes  that  he  speaks  more  fluently  and  better  on 
subjects  on  which  h*  has  hern  a ccntlomed  to  speak,  or  better, 
with  premeditation,  than  on  a sudden,  mny  indeed  deceive  hit 
hearers  by  a pretence  to  inspiration,  but  can  luirdlv  deceive 

kimtrlf. 

f Accordingly,  it  may  be  remarked,  that,  (contrary  to  what 
might  at  first  sight  be  suppoaed,  i though  the  preceding  Chapters, 
m well  as  the  present,  are  intended  for  general  application,  yet 
it  is  to  the  extemporary  rpeakrr  that  the  rules  laid  down  In  the 
former  part  (supposing  them  correct,)  will  be  the  most  pecu- 
liarlr  usrful ; while  the  suggestions  offered  in  this  last,  respect- 
ing Elocution,  arc  more  especially  designed  for  the  use  uf  the 
reader. 

VOL.  I. 


for  the  reader  to  draw  off  bis  mind  as  much  as  pos-  Chap.  IV. 
sible  from  the  thought  that  he  is  reading,  as  well 

as  from  thought  respecting  his  own  utterance; 

to  fix  his  mind  as  earnestly  as  possible  on  the  matter, 
and  to  strive  to  adopt  as  his  otrn,  and  as  his  oten  at 
the  moment  of  utterance,  every  sentiment  he  delivers  ; 

— and  to  say  it  to  the  audience,  in  the  manner  which 
the  occasion  and  subject  spontaneously  suggest  to 
him  who  has  abstracted  his  mind  both  from  all  con- 
sideration of  himself,  and  from  the  consideration  that 
be  is  reading. 

The  advantage  of  this  Natural  Manner,  (i.  c.  the 
manner  which  one  naturally  falls  into  who  is  really 
speaking , in  earnest,  and  with  a mind  exclusively  in- 
tent on  what  he  has  to  sav,)  may  be  estimated  from 
this  consideration  ; that  there  are  few  who  do  not  sj>eok 
so  as  to  give  effect  to  what  they  are  saying : some, 
indeed,  do  this  much  better  than  others  : — some  have, 
in  ordinary  conversation,  an  indistinct  or  incorrect 
pronunciation, — an  embarrassed  and  hesitating  utter- 
ance, or  a bad  choice  of  words  : but  hardly  any  one 
fails  to  deliver,*  (when  speaking  earnestly)  what  he 
does  say,  so  as  to  convey  the  sense  and  the  force  of  it, 
much  more  completely  than  even  a good  reader  would, 
if  those  snme  words  were  written  down  and  read. 

The  latter  might,  indeed,  be  more  approved  ; but  that 
is  not  the  present  question  j which  is,  concerning  the 
impression  made  on  the  hearers*  minds.  It  is  not  the 
polish  of  the  blade,  that  is  to  be  considered,  nor  the 
grace  with  which  it  is  brandished,  but  the  keenness 
of  the  edge,  and  the  weight  of  the  stroke. 

On  the  contrary,  it  can  hardly  be  denied  that  the 
elocution  of  most  renders,  when  delivering  their  own 
compositions,  is  such  as  to  convey  the  notion,  at  the 
very  best,  not  that  the  preacher  is  expressing  his  own 
sentiments,  but  that  he  is  making  known  to  his  au- 
dience what  is  written  in  the  book  before  him  : and, 
whether  the  composition  is  professedly  the  reader  s 
own,  or  not,  the  usual  mode  of  delivery,  though 
grave  and  decent,  is  so  remote  from  the  energetic 
style  of  real  Natural  Speech,  ns  to  furnish,  if  one 
may  so  speak,  a kind  of  running  comment  on  all  that 
is  uttered,  which  says,  " I do  not  mean,  think,  or 
feci,  all  this  j I only  mean  to  recite  it  with  propriety 
and  decorum and  what  is  usually  called  fine  Read- 
ing, only  superadds  to  this,  (as  has  been  above  re- 
marked,) a kind  of  admonition  to  the  hearers,  that 
they  ought  to  believe,  to  feel,  and  to  admire,  what  is 
read. 

It  is  easy  to  anticipate  an  objection  which  many 
will  urge  against,  what  they  will  coll,  a colUxjuial 
style  of  delivery  ; viz.  that  it  is  indecorous,  and  un- 
suitable to  the  solemnity  of  a serious,  and  especially, 
of  a Religious  discourse.  The  objection  is  founded 
on  a mistake.  Those  who  urge  it,  derive  all  their 
notions  of  a Natural  Delivery  from  two,  irrelevant, 
instances  ; that  of  ordinary  conversation,  the  usual 
subjects  of  which,  and  consequently  its  usual  tone, 

• There  is,  indeed,  a wide  difference  between  different  men. 
in  respect  of  the  degrees  of  impressiveness  with  which,  in  earnest 
conversation,  they  deliver  tlieir  sentiments  ; but  it  may  safely 
be  laid  down,  that  he  who  delivers  a written  comnositfon  with 
the  same  degree  of  spirit  and  energy,  with  which  he  would  na- 
turally speak  on  tb«  same  subject^  has  attained,  nut  indeed, 
necessarily,  ah*ol,ttr  perfection,  but  the  utmost  excellence  at- 
tainable by  Aim.  Any  attempt  to  out-do  his  own  Natural  man- 
ner, will  inevitably  lead  to  something  worse  than  failure. 
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Rhetoric,  art  comparatively  light  ; — and,  that  of  the  coarse  and 
s extravagant  rant  of  vulgar  funaticul  preachers.  But 
to  conclude  that  the  objections  against  either  of  these 
styles,  would  apply  to  the  Natural  Delivery  of  n man 
of  sense  and  taste,  sj leaking  earnestly,  on  n serious 
subject,  and  on  a solemn  occasion,  or  that  he  would 
naturally  adopt,  and  is  advised  to  adopt,  such  a style 
as  those  objected  to,  is  no  less  absurd  than  if  any  one, 
being  recommended  to  walk  in  a natural  and  un- 
studied manner,  rather  than  in  n dancing  step,  (to 
employ  Dr.  A.  Smith's  illustration,)  ora  formal  march, 
should  infer  that  the  natural  gait  of  a clown  follow- 
ing the  plough,  or  of  a child  in  its  gambols,  were 
proposed  as  models  to  be  imitated  in  walking  across 
a room.  It  is  evident,  that  what  is  natural  in  one 
case,  or  for  one  person,  may  be,  in  a different  one, 
very  unnatural.  It  would  not  be  by  any  means  natu- 
ral, to  an  educated  and  sober-minded  man,  to  sjieak 
like  an  illiterate  enthusiast ; nor  to  discourse  on  the 
most  important  matters  in  the  tone  of  familiar  con- 
versation respecting  the  trilling  occurrences  of  the 
day.  Any  one  who  does  but  notice  the  style  in  which 
n man  of  ability,  and  of  good  choice  of  words,  and 
utterance,  delivers  his  sentiments  in  private,  when  he 
is,  for  instance,  earnestly  and  seriously  admonishing  a 
friend, — defending  the  doctrines  of  Religion, — or 
speaking  on  any  other  grave  subject  on  which  he  is 
intent,  may  easily  observe  how  different  his  tone  is 
from  that  of  light  and  familiar  conversation, — how 
far  from  deficient  in  the  decent  seriousness  which 
befits  the  case  : even  a stranger  to  the  language  might 
guess  that  he  was  not  engaged  in  any  frivolous  topic : 
and  when  an  opportunity  occurs  of  observing  how  he 
delivers  a written  discourse,  of  his  own  composition, 
on  perhaps  the  very  same,  or  a similar  subject,  one 
may  generally  perceive  how  comparatively  stiff,  lan- 
guid, and  unimpressive  is  the  effect.  It  may  be  said, 
indeed,  that  a sermon  should  not  be  preached  before 
a congregation  assembled  in  a place  of  worship,  in 
the  same  style  as  one  would  employ  in  conversing 
across  a table,  with  equal  seriousness,  on  the  same 
subject : this  is  undoubtedly  true : and  it  is  evident 
that  it  has  been  implied  in  what  has  here  been  said ; the 
Natural  manner  having  been  described  os  accommo- 
dated, not  only  to  the  subject  but  to  the  place,  occasion, 
and  all  other  circumstances  : so  that  he  who  should 
preach  exactly  as  if  he  were  speaking  in  prtrafe, 
though  with  the  utmost  earnestness,  on  the  same 
subject,  would  so  far  be  departing  from  the  genuine 
Natural  manner ; but  it  may  be  safely  asserted,  that 
even  this  would  he  by  far  the  less  fault  of  the  two.  He 
who  appears  unmindful,  indeed,  of  the  place  and 
occasion,  but  deeply  impressed  with  the  subject,  and 
utterly  forgetful  of  himself,  w'ould  produce  a much 
stronger  effect  than  one,  who,  going  into  the  opposite 
extreme,  is,  indeed,  mindful  of  the  pluce  and  the 
occasion,  but  not  fully  occupied  with  the  subject, 
(though  he  may  strive  to  appear  so  ;)  being  partly 
engaged  in  thoughts  respecting  his  own  voice.  The 
latter  would,  indeed,  be  less  likely  to  incur  censure  $ 
but  the  other  would  produce  the  deeper  impression. 
The  object,  however,  to  be  aimed  at,  (and  it  is  not 
unattainable,)  is  to  avoid  both  faults  ; — to  keep  the 
mind  impressed  both  with  the  matter  spoken,  and 
with  all  the  circumstances  also  of  each  case,  so  that 
the  voice  may  spontaneously  accommodate  itself  to 
all ; carefully  avoiding  all  studied  modulations,  and. 


in  short,  all  thoughts  of  self,  which,  in  proportion  as  Chip.  iv. 
they  intrude,  will  not  fail  to  diminish  the  effect. 

It  must  be  admitted,  indeed,  that  the  different 
kinds  of  Natural  Delivery  of  any  one,  on  different 
subjects  and  occasions,  various  as  they  are,  do  yet 
bear  a much  greater  resemblance  to  each  other,  than 
any  of  them  docs  to  the  Artificial  style  usually  em- 
ployed in  rending  : a proof  of  which  is,  that  a person 
familiarly  acquainted  with  the  Speaker,  will  seldom 
fail  to  recognise  his  voice,  amidst  ull  the  variations 
of  it,  when  he  is  speaking  naturally  and  earnestly ; 
though  it  will  often  happen  that,  if  he  have  never 
before  heard  him  read,  he  will  be  at  a loss,  when 
he  happens  accidentally  to  hear  without  seeing  him, 
to  knmv  who  it  is  that  is  reading ; so  widely  does 
the  artificial  cadence  and  intonation  differ  in  many 
instances  from  the  natural.  And  a consequence  of 
this  is,  that  the  Natural  manner,  however  perfect, — 
however  exactly  accommodated  to  the  subject,  place, 
and  occasion,  will,  even  when  these  arc  the  most 
solemn,  in  some  degree  remind  the  hearers  of  the  tone 
of  conversation  : amidst  all  the  differences  that  will 
exist,  this  one  point  of  resemblance,  that  of  the 
delivery  being  unforced  and  unstudied,  will  be  likely, 
in  some  degree,  to  strike  them.  Those  who  are  good 
judges  will  perceive  at  once,  and  the  rest,  after  being 
a little  accustomed  to  the  Natural  manner,  that  there 
is  not  necessarily  any  thing  irreverent  or  indecorous 
in  it ; but  that,  on  the  contrary,  it  conveys  the  idea 
of  the  speaker's  being  deeply  impressed  with  that 
which  is  his  proper  business.  But,  for  a time,  many 
will  be  disposed  to  find  fault  with  such  a kind  of 
elocution.  But  even  while  this  disadvantage  con- 
tinues, a preacher  of  this  kind  may  be  assured  that 
the  doctrine  he  delivers  is  much  more  forcibly  im- 
pressed, even  on  those  who  censure  his  style  of 
delivering  it,  than  it  could  be  in  the  other  way.  \ 
discourse  delivered  in  this  style  has  been  known  to 
elicit  the  remark,  from  one  of  the  lower  orders,  who 
had  never  beeu  accustomed  to  any  thing  of  the  kind, 
that  “ it  was  an  excellent  sermon,  and  it  was  great 
pity  it  had  not  been  preached  . " a censure  which  ought 
to  have  been  very  satisfactory  to  the  preacher  : had 
he  employed  a pompous  spout,  or  modulated  whine, 
it  is  probable  such  on  auditor  would  have  admired  his 
preaching,  but  would  have  known  and  thought  little 
or  nothing  about  the  matter  of  what  was  taught. 

Which  of  the  two  objects  ought  to  be  preferred  by 
a Christian  minister,  on  Christian  principles,  is  a 
question  not  hard  to  decide,  but  foreign  to  the  pre- 
sent discussion  : it  is  important,  however,  to  remark, 
that  on  orator  is  bound,  as  such,  not  merely  ou 
moral,  but,  if  such  an  expression  may  be  used,  on 
rhetorical  principles,  to  be  mainly,  and  indeed  exclu- 
sively, intent  on  carrying  his  point ; not,  on  gaining 
approbation,  or  even  avoiding  censure,  except  with 
a view  to  that  point.  He  should,  as  it  were, 
adopt  as  a motto,  the  reply  of  Thcmistocles  to  the 
Spartan  commander,  Eurybiadcs,  who  lifted  his  staff 
to  chastise  the  earnestness  with  which  his  own 
opinion  was  controverted  : u Strike,  but  hear  me." 

Besides  the  inconvenience  just  mentioned,— the 
censure  to  which  the  proposed  style  of  elocution  will 
he  liable  from  perhaps  the  majority  of  hearers,  till 
they  shall  have  become  somewhat  accustomed  to  it,— 
this  circumstance  also  ought  to  be  mentioned,  among 
what  many,  perhaps,  would  reckon,  (or  at  least  feel,) 
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Rhetoric,  as  the  rfisanvantages  of  it ; that,  after  all,  even  when 
no  disapprobation  is  incurred,  no  praise  will  be  be- 
stowed, (except  by  observant  critics,)  on  a truly 
Natural  Delivery : on  the  contrary,  the  more  perfect 
it  is,  the  more  will  it  withdraw,  from  itself,  to  the 
arguments  and  sentiments  delivered,  the  attention  of 
all  but  those  who  are  studiously  directing  their  view 
to  the  mode  of  utterance,  with  a design  to  criticize 
or  to  learn.  The  credit,  on  the  contrary,  of  having  a 
very  tine  elocution,  is  to  be  obtained  at  the  expense 
of  a very  moderate  share  of  pains  ; though  at  the 
expense  also,  inevitably,  of  much  of  the  force  of  whut 
is  said. 

One  Inconvenience,  which  will  at  first  be  expe- 
rienced by  a person  who,  after  having  been  long 
accustomed  to  the  Artificial  Delivery,  begins  to  adopt 
the  Natural,  is,  that  he  will  be  likely  suddenly  to  feel 
an  embarrassed,  bashful,  and,  os  it  is  frequently  called, 
nervous  sensation,  to  which  he  had  before  been  com- 
paratively a stranger.  He  will  find  himself  in  a new 
situation, — standing  before  bis  audience  in  a different 
character— stripped,  ns  it  were,  of  the  sheltering  veil 
of  a conventional  and  Artificial  Delivery  ; — iu  short, 
delivering  to  them  his  thoughts,  as  one  man  speaking 
to  other  men ; not,  as  before,  merely  reading  in 
public.  And  he  will  feel  that  he  attracts  a much 
greater  share  of  their  attention,  not  only  by  the 
novelty  of  a manner  to  which  most  congregations  are 
little  accustomed,  but  also,  (even  supposing  them  to 
have  been  accustomed  to  extemporary  discourses,) 
from  their  perceiving  themselves  to  be  personally 
addreued,  and  feeling  that  he  is  not  merely  reciting 
something  before  them,  but  saying  it  to  them.  The 
«]>eaker  and  the  hearers  will  thus  be  brought  into  a 
new,  and  closer  relation  to  each  other : and  the 
increased  interest  thus  excited  in  the  audience,  will 
cause  the  Speaker  to  feel  himself  in  a different  situ- 
ation,— in  one  which  is  a greater  trial  of  bis  confidence, 
and  which  renders  it  more  difficult  than  before  to 
withdraw  his  attention  from  himself.  It  is  hardly 
necessary  to  observe  that  this  very  change  of  feelings 
experienced  by  the  speaker,  ought  to  convince  him 
the  more,  if  the  causes  of  it  (to  which  wc  have  just 
alluded,)  be  attentively  considered,  how  much  greater 
impression  this  manner  is  likely  to  produce.  As  he 
will  be  likely  to  feel  much  of  the  bashfulneas  which 
a really  extemporary  speaker  has  to  struggle  against, 
so,  he  may  produce  much  of  a similar  effect. 

After  all,  however,  the  effect  will  never  be  com- 
pletely the  same.  A composition  delivered  from 
writing,  and  one  actually  extemporaneous,  will  always 
produce  feelings,  both  in  the  hearer  and  the  speaker, 
considerably  different ; even  on  the  supposition  of 
their  being  word  for  word  the  same,  and  delivered  so 
exactly  in  the  same  tone,  that  by  the  ear  alone  no 
difference  could  be  detected  : still  the  audience  will 
be  differently  affected,  according  to  their  knowledge 
that  the  words  uttered,  are,  or  are  not,  written  down 
and  before  the  speakers  eyes  : and  the  consciousness 
of  this,  will  produce  a corresponding  effect  on  the 
mind  of  the  speaker.  For  were  this  not  so,  any  one 
who,  on  any  subject,  can  speak  (as  many  can.) 
fluently  and  correctly  in  private  conversation,  would 
find  no  greater  difficulty  in  saying  the  same  things 
before  a large  congregation,  than  in  reading  to  them 
a written  discourse. 

And  here  it  may  be  worth  while  briefly  to  inquire 


into  the  causes  of  that  remarkable  phenomenon,  as  Hutp.  IV. 
it  may  justly  be  accounted,  that  a person  who  is  able  — * 

with  facility  to  express  his  sentiments  iu  private  to  a 
friend,  in  such  language,  and  in  such  a manner,  as 
would  be  perfectly  suitable  to  a certain  audience,  yet 
finds  it  extremely  difficult  to  address  to  that  audience 
the  very  same  words,  in  the  same  manner  ; and  is,  in 
many  instances,  either  completely  struck  dumb,  or 
greatly  embarrassed,  when  lie  attempts  it.*  It  can- 
not be  from  any  superior  deference  which  be  thinks 
it  right  to  feel  for  their  judgment ; for  it  will  often 
happen  that  the  single  friend,  to  whom  he  is  able  to 
speak  fluently,  shall  be  one  whose  good  opinion  he 
more  values,  arid  to  whose  wisdom  he  is  more  dis- 
posed to  look  up,  than  that  of  all  the  others  together. 

The  speaker  may  even  feel  that  he  himself  has  a 
decided  and  acknowledged  superiority  over  every  one 
of  the  audience  ; and  that  he  should  not  be  the  least 
abashed  in  addressing  any  two  or  three  of  them, 
separately  j yet  still  all  of  them,  collectively,  will  often 
inspire  him  with  a kind  of  dread. 

Closely  allied  in  its  causes  w ith  the  phenomenon  we 
are  considering,  is,  that  other  curious  fact,  that  the 
very  same  sentiments  expressed  in  the  same  manner, 
will  often  have  a far  more  powerful  effect  on  a large 
audience  than  they  would  have,  on  any  one  or  two 
of  these  very  persons,  separately.  That  is  in  u great 
degree  true  of  all  men,  which  was  said  of  the  Athe- 
nians, that  they  were  like  sheep,  of  which  a flock  is 
more  easily  driven  than  a single  one. 

Another  remarkable  circumstance,  connected  with 
the  foregoing,  is  the  difference  in  respect  of  the  style 
which  is  suitable,  respectively,  iu  addressing  a mul- 
titude, and  two  or  three  even  of  the  same  persous. 

A much  bolder,  as  well  as  less  accurate,  kind  of 
language  is  both  allowable  and  advisable,  in  speaking 
to  a considerable  number ; us  Aristotle  has  remarked, t 
in  speaking  of  the  Graphic  and  Agon'utic  styles, — the 
former  suited  to  the  closet,  the  latter  to  public  speak- 
ing before  a large  assembly.  And  he  ingeniously 
compares  them  to  the  different  styles  of  painting  ; 
the  greater  the  crowd,  he  says,  the  more  distant  is  the 
view;  so  that  in  scene-painting,  for  instance,  coarser 
and  bolder  touches  arc  required,  and  the  nice  finish, 
which  would  delight  a close  spectator,  would  be  lost. 

He  does  not,  however,  account  for  the  phenomena  in 
question. 

The  solution  of  them  will  be  found  by  attention 
to  a very  curious  and  complex  play  of  sympathies 
which  takes  place  in  a targe  assembly;  and,  (within 
certain  limits,)  the  more,  in  proportion  to  its  uum- 
bers.  First,  it  is  to  be  observed  that  we  are  disposed 
to  sympathize  with  any  emotion  which  wc  believe  to 
exist  in  the  mind  of  any  one  present ; and  hence,  if 
we  are  at  the  some  time  otherwise  disposed  to  feel 
that  emotion,  such  disposition  is  in  consequence 
heightened,  in  the  next  place,  we  not  only  ourselves 
feel  this  tendency,  but  wc  are* sensible  that  others  do 
the  same  ; and  thus,  we  sympathize  not  only  with  the 
other  emotions  of  the  rest,  but  also,  with  their  sym- 
pathy towards  us.  Any  emotion  accordingly  which  we 


* Most  persons  »rc  so  favuUar  with  the  fact,  u hardly  to 
hare  erer  considered  that  it  require*  explanation  ; hut  attentive 
cond  dr  rat  ion  shows  it  to  be  a very  curious,  aa  well  as  Important 
one. 

f Rhetoric,  book  UL 
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Rhetoric,  fed,  is  still  further  heightened  by  the  knowledge  that 
—-'s'—*'  there  are  others  present  who  not  only  feel  the  same, 
but  feel  it  the  more  strongly  in  consequence  of  their 
sympathy  with  ourselves.  Lastly,  we  arc  sensible  that 
those  around  us  sympathize  not  only  with  ourselves, 
hut  with  each  other  also ; and  as  wc  enter  into  this 
heightened  feeling  of  theirs  likewise,  the  stimulus  to 
our  own  minds  is  thereby  still  further  increased. 

The  case  of  the  Ludicrous  affords  the  most  obvious 
illustration  of  these  principles,  from  the  circumstance 
that  the  effects  produced  are  so  open  and  palpable. 
If  any  thing  of  this  nature  occurs,  a man  is  disposed, 
by  the  character  of  the  thing  itself,  to  laugh  : but  much 
more,  if  any  one  else  is  known  to  be  present  whom 
he  thinks  likely  to  be  diverted  with  it  ; even  though 
that  other  should  not  know  of  the  presence  of  the 
first  j but  much  more  still,  if  he  does  know  it;  be- 
cause his  companion  is  then  aware  that  sympathy 
with  his  own  emotion  heightens  that  of  the  other : 
and  most  of  all  will  the  disposition  to  laugh  be  in- 
creased, if  many  arc  present,  because  each  is  then 
aware  that  they  all  sympathize  with  each  other,  as 
well  as  with  himself.  It  is  hardly  necessary  to  men- 
tion the  exact  correspondence  of  the  fact  with  the 
above  explanation.  So  important,  in  this  case,  is  the 
operation  of  the  causes  here  noticed,  that  hardly  and 
one  ever  laughs  when  he  is  quite  alone  : or  if  he  does, 
he  will  find  on  consideration,  that  it  is  from  a conception 
of  the  presence  of  some  companion  whom  he  thinks 
likely  to  have  been  amused,  had  he  been  present,  and 
to  whom  he  thinks  of  describing,  or  repeating,  what 
had  diverted  himself.  Indeed,  in  other  cases,  as  well 
as  the  one  just  instanced,  almost  every  one  is  aware 
of  the  infectious  nature  of  any  emotion  excited  in  a 
large  assembly.  It  may  be  compared  to  the  increase 
of  sound  by  a number  of  echoes,  or  of  light,  hv  a 
number  of  mirrors  ; or  to  the  blaze  of  a heap  of  fire- 
brands, each  of  which  would  have  speedily  gone  out,  if 
kindled  separately,  but  which,  when  thrown  together, 
help  to  kindle  each  other. 

The  application  of  what  has  been  said  to  the  case 
before  us,  is  sufficiently  obvious.  The  speaker  who 
is  addressing  a large  assembly,  knows  that  each  of 
them  sympathizes  both  with  his  own  anxiety  to  acquit 
himself  well,  and  also  with  the  same  feeling  in  the  minds 
of  the  rest.  He  knows  also,  that  even1  slip  he  may 
be  guilty  of,  that  may  tend  to  excite  ridicule,  pity, 
disgust,  fee.  makes  the  stronger  impression  on  each 
of  the  hearers,  from  their  mutual  sympathy,  and  their 
consciousness  of  it.  This  augments  his  anxiety. 
Next,  he  knows  that  each  hearer,  putting  himself, 
mentally,  in  the  speaker's  place,*  sympathizes  with 
this  augmented  anxiety ; which  is  by  this  thought 
increased  still  further.  And  if  he  becomes  at  all 
embarrassed,  the  knowledge  that  there  are  so  many  to 
sympathize,  not  only  with  that  embarrassment,  but 
also  with  each  other's  feelings,  on  the  perception  of 
it,  heightens  the  speaker’s  confusion  to  the  utmost. 

The  same  causes  will  account  for  a skilful  orator’s 
being  able  to  rouse  so  much  more  easily,  and  more 
powerfully,  the  passions  of  o multitude : they  in- 
flame each  other  by  mutual  sympathy,  and  mutual 
consciousness  of  it.  And  hence  it  is  that  a bolder 
kind  of  language  is  suitable  to  such  an  audience  : a 

• Hence  it  i*  tlist  thy  permit*  are,  as  i»  matter  of  common 
remark,  the  more  distressed  hy  this  infirmity  when  in  company 
with  those  who  arc  subject  to  the  same. 


passage  which,  in  the  closet,  might  just  at  the  first  chap.  IV. 
glance  tend  to  excite  awe,  compassion,  indignation, 
or  any  other  such  emotion,  but  which  would,  on  a 
moment  s cool  reflection,  appear  extravagant,  muy  be 
very  suitable  for  the^fonutic^tyle;  because  before  that 
moment’s  reflection  could  take  place  in  each  hearer's 
mind,  he  v.  ould  be  aware  that  every  one  around  him 
sympathized  in  that  first  emotion  ; which  would  thus 
become  so  much  heightened  as  to  preclude,  in  a great 
degree,  the  ingress  of  any  counteracting  sentiment. 

If  one  could  suppose  such  a cose  as  that  of  a 
speaker,  (himself  aware  of  the  circumstances,)  ad- 
dressing a multitude,  each  of  whom  believed  hiiuself 
to  be  the  sole  hearer,  it  is  probable  that  little  or  no 
embarrassment  would  be  felt,  and  a much  more  sober, 
calm,  and  finished  style  of  language  would  be  adopted. 

The  Impossibility  of  bringing  the  delivery  of  a 
written  composition  completely  to  a level  with  real 
extemporary  speaking,  (though,  as  has  been  said,  it 
may  approach  indefinitely  near  to  such  an  effect,', 
is  explained  on  the  same  principle.  Besides  that  the 
audience  are  more  sure  that  the  thoughts  they  hear 
expressed,  are  the  genuine  emanation  of  the  speaker’s 
mind  at  the  moment,  their  attention  and  interest  are 
the  more  excited  by  their  sympathy  with  one  whom 
they  perceive  to  be  carried  forward  solely  by  his  own 
unaided  and  unremitted  efforts,  without  having  any  book 
to  refer  to  : they  view  him  as  a swimmer  supported 
by  his  own  constant  exertions ; and  in  every  such 
case,  if  the  feat  be  well  accomplished,  the  surmounting 
of  the  difficulty  affords  great  gratification;  especially 
to  those  who  are  conscious  that  they  could  not  do  the 
same.  And  one  proof,  that  part  of  the  pleasure  con- 
veyed does  arise  from  this  source,  is,  that  as  the  spec- 
tators of  an  exhibition  of  supposed  unusual  skill  in 
swimming,  would  instantly  withdraw  most  of  their 
interest  and  admiration,  if  they  perceived  that  the 
performer  was  supported  by  corks,  or  the  like;  so 
would  the  feelings  alter  of  the  hearers  of  a supposed 
extemporaneous  discourse,  as  soon  os  thev  should 
perceive,  or  even  suspect,  that  the  orator  had  it  writ- 
ten down  before  him. 

The  way  in  which  the  respective  inconveniences  of 
both  kinds  of  discourses  may  best  be  avoided,  is 
evident  from  what  has  been  already  said.  Let  both 
the  extemporary  Speaker,  and  the  Reader  of  his  own 
composition,  study  to  avoid,  as  far  os  possible,  all 
thoughts  of  self,  earnestly  fixing  the  mind  on  the  mat- 
ter of  what  is  delivered  ; and  the  one  will  feel  the  less 
of  that  embarrassment  which  arises  from  the  thought 
of  what  opinion  the  hearers  will  form  of  him  ; while 
the  other  will  appear  to  be  speaking,  because  he  ac- 
tually trill  be  speaking,  the  sentiments,  not  indeed 
which  at  that  time  first  arise  in  his  own  mind,  but, 
which  are  then  really  present  to,  and  occupy  his 
mind. 

One  of  the  consequences  of  the  adoption  of  the 
mode  of  elocution  here  recommended,  is  that  he  who 
endeavours  to  employ  it  will  find  a growing  reluct- 
ance to  the  delivery,  as  his  own,  of  any  but  his  own 
compositions.  Doctrines,  indeed,  and  arguments  he 
will  freely  borrow ; but  he  will  be  led  to  compose 
bis  ow’ii  discourses,  from  finding  that  he  cannot 
deliver  those  of  another  to  his  own  satisfaction,  with- 
out laboriously  studying  them,  os  an  actor  does  his 
part,  so  as  to  make  them,  in  some  measure,  his  own. 

And  with  this  view,  he  will  generally  find  it  advisable 
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Rbetorix  to  introduce  many  alterations  in  the  expression,  not 
with  any  thought  of  improving  the  style,  absolutely, 
but  only  with  a view  to  his  own  delivery.  And  in- 
deed, even  his  own  former  compositions,  he  will  be 
led  to  alter,  almost  as  much,  in  point  of  expression,  in 
order  to  accommodate  them  to  the  Natural  manner 
of  delivery.*  Much  that  would  please  in  the  closet, — 
much  of  the  Graphic  style  described  by  Aristotle,  will 
be  laid  aside  for  the  Agonistic ; — for  a style  somewhat 
more  blunt  and  homely, — more  simple  and,  ap- 
parently, unstudied  in  its  structure,  and,  at  the  same 
time,  more  daringly  energetic.  And  if  again  he  is 
desirous  of  fitting  his  discourses  for  the  press,  he 
will  find  it  expedient  to  reverse  this  process,  and 
alter  the  style  afresh.  A mere  sermon -reader,  on  the 
contrary,  will  avoid  this  inconvenience,  and  this 
labour ; he  will  be  able  to  preach  another's  dis- 
courses nearly  as  well  os  his  own  j and  may  send  his 
own  to  the  press,  without  the  necessity  of  any  great 
preparation  : but  to  these  advantages  he  will  sacri- 
fice more  than  half  the  force  which  might  have 
been  given  to  the  sentiments  uttered.  And  he  will 
have  no  right  to  complain  that  his  discourses, 
though  replete  perhaps  with  good  sense,  learning, 
and  eloquence,  are  received  with  languid  apathy, 
or  that  many  are  seduced  from  their  attendance  on 
his  teaching,  by  the  vapid  rant  of  an  illiterate  fana- 
tic. Much  of  these  evils  must,  indeed,  be  expected, 
after  all,  to  remain  ; but  he  does  not  give  himself 
a fair  chance  for  diminishing  them,  unless  he  does 
justice  to  his  own  arguments,  instructions,  and  ex- 
hortations, by  speaking  them,  in  the  only  effectual 
way.  to  the  hearts  of  his  hearers,  that  is,  as  uttered 
naturally  from  Ills  owmt 


* la  many  instances  accordingly,  the  perusal  of  a manuscript 
•enroll,  would  afford,  from  the  observation  of  Us  style,  a toler- 
ably good  ground  of  conjecture  aa  to  tbe  author's  customary 
elocution. 

t The  principle*  here  laid  down  may  help  to  explain  a re- 
markable fact,  which  la  usually  attributed  to  other  tlun  the  true 
causes.  The  powerful  effects  often  produced  by  some  fanatical 
prcachcra,  not  superior  in  pious  and  sincere  seal,  and  inferior  in 
learning,  in  good  sense,  and  in  taste,  to  men  who  arc  listened 
to  with  comparative  apathy,  are  frequently  considered  as  proofs 
of  superior  eloquence  i though  aa  eloquence  tarnished  by  bar- 
barism, and  extravagant  mannerism.  Rut  may  not  such  effects 
result,  not  from  any  superior  powers  in  the  preacher,  but  merely 
from  the  intrinsic  beauty  and  sublimity,  and  Use  mcasureleai 
importance  of  the  subject  / Why  then,  it  may  be  replied,  docs 
not  the  other  preacher,  whose  suhjrct  is  the  uune,  produce  the 
same  effect  ? The  answer  is,  because  he  in  but  half-attended  to. 
The  ordinary  measured  cadence  of  reading,  is  not  only  in  itself 
dull,  hut  ia  what  men  arc  familiarly  accustomed  to : Religion 
itself  also,  is  a subject  so  familiar,  iu  a certain  sense,  (fami- 
liar, that  is,  to  the  ear.}  as  to  be  trite,  even  to  tlwsc  who  Aaour 
and  think  little  about  It.  Let  but  tin*  attention  lie  thoroughly 
roused,  and  intently  fixed  on  such  a stupe  iu  Ions  subject,  and 
that  subject  itself  will  product*  the  most  over  powering  emotion. 
And  not  only  unaffected  earnestness  of  manner,  but,  perhaps, 
even  still  more,  any  uncouth  oddity,  and  even  ridiculous  extra- 
vagance, will,  by  the  stironln*  of  novelty,  bare  the  effect  of  thin 
rousing  the  hearers  from  their  ordinary  lethargy.  So  that  a 
preacher  of  little  or  no  real  eloquence,  will  sometimes,  o«  suck 
a subject,  produce  the  effect*  of  the  greatest  cIooucdcv,  by 
merely  forcing  the  hearer*  (often,  even  by  the  excessively  glar- 
ing faoltt  of  Lis  style  and  delivery,)  to  attend,  to  a subject 
which  no  one  can  really  attend  to  unmoved. 

It  will  not  of  course  be  supposed  that  our  intention  la  to 
I’rruifHNrNd  the  adoption  of  extravagant  rant.  The  good  effects 
which  it  undoubtedly  doe*  sometimes  produce,  incidentally,  In 
some,  Is  more  than  counterbalanced  by  tbe  mischievous  cons* 
qucnccs  to  others. 


One  important  practical  maxim  resulting  from  the  Chap.  IV. 
views  here  taken,  is  the  decided  condemnation  of  all  »~y— 
recitation  of  speeches  by  school-boys  ; a practice  so 
much  approved  and  recommended  by  many,  with  a 
view  to  preparing  youths  for  public  Speaking  in  after- 
life, It  is  to  be  condemned,  however,  (supposing  the 
foregoing  principle  correct,)  not  as  useless  merely, 
but  absolutely  pernicious,  with  a view  to  that  object. 

The  justness,  indeed,  of  this  opinion  will,  doubtless,  be 
disputed ; but  its  consistency  with  the  plan  we  have 
been  recommending,  is  almost  too  obvious  to  be  in- 
sisted on.  In  any  one  who  should  think  a Natural 
Delivery  desirable,  it  would  be  an  obvious  absurdity 
to  think  of  attaining  it  by  practising  that  which  19  the 
most  completely  artificial.  If  there  is,  as  is  evident, 
much  difficulty  to  be  surmounted,  even  by  one  who 
is  delivering,  on  a serious  occasion,  his  own  compo- 
sition, before  he  ran  completely  succeed  in  abstracting 
his  mind  from  all  thoughts  of  his  own  voice,— of  the 
judgment  of  the  audience  on  his  performance,  &e. 
and  in  fixing  it  on  the  Matter,  Occasion,  uud  Place,— 
on  every  circumstance  which  ought  to  give  the  cha- 
racter to  his  elocution, — how  much  must  thi*  difficulty 
be  enhanced,  when  neither  the  sentiments  he  is  to 
utter,  nor  the  character  he  is  to  assume,  are  Ids  ow  n,  or 
even  supposed  to  be  so,  or  in  anywise  connected  with 
him  : — when  neither  the  place,  the  occasion,  nor  the 
audience,  which  are  actually  present,  have  any  thing  to 
do  with  the  substance  of  w hat  is  said.  It  is  therefore 
almost  inevitable,  that  he  will  studiously  form  to  him- 
self an  Artificial  manner;*  which,  especially  if  he 
succeeds  in  it,  will  probably  cling  to  him  through 
life,  even  when  he  is  delivering  his  own  compositions 
on  real  occasions.  The  very  best  that  can  be  ex- 
pected, is,  that  he  should  become  an  accomplished 
actor, — possessing  the  plastic  power  of  putting  him- 
self, in  imagination,  so  completely  into  the  situation 
of  him  whom  he  personates,  and  of  adopting,  for  the 
moment,  so  perfectly,  all  the  sentiment*  and  views  of 
that  character,  as  to  express  himself  exactly  as  such 
a person  would  have  done,  in  the  supposed  situation. 

Few  are  likely  to  attain  such  perfection  ; but  he  who 
shall  have  succeeded  in  accomplishing  this,  will  have 
taken  a most  circuitous  rout  lo  his  proposed  object, 
if  that  object  be,  nut  to  qualify  hitusclf  for  the  stage, 
but  to  deliver  in  public,  on  real  arid  important  occa- 
sions, his  own  sentiments.  He  will  have  been  care- 
fully learning  to  uxrume,  what,  when  the  real  occasion 
occurs,  need  not  be  assumed,  but  only  expressed. 

Nothing  surely  can  be  more  preposterous  than  la- 
bouring to  acquire  the  art  of  pretending  to  be,  what 
he  is  not,  and,  to  feel,  what  he  does  not  feel,  in  order 
that  he  may  be  enabled,  on  a real  emergency,  to 
pretend  to  be  and  to  feel  just  wbat  the  occasion  itself 
requires  and  suggests. t 


• Some  have  used  Ike  expression  of  44  * eontciau*  manner,”  to 
denote  that  which  results,  either  la  conversation,— in  tbe  ordi- 
nary actions  of  life,— or  in  public  Speaking,  from  the  anxious 
attention  which  some  person*  feel  to  tbe  opinion  which  tbe  com- 
pany may  form  of  them  ; — a conrciousnru  of  being'  watched  and 
scrutinized  in  ctrry  word  and  gesture,  together  with  an  extreme 
anxiety  for  approbation,  and  dread  of  censure. 

f The  Barmecide,  in  the  Aratmn.  Sight*,  who  amused  hlmwif 
by  setting  down  bis  guest  to  an  imaginary  feast,  and  trying  his 
skill  in  imitating,  at  an  empty  table,  tbe  netioas  of  eating  and 
drinking,  did  not  propose  this  as  on  oil  finable  mode  of  instruct- 
ing hiiu  bow  to  perform  thox  action*  in  reality. 
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Historic.  Let  all  studied  recitation  therefore,— every  kind  of 
— ^ speaking  which,  from  its  nature,  must  necessarily  be 
artificial, — be  carefully  avoided,  by  one  whose  object 
is  to  attain  the  only  truly  impressive, — the  Natural 
Deliver}'.* 

The  last  circumstances  to  be  noticed  among  the 
results  of  the  mode  of  delivery  recommended, 
is,  that  the  speaker  will  bad  it  much  cosier,  in 
this  Natural  manner,  to  make  himtclf  heard:  lie 
will  be  heard,  that  is,  much  more  distinctly, — at  a 
greater  distance, — und  with  far  less  exertion  and 
fatigue  to  himself.  This  is  the  more  necessary  to  be 
mentioned,  because  it  is  a common,  if  not  a prevail- 
ing opinion,  that  the  reverse  of  this  is  the  fact.  There 
are  not  a few  who  assign  as  a reason  for  their  adop- 
tion of  a certain  unnatural  tone  and  measured  cadence, 
that  it  is  necessary,  in  order  to  be  heard  by  a large 
congregation.  But  though  such  an  artificial  voice 
and  utterance  will  often  appear  to  produce  a louder 
sound,  (which  is  the  circumstance  that  probably  de- 
ceives such  persons,)  yet  a natural  voice  and  delivery, 
provided  it  be  clear,  though  it  be  less  laboured,  and 
may  even  seem  low  to  those  who  are  near  at  hand, 
will  be  distinctly  heard  at  a much  greater  distance. 
The  only  decisive  proof  of  this  must  be  sought  in 
experience ; which  will  not  fail  to  convince  of  the 
truth  of  the  assertion,  any  one  who  will  fairly  make 
the  trial. 

The  requisite  degree  of  loudness  will  be  best  ob- 
tained, conformably  with  the  principles  here  incul- 
cated, not  by  thinking  about  tbe  voice,  but  by  looking 
at  the  most  distant  of  the  hearers,  and  addressing  one’s 
•elf  especially  to  him.  The  voice  rises  spontaneously, 
when  we  arc  speaking  to  a person  who  is  not  very 
near 

And  that  the  organs  of  voice  are  much  less  strained 
and  fatigued  by  tne  Natural  action  which  takes  place 
in  real  speaking,  than  by  any  other,  (besides  that  it  is, 
what  might  be  expected,  <i  priori,)  is  evident  from  daily 
experience.  An  extemporary  Speaker  will  usually  be 
much  less  exhausted  in  two  hours,  than  an  elaborate 
reciter,  (though  less  distinctly  heard,)  will  be,  in  one. 
Even  the  ordinary  tone  of  reading  aloud  is  so  much 
more  fatiguing  than  that  of  conversation,  that  feeble 
patients  are  frequently  unable  to  continue  it  for  a 
quarter  of  an  hour  without  great  exhaustion  ; even 
though  they  may  feel  no  inconvenience  from  talking, 
with  few  or  no  pauses,  and  in  no  lower  voice,  for  more 
than  double  that  time. 


He  then  who  shall  determine  to  aim  at  (he  Natural 
manner,  though  he  will  have  to  contend  with  con- 
siderable difficulties  and  discouragements,  will  not  be 
without  corresponding  advantages  in  the  course  he  is 
pursuing.  He  will  be  at  first,  indeed,  repressed  to 
a greater  degree  than  another,  by  emotions  of  I Kish  - 


• It  should  be  obaerred,  that  tbe  censure  here  pronounced  on 
*rhool-re citation*,  and  all  exercise*  of  the  like  nature,  re- 
lates. exclusively,  to  the  effect  produced  on  the  style  of  EJacutian. 
With  any  other  objects  that  may  be  proposed,  the  present  argu- 
ment has,  obviously,  no  concern.  Nor  can  it  he  doubted  that  a 
familiarity  with  the  purest  forms  of  the  Latin  and  Greek  lan- 
guages, may  be  greatly  promoted  by  committing  to  memory, 
and  studying,  not  only  to  understand,  but  to  recite  with  pro- 
priety, the  best  orations  and  plays  in  thoee  languages.  But 
let  no  one  seek  to  attain  a natural,  simple,  and  forcible  Et»m- 
tion,  by  a practice  which,  the  more  he  applies  to  it,  will  carry 
him  still  the  farther  from  the  object  1m  aims  at. 


fulness  ; but  it  will  be  more  speedily  and  more  com-  Chap.  IV. 
pletely  subdued  : the  very  system  pursued,  since  it 
forbids  all  thoughts  of  self,  striking  at  the  root  of 
the  evil.  He  will,  indeed,  on  the  outset,  incur  censure, 
not  only  critical  but  moral ; — he  will  be  blamed  for 
using  a colloquial  delivery  \ and  the  censure  will  very 
likely  be,  as  far  as  relates  to  his  earliest  efforts,  not 
wholly  undeserved  ; his  manner  will  probably  at  first 
too  much  resemble  that  of  conversation,  though  of 
serious  and  earnest  conversation  : but  by  perse.verancc 
he  may  be  sure  of  avoiding  deserved,  and  of  mitigat- 
ing, and  ultimately  overcoming,  undeserved,  censure. 

He  will,  indeed,  never  be  praised  for  a very  fine  de- 
livery ; but  his  matter  will  not  lose  the  approbation 
it  may  deserve  ; as  he  will  be  the  more  sure  of  being 
heard  and  attended  to.  He  will  not,  indeed,  meet 
with  many  who  can  be  regarded  as  models  of  the 
Natural  manner  } and  those  he  docs  meet  with,  he 
will  be  precluded,  by  the  nature  of  the  system,  from 
minutely  imitating  ; but  he  will  have  the  advantage 
of  carrying  within  him  an  lxrALLiBLB  Guu>a,  as  long 
as  he  is  careful  to  follow  the  suggestions  of  nature, 
abstaining  from  all  thoughts  respecting  his  own 
utterance,  and  fixing  his  mind  intensely  on  the  bu- 
siness he  is  tngugod  in.  And  though  he  must  not 
expect  to  nttain  perfection  at  once,  he  may  be  assured 
that,  while  he  steadily  adheres  to  this  plan,  he  is  in 
the  right  road  to  it j instead  of  becoming,  as  on  the 
other  plan,  more  and  more  artificial,  the  longer  he 
studies : and  every  advance  be  mukes  will  produce 
a proportional  effect : it  will  give  him  more  and  more 
of  that  hold  on  the  attention,  the  understanding,  and 
the  feelings,  of  the  audience,  which  no  studied  mo- 
dulation can  ever  attain.  And  though  others  may  be 
more  successful  in  escaping  censure,  and  insuring 
admiration,  he  will  far  more  surpass  them,  in  respect 
of  the  proper  object  of  the  Orator,  which  is,  to  carry 
his  point. 

Much  need  not  be  said  on  the  subject  of  Action, 
which  is  at  present  so  little  approved,  or,  designedly, 
employed,  in  this  country,  that  it  is  hardly  to  be 
reckoned  os  any  part  of  the  Orator’s  art. 

Action,  however,  seems  to  be  natural  to  man,  when 
speaking  earnestly ; but  the  state  of  the  case  at  pre- 
sent seems  to  be,  that  the  disgust  excited,  on  the  one 
hand,  by  awkward  and  ungraceful  motions,  and,  on 
the  other,  by  studied  gesticulations,  has  led  to  the 
general  disuse  of  Action  altogether ; and  has  induced 
men  to  form  the  habit  (for  it  certainly  is  a formed 
habit,)  of  keeping  themselves  quite  still,  or  nearly  so, 
when  speaking.  This  is  supposed  to  be,  and  perhaps 
is,  the  more  rational  and  dignified  way  of  speaking : 
but  so  strong  is  the  tendency  to  indicate  strong  inter- 
nal emotion  by  some  kind  of  outward  gesture,  that 
those  who  do  not  encourage  or  allow  themselves  in 
any,  frequently  fall  unconsciously  into  some  awkward 
trick  of  swinging  the  body,*  folding  a paper,  twist- 
ing a string,  or  the  like.  But  when  any  one  is  reading, 
or  even  speaking,  in  the  Artificial  manner,  there  is 


• Of  one  of  lh«  ancient  Roman  Orator*  it  wat  satirical ly 
remarked  (on  account  of  bis  having  tbit  habit.)  that  he  mutt 
have  learned  to  speak  m a beat.  Of  so  rue  other  Orators,  whose 
favourite  action  it  rising  on  tiptoe,  it  would  perhaps  have 
been  said,  that  they  had  been  accustomed  to  addreu  their  audi- 
ence over  a high  wall. 


Digitized  by  Goog 


RHETORIC. 


303 


Rhetoric,  little  or  nothing  of  this  tendency ; precisely,  because 
the  mind  is  not  occupied  by  that  strong  internal  emo- 
tion which  occasions  it.  And  the  prevalence  of  this 
manner  may  reasonably  be  conjectured  to  have  led  to 
the  disuse  of  all  gesticulation,  even  in  extemporary 
speakers  5 because  if  any  one,  whose  delivery  is  arti- 
ficial, does  use  action,  it  will  of  course  be,  like  his 
voice,  studied  and  artificial ; and  savouring  still  more 
of  disgusting  affectation,  from  the  circumstance  that 
it  evidently  might  be  entirely  omitted.*  And  hence, 
the  practice  came  to  be  generally  disapproved,  and 
exploded. 

It  need  only  be  observed,  that  in  conformity  with 
the  principles  maintained  throughout  this  Chapter,  no 
care  should,  In  any  case,  be  taken  to  use  graceful  or 
appropriate  action  ; which,  if  not  perfectly  unstudied, 
will  always  be,  (as  lias  been  just  remarked,)  intoler- 
able. But  if  any  one  spontaneously  falls  into  any 
gestures  that  arc  unbecoming,  care  should  then  be 
taken  to  break  the  habit ; and  that,  not  only  in  pub- 
lic speaking,  but  on  all  occasions.  The  ense,  indeed, 
is  the  same  with  utterance  : if  any  one  has,  in  com- 
mon discourse,  an  indistinct,  hesitating,  dialectic,  or 
otherwise  faulty,  delivery,  hi*  Natural  manner  cer- 
tainly is  not  what  he  should  adopt  in  public  speaking ; 
but  he  should  endeavour,  by  care,  to  remedy  the 
defect,  not  in  public  speaking  only,  but  in  ordinary 
conversation  also.  And  so  also,  with  respect  to  at- 
titudes and  gestures.  It  is  in  these  points,  principally, 
if  not  exclusively,  that  the  remarks  of  an  intelligent 
friend  will  be  beneficial. 

If,  again,  any  one  finds  himself  naturally  and  spon- 
taneously led  to  use,  in  speaking,  a moderate  degree 
of  action,  which  he  finds  from  the  obscrvntion  of 
others,  not  to  be  ungraceful  or  inappropriate,  there 


Grata*  inter  mmsar  tytnpiwnla  Jttcvrt, 

F.t  ertutam  amgamtum,  ft  Sard o ran  tntlir  fiapattr 
QftnAunt ; potent  duci  quia  coma  sine  i*ti». 

Horace,  Art  Part. 


is  no  reason  that  he  should  study  to  repress  this  Chap.  IV. 
tendency. 

It  would  be  inconsistent  with  the  principle  just 
laid  down,  to  deliver  any  precept*  for  gesture ; be- 
cause the  observance  of  even  the  best  conceivable 
precepts,  would,  by  destroying  the  natural  apjnrurancc, 
be  fatal  to  their  object : but  there  is  a remark,  which 
is  worthy  of  attention,  from  the  illustration  it  affords 
of  the  erroneousness,  in  detail,  as  well  as  in  principle, 
of  the  ordinary  systems  of  instruction  in  this  point. 

Boys  arc  generally  taught  to  employ  the  prescribed 
action  either  after,  or  dating  the  utterance  of  the 
words  it  is  to  enforce.  The  best  and  most  appro- 
priate action,  must,  from  this  circumstance  alone, 
necessarily  appear  a feeble  affectation.  It  suggests 
the  idea  of  a person  speaking  to  those  who  do  not 
fully  understand  the  language,  and  striving  by  signs 
to  explain  the  meaning  of  what  he  has  been  saying. 

The  very  same  gesture,  had  it  come  at  the  proper, 
that  is,  the  natural,  point  of  time,  might  perhaps  have 
added  greatly  to  the  effect  j viz.  had  it  preceded  some- 
what the  utterance  of  the  words.  That  is  always  the 
natural  order  of  action.  An  emotion,*  struggling 
for  utterance,  produces  a tendency  to  a bodily  ges- 
ture, to  express  that  emotion  more  quickly  than  trortfi 
can  be  framed  ; the  words  follow,  ns  soon  as  they  ran 
be  spoken.  And  this  being  alivays  the  case  with  a 
real,  earnest,  unstudied  speaker,  this  mode  of  placing 
the  action  foremost,  gives  (if  it  be  otherwise  appro- 
priate,) the  appearance  of  earnest  emotion  actually 
present  in  the  mind.  And  the  reverse  of  this  natural 
order  would  alone  be  sufficient  to  convert' the  action 
of  Demosthenes  himself  into  unsuccessful  and  ridi- 
culous mimicry. 


* Format  mint  Xatura  priiu  mm  intut  ad  umnrtn 

for  tana  rum  habituin  ; Jurat,  aat  impclht  ad  irtnu  i 
Aut  ad  huntttw  mtrrorr  gram  drdacit,  tl  angit  i 
Pi»t  rjfrrt  animi  mottu  iutrrprete  tingun. 

Horace,  Art  Par*. 
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Geometry.  History  of  the  Science. 

ProSbiT^  Tbb  origin  of  Geometry,  like  that  of  the  other  nn- 

rtririn  of  eient  sciences,  is  involved  in  obscurity.  Herodotus  and 

Geometry  Strabo  inform  us,  that  we  owe  the  invention  of  it  to  the 
annual  overflowings  of  the  Nile;  which,  inunduiing  the 
lands  of  Lower  Egypt,  and  frequently  carrying  away 
the  marks  and  boundaries  by  which  every  man's  par- 
ticular property  was  assigned,  rendered  it  necessary  to 
have  some  means  of  ascertaining  the  respective  por- 
tions of  land  belonging  to  each  individual,  after  the 
subsiding  of  the  waters.  In  many  cases  also,  the  land 
was  swallowed  up  in  the  Nile  itself,  which  hy  in- 
creasing its  boundaries  in  certain  places,  abstracted 
every  year  some  portion  of  land  from  cultivation  ; 
and,  according  to  the  former  historian,  Scsostris, 
who  had  divided  the  country  amongst  his  people,  at  a 
certain  annual  rent,  in  such  cases  sent  proper  persons 
to  measure  and  value  the  property  thus  lost,  that  a 
corresponding  reduction  might  be  made  in  the  yearly 
tribute.  It  has  been  however  very  properly  observed, 
that  supposing  this  to  be  the  true  state  of  the  case, 
yet  it  by  no  means  points  out  the  origin  of  Geometry,  it 
rather  shows  that  this  science  had  already  attained  to 
a certain  state  of  maturity,  and  that  it  was  merely 
employed  then,  as  it  would  be  now,  in  similar  cases. 
At  the  same  time  it  must  be  admitted,  that  the  deriv- 
ation of  the  word  Geometry,  which  is  from  77,  earth, 
and  measure,  shows  clenrly  that  its  principal 

application  in  the  early  ages  of  the  world,  was  the 
measurement  and  the  division  of  lands  ; and  there  is 
no  doubt,  whether  Geometry  had  its  origin  in  the  cir- 
cumstances alluded  to  or  not,  that  they  furnished  a 
motive  for  its  cultivation,  and  gave  rise  to  various 
useful  and  important  propositions.  Hut  with  respect 
to  its  first  origin,  we  can  scarcely  conceive  a state  of 
society,  however  rude,  in  which  something  like  the 
first  principles  of  Geometry  did  not  exist.  As  soon 
os  nrnn  began  to  relinquish  his  wandering  and  savage 
life,  and  taste  the  pleasures  of  social  intercourse ; as 
soon  as  laws  were  framed  to  secure  to  each  individual 
the  reward  of  his  own  industry  and  labour,  the  lands, 
which  had  before  yielded  spontaneously  all  that  he 
required  in  his  barbarous  state,  stood  now  in  need  of 
cultivation,  in  order  to  render  their  productions  sub- 
servient to  his  more  refined  appetites,  and  to  the  neces- 
sity of  his  family,  or  the  little  society  over  which 
he  presiiled  ; this  refinement  necessarily  gave  rise 
to  the  division  of  lands,  and  the  partition  of  flocks 
and  herds,  and  this  again,  to  comparison  of  quantity 
and  magnitude;  which  comparison  on  the  one  hand, 
laid  the  foundation  of  Arithmetic,  and  on  the  other, 
that  of  Geometry,  and  formed  the  first  links  in  the 
chain  of  propositions  which  now  constitute  these  two 
abstract  sciences. 

In  the  first  instance,  there  can  be  little  doubt  that 
the  attempts  were  rude  and  frequently  inaugurate,  but 
the  science,  even  in  this  state,  must  be  said  to  have 
commenced ; the  observations  of  the  father  were  trans- 


mitted to  the  son  ; the  son  again  with  new  acquisi-  History, 
tions,  passed  them  down  to  his  children  ; each  sue- 
reeding  generation  added  improvements  to  the  obser- 
vations and  experience  of  that  which  preceded  it;  till 
jU  length  arose  some  superior  genius,  who  collecting 
into  one  mass  all  the  traditionary  knowledge  of  his 
predecessors,  formed  them  from  the  efforts  of  his 
own  mind  into  a rude  system  ; this  was  afterwards 
remodelled  and  improved  by  others  and  thus  by 
degrees,  Geometry,  which  had,  originally,  nothing 
further  in  view  than  the  mere  division  of  property, 
became  an  independent  and  highly  important  science. 

And  we  think  it  very  probable,  that  it  had  already 
assumed  this  first  form  of  a system  when  it  wu 
employed  by  the  Egyptians  for  the  purposes  that  hav  e 
been  stated  in  the  leading  part  of  this  article. 

At  all  events,  it  is  in  Egypt  the  first  traces  of  the  Pint  truer* 
science  are  found ; and  whence  it  was  transplanted  of  Geouie- 
into  Greece  by  the  celebrated  philosopher,  Thales.  ^ in 
This  distinguished  sage  was  born  about  640  years 
before  the  Christiun  era,  and  being  unable  to  gratify 
his  anient  desire  for  knowledge  in  his  native  country, 
he  travelled  into  Egypt  at  an  advanced  period  of  life, 
where  he  conversed  with  the  priests,  who,  in  them- 
selves, embodied  all  the  learning  of  that  country. 

Diogenes  Laertius  relates,  that  Thales  measured  Thales,  the 
the  height  of  the  pyramids,  or  probably  of  the  obelisks,  Gr<* 
by  means  of  their  shadow's ; and  Plutarch  says,  that 
the  king  Amasis  was  astonished  at  this  instance  of  ^ c 
sagacity  in  the  Grecian  philosopher.  It  would  seem 
therefore,  by  this  account,  that  if  Thales  actually  went 
to  Egypt  ns  a student,  he  very  soon  surpassed  his 
masters,  whose  knowledge  of  the  science  of  geometry 
could  be  but  little  advanced,  if  this  statement  be  cor- 
rect. Hut  whether  thii  philosopher  taught  the  Egyp- 
tians, or  the  latter  taught  him  the  method  of  measuring 
the  heights  of  objects  by  their  shallows,  we  see,  at  all 
events,  that  he  returned  to  his  own  country,  furnished 
at  least  with  some  elementary  knowledge  of  geometry; 
and  that  it  was  he  who  laid  the  foundation  of  that 
9cieuce  in  Greece,  and  inspired  his  countrymen  with 
a taste  for  its  study.  Various  discoveries  are  attributed 
to  Thales  concerning  the  circle  and  the  comparison 
of  triangles,  and  in  particular  he  is  mentioned  as  the 
first  who  found  that  all  angles  in  a semicircle  arc 
right  angles : this  discovery  is  said  to  have  cxeited  in 
his  mind  the  most  lively  emotions,  and  foreseeing, 
probably,  the  many  important  consequences  to  which 
it  might  lead,  he  is  said  to  have  expressed  his 
gratitude  to  the  muses  by  a sacrifice.  He  is  also 
stated  to  have  first  employed  the  circumference  of  the 
circle  for  the  measure  of  angles  ; but  this,  from  what 
wc  have  stated  relative  to  Archimedes  in  our  History 
of  Astronomy,  seems  to  be  incorrect. 

The  next  Grecian  geometer  of  importance  was  Pythagoras. 
Pythagoras,  who  ilounshed  about  550  years  before  a.  C.  530. 
Christ,  and  who  hud  been  a pupil  of  Thales.  Like 
his  master  he  travelled  into  Egypt,  and  afterwards 
into  India,  and  acquired  from  the  priests  of  the  former 
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G*otn«try.  country,  ami  from  the  Brahmins  in  the  latter,  a great 
stock  of  learning,  both  in  geometry  and  in  astronomy  j 
he  did  not  however  immediately  transplant  this  acqui- 
sition of  learned  lore  into  his  native  country,  but 
opened  his  first  school  in  Italy,  which  was  afterwards 
the  most  celebrated  in  antiquity.  To  this  philosopher 
we  are  indebted  for  the  discovery  of  that  remarkable 
property  in  right  angled  triangles,  which  constitutes 
the  forty-seventh  proposition  in  the  first  hook  of 
Euclid's  Element r of  Geometry  ; namely,  that  the  square 
described  upon  the  hy|K>thenuse  is  equal  to  the  sum 
of  the  squares  described  upon  the  other  two  sides  ; a 
proposition  equally  curious  from  the  peculiarity  of  the 
result,  and  important  for  the  numerous  applications  it 
finds  in  every  branch  of  mathematical  science.  This 
property  of  the  sides  of  a right  angled  triangle  gave 
rise  to  investigations  relative  to  the  incommensura- 
bility of  certain  lines,  as  for  example  the  side  of  a 
square  and  its  diagonal  j and  other  properties,  again 
laid  the  foundation  of  that  part  of  solid  geometry 
which  relates  to  the  five  regular  bodies.  Pythagoras 
is  also  said  to  have  first  demonstrated  that  of  all  plane 
bodies,  the  circle  is  that  which  has  the  greatest  area 
under  a given  circumference. 

From  this  time,  at  least,  therefore  geometry  had 
assumed  the  character  of  a regular  science,  and  it  was 
cultivated  with  more  or  less  success,  from  this  date 
to  the  destruction  of  the  Alexandrian  school,  by  all 
the  most  learned  of  the  Grecian  philosophers  ; we 
have  indeed  evident  proof  of  the  progress  made  in  the 
science  by  the  Elements  of  Geometry  of  Euclid  ; a work 
which  has  stood'  the  test  of  so  many  ages  without  a 
rival,  or  at  least  without  nn  equal  for  the  closeness  of 
its  logical  reasoning,  and  the  accuracy  of  its  demon- 
strations. 

Hippo-  Before  this  time,  however,  some  geometers  of  note 

rrsu*.  bad  cultivated  the  science  in  Greece,  of  whom  QCno- 

UiwpidM,  pjdcs,  of  Chios,  Zenodorus,  and  Hippocrates,  arc  the 
most  distinguished  : to  the  two  former  we  arc  said  to 
be  indebted  for  some  practical  geometrical  problems, 
and  to  the  latter,  for  the  celebrated  quadrature  of  the 
lunes  which  still  bear  his  name.  Having  described 
on  the  three  sides  of  an  iaoceles  right  angled  triangle 
as  diameters,  three  semicircles,  placed  all  in  the  same 
direction,  he  observed,  that  the  sum  of  the  two 
equal  lunes  comprised  between  the  two  quadrants 
of  the  circumference  on  the  hypothenuse,  and  the 
circumferences  on  the  two  equal  sides,  was  equal  in 
area  to  the  triangle,  and  therefore  each  equal  to  half 
the  triangle  ; and  this  was  the  first  instance  in  which 
a curvilineal  space  had  been  shown  to  be  equal  to  a 
rectilineal  area.  Hippocrates  also  attempted  the 
quadrature  of  the  circle,  and  seems  to  have  deceived 
himself,  with  the  belief  that  he  had  effected  it  j he 
was  more  successful,  however,  in  some  other  points, 
and  was  the  first  to  show  that  the  duplication  of  the 
cube  required  the  finding  of  two  mean  proportionals 
between  two  given  lines.  He  wrote  also  Elements  of 
Geometry,  much  esteemed  at  that  time,  but  they  are 
lost ; and  the  only  regret  that  can  be  entertained  for 
the  circumstance  is,  that  they  would  enable  us  to 
understand  what  the  state  of  that  science  then  was. 
The  date  of  Hippocrates  is  generally  stated  at  about 
450  years  before  Christ.  Aristotle  also  mentions  two 
other  distinguished  geometers  of  this  period,  viz. 
Brison  and  Antiphon,  but  we  hare  no  records  of  their 
particular  discoveries. 

VOL.  t. 


We  come  next  to  the  sc1kw>1  of  Plato,  founded  about  H'ntory. 
390,  a.  c.  This  philosopher,  as  Thales  and  Pythagoras 
had  done  before,  travelled  into  Egypt,  and  having  Pbto. 
acquired  a great  store  of  knowledge  on  various  sub-  k'  c* 
jects,  and  particularly  on  geometry,  he  returned  to 
Greece,  and  there  established  his  school,  over  which 
was  placed  the  celebrated  inscription,  “ Let  no  one 
enter  here  who  is  ignorant  of  Geometry }"  he,  in 
fact,  considered  this  as  the  first  of  all  human  sciences, 
and  although  we  have  no  express  work  of  his  on  the 
subject,  there  is  every  reason  to  believe  that  he  was 
very  profound  in  his  geometrical  knowledge.  We 
have  already  mentioned  the  problem  of  the  duplica- 
tion of  the  cube,  which  about  this  time  engaged  so 
much  attention,  and  which  Hippocrates  had,  as  we 
have  seen,  reduced  to  the  finding  of  two  geometrical 
means  between  the  side  of  the  given  cube,  and  another 
line  double  of  the  same.  Plato  took  up  the  problem 
ut  this  point,  and  having  in  vain  attempted  to  solve  it 
geometrically,  (viz.  by  the  help  of  the  ruler  and  com- 
passes only,)  he  invented  a method  of  solution  by 
tw'o  rulers  ; but  being  a mechanical  construction  It 
could  not  be  admitted  os  a geometrical  solution,  which 
indeed  we  now  know  to  be  impossible.  The  most 
important  discovery,  however,  attributed  to  Plato  was 
that  of  the  geometrical  analysis,  to  which  wo  may 
also  add,  os  very  little  inferior,  the  invention  of  what 
is  now  termed  geometrical  loci ; but  there  is  perhaps 
Some  doubt  to  what  extent  Plato  himself  advanced 
these  doctrines,  they,  doubtless,  both  had  their  origin 
in  his  school,  as  had  also  the  conic  sections,  but 
whether  any  of  these  were  originally  due  to  this  phi- 
losopher is  uncertain,  although  it  is  very  usual  to 
attribute  the  merit  of  the  discoveries  to  him,  particu- 
larly of  the  first. 

Geometry  had  now  made  so  great  a progress  that  Leon, 
a new  course  of  its  elements  became  necessary,  a task  Neoclis, 
which  was  undertaken  by  Leon,  a scholar  of  Neoclis 
or  Neoclide,  a philosopher,  whr  had  studied  under  A c 
Plato.  To  this  author  has  been  uscribed  the  inven- 
tion of  that  part  of  the  solution  of  a problem  called 
its  determination ; that  is  to  say,  the  part  which 
points  out  the  limits  of  possibility,  or  impossibility. 

Eudoxus,  who  was  also  one  of  the  most  celebrated 
friends  of  Plato,  generalized  many  theorems,  and  thereby 
contributed  greatly  to  the  advancement  of  the  science. 

To  him  has  indeed  been  attributed  the  invention  of 
the  conic  sections,  which,  at  all  events,  he  cultivated 
with  great  success  ; he  has  been  also  stated  as  the 
author  of  the  doctrine  of  proportions,  given  in  the 
fifth  book  of  Euclid's  Elements ; and  it  seems  unques- 
tionable that  he  was  the  first  who  discovered  that  a 
cone  or  pyramid  is  equal  to  one-third  of  the  prism  of 
equal  base  and  altitude.  Some  other  important  geo- 
metrical inventions  and  discoveries  are  attributed  to 
Eudoxus,  amongst  which  is  that  of  the  theory  of  curved 
lines  generally.  This  distinguished  geometer  died  in 
the  year  368,  a.  c. 

The  school  of  Plato  was  now  divided  into  two,  DivMoa  ot 
which  upon  some  points  maintained  different  opinions,  t,,e 
but  they  both  agreed  in  regarding  the  knowledge  of 
mathematics,  os  absolutely  necessary  to  every  one 
who  was  desirous  of  studying  philosophy.  Thus  the 
geometrical  theories  which  hod  been  so  much  cul- 
tivated during  the  life-time  of  the  celebrated  founder 
of  this  school,  still  continued  to  make  great  progre**.  0 
Amongst  those  who  most  contributed  to  the  wlvaocc- 
2 « 
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Geometry-  ment  of  the  science  at  this  periou  was  Aristseus,  who 
v— composed  five  books  on  the  conic  sections,  and  of 
which  the  ancients  have  spoken  in  the  highest  terms 
of  approbation,  but  which  arc  unfortunately  lost. 
He  composed  likewise  fire  books  on  solid  loci,  which 
•hared  the  fate  of  his  conic  sections ; this  philosopher 
Is  said  to  bare  been  the  friend  and  preceptor  of 
Euclid. 

Euclid,  Euclid  flourished  under  the  first  of  the  Ptolemies, 
a.  c.  280.  about  280  years  before  Christ,  and  soon  after  the 
founding  of  the  Alexandrian  school.  The  place  of  his 
birth  is  not  certainly  known,  but  it  appears  that  he 
hod  studied  at  Athens  previously  to  his  settling  at 
Alexandria.  Pappus,  in  the  introduction  to  the 
seventh  book  of  his  CoUectiont,  gives  him  an  excel- 
lent moral  character,  gentle  and  modest  towards  all, 
and  particularly  to  those  who  cultivated  the  mathe- 
matical sciences.  He  composed  treatises  on  various 
subjects,  but  he  is  best  known  by  his  Elements,  a work 
on  geometry  and  arithmetic,  in  thirteen  books,  which 
still  exist ; but  of  these,  the  first  six,  and  the  eleventh 
and  twelfth,  are  those  only  which  are  now  consulted, 
the  other  books  on  numbers  being  of  no  value  in  the 
present  state  of  arithmetic  ; but  of  the  other  eight, 
it  may  be  said,  that  notwithstanding  the  various 
attempts  that  have  been  made,  either  to  improve  or 
to  surplant  them,  they  have  stood  the  test  of  more 
than  2000  years,  and  still  maintain  their  preeminence 
in  the  schools  and  universities,  not  only  in  this  coun- 
try, but  in  every  part  of  the  world  where  the  science 
of  geometry  is  cultivated,  which  is  such  an  instance 
of  excellence  and  unvaried  approbation  as  cannot  be 
paralleled  In  any  other  scientific  treatise  whatever. 
Comment*  The  Elements  of  Euclid  have  had  a great  number 
nrics  on  Df  commentators,  from  the  time  of  Thcon,  who  was 

tuL  id.  4|1C  grtt^  to  present  day  ; after  Thcon,  who  flou- 

rished about  the  middle  of  the  fourth  century,  the 
Elements  of  Euclid,  as  well  as  most  of  the  other  sci- 
entific works  of  the  Greeks,  passed  first  under  the 
persecution,  and  afterwards  under  the  patronage  of 
the  Arabs,  to  whom  we  are  mostly  indebted  for  those 
that  have  been  preserved.  To  an  Arabic  version  of 
this  work,  we  owe  our  first  Latin  editions  by  Alhelard, 
in  England,  and  by  Campanus,  in  Italy,  about  the 
same  time  ; that  is,  during  the  twelfth  or  thirteenth 
century.  The  former  remains  only  in  manuscript  in 
some  libraries,  but  the  latter  was  made  the  foundation 
of  some  other  Latin  translations  about  the  beginning 
of  the  sixteenth  century,  or  rather  at  the  latter  end  of 
the  fifteenth.  The  Greek  text  appeared  for  the  first 
time  at  Basle,  in  1533,  edited  by  Simon  Gryneus  j 
and  this  has  been  made  the  foundation  of  various  other 
editions  that  have  since  appeared,  particularly  of  the 
celebrated  one  of  Comnumdine,  in  1572,  and  again  in 
1619.  It  was  this  also  that  Gregory  used  in  preparing 
the  Oxford  edition ; and  lastly,  Simson’s  translation 
In  1756,  is  also  drawn  principally  from  the  same 
source. 

Archl-  We  have  now  arrived  at  the  period  of  our  history 

inedw.  which  introduces  us  to  the  prince  of  Grecian  matbe- 

a.  c.  250.  TOaticians,  Archimedes,  who  lived  about  250  years 
before  Christ.  He  wm  the  first  who  discovered  an 
approximate  ratio  between  the  diameter  and  the  cir- 
cumference of  a circle,  and  which  has  been  made  the 
foundation  of  the  numerous  modem  approximations 
® which  are  not  dependent  on  the  doctrine  of  fluxions.  It 
may  therefore  be  interesting  to  many  of  our  readers  to  be 


furnished  with  a brief  sketch  of  this  ingenious  process'  Hilary. 
Having  seen,  that  if  he  inscribed  in  and  circumscribed  \_mr- 
about  a circle  two  regular  polygons  of  the  same  num- 
ber of  sides,  the  circumference  of  the  circle,  which 
will  fall  between  their  perimeters,  will  be  greater  than 
the  one,  and  less  than  the  other;  and  by  continually 
augmenting  the  number  of  sides,  the  circle  will  at 
length  differ  less  from  the  actual  perimeter  of  either, 
by  a quantity  less  than  any  that  can  be  assigned ; 
consequently,  by  computing  the  perimeter  of  the  two 
polygons,  whatever  may  be  the  number  of  their  sides, 
we  shall  be  certain  that  the  circumference  of  the 
circle  is  comprised  between  these  two  limits.  Archi- 
medes first  employed  polygons  of  six  sides  ; then  by 
bisecting  each,  he  obtained  two  others  of  twelve,  then 
of  twenty-four,  forty -eight,  and  lastly  of  ninety-six, 
where  he  stopped  ; the  exterior  and  interior  polygons 
already  approaching  towards  each,  very  nearly  ; and 
here,  by  taking  the  mean  of  the  two,  he  found  that 
the  diameter  was  to  the  circumference  as  seven  to 
some  number  between  twenty-one  and  twenty-two, 
but  much  nearer  to  the  lutter;  and  in  short,  the 
approximation  of  seven  to  twenty-two,  is  near  enough 
even  in  the  present  day,  for  most  practical  cases.  The 
most  interesting  part  of  this  process,  however,  was 
that  by  which  he  made  every  successive  approxima- 
tion a step  towards  the  next,  and  which  considering 
the  very  defective  state  of  the  Greek  numeral  notation 
at  this  time,  displays  an  effort  of  genius  which  has 
certainly  never  been  surpassed.  The  fluxional  analysis 
has  enabled  us  now  to  approach  towards  the  actual 
ratio  much  more  nearly,  but  the  results  are  more 
curious  than  useful  .*  such  is  the  present  approxima- 
tion, that  we  might  with  the  necessary  data  state  cor- 
rectly to  the  nearest  unit,  the  number  of  grains  of 
sand  that  would  compose  a sphere  equal  in  diameter 
to  the  orbit  of  Saturn ; a refinement  which  no  prac- 
tice can  ever  require. 

This,  however,  is  only  one  of  the  numerous  dis- 
coveries with  which  Archimedes  enriched  the  Grecian 
geometry  ; he  wrote  also  treatises  Oa  the  Sphere  and 
Ct/linder,  that  is  to  say,  on  the  ratio  betweeu  these  two 
solids,  when  their  diameters  and  altitudes  were  equal, 
and  on  the  relation  of  their  surface*.  He  was  the 
first  to  discover  the  elegant  deduction,  that  the 
solidity  of  the  sphere  is  to  that  of  the  cylinder  as 
2 to  3 ; and  that  their  curvilinear  surface*  are  equal, 
or,  which  is  the  same  thing,  that  the  surface  of  the 
sphere  is  equal  to  four  of  its  great  circles. 

His  treatise  On  Conoids  and  Spheroids  relates  to  the 
solids  generated  by  the  conic  sections  revolving  about 
their  axe* ; those  produced  by  the  rotation  of  the 
parabola  and  hyperbola,  he  called  conoids ; and  such 
as  are  generated  by  the  revolution  of  the  ellipse  about 
either  axis,  are  his  spheroids.  Here  he  compares  the 
area  of  an  ellipse  with  that  of  a circle ; he  also  prove* 
that  the  sections  of  conoids  and  spheroids  are  conic 
sections,  arid  he  treats  of  their  tangent  planes.  He 
proves,  for  the  first  time,  that  a parabolic  conoid  is 
equal  to  three  time*  the  half  of  a cunc  of  the  same 
base  and  altitude ; mid  lie  also  investigates  the 
ratio  of  any  segment  of  a hyperbolic  conoid,  or  of  a 
spheroid  to  n rone  of  the  same  base  and  altitude. 

His  reasoning  is  a model  of  accuracy  i and  It  exhibits 
the  true  spirit  of  the  ancient  synthetic  method  ; it  is, 
however,  exceedingly  prolix  and  difficult,  so  much  so, 
indeed,  that  few  will  have  patience  to  follow  the  step* 
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Geometry,  of  the  venerable  mathematician,  more  especially  as 
the  same  conclusion  may  be  found  with  equal  cer- 
tainty by  the  modern  analysis,  at  an  infinitely  less 
expense  of  thought  and  labour.  His  work  Oh  Spiral* 
treats  of  n curve,  which  was  the  invention  of  his 
friend  Conon,  who,  it  seems,  had  found  its  properties, 
but  he  died  before  he  had  time  to  complete  their  de- 
monstrations ; these  Archimedes  has  supplied ; the 
whole  subject  is,  however,  so  much  bis  own,  that 
what  is  properly  the  spiral  of  Conon,  is  usually 
called  the  spiral  of  Archimedes.  He  has  also  treated 
Of  the  Equilibrium  of  Planet,  or  of  their  Centres  of 
Gravity,  in  two  books ; and  next  Of  the  Quadrature  of 
the  Parabola.  This  is  the  first  complete  quadrature 
of  a curve  that  was  ever  found,  lie  here  shews  that 
the  area  of  any  segment  of  a parabola  cut  off  by  a 
chord,  is  two-thirds  of  the  circumscribing  parallelo- 


gram ; and  this  he  proves  by  two  different  methods. 
His  Arenarius  was  written  to  evince  the  possibility 
of  expressing,  by  numbers,  the  grains  of  sand  that 
might  fill  the  whole  space  of  the  universe.  Here  he 
introduces  a property  of  a geometrical  progression, 
that  has  since  been  mode  the  foundation  of  the  theory 
of  logarithms ; but  it  would  be  going  too  far  to  sup- 
pose that  Archimedes  had  made  any  approach  to  that 
noble  invention.  This  tract  is  valuable,  not  on  ac- 
count of  the  subject  on  which  he  treats,  but  because 
of  the  information  it  contains  respecting  the  ancient 
astronomy,  and  the  application  which  it  gives  of  the 
Greek  arithmetic.  In  addition  to  the  works  we  have 
enumerated,  there  is  a treatise  On  Bodies  which  are 
carried  on  a Fluid,  in  two  books,  and  a book  of 
Lemmas , which  is  a collection  of  theorems  and 
problems,  curious  in  themselves,  and  useful  in  the 
geometrical  analysis.  These  are  all  the  writings  of 
Archimedes  now  extant,  but  many  have  been  lost. 

The  works  of  Archimedes  are  the  most  precious 
relict  of  ancient  geometry  ; they  shew  to  what  an 
extent  such  a genius  as  his  could  carry  its  method  of 
demonstration  ; but  they  likewise  prove,  that  there 
were  certain  limits  beyond  which  it  became  inappli- 
cable, on  account  of  the  unwieldiness  of  the  machinery. 
In  general,  the  progress  of  discovery  is  slow  j but 
Archimedes  took  up  the  subject  where  men  of  ordi- 
nary capacities  were  at  a stand,  and  by  the  vigour  of 
his  mind,  anticipated  the  labour  of  ages  : he  was, 
undoubtedly,  the  Newton  of  antiquity. 

Apollonius.  This  was  the  most  brilliant  epoch  in  the  history  of 
a.  c.  240.  Grecian  science  ; such  a philosopher  as  Archimedes 
would  alone  have  given  a character  and  eclat  to  the 
period  when  he  flourished  ; but  nearly  at  the  same 
time  we  meet  with  Eratosthenes,  Apollonius,  Nico- 
medes,  and  some  others,  who  are  still  admired  for 
the  elegance,  depth,  and  ingenuity  of  their  geometrical 
compositions  j of  these,  however,  Apollonius,  un- 
doubtedly stands  next  in  fame  to  Archimedes. 

This  Great  Geometer,  a9  he  was  deservedly  eurnnmed 
by  his  contemporaries,  flourished  about  240  years  before 
the  commencement  of  the  Christian  era.  He  composed 
a great  number  of  works  upon  the  higher  branches 
of  the  science,  roost  of  which  arc  unfortunately 
lost,  or  only  small  fragments  of  them  remain  j 
but  we  have,  at  least,  nearly  entire,  his  treatise  On 
the  Conic  Sections,  which  is  alone  sufficient  to  justify 
the  high  reputation  that  he  has  acquired.  This  treatise 
was  divided  into  eight  books,  of  which  the  first  four 
have  reached  us  in  their  original  language  ; but  the 


three  following  have  been  only  handed  down  to  our  Histnry. 
time  through  the  medium  of  an  Arabic  version,  made  v— -- 
about  the  year  1250,  a.  d and  which  was  rendered 
into  Latin  about  the  middle  of  the  seventeenth  cen- 
tury. The  eighth  book  is  entirely  lost,  but  attempts 
have  been  made  to  supply  it,  by  following  out  the 
plans  of  the  author  as  far  os  they  could  be  ascer-  § 
tained  from  the  first  seven.  This  task  was  first 
undertaken  by  the  celebrated  Dr.  Halley,  who  also 
revised  and  corrected  the  translation  that  had  been 
before  made  of  the  leading  part ; and  in  1*10  pub- 
lished the  splendid  Oxford  edition  of  this  noble 
monument  of  Grecian  geometry'.  The  first  four 
books  of  Apollonius  treat  of  the  generation  of  the 
conic  sections,  and  of  their  principal  properties, 
with  reference  to  their  axes,  foci,  and  diameters  The 
greater  part  of  these  properties  were,  indeed,  known 
before  the  time  of  this  author,  and  arc  merely  given 
as  preliminaries  to  his  general  and  extended  view  of 
the  subject.  Before  this  time  the  right  cone  only  bad 
been  considered  ; but  Apollonius  treats  generally  of 
every  cone  having  a circular  base,  and  presented  many 
new  theorems,  or  rendered  those  already  known  more 
general.  The  following  books  contain  a great  number 
of  elegant  and  interesting  propositions  entirely  new, 
but  which  it  would  be  inconsistent  with  our  plan  to 
describe  in  detail.  The  most  important  of  his  other 
works  were  : l.  On  the  Section  of  a Ratio  ; 3.  On  the 
Sect  ions  (fa  Space ; 3.  On  Determinate  Sections  ; 4.  On 
Tangcnncs  ; 5.  On  Inclinations ; and,  t>.  On  Plane 
Loci. 

We  must  here  pass  over,  with  very  brief  notices,  Eratos- 
thc  names  of  several  other  distinguished  geometers  thrncs  sod 
who  lived  about  this  time.  Wc  have  already  men-  Nieo- 
tioned  Eratosthenes  and  Nicomcdes  j the  former  was 
most  distinguished  as  a geometer  for  his  construction 
of  the  duplication  of  the  cube,  and  for  two  books, 
entitled,  De  Loris  ad  Medietates,  and  the  latter  for 
the  invention  of  the  conchoid , a curve  which  still 
carries  his  name ; and  for  the  application  that  he  made 
of  it  to  the  finding  two  mean  proportionals  between 
two  given  lines  or  numbers. 

Conon,  Trasideus,  Nicoteles,  and  Doaitheus,  were 
also  distinguished  geometers  about  this  period  ; but 
their  labours  have  not  been  banded  down  to  our 
time. 

, We  have  now,  unquestionably,  passed  the  zeuilh  of  Decline  of 
Grecian  science,  we  find,  indctfl,  many  authors,  but  Grecian 
they  added  little,  perhaps  nothing,  whatever  to  the  ***■**• 
discoveries  of  Archimedes  and  Apollonius.  Wc  must, 
however,  except  Theodosius,  the  author  of  an  excel- 
lent treatise  On  Spherics,  in  three  books,  which  have 
been  preserved  and  justly  admired  j and  Menelaus  of 
Alexandria,  who  lived  in  the  second  century'  of  the 
Christian  aera ; he  was  the  author  of  a treatise  On 
Trigonometry,  in  six  books ; and  another  On  Spherics , 
in  three  books,  which  are  still  extant.  He  appears, 
also,  to  have  treated  of  the  geometry  of  curved  lines. 

Ptolemy,  also,  the  author  of  the  Almagest,  born  in  70 
a.d.  must  be  considered,  if  not  as  an  original  genius,  at 
least  as  a valuable  promoter  of  geometrical  science  j 
bis  treatise  On  Optics,  which  is  lost,  is  supposed  to 
have  contained  some  beautiful  specimens  and  appli- 
cations of  geometry. 

The  next  two  or  three  centuries  are  entirely  barreD 
of  any  names,  which  in  this  brief  sketch  of  the 
History  of  Geometry  require  to  be  particularized. 
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Geometry.  Science  in  general  was,  indeed,  now  fast  declining, 
and  the  only  names  of  distinction  between  this  time 
and  the  fall  of  Alexandria,  which  totally  extinguished 
the  faint  light  that  still  remained  of  Grecian  learning, 
are  very  few.  Pappus,  Theon,  and  his  accomplished 
daughter  Hypatia,  Diodes,  and  Prnclus,  arc.  perhaps, 
the  only  names  to  which  it  will,  in  our  cusc,  be  re- 
quisite to  call  the  attention  of  the  reader. 

Pappus.  Pappus  flourished  about  the  year  380,  a.  d.,  and  was 
a.  d.  380.  the  author  of  a work  which,  although  it  does  not 
possess  so  much  originality  as  some  wc  have  referred 
to,  is  still  extremely  curious  and  interesting.  We 
allude  to  Ins  Mathematical  Collection t,  in  eight  books, 
of  which,  however,  the  first  and  half  of  the  second 
are  lost.  He  seems  to  have  intended  to  collect,  into 
one  body,  several  scattered  discoveries,  and  to  illus- 
trate and  complete,  in  many  places,  the  writings  of  the 
most  celebrated  mathematicians,  in  particular,  those  of 
Apollonius,  Archimedes,  Euclid,  and  Theodosias  ; for 
this  purpose  he  lias  given  a multitude  of  lemmas, 
and  curious  theorems,  which  they  had  supposed 
known;  and  he  has  also  described  the  different  at- 
tempts which  had  been  made  to  resolve  the  most 
difficult  problems,  as  the  duplication  of  the  cube,  and 
the  trisection  of  an  angle.  The  preface  to  his  seventh 
book  is  highly  valuable ; having  preserved  from 
oblivion  many  analytical  works  on  geometry,  of 
which  we  should  otherwise  have  been  entirely  igno- 
rant. The  abridgement  which  he  has  given  of  these 
is  all  that  remains  of  the  greater  number  ; yet  it  has 
served  to  give  a continuity  to  the  History  of  Geome- 
try, and  to  inspire  modern  mathematicians  with  a 
high  opinion  of  the  theories  of  the  ancients.  In  fact, 
such  of  their  geometrical  writings  as  have  descended 
to  our  times,  are  merely  elementary ; their  more 
recondite  works  have  either  been  entirely  lost,  or  are 
only  known  by  the  account  which  Pappus  has  given 
of  them.  The  books  that  remain  of  this  author,  have 
suffered  much  from  the  injuries  of  time  ; there  are 
many  inaccuracies,  and  some  passages  so  mutilated 
as  to  be  hardly  intelligible.  The  original  Greek, 
except  some  extracts,  has  never  been  published.  The 
only  translation  that  has  been  given,  which  is  by 
Commandine,  was  published  at  Pesara  in  1558,  and 
again,  with  little  variation,  in  1600,  at  Bologna. 
Commandine  appears  to  have  had  access  to  only  one 
manuscript,  which  wanted  the  first  two  books,  and 
which  was,  throughout,  very  faulty.  There  are,  how- 
ever, several  manuscripts  of  Pappus  in  the  libraries 
of  some  public  institutions.  The  University  of  Ox- 
ford possesses  two,  one  of  which  has  half  the  second 
book  : this  part,  which  treats  of  arithmetic,  was 
published  by  Dr.  Wallis  in  1688 ; it  is,  therefore, 
probable,  that  both  these  books  treated  on  this  sub- 
ject. Amongst  many  other  curious  problems  con- 
tained in  this  work.  Pappus  has  some  perfectly  original, 
such  as  that  of  finding  quadruble  spaces  on  the  sur- 
faces of  a sphere.  He  demonstrates,  by  means  of  the 
theorems  of  Archimedes,  that  if  a moveable  point, 
proceeding  from  the  vertex  of  a hemisphere,  passes 
over  a quarter  of  the  circumference,  while  this  quadrant 
makes  an  entire  revolution  about  the  vertical  axis  of 
the  hemisphere,  the  space  included  between  the  cir- 
cumference of  the  base  and  the  spiral  of  double  cur- 
vature, described  on  the  hemisphere  by  the  moving 
point,  »s  equal  to  the  square  of  the  diameter.  Sucn 
a proposition  a*  this,  even  with  all  the  aid  afforded 


by  analysis,  is  far  from  elementary,  and  shews  that  His»ory. 
the  author,  with  the  means  of  investigation  which  he 
possessed,  must  have  been  a very  profound  geome- 
trician. This  problem  has  since  been  generalised,  it 
having  been  shown  that,  if  instead  of  the  quadrant 
making  a complete  revolution,  it  makes  only  a given 
part  of  a revolution,  while  the  moveable  point  descends 
through  it.  The  spherical  space  described  between 
the  quadrant,  the  corresponding  arc  of  the  base,  and 
the  spiral,  is  to  the  square  of  the  radius,  as  the  arc 
of  the  base  to  a quarter  of  the  circumference.  We 
shall  have  again  to  refer  to  this  specie*  of  problems 
in  speaking  of  the  geometry  of  the  moderns. 

We  shall  only  further  add  respecting  this  work  of 
Pappus,  that  in  the  preface  to  the  seventh  book  is 
given  a sufficiently  distinct  idea  of  that  beautiful 
theorem,  commonly  ascribed  to  the  Pere  Guldin,  and 
which  English  mathematicians  commonly  call  the 
centrobaryc  problem  ; viz,  the  solidity  of  any  solid, 
or  the  urcu  of  any  surface  described  by  the  motion  of 
an  area  or  line,  is  equal  lo  the  product  of  the  area,  or 
length  of  the  generatrix  into  the  path  of  its  centre 
of  gravity. 

Theon  is  principally  distinguished  for  his  Com-  Theon, 
men  tar  \et,  or  Scholia  on  Euclid,  although,  according  Hvpstia. 
to  the  statements  and  corrections  of  Dr.  Siinsnn  in 
his  translation,  he  rather  darkened  and  bewildered 
the  subject,  than  elucidated  it.  Tbenn  was  the  father 
of  the  accomplished  and  unfortunutc  Hypatia,  who 
had  so  much  distinguished  herself  by  her  cultiva- 
tion of  the  mathematical  sciences  generally,  that  she 
was  deemed  worthy  to  succeed  her  father  in  the 
Alexandrian  school,  where  she  shone  a distinguished 
ornament  to  her  sex  and  her  country,  till  she  fell  a 
sacrifice  to  the  blind  fury  of  a bigoted  and  fanatical 
mob,  about  the  beginning  of  the  fifth  century. 

After  Theon  and  his  daughter  we  meet  with  only  Prarlus. 
two  or  three  names  of  any  note.  Proclus,  who  was  Sp«ru»,  ice. 
the  chief  of  the  Platonists  at  Athens,  signalized  himself 
by  his  Commentaries  on  Euclitl  i and  Diodes  has  been 
principally  remembered  as  the  author  of  the  cutout , 
a curve  still  named  after  him.  Eutocius  also  attri- 
butes to  him  the  solution  of  a problem  concerning 
the  division  of  the  sphere ; .Sporus  and  Philo  also 
lived  about  this  period ; the  former  gave  a solution  to 
the  problem  of  finding  two  mean  proportionals,  and 
the  latter  extended  the  approximation  of  the  ratio 
between  the  diameter  and  the  circumference  of  the 
circle  to  the  ten  thousandths  part,  or  to  four  places 
of  decimals,  the  diameter  being  unity.  Some  other 
names  might  also  be  mentioned,  but  they  possess 
little  interest,  and  we  must  now  consider  the  light  of 
Grecian  science  os  about  to  be  extinguished.  What 
little  remained  up  to  this  period,  the  commencement 
of  the  seventh  century,  had  long  taken  refuge  in  the 
museum  of  Alexandria,  where,  destitute  of  support 
and  encouragement,  they  could  not  fail  to  degenerate. 

Still,  however,  they  preserved,  at  least  by  tradition  or  Derttuc- 
imitntion,  that  strict  and  correct  character  bestowed  tion  of  the 
upon  them  by  the  early  Greeks  ; but  before  the  date  Alexuiulri- 
above  mentioned,  a tremendous  political  and  religious  "n 
storm  arose  which  threatened  their  total  destruction.  A’  D‘ 

Filled  with  all  the  enthusiasm  a militant  religion  is  cal- 
culated to  inspire,  the  successors  of  Mohammed  ra- 
vaged that  vast  extent  of  country  which  stretches 
from  the  east  to  the  southern  confines  of  Europe. 

All  the  cultivators  of  the  arts  and  sciences,  who 
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<;«>n»etry.  from  every  part  had  taken  refuge  in  Alexandria,  were 
v- — v— ' driven  away  with  ignominy,  or  fell  by  the  swords  of 
their  conquerors : the  former  fled  into  remote  coun- 
tries, to  drag  out  the  remainder  of  their  lives  in 
poverty  and  distress.  The  places,  and  the  instruments 
which  had  been  so  useful  in  making  observations  on 
astronomy,  which  was  then  scarcely  distinguishable 
from  geometry,  were  involved  with  the  records  in  one 
common  min.  The  whole  of  the  valuable  library, 
which  contained  the  works  of  so  many  eminent  phi- 
losophers and  geometers,  and  which  was  the  common 
depository  of  every  species  of  learning  which  does 
honour  to  the  human  mind,  was  devoted  to  the  flames 
by  the  Arabs;  the  Caliph  Omar  observing,  “ that  if 
they  agreed  with  the  Koran,  they  were  useless,  and  if 
they  did  not  they  ought  to  be  destroyed,"  a sentiment 
worthy  of  such  a leader  and  of  the  cause  in  which  he 
was  engaged.  This  event  happened  in  the  year  640 
of  the  Christian  era. 

The  Arabs  It  has  been  said  that  a few  were  enabled  to  escape 
promote  the  blind  fury  of  Omar  and  his  followers  by  flight, 
the  science,  0f  COurse  these  carried  with  them  some  remnant 
of  that  general  learning  for  which  this  school  had 
been  so  celebrated  ; but  still,  destitute  of  books  and 
instruments,  and  probably  of  the  means  of  subsistence 
without  manual  labour,  very  little  of  that  great  mass 
of  learning  could  have  been  preserved,  and  still  less 
accumulated,  had  not  the  Arabians  themselves,  within 
less  than  two  centuries  of  this  fatal  conflagration, 
become  the  admirers  and  supporters  of  those  very 
sciences  they  had  before,  in  their  bigoted  fury,  so 
nearly  annihilated.  Fortunately  for  geometry  and  for 
the  sciences  in  general,  these  men  now  studied  the 
works  of  the  Greeks  with  the  greatest  assiduity,  and 
if  they  added  little  to  the  general  stock  of  knowledge 
which  they  found  contained  in  the  few  manuscripts 
which  escaped  from  the  general  wreck,  they  became 
at  least  sufficiently  masters  of  many  of  the  subjects 
to  comment  upon  them,  and  to  set  a due  estimation 
upon  these  valuable  relics  of  ancient  science.  It  is 
by  this  means  so  many  of  them  have  been  preserved, 
and  that  we  are  enabled  to  bestow  our  admiration  on 
the  transcendant  talents  and  genius  of  Archimedes, 
Apollonius,  and  the  other  distinguished  Greeks,  whose 
names  we  have  recorded.  It  is,  however,  principally 
for  the  preservation  of  the  Greek  authors  that  we 
ore  indebted  to  the  Arabs,  and  not  for  any  important 
improvements  or  discovery  in  geometry ; for  if  we 
except  the  simplification  they  gave  to  trigonometry, 
we  owe  to  them  very  little,  and  even  this  is  by  some 
supposed  to  have  been  derived  by  them  from  India 
with  the  numeral  figures  which  wc  now  employ  in 
arithmetic ; one  perhaps  of  the  most  useful  discoveries 
that  was  ever  made,  and  that  to  which  the  mathema- 
tical sciences  are  more  indebted  than  to  any  other 
whatever.  It  would  be  useless  to  quote  here  the 
names  of  the  several  Arabs  who  have  translated,  or 
ordered  the  translation,  of  the  different  Greek  authors 
to  whom  we  have  referred,  and  still  less  so,  those  of 
the  Persians  and  Turks  ; because  in  these  two  coun- 
tries nothing  appears  to  have  been  attended  to  but 
the  most  elementary  parts ; we  shall  therefore  pass  to 
a slight  mention  of  the  geometry  of  the  Hindoos  and 
Chinese,  not  that  they,  any  more  than  the  Persians 
and  Turks,  have  pursued  this  science  to  any  great 
length,  but  because  it  is  a question  whether  they  did 
not  possess  their  knowledge  on  the  subject  at  an 


earlier  date  than  the  Greeks,  and  whether  the  first  History, 
knowledge  which  the  latter  nation  obtained  was  not ^ 
of  Hindoo  or  Chinese  origin.  Opinions  on  this  sub- 
ject are  much  divided.  The  researches  of  the  learned 
have  brought  to  light  tables  in  India  which  must  have 
been  constructed  by  geometry ; but  the  period  at 
which  they  were  formed,  although  unqucstional,  a 
very  early  one,  has  not  been  completely  ascertained. 

The  Hindoos  have  a treatise  called  the  Suryd  Sid-  Geometry 
h'anta,  which  they  profess  to  be  a revelation  from  ni  th«  Wa* 
heaven  to  Maya,  a man  of  great  sanctity,  about  four  Rntl 
million  years  ago  ; but  notwithstanding  the  extrava-  chlllCBC‘ 
gance  of  this  fable,  there  seems  no  question  that  it  is 
of  a verv  remote  date  ; and  although  interwoven  with 
many  absurdities,  it  contains  a rational  system  of 
trigonometry,  which  differs  entirely  from  that  first 
known  in  Greece  and  Arabia.  It  is,  in  fact,  founded 
on  theorems  not  known  in  Europe  before  the  time  of 
Victa,  not  more  than  two  centuries  back  j and  it  em- 
ploys the  sines  of  arcs,  and  not  the  chords  of  the 
double  arcs,  which  was  the  practice  of  the  Greeks. 

It  is,  therefore,  questionable,  whether  the  introduction 
of  the  sines  into  trigonometry,  which  is  generally 
considered  as  an  Arabic  invention,  may  not  have  been, 
as  well  as  their  numerals,  of  Indian  origin.  The 
Chinese  also,  according  to  their  romantic  historians, 
were  very  early  promoters  of  geometry  and  astronomy; 
but  whatever  may  be  the  antiquity  of  these  sciences 
amongst  them,  their  extent  has  been  very  limited, 
and  they  have  been  long  perfectly  sterile  in  their 
hands. 

Before  we  enter  upon  the  geometry  of  modern  Geometry 
Europe,  it  may  be  proper  to  allude  slightly  to  theoftheRo’ 
state  of  geometry  amongst  the  Romans.  This  war- 
like  people  were  at  no  time  distinguished  by  their 
knowledge  in  what  have  been  termed  the  exact 
Sciences  ; they  studied  astronomy,  but  not  so  much 
for  the  love  of  the  science  itself,  as  for  its  supposed 
relation  with  astrology,  and  their  desire  to  pry  into 
the  secrets  of  futurity.  With  such  ideas  geometry 
was  not  likely  to  be  much  extended  in  their  hands, 
and,  in  fact,  the  only  authors  of  any  note  amongst 
them,  were  Boctius  the  senator  and  consul,  and  Vi- 
truvius ; which  latter  has  displayed  considerable  know- 
ledge of  geometry,  particularly  in  the  ninth  book  of 
his  architecture ; and  he  seems  to  have  had  some  ge- 
neral knowledge  of  most  other  mathematical  sub- 
jects. A few  other  names  might  be  mentioned,  but 
they  would  answer  no  purpose  but  needlessly  to 
lengthen  this  historical  sketch. 

We  are  arrived  now  at  what  have  been  properly  State  of 
termed  the  dark  ages  5 for  from  the  fatal  catastrophe 
which  extinguished  the  last  faint  glimmerings 
Grecian  science  in  the  middle  of  the  seventh  century,  we  M a£C*' 
pass  over  a space  of  nearly  six  hundred  years  without 
meeting  with  any  discovery  to  arrest  our  attention 
for  a moment,  except  those  wc  have  already  spoken 
of  os  due  to  the  Arabs  ; we  might,  indeed,  mention 
the  venerable  Beda,  7'00s.  d.  and  Roger  Bacon,  1*240 
a.  d.  as  individuals  who,  during  this  long  period,  dis- 
played some  knowledge  of  the  sciences  j but  we  owe 
to  them  no  discoveries.  During  the  thirteenth  century, 
indeed,  we  meet  with  several  names  of  some  note ; in 
fact,  the  sun  of  science,  which  had  been  so  long  set, 
was  now  gradually  advancing  towards  the  horixon  of 
Europe,  and  the  twilight  had  already  commenced  of 
that  brilliant  day  which  now  illuminates  so  great  a 
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(iriuttrf.  portion  of  the  globe.  Amongst  the  mathematicians 
v— - of  this  time,  may  be  mentioned  John  de  tiacro-Bosco, 
Cwmtten  or  John  of  Halifax,  who  wrote  a treatise  On  the  Sphere, 
«»f  the  thir-  ^ Campanus  of  Navarre,  who  translated  Euclid, 
ttir''*  CC°*  composed  a treatise  On  the  quadrature  of  the 
Circle ; Alberta*  Magnus  wrote  also  on  geometry 
during  this  century. 

Of  the  four-  The  fourteenth  century  is  still  further  distinguished 
tenth  cen*  by  its  geometers,  and  particularly  in  England;  amongst 
U,I7‘  whom  we  may  mention  Wallingfort  and  the  poet 
Chaucer ; but  it  is  only  in  the  fifteenth  century  that 
geometry  shone  forth  with  thnt  splendour  which  was 
indicative  of  the  sublime  discoveries  that  were  to  foi- 
of  tlte  fif-  low.  Theprincipal  promoters  during  this  century  were 
Uvuth  ccn-  Purbach  and  Muller,  or  Regiomontanus,  Lucus  de 
sury.  Burgo;  and  the  celebrated  Copernicus,  although  he 
never  wrote  on  this  subject,  was  a learned  geometri- 
cian. Purbach’s  first  essay  was  to  amend  the  Latin 
translation  of  Ptolemy's  Almagest  t he  w’rote  a tract 
which  he  entitled.  An  Introduction  to  Arithmetic ; a 
treatise  On  Gnomonics  and  Dialing  .*  he  corrected  by  the 
Greek  text  the  ancient  version  of  Archimedes  made 
by  Gerrard  of  Cremona  ; he  translated  the  Conics  of 
Apollonius  ; the  Cylinders  of  Sercnus  ; and  gave  a Latin 
version  of  the  Spherics  of  Theodosius  and  Menclnus. 
He  commented  on  certain  books  of  Archimedes,  which 
Eutocius  had  passed  over ; refuted  a pretended  quadra- 
ture of  the  circle  by  Cardinal  Cusa  ; besides  various 
important  labours  connected  with  astronomy,  which 
was,  indeed,  his  favourite  science  ; one  of  the  most 
useful  of  which  was  his  rejection  of  the  ancient 
sexagesimal  division  of  the  radius,  instead  of  which  he 
divided  it,  or  supposed  it  divided,  into  GOO, 000  ports. 
Regiomontanus,  who  out-lived  bis  friend  and  preceptor 
Purbach,  made  a still  further  improvement  in  this 
case,  by  carrying  the  division  to  100,000,  and  calcu- 
lating* new  tables  for  every  degree  and  minute  of  the 
quadrant. 

Lucus  de  Burgo  revived  Campanus's  translation  of 
Euclid,  which,  however,  was  only  published  in  1509. 
His  work,  5iujfHid  de  Arithmetic* i.  Geometric,  Ac.  1491, 
contains  a treatise  On  Geometry.  The  progress  which 
had  now  been  made  in  the  Greek  tongue,  and  the 
invention  of  printing,  contributed  greatly  to  the  dis- 
semination of  geometrical  knowledge.  The  Greek 
mathematicians  began  to  be  known  in  Europe,  and 
Euclid  was  printed  for  the  first  time  at  Venice  in 
1489,  in  a folio  volume,  by  Erhard  Uatdolt,  one  of 
the  first  printers  of  that  age. 

Of  the  six-  About  the  beginning  the  sixteenth  century  several 
tivath  cen-  of  the  Greek  authors  were  translated  and  published, 
‘“T  as  the  Spherics  of  Theodosius,  and  such  books  of 
Apolloniuj  as  were  then  known  ; but  the  translators, 
although  good  Greek  scholars,  had  but  little  know- 
ledge of  geometry,  so  that  these  translations  were 
in  many  respects  defective  ; at  length  Commandine, 
about  the  middle  of  the  century,  who  possessed  both 
the  requisite  qualifications,  undertook  a similar  task. 
He  translated  into  Latin,  and  published  in  1558,  a part 
of  the  works  of  Archimedes,  with  a commentary.  He 
published,  also,  a translation  of  the  first  four  books 
of  Apollonius's  Conics,  with  the  Commentary  of  Eu- 
tocius, and  the  Lemmas  of  Pappus.  His  Latin 
translation  of  Euclid  appeared  in  157$-  We  owe  to 
him  also  a treatise  On  Geodisia,  or  the  division  of 
figures,  the  work  of  an  Arabian  geometer.  But  his 
last  and  most  important  labour  was  his  translation  of 


the  Mathematical  Collections  of  Pappus,  the  only  one 
that  has  yet  appeared,  and  it  is  probable  that  but  for 
the  mathematical  zeal  of  the  author,  this  interesting 
work,  so  highly  curious  and  valuable,  might  still  have 
been  nearly  unknown  to  modern  geometers. 

John  Dee,  a singular  and  eccentric  English  writer, 
wrote  some  mathematical  works  about  this  time, 
many  of  them  connected  with  astrology  and  alchemy, 
and  some  on  geometry.  In  1570  he  published  a 
Preface  Mathematical  to  the  English  Euclid  by  Henry 
Hiliing dry , " which,"  says  Dr.  Hutton,  **  is  certainly 
a very  curious  and  elaborate  composition  and  the 
same  year  Divers  and  many  Annotations  and  Inventions 
dispersed  and  added  after  the  tenth  Book  of  the  English 
Euclid.  During  this  century,  Maurolycus  published 
some  works  which  were  much  esteemed  at  that  time ; 
and  it  was  also  in  the  same  century  that  Tartaglia, 
who  had  translated  Euclid  Into  Italian,  discovered 
the  method  of  solving  cubic  equations,  which  were 
clandestinely  published  by  Cardan,  and  still  bear  his 
name.  He  also  translated  a part  of  Aschunedes,  and 
demonstrated  the  rule  for  finding  the  area  of  a tri- 
angle when  the  three  sides  are  given  j but  the  rule 
itself  was  discovered  by  Hero  the  younger,  some 
centuries  before.  We  might,  if  our  limits  admitted 
of  it,  particularize  the  works  of  a number  of  other 
ingenious  mathematicians  of  this  period,  but  wc 
can  only  name  n few  of  the  most  distinguished ; as 
Clavius,  whose  translation  and  commentary  on  Euclid 
is  still  esteemed  ; Melius,  a mathematician  of  the 


Low  Countries,  the  author  of  a very  convenient  ap- 
proximation to  the  ratio  between  the  diametef  and 
circumference  of  a circle,  viz.  1 13  to  355.  This  was 
soon  after  extended  by  Romanus  to  seventeen  places 
of  decimals.  Nonius  distinguished  himself  by  the  inven- 
tion of  a method  of  reading  angles  to  a great  degree  of 
accuracy,  something  resembling  what  wc  still,  some- 
times, improperly  attribute  to  him,  but  which  is  more 
properly  called  a vernier,  or  vernier  scale.  Wright, 
an  English  mathematician,  was  the  author  of  the 
chart  which  we  always  improperly  attribute  to 
Mercator.  But,  perhaps,  the  man  of  most  original 
genius,  who  wrote  on  mathematical  subjects  during 
this  age,  was  Vieta,  who  flourished  in  France  just  Viets,  \ ora 
before  the  commencement  of  the  seventeenth  century;  1W0. 
his  writings  abound  with  marks  of  great  originality 
and  the  finest  genius ; and  his  inventions  and  im- 


provements in  all  parts  of  mathematics,  were  very 
considerable.  He  was,  to  a certain  degree,  the  in- 
ventor and  introducer  of  literal  algebra  ; that  is,  in 
which  letters  are  used  instead  of  numbers,  as  well 
as  of  many  beautiful  theorems  in  that  science.  He 
made  also  very  considerable  improvements  in  geo- 
metry and  trigonometry ; his  Angular  Sections  is  a 
very  ingenious  and  masterly  performance , by  these 
he  was  enabled  to  resolve  the  problem  of  Adrianus 
Romanus,  proposed  to  all  mathematicians,  amounting 
to  an  equation  of  the  45th  degree.  His  Apollonius 
Gains,  being  a restoration  of  Apollonius's  tract  On 
Tangeucies ; and  many  other  geometrical  pieces  to  be 
found  in  his  works,  show  the  truest  and  finest  taste 
for  geometrical  investigations.  He  gave  some  mas- 
terly tracts  on  trigonometry,  both  plane  and  spherical, 
which  may  be  found  in  the  collection  of  his  works 
published  at  Leyden  in  1646.  by  Schooten ; besides 
another  larger  and  separate  volume  iu  folio,  published 
in  the  author's  life-time  at  Baris  in  1579 ; containing 
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Geometry,  extensive  trigonometrical  tables,  with  the  construction 
and  use  of  the  same  ; these  arc  particularly  described 
in  the  introduction  10  Dr.  Hutton's  Logarithms.  To 
this  complete  treatise  on  trigonometry,  plane  and 
spherical,  are  subjoined  several  miscellaneous  problems 
and  observations ; such  as  on  the  quadrature  of  the 
circle,  the  duplication  of  the  cube,  &c.  Computa- 
tions are  here  given  of  the  ratio  of  the  diameter  of 
the  circle  to  its  circumference,  and  of  the  length  of 
the  sine  of  one  minute,  both  to  a great  many  places 
of  figures. 

Geometry  The  seventeenth  century  gave  birth  to  many 
of  the  illustrious  geometers  but  it  wo*  now  found  that 
seventeenth  analysis  was  a much  more  powerful  and  expeditious 
century.  instrument,  and  many  who  commenced  their  mathe- 
matical career  as  geometers,  were  turned  from  their 
pursuit  to  follow  the  new  analysis,  which  had  its 
origin  about  this  period ; our  business  is,  however, 
only  with  the  geometrical  writings  of  these  authors. 
One  of  the  earliest  geometers  of  this  century  was 
Lucas  Valerius,  an  Italian ; he  distinguished  himself 
by  his  determination  of  the  situation  of  the  centre 
or  gravity  iu  conoids,  spheroids,  and  their  segments. 
Marinus  Ghetaldus  was  well  acquainted  with  the 
ancient  geometry,  and,  guided  by  the  indications  of 
Pappus,  attempted  a restoration  of  the  lost  book 
of  Apollonius  On  Inclinations ; he  also  wrote  a sup- 
plement to  the  Apollonius  Galas  of  Vieta.  Lodolph 
Van  Ceulen  distinguished  himself  by  his  laborious 
approximation  to  the  circumference  of  a circle, 
when  the  diameter  is  unity,  stating  it  to  be 
3-14159,3,6535,89793,23846, 36433, 83279,50238,  or 
rather  that  this  number  is  in  defect  ; but  that  with 
the  last  number  increased  by  unity,  it  is  in  excess, 
the  true  ratio  lying  between  these  two  numbers. 

Willebrod  Snellius  was  another  Dutch  mathema- 
tician of  this  period ; at  an  early  age  he  undertook 
to  restore  the  work  of  Apollonius  on  determinate 
sections,  which  was  published  under  the  title  of  Apol- 
lonius hatavui.  He  published  also  a work.  Cyclonic  trio, 
where  he  treated  of  the  approximation  between  the 
diameter  and  circumference,  and  displayed  in  it  some 
ingenuity  and  dexterity  in  his  numerical  operations, 

Albert  Girard,  also  a Fleming,  possessed  great 
originality  and  genius.  He  first  gave  a rule  for  find- 
ing the  area  of  a spherical  triangle,  or  of  a polygon 
bounded  by  great  circles  on  a sphere ; he  also  offered 
some  general  theorems  for  measuring  and  comparing 
solid  angles,  and  endeavoured  to  restore  the  purisms 
of  Euclid. 

KCpltr>  Hitherto  no  new  principle  had  been  introduced  into 
tx>ra  1571.  geometrical  investigations  j the  models  laid  down  by 
the  Greek  mathematicians  were  considered  as  stand- 
ards of  perfection,  and  no  one  had  yet  been  bold 
enough  to  break  the  charm,  till  the  celebrated  Kepler, 
in  his  Nova  Slereometria,  ventured  on  this  dangerous 
ground,  and  first  introduced  considerations  of  infinity 
into  geometry  : according  to  these  new  views  a circle 
was  conceived  to  be  composed  of  an  infinite  number 
of  indefinitely  small  triangles,  having  their  vertex  at 
the  centre,  and  their  bases  at  the  circumference ) 
cones,  in  like  manner,  were  supposed  to  consist  of  an 
infinite  number  of  small  pyramids,  &c.  By  this  inge- 
nious way  of  treating  his  subject,  Kepler  was  enabled 
to  go  far  beyond  Archimedes  with  infinitely  lew 
labour.  The  latter  conceived  all  the  bodies  that  he 
had  treated  of,  as  formed  by  the  rotation  of  different 
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conic  sections  about  an  axis,  and  his  investigations  History, 
were  limited  to  such  bodies  j but  Kepler  treated  of  W/W 
solids  generated  by  the  rotation  of  these  curves  about 
any  line  whatever  in  their  planes,  and  thus  gave,  as  it 
were,  to  the  problems  of  Archimedes,  an  almost  inde- 
finite extent  j and  what  is  of  more  importance,  he  thus 
laid  the  foundation  of  the  modern  doctrine  of  infini- 
tesimals. 

The  next  important  innovation  in  the  method  of  Cavallerius, 
handling  geometrical  subjects,  was  made  by  Cavalje-  *oru  15$8. 
rius  in  his  work,  Geometric  Indivisilnlibus,  published 
in  1635.  Here  a line  is  conceived  to  be  made  up 
of  on  infinite  number  of  points  ; a surface  of  an  infi- 
nite number  of  lines  ; and  a solid,  as  composed 
of  an  infinite  number  of  surfaces,  which  elements  of 
magnitude  be  called  indivisibles.  So  bold  an  innova- 
tion was  not  likely  to  be  received  with  universal 
approbation  by  men  wbo  had  devoted  themselves  to 
the  study  of  the  ancients,  and  who  knew  no  other 
standard  for  forming  their  taste  and  judgment ; in  fact, 
this  work  met  with  great  opposition,  and  led  to  vari- 
ous controversies.  In  answer  to  some  of  the  objec- 
tions that  bad  been  urged,  Cavallerius  maintained  that 
the  hypothesis  he  had  advanced,  was  by  no  means  an 
essential  part  of  his  theory,  which,  in  fact,  was  the 
Mine  as  the  ancient  method  of  exhaustions,  but  free 
from  its  tedious  and  indirect  mode  of  reasoning.  To 
effect  their  purposes,  the  ancients  were  under  the 
necessity  of  inscribing  and  circumscribing  polygons 
about  circles,  and  polyhedra  in  tho  same  way  about 
spheres)  and  although  with  great  ingenuity,  it  was  also 
with  great  labour  that  they  arrived  at  their  conclusion. 
Cavallerius  advanced  more  directly  to  his  object. 

He  considered,  as  we  have  stated,  surfaces  as  com- 
posed of  an  infinite  number  of  lines,  and  solids  as 
made  up  of  an  infinite  number  of  planes ; and  the  prin- 
ciple he  assumed  was,  that  the  ratio  of  these  infinite 
sums  of  lines  or  planes,  as  compared  with  the  unit  of 
numeration,  in  each  case,  was  the  same  as  that  of  the 
surfaces  or  solids  of  which  thev  were  the  measure. 

This  work  of  Cavallerius  is  divided  into  seven  books  -t 
in  the  first  six  the  author  applies  his  new  theory  to 
the  quadrature  of  the  conic  sections,  and  the  solidity 
of  their  solids  of  revolutions,  and  to  other  questions 
of  a similar  nature  relative  to  spirals  ; the  seventh  is 
employed  in  demonstrating  the  same  things  by  prin- 
ciples independent  of  indivisibles,  and  establishing  by 
the  agreement  of  the  results,  the  exactitude  of  the 
new  method. 

The  French  geometers,  during  this  time,  were  no  p<rBUt. 
less  intent  upon  improving  and  extending  geometry,  born  16i  S. 
The  dates  of  the  letters  of  Fermat,  published  in  the 
Commerce  Epistolaire,  of  this  author,  shew  that  his 
investigations  preceded  the  year  1636,  and  therefore 
that  his  discoveries  were  independent  of  those  of  the 
Italian  geometer.  Archimedes  hod  measured  the  area 
of  the  common  parabola,  and  found  the  solidity  of  the 
conoid  produced  by  the  rotation  of  the  plane  about  its 
axis.  Fermat,  by  a new  method,  solved  both  these 
problems  with  great  facility,  and  determined  moreover 
the  situation  of  the  centre  of  gravity  of  the  paraboloid 
as  well  as  that  of  the  solid  generated  by  the  parabola 
revolving  about  its  base  j and  what  was  still  more 
difficult,  he  found  the  quadrature  of  parabolas  of  all 
orders,  and  the  value  of  their  solids  of  revolution, 
made  about  either  an  absciss  or  an  ordinate  ; he  ascer- 
tained likewise  the  centres  of  gravity  of  these  solids. 
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Geometry,  and  solved  a number  of  other  problems  which  marked 
v— him  as  a most  profound  geometer. 

Roberral,  Kohcrval  was  also  u geometer  of  high  reputation, 
burn  1602,  ul though  inferior  to  Fermat ; and  he  solved  as  soon  as 
the  problems  were  proposed  to  him  by  the  latter,  all 
the  cases  of  the  parabolas  above  mentioned.  He  em- 
ployed considerations  similar  to  those  of  Cavallorius, 
but  under  more  guarded  language  ; that  is,  he  assumed 
surfaces  to  be  made  up  with  other  surfaces  of  little 
breadth,  and  solids  as  composed  of  a number  of  inde- 
finitely thin  prisms,  instead  of  calling  them  lilies  and 
sections,  as  Cavallerius  hail  done.  On  these  principles 
he  solved  a number  of  very  difficult  and  curious  pro- 
blems in  a work,  entitled  Trails  des  Indivisibles,  which 
was  not  printed  till  after  his  death  in  1693.  Geometry 
is  also  indebted  to  Robervul  for  several  curious  inves- 
tigations relative  to  the  cycloid,  and  particularly  for  his 
method  of  tangents,  which  was  an  exceedingly  near 
approach  to  the  principles  of  fluxions,  and  will  be 
more  particularly  noticed  in  our  History  or  Analysis. 
l><**cArtfs,  The  celebrated  Descartes  was  a contemporary  with 
burn  15!N>.  Fermat  and  Roberval,  and  much  rivalry  and,  unfor- 
tunately, much  of  envy  and  petty  jealousies  subsisted 
between  these  great  masters.  They  proposed  to  each 
other  difficult  problems,  and  both  the  question  and 
answer  were  frequently  couched  in,  or  accompanied 
with  language,  which  we  are  sorry  to  see  employed 
between  men  whose  talents  it  is  impossible  not  to 
resjHict ; this  spirit  however  was  very  common  at  this 
period,  and  was  cherished  till  the  time  of  the  Bcrnoullis, 
between  whom  even  the  fraternal  relation,  in  which 
these  great  geometricians  stood  towards  each  other, 
was  forgotten  in  their  characters  of  scientific  rivals. 
Descartes  was  unquestionably  a man  of  distinguished 
talents ; and  as  the  author  of  a system  of  philosophy, 
which  found  ublc  defenders  for  many  years,  he  will 
always  stand  conspicuous  in  the  annals  of  mathe- 
matical science  ; but  in  geometry,  more  is  certainly 
attributed  to  him  than  is  justly  liis  due.  He  is,  for 
example,  always  cited  as  the  first  who  invented  the 
application  of  algebra  to  geometry,  which  is  not 
strictly  the  ense.  He  certainly  considerably  extended 
the  nature  of  this  application,  but  the  foundation  hod 
been  already  laid  by  Vieta,  and  practised  to  a certain 
extent  by  others.  It  was  Descartes,  however,  who 
first  solved,  in  general  terms,  the  problem  that  had 
been  proposed  by  the  ancient  geometers } namely, 
having  any  number  of  right  lines  given  in  position  on 
a plane,  to  find  a point,  from  which  we  may  draw'  ns 
many  other  right  lines,  one  to  each  of  the  given  lines, 
making  with  them  given  angles,  and  under  the  fol- 
lowing conditions,  vis.  that  the  product  of  the  two 
lines  thus  drawn  shall  have  a given  ratio,  with  the 
square  of  the  third,  if  there  be  only  three,  or  with  the 
product  of  the  two  others,  if  there  be  four;  or  if  there 
be  five,  that  the  product  of  the  three  shall  have  the 
given  ratio  with  the  product  of  the  two  lines  remain- 
ing, and  a third  given  line,  &e.  &c.  Descartes  was 
the  author  also  of  several  other  highly  interesting 
geometricad  problems  which  led  the  way  to  the  esta- 
blishment of  the  new  analysis,  and  will  therefore  be 
more  appropriately  treated  of  in  the  history  of  that 
science.  His  work,  containing  the  investigations 
alluded  to  above,  was  published  in  1637. 

Our  limits  will  only  admit  of  noticing  in  very 
concise  terms  the  distinguished  geometers  who  suc- 
ceeded those  last  mentioned,  in  fact  we  ore  now 


nearly  arrived  at  that  period  when  the  entire  current  History, 
of  mathematical  science  took  a new  direction  j every  — ■-'v'-w 
discovery  in  geometry  is  now  leading  us  nearer  to  the 
invention  of  the  new  analysis,  and  they  are  so  bleml^l 
with  it,  that  it  is  almost  impossible  to  notice  the  one 
without  referring  also  to  the  other  ; we  shall  there- 
fore, in  this  place,  confine  our  observations  within  a 
very  limited  space,  referring  the  reader  who  is  desir- 
ous of  examining  the  progress  of  geometry  at  this 
time,  to  the  History  of  Analysis  to  which  wc  have 
already  referred  in  the  preceding  page.  The  names 
which  intervene  between  this  time  and  the  full  deve- 
lopement  of  the  newr  analysis,  by  Newton  and  Leib- 
nitz, were  Gregory  $t.  Vincent,  a Flemish  mathemati- 
cian, whose  object  was  the  quadrature  of  the  circle, 
in  which  he  thought  he  bod  succeeded ; but,  although 
mistaken  in  this,  he  arrived  at  such  a multitude  of 
curious  and  interesting  properties  and  theorems,  as 
fully  to  recompense  him  for  his  laborious  research. 

Another  name  which  will  ever  be  highly  esteemed  Huyfcb*. 
by  every  admirer  of  the  exact  sciences,  occurs  at  this  lH,rn 
period.  Huygens  was  one  of  the  brightest  ornaments 
of  the  seventeenth  century ; at  a very  early  age  he 
published  his  Theoremata  de  Circuli  ct  hyp.  quad.,  and 
he  afterwards  found  the  surfaces  of  conoids  and  sphe- 
roids, a problem  w>bich  hod  not  been  attempted  before 
his  time.  He  determined  the  measure  of  the  ci&soid, 
and  showed  hov;  the  problem  of  the  rectification  of 
curves  might  be  reduced  to  that  of  their  quadratures. 

It  is  also  to  him  that  we  are  indebted  for  the  theory 
of  evolutes  and  involutes.  His  treatise  De  llurologia 
Oscillator  to  is  a work  of  the  highest  merit,  and  con- 
tains some  of  the  most  beautiful  applications  of  geo- 
metry to  mechanics  that  had  ever  been  made  before 
his  time. 

Dr.  Harrow,  an  English  mathematician,  and  the  Dt.Biutow 
tutor  of  the  illustrious  Newton,  was  highly  distin-  I®1*- 
guished  at  this  period  by  his  geometrical  writings  : 
his  Geometrical  Lectures  are  composed  partly  in  the 
style  of  the  ancient,  and  partly  in  that  of  the  modern 
geometry.  To  him  we  are  indebted  for  another  step 
towards  the  new  analysis. 

For  the  rest  it  will  be  sufficient  to  state  the  names 
of  Tacquet,  James  Gregory,  liorelli,  Vivian! , Simson, 

Stew'art,  and  Horsley,  each  of  whom  has  distinguished 
himself  by  his  taste  for  geometrical  pursuits,  has 
added  some  perfections,  and  rendered  some  service  to 
the  science,  but  not  such  as  to  claim  from  us  any  par- 
ticular notice  in  this  brief  sketch. 

It  only  now  remains  for  us  to  add  a few*  remarks  Drscripiint 
relative  to  a new  species  of  geometry  introduced  into  jeumetiy. 
notice  in  France,  by  Monge,  during  the  period  of  the 
revolution,  under  the  designation  of  descriptive  geo- 
metry'. When  any  surface  whatever  penetrates  ano- 
ther, there  most  frequently  results  from  their  inter- 
sections, curves  of  double  curvature,  the  determina- 
tion of  which  is  necessary  in  many  arts,  as  in  groined 
vault  work,  cutting  arch-stoncs,  wood-cuttiug,  for 
ornamental  work,  he.,  the  form  of  which  is  frequently 
very  singular  and  complicated  : it  is  in  the  solution 
of  problems  appertaining  to  these  subjects  tbut  de- 
scriptive geometry  is  especially  useful. 

Some  architects,  more  versed  in  geometry  than 
persons  of  that  profession  commonly  are,  have  long 
ago  thrown  some  light  on  the  first  principles  of  this 
kind  of  geometry.  There  is,  for  example,  a work  by 
ajesuit,  named  Courtier,  who  examined  and  showed 
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Gcmn-irjr.  how  to  describe  the  curves  resulting  from  the  rau- 
tunl  penetration  of  cylindrical,  spherical,  and  coni- 
cal surfaces  : this  work  was  published  at  Paris  in 
1663.  P.  Demud,  Matheurin,  Frczier,  &c.  had  like- 
wise contributed  a little  towanls  the  promotion  of 
this  branch  of  geometry.  But  Monge  has  given  it 
very  great  extension,  not  only  by  proposing  and  re- 
solving various  problems  both  curious  and  difficult, 
but  by  the  invention  of  several  new  and  interesting 
theorems.  We  can  only  mention  in  this  place  one  or 
two  of  the  problems  and  theorems.  Among  the  pro- 
blems are  the  following  ; first.  Two  right  lines  being 
given  in  space,  and  which  are  neither  parallel  nor  in 
the  same  plane,  to  find  in  both  of  them  the  points  of 
their  least  distance,  and  the  position  of  the  line  joining 
these  points  j second.  Three  spheres  being  given  in 
space,  to  determine  the  position  of  the  plane  which 
touches  them.  There  are  also  some  curious  problems 
relative  to  lines  of  double  curvature,  and  to  surfaces, 
resulting  from  the  application  of  a right  line  that  leans 
continually  upon  two  or  three  lines  given  in  posi- 
tion in  space.  Among  the  theorems  the  following 
may  be  mentioned  ; if  a plane  surface  given  in  space 
be  projected  upon  three  planes,  the  one  horizontal, 
and  the  two  others  vertical,  and  perpendicular  to  each 
other,  the  square  of  that  surface  will  be  equal  to  the 
sum  of  the  squares  of  the  three  surfaces  of  projection. 

A few  other  works  possessing  some  novelty  in  their 
manner  of  treating  the  subject,  may  be  also  here 
enumerated,  as  Di'rcloppement  de  Geometric,  and  Appli- 
cation,t de  Grom/ trie,  by  Baron  Dupin,  the  celebrated 
author  of  Travels  in  England  ; the  PolyqonoinetrUr,  of 
L'Huillicr  ',  the  Geometric  du  Compos,  by  Masclieroni,  in 
which  no  instrument  but  the  compasses  is  employed  j 
the  Gfome‘trie  de  Position,  by  Carnot;  and  Cresswell  on 
Geometrical  Maxima  et  Minima. 

As  to  the  elementary  works  of  the  present  day  they 
arc  very  numerous  ; those  most  approved  of,  however, 
are  the  translation  of  Euclid's  Elements , by  Simson  ; 
and  the  Geometries  of  Ingram,  Playfair,  Bonnycastlc, 
and  Leslie ; and  amongst  the  French  writers  we  may 
mention  the  Treatise*  of  Geometry,  by  La  Croix,  and 
Lc  Gendre  ; to  which  latter  work  we  have  been  much 
indebted,  in  compiling  the  following  treatise,  although 
wc  have,  in  some  instances,  deviated  widely  from  it. 


BOOK  I. 

Properties  of  lines,  angles,  and  triangles. 

Definitions. 

1.  Geometry  Is  that  science  which  U applied  to 
the  measure  of  extension.  Extension  is  comprised 
under  three  dimensions ; namely,  length,  breadth, 
and  depth  or  thickness. 

2.  A line  is  length,  without  breadth  or  thickness. 
The  extremities  of  a line  are  called  points.  So  that  a 
point  has  no  dimensions,  but  position  only. 

3.  A right  or  straight  line  is  the  nearest  distance 
between  two  points.  In  the  following  treatise  when 
the  word  line  is  used,  a right  line  is  to  be  understood. 

4.  Every  line  w'hich  is  not  a right  line,  or  com- 
posed of  right  lines,  is  a curve.  Thus  A B is  a right 
line,  A D a compound  or  crooked  line,  and  A E a curve, 

Fig.  1,  or  curved  line,  fig.  1. 

5.  A surface  is  that  which  has  length  and  breadth, 
without  thickness, 

von.  f. 


6.  A plane  is  a surface  in  which  any  two  points  Book  I. 
being  taken  within  it,  the  right  line  which  joins  those  v— 
points  will  be  every  where  in  the  surface. 

7.  Every  surface,  which  is  neither  a plane  nor  com- 
posed of  planes,  is  a curved  surface. 

8.  A solid  is  a body  comprised  under  three  dimen- 
sions ; length,  breadth,  and  thickness. 

9.  When  two  right  lines,  not  in  the  same  right  line, 

meet  each  other,  they  form  an  angle,  which  is  greater 
or  less  as  the  lines  arc  more  or  less  inclined  or 
opened.  The  point  of  their  meeting  is  called  the 
summit,  or  angular  point,  and  the  two  lines  are  its 
sales,  fig.  2.  pjj.  2t 

An  angle  may  be  designated  by  the  single  letter  at 
its  summit,  or  by  three  letters ; in  which  latter  case 
that  letter  which  is  at  the  summit  or  angular  point, 
is  to  be  read  in  the  middle.  Thus  the  above  angle 
may  be  called  the  angle  A,  or  BAG,  or  CAB 
Angles,  like  other  quantities,  may  be  added,  sub 
tmeted,  multiplied,  and  divided. 

10.  When  one  line,  as  C D,  meets  another,  as  A B, 
so  that  the  angles  on  each  side  are  equal  to  one  another  , 
each  of  them  is  called  a right  angle ; and  the  line  C D is 

said  to  be  perpendicular  to  A B,  fig.  3 ; and  C D is  said  Fi§..l. 
to  be  the  perpendicular  distance  of  the  point  C from  the 
line  A B. 

11.  An  acute  angle  is  less  than  a right  angle,  os 

ABC;  and  an  obtuse  angle  is  greater  than  a right 
angle,  aiCUD,  fig.  4.  Fig. 4. 

12.  Parallel  lines  are  those  in  which  any  point  being 
taken  in  the  one,  and  any  point  being  taken  in  the 
other,  the  |>erpen<licular  distance  of  these  points  from 

the  other  line  shall  be  equid  to  each  other,  fig.  5.  Fig-  &. 

The  usual  definition  of  purallcl  lines : that  they 
are  those,  “ which  produced  to  any  distance  what- 
ever will  never  meet,”  is  not  sufficiently  specific. 

For  in  order  to  demonstrate  the  properties  of  those 
lines,  as  given  in  the  29th  Proposition  of  the  Elements 
of  Euclid,  or  our  19th  proposition,  it  is  not  sufficient 
to  know  that  parallel  lines  will  never  meet,  but  also 
that  they  will  never  approach  ; and  it  cannot  be  de- 
monstrated in  this  part  of  Geometry,  that  two  right 
lines  may  not  approach,  although  they  never  meet ; 
a condition  which  Euclid  takes  for  granted  in  his 
twelfth  axiom.  It  is  essential  to  the  demonstration 
of  the  above  proposition,  that  it  be  first  shown  that 
parallel  lines  do  not  approach  towards  each  other, 
and  it  is  therefore  necessary  to  demonstrate  the 
twelfth  axiom  by  means  of  the  previous  proposition ; 
or  to  give  a definition  of  parallel  lines  which  will 
comprehend  their  essential  property  of  never  approach- 
ing towards  each  other,  or  of  being  every  where  at 
the  same  perpendicular  distance. 

Simson,  in  his  translation,  has  endeavoured,  by 
means  of  two  other  definitions,  five  propositions,  anil 
corollaries,  to  demonstrate  the  twelfth  axiom  of 
Euclid;  and  after  all  he  has  failed,  because  he  bus  not 
shown  that  two  lines  cannot  approach  without  ulti- 
mately intersecting.  He  has  shown  that  they  cannot 
approach,  and  then  recede  again  ; but  he  has  taken 
for  granted,  os  Euclid  himself  has  done,  that  if  they 
do  approach  they  will  meet  if  produced,  which  is  the 
very  point  in  question. 

We  have,  therefore,  preferred  the  definition  above 
given,  and  have  made  the  property  of  panelled  lines 
never  meeting,  a proposition  instead  of  a definition. 

13.  A plane  figure  is  a plane  terminated  on  all  sides 
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Fig.  II. 
Fig.  12. 


Fig.  13. 
Fig.  U. 
Fig-  15. 


Fig.  16. 
Fig.  17. 

Fig.  18. 


by  lines.  If  the  tides  are  right  lines,  it  is  called  a 
rectilineal  figure  ; it  receives  also  particular  denomina- 
tion according  to  the  number  of  its  sides. 

14.  A rectilineal  figure  of  three  sides  is  a triangle, 
fig.  r> ; of  four  sides  a quadrilateral ; of  five  sides  a 
pentagon ; but  generally  a figure  of  more  than  four 
sides  is  called  a polygon, 

15.  A triangle,  whose  sides  arc  all  equal  to  each 
other,  is  called  an  equilateral  triangle,  fig.  7 i when 
only  two  of  its  sides  are  equal,  it  is  an  isosceles  tri- 
angle, fig.  8 { and  when  they  are  all  unequal,  it  is 
called  a scalene  triangle,  fig.  9. 

Triangles  also  receive  specific  denominations  from 
the  nature  of  their  angles. 

16.  When  a triangle  A BC,  has  one  of  its  angles, 
as  A,  a right  angle,  it  is  called  a right  angled  triangle, 
and  the  side  B C opposite  the  right  angle  is  called 
the  hgpothenuse,  fig.  10. 

When  one  of  the  angles,  as  B,  fig-  11,  is  obtuse, 
it  is  an  obtuse  angled  triangle  j and  when  nil  the 
angles  arc  acute,  it  is  an  acute  angled  triangle, 
fig.  1*.  , . 

Quadrilateral  figures  receive  also  particular  deno- 
minations, as  follow  : 

17.  A square  is  a quadrilateral,  having  all  its  sides 
equal,  and  all  its  angles  right  angles,  fig.  13. 

18.  A rectangle  has  its  opposite  sides  parallel,  and  its 

angles  right  angles,  fig.  14.  _ 

19.  Every  quadrilateral  having  its  opposite  sides 
parallel,  is  a parallelogram,  fig.  15. 

20.  A parallelogram  which  has  all  its  sides  equal, 
but  its  angles  not  right  angles,  is  called  a rhombus, 
fig.  16.  When  only  the  opposite  sides  are  equal,  it 
is  a rhomboid,  fig.  17- 

21.  A trapezoid  is  a quadrilateral,  in  which  two 
only  of  the  opposite  sides  are  parallel,  fig.  18. 

22.  The  diagonal  of  any  rectilineal  figure,  is  a right 
line  joining  any  two  of  ita  angles  which  are  not  ad- 
jacent. In  fig.  18,  AC  is  the  diagonal. 

23.  An  equilateral  polygon  is  one  in  which  the  sides 
arc  all  equal  j and  an'  equiangular  polygon  is  one 
which  has  all  its  angles  equal. 

24.  Two  polygons  are  said  to  be  equilateral  to  each 
other,  when  the  sides  of  the  one  arc  equal  to  those  of 
the  other,  each  to  each,  and  are  placed  in  the  same 
order  ; that  is,  so  that  in  following  the  perimeters  in 
the  same  direction,  the  first  side  of  the  one  is  equal 
to  the  first  side  of  the  other,  the  second  side  of  the 
one  to  the  second  aide  of  the  other,  and  so  on  ; and 
in  like  manner  polygons  are  said  to  be  equiangular 
when  their  angles  arc  equal,  each  to  each,  taken  also 
in  the  same  order. 

In  both  the  above  coses  the  equal  sides  and  angles 
which  are  alike  situated,  are  called  homologous. 

Regular  polygons,  whose  number  of  sides  do  not 
exceed  twelve,  receive  specific  denominations,  as 
follow  : 

A polygon  of  three  sides  Is  called  n triangle. 

four  sides ...... a square. 

five  sides n pentagon. 

six  skies  « hexagon. 

seven  sides  a heptagon. 

eight  sides  an  octagon. 

nine  sides u nonagon. 

ten  sides  a decagon. 

twelve  side* a dodecagon. 


Definitions  o f other  terms  employed  in  Geometry.  Book  I. 

An  axiom  is  a self  evident  truth,  and  which  there-  V v 
fore  requires  no  demonstration. 

A proposition  is  any  thing  proposed  to  be  done  or 
demonstrated. 

A theorem  is  a proposition  proposed  to  be  demon- 
strated. 

A problem  is  a proposition  in  which  something  is 
proposed  to  be  done. 

A lemma  is  a preliminary  proposition  intended  to 
render  what  follows  more  obvious. 

A corollary  is  a consequent  truth  drawn  immediately 
from  a preceding  proposition. 

A scholium  is  a remark  applied  to  some  preceding 
propositions,  in  order  to  point  out  their  relative  con- 
nection, or  general  utility  and  application. 

An  hypothesis  is  a supposition  advanced  either  in 
the  enunciation  of  a proposition,  or  in  the  course  of 
the  demonstration. 

Illustration  of  the  symbols  to  be  employed. 

In  order  to  render  the  demonstration  ns  concise  as 
possible,  mathematicians  have  agreed  in  the  adoption 
of  certain  symbols,  to  signify  particular  terms  of 
frequent  recurrence,  which,  without  in  any  degree 
weakening  the  force  of  the  argument,  bring  the 
whole  subject  more  immediately  under  the  eye  of  the 
reader  : thus, 

The  sign  4-  signifies  addition,  and  is  read  plus, 
so  that  A + B is  read  A plus  B,  and  signifies  that  the 
quantity  B is  to  be  added  to  the  quantity  A. 

The  sign  — signifies  subtraction,  and  is  read  minus: 
thus  A — B is  read  A minus  B,  and  implies  that  the 
quantity  B is  to  be  taken  from  the  quantity  A. 

The  sign  x signifies  multiplication,  and  is  read 
multiplied  by  t thus  A x B,  is  read  A multiplied  by  B, 
and  implies  that  the  quantity  A is  to  be  multiplied  by 
the  quantity  B. 

The  parenthesis  or  vinculum,  is  used  to  reduce  a 
quantity  compounded  of  several  others  into  one  only : 
thus  A 4-  B — C is  sometimes  included  in  a paren- 
thesis thus,  (A  4-  B — C);  and  in  this  form  it  may  be 
considered  as  a single  quantity,  and  then  (A+  B-C) 
x D,  and  (A  4-  B)  X (C  4-  I>),  signify  that  the  quan- 
tity expressed  by  (A  4-  B — C),  is  to  be  multiplied 
by*D  ■,  and  that 'the  quantity  (A  4-  B)  is  to  be  multi- 
plied by  (C  4-  I^)> 

A number  placed  before  any  quantity  aa  3 B,  or 
5 (A  — B),  signifies  that  the  quantity  is  to  be  multi- 
plied by  that  number,  or  that  it  is  such  a multiple 
of  the  quantity  as  is  expressed  by  the  number  : thus, 
the  above  signify  three  times  B,  and  five  times  (A— B), 
although  in  this  case  the  sign  of  multiplication  does 
not  appear.  In  the  same  way  we  express  any  part  of 
a quantity  by  prefixing  to  the  quantity  the  fraction 
expressing  the  part.  As  -f  A,  | (A  4"  B),  &c-  which 
signify  half  A,  one-<Atrd  of  (A  + B),  fcc.  

The  square  of  any  line  AB,  is  denoted  by  A B'*  i 
the  cube  of  a line  by  AB^.  and  so  on. 

The  sign  */  signifies  the  square  root  of  a quantity  ; 
thus  ^2,  v'A  x B,  &c.  denote  the  square  root  of  the 
number  2,  or  of  the  product  A x B,  or  which  is  the 
same,  the  mean  proportional  between  A and  B. 

The  sign  =*  placed  between  any  two  quantities, 
denotes  that  these  quantities  arc  equal  to  each  other  : 
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Geometry.  ^ A = B and  (A  - B)  = B x C,  signify  that  A is 
equal  to  B,  and  that  the  difference  A — B,  is  equal  to 
the  product  B x C. 

The  sign  Z placed  between  two  quantities,  denotes 
that  the  first  of  those  quantities  is  less  than  the  second: 
thus  A / B,  is  read  A is  less  than  B j but  when  the 
sign  is  inverted,  as  A ^ B,  it  signifies  and  is  to  be  read 
A is  greater  than  B. 

The  above  are  all  the  conventional  signs  employed 
in  the  following  book  ; what  further  symbols  of  this 
kind  may  he  required  as  we  proceed,  will  be  explained 
in  their  proper  places. 

Axioms . 

1.  Tilings  which  are  equal  to  the  same  thing,  arc 
equal  to  one  another. 

2.  If  equals  be  added  to  equals,  the  wholes  are  equal. 

3.  The  whole  is  greater  than  its  part. 

4.  The  whole  is  equal  to  the  sum  of  ull  its  parts. 

5.  A right  line  may  be  drawn  from  any  point  to 
another  point,  and  there  can  be  but  one  such  right  line 
joining  those  two  points. 

6.  Magnitudes,  whether  lines,  surfaces,  or  solids, 
which  coincide  or  fill  the  same  space,  are  equal. 

7.  AU  right  angles  are  equal  to  each  oilier. 

Proposition  1. — Theorem. 

If  one  right  line  meet  another  right  line,  it  makes  the 
two  adjacent  angles  taken  together  equal  to  two  right 
angles,  fig.  19. 

fit).  ia  Let  the  line  A U meet  C D,  the  two  angles  A B D, 
A B C together,  are  equal  to  two  right  angles. 

Let  E B be  perpendicular  to  C D,  then  the  two 
angles  R BC  and  EBD  are  both  right  angles,  (def.  10:) 
and  if  A B coincide  with  B E,  the  two  angles  A BC. 
A B D,  will  also  be  both  right  angles  ; but  if  not,  and 
A B falls  otherwise,  as  in  the  figure, then,  since  A BD 
is  equal  to  the  sum  of  E B A and  £ B D,  the  two 
angles  R B C find  EBD,  arc  equal  to  the  three  ABC, 
E )t  A and  KBD;  but  C B £ is  equal  to  the  two 
A B C and  E B A,  therefore  the  two  angles  C B A and 
ABD  are  equal  to  the  two  EBC  and  EBD;  but 
these  are  both  right  angles,  therefore  C BA  and  ABD 
arc,  together,  equal  to  two  right  angles. 

Otherwise,  by  employing  the  conventional  symbols. 

Let  E B be  perpendicular  to  C D,  then  EBC  and 
EBD  are  each  right  angles  ; consequently  EBC  + 
E B D = two  right  angles ; and  if  A B coincide  with  E B, 
then  ABC  + A B D = two  right  angles. 

But  if  not,  because 

EBC  = EBA  + ABC 
we  shall  have 

EBD  + EBA+ABC  = EBC  + EBD, 
but  BBD+EBAaABD; 

therefore  ABC+ABD  = EBC  + EBD, 
but  EBC  + EBD  = two  right  angles  ; 
therefore  ABC  + ABD  = two  right  angles. 

Corollary.  Hence,  also,  the  sum  of  all  the  angles 
made  by  any  number  of  lines  meeting  CD  in  B on 
the  same  side,  is  equal  to  two  right  angles. 

Proposition  II. — Theorem. 


right  angles,  then  will  C B,  B D be  in  one  and  the  Book  *• 
same  right  line.  — 

For  if  BD  be  not  in  the  same  right  line  with  CB, 
let  B E*bc  in  a right  line  with  it ; then  by  prop.  1,  the 
two  angles  ABC  + ABE  = two  right  angles  ; but 
by  hypothesis  ABC  + ABD  = two  right  angles  ; 
therefore  ABC  + ABE  = ABC  + ABD;  taking 
away  the  common  angle  ABC  wc  shall  have  ABE  = 

A BD;  a part  equal  to  the  whole,  which  is  impossible; 
therefore  B E is  not  in  the  same  right  line  w ilh  C B ; 
and  the  same  may  be  demonstrated  of  every  line  but 
B D.  Therefore  BD  is  in  the  same  right  line  with 
CB. 

Proposition  III. — Theorem. 

If  two  right  lines  cut  each  other,  the  vertical  or  opposite 
angles  are  equal,  fig.  SI. 

Let  A B and  C D cut  each  other  in  E,  then  will  Fig.  21. 
A E C = B E D and  C E B = A E D.  Because  the 

right  line  C E meets  the  right  line  A B,  the  two 
angles, 

A EC  + CEB  = two  right  angles,  (prop,  1,) 
so  also  CEB  + BED  = two  right  angles ; 
therefore  AEC  + CEB  = CEB  + BED; 
taking  away  the  common  angle  CEB,  there  remains 
the  angle  AEC  equal  to  the  angle  BED;  and  in 
the  same  way  it  may  be  shown  that  C E B is  equal 
to  A ED. 

Cor.  1.  The  sum  of  the  four  angles  formed  about 
the  point  E is  equal  to  four  right  angles;  for  CEA  + 

A E D = two  right  angles,  and  CEB  + DEB  = 
two  right  angles  ; therefore  the  four  angles  C EA  + 

AED  + CEB  + DEB  = four  right  nnglcii. 

Cor.  *2.  Hence,  also,  the  sum  of  all  the  angles  that 
can  be  made  about  any  given  point,  is  equal  to  four 
right  angles. 

Cor.  3.  When  one  of  the  four  angles  formed  by  the 
intersection  of  two  right  lines  is  a right  angle,  the 
other  three  angles  ore  also  right  angles. 

Proposition  IV. — Theorem. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and  have  the  angles 
included  by  these  sides, also  equal ; the  triangles  will  be 
equal,  and  have  all  the  corresponding  sides  and  angles 
eijual,  fig.  22. 

Let  the  two  triangles  ABC,  DEF  have  the  side  Fig.  22. 

A C = D F,  C B = E F,  and  the  angle  C = the 
angle  F ; then  will  the  side  A B = D E,  &c.  as  stated 
in  the  proposition. 

For  the  triangle  ABC  may  be  conceived  to  lie 
applied  to  I>  E F,  so  that  the  point  C falls  upon  F, 
and  the  side  A C upon  F D to  which  it  is  equal  ; con- 
sequently the  point  A will  coincide  with  the  point  D. 

And,  because  the  angle  C = F,  the  side  C B will  fall 
upon  F E,  and  being  equal  to  it,  the  point  B will 
coincide  with  E,  and  therefore  the  side  A B with 
DE  (ax.  5 ;)  thus  the  two  triangles  coinciding,  will 
be  equal  to  each  other  (ax.  6,)  and  have  A B = D E, 

A = D and  B = E. 


Fig.  20. 


If  two  right  lines  meet  the  extremity  of  another  right  line, 
so  as  to  make  the  adjacent  angles  equal  to  two  right  angles, 
these  two  lines  are  in  one  and  the  same,  right  line,  fig.  20. 

Let  the  lines  C B,  B D meet  the  line  A B at  the 
point  B,  so  as  to  make  ABC  + ABD  equal  to  two 


Proposition  V. — Theorem. 


If  two  triangles  have  two  angles  of  the  one  equal  to 
two  angles  cf  the  other,  each  to  each,  and  the  side  adjacent 

• The  line  B E is  omitted  in  the  plate  by  the  engraver. 
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Geometry,  to  these  angles  also  equal,  the  triangles  Kill  be  equal, 
and  have  the  other  corresponding  sides  and  angles  equal, 
fig.  22. 

Let  the  angle  A = D,  B = E,  and  the  aide  AB  = 
D E,  then  will  the  triangle  ABC  = DE  F.  For  the 
aide  A B may  be  applied  to  the  side  D E,  so  that  A 
falls  on  D,  and  Bon  E;  and  since  the  angle  A = D, 
the  side  A C wall  fall  upon  D F and  B C on  E F,  and 
consequently  the  point  C will  fall  upon  F,  and  the 
two  triangles  will  coincide  or  fill  the  same  space, 
and  will  therefore  be  equal  to  each  other,  (ax.  G ;) 
that  is,  the  side  A C = D F,  B C = E F,  and  the  angle 
C = F. 

Proposition  VI. — Theorem . 

If  two  of  the  sales  of  a triangle  are  equal  to  each  other, 
the  angles  opposite  those  sides  will  also  U equal  to  each 
other,  fig.  23. 

Tig.  23.  That  is,  if  A C = C B,  then  will  A = B.  Conceive 
the  angle  C to  be  bisected  by  the  line  C 1)  ; then  in 
the  two  triangles  A C D and  CBD,  there  arc  two 
sides  AC,  C D,  equal  to  the  two  C B,  C D,  each  to 
each,  and  the  included  angles  equal  ; consequently 
the  twro  triangles  A C D and  BCD  urc  also  equal,  and 
the  angle  A = the  angle  B,  (prop.  4.) 

Cor.  I.  The  triangles  A CD,  DCBnre  equal,  and 
the  side  A D = D B,  and  the  angle  C D A = C D B, 
(prop.  4 ;)  hence  the  line  which  bisects  the  vertical 
angle  of  an  isosceles  triangle  also  bisects  the  base,  and 
is  perpendicular  to  it,  (dcf.  lO.) 

Cor.  2.  If  the  three  sides  of  a triangle  are  equal  to 
each  other,  the  three  angles  will  also  be  equal  to  each 
other. 

Proposition  VII. — Theorem. 

If  a triangle  have  tiro  of  its  angles  equal,  the  siiles 
opposite  to  those  angles  will  also  be  equal,  fig.  45. 

Fig.  45.  That  is,  if  the  angle  A = B,  then  will  A C = BC. 

First  let  it  be  granted  that  a point  may  be  found  in 
BC,  or  BC  produced,  fig.  45,  such  that  a line  drawn 
from  it  to  A shall  be  equal  to  its  distance  from  B,  and 
if  C be  not  that  point,  let  it  be  some  other  point  as  D; 
join  D A,  then  because  A D = D B;  the  angle  D A B= 
DBA;  but  DBA  or  CBAsCAl);  therefore 
DAB  = C AB,  a part  to  the  whole,  which  is  impos- 
sible } and  the  same  may  be  shown  of  every  point  in 
B C except  C : therefore  C AssBC. 

Cor.  Hence  if  the  three  angles  of  a triangle  be  equal 
to  each  other,  the  three  sides  will  also  be  equal. 

Proposition  VIII. — Theorem. 

Ann  two  sides  of  a triangle  are  greater  than  the  third 
side,  fig.  24. 

Fig.  24.  Let  A B C be  a triangle,  any  two  of  its  sides  (A  C + 
CB)  7 AB.  For  AB  being  n right  line,, it  is  the 
shortest  distance  between  the  two  points  A and  B, 
(def.  3})  therefore  (A  C 4-  C B)  7 AB;  and  the 
same  may  be  demonstrated  of  any  other  two  sides. 

Proposition  IX. — Theorem. 

If  from  a point  within  a triangle,  there  be  drawn  tiro 
right  lines  to  the  extremities  of  one  of  its  sides,  these  two 
lines  taken  together  will  be  lf*s  than  the  sum  of  the  other 
two  titles  of  the  triangle,  fig.  25. 

Fig.  25.  Let  A B C be  a triangle,  and  O a point  taken  w'ithin 
it ; join  AO,  OB,  then  will  (AO  + OB)  /.  (AC  + 
CB). 


Produce  A O to  E *,  then  by  the  almve  proposition  Book  I. 
(OE  + E B)  7 OB  ; odd  to  each  A O,  then  (A  E + '«— * 

E B)  7(AO  + OB),  but  (A  C + C E)  7 A E.  Much 
more  therefore  is  (AC  + CE  + EB)  or  (A  C + C B) 

7 (AO  + OB). 


Proposition  X. — Theorem. 

If  (here  be  two  triangles  which  hare  two  sides  of  the 
one  equal  to  two  tides  of  the  other,  each  to  each,  but  the 
angle  contained  by  the  two  sitles  of  the  one,  greater  than 
the  angle  contained  by  the  two  sides  of  the  other,  that 
which  has  the  greater  angle  will  have  the  greater  base, 
fig.  26,  27,  28. 

Let  A B = D E.  and  A C = D F,  but  B A C 7 Jj*  26*J 
EDF;  then  will  B C 7 E F.  Make  the  angle  CAG2*' 

= FDE  nod  AG  = DE;  then  will  GC  = K F, 

(prop.  4.)  Now  the  point  G will  cither  fall  without 
the  triangle  A B C,  or  in  the  side  B C,  or  writhin  the 
triangle  ABC. 

First  let  it  fall  without  the  triangle  ABC,  as  in 
fig.  26,  then  (A  I + B 1)  7 A B 1 . 

and  (C  I + I G)  7 GCJ pw  p ” » 
therefore  (A  I +BI  + CI  + I G),  or  (A  O + BC)  7 
(A  B + GC),  but  AG  = A B j therefore  B C 7 G C, 
or  B C 7 E F. 

If  the  point  G fall  in  B C,  os  in  fig.  27,  St  is  obvi- 
ous that  B C 7 G C,  or  greater  than  its  equal  E F. 

Lastlv,  if  G fall  within  the  triangle  ABC,  ns  in 
fig.  28,'  (BA  + BC)  7 (AG  + GC)  (prop.  9;) 
but  B A = A G,  therefore  B C 7 G C,  or  greater  than 
its  equal  E F. 

Proposition  XI. — Theorem. 


The  greater  side  of  every  triangle  is  opposite  the  greater 
angle;  and  the  greater  angle  is  opposite  the  greater  sale, 
fig.  29. 

Let  the  angle  C B A of  the  triangle  A BC  be  7 A,  Fig.  2i>. 
then  will  A C 7 B C.  Make  the  angle  A B D = BAD, 
then  will  A D = BD,  (prop.  7.)  Now  (BD  + D C) 

7 BC,  (prop. 8,)  but (B D + DC)  = (AD  + DC)  = 

A C ; therefore  A C 7 BC. 

Next,  let  C A be  greater  than  B C,  then  A B C 7 
B A C*  For  if  it  be  not  greater,  it  must  be  either 
equal  to  it  or  less  ; but  it  is  not  less,  because  then 
BC  7 AC,  (by  the  above,)  which  it  is  not,  neither 
can  it  be  equal;  because  then  AC  = BC,  (prop. 7,) 
which  it  is  not;  being  therefore  neither  equal  nor  less 
it  must  be  greater. 

Proposition  XII. — Theorem. 

If  the  three  sides  of  one  triangle  are  equal  to  the  throe 
sides  of  another  triangle , each  to  each,  the  triangles  will 
be  equal,  fig.  30. 

Let  A B = DE.  A C = D F,  and  B C = E F ; then  F,g. 30. 
•will  A = D ; for  if  A 7 D,  then  BC  7 E F,  (prop. 

10,)  but  it  is  not  ; and  if  A ^ D,  then  B C l F E, 
but  it  is  not ; therefore  A being  ncithrr  greater  nor 
less  than  D,  it  must  be  equal  to  it;  and  since  AB, 

A C arc  equal  to  D E,  D F,  each  to  each,  and  the 
included  angles  being  also  equal,  the  triangles  arc 
equal,  and  have  all  their  corresponding  angles  also 
equal,  (prop.  4.) 

Proposition  XIII. — Theorem. 

If  one  side  of  a triangle  be  produced,  the  exterior  angle 
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Geometry.  will  be  greater  than  either  of  the  interior  and  opposite 
angles,  fig.  31. 

Pig.  31.  Let  the  side  A B be  produced  to  D,*  the  angle  C B D 
is  greater  than  either  of  the  angles  A C B or  CAB. 
Conceive  C B to  be  bisected  in  E } join  A E,  and 
produce  it  to  F,  making  E F = E A,  and  join  F B ; 
then  the  two  sides  C E,  E A are  equal  to  the  two  B E, 
E F,  each  to  each,  and  the  angle  A E C = FEB, 
(prop.  3 j)  therefore  the  angle  E B F = ECA,  (prop. 
4 ;)  but  CB  D 7 E B F,  therefore  it  is  also  greater 
than  E C A or  B C A ; and  in  the  same  way  if  C B be 
produced,  and  A B bisected,  it  may  be  shown  that 
A B G,  or  its  equal  C B D,  is  greater  than  C A B. 

Proposition  XIV. — Theorem. 

Any  two  angles  of  a triangle  are  together  Uu  than 
two  right  angles,  fig.  32. 

Fig.  32.  That  is,  A + C,  or  A + B,  or  B 4-  C,  arc  together, 
less  than  two  right  angles.  Let  A C be  produced  to 
D,  then  by  the  last  proposition,  the  angle  C B A Z 
B C D ; to  each  odd  BC  A,  then  (C  B A + BCA)  £ 
(B  C D + B C A)  j but  BCD  + BCA  = two  right 
angles,  (prop.  1 ;)  therefore  CBA  + BCA  Z two 
right  angles ; and  the  same  may  be  shown  of  any 
other  two  angles  of  the  triangle  ABC. 

Proposition  XV. — Theorem. 

Of  all  lines  that  can  he  drawn  from  a point  to  a line, 
the  perpendicular  it  the  shortest,  and  of  the  others,  that 
which  is  nearer  to  the  perpendicular  » lets  than  the  one 
more  remote,  and  from  the  tame  point  to  the  same  line 
there  can  Ite  drawn  hut  two  tines  equal  to  each  other,  one 
on  each  side  of  the  perpendicular , fig.  33. 

Fig.  33.  Let  I B be  any  right  line,  and  C n point  beyond  it  j 
and  let  C D be  perpendicular  to  I B ; let  also  C E, 
C G be  any  other  lines,  then  will  C I)  be  the  shortest, 
and  EC  less  than  CG.  Produce  CD  to  H,  making 
D H = C D,  and  join  E H,  G H.  Because  C DE, 
is  a right  angle,  EDH  is  a right  angle,  (prop.  3, 
cor.  3 ;)  and  in  the  triangles  C E D,  HED,  the  two 
sides  ED,  CD  are  equal  to  the  two  E D,  D II,  each 
to  each,  and  the  angle  C D E = H DE  ; therefore 
E II  = EC,  (prop. 4.)  and  in  the  same  manner  it  may 
be  shown  that  G II  = G C.  Now  (E  C + E H)  7 
C H,  (prop.  6 ;)  and  (CG  + GH)  7 (EC  + E H) 
(prop.  9 1)  or  since  CD  = DH,EC  = EIf,  and  C G 
sGH;  2 E C 7 2 C D,  and  2 C G 7 2 K C } con- 
sequently EC  7 CD,  and  C G 7 EC;  but  E C is 
any  line  except  the  perpendicular,  therefore  the  per- 
pendicular is  shorter  than  any  other  line  drawn  from 
C to  the  line  IB;  and  of  the  rest,  E C is  less  than 
C G : C G than  C I,  and  so  on.  Take  F D = D E, 
and  join  CF,  then  CF  = CE,  (prop.  4,)  and  it  is 
the  only  line  that  can  be  drawn  from  C to  I B,  that  is 
equal  to  C E.  For  any  line  falling  between  D and  F, 
will  be  less  than  CF  or  C E,  (by  the  foregoing.)  and 
any  line  falling  beyond  F,  will  be  greater  than  C F or 
CE;  therefore  C F is  the  only  line  that  can  be  drawn 
from  C to  the  line  I B,  that  is  equal  to  C E ; that  is, 
there  can  he  but  two  equal  lines,  one  on  each  side  of 
the  perpendicular. 


• The  line  should  bare  been  produced  on  the  tide  towards  B, 
iiutesd  of  A as  in  tbs  figure. 


Proposition  XVI. — Theorem.  Rook  I. 

If  two  right  angled  triangles  have  their  hypothenuses , 
and  one  of  their  other  sides  equal,  each  to  each,  the  tri- 
angles  will  be  equal,  or  have  their  other  suits  and  angles 
equal,  fig.  34. 

Let  the  triangles  A B C,  D E F be  right  angled  at  B fig.  34. 
and  E,  and  have  A C = D F,  and  CB  = E F,  then  will 
the  triangles  be  equal.  For  apply  A B C to  D E F,  so  that 
A B may  fall  on  D E,  and  the  point  B u|K>n  E . because  . 
the  angle  B = E,  the  line  BC  will  fall  upon  E F,  and 
because  CB  = E F,  the  point  C will  fall  on  F,  and 
the  line  C A upon  F D.  For  if  A C do  not  fall  on  D F, 
let  it  fall  in  some  other  direction,  and  meet  the  base 
D E,  then  will  this  line  be  equal  to  DF;  therefore 
w'e  shall  have  two  lines  drawn  from  a point  above 
a line,  to  that  line,  on  the  same  side  of  the  per- 
pendicular, equal  to  each  other,  which  is  impossi- 
ble by  the  last  proposition  ; A C therefore  cannot 
but  coincide  with  F D,  and  consequently  the  two 
triangles  arc  equal  to  each  other,  or  they  have  all 
their  corresponding  sides  and  angles  equal. 

Proposition  XVII. — Theorem. 

Parallel  lines  will  not  meet  when  produced  to  any  dis- 
tance whatever,  fig.  35. 

Let  A B and  C D be  two  parallel  lines  ; they  will  fig.  35. 
not  meet  when  produced.  In  one  of  them  as  A B, 
take  any  two  points  E,  F,  and  let  fall  the  perpendicu- 
lars EG,  FII  : then  E G will  be  equal  to  F H,  (def.  12  j) 
in  the  same  way  it  may  be  shown,  that  any  point 
whatever  being  taken  in  A B,  its  perpendicular  dis- 
tance from  C B will  be  equal  to  F H ; consequently 
no  point  in  A B can  fall  in  C D ; that  is  these  lines 
can  never  meet,  however  far  they  may  be  produced. 

Proposition  XVTII. — Theorem. 

A line  which  is  /terpendkvlar  to  one  of  two  parallel 
lines  is  also  perpendicular  to  the  other,  fig.  36. 

Let  E F be  perpendicular  to  A B,  one  of  two  paml-  fig.  3<?. 
Id  lines  A B and  CD;  it  will  also  be  perpendicular 
to  the  other  : for  if  E F be  not  perpendicular  to  C D, 
let  F G*  be  perpendicular  to  it ; then  E F and  F G are 
equal  to  each  other,  (def.  12.)  Hence  a line  drawn  from 
a point  to  a line,  und  perpendicular  to  it  ns  E F,  is 
equal  to  F G more  remote,  which  is  impossible, 

(prop.  16.)  F G therefore  is  not  perpendicular  to 
C D,  and  the  same  may  be  shown  of  every  line 
except  F E > therefore  F E,  which  is  perpendicular  to 
A B,  is  also  perpendicular  to  C D. 

Proposition  XIX. — Theorem. 

If  two  parallel  lines  be  cut  by  a third  line,  the  two 
alternate  angles  will  be  equal  to  each  other,  and  the  out- 
ward angle  will  be  equal  to  the  inward  angle  on  the  same 
side,  and  the  two  inferior  angles  on  the  same  side  will  be 
together  equal  to  two  right  angles,  fig.  37. 

Let  the  parallel  lines  A B,  C D be  cut  by  the  line  fig.  3'. 

G H,  then  will  E F C = B E F,  and  G E B = E F D, 
also  BEF  + E FD  = two  right  angles.  First  if  G II 
be  perpendicular  to  A B,  then  the  truth  of  the  propo- 
sition is  manifest  from  the  last  j and  if  it  be  not.  draw 
E I perpendicular  to  C D,  and  F K perpendicular  to 

* The  letter  G Is  omitted  by  tbe  engraver. 
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Geometry.  A B : then  will  E I F and  EKF  be  two  right  angled 
"V^  triangles,  in  which  the  hypothenuse  E F is  common, 
and  the  side  E I of  the  one  equal  to  K F of  the  other, 
(def.  13  :)  therefore  these  triangles  are  equal,  and  the 
angle  1 F E = K E F,  (prop.  16 ;)  but  these  are  alter- 
nate angles  : also  I E F = E F K,  to  each  of  these  add 
IE  A and  K FJ),  which  arc  equal,  being  both  right 
angle*,  and  we  shall  have  AE1  + IEFsEFK  -f 
K F D,  or  A E F = E F D,  which  are  the  two  other 
• alternate  angles. 

Again  A E F = G E B,  (prop.  3 ;)  therefore 
G E B = E F D,  that  is,  the  outward  angle  is  equal 
to  the  inward  angle  ou  the  same  side  : to  each  of 
these  add  B E F,  then  will  the  two  GEB-f  BEF  = 
BEF  + EFD;  but  G E B + B E F = two  right 
angles,  (prop.  1 })  therefore  BEF  + EFD  = two 
right  angles  ; that  is,  the  interior  angles  on  the  same 
side  ore  together  equal  to  two  right  angles. 

Fao position'  XX. — Theorem. 

If  a line  falling  upon  tiro  other  lines  make  the  alter - 
nate  angles  equal  to  each  other,  those  lines  are  parallel, 
fig.  38. 

Kii.  .1$.  Let  H I fall  on  the  two  lines  A B,  CD,  and 
make  the  angle  B E F = E F C,  then  will  A B and 
C D be  parallel  ; for  if  A B be  not  parallel  to  C D, 
let  some  other  line  E G be  parallel  to  CD;  theu, 
because  E G is  parallel  to  C D,  the  angle  G E F = 
E FC,  (prop.  19;)  but  BEF=  E FC ; therefore  G E F 
= HE  F,  a part  equal  to  a whole,  which  is  impossible ; 
therefore  E G is  not  parallel  to  C D,  and  the  same  may 
be  shown  of  every  line  passing  through  E,  except  AB ; 
consequently  A B is  parallel  to  C D. 

Proposition  XXI. — Theorem. 

If  a line  falling  upon  two  other  lines  make  the  out - 
ward  angle  equal  to  the  interior  angle  on  the  same  side, 
these  two  lines  are  parallel,  fig.  38. 

Let  H I fall  upon  A B,  CD,  and  make  the  angle 
HEB  = EFD,  then  ABU  parallel  to  C D.  For  if 
not,  let  some  line,  ns  E G be  parallel  to  C D,  then 
HEGsBPD,  (prop.  19 ;)  but  H E B = E F D j 
therefore  II  E B = 11  E G,  a part  to  the  whole,  which 
is  impossible  ; consequently  E G is  not  parallel  to 
C D,  and  the  same  may  be  shown  of  every  other  line 
passing  through  E,  except  A B ; therefore  A B is 
parallel  to  C D. 

Proposition  XXII. — Theorem. 

If  one  line  falling  upon  two  others  make  the  sum  of  the 
two  interior  angles  upon  the  same  side  equal  to  two  right 
angles , these  lines  are  parallel,  fig.  38. 

Since,  by  hypothesis  BEF+  EFD  = two  right 
angles,  and  since  BEF  +AEF  = two  right  angles, 
(prop.  1 ;)  it  follows  that  E F D = A E F,  which  are 
alternate  angles ; therefore  A B is  parallel  to  C D, 
(prop.  20.) 

Proposition  XXIII — Theorem. 

lanes  which  are  parallel  to  the  same  line  are  parallel 
to  each  other,  fig.  39. 

F*f-  39.  Let  A B and  C D be  both  parallel  to  I II ; they  will 
be  parallel  to  each  other  : draw  any  line  cutting  each 
of  the  three  lines  as  EF  K ; because  A B is  parallel 
to  I H the  angle  BEFb  E FI,  (prop.  19;) 


and,  because  I H and  C D are  parallel,  tbc  angle  Book  I. 
H F K = F K C ; but  H FK  = E F I,  (prop.  3;)  v _ 
therefore  F KC  and  BEF  are  both  equal  to  E F I : 
they  are  therefore  equal  to  each  other,  and  they  are 
alternate  angles,  therefore  A B and  C D are  parallel, 

(prop.  20.) 

Proposition  XXIV. — Theorem. 

The  three  angles  of  every  triangle  taken  together  are 
equal  to  two  right  angles,  fig.  40. 

Let  A B C be  a triangle,  the  three  angles  A + Fly.  40. 

B 4-  C = two  right  angles.  Produce  AC  to  D,  and 
draw  C E parallel  to  A B : then  since  AB,  CE  are 
parallel  and  B C meets  them,  the  alternate  angles 
ABC  and  BCE  ore  equal,  (prop.  19  ;)  and  because 
these  parallel*  are  also  cut  by  A C,  the  angle  B A C = 

EC  I),  (prop.  19  ;)  consequently  ABC  + H AC  = 

BCE  4*  BCD  ss  BCD;  to  each  of  these  equals, 
odd  BCA;  then  ABC  + BAC+BCA  = BCD  + 

BCAj  but  B C D 4- B C A = two  right  angles ; there- 
fore ABC  + BAC  + BCA  = two  right  angles. 

Cor.  It  follows  from  this,  that  if  two  lines  A B,  AC 
are  cut  by  a third  line  BC,  so  as  to  make  the  two 
interior  angles  on  the  same  side  as  ABC  4- BCA 
less  than  two  right  angles,  these  lines  produced  will 
meet  and  form  a triangle,  of  which  the  third  angle  A, 
shall  be  equal  to  the  difference  between  two  right 
angles,  and  the  sum  of  the  two  interior  angles  B 
and  C. 

Pro  position  XXV. — Theorem. 

In  every  polygon  the  sum  of  all  the  interior  angles  is 
equal  to  twice  as  many  right  angles  as  the  figure  has 
aides,  wanting  four  right  angles,  fig.  41. 

Let  A BC  D E he  any  polygon  ; from  n point  O Fig.  41. 
within  it,  draw  the  lines  O A,  O B,  O C,  Ac.,  to  every 
angle  of  the  figure  which  will  divide  the  polygon  into 
os  many  triangles  os  the  figure  has  sides  ; now  the  sum 
of  the  three  angles  of  every  trinngle  being  equal  to 
two  right  angles,  (prop.  24  ;)  the  sum  of  all  the  angles 
of  all  the  triangles  is  equal  to  twice  ns  many  right 
angles  as  the  figure  has  sides  ; but  of  these  angles 
those  about  the  point  O,  which  are  equal  to  four  right 
angles,  (prop.  3,  cor.  1,)  are  angles  of  the  triangles, 
but  ore  not  angles  of  the  polygon  ; therefore  the 
angles  of  the  polygon  alone  are  equal  to  tw'ice  as 
many  right  angles  as  the  figure  has  sides,  wanting 
four  right  angles. 

Proposition  XXVI. — Theorem. 

If  each  of  the  sides  of  any  polygon  he  produced,  the 
stun  of  all  the  outward  angles  is  equal  to  four  right  angles, 
fig.  42. 

Let  the  sides  A B,  B C,  C D,  Ac.  of  the  polygon  Fig.  42. 

A B C D,  Ac.  be  produced,  then  the  sum  of  each  in- 
ward and  outward  angle  is  equal  to  two  right  angles, 

(prop.  1 ;)  therefore  the  sum  of  all  the  outward  and 
inward  angles,  is  equal  to  twice  as  many  right  angles 
as  the  figure  has  sides.  But  the  sum  of  ull  the  inward 
angles  nnd  four  right  angles,  is  equal  to  twice  as 
many  right  angles  as  the  figure  has  sides,  (by  the 
last  proposition  ;)  therefore  the  sum  of  all  the  inward 
and  outward  angles  is  equal  to  all  the  inward  angles, 
and  four  right  angles  ; taking  away  all  the  inward 
angles  from  each  sum,  there  remains  the  sum  of  all 
the  outward  angles  equal  to  four  right  angles. 


Digitized  by  Google 


GEOMETRY. 


319 


Geometrr.  Proposition  XXVII. — Theorem. 

— V'-"-'  The  opposite  sides  and  angles  of  any  parallelogram  are 

respectively  equal  to  each  other:  that  is,  the  angles  to  the 
angles,  and  the  sides  to  the  sides  * and  the  diagonal  divides 
the  parallelogram  into  two  equal  triangles,  tig.  43. 

He.  43  Let  A BCD  be  a parallelogram,  then  will  AD  = 

* * BC,  AB  = DC,  the  angle  A = C,  the  angle  A BC  = 

ADCj  and  the  triangle  BAl)  = BC  D.  Draw  the 
diagonal  D B : because  A D is  parallel  to  B C,  the 
an^le  A D B = C B D : and  for  the  same  reason  the 
angle  CDB  = A BD,  (prop.  19;)  therefore  A DB 
+ BDC  = ABD  + D BC,orthe  angle  ABC=ADC 
which  are  two  of  the  opjiositc  angles.  Again,  because 
the  two  triangles  A B D,  and  CDB,  have  two  angles 
equal,  each  to  each,  and  the  side  adjacent  to  jthem 
common  ; they  will  be  equal  in  all  respects,  (prop. 
5,)  and  will  hare  the  angle  A =x  C : which  arc  the 
other  two  opposite  angles,  also  the  side  AD  = BC, 
A B = D C j and  the  triangle  A D B = the  triangle 
DCB. 

Cor.  Hence  two  parallels  comprised  between  two 
other  parallels  are  equal  to  each  other. 

Proposition  XX VHI . — Theorem. 

Lines  which  join  the  extremities  of  two  equal  and 
parallel  lines  towards  the  same  parts,  are  themselves  equal 
and  parallel , fig.  43. 

Let  A B,  DC  join  the  extremities  of  the  equal  and 
parallel  lines  A D,  B C,  then  will  D C be  equal  and 
parallel  to  A B.  Draw  the  diagonal  D B,  then  the 
angle  A D B = D B C,  (prop.  19,)  and  A D = B C,  and 
B D is  common  ; therefore  A B = D C,  (prop.  4,)  and 
the  angle  A B D = C BD,  (prop.  4. ;)  but  these  last 
are  alternate  angles,  therefore  A B is  parallel  to  DC, 
(prop.  20.) 

Proposition  XXIX. — Theorem. 

A quadrilateral  whose  opposite  suits  are  equal,  is  a 
parallelogram,  that  is,  if  A D = B C and  A I!  = DC; 
the  Jigure  ABCDiifl  parallelogram,  tig.  43. 

Draw  the  diagonnl  BD  : then  in  the  two  triangles 
A B D and  DBC,  the  three  sides  of  the  one  are  equal 
to  the  three  sides  of  the  other,  ouch  to  each  ; there- 
fore the  corresponding  angles  are  equal,  (prop.  12;) 
that  is,  A D B = DBC,  and  C D B = A B D ; therefore 
A D is  parallel  to  B C,  and  A B to  DC,  (prop.  20.) 

Proposition  XXX. — Theorem. 

The  two  diagonals  of  any  parallelogram  hisect  each 
other,  fig.  44. 

Pi*.  44.  For  the  diagonals  being  drawn, the  angle  DAO  = 
BCO,  and  ADO  = CBO,  (prop.  19;)  also  A D = 
B C : therefore  AO  = O C,  and  DO  = OB,  (prop.  6,) 
the  diagonals  are  therefore  bisected  in  O.* 


BOOK  II. 

On  Ratios  and  Proportions. 

DariNtTioNi. 

1.  Ratio  is  the  relntion  of  two  magnitudes  of  the 
same  kind  to  each  other,  with  respect  to  quantity. 


• The  letter  O i»  omitted  to  Ike  igure. 


The  relations  of  magnitudes,  with  respect  to  quantity,  J*00* 
may  be  expressed  by  numbers,  either  exactly  or  up- 
proximatively ; and  in  the  latter  case,  the  approxima- 
tion may  be  brought  within  less  than  any  assignable 
difference. 

Thus,  of  two  magnitudes,  one  of  them  may  be 
conceived  to  be  divided  into  some  number  of  equal 
parts,  each  of  the  same  kind  as  the  whole ; and  one  of 
those  ports  being  considered  as  an  unit,  of  measure, 
the  magnitude  may  be  expressed  by  the  number  of 
units  it  contains.  If  then  the  other  magnitude  con- 
tain a certain  number  of  those  units,  this  also  may  be 
expressed  by  the  number  of  its  units,  and  the  two 
quantities  arc  said  to  be  commensurable.  Hut  if,  what- 
ever unit  be  assumed  for  the  measure  of  the  first  mag- 
nitude, the  second  magnitude  do  not  contain  an  exact 
number  of  such  units,  then  the  two  magnitudes  are 
said  to  be  incommensurable,  and  their  relation,  with 
respect  to  quantity,  cannot  be  correctly  expressed  in 
numbers ; but  the  relation  between  the  first  magni- 
tude and  a third,  may  be  expressed  in  numbers,  and 
the  third  magnitude  be  such  as  to  differ  from  the 
second,  by  a quantity  less  than  any  that  can  be 
assigned  ; for  it  is  obvious,  that  a third  magnitude 
may  be  found  commensurable  with  the  first,  w hich 
shall  differ  from  the  second,  by  less  than  the  measur- 
ing unit ; and  as  the  measuring  unit  may  be  less  than 
any  assignable  quantity,  the  difference  between  the 
second  magnitude,  (which  is  incommensurable  with 
the  first,)  and  the  third,  (which  is  commensurable  with 
it,)  may  be  so  taken  as  to  differ  from  each  other,  by 
less  than  any  assignable  quantity.* 

Hence,  it  appears,  that  when  magnitudes  are  com- 
mensurable, we  may  always  express  their  relation,  or 
ratio,  numerically ; and  that  when  they  are  incom- 
mensurable, wc  may  still  approximate  so  nearly  to 
their  correct  ratio,  by  means  of  numbers,  that  the 
ratio  assumed  shall  differ  from  the  actual  ratio  of  the 
incommensurable  magnitudes,  by  a quantity  less  than 
any  that  can  be  assigned.  Therefore,  of  two  magni- 
tudes, A and  B,  we  shall  conceive  A to  be  divided 
into  some  number,  M units,  each  equal  to  A',  or  A = 

M A';  and  B as  equal  to  N such  units,  or  B = N A , 
hi  and  N being  integral  numbers  ; and,  consequently, 
the  ratio  of  A to  B will  be  expressed  by  the  ratio  of 
hi  A'  to  N A'.  In  the  same  manner  the  ratio  of  any 
other  two  magnitudes  C and  D,  may  be  expressed  by 
PC'  to  QC',  r and  Q being  also  integral  numbers  ; 


* In  order  to  connect  the  doctrine  of  commensurable  quan- 
tities with  incommensurable*,  or  raamitudes  generally  with 
numbers,  it  must  be  assumed  that  whatever  relations  subsists 
between  A,  B,  C,  D (in  which  A and  B,  C and  l)  arc  com- 
meoaurablrs ;)  subsist*  also  between  A,  M,  C,  N,  (in  which 
A and  M,  and  C aad  N arc  incommcnsurablcs)  provided  B and 
D be  such  m to  differ  from  M and  N respectively,  by  quanti- 
ties which  are  less  than  any  quantity  that  can  be  assigned. 
Authors  hare  invented  a variety  of  ingenious  devices  k>  .bide 
this  transition ; hut,  howerer  the  defect  inay  be  concealed  on  a 
superficial  view  of  the  subject,  it  will  always  be  found,  upon  a 
closer  investigation,  to  be  admitted  or  taken  for  granted,  aad 
we  have  preferred  stating  the  full  amount  of  the  defect  to  hiding 
it  under  a specious  disguise.  Euclid's  doctrine  of  ratios  and 
propositions  is  perhaps  unobjectionable,  nttd  applies  equally  to 
commensurable*  and  iikcommensurables  ; but  as  soon  as  we  have 
occasion  to  apply  it  to  numbers,  the  difficulty  again  appears,  h 
cannot,  for  example,  be  shown  that  the  proper  numerical  measure 
of  n rectangle  is  die  product  of  its  two  sides,  without  admitting 
the  principle  advanced  above,  or  one  tantamount  to  it,  and 
equally  objectionable. 
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ciroiupirjr.  and  since  A'  and  C'  are  each  units  of  their  respective 
*— ■ v • kinds,  these  ratios  ore  simply  those  of  M to  N,  and  of 
p to  g. 

‘2.  Ratios  arc  said  to  be  equal  to  each  other,  when 
the  number  expressing  the  second  term  divided  by 
the  first,  is  equal  to  the  number  expressing  the  fourth 
N Q 

term  divided  by  the  third  j thus,  if  — = — * then  the 

ratio  of  M to  N is  said  to  be  equal  to  the  ratio  of  P 
to  Q ; and  these  four  quantities  are  then  said  to  be 
proportional. 

3.  When  magnitudes  or  quantities  arc  in  proportion, 
they  are  expressed  thus,  M I N 1 1 P l Q>  and  they 
are  read,  “ M is  to  N as  P is  to  Q.” 

4.  Of  four  proportional  quantities,  the  first  ami  third 
are  called  antecedents,  and  the  second  and  fourth  con- 
sequents. 

5.  Three  magnitudes  are  proportionals,  when  the 
first  has  the  same  ratio  to  the  second,  tliut  the  second 
has  to  the  third,  nnd  then  the  middle  term  is  said  to 
be  u mean  proportional  between  the  other  two. 

6.  Of  four  proportional  quantities,  the  last  is  said 
to  be  a fourth  proportional  to  the  other  three  taken  in 
their  order. 

Magnitudes  are  said  to  be  in  proportion,  by 
inversion  or  inversely,  when  the  consequents  are 
taken  as  antecedents,  and  the  antecedents  as  conse- 
quents. 

8.  Magnitudes  are  in  proportion,  by  alternation  or 
alternately , when  the  antecedent  is  compared  with 
the  antecedent,  and  the  consequent  with  the  conse- 
quent. 

Proposition  L — Theorem. 

I then  four  quantities  are  in  proportion,  the  product 
of  the  two  extremes  is  equal  to  the  product  of  the  two 
means. 

Let  A,  B,  C,  D be  four  quantities  in  proportion, 
and  M 1 N * I P I Q be  their  numerical  representa- 
tives then  will  MxQsNxPj  for  since  they  are 
Q N N x P 

in  proportion  — = — , therefore  Q = — — — , and 

M x Q = N x P. 

Cor.  Hence  if  there  be  three  proportional  quan- 
tities, the  product  of  the  extremes  is  equal  to  the 
square  of  the  mean,  (def.  5.) 

Proposition  II. — Theorem. 

If  the  product  of  two  quantities  be  equal  to  the  product 
of  two  other  quantities,  two  of  them  will  be  the  extremes, 
and  the  other  two  the  wean.*  of  a proportion. 


Proposition  III. — Theorem.  Book  If. 

If  four  quantities  be  in  proportion,  they  will  be  in  pro-  V— ' v """" 
portion  when  taken  alternately. 

Let  M,  N,  P,  Q be  the  numerical  representatives 
of  the  four  quantities  in  proportion  ; so  that 
M ; N 1 * P *.  Q,  then  will  also 

m : p : : n : q. 

Because  M : N I P : Q,  M x Q = N x P,  or 
M x Q = P x N j but  M x Q,  and  P x N,  arc  the 
products  of  the  extremes  and  means  of  the  terms  M, 

P,  N,  Q i and  they  are  equal  to  each  other  ■,  therefore 

m : p::  n : q. 

Proposition  IV. — Theorem. 

If four  quantities  be  in  proportion,  they  will  be  in  pro- 
portion when  taken  inversely. 

Let  M * N * * P ‘ Q,  then  will  also 

n : m : : q : p i 

for  the  first  four  terms  being  in  proportion, 

M x Q =N  x P,  or  N x P = M x Q. 

But  N x P,  and  M x Q,  are  the  products  of  the  ex- 
tremes and  means  of  the  four  quantities  N,  M,  Q,  P; 
and  these  products  being  equal, 

n : M : : q : p. 

Proposition  V. — Theorem. 

If  four  quantities  be  in  proportion,  they  will  be  in  pro- 
portion by  composition  or  division. 

Let,  as  before,  M,  N,  P,  Q be  the  numerical  repre- 
sentatives of  the  four  quantities,  so  thut 

Mr  N 1 1 P I Q,  then  will 

m ± n : m::p±q  : p; 

for  by  the  first  MxQ=NxP,  orNxP=MxQ, 
to  each  add  M x P ; then 

M x P + N x P = M~xT  + M x Q, 
or  M + NxP  = P + QxM. 

But  M + N and  P,  ore  the  extremes,  and  P + Q and 
M,  the  means,  of  the  four  quantities  in  the  second  line, 
and  the  product  of  these  being  equal,  the  quantities 
are  in  proportion  ; that  is, 

mTn  : m ; :p  + q : p. 

Proposition  VI. — Theorem. 

Equimultiples  of  any  two  quantities,  have  the  same 
ratio  as  the  quantities. 

Let  M and  N be  any  two  quantities,  and  m any 
integral  number  ; then  will 

m M : m N : : M : N ; 
for  w M x N = m N x M = in  M N. 


Let  MxQsNxPj  then  will  M : N I : P . Q. 
For  if  P have  not  to  Q the  ratio  which  M has  to  N, 
let  P have  to  Q',  (a  number  less  thun  g.)  the  same 
ratio  that  M has  to  N ; that  is,  let  M N I ! P Q‘  j 

then  M x O'  = N x P.  or  O'  = — ; but  Q = 


N x P 
M 


, therefore  Q'  is  not  less  than  g 


and  in  the 


same  way  it  may  be  shown,  that  it  is  not  greater  j 
consequently  g'  s=  g,  and  the  four  quantities  are  pro- 
portional j that  is,  m : n : : p : g. 


Proposition  VII. — Theorem. 

Of  four  proportional  quantities,  if  there  be  taken  any 
equimultiples  of  the  two  antecedents,  and  any  equimulti- 
ples of  the  two  consequents,  the  four  resulting  quantities 
will  be  proportionals. 

Let  M,  N,  P,  g be  the  numerical  representatives 
of  four  quantities  in  proportion  ; and  let  in  and  n be 
any  numbers  whatever,  then  will 

tn M : «N  ;;  mP  : » Q. 

Because  M I N l l P : Q,  M x Q = N x P 
therefore  mMxng=iiN  XmP; 
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Geometry,  and  these  being  the  product  of  the  extremes  and 
v— v-*'  means,  of  ro  M,  n N,  m 1*,  u Q,  they  are  proportional*, 
or  m M ! » N ! ! « P n Q* 

Pbofosition  Mil Theorem. 

Of  four  proportional  quantities,  if  the  two  consequents 
he  either  augmented  or  diminished  by  quantities  that  have 
the  same  ratio  as  the  antecedents,  the  resulting  quantities 
amt  the  antecedents  will  he  proportionals. 

Let  M : N ; : P : Q be  the  four  quantities  > and 
let  M : P;>  : »,  then  will 

M : N ±m  ::p  : Q±n. 

Because  M : N : : Vl  Q,  MxQ  = NxP; 
and  because  M P ! m ! »,  M x n = wi  x P ; 
therefore  MxQ+Mxn  = N xP  + mxP; 

or  M x Q ± » = P x N ± m ,• 

hence  M l N Jr  m * * P : Q + n. 

Proposition  IX. — Theorem. 

If  any  number  of  quantities  he  proportionals,  any  one 
antecedent  will  be  to  its  consequent  as  the  sum  of  all  the. 
antecedents  is  to  all  the  consequents. 

Let  Ml  N ! ! P ! Q * * R ; S,  &c.  be  quantities  in 
proportion,  then  will 

m : n : : m + p + u ■ n + q + s. 

Because  M : N : ; P : Q,  M x Q = N x P ; 
and  because  M I N 1 1 R l S,  M x 8 = N x R ; 
therefore  MxQ  + MxS  = N xP+NxR, 
to  each  add  M x N,  or  N x M, 
then  MxN  + MxQ+MxSssN  x M + 
NxP  + NxR, 

or  M x N + Q + S = N x M + P + R ; 
therefore  M : N : : M + P + R : NTV  Q + S. 

Proposition  X.—  Theorem . 

If  two  magnitudes  be  each  increased  or  diminished  by 
like  parts  of  each,  the  resulting  quantities  will  have  the 
same  ratios  as  the  first  two. 

Let  M and  S be  any  magnitudes,  and  — and  — be 
• mm 

like  parts  of  each,  then  will 

m±  — ;n±  — ::m;n. 

For  it  is  obvious  that 

(m±^)xN=(n±|)  xM, 

each  being  equal  to  M x N ± — — — . Consequently 
the  four  quantities  are  proportional. 

Proposition  XI. — Theorem. 

If  four  quantities  he  proportionals , their  squares  or 
cubes  will  also  he  proportionals. 


Let 

m : n : ; p : q, 

then  will 

M* : N* ; ; P1 : q». 

and 

M*  : N’  ; : P*  : Q>. 

For  since 

M x Q =»  N x P 

TOG.  |. 

M*  x Q>  = N«  x P> 

M»  x Q’  = NJ  x P>,  kc. 

and,  therefore, 

m*  : n*  ::  p*  : q» 
m*  : n»  ::  p*  : Q*,  &c. 

Cor.  In  the  some  way  it  may  be  shown,  that  any 
power  or  roots  of  proportional  quantities  are  pro- 
portionals. 


Book  II. 
Book  111. 


Proposition  XII. — Theorem. 


If  there  be  four  proportional  quantities,  and  four  other 
proportional  quantities,  the  product  of  the  corresponding 
terms  will  he  proportionals. 

Let  M : N *. ! P : Q 

and  R • 8 ! T 1 V, 

then  will  M x R ;N  x8!!PxT  ! Q x V ; 
for  since  MxQ  = NxP,  and  RxVsSxT 
MxQxRkV-NxPxSxT. 
or  M x K x Q x V = NxS  x P x T > 
therefore  M x R I NxStlPxT:  Q x V. 


BOOK  III. 

Of  the  circle , and  the  measure  of  angles. 

* 

Definitions. 

1.  Tna  circumference  of  a circle  »s  a curved  line 
A B D,  every  where  equally  distant  from  a point 
within  C,  called  the  centre,  fig.  46.  Fie.  46. 

*■ 2 . Hie  circle  is  the  superficial  space,  included  within 
the  circumference.  These  terms  are  frequently  con- 
founded ; the  circumference  being  sometimes  called 
the  circle.  Thus,  we  say,  describe  a circle  from  a 
given  point,  &c.,  and  not  describe  the  circumference 
of  a circle  ; but  the  distinction  is  easily  made,  the  one 
being  a line,  and  the  other  the  space  included 
within  it. 

3.  The  radius  of  a circle  is  any  right  line  drawn 
from  the  centre  and  terminated  in  the  circumference, 
as  C A,  CB,  C D;  consequently  all  the  radii  of  the 
same  circle  are  equal  to  each  other  : and 

The  diameter  of  a circle  is  any  right  line  passing 
through  the  centre  and  terminating  at  each  extremity 
in  the  circumference,  as  A D.  Hence,  a diameter 
is  equal  to  double  the  radius  ; and  hence  the  radius 
is  sometimes  called  the  semi-diameter. 

4.  An  arc  of  a circle  is  any  portion  of  the  circum- 
ference, as  A B or  B D. 

5.  The  chord  or  subtence  of  an  arc  is  any  right  line, 
as  A B,  joining  the  extremities  of  the  arc  j and  the 
space  included  within  the  chord  and  the  arc  is  called 
a segment.  The  same  chord  is  common  to  two  area 
and  two  segments ; but  unless  the  contrary  be  stated, 
it  is  always  to  be  understood  that  the  less  arc,  or  less 
segment,  is  spoken  of  In  these  cases. 

6.  A sector  of  a circle  is  the  space  included  be- 
tween any  two  radii  and  the  arc  comprised  between 
them,  as  A C B or  B C D. 

7.  A line  is  said  to  be  inscribed  in  a circle  when  its 
two  extremities  are  in  the  circumference,  as  A B. 

8.  An  angle  is  inscribed  in  a circle,  or  contained  in  it, 
when  it  is  comprised  between  two  chords  meeting  at 
a point  in  the  circumference,  os  B A D. 

9.  A triangle,  or  any  right  lined  figure,  Is  said  to  be 
inscribed  in  a circle,  when  all  the  angular  points  of  the 

S v 
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Cotnrtty.  former  are  in  the  circumference  of  the  latter,  as 
ABC,  A BCD,  fig.  48. 

D*.  48.  io.  A secant  is  any  line  which  cuts  the  cireumfe- 
Fi£.  49.  rence  of  the  circle  in  two  points,  as  A B,  fig.  49. 

11.  A tangent  is  any  right  line  which  touches  the 
circumference  in  one  point  only,  as  CD,  fig.  49;  anil 
the  touching  point  M is  called  the  point  of  contact. 

l‘>.  A rectilineal  figure  is  said  to  be  ctrcumtcribed 
about  a circle,  or  the  circle  intcrilwd  in  it,  when  all 
the  sides  of  the  former  are  tangents  to  the  circle. 
Fig.  SO.  fig-  &°- 

Proposition  I.— Theorem. 

A diameter  divide*  the  circle  and  it*  circumference  into 
ttro  equal  parts,  fig.  51. 

F 5i<  Let  A B be  a diameter,  it  divide*  the  circle  into  two 
* ’ equal  parts.  For  conceive  the  semicircle  A B D to  be 

applied  upon  A BC,  so  that  the  diameter  A B may  be 
common  ; then  will  the  circumferences  also  coincide. 
For  if  they  do  not,  from  the  centre  O draw  the  line 
O E F ; then O F 7 O E ; hut  O F and  OE,  being  both 
radii,  arc  equal,  (dcf.  3,  book  iii. ;)  they  are  therefore 
both  equal  and  unequal  at  the  same  time,  which  is 
impossible  : that  is,  O E is  not  unequal  to  O F ; and 
the  same  may  be  shown  of  any  other  points ; the  cir- 
cumferences therefore  coincide,  and  are  equal  to  each 
other,  os  are  also  the  two  segments ; and  each  of  them 
is  called  a semicircle. 

Proposition  II. — Theortm. 

Any  chord  in  a circle  which  doc*  not  pass  through  the 
centre  is  let t than  the  diameter , fig.  52. 

Fig.  52  Let  A B he  a diameter,  and  D E a chord  not  passing 
through  the  centre,  D E L A B.  Let  C be  the  centre 
of  the  circle}  and  join  C D,  C E : tlieu  1)K  1.  (DC 
+ C fi)  (prep-  S,  book  i.)  but  DE  + CE  = AB; 
therefore  D E L AB. 

Proposition  III. — Theorem. 

A right  line  cannot  cut  a circle  in  more  than  two 
point*. 

If  it  were  possible  for  a right  line  to  cut  a circle 
in  more  than  two  points,  lines  drawn  from  the  centre 
to  each  of  these  points  would  be  equal  to  each  other, 
(def.  3,  book  iii.)  which  is  impossible  } because  from 
a point  there  cannot  be  drawn  to  a line  more  than  two 
lines  which  are  equal  to  one  another,  (prop.  15, book  i.) 
Therefore  a right  line  cannot  cut  a circle  in  more  than 
two  points. 

Proposition  IV. — Theorem. 

In  the  tame,  or  tn  equal  circle*,  equal  arc t are  subtended 
hy  equal  chords,  and  e> juat  chords  by  equal  arcs,  fig.  53. 
Tig.  53.  Let  AM  B,  DNF,  be  equal  circles,  and  A B,  DF 
equal  chords  ; then  will  the  arc  A M B = D N F.  Let 
C and  E be  the  centres  of  the  two  circles,  and  join 
A C,  C B,  D E and  E F j then  in  the  two  triangles 
A C B,  D E F,  the  three  sides  of  the  one  are  equal  to 
the  three  sides  of  the  other,  each  to  each,  and  conse- 
quently the  triangles  also  are  equal,  (prop.  12,booki.;) 
and  if  the  circle  A M B be  applied  to  the  circle 
D N F.  so^  that  the  point  or  centre  C fulls  upon  E, 
and  the  line  or  radius  A C upon  E D,  the  radius 
C B will  fall  upon  EF,  (because  the  angle  CsE,) 
and  the  points  A and  B will  coincide  with  E and  F ; 


the  line  A B with  D F,  and  arc  A M B with  DNF.  book  in. 
For  if  these  latter  do  not  coincide  let  them  be 
situated  in  some  other  w ay,  as  in  the  figure,  and  join 
E G,  cutting  the  arc  D N F in  II.  Then  D E = E G, 
being  radii  of  the  same  circle  ; and  for  the  same  reason 
DE  = EH;  therefore  E(i  = EH  n part  to  the  whole, 
which  is  absurd  : and  the  same  may  be  shown  of  any 
point  that  is  not  in  the  arc  DNF;  that  is,  no  point  in 
the  arc  A MB,  falls  out  of  the  arc  DNF}  consequently 
these  arcs  coincide  and  are  equal  to  each  other.  Next 
let  the  arc  A M B = DNF}  then  will  the  chord  A B 
= DF. 

For  if  A B be  not  cquul  to  D F,  let  A I be  equal  to 
D F ; then,  because  D F and  A I are  equal  chords  in 
equal  circles,  the  arcs  subtended  by  these  chords  are 
equal,  that  is  the  arc  AMI  = D N F,  but  AMB  s 
D N F;  therefore  A M I = AM  B,  the  less  to  the  greater, 
which  is  absurd.  Therefore  the  arc  A M B is  not  un- 
equal to  D N F > that  is,  it  is  equal  to  it. 

Proposition  V.-—  Theorem. 

In  equal  circles  erjunl  angles  at  the  centre  are  subtended 
hy  equal  arcs,  and  equal  arcs  subtend  equal  angles  ,•  and 
when  the  arc*  are  unequal  the  angle*  will  hate  the  same 
ratio  to  each  other  which  the  arc*  have,  fig.  54. 

Let  A M B and  DNFbc  equal  arcs  of  equal  circles,  fig.  54, 
and  let  C and  E he  the  centres } then  if  the  angle  C 
= E,  the  arc  A M B = D N F.  Because  the  circles 
are  equal,  A ( = PE.  and  C B = EF,  and  the  angle 
ACH  is  equal  to  D E F,  therefore  the  base  or  chord 
A B = D F,  (prop. 4,  book  i. ;)  and  therefore  also  the 
arc  A B = D F,  (prep.  4,  book  iii. })  that  is  equal  angles 
at  the  centre,  in  equal  circles,  are  subtended  by  equal 
arcs. 

Again,  if  the  arc  A B = D F,  then  will  the  angle 
C=E. 

Because  the  arc  A B = D F,  the  chord  A B « D P, 

(prop. 4,  book  iii.;)  and  the  three  sides  of  the  triangle 
A C B arc  equal  to  three  sides  of  the  triangle  D E F,  each 
to  each,  and  therefore  the  angle  C = E ; that  is,  in  equal 
circles  equal  arcs  subtend  equal  angles.  Next,  let  the 
arcs  M N and  PQ  of  the  equal  circles  M O N,  PQR 
be  unequal,  then  will  the  arc  M N be  to  P Q,  as  the 
angle  MON  to  P R Q.  Conceive  the  arc  M N to  be 
divided  into  any  number  of  equal  parts  M a, a b,be,e  N.  • 
making  M a the  measuring  unit  of  the  arc  M N,  and 
join  Oa,Ofc,Oc.  Then  because  the  arcs  M a,  a b,  &c. 
arc  equal,  the  angles  Mod,  aob,  &c.  arc  all  equal  to 
each  other,  and  any  one  of  (hem  may  be  taken  as  the 
measuring  unit  of  the  angle  M O N.  From  P towards  Q, 
on  the  arc  P Q,  apply  the  measuring  unit  P a = M a 
till  it  at  length  either  coincide  with  Q,  or  fall  beyond 
it  as  at  f,  making  Qf  less  than  P a or  M a ; and  join 
R a,  R b,  R c,  &c.,  dividing  PR  f into  the  equal  angles 
P R a,  a R />,  &c.  each  equal  to  the  angle  M O a. 

Thus  the  angles  MON  will  be  the  same  multiple  of 
M O a,  as  the  arc  M N is  of  M a ; and  in  the  same 
manner  the  angle  P 11/  is  the  same  multiple  of  M On 
as  P F is  of  M a ; these  quantities  w ill  therefore  be  to 
each  other  as  the  number  of  units  in  each ; that  is, 

mn  : p/::  mon  : PR/. 

But  the  arc  P f may  be  made  to  approach  nearer  to 
P Q,  mid  the  angle  I*  R f nearer  to  P II  Q than  any 
assignable  difference,  by  reducing  the  magnitude  of 
the  measuring  unit ; and  hence  it  follows,  that  what- 
ever ratio  subsists  between  M N and  P J,  and  M O N 


I 


Digitized  by  Coogle 


GEOMETRY. 


323 


Geometry,  nnd  PR f,  subsists  also  between  MX  and  PQ,  and 
w*  .W  MON  and  PHQj* 

that  is  M N : P Q : ! M O N : P R Q. 

Scholium.  Since  the  arcs  have  always  to  each  other 
the  ratio  which  the  angles  at  the  centres  have,  it 
follows  that  the  arcs  may  be  assumed  as  the  mea- 
sure of  the  angles  at  the  centre  ; and  as  all  the  an- 
gles that  can  be  formed  about  the  centre  of  a circle, 
or  any  other  point,  are  together  equal  to  four  right 
angles,  (prop.3,cor.  1,  book  i.)  the  whole  circumference 
will  be  the  measure  of  four  right  angles  ; the  semi- 
circle the  measure  of  two  right  angles,  and  a quadrant 
or  quarter  of  the  circumference  the  measure  of  one 
right  angle. 

Proposition  VI, — Theorem. 

If  a right  line  drawn  through  or  from  the  centre  of  a 
circle  bisect  a chord , it  will  be  perpendicular  to  it,  or  if  it 
be  perpendicular  to  the  chord  it  will  bisect  it , fig.  55. 

Fig.  55.  Let  A B be  any  chord  in  a circle,  and  C D a line 
drawn  from  the  centre  C,  bisecting  A B in  D,  then 
will  C D be  perpendicular  to  A B. 

Draw  the  two  radii  A C,  C 1}  : in  the  two  triangle* 
A C D,  BCD,  the  two  sides  A C,  A D,  are  equal  to 
the  two,  B C,  B D,  and  C D is  common  ; hence  the 
triangles  are  equal,  and  have  their  corresponding 
angles  equal,  (prop.  1$,  book  i. ;)  therefore  each  at 
D is  a right  angle,  and  CD  is  perpendicular  to  A B, 
(def.  10,  book  i.) 

Again,  let  C D be  perpendicular  to  A B,  then  will 
A B be  bisected  in  D.  For  in  the  two  right  angled 
triangles  A C D,  BCD,  the  hvpothenuses  are  equal, 
and  the  side  C D is  common  therefore  the  third  sides 
AD.DB  are  also  equal,  (prop.  16,  book  L :)  that  £s 
the  chord  A B is  bisected  in  D. 

Cor.  1.  Hence  a line  bisecting  any  chord  in  a circle 
at  right  angles  passes  through  the  centre. 

Cor.  2.  It  follows  also  from  the  above,  that  the  line 
which  bisects  and  is  perpendicular  to  a chords  bisects 
also  the  arc  of  that  chord  ; for  the  angles  at  C being 
equal,  the  arcs  which  subtend  them,  A E,  E B,  are 
also  equal,  (prop.  4,  book  iii.)  or  the  arc  A B is  bisected 
in  E. 

Proposition  VII.— Theorem. 

If  more  than  two  equal  lines  can  be  drawn  from  any 
point  within  a circle  to  the  circumference,  that  point  will 
be  the  centre,  fig.  56. 

Fig.  56.  Let  A B C be  a circle,  and  D a point  within  it  j then 
if  any  three  lines  DA,  D B,  DC,  drawn  from  the 
point  D to  the  circumference,  be  equal  to  each  other, 
that  point  will  be  the  centre.  Join  A B,  B C,  bisect 
A B in  E,  and  B C in  F,  and  join  E D,  D P.  In  the 
triangles  A E D,  BED,  the  two  sides  AD,  A E,  arc 


* It  is  hr  rf  taken  for  granted,  that  i(  four  quantities,  A B C D, 
be  proportional*,  and  that  N and  M be  tiro  other  quantities  in- 
commensurable with  B and  D.  but  which  Utter  are  still  such 
that  they  may  be  made  to  approach  nearer  to  N and  M than 
any  amqrfMble  quantities,  that  then  al*o  AS  MllB.lf.  It 
must  be  acknowledged,  time  this  conclusion  is  not  so  strictly 
geometrical  as  could  be  wished,  but  it  U a defect  which  nerc*M- 
rily  attends  the  transition  from  magnitude  to  number  ; and  which, 
however  it  may  be  disguised,  is  still  to  be  found  upon  a minute 
and  strict  inquiry.  In  the  first  sis  books  of  Euclid,  magnitudes 
only  Are  considered,  and  the  difficulty  does  not  appear;  but  U 
preseats  itself  the  moment  wc  attempt  to  apply  his  proposition*  to 
tike  purposes  of  mensuration.  See  note  to  Definitions,  Book  II. 


equal  to  the  two  D B,  BE,  each  to  each,  and  E D is  Book  ID. 
common  ; therefore  these  two  triangles  are  equal,  and  v—— 
the  angles  at  D are  equal,  (prop.  12,  book  i. ;)  conse- 
quently each  of  them  is  a right  angle,  (def.  lo,  book  i. ;) 

E D therefore  bisects  the  chord  E D at  right  angles, 
and  therefore  passes  through  the  centre,  (prop. 6,  cor.  1, 
book  Hi.)  In  the  same  way  D F passes  through  the 
centre,  consequently  the  point  D is  the  centre. 

Proposition  VIII. — Theorem. 

If  two  circles  touch  each  other  internally,  the  centres  of 
the  circles  and  the  point  of  contact  are  in  the  same  right 
line , fig.  5*. 

Let  the  two  circles  A C B,  E A D,  touch  each  other  Fig.  57 
internally  in  the  point  A } then  will  tbc  point  A and 
the  centres  of  the  circles  be  in  the  same  right  line. 

Lot  F be  the  centre  of  the  circle  A B C,  .and  draw  the 
diameter  AFC;  the  centre  of  the  circle  A D E will 
be  also  in  this  line.  For  if  not,  let  it  be  in  some  other 
point,  as  G ; join  F G,  and  produce  it  to  meet  ABC 
in  B,  and  join  also  A G.  Then  G being  the  centre  of 
the  circle  A E D,  A G s G D ; but  AG  + FG  7 A F, 

(prop.  8,  book  i. ;)  therefore  G D + FG,  or  FD  7 
A F ; but  A F = F B ; hence  also  F D 7 F B,  a part 
greater  than  the  whole,  which  is  absurd  ; therefore  G 
is  not  the  centre  of  the  circle  A E D,  nnd  the  same  may 
be  shown  of  every  point  that  is  not  in  AC.  The 
centre  of  the  circle  A E D is  therefore  in  A C ; that  is, 
the  centres  of  the  circles  and  the  poiut  of  contact  are 
in  the  same  right  line. 

Proposition  IX. — Theorem. 

If  ftco  circles  touch  each  other  externally,  the  centres 
of  the  circles  and  the  jxnnts  of  contact  arc  in  the  same 
right  line,  fig.  58. 

Let  A E D anil  A C B touch  each  other  externally  Fig.  53. 
in  A ; then  will  the  centres  of  the  circles,  and  the 
point  A be  in  the  some  right  line. 

Let  F be  the  centre  of  A B C,  join  A F and  produce 
it  to  E ; the  centre  of  the  circle  AE  D is  in  this  line. 

For  if  it  be  not,  let  it  be  in  some  other  point  os  G, 
and  join  A G,  F G : theu  A F + A G 7 G F,  (prop.  8, 
book  i.  j)  but  A G = G D,  and  A Fas  FB;  therefore 
GD  + FB  7GE;  a part  greater  than  the  whole, 
which  is  impossible  ; mul  the  same  may  be  shown  of 
any  point  not  in  FE:  therefore  the  centre  of  the 
circle  E A D is  not  out  of  the  line  F E ; that  is,  it  is 
in  it. 

Proposition  X. — Theorem. 

Chords  in  a circle  which  are  equally  distant  from  the 
centre  are  equal  to  each  other ; and  if  they  are  equal  to 
each  other  they  are  equally  distant  from  the  centre, 
fig.  59. 

Let  the  chord  A B = C D ; they  are  equally  distant  Fig.  59. 
from  the  centre.  Let  G be  the  centre  of  the  circle, 
and  G F,  G E two  perpendiculars  from  the  centre  upon 
the  chords  A B,  Cl>;  then  EG  = GF:  join  A G,  C G. 

Now  E G,  being  perpendicular  to  A B,  it  bisects  it  in 
E,  (prop.  6 , book  iii.;)  and  for  the  same  reason  G F 
bisects  C D in  F : therefore  AE  = CF;  also  A G = 

C G : hence  the  two  right  angled  triangles  AEG, 

G FC  are  equal  to  each  other,  (prop.  16.  book  i.;)  and 
consequently  EGsFGt  that  is  the  equal  chord* 

A B,  C D are  equally  distant  from  the  centre. 

2u  2 
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Geometry.  Next  let  them  be  equally  distant  from  the  centre  ; 

that  is,  let  E Q = F G j then  will  also  A B = C D : for 
drawing  the  lines  ns  above ; in  the  two  right  angled 
triangles  AEG,  CFG:  the  hypothenuscs  nre  equal, 
and  the  aide  E G = F G : therefore  also  EA  = C F, 
(prop.  16,  book  I. ;)  but  A B is  double  of  A E,  and 
C D is  double  of  C F ; consequently  A B = C D- 

Proportion  XI. — Theorem. 

A right  line  perpendicular  to  the  extremity  of  a radius 
is  a tangent  to  the  circle,  fig.  60. 

Fij.  $0.  Let  the  line  A B be  perpendicular  to  the  extremity 
of  the  radius  C D ; then  will  A B be  a tangent  to  the 
circle,  or  touch  it  in  the  point  D only. 

For  take  any  other  point  E in  A B,  and  join  C E,  C 
being  the  centre  : then  will  C E (prop.  15,  book  i.)  7 
D C,  or  than  C F ; therefore  the  point  E is  beyond  the 
circumference,  and  the  same  may  be  shown  of  every 
point  in  the  line  AB,  except  the  point  D;  consequently 
A B touches  the  circle  in  no  one  point  except  at  I)  ; 
and  is  therefore  a tangent  (def.  11,  book  iii.)  to  it  at 
that  point. 

Proposition-  XII.— Theorem. 

If  a right  line  be  a tangent  to  a circle,  a radius  drawn 
to  the  point  of  contact  will  be  perpendicular  to  the 
tangent,  fig.  61. 

Fig.  61.  Take  any  point  E,  as  before : then  it  is  obvious, 
since  the  line  is  wholly  without  the  circle,  thnt  C E 7 
C F,  or  than  C D ; consequently  C D is  the  shortest 
line  from  the  centre  C to  A B ; therefore  CDu  per- 
pendicular to  A B,  (prop.  15,  book  i.) 

Proposition  XIII. — Theorem. 

The  angle  formed  by  a tangent  and  chord  is  measured 
by  half  the  arc  of  that  chord,  fig.  62. 

Fig.  62  Let  A B be  a tangent  to  a circle,  and  C D a chord 
drawn  from  the  point  of  contact  C ; then  is  the  angle 
BCD  measured  by  half  the  arc  CFD,  and  the  angle 
A C D by  half  the  arc  A G D 

For  draw  the  radius  E C to  the  point  of  contact,  and 
the  radius  E F pcrpeudiculor  to  the  chord  at  H.  Then 
the  radius  E F,  being  perpendicular  to  the  chord  C I), 
bisects  the  arc  C F 1),  (prop.  6,  cor.  book  iii. ;)  there- 
fore C F is  half  the  arc  CFD. 

In  the  triangle  C E H,  the  angle  H being  a right 
angle,  the  sum  of  the  two  remaining  angles  E and  ECH 
is  equal  to  a right  angle,  (prop.  24,  book  i.)  which  is 
equal  to  the  angle  BCE,  because  the  radius  C E is 
perpendicular  to  the  tangent,  (prop.  12,  book  iii.) 
From  each  of  the  equals  lake  away  the  common  part 
or  angle  E C H,  and  there  remains  the  angle  C E F 
equal  to  the  angle  BC  D.  But  the  angle  E is  measured 
by  the  arc  CF,  (prop.  5.  book  iii.)  which  is  half  CFD ; 
therefore  the  equal  angle  BCD  must  algo  have  the 
same  measure,  half  the  arc  C F D of  the  chord  C D. 

Again  the  line  GEF,  being  pcqicndicular  to  the 
chord  C D,  bisects  the  arc  CG  D.  Therefore  C G is 
half  the  arc  C G D.  Now  since  the  line  C E meeting 
F G makes  the  sum  of  the  two  angles  at  E equal  to 
two  right  angles,  and  the  line  C I)  makes  with  A B 
the  sum  of  the  two  angles  ut  C equal  to  two  right 
angles  ; if  from  these  two  equal  sums  there  be  taken 
away  the  parts  or  angles  ECH  and  BCIi,  which  have 


been  proved  equal,  there  remains  the  angle  C E G Book  HI 
equal  to  the  angle  A C H.  But  the  former  of  these,  V ■ 

C E G,  being  an  angle  at  the  centre,  is  measured  by 
the  arc  CG,  (see  prop.  5,  book  iii. ;)  consequently 
the  equal  angle  A C 1)  must  also  have  the  same  mea- 
sure C G,  which  is  half  the  arc  C G D. 

Proposition  XIV. — Theorem. 

An  angle  at  the  circumference  of  a circle  is  measured  by 
half  the  arc  that  subtends  it,  fig.  63. 

Let  B A C be  an  angle,  at  the  circumference  it  has  Fi*.  ax 
for  its  measure  half  the  arc  BC  which  subtends  it. 

For  let  the  tangent  D E pass  through  the  point  of 
contact  A ; then  the  angle  D A C,  being  measured  by 
half  the  arc  A BC,  and  the  angle  DA  B by  half  the  arc 
A B,  (prop.  13,  book  iii.j)  it  follows  by  equal  subtrac- 
tion, that  the  difference  or  angle  B AC  must  be  mea- 
sured by  half  the  arc  B C which  it  stands  upon. 

Proposition  XV.— Theorem. 

All  angles  in  the  same  segment  of  a circle,  or  standing 
upon  the  same  arc,  are  equal  to  each  other,  fig.  64. 

Let  A C B,  A D B be  two  angles  in  the  same  seg-  pjg. 
ment  AC,  DB,  or  which  is  the  same,  standing  upon  the 
same  arc  A E B ; then  will  the  angle  ACB  be  equal  to 
the  angle  ADB. 

For  each  of  these  angles  is  measured  by  half  the 
arc  AEB,  (prop.  14,  book  iii. :)  and  thus  having  equal 
measures,  they  are  equal  to  each  other. 

Proposition  XVI. — Theorem. 

* An  angle  at  the  centre  of  a circle  is  double  the  angle  at 
the  circumference,  when  both  of  them  stand  upon  the  same 
are,  fig.  65. 

Let  A C B be  an  angle  at  the  centre  C,  and  A D B an  Fig.  fia. 
angle  at  the  circumference,  both  standing  upon  the 
same  are  or  same  chord  A B,  then  will  the  angle  C be 
double  6f  the  angle  D,  or  the  angle  D equal  to  half  the 
angle  C. 

For  the  angle  at  the  centre  C is  measured  by  the 
whole  arc  A E B,  (prop.  5,  book  iii.  ?)  and  the  angle 
at  the  circumference  D is  measured  bv  half  the  same 
arc  AEB,  (prop.  14 ;)  the  angle  D is  only  half  the 
angle  C,  or  the  angle  C double  the  angle  D. 

Proposition  XVII. — Theorem. 

An  angle  in  a semicircle  is  a right  angle,  fig.  66. 

Let  A BC  or  A D C lie  a semicircle,  then  any  angle  Fig.  66. 

A BC  in  that  segment  is  n right  angle. 

For  the  angle  B at  the  circumference  is  measured 
by  half  the  arc  ADC,  (prop.  14,  book  iii.;)  that  is  by 
a quadrant  of  the  circumference.  But  a quadrant  is 
the  measure  of  a right  angle  ; therefore  the  angle  B 
is  a right  angle. 

Cor.  It  follows  from  this,  that  an  ancle  in  an  arc 
that  is  greater  than  a semicircle,  is  less  than  a right 
angle ; and  an  angle  in  an  arc  less  than  a semicircle  is 
greater  than  a right  angle. 

Proposition  XVIII. — Theorem. 

The  angle  formed  by  a tangent  to  a cirri?  and  a chord 
drawn  from  the  point  of  contact,  is  equal  to  the  angle  in 
the  alternate  segment,  fig.  67. 
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Geometry.  If  A B be  a tangent,  A C a chord,  and  D any  angle 
— » in  the  alternate  segment  ADC;  then  will  the  angle  D 
Fi«.  G7.  be  equal  to  the  angle  B AC  made  by  the  tangent  and 
the  chord  of  the  arc  A £ C. 

For  the  angle  D at  the  circumference  is  measured  by 
half  the  arc  AEC,  (prop.  13  and  14,  book  iii. ;)  and  the 
angle  B A C,  made  by  the  tangent  and  chord,  is  also 
measured  by  the  same  half  arc  AEC:  therefore  these 
two  angles  are  equal. 


For  draw  the  chord  B D ; then  because  the  lines  Book  UI. 
A B,  D E are  parallel,  the  alternate  angles  D and  B 
are  equal  ; but  the  angle  B,  formed  by  a tangent  and 
a chord,  is  measured  by  half  the  arc  Bl),  (prop.  18, 
book  iii.;)  and  the  angle  at  the  circumference  D,  is 
measured  by  half  the  arc  B E ; the  arcs  B E,  B D are 
therefore  equal. 

Proposition  XXIII.— Theorem. 


Proposition  XIX. — Theorem. 

The  sum  of  any  two  opposite  angles  of  a quadran- 
gle inscribed  in  a circle  is  equal  to  two  right  angles, 
fig.  68. 

Fif.  68.  Let  A B C D be  a quadrangle  inscribed  in  a circle  j 
then  shall  the  sum  of  the  two  opposite  angles,  A and  C, 
or  B and  D,  be  equnl  to  two  right  angles. 

For  the  angle  A is  measured  by  half  the  arc  BCR, 
which  it  stands  upon,  and  the  angle  C by  half  the  arc 
DAB,  (prop.  14,  book  iii. ;)  therefore  the  sum  of  the 
two  angles,  A and  C,  is  measured  by  half  the  sum  of 
these  two  arcs,  that  is  by  half  the  circumference.  But 
half  the  circumference  is  the  measure  of  the  two  right 
angles,  (prop.  5,  schol.  book  iii. ;)  therefore  the  sum  of 
the  two  opposite  angles,  A and  C,  is  equal  to  two 
right  angles.  And  in  like  manner  it  is  shown  the  sum 
of  the  other  two  opposite  angles,  B and  D,  is  equal  to 
two  right  angles. 


The  angle  formed  within  a circle  by  the  intersection 
of  two  chords,  is  measured  by  half  the  sum  of  the  turn  arcs 
intercepted  by  those  chords,  fig.  72. 

Let  the  two  chords  A B,  C D intersect  at  the  point  *■“?•  72. 
E ; the  angle  AEC,  orDE  B,  is  measured  by  half  the 
sum  of  the  two  arps  A C,  D B. 

For  draw  the  chord  A F parallel  to  C D ; then  be- 
cause the  lines  A F,  CD  arc  parallel,  and  A B cuts 
them,  the  angles  on  the  same  side,  A and  I>  E B,  are 
equal ; hut  the  angle  at  the  circumference  A is  mea- 
sured by  half  the  arc  BF,  (prop.  14,  book  iii.)  or  of 
the  sum  of  F D and  D B ; therefore  the  angle  F is 
also  measured  by  half  the  sum  of  FI)  and  DB.  Again, 
because  the  chords  A F,  C D are  parallel,  the  arcs 
AC,  FD  are  equal,  (prop.  <21  ;)  therefore  the  sum 
of  the  two  arcs  A C,  D If  is  equal  to  the  sum  of  the  two 
F D,  D B ; and  consequently  the  angle  E,  which  is 
measured  by  half  the  latter  sum,  is  also  measured 
by  half  the  former. 


Proposition  XX . — Theorem. 


Proposition  XX1Yt. — Theorem. 


Fig.  69. 


FI*  70. 


Fi*.  71. 


The  angle  formed  without  a circle  by  two  secants,  is 
measured  by  half  the  difference  of  the  intercepts  arcs, 
fig-  73. 

Let  the  angle  E be  formed  by  two  secants,  A B and  Fqr-  73. 
C D.  This  angle  is  measured  by  half  the  difference 
of  the  two  arcs,  AC,  D B,  intercepted  by  the  two 
secants. 

Draw  the  chord  A F parallel  to  CD  ; then  because 
the  lines  AF,  C D arc  parallel,  anil  A B cuts  them,  the 
angles  on  the  same  side,  A and  D E B,  are  equal, 

(prop.  51,  book  i.)  But  the  angle  A,  at  the  circum- 
ference, is  measured  by  half  the  arc  B F,  or  of  the 
difference  of  I)  F and  D B ; therefore  the  equal  angle 
E is  also  measured  by  half  the  difference  of  DF,  D B. 

* Again  because  the  chords  A F,  C D are  parallel, 
the  arcs  A C,  F D are  equal,  (prop.  SI,  book  iii.;) 
therefore  the  difference  of  the  two  arcs,  AC,  DB,  is 
equal  to  the  difference  of  the  two  DF,  D B ; con- 
sequently the  angle  E,  which  is  measured  by  half 
the  latter  difference,  is  also  measured  by  half  the 
former. 


If  any  side  of  a quadrangle  inscribed  in  a circle  be  pro- 
duced out,  the  outward  angle  will  be  equal  to  the  inward 
opposite  angle,  6g.  69, 

If  the  side  A B of  the  quadrangle  A BCD,  inscribed 
in  a circle,  be  produced  toE,  the  outward  angle  DAE 
will  be  equal  to  the  inward  opposite  angle  C. 

For  the  sum  of  the  two  adjacent  angles  D A E,  DAB 
is  equal  to  two  right  angles,  (prop.  1,  book  i. ;)  and 
the  sum  of  the  two  opposite  angles,  C and  D A B,  is 
equal  to  two  right  angles,  (prop.  19,  hook  iii.;)  there- 
fore the  sum  of  the  two  right  angles,  1)  AE  and  1)  A B, 
is  equal  to  the  sum  of  the  two,  C and  DAB;  from 
each  of  these  equals,  taking  away  the  common  angle 
DA  B,  there  remains  the  angle  DA  E equal  the  angle  C. 

Proposition  XXI. — Theorem. 

Two  parallel  chonls  intercept  equal  arcs,  fig.  70. 

Let  the  chords  A B,  C D be  parallel,  then  will  the 
arcs  A B,  C D be  equal,  or  A R = C D. 

For  draw  the  line  BC  ; then  because  the  lines  A B 
CD  are  parallel,  the  alternate  angles  B and  C are 
equal,  (prop.  90,  book  i.)  But  the  angle  at  the  circum- 
ference B is  measured  by  half  the  arc  A C,  (prop.  14, 
book  ii. ;)  and  the  other  angle  at  the  circumference  C 
is  measured  by  the  arc  BD  ; hence  the  halves  of  the 
arcs  A C,  R D,  and  consequently  the  arcs  themselves 
are  equal. 

Proposition  XXII. — Theorem. 

If  a tangent  and  chord  be  parallel  to  each  other,  they 
intercept  equal  arcs,  fig.  71. 

Let  the  tangent  ABC  be  parallel  to  tbe  chord 
D E ; then  are  the  arcs  B D,  B E equal ; that  is, 
BDss  BE. 


Proposition  XXV*. — Theorem. 

The  angle  formal  by  two  tangents,  is  measured  by  half 
the  difference  of  the  two  intercepted  arcs,  fig.  74. 

Let  EB,  ED  be  two  tangents  to  a circle  at  the  points  pig.  74. 
A,  C : then  the  angle  E is  measured  by  half  the  dif- 
ference of  the  two  arcs  C F A,  CO  A. 

For  draw  the  chord  A F parallel  to  ED;  then  be- 
cause the  lines  A F,  E D are  parallel,  and  E B meets 
them,  the  angles  on  the  same  side,  A and  K,  are  equal, 

(prop.  21,  book  iii.;)  but  the  angle  A,  formed  by  the 
chord  A F and  tangent  A B,  is  measured  by  half  the 
arc  A F : therefore  the  equal  angle  E is  also  men- 
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Groraetry.  sured  by  half  the  same  arc  A F,  or  half  the  difference 
of  the  arc*  C F A and  CF.  • 

Again,  because  tbe  tangent  E D and  chord  A F are 
parallel,  the  intercepted  arcs  (prop.  '41,  book  iii.) 
CGE,  CP  arc  equal ; the  arc  A F therefore  is  equal  to 
the  difference  of  C FA  and  CG  A ; consequently  the 
angle  E,  which  is  measured  by  half  the  former,  is  also 
measured  by  half  the  latter. 

Cor.  In  like  manner  it  is  proved  that  the  angle  E 
(fig.  74)  formed  bv  a tangent  BCD,  and  a secant 
E A B,  is  measured  by  half  the  difference  of  the  two 
Intercepted  arcs,  C A and  C F D. 


Problems  relative  to  Books  II.  and  III. 

PROBLEM  I. 

To  divide  a given  right  line  A B into  two  equal  parts, 
fig.  75. 

Fij.  75.  From  the  two  extremities,  A and  B,  and  with  any 
equal  radii  greater  than  half  A B,  describe  arcs  of 
circles  intersecting  each  other  in  C and  D,  and  draw 
the  line  C D,  which  will  bisect  the  given  line  A B in 
the  point  E. 

Join  A C,  C B,  A D,  D B,  which  arc  all  equal  to  each 
other;  consequently  the  triangles  D A C,  D B C,  which 
have  the  three  sides  of  the  one  equal  to  the  three 
sides  of  the  other,  each  to  each,  will  have  their  corres- 
ponding angles  also  equal  ; therefore  the  angle  ACE 
= BCE.  And  because  A C = C B,  the  angle  CAE 
= CBE;  hence  the  angles  ACE,  CAE,  being  equal 
to  the  two  E C B,  CBE,  each  to  each,  and  the  side 
ACssBC, the  two  triangles  ACE,  BCE,  are  equal ; 
and  will  have  the  base  A E = E B,  that  is  the  right  line 
A B has  been  bisected  in  E,  as  was  required  to  be 
done. 

Problem  II. 

To  bisect  a given  angle,  B A C,  fig.  76* 

Fip.  76.  From  tbe  summit  A,  with  any  radius,  describe  an 
arc  cutting  off  the  equal  parts  A I),  A E ; and  from  D 
and  E,  with  any  radius  greater  than  half  D E,  describe 
the  two  arcs  intersecting  in  F ; and  join  A F,  which 
will  bisect  the  angle  A,  as  required.  Join  D F,  E F, 
then  the  two  triangles  A D F,  A E F,  will  have  the  sides 
A D,  D F equal  to  A E,  E F,  each  to  each,  and  the  base 
A F common;  therefore  the  triangles  will  be  equal, 
and  the  angle  DAFsEAF;  that  is,  the  angle  A has 
been  bisected  by  the  line  A F. 


produced,  if  the  point  C were  at  the  extremity  of  the  Problems 
line  A B,  the  line  might  be  produced  and  the  construe- 
tion  remain  ns  above ; but  it  is  sometimes  a conve-  ^ m/ 
nience  in  practice  to  erect  a perpendicular  without . 
producing  the  line  beyond  the  point  nt  which  it  is  v 

to  be  erected.  Iu  such  coses  we  may  proceed  ns 
follows  : 

Take  any  point  D (fig.  78)  out  of  the  line  A B,  and  Fig.  ’8. 
from  Das  n centre,  and  with  the  radius  DC,  describe 
a circle,  ECF,  cutting  A B in  E ; join  E D,  and  pro- 
duce it,  to  cut  the  circumference  in  F,  draw  F C ; it 
will  be  the  perpendicular  required.  For  ECF  being 
a semicircle,  the  angle  C in  it  is  a right  angle,  and 
consequently  C F is  perpendicular  to  A B. 


Problem  IV. 

From  a given  point  A,  to  let  fall  a perpendicular  upon 
a given  line  B C,  fig.  78. 

From  the  point  A,  with  any  radius  greater  than  the  Fig-  "9 
perpendicular  distance,  describe  an  arc  cutting  BC  in 
two  points,  D and  E ; from  D and  E as  centres,  with 
any  radius,  describe  arcs  intersecting  in  F ; join  A F, 
cutting  B C in  G,  then  will  C G be  the  perpendicular 
sought. 

For  join  D A,  D F,  A E,  E F : the  triangles  A D F, 

A G F,  having  the  three  sides  equal,  each  to  each  ; the 
angle  D A F = E A F : and  the  triangle  DAE,  being 
isosceles,  the  angle  A D E = A E D : hence  in  two 
triangles  DAG,  E A G,  the  two  angles  A D G,  D A G 
arc  equal  to  the  two  AEG,  BAG,  each  to  each,  and 
the  side  AD  = AE ; therefore  the  triangles  are  equal, 
and  tbe  angles  at  G are  equal ; they  ore  therefore 
right  angles,  and  A G is  perpendicular  to  A B. 

Scholium.  As  in  the  last  problem  this  construction 
supposes  the  line  A B (fig.  80)  of  unlimited  length.  Fig.  80. 
If  the  point  be  nearly  opposite  the  end  of  the  line  the 
following  construction  may  be  employed  : From  any 
point  D in  A B,  and  with  the  radios  D C,  describe  an 
arc  C A F ; and  from  A,  with  the  radius  A C,  describe 
an  arc  cutting  the  former  in  C and  F ; join  C F,  and  it 
will  be  tbe  perpendicular  sought. 

Join  AC,  A F,  which  being  equal  chords,  the  arcs 
A C,  A F will  be  also  equal : hence  D A bisects  the  arc 
A F,  and  consequently  also  the  chord  of  the  arc  : but 
the  line  drawn  from  the  centre  to  bisect  a chord  is 
perpendicular  to  it.  Hence  C G is  perpendicular  to 
AG,  and  consequently  A G is  perpendicular  to  D G or 
to  AB. 

Problem  V. 


Problem  III. 

At  a given  point  C in  a line  A B to  raise  a perpendi- 
cular, fig.  77. 

Fig.  77.  From  the  given  point  C,  set  off  the  equal  distances 
C D,  C E,  on  the  line  A B,  and  from  D and  E as  centres, 
with  any  radius  greater  than  D C or  E C,  describe  arcs 
intersecting  each  other  in  F $ join  C F,  which  will  be 
the  i>erpen<licular  required. 

Join  DF,  FE,  then  in  the  two  triangles  DFC, 
E F C,  the  sides  DF,  DC  are  equal  to  E F,  E C,  each 
to  each,  and  the  base  F C is  common  ; therefore  the 
triangles  are  equal,  and  the  angle  D C F = E C F : 
they  are  therefore  right  angles,  and  F C is  perpendi- 
cular to  A B. 

Scholium.  As  it  is  assumed  that  a given  line  may  be 


At  a point  A,  in  a given  line  A B,  to  make  an  angle 
equal  to  a given  rectilineal  angle  C,  fig.  81. 

From  the  centres  A and  C,  with  any  radius,  describe  Fly.  81. 
the  arcs  DE  and  FG  ; join  E D,  and  from  F,  with 
the  distance  DE,  describe  on  arc  cutting  FG  in  G j 
draw  A G,  so  will  the  angle  A = C. 

For  the  chords  D E,  F G,  being  equal,  the  arcs  D E 
and  F G arc  also  equal ; and  consequently  the  angles 
C and  A. 

Problem  VI. 

Through  a given  point  A,  to  draw  a line  parallel  to  a 
given  line,  fi  C,  fig.  83. 

From  the  given  point  A,  draw  any  line  A D to  the  Fif.  82. 
line  A B ; and  at  the  point  A make  the  angle  D A F =3 
ADC,  produce  A F,  and  it  will  be  parallel  to  B C. 
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Geometry.  For  the  alternate  angles  A DC,  and  FAD  being 
equal,  the  lines  £ F ami  B C are  parallel. 

Problem  VII. 

To  describe  a triangle  tr hen  there  are  given  the  two 
sides  and  the  included  angle,  fig.  83. 

Fig.,  93,  Draw  the  indefinite  line  A D,  and  at  the  point  A 
make  the  angle  B A C equal  to  the  given  angle , take 
also  A B,  and  A C equal  to  the  given  sides,  and  join 
C B,  and  ABC  will  be  tins  triangle  required,  os  is 
obvious. 

Problem  VIII. 


Given  two  angles,  and  any  side  of  a triangle  to  oon- 
struct  the  triangle,  fig.  83. 

There  are  two  cases  to  this  problem,  accordingly  ns 
the  given  side  is  adjacent  to  one  only,  or  to  both,  the 
given  angles. 

1.  When  the  given  aide  is  adjacent  to  both  the 

given  angles.  » 

Let  A B be  the  given  side,  and  A and  B the  given 
angles.  At  A and  B,  make  angles  equal  to  the  given 
angles,  and  produce  the  lines  till  they  intersect  in  C, 
ABC  will  be  the  triangle  required. 

2.  Let  A B be  the  given  side,  and  A and  C the  given 
angles.  Produce  A B to  D,  and  at  B make  the  angle 
C B D equal  to  the  sum  of  the  two  angles  A and  C ; 
and  at  A make  the  angle  A equal  to  one  of  the  given 
angles,  meeting  BCinC,  then  will  ABC  be  the 
triangle  required. 

The  first  case  requires  no  demonstration  ; and  to 
the  second,  since  C BD  is  equal  to  the  sum  of  the  given 
angles,  and  since  the  three  angles  are  equal  to  two 
right  angles,  ABC  must  be  equal  to  the  third  angle 
which  reduces  the  problem  to  the  former  case. 


Problem  XI.  nUheto 

Given  the  two  adjacent  sides,  A and  B,  of  a paral- 

lelogram,  and  the  angle  they  include,  to  describe  the  paral-  >■  l 

lelogrum,  fig.  87. 

Draw  D E equal  to  B,  one  of  the  given  sides,  and  at  . fi 7. 

D make  the  angle  F D E equal  to  the  given  angle  j 
take  D F = A,  and  through  F draw  F G parallel  to 
I)  F,  and  through  E,  E G parallel  to  DFj  so  shall 
E G FD  be  the  parallelogram  required.  For  DE  =:  B, 
and  DF  = A ; by  the  construction  and  the  sides  being 
parallel  the  opposite  sides  arc  equal,  and  the  figure  is 
a parallelogram. 

Cor.  This  construction  comprehends  the  construc- 
tion of  the  square  and  rectangle.  It  is  only  necessary 
in  these  cases,  that  the  angle  D be  mode  equal  to  a 
rectangle. 

Problem  XII. 

To  -snake  a square  equal  to  the  sum  of  two  given  squares, 
fig.  88. 

Let  A B,  C B be  the  sides  of  the  given  squares  : on  Piy.  88. 

A B,  at  the  point  B,  erect  the  perpendicular  B C,  equal 
to  the  other  given  line,  and  join  A C,  so  will  A C be 
the  side  of  the  square  required.  For 
AC»=  A B*  + BC*. 

Cor . Hence  also  we  may  make  a square  equal  to 
three  or  more  squares  : for  produce  B A and  B C 
towards  D and  E,  (fig.  80,)  and  let  G H be  the  side 
of  a third  square  ; take  B E = G H,  and  BD  = AC, 
and  join  DE;  so  shall  DE*  = A B*  + BC*  + GH*;  ' 
for  DE"  = DB*  + BE*;  and  D B*  = A C»  = A B» 

+ BC*  and  BE*  = G H * : therefore  D E * = AB* 

+ BC*  + 6H*}  and  we  may  proceed  in  like  man- 
ner with  any  number  of  squares. 


Problem  IX. 

Given  two  sides  of  a triangle,  and  an  angle  opposite  to 
one  of  them  to  construct  the  triangle , fig.  85. 

Tig.  85,  Let  A B be  one  of  the  given  shies,  and  C A the 
other,  and  B the  given  angle.  At  the  point  B make 
the  angle  ABC  equal  to  the  given  angle  ; and  from  A, 
with  AC  as  a radius,  describe  an  arc  cutting  BD  in  C 
and  Cr,  join  A C,  A C',  and  A B C or  A B C' will  be  the 
triangle  required,  as  is  obvious. 

Scholium.  It  appears  from  the  above,  that  when  A C 
is  greater  thun  the  perpendicular  A E,  let  fall  from  A to 
B D,  there  arc  two  triangles  answering  the  required 
conditions.  If  A C be  equal  to  that  perpendicular 
distance,  there  is  but  one,  and  in  that  ease  the  triangle 
will  be  right  angled  j and  if  A C is  less  than  the  per- 
pendicular distance  A E,  the  construction  is  im- 
possible. 

Problem  X. 

To  describe  a triangle  that  shall  have  its  three  sides 
equal  to  three  given  lines.  A,  B,  C,  fig.  86. 

Fif . 86.  Drew  D E equal  to  C,  and  from  D and  E as  centres, 

and  with  radii  equal  to  A and  C,  describe  arcs  inter- 
secting in  F ; join  D F,  E F,  and  D E F will  have  it* 
three  sides  equal  to  the  three  given  lines  A,  B,  and  C, 
as  is  obvious. 

It  is  necessary  in  this  case  that  any  two  of  the  sides 
be  greater  than  the  third.  , 


Problem  XIII. 

To  make  a srjuare  equal  to  the  difference  of  two  given 
squares,  fig.  90. 

Let  A B,  BC  be  the  sides  of  the  given  squares  : on  Fig.  JO. 
A B,  the  greater,  describe  the  semicircle  ABC  j and 
from  B,  with  the  radius  C B,  describe  the  arc  m w, 
cutting  the  semicircle  in  C j join  C II,  C A ; and  C A 
will  be  the  side  of  the  square  required.  For  by  the 
construction  C B is  eqnal  to  the  lesser  given  side  B C, 
and  A B to  A B j and  the  angle  C,  being  in  a semi- 
circle, is  a right  angle  : therefore 

AC*  = AB*  - BC*. 

Puoblsm  XIV. 

To  describe  a circle  through  any  three  given  points, 

A,  B,  C,  not  in  a right  line,  fig.  91. 

From  the  middle  point  B draw  the  lines  B A,  BC  FI?.  91. 
to  the  other  two  given  points  ; and  bisect  these  by 
the  perpendiculars  DO,  E O,  which  will  intersect  in 
some  point  O ; then  from  the  centre  O,  and  with  the 
distance  O B,  describe  a circle  which  will  pass  through 
the  other  two  points  A and  C.  For  the  two  right 
angled  triangles  O A D,  O B D,  having  the  side  A D, 

D B equal,  and  O D common  ; also  the  angles  at  D 
right  angles,  will  have  their  third  sides  likewise  equal, 
that  is  OAcOB;  and  in  the  same  way  it  may  be 
shown,  that  OCsOIi;  hence  the  three  line*  OA, 
011,00,  being  all  equal,  ore  radii  of  the  same  circle. 
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Get, metre.  PaoBLKM  XV. 

To  find  the  centre  of  any  given  circle,  or  of  any  arc  of  a 
given  circle,  fig.  92. 

Take  any  three  points  in  the  given  arc  or  circle,  and 
find  the  centre  of  the  circle  passing  through  them  by 
the  last  problem,  and  it  will  be  the  centre  sought,  as 
is  obvious. 

Problem  XVI. 

To  draw  a tangent  to  a given  circle,  through  a given 
point  A,  either  in  or  beyond  the  circumference , fig.  93. 

Fi*.  93.  Find  the  centre  of  the  circle,  and  then  first,  if  the 
given  point  is  in  the  circumference,  join  A and  the 
centre  O,  and  at  A draw  B C perpendicular  to  AO,  and 
it  will  be  the  tangent  required. 

But  if  A he  beyond  the  circumference,  then  also  join 
A and  the  centre  O,  and  upon  AO  describe  the  semi- 
circle A DO  ; then  from  A,  through  D,  draw  the  line 
BC,  and  it  will  be  the  tangent  sought.  For  ADO, 
being  an  angle  In  a semicircle,  is  a right  angle  j con- 
sequently BC  is  perpendicular  to  DO,  and  is  therefore 
n tangent  to  the  circle. 

PaOBLEM  XVII. 

Upon  a given  line  A B,  to  describe  a segment  that  may 
contain  a given  angle  C,  fig.  94. 

Fig.  94.  At  the  ends  of  the  given  line  make  the  angles  DAB, 
DBA,  each  eq uni  to  the  given  angle  C;  nnd  draw 
A E,  B E,  perpendicular  to  A D,  B D,  and  with  the 
centre  E and  radius  E A,  or  BE,  describe  a circle,  so 
shall  AFB  be  the  segment  required;  that  is,  any 
angle  F in  it  will  be  equal  to  the  given  angle  C. 

For  the  two  lines  A D,  B D,  being  perpendicular  to 
the  radii  E A,  E B,  are  tangents  to  the  circle  ; and  the 
angle  A or  B,  which  is  made  equal  to  the  given 
angle  C,  is  equal  to  the  angle  in  the  alternate  segment 
AFB. 

Problem  XVIIL 

To  cut  off  a segment  from  a given  circle  that  shall 
contain  an  angle  equal  to  a given  angle  C,  fig.  95. 

Fig.  95  Draw  any  tangent  A B,  to  the  given  circle ; nnd  a 
chord  AD,  making  the  angle  DAB  = C;  so  shall 
DE  A be  the  segment  required. 

For  the  angle  A,  made  by  the  tangent  and  chord, 
being  equal  to  the  angle  C ; the  angle  E in  the  alter- 
nate segment  is  also  equal  to  the  angle  C. 

Problem  XIX. 

To  inscribe  a circle  in  a given  triangle  ABC,  fig. 96. 

Fi*.  96.  Bisect  the  angles  A and  B with  the  two  lines  A D, 
BD;  from  the  intersection  D,  draw  the  perpendicu- 
lars DE,  D F,  D G,  and  they  will  be  radii  of  the  circle 
required.  For  in  the  two  triangles  A DG,  A E D,  the 
angle  DAG  = E A G,  and  the  angle  D G A = D E A y 
therefore  also  G D A = A D E,  because  the  sum  of 
the  three  angles  of  every  triangle  is  equal  to  two 
right  angles.  Hence  the  side  A D,  being  common, 
nnd  the  angles  adjacent  to  it  equal,  the  triangles  are 
equal,  and  the  side  DG  = DE  ; in  the  same  manner 
it  may  be  shown,  that  DF  = DE;  consequently  a 
circle  described  from  I),  with  the  radius  D E,  will  pass 
through  G and  F j and  the  sides  AB,  BC,  CA,  being 
perpendiculars  to  these  radii,  will  be  tangents  to  the 
circle ; which  Is  therefore  inscribed  in  the  triangle. 


Fi*.  92. 


Problem  XX.  Boo k IV 

To  circumscribe  a circle  about  a given  triangle  ABC,  ~ ^ v~*"’ 
fig.  97. 

Bisect  any  two  sides  with  two  perpendiculars,  as  Fi*.  97. 

D F,  D E,  and  D will  be  the  centre  : from  D,  with 
the  radius  D A,  describe  a circle,  which  will  pass 
through  ABC.  The  demonstration  is  the  same  as  in 
the  lost  problem. 


BOOK  IV. 

Of  the  proportions  of  figures,  and  the  measure  of  areas. 

1.  Similar  picurks,  are  those  which  have  the  angles 
of  the  one  equal  to  the  angles  of  the  other,  each  to 
each,  and  the  sides  about  the  equal  angles  in  each 
proportional. 

2.  Homologous  sides  and  angles,  are  those  sides  and 
angles  which  have  the  same  situation  in  any  two 
similar  figures. 

3.  In  different  circles  similar  arcs,  similar  segments, 
and  similar  sectors,  arc  those  which  correspond  to 
equal  angles  at  the  centre. 

4.  The  base  of  any  rectilineal  figure  is  any  side  on 
which  the  figure  is  supposed  to  stand. 

5.  The  altitude  of  a parallelogram,  or  trapezoid,  is 
the  perpendicular  distance  between  the  side  taken  for 
a base  and  the  side  opposite. 

6.  The  altitude  of  a triangle  is  the  perpendicular 
distance  of  its  vertex  from  the  base. 

7.  The  area,  or  surface  of  n figure,  is  its  superficial 
content : and  it  is  estimated  numerically  by  the  num- 
ber of  times  it  contains  some  other  area  which  is 
assumed  for  its  measuring  unit. 

8.  Figures  having  equal  areas,  that  is  figures  which 
contain  the  same  measuring  unit  the  same  number  of 
times,  are  said  to  be  equal. 

Hence  figures  may  be  equal  to  each  other,  ulthough 
they  are  not  similar. 

Some  authors  distinguish  between  figure*  which  are 
both  equal  und  similar,  and  those  which  ore  only  equal 
according  to  the  above  definition.  In  this  case  the 
former  are  colled  ulentical,  and  the  latter  equal ; or  the 
former  equal,  and  the  latter  equivalent. 

Proposition  I. — Theorem. 

The  complements  about  the.  diagonal  of  any  parallelo- 
gram are  equal  to  each  other,  fig.  98. 

Let  A C be  a parallelogram  and  B D its  diagonal : Fig.  98. 
and  let  E F be  parallel  to  DC,  and  G H to  A D, 
both  passing  through  any  common  point  I in  the 
diagonal  ; then  the  figures  A I,  I C are  called  the 
complements  of  the  parallelograms  E G,  H F,  and  it 
is  to  be  demonstrated  that  they  are  equal  to  each  other. 
Because  the  diagonals  of  parallelograms  bisect  them, 

(prop.  27,  book  i. ;)  the  triangles  D G I,  and  DEI  are 
equal ; for  the  same  reason  I H B and  I F B are 
equal ; as  are  likewise  DAB  and  D C B : if  therefore 
from  these  lost  equal  triangles  there  be  taken  on  one 
side  the  two  triangles  D G I and  I F B,  and  on  the 
other  the  two  triangles  DEI  and  1 H B,  there  will 
remain  the  complement  I C equal  to  the  complement 
Al. 
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Geometry.  PROPOSITION  II. — Theorem. 

~*~v  '™LJ"  Parallelograms  on  the  same  base,  and  between  the  same 
parallels  are  equal  to  each  other,  fig.  99. 

Pifi  99,  Let  ABCD,  ABEF  be  two  parallelograms  on 
the  common  base  A B,  and  between  the  same  parallels 
A B,  DR,  then  will  the  parallelogram  ABCD  = 
ABEF;  because  A B = D C,  and  A B = F E,  (prop. 
27,  book  i.)  to  each  add  C F,  then  will  DF  = CE  ; 
also  D A = C B,  and  AF=  BE,  (prop.  27,  book  i. ;) 
therefore,  in  the  two  triangles  DAF  and  CBE,  the 
three  sides  D F,  DA,  and  A F are  equal  to  the  three 
CE,  CB,  and  BE,  each  to  each;  therefore  the 
triangles  themselves  are  also  equal,  (prop.  12,  book  i. ;) 
and  if  each  of  them  be  taken  from  the  whole  figure 
A B D E,  there  will  remain  the  parallelogram  ABCD 
in  the  one  case,  equal  to  the  parallelogram  A B E F in 
the  other. 

Cor.  1.  Parallelograms  on  equal  bases,  and  between 
the  same  parallels  are  equal  ; because  the  bases  being 
equal,  the  one  figure  may  be  applied  to  the  other,  so 
that  their  bases  shall  coincide  ; and  they  may  then  be 
considered  as  standing  on  the  same  base  ; which  thus 
reduces  itself  to  the  case  above  demonstrated. 

Cor.  2.  Because  parallel  lines  have  every  where  the 
same  perpendicular  distance,  which  in  this  case  is  the 
altitude  of  the  parallelograms ; it  follow's  then  that 
parallelograms  of  equal  bases  and  altitudes  are  equal 
to  each  other. 

Cor.  3.  Every  parallelogram  is  equal  to  a rectangle 
of  the  same  base  and  altitude. 

Proposition  III. — Theorem. 

Triangles  on  the  same  base  and  between  the  same  paral- 
lels are  equal  to  each  other , fig.  99- 

Let  A BC,  A B F,  be  triangles  upon  the  same  base 
and  between  the  same  parallels ; the  triangle  ABC 
= ABFj  produce  C F,  and  draw  A D parallel  to  B C 
and  B E to  A F ; then  will  ABCD  and  ABEF,  be 
parallelograms  upon  the  same  base  and  between  the 
same  parallels ; therefore.by  the  last  prop.  ABCD  = 

* ABEF;  but  the  triangle  A B C is  half  the  paral- 
lelogram ABCD,  and  the  triangle  ABF  is  half 
the  parallelogram  ABEF,  (prop.  27,  book  i. ;)  there- 
fore the  triangle  A B C = A B F, 

Cor.  1.  Hence  also  triangles  on  equal  bases  and 
between  the  same  parallels  are  equal,  for  the  equal 
bases  may  be  made  to  coincide,  and  the  case  thus 
reduced  to  the  above. 

Cor.  2.  Because  the  perpendicular  distance  from  C 
and  F to  the  base  A B,  or  A B produced,  are  equal, 
(def.  12,  book  i.)  which  are  the  altitudes  of  the 
triangles  : It  follows  that  triangles  of  equal  bases 
and  altitudes  are  equal  to  each  other. 

Cor.  3.  Since  the  triangle  A BC  is  half  the  paral- 
lelogram ABCD;  or  ABF  half  the  parallelogram 
ABEF;  and  that  these  are  parallelograms  of  equal 
bases  and  altitudes  with  the  triangle ; it  follows 
that  every  triangle  is  equal  to  half  a parallelogram  of 
the  same  base  and  altitude. 

Cor.  4.  Hence  a triangle  is  equal  to  half  the  rect- 
angle of  equal  base  and  altitude. 

Proposition  IV. — Theorem. 

A trapetoUl  is  equal  to  half  a parallelogram , whose 
VOL.  I. 


base  is  equal  to  the  sum  of  the  two  parallel  sides,  and  its  Book  IV. 
altitude  the  perpendicular  distance  between  them,  fig.  100. 

Let  A B C D be  a trapezoid  whose  two  parallel  sides  Fig,  I®0. 
are  A B,  DC;  produce  A B to  E,  till  BE  = DC,  and 
DCtoF,  tillCF  = AB,  and  join  F E,  so  shall  ABCD 
be  equal  to  half  the  parallelogram  A E F D,  which 
has  for  its  base  the  sum  of  the  two  parallel  sides,  and 
for  its  altitude  the  perpendicular  distance  between 
them.  Draw  CG,  BH  parallel  to  A D or  F F.; 
then  because  B E = D C,  or  A G , tbe  two  parallelo- 
grams AC,  B F,  are  upon  equal  bases,  and  between 
the  same  parallels,  therefore  they  are  equul,  (by  cor.  1, 
last  prop.)  and  because  C B is  the  diagonal  of  the 
parallelogram  G H ; the  triangle  C G B = C H B, 

(prop.  27,  book  i.)  consequently  AC  + CGB  = BF+ 

CIIB,  or  ABCD  = BEFC,  or  ABCD  = half 
the  parallelogram  A E F D. 

Proposition  V. — Theorem. 

Triangles  haring  the  same  altitude,  are  to  each  other  in 
the  same  ratio  as  their  bases,  fig.  101 . 

Let  the  two  triangles  ADC,  DEF  have  the  same  Fig.  101. 
altitude,  they  will  have  to  each  other  the  ratio  of  their 
bases  ; that  is,  A D C ; D E F ! ! A D : D E. 

Conceive  the  base  AD  of  the  triangle  ADC  divided 
into  any  number  of  equal  parts,  or  units  of  measure, 
as  A B,  B D ; and  let  the  same  unit  be  repeated  on  the 
base  DE,  till  it  either  coincides  with  E,  or  fall  beyond 
it  by  a quantity  loss  than  the  measuring  unit,  as  at  M, 
and  join  C B,  F G,  F II,  F M ; thus  dividing  the  trian- 
gles A CD  nnd  DFM  into  a number  of  triangles,  ACB, 

BCD,  D F G,  GFH,  &c.  which  are  equal  to  each 
other,  having  equal  bases  and  altitudes,  (prop.  3, 
cor.  2,  book  iv. ;)  therefore  the  same  number  of 
units  which  there  are  in  the  base  A D,  the  same 
number  of  equal  triangles,  or  units,  are  there  in  the 
triangle  A C D ; and  the  same  number  of  units  there 
are  in  the  base  DM,  equal  to  those  in  AD,  the 
same  number  of  triangles  are  there  in’* DFM,  each 
also  equal  to  those  in  ADC,  therefore  as 
AD  : DM  ::  ACD  : DFM 
But  D M may  be  made  to  differ  from  D E,  by  a quan- 
tity less  than  the  measuring  unit ; and  the  unit  itself 
may  be  taken  less  than  any  assignable  quantity;  there- 
fore D M may  be  made  to  differ  from  D E,  by  a quan- 
tity less  than  any  that  can  be  assigned,  and  at  the  same 
time  the  triangle  DFM  will  differ  from  D F E by  less 
than  any  quantity  that  can  be  assigned ; consequently, 

(see  note  to  def.  1,  book  ii.) 

AD  : DE  ::  ADC  : DFE 
or  ADC  *.  D F E : : A D : DE. 

Proposition  VI. — Theorem. 

Parallelograms  of  equal  altitude,  are  to  each  other  as 
their  bases,  fig.  102. 

Let  ADKI,DEFK  be  parallelograms  of  equal  Fig.  102. 
altitude,  they  arc  to  each  other  as  their  bases  : for  join 
A K,  D F ; then  by  the  last  proposition, 

AKD  ; DEF  II  AD  : DE; 
but  the  parallelogram  A K is  double  of  the  triangle 
AKD,  and  the  parallelogram  D F is  double  of  the 
triangle  DEF,  (prop.  27,  book  i. ;)  and  equimultiples 
of  quantities  have  tbe  same  ratio  as  the  quantities ; 
therefore  as 

ADKr.DEFK;;  AD  : DE. 

2 x 
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v_,_^  Proposition  VII. — Theorem. 

Triangle*  and  parallelogram*  having  equal  base*,  are 
to  each  other  a * their  altitude*,  fig.  103. 

Fiy.  103.  Let  A B C,  BEFbc  two  triangles,  having  the  bases 
A B,  BE  equal,  and  whose  altitudes  ore  the  perpendi- 
culars CO,  FH;  then  will  the  triangle  ABC;  the 
triangle  BEP  !!  CG  ' FH. 

For,  let  B K be  perpendicular  to  A B,  and  equal  to 
C G,  in  which  let  there  be  taken  BL  = FHj  and 
draw  A K and  A L. 

Then  triangles  of  equal  bases  and  altitudes  being 
equal,  the  triangle  ABK  = ABC,  and  A B L = B E F. 
But  considering  now  ABK,  A B L as  two  triangles 
on  the  hoses  B K,  B L,  and  having  the  same  altitude 
A B,  these  will  be  as  their  bases,  namclv,  the  triangle 
ABK  : A B L : : B K : B L.  Bat  ABK  ss  ABC, 
and  A B L =BE  F,  also  B K = C O,  and  B L = F H. 
Therefore  ABC  I BEF  CG  I PH. 

And  since  parallelograms  arc  Ikcdoubles  of  triangles, 
having  the  same  bases  and  altitudes,  there  when  their 
bares  are  equal,  will  likewise  have  to  each  other  the 
same  ratios  as  their  altitudes. 


Proposition  IX.— Theorem.  ^ 

The  rum  of  all  the  rectangle t contained  under  one  whole 
line,  and  the  several  part t of  another  line  is  equal  to  the 
rectangle  contained  under  the  two  whole  lines,  tig.  105. 

Let  A D be  one  line,  and  A B another,  divided  into  Fip.  106. 
the  parts  A E,  E F,  FB  ; the  rectangles  contained 
under  D A and  A E,  D A and  E F,  DA  and  F B are 
together  equal  to  the  rectangle  DA,  A B. 

Let  DA  be  perpendicular  to  A B,  and  A C,  the 
rectangle  contained  under  DA,  ABj  conceive  also 
E G,  F II,  to  be  perpendicular  to  A B ; then  because 
D C is  parallel  to  A B,  (def.  18,booki.)  A D,  E G,  F H 
and  C B are  all  equal  to  each  other,  and  the  whole 
figure  or  the  rectangle  of  A B,  and  A D is  divided  into 
the  three  rectangles  A G,  E II,  F C j of  which  A G is 
equal  to  the  rectangle  of  A D and  A E ; EH  = the 
rectangle  of  E F and  EG,  or  E F anil  A D,  because 
EG  = AD;  and  F C = the  rectangle  of  F B anil 
F II,  or F B and  A D,  because  II  F = AD;  therefore 

the  rectangle  ABxAD=AE  x AD  + BF  x AD 
+ FB  x AD.  (schol.  to  last  prop.) 


Proposition  VIII. — Theorem. 

Triangles  and  parallelograms  are  to  each  other  in  the 
ratio  of  the  products  of  their  bases  and  altitudes,  fig.  104 
Fig.  104.  Let  ABC,  EFG  be  any  two  triangles  whose  alti- 
tudes are  CD,  G H,  and  bases  A B,  E F,  then  will 
trian.  ABC  ; trian.  EFG  ‘ ; AB  x CD  ; EF  x (ill. 
Let  KLM  be  another  triangle  whose  base  K L = A B, 
and  altitude  MN  = GH. 

Because  ABC  and  KLM  have  equal  bases,  they  arc 
to  each  other  as  their  altitudes  \ and  because  EFG 
and  KLM  have  equal  altitudes,  they  are  to  each  other 
os  their  bases  : that  is,  in  the  former,  ABC  I KLM 
’ \ DC  : MN  (prop.  5,  book  iv.j)  in  the  latter,  KLM 
; EFG;;  RL  ; £ F (prop,  7,  book  iv.)  Hence  by 
(prop.  12,  book  ii.) 

ABC  x KLM  : EFG  x KLM  ; ; DC  x KL  : MNx EF. 
Or  since  quantities  have  the  same  ratio,  their  equi- 
multiples have 

ABC  : EFG  ::  DC  x KL  ; MN  X EF. 

But  K L = A B,  and  MN  = GH;  therefore 

abc  : BFG  ::abxDc:efxgh. 

And  aince  every  parallelogram  is  double  of  a triangle 
of  equal  bure  and  altitude,  and  that  equimultiples  of 
quantities  have  the  same  ratio  as  the  quantities, 
(prop.  6,  book  ii.)  it  follows  that  parallelograms  are 
also  to  each  other  as  the  product  of  their  bases  and 
altitudes. 

Scholium.  Since  the  area  of  parallelograms,  and  con- 
sequently of  rectangles,  arc  to  each  other  as  the 
product  of  their  bares  and  altitudes,  this  product  may 
be  assumed  as  the  proper  measure  of  such  areas  j by 
which  is  to  be  understood,  that  as  many  units  as  there 
are  in  the  product  of  the  base  and  altitude  of  any  rect- 
angle, the  same  number  of  units  are  there  in  the  area 
of  the  rectangle ; the  latter  unit  being  the  square 
described  upon  the  linear  'unit,  by  which  the  sides  of 
the  figure  arc  measured. 

In  the  same  way  the  area  of  a triangle  is  measured 
by  half  the  product  of  its  base  and  altitude  ; and  the 
area  of  a trapezoid  by  the  product  of  its  altitude,  by 
half  the  sum  of  its  two  parallel  sides. 


Proposition  X. — Theorem. 

The  square  of  the  sum  of  two  lines  is  greater  than  the 
sum  of  their  equates,  by  twice  the  rectangle  of  those  lines, 
fig.  106. 

Let  A B be  the  sum  of  any  two  lines  AC  and  BC,  Fig.  106 
or  A B = AC  + B C , then  will  AB‘  = AC4  + BC» 

+ ? AC  x BC.  Let  A B D E be  the  square  on  the 
line  A B,  and  A C F G the  square  on  the  line  A C. 
Produce  C F and  G F to  the  other  sides  at  H and  I. 

From  C H and  (i  I which  are  equal,  being  each  equal 
to  the  side  of  the  square  AB,  or  BD,  (prop.  27, 
cor.  1,  book  i.)  take  the  parts  CF,  GF  which  are 
also  equal,  being  sides  of  the  square  on  AC,  and 
there  remains  FH  = F I,  which  are  equal  to  D 1, 

H D,  being  opposite  sides  of  a parallelogram , 

(prop.  27>  book  i. :)  the  figure  FI  DH  has  there- 
fore all  its  sides  equal,  and  its  angles  arc  right  angles  ; 
it  is  therefore  a square  on  the  line  F 1,  or  on  its  equal 
C B,  (def.  17.)  Again  I C is  a rectangle  contained  by 
A C and  C B,  for  C F = A C $ and  G H is  a rectangle 
contained  by  A C and  BC  j for  G F = AC,  and  F H 
= F1  = BC;  therefore  the  whole  square  ABDE, 
which  is  made  up  of  the  four  figures,  that  is  of  the 
two  squares  A F,  F D,  and  the  two  rectangles  F B, 
und  G II,  is  equal  to  the  squares  on  A C and  B C 
and  twice  the  rectangle  AC  x BC, 

Cor.  Hence  if  a line  be  divided  into  two  equal  parts, 
the  square  of  the  whole  line  is  equal  to  four  times 
the  square  of  half  the  line. 

Proporition  XI. — Theorem. 

The  square  of  the  difference  of  two  lines  is  less  than  the 
sum  of  their  squares,  by  twice  the  rectangle  of  the  said 
lines,  fig.  107. 

Let  A C,  B C be  any  two  lines,  and  A B their  jrtff 
difference,  then  will  A B*  = AC*  + BC*  -HACxCB. 

For  let  ABDE  be  the  square  on  the  difference  A B, 
and  A CFG  the  square  on  the  line  AC.  Produce 
ED  to  H,  also  produce  DB  and  H C, and  draw  K I, 
making  B I the  square  of  the  other  line  B C 
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Geometry.  Now  the  square  A D is  less  than  the  two  squares 
A F,  B I,  by  the  two  rectangle*  E F,  D I ; but  GF  = 

Fi|r  107.  AC, and  GE  or  FH  = B C ; consequently  the  rectangle 
E F contained  under  E G and  O F is  equal  to  the 
rectangle  of  BC  and  AC.  Again,  FH  being  equal 
to  Cl  or  BC  or  DH,  by  adding  the  common  part 
H C,  the  whole  H 1 will  be  equal  to  the  whole  F C, 
or  equal  to  AC,  and  consequently  the  figure  JD1  is 
equal  to  the  rectangle  contained  by  A C and  BC. 

Hence  the  two  figures  E F,  Hi  are  two  rectangles 
on  the  lines  AC,  BC,  and  consequently  the  square  of 
A B is  less  than  the  square  of  AC,  B C by  twice  the 
rectangle  AC  x BC. 

Proposition  XII. — Theorem. 

The  difference  of  the  squares  of  any  two  unequal  lines 
is  equal  to  the  rectqpgle  under  the  sum  and  difference  of 
the  same  lines,  fig.  106. 

Fuj.  101.  Let  A B,  AC  bo  any  two  unequal  lines,  then  will 

AC*  = AB  + BC  x AB-AC.  , 

For  let  A B D E be  the  square  of  A B,  and  A C F G 
the  square  of  AC,  produce  DB  till  BH  is  equal  to 
AC,  and  let  H 1 be  parallel  to  A B or  ED,  and  pro- 
duce FC  both  ways  to  I and  K. 

Then  the  difference  of  the  two  squares  A D,  A F, 
is  evidently  the  two  rectangles  E F,  KB;  but  the 
rectangles  E F,  B I are  cquul,  being  contained  tinder 
equal  lines  ; for  E K and  B II  arc  each  equal  to  A C, 
and  G E is  equal  to  C B,  being  each  equal  to  the 
difference  between  A B and  AC,  or  their  equals  A E 
and  A G ; therefore  the  two  E F,  K B are  equal  to 
the  two  KB  and  BI,  or  to  the  whole  K II ; and 
consequently  K H is  equal  to  the  difference  of  the 
squares  AD,  A F ; but  K H is  a rectangle  contained 
under  D H (or  the  sum  of  A B and  A C,)  and  K D 
(or  the  difference  of  A B and  AC.)  Therefore  the 
difference  of  the  squares  A B and  A C,  is  equal  to 
the  rectaqgle  contained  under  the  sum  and  difference  of 
those  lines. 

Proposition  XIII. — Theorem. 

In  every  right  angled  triangle,  the  square  of  the 
hypothenuse  is  equal  to  the  sum  of  the  square  of  the  other 
two  sides , fig.  109. 

Fij.  109.  Let  ABC  be  a fight  angled  triangle,  having  the 
right  angle  C ; then  will  the  square  on  the  hypothenuse 
A B,  be  equal  to  the  two  squares  on  A C and  B C,  or 
AB9  = AC*  + BC*. 

Let  A E be  the  square  on  A B,  AG  the  square  on 
A C,  and  C I the  square  on  C B,  and  let  C K be  paral- 
lel to  A D or  B E j join  A I,  B F,  C D,  and  C E.  Then 
because  the  lines  C G,  C B meet  the  line  A C,  so  as 
to  make  two  right  angles,  these  two  C G,  C B are  in 
the  same  right  line  (prop.  2,  book  i.)  and  for  the  same 
reason  A C,  C H are  in  the  same  right  line.  Because 
the  angle  FAC  = DAB,  being  each  a right  angle  ; 
to  each  add  the  angle  BAC,  then  will  the  angle 
FAB  be  equal  to  the  angle  CAD;  and  the  two 
triangles  FAB,  CAD  will  have  the  sides  F A,  A B, 
equal  to  the  twoC  A,  AD,  each  to  each, and  the  angles 
included  by  these  sides  equal,  therefore  the  triangles 
are  equal  (prop.  4,  book  i.;)  that  is,  the  triangle 
^ AB  = CAD;  but  F A B = half  the  square  A G, 
being  on  the  same  base  and  between  the  same  parallels 
(prop.  3,  cor.  3,  book  iv. ;)  and,  for  the  same  reason 


= C A D half  the  rectangle  A K,  and  as  the  doubles  of  B«>k  IV. 
equal  things  are  equal,  the  square  A G is  equal  to  the 
rectangle  A K ; and  in  like  manner  it  may  be  shown, 
that  the  square  C I is  equal  to  the  rectangle  B K ; 
consequently  the  two  squares  AG,  Cl,  are  together 
equal  to  the  whole  square  on  AB;  that  is,  AB*= 

AC9  + BC*. 

Cor.  1.  Hence  the  square  on  either  side  of  a right 
angled  triangle,  is  equal  to  the  difference  of  the 
squares  on  the  hypothenuse  and  other  side  ; that  is, 

AC*  = AB9-  BC9,  or  BC9  = AB»-  AC*. 

' Cor.  2.  Because  the  rectangle  under  the  sum  and 
difference  of  any  two  unequal  lines,  is  equal  to  the 
difference  of  their  square*  ; therefore  the  square  on 
either  side  of  a right  angled  triangle  is  equal  to  the 
rectangle  under  the  sum  and  difference  of  the  hypo- 
t hen  use  and  the  other  side. 

Pao position  XIV. — Theorem. 

In  any  triangle  the  difference  of  the  squares  of  the 
two  sides  is  equal  to  the  difference  of  the  square  of  the 
two  lines  or  distances,  included  between  the  extremes  of 
the  hose  and  peipendiculaf,  fig.  110. 

Let  ABC  be  any  triangle,  having  C D perpendi-  Fig.  110 
cular  to  A B,  then  will  the  difference  of  A C-,  B C*,  be 
equal  to  the  difference  of  AD1,  BD*;  that  is, 

AC9—  BC9  = AD*  — BD*. 

For  since  AC4=AD*  + CD*>  . . 

and  B C*  = B D*  + C D*  / (ProP' 13- 1,00,1  lv-t 
the  difference  between  AD*  4-  C D*  and  BD*  + CD* 
is  equal  to  the  difference  between  AD*  and  BD* 
by  taking  awav  the  common  square  C D*.  That  is, 

AC*  - BC«  = AD*  - BD8. 

Cor.  Since  AC*  - BC1  = AC  + BC  X 
A C — B C (prop.  12,  book  iv.) 
and  AD9  - BD1  = AD  + BD  x AD-  BD 
it  follows  that  the  rectangle  under  the  sum  and  dif- 
ference of  the  sides  of  a triangle,  is  equal  to  the 
rectangle  under  the  sum  and  difference  of  the  seg- 
ments of  the  base,  or  the  whole  base  and  the  sum 
and  difference  of  the  segments,  according  as  the  per- 
pendicular fall  without  or  within  the  base. 

Proposition  XV. — Theorem. 

In  an  obtuse  angled  triangle,  the  square  of  the  side 
subtending  the  obtuse  angle,  is  greater  than  the  sum  of 
the  square  of  tjit  other  two  sides,  by  twice  the  rectangle 
of  the  base  and  distance  of  the  perpendicular  from  the 
obtuse  angle,  fig.  111. 

Let  ABC  be  a triangle  obtuse  angled  at  B,  and  pjc  m 
C D perpendicular  to  A B ; then  will  AC*  = AB*  + 

BC«  + 2ABxBD. 

For  A Da=AB9  + 2 A B x B D (prop.  10,  book,  iv.) 
and  if  we  add  CD8  to  each,  their  results 
AD*  + CD*=AB*  + BI)9  + C D*+2  A B x BD. 

But  AD*  + CD*  = AC8  and  BD*  + CD*  = BC9; 
therefore  AC*  = AB*+BC*  + 2ABx  BD. 

Proposition  XVI.—  Theorem. 

In  any  triangle,  the  square  of  the  side  subtending  an 
acute  angle  it  less  than  the  squares  of  the  other  two  sides 
by  twice  the  rectangle  of  the  base,  and  the  distance  of  the 
perpendicular  from  the  acute  angle , fig.  119. 

2x9 
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Geometry.  Let  ABC  be  & triangle,  having  the  angle  at  A 
v'—r'  acute,  and  C D perpendicular  to  A B,  then  will 

Fig.  112.  BC'  = AB*+ACJ-?ABx  AD. 

For  in  fig.  I,  AC4  =BC«  + All*  + $ AB  x BD 
by  the  last  proposition,  to  each  of  these  equals  add  the 
square  of  AB, 

then  AB*  + AC*  = BC*  + 2 AD*  + 2 A B x BD 
or  = BC*  + 2 AB  x AB  + BD  = BC*  + 2 A B x AD 
that  is  BC*  = AB«  + A C*  — * A B x AD. 

Again,  in  fig.  2,  A C*  = A D*  4-  DC*  (prop.  13, 
book  iv.)  and  AB*  = A D#  + P B*  + 9 A D x BD 
(prop.  10,  book  iv.)  therefore  AB*+  ACJ  = BD*. 
+ DC*  + 8 AD*  + 8 AD  x DB; 
but  BD*  + DC«  = BC*} 

therefore  AB*  + AC*=  BC*  + 2AD"  + «ADx  DB, 
or  as  BC*  +8 AB  x AD; 

thatis,  BC*  = A B*  + AC*  — SAB  x AD. 

Proposition  XVII. — Theorem. 

In  any  triangle,  the  double  of  the  square  of  a line 
drawn  from  the  vertex  to  the  middle  of  the  bate,  together 
with  double  the  square  of  the  half  base,  is  equal  to  the 
sum  of  the  squares  of  the  other  two  tides,  fig.  1 13. 

Fig.  1 13.  Let  ABC  be  a triangle,  and  C D the  line  drawn 
from  the  vetex  to  the  middle  of  the  base,  dividing  it 
into  two  equal  parts  AD,  D B,  then  will  AC*  + 
CB1  = 2CD*  + 2DBV 

For  AC*  = DC*  + AD* + 2 AD  x DE,  (prop.  15, 
book  iv.)  = D C*  + BD*  + 2 BD  x DE 
and  BC*  = DC*  + BD"  - 2DBx  DE,  (prop.  16, 
book  ir.)  therefore,  by  equal  additions, 

AC,  + BC»  = 2DC*  + 2DB*. 

Proposition  XVIII. — Theorem. 

In  an  isosceles  triangle,  the  square  of  the  line  drawn 
from  the  vertex  to  any  point  in  the  base,  together  with  the 
rectangle  of  the  segments  of  the  base,  is  equal  to  the  square 
of  one  of  the  equal  sides  of  the  triangle,  fig.  114. 

Fig.  114.  Let  ABC  be  un  UosccIcb  triangle,  and  CD  a line 
drawn  from  the  vertex  to  any  point  in  the  base  j 
then  will  the  square  on  AC  be  equal  to  the  square  on 
CD,  together  with  the  rectangle  of  AD  and  DB; 
that  is,  A C«  = C D*  + A D x D B. 

Let  C E bisect  the  vertical  angle,  and  it  also  bisect 
the  base  perpendicularly  (prop.  6,  cor.  1,  book  i.) 
making  A E = B E. 

Now  in  the  triangle  A C D obtuse  angled,  as  D,  we 
have  AC*  = CD*  + AD*  + 2 AD  x DEfprop  15) 

= CD‘  + AD  x AD  + 2 DE 

= C D*  + A D x AE  + DE 

= CD*  + AD  xIeTM 

= CD*+ADxDB. 

Proposition  XIX. — Theorem. 

In  any  ymrullclogram  the  sum  of  the  squares  of  the  two 
diagonals  is  equal  to  the  turn  of  the  squares  of  the  four 
sides,  fig.  115. 

% DS.  Let  A BC  D be  a parallelogram,  and  AC,  D B its 
diagonals,  then  will 

AC*  ■+■  DB*  = AD*  + DC*  + C B*  + AB* 

For  since  the  diagonals  of  parallelograms  bisect  each 
other  (prop.  30,  book  i.)  D E = E B,  and  A E = E C j 


therefore  2 EC*  + 2 EB*  = DC*  + C B*  Book  IV. 

and  2 A E*  + 2EB*  m DA*  + AB*. 

But  AC*  = EC*,  and  2 EC*  = 2 AE1,  therefore 
4 AE*  + 4 BE*  sAD*  + DC*  + BC*  + A B*. 

But  4 A E*  = AC*  and  4BE*  = DB*;  therefore 

AC*  + DB*  = AD*  + DC*  + BC*  + AB*. 

Proposition  XX. — Theorem. 

A line  drawn  parallel  to  the  base  of  a triangle,  di- 
vides the  other  two  sides  proportionally,  fig.  116. 

Let  D E be  drawn  parallel  to  the  side  B C of  the  Fig.  1 16, 
triangle  ABC,  then 

AD  *.  D B : : A E : E C. 

Join  B E and  D C.  The  two  triangles  B D E, 

DEC  having  the  same  base  D E,  and  the  same  alti- 
tude, since  both  their  vertices  lie  in  a plain  parallel 
to  the  hose,  are  equal,  (prop.  3,  book  iv.) 

The  triangles  AD  E,  BDE,  whose  common  vertex 
is  E,  have  the  same  altitude,  and  are  to  each  other  as 
their  bases,  (prop.  5,  book  iv.j)  hence  wc  have 

ade  : bde  : : ad  : db. 

The  triangles  ADE,  DEC,  whose  common  vertex 
is  D,  have  also  the  some  altitude,  and  are  to  each  other 
as  their  bases  ; hence 

ade  : dec  ::  ae  : ec. 

But  the  triangles  BDE,  DEC  are  equal;  and 
therefore,  since  those  proportions  have  a common 
ratio,  we  obtain 

AD  : DB  ::  AE  : EC. 

Cor.  1.  Hence,  (prop.  5,  book  ii.)  we  have  AD  + 

DB  : AD  ::  AE  + EC  ; AE,  or  AB  ; AD  AC 
: AE;  and  also  A B I B D * * A C I C E. 

Cor.  2.  If  between  two  straight  lines  A B,  C D, 

(fig.  117,)  any  number  of  parallels  AC,  E F,  G H,  Fig.  1 1 7 
B D,  &c.  be  drawn,  those  straight  lines  will  be  cut 
proportionally,  and  we  shall  have  A E I C F \ l B G 

: f h : : g b : h d. 

For,  let  O be  the  point  where  A B and  C D meet.  In 
the  triangle  O E F,  the  line  A C being  drawn  parallel 
to  the  base  E F,  we  shall  ha\'e  O E : AE  !*  OF  ; • 

C F,  or  O E I OF  " AE  : C F,  In  the  triangle 
O G H,  we  shall  likewise  have  O E : EG”  OF  ; 

FH,  or  OE  ; OF  1 1 E G ; F H.  And  by  reason  of 
the  common  ratio  O E I OF,  those  two  proportions 
give  AE  ! CF  ” EO  : FH.  It  may  be  proved  in 
the  same  manner,  that  EG  I F If;  I GB  I HD,  and 
so  on  ; hence  the  lines  A B,  C D are  cut  proportionally 
by  the  parallels  A C,  E F,  G H,  &c. 

Proposition  XXI. — Theorem. 

If  the  sides  qf  a triangle  are  cut  proportionally  by  any 
line  D E,  so  that  we  have  ADI  D B ; I A E : EC,  the 
line  D E will  be  parallel  to  the  base  B C,  fig.  1 IB. 

For  if  D E is  not  parallel  to  BC,  suppose  that  DO  Fig.  118. 
is  parallel  to  it.  Then,  by  the  preceding  theorem,  we 
shall  have  AD  I B D”  AO  I OC.  But,  by  hypo- 
thesis, we  have  AD  : DB  " AE  ; EC;  hence  we 
must  have  AO  I OC  ” AE  I EC,  or  AO  I AE 
II  OC  ! ECj  an  impossible  result,  since  A O,  the 
one  antecedent,  is  less  than  its  consequent  A E,  and 
O C,  the*  other  antecedent,  is  greater  than  its  conse- 
quent E C.  Hence  the  parallel  to  B C,  drawn  from 
the  point  D,  cannot  differ  from  D E ; hence  D E is 
that  parallel. 

Scholium.  The  same  conclusion  would  be  true,  if 
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Geometry,  the  proportion  ! AB  ADI!  AC  AE  were  the  pro- 
posed  one.  For  this  proportion  would  give  us  A B — 

ad:  ad::  ac-ae  : a e,  or  b d : ad:;  ce 

: A E,  (prop.  5,  book  ii.) 

Proposition  XXII. — Theorem. 

The  line  which  bisects  any  angle  of  a triangle,  divides 
the  base  into  two  segments,  which  are  proportional  to  the 
adjacent  sides,  fig.  1 19. 

Hg.  119.  Let  A®  bisect  the  angle  BAC  of  the  triangle 
ABC,  then  A D divide  C B in  the  proportion  of  C A 
to  B A,  or 

ca  :ba::cd  :db. 

Through  the  point  C,  draw  C E parallel  to  A D till 
it  meet  B A produced. 

In  the  triangle  BCE,  the  line  A D is  parallel  to 
the  base  C E j hence  (prop.  20,  book  iv.)  we  have  the 
proportion  BD  ! DC  ” AB  I AE. 

But  the  triangle  A C E is  isosceles : for  since  A D,  C E 
arc  parallel,  we  have  the  angle  A C E = D A C,  and 
the  angle  A EC  = BAD,  (prop.  19,  book  i.;)  and, 
by  hypothesis,  D A C = B A D;  hence  the  angle  ACE 
s AfiC,  and  consequently  A E = A C.  In  place  of 
A E in  the  above  proportion,  substitute  AC,  and  we 
shall  have  B D : D C : : A B : AC. 

Proposition  XXIII. — Theorem. 

Two  equiangular  triangles  have  their  homologous  sides 
proportional,  and  are  similar,  fig.  120. 

Fig.  120.  Let  ABC,  C D E be  two  triangles  which  have 
their  angles  equal,  each  to  each,  namely,  BAC  = 
CDE,  ABC  = DCE.and  ACB  = DEC;  then  the 
homologous  sides,  or  the  sides  adjacent  to  the  equal 
angles,  will  be  proportional,  so  that  we  shall  have 

bc:  ce::ab  ;cd::ac  : de. 

Place  the  homologous  sides  B C,  C E in  the  same 
straight  line;  and  produce  the  sides  B A,  ED  till  they 
meet  in  F. 

Since  BCE  is  a straight  line,  and  the  angle  BCA  is 
equal  to  CED,  it  follows  (prop.  19,  book  i.)  that  AC 
is  parallel  to  DE.  In  like  manner,  since  the  angle 
ABC  is  equal  to  DOE,  the  line  AB  is  parallel  to 
D C.  Hence  the  figure  A C D F is  a parallelogram. 

In  the  triangle  B FE,  the  line  A C is  parallel  to  the 
base  FE  ; hence  (prop.  20,  book  iv.)  we  have  BC  ; 
C E : : B A : A F j or,  putting  C D in  the  place  of  its 
equal  A F,  4 

bc  : ce  ::  ba  : cd. 

In  the  same  triangle  BEF,  if  B F be  considered  as 
the  base,  CD  is  parallel  to  it ; and  we  have  the  pro* 
portion  BC  : CE  ” FD  : DE;  or  putting  A C in 
the  place  of  its  equal  F D, 

bc  : ce  ::  ac  : de. 

And  finally,  since  both  those  proportions  contain  the 
some  ratio  B C I C E,  we  have 

AC  : DE  ;;  BA  : CD. 

Thus  the  equiangular  triangles  BAC,  CDE  have 
their  homologous  sides  proportional.  But  two  figures 
are  similar  when  they  have  their  angles  respectively 
equal,  and  their  homologous  sides  proportional ; con* 
sequently  the  equiangular  triangles  B A C,  C D B,  are 
two  similar  figures. 

Cor.  For  the  similarity  of  two  triangles  it  is  enough 
that  they  have  two  angles  equal,  each  to  each  ; since 
the  third  will  also  be  equal  in  both,  ond  the  two 
triangles  will  be  equiangular 


Proposition  XXIV. — Theorem.  ^ ^ 

Two  triangles  which  have  their  homologous  sides  pro- 
portional, are  equiangular  and  similar,  fig.  121. 

Let  BC  : E F : : A B : DE  ;:  AC  : DFj  then  Fig.  121. 
will  the  triangles  A B C,  D E F have  their  angles  equal, 
namely,  A = D,  B = E,  C = P. 

At  the  point  E,  make  the  angle  FEG  = B,  and  at 
F,  the  angle  E F G = C ; the  third  G will  be  equal 
to  the  third  A,  and  the  two  triangles  ABC,  EFG  will 
be  equiangular.  Therefore,  by  the  last  theorem,  we 
shall  have  BC  : EF  " AB  ! EG;  but,  by  hypo- 
thesis, BC  : E F : : AB  : DE;  hence  E G = b E. 

By  the  same  theorem,  we  shall  also  have  BC  : EF 
: : A C I FG;  and,  by  hypothesis,  B C*  I EF  “ AC 
I D F;  hence  FG  ac  DF.  Hence  (prop.  12,  book  i.) 
the  triangles  E G F,  DEF,  having  their  three  sides 
respectively  equal,  arc  themselves  equal.  But,  by 
construction,  the  triangles  EGF  and  ABC  are  equi* 
angular  ; hence  DE F and  ABC  are  also  equiangular 
anu  similar.  * 

Scholium.  By  the  lost  two  propositions,  it  appears 
that  in  triangles,  equality  among  the  angles  is  a con* 
sequence  of  proportionality  among  the  sides,  and 
conversely  ; so  that  one  of  those  conditions  suffi- 
ciently determines  the  similarity  of  two  triangles 
The  case  is  different  with  regard  to  figures  of  more 
than  three  sides  . even  in  quadrilaterals,  the  propor- 
tion between  the  sidcB  may  be  altered  without  alter- 
ing the  angles,  or  the  angles  be  altered  without  alter- 
ing the  proportion  between  the  sides  ; and  thus  pro- 
portionality among  the  sides  cannot  be  a consequence 
of  equality  among  the  angles  of  two  quadrilaterals, 
or  vice  versa.  It  is  evident,  for  example,  that  by 
drawing  E F (fig.  122)  parallel  to  BC,  the  angles  of  Fij-  *22. 
the  quadrilateral  AEFD,  are  made  equal  to  those  of 
ABCD,  though  the  proportion  between  the  sides  is 
different ; and,  in  like  manner,  without  changing  the 
four  sides  A B,  BC,  C D,  AD,  we  can  make  the  point 
B approach  D or  recede  from  it,  which  will  change 
the  angles. 

Proposition  XXV.— Theorem. 

Two  triangles  which  hare  an  equal  angle  included  be- 
tween proportional  sides,  are  similar,  fig.  123. 

Let  the  angles  A and  D be  equal  ; if  A B DE  ;:  Pig.  123. 
AC  : D F,  the  triangle  A B C is  similar  to  D E F. 

Take  AG  = DE,  and  draw  G H parallel  to  BC. 

The  angle  AG  H (prop.  19,  hook  i.)  will  be  equal  to 
the  an^le  ABC;  and  the  triangles  A G H,  A B C will 
be  equiangular : hence  A B I AG::  AC  .'  AIJ.  But, 
by  hyjiothesia,  AB  ! D E | A C I DF;  and,  by 
construction,  AGs  DE;  hence  AH  = D F.  The 
two  triangles  A G H,  DEF  have  an  equal  angle  in- 
cluded between  equal  sides ; therefore  they  are  equal ; 
but  the  triangle  A G H is  similar  to  A B C ; therefore 
DE  F is  also  similar  to  ABC. 

Proposition  XXVI. — Theorem. 

Two  triangles  which  have  their  homologous  sides  parallel, 
or  perpendicular  to  each  other,  are  similar,  fig.  124  and 
125.  , 

Furst.  If  the  side  A B is  parallel  to  D E,  and  BC  to  Fi*.  124 
EF,  the  angle  A BC  will  be  equal  to  D E F?  for  A BC  I*4* 
= A H C = D E C,  (prop.  19,  book  L;)  and  if  A C is 
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Geometry.  parallel  to  DF,  the  angle  ACB  will  be  equal  to  DFE, 
and  also  BAC  to  EDF  ; hence  the  triangles  ABC, 
DK  F are  equiangular  ; hence  they  are  similar. 

.Secondly.  If  the  side  DE  is  perpendicular  to  A B, 
and  the  side  DF  to  A C,  the  two  angles  I and  II  of  the 
quadrilateral  A I D II  will  be  right  ; and  since  all  the 
four  angles  are  together  equal  to  four  right  angles, 
the  remaining  two  1 AH,  I DH  will  be  together  equal 
to  two  right  angles.  But  the  two  angles  EDF, 
I D H are  also  equal  to  two  right  angles  : hence  the 
angle  E DF  is  equal  to  I A II  or  BA  C.  In  like  man- 
ner, if  the  third  side  E F is  perpendicular  to  the  third 
BC,  it  may  he  shown  that  the  angle  DFE  is  equal  to 
C,  and  D E F to  B j hence  the  triangles  A B C,  I)  E F, 
which  have  the  sides  of  the  one  perpendicular  to  the 
corresponding  sides  of  the  other,  arc  equiangular  and 
similar. 

Scholium.  In  the  case  of  the  sides  being  parallel,  the 
homologous  sides  are  the  parallel  ones  : in  the  case 
of  their  being  perpendicular,  the  homologous  sides 
are  the  perpendicular  ones.  Thus  in  the  latter  case 
D E is  homologous  with  A B,  D F with  A C,  and  E F 
with  B C. 

The  case  of  the  perpendicular  sides  might  present 
a relative  position  of  the  two  triangles  different  front 
that  exhibited  in  the  diagram  ; but  the  equality  of 
the  respective  ancles  might  still  be  demonstrated, 
either  by  means  of  quadrilaterals  like  A I D II  having 
two  right  angles,  or  by  the  comparison  of  two  trian- 
gles having  two  of  their  angles  vertical,  and  a right 
angle  in  each.  Besides,  we  may  always  conceive  a 
triangle  I>EF  to  be  constructed  within  the  triangle 
ABC,  and  such  that  its  sides  shall  be  parallel  to  those 
of  the  triangle  compared  with  A B C j and  then  the 
demonstration  given  in  the  text  will  apply. 

Proposition  XXVII. — Theorem. 

Any  linn  drawn  through  the  vertex  of  a triangle , trill 
divide  the  base,  and  a line  parallel  to  the  bate , in  the  same 
proportion,  fig.  126. 

Fijr.  126.  Let  A F,  A G,  A H be  drawn  from  the  vertex  A to  the 
base  B C of  the  triangle  ABC,  and  let  D E be  parallel 
to  B C ; then  will  D I : DF;:  IK  1 FG  ll  KL  ! 
GH,  &c. 

For  since  D 1 is  parallel  to  B F,  the  triangles  ADI 
and  ABF  arc  equiangular  ; and  D I 1 B F * * A I • 

A F ; also,  since  IK  is  parallel  to  FG,  we  have  in  like 
manner  A I AF  ” IK  1 FG;  hence,  the  ratio  A I: 
A F being  common,  DI  I BF  II  IK  ; FG.  In  the 
same  manner  IK  : FGHKL  I GH;  and  so  with 
the  other  segments  : hence  the  line  D E is  divided  at 
the  points  1,  K,  L,  as  the  base  B C at  the  points 
F,  G,  II. 

Cor.  Therefore  if  B C were  divided  into  equal  parts 
at  the  points  F,  G,  H,  the  parallel  D E would  also  be 
divided  into  equal  parts  at  the  points  I,  K,  L. 

Proposition  XXVIII. — Theorem. 

If  from  the  light  angle  of  a right  angled  triangle,  a 
perpendicular  be  let  fall  on  the  hypothenuse  ; the  two  trian- 
gles thereby  made,  will  be  similar  to  the  whole  triangle, 
and  to  one  another.  Each  side  of  the  triangle  will  be  a 
mean  proportional  between  the  whole  base  and  the  adjacent 
segment,  and  the  perpendiculars  will  be  a mean  propor- 
tional between  the  two  segments,  fig.  127, 


The  triangles  BAD  and  BAC  have  the  common  iv. 
angle  B,  the  right  angle  BDA=BAC,  and  therefore 
the  third  angle  BAD  of  the  one  equal  to  the  third  C Fl*-  ,2’* 
of  the  other  ; hence  those  two  triangles  are  equian- 
gular and  similar.  In  the  same  manner  it  may  be 
shown,  that  the  triangles  D A C and  BAC  are  similar  ; 
hence  all  the  three  triangles  are  similar  and  equian- 
gular. 

Again, the  triangles  BAD,  BAC  being  similar,  their 
homologous  sides  are  proportioual.  But  B D in  the 
triangle  A B D,  and  B A in  the  triangle  A B C are  ho- 
mologous, because  they  lie  opposite  the  equal  angles 
B A D.  B C A ; the  hypothenuse  B A of  the  former  is 
homologous  with  the  hypothenuse  B C of  the  lntter  : 
hence  the  proportion  B D I B A 1 1 B A I B C.  By 
the  same  reasoning,  we  should  find  DC  I A C 1 1 A C 
I B C ; hence  each  of  the  sides  A B,  A C is  a mean 
proportional  between  the  hypothenuse  and  the  seg- 
ment adjacent  to  that  side. 

Further,  since  the  triangles  ABD,  ADC  arc  similar, 
by  comparing  their  homologous  sides,  we  have  B D 
♦ A D 1 1 A D DC;  hence,  the  perpendicular  A D 
is  a mean  proportional  between  the  segments  D B,  D C 
of  the  hypothenuse. 

Scholium.  Since  B D I A B 1 1 A B I B C,  the  pro- 
duct of  the  extremes  will  be  equal  to  that  of  the 
means,  or  AB'sBD.BC.  For  the  same  reason 
wc  have  AC* s DC  .BC;  therefore  AB*  + AC*  = 

BD.BC  + DC.BC  = (BD  + DC.)BC=BC.BC 
= B C*}  or  the  square  described  on  the  hypothenuse 
B C is  equal  to  the  squares  described  on  the  two  sides 
AB,  AC.  Thus  we  again  arrive  at  the  property  of  the 
square  of  thehypothcnusc,  by  a path  very  different  from 
that  which  formerly  conducted  us  to  it ; and  thus  it 
appears,  that  the  property  of  the  square  of  the  hypo- 
thenuse is  a consequence  of  the  more  general  property, 
that  the  sides  of  equiangular  triangles  are  propor- 
tional. Thus  the  fundamental  propositions  of  geo- 
metry are  reduced,  as  it  were,  to  this  single  one,  that 
equiangular  triangles  have  their  homologous  sides 
proportional. 

It  happens  frequently,  as  in  this  instance,  that  by 
deducing  consequences  from  one  or  more  propositions, 
we  ore  led  back  to  some  proposition  already  proved. 

In  fact,  the  chief  characteristic  of  geometrical  theo- 
rems, and  one  indubitable  proof  of  their  certainty  is, 
that,  however  we  combine  them  together,  provided 
.only  our  reasoning  be  correct,  the  results  wc  obtain 
arc  always  perfectly  accurate.  The  case  would  be 
different,  if  any  proposition  were  false  or  only  approx- 
imately true ; it  would  frequently  happen  that  on 
combining  the  propositions  together,  the  error  would 
increase  and  become  perceptible.  Examples  of  this 
are  to  he  seen  in  all  the  demonstrations,  in  which  the 
reductio  ad  absurdum  method  is  employed.  In  such 
demonstrations,  where  tho  object  is  to  show  that  two 
quantities  arc  equal,  we  proceed  by  showing  that  if 
there  existed  the  smallest  inequality  between  the 
quantities,  a train  of  necnrate  reasoning  would  lead 
us  to  a manifest  and  palpable  absurdity;  from  which 
we  are  forced  to  conclude  that  the  two  quantities  are 
equal. 

Cor.  If  from  a point  A,  (fig.  128.)  In  the  circum-  Fly.  12«. 
fcrence  of  a circle,  two  chords  A B,  A C be  drawn  to 
the  extremities  of  a diameter  BC,  the  triangle  BAC 
(prop.  17,  hook  Hi.)  will  be  right  angled  at  A ; hence, 
first,  the  perpendicular  AD  is  a mean  proportional  be- 
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Geometry.  tween  the  two  seg ments  B D,  D C,  of  the  diameter,  or 
' what  amounts  to  the  same,  AD'sBD.DC. 

Hence  also,  in  the  second  place,  the  chord  A B it  a 
mean  proportional  between  the  diameter  B C and  the 
adfucent  segment  B D,  or  what  amounts  to  the  same, 
A B • = B D . B C.  In  like  manner,  we  have  A C “ = 
C D . BC ; hence  AB‘  : A C*  I .*  BD  : DC;  and 
comparing  AB*  and  AC*  to  BC*,  we  have  AB*  : 

bc*  ::  bd  : bc, and  ac*  : bc*  ::  dc  : bc. 

Proposition  XXIX. — Theorem. 

Two  triangles  having  an  equal  angle,  are  to  each  other 
as  the  rectangles  of  the  odes  which  contain  that  angle , 
fig.  129. 

Fig  129.  That  is,  the  triangle  A BC  is  to  the  triangle  A D E, 
as  the  rectangle  AB.AC  is  to  the  rectangle  A D . 
AE. 

Draw  BE.  The  triangles  ABE,  ADE,  having 
the  common  vertex  K,  have  the  same  altitude,  and 
consequently  (prop.  5,  book  iv.)  are  to  each  other  as 
their  bases  : that  is, 

abe  : ade  ::  ab  : ad. 

In  like  manner, 

ABC  : A BE  ::  AC  : AE. 

Multiply  together  the  corresponding  terms  of  those 
proportions,  omitting  the  common  terra  ABE;  we 
have  ABC  : ADE  ::  AB.AC  : AD.  AE/ 

Proposition  XXX. — Theorem. 

Two  similar  triangles  are  to  each  other  as  the  squares  of 
their  homologous  tides,  fig.  130. 

Fir.  130.  Let  the  angle  A bc  equal  to  D,  and  the  angle  B = E. 

Then,  first,  by  reason  of  the  equal  angles  A and  D, 

* according  to  the  last  proposition,  we  shall  have 
ABC  ! DEF::  AB.AC  : DE.DF. 

Also,  because  the  triangles  are  similar, 

ab  . de  ::  ac  : df. 

And  multiplying  the  terms  of  this  proportion  by  the 
corresponding  terms  of  the  identical  proportion, 

AC  ; DF  ::  AC  : D F, 
there  will  result 

AB  .AC  : DE.DF  ::  AC*  : DF*. 

Consequently, 

ABC  : def  : : AC*  : DF*. 

Therefore  two  similar  triangles  ABC,  DEF  are 
to  each  other  as  the  squares  of  the  homologous  sides 
A C,  D F,  or  as  the  squares  of  any  other  two  homo- 
logous sides. 

• Proposition  XXXI. — Theorem. 

Two  similar  polygons  are  composed  of  the  same  number 
*f  triangles  similar,  each  to  each,  and  similarly  situated, 
fig.  131.  ' 

Fig.  13U  From  any  angle  A,  in  the  polygon  A B C D E,  draw 
diagonals  AC,  AD  to  the  other  angles.  From  the 
corresponding  angle  F,  in  the  other  polygon  FG  H IK, 
draw  diagonals  * H,  FI  to  the  other  angles. 

These  polygons  being  similar,  the  angles  ABC, 
FG  H,  which  are  homologous,  will  be  equal,  (def.  I 
and  2,)  and  the  sides  AB,  BC  will  also  be  propor- 
tinnal  to  F G,  G II ; that  is,  A B : FG  : ; B C ; G H. 
Wherefore  the  triangles  ABC,  FG  H have  each  an 
equal  angle,  contained  between  proportional  sides  j 


they  are  therefore  aimHar  j hence  the  angle  BC  A is  Bonk  IV. 
equal  to  O H F.  Take  away  these  equal  angles  from 
the  equal  angles  B C D,  GH  I ; there  remains  A CD 

==  F H I.  But  since  the  triangles  ABC,  F f,  H ure 
similar,  AC  i F H * ; B C GH  j and  (def.  1)  since 
the  polygons  are  similar,  BC  : Gil  "CD  : HI* 
hence  AC  I FH  CD  l HI.  But  the  angle  AtD  , 
is  equal  to  F II I j hence  the  triangles  A C D,  F H I 
have  an  equal  angle  in  each,  included  between  pro- 
portional sides,  and  are  consequently  similar.  In  the 
same  manner  all  the  remaining  triangles  may  Ik* 
shown  to  be  similar  $ therefore  two  similar  polvgnns 
are  composed  of  the  same  number  of  triangles  similar 
and  similarly  situated. 

Scholium.  The  converse  of  the  proposition  is  equally 
tree  : If  two  polygons  are  composed  of  the  same  number 
tf  triangles  similar  and  similarly  situated,  those  two 
polygons  will  be  similar. 

For  the  similarity  of  the  respective  triangles  will 
give  the  angles  A B C = FG  H,  BCAsG  H F.  A C D 
= F11 1 j hence  BCD  ss  G H I,  likewise  C D E = 

II  I K,  foe.  Moreover  we  shall  have  A B : F G ; : BC 
. GHt.AC  ; KH  I * CD  I HI,  Ike.  hence  the 
two  polygons  Have  their  angles  equal  and  their  sides 
proportional  j hence  they  are  similar. 

Proposition  XXXII. — Theorem. 

The  cmitonrs  or  perimeters  of  similar  polygons  are  to 
each  other  as  the  homologous  sides  ; and  the' surfaces  arc 
to  each  other  as  the  squares  of  those  sides,  fig.  131. 

By  the  nature  of  similar  figures,  we  have  A B * Fir.  131. 
FG.^BC  . GH  : : CD  7jI  I,  &c.  j therefore 
(prop.  9,  book  II.)  the  sum  of  the  antecedents  AB  + 

DC  + CD,  foe.  (the  perimeter  of  the  first  polygon) 
is  to  the  sum  of  the  consequents  FG+GH  + HI, 
foe.  (the  perimeter  of  the  second  polygon)  as  any 
one  antecedent  is  to  its  consequent,  that  is  as  the  side 
A B is  to  its  corresponding  6ide  F G. 

Again,  since  the  triangles  ABC,  FGH  are  similar, 
we  have  (prop.  30,  book  iv.)  the  triangle  ABC  ; 

FGH  AC1  ; FHa;  and  in  like  manner,  from  the 
similar  triangles  A C D,  F II I,  we  shall  have  ACD  ; 

FHI  AC*  F II* ; therefore,  by  reason  of  the 
common  ratio,  AC®  : FH*,  it  follows  that 
ABC  : F G H : : A C D : FHI. 

By  the  same  mode  of  reasoning, 

acd  : fhi::  ade  : fik$ 

and  so  on,  if  there  were  more  triangles.  Consequently 
(prop.  9,  book  ii.)  the  sum  of  the  antecedents  ABC 
+ A C D -j-  A DE,  or  the  polygon  A BC  D E,  is  to 
the  sum  of  the  consequents  FGH  + F II I + F I K, 
or  to  the  polygon  F G II I K,  as  one  antecedent  ABC 
is  to  its  consequent  FGH,  or  as  A B*  is  to  F G*  ; 
hence  the  surfaces  of  similar  polygons  are  to  each 
other  as  the  squares  of  the  homologous  sides. 

Cor.  If  three  similar  figures  were  constructed,  on 
the  three  sides  of  a right  angled  triangle,  the  figure 
on  the  hypothenuse  would  be  equal  to  the  sum  of  the 
other  two  : for  the  three  figures  are  proportional  to 
the  squares  of  their  homologous  sides  ; but  the  square 
of  the  hypothenuse  is  equal  to  the  sum  of  the  squares 
of  the  two  other  sides ; hence,  foe. 

Proposition  XXXIII, — Theorem. 

The  segments  of  two  chords  which  internet  each  other 
in  a circle,  are  reciprocally  proportional,  fig.  132. 
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Fig.  131. 


That  i«,  ao  : do  ::  co  : ob. 

Join  A C and  B D.  In  the  triangle*  A C O,  BOD 
the  angles  at  O are  equal,  being  vertical ; the  angle 
A is  equal  to  the  angle  D,  because  both  are  inscribed 
in  the  same  segment,  (prop.  I5i  book  iii. ;)  for  the 
same  reason  the  angle  C=B  ; the  triangles  are  there- 
fore similar,  and  the  homologous  aides  give  the  pro- 
portion, A O : D O : : C O : < > B. 

Cor.  Therefore  AO. OB  = DO. COj  hence  the 
rectangle  under  the  two  segments  of  the  one  chord  is 
equal  to  the  rectangle  under  the  two  segments  of  the 
other 


«be  homologous  iidw  give  the  proportion.  BA  : AE  Book  IV. 

AD  ; AC)  hence  BA  . AC  = DE.  ADj  but  A K ^ 

= AD  + DE,  ami  multiplying  ench  of  these  equals 
by  A D,  we  hive  AE.ADeAl)1  4-AD.DE)  now 
AD.DE  = BD.DC,  (prop.  SS,  book  is.  j)  hence 
finally.  B A . AC  = A D«  + BD  .DC. 

PsorosiTiost  XXXVII. — Theorem. 

In  any  Inanglt,  the  rectangle  of  any  tan,  of  it,  si lie,  is 
equal  to  the  rectangle  of  the  perpendicular  let  fall  cm  its 
third  tide,  and  the  diameter  of  its  ciratnucrihing  circle. 


PnoeosiTion  XXX IV.— Theorem. 

If  from  the  tame  paint  icilhoul  a circle  secants  be  dratep 
terminating  in  the  concave  arc,  the  ichole  meant,  trill  I* 
reciprocally  proportional  to  their  external  segments, 
fig.  133. 

That  is,  O B : O C : : OD  : O A. 

For,  join  A C,  B D,  then  the  triangles  OAC,  O BD 
have  the  angle  O common  ; likewise  the  angle  B = C 
(prop.  15,  book  iii.})  these  triangles  are  therefore 
similar ; and  their  homologous  sides  give  the  propor- 
tion, O B : OC  O D : O A. 

Cor.  The  rectangle  O A . O B is  hence  equal  to  the 
rectangle  OC  .OD. 

Scholium.  This  proposition  bears  a great  analogy  to 
the  preceding,  and  differs  from  it  only  as  the  two 
chords  A B,  C D,  instead  of  intersecting  each  other 
within  the  circle,  cut  each  other  externally.  The  fol- 
lowing proposition  may  also  be  regarded  as  a particu- 
lar case  of  the  proposition  just  demonstrated. 

Proposition  XXXV. — Theorem. 

If  from  a point  i eitkout  a circle,  a tangent  and  a secant 
be  drawn,  the  tangent  trill  be  a mean  proportional  between 
the  secant  and  its  external  segment,  fig.  134, 


Let  AD  be  the  perpendicular  upon  BC,  and  EC  Pig.  136. 
the  diameter  of  the  circumscribing  circle  } then 
BA  . AC  = AD  .EC. 

For,  joining  A E,  the  triangles  A B D,  A E C are 
right  angled,  the  one  at  D,  the  other  at  A ; also  the 
ongle  B=E  ; these  triangles  are  therefore  similar,  and 
they  give  the  proportion,  AB  .CE  : : AD:ACj  and 
hence  AB.  AC  = CE.AD. 

Cor.  If  these  equal  quantities  be  multiplied  by  the 
same  quantity  BC  there  will  result  A B . A C . B C = 
CE.AD.BC;  now  A D . B C is  double  of  the  sur- 
face of  the  triangle,  (prop.  8,  book  iv. })  therefore 
the  product  of  the  three  sides  of  a triangle  is  equal  to  its 
surface  multiplied  by  twice  the  diameter  of  the  circum- 
scribed circle. 

Scholium.  It  may  also  be  demonstrated,  that  the 
surface  of  a triangle  is  equal  to  its  perimeter  multi- 
plied bv  half  the  radius  of  the  inscribed  circle. 

For  the  triangles  A OB,  BOC,  AOC,  (fig.  137)  Flf- 137. 
which  have  a common  vertex  at  O,  have  for  their 
common  altitude  the  radius  of  the  inscribed  circle  ; 
hence  the  sum  of  these  triangle*  will  be  equal  to  the 
sum  of  the  bases  A B,  B C,  A C,  multiplied  by  half  the  • 
radius  O D > hence  the  surface  of  the  triangle  ABC 
is  equal  to  the  perimeter  multiplied  by  half  the  radius 
of  the  inscribed  circle. 


Fij.  134, 


Tig.  135. 


That  is,  OC  :0  A : : OA  : OD, 
or  OA*  = OC  .OD. 

For,  joining  A D and  A C,  the  triangles  O AD, 
OAC  have  the  angle  O common  ; also  the  angle 
O A D,  formed  by  a tangent  and  a chord,  hns  for  its 
measure  (prop.  18,  book  iii.)  half  of  the  arc  AD}  and 
the  angle  C has  the  same  measure  : hence  the  angle 
O A D = C ; and  the  two  triangles  are  similar,  and 
wc  have  the  proportion, 

O C : O A : : O A : O D, 
which  gives  OA'  = OC.OD. 

Proposition  XXXVI. — Theorem. 

If  any  angle  of  a triangle  be  bisected  by  a line  which 
cuts  the  base  ; the  rectangle  of  the  segments  of  the  base, 

, together  with  the  square  of  the  bisecting  line,  is  equal  to 
the  rectangle  of  the  sides,  including  the  bisected  angle , 
fig.  135. 

Let  A D bisect  the  angle  B A C of  the  triangle  ABC; 
then  BA  . AC  = BD.D  C + DA*. 

Describe  a circle  through  the  three  points  A,  B,  C } 
produce  A D till  it  meets  the  circumference,  and  join 
CE. 

The  triangle  B A D is  similar  to  the  triangle  EACj 
for,  by  hypothesis,  the  angle  BAD  = EAC;  also  the 
angle  B ==  E,  since  they  noth  have  for  measure  half 
oAhe  arc  A C j hence  these  triangles  are  similar,  and 


Proposition  XXXVIII. — Theorem. 

In  every  quadrilateral  inscribed  in  a circle,  the  rectangle 
of  the  two  diagonals  is  equal  to  the  sum  of  the  rectangles 
of  the  opposite  sides,  fig.  138. 

That  is,  AC.BD  = AB. CD  + AD.BC.  Fig.  138. 

Take  the  arc  C O = A D,  and  draw  B O meeting 
the  diagonal  A C in  I. 

The  angle  A B D = C B I,  since  the  one  has  for  its 
measure  half  of  the  arc  A D,  and  the  other  half  of  C O 
equal  to  A D } the  angle  A D B = B C I,  because  they 
are  both  inscribed  in  the  same  segment  AOB;  hence 
the  triangle  A B D is  similar  to  the  trianglel  B C,  and 
we  have  the  proportion  AD:CI::BD:BC;  hence 
AD.  BC  = CI.BD.  Again,  the  triangle  A B 1 is 
similar  to  the  triangle  B DC  } for  the  arc  AD  being 
equal  to  C O,  if  O D be  added  to  ench  of  them,  we 
shall  have  the  arc  A O = D C } hence  the  angle  A B I 
is  equal  to  D B C ; also  the  angle  B A I to  B D C, 
because  they  are  inscribed  in  the  same  segment  j hence 
the  triangles  A B I,  D B C are  similar,  and  the  homo- 
logous sides  give  the  proportion,  AB:  BD  : : A I : 

CD ; hence  AB.CD  = AI.BD. 

Adding  the  two  results  obtained,  and  observing  that 
A 1 . BD  + C I.  B D = (A  I + CI.)BD  = AC.BD, 
we  shall  have  AD.BC  +AB.CD  = AC.BD. 

Scholium.  Another  theorem  concerning  the  in- 
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Geomriry  scribed  quadrilateral  maybe  demonstrated  in  tbe  same 
manner  : 

The  similarity  of  the  triangles  ABD  and  B I C gives 
the  proportion  BD:BC::AB;BI;  hence  B 1 . 
li  D = BC  . A B.  If  C O be  joined,  the  triangle 
ICO,  similar  to  A BI,  will  be  similar  to  B DC,  and 
will  give  the  proportion  BD  : CO  : : DC  : Ol; 
hence  O I . BD  s CO.  DC,  or,  because  C O = 
AI);  OI  . BD  = AD  . DC.  Adding  the  two  re- 
sults, and  observing  that  BI.BD  + O I . B D is  the 
same  as  BO.  B D,  we  shall  have  B O . B D = A B . 
BC  + AD  . DC. 

If  B P had  been  taken  equal  to  A D,  and  CKP 
been  drawn,  a similar  train  of  reasoning  would  huve 
given  us 

CP.CA  = AB.AD+BC.CD. 

But  the  arc  B P being  equal  to  C O*  if  B C be  added 
to  each  of  them,  it  will  follow  that  CBPss  BC  O; 
the  chord  C P is  therefore  equal  to  the  chord  BO,  and 
consequently  BO.  B D and  C P . C A are  to  each  other 
as  B D is  to  C A ; hence, 

BD : C A : : A B . BC  + A D . DC : AD . AB+  BC.CD. 

Therefore  Me  two  diagonals  of  an  inscribed  quadrila- 
teral are  to  each  other,  as  the  sums  of  the  rectangles  under 
the  sides  which  meet  at  their  extremities. 

These  two  theorems  may  serve  to  find  the  diagonals 
when  the  sides  are  given. 

Proposition  XXXIX. — Theorem. 

Let  P be  a given  point  within  a circle  upon  the  radius 
A C,  and  let  a point  Q be  taken  externally  upon  the  same 
radius  produced,  so  that  C P : C A : : C A : CQ  ; if 
from  any  point  M of  the  circumference  straight  lines 
M P,  M Q be  drawn  to  the  two  points  P and  Q,  these 
straight  lines  will  every  where  have  the  same  ratio,  or 
M P ; M Q : : A P : A Q,  fig.  139. 

F.g.  1 .59.  For  by  hypothesis,  C P : C A : : C A : CQ  ; or  sub- 

stituting C M lor  C A,CP : C M : : C M : C Q j hence  the 
mangles  CPM,  CQ  M,  have  each  an  equal  angle  O 
contained  by  proportional  sides  ; hence  they  arc 
similar  ; and  hence  the  third  side  M P is  to  the  third 
side  M Q,  as  C P is  to  C M or  C A.  But  (prop.5,  hook  ii.) 
the  proportion  CP  t C A s : C A : CQ  gives  CP:  C A 
• : C A - C P : C Q - C A. or  CP  : C A : : A P : A Q; 
therefore  MP-.MQ::  AP:  AQ. 


Problems  relating  to  book  IV. 

Problem  I. 

To  divide  a given  straight  line  into  any  number  of  equal 
parts,  or  into  parts  proportional  to  given  lines,  fig.  140. 

Fig.  140.  Let  it,  for  example,  be  proposed  to  divide  the  line 
A B into  five  equal  parts.  Through  the  extremity  A, 
draw  the  indefinite  straight  line  A G ; and  taking  A C 
of  any  magnitude,  apply  it  five  times  upon  A G ; join 
the  last  point  of  division  G,  and  the  extremity  B,  hy 
the  straight  line  G B ; then  draw  C I parallel  to  G B : 
A I will  be  the  fifth  part  of  the  line  A B ; and  thus,  by 
applying  A I five  times  upon  A B,  tbe  line  AB  will  be 
divided  into  five  equal  parts. 

For,  since  C I is  parallel  to  G B,  the  sides  A G,  A B 
(prop.  *20,  book  iv,)  are  cut  proportionally  in  C and  I. 
But  A C is  the  fifth  part  of  A G,  hence  A I is  the  fifth 
part  of  AB. 
vol.  i. 
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Again,  let  it  be  proposed  to  divide  the  line  A B Problems 
(fig.  141)  into  parts  proportional  to  the  given  lines  P,  ********  *° 
Q,  R.  Through  A,  draw  the  indefinite  line  A G j v 
make  AC  = P,  C D = Q,  DE  = K ; join  the  extre-  F. 
mities  K and  B ; and  through  the  points  C,  D draw 
C 1,  D F parallel  to  E B $ the  line  A B will  be  divided 
into  parts  A I,  I F,  F B proportional  to  the  given  lines 
P,  Q,  R. 

For,  by  reason  of  the  parallels  Cl,  DF,  E B,  the 
parts  A I,  1 F,  F B are  proportional  to  the  parts  A C, 
CD.DK;  and,  by  construction,  these  ore  equal  to  tbe 
given  lines  P,  Q,  U. 

Problem  IL 

To  find  a fourth  proportional  to  three  given  lines 
A,  B,  G,  fig.  142. 

Draw  the  two  indefinite  lines  D E,  D F,  forming  any  fig.  142. 
angle  with  each  other.  Upon  D E take  D A = A,  and 
D 14  = li ; upon  D F take  D C = G ; join  A C ; and 
through  the  point  B,  draw  BX  parallel  to  AC;  DX 
will  be  the  fourth  proportional  required  : for,  since 
B X is  parallel  to  A C,  we  have  the  proportion  DA  : 

D B : ; DC  : DX;  now  the  three  first  terms  of  that 
proportion  are  equal  to  tbe  three  given  lines  ; conse- 
quently DX  is  the  fourth  proportional  required. 

Cor.  A third  proportional  to  two  given  lines  A,  B, 
may  be  found  in  tbe  same  manner,  for  it  will  be  the 
same  as  a fourth  proportional  to  the  three  lines, 

A,  B,  B. 

Problem  III. 

To  find  a mean  proportional  between  two  given  lines 
A and  B,  fig.  143. 

Upon  the  indefinite  line  D F,  take  D E = A,  and  Fig.  143. 
EP  = B;  upon  the  whole  line  DF,  as  a diameter, 
describe  the  semicircle  DGF;  at  the  point  E,  erect 
upon  the  diameter  the  per|»endiculur  E G meeting  the 
circumference  in  G;  EG  will  be  the  mean  propor- 
tional required. 

For  the  jierpendiculur  E G,  let  fall  from  a point  in 
the  circumference  upon  the  diameter,  is  a mean  pro- 
portional between  1)E,  DF,  the  two  segments  of  the 
diameter,  (prop.  28,  book  iv. ;)  and  these  segments 
are  equal  to  the  given  lines  A and  B. 

Problem  IV. 

To  divide  a line  in  extreme  and  mean  ratio,  that  is  into 
two  parts,  such  that  the  greater  part  shall  be  a mean 
proportional  between  the  whole  line  and  the  other  part, 
fig.  144. 

At  the  extremity  B of  the  line  A B,  erect  the  per-  Fig.  HI. 
pemlicular  B C equal  to  the  half  of  AB;  from  the 
point  C as  a centre,  with  the  radius  C li  describe  a 
semicircle  ; draw  A C cutting  the  circumference  in  D ; 
and  take  AF  = AD:  the  line  A II  will  be  divided  at 
the  point  F in  the  manner  required  ; that  is,  wc  shall 
have  A B : A F : : A F : F B. 

For  A B,  being  perpendicular  to  the  radius  at  its 
extremity,  is  a tangent ; and  if  A C be  produced  till 
it  again  meets  the  circumference  in  E,  we  shall  have 
(prop.  35,  book  iv.)  AB  : AB  : : A R ; AD;  hence, 

(prop.  5,  book  ii.)  A E — A B : A B : :AH  — AD: 

A D.  But  since  the  radius  is  the  half  of  A B,  the 
diameter  D E is  equal  to  A B,  and  consequently  A E 
«r 
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Geometry.  — AB  = A D = A F ; also,  because  A F = A D,  we 

— vW  have  AB-AD=PB;  hence  A F • A B : : FB  t 
A D or  A F j whence  (prop.  4,  book  ii.)  All  : AF 
r.AF:  FB. 

PROBLEM  V. 

Through  a Riven  point  A,  in  the  given  angle  BCD,  to 
draw  the  line  B D,  to  that  the  segments  A B,  A D,  com- 
prehended between  the  point  A and  the  two  sides  of  the 
angle,  shall  be  equal,  fig.  145. 

F.g.  145.  Through  the  point  A draw  A E parallel  to  CD, 
make  fi  K = CE,  and  through  the  poiuts  B and  A 
draw  BAD;  this  will  be  the  line  required. 

For,  A E being  parallel  to  C D,  we  have  B E : E C 
: : B A : A D ; but  BE  = EC  j therefore  B A = A D. 

Problem  VI. 

To  describe  a square  that  shall  be  equal  to  a given 
parallelogram,  or  to  a given  triangle,  fig.  146  and  147. 

Fi^.  146.  Let  A BCD  be  the  given  parallelogram,  AB  its 
base,  D E its  altitude  between  A B and  I)  E find  a 
mean  proportional  X V ; then  will  the  square  con- 
structed upon  X Y be  equal  to  the  parallelogram 
A B C D. 

For,  by  construction,  A B : X Y : : X Y : DE; 
therefore  X Y 2 = A B . D E ; but  A B . D E is  the 
measure  of  the  parallelogram,  and  XY*  that  of  the 
square ; consequently  they  ttre  equal. 

Fig  tl'.  Again,  let  ABC  (fig.  14")  be  the  given  triangle, 
B Cits  base,  AD  its  altitude:  find  a mean  propor- 
tional between  BC  and  the  half  of  A D,  and  let  X Y 
be  that  mean  ; the  square  constructed  upon  XY  will 
be  equal  to  the  triangle  ABC’. 

For,  since  B C : X Y : : XY;  J-  A D,  it  follows  that 
X Y 9 = HC.  1 ADj  hence  the  square  constructed 
upon  X Y is  equal  to  the  triangle  ABC. 

Problem  VII. 

Upon  a given  line  to  describe  a rectangle  that  shall  be 
equal  to  a given  rectangle,  fig.  148. 

F»g.  148.  Let  AD  be  the  given  line,  and  ABFC  the  given 
rectangle. 

Find  a fourth  proportional  to  the  three  lines  A D, 
A B,  A C,  and  let  A X be  that  fourth  proportional ; a 
rectangle  constructed  with  the  lines  AD  und  AX  will 
be  equal  to  the  rectangle  A B F C. 

For,  since  AD  : AB  : : AC  : A X,  it  follows  that 
A D . A X = A B . A C ; hence  the  rectangle  A D E X 
is  equal  to  the  rectangle  A BFC. 

Problem  VIII. 

To  fnd  two  lines  which  shall  have  the  same  ratio  to 
each  other,  as  the  rectangle  of  the  two  given  lints  A and 
B has  to  the  rectangle  of  the  two  given  lines  C and  D, 
fig.  149. 

Fir.  149.  Let  X be  a fourth  proportional  to  the.  three  lines  B, 
C,  D ; then  will  the  two  lines  A and  X have  the  same 
ratio  to  each  other  as  the  rectangles  A B and  C D. 

For,  since  B : C : D : X,  it  follows  that  C . D = 
B . X ; hence  A . B : C . D : : A . B : B . X : : 
A : X. 

Cor.  Hence  to  obtain  the  ratio  of  the  squares  con- 
structed upon  the  given  lines  A and  C,  find  a third 


proportional  X to  the  lines  A and  C so  that  A : C : : Problem* 
C : X;  then  A*  : C*  : : A : X.  rebuiv*  to 

* Book  IV. 

Problem  IX.  V~"r~v_"" 

To  Jir,d  two  lines  that  shall  have  the  same  ratio  to  each 
other  as  the  product  of  the  three  given  lines  A,  B,  C, 
hat  to  the  jiroduct  of  the  three  given  lines,  P,  Q,  K, 
fig.  150. 

Find  a fourth  proportional  X to  the  three  given  Fi*.  1M1. 
lines  A,  B,  C : find  also  a fourth  proportional  Y to 
the  three  given  lines,  P,  Q,  K.  The  two  lines  X,  Y 
will  be  to  each  other  as  the  products  A . B , C, 

P . Q . R. 

For,  since  P : A : : B : X,  it  follows  that  A . B = 

P . X ; and  multiplying  each  of  these  equals  bv  C,  wc 
have  A . B . C = C . P . X.  In  like  manner,  since  C : 

Q : : R : Y,  it  follows  that  Q.RsC.Y;  and  multi- 
plying each  of  these  equals  by  P,  we  have  P . Q . R 
= P . C . Y : hence  the  product  A . B . C is  to  the 
product  P . Q . R as  C . P . X is  to  P . C . Y,  or  os  X 
is  to  Y. 

Problem  X. 

To  fnd  a triangle  that  shall  be  equal  to  a given  poly- 
gon, fig.  151. 

Let  A B C D E be  the  given  polygon.  Draw  first  Fij.  151. 
the  diagonal  CE  cutting  off  the  triangle  CDE  ; 
through  the  point  D,  draw  D F parallel  to  C E,  and 
meeting  A E produced  ; join  C F : the  polygon  A 
BCDK  will  be  equal  to  the  polygon  A B C F,  which 
has  one  side  less  than  the  original  polygon. 

For  the  triangles  CDE,  C F E have  the  base  C E 
common  ; they  have  also  the  same  altitude,  since 
their  vertices  D,  F,  arc  situated  in  a line  D F parallel 
to  the  base ; these  triangles  arc  therefore  equal. 

Add  to  each  of  them  the  figure  A B C E,  and  there 
will  result  the  polygon  ABODE  equal  to  the  poly- 
gon A B C F. 

The  angle  B may  in  like  manner  be  cut  off,  by  sub- 
stituting for  the  triangle  ABC  the  equal  triangle 
A G C.  anil  thus  the  pentagon  AB DE  will  be  changed 
into  an  equal  triangle  G C F. 

The  same  process  may  be  applied  to  every  other 
figure ; for,  by  sticcessivcly  diminishing  the  number 
of  its  sides,  one  being  retrenched  at  each  step  of  the 
process,  the  equal  triangle  will  at  lust  be  found. 

Scholium.  We  have  already  seen  that  every  triangle 
may  be  changed  into  an  equal  square ; and  thus 
a square  may  always  be  found  equal  to  a given 
rectilineal  figure,  which  operation  is  called  squaring 
the  rectilineal  figure,  or  finding  the  quadrature  of  it. 

The  problem  of  the  quadrature  of  the  circle  consists 
in  finding  a square  equal  to  a circle  whose  diameter 
is  given. 

Problem  XI. 

To  find  the  side  of  a square  which  shall  be  equal  to  the 
sunt  or  the  difference  of  two  given  squares,  fig.  159. 

Iiet  A and  B be  the  sides  of  the  given  squares.  Fia.  159 

First.  If  it  is  required  to  find  a square  equal  to 
the  sum  of  these  squares,  draw  the  two  indefinite 
lines  F.  D,  E F at  right  angles  to  each  other  ; take 
K D = A,  and  ECs  B ; join  D G : this  will  be  the 
side  of  the  square  required. 
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Geometry.  For  the  triangle  D£  G being  right  angled,  the  square 
constructed  upon  DG  is  equal  to  the  sum  ot  the 
squares  upon  E D and  E G. 

Secondly.  If  it  is  required  to  find  a square  equal  to 
the  difference  of  the  given  squares,  form  in  the  same 
muuner  the  right  angle  F JS  H ; take  G E equal  to  the 
shorter  of  the  sides  A and  ti  ; from  the  point  G as  a 
centre,  with  a radius  Gil,  equal  to  the  other  side, 
describe  an  arc  cutting  E H in  11 : the  square  described 
upon  E 11  will  be  equal  to  the  difference  of  the  squares 
described  upon  the  lines  A and  B. 

For  the  triangle  G E H is  right  angled,  the  hypo- 
thenuse  G H = A,  and  the  side  GE  = B;  hence  the 
square  constructed  upon  E II,  &c. 

Scholium.  A square  may  thus  be  found  equal  to  the 
sum  of  any  number  of  squares  ; for  the  construction 
which  reduces  two  of  them  to  one,  will  reduce  three 
of  them  to  two,  and  these  two  to  one,  and  so  of  others. 
It  would  be  tbc  same,  if  any  of  the  squares  were  to  be 
subtracted  from  the  sum  of  the  others. 

Problem  XII. 

To  construct  a square  which  shall  be  to  a given  square 
A BCD  as  the  line  M is  to  the  line  N,  fig.  15S. 

Fif.  153.  Upon  the  indefinite  line  EG,  take  EF  = M,  and 
FG  = N j upon  E G as  u diameter  describe  a semi- 
circle, and  at  the  point  F erect  the  perpendicular  F II. 
From  the  point  II,  draw  the  chords  H G,  HE,  which 
produce  indefinitely : upon  the  first  take  II  K equal  to 
the  side  A B of  the  given  square,  and  through  the 
point  K draw  K I parallel  to  E G j II 1 will  be  the 
side  of  the  square  required. 

For,  by  reason  of  the  parallels  K I,  G E,  we  have 
HI  : UK  : : HE  : HGi  hence  III*:  II  K8  : : HE9 
: H G4  ; but  in  the  right  angled  triangle  EHG 
(prop.  28,  book  iv.)  the  square  of  HE  is  to  the 
square  of  HG  as  the  segment  E F is  to  the  segment 
FG,  or  as  M is  to  N ; hence  H Ia  : H K*  : : M : N. 
But  II  K = A B ; therefore  the  square  described  upon 
H I is  to  the  square  described  upon  A B as  M is  to  N. 

Problem  XIII. 
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Let  A and  B be  homologous  sides  of  the  two  given  FroMcmi 
figures.  Find  u square  equal  to  the  sum  or  to  the  dif-  *T.lal,rc  f® 
ference  of  the  squares  described  upon  A and  B j let  ^oic  ^ • 
X he  the  side  of  that  square  ; then  will  X in  the 
figure  required,  be  the  side  which  is  homologous  to 
the  sides  A and  B in  the  given  figures.  The  figure 
itself  may  then  be  constructed  on  X,  by  the  last 
problem. 

For,  the  similar  figures  are  as  the  squares  of  their 
homologous  sides  j now  the  square  of  the  side  X is 
equal  to  the  sum,  or  to  the  difference,  of  the  squares 
described  upon  the  homologous  sides  A and  B ; there- 
fore the  figure  described  upon  the  side  X is  equal  to 
the  sum,  or  to  the  difference,  of  the  similar  figures 
described  upon  the  sides  A and  B. 

Problem  XV. 

To  construct  a figure  similar  to  a given  one,  and 
bearing  to  it  any  given  ratio  of  M to  N. 

Let  A be  a side  of  the  given  figure,  X the  homolo- 
gous side  of  the  figure  required.  The  square  of  X 
must  be  to  the  square  of  A as  M is  to  N ; lienee  X 
will  be  found  by  problem  12 ; and  knowing  X,  the 
rest  will  be  accomplished  by  problem  13. 

Problem  XVI. 

To  construct  a figure  similar  to  one  given  figure,  and 
equal  to  another,  fig.  1 56. 

Find  M the  side  of  a square  equal  to  the  figure  P,  Fig.  156. 
and  N the  side  of  a square  equal  to  the  figure  Let 
X be  a fourth  proportional  to  the  three  given  lines  M, 

N,  A B j upon  the  side  X,  homologous  to  A B, 
describe  a figure  similur  to  the  figure  P > It  will  also 
be  equal  to  the  figure  Q. 

For,  calling  Y the  figure  described  upon  the  side  X, 
we  have  P : Y : : AB*  : X*j  but,  by  construction, 

A B : X : : M : N,  or  A 11*  :X4::AI4:FT4j  hence 
P : Y : : M * : N *.  But  by  construction  also,  M 4 = 

P and  N*  = Q ; therefore  P : Y : : P : Q ; conse- 
quently YsQ;  hence  the  figure  Y is  similar  to  the 
figure  P,  and  equal  to  the  figure  Q. 


Upon  the  side  F G,  homologous  to  A B,  to  describe  a 
polygon  similat  to  the  given  polygon  A B C D E, 
fig.  154. 

Fig  154.  Jn  the  given  polygon,  draw  the  diagonals  A C,  A D j 
at  the  point  F make  the  angle  G K II  = BAG,  and  at 
the  point  G the  angle  F’  G H = A BC  ; the  lines  F G, 
G II  will  cut  each  other  in  H,  and  FG  H will  be  a 
triangle  similar  to  A BC.  In  the  same  manner  upon 
F II,  homologous  to  A C,  construct  the  triangle  F*I  II 
similar  to  ADC;  and  upon  F I,  homologous  to  A D, 
construct  the  triangle  FIK  similar  to  A D E.  The 
polygon  F G H I K will  be  similar  to  A B C D E,  as 
required. 

For,  these  two  polygons  are  composed  of  the  same 
number  of  triangles,  which  are  similar  and  similarly 
situated,  (prop.  3,  book  iv.) 

Problem  XIV, 

f Two  similar  figures  being  given,  to  construct  a figure 

which  shall  be  similar  to  one  of  them,  and  equal  to  their 
sum  or  their  difference. 


Problem  XVII. 

To  construct  a rectangle  equal  to  a given  square  C, 
and  having  its  adjacent  sides  together  equal  to  a given 
line  A B,  fig.  157. 

Upon  A Bus  a diameter,  describe  a semicircle  ; draw  Fig.  157. 
the  line  DE  parallel  to  the  diameter,  at  a distance  A D 
equal  to  the  side  of  the  given  square  C j from  the 
point  E,  where  the  parallel  cuts  the  circumference, 
draw  E F*  perpendicular  to  the  diameter  j AF*  and  F B 
will  be  the  sides  of  the  rectangle  required. 

F'or  their  sum  is  equal  to  A B,  and  their  rectangle 
A F*  . F'  B is  equal  to  the  square  of  E F,  or  to  the 
square  of  AD;  hence  that  rectangle  is  equal  to  the 
given  square  C. 

Scholium.  To  render  the  problem  possible,  the 
distance  A D must  not  exceed  the  radius  ; that  is,  the 
side  of  the  square  C must  not  exceed  the  half  ol  the 
line  A B. 

Problem  XVIII. 

To  construct  a rectangle  that  shall  be  equal  to  a given 
2 y 2 
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Camelry,  square  C,  and  the  difference  of  v hose  adjacent  tides  shall 
v*^>/  Oc  equal  to  a given  line  A B,  fig.  158. 
rig.  158.  Upon  the  given  line  A B a s a diameter,  describe  a 
semicircle  ; at  the  extremity  of  the  diameter  draw  the 
tangent  A D,  equal  to  the  side  of  the  square  C ; through 
the  point  D and  the  centre  ()  draw  the  secant  Dr: 
then  will  D E and  DF  be  the  adjacent  sides  of  the 
rectangle  required. 

For,  first,  the  difference  of  their  sides  is  equal  to 
the  diameter  EF  or  AB  j secondly,  the  rectangle  DE, 
D F is  equal  to  A D*,  (prop.  35,  book  iv.  j)  hence  that 
rectangle  is  equal  to  the  given  square  C. 


BOOK  V. 

Of  regular  polygons,  and  the  measure  of  the  circle. 

Definition*. 

A BE0tn.A*  polygon  is  one  having  all  its  angles  und 
sides  equal. 

Proposition  I. — Theorem . 

~4U  regular  polygons  of  the  same  number  of  sides  are 
similar,  fig.  159. 

Fij.  158.  Let  A BC  DE  F,  abed  e f,  be  two  regular  polygons, 
(in  this  case  hexagons.)  The  sum  of  all  the  angles  is 
the  some  in  both  figures,  being  each  equal  to  eight 
right  angles,  (prop.  25,  book  i.)  and  the  number  of 
angles  in  each  arc  also  equal,  and  equal  to  each  other; 
that  is,  each  is  equal  to  one-sixth  of  eight  right  angles. 
Again,  since  the  polygons  are  regular,  by  hypothesis, 
the  aides  A B,  BC,  C D,  fkc.  are  all  equal,  ns  are  also 
a b,  be,  erf,  &c.  Whence  AB  : a b : : B C : 6 e : : 
CD  : cd,  &c.  That  is,  the  two  figures  have  their 
angles  equal,  and  the  sides  about  those  angles  propor- 
tional ; they  are  therefore  similar. 

Proposition  II. — Theorem. 

To  inscribe  a square  in  a given  circle,  fig.  160. 

Pig.  160.  Draw  two  diameters  AC,  BD,  cutting  each  other 
at  right  angles ; join  their  extremities.  A,  B,  C,  D ; 
the  figure  A BC  D will  be  the  square  required.  For 
the  angle  A OB,  HOC,  &c.  being  equ.il,  the  chords 
A B.  BC,  &c.  arc  also  equal  ; and  the  angles  A BC, 
B C 1),  fcc.  being  in  semicircles,  are  right  angles.  The 
figure  is  therefore  equilateral,  and  its  angles  right 
angles  ; it  is  therefore  a square. 

.Scholium.  Since  the  triangle  is  right  angles,  B D*= 
BC*  + DC  or  2 DC*  =s  BD*  or  DC  J 2 = BD 
or  DC  : B D : : I : V 2 ; and  in  the  same  wav,  since 
BC*  as  2 BO*;  BC  : B O : : 2 : 1 ; that  is,  the 

side  of  the  inscribed  square  is  to  radius;  os  the  dia- 
meter is  to  the  side  of  the  inscribed  square,  the  ratio 
in  both  cases  being  as  the  square  root  of  2 to  unity. 

Proposition  III  — Theorem. 

To  inscribe  an  equilateral  triangle  and  a regular  hex - 
agon  in  a given  circle,  fig.  161. 

Fif.  161.  first.  To  inscribe  the  regular  hexagon  in  a circle. 

From  any  point  A in  the  circle  apply  the  line  A B equal 
to  the  radius,  and  joiu  BO,  O being  the  centre;  then 
because  ABO  is  an  equilateral  triangle,  each  of  its 


angles  is  onc-third  of  two  right  angles,  (prop.  24,  Book  V. 
book  i.)  or  one-sixth  of  four  right  angles ; conse- 
qucntly  the  arc  A B is  one-sixth  of  the  whole  circum- 
ference, because  it  is  the  measure  of  the  angle  A O B, 

(prop.  14,  book  iii.)  Therefore  the  line  A B,  applied 
six  times  in  the  circumference  from  A to  B,  from  B to 
C,  from  C to  D,  will  be  the  regular  hexagon  required. 

Join  now  A C,  C E,  E A,  and  A E C will  be  the  equi- 
lateral triangle,  os  is  obvious. 

Scholium.  The  figure  A B C O is  a parallelogram, 
and  a rhombus,  since  AB=BC  = CO=AO, 

(prop.  19,  book  iv. ;)  the  sum  of  the  squares  of  the 
diugonals  AC*  + BO*  is  equal  to  the  sum  of  the 
squnres  of  the  sides;  that  is,  to  4 A B*,  or  4 BO*; 
and  taking  away  BO  from  both,  there  will  remain 
A C * ss  3 BO*  ; hence  A C*  : B O9  ; ; 3 : 1,  or  A C 
: BO  : : v'J  : 1 ; hence  the  side  of  the  itucriUd  equila- 
teral triangle  is  to  the  radius,  as  the  square  root  of  three 
it  to  unity. 

Proposition  IV. — Problem. 

In  a given  circle,  to  inscribe  a regular  decagon ; then  a 
pentagon,  and  a pentedecagon,  fig.  162. 

Divide  the  radius  A O in  extreme  and  mean  ratio  p 
(prop.  4,  book  iv.)  ut  the  point  M ; take  the  chord 
A B equal  to  O M the  greater  segment ; A B will  be 
the  side  of  the  regular  decagon,  and  will  require  to  be 
applied  ten  times  to  the  circumference. 

For,  joining  M B we  have,  bv  construction,  A O : 

OM  : : OM  : A M j or,  since  AB  = OM,AO:  AB 
: ; AB  : AM;  hence  the  triangles  ABO,  A.MB  have 
a common  angle  A,  included  between  proportional 
sides ; hence  (prop.  25,  book  iv.)  they  arc  similar. 

Now  the  triangle  OAB  being  isosceles,  A M B must 
be  isosceles  also,  and  A B = BM;  besides  A B = 

OM;  hence  also  MB  = OM;  hence  the  triangle 
B M O is  isosceles. 

Again,  the  angle  A M B being  exterior  to  the  isos- 
celes triangle  B MO,  is  double  of  the  interior  angle  O, 

(prop.  24.  hook  i.;)  but  the  angle  A M B = M A B; 
hence  the  triangle  OAB  is  such,  that  each  of  the 
angles  at  its  l>ase,  O A B or  O B A,  is  double  of  O the 
angle  at  its  vertex  ; hence  the  three  angles  of  the 
triangles  are  together  equal  to  five  times  the  angle  O, 
which  consequently  is  the  fifth  part  of  the  two  right 
angles,  or  the  tenth  part  of  four ; hence  the  arc  A B 
is  the  tenth  part  of  the  circumference,  and  the  chord 
A B is  the  side  of  the  regulur  decagon. 

Cor.  1.  By  joining  the  alternate  angles  of  the  re- 
gular decagon,  the  regular  pentagon  ACEGI  will 
also  be  formed. 

Cor.  2.  A B being  still  the  side  of  the  decagon,  Jet 
A L be  the  side  of  the  hexagon  j the  arc  B L will 
then,  with  reference  to  the  whole  circumference,  be 
i — tV»  or  ; hence  the  chord  B L will  be  the  side 
of  the  pentedecagon  or  regular  polygon  of  fifteen  sides. 

It  is  evident,  also,  that  the  ore  C L is  the  third  of  CB. 

Scholium.  Any  regular  polygon  being  inscribed,  if 
the  arcs  subtended  by  its  sides  be  severally  bisected, 
the  chords  of  those  semi-arcs  will  form  a new  regular 
polygon  of  double  the  number  of  sides;  tbus.it  is  plain, 
the  square  may  enable  us  successively  to  inscribe  re- 
gular polygons  of  8,  16,  32,  &c.  sides.  And  in  like 
manner,  by  means  of  the  hexagon,  regular  polygons 
of  12,  24,  48,  &e.  sides  may  be  inscribed  ; by  means 
of  the  decagon,  polygons  of  20,  40,  bO,  hie.  sides ; by 
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Geometry.  means  of  the  pentedecogon,  polygons*  of  30,  <50,  1%), 
He.  aides.4 

Proposition  V. — Problem. 

A regular  inscribed  polygon  A B C D,  &c.  being  given, 
to  circumscribe  a similar  polygon  about  the  same  circle, 
fig.  163. 

Fig.  163,  At  T,  the  middle  point  of  the  arc  AH,  apply  the 
tangent  O II,  which  (prop.  22,  book  iii.)  will  be 
parallel  to  A B ; do  the  same  at  the  middle  point  of 
each  of  the  arcs  B C,  C D,  He. ; those  tangents,  by 
their  intersections,  will  form  the  regular  circumscribed 
polygon  G H I K,  &c.,  similar  to  the  inscribed  one. 

It  is  evident,  in  the  first  place,  that  the  three  points 
O,  B,  H,  lie  in  the  same  straight  line;  for  the  right 
angled  triangles  OT  H,  O HN,  having  the  common 
by  pothenusc  O H,  and  the  side  0 1 = O N,  must  be 
equal;  and  consequently  the  angle T O H = HON, 
wherefore  the  line  O II  passes  through  the  middle 
point  B of  the  arc  T N.  For  a like  reason,  the  point 
I is  in  the  prolongation  of  OC  ; and  so  with  the  rest. 
But  since  B H is  parallel  to  A B,  and  H I to  BC,  the 
nngle  G H I = ABC;  in  like  manner,  H I K = 
BCD;  and  so  with  all  the  rest : hence  the  angles  of 
the  circumscribed  polygon  arc  equal  to  those  of  the 
inscribed  one.  And  farther,  by  reason  of  the  same 
parallels,  we  have  G H : A B : : O II ; O B,  and  HI: 
BC  : : OH  : O B ; therefore  G II  : A B : : II  I : B C. 
But  A B = B C,  therefore  G H = H I.  For  the  same 
reason,  II I = I K,  &c.;  hence  the  sides  of  the  cir- 
cumscribed polygon  are  all  equal  ; and  this  polygon 
is  regular,  and  similar  to  the  inscribed  one. 

Cor.  1.  Reciprocally,  if  the  circumscribed  polygon 
G H I K,  He.  were  given,  and  the  inscribed  one  A BC, 
ficc.  were  required  to  be  deduced  from  it,  it  would  only 
be  necessary  to  draw  from  the  angles  G,  II,  I,  &e.  of 
the  given  polygon,  straight  lines  O G,  OH,  &c.  meet- 
ing the  circumference  in  the  points  A,  B,  C,  He. ; then 
to  join  those  points  by  the  chords  A B,  BC,  He. ; which 
would  form  the  inscribed  polygon.  An  easier  solution 
of  this  problem  would  be  simply  to  join  the  points  of 
contact  T,  N,  P,  He.  by  the  chords  TN,  N P,  He. 
which  likewise  would  form  an  inscribed  polygon 
similar  to  the  circumscribed  one. 

Cor.  2,  Hence  we  may  circumscribe  about  a circle 
any  regular  polygon,  which  can  be  inscribed  within 
it j and  conversely. 

Proposition  VI. — Theorem. 

The  area  of  a regular  polygon  is  equal  to  its  perimeter 
multiplied  by  half  the  radius  of  the  inscribed  circle, 
fig.  163. 

FV*.  163.  Let  the  regular  polygon  be  G II I K,  Ac.  the  triangle 
GOH  will  be  measured  bv  G II  X y O T ; the  triangle 
O HlbyHIx  + ON:  but  ()  N=()  T , hence  the  two 
triangles  taken  together  will  be  measured  by  (G  II  4*” 
HI)  x }()  T.  And,  by  continuing  the  same  opera- 

• It  vu  long  supposed,  that,  beside*  the  polygons  here  men- 
tioned, no  other  could  be  inscribed  by  the  operations  of  elemen- 
tary geometry,  or  what  amounts  to  the  Mine,  br  the  resolution  of 
equations  of  the  first  and  second  decree.  But  M.  (iausa.  of 
Gnettinjrcn,  at  length  proved,  in  a work  entitled  DitywisUionri 
jtritkmetUr,  Liprinr,  1801.  that  by  the  method  in  question,  a re- 
fnlar  polygon  of  1 7 side*  might  be  inscribed,  and  generally  a 
regular  polygon  of  2"  + I sides,  provided  2*  + 1 be  * prims 
number.  See  also  Barlow’s  Eaay  on  iht  Theory  of  AWuiAri*. 


tion  for  the  other  triangles,  it  will  appear  that  tne  sum  Hook  V. 
of  them  till,  or  the  whole  uolygon,  is  measured  by  the 
sum  of  the  bases  G II,  II 1,  1 k,  &c.  or  the  perimeter 
of  the  polygon,  multiplied  into  * O T,  or  half  the 
radius  of  the  inscribed  circle. 

Scholium.  The  radius  OT  of  the  inscribed  circle  is 
obviously  the  perpendicular  let  fall  from  the  centre 
to  one  of  the  sides  ; and  is  sometimes  named  the 
apothem  of  the  polygon. 

Pkoposition  VII.— Theorem. 

The  perinieters  of  tuo  regular  polygons,  hating  the 
same  number  of  sidts,  are  to  each  other  its  the  radii  of  the 
circumscribed  circles,  and  also  as  the  radii  of  the  inscribed 
circles  ; and  their  areas  are  to  each  other  as  the  squares 
of  those  radii,  fig.  163. 

Let  A B be  a side  of  the  one  polygon,  O the  centre,  Fig.  163. 
and  consequently  O A the  radius  of  the  circumscribed 
circle,  and  OD,  perpendicular  to  A B,  the  radius  of 
the  inscribed  circle ; let  a b,  in  like  manner,  be  a side 
of  the  other  polygon,  o its  centre,  oa  and  od  the  radii 
of  the  circumscribed  and  the  inscribed  circle.  The 
perimeters  of  the  two  polygons  arc  to  each  other  as 
the  sides  A B and  a b ; but  the  angles  A and  a are 
equal,  being  each  half  of  the  angle  of  the  polygon  ; 
so  also  arc  the  angles  B and  6 ; hence  the  triangles 
ABO,  a b o arc  similar,  as  are  likewise  the  right 
angled  triangles  A D O,  a do  * also  A B : a b : : A O : 
a o : ; D O : d o ; therefore  the  jierimrters  of  the  poly- 
gons are  to  each  other  as  the  radii  A O,  ao  of  the  cir- 
cumscribed circles,  and  also  as  the  radii  DO,  do  of 
the  inscribed  circles. 

Again  the  areas  of  those  polygons  are  to  each  other 
as  the  squares  of  the  homologous  sides  A B,  a b;  they 
arc  therefore  likewise  to  each  other  as  the  squares  of 
AO,  no  the  radii  of  the  circumscribed  circles,  or 
as  the  squares  of  OD,  od  the  radii  of  the  inscribed 
circles. 

Proposition  VIII. — I^em ma. 

Any  curve , or  any  polygonal  line,  which  envelopes  the 
convex  line  A M B from  one  end  to  the  other,  is  longer 
than  A M B the  enveloped  line,  fig.  164. 

By  the  term  convex  line  is  to  be  understood  a line,  Fi$.  164. 
polygonal  or  curve,  or  partly  cun  e and  partly  polygo- 
nal, such  that  a straight  line  cannot  cut  it  in  more 
than  two  points.  If  in  the  line  AM  B there  were  any 
sinuosities  or  re-entring  portions,  it  would  cease  to  be 
convex,  because  a straight  line  might  evidently  cut  it 
in  more  thnn  two  points.  The  arcs  of  a circle  are 
essentially  convex ; but  the  present  proposition  ex- 
tends to  any  line  which  fulfils  the  required  condition. 

This  being  premised,  if  the  line  AMB  be  not 
shorter  than  any  of  those  which  envelope  it,  there  will 
be  found  among  the  latter  a line  shorter  than  nil  the 
rest,  which  is  shorter  than  A M B,  or,  at  most,  equal 
to  it.  Let  ACDDB  be  this  enveloping  line  ; any 
where  between  those  two  lines  draw  the  straight  line 
P Q.  not  meeting,  or  at  least  only  touching,  the  line 
A M B.  The  straight  line  P Q is  shorter  than 
PCDRQ;  hence  if,  instead  of  the  part  PCDEQ,  we 
substitute  the  straight  line  PQ,  the  enveloping  line 
APQB  will  he  shorter  than  APDQB.  But,  by 
hypothesis,  this  latter  was  shorter  than  any  other 
hence  that  hypothesis  was  false ; consequently  nil  of 
the  enveloping  lines  ore  longer  than  A M B. 
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Proposition'  IX. — Lemma. 

Two  concentric  circle $ being  gtren,  a regular  polygon 
may  always  be  inscribe*!  within  the  greater,  the  sides  of 
which  shall  not  meet  the  circumference  of  tlte  less  ; and 
likewise,  a regular  jxtlygon  may  always  be  described  about 
the  less,  the  sides  of  which  shall  not  meet  the  circumference 
of  the  greater,  fig.  16R. 

Let  C A,  C B be  radii  of  the  given  circles.  At  the 
point  A,  apply  the  tangent  DE,  terminating  in  the 
greater  circumference  at  D anti  E ; inscribe  within 
this  greater  circumference  any  regular  polygons,  by 
the  methods  already  explained ; next  bisect  the  arcs 
subtended  by  its  sides,  and  draw  the  chords  of  those 
half  arcs  ; {/polygon  will  thus  be  found,  having  twice 
as  many  sides,  t ontinue  the  bisection,  till  an  arc  is 
obtained  less  than  D B E.  Let  M BN  be  that  arc,  the 
middle  point  of  it  being  supposed  to  lie  at  B : it  is 
plain  that  the  chord  M N will  be  farther  from  the 
centre  than  D E ; and  that  consequently  the  regular 
polygon,  of  which  M N is  a side,  cannot  meet  the 
circumference,  of  w'hich  C A is  the  radius. 

Now,  the  same  construction  remaining,  join  C M 
and  L N,  meeting  the  tangent  D E in  P and  Q ; 1*  U 
w ill  be  the  side  of  a polygon  described  about  the  less 
circumference,  similar  to  that  |iolygon  inscribed 
within  the  greater,  of  which  the  aide  is  M N.  And  it 
is  evident,  that  this  circumscribed  polygon  having  PQ 
tor  its  side,  can  never  meet  the  greater  circumference, 
C P being  less  than  CM. 

HcnccT  by  the  same  operation,  a regular  polygon 
may  be  inscribed  within  the  greatrr  circumference, 
and  a similar  one  described  about  the  less,  both  of 
which  shall  have  their  sides  included  between  the 
two  circumferences. 

Scholium.  If  two  concentric  sectors  FCG,  IC  H 
be  given,  a portion  of  a regular  polygon  may,  in  like 
manner,  be  inscribed  in  the  greater,  or  circumscribed 
about  the  less,  so  that  the  perimeters  of  the  two 
polygons  shall  he  included  between  the  two  circum- 
ferences. For  this  purpose,  it  will  be  sufficient  to 
divide  the  arc  FBG  successively  into  2,  4,  8,  16,  &c. 
equal  parts,  till  a part  smaller  than  1)  B E is  obtained. 

By  the  expression,  portion  of  a regular  polygon , ts 
here  meant  the  figure  terminated  by  a series  of  equal 
chords  inscribed  in  the  arc  FG,  from  one  of  its  ex- 
tremities to  the  other.  This  portion  has  all  the  prin- 
cipal properties  of  regular  polygons  ; it  has  its  angles 
equal,  and  its  sides  equal,  it  can  be  inscribed  in  a 
circle,  or  circumscribed  about  one : yet,  properly 
speaking,  it  forms  part  of  a regular  polygon  only  in 
those  cases  where  the  arc  subtended  by  one  of  it* 
sides  i*  an  aliquot  jiort  of  the  circumference. 

Proposition  X. — Theorem. 

The  circumferences  of  circlet  are  to  each  other  as  their 
radii,  and  tlte  surfaces  as  the  squares  of  those  radii, 
fig.  166. 

For  the  sake  of  brevity,  let  us  designate  the  cir- 
cumference whose  radius  is  C A by  ripe.  C A ; wc  are 
to  show  that  circ.  C A : rirc.  O B : : C A : O B. 

If  this  proposition  is  not  true,  C A must  be  to  OB 
as  circ.  C A is  to  a fourth  term  less  or  greater  than 
circ  O B : suppose  it  less  ? and  that,  if  possible,  C A : 
Oil;:  rirc.  C A : erre.  O D. 


In  the  circle  of  which  O B is  the  radius  inscribe  a Bo£A  v* 
regular  polygon  EFGKLE,  such  that  the  sides  of 
it  shall  not  meet  the  circumference  of  which  <>D  is 
the  radius  by  the  last  proposition  inscribe  a similar 
polygon,  MNPFM,  in  the  circle  of  which  AC  is 
the  radius. 

Then,  since  those  polygons  arc  similar,  their  peri- 
meters M N P S M,  EFGKE  will  be  to  each  other 
(prop.  7,  book  v.)  os  C A,  O B,  the  radii  of  the  cir- 
cumscribed circles,  that  is  MNPSM  : EFGKE 
: : C A : OB.  But,  by  hypothesis,  C A : OB  : : rirc. 

C A : circ.  O I) ; therefore  MNPSM  : EFGKE:: 
circ.  C A:  rirc.  O D ; which  proportion  is  false,  be- 
cause (prop.  8,  book  v.)  the  perimeter  M N S P M is 
less  than  rirc.  C A,  while  on  the  contrary  EFGKE  is 
greuter  than  rirc.  OD  j therefore  it  is  impossible  that 
C A can  be  to  O U os  circ.  C A is  to  a circumference 
less  than  rirc.  OB:  or,  in  more  general  terms,  it  is 
impossible  that  one  radius  can  be  to  unother,  as  the 
circumference  described  with  the  former  radius  is  to 
a circumference  less  than  the  one  described  with  the 
latter  radius. 

Hence,  too,  we  conclude  it  to  be  equally  impossible 
that  C A con  be  to  O B as  circ.  C A is  to  a circumfe- 
rence greater  than  circ.  O B ; for  if  this  were  the  case, 
by  reversing  the  ratios,  we  should  have  O B to  G A as 
a circumference  greater  than  circ.  O B is  to  rirc.  C A ; 
or,  what  amounts  to  the  same  thing,  as  circ.  O B is  to 
a circumference  less  than  circ.  C A ; and  therefore  one 
radius  would  be  to  another  as  the  circumference 
described  with  the  former  radius  is  to  a circumference 
less  than  the  one  described  with  the  latter  radius j a 
conclusion  shown  above  to  be  erroneous. 

And  since  the  fourth  term  of  this  proportion  C A : 

OB::  rirc.  C A : x can  neither  be  greater  nor  less 
than  circ.  O B,  it  must  be  equal  to  rirc.  O B : conse- 
quently the  circumference  of  circles  are  to  each  other 
as  their  radii. 

By  the  same  construction,  a similar  train  of  reason- 
ing would  show,  that  the  surfaces  of  circles  arc  to 
each  other  as  the  squares  of  their  radii.  Wc  need  not 
enter  upon  any  farther  details  respecting  this  propo- 
sition, particularly  us  it  forms  a corollary  of  the  fol- 
lowing theorem : 

Cor.  The  similar  arcs  A B,  DE  (fig.  167)  are  to  Fjg. 
each  other  as  their  radii  AC,  DO;  and  the  similar 
sectors  A C B,  D O E arc  to  each  other  us  the  squares 
of  those  radii. 

For,  since  the  arcs  are  similar,  the  angle  C (def.  1. 
book  iv.)  is  equal  to  the  angle  O ; but  C Is  to  four 
right  angles  (prop.  5,  book,  iii.)  us  the  arc  A B is  to  the 
whole  circumference  described  with  the  radius  A C ; 
uml  O is  to  four  right  angles,  as  the  arc  D E is  to  the 
circumference  described  with  the  radius  O D ; hence 
the  arcs  AB,  D E are  to  each  other  as  the  circumfe- 
rences of  which  they  form  part ; but  these  circum- 
ferences are  to  each  other  as  their  radii  AC,  DO; 
therefore  arc  A B : arc  DE  ::  AC  : DO. 

For  a like  reason,  the  sectors  A C B,  DOE  arc  to 
each  other  os  the  whole  circles  ; which  again  are  os 
the  squares  of  their  radii i therefore  sect.  ACE  : 
sect.  DOE  : : ACa  : DO* 

Proposition  XI.— Theorem. 

The  area  of  a circle  is  equal  to  the  product  oj  its  cir- 
cumference by  half  the  radius,  fig.  168. 
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Geometry.  Let  us  designate  the  surface  of  the  circle  whose 
radius  is  C A by  turf.  C A ; we  shall  have  surf.  CA  = 
Fiy.  168.  |CAx  circ.  C A. 

For  if  t C A X circ . C A be  not  the  area  of  the  circle 
whose  radius  is  C A,  it  must  be  the  area  of  u circle 
either  greuter  or  less.  Let  us  first  suppose  it  to  be 
the  area  of  a greater  circle ; and,  if  possible,  that 
i C A x circ.  C A = turf.  C B. 

About  the  circle  whose  radius  is  CA  describe  a 
regular  polygon  DE  F G,  &c.  such  (prop.  9,  book  v.) 
that  its  sides  shall  not  meet  the  circumference  whose 
radius  is  C B.  The  surface  of  this  polygon  will  be 
equal  (prop.  6,  book  v.)  to  its  perimeter  I>  E + E F 
+ F G + &c.  multiplied  by  * A C ; but  the  perimeter 
of  the  polygon  is  greater  than  the  inscribed  circum- 
ference enveloped  by  it  on  all  sides ; hence  the  sur- 
face of  the  polygon  D E F G,  &c.  is  greater  than 
+ AC  x circ.  AC,  which  by  the  supposition  is  the 
measure  of  the  circle  whose  radius  is  C B ; thus  the 
polygon  must  be  greater  than  that  circle.  But  in 
reality  it  is  less,  being  contained  wholly  within  the 
circumference;  hence  it  is  impossible  that  i-CA  x 
rirc.  A C can  be  greater  than  turf.  C A ; in  other  words, 
it  is  impossible  that  the  circum/erence  of  a circle  mul- 
tiplied by  half  its  radius  can  be  the  measure  of  a 
greater  circle. 

In  the  second  place,  we  assert  it  to  be  equally  im- 
possible that  this  product  can  be  the  measure  of  a 
smaller  circle.  To  avoid  the  trouble  of  changing  our 
figure,  let  us  suppose  that  the  circle  in  question  is  the 
one  whose  radius  is  C B j we  arc  to  show  that  |CB 
X circ.  C B cannot  be  the  measure  of  a smaller  circle, 
of  the  circle,  for  instance,  whose  radius  is  C A.  Grant 
it  to  be  so ; and  that,  if  possible,  ^CB  x circ.  C B = 
turf  C A. 

Having  made  the  same  construction  as  before,  the 
surface  of  the  polygon  D E F G.  &c.  will  be  measured 
by  (DE  + EF  + FG  + Ac.)  X >C  A|  but  the  peri- 
meter DE  + EF  + FG  + &c.  is  less  than  circ.  C B, 
being  enveloped  by  it  on  all  sides  ; hence  the 
area  of  the  polygon  is  less  than  +CA  x circ.  C B, 
and  still  more  than  f C B x circ.  C B.  Now,  by 
the  supposition,  this  last  quantity  is  the  measure  of 
the  circle  whose  radius  is  C A ; hence  the  polygon 
must  be  less  than  the  inscribed  circle,  which  is  absurd ; 
it  is  therefore  impossible  that  the  circumference  of  a 
circle  multiplied  by  half  its  radius,  can  be  the  mea- 
sure of  a smaller  circle. 

Hence,  finally,  the  circumference  of  a circle  multi- 
plied by  half  its  radius  is  the  measure  of  that  circle 
itself. 

Cor.  1.  The  surface  of  a sector  is  equal  to  the  arc 
of  that  sector  multiplied  by  balf  its  radius. 

Fig.  MR»  F°r  (fig.  169)  the  sector  A C B is  to  the  whole 
circle  as  the  arc  A M B is  to  the  whole  circumference 
A B D,  or  as  A M B x -y  A C is  to  A B D x 4-  A C.  But 
the  whole  circle  is  equal  to  ABD  x * AC  ; hence  the 
sector  A C B is  measured  by  A M B x F AC. 

Cor.  2.  Let  the  circumference  of  the  circle  whose 
diameter  is  unity  be  denoted  by  v ; then,  because  cir- 
cumferences are  to  each  other  as  their  radii  or  dia- 
meters, wc  shall  have  the  diumeter  1 to  its  circum- 
ference v as  the  diameter  2 C A is  to  the  circumference 
whose  radius  is  C A,  that  is,  1 : w : : 2C  A : circ.  C A, 
therefore  circ.  CA  = 2*-  x CA.  Multiply  both  terms 
by  + C A ; we  have  f CA  X circ.  CA  = t xCA*.  or 
•urf  C A = ir  x C A*  j hence  the  surface  of  a circle  is 


equal  to  the  product  of  the  square  of  its  radius  by  the  Book 
constant  number  w,  which  represents  the  cireum- ' 
ference  whose  diameter  is  I,  or  the  ratio  of  the  cir- 
cumference to  the  diameter. 

fn  like  munner,  the  surface  of  the  circle,  whose 
radius  is  OB,  will  be  equal  to  w x OB*j  but  w x 
C A*  : r x OB»::CA*:OB«;  hence  the  turrets 
of  circlet  are  to  each  other  at  the  squares  of  their  radii , 
which  agrees  with  the  preceding  theorem. 

Scholium.  It  is  of  course  understood,  that  the 
problem  of  the  quadrature  of  the  circle  consists  in 
finding  a square  equal  in  surface  to  a circle, the  radius 
of  which  is  known.  Now  it  has  just  been  proved, 
that  a circle  is  equal  to  the  rectangle  contained  by  its 
circumference  and  half  its  radius ; and  this  rectangle 
may  be  changed  into  a square,  by  finding  (prop.  3, 
book  v.)  a mean  proportional  between  its  length  and 
its  breadth.  To  square  the  circle,  therefore,  is  to  find 
the  circumference  when  the  radius  is  given  ; and  for 
effecting  this,  it  is  enough  to  know  the  ratio  of  the 
circumference  to  its  radius  or  its  diameter. 

Hitherto  the  ratio  in  question  has  never  been  de- 
termined except  approximately  ; but  the  approxima- 
tion has  been  carried  so  far,  that  a knowledge  of  the 
exact  ratio  would  afford  no  real  advantage  whatever 
beyond  that  of  the  approximate  ratio.  Accordingly, 
this  problem,  which  engaged  geometers  so  deeply, 
when  their  methods  of  approximation  were  less 
perfect,  is  now  sunk  to  the  rank  of  those  useless  ques- 
tions, with  which  no  one  possessing  the  slightest 
tincture  of  geometrical  science  will  occupy  any  por- 
tion of  his  time. 

Archimedes  showed  that  the  ratio  of  the  circumfe- 
rence to  the  diameter  is  included  between  3f|  and 
; hence  3f  or  y affords  at  once  a pretty  accurate 
approximation  to  the  number  above  designated  by  s* ; 
and  the  simplicity  of  this  first  approximation  has 
brought  it  into  very  general  use.  Melius,  for  the  same 
number,  found  the  much  more  accurate  value  4H. 

At  last  the  value  of  v,  developed  to  a certain  order 
of  decimals,  was  found  by  other  calculators  to  be 
3.1415926535897932,  &c. ; and  some  have  hud  pa- 
tience enough  to  continue  these  decimals  to  the  hun  • 
dred  and  twenty-seventh,  or  even  to  the  hundred  and 
fortieth  place.  Such  an  approximation  is  evidently 
equivalent  to  perfect  correctness  : the  root  of  an  im- 
perfect power  is  in  no  case  more  accurately  known. 

The  following  problems  will  exhibit  two  of  the 
simplest  elementary  methods  of  obtaining  those 
approximations. 

Phofosition  XII. — Problem. 

The  surface  of  a regular  inscribed  polygon,  amt  that  of 
a similar  polygon  circumscribed,  being  given  ; to  find  the 
surfaces  of  the  regular  inscribed  and  circumscribed  poly- 
gons having  double  the  number  of  sides,  fig.  170. 

Let  A B be  a aide  of  the  given  inscribed  polygon  j Fig.  !7 
E F.  parallel  to  AB,  a aiae  of  the  circumscribed 
polygon ; C the  centre  of  the  circle.  If  the  chord 
A M and  the  tangents  A P,  B Cl  be  drawn,  A M will 
be  a side  of  the  inscribed  polygon,  having  twice  the 
number  of  sides  j and  (prop.  5,  book  v.)  PQ,  double 
of  PM,  will  be  a side  of  the  similar  circumscribed 
polygon.  Now,  as  the  same  construction  will  take 
place  at  each  of  the  angles  equal  to  ACM,  it  will  be 
sufficient  to  consider  ACM  by  itself,  the  triangles 


Digiti; 


344 


G E O M E T II  V. 


Gcnmotry.  connected  with  it  being  evidently  to  each  other  as  the 
whole  polygons  of  which  they  form  part.  Let  A, 
then,  he  the  surface  of  the  inscribed  polygon  who&e 
side  is  A 11,  II  that  of  the  similar  c ircumscribed  poly- 
gon \ A'  the  surface  of  the  polygon  whose  side  is 
AM,  11'  that  of  the  similar  circumscribed  polygon; 
A and  11  arc  given  ; wc  have  to  find  A'  and  IV. 

First.  The  triangles  A C D,  A C M,  having  the 
common  vertex  A,  are  to  each  other  as  their  bases 
C D,  CM;  they  are  likewise  to  each  other  as  the 
polygons  A nnd  A',  of  which  they  form  part ; hence 
A:  A':  : CD  : CM.  Again,  the  triangles  C A M, 
CM  E,  having  the  common  vertex  M,  are  to  each  other 
as  their  bases  C A,  Cli;  they  are  likewise  to  each 
other  as  the  polygons  A'  and  II  of  which  they  form 
part ; hence  A'  : B : ; C A : C E.  Hut  since  A I)  and 
M E are  parallel,  we  have  CD  : CM  : : CA  : CE; 
hence  A : A' : : A' : Bj  hence  the  polygon  A',  one  of 
those  required,  is  a mean  proportional  between  the 
two  given  polygons  A and  Jl,  and  consequently 

A'  = v'AxB. 

Secondly.  The  altitude  C M being  common,  the 
triangle  C PM  is  to  the  triangle  CPE  as  PM  is  to 
PE ; but  (prop. 21 , book  iv.)  since  C P bisects  the  angle. 
M C E,  wc  have  PM  : PE  : : CM  : CE  : : CD  s CA 
j ! A : A';  hence  C PM  : C PE  : : A : A';  nnd  conse- 
quently c P M :C1*M  + CPE  or  CME:  A . A 
+ A'.  Bat  C M P A or  2 C M P and  C M E ore  to 
each  other  ns  the  polygons  B*  nnd  B,  of  which  they 
form  part ; hence  W : B : : 2 A : A ■+■  Af.  Now  A? 
has  already  been  determined  ; this  new  proportion  will 

serve  for  determining  B',  and  give  us  B'  = •■■■■  " j 

and  thus  by  means  of  the  polygons  A nnd  B,  it  is 
easy  to  find  the  polygons  A1  and  B',  which  have 
double  the  numl>er  of  sides. 

Phofosition  XIII. — Problem. 

To  find  the  approximate  ratio  of  the  circumference  to 
(he  diameter. 

Let  the  radius  of  the  circle  be  1 j the  side  of  the 
inscribed  square  will  be  V 2,  (prop.  2,  book  v.)  that 
of  the  circumscribed  square  will  be  equal  to  the 
diameter  2 ; hence  the  surface  of  the  inscribed  square 
is  2,  and  that  of  the  circumscribed  square  is  4.  Let 
us  therefore  put  A = 2,  and  B = 4 ; by  the  lost  pro- 
position, wc  shall  find  the  inscribed  octagon  A'  = 

8 = 2.8284271,  and  the  circumscribed  octagon 

IV  = — — = 3.3137085.  The  inscribed  and  the 

2 + */8 

circumscribed  octagon  being  thus  determined,  we  shall 
easily,  by  means  of  them,  determine  the  polygons 
having  twice  the  number  of  sides.  Wc  have  only  in 
this  case  to  put  A = 2.8284271,  B = 3 313*085  ; 
wc  shall  find  Af  = A . B = 3.0614674,  and 

B =^-  - a*  3.1 625979.  These  polygons  of  16  sides 

will  in  their  turn  enable  us  to  find  the  polygons  of  32 ; 
and  the  process  may  be  continued,  till  their  remains 
no  longer  any  difference  between  the  inscribed  nnd  the 
circumscribed  polygon,  at  least  so  for  as  that  place  of 
decimals  where  the  computation  stops,-— so  for  as  the 
seventh  place,  in  this  example.  Being  arrived  at  this 
point,  we  shall  infer  that  the  last  result  expresses  the 
surface  of  the  circle,  which,  since  it  must  always  lie 


between  the  inscribed  and  the  circumscribed  polygon,  Book  V, 
and  since  those  polygons  agree  as  far  as  a certain 
place  of  decimals,  must  also  agree  with  both  as  far  as 
the  same  place. 

We  have  subjoined  the  computation  of  those 
polygons,  carried  on  till  they  agree  as  far  ns  the 
seventh  place  of  decimals. 


Number  of  sides. 

Inscribed  polvpnn. 

Circumscribed  polv^o 

4 

6 

..  2.8284271 

3.3137085 

16 

..  3-06 14674 

3.1  r>25979 

32 

..  3.1214451 

3.1517249 

61  

. . 3.1365485 

3.1441184 

128 

..  3.1403311  . 

256  

..  3.1412772  . 

612 

..  3.1415138  . 

3.1416321 

1024  

.,  3.1415729  . 

2048  

..  3-1415877 

3.1415951 

4096  

..  3.1415914 

3.1415933 

8192  

..  3.1415923 

3.1415928 

16384  

..  3.1415925 

3.141592? 

32766  

..  3.1415926 

3.1415925 

The  area  of  the  circle,  therefore,  is  equal  to 
3.1415926.  Some  doubt  may  exist  perhaps  nbout  the 
last  decimal  figure,  owing  to  errors  proceeding  from 
the  parts  omitted  ; hut  the  calculation  was  carried 
on  with  uu  addition'll  figure,  that  the  result 

here  given  might  be  absolutely  correct  even  to  the 
last  decimal  place. 

Since  the  surface  of  the  circle  is  equal  to  half  the 
circumference  multiplied  by  the  radius,  the  half  cir- 
cumference must  be  3.1415926,  when  the  radius  is  1 ; 
or  the  whole  circumference  must  be  3.1415926,  when 
the  diameter  is  1 ; hence  the  ratio  of  the  circumference 
to  the  diameter,  formerly  expressed  by  sr,  is  equal  to 
3.1415926. 

Proposition  XIV. — Lemma. 

The  triangle  CAB  is  equal  to  the  isosceles  triangle 
D C E,  which  has  the  same  angle  C,  and  one  of  its  equal 
sides  C E or  C D a mean  proportional  between  C A and 
CB.  And  if  the  angle  CAB  is  right,  the  perpendicular 
C F,  drawn  to  the  base  if  the  isosceles  triangle  will  be  a 
mean  proportional  between  the  side  C A and  half  the  sum 
of  the  sides  C A,  C B,  fig.  171. 

First.  Because  of  the  common  angle  C,  the  triangle  Fig.  171. 
A B C is  to  the  isosceles  triangle  DCEnsACxC B 
is  to  DC  x C E or  DC®  (prop.  29,  book  iv.  j)  hence 
those  triangles  will  be  equal,  if  DC’  = A C x CB, 
or  if  D C is  a mean  proportional  between  A C and 
CB. 

Secondly.  Because  the  perpendicular  C G F bisec tf 
the  angle  A C B,  we  shall  have  A G : G B : : A C : C B 
(prop.  21,  book  iv,;)  and  therefore  (prop.  5,  book  ii.) 

A G : A G + G B or  A B : : A C : A C + C B ; but 
AG  is  to  A B as  the  triangle  A C G is  to  the  triangle 
ACB,  or  2CDF;  besides  if  the  angle  A is  right, 
the  right  angled  triangles  ACG,  CDF  must  be 
similar,  and  give  ACG  : CDF  : : A C*  : C F9  ; hence, 

AC  : 9CF»:  : AC  : AC  + CB. 

Multiply  the  second  pair  by  AC;  the  antecedents 
will  be  equal,  and  consequently  we  shall  have  2C  F* 

= AC.(AC  + CB)  or  C F*  = A C ■ (-.C  ) ; 
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hence  if  the  angle  A is  right,  the  perpendicular  C F 
will  be  a mean  proportional  between  the  side  A C and 
the  half  sum  of  the  sides  AC,  C H. 


Proposition  XV’. — Problem, 


To  find  a circle  differing  as  little  aj  tee  please  from  a 
given  regular  polygon,  fig.  1“2. 


Let  the  square  BMNP  be  the  proposed  polygon. 
From  the  centre  C,  draw  C A perpendicular  to  M 11, 
and  join  C B. 

The  circle  described  with  the  radius  C A is  inscribed 
in  the  square,  and  the  circle  described  with  the  radius 
C B circumscribes  this  same  square  j the  first  will  in 
consequence  be  less  than  it,  the  second  greater  : it  is 
now  required  to  compress  those  limits. 

Take  C A and  C E,  each  equal  to  the  mean  propor- 
tional between  C A and  C B,  and  join  £ D ; the 
isosceles  triangle  C D E will,  by  the  last  proposition, 
be  equal  to  the  triangle  CAB.  Perforin  the  same 
operation  on  each  of  the  eight  triangles  which  com- 
pose the  squnre  ; you  will  thus  form  a regular  octagon 
equal  to  the  square  B M N P.  The  circle  described 
with  the  radius  C F,  a mean  proportional  between  C A 


ami 


C A + C B 
2 


will  be  inscribed  in  this  octagon,  ami 

the  circle  whose  radius  is  CD  will  circumscribe  it. 
The  first  of  them  will  therefore  be  less  than  the  given 
squnre,  the  second  greater. 

If  the  right  angled  triangle  CDF  be,  in  like 
manner,  changed  into  an  equal  isosceles  triangle,  we 
shall  by  this  means  form  a regular  polygon  of  sixteen 
sides,  equal  to  the  proposed  square.  The  circle  in- 
scribed in  this  polygon  will  be  less  than  the  square  ; 
the  circumscribed  circle  will  be  greater. 

The  same  process  may  be  continued,  till  the  ratio 
between  the  radius  of  the  inscribed  and  that  of  the 
circumscribed  circle,  approach  os  near  to  equality  us 
we  please.  In  that  case,  both  circles  may  be  regarded 
as  equal  to  the  square. 

Scholium.  The  investigation  of  the  successive  radii 
is  reduced  to  this.  Let  a be  the  radius  of  the  circle 
inscribed  in  one  of  the  polygons,  b the  radius  of  the 
circle  circumscribing  the  same  polygon  let  a and  V 
be  the  corresponding  radii  for  the  next  polygon,  which 
is  to  have  twice  the  number  of  sides.  From  what  bus 
been  demonstrated,  1/  is  a mean  proportional  between 
a and  b,  and  a.'  is  a mean  proportional  between  a und 
a + 6 , . , a + 6 

— j so  thul  6 = (t. b,  and  a = </ a.  — : hence 


a and  b the  radii  of  one  polygon  being  known,  we  may 
easily  discover  the  radii  of  and  //  of  the  next  polygon  ; 
and  the  process  may  be  continued  till  the  difference 
between  the  two  radii  become  insensible  ; then  either 
of  those  radii  will  he  the  radius  of  the  circle  equal  to 
the  proposed  square  or  polygon. 

This  method  is  easily  practised  with  regard  to  lines; 
for  it  implies  nothing  but  the  finding  of  successive 
mean  proportionals  between  lines  which  are  given  : it 
is  still  more  easily  practised  with  regard  to  numbers, 
and  forms  one  of  the  most  commodious  plans  which 
elementary  geometry  can  furnish,  for  discovering 
speedily  the  approximate  ratio  of  the  circumference 
to  the  diameter.  Let  the  side  of  the  square  be  2 ; the 
first  inscribed  radius  C A will  be  one,  and  the  first 
circumscribed  radius  CB  will  be  V 2 or  1.4142136. 

VOL.  1. 


Hence,  putting  a = 1,  b = 1.4142136,  wc  shall  find  Book  V. 
y = 1.1892071,  and  o' = 1.0986841.  These  numbers  — 
will  serve  for  computing  the  rest,  the  law  of  their  000,1  VI* 
combination  being  known. 

Radii  of  the  dmmwrribcd  circles.  Radii  of  the  inscribed  circles. 

1.4142136  1 0000000 

1.1892071  1.098684  1 

1.1430500  1.1210663 

1. 1320149  1.1265639 

1.1292862  1.1279257 

1.1286063  1.1282657 


Since  the  first  half  of  these  ciphers  is  now  become 
the  same  on  both  sides,  it  will  occasion  little  error  to 
assume  the  arithmetical  means  instead  of  the  mean 
proportionals  or  geometrical  means,  which  differ  from 
the  former  only  in  their  last  figures.  By  this  method, 
the  operation  is  greatly  abridged  , the  results  are  t 


1.1284360 

1.1283934 

1.1283827 

1.1283801 

1.1263794 

1.1283792 


1.1283508 

1.1283721 

1.1283774 

1.1283787 

1.1283791 

1.1283792 


Thus  1 .1283792  is  very  nearly  the  radius  of  a circle 
equal  in  surface  to  the  square  whose  side  is  2.  From 
this,  it  is  easy  to  find  the  ratio  of  the  circumference  to 
the  diameter : for  it  has  already  been  shown  that  the 
surface  of  the  circle  is  equal  to  the  squnre  of  its  radius 
multiplied  by  the  number  r j hence  if  the  surface  4 
be  divided  by  the  square  of  1.1283792  the  radius,  we 
shall  get  the  value  of  v,  which  by  this  computation  is 
found  to  be  3. 14 15926,  &c.  as  was  formerly  determined 
by  another  method. 


BOOK  Vf. 

Of  planes  and  solid  angles. 

Definitions. 

1.  Tiie  common  Kcfion  of  two  planes  is  the  line  in 
which  they  meet  to  cut  each  other. 

2.  A line  is  perpendicular  to  a plane,  when  it  is  per- 
pendicular to  any  two  lines  in  that  plane  which 
meet  it. 

3.  One  plane  is  perpendicular  to  another,  when  every 
line  in  the  one  which  is  perpendicular  to  their  common 
section  is  perpendicular  to  the  other  plane. 

4.  The  inclination  of  tu'o  planes  to  each  other,  or  the 
angle  they  form  between  them,  is  the  angle  contained 
by  two  lines  drawn  from  any  point  in  the  common 
section,  and  at  right  angles  to  the  some,  one  of  these 
lines  in  each  plane. 

5.  A line  is  parallel  to  a plane,  when,  if  both  arc 
produced  to  any  distance,  they  do  not  meet;  and  con- 
versely, the  plane  is  then  also  parallel  to  the  line. 

6.  Two  planes  are  parallel  to  each  other,  when  both 
being  produced  to  any  distance  they  do  not  meet. 

7.  A solid  angle  is  the  angular  space  included  be- 
tween three  or  more  planes  which  meet  at  the  same 
point. 

2 t 
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Geometry. 

-^j  Proposition’  I. — Theorem. 

A straight  line  cannot  be  partly  in  a plane  and  jyartly 
out  of  it,  fig,  lfS. 

Fig.  17X  For  the  part  of  the  line  which  is  in  the  plane  may 
be  produced  in  the  plane,  as  for  example  to  D ; and  if 
a part  of  the  line  were  also  out  of  the  plane,  then  two 
straight  lines  might  have  a common  segment  A B, 
which  is  impossible. 


Proposition  II. — Theorem. 

Two  straight  lines  which  intersect  stack  other  lie  in  the 
same  plane,  and  determine  its  position,  fig.  17-1. 

Fig.  174.  Let  A B,  AC  be  two  straight  lines  which  intersect 
each  other  in  A } and  conceive  some  plane  passing 
through  one  of  the  lines  as  A B,  and  if  also  AC  be  in 
this  plane,  then  it  is  clear  that  the  two  lines,  accord- 
ing to  the  terms  of  the  proposition,  are  in  the  same 
plane  ; but  if  not,  let  the  plane  passing  through  A B 
be  supposed  to  be  turned  round  A B till  it  |»as*cs 
through  the  point  C,  then  the  line  A C,  which  1ms  two 
of  its  points  A and  C in  this  plane,  lies  wholly  in  it ; 
and  hence  the  position  of  the  plane  is  determined  by 
the  single  condition  of  containing  the  two  straight 
lines  A B . A C. 

Cor.  1.  A triangle  A BC,  or  any  three  points  not 
in  a straight  line,  determines  the  position  of  a plane. 

Cor.  2.  Hence,  also,  two  parallels  A B,  C D (fig.  2) 
determines  the  position  of  a plane.  For  drawing  the 
secant  EF,  the  plane  of  the  two  straight  lines  AE. 
E F is  that  of  the  parallels  A B . C D, 


Proposition  III. — Theorem. 

The  common  section  of  two  planes  is  a right  line, 
fig.  175. 

Fig.  175.  Let  ACBDA,  and  A E B FA  be  two  planes  cutting 
each  other,  and  A,  B two  points  in  which  the  planes 
meet.  Draw  the  line  A B,  this  line  is  the  common 
intersection  of  the  two  planes. 

For,  because  the  right  line  touches  the  two  planes 
in  the  points  A and  B,  it  lies  wholly  in  both  these 
planes,  or  is  common  to  both  of  them.  That  is,  the 
common  intersection  of  the  two  planes  is  in  a right 
line. 


Pboposition  IV.— Theorem. 

If  a straight  line  AP  be  jierpendicular  to  two  other 
straight  tmes  PR,  PC,  which  cross  each  other  at  its  foot 
01  the  plain  M N,  it  will  be  perpendicular  to  any  straight 
line  P Q drawn  through  its  foot  u»  the  some  plane , and 
thus  it  wdl  be  perpendicular  to  the  plane  MX,  fig.  176. 
fig.  176.  Through  any  point  Q in  PQ,  draw  (prop.  5,  book  iv.) 

the  straight  line  BC  in  the  angle  B1*C,  so  that  HQ  = 
Q C ; join  A B.  A Q.  A C. 

The  base  B C being  divided  into  two  equal  parts  at 
the  point  L,  the  triangle  B P C (prop.  17,  book  iv.) 
will  give 

PC*  + PB*  = ‘2PQ»  + 2QC«. 

Tbc  triangle  B AC  will,  in  like  manner,  give 
A C * -f  A B * = 2 A Q * + 2QC“. 

Taking  the  first  equation  from  the  second,  and  ob- 
serving that  the  triangles  A PC,  AP  B,  which  arc  both 
right  angled  at  P,  give 

AC«-  PC*=  AP»,  and  A B9  — PB9  = AP*; 


we  shall  have  Book  Vf. 

A P*  + A P‘  = 2 A Q4  — 2 PQ9.  ' 

Therefore,  by  taking  thp  halves  of  both,  we  have 
A P9  = A Q9  - P Q», or  AQ*  = A P*  + PQ*}  hence 
the  triangle  A P Q is  right  angled  at  P j and  there- 
fore A P is  perpendicular  to  PQ. 

Scholium.  Thus  it  is  evident,  not  only  that  a straight 
line  may  lie  perpendicular  to  all  the  strnight  lines 
which  pass  through  its  foot  in  a plane,  but  that  it 
always  must  be  50,  whenever  it  is  perpendicular  to 
two  straight  lines  drawn  in  the  plane. 

Cor.  1.  The  perpendicular  A P is  shorter  than  any 
oblique  line  A Q ; therefore  it  measures  the  true 
distance  from  the  point  A to  the  plane  I*  Q. 

Cor.  2.  At  a given  point  I*  on  a plane,  it  is  impos- 
sible to  erect  more  than  one  perpendicular  to  that 
plane  j for  if  there  could  be  two  perpendiculars  at  the 
same  point  P,  draw  along  these  two  perpendiculars  a 
plane,  whose  intersection  with  the  plane  M N is  PQ} 
then  those  two  perpendiculars  would  be  perpendicu- 
lar to  the  line  P Q,  at  the  same  |mint,  and  iu  the  same 
plane,  which  is  impossible. 

It  is  also  impossible  to  let  fall  from  a given  point 
out  of  a plane  two  pcqieudiculiirs  to  that  plane  ; for 
let  A P,  A Q be  these  two  perpendiculars  ; then  the 
triangle  A P Q would  have  two  right  angles  A P Q, 

A Q P,  which  is  impossible. 

Proposition  V. — Theorem. 

Oblique  lints  equally  distant  from  the  pcrpmdicular  to 
a plane  are  equal ; and,  of  two  oblique  lines  unequally 
distant  from  the  perpendicular , that  which  is  nearer  is  Ust 
than  that  more  remote,  fig.  177- 

For  the  angles  APB,  A PC,  A PD  being  right,  if  j-- 
wc  suppose  the  distances  P B,  PC,  P D to  be  equal 
to  each  other,  the  triangles  APB,  A P C,  A P D will 
have  each  an  equal  angle  contained  by  equal  sides } 
therefore  they  will  be  equal  } therefore  the  hypothe- 
nuscs,  or  the  oblique  lines  A B,  AC,  AD  will  be 
equal  to  each  other.  In  like  manner,  if  the  distance 
F E be  greater  than  P D or  its  equal  PB,  the  oblique 
line  AE  will  evidently  be  greater  than  A B,  or  its 
equal  A D ; that  is  A B will  be  less  than  A E. 

Car.  All  the  equal  oblique  lines  A B,  AC,  AD,  See. 
terminate  in  the  circumference  of  a circle  B C D, 
described  from  P the  foot  of  the  perpendicular  as  a 
centre  j therefore  a point  A being  given  out  of  a 
plane,  the  point  P at  which  the  perpendicular  let  fall 
from  A would  meet  that  plane,  may  be  found  by 
marking  upon  that  plane  three  points  B,  C,  D,  equally 
distant  from  the  point  A,  and  then  finding  the  centre 
of  the  circle  which  passes  through  these  points  ; this 
centre  will  be  P,  the  point  sought. 

Scholium.  The  angle  A B P is  called  the  inclination 
of  the  oblique  line  A B to  the  plane  M N ; which  in- 
clination is  evidently  equal  with  respect  to  all  such 
lines  A B.  A C,  A D,  as  arc  equally  distant  from  the 
perpendicular}  for  all  the  triangles  A BP,  A CP, 

A DP,  &c.  are  equal  to  each  other. 

Pro  position  VI.— Theorem. 

Let  A P be  a perpendicular  to  the  plane  M N,  and 
B C a tine  situated  in  that  plane;  if  from  P,  the  foot  oj 
the  perpendicular,  P D be  drawn  at  right  angles  to  B C, 
and  A D joineil,  A D will  be  perpendicular  to  B C, 
fig- 178. 
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Geometry.  Take  DB  = DC,  and  join  PB,  PC,  AB,  AC  j since 
i v D 11  = D C,  the  oblique  line  1*  B = PC;  and  with 

F 178.  regard  to  the  perpendicular  A I*,  since  PB  = PC,  the 
oblique  line  A B = A C by  the  lost  proposition  ; there- 
fore the  line  AD  has  two  of  its  points  A and  D equally 
distant  from  the  extremities  11  and  C ; therefore  A D 
is  a perpcndiculur  at  the  middle  of  BC. 

t'or.  It  is  evident  likewise,  that  BC  is  perpendicular 
to  the  plane  A I*D,  since  BC  is  at  once  perpendicular 
to  the  two  straight  lines  A D,  P D. 

Scholium.  The  two  straight  lines  A E,  B C afford  an 
instance  of  two  lines  which  do  not  meet,  because  they 
are  not  situated  in  the  same  plane.  The  shortest 
distance  between  these  lines  is  the  straight  line  P D, 
which  is  perpendicular  both  to  the  line  A P and  to  the 
line  B C.  The  distance  P D is  the  shortest  between 
these  two  lines  ; for  if  we  join  any  other  two  points, 
such  as  A and  B,  we  shall  have  AB  7AD,  A D 7 P D j 
therefore  A B 7 P D. 

The  two  lines  AE,  CB,  though  not  situated  in  the 
same  plane,  arc  conceived  os  forming  a right  angle 
with  each  other,  because  A D and  the  line  drawn 
through  one  of  its  points  parallel  to  BC  would  make 
with  each  other  a right  angle.  In  the  same  manner, 
the  line  A B and  the  line  I'D,  which  represent  any  two 
straight  lines  not  situated  in  the  same  plane,  are  sup- 
posed to  form  with  each  other  the  same  angle,  which 
would  be  formed  by  A B und  a straight  line  parallel  to 
P D drawn  through  one  of  the  points  of  A B. 

Proposition  VII. — Theorem . 

If  the  line  A P he  perpendicular  to  the  plane  M N, 
any  line  D E parallel  to  A P will  be  perpendicular  to  the 
tame  plane,  fig.  179 . 

PJf.  179.  Along  the  parallels  A P,  I)  E,  extend  a plane  ; its 
intersection  with  the  plane  M N will  be  P D ; in  the 
plane  MN  draw  BC  perpendicular  to  PD,  and  join 
AD. 

By  the  corollary  of  the  preceding  theorem,  BC  is 
perpendicular  to  the  plane  APDE;  therefore  the 
angle  B D E is  right ; but  the  angle  E I)  P is  right 
also,  since  AP  is  perpendicular  to  PD,  and  DE 
parallel  toAPj  therefore  the  line  DE  is  perpendicular 
to  the  two  straight  lines  D P,  D B j therefore  it  is 
perpendicular  to  their  plane  M N. 

Cbr.  1.  Conversely,  if  the  straight  lines  A P,  DE 
are  perpendicular  to  the  same  plane  M N,  they  will  be 
parallel ; for  if  they  be  not  so,  draw  through  the  point 
D a line  parallel  to  A P.  this  parallel  will  be  perpen- 
dicular to  the  plane  MN  j. therefore  through  the  same 
point  D more  than  one  perpendicular  might  be  erected 
in  the  same  plane,  which  (prop.  4,  booh  vi.)  is  im- 
possible. 

Cor.  2.  Two  lines  A and  B,  parallel  to  a third  C, 
are  parallel  to  each  other  ; for,  conceive  a plane  |>er- 
pendicuiar  to  the  line  C , the  lines  A and  B,  being 
parallel  to  C,  will  be  perpendicular  to  the  same  plane ; 
therefore,  by  the  preceding  corollary,  they  will  be 
parallel  to  each  other. 

When  the  three  lines  are  in  the  same  plane  the  case 
falls  under  prop.  23,  book  1. 

Proposition  VIII. — Theorem. 

If  the  line  A B he  parallel  to  a straight  line  C.  D 
drawn  ia  the  plane  M N,  if  will  be  parallel  to  that  plane, 
fig.  iaa 


For  if  the  line  A B,  which  lies  in  the  plane  A B C D,  Book  VI 
could  meet  the  plane  M N,  this  could  only  be  in  some 
point  of  the  line  C I),  the  common  intersection  of  the  180. 
two  planes  ; but  A B cannot  meet  C D,  since  they  are 
parallel ; hence  it  will  not  meet  the  plane  M N ; hence 
(dcf.  5)  it  is  parallel  to  that  plane. 

Proposition  IX. — Theorem. 

Two  planes  MN,  PQ  perpendicular  to  the  same 
straight  line  A B,  are  parallel  to  each  other,  fig.  161. 

For,  if  they  can  meet  anywhere,  let  O be  one  of  Fig.  18 1 
their  common  points,  and  join  OA,  OB;  the  line 
A B,  which  is  pcrpcndiculnr  to  the  plane  M N,  is  per- 
pendicular to  the  straight  line  O A drawn  through  its 
foot  in  thnt  plane;  for  the  same  reason  AB  is  perpen- 
dicular to  BO;  therefore  OA  and  OB  arc  two  per- 
pendiculars let  fall,  from  the  same  point  O,  upon  the 
same  straight  line ; which  is  impossible  ; therefore 
the  planes  M N,  P (J,  cannot  meet  each  other ; there- 
fore they  are  parallel. 

Proposition  X. — Theorem. 

The  intersections  E F,  G II  of  two  parallel  planes 
MN,  PQ,  with  a third  plane  F G,  are  parallel , 
fig.  182. 

For,  if  the  lines  EF,  GH,  lying  in  the  same  plane,  pu. 
were  not  parallel,  they  would  meet  each  other  when 
produced  therefore  the  planes  M N,  P Q,  in  w hick 
those  lines  lie,  would  also  meet  ; therefore  the  planes 
would  not  be  parallel. 

• 

Proposition  XI. — Theorem. 

The  line  A B,  which  is  perpendicular  to  the  plane  MN, 
is  also  perpendicular  to  the  plane  P Q,  parallel  to  M N, 
fig.  181. 

Having  drawn  any  line  BC  in  the  plane  PQ,  by  the 
last  proposition,  along  the  lines  A B and  BC,  extend 
a plane  ABC,  intersecting  the  plane  M N in  AD;  the 
intersection  A D will  be  parallel  to  BC  ; but  the  line 
A B,  being  perpendicular  to  the  plane  M N,  is  perpen- 
dicular to  the  straight  line  A D ; therefore  also  to  its 
parallel  BC  : hence  the  line  A B being  perpendicular 
to  any  line  BC  drawn  through  its  foot  in  the  plane 
PQ,  is  consequently  perpendicular  to  that  plane. 

Proposition  XII. — Theorem. 

The  parallels  EG,  F II,  comprehended  between  two 
parallel  planes  M N,  PQ,  are  equal,  fig.  182. 

Through  the  parallels  EG,  FII,  draw  the  plane 
E G II  F to  meet  the  parallel  planes  in  E F and  G H. 

The  intersections  EF,  GH  (prop.  10,  book  vi.)  are 
parallel  to  each  other;  so  likewise  arc  EG,  FH; 
therefore  the  figure  EGHF  is  a parallelogram  ; and 
E G = F H. 

Cor.  Hence  it  follows  that  two  parallel  planes  are 
every  where  equidistant ; for  if  EG  and  F H arc  per- 
pendicular to  the  two  planes  M N,  I*Q,  they  will  be 
parallel  to  each  other,  (prop.  7#  cor.  1,  book  vi.;)  and 
therefore  equal. 

2 *2 
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Geometry.  Proposition  XIII. — Theorem . 


Proposition  XVI. — Theorem. 


fig  183. 


Fig.  184. 


If  too  angles  CAE.DBF,  not  situated  in  the  same 
plane,  hare  their  titles  parallel  and  lying  in  the  same 
direction,  those  angles  will  be  erjual,  and  their  planes  will 
be  parallel,  fig.  183. 

Make  AC  = BD,  A E = B F ; and  join  C E,  D F, 
A B,  C I),  EF.  Since  AC  is  equal  and  parallel  to  BD, 
tl.c*  figure  ABDC  is  a parallelogram,  (prop.  ‘28, 
book  i.  ;)  therefore  C D is  equal  and  parallel  to  A B. 
For  a similar  reason,  E F is  equal  and  parallel  to  A B ; 
hence  also  CD  is  equal  and  parallel  to  EF;  the  figure 
C E F D is  therefore  a parallelogram,  and  the  side 
CE  is  equal  and  parallel  to  DF;  therefore  the  trian- 
gles CAE,  DBF  have  their  corresponding  sides 
equal  ; consequently  the  angle  C AE  = DBt. 

Again,  the  plane  ACE  is  parallel  to  the  plane  BD F. 
For  suppose  the  plane  parallel  to  B I)F,  drawn  through 
the  point  A,  were  to  meet  the  lines  C D,  E F,  in  points 
different  from  C and  E,  for  instance  in  O and  H ; then, 
(prop.  1?,  book  vi.)  the  three  lines  AB,  CD,  FH 
would  be  equal : but  the  lines  A B,  CD,  EF  arc 
already  known  to  be  equal  ; hence  C D = GD,  and 
F H = E F,  which  is  absurd  ; hence  the  plane  ACE 
is  parallel  to  B D F. 

Cor.  If  two  parallel  planes  MN,  PQ  are  met  by  two 
other  planes  CADB,  E A B F,  the  angles  CAE,  DBF, 
formed  by  the  intersections  of  the  parallel  planes  will 
be  equal ; for  (prop.  10,  book  vi.)  the  intersection 
A C is  parallel  to  B D,  and  A E to  B F,  therefore  the 
angle  CAEs  DBF. 


Proposition  XIV. — Theorem. 

Jf  three  straight  lines  A B,  CD,  E F,  not  situated  in 
the  same  plane,  are  equal  and  jtaralUl,  the  triangles 
A C E,  B D F forrueil  by  joining  the  extremities  of  these 
straight  lines  trill  be  equal,  and  their  planes  mil  be 
parallel,  fig.  183. 

For  since  A B is  equal  and  parallel  to  C D,  the 
figure  AB  C D is  a parallelogram  ; hence  the  side  A C 
is  equal  and  parallel  to  BD.  Fora  like  reason  the 
aides  A E,  BF  are  equal  and  parallel,^  as  also  C E, 
DF;  therefore  the  two  triangles  ACE,  BDF,  are 
equal ; and.  consequently,  as  in  the  last  proposition, 
their  planes  are  parallel. 


Proposition  XV. — Theorem. 

Ttco  straight  lines,  included  between  three  parallel 
planes,  are  cut  proportionally,  fig.  184. 

.Suppose  the  line  A B to  meet  the  parallel  planes 
M N,  PQ,  RS,  at  the  P°‘tlt8  A,  E,  B : and  the  line 
C I)  to  meet  the  same  planes  at  the  points  C,  F,  D ; 
then  A E : E B : : C F : F D.  t 

Draw  AD  meeting  the  plane  PQ  in  G,  and  join 
AC,  EG,  GF,  BD  ; the  intersections  EG,  BD,  of 
the  parallel  planes  P Q,  R 5,  in  the  plane  A B I>,  arc 
parallel,  (prop.  10,  book  vi. j)  therefore  A E : E B : : 
A G ; G D ; in  like  manner,  the  intersections  A C, 
G F being  parallel,  AG:GD::CF:FD;  the  ratio 
A G ; G D is  the  same  in  both  ; hence 
AE:EB::CF:FD. 


If  the  line  AP  be  perpendicular  to  the.  plane  M N,  any 
plane  A P B drau  n along  A P will  be  perpendicular  to  the 
plane  M N,  fig.  185. 

Let  the  two  planes  A B,  M N intersect  each  other  Fig.  185 
in  the  line  BC.  In  the  plane  MN  draw  DE  perpen- 
dicular to  BP;  then  the  line  AP,  being  perpendicular 
to  the  plane  M N,  will  be  perpendicular  to  each  of 
ihe  two  straight  lines  BC,  I)E  } but  the  angle  A PD, 
formed  by  the  two  perpendiculars  PA,  P D at  their 
common  intersection  B P,  is  the  measure  of  the  angle 
of  the  two  planes,  (def.  4 ;)  and  since  in  the  present 
case  the  angle  is  a right  angle,  the  two  planes  are 
perpendicular  to  each  other. 

Scholium.  When  the  three  lines  such  as  A P,  B P, 

D P are  perpendicular  to  each  other,  each  of  these 
lines  is  perpendicular  to  the  plane  of  the  other  two  ; 
and  the  planes  themselves  are  perpendicular  to  each 
other. 

Proposition  XVII.— Theorem. 

If  the  plane  A B be  perpendicular  to  the  plane  M N, 
ond  if  m the  plane  A B the  line  PA  be  perpendicular  to 
the  common  intersection  B P,  then  will  A P be  perpendi- 
cular to  the  plane  M N,  fig.  185. 

For  in  the  plane  M N draw  P D perpendicular  to 
P B ; then  because  the  planes  are  perpendicular,  the 
angle  A P D is  a right  angle  ; therefore  the  line  A P 
is  perpendicular  to  the  two  straight  lines  P B,  P D ; 
and  is  therefore  perpendicular  to  their  plane  M N. 

Cor . If  the  plane  A B he  perpendicular  to  the  plane 
MN,  and  if  at  a point  P of  the  common  intersection 
a perpendicular  be  erected  to  the  plane  MN,  that 
perpendicular  will  be  in  the  plane  AB;  for  if  not,  then 
in  the  plane  A B we  might  draw  A P perpendicular  to 
P B,  their  common  intersection,  and  this  A Pat  the 
same  time  would  be  perpendicular  to  the  plane  M N ; 
therefore  at  the  same  point  P there  would  be  two 
perpendiculars  to  the  plane  M N,  which  is  impossible. 

Proposition  XVIII.— Theorem. 

If  too  planes  be  perpendicular  to  a third  plane,  their 
common  intersection  will  be  also  perpendicular  to  the  third 
plane,  fig.  185. 

Let  AB.  AD  be  perpendicular  to  M N,  then  will 
their  common  intersection  A P be  perpendicular  to  the 
same  plane  M N. 

For  at  the  point  P erect  the  perpendicular  to  the 
plane  M N ; then  that  perpendicular  must  be  in  the 
plane  A D,  and  also  in  A B,  (by  the  last  prop. ;)  there- 
fore it  is  their  common  intersection  A P. 

Proposition  XIX. — Theorem. 

If  a solul  angle  is  formed  by  three  plane  angles,  the 
sum  of  any  too  of  these  angles  will  be  greater  than  the 
third , fig.  18G. 

The  proposition  requires  demonstration  only  when  Fif.  18b 
the  plane  angle,  which  is  compared  to  the  sum  of  the 
other  two,  is  greater  than  either  of  them.  Therefore 
suppose  the  solid  angle  S to  be  formed  by  three  plane 
angles  A S B,  A SC,  BSC,  whereof  the  angle  A S B is 
the  greatest ; we  arc  to  show  that  ASB  i.  ASC  f 
BSC. 
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G E O M 

Geometry.  \n  the  plane  A S B make  the  angle  B SD  = B $ C, 

-*V^  draw  the  straight  line  A 1)  It  at  pleasure  ; and  having 
taken  SC  = SD,  join  A C,  It C. 

The  two  sides  BS,  i>D  are  equal  to  the  two  B S, 
S C ; the  angle  B S D = B S C ; therefore  the  trian- 
gles BSD,  BSC  are  equal  j therefore  B D = B C. 
But  AB  Z AC  + BC}  taking  B D from  the  one  side, 
and  from  the  other  its  equal  BC,  there  remains  AD/ 
A C.  Tlie  two  sides  A S,  S D are  equal  to  the  two 
AS,  S C } the  third  side  A D is  less  than  the  third 
side  A C j therefore  (prop.  8,  book  I.)  the  angle 
A S D Z A S C.  Adding  B S D = B SC,  %ve  shall  have 
ASD+BSDor  ASBZASC  + BSC. 

Proposition  XX. — Theorem'. 

The  tarn  of  the  plane  angles  which  form  a solid  angle, 
is  always  less  than  four  right  angles,  fig.  187. 

Fig.  187.  Conceive  the  solid  angle  S to  be  cut  by  any  plane 
ABCDE;  from  O,  u point  in  that  plane,  draw  to  the 
several  angles  straight  lines  AO,  OB,  OC,  OD,  OE. 

The  sum  of  the  angles  of  the  triangles  A SB,  BSC, 
&c.  formed  about  the  vertex  S,  is  equivalent  to  the 
sum  of  the  angles  of  an  equal  number  of  triangles 
A O B,  B O C,  &c.  formed  about  the  point  O.  But  at 
the  point  B the  angles  ABO,  OB  C,  taken  together 
moke  the  angle  ABC  (prop.  19,  book  vi.)  less  than 
the  sum  of  the  angles  AliS,  SBC;  in  the  same 
manner,  at  the  point  C we  have  BCO  + OCD  Z 
BCS+8CD;  and  so  with  all  the  angles  of  the 
polygon  ABCDE:  whence  it  follows,  that  the  sum 
of  all  the  angles  at  the  bases  of  the  triangles  whose 
vertex  is  in  O,  is  less  than  the  sum  of  the  angles  at 
the  bases  of  the  triangles  whose  vertex  is  in  S ; hence 
to  make  up  the  deficiency,  the  sum  of  the  angles 
formed  about  the  point  O,  is  greater  than  the  sum  of 
the  angles  about  the  point  S.  But  the  sum  of  the 
angles  about  the  point  O is  equal  to  four  right  angles, 
(prop.  3,  book  1.;)  therefore  the  sum  of  the  plane 
angles,  which  form  the  solid  angle  S,  is  less  than  four 
right  angles. 

Scholium  1.  This  demonstration  is  founded  on  the 
supposition  that  the  solid  angle  is  convex,  or  that  the 
plane  of  no  one  surface  produced  can  ever  meet  the 
solid  angle;  if  it  were  otherwise,  the  sum  of  the  plane 
angles  would  no  longer  be  limited,  and  might  be  of 
any  magnitude.  ** 

Proposition  XXI. — Theorem. 

if  two  solid  angles  are  composed  of  three  plane  angles 
respectively  equal  to  each  other , the  planes  which  contain 
the  equal  angles  will  be  equally  inclined  to  each  other , 
fig.  188. 

Fi?.  186.  Let  the  angle  A 8 C = D T F,  the  angle  A S B = 
DTE,  and  the  angle  BSC  = ETF j then  will  the 
inclination  of  the  planes  A SC,  A S B,  he  equul  to 
that  of  the  planes  I)  T F,  DTE. 

• Having  taken  S B at  pleasure,  draw  B O perpendi- 

cular to  the  plane  ASC ; from  the  point  O,  at  which 
that  perpendicular  meets  the  plane,  draw  OA,OC 
perpendicular  to  SA,  SC;  join  A B,  BC;  next  take 
T E=S  B ; draw  E P perpendicular  to  the  plane  DT F; 
from  the  point  P draw  P D,  PF,  perpendicular  to  TI>, 
T F ; lastly,  join  D E,  E F. 

The  triangle  S A B is  right  angled  at  A,  and  the 
triangle  T D E at  D ; and  since  the  angle  A S B = 
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DTE,  we  have  S B A = T E D.  Likewise  SB  = Book  VL 
T E ; therefore  the  triangle  S A B is  equal  to  the  v— 
triangle  TDK;  therefore  SAscT D,  and  AB  = DE. 

In  like  manner  it  may  be  shown,  that  S C = T F,  and 
BC  = EF.  That  granted,  the  quadrilateral  SAOC 
is  equal  to  the  quadrilateral  TDPF ; for,  place  the 
angle  ASC  upon  its  equal  D T F ; because  S A = 

T D,  and  SC  = T F,  the  point  A will  fall  on  D,  and 
the  point  C on  F ; and  at  the  same  time,  A O,  which 
is  perpendicular  to  8 A,  will  fall  on  P D which  is  per- 
pendicular to  TD,  and  in  like  manner  OC  on  PF; 
wherefore  the  point  O will  fall  on  the  point  P,  and 
A O will  he  equal  to  D P.  But  the  triangles  A O B 
D P E,  are  right  angled  at  O and  P ; the  hypothc- 
nuse  ABsDE,  and  the  side  AO  = DP ; hence  those 
triangles  arc  equal ; therefore  the  angle  O A B =s  PDE. 

The  angle  O A B is  the  inclination  of  the  two  planes 
A S B,  A SC the  angle  PD  E is  that  of  the  two  planes 
DTE,  D T F ; hence  those  two  inclinations  are  equal 
to  each  other. 

It  must,  however,  be  observed,  that  the  angle  A of 
the  right  angled  triangle  O A B is  properly  the  incli- 
nation of  the  two  planes  A SB,  A SC,  only  when  the 
perpendicular  BO  fulls  on  the  game  side  of  SA  as  SC 
falls ; for  if  it  fell  on  the  other  side,  the  angle  of  the 
two  planes  would  be  obtuse,  and  joined  to  the  angle 
A of  the  triangle  O A B it  would  make  two  right 
angles.  But  in  the  same  case,  the  angle  of  the  two 
planes  T D E,  T D F would  also  he  ubtuse,  and  joined  „ 

to  the  angle  D of  the  triangle  D P E,  it  would  make 
two  right  angles , and  the  angle  A being  thus  always 
equal  to  the  angle  at  D,  it  would  follow  in  the  same 
manner  that  the  inclination  of  the  two  planes  ASH, 

A S C,  must  be  equal  to  that  of  the  two  planes  T D E, 

TDF. 

Scholium  '2,  relative  to  the  measure  of  solid  angles. 

A more  general  definition  of  solid  angles  than  that 
given  at  the  commencement  of  this  hook  is,  that  a 
solid  angle  is  the  angular  space  included  between 
several  plane  surfaces,  or  one  or  more  curved  surface 
meeting  in  the  point  whifh  forms  the  summit  of  the 
angle. 

According  to  this  definition,  solid  angles  hear  just 
the  same  relation  to  the  surfaces  which  comprise 
them,  as  plane  angles  do  to  the  lines  by  which  they 
arc  included  ; so  that,  as  in  the  latter,  it  is  not  the 
magnitude  of  the  lines,  but  their  mutual  inclination 
which  determines  the  angles ; so,  in  the  former,  it  is 
not  the  magnitude  of  the  planes,  but  their  mutual  in- 
clination which  determine  the  solid  angles.  Accord- 
ing to  this  view  of  the  subject,  the  spherical  surface 
described  about  the  summit  of  any  solid  angle  as  a 
centre,  will  become  a measure  of  that  angle ; as  the 
circular  arc  is  employed  to  measure  and  to  compare 
rectilinear  unglcs.  Let  ns  imagine,  in  the  first  place, 
such  a sphere  to  be  described  about  any  given  solid 
angle  comprised  under  three  plane  angles,  and  that 
those  planes  are  produced  till  they  cut  the  surface  of 
the  sphere  ; then  will  the  surface  of  the  spherical 
triangle  included  between  those  planes  be  the  measure, 
or  may  be  assumed  as  the  measure,  of  the  solid  angle, 
made  by  the  planes  at  the  common  point  of  meeting; 
for  no  change  can  he  conceived  in  the  relative  position 
of  the  bounding  planes,  that  is,  in  the  magnitude  of 
the  solid  angle,  without  a corresponding  and  pro- 
portional mutation  in  the  surface  of  the  spherical 
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Geometry.  triangle;  and  if,  in  like  manner,  the  three  or  more 
plane  surfaces  comprising  another  solid  angle  be  pro- 
duced till  they  cut  the  surface  of  the  same,  or  if  un 
equal  sphere,  whose  centre  coincides  with  the  summit 
of  the  angle,  the  surface  of  the  spherical  triangle  or 
polygon  included  between  the  planes  which  determine 
the  angle,  will  in  like  manner  he  a correct  measure 
of  that  angle  ; and  the  ratio  which  subsists  between 
the  areas  of  these  triangles  and  polygons,  or  other 
surfaces  thus  formed,  will  he  accurately  the  ratio 
which  subsists  between  the  solid  angles,  constituted 
by  the  meeting  of  the  several  planes  or  surfaces  at  the 
centre  of  the  sphere. 

It  will,  of  course,  be  understood,  that  this  measure- 
ment has  only  a relation  to  the  magnitude  of  the 
angles.  It  has  no  reference  to  their  geometrical 
properties,  which  may  be  very  different,  although  their 
magnitudes,  as  above  estimated,  may  be  the  same. 


BOOK  VII. 

Of  solidt  bounded  by  planes. 

Drfixitions. 

1.  A solid  is  that  which  has  length,  breadth,  and 
thickness. 

2.  A prirrn  is  a solid  contained  by  plane  figures,  of 
which  two  that  are  opposite  are  equal,  similar,  and 
parallel  to  one  another ; and  the  others  are  parallelo- 
grams. To  construct  this  solid,  let  ABCDE, 

IV-  18!*.  (fig-  1^9.)  he  any  rectilineal  figure.  In  a plane  parallel 
to  A BC  draw  the  lines  FG,  G H,  II  I,  &c.  parallel  to  the 
sides  A B,  B C,  C D,  fee. ; thus  there  will  be  formed  a 
figure  F G H I K,  similar  to  A B C I)  E.  Now  let  the 
vertices  of  the  corresponding  angles  be  joined  by  the 
lines  A F,  B O,  C H.  &c.  the  feces  ABGF,  B C II G, 
&c.  will  evidently  be  parallelograms,  and  the  solid 
thus  formed  will  be  a prism. 

3.  The  equal  and  parallel  plane  figures  A B C I)  E, 
FGH I K are  called  the  bases  of  the  prism.  The  other 
planes  or  parallelograms  taken  together  constitute  the 
lateral  or  conrejc  surface  of  the  prism. 

4.  The  altitude  of  a prism  is  the  perpendicular 
distance  between  its  bases ; and  its  length  is  a line 
equal  to  any  one  of  its  lateral  edges,  as  AF,  or 
B G,  &c. 

6.  A right  prism  is  one  in  which  the  lateral  edges 
A F,  B G,  &c.  ure  perpcndirular  to  the  planes  of  its 
bases  ; then  each  of  them  is  equal  to  the  altitude  of 
the  prism  ; in  every  other  case  the  prism  is  oblique. 

6.  A prism  is  triangular,  quadrangular,  pentagonal, 
&c.  according  as  the  base  is  a triangle,  a quadrilateral, 
a pentagon,  &c. 

7.  A prism  which  has  a parallelogram  for  its  base 
has  all  its  faces  parallelograms,  and  is  called  a parallel- 

Fif.  190.  ojnpcd,  or  parallelopipedon , (fig.  190.)  A pamUclopiped 
is  rectangular,  when  all  its  faces  arc  rectangles. 

8.  When  the  faces  of  a rectangular  purullelopiped 
are  squares,  it  is  colled  a cube. 

9.  A pyramid  is  a solid  formed  by  several  trinngu- 

Fij.  191.  lar  planes  which  meet  in  a point,  ns  V,  (fig.  191, > 

and  terminate  in  the  same  plane  rectilineal  figures 
ABCDE. 

The  plane  figure  A II C DE  is  called  the  base  of  the 
pyramid  j the  point  V is  its  verier ; and  the  triangles 


A V B,  B V’  C,  &c.  taken  together,  form  the  Conner  or  Book  VII. 
lateral  surface  of  the  pyramid.  v— • w""-* 

10.  The  altitude  of  a pyramid  is  the  perpendicular 
drawn  from  the  vertex  to  the  plane  of  its  base,  pro- 
duced if  necessary. 

1 1 . A pyramid  is  triangular,  quatlrangular,  &e.  ac- 
cording as  its  base  is  a triangle,  a quadrangle,  &c. 

1 ‘2.  A pyramid  is  regular,  when  its  base  is  a regular 
figure,  and  the  perpendicular  from  its  vertex  passes 
through  the  centre  of  its  base ; that  is,  through  the 
centre  of  a circle  which  may  be  conceived  to  circum- 
scribe its  base. 

13.  Two  solids  are  similar,  when  they  arc  contained 
by  the  same  number  of  similar  planes,  similarly 
situated,  and  having  like  inclinations  to  one  another. 

Proposition  I. — Theorem. 

Tiro  prisms  are  equal  when  a solid  angle  in  ear  A is 
contained  by  three  planes,  which  are  equal  in  both  and 
similarly  situated,  fig.  19*2. 

Let  the  base  ABCDE  be  equal  to  the  ba  sc  abed  e;  p-,g.  132. 
the  pnrallc  log  rain  ABGF  equal  to  the  parallelogram 
abgf ; and  the  parallelogram  BCHG  equal  to  the 
parallelogram  be  kg  ; then  will  the  prism  AB  C I be 
equal  to  the  prism  a bci. 

For  apply  the  base  ABCDE  upon  its  equal  abede, 
so  that  the  bases  (being  equal)  may  coincide.  But 
the  three  plane  angles  which  form  the  solid  angle  B. 
are  respectively  equal  to  the  three  plane  angles  which 
form  the  solid  angle  b,  that  is,  ABC  as  a b c,  A BG  = 
abg,  and  G BC  = gbc,  and  they  arc  also  similarly  si- 
tuated ; therefore  the  solid  angles  B and  C are  equal, 
and  therefore  BG  will  fall  on  its  equal  bg;  and  it  is 
likewise  evident,  because  the  purallelograins  ABGF 
and  abgf  arc  equal,  that  the  side  GF  will  fell  on  its 
equal  gf,  and  in  the  same  manner  G II  on  g h ; 
therefore  the  upper  base  F G II I K will  coincide  with 
its  equal  f g h i k,  and  the  two  solids  will  be  identical, 
siuce  their  vertices  are  the  same. 

Cor.  Two  right  prisms  which  have  equal  bases  and 
equal  attitudes,  are  equal.  For,  since  the  side  A B is 
equal  to  a b,  and  the  altitude  B G to  A g,  the  rectangle 
ABGF  will  lie  equal  t o abg f i and  in  the  same  way 
the  rectangle  B G II  C will  be  equul  to  hghc ; and 
thus  the  three  planes,  which  form  the  solid  angle  B, 
will  be  equal  to  the  three  which  form  the  solid  angle  b. 

Hence  the  two  prisms  are  equal. 

Proposition  II. — Theorem. 

In  every  parallelopipedon  the  opposite  planes  are  equal 
and  parallel,  fig.  193. 

By  the  definition  of  this  solid,  the  bases  A B C D,  Fig . 193. 

E F G II  arc  equal  parallelograms,  and  their  sides  are 
parallel : it  remains  only  to  show,  that  the  same  is 
true  of  any  two  opposite  lateral  faces,  such  as  AE II  D, 

BFGC.  Now  AD  is  equal  and  parallel  to  BC,  be- 
cause the  figure  A BCD  is  a parallelogram  for  a like 
reason,  A E is  parallel  to  B F ; hence  the  angle  DAE 
i9  equal  to  the  angle  C BF,  and  the  planes  D A K,  C B F 
arc  parallel ; hence  also  the  parallelogram  D A E H 19 
equal  to  the  parallelogram  CBFG.  In  the  same  way 
it  might  he  shown  that  the  opposite  parallelograms 
A II  F E,  D C G II  are  equal  and  parallel. 

Cor.  Since  the  parallelopipedon  is  a solid  bounded  by 
six  planes,  whereof  those  lying  opposite  to  tnch  other 
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Gforoetry.  are  equal  and  parallel,  it  follows  that  any  face  and  the 

— ■ one  opposite  to  it  may  be  assumed  as  the  bases  of  the 
jarrilelopipedon. 

Scholium,  If  three  straight  lines  A B,  A E,  A D, 
passing  through  the  same  point  A,  and  making  given 
angles  with  each  other,  are  known,  a parallelopipedon 
may  be  formed  on  those  lines.  For  this  purpose,  a 
plane  must  be  extended  through  the  extremity  of  each 
line,  and  parallel  to  the  plane  of  the  other  two  ; thnt 
is,  through  the  point  B a plane  parallel  to  D A E, 
through  D a plane  parallel  to  BAE,  and  through  E a 
plane  juirallcl  to  BA  D.  The  mutual  intersections  of 
those  planes  will  form  the  parallelopipedon  required. 

Proposition  HI. — Lemma. 

In  every  prism  A B C I,  the  sections  N O P Q R, 
ST  VX  Y,  formed  by  parallel  planes,  are  equal  polygons, 
fig.  194. 

Fig.  194,  For  the  sides  ST,  NO  are  parallel,  being  the  inter- 
sections of  two  parallel  planes  with  a third  plane 
A B G F ; moreover  the  sides  ST,  NO,  are  in- 
cluded between  the  parallels  N S,  OT,  which  are  sides 
of  the  prism  ; hence  N O is  equal  to  S T.  For  like 
reasons,  the  sides  O P,  P Q,  Q H,  Jkc.  of  the  section 
N O P Q R,  are  respectively  equal  to  the  sides  T V, 
V X,  X V,  Ac.  of  the  section  ST  V X Y.  And  since 
the  equal  sides  are  at  the  same  time  parallel,  it  follows 
that  the  angles  N OP,  O P Q,  &c.  of  the  first  section 
are  respectively  equal  to  the  angles  S T V,  T V X of 
the  second,  lienee  the  two  sections  N O P Q R, 
S T V X Y are  equal  polygons. 

Cor.  Every  section  in  a prism,  if  drawn  parallel  to 
the  base,  is  also  equal  to  that  base. 

Proposition  IV. — Theorem. 

The  tiro  symmetrical  triangular  prisms  A BD  II  EF, 
BC D F G H,  into  which  the  parallelopipedon  A G may  be 
decomposed,  are  equal  to  each  other,  fig,  195. 

Fig.  195.  Through  the  vertices  B and  F,  draw  the  planes 
Bade,  Yehg  at  right  angles  to  the  side  B F,  and 
meeting  A E,  D H,  C G,  the  three  other  sides  of  the 
parallelopipedon,  in  the  points  a,  d,  c towards  one 
direction,  and  in  e,  h,  g towards  the  other  j theu  the 
sections  Bade,  Yehg  will  be  equal  parallelograms; 
being  equal  because  they  arc  formed  by  planes  per- 
pendicular to  the  same  straight  line,  and  consequently 
parallel;  and  being  parallelograms,  because  a B,  d c, 
two  opposite  sides  of  the  same  section,  arc  formed 
by  the  meeting  of  one  plane  with  two  parallel  planes 
ABFE,  DCG  II. 

For  a like  reason,  the  figure  B a e F is  a parallel- 
ogram ; so  also  arc  B Fg  c,  cd  h g,  and  ad  he,  the 
other  lateral  faces  of  the  solid  ha  dcF eh  g } hence 
that  solid  is  a prism,  (def.  5 ;)  and  that  prism  is  n 
right  one,  because  the  side  B F is  perpendicular  to  its 
base. 

This  being  proved,  if  the  right  prism  BA  be  divided 
by  the  plane  BFHD  into  two  right  triangular  prisms 
a EdeYh,  BdcFhg;  it  will  remain  to  be  shown  that 
the  oblique  triangular  prism  ABDEFH  will  be  equal 
to  the  right  triangular  prism  oBdeFA.  And  since 
those  two  prisms  have  a part  A B D A e F in  common, 
it  will  only  be  requisite  to  prove  that  the  remaining 
parts,  namely,  the  solids  BaADd,  FeEIIA  are 
equal. 

Now,  by  reason  of  the  parallelograms  ABFE, 
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a BP?,  the  sides  AE,  a e,  being  equal  to  their  Book  VI I. 
parallel  BF,  are  equal  to  each  other;  and  taking 
away  the  common  part  A e,  there  remains  Au  = Kr. 

In  the  same  manner  we  could  prove  D d = II  A. 

Let  us  now  place  the  base  Fe  A on  its  equal  Bod; 
the  point  e falling  on  a,  and  the  point  A on  d,  the  sides 
eE,  AH  will  fall  on  their  equals  a A,  d D,  because 
they  are  perpendicular  to  the  same  plane  B a d.  Hence 
the  tw'o  solids  in  question  will  coincide  exactly  with 
each  other,  and  the  oblique  prism  BADFEI1  is 
therefore  equal  to  the  right  one  BadF eh. 

In  the  same  manner  might  the  oblique  prism 
BDCFHG  be  proved  equal  to  the  right  prism 
BdcFAg.  But  (prop.  1,  book  vii.)  the  two  right 
prisms  B a d F e A,  Bd  c F hg  are  equal,  since  they  have 
the  same  altitude  BF, and  since  their  bases  Bad,  Bdc 
are  halves  of  the  same  parallelogram.  Hence  the  two 
triangular  prisms  BADFEH,  H D C F H G,  being 
equal  to  the  equal  oblique  prisms,  are  equal  to  each 
other. 

Cor.  Every  triangulnr  prism  A B D H E F is  half  of 
the  parallelopipedon  A G described  on  the  same  solid 
angle  A,  with  the  same  edges  A B,  A D,  AE. 

Proposition  V. — Theorem. 

If  tiro  parallelopipedons  AG,  A L hare  a common  base 
A li  CD,  and  if  their  tipper  bases  E F QH,  IK  L M lie 
in  the  same  plane  and  between  the  same  parallels  EK, 

II  L,  those  two  parallelopipedons  will  be  equal  to  each 
other,  fig.  196. 

There  may  be  three  case*  to  this  proposition,  ac-  Fig.  196. 
cording  as  E I is  greater,  less  than,  or  equal  to  EF; 
but  the  demonstration  is  the  same  for  all.  In  the  first 
place,  then,  we  shall  show  thnt  the  triangular  prism 
AEIDIIM  is  equal  to  the  triangular  prism 
BFKCGL. 

Since  A E is  parallel  to  B F,  and  H E to  G F,  the 
angle  A E I = B F K,  H E I = G F K,  and  HKA  = 

G F B.  Of  these  six  angles  the  first  three  form  the 
solid  angle  E,  the  last  three  the  solid  angle  F ; there- 
fore, the  plane  angles  being  respectively  equal,  and 
similarly  arranged,  the  solid  angles  F and  E must  be 
equal.  Now,  if  the  prism  A E M be  laid  on  the  prism 
BFL,  the  base  A K I being  placed  on  the  base  B F K 
will  coincide  with  it  because  they  are  equal;  and  since 
the  solid  angle  E is  equal  to  the  solid  angle  F,  the  side 
E H will  fall  on  its  equal  F G ; and  nothing  more  is 
required  to  prove  the  coincidence  of  the  two  prisms 
throughout  their  whole  extent,  for  (prop.  1,  book  vii.) 
the  base  A E I and  the  edge  E II  determine  the  prism 
A E M,  as  the  base  B F K and  the  edge  F G determine 
the  prism  BFL;  hence  these  prisms  are  equal. 

But  if  the  prism  A E M is  taken  away  from  the  solid 
A L,  there  will  remain  the  parallelopipedon  AIL;  and 
if  the  prism  BFL  is  taken  away  from  the  same  solid, 
there  will  remain  the  parallelopipedon  AEG;  hence 
those  two  parallelopipedons  AIL,  A E G are  equal. 

Proposition  VI.— ‘Theorem. 

Two  parallelopipedons  hating  the  same  base  and  the 
same  altitude  are  equal  to  each  other , fig.  19/.  . 

Let  A B C D be  the  common  base  of  the  two  paral-  pjg  jijy 
lelopipedons  AG,  A L ; since  they  have  the  same  alti- 
tude, their  upper  bases  EFGH,  IKLM  will  be  in 
the  some  plane.  Also  the  sides  £ F and  A B will  be 
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Geometry,  equal  and  parallel,  as  well  as  I K and  A B ; hence  E F 
is  equal  and  parallel  to  1 K ; for  a like  reason  G F is 
equal  and  parallel  to  LK.  Let  the  sides  E F,  II  G be 
produced,  and  likewise  L K,  I M,  till  by  their  inter- 
sections they  form  the  parallelogram  N O P Q ; this 
parallelogram  will  evidently  be  equal  to  either  of  the 
bases  E F G II,  I K L M.  Now  if  a third  pundlelopi- 
pedon  be  conceived,  having  A BCD  for  its  lower  base, 
and  NOPQ  for  its  upper,  this  third  parallelopipedon 
will  (prop.  5,  book  vii.)  be  equal  to  the  parallelopipe- 
don AG,  since  with  the  same  lower  base,  their  upper 
bases  lie  in  the  same  plane  and  between  the  same 
parallels  G Q,  F N For  the  same  reason  this  third 
parallelopipedon  will  also  be  equal  to  the  parallclopi- 
pedon  A L ; hence  the  two  parallelopipcdons  A G, 
A L,  which  have  the  same  base  and  the  sumc  altitude, 
are  equal. 

Proposition  VII. — Theorem. 

Any  parallelopipedon  may  be  changed  into  an  equal 
rectangular  parallelopipedon  having  the  tame  altitude  and 
an  equal  Imse,  fig.  1*17  and  198. 

Fi*.  |97.  Let  AG  be  the  parallelopipedon  proposed.  From 
the  points  A,  B,  C,  D,  draw  A 1,  UK,  CL,  DM, 
perpendicular  to  the  plane  of  the  base  ; and  we  shall 
thus  form  the  parnllelopqtedon  AL  equal  to  AG, 
and  having  its  lateral  faces  A K,  B L,  &c.  rectangular. 
Hence  if  the  base  A BC  D be  a rectangle,  A L will  be 
the  rectangular  parallelopipedon  equal  to  A G,  the 

Fig.  198.  parallelopipedon  proposed.  But  if  A BCD  (fig-  198) 
is  not  u reetauglc,  draw  AO  and  BN  perpendicular  to 
C D,  and  O Q and  N P perpendicular  to  the  base ; then 
the  solid  A B N 0 1 PQ  will  be  a rectangular  parallelo- 
pipedon : for,  by  construction,  the  hose  A B N O and 
its  opposite  1 K PQ  are  rectangles ; so  also  are  the 
lateral  faces,  the  edges  A I,  O Q,  Ac.  being  perpendi- 
cular to  the  plane  of  the  base ; hence  the  solid  A P is 
a rectangular  parallelopipedon.  But  the  two  purallelo- 
pipedons  A P,  A L may  be  conceived  us  having  the 
same  base  A B K I and  the  same  altitude  A O ; hence 
the  parallelopipedon  A G,  which  was  at  first  changed 
into  an  equal  parallelopipedon  A L,  is  again  changed 
into  an  equal  rectangular  parallelopipedon  A P,  having 
the  same  altitude  A I,  and  a base  A UNO  equal  to  the 
base  A BCD. 

Proposition  VIII. — Theorem. 

Ttto  rectangular  parallclopipedons  A G,  A L,  which 
hare  the  same  base  A BCD,  are  to  each  other  as  their 
altitudes  A E,  A I,  fig.  199. 

Fig.  199  First,  suppose  the  altitudes  A E,  A 1,  to  be  to  each 
other  as  two  whole  numbers,  for  example  us  15  is 
to  8.  Divide  AE  into  15  equal  parti;  whereof  A1 
will  contain  8 ; and  through  x,  y,  z,  &c.  the  points  of 
division,  draw  planes  parallel  to  the  base.  These 
planes  will  cut  the  solid  A G into  15  partial  parallelo- 
pipedons,  ull  equal  to  each  other,  having  equal  bases 
and  equal  altitudes, — equal  bases,  because  every 
section  M I K L,  made  parallel  to  the  base  A BC  D of 
a prism,  is  equal  to  thut  base,— -equal  altitudes  because 
these  altitudes  are  the  same  divisions  Ax,  xy,  yz,  &c. 
But  of  those  15  equal  parallclopipedons,  8 are  con- 
tained in  AL;  hence  the  solid  A G is  to  the  solid 
A L as  1 5 is  to  8,  or  generally,  as  the  altitude  A E 
is  to  the  altitude  A 1. 


But  if  the  two  altitudes  arc  incommensurable  with  Book  VII. 
each  other,  divide  one  of  them  into  any  number  of 
equal  parts  or  units,  and  the  other  into  parts  equal  tu 
the  former  ; then,  os  is  shown  in  our  second  book, 
the  remainder  (if  the  second  altitude  be  not  exactly 
commensurable  with  the  first)  will  be  less  than  the 
measuring  unit ; and  this  unit  inay  be  taken  less  than 
any  assignable  quantity.  Whatever  ratio  therefore 
obtains  between  the  commensurable  parts,  differing  by 
less  than  any  assignable  quantity  from  the  incommen- 
surable, obtains  also  between  the  incommensurable  ; 
but  when  the  altitudes  arc  commensurable,  the  prisms 
arc  as  the  altitudes  ; they  are  therefore  so  ulso  when 
the  altitudes  arc  incommensurable. 

Proposition  IX. — Theorem. 

Tiro  rectangular  parallcUrpipedons  AG,  AK,  having 
the  same  altitude  A E,  are  to  each  other  as  their  bases 
A BC  D.AMN O,  fig.  *200. 

Having  placed  the  two  solids  by  the  side  of  each  Fig.  200. 
other,  as  the  figure  represents,  produce  the  plane 
ONKL till  it  meets  the  plane  DCGH  In  PQ;  we 
shall  thus  have  a third  parallelopipedon  AQ,  which 
may  be  compared  with  each  of  the  parallclopipedons 
A G,  A K.  The  two  solids  AG,  AQ.  having  the  same 
base  A E H T),  are  to  each  other  as  their  altitudes  A B, 

AO;  in  like  manner  the  two  solids  A Q,  A K,  haring 
the  same  base  AOLE,  are  to  each  other  as  their  alti- 
tudes A D,  A M.  Hence  we  have  the  two  proportions, 
sot  A G : sol.  A Q : : A B : A O, 
sol.  A Q : sol.  AK  : : AD  ; AM. 

Multiply  together  the  corresponding  terms  of  those 
proportions,  omitting  in  the  result  the  romtnon  mul- 
tiplier sol.  AQ;  we  shall  have 

sol.  A G ; sol.  AK::ABx  AD  : AO  x AM. 

But  A B x A D represents  the  base  A B C D j and  A O 
X A M represents  the  base  A M N O ; hence  two  rec- 
tangular parallclopipedons  of  the  same  altitude  are  to 
each  other  as  their  bases. 

Proposition  X.— Theorem. 

Any  tiro  rectangular  parallclopipedons  are  to  each 
other  as  the  products  of  their  bases  by  their  altitudes, 
that  is  to  say,  as  the  products  of  their  three  dimensions , 
fig.  201. 

For,  having  placed  the  two  solids  A G,  A Z,  so  that  F,g.  201. 
their  surfaces  have  the  common  angle  B A E,  produce 
the  interior  planes  necessary  for  completing  the  third 
parallelopipedon  A K,  having  the  same  altitude  with 
the  purullciopipedon  A G.  By  the  lost  proposition,  we 
6hall  have 

sol.  AG  : sol.  AK  : : ABC  D : AMNO. 

But  the  two  parallclopipedons  A K,  A Z having  the 
same  base  AMNO,  are  to  each  other  as  their  alti- 
tudes A E,  A X hence  we  have 

sol.  AK  : sol.  AZ  : : AE  : AX. 

Multiply  together  the  corresponding  terms  of  those 
proportions,  omitting  in  the  result  the  common  mul- 
tiplier sol.  A K ; we  shnll  have 
sol.  AG  : sol.  AZ  : : ABCDxAE  : AMNOxAX. 

Instead  of  the  buses  ABC  D and  A M N O,  put  A B x 

A D and  A O xAM;  it  will  give 

sol.  A G : sol.  A Z ; ; A B x A D x A E : AOxAMxAX 
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Geometry.  Hence  any  two  rectangular  parallelopipedonj  are  to 

each  other,  &c. 

Scholium.  We  are  consequently  authorized  to  assume, 
as  the  measure  of  a rectangular  parallelopipcdon,  the 
product  of  its  base  by  its  altitude,  in  other  words,  the 
product  of  its  three  dimensions. 

In  order  to  comprehend  the  nature  of  this  measure- 
ment, it  is  necessary  to  reflect,  that  by  the  product  of 
two  or  more  lines  is  always  meant  the  product  of  the 
numbers  which  represent  them,  those  numbers  them- 
selves being  determined  by  their  linear  unit,  which 
may  be  assumed  at  pleasure.  Upon  this  principle,  the 
product  of  the  three  dimensions  of  a parallelopipedon 
is  a number,  which  signifies  nothing  of  itself,  and 
would  be  different  if  a different  linear  unit  had  been 
assumed.  Hut  if  the  three  dimensions  of  another 
parallelopipedon  are  valued  according  to  the  same 
linear  unit,  and  multiplied  together  in  the  same  man- 
ner, the  two  products  will  oe  to  each  other  as  the 
solids,  and  will  serve  to  express  their  relative  mag- 
nitude. 

The  magnitude  of  a solid,  its  volume  or  extent, 
form  what  is  called  its  solidity ; and  this  word  is  ex- 
clusively emptoyed  to  designate  the  measure  of  a 
solid  : thus  we  say  the  solidity  of  a rectangular  paral- 
lelopipcdon  is  equal  to  the  product  of  its  base  by  its 
altitude,  or  to  the  product  of  its  three  dimensions. 

As  the  cube  has  all  its  three  dimensions  equal,  if 
the  side  is  1,  the  solidity  will  be  1 x 1 x 1 = 1 ; if  the 
side  is  9,  the  solidity  will  be  9 X 9 x 9=8 } if  the  side 
is  a,  the  solidity  will  be  3x3x3=97;  and  so  on: 
hence,  if  the  sides  of  a series  of  cubes  are  to  each 
other  as  the  numbers  1,  9,  3,  &c.  the  cubes  them- 
selves or  their  solidities  will  be  as  the  numbers  1,  8, 
97,  &c.  Hence  it  is,  that  in  arithmetic,  the  cube  of  a 
number  is  the  name  given  to  the  product  which  results 
from  three  factors  each  equal  to  this  number. 

If  it  were  proposed  to  find  a cube  double  of  a given 
cube,  the  side  of  the  required  cube  would  have  to  be  to 
that  of  the  given  one,  as  the  cube  root  of  9 is  to  unity. 
Now,  by  a geometrical  construction,  it  is  cosy  to  find 
the  square  root  of  9 ; but  the  cube  root  of  it  cannot 
be  so  found,  at  least  not  by  the  simple  operations  of 
elementary  geometry,  which  consist  in  employing 
nothing  but  straight  lines,  two  points  of  which  ure 
known,  and  circles  whose  centres  and  radii  are  de- 
termined. 

Owing  to  this  difficulty  the  problem  of  the  duplica- 
tion of  the  cube  became  celebrated  among  the  ancient 
geometers,  as  well  as  that  of  the  trisection  of  an  angle, 
which  is  nearly  of  the  same  species.  The  solutions 
of  which  such  problems  are  susceptible  have,  how- 
ever, long  since  been  discovered ; and  though  less 
simple  than  the  constructions  of  elementary  geometry, 
they  are  not,  on  that  account,  less  rigorous  or  less 
satisfactory. 

Proposition  XI. — Theorem. 

The  solidity  of  a parallelopipedon,  and  generally  of 
any  prism,  is  equal  to  the  product  of  Us  base  by  its 
altitude. 

For,  in  the  first  place,  any  parallelopipedon  (prop.  7, 
book  vii.)  is  equal  to  a rectangular  parallelopipedon, 
having  the  same  altitude  and  an  equal  base.  Now  the 
. solidity  of  the  latter  is  equal  to  its  base  multiplied  by 
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its  height ; hence  the  solidity  of  the  former  is,  in  Book  VII. 
like  manner,  equal  to  the  product  of  its  base  by  its 
altitude. 

In  the  second  place,  and  for  a like  reason,  any  rectan- 
gular prism  is  half  of  the  parallelopipcdon  so  constructed 
as  to  have  the  same  altitude  and  a double  base.  But 
the  solidity  of  the  latter  is  equal  to  its  base  multiplied 
by  its  altitude  j lienee  that  of  a triangular  prism  is 
also  equal  to  the  product  of  its  base  (half  that  of  the 
parallelopipcdon)  multiplied  into  its  altitude. 

In  the  third  place,  any  prism  may  be  divided  into 
as  many  triangular  prisms  of  the  same  altitude,  as 
there  arc  triangles  capable  of  being  formed  In  the 
polygon  which  constitutes  its  base.  But  the  solidity 
of  each  triangular  prism  is  equal  to  its  base  multi- 
plied by  its  altitude;  and  since  the  altitude  is  the  same 
for  all,  it  follows  that  the  sum  of  all  the  partial  prisms 
must  be  equal  to  the  sum  of  all  the  partial  triangles, 
which  constitute  their  bases,  multiplied  by  the 
common  altitude. 

Hence  the  solidity  of  any  polygonal  prism  is  equal 
to  the  product  of  its  base  by  its  altitude. 

Cor.  Comparing  two  prisms,  which  have  the  same 
altitude,  the  products  of  their  bases  by  their  altitudes 
will  be  as  the  bases  simply ; hence  two  prisms  of  the 
same  altitude  are  to  each  other  as  their  Ixises.  For  a like 
reason,  two  prisms  of  the  same  base  are  to  each  other  as 
their  altUudes . 

Proposition  XII.— Theorem. 

Similar  prisms  are  to  one  another  as  the  cube  of  their 
homologous  sides,  fig.  903. 

Let  P and  p be  two  prisms  of  which  B C , be  are  Fif,  20;s. 
homologous  sides  ; the  prism  P is  to  the  prism  p as 
the  cube  of  BC  to  the  cube  of  be.  From  A and  a, 
homologous  angles  of  the  two  prisms,  draw  A H,  a h 
perpendicular  to  the  bases  BCD,  bed.  Join  B II, 
take  B a = b a,  and  in  the  plane  B 11  A draw  a h per- 
pendirular  to  B H ; then  a h shall  be  perpendicular  to 
the  plane  C B D,  (prop.  16,  book  vi.)  and  equal  to  a h , 
the  altitude  of  the  other  prism  ; for  if  the  solid  angles 
B and  b were  applied  the  one  to  the  other,  the  planes 
whirh  contain  them,  and  consequently  the  perpendi- 
culars a h,  a h would  coincide. 

Now  because  of  the  similar  triangles  A B H,  a b h, 
and  the  similar  figures  AC,  ac  we  have 

All  : ah  . AB  : ab  : ; BC  ; 6c; 
and  because  of  these  similar  bases,  the 
base  BCD:  base  bed  : i BC*  : b (*,  (prop.  39,  book  iv.) 

From  these  two  proportions,  by  considering  all  the 
quantifies  ns  represented  by  numbers,  we  get 
(prop.  19,  book  ii.) 

A II  x base  BC  D : ahx  base  BCD  : : BC5  : box  BC*j 
ah  X base  BCD:  ah  X base  bed  : : be  X BC*  : be3 ; 
therefore  (prop.  19,  hook  ii.)  and  cancelling  the  like 
terms. 

A H X base  BC  D : a h x base  bed  : : BCS  : be*. 

But  A H x base  BCD  expresses  the  solidity  of  the 
prism  P ; and  ahx  base  BCD  expresses  the  solidity 
of  the  other  prism  p ; therefore 

prism  P : prism  p : : B C 5 : b c3. 

Cor.  Similar  prisms  are  to  one  another  in  the  tri- 
plicate ratio  of  their  homologous  sides.  For  let  Y and 
Z be  two  lines,  such  that  BC  : be  ::  b c : Y,  and  b e : 

Z : : Y : Z ; then  the  ratio  of  B C to  Z is  triplicate  of 
the  ratio  of  BC  to  6c. 

3 a 
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Geometry.  But  since  BC  : be  : : be  : Y, 

v— -v-w'  therefore  BC*  : be*  : : be*  : Y*,  (prop.  11,  book  si. }) 
and,  multiplying  the  antecedents  by  IiC.  and  the  con- 
sequents by  be,  BC*  ; 6c*  : s BC  x be*  : be  x Y* 
: ; B C x 6 c : Y * ; but  Y 4 = b c x Z ; therefore 
BC#  : be*  : : BC  X be  : be  X Z : : BC  : Z.  But 
B C*  : be*  : : prism  P : prism  p ; therefore  the  prisms 
hare  to  each  other  the  ratio  of  BC  to  Z,  that  is  the 
triplicate  ratio  of  B C to  b c. 

Proposition'  XIII.—  Theorem. 

If  a triangular  pyramid  A — BCD  be  cut  by  a plane 
parallel  to  Us  base,  the  section  FG1I  is  similar  to  the 
base,  fig.  *204. 

Fij-  201.  For  because  the  parallel  planes  BCD,  FGH  are 
cut  by  a third  plane  ABC,  the  sections  FG,  BC  ore 
parallel,  (prop.  10,  book  vi.)  In  like  munner  it  ap- 
pears, that  FH  is  parallel  to  BDj  therefore  the  angle 
H FG  is  equal  to  the  angle  D B C,  (prop.  13,  book.  vi. }) 
and  because  the  triangle  A BC  is  similar  to  the  triangle 
A FG,  and  the  triangle  A BD  is  similar  to  the  triangle 
A F II,  we  have 

BC  : BA  : : FG  : FA, 
and  BA  : BD  : : FA  : FH. 

Therefore  B C : B D : : F G : F H } now  the  angle 
D BC  has  been  shown  to  be  equal  to  the  angle  H FG  j 
therefore  the  triangle  D B C,  H F G are  equiangular, 
(prop.  25,  book  iv.) 

Proposition  XIV. — Theorem , 

If  two  triangular  pyramids  A — BCD,  a— bed,  which 
have  equal  bases,  and  equal  altitudes,  be  cut  by  planes 
that  are  parallel  to  the  bates,  and  at  equal  distances  from 
them ; the  sections  FGH,  /j/i  trill  be  equal,  fig.  205. 

Fig.  205.  Draw  AKE,  ake  perpendicular  to  the  bases  BC  D, 
bed,  meeting  the  cutting  planes  in  K atul  k ,*  then,  be- 
cause of  the  parallel  planes,  we  have  (prop.  15,  kook  vi.) 

A E : A K : : A B : A F,  and  a e : a k : : a b : af, 

but,  by  hypothesis,  A E = a e,  and  A K = a k ; 

therefore  ALI  A F : : a b : a f ; again,  because  of 

similar  triangles,  A B : A F : : B C : F G,  and  ab  : af 

; : be  :fg  i therefore,  B C : FG  : : be  : f g ; and 
hence,  BC*  : : FG* : : be*  :/g*,  (prop.  11,  book  ii.;) 
but  because  of  the  similar  triangles  BDC,  FGH, 
B C 8 : F G*  : : trian.  B D C : (rain.  F II  G,  and  in  like 
manner  be*  : fg*  : : trian.  bed  : trian.  f g h,  therefore 
trim.  BCD:  Irian.  FGH::  trian.  bed  : trian.  f g h. 
Now  trian.  B C D = trian.  bed,  (by  hypothesis,)  there- 
fore the  triangle  F H G is  equal  to  the  triangle/ h g. 

Scholium.  It  is  easy  to  sec,  that  what  is  proved  in 
this  and  the  preceding  proposition,  is  also  true  of  poly- 
gonal pyramids. 

Proposition  XV. — Theorem. 

A series  of  prisms  of  the  same  altitude  may  be  inscribed 
in  a pyramid,  and  another  series  may  be  rircu inscribed 
about  it,  tchich  shall  exceed  the  other  by  less  than  any 
given  solid,  fig.  206. 

Fie  206.  Let  A BC  D be  a pyramid,  and  let  AC,  one  of  its 
lateral  edges,  be  divided  into  some  number  of  equal 
parts,  at  the  points  F,  G,  H ■,  through  these  let  plunes 
pass  parallel  to  the  base  BC  I>,  making  with  the  sides 
of  the  pyramids  the  sections  Q P F,  SRG,  U T 11  ; 
which  will  be  similar  to  one  another  and  to  the  base, 
(prop.  13,  book  vii.)  From  B in  the  plane  of  the 


triangle  ABC,  draw  B K parallel  to  C F,  meeting  Book  VII. 
F P produced  in  K ; in  like  manner  from  D draw  D L 
parallel  to  C F meeting  F Q produced  in  L ; join  K L, 
and  the  solid  C B D — F K L will  evidently  be  a prism. 

By  the  same  construction  let  the  prisms  PM,  II O, 

T V be  described  : also  let  the  straight  line  1 P, 
which  is  in  the  plane  of  the  triangle  A BC,  be  pro- 
duced till  it  meet  B C in  h,  and  let  M Q be  produced 
till  it  meet  DC  in  g ; join  It  g,  then  C hg,  F P Q will 
be  a prism,  and  be  equal  to  the  prism  PM.  In  the 
same  manner  u described  the  prism  n S equal  to  the 
prism  RO,  and  the  prism  q U equal  to  the  prism 
T V'.  Therefore  the  sura  of  all  the  inscribed  prisms 
h Q,  mS,  and  9 U is  equal  to  the  sum  of  the  prisms 
PM,  RO,  and  TV;  that  is,  to  the  sum  of  all  the 
circumscribed  prisms,  except  tbe  prism  B L ; where- 
fore B L is  the  excess  of  the  prisms  circumscribed 
about  the  pyramid  above  the  prisms  inscribed  with- 
in it. 

Let  us  now  suppose  that  Z denotes  some  given  solid 
equal  to  a prism,  which  bos  the  same  bust  C B D os 
the  pyramid,  and  its  altitude  equal  to  a perpendicular 
from  E (a  point  in  AC)  upon  the  base.  Then,  how- 
ever near  E may  be  to  C,  it  will  evidently  be  possible 
to  divide  A C into  such  a number  of  equal  parts,  that 
one  of  them,  CF,  shall  be  less  than  (’  E ; and  this 
being  the  case,  the  prism  B L will  evidently  be  less 
than  the  prism  whose  base  is  the  triangle  C B D mid 
altitude,  a perpendicular  from  E on  the  base  BCD; 
that  is  less  than  the  given  solid  Z ; therefore  the 
excess  of  the  circumscribed  above  the  inscribed  prisms 
may  be  less  than  the  solid  Z. 

Cor.  Since  the  difference  between  the  circumscribed 
and  inscribed  prisms  may  be  less  than  any  given  mag- 
nitude, and  the  pyramid  is  greater  than  the  latter,  and 
less  than  the  former,  it  follows  that  a series  of  prisms 
may  be  circumscribed  about  the  pyramid,  and  also  a 
series  of  prisms  may  be  inscribed  in  it,  which  shall 
differ  from  the  pyramid  itself  by  less  than  any  given 
solid. 

Proposition  XVI.— Theorem, 

Pyramids  that  have  equal  bases  and  altitudes  are  equal 
to  one  another,  fig.  207. 

Let  A— BC  D,  a — bed  be  two  pyramids  that  hare  Fig.  207. 
equal  bases  B C I),  bed,  and  equal  altitudes  ; viz.  the 
perpendiculars  drawn  from  the  vertices  A and  a upon 
the  planes  BCD,  bed,  the  pyramid  A B C I)  is  equal 
to  the  pyramid  abed. 

For,  if  they  are  not  equal,  let  Z represent  the  solid 
which  is  equal  to  the  excess  of  one  of  them,  a — bed 
above  the  other  A — BCD  ; and  let  a series  of  nri&tiis 
C E,  F G,  II  K,  LM,  of  the  same  altitude,  be  circum- 
scribed about  the  pyramid  A BCD,  so  as  to  exceed 
it  by  n solid  less  than  Z,  which  is  always  possihle  ; 

(prop.  15,  book  viL)  also  let  u scries  of  prisms  cefgh 
kl  m,  equal  in  number  to  the  other  and  of  the  same  al- 
titude, be  circumscribed  about  the  pyramid  a — bed. 

And  because  the  pyramids  have  equal  altitudes,  and  the 
number  of  prisms  described  about  each  is  the  same, 
the  altitudes  of  the  prisms  will  he  all  equal,  and  tbe 
bases  of  the  corresponding  prisms  in  the  two  pyra- 
mids, in  EF,  ef,  will  be  sections  of  the  pyramids  at 
equal  distances  from  their  bases  : therefore  they  are 
equal  (prop.  14,  book  vii.)  and  the  prisms  themselves 
are  equal,  (prop.  1,  book  vii.)  and  tbe  sum  of  all 
the  prisms  described  about  the  one  pyramid  is  equal 
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G*raetrjr.  to  the  fum  of  all  the  prisms  described  about  the  other 
— ^ pyramid.  For  the  sake  of  abridging,  let  i*  and  p 
denote  the  pyramids  ABCD,  and  abed,  respectively, 
and  Q and  7 express  the  sums  of  the  prism  described 
about  them.  Then,  because  by  the  hypothesis  Z =s  p 
— P,and  by  construction  Z 7 Q— P,  therefore  (p—P)  7 
(Q— P)j  hence  p must  be  greater  than  Q;  but  Q is 
equal  to  7;  therefore  p must  be  greater  than  7;  that  is 
the  pyramid  p is  greater  than  7,  the  sum  of  the  prisms 
described  about  it,  which  is  impossible ; therefore  the 
pyramids  P,  p are  not  unequal,  that  is  they  are  equal 
to  each  other. 

Proposition  XVII. — Theorem. 

Every  triangular  pyramid  is  the  third  of  the  triangular 
prism  huving  the  same  base  and  altitude,  fig.  208. 

F»y.  208.  Let  F A B C be  a triangular  pyramid,  A B C D E F 
a triangular  prism  of  the  same  base  and  altitude  : the 
pyramid  will  be  equal  to  one-third  of  the  prism. 
Conceive  the  pyramid  F A BC  to  be  cut  off  from  the 
prism  by  a section  mude  along  the  plane  FAC,  and 
there  will  remain  the  solid  F A C D E,  which  may  be 
considered  as  a quadrangular  pyramid  whose  vertex 
is  F,  and  whose  base  is  the  parallelogram  A C D E. 
Draw  the  diagonal  C E,  and  extend  the  plane  F C E, 
which  will  cut  the  quadrangular  pyramid  into  two 
triangular  ones  FACE,  FCDE.  These  two  trian- 
gular pyramids  have  for  their  common  altitude  the 
perpendicular  let  fall  from  F on  the  plane  ACDE; 
they  have  equal  bases,  the  triangles  ACE,  CDE 
being  halves  of  the  same  parallelogram  ; hence  the 
two  pyramids  FACE,  FCDE  are  equal.  But 
the  pyramid  FCDE  and  the  pyramid  F A B C,  have 
equal  bases  ABC,  DEF  ; they  have  also  the  same 
altitude,  namely,  the  distance  of  the  parallel  planes 
ABC,  DEF;  hence  the  two  pyramids  are  equal. 
Now  the  pyramid  FCDE  has  already  been  proved 
equal  to  F ACE  ; hence  the  three  pyramids  FA  BC, 
FCDE,  FACE,  which  compose  the  prism  A BD  are 
all  equul.  Hence  the  pyramid  FABC  is  the  third 
part  of  the  prism  A B D,  which  has  the  same  base 
and  the  same  altitude. 

Cor.  The  solidity  of  a triangular  pyramid  is  equal 
to  a third  part  of  the  product  of  its  base  by  its 
altitude. 

Proposition1  XVIII.— Theorem. 

rlny  pyramid  S A B C D E is  measured  by  the  third  part 
of  the  product  of  its  base  by  its  altitude,  fig.  209. 
rig.  208*  For,  extending  the  planes  SEB,  SEC  through  the 
diagonals  EB.EC,  the  polygonal  pyramid  SABC  DE 
will  be  divided  into  several  triangular  pyramids  all 
having  the  same  altitude  S O.  But  ( prop.  17 , book  vii.) 
each  of  these  pyramids  is  measured  by  multiplying  its 
base  ABE,  BCE,or  CDE  by  the  third  part  of  its 
altitude  S O hence  the  sum  of  these  triangular 
pyramids,  or  the  polygonal  pyramid  SABCDE  will 
be  measured  by  the  sum  of  the  triangles  ABE,  BCE, 
C D E,  or  the  polygon  ABODE,  multiplied  by  S O ; 
hence  every  pyramid  is  measured  by  a third  part  of 
the  product  of  its  base  by  its  altitude. 

Cor.  1.  Every  pyramid  is  the  third  part  of  the  prism 
which  has  the  same  hose  and  the  same  altitude. 

Cor.  2.  Two  pyramids  having  the  same  altitude  are 
to  each  other  os  their  bases. 


Scholium.  The  solidity  of  any  polyedral  body  may  Book  VIL 
be  computed,  by  dividing  the  body  into  pyramids;  and  , . 

this  division  may  he  accomplished  in  various  ways.  v _ 
One  of  the  simplest  is  to  make  all  the  planes  of  v'  ^ 

division  pass  through  the  vertex  of  one  solid  angle-, 
in  that  case,  there  will  be  formed  as  many  partial 
pyramids  as  the  polyedron  has  faces,  minus  those  faces 
which  form  the  solid  angle  whence  the  planes  of 
division  proceed. 

Proposition  XIX. — Theorem. 

Two  similar  pyramids  are  to  each  other  as  the  cubes  of 
their  homologous  sides , fig.  210. 

For  two  pyramids  being  similar,  the  smaller  may  210. 
be  placed  within  the  greater,  so  that  the  solid  angle  S 
shall  be  common  to  both.  In  that  position  the  bases 
ABCDE,  abode  will  be  parallel;  because,  since 
the  homologous  faces  arc  similar,  the  angle  Sab  is 
equal  to  S A B,  and  3 be  to  SBC;  hence  the  plane 
A B C is  parallel  to  the  plane  a be.  This  granted, 
let  SO  be  the  perpendicular  drawn  from  the  vertex 
S to  the  plane  A B C,  and  o the  point  where  this 
perpendicular  meets  the  plane  a be ; from  what  has 
already  been  shown  we  shall  have  S O : S 0 : : 8 A : 

S a : : A B : a 6 ; and  consequently, 

*80:  |-8o  ; : AB  : «6. 

Let  II  represent  the  altitude  of  the  frustum  of  a 
pyramid,  having  parallel  bases  A and  B ; A B will 
be  the  mean  proportion.  But  the  bases  ABCDE, 
abode  being  similar  figures,  we  have 

ABCDE  : abode  : : AB1:  ab*. 

Multiply  the  corresponding  terms  of  these  two  propo- 
sitions ; there  results  the  proportion, 

ABCDE  x ISO  ::  abode  x iSo  : ; AB*  : a bs. 

Now  ABCDE  x ±S  O is  the  solidity  of  the  pyramid 
SABCDE,  and  abode  x i So  is  that  of  the 
pyramid  S abede,  (prop.  17  and  18,  book  vii. ;)  hence 
two  similar  pyramids  are  to  each  other  as  the  cubes 
of  their  homologous  sides. 


BOOK  VIII. 

The  three  round  bodies. 

Definitions. 

1.  A cylinder  is  a solid  produced  by  the  revolution 
of  a rectangle  ABCD,  conceived  to  turn  about  the 
immovable  side  A B,  fig.  211.  Pig.  211. 

In  this  rotation,  the  sides  AD,  B C,  continuing 
always  perpendicular  to  A B,  describe  equal  circular 
planes  D H P,  C G Q,  which  arc  called  the  bases  of  the 
cylinder,  the  side  C D at  the  same  time  describing  the 
convex  surface. 

The  immovable  line  AB  is  called  the  axis  of  the 
cylinder. 

Every  section  K LM,  mode  in  the  cylinder,  at  right 
angles  to  the  axis,  is  a circle  equal  to  either  of  the 
bases;  for,  whilst  the  rectangle  ABCD  revolves 
about  A B,  the  line  K 1,  perpendicular  to  A B,  describes 
a circular  plane,  equal  to  the  base,  which  is  a section 
made  perpendicular  to  the  axis  at  the  point  I. 

Every  section  PQGH,  passing  through  the  axi*. 

3*2 
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Geometry.  •*  a rectangle,  and  is  double  of  the  generating  recl- 
angle  ABCD. 

9.  A cone  is  a solid  produced  by  the  revolution  of  a 
right  angled  triangle  SAB,  conceived  to  turn  about 

Fig.  212.  the  immovable  side  S A,  fig.  512. 

In  this  rotation,  the  side  A B describes  a circular 
plane  BDCE,  named  the  btue  of  the  cone ,•  and  the 
bypothenuse  S B its  owner  surface. 

The  point  S is  named  the  vertex  of  the  cone,  S A its 
axis  or  altitude. 

Every  section  HKFI,  formed  at  right  angles  to  the 
axis,  is  a circle  ; every  section  S D E passing  through 
the  axis  is  an  isosceles  triangle  double  of  the  gene- 
rating triangle  SAB. 

3.  If  from  the  cone  S C D B,  the  cone  S F K If  be 
cut  oiT  by  a section  parallel  to  the  base,  the  remaining 
solid  C B H F is  culled  a truncated  cone , or  the  frustum 
of  a cone. 

We  may  conceive  it  to  be  described  by  the  revolu- 
tion of  a trapezium  A B II  G,  whose  angles  A and  C 
are  right,  about  the  side  A G.  The  immovable  line 
A G is  culled  the  axis  or  altitude  of  the  frustum , the 
circles  BDC,  II  F K are  its  bases , and  BI1  is  its 
side. 

4.  Two  cylinders,  or  two  cones,  are  similar,  when 
their  axes  are  to  each  other  as  the  diameters  of  their 
bases. 

Fif.  213.  5-  If  in  the  circle  ACD,  (fig.913,)  which  forms  the 

bust*  of  a cylinder,  a polygon  A B C I)  E is  inscribed,  a 
right  prism,  constructed  on  this  base  A BC  I)  E,  and 
equal  in  altitude  to  the  cylinder,  is  said  to  be  inscribed 
in  the  cylinder,  or  the  cylinder  to  be  circumscribed  about 
the  prism. 

The  edges  A F,  BG,  C II,  Ac.  of  the  prism,  being 
perpendicular  to  the  plane  of  the  base,  are  evidently 
included  in  the  convex  surface  of  the  cylinder;  hence 
the  prism  and  the  cylinder  touch  one  another  along 
these  edges. 

Fiy.  214.  6-  In  like  manner,  if  A BC  D (fig.  91 4)  is  a polygon, 

circumscribed  about  the  base  of  a cylinder,  a right 
prism,  constructed  on  this  base  ABCt),  and  equal  in 
altitude  to  the  cylinder,  is  said  to  be  circumscribed 
about  the  cylinder,  or  the  cylinder  to  be  inscribed  in  the 
prism. 

Let  M,  N,  Ac.  be  the  points  of  contact  in  the  sides 
A B,  BC,  Ac.;  and  through  the  points  M,  N,  Ac.  let 
M X,  N*  Y,  fee.  be  drawn  perpendicular  to  the  plane 
of  the  base  : those  perpendiculars  w ill  evidently  lie 
both  in  the  surface  of  the  cylinder,  und  in  that  of  the 
circumscribed  prism ; hence  they  will  be  their  lines 
of  contact. 

Sole.  The  cylinder,  the  cone,  and  the  sphere,  are 
the  three  round  bodies  treated  of  in  the  elements  of 
geometry. 

Proposition  l.— -Theorem. 

The  solulity  of  a cylinder  is  equal  to  the  product  of  Us 
base  by  its  altitude,  fig.  915. 

Fig.  215.  Let  C A be  a radius  of  the  given  cylinders  base  ; 

H the  ultitude  ; let  surf.  C A,  represent  the  area  of  the 
circle  whose  radius  is  C A j we  are  to  show  that  the 
solidity  of  the  cylinder  is  turf.  C A x H.  For,  ifsmrf. 
C A x II  is  not  the  measure  of  the  given  cylinder,  it 
must  be  the  measure  of  a greater  cylinder,  or  of  a 
smaller  one.  Suppose  it  first  to  be  the  measure  of  a 
smaller  one  ; of  a cylinder,  for  example,  which  has 
C D for  the  radius  of  its  base,  II  being  the  altitude. 


About  the  circle  whose  radius  is  CD,  circumscribe  Book  VIU, 
a regular  polygon  G H 1 P,  (prop.  9,  book  v.)  the  v»— “v-"— 
sides  of  which  shall  not  meet  the  circumference 
whose  radius  is  CA.  Imagine  a right  prism,  having 
the  regular  polygon  G H I P for  its  base,  and  H for  its 
altitude ; this  prism  will  be  circumscribed  about  the 
cylinder,  whose  base  has  C J)  for  its  radius.  Now, 

(prop.  ll,bookvii.)  the  solidity  of  the  prism  is  equal 
to  its  base  G II 1 P,  multiplied  by  the  ultitude  II ; the 
base  G II  I P is  less  than  the  circle,  whose  radius  is 
C A ; hence  the  solidity  of  the  prism  is  less  than  surf. 

C A x H.  But,  by  hypothesis,  surf.  C A x II  is  the 
solidity  of  the  cylinder  inscribed  in  the  prism  ; hence 
the  prism  must  be  less  than  the  cylinder  ; whereas  in 
reality  it  is  greater,  bccuusc  it  contains  the  cylinder; 
hence  it  is  impossible  that  surf.  C A x II  can  be  the 
measure  of  the  cylinder  whose  base  has  C D for  its 
radios,  H being  the  altitude ; or,  in  more  general 
terms,  (he  product  of  the  base,  by  the  altitude  of  a cylin- 
der, cannot  measure  a less  cylinder. 

We  must  now  prove  that  the  some  product  cannot 
measure  u greater  cylinder.  To  avoid  the  necessity 
of  changing  our  figure,  let  C D be  a radius  of  the 
given  cylinder’s  base  ; and,  if  possible,  let  surf  C D 
X II,  be  the  measure  of  a greater  cylinder,  for  ex- 
ample, of  the  cylinder  w hose  base  has  C A for  its 
radius,  II  being  the  altitude. 

The  same  construction  being  performed  as  in  the 
first  case,  the  prism,  circumscribed  about  the  given 
cylinder,  will  have  OHIPx  H for  its  measure  ; the 
area  G II  I P is  greater  than  surf.  CD;  hence  the 
solidity  of  this  prism  is  greater  than  surf.  Cl)  x H ; 
hence  the  prism  must  be  greater  than  the  cylinder, 
having  the  same  ultitude,  and  surf.  C A for  its  base. 

But  on  the  contrary  the  prism  is  less  than  the  cylin- 
der, being  contained  in  it ; therefore  the  base  of  c 
cylinder,  multiplied  by  its  altitude,  cannot  be  the  measure 
of  a greater  cylinder. 

Hence,  finally,  the  solidity  of  a cylinder  is  equal  to 
the  product  of  Its  base  by  its  altitude. 

Cor.  1.  Cylinders  of  the  same  altitude  are  to  each 
other  as  their  bases  ; and  cylinders  of  the  same  base 
are  to  each  other  as  their  altitudes. 

Cor.  9.  Similar  cylinders  are  to  each  other  os  the 
cubes  of  tbeir  altitudes,  or  us  (he  cubes  of  the  dia- 
meter? of  their  buses.  For  the  bases  are  as  the 
squares  of  their  diameters  ; and  the  cylinders  being 
similar,  the  diameters  of  their  bases  (dcf.  4)  are  to 
each  other  as  the  altitudes  : hence  the  bases  are  as  the 
squares  of  the  altitudes  ; hence  the  bases,  multiplied 
by  the  altitudes,  or  the  cylinders  themselves,  are  us 
the  cubes  of  the  altitudes. 

Scholium.  Let  R be  the  radius  of  a cylinder's  base  j 
H the  altitude:  the  surface  of  the  base  (prop-  11, 
book  v.)  will  be  irR9;  and  the  solidity  of  the  cylin- 
der will  be  sr  R*  x H,  or  v R*  II. 

Proposition  II. — Lemma. 

The  convex  surface  of  a right  prism  is  equal  to  the 
perimeter  of  its  base  multiplied  by  its  altitude,  fig.  913. 

For  this  surface  is  equal  to  the  sum  of  the  rect- 
angles A F G B,  B G H C,  CHID,  Ac.  (fig.  913) 
which  compose  it.  Now  (lie  altitudes  A F,  B G, 

C II,  Ac.  of  those  rectangles,  are  equal  to  the  alti- 
tude of  the  prism  ; their  bases  A B,  B C,  C D,  Ac. 
taken  together,  make  up  the  perimeter  of  the  prism's 
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Geometry.  base.  Hence  the  »am  of  these  rectangles,  or  the 
y ^ convex  surface  of  the  prism,  is  equal  to  the  perimeter 
of  its  base,  multiplied  by  its  altitude. 

Cor.  If  two  right  prisms  have  the  same  altitude, 
their  convex  surfaces  will  be  to  each  other  us  the  peri- 
meters of  their  bases. 

Proposition  III. — Lemma. 

The  convex  surface  of  a cylinder  is  greater  than  the 
convex  surface  of  any  inscribeti  prism,  and  leu  than  the 
convex  surface  of  any  circumscribetl  prism,  fig.  213. 

For  (fig.  213)  the  convex  surface  of  the  cylinder  and 
that  of  the  prism  may  be  considered  as  having  the 
same  length,  since  every  section  made  in  either 
rallel  to  A F is  equal  to  A F ; and  if  these  surfaces 
cut,  in  order  to  obtain  the  breadths  of  them,  by 
planes  parallel  to  the  base,  or  perpendicular  to  the 
edge  A F,  the  one  section  will  be  equal  to  the  circum- 
ference of  the  base,  the  other  to  the  contour  of  the 
polygon  ABODE,  which  is  less  than  that  circumfe- 
rence : hence,  with  an  equal  length,  the  cylindrical 
surface  is  broader  than  the  prismatic  surface ; hence 
the  former  is  greater  than  the  latter. 

By  a similar  demonstration,  the  convex  surface  of 
the  cylinder  might  be  shown  to  be  less  than  that 
Fig.  214.  of  any  circumscribed  prism  B C D K L K II,  fig.  214. 

Proposition  IY\ — Theorem. 

The  convex  surface  of  a cylinder  is  equal  to  the  circum- 
fcrcuce  of  Us  base  multiplied  by  its  altitude , fig.  216. 

Fig.  216.  Let  C A l>e  the  radios  of  the  given  cylinder’s  base, 
H its  altitude;  the  circumference  whose  radius  is  CA, 
being  represented  by  circ . CA,  we  are  to  show  that 
fire.  C A x H will  he  the  convex  surface  of  the  cylin- 
der. For,  if  this  proposition  be  not  true,  then  arc. 
CA  x H must  be  the  surface  of  a greater  cylinder,  or 
of  a less  one.  Suppose  it  first  to  be  the  surface  of  a 
less  cylinder  $ nt  the  cylinder,  for  example,  the  radius 
of  whose  base  is  C D,  and  whose  altitude  is  H. 

About  the  cirelc  whose  radius  is  C D,  circumscribe 
a regular  polygon  G 11 1 P,  the  sides  of  which  shall  not 
meet  the  circle  whose  radius  is  C A ; conceive  a right 
prism  having  II  for  its  altitude,  and  the  polygon 
G H I P for  its  base.  The  convex  surface  of  this  prism 
will  be  equal  (prop.  2,  book  via.)  to  the  contour  of 
the  polygon  G II  I P multiplied  by  the  altitude  H : 
this  contour  is  less  than  the  circumference  whose  ra- 
dius is  C A ; hence  the  convex  surface  of  the  prism  is 
less  than  circ.  C A x H.  But,  by  hypothesis,  rirc.  C A 
X II  is  the  convex  surface  of  the  cylinder  whose  base 
has  CD  for  its  radius  ; which  cylinder  is  inscribed  in 
the  prism  : hence  the  convex  surface  of  the  prism 
must  be  less  than  that  of  the  inscribed  cylinder  ; but, 
by  hypothesis  (prop.  3,  book  viii.)  it  is  greater  : hence, 
in  the  first  place,  the  circumference  of  a cylinders  base 
multiplied  by  its  altitude  cannot  be  the  measure  of  a smaller 
cylinder. 

Neither  can  this  product  be  the  measure  of  a 
greater  cylinder.  For,  retaining  the  present  figure, 
let  C D be  the  radius  of  the  given  cylinder's  base ; 
and,  if  possible,  let  circ.  CD  x H be  the  convex 
surface  of  a cylinder,  which  with  the  same  altitude 
has  for  its  base  a greater  circle,  the  circle,  for  in- 
stance, whose  radius  is  C A.  The  same  construction 


being  performed  as  above,  the  convex  surface  of  the  ®°°k  VIII. 
prism  will  again  be  equal  to  the  contour  of  the  poly- 
gon  G II  I P multiplied  by  the  altitude  II.  But  this 
contour  is  greater  than circ.  CD;  therefore  the  surface 
of  the  prism  must  be  greater  than  rirc.  CD  X II, 
which,  by  hypothesis,  is  the  surface  of  the  cylinder 
having  the  same  altitude,  and  C A for  the  radius  of 
its  base.  Hence  the  surface  of  the  prism  must  be 
greater  than  that  of  the  prism.  Now  if  this  prism 
were  inscribed  in  the  cylinder,  its  surface  (prop.  3, 
book  viii.)  would  be  leas  than  the  cylinder's;  much 
more  then  is  it  less  when  the  prism  does  not  reach  so 
far  us  to  touch  the  cylinder.  Consequently  also,  in 
the  second  place,  the  circumference  of  a cylinders  base 
multiplied  by  the  altitude  cannot  measure  the  surface  of  a 
greater  cylinder. 

The  product  in  question  being,  therefore,  neither  the 
measure  of  the  convex  surface  of  a less  nor  greater 
cylinder,  must  be  the  measure  of  the  cylinder  itself. 

Proposition  V. — Theorem. 

The  solidity  of  a cone  is  equal  to  the  product  of  its 
base  by  the  third  of  its  altUude,  fig.  217. 

Let  SO  be  the  altitude  of  the  given  cone,  AO  the  yjf . 2 1 1. 
radius  of  its  base  ; the  surface  of  the  base  being  de- 
signated by  surf.  A O,  it  is  to  be  demonstrated  that 
surf.  A O x l SO  is  equal  to  the  solidity  of  the  cone. 

Suppose,  first,  that  surf.  AOx  1 SO,  is  the  solidity 
of  a greater  cone  ; for  example,  of  the  cone  whose 
altitude  is  also  S O,  but  whose  hose  has  O B,  greater 
than  A O,  for  its  radius. 

About  the  circle  whose  rndius  is  A O,  circumscribe 
a regular  polygon  MNPT  (prop.  9,  book  v.)  so  as 
not  to  meet  the  circumference  whose  radius  is  OB; 
imagine  a pyramid  having  this  polygon  for  its  base, 
and  the  point  S for  its  vertex.  The  solidity  of  this 
pyramid  (prop.  1ft,  hook  vii.)  is  equal  to  the  area  of 
the  polygon  MNPT  multiplied  by  a third  of  the  alti- 
tude SO.  But  the  polygon  is  greater  than  the  in- 
scribed circle  represented  by  surf.  A O ; hence  the 
pyramid  is  greater  than  surf.  AO  x \ S O,  which,  by 
hypothesis,  measures  the  cone  having  S for  its  vertex 
and  O B for  the  radius  of  its  base  : whereas,  in  reality, 
the  pyramid  is  less  than  the  cone,  being  contained  in 
it;  hence,  first,  the  base  of  a cone  multiplied  by  a 
third  of  its  ullitudc  cannot  be  the  measure  of  a 
greater  cone. 

Neither  can  this  same  product  be  the  measure  of  a 
smaller  cone.  For  now  let  O B be  the  rudius  of  the 
given  cone's  base;  and,  if  possible,  let  surf.  OB  X 
A S O be  the  solidity  of  the  cone  having  S O for  its 
altitude,  und  for  its  base  the  circle  whose  radius  is 
AO.  The  same  construction  being  made,  the  pyramid 
8 M N PT  will  have  for  its  measure  the  area  MNPT 
multiplied  by  ISO.  But  the  area  MNPT  is  less 
than  surf.  OB;  lienee  the  measure  of  the  pyramid 
must  be  less  than  surf  O B X A SO,  and  consequently 
it  must  be  less  than  the  cone  whose  altitude  is  S 6 
and  whose  base  has  A O for  its  radius.  But,  on  the 
contrary,  the  pyramid  is  greater  than  the  cone,  be- 
cause the  cone  is  contained  in  it ; hence,  in  the 
second  place,  the  base  of  a cone  multiplied  bv  a 
third  of  its  altitude  cannot  be  the  meusure  of  a 
smaller  one. 

Consequently  the  solidity  of  a cone  is  equal  to  the 
product  of  its  We  by  the  third  of  its  altitude. 
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Gromrirr.  Cor.  A rone  is  the  third  of  a cylinder  having  the 
same  base  and  the  same  altitude ; whence  it  follows, 

1.  That  cones  of  equal  altitudes  are  to  each  other 
as  their  bases ; 

2.  That  cones  of  equal  bases  are  to  each  other  as 
their  altitudes  ; 

3.  That  similar  cones  are  as  the  cubes  of  the  dia- 
meters of  their  bases,  or  as  the  cubes  of  their 
altitudes. 

Scholium.  Let  R be  the  radius  of  a cone's  base, 
II  its  altitude  j the  solidity  of  the  cone  will  be  » II 9 

XfH,  orirR'H. 


and  two  such  cones,  base  to  base,  the  surface  of  the  Book  Mil. 
double  pyramid  will  envelope  that  of  the  double  cone,  ^ 

and  will  be  greater  than  it.  Hence,  in  the  second 
place,  the  circumference  of  the  base  of  the  given  cone 
multiplied  by  half  the  side  cannot  be  the  measure  of 
the  surface  of  a smaller  cone. 

Therefore,  finally,  the  convex  surface  of  a cone  is 
equal  to  the  circumference  of  its  base  multiplied  by 
half  its  side. 

Scholium.  Let  L be  the  side  of  a cone,  R the  radius 
of  its  base  ; the  circumference  of  this  base  will  he 
R,  and  the  surface  of  the  cone  will  bcSrRx|L, 
or  rRL. 


I iff.  21 d. 


Proposition  VI.— Theorem. 


Proposition  VII.*—  Theorem. 


The  convex  number  of  a cone  is  equal  to  the  circumfe- 
rence of  its  base  multiplied  by  half  Us  side,  fig.  218. 

Let  A O be  a radius  of  the  base  of  the  given  cone, 
S its  vertex,  and  S A its  side  ; the  surface  will  be 
circ.  A O X + S A.  For,  if  possible,  let  circ.  A O X S O 
be  the  surface  of  a cone  having  S for  its  vertex,  and 
for  its  base  a circle  whose  radius  OB  is  greater 
than  A O. 

About  the  smaller  circle  describe  a regular  polygon 
M N PT,  the  sides  of  which  shall  not  meet  the  circle 
whose  radius  is  OB;  and  let  SMTsPT  be  the  regular 
pyramid,  having  this  polygon  for  its  baseband  the 
point  S for  its  vertex.  The  triangle  S M N,  one  of 
those  which  compose  the  convex  surface  of  the 
pyramid,  has  for  measure  its  base  M N multiplied  by 
half  its  altitude  S A,  or  half  the  side  of  the  given 
cone  ; and  since  this  altitude  is  the  same  in  all  the 
other  triangles  S N P,  S P Q,  Ac.  the  convex  surface 
of  the  pvramid  must  be  equal  to  the  perimeter 
M N P T Si  multiplied  by  * S A.  But  the  contour 
M N PTM  is  greater  than  circ.  A O j hence  the  convex 
surface  of  the  pyramid  is  greater  than  circ.  AO  x t 
S A,  and  consequently  greater  than  the  convex  surface 
of  the  cone  having  the  same  vertex  S,  and  the  circle 
whose  radius  is  O B for  its  base.  But  the  surface  of 
this  cone  is  greater  than  that  of  the  pyramid  j be- 
cause, if  two  such  pyramids  arc  adjusted  to  each  other 
base  to  base,  and  two  such  cones  base  to  base,  the 
surface  of  the  double  cone  will  envelope  on  all  sides 
that  of  the  double  pyramid,  and  therefore  be  greater 
than  it,  as  is  evident ; hence  the  surface  of  the  cone 
is  greater  than  that  of  the  pyramid,  whereas  by  the 
hypothesis  it  is  less  : hence,  in  the  first  place,  the 
circumference  of  the  cone’s  base  multiplied  by  half 
the  side  cannot  measure  the  surface  of  a greater  cone. 

Neither  can  it  measure  the  surface  of  a smaller 
cone  ; for  let  B O be  the  radius  of  the  base  of  the 
given  cone  j and,  if  possible,  let  circ.  BO  X i SB  be 
the  surface  of  a cone  having  S for  its  vertex,  and  AO 
less  than  O B for  the  radius  of  its  base. 

The  same  construction  being  made  as  above,  the 
surface  of  the  pyramid  SMN  PT  will  still  be  equal  to 
the  perimeter  M N P T x f S A.  Now  this  perimeter 
MNPT  is  less  than  circ.  OB;  likewise  SA  is  less 
than  SB;  consequently,  for  a double  reason,  the 
convex  surface  of  the  pyramid  is  less  than  circ.  O B X 
■f  S B,  which,  by  hypothesis,  is  the  surface  of  the  cone 
having  S A for  the  radius  of  its  base ; hence  the 
surface  of  the  pyramid  must  be  less  than  that  of  the 
inscribed  cone.  But  it  is  obviously  greater  ; for,  ad- 
justing two  such  pyramids  to  each  other,  base  to  base. 


The  convex  surface  of  a truncated  cone  A DEB  is 
equal  to  its  side  A D multiplied  by  half  the  sum  of 
A B,  D E,  the  circumferences  of  its  two  bases , fig.  219 

In  the  plane  SAB  which  pusses  through  the  axis  Fig.  21k. 
SO,  draw  the  line  AF  perpendicular  to  S A,  and 
equal  to  the  circumference  having  A O for  its  radius; 
join  S F j and  draw  D H parallel  to  A F. 

From  the  similar  triangles  SAO,  SDC  we  ha*e 
AO:  DC  : : SA  : SD;  and  by  the  similar  triangles 
S A F,  S D H#  AF:DH;;SA:SDj  hence  A F : 

DH  : : AO  : DC,  or  (prop.  10,  book  v.)  as  circ.  A O 
is  to  circ.  D C.  But,  by  construction,  A F = circ.  A O ; 
hence  D II  = circ.  D C.  Hence  the  triangle  S A F, 
measured  by  A F X 4 SA,  is  equal  to  the  surface  of 
the  cone  SAB  which  is  measured  by  circ.  AO  x i SA. 

For  a like  reason,  the  triangle  SDH  is  equal  to  the 
surface  of  the  cone  S D E.  Therefore  the  surface  of 
the  truncated  cone  A D E B is  equal  to  that  of  the 
trapezium  A D II  F.  But  the  latter  (prop.  4,  book  iv.) 

is  measured  by  A D x ^ *)  i hence  the  sur- 


face of  the  truncated  cone  ADE  B,  is  equal  to  its  side 
A D multiplied  by  half  the  sum  of  the  circumferences 
of  its  two  bases. 

Cor.  Through  I,  the  middle  point  of  A D,  draw 
IKE  parallel  to  A B,  and  I M parallel  to  A F ; it  may 
be  shown  as  above  that  I M = circ.  I K.  But  the  tra- 
j>ezium  ADIIF  = ADxIM  = ADx  circ.  I K.  Hence 
it  may  also  be  asserted  , that  the  surface  of  a truncated 
cone  is  equal  to  its  side  multiplied  by  the  circumference  of 
a section  at  equal  distances  from  the  two  bases. 

Scholium.  If  a line  A D,  lying  wholly  on  one  side  of 
the  line  OC,  and  in  the  same  plane,  make  a revolu- 
tion around  O C,  the  surface  described  by  A D will 

. . . (circ.  A O + rirc.  D C \ 

have  for  its  measure  A D x y J , or 

AD  X circ. I K ; the  lines  AO,  DC,  I K being  per- 
pendiculars, let  fall  from  the  extremities  and  from  the 
middle  of  the  axis  OC. 

For,  if  A D and  O C arc  produced  till  they  meet  in 
S,  the  surface  described  by  A D is  evidently  that  of  a 
truncated  cone  having  A O and  D C for  the  radii  of 
its  liases,  the  vertex  of  the  whole  cone  being  S, 
Hence  thus  surface  will  be  measured  as  we  have  said. 

This  measure  will  always  hold  good,  even  when  the 
point  1)  falls  on  S,  and  thus  forms  a whole  cone  ; and 
also  when  the  line  A D is  parallel  to  the  axis,  and  thua 
forms  a cylinder.  In  the  first  case  D C would  be 
nothing  ; in  the  second,  DC  would  be  equal  to  AO 
and  to  1 K. 
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Geometry.  PaorosiTloN  VIII. — Lemma . 

AB,  BC,  CD  be  several  successive  sules  of  a re- 
gular polygon,  O its  centre , and  O I the  radius  of  the 
inscrib'd  circle ; if  that  portion  of  the  polygon  A B C D, 
which  lies  wholly  on  one  rule  qf  the  diameter  F G,  he  sup- 
posed to  make  a revolution  about  this  diameter,  the  surface 
described  by  A B C D if  ill  have  for  its  measure  MQ  x 
circ.  OI,  MQ  luring  the  altitude  of  that  surface,  or  the 
axis  included  between  A M and  D Q the  extreme  perpen- 
diculars, fig.  220. 

Fig.  230  The  point  I being  the  middle  of  A B,  and  I K a 
perpendicular  let  fall  from  the  point  I upon  the  axis, 
the  surface  described  by  A B by  the  last  proposition 
will  have  for  its  measure  A B X circ,  I K.  Draw  A X 
parallel  to  the  axis  ; the  triangles  ABX,  OIK  will 
have  their  sides  perpendicular,  each  to  each,  namely, 
OI  to  A B,  I K to  A X,  and  OK  toBXj  hence  these 
triangles  are  similar,  and  give  the  proportion  A B : 
A X,  or  MN  : : OI  : I K,  or  as  circ.  O I to  circ.  I K ; 
hence  A B x circ.  I K = M N X circ.  O I.  Whence  it  is 
plain  that  the  surface  described  by  the  partial  polygon 
A B C D is  measured  by  (M  N+NP  + PQ)  X circ. 
O I,  or  by  M Q x c ire.  O I ; hence  it  is  equal  to  the 
altitude  multiplied  by  the  circumference  of  the  in- 
scribed circle. 

Cor.  If  the  whole  polygon  has  an  even  number  of 
sides,  and  if  the  axis  F G pusses  through  two  oppo- 
site vertices  F and  G,  the  whole  surface  described  by 
the  revolution  of  the  half  polygon  F A C G will  be 
ual  to  its  axis  FG  multiplied  by  the  circumference 
the  inscribed  circle.  This  axis  FG  will  at  the  same 
time  be  the  diameter  of  the  circumscribed  circle. 

Proposition  IX. — Theorem. 

The  surface  of  a sphere  is  equal  to  its  diameter  multi- 
plied by  the  circam/ereace  of  a great  circle,  fig.  2*21. 

Fi$.  221.  It  is  first  to  be  shown,  that  the  diameter  of  a 
sphere  multiplied  by  the  circumference  of  its  great 
circle  cannot  measure  the  surface  of  a larger  sphere. 
Jf  possible,  let  AB  x circ.  A C be  the  surface  of  the 
sphere  whose  radius  is  C D. 

About  the  circle  whose  radius  is  C A,  circumscribe 
a regular  polygon  having  an  even  number  of  sides,  so 
as  not  to  meet  the  circumference  whose  radius  is  CD; 
let  M and  S be  the  two  opposite  vertices  of  this  poly- 
gon ; and  about  the  diameter  M S let  the  half  polygon 
M PS  be  made, to  revolve.  The  surface  described  by 
this  polygon  will  be  measured  (prop.  7,  book  vKL) 
by  MS  x rire.  A C j but  M S is  greater  than  A B ; 
hence  the  surface  described  by  this  polygon  is  greater 
than  AB  x circ. AC,  and  consequently  greater  than  the 
surface  of  the  sphere  whose  radius  is  CD;  but  the 
surface  of  the  sphere  is  greater  than  the  surface  de- 
scribed by  the  polygon,  since  the  former  envelopes 
the  latter  on  all  sides.  Hence,  In  the  first  place,  the 
diameter  of  a sphere  multiplied  by  the  circumference 
of  its  great  circle  cannot  measure  the  surface  of  a 
larger  sphere. 

Neither  can  this  same  product  measure  the  surface 
of  a smaller  sphere.  For,  if  possible,  let  D E x circ. 
C D be  the  surface  of  that  sphere  whose  radius  is  C A. 
The  same  construction  being  made  as  in  the  former 
case,  the  surface  of  the  solid  generated  by  the  revolu- 
tion of  the  half  polygon  will  still  be  equal  to  M S x 
circ.  A C.  But  M S is  less  than  D E,  and  circ.  A C is 


less  than  circ.  C D ; hence,  for  these  two  reasons,  the  Book  Vlll. 
surface  of  the  solid  described  by  the  polygon  must  be  ' 

less  than  D E x circ.  CD,  and  therefore  less  than  the 
surface  of  the  sphere  whose  radius  is  AC.  But  the 
surface  described  by  the  polygon  is  greater  than  the 
surface  of  the  sphere  whose  radius  is  AC,  because  the 
former  envelopes  the  latter ; hence,  in  the  second 
place,  the  diameter  of  a sphere  multiplied  by  the  cir- 
cumference of  its  great  circle,  cannot  measure  the 
surface  of  a smaller  sphere. 

Therefore  the  surface  of  a sphere  is  equal  to  its 
diameter  multiplied  by  the  circumference  of  its  great 
circle. 

Cor.  The  surface  of  the  great  circle  is  measured  by 
multiplying  its  circumference  by  half  the  radius,  or  by  , 
a fourth  of  the  diameter;  lienee  the  surface  qf  a sphere 
is  four  times  that  of  its  great  circle. 

Proposition  X. — Theorem. 

The  surface  of  any  spherical  zone  is  equal  to  its  alti- 
tude multiplied  by  the  circumference  of  a great  circle , 
fig.  222  and  223. 

Let  E F be  any  arc  less  or  greater  than  a quadrant ; Fig.  222. 
and  let  PG  be  drawn  perpendicular  to  the  radius  EC; 
the  zone  with  one  base,  described  by  the  revolution 
of  the  arc  E F about  E C,  will  be  measured  by  E G x 
circ.  E C. 

For,  suppose,  first,  that  this  zone  is  measured  by 
something  less ; if  possible,  by  EG  X circ.  C A.  In 
the  arc  E F,  inscribe  a portion  of  a regular  polygon 
EMN  OFF,  whose  sides  shall  not  reach  the  circum- 
ference described  with  the  radius  C A ; and  draw  C I 
perpendicular  to  EM.  By  proposition  8,  book  viu, 
the  surface  described  by  the  polygon  E M F turning 
about  E C will  be  measured  by  E G x circ.  C I.  This 
quantity  is  greater  than  E G x circ.  A C,  which  by  hy- 
pothesis is  the  measure  of  the  zone  described  by  the 
arc  E F.  Hence  the  surface  described  by  the  polygon 
EMNOPF  must  be  greater  than  the  surface  described 
by  E F the  circumscribed  arc ; whereas  this  latter 
surface  is  greater  than  the  former,  which  it  envelopes 
on  ull  sides  ; hence,  in  the  first  place,  the  mensure  of 
any  spherical  zone  with  one  base  cannot  be  less  than 
the  altitude  multiplied  by  the  circumference  of  a great 
circle. 

Secondly,  the  measure  of  this  zone  cannot  be  greater 
than  its  altitude  multiplied  by  the  circumference  of  a 
gTent  circle.  For  suppose  the  zone  described  by  the 
revolution  of  the  arc  A B about  A C to  be  the  proposed 
one  ; and,  if  possible,  let  zone  A B 7 A D x circ.  A C. 

The  whole  surface  of  the  sphere  composed  of  the  two 
zones  A B,  B H,  is  measured  by  AH  x circ.  A C, 

(prop.  9,  book  viii.)  or  by  A D x circ.  AC  + DH  x 
circ.  A C ; hence,  if  we  have  zone  AB  7 D H X circ.  A C, 
we  must  also  have  rone  B H 7 DH  x circ.  AC; 
which  cannot  be  the  case,  as  is  shown  above.  There- 
fore, in  the  second  place,  the  measure  of  a spherical 
zone  with  one  base,  cannot  be  greater  than  the  alti- 
tude of  this  zone  multiplied  by  the  circumference  of 
a great  circle. 

Hence/  finally,  every  spherical  zone  with  one  base 
is  measured  by  its  altitude  multiplied  by  the  circum- 
ference of  a great  circle. 

Let  us  now  examine  any  zone  with  two  bases,  de- 
scribed by  the  revolution  of  the  ate  FH  (fig.  223)  Fi*.  223. 
about  the  diameter.  D E.  Draw  FO,  HQ  perpendi- 
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Geometry.  cular  to  this  diameter.  The  tone  described  by  the  arc 

— -V— ^ P H is  the  difference  of  the  two  zones  described  by 
the  arcs  1)  H and  J)F;  the  latter  are  respectively 
measured  by  D Q x circ.  C D and  DO  X eirc.  Cl)j 
henee  the  zone  described  by  F H has  for  its  measure 
(DQ  — D O)  x circ.  CD.orOQx  dre.  C D. 

That  is,  any  spherical  zone,  with  one  or  two  bases, 
is  measured  by  its  altitude  multiplied  by  the  circum- 
ference of  a great  circle. 

Cor.  Two  zones,  taken  in  the  same  sphere  or  in 
equal  spheres,  are  to  each  other  as  their  altitude  j and 
any  zone  is  to  the  surface  of  the  sphere  as  the  alti- 
tude of  that  zone  is  to  the  diameter. 

Proposition  XI. — Theorem. 

If  the  triangle  B A C and  the  rectangle  B C E F,  having 
the  same  hose  and  the  tame  altitude,  turn  simultaneously 
about  the  common  bate  BC,  the  solid  described  by  the 
repo  In  (tun  of  the  triangle  will  be  a third  of  the  cylinder 
describe*!  by  the  revolution  qf  the  rectangle , fig.  224 
and  225. 

FI*.  2*24.  On  the  axis,  let  full  the  perpendicular  A D ; the 
cone  described  by  the  triangle  A B D is  the  third  part 
of  the  cylinder  described  by  the  rectangle  A F B I> 
(prop.  5,  book  viii. ;)  also  the  cone  described  by  the 
triangle  A D C is  the  third  part  of  the  cylinder  de- 
scribed by  the  rectangle  A I)  C E hence  the  sum  of 
the  two  cones,  or  the  solid  described  by  ABC,  is  the 
third  part  of  the  two  cylinders  taken  together,  or  of 
the  cylinder  described  by  the  rectangle  BCEF. 

Fig.  223  if  the  perpendicular  A D (fig.  <225)  falls  without  the 
triangle;  the  solid  described  by  ABC  will,  in  that 
case,  be  the  difference  of  the  two  cones  described  by 
A B D and  AC  B;  but,  at  the  same  time,  the  cylinder 
described  by  BCEF  will  be  the  difference  of  the  two 
cylinders  described  by  A F B D and  A E C D.  Hence 
the  solid,  described  by  the  revolution  of  the  triangle, 
will  still  be  a third  part  of  the  cylinder  described  by 
the  revolution  of  the  rectangle  having  the  same  base 
and  the  same  altitude. 

Scholium.  The  circle  of  which  AD  is  radius  has  for 
its  measure  ?x  AD'j  hence  w*  x A D*  x BC  mea- 
sures the  cylinder  described  by  BCEF,  and  ^xx 
AD*  x BC  measures  the  solid  described  by  the 
triangle  ABC. 

Proposition  XII. — Problem. 

The  triangle  CAB  bring  supposed  to  perform  a revo- 
lution about  the  line  C 1),  drawn  at  will  without  the 
triangle  through  its  vertex  C,  to  find  the  measure  of  the 
solid  so  produced , fig.  226. 

FIs.  2 26,  Produce  the  side  A B till  it  meets  the  axis  C D in 

D ; from  the  points  A and  B,  draw  A M,  B N perpen- 
dicular to  the  axis. 

The  9olid  described  by  the  triangle  CAD  is  mea- 
sured (prop.  II,  book  viii.)  by  I rr  x A M*  X CD; 
the  solid  described  by  the  triangle  C BD  is  measured 
by  v » x BN®  x CD;  hence  the  difference  of  those 
solids,  or  the  solid  described  by  A B C,  will  have  for 
its  measure  % rr  (A  M*  - BN*)x  CD. 

To  this  expression  another  form  may  be  given. 
From  1 the  middle  point  of  A B,  draw  I K perpendi- 
cular to  CD;  nnd  through  B,  draw  B O parallel  to 
C D ; we  shall  have  AM  + B N = 9 1 K,  (prop.  4, 
book  iv.)  and  AM-BM  = AO;  hence  (AM  + BN) 


x (AM-NB),  or  A M 1 - B N * = 2 I K x A O,  Bool  nil 
(prop.  12,  book  iv.)  Hence  the  measure  of  the  solid -v^—' 
in  question  is  expressed  by  f **  X IK  x A O x C D. 

But  if  CP  is  drawn  perpendicular  to  AB,  the  triangles 
ABO,  D C P will  be  similar,  and  give  the  proportion 
AO:  CP  : : AB  ; CD;  hence  A O x C D = C P x 
A B ; which  C P x A B is  double  the  area  of  the 
triangle  ABC;  hence  we  have  AO  x CD  = 2 ABC; 
hence  the  solid  described  by  the  triangle  A BC  is  also 
measured  by  4r  X A BC  X 1 K,  or  which  is  the  same 
thing,  by  A B C x a,  circ.  1 K,  circ.  I K being  equal  to 
2 ir  x IK.  Hence  the  soiul  describe*!  by  the  revolution 
of  the  triuNglc  A B C,  has  for  its  measure  the  area  of  thu 
triangle  multiplied  by  two-thirds  of  the  circumference 
trace d by  I,  the  middle  point  of  the  l*ue. 

Cor.  If  the  side  A C = C B,  (fig.  227.)  the  line  C I Fiy.  227. 
will  be  perpendicular  to  A B,  the  area  ABC  will 
be  equal  to  A B X >C  I,  and  the  solidity  | w + ABC 
+ 1 K will  become  fr  x AB  x IK  xCI.  But  the 
triangles  A B O,  C 1 K are  similar,  and  give  the  propor- 
tion A B : BO  or  M N : : C I : IK;  hence  AB  x 
I K = M X x C 1 ; hence  the  solid  described  by  the 
isosceles  triangle  ABC  will  have  fur  its  measure  J»x 

MN  x CP. 

Scholium.  The  general  solution  appears  to  include 
the  supposition  that  A B produced  will  meet  the  axis ; 
but  the  results  would  be  equally  true,  though  A B 
were  parallel  to  the  axis. 

Thus,  the  cylinder  described  by  A M N B (fig.  228)  Fi$.  228. 
is  equal  to  xr . A M *.  M N ; the  cone  described  by 
ACM  is  equal  to  4 r . A M C M,  and  the  cone 
described  by  B C N to  + ir  . A M *.  C N.  Add  the  first 
two  solids  and  take  away  the  third  ; wc  shall  have  the 
solid  described  by  A BC  equal  to  w . A M 4 . (M  N + 

•CM  — 1 C X)  : and  since  C N — C M = M N,  this 
expression  is  reducible  to  w . A M*.  4 M N,  or  {CP*. 

M N ; which  agrees  with  the  conclusion  drawn 
above. 

Proposition  XI H.— Theorem. 

Let  AB,  BC,  CD/rf  several  successive  sides  of  a re- 
gular polygon,  O its  centre,  and  O 1 the  radius  of  the 
inscribed  circle ; if  the  polygonal  sector  A O D,  lying  all 
on  one  tide  of  the  diameter  F G be  supposed  to  perform  a 
revolution  about  this  diameter,  the  soiul  so  described  will 
hare  for  its  measure  jv.OM.M  Q,  M Q being  that 
portion  if  the  axis  which  is  included  by  the  extreme  perpen- 
diculars A M,  D Q,  fig.  229. 

For,  since  the  polygon  is  regular,  aD  the  triangles  F»$.  229. 

A O B,  BOC,  &c.  are  equal  and  isosceles.  Now,  by 
the  last  corollary,  the  solid  produced  by  the  isosceles 
triangle  A OB  has  for  its  measure  *,  r.OD.MN;  the 
solid  described  by  the  triangle  BOC  has  for  its 
measure  ’.  rr  . O I®  . N P ; and  the  solid  descrit»ed  by 
the  triangle  COD  has  for  its  measure  ( v.Ol*. 

PQ  ; hence  the  sum  of  those  solids,  or  the  whole 
solid  described  by  the  polygonal  sector  A O D,  will 
have  for  its  measure  f rr  . 0 1*  . (M  N + N P *f>  I Q) 
or  jrOP.MQ. 

Proposition  XIV. — Theorem. 

Every  spherical  sector  is  measurer I by  the  zone  which 
forms  its  base,  multiplied  by  a third  of  the  radius  ; and 
the  whole  sphere  has  for  its  measure  a thurrl  of  the  radius, 
multiplied  by  its  surface  fig.  230. 

Let  A B C be  the  circular  sector,  which,  by  its  re-  Fiy.  2.10 
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Geometry,  volution  about  AC,  describes  the  spherical  sector}  the 
zone  described  by  A B being  A D x arc.  AC,  or  $ w . 
A C . A D,  and  it  is  to  be  shown  that  this  zone  multi- 
plied by  4 of  A C,  or  that  { *■ . A C 2 . A D,  will  measure 
the  sector. 

First,  suppose,  if  possible,  that  4 w.  AC*.  AD  is 
the  measure  of  a greater  spherical  sector,  say  of  the 
spherical  sector  described  by  the  circular  sector  E C F 
similar  to  A C B. 

In  the  arc  E F,  inscribe  ECF,  a portion  of  a regular 
polygon,  such  that  its  sides  shall  not  meet  the  arc  A B} 
then  imagine  the  polygonal  sector  E N F C to  turn 
about  E C,  at  the  same  time  with  the  circular  sector 
£ C F.  Let  C I be  a radius  of  the  circle  inscribed  in 
the  polygon  ; and  let  F C be  drawn  perpendicular  to 
EC.  The  solid  described  by  the  polygonal  sector  will, 
by  the  last  proposition,  have  for  its  measure  4CI1. 
E*  G } but  C I is  greater  than  A C by  construction  j 
and  E G is  greater  than  A D ; for  joining  A D,  E F, 
the  similar  triangles  E F G,  ABD  give  the  proportion 
EG:  AD::FG:BD::CF:CBj  hence  E G 7 
AD. 

For  this  double  reason,  t v C 1 4 . E G is  greater  than 
4v.CA*.AD.  The  first  is  the  measure  of  the  solid 
described  by  the  polygonal  sector ; the  second,  by 
hypothesis,  is  that  of  the  spherical  sector  described  by 
the  circular  sector  ECF}  hence  the  solid  described 
by  the  polygonal  sector  must  be  greater  than  the  sphe- 
rical sector  ; whereas,  in  reality,  it  is  less,  being  con- 
tained in  the  luttcr  : hence  our  hypothesis  was  false  ; 
therefore,  in  the  first  place,  the  zone  or  base  of  a sphe- 
rical sector  multiplied  by  a third  of  the  rudius,  cannot 
measure  a greater  spherical  sector. 

Secondly,  it  is  to  he  shown,  that  it  cannot  measure 
ft  less  spherical  sector.  Let  C E F be  the  circular 
sector,  which,  by  its  revolution,  generates  the  given 
spherical  sector  ; and  suppose,  if  possible,  that  { r . 
CE'.EG  is  the  measure  of  some  smaller  sphe- 
rical sector,  say  of  that  produced  by  the  circular 
sector  A C B. 

The  construction  remaining  us  above,  the  solid 
described  by  the  polygonal  sector  will  still  have  for 
its  measure  .Cl'.EG.  But  C I is  less  than  C E ; 
hence  the  solid  is  less  than  4 w . C E* . EG,  which, 
according  to  the  supposition,  is  the  measure  of  the 
spherical  sector  described  by  the  circular  sector  AC  B. 
Hence  the  solid  described  by  the  polygonal  sector 
must  be  less  than  the  spherical  sector  described  by 
ACB;  whereas,  in  reality,  it  is  greater,  the  latter 
being  contained  in  the  former  ; therefore,  in  the 
second  place,  it  is  impossible  that  the  zone  of  a sphe- 
rical sector,  multiplied  by  a third  of  the  radius,  can  be 
the  measure  of  a smaller  spherical  sector. 

Hence  every  spherical  sector  is  measured  by  the 
zone  which  forms  its  base,  multiplied  by  a third  of 
the  radius. 

A circular  sector  ACB  may  increase  till  it  becomes 
equal  to  a semicircle : in  which  case,  the  spherical 
sector  described  by  its  revolution  is  the  whole  sphere. 
Hence  the  solitlity  of  a sphere  is  equal  to  its  surface  mul- 
tiplied by  a third  of  the  radius 

Cor.  The  surfaces  of  spheres  being  as  the  squares  of 
their  radii,  these  surfaces  multiplied  by  the  squares  of 
the  radii  must  be  as  the  cubes  of  the  latter.  Hence 
the  solidity  of  two  spheres  are  as  the  cubes  of  their  radii , 
or  as  the  cubes  of  their  diameters. 

Scholium.  Let  R be  the  radius  of  a sphere,  its 

YOU  I. 


surface  will  be  4 v R*  its  solidity  4 » R*  x 4 R,  or  Dook  VIII. 
4 w . R*.  If  the  diameter  is  named  D,  we  shall  have  — 

R = 4D,  and  Rs=  4 D* ; hence  the  solidity  may  like-  v^ook 
wise  be  expressed  by  J r X | D*,  or  4 »D\ 

Proposition  XV. — Theorem. 

The  surface  of  a sphere  is  to  the  whole  surface  of  the 
circumscribed  cylinder  ( including  its  bases)  as  2 is  to  3 } 
and  the  solidities  of  these  two  bodies  are  to  each  other  in 
the  same  ratio,  fig.  231. 

Let  M N P Q be  a great  circle  of  the  sphere. ; pig.  23 1. 

A B C D the  circumscribed  square  ; if  the  semicircle 
PMQ  and  the  half  square  P A D Q are  at  the  same 
time  made  to  revolve  about  the  diameter  PQ,  the 
semicircle  will  generate  the  sphere,  while  the  half- 
square  will  generate  the  cylinder  circumscribed  about 
that  sphere. 

The  altitude  A D of  that  cylinder  is  equal  to  the 
diameter  PQ  ; the  base  of  the  cylinder  is  equal  to  the 
great  circle,  its  diameter  A B being  equal  to  M N j 
hence  (prop.  4,  book  viiL)  the  convex  surface  of  the 
cylinder  is  equal  to  the  circumference  of  the  great 
circle  multiplied  by  its  diameter.  This  measure 
(prop.  9,  book  viii.)  is  the  same  as  that  of  the  surface 
of  the  sphere  ; hc‘nee  the  surface  of  the  sphere  is  equal 
to  the  convex  surface  of  the  circumscribed  cylinder. 

But  the  surface  of  the  sphere  is  equal  to  four  great 
circles  ; hence  the  convex  surface  of  the  cylinder  is 
also  equal  to  four  great  circles  ; and  adding  the  two 
bases,  each  equal  to  a great  circle,  the  total  surface  of 
the  circumscribed  cylinder  will  be  equal  to  six  great 
circles  ; hence  the  surface  of  the  sphere  is  to  the  total 
surface  of  the  circumscribed  cylinder  as  4 is  to  0, 
or  as  2 is  to  3 ; which  is  the  first  branch  of  the  pro- 
position. 

In  the  next  place,  since  the  base  of  the  circumscribed 
cylinder  is  equal  to  a great  circle,  and  its  altitude 
to  the  diameter,  the  solidity  of  the  cylinder  (prop.  1, 
book  viii.)  will  be  equal  to  a great  circle  multiplied  by 
its  diameter.  But  (prop.  14,  book  viii.)  the  solidity  of 
the  sphere  is  equal  to  four  great  circles  multiplied  by 
a third  of  the  nulius;  in  other  terms,  to  one  great  circle 
multiplied  by  } of  the  radius,  or  by  4 of  the  diameter ; 
hence  the  sphere  is  to  the  circumscribed  cylinder  as  2 
to  3,  and  consequently  the  solidities  of  these  two 
bodies  are  as  their  surfaces. 


BOOK  IX. 

Of  the  sphere,  and  spherical  triangles. 

DanMfTtoNS. 

1.  Tub  sphere  is  a solid  terminated  by  a curve  surface, 
all  the  points  of  which  are  equally  distant  from  a point 
within,  called  the  centre. 

The  sphere  may  be  conceived  to  be  generated  by  the 
revolution  of  a semicircle  DAE  (fig.  223)  about  its  pi§.  223. 
diameter  DE  ; for  the  surface  described  in  this  move- 
ment, by  the  curve  DAE,  will  have  all  its  points 
equally  distant  from  the  centre  C. 

2.  The  radius  of  a sphere  is  a straight  line  drawn 
from  the  centre  to  any  point  in  the  surface  ; the 
diameter  or  ttru  is  a line  passing  through  this  centre, 
and  terminated  on  both  sides  by  the  surface.  • 
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Geometry.  All  the  radii  of  a sphere  are  equal  j all  the  diameters 
are  equal,  and  double  of  the  radius. 

3.  A great  circle  of  the  rphere  is  a section  which 
passes  through  the  centre  j a small  circle,  one  which 
does  not  pass  through  it. 

4.  A plane,  is  a tangent  to  a sphere,  when  their 
surfaces  have  but  one  point  in  common* 

5.  The  pole  of  a circle  of  a sphere  is  a point  in  the 
surface  equally  distant  from  all  the  points  in  the  cir- 
cumference of  this  circle. 

6*.  A spherical  triangle  is  a portion  of  the  surface  of  a 
sphere,  bounded  by  three  arcs  of  great  circles. 

Those  arcs,  named  the  sides  of  the  triangle,  are 
always  supposed  to  be  each  less  than  a semicircumfe- 
rence. The  angles,  which  their  planes  form  with  each 
other,  are  the  angles  of  the  triangle. 

7.  A spherical  triangle  takes  the  name  of  right- 
angled,  isosceles,  equilateral,  in  the  same  cases  as  a rec- 
tilineal triangle. 

8.  A spherical  polygon  is  a portion  of  the  surface  of 
a sphere  terminated  by  several  arcs  of  great  circles. 

9.  A tune  is  that  portion  of  the  surface  of  a sphere, 
which  is  included  between  two  great  semicircles  meet- 
ing in  a common  diameter. 

10.  A spherical  wedge  or  ungvla  is  that  portion  of 
the  solid  sphere,  which  is  included  between  the  same 
great  semicircles,  and  has  the  lune  for  its  base. 

11.  A spherical  pyramid  is  a portion  of  the  solid 
sphere,  included  between  the  planes  of  a solid  angle 
whose  vertex  is  the  centre.  The  l>a*e  of  the  pyramid  is 
the  spherical  polygon  intercepted  by  the  same  planes. 

12.  A xone  is  the  portion  of  the  surface  of  the 
sphere,  included  between  two  parallel  planes,  which 
form  its  base*.  One  of  those  planes  may  be  a tangent 
to  the  sphere  j in  which  case,  the  xone  has  only  a 
single  base. 

13.  A spherical  segment  is  the  portion  of  the  solid 
sphere,  included  between  two  parallel  planes  which 
form  its  bases. 

One  of  those  planes  may  be  a tangent  to  the 
sphere  ; in  which  case,  the  segment  has  only  a single 
base. 

14.  The  altitude  of  a zone  or  of  a stgment  is  the 
distance  of  the  two  parallel  planes,  which  form  the 
bases  of  the  zone  or  segment. 

15.  Whilst  the  semicircle  DAE  (sec  dcf.  1)  re- 
volving round  its  diameter  D E,  describes  the  sphere ; 
any  circular  sector,  as  DC  F or  FC  H,  describes  a solid, 
which  is  named  a spherical  sector. 

Proposition  I. — Theorem. 

Every  section  of  a sphere  made  by  a plane  is  a circle, 
fig.  234. 

Fif . 234.  Let  A M B be  the  section,  made  by  a plane  in  the 

sphere  whose  centre  is  C.  From  the  point  C,  drew 
C O perpendicularly  to  the  plane  AMBj  and  drew 
lines  C M,  C M to  different  points  of  the  curve  A M B, 
which  terminates  the  section. 

The  oblique  lines  CM,  CM.CB  being  equal,  being 
radii  of  the  sphere,  they  are  equally  distant  from  the 
perpendicular  CO,  (prop.  5,  book  vi. ;)  hence  all  the 
lines  O M,  MO,  OR  are  equal  ; hence  the  section 
A M B is  a circle,  whose  centre  is  O. 

Cor.  1.  If  the  section  passes  through  the  centre  of 
the  sphere,  its  radius  will  be  the  radius  of  the  sphere  ; 
hence  all  great  circles  are  equal. 


Cor.  2.  Two  great  circles  always  bisect  each  other  ; Book  IX. 
for  their  common  intersection,  passing  through  the  v— 
centre,  is  a diameter. 

Cor.  3.  Every  great  circle  divides  the  sphere  and  its 
surface  into  two  equal  parts ; for,  if  the  two  hemis- 
pheres were  separated,  and  afterwards  placed  on  the 
common  base,  with  tbeir  convexities  turned  the  same 
way,  the  two  surfaces  would  exactly  coincide,  no 
point  of  the  one  being  nearer  the  centre  than  any  point 
of  the  other. 

Cor.  4.  The  centre  of  a small  circle,  and  that  of  the 
sphere,  arc  in  the  same  straight  line  perpendicular  to 
the  plane  of  the  little  circle. 

Cor.  5.  Small  circles  arc  the  less  the  farther  they 
lie  from  the  centre  of  the  sphere ; for  the  greater  C O 
is,  the  less  is  the  chord  A B,  the  diameter  of  the  small 
circle  A M B. 

Cor.  6.  An  arc  of  a great  circle  may  always  be  made 
to  pass  through  any  two  given  points  in  the  surface 
of  the  sphere  ; for  the  two  given  points  and  the 
centre  of  the  sphere  moke  three  points,  which  deter- 
mine the  position  of  a plane.  But  if  the  two  given 
points  were  at  the  extremities  of  a diameter,  these  two 
points  and  the  centre  would  then  lie  in  one  straight 
line,  and  an  infinite  number  of  great  circles  might  be 
made  to  pass  through  the  two  given  points. 


Proposition  II. — Theorem. 

In  every  spherical  triangle  ABC,  any  side  is  less  than 
the  sum  of  the  other  two,  tig.  235. 

Let  O be  the  centre  of  the  sphere  ; and  draw  the  Fig.  233. 
radii  O A,  OB,  O C.  Imagine  the  planes  A O B, 

A O C,  COB;  those  planes  will  form  a solid  angle 
at  the  point  O ; and  the  angles  A O B,  AOC,  COB 
will  be  measured  by  A B,  A C,  BC,  the  sides  of  the 
spherical  triangle.  But  (prop.  19,  book  vi.)  each  of 
the  three  plane  angles  composing  a solid  angle  is  less 
than  the  sum  of  the  other  two  ; hence  any  side  of  the 
triangle  A BC  is  less  than  the  sum  of  the  other  two. 


Proposition  III.— -Theorem. 

The  shortest  distance  between  one  point  to  another,  on 
the  surface  of  a spltere,  is  the  arc  of  the  great  circle 
which  joins  the  iw<o  given  points,  fig.  236. 

Let  A N B be  the  arc  of  the  great  circle  which  joins  Fig.  236. 
the  points  A and  B ; and  without  this  line,  if  possible, 
let  M be  a point  in  the  line  of  the  shortest  distance 
between  A and  B.  Through  the  point  M,  draw  M A, 

M B,  arcs  of  great  circles  ; and  take  BN=M  B. 

By  the  last  theorem,  the  arc  AN  B is  shorter  than 
AM  + MB;  take  BN  = B M respectively  from  both  ; 
there  will  remain  AN^AM.  Now,  the  distance  of 
B from  M,  whether  it  be  the  same  with  the  arc  B M 
or  with  any  other  line,  is  equal  to  the  distance  of  B 
from  N ; for  by  making  the  plane  of  the  great  circle 
B M to  revolve  about  the  diameter  which  passes 
through  B,  the  point  M may  be  brought  into  the  posi- 
tion of  the  point  N ; and  the  shortest  line  between 
M and  B,  whatever  it  may  be,  will  then  be  identical 
with  that  between  N and  B ; hence  the  two  lines  from 
A to  B,  one  passing  through  M,  the  other  through  N, 
have  an  equal  part  In  each,  the  part  from  M to  B equal 
to  the  part  from  N to  B.  The  first  line  is  the  shorter, 
by  hypothesis  ; hence  the  distance  from  A to  M must 
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OeometTy.  be  shorter  than  the  distance  from  A toN;  which  is 
—— absurd,  the  arc  A M being  proved  greater  than  A N : 
hence  no  point  of  the  shortest  line  from  A to  B can 
lie  out  of  the  arc  A N B ; consequently  this  arc  is 
itself  the  shortest  distance  between  its  two  extre- 
mities. 

Proposition  IV. — Theorem . 

The  sum  of  all  the  three  titles  of  a spherical  triangle 
it  leu  than  the  circumference  of  a great  circle,  fig.  237- 
Rg.  237.  Let  ABC  be  any  spherical  triangle  ; produce  the 
sides  AB,  AC  till  they  meet  again  in  D.  The  arcs 
ADD,  ACD  will  be  semicircumfcrences,  since 
(prop.  1,  book  ix.)  two  great  circles  always  bisect 
each  other.  But  in  the  triangle  BCD,  we  have 
(prop.  2,  book  ix.)  the  side  BC^BD  + CD;  add 
AB  + A C to  both ; we  shall  have  AB  + AC  + BC 
Z ABD  + ACD,  that  is  to  say,  less  than  a circum- 
ference. 

Proposition  V. — Theorem. 

The  rum  of  all  the  sides  of  ant/  spherical  polygon  is  lest 
than  the  circumference  of  a great  circle,  fig.  238. 

Fij.  238.  Let  us  take,  for  example,  the  pentagon  A B C D E. 

Produce  the  sides  A B,  D C,  till  they  meet  in  P j then 
since  B C is  less  than  BF  + CF,  the  perimeter  of  the 
pentagon  ABIDE  will  be  less  than  that  of  the  qua- 
drilateral A E D F.  Again,  produce  the  sides  A E, 
F D,  till  they  meet  in  G ; we  shall  have  EDZEG  + 
DG  ; hence  the  perimeter  of  the  quadrilateral  A EDF 
is  less  than  that  of  the  triangle  A F G ; which  last  is 
itself  less  than  the  circumference  of  a great  circle  ; 
hence  a fortiori  the  perimeter  of  the  polygon  ABC  DE 
is  less  than  this  same  circumference. 

Proposition  VI. — Theorem, 

The  diameter  D E being  drawn  perpendicular  to  the 
plane  of  the  great  circle  A M B,  the  extremities  D and  E 
of  this  diameter  will  be  the  poles  of  the  circle  A M B,  and 
of  all  the  little  circles , as  F N G,  which  are  parallel  to  it, 
fig.  ""3. 

Fig.  223.  For,  D C being  perpendicular  to  the  plane  A MB, 
is  perpendicular  to  all  the  straight  lines  C A, 
C M,  C B,  Ike.  drawn  through  its  foot  in  this  plane  ; 
hence  all  the  arcs  D A,  D M,  D B,  &e.  are  quarters  of 
the  circumference.  So  likewise  are  all  the  ares  E A, 
E M,  E B,  &c. ; hence  the  points  D and  E are  each 
equally  distant  from  all  the  points  of  the  circumference 
AMB;  therefore  (def.  6)  they  are  the  poles  of  that 
circumference.  . 

Again,  the  radius  DC,  perpendicular  to  the  plane 
A M B,  is  perpendicular  to  its  parallel  PNG;  hence 
(prop.  1,  book  ix.)  it  pusses  through  O the  centre  of 
the  circle  FN  G ; therefore,  if  the  oblique  lines  D F, 
DN,  D G be  drawn,  these  oblique  lines  will  diverge 
equally  from  the  perpendicular  DO,  and  will  them- 
selves be  equal.  But,  the  chords  being  equal,  the 
arcs  arc  equal ; hence  the  point  D is  the  pole  of  the 
small  circle  FNGj  and  for  like  reasons  the  point  E 
is  the  other  pole. 

Cor.  1.  Every  arc  D M,  drawn  from  a point  in  the 
arc  of  a great  circle  A M B to  its  pole,  is  a quarter  of 
the  circumference,  which,  for  the  sake  of  brevity,  is 
usually  named  a quadrant ; and  this  quadrant  at  the 


same  time  makes  a right  angle  with  the  arc  A M.  For  Book  IX. 
(prop.  16,  book  vi.)  the  line  D C being  perpendicular  z 

to  the  plane  AMC,  every  plane  DM C passing  through 
the  line  D C is  perpendicular  to  the  plane  AMCj 
hence  the  angle  of  these  planes,  or  the  angle  A M D, 
is  a right  angle. 

Cor.  2.  To  find  the  pole  of  a given  arc  A M,  draw 
the  indefinite  arc  M D perpendicular  to  AMj  take 
M D equal  to  a quadrant ; the  point  D will  be  one  of 
the  poles  of  the  arc  AMD;  or  thus,  at  the  two  points 
A and  M,  draw  the  arcs  A D and  M D perpendicular 
to  A M ; their  point  of  intersection  D will  be  the  pole 
required. 

Cor.  3.  Conversely,  if  the  distance  of  the  point  D 
from  each  of  the  points  A and  M be  equal  to  a qua- 
drant, the  point  D will  be  the  pole  of  the  arc  A M, 
and  also  the  angles  DAM,  AMD  will  be  right 
angles. 

For,  let  C be  the  centre  of  the  sphere  j and  draw 
the  radii  C A,  C D,  C M.  Since  the  angles  A C D, 

M C D are  right,  the  line  C D is  perpendicular  to  the 
two  straight  lines  CA,  CM;  it  is  therefore  perpendi- 
cular to  their  plane  ; hence  the  point  D is  the  pole  of 
the  arc  A M ; and  consequently  the  angles  DAM, 

A M D are  right. 

Scholium.  The  properties  of  these  poles  enable  us  to 
describe  arcs  of  a circle  on  the  surface  of  a sphere, 
with  the  same  facility  as  on  a plane  surface.  It  is 
evident,  for  instance,  that  by  turning  the  arc  DF,  or 
any  other  line  extending  to  the  same  distance,  round 
the  point  D,  the  extremity  F will  describe  the  small 
circle  FNG;  and  by  turning  the  quadrant  D F A 
round  the  point  D,  its  extremity  A will  describe  the 
arc  of  the  great  circle  A M. 

If  the  arc  A M were  required  to  be  produced,  and 
nothing  were  given  but  the  points  A and  M through 
which  it  was  to  pass,  we  should  first  have  to  deter- 
mine the  pole  D,  by  the  intersection  of  two  arcs  des- 
scribcd  from  the  points  A and  M as  centres,  with  a 
distance  equal  to  a quadrant  f the  pole  D being  found, 
we  might  describe  the  arc  A M and  its  prolongation, 
from  D as  a centre,  and  with  the  same  distance  as 
before. 

Lastly,  if  it  be  required  from  a given  point  P to  let 
fall  a perpendicular  on  the  given  arc  AM;  produce 
this  arc  to  S,  till  the  distance  P S be  equal  to  a qua- 
drant ; then  from  the  pole  S,  and  with  the  same 
distance,  describe  the  arc  PM,  which  will  be  the  per- 
pendicular required. 

Proposition  VII. — Theorem. 

Every  plane  perpendicular  to  a radius  at  its  extremity 
if  a tangent  to  the  sphere,  fig.  240. 

Let  FAG  be  a plane  perpendicular  to  the  radius  Fig.  240 
O A.  Any  point  M in  this  plane  being  assumed,  and 
OM,  AM  being  joined,  the  angleOAM  will  be  right, 
and  hence  the  distance  O M will  be  greater  than  U A. 

Hence  the  point  M lies  without  the  sphere  ; and  as 
the  case  is  similar  with  every  other  point  in  the  plane 
F AG,  this  plane  can  have  no  point  but  A common  to 
it  with  the  surface  of  the  sphere ; it  is  therefore  a 
tangent,  def.  4. 

Scholium,  in  the  same  way  it  may  be  shown,  that 
two  spheres  have  but  one  point  in  common,  and  there- 
fore touch  each  other,  when  the  distance  between 
their  centres  is  equal  to  the  sum  or  the  difference  of 
3 a 2 
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Geometry,  their  radii ; in  which  case,  the  centres  and  the  point  of 
v— 1 contact  lie  in  the  same  straight  line. 

Proposition  VIII. — Theorem. 

The  angle  B AC,  formed  by  AB,  AC  hro  arc*  of 
great  circlet,  is  equal  to  the  angle  FAG  formed  by  the 
tangents  of  these  arcs  at  the  point  A j and  is  therefore 
measured  by  the  arc  D E described  from  the  point  A os  a 
pole  between  the  sides  AB,  AC,  produced  if  necessary , 
fig.  940  and  941. 

For  the  tangent  A F,  drawn  in  the  plane  of  the  arc 
AB,  it  perpendicular  to  the  radius  A O ; and  the 
tangent  AG,  drawn  in  the  plane  of  the  arc  AC,  is  perpen- 
dicular to  the  same  radius  AO.  Hence  (book  vi.  def.  4) 
the  angle  FAG  is  equal  to  the  angle  contained  by  the 
planes  OAB,  O A C ; which  is  that  of  the  arcs  A B, 
A C,  and  is  named  B A C. 

In  like  manner,  if  the  arcs  A D and  A E are  both 
quadrants,  the  lines  OD,  OE  will  be  perpendicular  to 
AO,  and  the  nngle  DOE  will  still  be  equal  to  the 
angle  of  the  plunes  AO  D,  A O E ; hence  the  arc  D E 
is  the  measure  of  the  angle  contained  by  these  planes, 
or  of  the  angle  CAB. 

Cor.  The  angles  of  spherical  triangles  may  be  com- 
pared together,  by  means  of  the  arcs  of  great  circles 
described  from  their  vertices  as  poles  and  included 
between  their  sides ; hence  it  is  easy  to  make  an  angle 
of  this  kind  equal  to  a given  angle. 

Scholium.  Vertical  angles,  such  as  A C O and  B C N 
Fif.  241.  (fig.  941)  are  equal;  for  either  of  them  is  still  the 
angle  formed  by  the  two  planes  A C B,  O C N. 

lit  is  farther  evident,  that,  in  the  intersection  of  two 
arcs  A C B,  OCN,  the  two  adjacent  angles  A C O, 
OC  B taken  together  are  equal  to  two  right  angles. 

Proposition  IX. — Theorem. 

The  triangle  ABC  being  gieen,  if  from  the  points  A, 
B,  C as  poles,  the  arcs  EF,  FD,  DE  be  described  to 
form  the  triangle  D E F j then , conversely,  the  three 
points  D,  E,  F will  be  the  poles  of  the  sides  B C,  A C, 
AB,  fig.  949. 

Pi*.  342  For,  the  point  A being  the  pole  of  the  arc  E F,  the 
distance  A E is  a quadrant ; the  point  C being  the 
pole  of  the  arc  D E,  the  distance  C E is  likewise  a 
quadrant  : hence  the  point  E is  removed  the  length 
of  a quadrant  from  each  of  the  points  A and  C ; hence 
(prop.  6,  cor.  3,  book  ix.)  it  is  the  pole  of  the  arc  A C. 
It  might  be  shown,  by  the  same  method,  that  D 
is  the  pole  of  the  arc  B C,  and  F that  of  the  arc 

AB. 

Cor.  Hence  the  triangle  ABC  may  be  described  by 
means  of  DBF,  osDEF  may  by  means  of  ABC. 

PaopoairiON  X. — Theorem. 

The  tame  supposition  being  made  as  tn  the  last  theorem, 
each  angle  in  the  one  of  the  triangles,  ABC,  D E F trill 
be  measured  by  the  semirirru inference  minus  the  side  lying 
opposite  to  it  in  the  other  triangle,  fig.  949  and  243. 

Produce  the  sides  A B,  A C,  if  necessary,  till  they 
meet  E F in  G and  H.  The  point  A being  the  pole 
of  the  arc  G H,  the  angle  A will  be  measured  by  that 
arc.  But  the  arc  Eli  is  a quadrant,  and  likewise 
G F,  E being  the  pole  of  A H,  und  F of  A G ; hence 


E H + G F is  equal  to  a semicircumference.  Now,  Book  IX 
E H + G F is  the  same  as  £F  + GH;  hence  the  s— 
arc  G H,  which  measures  the  angle  A,  is  equal  to  a 
semicircumference  mint**  the  side  E F.  In  like  manner, 
the  angle  B w ill  be  measured  by  4 circ.  — D F;  the 
angle  C by  4 circ.  — D E. 

And  this  property  must  be  reciprocal  In  the  two 
triangles,  since  each  of  them  is  described  in  a similar 
manner  by  means  of  the  other.  Thus  we  shall  find 
the  angles  D,  E,  F of  the  triangle  D E F to  be  mea- 
sured respectively  by  4 circ.  — B C,  4 circ.  — A C,  4 circ. 

— A B.  Accordingly  the  angle  D,  for  example,  is 
measured  by  the  arc  M I ; but  MI  + BC  = MC  + 

B 1 = 4 circ.;  hence  the  arc  M 1,  the  measure  of  D,  is 
equal  to  4 circ.  — BC  ; and  so  of  all  the  rest. 

Scholium.  It  must  farther  be  observed,  that  besides 
the  triangle  DEF  (fig.  243)  three  others  might  be  Fig. 243, 
formed  by  tbe  intersection  of  the  three  arcs  D E,  E F, 

D F.  But  the  proposition  immediately  before  us  is 
applicable  only  to  the  central  triangle,  which  is  dis- 
tinguished from  the  other  three  by  the  circumstance 
(see  fig.  242)  that  the  two  angles  A and  D lie  on  the 
same  side  of  BC,  the  two  B ami  E on  the  same  side  of 

AC,  and  the  two  C and  F on  the  same  side  of  A B. 

Various  names  have  been  given  to  the  triangles 

A BC,  DCF  ; but  they  are  now  more  generally  deno- 
minated polar  triangles. 

Proposition  XI. — Lemma. 

The  triangle  ABC  being  given,  if  from  the  pole  A, 
with  a distance  A C,  the  arc  DEC  of  a small  circle  be 
described  ; if  from  the  pole  B,  with  a distance  B C,  the 
arc  D F C be  described  in  like  manner ; and  if  from  the 
point  I),  where  the  arcs  DEC,  DFC  intersect  each  other, 

AD,  Dfi  two  arcs  of  great  circles  be  drawn  ; then  will 
A D B,  the  triangle  thus  formed,  have  all  its  parts  equal 
to  those  of  the  triangle  AC  B,  fig.  244. 

For,  by  construction,  the  side  AD  = AC,  DB  = 244. 

B C,  and  A B is  common  ; hcncc  those  two  triangles 
have  their  sides  equal,  each  to  each,  and  it  is  to  be 
shown  that  the  angles  opposite  these  equal  sides  arc 
also  equal. 

If  the  centre  of  the  sphere  is  supposed  to  be  at  O, 
a solid  angle  may  be  conceived  as  formed  at  O by  tbe 
three  plane  angles  A OB,  AOC,  BOC;  likewise 
another  solid  angle  may  be  conceived  as  formed  by 
the  three  plane  angles  A O B,  A O D,  BOD.  And 
because  the  aides  of  the  triangle  ABC  are  equal  to 
those  of  the  triangle  A D B,  the  plane  angles  forming 
the  one  of  these  solid  angles  must  be  equal  to  the 
plane  angles  forming  the  other,  each  to  each.  But  in 
this  case  the  planes,  in  which  the  equal  angles  lie,  are 
eaually  inclined  to  each  other  ; hence  all  the  angles 
of  the  spherical  triangle  DAB  are  respectively  enual 
to  those  of  the  triangle  CAB,  namely,  D A B = BAC, 

DB  A = A BC,  and  A D B = A C B ; therefore  the 
sides  and  the  angles  of  the  triangle  ADB  are  equal  to 
the  sides  and  the  angles  of  the  triangle  A C B. 

Proposition  XII. — Theorem. 

Two  triangles  on  the  same  sphere,  or  on  equal  spheres, 
are  equal  in  all  their  parts,  when  they  have  each  an  equal 
angle  included  between  equal  sides,  fig.  245. 

Suppose  the  side  Alls  E F,  the  side  A C = EG,  Fig.  245 
and  the  angle  B A C = F E Gj  the  triangle  EFG  may 
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Geometry,  be  placed  on  the  triangle  ABC,  or  on  ABD  symrne- 
trical  with  ABC,  just  as  two  rectilineal  triangles  are 
placed  upon  each  other,  when  they  have  an  equal 
angle  included  between  equal  sides.  Hence  all  the 
parts  of  the  triangle  £ F G will  be  equal  to  alt  the 
parts  of  the  triangle  ABC;  that  is,  besides  the  three 
parts  equal  by  hypothesis,  wc  shall  have  the  side  B 0 
= FG.  the  angle  ABCs  EFG,  and  the  augle  ACB 
sEFti. 

Proposition  XIII. — Theorem. 

Two  triangles  on  the  same  sphere,  or  on  equal  spheres , 
are  equal  in  all  their  parts,  ichen  two  angles  ami  the  in- 
cluded side  of  the  one  are  equal  to  two  angles  and  the 
included  side  of  the  other. 

For  one  of  those  triangles,  nr  the  triangle  symme- 
trical with  it,  may  be  placed  on  the  other,  and  be  made 
to  coincide  with  it,  as  is  obvious. 

Proposition  XIV.— Theorem. 

If  two  triangles  on  the  tame  sphere,  or  on  equal  spheres, 
have  all  their  titles  respectively  equal,  their  angles  will 
likewise  be  all  respectively  equal,  the  equal  angles  lying 
opposite  the  equal  sides,  fig.  ‘216. 

Fig.  246.  The  truth  is  evident  by  prop.  11,  book  ix.,  where  it 
was  shown  that,  with  three  given  sides  A B,  A C,  BC, 
there  can  only  be  two  triangles  ACB,  ABD,  different 
as  to  the  position  of  their  parts,  and  equal  as  to  the 
magnitude  of  those  parts.  Hence  those  two  trian- 
gles, having  all  their  sides  respectively  equal  in  both, 
must  either  be  absolutely  equal,  or  at  least  symmetri- 
cally so  ; in  both  of  which  cases,  their  correspond- 
ing angles  must  be  equal,  and  lie  opposite  to  equal 
sides. 

Proposition  XV. — Theorem. 

In  every  isosceles  spherical  triangle,  the  angles  opposite 
the  equal  sides  are  equal ; and  conversely,  if  two  angles  of 
a spherical  triangle  are  equal,  the  triangle  will  be  isosceles, 
fig.  247. 

Pig.  247.  First.  Suppose  the  side  AB  = AC}  w-e  shall  have 
the  angle  C = B.  For,  if  the  arc  A D be  drawn  from 
the  vertex  A to  the  middle  point  D of  the  base,  the 
two  triangles  ABD,  ACD  will  have  all  the  sides  of 
the  one  respectively  equal  to  the  corresponding  sides 
of  the  other,  namely,  A D common,  BD  = DC,  and 
A B = A C ; hence,  by  the  last  proposition,  their 
angles  will  be  equal ; therefore  B = C. 

Secondly.  Sup|>ose  the  angle  B = C j we  shall  have 
the  side  A C = A B.  For,  if  not,  let  A B be  the 
greater  of  the  two  ; take  B O = A C,  and  join  O C. 
The  two  sides  BO,  BC  are  equal  to  the  two  AC,  BCj 
the  angle  O BC,  contained  by  the  first  two,  is  equal  to 
ABC  contained  by  the  second  two.  Hence  (prop.  12, 
book  bt.)  the  two  triangles  B O C,  A C B have  all  their 
other  parts  equal  -,  hence  the  angle  OCB  = ABC} 
but,  by  hypothesis,  the  angle  A li  C = AC  B ; hcncc 
we  have  OCB  = ACB,  which  is  absurd  ; therefore 
A B is  not  different  from  A C ; that  is,  the  sides  A B, 
A C,  opposite  to  the  equal  angles  B and  C,  are  equal. 

Scholium.  The  same  demonstration  proves  that  the 
angle  B A D = D A C,  and  the  angle  B D A = A D C. 
Hence  the  two  last  are  right  angles  ; consequently  the 
arc  drawn  from  the  vertex  of  on  isosceles  spherical  trian- 


gle to  the  middle  of  the  base,  is  at  rtght  angles  to  that  Book  IX 
base,  and  bisects  the  opposite  angle. 

Proposition  XVI. — Theorem. 

In  a spherical  triangle  ABC,  if  the  angle  A is  greater 
(Ann  the  angle  B,  the  side  BC  opposite  to  A will  be 
greater  than  the  side  A C opposite  to  B ; and  conversely, 
if  the  side  B C is  greater  than  A C,  the  angle  A will  be 
greater  than  the  angle  B,  fig.  248. 

First.  Suppose  the  angle  A 7 B ; make  the  angle  Fig.  248. 
B A D = B j then  (prop.  15,  book  ix.)  we  shall  have 
A D = D B ; but  AD  + DC  is  greater  than  A C j 
hence,  putting  I)  B in  place  of  A D,  we  shall  have 
DB  + DC  orBC  7 AC. 

Secondly.  If  we  suppose  B C 7 A C,  the  angle  B A C 
will  be  greater  than  ABC.  For,  if  B A C were  equal 
to  A BC,  we  should  have  BC  = AC}  ifBAC  were 
less  than  ABC,  we  should  then,  as  has  just  been 
shown,  find  B C l AC.  Both  these  conclusions  are 
false  j hence  the  angle  B A C is  greater  than  ABC. 

Proposition  XVII. — Theorem. 

If  the  two  sides  A B,  AC  of  the  spherical  triangle 
A BC,  are  equal  to  the  two  sides  DE,  D F of  the  triangle 
DEF,  drawn  upon  an  equal  sphere ; and  if  at  the  same 
time  the  angle  A is  greater  than  the  angle  D,  then  will 
the  third  tide  B C of  the  first  triangle  be  greater  than  the 
third  side  E F of  tile  second,  fig.  249. 

The  demonstration  is  every  way  similar  to  that  of  Fig.  2vj. 
prop.  10,  book  i. 

Proposition  XVIII. — Theorem. 

If  two  triangles  on  the  same  sphere,  or  on  equal  spheres, 
are  mutually  equiangular,  they  will  also  be  mutually  equi- 
lateral, fig.  250. 

Let  A and  B be  the  two  given  triangles  } P and  Q Fig.  250. 
their  polar  triangles.  Since  the  angles  are  equal  in 
tbe  triangles  A and  B,  the  sides  will  be  equal  in  the 
polar  triangles  P and  Q,  (prop.  IO,  book  ix. ;)  but 
since  the  triangles  P and  Q are  mutually  equilateral, 
they  must  also  (prop.  14,  book  ix.)  be  mutually  equi- 
angular ) and,  lastly,  the  angles  being  equal  in  the 
triangles  P and  Q,  it  follows  (prop.  10,  book  ix.)  that 
the  sides  are  equal  in  their  polar  triangles  A and  B. 

Hence  the  mutually  equiangular  triangles  A and  B are 
at  the  same  lime  mutually  equilateral. 

This  proposition  may  also  be  demonstrated,  without 
the  aid  of  polar  triangles,  as  follows  : 

I jet  ABC,  D E F be  two  triangles  mutually 
equiangular,  having  A = D,  B = E,  C = F j we  are 
to  show  that  A B = D E,  A C = D F,  AC  = DF, 

B C = E F. 

On  the  prolongations  of  the  sides  A B,  AC,  take 
AG  = DE.  and  A 11  = DF;  join  G H ; and  produce 
the  arcs  B C,  G H,  till  they  meet  in  I and  K. 

The  two  sides  A G,  A 11  arc  equal,  by  construction, 
to  the  two  DF,  DE;  the  included  angle  G A H m 
BAC  = EDF;  hence  (prop.  12,  book  ix.)  the  trian- 
gles AG  H,  DEF,  are  equal  in  all  their  parts  ; lienee 
the  angle  AuH  = D E F = A BC,  and  the  angle 
A C.  II  = D F E = A C B. 

In  the  triangles  I BG,  KRG,  the  side  BG  is 
common  } the  angle  IBG  = G B K j and,  since  l G II 
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Geometry.  + RGK  is  equal  to  two  right  angles,  and  likewise 
' G B K + I BG,  it  follows  that  B G K = I BG.  Hence 
(prop.  13,  book  ix.)  the  triangles  I B G,  GBK  are 
equal ; hence  I G = B K,  and  I B = G K. 

In  like  manner,  the  angle  A H G being  equal  to 
A C B,  we  can  show  that  the  triangles  I C 11,  H C K 
have  two  angles  and  the  interjacent  side  in  each  equal; 
they  are  therefore  themselves  equal ; and  I H = C K, 
and  H K = I C. 

Now  if  the  equals  C K,  I H be  taken  away  from  the 
equals  BK,  1 G,  the  remainders  BC.GH  will  be 
equal.  Besides,  the  angle  B C A = A II  G,  and  the 
angle  A B C = A G H.  Hence  the  triangles  ABC, 
A 11  G have  two  angles  and  the  interjacent  side  in 
each  equal  ; and  are  therefore  themselves  equal.  But 
the  triangle  D E F is  equal  in  all  its  parts  to  A H G ; 
hence  it  is  also  equal  to  the  triangle  ABC,  and  we 
have  A B = D E,  A C = D K,  B C = K F ; therefore  if 
two  spherical  triangles  are  mutually  equiangular,  the 
aides  opposite  their  equal  angles  will  also  be  equal. 

Scholium.  This  proposition  is  not  applicable  to  rec- 
tilineal triangles;  in  which,  equality  among  the  angles 
indicates  only  proportionality  among  the  sides.  Nor 
is  it  difficult  to  account  for  the  difference  observable, 
in  this  respect,  between  spherical  and  rectilineal 
triangles.  In  the  proposition  now  before  us,  as  well 
as  in  the  four  lust,  which  treat  of  the  comparison  of 
triangles,  it  is  expressly  required  that  the  arcs  be 
traced  on  the  same  sphere,  on  on  equal  spheres.  Now 
similar  arcs  are  to  each  other  as  their  radii ; hence,  on 
equal  spheres,  two  triangles  cannot  be  similar  without 
being  equal.  Therefore  it  is  not  strange  thot  equal- 
ity among  the  angles  should  produce  equality  among 
the  sides. 

The  case  would  be  different,  if  the  triangles  were 
drawn  upon  unequal  spheres;  there,  the  angles  being 
equal,  the  triangles  would  be  similar,  and  the  homo- 
logous sides  would  be  to  each  other  os  the  radii  of 
their  spheres. 

Proposition  XIX. — Theorem . * 

The  turn  of  all  the  angles  in  uny  spherical  triangle  is 
less  titan  six  right  angles,  and  greater  than  two,  fig.  251. 

Fir.  251.  For,  in  the  first  place,  every  angle  of  a spherical 
triangle  is  less  than  two  right  angles,  (see  the  follow- 
ing scholium  ;)  hence  the  sum  of  all  the  three  is  less 
than  six  right  angles. 

Secondly,  the  measure  of  each  angle  in  a spherical 
triangle  (prop.  lO,  book  ix.)  is  equal  to  the  semicir- 
cumferencc  minus  the  corresponding  side  of  the  polar 
triangle  ; hence  the  sum  of  all  the  three  is  measured 
by  three  semicireumferences  minus  the  sum  of  all  the 
sides  of  the  f>olar  triangle.  Now  (prop.  4,  book  ix.) 
this  latter  sum  is  less  than  a circumference ; therefore, 
taking  it  away  from  three  semicireumferences,  the  re- 
mainder will  be  greater  than  one  semicircumference, 
which  is  the  measure  of  two  right  angles  ; hence,  in 
the  second  place,  the  sum  of  all  the  angles  in  a 
spherical  triangle  is  greater  than  two  right  angles. 

Cor.  1.  'I*hc  sum  of  all  the  angles  in  a spherical 
triangle  is  not  constant,  like  that  of  all  the  angles  in 
a rectilineal  triangle  ; it  varies  between  two  right 
angles  and  six,  without  ever  arriving  at  either  of 
these  limits.  Two  given  angles  therefore  do  not  serve 
to  determine  the  third. 


Cor.  9.  A spherical  triangle  may  have  two  or  even  Book  TX. 
three  angles  right,  two  or  three  obtuse.  v— ■ ^ 

If  the  triangle  ABC  have  two  right  angles  R and  C, 
the  vertex  A will  (prop.  6,  book  ix.)  be  the  pole 
of  the  base  B C ; and  the  sides  A B,  AC  will  be 
quadrants. 

If  the  angle  A is  also  right,  the  triangle  ABC  will 
have  all  its  angles  right,  and  its  sides  quadrants.  The 
tri-reetangular  triangle  is  contained  eight  times  in  the 
surface  of  the  sphere ; as  is  evident  by  fig.  252,  sup- 
posing the  arc  M N to  be  a quadrant. 

Scholium.  In  all  the  preceding  observations,  we 
have  supposed,  in  conformity  with  definition  6,  that 
our  spherical  triangles  have  always  each  of  their  sides 
less  than  a semicircumference ; from  which  it  follows 
that  any  one  of  their  angles  is  always  less  than  two 
right  angles.  For  (see  fig.  237)  if  the  side  A B is  less 
than  a semicircumference,  and  AC  is  so  likewise,  both 
those  arcs  will  require  to  be  produced  before  they  can 
meet  in  D.  Now  the  two  angles  A BC.  CBD,  taken 
together,  are  equal  to  two  right  angles ; hence  the 
angle  ABC  itself  is  less  than  two  right  angles. 

VVe  may  observe,  however,  that  some  spherical 
triangles  do  exist,  in  which  certain  of  the  sides  are 
greater  than  a semi  circumference,  and  certain  of  the 
angles  greater  than  two  right  angles.  Thus,  if  the 
side  A C is  produced,  so  as  to  form  a whole  circumfe- 
rence ACE,  the  part  which  remains,  after  subtracting 
the  triangle  ABC  from  the  hemisphere,  is  a new 
triangle  also  designated  by  A BC,  and  having  A B, 

B C,  A E D C for  its  sides.  Here,  it  is  plain,  the  side 
A E DC  is  greater  than  the  seinicircumfcrcncc  AED; 
and,  at  the  same  time,  the  angle  B opposite  to  it  ex- 
ceeds two  right  angles,  by  the  quantity  CBD. 

The  triangles  whose  sides  and  angles  are  so  large 
have  been  excluded  from  our  definition  ; but  the  only 
renson  was,  tlmt  the  solution  of  them,  or  the  determi- 
nation of  their  parts,  is  always  reducible  to  the  solu- 
tion of  such  triangles  as  arc  comprehended  by  the 
definition.  Indeed,  it  is  evident  enough,  that  if  the 
sides  and  angles  of  the  triangle  ABC  are  known,  it 
will  be  easy  to  discover  the  angles  and  sides  of  the 
triangle  which  bears  the  same  name,  and  is  the  dif- 
ference between  a hemisphere  and  the  former  triangle. 

Proposition  XX. — Theorem. 

The  lune  A M B N A is  to  the  surface  qf  the  sphere,  as 
MAN,  the  angle  of  this  lune,  is  to  four  right  angles,  or 
as  the  arc  M N,  which  measures  that  angle,  is  to  the 
circumference,  fig.  252. 

Suppose,  in  the  first  place,  the  arc  M N to  be  to  Fig.  2:>2 
the  circumference  M N P Q as  some  one  rational 
number  is  to  another,  as  5 to  48,  for  example.  The 
circumference  MN  PQ  being  divided  into  48  equal 
parts,  M N will  contain  5 of  them  ; and  if  the  pole 
A were  joined  with  the  several  points  of  division,  by 
as  many  quadrants,  we  should  in  the  hemisphere 
AMNPQ  have  48  triangles,  all  equal,  because  having 
all  their  parts  equal.  Hence  the  whole  sphere  must 
contain  96  of  those  partial  triangles,  the  lune  A M B 
N A will  contain  13  of  them  ; hence  the  lune  is  to 
the  sphere  as  10  is  to  96,  or  os  5 to  48,  in  other 
words,  as  the  arc  MN  is  to  the  circumference. 

If  the  arc  MN  is  not  commensurable  with  the  cir- 
cumference, we  may  still  show,  by  the  mode  of 
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Geometry,  reasoning  exemplified  in  book  ii.,  that  in  this  case 
G-— also,  the  lune  is  to  the  sphere  as  M N is  to  the  cir- 
cumference. 

Cor.  1.  Two  lunes  are  to  each  other  as  their  res- 
pective angles. 

Cor.  2.  It  was  shown  (prop.  19,  book  ix.)  that  the 
whole  surface  of  the  sphere  is  equal  to  eight  iri-rcet- 
angular  triangles ; hence,  if  the  area  of  one  such 
triangle  is  taken  for  unity,  the  surface  of  the  sphere 
will  be  represented  by  8.  This  granted,  the  surface 
of  the  lune,  whose  angle  is  A,  will  be  expressed  by 
9 A (the  angle  A being  always  estimated  from  the 
right  angle  assumed  as  unity)  since  9 A : 8 : : A : 4. 
Thus  we  have  here  two  different  unities ; one  for 
angles,  being  the  right  angle,  the  other  for  surfaces, 
being  the  tri-rectangular  spherical  triangle,  or  the 
triangle  whose  angles  arc  all  right,  and  whose  sides 
are  quadrants. 

Scholtum.  The  spherical  ungula,  hounded  by  the 
planes  A M B,  A N B,  is  to  the  whole  solid  sphere  as 
the  angle  A is  to  four  right  angles.  For,  the  lunes 
being  equal,  the  spherical  ungula*  will  also  be 
equal}  hence  two  spherical  ungulas  are  to  each 
other,  os  the  angles  formed  by  the  planes  which  bound 
them. 

Proposition  XXL — Theorem . 

Two  symmetrical  spherical  triangles  are  equal  in  surface , 
fig.  253. 

Fif. 253,  Let  ABC,  DEF  be  two  symmetrical  triangles, 
that  is  to  say,  two  triangles  having  their  aides  A B = 
DE,  AC=DF,  CB  = EF,  and  yet  incapable  of 
coinciding  with  each  other  ; we  are  to  show  that  the 
surface  A B C is  equal  to  the  surface  DEF. 

Let  P be  the  pole  of  the  little  circle  passing 
through  the  three  points  A,  B,  C|*  from  this  point 
draw  (prop.  6,  book  ix.)  the  equal  arcs  PA,  PB, 
PC  j at  the  point  F,  make  the  angle  D F Q= A C P, 
the  arc  F Q = C P ; and  join  D Q,  E Q. 

The  sides  D F,  F Q are  equal  to  the  sides  AC,  CP; 
the  angle  D F Q = A C P ; hence  (prop.  12,  book  ix.) 
the  two  triangles  DFQ,  A C P are  equal  in  all  their 
parts ; hence  the  side  D Q = A P,  und  the  angle 
DQF  = APC. 

In  the  proposed  triangles  D FE,  ABC,  the  angles 
DFE,  ACB,  opposite  to  the  equal  sides  D E,  A B, 
being  equal,  (prop.  11,  book  ix.)  if  the  angles  DFQ, 
A CP,  which  are  equal  by  construction,  be  taken 
away  from  them,  there  will  remain  the  angle  Q F E, 
equal  to  P C B.  Also  the  sides  Q F,  F E are  equal  to 
the  sides  PC.CB;  hence  the  two  triangles  F Q E, 
CPB  arc  equal  in  all  their  parts;  hence  the  side 
QE  = PB,  and  the  angle  FQE  = CPB. 

Now,  observing  that  the  triangles  DFQ,  A C P, 
which  have  their  sides  respectively  equal,  are  at  the 
same  time  isosceles,  we  Bhall  see  them  to  be  capable 
of  mutual  adaptation,  when  applied  to  each  other  ; 
for,  having  placed  P A on  its  equal  Q F,  the  side  P C 
will  fall  on  its  equal  QD,  and  thus  the  two*  triangles 
will  exactly  coincide  ; hence  they  arc  equal,  and  the 
surface  DQF  — AFC.  For  a like  reason,  the  surface 


* The  circle  which  pM*ca  through  the  three  points  A,  B,  C, 
or  which  circumscribes  the  triangle  ABC,  ran  only  be  a little 
circle  of  thj  qihcre  ; for  if  it  were  a great  circle,  the  three  aides 
AH,  RC,  AC  would  lie  la  one  plane,  and  the  triangle  ABC 
would  be  reduced  to  one  of  Its  aides. 


FQK  = CPB,  and  the  surface  DQE  = APB;  Book  IX. 
hence  we  have  DQF  + FQE— DQE  = APC  + — 
CPB  - APB,  orDFE  = ABC;  therefore  the  two 
symmetrical  triangles  ABC,  DEF  are  equal  in 
surface. 

Scholium.  The  poles  P and  Q might  lie  within  the 
triangles  ALC.DEF;  in  which  case  it  would  be 
requisite  to  add  the  thjrec  triangles  DQF,  FQE, 

D Q E together,  in  order  to  make  up  the  triangle 
DE  F ; and  in  like  manner,  to  add  the  three  triangles 
APC,  CPB,  APB  together,  in  order  to  make  up  the 
triangle  ABC  j in  all  other  rcapects,  the  demonstra- 
tion and  the  result  would  still  be  the  same. 

Proposition  XXII. — Theorem. 

If  two  great  circles  A O B,  C O D intersect  each  other 
anyhow  in  the  hemisphere  A O C B D,  the  sum  of  the  oppo- 
site triangles  AOC,  BOD  will  be  equal  to  the  lune 
whose  angle  is  BOD,  fig.  241. 

For,  producing  the  arcs  OB,  O D in  the  other  hernia-  Fig.  241. 
phere,  till  they  meet  in  N,  the  arc  OBN  will  be  a 
semicircumfercnoe,  and  A O B one  also  ; and  taking 
O B from  both,  we  shall  have  B N = AO.  For  n like 
reason,  we  have  D N = C O,  and  BD  = A C.  Hence 
the  two  triangles  AOC,  BDN  have  their  three  sides 
respectively  equal ; besides,  they  are  so  placed  as  to 
be  symmetrical  ; hence  (prop.  21,  book  ix.)  they  are 
equal  in  surface,  and  the  sum  of  the  triangles  AOC, 

BOD  is  equal  to  the  lune  O B N D O whose  angle 
is  BOD. 

Scholium.  It  is  likewise  evident  that  the  two  sphe- 
rical pyramids,  which  hAve  the  triangles  AOC, 

BOD  for  bases,  are  together  equal  to  the  spherical 
ungula  whose  angle  is  B O D. 

Proposition  XXIII. — Theorem.  4 

The  surface  of  any  spherical  triangle  is  measured  by 
the  excess  of  the  sum  of  its  three  angles  above  two  right 
angles,  fig.  954. 

Let  ABC  be  the  proposed  triangle : produce  its  Fig.  2S4. 
sides  till  they  meet  the  great  circle  D E F G drawn 
anywhere  without  the  triangle.  By  the  last  theorem, 

, the  two  triangles  A DE,  A G II  are  together  equal  to 
the  lune  whose  angle  is  A,  and  which  is  measured 
(prop.  90,  book  ix.)  by  2 A.  Hence  we  have  A DE 
+ AGH=2Aj  and  for  a like  reason,  B G F + BID 
= 2 B,  and  CIH  + CFE  = 2C.  But  the  sum  of 
those  six  triangles  exceeds  the  hemisphere  by  twice 
the  triangle  ABC,  and  the  hemisphere  is  represented 
by  4 ; therefore  twice  the  triangle  A B C is  equal  to 
2 A + 2 B + 2 C— 4 ; and  consequently  once  ABC  = 

A + B + C — 2 ; hence  every  spherical  triangle  ia 
measured  by  the  sum  of  all  its  angles  minus  two  right 
angles. 

Cor.  1.  However  many  right  angles  there  be  con- 
tained in  this  measure,  just  so  many  tri-rectangular 
triangles,  or  eighths  of  the  sphere,  which  (prop.  20, 
book  ix.)  are  the  unit  bf  surface,  will  the  proposed 
trifingle  contain.  If  the  angles,  for  example,  are  each 
equal  to  4 of  a right  angle,  the  three  angles  will  amount 
to  4 right  angles,  and  the  proposed  triangle  will  be 
represented  by  4 — 2 or  2 j therefore  it  will  be  equal 
to  two  tri-rectangular  triangles,  or  to  the  fourth  port 
of  the  whole  surface  of  the  sphere. 
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(Imrariry.  Car. «.  The  .pberieal  triangles  ABC  It  equal  to 

' the  lune  whose  angle  is — — ^ 1 I likewise  the 

snherica!  pvratnid,  which  has  ABC  for  its  base,  is  equal 
, A+B+C 

to  the  spherical  ungula  whose  angle  is 1. 


Scholium.  While  the  spherical  triangle  ABC  is 
compared  with  the  tri-rectangular  triangle,  the  sphe- 
rical pyramid,  which  has  ABC  for  its  base,  is  com- 
pared with  the  tri- rectangular  pyramid,  and  a similar 
proportion  is  found  to  subsist  between  them.  The 
solid  angle  at  the  vertex  of  the  pyramid  is,  in  like 
manner,  compared  with  the  solid  angle  at  the  vertex 
of  the  tri-rectangular  pyramid.  These  comparisons 
are  founded  on  the  coincidence  of  the  corresponding 
parts.  If  the  bases  of  the  pyramids  coincide,  the 
pyramids  themselves  will  evidently  coincide,  and  like- 
wise the  solid  angles  at  their  vertices.  From  this,  the 
following  consequences  are  deduced. 

First.  Two  triangular  spherical  pyramid?  are  to  each 
other  as  their  bases  ; and  since  a jiolygonal  pyramid 
may  always  be  divided  into  a certain  number  of  trian- 
gular ones,  it  follows  that  any  two  spherical  pyramids 
are  to  each  other,  as  the  polygons  which  form  their 
bases. 

.Second.  The  solid  angles  at  the  vertices  of  those 
pyramids  are  also  as  their  bases ; hence,  for  com- 
paring any  two  solid  angles,  we  have  merely  to  place 
their  vertices  at  the  centres  of  two  equal  spheres,  and 
the  solid  angles  will  be  to  each  other  as  the  spherical 
polygons  intcrccuted  between  their  planes  or  faces  j 
see  scholium  *,  prop.  SI,  book  vi. 


The  vertical  angle  of  the  tri-rectangular  pyramid  is 
formed  by  three  planes  at  right  angles  to  each  other  ; 
this  angle,  which  may  be  called  a right  solid  angle,  will 
serve  as  a very  natural  unit  of  measure  for  all  other 
solid  angles.  And  if  so,  the  same  number  that  ex- 
hibits the  area  of  a spherical  polygon,  will  exhibit 
the  measure  of  the  corresponding  solid  angle.  If  the 
area  of  the  polygon  is  4,  for  example,  in  other  words, 
if  the  polygon  is  4 of  the  tri-rectangular  polygon, 
then  the  corresponding  solid  angle  will  also  be  4 of 
the  right  solid  angle. 


Book  IX. 


PaorosiTioN  XXIV. — Theorem. 

The  surface  of  a spherical  polygon  is  measured  by  the 
sum  of  ah  Us  angles,  minus  the  product  of  tiro  right 
angles  by  the  number  of  sides  in  the  polygon  minus  two, 
fig'  *55. 

From  one  of  the  vertices  A,  let  diagonals  A C,  A D 
be  drawn  to  all  the  other  vertices ; the  polygon 
A B C I>  E will  be  divided  into  as  many  triangles  main* 
two  as  it  has  sides.  But  the  surface  of  each  triangle 
is  measured  by  the  sum  of  oil  its  angles  minus  two 
right  angles ; and  the  sum  of  the  angles  in  all  the 
triangles  is  evidently  the  same  as  that  of  all  the  angles 
in  the  polygon  j hence  the  surface  of  the  polygon  is 
equal  to  the  sum  of  all  its  angles  diminished  by  twice 
as  many  right  angles  as  it  has  sides  minus  two. 

Scholium.  Let  s be  the  sum  of  all  the  angles  in  a 
spherical  polygon,  n the  number  of  its  sides ; the 
right  angle  being  taken  for  unity,  the  surface  of  the 
polygon  will  be  measured  by  * — * (n  — *,)  or 
» — 9 n + 4. 
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ARITHMETIC. 


History  of  the  Science. 


Definition.  (1.)  Arithmetic  may  be  defined  to  be  the  science  of 
numbers  and  their  notation,  and  of  the  different  ope- 
rations to  which  they  are  subject. 

With  the  exception  of  the  theory  of  arithmetical 
notation,  we  shall  not  include  under  the  head  of  Arith- 
metic any  portion  of  what  is  commonly  called  the 
Theory  of  Numbers,  the  complete  discussion  of  which 
would  require  a very  extensive  knowledge  of  Algebra, 
and  which  will  be  ufterwards  considered  in  a separate 
treatise.  We  shall  confine  ourselves  in  the  following 
treatise  to  the  consideration  of  the  common  operations 
of  Arithmetic,  and  to  those  common  rules  for  the 
solution  of  numerical  questions,  which  arc  of  such 
. frequent  occurrence  in  the  ordinary'  business  of  life, 
and  whose  principles  may  be  established  and  under- 
stood without  the  uid  of  algebraical  investigations. 
Mr*  of  (2.)  The  idea  of  number  is  one  of  those  which  arc 
number,  first  presented  to  the  mind,  and  which  indeed  may  be 

hl>*«M  considered  as  nearly  coexistent  with  the  exercise  of 

** 1 ‘ our  natural  faculties  ; and  the  mode  in  which  it  Is  ac- 
quired, considered  as  a metaphysical  question,  forms  n 
natural  introduction  to  an  historical  notice  of  the 
different  methods  of  numeration,  which  have  been 
adopted  by  different  nations  at  different  periods  of  the 
w'orld. 

If  objects  of  various  kinds  be  placed  before  a child, 
he  will  be  struck  with  the  more  marked  peculiarities 
by  which  they  are  severally  distinguished  ; but  the 
idea  of  their  multitude  will  probably  escape  his  obser- 
vation, or,  if  in  any  way  excited,  will  leftve  no  distinct 
impression  on  the  mind  : the  case  would  be  somewhat 
different,  if  different  objects  of  the  same  kind  were 
placed  before  him,  as  under  such  circumstances  the 
very  first  idea  which  would  succeed  to  his  perception 
of  their  resemblance,  would  be  that  of  their  multi- 
tude. But  the  passage  from  the  vague  idea  of  multi- 
tude to  the  more  definite  one  of  number,  is  one  of 
great  difficulty  in  the  infant  state  of  the  reflex  ope- 
rations of  the  mind.  It  requires  an  analysis  of  the 
individual  units  of  which  a number  is  composed,  which 
can  only  be  effected  by  the  comparison  of  different 
numbers  with  each  other;  and  the  process  of  the  mind 
by  which  such  comparisons  are  made  is  slow  and  diffi- 
cult, unless  the  numbers  are  small,  and  our  attention 
powerfully  directed  to  them  by  the  excitement  of  our 
uppetites,  or  other  circumstances  : thus  place  before  a 
child  different  sets  of  toys,  or  fruits,  or  other  objects 
naturally  desirable,  in  the  selection  of  which  a choice 
is  left  to  him,  and  lie  will  rapidly  acquire  the  habit  of 
comparing  them  with  each  other ; and,  as  the  result 
of  such  a comparison,  and  of  the  examination  of  the 
individuals  of  which  each  set  is  composed,  he  will 
gradually  acquire  the  idea  of  number. 

Abstraction  is  the  creature  of  language,  and  without 
the  aid  of  language  he  will  never  separate  the  idea  of 
any  number  from  the  qualities  of  the  objects  with  which 
it  is  associated.  He  will  have  a distinct  idea  of  four 


V«|..  I, 


cows,  as  distinguished  from  five  cows ; but  it  by  no  History, 
means  follows,  that  the  idea  of  the  number  four,  as  Vs-p— 
connected  with  four  cows,  will  be  perfectly  identical 
in  his  mind  with  the  idea  of  the  number  four  as  con- 
nected with  four  horses ; as  they  would  in  both  cases 
be  blended  with  his  ideas  of  the  individual  qualities 
of  the  objects  themselves  : but  if  his  idea  of  the 
number  four  be  registered  in  the  memory  by  a specific 
word,  independent  of  the  qualities  of  the  objects  with 
which  it  was  in  the  first  instance  associated,  he  will 
become  accustomed,  after  a more  enlarged  experience, 
to  pronounce  the  word  without  reference  to  such 
associations,  though  they  must  necessarily  spring  up 
in  one  form  or  other  in  the  mind,  upon  a farther 
analysis  of  the  idea,  of  which  the  word  is  the  general 
symbol.* 


* We  are  thus  lead  to  the  distinction  of  number*  into  abstract 
and  concrete,  though  the  abstraction  exist  merely  in  the  word 
hjr  which  any  number  w designated,  or  in  the  equivalent  symbol 
by  which  it  it  represented  in  different  arithmetics!  systems.  In 
Arithmetic  we  consider  both  kinds  of  numbers,  though  the  ope- 
rations are  in  ail  cases  the  same  as  if  the  numbers  were  perfectly 
abstract ; the  association  of  qualities  being  merely  of  use  in 
directing  us  to  the  particular  operations  or  reductions  to  be  per- 
formed, and  in  assisting  us  in  the  proper  interpretation  of  the 
rrsalt : thus  in  the  statement  of  the  Rule  of  Throe  question,  " If 
lib.  6 ox.  of  tea  cost  Hi.  4ff.  what  is  the  price  of  31b.  Box." 
We  say,  lb.  ox.  lb.  ox.  i.  d. 

1 6:3  8 s : 8 A t *. 

And  after  reducing  the  two  first  terms  to  unit*  of  one  denomina- 
tion, and  the  third  term  to  units  of  another  denomination,  we  hare 
ox.  os.  it- 

20  SO  100  e. 

The  last  term  ik2o0,  and  the  same  number  results,  whether  we 
suppose  the  terms  of  the  proportion  to  be  abstract  or  concrete  j 
but  l lie  re  is  an  obvious  advantage  in  considering  them  os  concrete, 
as  ure  are  thus  guided  not  merely  to  the  previous  reduction  of  the 
terms  of  the  ratios,  but  likewise  to  the  interpretation  and  redac- 
tion of  the  result 

Most  writers  on  Arithmetic  would  state  this  question  in  the 
following  manner  : 

lb.  ox.  s.  d lb.  ox, 

16  t 8 4 : 3 8 :*. 

In  this  statement,  however,  there  is  a manifest  violation  of  pro- 
priety, as  the  te  rms  of  the  ratio*  are  not  homogeneous  ; and  the 
practice  is  not  justified  by  soy  corresponding  Advantage.  It  is 
obvious,  however,  from  the  preceding  observations,  as  well  as 
from  other  considerations,  that  the  result  will  be  the  same  a*  is 
obtained  from  the  correct  proportion. 

Some  authors  have  defined  abstract  or  diterrte  numbers  to  be 
those  which  have  no  denomination  annexed  to  them  ; considering 
all  others  as  c*™* tract  or  eanrrHr.  Upon  this  definition,  a diffi- 
culty arose  about  the  clan  to  which  fractional  numbers  were  to 
be  referred  ; the  units  of  the  numerator  living  limited  in  value 
by  the  denominator,  and  consequently  being  in  this  respect  diffe- 
rent from  abstract  whole  number*.  The  solution  of  the  difficulty  is 
to  be  found  in  the  mesning  of  the  word  dtHominntian,  which  in  our 
definition  would  be  confined  to  designate  a quality  of  the  (abject 
which  ll*e  unit  is  supposed  to  denote.  This  question  is  very  well 
discussed  in  the  Whetstone  of  Witte,  tlie  first  work  on  Algebra 
published  in  England,  by  Robert  Record*,  in  1&57. 

This  latter  distinction  of  abstract  and  rourrete  would  nearly 
answer  to  their  meaning  in  ordinary  language,  when  applied  to 
any  general  term  and  its  corresponding  adjective  i thus,  in  tbr 
well  known  epigram, 

Mentitur  pn’  tr  ufiMi'is,  ZtnU,  dial. 

A V»  ntionu  konto  n,  Zmte,  ud  vtlimm. 

3 C 36*9 
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Arithmetic.  (3.)  We  might  suppose  this  process  for  the  forma- 
tion  of  abstract  numbers,  to  be  completely  effected  by 
n«j"raber*°r  attac^‘°R  names  to  the  series  of  natural  numbers,  he- 
wn per-  ginning  from  unity  j but  if  such  names  were  perfectly 
fectly  «rb«-  arbitrary  and  indc|>cndcnt  of  each  other,  our  progress 
itmry.  jn  numeration  would  be  extremely  limited,  as  the 
memory  would  be  overwhelmed  with  a multitude  of 
disconnected  words  ; and  the  performance  of  the  most 
simple  operations  of  nddition,  subtraction,  multiplica- 
tion, or  division,  would  require  an  insight  into  the 
constitution  of  numbers,  to  which  the  mind,  particu- 
larly in  the  infancy  of  society,  would  be  altogether 
unequal : under  such  circumstances,  we  might  readily 
credit  the  narrations  of  travellers  who  have  limited 
the  powers  of  numeration  of  some  savage  tribes  to 
five,  or  to  ten  $ but  it  will  be  found,  upon  an  ex- 
amination of  the  numerical  words  of  different  lan- 
guages, that  they  have  been  formed  upon  regular 
principles,  subordinate  to  those  methods  of  numeration 
which  have  been  suggested  by  nature  herself,  and 
which  we  may  suppose  to  have  been  more  or  less 
practised  amongst  all  primitive  people  ; for  in  what 
other  manner  can  we  account  for  the  very  general 
adoption  of  the  decimal  system  of  uotutton,  and  what 
other  origin  can  we  assign  to  it  than  the  very  natural 
practice  of  numbering  by  the  fingers  on  the  two 
hands.* 

Theoretical  (4.)  Assuming  such  an  hypothesis  as  true,  it  would 
nriih  of  not  be  difficult  to  give  a probable  theory  of  the  for- 
(nation  of  the  decimal  scale  of  numeration,  and  of 
•vtutioa  “daptntion  of  language  to  it  ; for  suppose  a num- 

ber of  counters,  or  pebbles,  or  objects  of  any  other 
kind  were  placed  before  a person  accustomed  to  count 
upon  his  fingers  ; in  making  his  tale,  he  would  first 
place  his  fingers  in  succession  upon  ten  counters;  and 
let  us  suppose  him  to  reject  nine  of  them,  and  to  put 
the  tenth  apart  as  a register  of  the  completion  of  one 
operation.  Again,  let  him  repeat  the  same  operation, 
rejecting  nine  counters  each  time,  and  preserving  the 
tenth,  until  the  number  of  counters  remaining  is  less 
than  ten  : let  them  be  preserved  by  themselves  in  a. 
place,  which,  for  greater  distinctness,  we  will  cull  A, 
whilst  the  place  for  the  counters  which  were  separated 
from  the  original  heap,  to  mark  the  completion  of  each 
operation,  is  called  B.  We  may  now  suppose  the  same 
process  to  be  repeated  upon  the  counters  in  the  place 
B,  rejecting  nine  ond  preserving  the  tenth  in  a place  C, 
until  the  number  of  counters  remaining  in  B is  less 
than  ten  : if  the  number  of  counters  in  C exceed  ten, 
the  same  process  may  be  repeated  upon  them,  and 
every  tenth  counter  may  be  placed  in  1) ; and  so  on, 
until  the  number  of  counters  remaining  in  the  last 
place  is  less  than  ten.  We  shall  thus  get  a series  of 
sets  of  counters  A,  B,  C,  D,  &c.  where  each  counter  in 


niimm  k • general  nhatnurt  term  far  every  specie*  of  vice  ; but 
riJtarmt,  though  equally  general  in  ita  application,  is  concrete,  u 
designating  a quality  of  a subject. 

• There  is  a curious  psaaage  in  Ovid  on  the  origin  of  the 
decimal  scale  of  aaaeratioA.  Speaking  of  list)  ancient  Roman 
year,  lie  My*. 

sin  nut  rrut  detimum  cum  Ltmn  rrptevernt  orbem, 

/lie  muitirruM  i nagmo  tunc  t*  htmotf  fiat  { 

Sm  flit*  let  dtgili,  per  qnttt  ttumrrarr  twirutiu, 

Sett  quia  bu  qutna  /trim**  menu  pant ; 

Sett  qutnl  ab  utqut  decern  numrro  crttcr-itr  r enitur 
Principtmm  tpatiis  rumitur  inde  no  tit. 

Farti,  lib.  iii.  124. 


B corresponds  to  ten  counters  in  A j every  counter  History, 
in  C to  ten  in  B,  and  so  on ; every  counter  in  a 
superior  plucc  corresponding  to  ten  in  a place  next 
inferior : in  this  arrangement  the  counters  acquire  a 
representative  value  dependent  upon  their  position, 
and  the  number  itself  may  be  considered  os  expressed 
by  a comparatively  small  number  of  counters,  particu- 
larly when  the  number  is  large. 

Bv  a little  variation  of  the  process  we  should  be 
enabled,  by  means  of  nine  counters  only  correspond- 
ing to  each  place,  to  effect  a similar  resolution  of  any 
number  whatever  of  objects,  and  consequently  to  ex- 
press it : it  would  he  merely  necessary,  whenever  ten 
counters  were  required  for  any  one  place,  to  remove 
the  nine  which  were  previously  there,  and  to  place  one 
counter  in  the  next  superior  place  ; we  shall  thus 
possess  n natural  al/acus , representing  very  distinctly 
the  principles  and  formation  of  the  decimal  scale  of 
numeration. 

(5.)  The  discovery  of  this  mode  of  breaking  up  Nomeacla 
numbers  into  classes,  the  units  in  each  doss  increasing  Uire  of 
in  a decuple  proportion,  would  lend,  very  naturally,  to  ”) 

the  invention  of  a nomenclature  for  numbers  Urns  lcajc.  IU' 
resolved,  which  is  more  simple  and  equally  compre- 
hensive. By  giving  names  to  the  first  nine  natural 
numbers,  or  digits,*  and  also  to  the  units  of  each  class 
in  the  ascending  series  by  ten,  we  shall  be  enabled, 
by  combining  the  names  of  the  digits  with  those  of 
the  units  possessing  local  or  representative  value,  to 
express  in  words  any  number  whatsoever : thus  the 
number  resolved  by  means  of  counters  in  the  follow- 
ing manner, 
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would  be  expressed,  (supposing  seven,  six,  five,  and  four, 
denote  the  numbers  of  the  counters,  in  A,  B,  C,  D,  and 
ten,  hundred,  ond  thousand,  the  value  of  each  unit  in 
B,  C,  and  1),)  by  seven,  six  tens,  five  hundreds,  four 
thousands ; or,  inverting  the  order,  and  making  the 
slight  changes  required  by  the  existing  form  of  the 
language,  by  four  thousand,  five  hundred,  and  sixty- 
•even. 

It  is  quite  unnecessary  for  us  to  exhibit  this  transition 
from  the  expression  of  a number  by  artificial  methods, 
to  its  expression  in  words  cither  for  other  numbers  or 
for  other  languages  than  our  own  ; the  one  just  given 
being  abundantly  sufficient  for  the  illustration  or  our 
hypothesis. 

The  advantages  of  this  resolution  of  numbers  are 
out  confined  to  the  expression  of  large  numbers  by 


• The  earlier  writer*  on  Arithmetic  dktingukhed  number*  into 
digital,  articulate,  and  compound  ; the  Anti  denoting  the  fir*t 
nine  natural  number*,  whirh  were  counted  upon  tbc  digiti,  or 
Anger* ; the  wroqd  multiple*  of  tea,  of  a hundred,  &c.  which 
might  l>c  counted  upon  the  nrtn-uti,  or  joint*  of  the  Anger*  ; the 
third,  all  number*  which  »ri»e  from  adding  digital  *ud  articulate 
number*  together.  The  Arab*  denoted  the  M-cond  cImm  of  num- 
ber* by  a word  which  mean*  Jututs. 
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Arii Inn ptir-  few  words  which  are  easily  remembered  j fcr  we  thus 
become  familiar  with  the  superior  units,  such  as  ten, 
a hundred,  a thousand,  as  well  from  frequent  repetition 
as  from  our  knowledge  of  their  relation  to  each  other 
and  to  unity  } and  are  thus  enabled  to  form  clear  and 
distinct  conceptions  of  large  numbers,  whose  compo- 
sition we  discover,  in  the  words  by  which  they  are 
expressed,  or  in  the  symbols  by  which  they  are  re- 
presented. • 

other  QAtu*  (7.)  But  the  decimal  scale  of  numeration  is  not  the 

ml  icalr*  only  one  which  may  be  properly  characterised  as  a 

o(  nume-  natural  scale.  In  numbering  with  the  fingers  we  might 

rauoo.  very  naturally  pause  at  the  completion  of  the  fingers 
on  one  hand  j and  registering  this  result  by  a counter, 
or  by  any  other  means,  we  might  proceed  over  the 
fingers  of  the  same  hand  again,  or  with  the  fingers  of 
the  second  hand,  and  register  the  result  by  another 
counter,  or  replace  the  former  by  a new  counter,  which 
should  become  the  representative  of  ten.  If  the  first 
process  were  adopted,  we  should  be  led  to  the  formation 
of  a scale  of  numeration  which  is  strictly  quinary  : by 
pursuing  the  second  process,  we  should  end  in  the 
formation  of  the  denary  scale,  with  the  quinary  scale 
subordinate  to  it j and  in  adopting  language  to  such  a 
practical  mode  of  numeration,  we  should  give  inde- 
pendent names  to  the  first  five  digits,  and  subsequently 
express  the  digits  between  five  und  ten  by  combining 
the  name  of  five,  considered  as  a superior  unit  with 
the  names  of  the  first  four  digits  : in  the  first  system 
the  name  lor  ten  would  be  expressed  by  a word  equi- 
valent to  twice  five  j in  the  second,  it  would  be  ex- 
pressed by  a simple  and  independent  word. 

Again,  the  settle  of  numeration  by  twenties  has  its  foun- 
dation in  nature,  equally  with  the  quinary  and  denary 
scales.  In  a rude  state  of  society,  before  the  discovery  of 
other  methods  of  numeration,  men  might  avail  them- 
selves for  this  purpose,  not  merely  of  the  fingers  on  the 
hands  but  likewise  of  the  toes  of  the  naked  feet ; such 
a practice  would  naturally  lead  to  the  formation  of  a ri- 
cenarg  scale  of  numeration,  to  which  the  denary,  or  the 
denary  with  the  quinary,  or  the  quinary  alone,  might 
be  subordinate  : m the  first  case  wc  must  have  single 
and  independent  names  for  the  first  nine  digits,  for  ten, 
and  for  twenty  ; in  the  second  for  the  first  four  digits, 
for  five,  for  ten,  and  for  twenty  } in  the  last,  for  the 
first  four  digits,  for  five,  und  for  twenty.  Such  are  the 
principles  of  a philosophical  nomenclature  adapted  to 
suit  these  different  scales  of  numeration,  subject  of 
course  to  such  variations  as  may  be  required  by  the 
genius  of  the  language  to  which  they  arc  applied. 

Of  other  systems  of  numeration  the  binary  might 
be  considered  as  natural,  from  the  use  of  the  two 
hands  in  separating  objects  into  pairs,  and  from  the 
prevalence  of  binary  combinations  in  the  members  of 
the  human  body  ;*  but  the  scale  of  its  superior  units 
increases  too  slowly,  to  embrace  within  moderate 
limits  the  numbers  which  are  required  for  the  ordinary 
wants  of  life,  even  in  the  infancy  of  society.  It  fc- 
quires  twelve  orders  of  superior  units  in  the  binary 
scale  for  numbers,  which  are  expressible  in  the  qui- 
nary scule  by  five  orders,  in  the  denary  by  three,  and 
in  the  vicenary  by  two ; the  adoption  of  this  scale  there- 
fore would  require  a more  complete  knowledge  of  the 
classification  of  numbers,  upon  which  numerical 
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systems  depend,  than  we  could  expect  to  find  at  the  History, 
period  of  society  w hen  such  systems  arc  formed. 

There  are  no  members  of  the  human  body,  and  no 
use  of  those  members,  which  could  naturally  lead  to 
the  adoption  of  any  other  scale  of  numeration  than 
those  above  mentioned  ; the  senary  scale  possesses 
some  advantages  over  the  quinary,  and  the  duodenary 
over  the  denary,  but  the  perception  of  those  ail  van- 
tages belongs  to  an  advanced  state  of  arithmetical 
knowledge,  and  they  form,  therefore,  no  argument  for 
the  adoption  of  such  scales  at  the  period  ol  society  to 
which  our  argument  refers. 

(8.)  As  the  necessity  of  numeration  is  one  of  the  Method* 
earliest  and  most  urgent  of  those  wants,  which  are  not  of  numrru- 
cssentiol  to  the  support  and  protection  of  life,  we  might l,nn 
naturally  expect  that  the  discovery  of  expedients  for 
that  purpose  should  precede  the  epoch  of  civilisation,  Unn  ol  inl- 
and tlte  full  development  and  fixing  of  language,  meriral 
That  such  has  been  the  case,  we  shall  find  very  fully  loa****#*- 
and  clearly  established,  by  an  examination  of  the 
numerical  w'ords  of  different  languages  • for  w ithout 
any  exception,  which  can  be  well  authenticated,  they 
have  been  formed  upon  regular  principles,  having  re- 
ference to  some  one  of  those  three  systems  of  nume- 
ration, which  we  have  characterised  as  natural  j the 
quinary  scale,  whenever  any  traces  of  it  appear,  being 
generally  subordinate  to  the  denary,  and  in  some 
coses  both  the  quinary  and  denary  scales  being  sub- 
ordinate to  the  vicenary.  In  some  cases  also  we 
shall  find  from  an  examination  of  primitive  numeri- 
cal words,  conveying  traces  of  obsolete  methods  of 
numeration,  that  the  quinary,  and  even  the  vicenary 
scales  have  been  superseded  altogether  by  the  denary, 
either  from  a sense  of  its  superior  advantages  in  the 
progress  of  society  and  civilisation,  or  introduced 
from  other  nations  through  commercial  intercourse, 
colonization,  or  conquest. 

Besides  the  general  proposition  contained  in  the 
preceding  statement,  that  the  natural  scale*  of  numera- 
tion alone  hate  ever  met  tr ith  general  adoption  t there  is 
another  proposition  which  is  in  some  degree  a conse- 
quence of  the  former,  but  which  an  examination  of 
the  structure  of  numerical  language  will  in  many 
cases  more  completely  establish  ; which  is,  that  amongst 
all  nations  practical  methods  of  numeration  hate  preceded 
the  formation  of  numerical  language. 

(y.)  It  is  in  the  language  of  people  far  removed  from  Numerical 
civilized  life,  that  the  connection  existing  between  wont*  are 
practical  methods  of  numeration  and  numerical  words  nn} 
w ill  generally  be  most  clearly  exhibited  ; for  in  such  r Tr‘ 
languages  words  are  more  immediately  the  transcripts 
of  things,  and  are  less  diverted  from  their  primitive 
meaning  and  application,  than  in  those  which  have 
been  expanded  by  the  culture  necessary  to  fit  them 
for  the  multiplied  wonts  of  civilized  life,  and  to 
enable  them  to  express  the  infinite  variety  of  ideas 
introduced  by  an  enlarged  exercise  of  the  reflex  ope- 
rations of  the  mind } it  might  be  contended,  indeed, 
that  numerical  wrords,  being  of  early  use,  and  there- 
fore primitive,  are  likely  to  remain  unaltered  amidst 
the  fluctuation  to  which  all  languages  are  subject, 
before  they  become  fixed  and  pennuncut  by  literature } 
but  the  changes  of  language  depend  less  upon  in- 
ternal than  upon  external  causes,  being  leas  affected 
by  the  progress  of  the  arts  of  life,  than  by  the  intro- 
duction of  new  words,  or  even  of  portions  of  new 
languages,  through  intercourse  with  other  nations, 
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Arithmetic,  colonization , or  conquest : different  languages  become 
*n  this  manner  incorporated  with  each  other,  and  pri- 
mitive languages  either  altogether  disappear,  or  lose 
much  of  their  original  character.  In  this  union  of 
the  languages  of  different  people  with  each  other, 
possessing  different  numerical  systems,  as  well  as 
different  numerical  words,  it  is  natural  to  suppose 
that  the  most  perfect  system  of  numeration,  or  the 
best  constructed  numerical  language,  should  be  adop- 
ted in  whole  or  in  port ; and  in  those  cases  where  a 
change  of  grammatical  structure  is  a consequence  of 
this  union,  the  numerals,  particularly  such  ns  are 
compound,  may  be  different  from  those  of  either  of 
tho  component  languages,  and  may  become  more  or 
less  expressive  of  practical  methods  of  numeration, 
whether  primitive  or  not j it  is  the  combination  of  all 
these  circumstances,  that  renders  it  extremely  difficult 
in  such  languages  to  trace  the  existence  of  primitive 
methods  of  numeration  in  numerical  words,  and  to 
show  the  connection  which  subsists  between  them. 
t of  no*  (10.)  Extensive  collections  have  been  made  of  the  nu- 
IrncLiur  chr  lnern*fl  different  people,  for  the  purpose  of  aacertain- 
•tSnitU**  of  *nff  affinities  of  languages,  and  perhaps  few  classes 
language*,  of  words  could  be  selected  which  are  better  calculated 
to  answer  this  object ; but  the  preceding,  as  well  as 
other  considerations,  show  that  their  authority  is  not  in 
all  cases  to  be  depended  upon.  The  more  philosophical 
of  modern  Philologists,  indeed,  have  ceased  to  regard 
affinity  of  roots  as  a decisive  proof  of  the  affinity  of 
languages ; it  may  arise  from  the  mere  mixture  of  lan- 
guages, or  from  the  intercourse  of  the  people  by  whom 
they  arc  spoken,  but  it  by  no  means  demonstrates  them 
to  be  of  common  origin,  unless  accompanied  also  by 
a corresponding  affinity  of  grammatical  structure. 
Thus  the  numerals  of  nearly  all  the  languages  of 
Europe,  and  of  many  of  those  of  Asia,  are  nearly  the 
same,  or  very  slightly  different  from  each  other  ; and 
some  authors  have  attempted  from  this  circumstance, 
supported  by  the  analogy  of  other  roots,  to  refer  all 
those  languages  to  a common  origin  ; * the  essential 
diversity,  however,  of  their  grammatical  structure, 
would  show  such  a classification  to  be  much  too 
comprehensive ; and  even  after  referring  them  to  three 
great  classes,  the  Indo  Pelasgic,+  including  the  San- 
scrit, Greek,  and  Latin,  the  Persian  and  German,  with 
their  immediate  derivatives ; the  Slavonic,  including 
the  Armenian,  Russian,  Polish,  and  Bohemian j ana 
the  Celtic,  including  the  Welsh,  the  Erse,  the  Gaelic, 
the  Armorican,  and  the  Basque  of  Biscay ; we  shall 
still  find  some  reasons  for  thinking  that  we  have 
associated  together,  and  particularly  in  the  last  of 
these  classes,  some  languages  which  arc  essentially 
distinguished  from  each  other. 

It  has  long  been  a favourite  theory  of  Philologists 
to  trace  up  all  existing  languages  to  a small  number 
of  others,  which  they  consider  as  primitive  ; but  the 
reasonings  by  which  such  theories  have  commonly 
been  supported,  are  founded  upon  an  assumption  of 
an  order  in  the  occurrence  of  facts  which  is  directly 
contrary  to  experience;  it  being  the  constant  tendency 
of  civilisation,  and  the  certain  influence  of  extensive 
empires  to  diminish,  and  not  to  increase  the  number 
of  languages  ; the  numerous  languages  of  Greece  and 

• Parados  Remaly  of  Japhtt  f Vottucey,  Collectanea  de  Heim. 
Jhb'TMicU,  rol.  lii.  No.  1 1. 
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Italy,  of  the  former  existence  of  many  of  which  we  History, 
have  evidence,  have  been  reduced  to  mere  dialects  of  v— » 
two  ; the  only  trace  of  any  of  the  languages  which 
we  know  from  the  authority  of  Strabo  existed  for- 
merly in  Spain,  is  to  be  found  in  the  mountains  of 
Biscay  : it  is  only  at  the  base  of  the  Pyrenees,  and  in 
the  remote  parts  of  Brittany,  where  the  influence  and 
authority  of  the  Romans  were  little  felt  or  known, 
that  we  can  discover  any  remains  of  the  languages  of 
the  numerous  tribes  of  ancient  Gaul : the  mountains 
of  Wales  and  of  Scotland  have  alone  prevented  the 
exclusive  use  of  a common  language  in  Great  Britain  : 
the  Arabic  and  its  derivatives  have  nearly  superseded, 
or  greatly  affected  all  other  languages,  where  the  au- 
thority of  the  Koran  has  been  long  acknowledged  : the 
commercial  activity  and  enterprising  character  of  the 
Malays,  have  propagated  their  language,  in  whole  or 
in  part,  throughout  the  islands  of  the  Indian  Archipe- 
lago and  the  South  Sea  : in  North  America  the  nume- 
rous tribes  who  were  driven  from  their  settlements 
by  European  colonists,  huve  disappeared  with  their 
languages ; and  the  same  effect,  in  perhaps  a still 
greater  degree,  has  attended  the  progress  of  the 
Spanish  dominion  in  the  South. 

The  immense  number  of  languages,  radically  dif- 
ferent from  each  other,  which  arc  spoken  by  the 
tribes  of  bnrhurous  countries  which  have  never  been 
subject  to  a common  empire,  establishes  the  same  pro- 
position in  a still  more  striking  manner.  The  Jesuit 
Missionary  Dobrizhoffer*  says,  that  there  are  upwards 
of  thirty  known  languages  spoken  in  Paraguay  alone. 

Father  Lasucnf  observed  no  fewer  than  seventeen  lan- 
guages in  an  extent  of  only  500  miles  on  the  coast  of 
California.  More  than  150  other  languages  have  been 
observed  in  other  parts  of  that  vast  continent,  and 
farther  researches  would  probably  greatly  increase 
that  number.  Mr.  Bowdichl  has  given  the  numerals 
of  thirty-one  languages,  most  of  which  are  spoken 
within  a district  of  small  extent  upon  the  western 
coast  of  Africa ; and  Mr.  Salt§  has  given  those  of  fifteen 
others  on  the  eastern  coast,  between  Mozambique 
and  Abyssinia.  That  continent,  indeed,  may  be 
almost  said  to  swarm  with  languages,  so  numerous 
do  they  appear  in  almost  every  part  of  the  small 
portion  of  it,  which  has  hitherto  been  subject  to  ex- 
amination. 

In  judging  of  the  proper  uses  of  numerals  for  ascer- 
taining the  affinity  of  languages,  it  is  particularly  neces- 
sary to  consider  whether  they  exist  under  their  original 
and  unaltered  form,  or  have  been  mixed  up  with  others 
without  a more  intimate  union,  or  have  become  mere 
dialects  of  a predominant  language.  In  the  languages 
of  barbarous  and  primitive  people,  possessing  a general 
affinity  of  grammatical  structure,  as  in  those  of  the 
tribes  of  South  America, ||  they  will  geuerally  form 
u just  measure  of  the  affinities  of  the  languages 
themselves  ; in  the  absence  of  such  a common  struc- 
ture, and  in  cases  where  languages  from  different 
causes  arc  greatly  altered  from  their  primitive  form, 
the  affinity  of  numerals  may  serve  as  a monument  of 
the  communication  of  the  people  by  whom  they  arc 
used,  and  even  of  the  present  intermixture  of  their 
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Arithmetic,  languages,  but  furnishes  no  proof  of  their  primitive 
affinity  with  each  other. 

There  arc  some  circumstances,  particularly  In  the 
numerals  of  African  languages,  which  are  extremely 
difficult  to  explain  In  the  languages  of  Bornou  ami 
Cashna,* *  two  neighbouring  African  tribes,  okoo  is  the 
name  for  five  in  the  first,  and  for  three  in  the  second, 
all  the  other  numemls  being  different  from  each  other; 
and  Mr.  Bowdicht  has  remarked  other  instances  of  a 
similar  interchange  of  the  names  for  four  and  five  in 
the  numerals  of  tribes,  geographically  remote  from 
#cach  other,  in  which  all  the  rest  arc  different  ; again, 
the  name  for  four  in  the  Inta  language  is  the  same  as 
that  for  the  same  number  in  the  language  of  Em  poo  n- 
gn,  at  the  distance  of  1000  miles  ; and  the  name  fur 
five  in  the  first  of  these  languages,  is  the  same  as  that 
for  five  in  the  language  of  Kamsullahoo.  Horton  f has 
given  from  the  records  of  the  first  settlers  in  North 
America,  the  numerals  of  the  Nanticocks,  an  extinct 
tribe,  who  inhabited  the  south  bank  of  the  Chcsapeak, 
which  are  nearly  identical  with  those  of  the  Mondin- 
goes  of  Africa,  as  will  be  immediately  seen  upon 
examination  of  them. 


Nanlicochs. 

Mandinrocs.f 

1.  KilIL 

1.  Killim. 

2.  FiUi. 

2.  Fool  a. 

3.  Sabo. 

3.  Sabba. 

4.  Nano. 

4.  Nani. 

5.  Taro. 

5.  Loolo. 

6.  Worn. 

6.  Woro. 

7.  Wollango. 

7.  Oronglo. 

8.  Secki. 

8.  Sec. 

9.  Collango. 

9.  Conanto. 

10.  Ta. 

10.  Tang. 

The  resemblance  of  these  numerals  is  apparently 
too  remarkable  to  lie  accidental,  yet  the  people  by 
whom  they  were  used,  belonged  to  races  essentially 
different,  and  between  whom  it  is  difficult  to  imagine 
that  any  intercourse  could  have  taken  place ; the  ex* 
animation  of  their  languages,  if  it  were  now  possible, 
might  perhaps  throw  some  light  upon  this  very 
curious  and  very  embarrassing  fact. 

There  are  perhaps  some  cases,  where  an  affinity 
exists  between  languages,  which  is  in  no  respect 
borne  out  by  the  affinity  of  their  numerals.  Y'oyngers 
and  others  have  remarked  the  resemblance  between 
the  languages  of  Noolka  Sound  and  its  neighbourhood 
on  the  north-west  coast  of  America  and  the  Aztec  of 
Ancient  Mexico ; and  Humboldt, ||  though  he  sup- 


• Horttrraan,  Proceeding*  •/ the  African  Society,  p.  148 — 156. 

♦ iVuMM  to  At  ha  nice. 

X On  the  Origin  of  the  American  Trike*  and  Minna. 

I P»rk’i  Pint  Tramet*  in  Africa,  p.  (5 1 . 

SJ  There  is  considerable  (iifBrultv  In  collecting  material*  tor 
an  inquiry  of  th»«  kind,  as  travellers  bare  usually  contented 
themselves  with  giving  the  simple  nnmeraU  at  far  as  ten,  witb- 
■ f tbs  formation  of  the  expressions  for  higher  number*  ; 
or  where  such  are  given,  they  have  seldom  added  an  explanation 
either  of  the  meaning  or  grammatical  connection  of  the  terms 
in  compound  expressions,  which  is  highly  necessary,  in  order  to 
deduce  from  them  an  idea  of  their  arithmetical  in  steins.  Amongst 
other  exceptions  to  this  remark,  (which  is  only  generally  true.) 
we  ought  in  Justice  to  mention  Mr.  Crawford,  who  has  givrn  sn 
excellent  account  of  the  numeral  systems  of  the  Islanders  in  the 
Indian  Arehiprlaro,  in  drawing  up  which  he  profesaes  to  have 
been  guided  by  the  excellent  observations  of  Professor  Leslie  in 
his  Phifato/thf  Arithmetic. 

There  is  a work  of  the  AbW  Hcrvas,  expressly  on  this  subject, 


poses  that  the  resemblance  is  more  apparent  than  real.  History, 
arising  in  a great  measure  from  the  frequent  use  of 
the  same  very  peculiar  combination  of  consonants,  yet 
admits  the  existence  of  some  affinity  lietwcen  them  ; 
it  will  be  found,  however,  that  they  have  not  one 
numeral  in  common,  or  between  which  the  most  dis- 
tant resemblance  can  be  traced. 

In  the  classification  of  the  languages  of  Europe,  the 
Lapponian,  Finnish,  Eflthoninn,  and  Hungarian,  have 
been  usually  associated  together,  os  belonging  to  the 
same  family.*  The  following  are  the  numerals  in  the 
first  and  lost  of  these  languages : 


Lapponian.f 

llanf«rian.X 

1.  Auft. 

1.  Egi. 

2.  Ciouft. 

2.  Kctto. 

3.  Goha. 

3.  Harum. 

4.  Niclju. 

4.  Negy. 

6.  Vit. 

5.  Eu 

6.  Gut. 

6.  Hut. 

7.  Zhicczhia. 

7.  llfit. 

8.  Kantze. 

8.  Nyoltz. 

9.  Antze. 

9.  Kilcntz. 

lO.  Lnage. 

IO.  Tiz. 

If  the  affinity  of  these 

languages,  which  so 

authors  have  attempted  to  prove,  really  exist,  it  is 
quite  clear  that  little  or  no  truce  of  it  is  discoverable 
in  a comparison  of  their  numerals. 

The  extraordinary  coincidences  as  well  as  diversities 
of  numemls,  which  are  given  above,  show  how  dan- 
gerous it  is  to  form  any  general  conclusions  respecting 
the  relations  of  languages  from  the  comparison  of  u 
small  number  of  their  roots,  however  apparently  well 
chosen  for  the  purpose.  ( 

(11.)  We  shall  now  quit  the  philological  discussion  of  Scales  and 
numerals,  and  proceed  to  the  consideration  of  them  os  nwthnd*  <»f 
records  of  systems  of  numeration  ; in  this  inquiry  we  0UB,er*,‘va 
shall  not  pretend  to  embrace  those  systems  in  oil 
known  languages,  which  would  lead  into  very  exten- 
sive details,  but  shall  confine  ourselves  to  such  os  may 
be  requisite  to  establish  our  two  general  propositions, 

(Art.  8 ;)  noticing  occasionally  remarkable  examples 
of  the  adaptation  of  language  to  systems  of  numera- 
tion, and  other  facts  which  may  illustrate  the  process 
followed  by  the  human  mind  in  the  formation  of  such 
systems  ; imperfect  as  this  notice  must  necessarily  be, 
it  will  enable  us  to  give  some  degree  of  armngemrut 
to  a grent  multitude  of  very  interesting  facts,  and  will 
show  in  a very  remarkable  manner,  how  near  an  ap- 
proach is  made,  in  a great  many  instances,  to  the  sim- 
plicity of  the  most  philosophical  language. 

Of  all  the  systems  of  numerical  wards  with  which  Nnmcrals 
wc  arc  acquainted,  that  of  Thibet  possesses  the  most  of  Thibet 
simple  structure,  and  makes  the  nearest  approach  to 
arithmetical  notation  by  local  value ; the  first  twenty- 
nine  numerals  are  os  follows  : 


frequently  referred  to  by  Humboldt  and  Vster.  entitled  Idem  det 
Arithmetic  a di  tuttr  le  Mmtimni  conmtcihtr,  a copy  of  which  we 
Hare  not  been  able  to  procure.  The  materials  of  tliia  work 
mast  be  of  (treat  interest  and  value,  as  the  author  was  in  poaseMtou 
of  a larpe  collection  of  American  vocabularies,  which  only  exist 
la  manuscript. 

• Schubert's  J Uw  dnrch  Sc huf dm,  .V,rw|«,  Larptmad, 
Finland,  Sc.  vol.  iii.  p.  4M. 

t Knnd  Lrcma,  />  l*fpamibua  Fhnrnmrchi*. 

* K aim  nr,  Prodromtu  Idimnmtu  ScytkicoMxforiem,  CAmnm- 
Amrtci,  nee  ayparatu*  Critic  **  in  Lingntnn  Humgnrurmtm,  p.  79. 

| Klaproth,  Ana  PalygUtta,  p.  40. 
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itriliuatiic.  1, 

Cheie. 

16. 

Thutru. 

■ i -I  2. 

Gaea. 

17* 

Chutoon. 

3. 

Soom. 

18. 

Chugbe. 

4. 

Zea. 

19. 

Chugoo. 

5. 

Gna. 

20. 

Gnea  chntnmbha. 

6. 

Tru. 

21. 

Gnea  cheic. 

7. 

Toon. 

22. 

Gnea  gnea. 

8. 

Gbe. 

23. 

Gnea  soom. 

9. 

Goo. 

24. 

Gnea  zea. 

10. 

( hutumbha. 

25. 

Gnea  gna. 

11. 

Chucheic. 

26. 

Gnea  tru. 

12. 

Chugneo. 

27. 

Gnea  toon. 

13. 

Chusum. 

28. 

Gnea  ghe. 

14. 

Chuzca. 

29. 

Gnea  goo. 

15. 

Chugna. 

In  this  system,  the  numerals  from  ten  to  nineteen,  are 
formed  by  the  combination  of  the  first  syllable  of  the 
word  for  ten,  with  the  names  of  the  first  nine  numbers, 
in  the  same  manner  ns  in  most  of  the  languages  adapted 
to  the  decimal  scale ; but  from  twenty-one  to  twenty- 
nine,  the  name  for  two  acquires  a value  from  position, 
in  a manner  which  bears  the  closest  analogy  to  our  ordi- 
nary arithmetical  notation.  Turner,*  who  has  only 
given  these  numerals  incidentally  in  bis  observations 
on  the  Thibetan  month  and  calcndur,  has  added  no  ex- 
planation whatever  of  their  mode  of  expressing  higher 
numbers.t 

Our  until*  If  the  same  simplicity  of  structure  prevails  through- 
metical  ao-  out  the  numerical  language  of  Thibet,  (and  it  is  diffi- 
uiiaa  pro-  cult  to  imagine  that  this  happy  idea  when  once  started 
v*  Thibet!  •*|ould  not  hnvc  bccn  pursued  to  a much  greater  ex- 
J * ' tent,)  it  would  give  great  weight  to  the  opinion  that 

we  are  indebted  to  this  country  for  our  system  of 
arithmetical  notation ; as  of  the  two  great  difficulties 
attending  its  invention,  namely,  local  value  and  the 
zero,  one  at  least  was  overcome,  nt  the  period  when 
their  numerical  language  was  fixed.  J 
Considered  (12.)  The  I findoos  consider  this  method  of  numera- 
br  ib(  Hin-  tion  as  of  Divine  origin,**  the  intention  of  nine  figures  with 
duos  of  IK-  device  of  place  being  ascribed  to  the  beneficent  Creator  of 
viaeorifio.  ^ universe.”^  Of  its  great  antiquity  amongst  them 
there  can  be  no  doubt,  having  been  used  at  a period 
certainly  anterior  to  all  existing  records.  Most  other 
memorable  inventions  they  have  attributed  to  human 
authors ; but  this,  in  common  with  the  invention  of 
letters,  they  have  ascribed  to  the  Divinity,  agreeably 
to  the  practice  of  the  Egyptians,  Greeks,  and  most 
other  nations,  with  respect  to  the  more  important  in- 
ventions in  the  arts  of  life,  whose  origin  is  lost  in  the 
remoteness  of  antiquity. 

The  intimnte  analogy  in  the  grammatical  structure, 
and  in  many  of  the  roots  of  the  classical  languages  of 
Europe  with  the  Sanskrit,  combined  with  the  evidence 
furnished  by  historical  and  other  monuments,  point 
out  the  East  as  the  origin  of  those  tribes,  w hose  pro- 
gress to  the  west  was  attended  by  civilisation  and 
empire,  and  amongst  whom  the  powers  of  the  human 


• i'.mbatn/  to  Thibet,  p.  321. 

+ See  *tw»  Kln]wnih,  Alia  Polygleita,  p.  313,  where  ibe  nu- 
meral* ure  given  under  n Komowli.it  different  form  ; and  Remusat, 
lUrhercket  $*r  let  Lungnet  Tartafrt,  p.  .Kid. 

$ Tbe  numeral*  in  a kindred  LnTiguagc,  end  where  the  com- 
pound expressions  for  numbers  arc  nearly  simiUr  to  those  of 
Thibet,  rany  he  seen  in  Kirkpatrick’s  Vaeahnlary  af  tkr  JVneor 
IMalect  of  AV/mW,  p.  243. 

f Rh«*rara;  Vasnrs,  and  Crishnn's  Commentary  an  the  Vif* 
Gamin,  quoted  by  Mr.  Colebrookc  io  his  Hindoo  Algebra,  p.  4, 


numerals. 


mind  have  received  their  highest  degree  of  develops-  History, 
ment  ; and  it  may,  perhaps,  be  not  altogether  unfair 
to  form  some  inference  respecting  the  extent  of  the 
arithmetical  system  of  those  trii>es  at  the  period  of 
their  separation,  by  the  numeral  words  which  those 
languages  possess  in  common.  The  Sanskrit  names  of  Sanskrit 
the  ten  numerals,  which  are 

1.  Eco,  6.  Shata, 

2 Dwau,  7-  Sapta, 

3.  Trayn,  8.  Ashta, 

4.  Cbatur,  9.  Nova, 

5.  Tonga,  IO.  Dasa, 

have  been  adopted  with  slight  variations,  as  we  have 
before  remarked,  not  merely  in  all  languages  of  the 
same  class  and  origin,  but  likewise  in  many  others 
which  are  radically  different  from  them.  If  we  pro- 
ceed to  the  expressions  for  higher  numbers,  we  find 
the  same  general  law  of  their  formation,  by  tbe  com- 
bination of  the  names  of  the  articulate  numbers  with 
those  of  the  nine  digits.  In  the  Sanskrit  also,  as  well 
as  in  its  immediate  descendant  the  llindostaoee,  it  is 
more  elegant  to  make  use  of  a word  which  is  equiva- 
lent to  less  twenty,  rather  than  of  the  one  which  would 
naturally  express  nineteen,  and  similarly  for  other  num- 
bers in  the  next  series  below  the  articulate  numbers  :* 


precisely  os  in  the  Latin,  we  say  unus  de  viginti  for 
noremdecim,  unus  de  triginta  for  viginti  norem  ; and  the 
same  form  of  expression  is  observable  in  the  Greek  : t 
these  are  points  of  resemblance  in  the  construction  of 
their  numerical  terms  which  deserve  to  be  remarked, 
though  not  without  example  in  other  languages.  If 
wc  pursue  our  comparison  of  the  other  and  higher 
numerical  terms  of  those  languages,  we  shall  find  few 
other  points  of  resemblance ; the  names  for  twenty,  a 
hundred,  a thousand,  are  completely  different : making 
it  probable  at  least,  that  at  the  epoch  of  which  wc  are 
speaking,  their  Arithmetic  was  confined  within  very 


narrow  limits. 

The  Sanskrit  numeral  language  assigns  names  to  Great  ex 
seventeen  orders  of  superior  units  in  the  decimal  scale,  Jfnt  jf  # 
as  will  he  immediately  seen  from  the  following  list : 


1.  Eca. 

JO.  Dash. 
IO*.  S4tn. 

IO1.  Sahasra. 
IO4.  Ayuta. 
10*.  Lucsha. 
10°.  Prayuta. 
IO7.  C’oti. 
10®.  Arburla. 


10*.  Abja  or  padmo. 

IO10.  Cum. 

10".  Nlc'harva. 

10'*.  Mabadpodma. 

IO”.  S6ncu. 

IO14.  Jaludhi  or  samudra. 
10”.  Antya. 

10”.  Madhya, 

IO'7.  Tarard'ha.  J 


Sanskrit 

DUUHT.-.I 

lutfuwc. 


This  luxury  of  names  for  numbers,  much  greater 
than  what  are  required  for  the  ordinary  uses  of  life, 
or  even  for  the  most  extended  astronomical  calcula- 
tions, is  entirely  without  example  in  any  other  lan- 
guage, whether  ancient  or  modern ; and  implies  a 
familiarity  with  the  classification  of  numbers  accord- 
ing to  the  decimal  scale  and  the  power  of  indefinite 
extension  which  it  possesses,  which  could  only  arise 
from  some  very  perfect  system  of  numeration,  such 
os  thnt  **  with  device  of  place/'  Indeed  there  is  no 
circumstance  which  so  strongly  characterises' Hindoo 
science,  os  this  very  extraordinary  facility  of  dealing 
with  high  numbers  : witness  tbeir  enormous  astro  no- 


• Hulked*  Grammar  af  the  Bengal  l^mgnage,  p.  160. 
t Miitlliic,  Greek  Grammar,  Vot.  1.  p.  174. 

* Colebrookc,  Hindoo  Algebra,  p.  4. 
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Arithmetic.  mi  cal  periods,  nnd  the  extravagant  dates  of  their 
s,«“v ^ ' chronology  j and  this  at  a period  when  the  moat 
scientific "people  of  the  western  world  were  incapable 
by  any  refinement  of  arithmetical  notation,  of  express- 
ing numbers  beyond  one  hundred  millions.  -fW 

There  is  an  epoch  in  the  languages  of  all  civilized 
people,  at  which  they  acquire  a fixed  and  permanent 
character,  and  after  which  the  admission  of  new 


terms,  not  arising  from  those  natural  combi  nations 
which  the  genius  of  the  language  sanctions,  is  effected 
with  great  difficulty : this  takes  place  whenever  a 
national  literature,  whether  oral  or  written,  is  so  gene- 
rally diffused,  as  to  form  a standard  of  reference  or  a 
test  of  purity,  which,  whilst  it  enforces  a legitimate 
character  upon  all  existing  terms,  watches  over  the 
introduction  of  all  others  with  extreme  jealousy  j from 
this  consideration  alone,  independently  of  other  evi- 
dence, we  should  be  inclined  to  assign  to  the  Sanskrit 
terms  for  high  numbers,  and  consequently  to  the 
system  of  numeration,  upon  which  they  are  founded, 
an  antiquity  at  least  as  great  as  their  most  ancient 
literary  monuments ; as  the  arbitrary  imposition  of  so 
many  new  names,  for  the  most  part  independent  of 
each  other,  and  in  number  also  so  much  greater  than 
could  possibly  be  required  for  any  ordinary  application 
of  them,  would  be  a circumstance  entirely  without 
example  in  any  language  which  had  already  acquired 
a settled  and  generally  recognised  character.-* 

Odnea*  (13.)  There  is  another  eastern  people,  remarkable  at 
suiiMOita  once  for  the  great  antiquity  and  unchangeable  character 
of  their  existing  institutions, who  possess  a numeral  lan- 
guage of  great  extent,  connected  with  a very  perfect 


system  of  numeration. 
Chinese  numerals  : * 

The  following  is  the  li 

1.  Ylh. 

10.  Shib. 

2.  Irr. 

100.  Puh. 

3.  San. 

1000.  Ts'hyen. 

4.  Sfc. 

. loooo.  VVhn. 

6.  Ngoo. 

10s.  Ei!. 

0.  Lyeh. 

10*.  Chafe. 

7.  Ts*Mh. 

107.  King. 

8.  Ah. 

9.  Kveu. 

10*.  Kyat. 

The  very  peculiar  character  of  the  Chinese  language, 
a language,  in  short,  of  symbols  and  their  combina- 
tions, which  h addressed  to  the  eye  and  not  to  the  ear, 
connects  these  numeral  terms  inseparably  with  the 
seventeen  fig  arts,  or  characters,  which  are  made  use  of 
in  Chinese  Arithmetic.  In  alphabetical  languages, 
there  is  no  connection  between  numerical  words  and 
numerical  symbols,  the  latter  being,  in  almost  all  cases 
where  they  exist,  of  subsequent  invention  to  the 
former ; but  the  Chinese  numeral  symbols,  being 
either  simple  elements,  or  keys,  or  composed  of  them 
like  other  characters,  are  transferred  to  the  oral  lan- 
guage upon  those  arbitrary  yet  regular  principles  by 
which  monosyllabic  sounds  are  attached  to  all  their 
characters,  however  complicated  they  may  be. 
TnrvekiiMlb  In  Hate  i.,  we  have  given  three  series  of  Chinese 
ei  Cbi»*M  numeral  character*,  the  first  being  those  which  com- 
tifurc*.  jnonly  occur  in  historical  and  scientific  work* ; the 
second  are  the  character#  mode  use  of  in  bonds  and 
formal  instruments,  in  order  to  avoid  frauds,  to  which 
the  first  series  of  numerals  are  very  liable,  from  their 


simplicity  of  form  : they  are  likewise  characters  to  Hiittrr. 
which  other  meanings  are  attached,  and  which  are  only  — - 
conventionaUy  used  for  the  purpose  of  numerals.  Thus 
the  character  used  in  such  documents  for  one,  means 
perfection  * that  for  two,  is  a verb  meaning  to  assist, 
to  separate ; for  three,  an  accusation  ; for  four,  to  expose 
publicly;  for  five,  to  associates  for  six,  a mound  of  earth ; 
for  seven,  a certain  tree  i for  eight,  to  divide  ; for  nine, 
a peculiar  stone for  ten,  to  collect ; and  similarly  for 
the  characters  of  the  other  superior  units.  The  use 
of  such  characters  for  numbers  corresponds  to  our  use 
of  numeral  word*  at  full  length  instead  of  figures,  for 
such  purposes  ; but  the  analogy  exists  in  the  applica- 
tion only,  the  Chinese  expressions  for  numbers  being 
in  all  cases  symbolical.  The  third  set  of  figures  are 
used  for  mercantile  purpose*,  and  are  said  to  have  been 
introduced  by  the  Catholic  Missionaries  ; they  have 
been  adopted  iu  consequence  of  their  greater  simplicity 
of  form,  and  from  tbeir  admitting  of  Ircing  rapidly  and 
easily  written. 

in  the  same  Plate,  (I.)  the  render  will  find  ex- 
amples of  the  actual  mode  of  expressing  particular 
numbers;  surh  as  £‘2.  10U,  1100,  1010,  1001,  and 
19*23000,  according  to  these  three  methods  of  nota- 
tion :*  in  the  two  first,  the  number*  arc  written  it 
vertical  columns,  the  value  decreasing  downwards, 
the  digital  symbol  being  placed  immediately  over  the 
symbol  of  the  superior  unit : thus,  to  express  the 
number  seventy,  the  symbol  for  seven  is  placed  over 
that  for  ten,  and  similarly  in  other  cases.  There  is 
also  another  character  denominated  ling,  which  means 
residue  or  remainder,  which  in  some  respects  may  be 
considered  as  filling  the  place  of  a zero  in  notation  by 
local  value  : thus,  in  expressing  1001,  the  symbols 
denominated  yih,  tshyen,  ling,  Img,  yih,  arc  written 
successively  underneath  each  other.  It  is  clear  that  if 
the  symbol  called  ts'hyen  for  1000  were  omitted,  this 
notation  would  strictly  coincide  with  our  ordinary 
arithmetical  notation  ; the  use  of  this  character, 
however,  is  certainly  superfluous,  though  it  afford*  a 
very  remarkable  approximation  to  a more  perfect 
system  of  numeration.  In  the  use  of  the  symbol#  of 
the  third  series,  obviously  founded  upon  the  principle 
of  approximating  the  system  of  Chinese  Arithmetic 
to  that  of  the  Hindoos,  the  symbol*  arc  written  from 
right  to  left,  ami  the  character  ling  is  replaced  by  the 
European  zero. 

The  essential  distinction  of  Chinese  arithmetical  Their  ymd 
notation  and  our  own,  dearly  consists  in  the  use  of  antiquity, 
symbols  for  the  superior  units  in  one  case,  which  are 
expressed  by  position  alone  in  the  other,  lu  the  last 
of  tbeir  three  methods  of  notation,  those  systems 
would  become  identical  by  tho  entire  omission  of  the 
second  of  the  two  fines  of  symbols. 

The  Chinese  consider  the  symbols  of  the  first  class  . 
for  numbers  which  are  below  10,000,  as  coeval  with 
the  invention  of  their  other  characters,  and  conse- 
quently as  possessing  an  antiquity  of  at  least  3tiu0 
years.  The  symbols  for  higher  numbers  are  of  later 
date,  having  been  introduced  at  different  times  to  meet 
the  increasing  wants  of  tbeir  Arithmetic  : it  would 
follow,  therefore,  if  full  credit  can  be  attached  to  their 
annals,  that  the  claims  of  the  Chinese  to  the  first  in- 
vention of  arithmetical  figures,  are  equal,  if  not  supe- 
rior, to  those  of  any  other  people,  independently. 


* Ahusbmaa,  Clatu  Stair*,  p. 


* Morrison’s  CAwm  Grammar,  p.  #4. 
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Arithmetic,  indeed,  of  direct  historical  evidence,  we  might  venture 
to  infer,  from  the  universal  prevalence  of  the  decimal 
scale  throughout  the  empire,  not  merely  in  the  classi- 
fication of  numbers,  but  also  in  the  divisions  of  their 
coins,  their  weights,  and  their  measures  ; from  the 
great  number  of  superior  units,  expressed  by  their 
symbols ; and  from  the  great  perfection  of  their 
practical  Arithmetic,  for  which  they  have  long  been 
celebrated  throughout  the  neighbouring  countries,  and 
the  Indian  Archipelago,  that  they  have  been  in  posses- 
sion of  a very  perfect  system  of  numeration  during 
many  ages  : an  opinion  which  derives  additional  sup- 
port from  observing,  thut  amongst  them  literature, 
science  and  Uie  arts  of  life  have  long  reached  a sta- 
tionary point ; and  that,  from  the  very  nature  of  their 
government  and  institutions,  a limit  is  put  to  the 
progress  of  improvement,  and,  apparently,  even  to  the 
powers  and  speculations  of  the  human  mind. 

Nat  t*ie  in-  As  the  Chinese  are  not  in  possession  of  the 
venture  of  method  of  arithmetical  notation  by  nine  figures  and 
iMitation  by  zero>  they  clearly  can  have  no  proper  claim  to  its  in- 
^ T*  ue*  vention,  however  nearly  in  some  respects  they  may 
have  approximated  to  it ; for  it  is  next  to  impossible 
that  a system  of  numeration,  so  much  more  perfect  and 
commodious  than  their  own,  if  once  generally  known 
or  practised,  could  ever  have  been  lost  or  abandoned. 

In  considering  the  claims  of  other  nations  to  this 
great  invention,  which  is,  unquestionably,  of  eastern 
origin,  if  our  decision  is  to  be  determined  by  the  known 
antiquity  of  possession,  wc  roust  certainly  refer  it  to 
Hindustan  ; though  some  circumstances  in  the  con- 
struction of  the  numerical  language  of  Thibet  have 
induced  us  to  express  a suspicion,  that  it  may  have 
originated  in  that  country  ; an  opinion  which  derives 
some  support  from  the  frequent  und  intimate  commu- 
nication between  these  countries  from  very  early 
periods  : and  whilst  from  Hindustan  they  derived  the 
doctrines  of  Houddha,  the  Sanskrit  alphabet,  under  the 
form  in  which  it  is  seen  in  the  most  ancient  inscrip- 
tions, and  the  polysyllabic  portion  of  their  language, 
which  is  otherwise  intimately  allied  with  the  mono- 
syllabic colloquial  medium  of  China,  it  is  not  impro- 
bable that  they  may  have  communicated  in  return  the 
elements  of  the  system  of  arithmetical  notation  by 
local  value.  A* 

Kcooomy  ( 14.)  The  economy  of  numerical  words,  which  is  ob- 
*>f  numeri-  gervublc  jn  most  languages,  affords  a very  strongconfir- 
r*l  Mrurd"‘  mation  of  the  truth  of  our  proposition,  that  they  have 
been  in  all  cases  adapted  to  systems  of  numeration 
previously  in  use ; thus,  it  is  a very  rare  case  in  uny 
language  to  find  two  different  words  to  express  the 
same  number  ; and  when  such  do  occur,  they  are 
usually  the  vestiges  of  primitive  methods  of  nume- 
ration w'hich  have,  been  superseded  by  others  adapted 
to  the  denary  scale,  where  the  new  terms  which  have 
accompanied  its  introduction  are  either  of  foreigQ 
origin,  or  formed  from  the  natural  combinations  of  the 
language  in  suc  h a manner  os  to  be  more  expressive  of 
the  process  of  numeration  itself. 

Malay  and  We  shall  find  many  examples  of  this  circumstance 
JarAiwsr  in  the  languages  of  the  islanders  of  the  Indian 
numerals.  Archipelago  ; their  primitive  systems  of  numeration, 
which  were  in  ancient  times  for  the  most  part  quinary, 
subordinate  to  the  viccnary,  have  been  superseded  by 
the  more  perfect  arithmetical  system  of  Hindustan, 
transmitted  to  them,  either  immediately  or  indirectly, 
through  the  Malays  of  Malacca  and  Sumatra.  The 


following  list  of  Malay  numerals,  with  those  corrcs-  t History, 
ponding  to  them  of  the  ordinary  language  of  Java,  will  ‘v-— 
assist  us  in  generalizing  some  remarks,  not  merely  on 
this  subject,*  but  likewise  others  which  arise  imme- 
diately from  on  examination  of  them  : 


Mtlnv  numerals. 

1.  Su,  sutu,  suatU. 

2.  Duo. 

3.  Tig». 

4.  Ampat. 

5.  Lima. 

6.  Ana  m. 

7*  Tujah. 

8.  Dulapan,  salapan. 

9.  Sambilan. 

10.  Puluh,  sa-puluh. 

11.  Sa  bias. 

18.  Dim  bias. 

13.  Tiga  bios. 

2<).  Dim  puluh. 

21.  Dua  puluh  satu. 

25.  Dim  puluh  lima,  or 
taugah  tiga  puluh. 
30.  Tign  puluh. 

35.  Tiga  puluh  lima,  or 
taugah  ampat  puluh 
50.  Lima  puluh. 

60.  Auum  puluh. 

65.  An&m  puluh  lima,  or 
tauguh  auum  piiluh. 
100.  Kittus,  sa- rains. 

200.  Dim  rat  us. 

400.  Ampat  riitus. 

800.  Diiliipan  riitus, 

1000.  Ribu. 

10*.  Laksa. 

10s.  Sa-puluh  luksa. 

10°.  Sa-yuta. 

10*. : 

10*. 

JO".  

10'". 

10".  

10'«.  

10'*.  


,1  ant  nr  sc  numerals. 

1.  Sa,  siji. 

2.  Loro. 

3.  Tilu. 

4.  r.Tput. 

5.  Limo. 

G.  Nunaro. 

7.  Pitu. 

8.  Wold. 

9.  Songo. 

10.  Pfiluh. 

11.  Sawlhs 

12.  Kolas. 

13.  Talulas. 

20.  Rung  puluh, or  llkur. 

21.  Kong  puluh  siji,  or 
sa-likur. 

25.  Kong  puluh  limo,  or 
limo  likur,  or  lawe. 
30.  Tulung  puluh. 

35.  Talung  puluh  limo. 

50.  Limo  puluh,  sck&t. 
60.  N&n&m  puluh,  swidak 
65.  Pitusasor. 

100.  Hatus. 

200.  Kongulus. 

4(X).  Pupat-rulus,  samas. 
800.  \Vulung-ulus,duwas. 
IOOO.  Ilew a. 

10*.  Liikso. 

10\  K:*ti. 

10*.  Yiito, 

107.  Wiindro. 

10*.  Roro. 

10°.  Parti. 

1010.  Partorao. 

10".  (iulmo. 

10!*.  Kcmo. 

10'J.  Wurdo. 


In  most  of  the  islands  of  the  Indian  Archipelago, 
there  is  a ceremonial  dialect,  os  well  as  the  one  in 
ordinary  use,  and  as  might  be  expected,  the  numerals 
arc  not  always  the  same  in  both  : thus  in  the  ceremo- 
nial dialect  of  Java,  the  term  fur  one  is  aatungil,  com- 
pounded of  to,  one,  and  tungil,  alone  if/  iUelf ; fur  two, 
the  word  kaleh  is  used,  which  is  the  preposition  toiiA ; 
for  three,  tigo ; for  four,  kawan,  a JfocJc  or  herd  of 
anirncL t ; for  five,  gangtal,  a term  of  unknown  deri- 
vation ; and  for  ten,  the  Sanskrit  term  daw ; the  other 
terras,  excepting  where  those  above  mentioned  arc 
used  in  expressions  for  compound  and  articulate  num- 
bers, arc  the  same  as  in  the  ordinary  dialects. 

The  influence  of  the  Malays  in  the  Indian  Archipe- 
lago is,  conijiaratively,  of  modern  date;  and  we  conse- 
quently find,  every  where,  remains  of  ancient  dialects, 
very  different  from  those  at  present  in  use.  That  of 
Java  is  an  immediate  derivative  of  the  Sanskrit,  pos- 


• CrawtimTs  Indian  fuotUfo , nil.  i.  p.  264  ; Marvdea'f 
Malay  Gramma * and  IMcttonary , p.  37. 
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Arithmetic,  sessing  likewise  the  Sanskrit  numerals,  with  slight 
variations,  and  those  chiefly  in  the  names  of  the 
superior  units,  which  have  been  transmitted  un- 
changed from  the  ancient  to  the  modern  dialects. 
The  great  number  of  the  names  of  those  units,  un- 
exampled in  the  languages  of  any  other  of  those 
islands,  which  possess  no  native  term  for  a num- 
ber beyond  onethouswul,  and  no  borrowed  term  for  a 
number  beyond  one  milium,  is  a circumstance  strongly 
confirmatory  of  our  argument  respecting  the  great 
antiquity  of  those  names  and  of  the  arithmetical 
system  connected  with  them,  amongst  the  people  from 
whence  they  were  derived. 

r<mf«t«ion  ( 1 5.)  Throughout  the  islands  of  the  Indinn  Archipelago, 
in  borrow-  with  the  exception  of  the  Lampungs,  an  inland  people 
vdnnmen-0f  Sumatra,  the  Sanskrit  term  lakaha  for  100,000  has 
e terms.  |}KD  borrowed  to  express,  not  the  same  number,  but 
10,000  ; a circumstance  which  frequently  causes  mis- 
takes in  their  commercial  transactions  with  the  people 
of  Hindostan.  In  a similar  manner  the  Javanese  use 
the  term  k Uti  for  10s,  which  is  the  same  as  the  Sanskrit 
term /rob  for  10T,and  the  term  yii/o  for  10®  the  same  as 
the  Sanskrit  ayuta  for  10*  : this  confusion  of  the  terms 
for  high  numbers,  which  arc  evidently  borrowed  from 
each  other,  is  n very  remarkable  circumstance,  and 
can  only  be  accounted  for  by  sup[K»sing  that  amongst 
a rude  |>eople,  little  accustomed  to  the  use  and  con- 
templation of  such  numbers,  the  terms  by  which  they 
were  expressed  would  convey  no  distinct  impression 
to  the  mind,  and  consequently  in  making  use  of  them 
more  reliance  would  be  placed  upon  the  uncertain 
testimony  of  the  memory,  than  the  surer  guidance  of 
the  understanding. 

Other  examples  may  easily  be  produced  of  a similar 
change  in  the  value  of  borrowed  numerical  terms. 
In  the  Newar  dialect  of  Xcpaul,  we  find  lak-ithet  bor- 
rowed to  express  a million  ;*  in  the  language  of  the 
Mantischeou  Tatars,  immediately  bordering  on  the 
north  of  China,  in  which  the  numerals  are  taken 
generally  from  the  Chinese,  though  they  have  lost 
their  monosyllabic  form,  we  find  the  term  tictorn  for 
lOOO,  obviously  derived  from  the  Chinese  term  icon, 
which  expresses  1 0,000. f Again,  alp,  the  term  for 
lOOO  in  most  of  the  languages  which  modern  philo- 
logists have  agreed  to  call  Semitic,!  and  which  pre- 
vails in  those  of  Upper  Egypt,  Abyssinia,  and  Dartur, 
signifies  10,000  in  the  Amharic.  a language  intimately 
allied  with  them  ; the  term  the  for  lOOO  having  been 
interpolated  between  it  and  the  terra  melo  for  100, 
derived  immediately  from  the  common  Semitic  term 
for  that  number.^ 

-Small  mini-  (lC.)The  poverty  of  languages  in  nntivc  terms  for  high 
numbers,  arises  either  from  tbc  limited  extent  of  their 
flr'kirli  n*  Arithmetic,  or  from  the  difficulty  in  all  established 
wuoib«r*.  languages  of  inventing  new  words,  even  when  the 
want  of  them  is  felt : it  is  from  this  latter  reason 
chiefly,  that  the  extent  of  numerical  language  is  no 
just  measure  of  advancement  in  the  arts  of  life,  or 
even  in  the  art  of  numeration  itself;  and  we  shall  find 
many  examples  of  barbarous  people  who  possess 
terms  for  higher  numbers  than  the  Greeks  or  Romans, 
or  of  other  nations  incomparably  more  civilized  than 
themselves.  The  same  remark  muy  be  extended  to 


• Kirkpatrick's  A 'rjnsul,  p.  243. 

t Klaproth,  Ada  I‘eJygi~t/a.  p.  ZLO.  { Ibid.  p.  107. 

| Salts  Jrmvrlt  in  j4bysji"ia,  App. 
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languages  generally,  which  neither  in  the  perfection  History, 
of  their  grammar,  nor  even  in  their  copiousness,  appear 
to  hour  any  certain  relation  to  the  state  of  civilisation 
of  the  people  by  whom  they  arc  spoken. 

Some  authors  have  asserted,  that  many  nations  pos- 
sess n numerical  language  more  extensile  than  their 
powers  of  numeration,  and  have  referred,  in  proof  of 
their  assertion,  to  the  numeral  words  of  many  South 
American  tribes,  which  are  sufficiently  comprehensive, 
though  the  people  by  whom  they  are  used  cannot 
without  great  difficult)  count  beyond  twenty.  When 
people  are  descended  from  a people  more  civilized  than 
themselves,  from  whose  monuments  of  whatever 
nature  such  terms  arc  collected,  such  an  opinion  may 
be  entitled  to  credit ; but  in  all  other  cases  it  seems 
to  involve  its  own  refutation,  as  the  very  existence  and 
interpretation  of  the  word  implies  that  its  meaning  is 
understood  by  some  one  at  least,  if  not  generally. 

The  statements  of  travellers  respecting  the  lan- 
guages and  customs  of  people  with  which  they  have 
not  become  familiar  from  long  intercourse,  must 
always  be  received  with  extreme  caution  ; and  there 
are  few  subjects  upon  which  greater  inistukes  have 
been  made,  than  on  those  which  respect  the  extent 
and  methods  of  numeration  of  barbarous  nations.  In 
most  instances  such  errors  have  consisted  in  greatly 
understating  the  extent  to  which  such  people  arc  able 
to  count;  but  in  other  cases,  they  have  been  of  a com- 
pletely opposite  character,  as  the  following  example 
will  show  : we  had  long  been  embarrassed  with  the 
account  given  by  Labillnrdibre.*  of  the  enormous  ex- 
tent of  the  numeral  language  of  the  natives  of  Ton- 
gatnboo,  one  of  the  Friendly  Islands,  proceeding  ns  far 
as  I0M,  a fact  in  apparent  contradiction  to  our  theory, 
and  not  to  be  explained  by  their  intercourse  with  the 
Malays,  from  whom  much  of  their  numeral  language 
is  derived,  but  who  possessed  no  terms  for  numbers 
equally  great ; and  it  was  only  by  referring  to  the 
account  given  of  these  islands  by  Mariner, t that  we 
found  that  their  highest  numerical  term  was  mono  for 
1 00.000,  und  that  the  other  terms  which  he  has  put 
down  for  higher  numbers,  have  significations  of  a very 
different  nature,  imposed  upon  the  poor  Naturalist 
from  a species  of  revenge,  more  remarkable  for  its 
humour  than  decency,  for  the  persevering jmd  annoy- 
ing efforts  which  he  made  to  extract  from  them  the 
numes  of  numbers  of  which  they  had  no  knowledge. 

If  wc  cxnndnc  the  limits  of  the  numend  terms  ofKaaimfor 
different  languages,  we  shall  find  few  which  possess  sujyrior 
terms  for  numbers  beyond  a thousand  ; and  the  cases 
are  extremely  rare  in  which  they  reach  a million.  The 
instances  are  still  rarer  where  such  terms  are  native, 
having  been  introduced,  as  in  some  eases  we  have  seen 
already,  by  intercourse  with  other  nations;  and  we 
frequently  find  the  same  terms  for  such  numbers  where 
the  lower  numerals,  as  well  as  the  languages  to  which 
they  belong,  are  essentially  different  from  each  other  : 
such  examples  arc  not  without  a considerable  histori- 
cal interest,  as  monuments  of  the  communications  of 
nations  with  each  other,  and  as  indicating  the  channels 
through  which  improvements  not  merely  in  arithme- 
tic, but  likewise  in  the  other  arts  of  life,  hove  been 
conveyed.  We  have  already  given  examples  of  fncu 


• y-ymge  m Search  of  La  Peram* t,  roi.  U.  p.  408.  English 
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Arithmetic,  of  this  kind  among Eastern  Ungunge*,  end  it  would  be 
'w-  very  easy  to  multiply  their  number  : a few  more  in- 
stances will  establish  the  truth  of  our  assertions,  res- 
pecting tiie  invention  and  transmission  of  numeral 
terms  in  o still  more  striking  manner. 

The  Greeks  possessed  a term,  pvpla,  for  10,000 ; 
and,  notwithstanding  the  increasing  wants  of  their 
Arithmetic,  they  never  attempted  to  proceed  beyond 
it : it  appears  originally  to  have  signified  an  indelioite 
number,  and  in  this  sense  it  is  always  used  in  Homer ; 
but  in  later  times  they  gave  it  a new  and  restricted 
meaning  without  abandoning  the  old,aud  distinguished 
between  its  definite  and  indefinite  signification  by  a 
difference  of  accent  or  tone.  This  term  in  its  later 
sense,  at  least,  was  unknown  to  the  .Colic  tribes  at 
the  time  of  the  colonization  of  Latium,  as  no  traces 
t.niin.  of  it  uppear  in  the  Latin  language,  though  the  terms 
for  100  and  1000  were  transmitted  through  them  with 
very  alight  alterations.  The  characteristic  contempt 
of  the  Romans  for  whatever  was  connected  with 
science  or  the  arts,  may  sufficiently  account  for  their 
not  attempting  to  extend  their  numeral  language  as 
far  as  the  Greek,  by  borrowing  or  inventing  an  addi- 
tional word  ; and  the  improvement  which  was  not 
elected  during  the  zenith  of  their  empire,  could  not 
be  looked  for  during  its  decline,  and  that  long  period 
of  darkness  and  barbarism,  which  ended  in  the  ex- 
tinction of  the  Latin  ns  a living  language.  At  the 
beginning  of  the  fourteenth  century,  when  the  modern 
ImI'imo.  Italian,  its  legitimate  successor,  was  beginning  from 
the  revival  of  learning  and  the  writings  of  native 
authors,  to  assume  a settled  character,  and  when  the 
introduction  of  the  Hindoo  arithmetical  notation, 
through  the  Arabians,  was  bringing  into  familiar  use 
numbers  much  greater  than  were  expressible  by  the 
Roman  numerical  symbols,  we  find  a great  addition 
to  (heir  former  numerical  language,  by  the  use  of  the 
word  miUione,  which  properly  signifies  great  thousand, 
to  denote  the  squnre  of  one  thousand,  and  which  was 
followed  by  the  words  biltione,  triliione,  deduced  imme- 
diately from  the  funner  by  pursuing  the  natural  analo- 
gies of  the  language  : a series  of  numeral  terms  were 
thus  formed,  proceeding  not  by  tens,  but  by  millions, 
like  the  monads  of  Archimedes,  which  proceed  by 
myriads  of  myriads.  In  a numeral  language  thus  con- 
stituted there  is  clearly  no  limit  to  the  expression  of 
numbers,  the  composition  of  the  names  for  the  monads 
or  superior  units  being  once  understood. 

Crrmaa.  These  terms  were  at  different  periods  adopted  in 
almost  every  language  of  Europe  : the  Germans,  who 
ndhere  as  much  as  possible  to  the  combinations  of  their 
own  language  in  the  formation  of  new  words,  resisted 
the  introduction  of  the  term  million,  forming  uo  na- 
tural succession  to  their  native  words  humlcrt  and 
tautend,  until  the  commencement  of  the  sixteenth 
century.  The  Poles,*  the  most  cultivated  of  Sclavonic 
nations,  admitted  it  at  a still  later  period  ; and  it  was 
introduced  into  Russia,  along  with  the  Hindoo  nota- 
tion, by  Peter  the  Great,  at  the  commencement  of  the 
last  century. 

Epamftk.  The  Spanish  term  for  a million  is  cvento,  which  in 
ordinary  language  means  a tale  or  fable  for  children 
it  most  probably  originated  from  cubo  den  to,  the  cube 


• The  Polish  we'd  for  100  is  tta,  and  for  1000  linnet ; the 

Russian  word  for  100  is  i»|*o  i/«,  but  there  is  no  native  word  for 
which  U ttsjirc-vnrd  ly  4i**'l  Uo,  or  (cQ  hundred. 


of  a hundred.  Though  without  any  certain  means  of  History, 
judging  of  its  antiquity,  we  have  pmbable  reasons  for 
thinking  it  nearly,  if  not  quite,  as  old  os  the  corres- 
ponding Italian  word  ; for  the  Arabian  notation  was 
known  at  least  as  early  in  $]tain  as  in  Italy ; and  os 
the  consequent  necessity  for  an  extended  numeral  lan- 
guage, must  have  been  equally  felt  in  botb  countries, 
it  is  not  likely  that  one  word  could  have  long  existed 
in  one  language  without  being  communicated  to  the 
other,  particularly  when  the  intimate  alliance  of  the 
languages  with  each  other,  and  the  frequent  inter- 
course at  that  period  of  the  people  by  whom  they  are 
sjxikcn,  is  considered. 

There  are  two  different  series  of  names  for  superior  vv?l»h. 
units  in  the  Welsh  language ; one  ancient,  and  the  other 
used  in  its  more  modern  and  latinized  form  :*  in  the 
last  of  these,  we  have  cant,  lUO  j mil,  1000 ; myrx, 

10,000;  can  mil,  100,000,  myrzean, or  nulvil,  1,000,000; 
milcan  mil,  10,000,000  ; and  similarly  for  higher  num- 
bers. The  selection  of  the  word  myrz  for!0,O0(),  which 
is  clearly  the  Greek  pvpmt,  and  the  deriving  of  the  rest 
from  (he  Latin,  would  appear  to  show  that  they  had  been 
introduced  at  a late  dale  by  some  monk  or  other  |>er»oa 
who  was  familiar  with  the  classical  languages.  The 
ancient  and  more  native  superior  numerals  are  chiefly 
remarkable  for  their  redundancy,  and  an  extent  greater 
than  amongst  any  other  European  people  : thus  we 
have  three  names,  muni,  catyrva,  rhiolla,  for  100,000  ; 
and  other  three,  mynta,  betca,  catyrtn  tatcr,  for 

1.000. 000,  The  appearance  of  the  Latin  word  catyrra 
as  a numeral  is  a very  extraordinary  circumstance,  and 
we  arc  not  aware  of  any  hypothesis  by  which  it  may  • 
be  explained. 

Of  other  Celtic  languages  the  Erse,  f and  its  descend-  Erie, 
ant  the  Gaelic,  have  no  native  terra  beyond  dad,  or 
100;  the  expression  for  1000  being  deichcioft,  ten  hun- 
dred, or  more  commonly  the  Latin  term  mite . We 
believe  the  same  remark  applies  to  the  Armoric  lan- 
guage, and  the  Basque  of  Biscay. 

In  Rabbinical  Hebrew  only,  we  find  the  term  ribbo  Hebrew, 
for  10,000,  which  is  never  found  in  any  of  the  kindred 
dialects.  The  term  eleph,  or  alph,  fur  WOO,  as  we 
have  before  remarked,  prevails  very  extensively  ; 
being  found,  with  slight  variations,  in  Arabic,  Persian, 
Abyssinian,  the  ancient  Puniro -Maltese,  nnd  in  many 
of  the  languages  in  the  north  of  Africa ; and  we  very 
frequently  find  it,  ns  well  as  the  term  math,  for  100, 
terminatipg  the  numeral  systems  of  languages  which 
have  no  other  terms  in  common. 

In  the  Amharic,  and  some  neighbouring  dialects,  Ambsrk 
where  the  term  alph  has  been  misapplied  to  denote 

10.000,  we  find  likewise  the  terra  ilef  denoting 

1.000. 000,  a solitary  example  amongst  Semitic  lan- 
guages of  a term  for  so  great  a number. 

Neither  the  Arabians  nor  Persians,  though  the  note-  Arabian 
tion  by  numeral  figures  possessing  local  value  was  aadPereui 
known  amongst  the  former  at  lenst  as  early  as  the  ninth 
or  tenth  centuries,  have  attempted  to  make  any  addi- 
tion to  their  numeral  language  ; a circumstance  which 
may  be  accounted  for,  partly  by  the  advanced  state  of 
their  literature  at  the  period  when  it  was  first  known, 
and  partly  by  the  genius  of  those  languages  not  admit- 
ting the  formation  of  terms  like  the  null* one  and  cacnlo 
of  the  Italian  &i*J  the  Spanish  : thus  to  express  a 


• Owrn'n  U'ftik  Diefiannrg. 

■f  V«lluiuvy‘»  Ifitk  Grammar. 
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Arithmetic,  million,  they  are  obliged  to  repeat  the  term  for  a thou- 
rand  twice  ; a thousand  millions,  to  repeat  it  three  times, 
and  similarly  for  other  numbers  in  the  same  scries.* 
We  recollect  in  an  old  German  author  on  Arithmetic  to 
have  seen  a similar  expedient  adopted  to  express  the 
number  lO8*,  mode  use  of  by  Archimedes  in  his 
Arenariut,  which  is  given  as  follows  : 

Ein  t amend. 

tuu  tuu  tau  tau  tau  tnu  tau  tan  tau  tnu  tau  tau 
tau  tau  tnu  tau  tau  tau  tausend  mahl  tausend.f 
Gothic.  There  are  many  other  examples  of  the  formation  of 
expressions  for  superior  units  by  the  repetition  of  the 
names  for  its  factors,  as  often  as  they  arc  contained 
in  it.  In  the  Codex  Argenteus,  preserved  at  Upsnl,  and 
which  is  a translation  of  the  four  Gospels  made  by 
Bishop  Ulphilas  in  the  fourth  century,  into  Moeao- 
Gothic,  we  find  taihun  taihund.X  or  ten  ten  for  100. 
In  the  language  of  the  Knisteneuux.one  of  the  principal 
hunting  tribes  of  North  America, $ who  inhabit  the 
northern  shores  of  Lake  Superior,  we  find  100  ex- 
pressed by  milana  mitenah , or  ten  ten  ; and  1U00  by 
mitana  mitena  mitanah,  or  ten  ten  The  Sapibo- 

cones,  a South  American  tribe,  express  10,  100,  1000, 
by  tunca,  tunca  tunca,  tunca  tunca  tunca,  respectively  :^T 
such  a mode  of  expression,  indeed,  is  one  of  the  most 
simple  and  obvious  expedients  for  denoting  numbers, 
which  are  not  immediately  within  the  compass  of  any 
numerical  language. 

North  (IT.)  We  shall  find  in  general,  that  the  numeral  lan- 

Ameriesn  guagesof  the  tribes  In  the  central  parts  of  North  America 
numeral  art.  n)ore  complete,  both  in  structure  and  extent,  thou 
•>»ie'iu.  expected  from  their  low  stale  of  civilisation  : 

they  are  almost  universally  adapted  to  the  decimal 
scale,  and  in  most  instances  extend  as  far  as  1000. 
The  Algonquins  a kindred  tribe  of  the  Knistenenux, 
S|ieaking  a dialect  of  the  same  language,  and  possess- 
ing many  numerals  in  common,  have  simple  terms 
nrngoufuvirAr  and  kitchiwack , both  for  100  and  1000. 
'I  he  Huron*,  once  a numerous  and  powerful  tribe, 
living  in  Upper  Canada,  around  tbe  lake  of  that  name, 
who  speak  a language**  singularly  rude  and  inartificial, 
without  adjectives,  abstract  nouns,  or  verbs  of  action, 
and  incapable  of  expressing  a' negation,  without  an 
absolute  change  of  the  word,  possess  a numeral 
language  sufficiently  regular  ; the  name  for  10  being 


• Omni  in,  Voyagn  tn  Per  re,  par  LaoglJa,  tom.  iv.  p 293. 

"t"  Rechenhuch  am/  rim  Unit  a mud  mil  zifrrn  dutch  Simon 
Jacob  von  Cobargk,  Rcohenrwister  xu  Frankfurt  am.  .Mnyn,  1559. 

I Hickca,  in  hu  Thnaurn*  Ungnarnm  VtUrttm  St ptentnona- 
i«m,  consider*  our  tern*  hundred  to  have  originated  in  the  custom 
of  writing  the  laat  syllable  hand  of  this  expression  only  for 
irreatcr  brevity,  particularly  when  combined  with  other  numbers. 
Prom  the  same  principle  of  abbreviation,  we  have  got  tbe  terra 
thotuaud,  contracted  from  ririAwN  hand,  or  tigo*  hand,  tm  hundred. 
Tbe  reader  msjr  arc  other  etymologies  of  tbeae  words,  many  of 
them  extremely  absurd,  in  tbe  Ktymologicum  .in gluanum  of 
Junius. 

f l>r.  RichariUon,  in  Franklin's  Journey. 

I Maekenxie’s  Journey  to  the  Mo rth  Sea,  Introduction. 

^ Humboldt,  Vu et  da  Cordtiiert t el  dee  Monumem  de  C Amerique, 
p.*M. 

••  Mnoboddo,  Origin  and  Progrem  o f language,  p.  543.  The 
unmrrals  are  given  in  a very  curious aud  rare  work  by  a Francis- 
can rnuok,  G.  Sagnrd,  published  in  1632.  entitled  Lc  Grand 
Voyage  Art  Huron*,  »r Ini  en  Amerique  otr*  la  mrr  donee  r*  demiim 
ton/in*  de  la  nonet Ue  France ; with  a dedication,  " An  roy  de * 
rays  et  tout  puinaut  monarque  dm  ciei  el  de  la  terre  Jesus  Christ, 
Sanrrur  dm  monde written  in  a very  quaint  style,  but  describing 
with  considerable  force  and  eloquence  the  elforta  of  tbe  mission- 
aries to  bring  these  rude  people  undo  the  dominion  of  Christ. 


axsou,  for  100  egyo-tiwoissan,  and  for  1000  assou  aitevoig-  History. 
navoy.  We  shall  find  numeral  systems  equally  com- 

Elele  among  the  Iroquois,  and  the  rest  of  the  tribes  of 
tpper  Canada  ; amongst  the  Indiaus  on  the  Delaware, 
and  those  who  formerly  occupied  the  neighbourhood 
of  New  York  ; amongst  the  ancient  inhabitants  of 
Virginia}*  and  most  of  tbe  tribes  of  Central  North 
America  of  whose  languages  we  possess  any  records. 

The  decimal  scale  is  much  less  generally  prevalent  The  deo- 
among  the  numerous  tribes  of  South  America  than  •r*l< 
among  those  of  North,  and  their  numeral  systems 
much  less  perfect,  rarely  proceeding  beyond  n hundred,  South 
and  frequently  limited  to  much  smaller  numbers  : there  America, 
arc  not  wanting,  however,  numeral  systems  adapted  to 
the  decimal  scale,  which  are  sufficiently  complete  and 
comprehensive ; but  in  most  cases  the  names  for 
numbers,  particularly  for  those  which  are  compound, 
are  of  such  extraordinary  length  and  complexity,  as 
to  appear  to  exceed  the  powers  of  human  utterance. 

In  one  language,  however,  namely  the  Qquichua,  or 
ancient  Peruvian,  we  find  a numeral  system  equally 
simple  and  more  extensive  than  that  of  the  Greeks  or 
Romans,  ns  the  following  nnines  or  expressions  for  the 
series  of  superior  units  will  show: 

10.  Chunca. 

100.  Pachac. 

1,000.  Iluaranca. 

10,000.  Chunca  huarnnea. 
loo.ooo.  Pachac  huarauca. 

1,000,000.  Hunu.t 

The  New  World  is  not  without  its  cxumplcs  also  of 
names  for  superior  units  borrowed  by  one  people  from 
another  more  civilized  than  themselves  : thus  the 
Molluchcs,  a tribe  who  inhabit  a district  to  the  South 


of  Chili,  have  adopted  the  Peruvinn  term  pitta cu  for 
100,  and  huaranca  fur  lOOO  } though  the  languages 
of  these  people,  as  well  as  their  other  numerals,  have 
nothing  further  in  common.  $ 

It  is  quite  unnecessary  to  pursue  this  inquiry  into 
the  extent  and  developement  of  numeral  systems 
farther,  as  the  examples  which  we  have  adduced  will 
sufficiently  demonstrate  the  truth  of  the  assertions 
which  we  made  at  its  commencement.  We  shall  now 
proceed  to  the  consideration  of  some  peculiarities  in 
tbe  expression  of  numbers,  which  illustrate  in  a very 
striking  manner  the  very  regular  and  artificial  manner 
in  which  numeral  language  has  in  most  cases  been 
constructed. 

(18.)  We  have  before  noticed  the  method  of  expressing  Number* 
some  numbers,  such  os  nineteen,  twenty-nine,  <cc.  by 
their  defect  from  the  next  superior  articulate  numbers,  J$™rr(rr. 
which  is  usual  in  the  Sanskrit,  Greek,  and  Latin ; and  mre  to  ib« 
we  shall  find  the  same  peculiarity  in  the  Malay  and  next  nipt- 
other  languages.  'ITius,  instead  of  saying  snmbilan  •nicu- 
puluh  sambilun,  or  NiNfty-NiJic,§  they  more  frequently  ^^nuni* 
use  the  expression  korang  asa  sa-ratus,  or  t canting  one 
of  a hundred.  The  word  ram6t/<rn,||  or  nine  itself, 
means  one  taken,  that  is,  taken  from  the  heap  or 


• Account  of  Virginia,  by  Captain  Smith.  1624.  Their  nnioa 
for  100  and  1000  are  of  very  formidable  length  ; for  the  first 
being  necattoaghyunough,  and  for  tbe  second,  nccatimemm- 

t llnmholdt,  Vue*  det  CordilUret,  SfC.  p.  252. 

I There  ia  a grammar  of  like  language  of  this  tribe  pabtiahed 
by  Robert  Falkner,  an  Lngliah  Jesuit,  who  resided  aa  a mia- 
aionitry  in  Patagonia  for  upward*  of  forty  year*, 
t Manden’a  Malay  Grammar,  p.  39.  * 

u Crawford'*  Indian  Archipelago,  roL  i.  p.  256. 
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Arithmetic,  whole ; And  zakdrang,  which  in  Malay  means  one 
wyw'  r anting,  U the  term  for  nine  in  the  Achineae  dialects. 
Numerals  The  numeral  language  of  the  Oedk-O*  fiaks,  or 
ofth.-OedU-  pur  Ostiaks,  a .Siberian  tribe  living;  on  the  banks 

Mm  ».  Jenesei,  exhibits  this  peculiarity  of  construction 

in  a very  remarkable  manner,  and  we  shall  therefore 
give  it,  with  more  than  ordinary  detail,  as  follows  :* 

1.  Chuscin. 

2.  Ynetn. 

3 DAgom. 

4.  Svjeiii. 

5.  Chdjem. 

6.  Ahjem,  or  Chfljem-cbusem,  5 and  1. 

7.  Ohoetn,  or  Chdjcm-ynem.  5 and  2. 

8.  ChAjem-ddgom,  5 and  3 ; or  yncm  botsclie 
chojum.  2 from  10. 

9 ChAjem-syjem,  5 and  4 ; or  Chuscm  botsclie 
chojum,  1 from  10. 

10.  Chojum. 

11.  Chuscm  chojum. 

18.  Yncm  botsche  agera,  2 from  20. 

20.  Agetn. 

50.  Ciiolcpky-scba. 

70.  Ohna-chojum. 

80.  Yncm  botsche  chojum  chojum,  2 from  10 
times  10. 

90.  Chuscm  botsche  chojum  chojum,  1 from  10 
times  10. 

100.  Kysrhash,  or  ky. 
lOOO.  Chojum-kyschash,  10  times  100. 

Such  is  the  numeral  language  which  we  might  ex- 
pect to  be  formed  by  a people  labouring  under  extreme 
poverty  of  numeral  words,  and  who  endeavoured  to 
adapt  them  to  a system  of  numeration  previously 
known. 

The  other  tribes  who  inhabit  the  banks  of  the 
Jeuesei  and  its  tributary  streams,  whose  languages 
constitute  a distinct  class,  being  intimately  allied  with 
each  other,  but  different  from  those  of  other  Siberian 
people,  whether  of  the  Sainoeid,  Tatar,  or  Mongol 
race,  posse**  numeral  systems  which  are  generally 
formed  in  the  same  manner,  t 

Kjuiim-  The  same  construction  is  observable  in  the  lan- 
CJ**1***  guages  of  the  Knmtschatkans,  nod  the  inhabitants  of 
liiUj»d«  n * Kurile  Islands,  which  are  opposite  to  the  mouth  of 
the  Amur,  as  will  be  readily  seen  from  tut  examination 
of  their  expressions  for  one,  two,  eight,  nine,  and 
ten.f 


Kamtaehatka. 

1.  Svhnfip. 

2.  Dupk. 

8.  Duhpyhs,  2 from  10. 

9.  SyhrUtppyhs,  l from  10. 
10.  Upyhs. 


Kurile  Islanda. 

1.  Sinezb. 

2.  Zuzb. 

8.  Zujemambe,  2 from  10. 

9.  Sinesambe,  1 from  10. 
10.  Fambe. 


Other  pc- 
culiaritiei 


(19.)There  is  another  peculiarity  in  the  construction 
of  numeral  language,  of  very  genera)  prevalence  both 
in  Asiutic  and  European  languages,  which  we  shall 
now  proceed  to  notice.  Every  student  in  Greek  lite- 
rature is  acquainted  with  the  phrase,  apparently  so 
remarkable,  of  tfibofioe  yfurikaeroe,  which,  literally 
translated,  means  the  seventh  half  talent,  but  which  ia 


• Klkfirnili,  sfna  Polyg  lotto,  p.  J7|. 

I IWd.  p.  315.  • La  Perouse’a  F*y#gr,  rol.  IL  p.  85.  English 


all  cases  denotes  sir  talent s and  a hatf.*  Vestiges  History, 
of  the  same  construction  are  observable  in  the  Latin 
word  sestertius,  which  is  the  contracted  form  of  semis 
ter  tuts,  and  signifies  two  u-hole  asset  amt  a half, a meaning 
distinctly  expressed  in  its  original  symbol  L.L.S.  which 
in  later  times  became  II. S.  Of  a similar  description 
is  the  Anglo-Saxon  phrase,  threo  heal/,  or  thridde 
healfe,  tiro  and  a half  ;t  and  the  German,  under thalb, 
for  one  awl  a half;  riertehalb,  for  three  and  a half; 
clflehalb,  for  ten  and  a half;  and  similarly  in  other 

cases.  $ 

So  prevalent  was  this  mode  of  expressing  numbers  In  Daaisk 
amongst  the  ancient  Cimbri  and  their  Dunish  descen- 
dants,  that  we  find  it  combined  with  the  vice  nary 
scale,  for  the  expression  of  the  alternate  articulate 
numbers  between  forty  and  a hundred,  as  will  be  im- 
mediately seen  from  what  follows  : 

10.  Tie. 

20.  Tyve. 

30.  Tredeve,  3 times  10. 

40.  Fyrteve,  4 times  10. 

50.  Halv  tredie  sinds  tyve,  half  tbc  third  time  20. 

50.  Tre  sinds  tyve,  3 times  20. 

70.  IIulv  fiorte  sinds  tyve,  half  the  fourth  time  20. 

80.  Fire  sinds  tyve,  4 times  20. 

90.  Halv  fernte  sinds  tyve,  half  the  fifth  time  20. 

IO0.  llundrcde.§  . 

We  find  examples  of  expressions  precisely  similar  Icelandic, 
to  those  for  50,  70,  and  90,  in  the  Icelandic  language. 

Thus  haft  for  da  hundrada  means  three  hundred  and 
fifty  ; and  in  expressing  the  age  of  a person,  half  way 
between  two  articulate  numbers,  instead  of  saying 
thirty-five,  fifty-five,  fkc.  they  use  the  phrase  halft 
Jertugr,  which  menus  half  the  fourth  ten  ; halft  sex togr, 
or  half  the-  sixth  ten  ; and  similarly  in  other  cases.  || 

Exact  parallels  to  such  expressions  arc  to  be  found  In  Javanese 
in  the  Malay,  Javanese,  and  other  Eastern  languages,  and  Malay. 
Thus  in  the  first  of  these  languages,  instead  of  dua 
puluh  lima,  or  twenty-fire,  it  is  more  usual  to  say  tan- 
gah  tiga  putuh,  or,  literally,  half  of  thirty;  and  similarly 
for  thirty-five,  forty-five,  fifty- five,  ami  so  on.  Again, 
for  one  hundred  and  fifty,  they  use  the  expression 
tangah  dua  rtitus,  which  is  half  of  two  hundred  ■ that  is, 
of  the  second  kundnd.%  In  the  same  manner  in  Java- 
nese, ewulak  sasor,  or  half  sixty,  means  fifty  Jive ; pitu- 
sasor,  or  half  seventy,  means  six ty -fine ; and  similarly  in 
other  eases.** 

It  is  needless  to  add  instances  from  other  languages 
of  a mode  of  expression  which  is  so  common  that  it 
hardly  can  be  considered  os  peculiar,  but  which  ex- 
hibits  evidence,  in  the  latter  cases  at  least,  of  that 
constant  reference  to  the  articulate  numbers,  which  is 
so  generally  characteristic  of  numeral  language. 

(20.)  The  inodeofexprrssinguuinbers  intermediate  to  Exprra- 
articulate  numbers,  in  the  language  of  Lapland,  is  very  ,'0D• 
peculiar  and  very  significant ; the  first  ten  numerals 


• MtRbic'i  Grtrk  Grammar,  p.  176. 

f llickcsii  Tkrtaarmt  Lingaarum  Srptentrianalimm,  Gramma- 
tics M tern- Got Mica,  p.  IT 

2 Noeliden’s  German  Grammar , p.  J98. 

4 P»rwn'»  Remains  •/  Jacket,  c,  X.  p.  317. 
fl  Hickrsii  Tkcsnnrat : Grammatiea  Ixtandtra,  p.  42.  Hirkes 
say*  that  the  Scotch,  when  asked  the  hour  of  tbeila\.  instead  of 
saying  half  past  mint,  half  post  eleven.  prefer  answering  it  it  half 
ten,  it  it  Saif  twelve;  and  he  consider*  thw  mods  of  expression 
u a vestige  of  the  Danish  dominion  in  that  country. 

^ Mnrtti ten's  Malay  Grammar , p.  40. 

**  Crawford's  Jndtan  <4rekipetaga,  rot.  i.  ?.  268. 
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Arithmetic,  are  given  above,  (Art.  10:)  to  express  11,  they  say 
'*-*-*v-*'  oufi  nultbe.  lokkai,  which  is  owe  to  the  second  ten  ; for  12, 
la  tbe  Jan-  g,wJ)  an bbe  lokkai,  t* o to  the  second  ten  ; for  23,  gotm 
L»*  Uud  goaalmad  lokkai,  three  to  the  third  ten.  They  proceed  in 
*****  * this  manner,  combining  the  cardinal  with  the  ordinal 

numbers,  as  far  as  xhioette,  or  100,  which  is  the  limit 
of  their  numeral  system.* 

nfibeKnia-  In  the  numeral  language  of  the  Knisteneaux,  the 
numbers  from  10  to  20  ore  expressed  by  the  first  nine 
numerals  with  the  preposition  wap,  or  witA,the  term  for 
ten  being  omitted. t 


1.  Peyac. 

2.  Nishew. 

3.  Nishtau. 

4.  N’ewny. 

6.  Ni-annnn. 

6.  Negoutawoisic. 

7.  Nishwoisic. 

8.  Jannawew. 

9.  Shack. 

10.  Mftatat. 


11.  Peyac  osnp, 

12.  Nishew  osap. 

13.  Nishton  osap. 

14.  Ne way  osap. 

15.  Niannan  osap. 

16.  Negoutawoisic  osap. 

17.  Nishwoisic  osnp. 

18.  Jannawewosap. 

19.  Shack  osap. 

20.  Nishew  mitenah. 


The  expression  for  21  is  nishew  mitenah  peyac  osap, 
the  omission  of  the  preceding  articulate  number  being 
no  longer  allowable,  on  account  of  tbe  ambiguity 
which  it  would  occasion. 

In  Malay  In  the  Malay  and  Javanese  languages  the  expres- 

*nd  Jars-  sions  for  numbers  between  10  anti  20,  as  may  be  seen 

***•  from  our  list  of  their  numerals,  are  formed  by  adding 
to  tbe  digit  the  particle  bias  in  one  case,  and  mllas  in 
the  other  ; probably  identical  with  the  Javanese  terra 
t&lai,  which  means  done  or  finished,  that  is  with  re- 
ference to  tbe  end  of  the  scale.  For  numbers  beyond 
20,  the  expressions  are  formed  in  the  regular  way,  ex- 
cepting those  cases  which  are  included  in  some  of  the 
peculiarities  above  mentioned,  or  in  which  absolute 
terms,  the  remains  of  former  methods  of  numeration, 
are  used  : thus  latce  is  used  to  denote  25,  and  denotes 
also  a thread  or  string ; and  sekdt  or  ekdt,  which  means 
a skein  of  thread,  also  denotes  50  ; stchdak,  a term  of 
unknown  derivation,  is  used  for  60 ; and  samas  and 
dumas,  denoting  respectively  " one  bit  of  gold  and  two 
bits  of  gold,"  are  used,  the  first  for  400  and  the  last 
for  800. 

la  English.  Our  lerm  eleven,  and  the  Anglo-Saxon  endlufon 
means  leave  one,  that  is  above  ten,  the  point  from 
which  the  numeration  commences  again  us  it  were 
anew  ; and  in  the  same  manner  twelve  means  letwe 
two,  with  reference  to  the  some  number ; beyond  this 
number^  the  terms  ore  formed  in  the  wny  which  is 
usual  in  most  languages,  by  the  combination  of 
the  nine  digits  with  the  preceding  articulate  number; 
and  this  departure  from  a very  general  rule  in  the 
expression  of  these  two  numbers,  which  is  observable 
in  all  languages  of  Gothic  origin,  is,  as  fur  as  we 
know,  peculiar  to  them.  It  must  be  considered, 
however,  as  a variation  and  not  as  a violation  of  a 
general  principle ; the  point  of  departure  from  which 
the  numeration  recommences  being  equally  kept  in 
view  in  both  cases. 

It  might  be  imagined  that  this  distinction  in  tbe 
formation  of  the  expression  for  eleven  and  twelve,  had 
its  origin  in  the  frequent  use  of  the  latter  number 
amongst  Scandinavian  nations. & Thus  amongst  the 


• Knud  (CtmiLu*)  Lwms,  lie  lArpjxmiUu  Ftmmmrehia. 
■ f Mscbeniic’s  TraveU,  Introduction. 

I Jonii  Etymnhgimm  .4mglicn*mm,  on  weed  eleven. 
t Hlckcaii  Theiamriu  . Gran  matte  a /rUmUce,  p.  43. 


inhabitants  of  Iceland  and  Norway,  the  addition  of  llwtory. 
the  word  tolfntd  (that  is  duodena  ratio)  to  the  symbols  ' 

or  expressions  for  ten  and  a hundred,  made  the  one 
signify  twelve  units,  and  the  other  twelve  decads.  and  tWf|tc 
similarly  for  higher  numbers : thus,  CC  vtelra  tolfretd,  AmCin|p.t 
or  ducenti  ami  tolfretd,  means  240  years  ; CCIC  daga  Scandin.** 
tolfnrd  ac  fim  dagar,  or  three  hundred  days  totfrad  and  V*B  ■*" 
five  days,  means  365  days,  and  similarly  in  other  cases.  Uo°*' 
Traces  of  this  preference  of  the  number  12  amongst 
ourselves,  as  well  as  amongst  other  Gothic  nations, 
are  to  be  found  not  merely  m the  very  frequent  use 
of  the  term  dozen  in  the  classification  and  parcelling 
out  of  many  objects  of  barter  and  trade,  but  likewise 
in  our  primary  divisions  of  money,  weights,  and  mea- 
sures. In  some  cases,  even  the  technical  meaning 
attached  by  merchants  to  the  word  hundred,  associated 
with  certain  objects,  19  six  score ,-  a usage  which  is 
commemorate)!,  though  perhaps  in  too  sweeping  amt 
general  a form,  in  the  popular  distich, 

Pive  score  of  own,  money,  and  pins, 

Six  score  of  nil  oilier  tilings. 

Though  the  influence  of  this  division  by  twelve  upon 
the  customs  and  languages  of  northern  nations  is  very 
remarkable,  yet  it  hardly  can  be  considered  as  indi- 
cating the  existence  of  a duodenary  scale  of  notation, 
properly  so  called  ; for,  in  the  first  place,  the  name 
for  twelve  is  dependent  upon  the  radix  of  the  decimal 
scale ; and  in  the  second  place,  though  there  is  a simple 
name  gross  for  12aor  144,  yet  in  no  case  is  that  number, 
or  even  the  former  considered  as  an  articulate  number, 
or  as  a point  of  departure  for  a new  numeration.  The 
partition  indeed  of  numbers  and  concrete  units  by  12, 
prohnbly  suggested  in  the  first  instance  by  the  natural 
divisions  of  the  year,  is  of  very  general  use ; but  has 
no  natural  connection,  in  its  origin  at  least,  with  the 
methods  of  classifying  whole  numbers : it  being  a 
refinement  long  posterior  to  the  formation  of  numeral 
systems,  to  consider  an  abstract  unit  as  capable  of 
division  at  all,  and  still  less  that  the  results  of  such 
successive  divisions  should  constitute  a series  of 
inferior  units,  admitting  of  classification  in  the  same 
manner  as  abstract  whole  numbers  themselves. 

There  are  few  other  circumstances  in  tbe  formation 
of  expressions  for  compound  numbers  as  distinguished 
from  those  which  are  articulate,  which  deserve  to  be 
remarked.  In  no  one  respect  is  the  general  economy 
of  numeral  language  more  strikingly  exemplified,  than 
in  the  terms  for  such  numbers  ; for  wc  not  only  hardly 
ever  find  two  names  for  II,  12,  13,  and  so  on,  but  in 
no  one  instance  do  we  find  them  expressed  by  an 
arbitrary  and  independent  nnine,  that  is  by  a name  which 
has  no  reference  to  (he  radix  of  the  scale  of  numera- 
tion ; a proof  amounting  nearly  to  demonstration, 
that  words  have  been  expressly  adapted  to  such  scales 
and  are  consequently  subsequent  to  them  fiL 

(21.)  The  names  of  the  articulate  numbers  are  usually  FormaiUir 
formed  by  tbe  incorporation  of  the  term,  for  the  radix  °f  **Pri-»* 
of  the  scale,  with  the  names  of  tbe  nine  digits  ; and 
In  almost  all  cases  the  etymology  of  such  names  is  number* 
sufficiently  obvious.  Wc  frequently,  however,  find 
two  names  for  20,  one  of  them  arbitrary  and  inde- 
pendent, and  the  other  adapted  in  the  usual  manner 
to  the  decimal  scale ; the  former  are  very  generally 
vestiges  of  the  vicenary  scale,  which  has  been  super- 
seded by  the  denary,  and  will  be  noticed  hereafter  j 
the  latter  commonly  admit  of  a resolution  into  their 
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Arithmetic  component  parts,  as  readily  a*  the  term*  for  the  other 
'*■— v— ' ' articulate  numbers.  Thus,  in  our  own  language,  score 
is  a term  of  the  former  kind,  reminding  us  of  an 
ancient  and  extinct  method  of  numeration  ; whilst 
twenty  is  immediately  derived  from  the  Gothic  twtntig, 
compounded  of  twa  and  tig,  the  latter  signifying  ten 
equally  with  iaihtm,*  and  generally  used  in  preference 
to  the  latter  in  all  compound  words, 
la  Greek.  The  Greek  word  cZrewit  seems  to  defy  all  probable 
etymology,  and  may  therefore  most  properly  be  re- 
ferred to  the  class  of  arbitrary  terms ; whilst  the  terms 
rpuUotrra,  rrsaapatoirra,  8tc.  are  regular  and  simple  in 
their  formation,  though  the  origin  of  the  term  totna 
for  ten,  corresponding  to  the  Latin  ginta,  in  triginta, 
la  Latin,  tjuadragwia,  & c.  is  extremely  difficult  to  explain.  The 
Latin  word  eighth  is  equivalent  to  itirnrii,  or  /wire  ten, 
and  is  not  derived,  as  some  authors  have  imagined, 
from  the  Celtic  terni  ugent,  or  again,  for  the  same 
number.  $ 

An  accurate  etymological  examination  of  the  expres- 
sions for  articulate  numbers  in  different  languages,  would 
frequently  lead  to  results  of  great  interest,  not  merely 
as  exhibiting  traces  of  ancient  methods  of  numeration, 
hut  likewise  os  showing  the  limits  to  which  they  have 
proceeded,  or  the  changes  which  they  have  undergone. 
In  many  cases,  however,  the  etymologies  of  such 
words  are  extremely  difficult,  exhibiting  very  obscure 
traces  of  the  digital  numbers  merely,  with  no  discover- 
able reference  to  the  radix  of  the  scale ; and  in  others, 
they  may  be  considered  as  arbitrary  and  independent 
terms,  which  it  is  impossible  in  any  way  tc  connect 
with  any  system  of  numeration. 

Turkish  In  the  Oigour,  of  the  elevated  plain  of  Turfan, 
•mi  M«id  the  most  pure  of  the  numerous  class  of  Turkish 
u mruts  dialects,  and  in  the  Mandscheu,  one  of  the  principal 
*u"  “ of  the  languages  denominated  Tungusic,  we  shall  find 
examples  which  illustrate  these  observations,  as  will 
be  seen  from  the  following  list  of  their  numerals  : 


Oigoor,  or  Eastern  Turkish.* 

Miurubeheu.  1) 

1. 

Bir. 

1. 

Emu. 

2. 

Iki. 

2. 

Dschus. 

3. 

Utsch. 

3. 

Dan. 

4. 

Tftst. 

4. 

Duin. 

5. 

Bisch. 

5. 

Sundsehn. 

6. 

Altv. 

6. 

Ningan. 

1 7. 

Yidi. 

7. 

Nadan. 

8. 

Sckis. 

8. 

Dschakftn. 

9. 

Toctms. 

9. 

Ujun. 

10. 

On. 

10. 

Dschuan, 

20. 

Igirml. 

20. 

Orin. 

30. 

Otus. 

30. 

Gutschin. 

40. 

Chirch. 

40. 

Dechi. 

50. 

Ellik. 

50. 

Sousai. 

• Our  word  ten  is  derived  from  the  word  tathttn  or  tehan , or 
perhaps  from  tbc  old  German  word  f Franco-Then  tUran,)  t/Arn,  to 
dr /nr,  i.  e.  one  from  the  heap  or  number  : and  the  participle  rig 
or  tig  at  in  one  case,  and  so gk  or  tug  in  the  other,  are  need  in 
compound  terms,  aa  in  those  for  20,30,  dec.  which  signify  drawn 
twice,  drown  thrice,  and  so  on  : thus  aU.ntig  and  tihonzug  are 
used  indifferently  in  ancient  German  for  70,  in  which  language 
we  alto  find  tehnuogk,  or  tekensug  for  100,  equivalent  to  terihum 
Unhand,  noticed  shore. 

t Jamieson's  Henna  Scwt/detu,  p.  199. 

J Parson's  Remains  of  Japkrt. 

| Klaproth.  Sprat  hr  unit  Schrifl  der  Uigurcn,  Paris,  1820  ; 
/dtim  Potygtotla,  p.  214.  Kcmutal,  Rdchctchet  twr  Ut  lAtngM 
Tatarrt,  p.  2^7. 

| Klaproth,  Sprnehntlna  t Ann  Polyglot  to. 


60.  Nindscheu. 

70.  Nodandacheu. 

60.  Dschakftndschcu. 
90.  Ljundscheu. 

100.  Tanu. 

1000.  Mingan. 


GO.  Altmisch. 

70.  Yitinisch. 

80.  Sekis  on. 

90.  Tochus  on. 
loo.  Yus. 
loot).  Ming. 

10*.  'Hlmen. 

10*.  Kuldy. 
lO®.  Niut. 

In  the  first  of  these  systems,  the  names  for  40,  30, 
40,  and  50,  have  no  common  principle  of  formation, 
and  with  the  exception  of  the  first  may  be  considered 
as  perfectly  arbitrary  : those  for  60  and  70,  involve 
the  names  of  the  digital  numbers  6 and  7,  without  any 
apparent  reference  to  the  radix  of  the  scale ; whilst 
those  for  80  and  90  are  formed  in  the  ordinary  manner. 
The  name  for  100  prevails  not  merely  amongst  all 
Turkish  tribes,  but  has  likewise  been  borrowed  by 
some  Siberian  people,*  who  speak  languages  belong- 
ing to  an  actually  different  class  ; whilst  the  term  ming 
for  lOOO  has  been  communicated  not  merely  to  the 
Mandschcu,  but  to  the  Mongol  and  all  Tungusic  lan- 
guages, from  one  extremity  of  the  continent  of  Asia  to 
the  other,  though  their  numeral  systems  have  nothing 
more  in  common.  The  other  terms,  as  far  as  a million, 
are  apparently  arbitrary,  and  certainly  native  ; there 
being  no  terms  for  such  high  numbers  amongst  any 
neighbouring  or  kindred  nations. 

In  the  second  system  of  numerals  which  we  hare 
given  above,  the  names  for  20,  30,  40,  and  50  are 
arbitrary,  whilst  those  for  the  subsequent  articulate 
numbers  are  formed  in  tbe  ordinary  manner.  In  the 
other  Tungusic  dialects,  we  generally  find  the  greatest 
regularity  in  the  formation  of  their  numeral  systems  ; 
the  names  for  the  articulate  numbers  being  formed  by 
tbe  combination  of  the  name  for  ten  with  that  of  the 
digital  number,  excepting  in  the  one  which  follows 
from  the  dialect  of  Nertschinsk,  where  we  find  the 
Mandscheu  names  for  20  and  30,  and  all  the  others, 
expressed  by  a modified  form  of  the  names  of  tbe 
corresponding  digits. t 


1.  Omin. 

2.  Dschur. 

3.  Ilftn. 

4.  Dygin. 

6.  Tomka. 

6.  Njatiun. 

7.  N Addon. 

8.  DschApkan. 

9.  Jagyn. 


10.  Dschbn. 

20.  Orin. 

30.  Gotin. 

40.  Dyginni. 

50.  Tonnanni. 

60.  Njonnunni. 
70.  Nodtuwi. 

80.  Dschdpkunni. 
90.  Jaginni. 


NorU- 
cUink  wn- 
•ucral*. 


The  same  principle  of  formation  of  the  expressions 
for  articulate  numbers  is  observable  in  the  Semitic  and 
many  Asiatic  languages.  Where  examples  are  so 
numerous,  we  shall  content  ourselves  with  the  follow- 
ing list  of  Mongol  numerals,  which  are  found  with 
slight  variations  amongst  all  Talar  nations,  from  the 
Wolga  to  the  Wall  of  China.  7 

1.  Nige.  7-  Dolohn.  Mongol 

2.  Gojer.  8.  Noiman.  numerals 

3.  Churban.  9.  Jisun. 

4.  Diirban.  10.  Arban. 

5.  Tnbun.  20.  Chorin. 

6.  Djirohn.  30.  Chutschin. 


" Klaproth,  Ann  Po/gglottn,  p.  159. 
t Ibid.  Sprnehnttm. 

I Ibid.  Ana  P u ly g lotto,  p.  284. 
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Arithmetic.  40.  Diithchin 

v 50.  Tobin. 

60.  Djirun. 
70.  Dulan. 


80.  Najan. 
90.  Jaran. 
10O.  Djan. 


System*  ($9  ) We  could  very  easily  extend  to  a much  greater 
adapted  to  length  our  observations  upon  numeral  systems  adapted 
Uir  quinary  *0  the  decimal  sculc,  as  there  are  few  cases  in  which 
and  viced*-  ^|,ey  niny  noj  he  made  the  foundation  of  some  remarks 
ry  #c*  c*.  oj.  intcrcst  an<j  importance,  illustrative  of  general 
principles  concerned  in  their  formation  ; but  the  limits 
to  which  we  are  confined  by  the  very  nature  of  this 
work,  compel  us  to  bring  them  to  a conclusion.  We 
shall  now  proceed,  therefore,  to  the  consideration  of 
the  other  natural  scales  of  notation,  the  quinary  and  the 
vicenary,  which,  though  incomparably  less  generally 
prevalent  than  the  denary,  yet  arc  very  frequently  met 
with  amongst  savage  and  rutJe  people,  and  sometimes 
also  amongst  people  considerably  advanced  in  the  arts  of 
life  j and  even  amongst  civilized  people  we  find  traces 
of  their  former  existence,  though  subsequently  they 
have  been  partly  or  wholly  superseded  by  systems 
adapted  to  the  decimal  scale. 

" Aristotle,''  says  Sir  Thomas  Herbert,  “ not  with- 
out good  reason  admired,  that  both  Cireeks  and  bar- 
barians used  a like  numeration  unto  ten  ; which,  seeing 
it  was  so  universal,  could  not  rationally  be  concluded 
accidental,  but  rather  a number  that  had  ils  foundation 
in  nature.”*  The  passage  of  the  Greek  Philosopher,  to 
which  this  admirable  old  traveller  refers,  is  found  in 
his  Problcma ; and  is  in  every  respect  so  curious,  and 
contains  so  correct  a description  of  what  constitutes  a 
scale  of  numeration,  (hat  we  shall  ^ive  it  entire : 

RiMkfton*  w-  Aiot/  jrayrer  SfOpwrroi  sent  fiapfiapoi  cat  tWijvet,  «<c  to 
runluig  lo  l*xa  aurapiOfiovoi,  roi  owe  at  aWov  upiOpov,  oiov  /?,  y, 
Aristotle  of  2 ,.  tiia  vaXiv  *Tai'a&tx\ovctir,  t*  nVu.  tvo  ftm, 
•ulitvnf the  UOWfP  free tea'  ovl  a*>  xavantittroi  ruo 

divinial  &**a , tira  set  10  tv  iwavafrrXovaiv'  ton  yap  tcaerot  rury 

srJe.  aptOp&v  b tprpooOtv,  cat  «v  »/  bvo,  a at  (it'  a\\o»  t«  : 
aptOuovtu  6 ’ opa’t  bpioaoror  a'x/H  t£'w  Itcar  ov  yap  ciy 
tire  vi'X7*  y*  avrb  trosovvrec  ipaivom at,  eat  ati  : 
to  ia  act  eat  tjr«  Ttatnw,  ovs  arro  rv\yr,  sUt  (pvaiKov. 
n®Ttp*r  on  ra  oc’ea  TtXftot  upiOn'oo,  <XUV  *1*P  xavra  ra 
toC  apiQpav  SpriOV,  WwptTTOV,  rerpuyafvoi/,  avflov, 

ftfjcoo,  fvirtfov,  vporrou  avvOtroe  ; Sri  ap\tj  y £<ea*  } 
tr  yap  eat  Ivo  eat  rpia  eat  Tma/w,  yivmrat  ccaar'  f/  Sri 
va  ifttpvftartt  On'putra  eVft'a  j t)  Sr  I t»  £cco  ayaXoyiatt 
t«!tt a/»c»  KvftiKoi  apiOpot  dxoTeXovrrat*  if  ir  (pafft 
iptOfiWV  CM  llvOay&ptioi  to  rax  tnrvctnavai  ■ tj  on  srawTcv 
itxijp^o-o  itrOpuroi  tyovrer  f* ta  &arrvWt ; oi am  oi Jr 
yft y<t>ovi  c*xo»>TeT  rov  o Ictiov  aptOuov , rot not  tyt  tr XrfOct 
eat  TtlXXa  npiOuovot.f 

The  universality  of  the  decimal  scale  proves,  ac- 
cording to  Aristotle,  that  its  adoption  was  not  acci- 
dental, but  had  it*  foundation  in  some  general  law  of 
nature : TO  ?.+  art  eat  ext'  xovtww,  eve  axo  aXXd 

0i'«r utoK.  This  is  a most  philosophical  principle  of 
reasoning,  which  leads  in  the  present  instance  to  the 
correct  conclusion,  notwithstanding  the  Pythagorean 
and  Platonic  dreams  about  the  perfection  and  proper- 
ties of  the  number  ten,  which  arc  thrown  out  as  con- 
jectures to  account  otherwise  for  its  general  adoption, 
hut  were  there  any  traces  in  the  time  of  Aristotle,  in 
the  Greek  language  itself,  (we  speak  not  of  others,) 


• Soot*  Years  Travel*  into  Africa  and  Ada  the  Octal,  SfC.  1677. 

t ApurrorsAovt  rpym  rads  to. 


of  the  quinary  scale,  a case  to  which  he  alludes  ? We  History, 
shall  state  some  reasons  for  answering  this  question  in 
the  affirmative. 

In  the  Odyssey  of  Homer  we  find  the  word  x**x<i-  Trace*  of 
gtoOat,  to  count  by  fives  (7110*1  per  tfuinos  digit-.*,)  used  d** 
as  equivalent  to  aptOpetd.  Cnlvpso,  speaking  of 17  l,c*** 

. 1 , . .l  . t r L1  k'r  r 6 «n*ona*< 

Proteus,  making  the  tale  of  bis  phoctc,  says,  the  Greek*. 

<|>ii*ra«  prv  r 01  w/wrov  bpiOitijati  rat  cmaty 
Ainap  ittify  xdaav  rruxiiaatrat,  ijbi,  tcqrm 
AtfiToi  tV  ptaaouri,  youd't  £>r  1 wictmt  prjXrvv. 

Qlvaa,  s’.  41 1 . 

The  familiar  use  of  this  word,  whose  derivation  if 
so  very  obvious,  would  seem  to  indicate  that  the 
method  of  counting  by  fives  was  common,  at  least  in 
the  time  of  llouier  ; anti  the  introduction  of  the  same 
word  by  Apollonius  in  his  Argona uticit,*  would  prove 
that  the  use  of  it  had  continued  in  the  poetical,  if  not 
in  the  ordinary,  language  of  Greece  to  a much  later 
period. 

But  we  have  other  evidence  besides  the  existence  of 
a word,  to  show  their  tendency  at  least  to  follow  this 
quinary  classification  of  numbers.  In  ancient  Greek 
inscriptions,  (and  some  authors  assign  an  antiquity  to 
this  practice  as  remote  as  the  laws  of  Solon,)t  we  have 
5 and  10  expressed  by  II  and  A,  the  initials  of  the 
words  nevTf  and  A**a ; 50  was  denoted  by  inscribing 
the  A within  the  TI , and  500,  by  inscribing  within  it 
II,  the  initial  of  HoraTo*.  In  other  respects  this  sym- 
bolical notation  corresponded  entirely  with  the  Latin,  ”i—BBr 
and  in  common  with  it  constituted  a system  for  the 
represent ation  of  number*,  which  might  be  considered 
os  quinary  subordinate  to  the  denary.  With  the 
Greeks  this  rude  method  of  notation  was  superseded, 
except  for  inscriptions,  at  a very  early  period  by  the 
more  perfect  system  derived  from  the  Hebrews  ; but 
with  the  latter  it  remained  unchanged  to  the  end  of 
their  empire. 

We  can  discover  no  other  trace  of  the  existence  of 
the  vicenary  scale  amongst  the  Greeks  and  Romans,  andPalmy- 
either  in  their  numeral  language  or  symbols.  If,  rene  name- 
however,  wc  refer  to  the  East,  from  whence  their  ^ sf»hols 
alphabets  originated,  we  shall  find  amongst  the  Phoeni- 
cians a system  of  numerals,  first  ascertained  by  Dr. 

Swinton^  from  coins  found  nt  Sidon,  which  possess 
simple  symbols  for  ten  and  twenty ; by  the  latter  of 
which  they  proceed  as  for  100.  An  examination  of 
Palmyrene  inscriptions^  furnishes  likewise  a system 
of  numerals  of  gyeat  extent,  with  simple  symbols  for 
fine,  ten,  and  twenty  ; but  in  other  respects  intimately 
allied  with  the  former,  and  proceeding  like  it  according 
to  the  picennry  scale,  within  the  same  limits.  The 
reader  will  find  both  these  systems  iu  Plate  I.  Nos.  9 
and  3,  which  arc  of  great  interest,  not  merely  from 
their  analogy  to  the  Roman  numeral  symbols,  but 
likewise  as  furnishing  the  key  to  the  numeral  systems 
of  the  Celtic  nations. 

The  intercourse  of  the  Phoenicians  with  Spain, 

Cornwall,  and  Wales,  and  more  particularly  with 

• Speaking  of  the  ilreuns  which  flow  from  the  Huraodon, 

be  ssya, 

TffpUu  m lea too  Motto  moo,  tbti  head ra 
lUpxdfoi.  Apyoomuruemo,  0.  97C. 

t Galterer,  ArtU  diplomatic  tr  Rlemeatm,  p.  64.  Brrffirfgf, 

Aril  ft  radices  Chronologic*,  lib.  i.  1705  ; Row,  Jnocriptloaet  Greet* 
rrfMhwu. 

t Philosophical  Transactions,  175S,  p.  791. 

% Ibid.  1754.  p.  690. 
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ARITHMETIC. 


Arithmetic.  Ireland,  is  an  historical  fact  attested  bv  innumerable 
monuments  ; and  the  general  affinity  of  structure  be- 
< eitie  nu-  tween  the  Celtic  and  Semitic  languages,  however 
altered  by  subsequent  intercourse  with  other  people,  is 
Nry,  of  all  monuments  of  their  ancient  communication  with 
each  other,  the  most  permanent  and  unquestionable. 
Amongst  all  the  nations  of  the  Celtic  race,  the  numeral 
languuge  is  constructed  in  conformity  with  the  Phoe- 
nician numerals,  proceeding  by  twenties  as  fur  os  100, 
ami  no  further.  The  following  is  a list  of  Welsh,  Erse, 
and  Gaelic  numerals : 

Welsh.  F.r*c.  Gaelic. 


1.  Un. 

1.  Aon. 

1.  Aon. 

2.  Ditu. 

2.  Do. 

2.  Du. 

3.  Tri. 

3.  Tri. 

3.  Tri. 

4.  Fed  war. 

4.  Ceatair,  or 
ceitre. 

4.  Ceithar. 

5.  Pomp. 

5.  (.'big. 

*•  Coig. 

6.  Cwec. 

6.  8b. 

6.  Sia. 

7-  Snith. 

7.  Scact. 

7.  Sencbd. 

8.  Wylh. 

8.  Oct. 

8.  Ochd. 

9.  Nuu. 

9.  Nani, 

9-  Nai. 

10.  Deg. 

it).  l)eic. 

10.  Deicb. 

11.  Utmrzcg. 

1 1*  Aon  deag. 

11.  Aou  deng. 

15.  Pymtheg. 

15.  Cbig  deag. 

] 5.  Coig  deag. 

16.  Uriur pymtheg.  16.  Seact  deug. 

16.  Sia  deag. 

20.  Ugain  or 
uguint. 

20.  Filce. 

20.  Fichid. 

21.  Un  ar  ugain. 

21.  Aon  is  fitcc. 

21.  Aon  thar 
fichid. 

30.  Deg  or  u- 

30.  Deic  ar  fi- 

30.  Dcich  tbar 

gain. 

cend. 

fichid. 

36.  Unurpyra- 

36.  Scact  deag 

36.  Sin  deng 

theg  or  u- 

is  litce. 

thar  li- 

gnin. 

chid. 

40.  Deugain. 

40.  Da  fitcend. 

40.  Dn  fichid. 

50.  Deg  nr  deu- 

50.  Deic  is  da 

50.  Dcich  thar 

gato. 

fitccati. 

da  fichid. 

60.  Trigain. 

60.  Tri  fitcead. 

60.  Tri  fichid. 

70.  Deg  ar  tri- 

70.  Deic  is  tri 

70.  Dcich  thar 

gaiu. 

fitcead. 

tri  fichid. 

SO.  Pedwar  u- 

80.  Ceitre  fit- 

8a Ceithar  fi- 

gain. 

cead. 

chid. 

90.  Deg  ar  ped- 

90.  Deic  is  cei- 

90. Deich  thar 

wur  ugain. 

tre  fitcead. 

ceithar  fi- 
chid. 

100.  Cant. 

100.  Cead. 

IOO.  Coig  fichid, 
or  ciatl. 

1000.  Mil.* 

1000.  Mile.t 

1000.  Dcichciod, 
or  mile.; 

All  these  systems  possess  much  of  a common  cha- 
racter, and  the  two  last  arc  nearly  identical •,  a circum- 
stance which  might  be  expected,  as  the  Gaelic  is  a 
mere  dialect  of  the  Erse  and  an  immediate  descendant 
of  it.  Amongst  the  Welsh  numerals  we  find  a pecu- 
liarity, without  any  corresponding  example  in  any 
other  Celtic  dialett ; which  consists  in  making  pymtheg 
(15)  on  articulate  number,  and  a point  of  de|«irture 
for  a new  numeration  : thus  16  is  un  ar  pymtheg,  one 
over  fifteen  ; 17  is  daw  or  pymtheg,  ttco  over  fifteen  ; .38 
is  tri  or  pymtheg  ar  again,  three  over  fifteen  over  twenty  ; 
59  is  pedwar  ar  pymtheg  ar  deugain,  four  over  fifteen 


• Owen's  U'rUK  Grttmmmr  and  Diritonttry. 

+ V'«l Unrev ’»  Irish  Grammar.  Neibou's  Irish  Grammar, 

2 Shiv’i  Aaalytu  of  the  Gat/* c Lttngoage. 


over  twice  twenty  ; and  similarly  in  other  cases.  The  HUiorr. 
origin  of  this  solitary  vestige  of  the  quinary  scale  in  — —y“" 
this  class  of  lungu.iges  is  extremely  difficult  to  explain, 
unless  we  suppose  that  their  primitive  methods  of  nu- 
meration were  quinary,  subordinate  to  the  vicenary, 
and  that  this  was  a monument  of  the  resistance  made 
by  popular  habits  or  prejudices  to  the  partial  introduc- 
tion of  the  denary  scale,  from  a people  more  civilized 
than  themselves. 

The  numeral  systems  in  the  Armorican  and  Basque 
languages  possess  a general  conformity  with  those 
above  given,  os  a small  number  of  their  numerals  will 
readily  show  : 


Armorican. 

1.  Unnn. 

2.  Dnuu. 

3.  Tri. 

9().  llugent. 

40.  Paou  bugent. 
60.  Tri  h agent. 


Raaquc. 

1.  lilt. 

2.  Bi. 

3.  Iru. 

20.  Oguei. 

40.  Berroguei. 
60.  irumguei. 


The  first  of  these  systems  resembles  the  Welsh,  a 
language  with  which  the  Armorican  is  closely  allied  : 
the  second,  though  differing  considerably  from  the 
former,  yet  possesses  a greater  analogy  to  it  than 
could  be  expected  from  the  peculiar  and  insulated 
nature  of  this  language,  so  difficult  to  associate  even 
w ith  the  Celtic  languages,  and  still  less  with  those  of 
any  other  class. 

The  vicenary  scale  appears  to  have  prevailed  very  Amoncat 
extensively  amongst  Scandinavian  nations,  if  we  may  Scsndi- 
judge  from  the  numerous  vestiges  of  it,  not  merely  »•*!*« 
amongst  them,  but  likewise  amongst  those  people  n*Uon** * 
whose  languages  are  partly  derived  from  them.  We 
have  before  noticed  the  curious  construction  of  the 
Danish  numerals  between  40  and  100,  adapted  to  this 
system  } and  also  the  preference  given  to  the  numbers 
twelve  and  twenty  by  the  inhabitants  of  Iceland.  In 
our  own  language  also,  the  word  score,  which  origi- 
nally meant  n notch  or  incision,  has  become  equivalent 
to  twenty,  a long  mark  being  made  on  a tally  to  sig- 
nify the  successive  completion  of  such  a number  ; 
a plain  indication  that  such  a mode  of  scoriitg*  or 
counting,  was  of  nil  others  the  most  familiar  to  the 
habits  of  our  ancestors.  In  expressing  numbers  be- 
yond 40,  though  we  do  not  copy  the  Danish  form  of 
expression  for  50,  70,  90,  yet  in  popular  language  wc 
more  readily  say  three  score,  than  sixty,  three  score  and 
ten  than  seventy,  four  score  than  eighty,  and  so  on,  par- 
ticularly when  such  numbers  arc  associated  in  such 
a manner,  as  to  be  frequently  and  familiarly  used  by 
the  humbler  and  less  latinized  classes  of  society.  The 
French  have  given  a still  more  striking  proof  of 
the  influence  of  national  habits  of  thinking  and 
acting  upon  language ; they  have  made  soixante  a 
point  of  departure  for  n new  system  of  numeration  hy 
twenties,  expressing  70  by  soil  ante  dit,  80  by  quatre 
ringt,  and  90  by  quatre  r ingt  dix,  instead  of  septante, 
octante,  nonante,  the  terms  which  sometimes  have  been, 
and  which  in  conformity  with  the  general  anal  gies  of  m 
the  language  should  be  used  to  express  those  numbers. 


• Amonp't  other  reproschrs  to  Lord  Say,  which  fihukapeare 
hn*  put  into  the  month  of  Jack  CmU*,  it  t>  w»iil,  "arid  wbcfCAa, 
brimc,  our  forefathers  had  no  other  boohs  bat  the  *****  and  the 
tatty,  thou  Knot  caused  printing  to  1*  u«rd  : and  contrary  tu  tbc 
king,  his  crown  ami  dignity,  tliou  hast  built  • fin  per  mill,” 
lit  nry  VI.  Second  Port. 
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ARITHMETIC. 


Arithmetic.  The  examples  which  we  have  given,  are  not  the 
ouly  ones  in  which  the  decimal  scale  ha?  not  entirely 
Other  in-  succeeded  in  obliterating  all  traces  of  the  primitive 
auacc*.  existence  of  quinary  and  viccnary  systems  of  nume- 
ration, which  arc  so  extensively  used  amongst  people 
In  a rude  state  of  civilisation.  The  Persian  term 
pendje  signifies  five,  and  pfnteha,  the  expanded  hand ; 
and  the  corresponding  terms  in  the  Sanskrit  are  said 
to  have  a similar  meaning.  The  term  lima,  which 
with  very  slight  modifications  is  used  for  Jive  through- 
out the  Indian  Archipelago  and  the  Islands  of  the  South 
Sea,  means  hand  in  the  language  of  the  Celebes,  For- 
mosa, Otaheite,  and  many  other  Islands.  Among  the 
ancient  Javanese  numerals,  we  find  very  distinct  traces 
of  both  these  scales ; for  besides  the  Sanskrit  term  poncho 
for  five,  we  find  also  a simple  terra  lave  for  twenty- 
five,  the  only  instance  with  which  wc  are  acquainted 
. of  a secondary  articulate  number  in  the  quinary  scale, 

it  being  usually  superseded  before  it  reaches  that 
point  by  one  or  other  of  the  other  natural  scales, 
again,  in  the  Bame  ancient  dialect,  we  find  likor,  an 
arbitrary  term  for  twenty,  tvhich  is  frequently  used  in 
expressions  for  compound  numbers;  and  also  terms  for 
two  secondary  articulate  numbers  in  the  viccnary  scale  } 
namely,  sa-mas,  one  four  hundred,  do-mas,  tiro  four 
hundred,  a circumstance  of  rather  unusual  occurrence  : 
the  only  instance  of  a ternary  articulate  number  in  this 
scale,  is  to  be  found  in  tbe  Aztcck,  or  ancient  language 
of  Mexico. 

fade  The  following  numerals  in  the  Endc  language,  a 

Mineral*.  Jinject  0f  the  Flores  in  tbe  same  group  of  Islands, 
shows  the  operation  of  the  same  principle  In  their 
formation,  though  partly  derived  from  the  ordinary 
Polynesian  numerals.* 


1.  Sa 

8.  Zua. 

3.  TOO. 

4.  Witn. 

5.  Lima. 

6.  Limasa. 


7.  Limazua. 

8.  Kuabutu. 

9.  Trisa. 

10.  Sabtilu. 
20.  Ruluzua. 
100.  Sang'asu. 


The  terms  for  six  and  seven,  are  equivalent  to  Jive  one, 
Jive  two,  in  strict  conformity  with  the  ouinary  scale  ; 
the  term  for  eight  is  two  four,  a remarkable  circum- 
stance, which  ought  rather  to  be  attributed  to  the 
poverty  of  the  language  of  a rude  people,  who  felt 
great  difficulties  in  the  numeration  and  expression  of 
very  stnnll  numbers,  than  to  any  natural  tendency  to 
proceed  by  the  qua  tenary  scale.  + 

Numerals  (23.)  In  examining  the  numerals  of  the  islanders  of 
of  the  the  South  Seas,  we  shall  find  that  they  very  generally 
l*Uad*  of  exhibit  traces  of  a Malay  origin,  and  that  in  some  cases 
uUl  the  denary  scale  has  completely  prevailed,  and  super- 
seded the  other  natural  scales  ; of  this  kind  are  the 
* numerals  of  the  Friendly  or  Tonga  Islands,  which  are 

otherwise  remarkable  for  their  great  extent  ; in 
general,  however,  we  shall  find  that  their  systems  of 
numeration  are  denary,  subordinate  to  the  viccnary, 
**  as  may  be  seen  from  the  following  numerals  of  Olu- 
* heiteij 


1.  Tahai. 

2.  Rua. 


3.  Torou. 

4.  Ita. 


5.  Rima.  30.  Tahui-taou-mara-hourou.  History. 

<».  Whcncu.  32.  Taliai-tuou-ma-rua. 

7.  Mctu.  40.  Kua-taou. 

6.  Wurou.  50.  Rua-taou-mara-hourou. 

9.  Iva.  60.  Torou- taou. 

10.  Ilnurou.  80.  Ita- taou. 

11.  Ma-tahai.  100.  Rima-taou. 

12.  Ma-rua.  200.  Aou-uiunna. 

20.  Tuhai-taou.  2,000.  Manna-tine. 

21.  Tahai- taou-  20,000.  Torou-tine. 
mara- tahai. 

The  expression  for  eleven  means  one  more,  for  twelve 
tiro  more,  and  so  on  as  far  as  twenty,  which  is  the 
true  basis  of  their  numeral  system.  The  names  for 
200,  2000,  20.000,  were  given  by  Sir  Joseph  Banks  to 
Lord  Monboddo,  nnd  would  indicate  the  resumption 
of  the  denary  setde  beyond  200.  But  Forster,  the 
most  judicious  and  philosophical  of  the  observers  of 
the  South  Sea  Islanders,  declares  that  the  teachers  alone 
can  count  as  fur  as  2*X>,  and  that  few  others  can  pro- 
ceed beyond  10 ; we  shall  hereafter  notice  many 
examples  of  powers  of  numeration  which  are  equally 
confined. 

The  inhabitants  of  Otaheite  and  the  Society  Islands, 
the  Sandwich  Islands,  the  Friendly  Islands,  the  Mar- 
quesas, the  Easter  Islands  and  New  Zealand,  New  Gui- 
nea, and  other  Islands  in  the  neighbourhood,  belong  to 
the  same  race,  and  possess  nearly  the  same  numerals, 
at  least  for  low  numbers,  differing  chiefly  in  the  extent 
to  which  tbe  decimal  scale  has  superseded  tbe  vice- 
nary.  If  we  turn  our  attention  to  the  different  and 
less  favoured  race  who  inhabit  New  Caledonia,  Tannh,  In  Net*  C*. 
Mallicollo,  and  tbe  other  Islands  of  the  New  Hebrides,  t ledonia.Ac. 
we  find  a difference  in  their  languages  and  numerical 
systems,  which  are  chiefly  quinary,  as  will  be  seen 
from  the  following  examples  : 

Ne«r  Caledonia.  TannA.  Mallicolla 

1.  Parai.  1.  Rcttec.  1.  Thkai. 

2.  Pii-rbo.  2.  Carroo.  2.  Ery. 

3.  Pnr-gben.  3.  Kfchar.  8.  Erey. 

4.  Par-bai.  4.  Kata.  4.  Ehkts. 

5.  Pfi-nim.  5.  Karirrom.  6.  Krlhm. 

6.  Panim-gha.  6.  Ma-riddce.  6.  Tsukhi. 

7.  Panim-roo.  7.  Ma-carroo.  7-  Goory. 

8.  Panim-ghen.  8.  Ma-kiihar.  8.  Goorey. 

9.  Panim-bai.  9.  Ma-kafi.  9.  Goodbhts. 

10.  Piirooneek.  10.  Kurirrom-  lO.  Seneam. 

karirrom. 

In  the  first  of  these  systems,  six,  seven,  eight,  and 
nine,  arc  expressed  by  Jive  one , five  two.  Jive  three , and 
Jive  four ; in  the  second,  by  more  one,  more  two,  more 
three,  more  Jour  ; in  the  third,  by  the  combination  of 
the  word  goo,  of  which  we  do  not  know  tbe  meaning, 
with  one,  two,  three, four;  in  the  second,  ten  is  ex- 
pressed by  the  repetition  of  the  term  for  five,  an 
example  of  which  we  recollect  to  have  seen  some- 
where in  the  numerals  of  a tribe  in  Africa.  In  every 
respect,  indeed,  the  formation  of  these  quinary 
systems,  as  fur  as  they  proceed,  is  as  regular  and  sys- 
tematic, as  any  of  the  denary  systems  which  we  have 
examined  ; and  are  equally,  if  not  more  completely 
derived  from  practical  methods  of  numeration. 

Labillurdicre  f has  given  the  numerals  of  New 


• Ruffles,  History  of  Jam,  vol.  li.  App.  P. 

■f  Crawfurtl'*  Indian  .ircMpelago,  vol.  L p.  256. 

1 MouImkIcIo,  Origin  and  Progress  of  Language,  vol.  L p.  544  ; 

Coot’i  Voyages. 

VOL.  I. 


• Ob  serrations  made  during  a Voyage  Round  the  H’orld,  bjr 

John  Reuihold  Forster,  p.  528. 
t Ibid.  p.  284. 

J Voyages  sTUntretas/iaus,  vol.  U.  App. 

• 3 K 
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Arithmetic.  Caledonia  as  far  as  fort?,  though  it  is  evident  from  an 
examination  of  them,  that  they  are  little  more  than  a 
repetition  of  the  first  ten  numerals  ; the  form  also 
under  which  they  appear  in  his  work,  is  so  very  dif- 
ferent from  that  given  above,  that  it  is  extremely  dif- 
ficult to  recognise  in  them  a common  character, 
farther  than  that  of  being  adapted  to  the  same  scale ; 
an  instance,  amongst  a thousand  others  which  might 
be  produced,  of  the  impossibility  of  forming  correct 
vocabularies  of  languages,  by  persons  who  have  not 
been  habituated,  from  long  intercourse,  with  the 
native  sounds. 

(^*)^e  shall  find  many  examples  of  numerals  adapted 
rasters  " *°  scale  amongst  the  miserable  tribes  w ho  inhabit 
A*ia.  the  north-eastern  parts  of  Asia.  Of  the  following  ex- 
amples, the  first  are  the  numerals  of  the  continental 
Koriaks  to  the  north  of  Kamtschatka  ; the  second,  of 
the  Koriaks  of  the  Island  of  Karaga  ; the  third,  of 
the  Tschutki,  on  the  Anadyr,  who  inhabit  the  western 
part  of  the  north-eastern  angle  of  the  coutincnt  of 
Asia.* 

1.  Onnen.  1 Ingsing.  1.  Innen. 

2.  Hyttaka.  2.  Gnitag.  2.  Nirach. 

3.  Ngroka.  3.  Gnasog.  3.  N*rocb. 

4.  Ngraka.  4.  Gnnstg.  4.  N'rach. 

5.  Myllanga.  5.  Monlon.  5.  Myllygcn. 

6.  Onnan-myl-  6.  Ingsinagasit.  6.  Innan-mylly- 

langa.  " gen. 

7-  N'jettan-myl-  7*  Gnitagasit.  7*  Nirach-myl- 
langa.  lygen. 

8.  Ngrok-myl-  8.  Gnasogasit.  8.  Anwrotkin. 
langa. 

9.  Ngrak-myl-  9.  Gnasagasit.  9.  Cbonatschin- 

langa.  kl. 

10.  Myngytkan.  10.  Damalngnos.  10.  Myngyten. 

Of  these  numeral  systems,  which  possess  much  of 
a common  character,  the  first  is  formed  in  the  most 
regular  manner  ; in  the  second  the  name  monlon  for 
jive  is  replaced  by  goal  in  the  compound  words  j in 
the  last,  the  expressions  for  numbers  according  to  the 
quinary  scale,  is  interrupted  after  7»  and  8 and  9 are 
expressed  by  words  which  have  no  connection  with 
those  which  precede  them  } in  all  these  cases  the 
name  for  tea  is  an  independent  word  ; in  these  in- 
stances, as  well  as  in  many  which  will  follow,  we  lire 
deprived  of  much  interesting  information  respecting 
the  methods  of  numeration  of  these  primitive  people, 
by  our  entire  ignorance  of  the  etymology  and  gram- 
matical construction  of  their  languages. 

Id  Kucnte*  The  following  numerals  of  the  inhabitants  of  the 
chxtLa.  north  and  south  of  the  peninsula  of  Kamtschatka  are 
remarkable,  as  the  names  for  8 and  9 alone  are 
adapted  to  the  quinary  scale,  whilst  those  for  other 
numbers,  with  the  exception  perhaps  of  that  for  7»  in 
the  first  dccad,  are  apparently  independent. 

1.  Konni.  1.  Dischak. 

2.  Kascha.  2.  Kascha. 

3.  Tschok.  3.  Tschook. 

4.  Tscbak.  4.  Tschaaka. 

5.  Koshlch.  5.  Kumnaka. 

6.  Kyikock.  6.  Ky'lkoka. 

7.  Ngtonok.  7.  Ithtyk. 

8.  Tschook- tonok.  8.  Tschookotuk. 

* Klaproth,  Sprue  ha  tl  at,  56. 


9.  Tschaak-tonok.  9.  Tschaktuk.  History. 

10.  Tuta.  lO.  Kumechtuk.* 

If  the  following  account  of  the  method  of  counting 
of  these  people  be  correct,  it  would  appear  that  they 
adopt  the  method  which  would  naturally  lead  to  the 
vicennry  scale,  nod  which  in  every  instance  may  be 
considered  as  its  foundation.  “ It  is  very  amusing  to 
see  them  attempt  to  reckon  above  ten : for  having 
reckoned  the  fingers  of  both  hands,  they  clasp  them 
together,  which  signifies  ten  : they  then  begin  at  their 
toes  and  count  to  twenty ; after  which  they  are  quite 
confounded,  and  cry  malcha,  that  is,  where  shall  1 take 
more.”t 

(25.)  The  Greenlanders,  the  Esquimaux,  the  inha-  Numerals 
hi  Units  of  Norton  Sound,  of  the  Aleutian  Islands,  of  nf  the 
Kiuljuk  and  the  other  Fox  Islands,  and  of  the  sea  coast  . 
of  the  nortb-ca&t  angle  of  Asia,  bordering  on  the 
Tschutki  of  the  Anadyr,  constitute  a distinct  anil  com- 
mon race,  who  may  be  properly  termed  Polar 
Americans,  equally  remarkable  for  their  very  limited 
powers  of  numeration,  and  for  the  extreme  povertv  of 
their  numeral  language.  The  Greenlanders,  according  la  Grrra- 
to  the  relation  of  the  Moravian  Missionary  Craiitx,£  I*04*, 
who  resided  for  many  years  amongst  them,  in  count- 
ing commence  with  the  fingers  on  the  left  band,  and 
thence  proceed  to  those  of  the  right,  naming  the  first 
ten  numerals  as  follows  : 

1.  Attausek.  6.  Arbennck. 

2.  Arlaek.  7>  Arlurk. 

3.  Pingajunli.  8.  Pingajuah. 

4.  SUsamat.  9.  Sissamat. 

5.  Tellimat.  10.  Tellimat,  or  Kollit. 

They  afterwards  proceed  to  the  toes  of  the  feet, 
and  the  second  series  ns  far  as  19  are  expressed  as 
follows  : 

11.  Arknnget.  16.  Arbasanget. 

12.  Arlaek.  17.  Arliek. 

13.  Pingajuah.  18.  Pingajuah. 

14.  Sissamat.  19.  Sissamat. 

15.  Tellimat. 

These  names  arc  mere  repetitions  of  the  names  of  the 
first  five  digits,  with  n slight  variation  in  those  of  six, 
eleven,  sixteen,  to  distinguish  the  series  of  which 
they  form  successively  the  commencement : the  term 
for  20,  the  completion  of  those  members  of  the  human 
body  which  are  employed  in  this  natural  process  of 
numeration,  is  innuk  or  man  ; for  40,  they  use  the  ex- 
pression innuk  arUtk,  two  men  ; for  100,  innuk  tellimat. 

Jive  mm ; but  beyond  20  they  proceed  with  great 
difficulty  and  reluctance,  and  generally  apply  to  such 
numbers  a term  which  signifies  innumerable. 

There  are  other  examples  of  the  identity  of  the 
terms  for  man  and  for  twenty  amongst  the  tribes  of 
South  America,  originating  in  the  same  method  of 
numeration.  Thus,  in  the  numerals  of  the  Jaruroes 
canipumc,  man,  is  the  term  for  20,  and  noenipufne 
(noeni  2)  two  men  is  the  term  for  40.$ 

The  Esquimaux,  according  to  the  relation  of  Captain 
Parry,  ||  are  still  more  limited  in  their  power  of  nume- 

* Klaproth,  SprachatUs,  p.  16. 

7 .IccuttHt  »f  RiLUtam  IJi uweriet  in  .Innaal  Re  fitter  far  1764, 

App.  4. 

1 jfcrwnt  r>f  Greenland,  ral.  i.  p.  208, 

| Humboldt,  Fun  tl  i ( vrtUUiret,  p,  253. 

| Second  I'vyage,  p_  556. 
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Arithmetic.  ration  than  the  inhabitant*  of  Greenland  ; the  first 
five  tnuinerals  arc, 

1.  AttAwnk. 

2.  Mudlerokc,  or  Ardlck. 

3.  Pingnbakc. 

4.  Sittamat. 

6.  Ted-lee*mh. 

Tbev  usually  express  the  remaining  numerals  of  the 
dec  ad  by  the  repetition  of  the  first  five  j in  some 
cases  they  nse  the  term  Argw6nriik  for  6.  and  Argwcn- 
rak  town' for  7;  and  when  reference  is  made  to  the 
fingers  on  the  right  hand,  they  express  8,  9,  and  10, 

hy 

Kittuklee-moot, 

Mlkkeelukka-moot, 

Eerkii-kuke, 

which  are  derived  from  the  names  for  2d,  3d,  and  4th 
fingers,  which  are, 

2d,  Keituk-lie-rak. 

3d,  Mikkce-lie-rak. 

4th,  Irkit-kob. 

In  counting  as  far  as  three,  they  make  use  of  their 
fingers,  and  generally  make  some  mistake  before  they 
reach  7;  beyond  9,  they  hold  tip  both  bands  i and  if 
15  or  20  are  required,  they  make  another  person  do 
the  same,  but  never  resort  to  the  toes  of  the  feet ; 
they  feel  greatly  distressed  to  go  beyond  10,  and 
generally  cry  out  omookloot,  which  may  mean  any 
number  between  10  and  10,000. 

The  numerals  of  the  Eastern  Tschutki.of  the  inha- 
bitants of  Kadjak,  the  principal  of  the  Fox  Islands,  and 
of  Norton  Sound,  sufficiently  resemble  the  preceding 
to  prove  them  to  be  the  same  people. 


find  many  examples  of  quinary  numeral  systems  ter-  Ihstory. 
minnting!  ns  they  always  do,  in  the  denary  or  vicennry  — VS r 
scales  j of  the  first  kind  are  the  numerals  of  the 
Jaloffs,  one  of  the  nations  visited  by  Park  in  his  first 
journey. 

16.  Fook  agb  juorom. 

16.  Fook  agh  juorom  ben. 

20.  Nitt,  or  Niar  fook. 

30.  Fancvcr,  or  Nyet  fook. 

40.  Nianet  fook. 

50.  Juorom  fook. 

100.  Temier. 

200.  Niar  temier. 

1000,  Dioone. 

1100.  Djoone  agh  temier.* 


Eastern  Tacbutkl.* 

1.  Atashek. 

2.  Malgok. 

3.  Pigajut. 

4.  Ishtainat. 

5.  Tatlimat. 

6.  Sewinlak. 

7.  Malgok. 

8.  Pigajuk. 

9.  Aglinlikn. 
10.  Kollo. 


Kadjnk.t 

1.  Ataudsen. 

2.  As'loka. 

3.  Pingnswak. 

4.  Itamik. 

5.  Talimik. 

6.  Aghoiljujun. 

7.  Mallchonghin 

8.  Pengtjujun. 

9.  Kuln‘ghacn. 
10.  Kulen. 


Norton  Sound. 

1.  Adowjak. 

2.  Arba. 

3.  Pingashook. 

4.  Sissamat. 

5.  Dallamik. 


Ntimrrid* 
of  llic 
central 
tribes  of 
North 
America. 


1.  Ciutta. 

2.  Nisaa. 

3.  Naha. 

4.  Nuec-oo. 

5.  Pa-rccn*ncb. 


6.  Ciutta*. 

7.  Nissas. 

8.  Nans. 

9.  Pae*-chun. 
10.  Thae-racn. 


Numeral# 
of  Africaa 
Tribe*. 


1.  Ben,  or  Benna. 

2.  Niar. 

3.  Njret 

4.  Nianet. 

5.  Juorom. 

6.  Juorom  ben. 

7.  Juorom  niar 

8.  Juorom  nyet. 

9.  Juorom  nianct. 

10.  Fook. 

11.  Fook  agh  ben. 


The  word  for  5,  juorom,  likewise  signifies  band,  and 
the  system  is  in  every  respect  a perfect  example  of  the 
union  of  the  quinary  and  denary  scales,  the  first  being 
subordinate  to  the  other. 

The  numerals  of  the  Foulahs,  a neighbouring  tribe, 
though  essentially  different  from  the  preceding,  arc 
of  the  same  character. 

1.  Go.  6-  Jeffo- 

2.  Decddee.  7.  Jcdeeddee. 

3.  Tettee.  8.  Je  tcttec. 

4.  Nee.  9.  Je  Dec. 

5.  Jouee.  10-  Snppo. 

In  ordinary  cases,  says  Wiuterbottom.f  they  reckon 
by  the  fingers  of  the  hands,  first  on  the  right  hand, 
and  secondly  on  the  left  j bnt  in  trading  and  in  other 
occasions,  where  accurate  numeration  is  important, 
they  me  small  pebbles,  gun  flints,  or  the  kernels  ot 
the  palm  nut,  which  they  dispose  in  heaps  of  5 aod  10  ; 
thus  showing  that  their  practical  methods  of  counting 
accurately  coincide  with  their  numeral  language. 

Of  the  same  kind  are  the  numerals  of  the  Jallonkns 
and  Fellups,  two  tribes  visited  by  Park,  and  of  the  in- 
habitants of  tile  coast  of  Lagoa  Bay. 


(26.)  If  we  advance  southwards  from  thePole.from 
the  fishing  to  the  hunting  tribe*  of  North  America,  we 
slinli  find,  as  we  have  before  remarked , the  decimal 
scale  generally  prevalent,  and  in  most  cases  their 
numeral  systems  perfectly  regular,  and  comprehending 
large  numbers  s in  some  Instances,  however,  we  may 
discover  traces  of  the  quinary  scale  in  the  formation 
of  the  numerals  between  five  und  ten  i thus,  amongst 
the  following  numerals  of  the  Delaware  Indians,  those 
for  6,  7,  8,  are  modified  forms  of  those  for  1,  2,  3. 


Jaliunkn. 

1.  Kidding. 

2.  Fidding. 

3.  Sarru. 

4.  Nani. 

5.  Soolo. 

6.  Scni. 


Felluptc 

1.  Enory. 

2.  Cookaba. 

3.  Siwijee. 

4.  Sibakeer. 

5.  Footuck. 


6.  Footuck  enory.  6. 


(27.)  Amongst  the  innumerable  language*  ofAfrica,wc 


7.  Soolo  ma  fid-  7-  Footuck  7- 

ding.  cookaba. 

8.  Soolo  ma  sarra.  8.  Footuck  si-  8. 

sajcc. 

9.  Soolo  ma  nani.  9.  Footuck  si-  9. 

bakeer. 

10.  Foo.  10.  Sibunkonyen.10. 

It  is  very  seldom  that  their  numeral*  are  given  to  a 
sufficient  extent  to  enable  us  to  judge  whether  they 
proceed  by  the  denary  or  vice  nary  scale.  We  know 
but  of  one  case  of  the  latter  kind,  in  the  numerals  of 
the  Mandingoes,  the  first  ten  of  which  we  have  given 
before.  (Art.  lO.) 


L#fro»  Bay. 
Chingea. 
Sebcrcy. 
Triaruu. 
Moonau. 
Thanou. 
Thanou-na- 
chingca. 
Thanou-na- 
sc  berry. 
Thonou-na- 
triarou. 
Tfaaitou-na- 
moonau. 

, Koomoo. 


• Klnproth.  Sprarhatla*,  p.  56. 
f Ibid.  Wn*  Palygtatta,  p.  335. 


• Clmacai  Jaaraai,  voL  T. 
t Amount  of  Sierra  Leant,  vol.  I-  P- 
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Mwidin- 

goct. 


Aitfck 

numeral*. 


Their 

ni;  meric  id 
! ierogly- 
ptiiro. 


Muw« 

numerals. 


11.  Tang  kilim  . 

SO.  Mulu. 

30.  Mulu  nintang. 

40.  Mulu  foola. 

SO.  Mulu  foola  n in  tang. 

60.  Mulu  sabba. 

70.  Mulu  sabba  nintang. 

80.  Mulu  nani. 

90.  Mulu  nani  nintang. 

100.  Kemi. 

1000.  Ali.* 

(98.)  Of  all  numeral  systems  adapted  to  the  vice  nary 
scale,  the  most  perfectly  developed  is  the  Azteck,  or 
ancient  Mexican,  proceeding  as  far  as  an  articulate 
number  of  the  third  order ; the  numerals  are  as 
follow  : 


1.  Ce. 

S.  Ome. 

3.  Jei. 

4.  Nahui. 

5.  Maruilli. 

6.  Chicuace. 

7.  C Income. 

8.  CUetWi 

9.  Chicuhnahul. 

10.  Matlartli. 

11.  Matlactli  oz  cc. 

1‘2.  Matlactli  omonie. 

13.  Matlactli  oz  jei. 

14.  Matlactli  oz  nahui, 


15.  Matlartli  oz  chicuace. 

16.  Matlactli  oz  chitome. 
SO.  Pohualli,  or  cem-po- 

hualli. 

30.  Cem-pobtuilli  oz  mat- 
lac  tH. 

40.  Om-pohualli. 

50.  Om-pohualli  oz  mat- 
lartli. 

60.  Jci-pohualli. 

ho.  Nahui -pohualli. 

100.  Mncui  lli*  pohualli. 

400. 

800.  XiquipiUi.f 


We  arc  obliged  to  omit  the  name  for  four  hundred,  ns 
it  is  not  mentioned  by  Humboldt,  from  whose  splendid 
works  these  numerals  arc  taken  j and  we  have  in  vain 
searched  for  u Mexican  grammar,  or  vocabulary, 
in  many  of  the  principal  libraries  of  this  country. 
In  the  same  author  we  find  an  account  of  the 
symbols  employed  for  numbers  in  their  hierogly- 
phical  writing,  which  exactly  corresponded  with  their 
numeral  language.  A small  standard,  or  ting,  denoted 
90  i if  divided  by  two  cross  lines,  und  half  coloured, 
it  represented  half  twenty,  or  10  j and  if  three 
quarters  coloured,  it  denoted  15.  The  square  of 
twenty,  or  400,  was  denoted  by  a feather,  because 
grains  of  gold  enclosed  in  n quill,  were  used  in  *oine 
places  as  money,  or  a sign  for  the  purposes  of  ex- 
change. The  figure  of  u sack  indicated  the  cube  of 
twenty,  or  8000,  and  bore  the  name  of  XiquipiUi,  given 
also  to  a kind  of  purse  that  contained  8000  grains  of 
cacao  These  symbols  were  repeated  twice,  thrice, 
four  times,  &c.  to  denote  multiples  of  them  hy  9,  3,  4, 
&e.  ; and  grouped  together,  like  the  common  symbols, 
to  denote  any  compound  number. 

(29.)  The  Chibcha  or  Muysca  language,  of  the  Indians 
of  Bogota,  in  New  Grenada,  exhibits  u numeral  system 
adapted  to  the  sunie  scale,  to  which  the  denary  alone 
is  subordinate,  and  which  merits  consideration 
on  more  accounts  than  one.  The  following  arc  the 
numerals : 


1.  Ala 
9.  Bosa. 
3.  Mica. 


4.  Muyhica. 

5.  Hisca. 
a Ta. 


7.  C'ahupqua. 

8.  Suhuzu. 

9.  Aca. 

10.  Ubchica. 

11.  Quicha  ata. 

19.  Quicha  bosa. 

13.  Quicha  mica. 

15.  Quicha  hisca. 

90.  Quicha  ubchica,  or 
gueta. 


91.  Guetas  aaaqui  ata. 

99.  Guetas  ruwqui  bosa. ' 
30.  Guetas  asaqui  ub- 
chica. 

40.  Gue-bosa. 

GO.  Guc-mica. 

80.  Guc- muyhica. 

100.  Gue- hisca. 


History. 


• Jackson'*  yfccoHM/  tf  Mar*,,*,  p.  226. 
f Humboldt,  I’m  drt  C 'vrdiltirei,  p.  1 tl  and 


The  term  ubchica,  after  the  first  decad  of  numerals, 
is  replaced  by  quicha  in  the  second  decad,  which 
means  foot ; thus  the  expressions  for  11, 19,  &c.  mean 
foot  one,  foot  tuo,  &c.  being  accurately  significant  of 
their  primitive  methods  of  numeration.  Twenty  is 
expressed  either  by  quicha  ubchica,  foot  ten,  or  by  gueta, 
which  signifies  house  ; forty,  by  two  houses ; sixty,  by 
three  houses ; and  similarly  for  higher  articulate  num- 
bers in  the  same  series. 

Humboldt  has  given  from  the  researches  of  Du-  Their 
quesne,  a Canon  of  the  Metropolitan  Church  of  Santa  mesoiof. 
Ffc  de  Bogota,  the  etymological  significations  of  most 
of  these  numerals.  Thus  ata  signifies  water ; bosa,  an 
entlosure ; mica,  changeable ; muyhica,  a cloud  threaten- 
ing a tempest ; htsca,  repose ; ta,  harvest ; cahupqua, 
deaf;  suhuzu,  a tail ; and  ubchica,  resplendent  moon.  No 
meaning  has  been  discovered  of  aca,  the  numeral  for  9. 

It  is  impossible  amidst  meanings  so  various,  to  recog- 
nise any  principle  which  may  seem  to  have  pointed 
out  the  use  of  these  terms  os  numerals  ; aud  it  is 
making  little  advance  towards  an  explanation  of  the 
difficulty  to  say,  with  Duquesne,  that  the  words  relate 
either  to  the  phases  of  the  moon  io  its  increase  or 
wane,  or  to  objects  of  agriculture  or  worship  ; as  far 
os  their  signification  as  numerals  arc  concerned,  they 
may  be  considered  as  perfectly  arbitrary  ; and  it  is  in 
vain  to  attempt  any  probable  theory  for  the  explana- 
tion of  a fact,  w here  there  is  no  analogy  to  guide  us, 
except  perhaps  the  very  imperfect  one  which  is  fur- 
nished by  the  ordinary  meunings  of  the  second  series 
bf  Chinese  numeral  symbols. 

The  same  people  possessed  hieroglyphical  symbols  Muysca 
for  the  first  ten  numbers,  and  for  twenty,  which  are  [JJJJ™ 
given  in  Plate  1.  fig.  5.  In  the  Mexican  numeral  sym-  y 
bols,  there  is  an  intelligible  connection  between  the 
sign  ami  the  thing  signified  ; but  if  the  following 
explanations  given  to  Duquesne,  by  some  Indians 
who  were  instructed  in  the  calendar  of  their  uucestors, 
be  correct,  it  is  impossible  to  conceive  any  associa- 
tion which  is  more  perfectly  arbitrary.  Thus  the 
hieroglyphic  for  one,  is  a frog  ; for  two,  a nose  with 
extended  nostrils,  part  of  the  lunar  disk,  figured  as  a 
face  f for  three,  two  eyes  open,  another  part  of  the 
lunar  disk  ; for  four,  two  eyes  closed  ; for  Jive,  tic* 
figures  united,  the  nuptials  of  the  sun  and  moon, 
conjunction  ; for  six,  a stake  with  a cord,  alluding  to  the 
sacrifice  of  Guesa  tied  to  a pillar  ; for  seven,  two  ears  ; 
for  eight,  no  meaning  assigned  ; for  nine,  tint  frags 
coupletl ; for  ten,  an  ear;  for  twenty,  a frog  extended. 

It  would  be  ditficult,  for  a common  observer,  to  dis- 
cover in  these  symbols  the  objects  mentioned  in  the 
preceding  explanations  of  them  ; but,  in  answer,  it 
may  be  said,  that  their  forms  have  degenerated  from 
long  use,  und  consequently  furnish  no  decisive  argu- 
ment against  the  correctness  of  their  traditional  inter- 
pretation; and  that  the  same  objections  would  apply 
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. Arithmetic,  to  the  present  explanation  of  the  keys  of  the  Chinese 
“v— 'symbols,  however  certainly  derived,  in  many  instances 
Chandra  at  ^ea9*»  fr°ra  nide  imitation*  of  natural  objects, 
s'angkala  I*  might  be  imagined  that  there  existed  some 
of  J mu  analogy  between  this  use  of  words  as  numerals,  which 

have  other  significations,  and  the  custom  which  has 
prevailed  among  the  Javanese  from  very  remote 
antiquity,  denominated  chdndra  sangkdla,  “ reflections 
of  royal  times,’,  or  the  light  of  royal  dates.*  It  consists 
in  attaching  the  names  of  various  objects,  or  things, 
or  their  representations,  to  the  nine  digits  and  zero, 
twenty  or  more  being  assigned  to  each  of  them  j and 
in  expressing  a date,  to  select  such  of  them  as  may  form 
a sentence,  significant  of  the  event  which  it  comme- 
morates. Thus  the  date  (1400)  of  one  of  the  most 
calamitous  events  of  their  history,  is  expressed  thus  : 
Sirnn  ilang  Kertaning  Bumi. 

Lost  and  gone  is  the  pride  of  the  land. 

0 0 4 1 

Thus  Bumi  is  one  of  the  words  significant  of 
unity  j kertaning,  of  four  ; ilang  and  sirna,  of  zero. 
Again,  the  dale  (1313)  ou  the  tomb  of  the  Princess 
Chermai  is  thus  stated  : 

K&ya  wulan  putri  fku. 

Like  unto  the  moon  was  that  princess. 

3 13  1 

Where  tku  and  wulan  are  significant  of  unity,  and 
putri  and  kaya  of  three.  This  practice  constitutes  a 
technical  memory  of  a very  elegant  and  amusing 
nature,  and  reminds  us  rather  of  the  literary  luxury 
of  a refined  people,  than  of  the  efforts  of  u primitive 
nation,  to  pass  from  practical  methods  of  numeration 
to  numerical  language. 

The  Mexicans,  Muvscas,  and  Peruvians,  constituted 
the  only  three  nations  of  ancient  America,  who 
possessed  governments  regularly  organized,  and  who 
bad  made  considerable  progress  in  many  of  the  arts 
of  civilized  life,  in  architecture,  sculpture,  and  paint- 
ing. They  were  the  only  people,  in  short,  in  that  vast 
continent,  who  could  be  considered  as  possessing 
literary  or  historical  monuments.  On  this  account 
alone  their  numeral  systems  would  merit  very  par- 
ticular attention  ; but  still  more  so  from  their  perfect 
develnpemcnt.  The  first  presents  the  most  complete 
example  that  we  possess  of  the  viccnary  scale,  with 
the  quinary  and  denary  subordinate  to  it.  The 
second,  of  the  same  scale,  with  the  denary  alone  sub- 
ordinate to  it ; whilst  the  third,  or  Peruvian,  is 
strictly  denary,  <ind  is  equally  remarkable  for  its  great 
extent  and  regularity  of  construction. 

Of  other  (30.)  It  is  the  latter  scale  which  is  of  rare  occurrence 
Snith  amongst  American  tribes,  the  viccnary  being  much 
American  more  generally  prevalent  in  their  numeral  systems  j so 
tri  ‘ much  so  indeed  as  to  be  almost  characteristic  of  them. 

In  proceeding  to  u farther  consideration  of  them,  we 
must  again  lament  our  inability  to  procure  access  to 
vocabularies,  or  grammars,  of  these  languages,  in  con- 
sequence of  which  we  are  compelled  to  puss  over  a sub- 
ject of  very  great  interest  in  n very  cursory  and  imperfect 
manner,  having  been  only  able  to  collect  a very  small 
number  of  disconnected  facts  which  have  reference 
to  it, 

Dobrizhofferf  has  given  an  account  of  the  numeral 
systems  of  the  Abipones  and  Guaranies,  amongst  whom 

* Raffles,  Java,  rol.  1.  p.  372  ud  rol.  U.  App.  0. 

t History  tf  the  //■W/wvr. 


he  resided  for  many  years,  and  with  whose  habits  and 
lunguage  he  was  intimately  acquainted  : the  first  are 
an  equestrian  people  of  Paraguay,  whose  predatory 
habits  long  made  them  formidable  to  the  Spaniards 
and  neighbouring  tribes.  The  first  five  numerals  are 
expressed  by 

].  Ini  tar  a. 

2.  Inoaka. 

3.  Inoaka  yckaim. 

4.  Gcycnk  hate. 

5.  Neeuhalek. 


History. 


AM  poors. 


The  names  for  I,  2,  3,  have  no  reference  to  natural 
objects ; the  expression  for  4,  means  the  fingers  of 
the  emu,  a bird  extremely  common  in  Paraguay,  pos- 
sessing/owr  claws  on  each  foot,  three  before  and  one 
turned  back  j whilst  that  for  Jive  is  the  name  of  a 
beautiful  skin  with  five  different  colours.  The  same 
number,  however,  is  more  commonly  expressed  by 
hanam  begem,  the  fingers  of  one  hand  ; to  express  num- 
bers between  five  and  ten,  they  combine  the  name  for 
five  with  the  inferior  units  ; fen  is  expressed  by  lanam 
rihegem,  the  fingers  oj'  both  hands ; and  for  twenty,  they 
say  hanam  rihegem  cat  grachahaka  anomic  hen  hegem,  the 
fingers  of  both  hands  and  J'ert . 

The  Guaranies  are  another  tribe  of  Paraguay,  who  Guaraoit*. 
speak  a language  which  is  the  mother  of  many  other  dia- 
lects, yet  they  possess  only  four  independent  numerals. 

1.  Petey. 

2.  Mokoy. 

3.  Inbohosai. 

4.  Irundy. 

If  we  pass  further  north  to  thcTupi,  a very  numerous  Tapi, 
tribe  in  Brazil,  S|>eaking  a kindred  language  to  the 
former,  we  find  only  five  independent  numerals.* 

1.  Auge-pe 

2.  Mocouein. 

3.  Mossaput. 

4.  Oioicoudie. 

5.  Ecoinbo. 

Humboldt  interrogated  a native  of  the  Muco  Macoes,  M*ro 
a tribe  on  the  Orinoco,  who  knew  no  names  for  mini-  Macoes. 
hers  beyond  four. 

1.  Niunte. 

2.  Tojus. 

3.  Percotahuja. 

4.  Inantegrou.t 

The  Caribbees  who  constituted  the  native  population  Ciriblwf 
of  Burbadoes,  St.  Christopher’s,  Antigua,  and  the  other  aid  Gsli 
Islands  of  the  Caribbean  Sea,  and  who,  under  the 
name  of  Golibi,  are  dispersed  extensively  over  the 
adjoining  continent,  and  form  one  of  the  finest  of  the 
American  tribes,  are  equally  limited  in  their  names  for 
numbers.? 

1.  A ban. 

•2.  Bean. 

3.  Klconn. 

4.  Bcumbouri. 

In  all  these  cases,  the  numeration  beyond  five  is  car- 
ried on  by  means  of  the  fingers  and  toes,  and  their 
numeral  language  becomes  generally,  os  in  the  case  of 

• Southey's  Hutary  of  Hr  ami,  vol.  i.  p.  226. 

t Humboldt's  Personal  Narrative,  rol.  v.  p.  125.  English 
edition. 

1 Raymond,  Hittoirt  i it*  Ctrnubcs,  1665. 
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Arithmetic.  ihe  Abqiones,  descriptive  of  their  practical  methods  of 
counting  ; thus  amongst  the  last  mentioned  jicople, 
to  express  five,  they  show  the  fingers  of  one  hand,  and 
for  ten,  the  fingers  of  both  hands  ; " for  twenty,  their 
expression  is  pleasant,'’  says  Davies,*  “ being  obliged 
to  show  all  the  fingers  of  their  hands  and  the  toes  of 
their  feet." 

In  the  languages  of  these  rude  tribes,  abstract 
terms  arc  nlmosl  entirely  unknown,  and  their  expres- 
sions from  mere  (poverty,  in  many  cases  assume  a 
highly  figurative  form,  being  obliged  to  refer  to  natu- 
ral objects  ami  the  most  common  relations  of  life,  to 
express  ideas  which  do  not  otherwise  come  within 
the  compass  of  their  languages  j thus  in  the  Caribbean 
language,  the  fingers  are  termed  the  children  of  the 
hand,  and  the  toes  the  children  of  the  feet ; and  the 
phrase  for  ten,  chon  aucubo  raim,  all  the  children  of  the 
huntU. 

There  is  no  difficulty  in  producing  other  examples 
of  numeral  Language  constructed  in  this  manner,  and 
equally  descriptive  of  practical  methods  of  numeration. 
The  Achoguas,  a tribe  on  the  Orinoco,  express  fee  by 
ahacaje, or  the  fingers  of  one  hand ; ten,  by  Inc  ha  tuactye, 
all  the  fingers  ; twenty,  by  ahacaytacay,  or  all  the  fingers 
and  toes  ■,  forty,  by  mchu  matacacay , or  the  fingers  and 
toes  of  two  men  ; ami  so  on  for  very  large  numbers  ,f 
Zamucocs.  among  the  Zaniucoes,  as  well  as  the  Muyscas,  five, 
is  the  hand  finished ; sit,  one  of  the  other  hand ; ten,  the 
two  hands  finished ; eleren,  foot  one  ; twelve,  foot  two ; 
twenty,  the  feet  finished, l It  is  evident  that  this  absence 
of  abstract  and  independent  terms  for  numbers,  and 
the  tedious  circumlocutions  which  it  occasions,  must 
form  an  insuperable  obstacle  to  the  expression  of  large 
numbers  in  such  languages. 

Brasilians  In  the  collection  of  Theodore  dc  Bry,  there  is  nn 
«.f  Ptrnaiu*  account  of  the  inhabitants  in  the  neighbourhood  of 
Ihico.  Pernambuco  in  Brazil,  by  a German  Jesuit  of  the 
name  of  Stadius,  containing  the  following  statement  of 
their  methods  of  numeration,  which  is  applicable  to 
many  other  American  tribes  : numeros  non  ultra  quina- 
r in m notanl : si  res  numerandw  quinarium  escedant,  in- 
dicant eos  digit  is  pedum  el  manuum  pro  numcris  demon- 
strate : quod  si  numeros  et  horum  multitudinem  excnlat, 
cnnjuugunt  aliquot  personas  et  pro  multitudine  digit  or  um  in 
tilts  res  not  ant  et  numerant.l) 

(31.)  The  practical  methods  of  counting  of  American 
tribes,  however,  are  not  in  all  cases  restricted  to  the 
fingers  and  toes,  and  their  numeration  is  not  neces- 
sarily confined  to  twenty,  the  radix  of  their  scale, 
when  destitute  of  the  aid  of  names,  whether  arbitrary 
or  not,  for  higher  numbers,  or  when  they  cannot  cull 
in  the  assistance  of  other  ]>ersons.  The  Guaranies 
make  heaps  of  maize,  each  consisting  of  twenty 
grains,  two,  three,  four,  See.  of  which  are  used  to 
denote  40,  GO,  80,  &c.  the  excess  above  any  one  of  this 
scries  of  articulate  numbers  being  reckoned  in  the 
ordinary  way:  the  same  custom  prevails  in  other  parts 
of  that  continent,  and  we  arc  reminded  of  it  in  the 
Mexican  hicroglyphical  symbols. 

The  ancient  Peruvians  possessed  practical  methods 


Practical 

uirthoda 
of  count- 
ing nm-tng 
llic  (>uara- 


of  numeration  equally  perfect  with  those  of  the  History. 
Greeks  and  Romans,  and  incomparably  superior  to  v— 
those  of  any  other  American  nation  : the  Quipus  were  Permian 
knots,  nine  in  number,  movable  upon  a string  like  the  i>uipu» 
bends  of  a rosary,  which  was  attached  by  one  end 
to  a rod  j of  these  strings  there  was  one  for  units,  mul 
one  for  each  of  the  successive  orders  of  superior  units 
as  far  as  one  hundred  millions.  The  use  of  the  quipus 
was  nearly  the  same  as  that  of  the  Roman  abacus  ; 
and  it  not  onty  enabled  them  to  express  any  number, 
but  likewise  to  perform  the  ordinary  arithmetical 
operations  of  addition,  subtraction,  multiplication,  ami 
division.  Knots  of  peculiar  and  different  colours  n|>- 
pcar  to  have  been  used  in  the  numeration  of  different 
objects,  whether  of  gold,  silver,  &c.  and  to  have  been 
appropriated  to  them.* 

The  whole  business  of  calculation  appears  to  have 
been  confided  to  the  Quinpucamoya,  or  guardians  of 
the  quipus  ; and  the  reports  of  the  early  historians 
of  this  empire  bear  testimony  to  the  rapidity  and  ac- 
curacy of  their  operations.  We  are  not  aware  of  the 
existence  of  any  similar  practice  among  other  Ame- 
rican nations.  Marsdcn,  in  his  nccount  of  Sumatra, 
has  noticed  a practice  which  bears  some  analogy  to  it, 
where  it  is  usual  to  denote  the  completion  of  u tale  of 
one  hundred,  by  making  a knot  in  a string,  which  is 
repented  as  often  as  necessary;  such  knots,  or  quipus , 
are  made  use  of  not  merely  as  an  assistance  to  the 
memory  in  the  process  of  numeration,  but  likewise  as 
records  or  accounts  of  numbers. t 

(32.)  It  was  an  opinion  maintained  by  that  singularly  Tbe  aritb- 
paradoxical  writer  De  Pauw,  that  no  indigenous  raetic  of 
nation  of  America  could  reckon  in  their  own  idiom  South 
beyond  three  tbe  facts,  however,  given  above,  urc  iSJTtin 
more  than  sufficient  to  refute  such  an  assertion;  extremely 
though  it  must  be  allowed,  that  the  numeral  systems  limited, 
of  the  South  American  tribes  are  remarkably  limited 
in  absolute  extent,  and  still  more  so  in  arbitrary  and 
independent  words  : it  is  to  the  latter  chiefly  that  De 
Pauw  refers,  and  there  are  some  examples  which 
might  appear  to  bear  out  his  assertion  : of  this  kind 
arc  the  numerals  of  the  Abiponcs  mentioned  above, 
and  the  celebrated  example  of  the  Yancos  on  the 
Amazon,  whose  name  for  three  is 

Poettarrarorincoaroac, 

of  a length  sufficiently  formidable  to  justify  the  re- 
mark of  La  Comlamine  : ffeureusement  pour  crux  qui 
ont  d faire  a tec  eux,  leur  Ar'Uhmetique  tie  va  pas  plus 
loin.§ 

All  travellers  have  borne  testimony  to  the  extreme 
difficulty  which  these  South  American  tribes  usually 
experience  in  attempting  to  count  even  small  num- 
bers ; they  are  indolent  from  constitution  and  habit, 
and  are  reluctant  to  enter  upon  any  exercise  of 
the  mind  which  requires  the  least  effort  of  abstrac- 
tion. Dobrizhoffer  relates  of  the  Ahipones,  that  they 
could  rarely  count  os  far  as  ten.  When  attempting, 
upon  their  return  from  their  expeditions,  to  give  an 
idea  of  the  number  of  their  enemies,  or  of  the  horses 
they  had  captured,  they  would  mark  out  a space,  and 
say  that  they  were  ns  many  as  could  stand  within  it* 


• History  of  Bartsmdoes,  Si.  Christopher's,  Attlrga,  Martimico, 
Montserrat,  and  the  rest  of  the  Carthhy  /stands:  Englished  by 

John  Davies,  of  Ked  willy,  1666. 
t Southey’*  History  of  Brasil,  note.  p.  638. 

2 Ihimltoiiit,  t'urs  drs  CordiUlrts,  3ft-  ?>  253. 

| Amtriim  Descrtptf,  nil  i.  part  lii.  p.  128. 


• ffistoirr  drs  Ystcnys  Buys  rtf  Pens,  p.  680,  1633, 

•f  Mi»r»drn'*  Sumatra,  p,  1 92.  In  counting  money,  each  ten  lb 
and  sometlmea  also  ewcli  hundredth  piece  is  put  naidr. 

J Ilf*  krrekrt  Philasojshttptrt  ntr  tes  Amerieaia*,  rol.  ii.  p.  1 62. 
i La  Condaiuiue,  Voyage  dt  la  Hint  re  de*  masons,  p.  64. 
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Arithmetic.  On  one  occasion,  when  he  accompanied  a party  of  ten 
upon  a defensive  expedition,  he  mentions  the  following 
dialogue  as  having  taken  place  between  them : ‘f  Arc 
tec  many  ?"  **  !«,  you  arc  many “ Arc  tee  inntime- 

table  ?"  *'  Yet,  you  are  innumerable."  So  sensible, 

indeed,  were  the  Missionaries  throughout  Paraguay 
and  Brazil,  of  this  deficiency  of  the  natives,  that  it 
is  a general  practice  in  the  churches  of  the  several 
Reductions,  to  teach,  or  attempt  to  teach  them  to 
count  as  far  as  two  hundred  in  the  Spanish  or  Portu- 
guese language. 

In  the  account  of  the  Caribbees  which  we  have 
referred  to  above,  it  is  said,  that  in  counting  numbers 
beyond  ten,  they  generally  get  confused,  and  exclaim, 
“ in  their  gibberish,"  as  Davies  expresses  it,  tamigati 
call  nittbouri  ball,  they  are  as  many  as  the  hairs  of  my 
head,  or  the  sand  on  the  sea  shore . 

The  general  testimony  of  Humboldt  Is  decisive 
of  the  same  fact ; he  declares  that  he  never  met  with 
a native  Indian  who,  if  asked  his  age,  would  not  an- 
swer indifferently  16  or  60  :*  he  at  the  same  time  ob- 
serves, that  this  is  the  case  even  amongst  tribes  who 
possess  a numeral  language  which  embraces  very  high 
numbers ; may  wc  not,  however,  reasonably  suspect, 
that  the  existence  of  such  terms  rests  in  general  upon 
very  insufficient  authority  ? or  that  the  individuals 
whom  lie  interrogated  were  less  skilled  than  others  of 
their  countrymen  in  the  practice  and  language  of 
numeration  ? For  it  is  absurd  to  suppose,  that  terms 
exist  among  such  rude  people  to  which  they  can 
attach  no  meaning. 

Wc  have  given  examples  of  people  whose  powers  of 
numeration  arc  equally  confined  with  those  who  arc 
the  subject  of  our  present  discussion,  particularly 
amongst  the  Polar  Americans  ; and  it  would  not  be 
difficult  to  produce  other  instances  which  arc  equally 
Numerals  reulark»blc.  The  natives  of  New  South  Wales  possess 
of  tmtirea  00  numerals  beyond  those  which  follow  : 

.,r  Nor  1.  Wagul. 

Holland.  2.  Iloola. 

3.  Brewy.f 

When  a number  exceeds  three,  they  use  the  phrase 
murray-loolo,  which  signifies  an  indefinite  number. 
We  know,  however, from  the  authority  of  a gentleman 
who  has  long  filled  an  official  situation  in  that  colony, 
that  they  count  to  higher  numbers  by  means  of  the 
fingers.  For  five,  they  hold  up  the  expanded  hand  j 
for  ten,  both  the  hands ; for  greater  numbers,  they 
avail  themselves  of  the  hands  of  another  person,  in  the 
some  manner  as  the  Esquimaux,  and  in  this  manner 
they  ore  enabled  to  proceed  as  far  ns  twenty  or  thirty. 
K00***  The  Koussa  Caffrcs,  as  well  os  the  Hottentots,  accord- 
Hottentots.  ’n£  to  aul^or‘ly  of  Lichtenstein,  $ have  no  numeral 
beyond  ten,  though  some  authors  have  extended  it  to 
100  ; whenever  they  express  a number,  they  raise  up 
the  like  number  of  fingers  ; so  indistinct  and  im- 
perfect is  the  impression  conveyed  to  the  minds  of 
these  rude  people  by  an  abstract  term,  unaided  by  an 
appeal  to  the  senses. 

It  is  mentioned  by  Suidas,§  that  the  ancient  comic 
poets,  amongst  other  marks  of  stupidity  which  they 
attributed  to  one  Meli tides,  asserted  that  it  was  only 


• Personal  Narrative,  toI.  T.  p.  125.  English  edition, 
■t  Collins’s  AVw  South  Wales,  App. 

J Travels  In  Souther*  Africa,  tuL  L App. 

{ In  rocc  yisatot. 


after  long  and  diligent  teaching  that  he  counted  as  far  t History, 
as Jire ; and  Aristotle,  at  the  conclusion  of  the  passage  '“v* ** 
which  we  have  quoted  above,  on  the  universality  of  £. 
the  decimal  scale,  says  that  a certain  tribe  of  Thrace  luined'hy " 
formed  the  only  exception,  whose  numeration  was  Aristotle, 
limited  to  four : MoVoi  la  ApiPfsbvat  w Op ««£•»•  ycnon 

ti  «t  rt Traps,  lui  to,  wnrfp  Til  waiSt'a,  fitj  bvvnaOtu 
ui-r/noeti-cit'  ernroVt',  fit jle  \pijatn  i isjberbv  eivat  mWoO 

ivjoit.  This  passage  is  curious,  as  showing  that  even 
amongst  the  Greeks  some  attention  was  paid  to  the 
methods  of  numeration  of  barbarous  nations ; and 
though  wc  might  admit  the  fact,  however  contrary  to 
modem  observation,  yet  wc  certainly  must  dispute  the 
correctness  of  the  conclusion,  that  their  powers  of 
numeration  were  limited  to  four,  because  they  never 
felt  cither  the  want  or  the  use  of  higher  numbers. 

(33.)  The  mention  of  this  passngeof  Aristotle  naturally  The  n stand 
leads  us  to  the  consideration  of  the  question,  whether  "cal™  alo-w 
in  any  modern  instance,  any  other  than  the  natural  •**J“*ti 
scales  of  notation  have  ever  prevailed  hi  any  nation  ° 
whatsoever?  whether,  in  short,  there  is  any  limitation 
to  the  first  of  the  general  propositions  which  are 
stated  in  Art.  fi  ? The  examples  which  we  ha%'e 
hitherto  produced,  arc  strongly  confirmatory  of  its 
being  universally  true ; and  show,  that  though  in 
some  cases  numerical  language  may  fail  in  reaching 
even  the  radix  of  the  lowest  of  these  scales,  yet  that 
there  is  no  exception  to  the  existence  of  practical 
methods  by  which  the  numeration  is  extended,  at  least 
as  for  as  ten,  if  not  much  farther  ; and  that  these 
methods  are  essentially  adapted  to  the  natural  srnles, 
and  furnish  indeed  the  foundation  of  them. 

In  parcelling  out  certain  objects,  it  very  commonly  Aleyrd 
happens,  that  a particular  number  of  them  are  united  ifntano* 
or  associated  together,  and  the  lot  designated  by  a of  otlirr 
peculiar  name  : thus,  pair,  couple,  brace  are  synony-  %c*  c** 
nous  terms  : but  the  associations  which  our  habits 
have  long  connected  with  them,  would  not  allow  of 
their  being  interchanged  with  propriety  in  the  expres- 
sions, a pair  of  horses,  a couple  of  dogs,  and  a brace  of 
partridges.  The  term  leash  is  of  still  more  restricted 
application ; whilst  tcarf,  (from  the  German  teurfen , 
to  cast,)  or  cast,  is  appropriated  to  the  four  herrings 
which  the  fisherman  throws  at  a time,  two  in  each 
hand,  in  making  his  tale.*  Terms  of  this  kind,  which 
are  not  perfectly  abstract,  afford  no  proper  evidence 
of  the  existence  of  the  binary,  ternary,  or  quaternary 
scales  of  notation,  as  the  process  of  classification  is 
generally  terminated  at  the  very  first  step,  and  does 
not  proceed  to  articulate  numbers  of  the  second  or 
higher  orders.  We  may  sometimes  bear  such  an  ex- 
pression as  pair  of  pair,  couple  of  couple,  but  never 
brace  of  brace,  leash  of  leash,  a i carf  of  tcarf ; ns  the  last 
set  of  expressions  would  indicate  a degree  of  abstrac- 
tion in  the  terms  which  they  never  possess.  If  men 
were  all  sportsmen  or  fishermen,  and  the  only  objects 
which  required  numeration  were  birds  or  fish,  one 
might  possibly  conceive  that  the  accidental  circum- 
stances w hich  lead  to  this  primary  classification  of  such 
objects,  might  have  been  followed  to  a sufficient  extent 
to  form  a ternary  or  quaternary  scale;  but  in  no  other 
manner  could  wc  conceive  such  scales  to  be  generally 
adopted,  which  have  no  foundation  in  those  practical 
methods  of  numeration  which  are  pointed  out  by 
nature  herself. 


• Leslie’*  PhilotapAg  of  Arit hasetie,  p.  3. 
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Arithmetic.  It  is  mentioned  hy  Crawfurd,*  that  the  woolly 
haired  races  who  inhabit  the  mountains  of  the  penin- 
sula of  Malacca,  have  no  native  terms  for  numbers 
beyond  two  j that  for  one,  being  nai,  and  for  tiro,  6m, 
which  likewise  signifies  second  born : for  higher  num- 
bers they  use  the  common  Polynesian  numerals  ; such 
an  example  furnishes  no  proof  of  the  existence  of  the 
binary  scale  amongst  these  people  ; and  even  granting 
that  native  terms  for  higber  numbers  never  existed, 
und  were  not  superseded  by  those  of  a predominant 
language,  the  case  is  merely  analogous  to  many  others 
which  we  have  mentioned,  where  numeral  language 
bad  not  kept  pace  with  practical  methods  of  nume- 
ration. 

Binary  (3*-)  Though  it  is  in  vain  to  look  for  the  binary  Arith- 
Aritbmrtic  rnctic  amongst  the  primitive  institutions  of  nations, 
i 01t*»  yet  its  adoption  has  been  recommended  in  later  times 
by  the  celebrated  Leibnitz,  as  presenting  many  advan- 
tages, from  its  enabling  us  to  perform  all  the  opera- 
tions in  symbolical  Arithmetic,  by  mere  addition  and 
subtraction  : it  requires  the  use  but  of  two  symbols 
for  zero  and  unity,  which  are  adequate  to  the  expres- 
sion of  all  numbers. 

As  unity  was  considered  the  symbol  of  the  Deity, 
this  formation  of  all  numbers  from  zero  and  unity  was 
considered  in  that  age  of  metaphysical  dreaming,  as 
an  apt  image  of  the  creation  of  the  world  by  God  from 
chaos.  It  was  with  reference  to  this  view  of  the 
binary  Arithmetic,  that  a medal  was  struck  bearing 
on  its  obverse,  as  an  inscription,  the  Pythagorean 
distich, 

A’wmi pto  /Mu  (l)  impart  gaadet ; 


and  on  its  reverse,  the  appropriate  verse  descriptive  of 
the  system  which  it  celebrated, 


The  covi  or 
ftuspemicd 
•vmbulk  of 
Fobi. 


Oautibw  ex  nikifa  dmceadu  lujgcit  l Wm-f 

This  invention  was  studiously  circulated  by  its 
author  by  means  of  the  scientific  journals,  and  his  ex- 
tensive correspondence  it  was  communicated  by  him 
to  Bouvet,  a Jesuit  Missionary  at  Pekin,  at  that  time 
engaged  in  the  study  of  Chinese  antiquities,  and  who 
imagined  that  he  had  discovered  in  it  a key  to  the  ex- 
planation of  the  Cova,  or  tineations  of  Fohi,  the  founder 
of  the  Empire.  They  consist  of  eight  sets  of  three 
lines,  either  entire  or  broken,  arranged  in  the  follow- 
ing manner,  or  in  a circle. 


(1.)  (%)  (3.)  (4.)  (5.)  (G.)  (7.)  (8.) 


If  we  suppose  the  broken  lines  to  represent  zero,  and 
the  entire  line  unify,  and  that  it  possesses  value  from 
its  position,  increasing  as  it  descends,  these  lineahons, 
would  severally  become  in  the  binary  arithmetical 
notation,  0,  1,  10,  II,  100,  101,110,  1 11,  or O,  1,2.3, 
4.  5,  6,  7,  respectively.  The  explanation  of  this  system 
is  certainly  thus  far  consistent;  and  if  the  assertion 
made  by  Leibnitz  be  true,  that  it  applies  likewise  to 
the  great  Cova  of  Fohi,  consisting  of  64  characters, 
and  384  lines,  embracing  six  places  of  figures  in  this 
system,  und  representing  therefore  all  the  natural 
numbers  in  order  between  O and  63,  it  would  afford  a 
strong  presumption  that  this  theory  was  correct,  and 


* Indian  .Irchiptlago,  vol.  1.  p,  255. 

t Uibnitzii  Opera,  inm.  ill.  p.  346. 

I Ibid.  tom.  ii.  p.  349,  391.  tom.  iv.  p.  152,  207. 


would  thus  furnish  an  example  of  a species  of  Arith-  HUory. 
metic  with  device  of  place,  possessing  an  antiquity  of 
more  than  three  thousand  years. 

These  figures  of  eight  cvwt  are  held  in  great  vene- 
ration,being  suspended  in  all  their  temples,  and  though 
not  understood, are  supposed  to  conceal  great  mysteries, 
and  the  true  principles  of  all  philosophy  both  human 
and  divine.  The  good  Jesuit  who  seems  to  have 
caught  the  very  spirit  of  Chinese  belief,  is  trium- 
phant at  his  discovery,  and  seems  to  consider  these 
symbols  of  the  binary  Arithmetic  of  Fohi,  ns  a most 
mysterious  testimony  to  the  unity  of  the  Deity,  and  os 
containing  within  it  the  germ  of  all  the  sciences.  Cette 
Jigure,  says  he,  est  une  des  figure * de  Fohi,  qui  par  fart 
admirable  (f  une  science  consomme* , avail  tfu  renfertner , 
comme  sous  deux  tym  boles,  gen&aux  et  magiques,  bn  prin- 
cipes  de  toutes  let  sciences  de  la  vraie  sagesse  ,•  et  ce  grand 
Phdosophe,dont  la  physiognomic  na  rien  de  Chinois,  quoique 
cctte  nation  le  rtconnoisse  pour  f auteur  dee  sciences  et 
pour  le  fondatcur  de  la  monarchic,  avoit  bdti  ce  syst/me 
de  sa  figure  circulaire,  ce  semble,  pour  calcvler  et  recon- 
noitre exactement  toutes  tes  periodes  et  les  mouventent  dee 
corja  celestes  et  donner  les  connoissances  claires  de  Unis 
let  changcmens,  qui  par  leur  moyen  arricent  continuelle - 
ment  et  succcssivement  dans  la  nature.* 

We  have  been  induced  to  make  this  digression  on 
the  subject  of  the  binary  Arithmetic,  chiefly  for  the 
purpose  of  noticing  this  very  curious  and  very  ancient 
monument  of  its  existence ; if,  however,  we  make 
every  concession  in  favour  of  the  explanation  above 
given,  and  many  serious  doubts  might  easily  be 
started,  we  can  at  most  consider  it  but  as  a solitary 
instance  of  its  adoption  not  by  a nation,  but  by  an 
individual  who  surpassed  his  contemporaries  in  know- 
ledge. and  who  left  this,  amongst  other  memorable  in- 
ventions, to  his  successors,  who  begun  by  venerating 
it  us  a relic  of  the  founder  of  their  science  and  their 
monarchy,  and  concluded  by  regarding  it  as  a mysti- 
cal symbol,  which  contained  the  hidden  principles  of 
the  most  sublime  and  Important  truths. 

(35  ) Of  scales, different  from  those  which  are  properly  Duorfrnnry 
called  natural,  the  existence  of  the  binary  and  duode-  fcC*,r- 
nary  alone  have  been  supported  by  probable  argu- 
ments ; the  first,  under  any  circumstances,  could 
claim  a philosophical  existence  only,  and  could  hardly 
therefore  he  considered  as  militating  against  the  uni- 
versality of  our  proposition  ; the  second  we  have 
noticed  before,  and  have  stated  our  reasons  for  thinking 
thut  the  preference  shown  amongst  Scandinavian 
nations  for  the  number  twelve,  and  its  very  general 
use  in  the  division  of  concrete  numbers,  furnish  no 
sufficient  ground  for  considering  it  as  having  been  used 
as  the  radix  of  a scale  of  notation,  however  nearly  in 
some  respects  it  may  have  approximated  to  it. 

(36.)  We  shall  now  conclude  this  examination  of  nu-  Conclusion, 
meral  systems,  which  bus  perhaps  proceeded  to agreater 
length  than  is  consistent  with  the  design  of  a work  of 
this  nature.  We  think  we  have  fully  established  the 
propositions  which  we  proposed  as  the  objects  of  our 
investigation  ; and  have  shown  that  the  principles 
which  are  concerned  both  in  the  origin  and  formation 
of  numeral  systems  and  numeral  languages,  arc  not 
only  remarkably  consistent  with  the  most  philosophical 
theory,  but  possess  an  universality  of  application, 
which  is  seldom  to  be  met  with,  except  in  the  physical 

* Lribaitzii  Opera,  tom.  iv.  p.  153- 
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Arithmetic,  sciences.  Wc  shall  ad<1  one  more  instance  of  this 
•— extraordinary  accordance  between  theory  and  obser- 
vation.*^ 

In  Art.  4,  we  have  given  what  we  considered  a pro- 
bable theory  of  the  origin  of  the  classification  of 
numbers  by  successive  decimation,  and  we  have  since 
discovered  the  following  passage  in  a history  of  the 
Island  of  Madagascar,  by  which  it  is  illustrated  in  a 
very  remarkable  manner.  After  noticing  their  numeral 
language,  which  coincides  with  that  of  the  Indian 
Archipelago,  and  refuting  the  assertions  of  some 
authors  who  have  limited  their  powers  of  numeration 
to  ten,  he  adds  the  following  account  of  their  mode  of 
counting.  **  Ltrrsquils  veulent  compter  les  hommes  (Tune 
armdt,  ils  oUigeni  les  hommes  He  passer  un  a un  par  un  pas- 
sage etnrit  en  presence  des  prineijutux  chefs  et  de  poser  une 
pierre  chacun  en  une  place ; et  quand  ils  out  tout  passes,  its 
comptent  toutes  les  pierres  de  dir  en  dix,  qu  its  adjoutent 
ensemble  : puis  les  durables  de  dir  en  dix  et  les  ccn tames 
jusques  d ce  qu'ils  soient  a la  Jin  de  leur  nombre ,*'*  ^ 
Methods  (37.)  Before  we  proceed  to  give  an  account  of  symbo- 
«f  indUji-  iic  j Arithmetic,  as  it  exists,  or  has  existed  amongst  do- 
tation. ferent  nations,  we  shall  notice  a species  of  digital  Arith- 
metic very  generally  practised  amongst  the  ancients,  and 
to  which  frequent  allusion  is  made  in  classical  authors. 
It  consisted  in  denoting  the  nine  digits  and  the  articu- 
late numbers  as  far  as  100,  by  inflections  of  the  fin- 
gers of  the  left  hand,  whilst  the  hundreds  were  marked 
on  the  right  hand,  by  the  same  inflections  which  were 
used  to  denote  the  articulate  numbers  on  the  left,  and 
the  thousands  were  a repetition  on  the  right  hand  of 
the  inflections  used  for  the  digits ; they  were  thus 
enabled  to  denote  all  numbers  which  were  less  than 
ten  thousand.  This  is  the  extent  to  which  this  system 
of  digital  Arithmetic  appears  to  have  been  carried  in 
ancient  times,  at  least  if  we  may  judge  from  the  work 
of  Nicholas,  a Monk  of  Smyrna, t the  earliest  of  all 
those  with  which  we  are  acquainted,  in  which  it  is 
distinctly  described.  But  the  venerable  Bede,  in  a 
short  Tract,  de  Computo  vel  de  Loquela  per  Gestum 
Digitorum , has  extended  this  method  of  numeration  os 
far  as  a million,  by  placing  the  left  hand  for  lower 
numbers  and  the  right  hand  for  higher,  either  expanded 
or  closed,  wilh  the  fingers  upwards  or  downwards, 
upon  the  breast,  thighs,  and  other  parts  of  the  body  j 
ten  variations  only  being  required  to  answer  this 
purpose.  The  same  illustrious  author  bus  proposed 
another  application  of  this  system,  for  the  purpose  of 
holding  conversations  by  means  of  the  fingers  of  one 
hand,  anJ  which  may  he  done  by  making  the  natural 
numbers  in  their  order  the  representatives  of  the 
successive  letters  of  the  alphabet,  when  the  indication 
of  the  number  would  likewise  be  made  the  indication 
of  the  letter ; thus,  to  convey  the  caution caute  age ” to 
a friend  amongst  thieves  or  sharpers,  it  would  be 
merely  requisite  to  make  the  signs  of  the  numbers  3, 
1.  20,  19,  5,  1,  7,  5. 

• Hutahe  &t  u grande  Isle  At  Madagascar,  par  it  Flaconrt, 
ch.  xxriil.  1661. 

+ NwoAdov  2avp‘  itov  wr pi  SwrruA/icov  uirp&v.  It  i»  published 
ia  the  SpiciUgimi m /.*•  HgrUcum  of  Poounua  ; an  Appendix  to.  or 
rather  a Commentary  on.  the  C, atema  (irin  orum  Patn/m,  Rome, 
1683.  where  representations  are  given  of  hands  with  tlie  finger* 
In  the  several  position*  which  are  required  : the  same  may  he 
seen  also  in  Hrnischin*,  dr  Xumrratianr  Muttipiici.  and  with  the 
additional  position*  of  Bede,  in  the  Thru!  ram  Anthmetinrm  of 

Leopold,  i 727. 

YOU  I, 


It  is  quite  necessary  to  refer  to  this  method  of  nu-  Hbtorr. 
mention, in  order  to  explain  many  passages  in  classical  V-— 
authors.  Juvenal  states  it  as  a peculiar  felicity  of 
Nestor,  that  lie  counted  the  years  of  his  age  on  the 
right  hand  ; 

Felt*  nimirum,  pm  tat  per  uecuta  mortem 
Dutuiit,  atijue  km  jam  dextra  coinput  at  a anti. 

Sat.  X.  248. 

The  image  of  Janus  was  represented,  according  to 
Pliny,  with  his  fingers  so  placed  us  to  represent  365, 
the  number  of  days  in  the  year: 

Jamu  geminms  a Xumd  rrgt  dicat  hi.  pm'  par  it  brtliyue  arguments 
ealttar,  digitu  i la  Jiguratu,  at  trremtorum  irsagmta  ijatnyar 
dierum  nola  per  ttgmjie.atianem  auui  frmporls  et  tm  tt  Drum 
tncUcaret.  Uni.  .Vet.  lib.  xxxir.  7* 

The  same  custom  must  be  kept  in  view  in  order  to 
comprehend  the  sarcastic  exaggeration  in  the  Greek 
epigram  of  Nicarchus,  in  vetulam  annosam  : 

H 0ao*  aOptjetuta  tXatfiov  rXcor,  q \ipi  \ttitj 
Vfjpas  apiO fintjOnt  leinrpov  apf-apt 1'ij.f  * 

The  following  pnssages  are  a few  out  of  a great 
number  which  contain  similar  allusions  : 

Alii  igitur  digitu  co-mpluatu  nmmerum,  alii  oomslricti a ugnifica- 
bmatmr.  JJuinctiUafl,  lib.  ii.  cb.  UL, 

Compvnit  vultnm,  iateaMt  ocufoi,  morel  la  bra,  agitat  digit  os, 
computat  mUUL  Cali  PHall  Epiit.  20.  lib.  iL 

AViwntm  docet  mt  anlhmetica , acaritur  acramodare  digital. 

Seneca,  F.piit.  88.  lib.  i. 

Fret  autrm  avartit  mixus  fora,  ia  ftmarr  habet,  manum 
Dealer*  digitu  ratiamtm  ivmputat,  feritus  femur. 

Planti  Mitre  Gioriosus,  net  ii.  sc.  2- J 

From  the  first  and  last  of  these  passages,  we 
should  be  inclined  to  suspect,  that,  however  general 
this  practice  may  have  been  among  the  ancients,  it 
varied  both  at  different  times  and  with  different 
persons,  in  the  particular  mode  in  which  the  numbers 
were  denoted.  * 

Hemschius§  and  other  authors  have  discovered  some 
reference  to  this  practice,  in  the  description  of  Wisdom 
in  the  Proverbs  of  Solomon  : 

Length  of  dap  is  ia  her  right  hand,  and  in  her  left  hand  riche* 
and  honour.  /V**.  lit.  16. 

However  fanciful  such  an  explanation  may  appear 
to  be,  it  is  both  simple  and  natural,  compared  with 
that  which  has  been  given  of  the  following  verse  in 
the  Parable  of  the  Seed,  and  which  Bede  has  quoted 
with  approbation  : 

But  otben  fell  into  good  ground  and  brought  forth  fruit,  tome 
an  hundred  fold,  mom  sixty  fold,  tome  thirty  fold. 

Matt.  xlH.  8. 

M Centesimus,"  says  St.  Jerome,  “ et  sexagesimals  et 
trigesimus  fructus,  quanqnm  de  una  terra  et  de  tout  semente 
nascatur,  lamen  multum  differ l in  numm>.  Triginta  re- 
feruntur  ad  nuptias,  nam  et  ipsa  digitorum  conjunctio , 
quasi  molli  se  complrxans  osculo  et  foxier  mu,  maritum 
pingit  et  conjugem.  Sex  agin  ta  vero  ad  viduas,  eo  quod  in 
angustia  et  tnbulatioue  sunt  positte,  unde  et  superior!  digitu 
deprimuntur : quantoque  major  est  diffiatUas  expert se 
quondam  vo luplatis  iUtxebris  abstsnere,  (onto  majus  est 

* Heniicbiaa,  de  Xumrratume  Muitiphci,  1605  ; Leslie's 
Philosophy  of  Arithmetic,  p 223. 

t Ho*t,  dt  SummUmus  cmendalA  veienbus  LatisUs  rt  Grmit 

•it tat, l,  Antwerp,  11182 

t Valtancey,  Catlectanr*  de  rebus  J fiber  me  u,  toL  iiiu  p.  567. 

| De  Xumtratiaae  Muttipiici. 
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Arithmetic,  prttniium.  Porrb  cenletimut  numerut  (diligenter  qi uno, 
— V-^’’  Lector,  a Meruit)  de  tinitlra  (rantfcrlur  ad  dcxieram  ; et 
UMiem  quidem  digitu,  qmbus  in  bi  rd  nupbr  tigni/icanhir 
et  viduee,  ctrculmn  facient  e.vprimet  HrginUalu  coronam .” 
It  is  necessary  to  refer  to  the  configurations  of  the 
fingers  themselves,  in  order  to  understand  the  allusions 
to  the  numbers  in  this  very  singular  commentary, 
which,  at  all  events,  shows  how  very  familiar  and 
common  this  practice  must  have  been  at  the  time  it 
was  written. 

The  Chinese  have  a system  of  indigitation,  by  which 
they  can  express  on  one  hand  all  numbers  less  than  a 
a hundred  thousand  ; the  thumb  nail  of  the  right  hand 
touches  each  joint  of  the  little  finger,  (lasting  first  up  the 
external  side,  then  down  the  middle,  and  afterwards 
up  the  other  side  of  it,  in  order  to  express  the  nine 
digits ; the  tens  are  denoted  in  the  same  way,  on  the 
second  finger  ; the  hundreds  on  the  third  ; the  thou* 
sands  on  the  fourth ; and  the  ten  thousands  on  the 
thumb.  It  would  be  merely  necessary  to  proceed  to 
the  right  hand,  in  order  to  be  able  to  extend  this 
system  of  numeration  much  farther  than  could  be 
required  for  any  ordinary  purposes. 

The  common  phrases  ad  digitot  redire,  in  digital 
nit/ere,  have  the  same  meaning  as  c omputare,  and 
distinctly  refer  to  digital  numeration  ; there  is  also 
another  phrase,  micare  digitu,  of  frequent  occurrence, 
which  alludes  to  a game  extremely  popular  among  the 
Romans,  and  which  was  most  probably  the  same  as 
the  mtrrra  of  modern  Italy.  This  noisy  game  is  played 
by  two  persons,  who  stretch  out  a number  of  their 
fingers  at  the  same  moment,  and  instantly  call  out  a 
number,  and  he  is  the  winner  who  names  a number 
expressing  the  sum  of  the  number  of  fingers  thrown 
out.*  The  same  game  is  found  amongst  the  Sicilians, 
Spaniards,  Moors,  and  Persians ; and,  under  the  name 
lsoimoi,t  is  practised  also  in  China. 

There  exists  a species  of  digital  Arithmetic  amongst 
nearly  all  eustern  nations.  The  Bengalese?  count  as 
far  os  fifteen  by  touching  in  succession  the  joints  of 
the  fingers  and  merchants,  in  concluding  bargains, 
the  particulars  of  which  they  wish  to  conceal  from  the 
bystanders,  put  their  hands  beneath  a cloth,  and  signify 
the  prices  they  offer  or  take  by  the  contact  ot  the 
fingers.  The  same  custom  is  prevalent  also  in  Bar- 
bury,§  and  Arabia  ;||  when  they  conceal  their  hands 
beneath  the  folds  of  their  cloaks,  and  possess  methods 
which  are  probably  peculiar  and  national, of  conveying 
the  expression  of  numbers  to  each  othcrX 
Cirerk  (38.)  In  considering  different  systems  of  symbolical 

•riihntti-  Arithmetic,  we  shall  commence  with  that  of  the 
cal  nou-  Greeks ; a preference  which  it  merits,  as  well  from 
t*00-  the  superior  dcvclopcmcnt  which  it  received  from  the 
hands  of  the  people  of  antiquity,  who  cultivated  the 
sciences  with  the  greatest  success,  as  also  from  its 
being  absolutely  essential  to  the  understanding  of  the 
ancient  astronomical  nnd  other  writings,  in  which 
numbers  and  calculations  are  involved. 

* Cukll'i  Travtit  in  Ittru I and  Candela,  vol.  it.  p.  1 18  ; Blunt** 
r ctt’gei  «/■  Ancient  Manners,  and  Cut  toms  in  Italy  and  Sicily, 
p.  2.10.  When  played  W»  tine  night  it  required  the  iitromt  confi- 
dence in  tbe  honour  of  the  parlies ; and  it  is  an  expression  of 
Cicero  to  designate  a perfectly  honest  man,  that  lw  is  dignut, 
yuocstm  in  trnebru  mi err.  Off.  lib.  Ui. 

t Barrow's  Travth  in  Cbina. 

t Hnlhfd’s  Bengalee  Grammar. 

| Shaw,  Travels  in  Barbery . 

It  Niebuhr's  Travels  in  Arabia. 


The  Greeks  expressed  the  natural  numbers  below  History. 
10,000,  or  a myriad,  by  means  of  the  twenty-four 
letters  of  the  alphabet,  together  with  three  interpolated 
symbols,  f,  *j,  which  denoted  G,  90,  900,  respec- 
tively. The  following  tabic  exhibits  the  four  classes 
of  digits  and  articulate  numbers  of  the  1st,  2d,  and  3d 
order,  into  which  the  numerical  symbols  were  distri- 


buted  : 
(i.)  . 

p 

7 

3 

■ 

9 

r 

7 

0 

i 

2 

3 

4 

5 

6 

7 

8 

9 

(«•)  - 

K 

\ 

a 

IT 

f 

0 

ir 

V 

10 

20 

30 

40 

50 

GO 

70 

80 

90 

(3.)  P 

a 

T 

V 

0 

X 

V- 

a* 

100 

200 

300 

400 

500 

600 

700 

800 

900 

(4)  «. 

p, 

7t 

at 

** 

r. 

7* 

0t 

1000  2000  3000  4000  SOCK)  6000  7000  8000  9000. 


The  fourth  class  is  a repetition  of  the  first,  each 
letter  having  a subscribed  *,  nr  dot,  by  which  its  value 
was  augmented  one  thousand  fold. 

The  limit  of  Greek  Arithmetical  notation,  as  far  Fim  ftmiu 
ns  it  was  dependent  upon  the  symbols  in  the  preceding 
table,  was  9999,  which  was  expressed  in  symbols  by 
0 *}  O,  and  in  Words  by  tvv ca  x<X<adr«  tuvtaKiuua 

s 1’n  aiona  ivvta. 

Their  language,  however,  contained  a term  pvptao 
for  the  next  superior  unit,  and  consequently  their 
nutneru.ion  by  words  proceeded  farther  than  their 
numeration  by  symbols  ; by  making  use,  however, 
of  the  letter  M or  Me  subscribed  or  postscrihed  to  the 
symbols  for  any  number  within  the  limits  of  the  pre- 
ceding table,  its  value  was  augmented  ten  thousand 
fold,  in  the  same  manner  as  the  values  of  the  digital 
symbols  were  augmented  one  thousand  fold  by  the 
subscribed  • : thus 

a or  a . Me  = 10000. 

M 

X£  or  Xf  . Mv  = 370000. 

M 

7, $**7  or  q <f>p  7 . Me  = 85430000.* 

M 

By  this  means  the  Arithmetical  notation  of  the  Second 
Greeks  was  inode  coextensive  with  the  powers  of  ex-  Haul, 
pression  of  their  numeral  language,  embracing  eight 
places  of  figures,  its  limit  being  99999999,  which  was 
expressed  by  0 $k0,  0 Jj'ytf.or  by  0 5*^0.  Mv,0 

M 

such  is  the  notation  which  is  found,  with  many  varia- 
tions, which  we  shall  afterwards  notice,  in  the  com- 
mentaries of  Kutocius,  and  in  the  works  of  Diophantus 
and  Pappus.  Without  considering  further  at  present 
the  period  when  this  notation  was  introduced,  or  the 
person  by  whom  it  was  suggested,  we  shall  assume  it 
as  the  second  limit  of  Greek  symbolical  Arithmetic. 

The  extent  to  which  the  Greeks  were  thus  enabled 
to  proceed . was  sufficient  for  all  the  ordinary  purposes 
of  life  ; at  all  events,  the  inconveniences  which  might 
sometimes  arise  from  its  being  confined  within  such 
narrow  limits,  were  greatly  lessened  by  the  very 
considerable  value  of  their  primary  units  of  length, 
weight,  and  capacity,  and  particularly  of  money. 

The  speculations,  however,  of  philosophers,  which 
were  called  forth  by  the  progress  of  science  in  the 

• Dflunbre,  Antkmdtiyus  det  Greet  i HiUoirt  de  V Artronamu 
Anesatnr , rol.  ii.  p.  1. 
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Aniline  tie.  decline  of  their  literary  and  military  glory,  led  to  the 
v -v— ^ consideration  of  greater  numbers  than  were  coropre- 

1 Improve-  hooded  in  this  limited  symbolical  Arithmetic,  more 

meuu  of  particularly  when  the  increasing  uccurncy  of  astrono- 
niical  observations  was  giving  enlarged  views  of  the 
extent  of  the  uuiverse  ; and  it  was  a difficulty  of  this 
nature,  which  suggested  to  the  greatest  of  the  geome- 
ters of  antiquity  the  necessity  of  inventing  some  ex- 
pedient by  which  any  numbers,  however  considerable, 
might  be*  brought  within  the  compis*  of  their  lan- 
guage. The  work  of  Archimedes,  in  which  this  method 
is  explained,  is  entitled  or  Armaria*,  from 

the  nature  of  the  question  which  is  primarily  proposed 
to  be  considered  : it  is  addressed  to  Gelo,  King  of 
► Syracuse,  and  commences  by  noticing  the  opinion 

entertained  by  some  people,  that  the  number  of  the 
sand  is  infinite  ;t  “ not  of  that  merely  which  is  about 
Syracuse  and  Sicily,  but  which  is  contained  in  the 
whole  earth ; whilst  others  deny  that  this  number  is 
infinite,  but  greater  than  what  can  be  expressed  by 
uny  method  of  numeration."  In  order  to  prove  more 
completely  the  negative  of  both  these  propositions, 
he  enlarges  the  hypothesis,  and  proposes  to  express  a 
number  which  shall  exceed  the  number  of  the  sand, 
even  in  the  universe  of  Aristarchus. 

HU  In  order  to  effect  this  object,  he  forms  a scale  of  nu- 

Ckiadn.  meration  whose  radix  is  a myriad  of  niyriads,or  the  limit 
of  the  ordinary  Arithmetical  language.  AU  numbers 
comprehended  in  this  radix  are  called  primary  numbers, 
and  the  radix  itself  becomes  a unit,  or  monad,  of 
secondary  numbers ; he  thus  proceeds  to  ternary,  qua- 
ternary, and  other  numbers  of  higher  orders,  forming 
successive  classes  j and  the  classes  themselves  are 
called  ociioUt,  or  period s of  ci^hl,  from  their  requiring 
eight  symbols,  or  in  modern  Arithmetic  eight  places 
of  figures,  to  express  the  numbers  which  are  included 
in  each  of  them  ami  he  then  shows,  without 
actually  finding  or  assigning  the  number  itself,  that  a 
number  requiring  for  its  expression  not  more  than 
eight  of  these  octades,  or,  in  modern  notation,  not 
exceeding  sixty-three  places  of  figures,  will  exceed 
the  number  of  the  sand  in  the  sphere  of  Aristarchus. 
The  method  which  lie  has  made  use  of,  for  detcr- 


• There  wiu  another  work  of  Arrhimedr*  on  tlic  subject  of 
this  cs  tended  Arithmetic,  entitled  A?*du,  or  prkmtiplr*.  add  rowed 
to  Xeuxijipu*,  which  i*  frequently  referred  to  in  the  Vo^urijr. 

•f  T«f»  iMmmv  fir  iptSpof  firm  T<p  rkti&iu 

l The  Keep or  of  the  ancient  Greek  astrmionieni  was  the  sphere 
whot*  centre  waa  that  of  the  eanh.mid  whose  radius  wna  the  distance 
of  the  aon,  and  therefore  also,  in  their  opinion,  of  the  sphere  of 
the  fixed  Mars.  ArUurcInw,  however,  by  * memorable  anticipa- 
tion of  tlw  knowledge  of  the  tme  aystem  of  the  uoirerae,  placed 
the  son  and  not  t'-e  earth  in  the  centre  of  hia  mundane  system, 
the  dimensions  of  which  were  determined  by  the  following-  arbi- 
trary proportion  : “ The  sphere  nf  the  earth  was  to  the  ««rfu»t,  or 
unirene  of  other  astronomer*,  an  that  universe  to  the  sphere  of 
the  fixed  stars,  or  eeepet  of  Aristarchus.  Archimedes,  after  no- 
ticing; a geometrical  inaccuracy  in  the  mode  of  atnlin^  lbi»  pro- 
portion, considers  the  ny*icm  itself  as  destitute  of  foundation; 
and  i»<umra  it  an  hypothesis  merely  which  h convenient  for  the 
more  striking  development  of  his  method  of  expressing  very 
large  numbers. 

i 'EtfVat  ode  apilf  *1  pir  rur  tipnpie ot  ifStpsi  ft  vAt  pvyiat  pvpt' 
!*  fliJor,  vpwroi  BoAsiV^rai.  Thu'S*  wpfct ter  apiOpu*  ml  pipiai 

par&f  «aA«l<rSo*  Otertpue  Lpiipuiv  «a<  ipepitsSmomr  ttvrtpwr  ipit- 
p£n  pow&tt  «a)  4ri  rir  pot-tLSof  sal  fxrrwrdBtt  eal  x1*^’** 

not  p+putiit  it  lit  pvfumt  pvpd&at.  fliAje  8}  sal  ml  ptyuu  p*>pi&B*t 
vie  &*isriptry  kfiipmv.  pavkt  rgirme  kpSpOr  sal  ipcSpits- 

tmemv  rplrue  ipiVuMV  perihs,  eal  4»b  v* ire  pord&ttr  8r*i£4*i  *a*  i*a- 
rortSder  K«1  <««i  pirfpittt,  it  tit  pvpimt  pufimimt.  «.  T.  JU 


mining  the  number  of  places  in  this  number,  is  very  History, 
remarkable  : he  assumes  the  series 

1,  10,  100,  1000,  10,000,  &c. 

commencing  by  unity  und  proceeding  by  powers  of 
ten,  of  which  the  first  eight  terms  are  primary  num- 
bers, the  next  eight  secondary  numbers,  and  so  on  ; 
and  the  question  proposed  is,  to  determine  the  term  iu 
this  series  which  is  equal  to  the  product  of  any  two 
assigned  terms,  such  as  the  (m-J-l)'h  and  the  («  + l)lb, 
or  the  iwlh  and  n11*  terms,  omitting  the  first : this  is 
obviously  the  (m  + »)***,  or  the  term  whose  place  in 
the  series,  omitting  the  first,  is  the  sum  of  the  num- 
bers which  determine  the  corresponding  places  of  the 
two  factors.  If  this  number  be  8,  the  product  is  a 
monad  of  secondary  numbers  ; if  16,  it  is  a monad  of 
ternary  numbers  ; if  20,  it  is  a myriad  of  monads 
of  ternary  numbers  ; and  similarly  in  all  other  cases. 

Thus  the  product  of  10  monads  of  secondary  numbers 
into  10O  myriads,  which  arc  the  9th  and  6th  terras  in 
the  decuple  scries  respectively,  after  the  first,  is  a 
number  corresponding  to  the  15th  term  of  the  scries 
under  the  same  circumstances,  and  is  consequently  a 
thousand  myriads  of  monads  of  secondary  numbers  ; 
and  in  this  manner  he  proceeded  to  assign  the  suc- 
cessive products  of  terms  in  this  series,  to  the  extent 
required  by  the  conditions  of  his  problem. 

Some  authors  have  discovered  in  this  process  of  Support 
Archimedes  an  anticipation  of  the  principle  and  use  of  xotieipx- 
logarithms ; and  in  one  sense  we  may  allow  that  such  Jio° 
an  opinion  is  not  w ithout  foundations  the  index  of  the  lo**r',hinv 
power  of  ten,  in  any  assigned  term,  is  identical  with 
the  number  of  the  terms  omitting  the  first  j and  the 
number  which  determines  the  position  of  the  term 
which  is  the  product  of  anv  two,  is  the  sum  of  their 
indices ; in  other  words,  this  sum  is  the  logarithm  of 
their  product ; and  so  far  the  method  of  Archimedes, 
and  the  principles  of  logarithms,  arc  identical  with 
each  other.  Hut  there  was  nothing  in  the  state  of 
knowledge  at  that  time,  nor  in  the  nature  of  the 
question  which  he  considered,  that  could  lead  to  the 
invention  of  logarithms,  properly  so  called,  or  to  the 
interpolation  of  a series  of  fractional  or  decimal 
numbers  between  the  integral  indices  1,  2,  3,  &c. 
which  should  correspond  respectively  to  the  series  of 
natural  numbers,  and  which  should  possess  the  funda- 
mental property,  that  the  sum  of  any  two  of  these 
logarithms,  or  interpolated  numbers,  should  be  equal  to 
the  logarithm  corresponding  to  the  product  of  the 
numbers  to  which  the  others  corresponded.  In  this 
ascription,  therefore,  of  any  portion  of  the  credit  of 
this  great  invention  to  Archimedes,  wc  only  observe 
another  example  of  a practice  which  is  much  too 
common  in  the  bistory  of  the  sciences,  where  the 
accidental  and  unconscious  possession  of  some  frag- 
ment of  a great  and  general  truth,  or  important  in- 
vention, is  made  a ground  for  detracting  from  the 
honour  which  is  due  to  their  proper  authors. 

It  is  hardly  possible  to  speak  with  certainty  of  the 
actual  stutc  of  Greek  Arithmetic  in  the  time  of  Archi- 
medes ; in  bis  KpkXov  Mrr/tqeit,  or  Treatise  on  the 
Measure  of  the  Circle,  we  find  examples  of  the  symbo- 
lical representation  of  primary  numbers  exceeding  a 
myriad,  as  well  as  of  methods  of  denoting  fractions 
whose  numerators  are  unity:  thus  II 688  is  denoted  by 
mi  x*V : 349450  by  X.464v*>;  the  fraction  $ is  denoted 
M * M 
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Arithmetic,  by  a peculiar  symbol  resembling  K,  the  form  of  which, 
however,  varies  in  different  manuscripts  ; other  frac- 
tions, whose  numerators  are  unity,  are  denoted  by  simply 
writing  the  denominator,  after  the  monads,  or  whole 
numbers:  thus  591*  is  denoted  by  0^«Vj  1009^  by 
aff't'i  4673;  by  ; 3013|  ^ bytl*yK'b';  and  the 

fraction  f f is  denoted  by  hV«  oa,  the  numerator  being 
expressed  in  words.  We  should  not,  however,  be  jus- 
tified in  asserting,  that  such  was  the  notation  employed 
by  Archimedes  himself.  Successive  copyists  of  manu- 
scripts appear  to  have  altered  the  notation  of  numbers 
to  suit  the  practice  which  was  common  in  their  age ; 
and  the  notation  of  which  we  have  just  given  ex- 
amples, is  precisely  the  same  as  that  which  is  found  in 
the  Commentaries  of  Eulocius  of  Ascalon  upon  this 
Treatise,  which  were  written  six  hundred  years  after  the 
death  of  Archimedes  *,  and  it  is  most  probable  that  the 
notation  in  the  text  was  supplied  by  the  commentator. 

Whatever,  however,  was  the  state  in  which  Greek 
symbolical  Arithmetic  was  left  by  Archimedes,  it 
is  quite  clear  that  the  speculations  contained  in  the 
Arenarius  excited  the  attention  of  succeeding  geome- 
ters, and  particularly  of  the  celebrated  Apollonius  of 
Perga  in  Pamphylia,  who  flourished  towards  the  con- 
clusion of  the  second  century  before  the  birth  of 
Christ.  Though  the  work  of  Apollonius  has  perished, 
and  we  have  no  record  even  of  its  name,  except  in  an 
obscure  allusion  to  it  by  Butorins,*  yet  the  substance 
of  it  formed  the  second  Book  of  the  Mathematical  Col- 
lections of  Pappus  ; a great  part  of  this  also  has  shnred 
the  fate  of  the  original,  the  unique  manuscript  of  it, 
which  was  left  by  -Sir  Henry  Seville  to  the  University 
of  Oxford,  wanting  thi  first  fourteen  out  of  the 
twenty-seven  propositions  of  which  it  originally 
consisted. t 

The  improvements  introduced  by  Apollonius  were 
of  various  kinds;  uml  are,  many  of  them,  of  great 
Apollonius,  importance.  In  the  first  place,  he  appears  to  have 
adopted  the  plan  proposed  by  Archimedes,  of  classi- 
fying numbers,  only  reducing  his  octades  to  tetrads,  or 
reducing  the  radix  of  the  geometric  series,  by  which 
the  units  of  these  classes  increased  in  value,  from  a 
myriad  of  myriads  to  a simple  myriad  ; the  units  in 
eueh  class,  after  the  first,  being  severally  denominated 
ptvpia*  atr\rf,  3iwXiy,  iptsrXtj,  rtrpuwktf,  and  so  on;  and 
wen*  denoted  by  M,a,  M.0.  M.7,  M.i,  fcc.  the  digital 
number  which  designated  the  order  of  the  myriad, 
being  written  after  the  initial  letter  M ; in  making 
this  change,  Apollonius  was  probably  ns  much  in- 
fluenced by  the  increased  convenience  of  the  numeral 
language,  which  was  formed  by  means  of  it,  as  well 
as  from  its  giving  greater  facilities  to  the  symbo- 
lical notation  of  large  numbers  : it  will  be  soon  seen, 
from  on  example,  to  what  extent  he  succeeded. 

The  chief  object,  however,  of  the  work  of  Apollo- 
nius appears  to  have  been,  the  simplification  of  the 
process  of  the  multiplication  of  urticulnte  numbers ; 
as  the  articulate  numbers  in  Greek  Arithmetic  were 
represented  by  distinct  symbols  and  in  practice,  a 
multiplication  table  was  required  of  the  different  com- 


•  At  the  end  of  Ids  Commentary  oh  the  Meamrr  of  the  Circle. 

t Tlii*  fr*giomt  of  I'tjfnu  w»*  discovered  by  Wallis,  Hti<l 
published  in  168$.  and  afterward*  in  tbe  third  volume  of  his 
work*.  There  is  no  doubt  of  Its  containing  tbr  suh*tanr«  of  the 
work  of  Apulloniu*.  u he  frequently  rrfrrs  to  him  bv  name,  and 
quotes  tbe  spec i lie  example*  which  Apollonius  bad  given. 


Notation 
of  Archt 
medea  or 
Eu  loci  us. 


Improve- 
ments of 


binations  not  of  the  nine  digits,  but  of  the  thirty-six  History, 
symbols  of  which  their  notation  was  com|K>sed.  In 
our  notation  we  are  directed  to  the  product  of  such 
numbers  as 50  and  70,from  the  very  nature  of  the  nota- 
tion itself,  by  our  knowledge  of  the  product  of  5 and  7 ; 
but  with  them,  tbesymbols  eand  o for 50  ami  70,  though 
connected,  huve  nothing  immediately  in  common  with 
e and  £ for  5 and  7*  and  the  product  of  the  first  7 0 
nothing  in  common  with  X«  the  product  of  the 
two  last.  The  researches  of  Apollonius  appear  to 
have  b**en  directed  to  the  removal  of  this  great  defect, 
and  to  make  the  multiplication  of  alt  numbers  de- 
pendent upon  the  combination  of  the  nine  digits 
merely,  with  the  aid  of  a few  supplemental  propo- 
sitions. 

The  nine  digits,  a,  ft,  7,  flee,  were  called  by  him  Theory  of 
irvBpevei,  or  hates  ; and  the  numbers  which  are  found 
in  the  geometrical  series,  whose  radix  is  10,  and  of 
which  any  one  of  these  bases  is  the  first  term,  are  “ 
called  analogous  to  them  ; thus  *,  p,  a,  or  10,  100, 

1000,  are  analogous  numbers  to  the  bast  a,  or  1 ; 

£,  x.  *,  or  GO,  <300,  6000,  are  analogous  to  the  base  r, 
or  6 ; and  similarly  in  other  cases.  In  performing 
multiplications,  he  replaces  articulate  or  analogous 
numbers  by  their  bases,  finds  their  product,  and  then, 
by  means  of  other  propositions,  which  are  in  some 
measure  equivalent  to  the  addition  of  tbe  requisite 
number  of  zeros,  he  passes  to  the  proper  result.  A 
few  examples  will  furnish  the  best  explanation  of  this 
process  : 

Example  1 . To  multiply  together  v,  »,  v,  p,  a,  X,  or 
50,  50,  50,  40,  40,  (30 

v v v p p\  f Mt»  . 60,0000,0000. 

(mu  p Mu  100,0000. 

e ( t t i e 7 r,  Mo  6000.* 

Example  2.  To  multiply  together  a,  t,  »,  0,  or  200, 

300,  400,  500. 

a 7 v 0 pteMtr.Mo  120,0000,0000. 

ppp  p aMv.Mv  1 ,<XWX),0OO0. 

ft  7 b t f)  c 120.t 


Example  3.  To  multiply  together  4,  *,  X,  r,  *,  o,  r, 
v,  0,  or  10,  20,  30,  20,  20,  200,  300,  400,  MX). 
4KX««<rTc0  2b900,0000,0000,0000. 


utttppp  p 


1 Mr.  Mu.  Me 
ftu)  w 


10,0000,0000,0000. 

2880.; 


Example  4.  Multiply  together  o,  7,  X,  p,  1,  ft,  7,  f, 
or  200,  300,  20,  30,  40,  10,  2,  3,  4. 

m t 

*\pi  7iWTMv.Mr»  3456,0000,0000. 

0 7 * 

p p 1 1 t 4 4i  Mi> . Mu  1 , (KMX), 0000. 

ft-fftefbaft’fb  f r 3456.  § 

The  process  appears  to  have  been  ns  follows  ; first, 
write  down  the  number*  to  be  multiplied  together ; 
secondly,  the  !00s  or  1000s  by  which  the  bases  are  mul- 
tiplied to  produce  thiisc  numbers;  and,  lastly,  the  bases 
themselves.  Form  the  product  of  the  bases ; and 
afterwards  of  the  lOs,  and  lOOs,  which  would  be  done 
by  allowing  l for  every  10,  and  2 for  every  100:  for 


• Puppi  CoHictmra  SJathcinatica,  lib.  U.  prop.  IS. 
f Ibid.  prop.  I«. 
j Ibid.  prop.  IB. 

| Ibid.  prop.  26. 
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Arithmetic,  every  fonr  contained  in  the  sura  of  them,  there  will  be 
a corresponding  myriad  as  a factor  in  the  product. 
In  the  first  example  this  sum  is  6,  and  the  result 
p . Mm,  or  )0O  mynads  ; in  the  second  it  is  8,  and  the 
result  therefore  • . Mm  . Mm,  or  a myriad  of  myriuds  ;* 
in  the  third  it  is  13,  and  the  result  is  < . Mv . Mv . Me>, 
or  ten  myriads  of  myriads  of  myriads.  In  order  to 
form,  therefore,  the  first  product,  it  remained  only  to 
multiply  the  product  of  the  bases  with  the  number  a,  i, 
/,  or  « , which  preceded  the  Mv  in  the  second  product ; 
the  rules  by  which  this  was  effected  were  contained  in 
those  propositions  which  are  lost  j but  as  there  were 
only  four  cases,  wc  may  readily  conceive  what  they 
were ■,  thus  if  7 «wr,  os  in  the  first  example,  was  the 
product  of  the  bases,  we  should  find  the  product  of 
a and  7,®  vt  — yvM. 
t and  7|w*r  = 7,^,0f  or  7 Mir  cm  Mo  . 
p and  7 m = r u or  ^ «**  Mo 

• and  7 vvs  = 7 nr  Mv  rat  Mo  . rf. 

Artifice*  of  There  are  many  of  the  artifices  of  notntion  em- 
butaiioa.  ployed  in  this  work,  which  if  pursued  and  properly 
generalized,  would  have  given  increased  symmetry  as 
well  as  extent  to  their  symbolical  Arithmetic ; amongst 
these  we  ought  particularly  to  notice  the  accentuation 
by  the  subscribed  «,  of  the  symbols  of  articulate  num- 
bers of  the  second  and  third  order,  increasing  their 
value,  as  in  the  cose  of  the  nine  digits,  one  thousand 
fold.t  The  only  reason  which  can  easily  be  assigned 
why  this  extension  of  their  notation  hail  not  been 
generally  adopted  for  all  the  symbols,  when  once 
applied  to  those  of  the  nine  digits,  appears  to  have 
been,  that  os  they  merely  proposed  by  it,  in  the  first 
instance,  to  make  their  notation  coextensive  with  the 
terms  of  their  numeral  language,  they  paused  when 
that  object  was  effected  ; ami,  however  simple  its  ex- 
tension to  all  the  other  symbols  may  have  been,  it  was 
not  likely  to  be  adopted  when  the  utility  of  it  was  not 
felt ; the  advantages  indeed  of  a simple  and  expres- 
sive notation  addressed  to  the  eye,  as  distinct  from 
language,  were  in  no  respect  understood  by  the  ancient 
geometers } and  U is  only  in  modern  times  that  the 
powers  of  symbolical  language  have  been  completely 
appreciated. 

The  use  of  the  initial  letters  Mi'  in  such  expressions 
as  Mir  . Mv  for  12000,0000,0000,  might  nt  first 
sight  appear  to  resemble  the  modern  zero,  in  a scale 
of  notation  proceeding  by  myriads ; but  it  can  only 
be  considered  in  this  case  ns  the  abbreviated  expres- 
sion of  Mvfiav  Mvptatiuiv,  and  is  never  employed  to 
give  value  from  position,  without  reference  to  its 
value  as  a factor  : thus  3479000OG008  is  expressed  by 
y v o0  . Mv . Mv  cot  Mo . » *),  and  not  by  7 voO . Mv  . ij. 
There  is  nothing,  in  short,  in  Greek  Arithmetical 
notation,  which,  in  the  slightest  degree,  resembles  our 
own  •,  and  nothing  in  the  object  proposed  in  the  re- 


• MbfmOf 

f Some  Lexicographers  and  writers  on  Greek  Arithmetic  hare 
mentioned  Another  extension  of  this  notntion,  sad  Imre  quoted 
Hcroilisn  the  Grammarian  for  their  Authority,  though  it  is  not 
noticed  by  him  i it  consists  in  incnrasinit  the  rulnr  of  the  f»n4 
tweatjr-sfvc  1 symbol*  1 ,000,000  times,  hy  adding  two  Accents  to 
them,  1000,000,000  times  by  addiQit  three  accents,  and  so  on , 
trim  • is  1,000,000,  « 1000,000,000,  and  so  ou- 


scarches  of  Archimedes  and  Apollonius,  which  could  Hiatory. 
naturally  lead  to  its  invention,  with  the  exception  of 
the  discovery  of  the  very  important  fact,  that  the  mul- 
tiplications of  the  articulate  numbers  depended  upon 
that  of  tbeir  bases. 

Pappus,  at  the  conclusion  of  this  fragment,  has 
given  from  the  work  of  Apollonius  two  examples,  to 
prove  the  facility  of  multiplying  any  numbers,  how- 
ever large,  by  means  of  the  process  which  he  had 
explained  in  the  preceding  propositions.  In  one  case 
it  is  proposed  to  find  the  continued  product  of  the 
numbers  expressed  by  the  several  letters  in  the 
verse : 

ApTr'uica*  r\fiT*  rparo*  cf"Xov  Kovpnt 

and  in  the  other,  in  the  verse, 

M^ni’  Aster  Ota  A^uiyu^o?  ayXaoicapvov. 

In  the  first  example,  and  the  only  one  which  we 
think  it  necessary  to  notice,  he  multiplies  the  bases 
successively,  and  the  resulting  product 

19,6036,8480.0000,0000  is  expressed  by 
Mo.  t0  ««i  . r\,r  Mft  . ^vr,  where  Mi,  My, 


M ft  denote  myriads  of  the  fourth,  third,  and  second 
orders  respectively.  If  this  number  be  multiplied  into 
the  continued  product  of  the  decode  and  centuries 
(cVaTovruifvj  which  is  10  myriads  of  the  ninth  order, 
the  final  product,  or  196,0368,48*10,0000,0000,0000, 
0000^0000, 0000, 0000,0000, 0000,0000, 0000,  is  ex- 


pressed M (<y  fat  Ml/}  . t£i j ecu  Mia  . i^iv. 

Dclumbre  has  noticed  forms  of  Greek  notation, 
which  appear  to  favour  the  notion  that  the  principle 
of  value  from  position  was  in  later  times  in  some 
measure  understood  ; thus  in  Diophanttu,  we  find 

the  fraction  * expressed  by  rr  . 0*~  * 


Notation  of 

Diophantu* 


where  the  numerator  is  rr  . 0 and  the  denominator 
\y  . a^«f.  Great  and  important  as  this  simplification 
of  the  ordinary  notation  certainly  is,  it  is  seldom  used 
by  Diophnntus,  except  in  his  fourth  Book,  and  very, 
rarely,  if  ever,  by  later  authors  -t  in  other  parts  of  bis 
works,  the  abbreviation  Mv  is  either  prefixed  or  post- 
fixed  to  the  symbols  which  denote  myriads,  and  the 
abbreviation  Mv  is  sometimes  prefixed  to  monads 
and  sometimes  omitted  j thus,  in  one  place  wa  find 
12*68  denoted  by  fw . a . , and  in  the  next  line 

the  same  number  is  denoted  by  pu  . a . pu> . ftyfrfa  ;f 
In  another  place  17136600  is  denoted  by  pv  . a *17  . 
povah « j an<l  A§Tuin  163021824,  the  only  example 

in  his  works  where  a myriad  of  the  second  order  is 
involved,  is  expressed  by  up  . * . p . tt/9  . no  .»*>**.% 
Amidst  such  a total  want  of  uniformity  of  notation, 
we  may  fairly  infer,  that  Diophantus  was  insensible  to 
the  value  of  his  own  discovery.  Theon,  who  lived  at 
a later  period  than  Diophantus,  and  who  was  well 
acquainted  with  his  writings,  expresses  the  number  of 
cubical  stall ia  in  the  earth,  or  38406364469497,  by 

pvpmtrraiiKw  t^ivXa-v  Uy,  /wjNamlinw  £ir\*rv  ijfy, 
pvptartt  awXai  tvpv,  k at  after  the  manner  of 


• Dioptunii  .irit/t,  lib.  hr.  prop.  46. 
t Ibid.  lib.  iii.  prop.  22. 

J ibid-  prop.  Bo. 
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Arithmetic.  Apollonius,  and  In  do  ca&e  does  he  adopt  the  notatiou 
in  question ; no  notice  of  it  is  discoverable  in  the 
Cowiiw  enterics  of  Butocius,  who  lived  at  u still  later 
period  ; under  such  circumstances,  we  should  feel 
strongly  inclined  to  ascribe  this  form  of  notation  to 
the  omissions  of  the  successive  transcribers  of  the 
manuscripts. 

Numeral  I*  appears  to  have  been  a favourite  practice  with 
powers  of  the  Greeks  of  the  later  ages  to  form  w ords  in  which 
words.  the  sum  of  the  numbers  expressed  by  their  component 
letters  should  be  equal  to  some  remarkable  number  ; 
of  this  kind  were  the  words  •fipataf’  and  ufipaaafm  ; 
the  letters  in  which  express  numbers,  which,  added 
together,  are  equal  to  365  and  366,  the  number  of 
days  in  the  common  and  bissextile  years  respectively; 
and  it  was  also  remarked  that  the  won!  *««\ov  pos- 
sessed the  same  property  with  the  first  of  these  wools.* 
Observations  like  these,  however  triHing,  are  not 
without  their  portion  of  curiosity  ; but  the  same  in- 
dulgence cannot  be  shown  to  the  absurdities  of  those 
Pythagorean  philosophers  who,  umong&t  other  extra- 
oid i nary  powers  which  they  attributed  to  numbers, 
maintained  that  of  two  combatants,  he  would  conquer, 
the  sum  of  the  numbers  expressed  by  the  characters  of 


whose  name  exceeded  the  sum  of  those  expressed  by  Hiatorv. 
the  other.  It  was  upon  this  principle  that  they  ex'-  ‘s— -v.-— ■ - 
plained  the  relative  prowess  and  fate  of  the  Heroes  in 
Homer,  llur/xwXet,  'Ertrn'p,  and  the  sum  of 

the  numbers  in  whose  names  are  861,  13*25,  and  1276 
respectively.* 

It  is  not  very  easy  to  give  a complete  account  of  Adthme- 
Greek  Arithmetical  operations ; there  is  no  work  of  dral  o|»e- 
antiquity  extant  in  which  they  ore  specifically  detailed,  r**'on». 
and  it  is  only  in  the  Commeiiiarie*  of  Butocius  on  the 
measure  of  the  circle  of  Archimedes,  that  wc  enn  find 
any  considerable  number  of  examples  of  multipHca* 

(ions  exhibited  tit  full  length  ; ami  even  in  this  ense 
the  variations  which  are  found  in  different  manuscripts, 

In  the  order  and  form  in  which  the  different  steps  and 
symbols  in  the  processes  are  written,  prevents  our 
speaking  in  a positive  manner  at  least  with  respect 
to  them. 

The  following  examples  are  taken  from  the  Gonj- 
mentarics  of  Butocius,  on  the  third  and  last  proposition 
of  Archimedes  on  the  measure  of  the  circle,  in  which 
it  is  chiefly  required  to  find  the  squares  of  two  num- 
bers, and  to  assign  the  square  root  of  their  sum  : 


Examcme  1. 

To  find  the  square  of  pvy,  or  153. 


f>"1 

"mV 

T p V 0 

Pu-U*9 


153 

153 

10000  or  aM 
5000  or  «t 
300  or  t 
5000  or  f 
2500  or  /?t0 
) 50  or  p » 
300  or  v 
150  or  p v 
9 or  0 

23409 


Prnrew  of  In  performing  the  operation  they  proceeded  from  the 
tuultipli-  right  to  the  left,  and  the  successive  products  are  written 
cation  of  <jown  separately,  without  any  incorporation  with  those 
* which  precede  or  follow  them;  they  do  not  appear  to  have 

adhered  with  much  strictness  to  any  order  of  magnitude 
in  writing  down  the  successive  results,  or  to  have  been 
very  solicitous  about  writing  them  undernenth  each 


* Words  In  which  the  sums  of  the  nurnhers  expressed  by  the 
letters  w err.  equal,  were  called  Mftmru  laoifa+u : and  wc  hare  an 
example  In  the  Greek  Anthology,  where  the  Fort,  wishing  to  ex- 
press hix  dislike  of  a pestilent  fellow  of  the  name  of  Aa>nr>opai, 
says,  that  having  heard  that  bis  name  waa  equivalent  in  numeral 
power  to  Auqihi,  proceeded  to  weigh  them  in  a balance,  when  the 
latter  was  found  to  he  the  lighter  of  the  two. 

A«MC0»(f«r  Kdi  Amh&t  iebfapae  vli  iactVai, 
ap*er4p«v  vie  i<  aaedroc 

En  fUfat  84  *«S*fAj»rr*  ireKituttbir  rk  viXorroe 
AaMay&pov,  koiph*  8*  tlfuw  iKaffJrtpor. 

hutmre  de  CAttuUmU  da  hucrtptiam,  rol  r.  p,  209. 


other,  as  they  are  sometimes  in  the  same  line.  They 
then  performed  the  additions  much  in  the  »umc  way 


• Thin  very  simrular  superstition  condoned  in  forrr  a*  Inte  as 
the  sixteenth  century,  and  was  transferred  from  the  tireek  to 
the  Roman  numeral  letters,  I,  U or  V,  X.  L,  C,  D and  M. 
which  correspond  to  the  numbers  1,5,  10.  50,  100.  500,  and 
1(100:  thus  Uic  numeral  power  of  the  name  of  Maurice  (Mauri- 
tius) of  Saxony  w;u  considered  as  an  Index  of  his  success  against 
Charles  V.  It  wm  the  fuahion  also  to  aclert  or  form  memorial 
sentences  or  verse*  to  commemorate  remarkable  dates.  Thu*  the 
yenr  of  the  Reformation  of  rclijrion  in  Germany  (1517)  was 
found  to  be  expressed  by  the  numeral  letters  of  the  verse  of  the 
7>  Drum  ; Ttbi  VArrubin  rt  Seraphim  imretntbiii  race  proclamamt, 
1/.  which  there  is  one  M,  four  Cn,  two  La,  two  Us  or  Vs,  and 
•even  la.  In  a similar  manner,  the  defeat  of  Frauds  at  Faria 
(1525)  is  commemorated  in  both  the  following  verses  : 

Rrgia  tucrumb nut  pugnacit  tiha  (S*Ui  ; 
and  Captut  real  UaHtu,  cunutl  eum  nice  cmbmrtet. 

See  tleniscbias,  dr  S'umrra  timer  Multipart  ; sml  Hostile,  de 
J't'umermltone  emendaiA,  ueteribue  Latimu  et  Gr^cu  unlaid , lb.12. 
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AriUimctle.  as  In  the  addition  of  concrete  numbers  of  different 
denominations  in  common  Arithmetic,  beginning  with 
the  digits  and  advancing  in  succession  through  the 
different  orders  of  articulate  numbers.  The  scheme 
which  is  given  of  this  multiplication  in  common 
figures  will  render  this  process  |>erfectly  clear : the 
product  of  p and  /» is  aM,  or  10,000;  of  /»and  * is  *4*  or 
5000 ; of  p and  7 is  t,  or  300 ; of  v and  p is  «4,  or 


5000  ; of  v and  » is  ftt  0,  or  2500 ; of  * and  7 is  p *»,  History, 
or  150 ; of  7 and  p is  t,  or  300  ; of  7 and  v is  p **,  or 
150  ; and  of  7 and  7 is  0,  or  9.  In  Greek  notation  it 
is  clearly  a matter  of  indifference  in  what  order  these 
successive  products  are  written  ; whilst  in  our  nota- 
tion the  value  of  the  digits  depends  on  the  number  of 
places  which  follow  them. 


Example  *2. 

To  find  the  square  of  «4p  or  1 16^  i- 


’.nCfi'i' 

1169  4 

1169  ; 

I’M  <M  'M <VC« 

1000000 

or  *>M 

*14  "M  ^ 

100000 

or 

’m  ’.y.xp’t* 

60000 

or  rM 

2000 

or  fit 

pp  e l*g  V 

125 

or  pr* 

p \ c 0 \ a K £ ff 

100000 

or  *M 

M 

10000 

or  nH 

6000 

or  j( 

200 

or  a 

12y  or  1 ft K 

60000 

°r 

6000 

or  r, 

3600 

or  7,  X 

120 

or  p k 

74  or  £ K 

2000 

or  ftt 

200 

or  a 

120 

or  pr 

4 

or  b 

\ or  t 

145  or  p p « 
s't  or  f 

13505344-  ,'T 


Notation  of  This  example  involves  fractions,  and  the  process  \i>  f?  In  the  following  example  the  fraction 

fraction.  will  be  sufficiently  explained  by  the  scheme  with  T*T  has  its  numerator  and  denominator  written  iinme- 
wkirli  it  is  accompanied.  The  fraction  4 is  denoted  diately  after-  the  integers,  thus  i/ 1 a!  \ but  when  mixed 
by  the  peculiar  symbol  K ; and  the  other  fractions,  up  with  integers  in  a manner  which  might  lead  to 
whose  numerators  are  unity,  by  writing  the  numbers  some  confusion,  the  denominator  is  placed  above  the 
in  the  denominator  immediately  after  the  integers,  the  numerator  to  the  right  hand,  in  the  manner  of  an 
distinction  between  them  being  marked  by  an  accent  j index  in  Algebra, 
thus,  in  Ptolemy,  we  find  S4  4 4 y.  denoted  by 


jr 
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ExAurLB  3. 

To  find  the  equate  of  or  1838  A- 


a w X 7 0’i  a' 
a *c  \ T}  O'  » a' 

1838  A 
1833  t*t 

P V 'I  1 

1000000 

or  p 

MM  M 

w g S fi  l s v % * S'  s'** 

800000 

or  'm 

M M M 

S * 9 fk  K&  t*1* 

30000 

or  1 

M M 

y(r((f  xfldd** 

8000 

or  y, 

81SA  or  •viy'i9"' 

800000 

640000 

or  rM 
or  f l 

r X 7 a a,'**  * 

94000 

M 

or  i. 

M 

or  t X i if  *1**1 IP  X {** * * 

6400 

or  stv 

M 

6‘t4-^r  or  x v & **  * 

30000 

or  ’IM 

24000 

or 

900 

or  ^ 

240 

or  9 p 

• 

24V, 

» 11 
, or  k c % 

8000 

or  fft 

5400 

or  f,  v 

240 

or  a h 

64 

or  fo 

«,V  or  iV‘“ 

818, V or  a»  1 
654 A or 
94A  or  «aV‘* 

6A  Avor  «/-  »«"** 


3381851-A  Ar 
or  3381853  Ar 


Diffenlty  Eutocius,  in  the  conclusion  of  his  Commentary,  states 
..r  multi-  that  Philo,  of  Gadorn,  had  brought  the  approxima- 
pirina  lion  to  the  length  of  the  circle  to  greater  accuracy 
u'mihMs  |hlm  Archimedes,  in  consequence  of  extending  his 
thTbat  multiplications  and  divisions  to  numbers  involving 
limit  of  myriads,  which,  he  says,  are  difficult  to  tollow, 
Greek  unless  by  a person  well  versed  in  the  logistic  a of 
Arithmetic  Magnus.  The  term  is  applied  to  the  whole 

science  of  arithmetical  calculation ; and  we  may 
suppose  that  the  work  to  which  Eutocius  refers, 
expressly  treated  on  these  subjects  to  an  extent  which 
they  rarely  attained  in  other  books.  The  examples 
which  we  have  given,  show  how  very  difficult  and 
embarrassing  these  operations  must  have  been,  parti- 
cularly when  fractions  were  involved  > and  it  U this 


reason  which  is  expressly  assigned  by  Ptolemy  for  his 
preference  of  sexagesimals.* 

Eutocius  has  given  no  example  of  division  ; and  in 
the  repeated  instances  in  which  the  square  root  of  a 
number  is  required,  he  assumes  the  root,  and  then 
shows  that  its  square  coincides  with  the  proposed 
number  or  nearly  so  ; thus,  in  extracting  the  square 
root  of  0 /»  £ p X * * » or  547913 1 Vr»  he  assumes 
M 

it  to  be  t \ O'  S\  or  9339  finds  its  square  or 
4 u £ £ *7  K « f\  or  5472090  i -A.  which  differs  from 

m ‘ 

the  number  whose  root  is  required  by  M».^o  K,  or  4 1 


• M«t«As  Ivrrmia,  lib.  I.  ch.  lx. 
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Arithmetic.  In  the  Commentaries  of  Theon  nn  the  Almagest 
of  Ptolemy,  we  find  a statement  of 
the  rule  for  extracting  the  square  root,  which  corres- 
ponds in  essential  points  with  the  one  in  common  use, 
but  it  is  not  accompanied  by  any  exumplc  exhibiting  a 
type  of  the  operation.  In  the  same  author  we  find 
also  many  examples  of  division,  performed  upon  sex- 
agesimals. Before  we  proceed,  however,  to  notice 
them  further,  it  limy  be  as  well  to  premise  a few 
observations  on  the  origin  and  design  of  this  species 
of  Arithmetic. 

} jv-xAfrui-  (39.)  The  division  of  the  circle  into  360^  seems  to 
bhI  Arith-  have  been  pointed  out  to  the  earlier  astronomers,  by  its 
inetic.  being  an  articulate  number  nearly  equal  to  the  days  in 
the  year;  and,  consequently,  one  of  these  degrees 
was  nearly  equal  to  the  portion  of  the  ecliptic 
described  by  the  sun  in  one  day.  Whatever,  how- 
ever, were  the  grounds  upon  which  this  division  was 
adopted  in  the  first  instance,  it  was  adhered  to  after- 
wards in  the  most  improved  periods  of  ancient  and 
modern  astronomy,  from  a sense  of  the  convenience 
presented  by  the  number  360  in  the  great  number  of 
its  divisors.  The  angle  subtended  by  the  side  of  a 
hexagon  inscribed  in  a circle  was  therefore  GO0,  and 
the  corresponding  portions  of  the  circumferenec  were 
called  no  i pat,  parts  or  degrees ; each  pot  pa  was 
divided  into  GO  \crro,  or  minutes,  or  primes,  or  sex- 
agesimals of  the  first  order ; each  minute  into  GO 
seconds,  or  sexagesimals  of  the  second  order ; and  ho 
on  proceeding  to  trines,  quaterucs,  &c.  in  a descend- 
ing series.  But  this  sexagesimal  division  was  not 
confined  to  degrees  of  the  circle  : the  side  of  the  in- 
scribed hexagon  itself,  which  is  equal  to  the  radius, 
was  likewise  divided  into  GO  pet  pat,  and  the  same 
scries  of  sexagesimal  subdivisions  were  applied  to 
these  rectilineal  degrees  (patpat  ti tOua'p)  as  to  those 
of  the  circumference  (jutpat  T*p«fHp*t*<»  ;)  and  as  the 
whole  business  of  calculation  in  ancient  astronomy 
was  reduced  to  the  arcs  and  chords  of  circles,  this 
sexagesimal  Arithmetic  superseded  every  other  in 
works  on  that  subject. 

By  whom  The  invention  of  this  species  of  Arithmetic  is 
invented,  attributed  to  Ptolemy  by  liis  commentator  Theon, 
and  later  authors ; though,  if  wc  might  judge  from 
the  language  of  Ptolemy  himself,*  when  explaining 
the  principles  upon  which  his  table  of  chords  was 


constructed,  we  might  be  inclined  to  think,  that  History, 
the  sexagesimal  division  of  the  degrees  of  the 
circle  was  known  before  his  time,  and  that  he  only 
applied  it  to  the  division  of  the  radius.  Whoever/ 
however,  was  its  author,  it  must  be  considered  as  the 
greatest  improvement  in  the  science  of  calculation 
which  preceded  the  introduction  of  the  Hindoo  no- 
tation ; it  enabled  astronomers  at  once  to  get  rid 
of  fractions,  the  treatment  of  which,  in  their  ordinary 
Arithmetic,  was  so  extremely  embarrassing ; anil 
enabled  them  to  extend  their  approximations,  particu- 
larly in  the  construction  of  tables,  to  any  required  f 
degree  of  accuracy. 

The  notation  of  sexagesimals,  as  it  appears  in  KoUtlos. 
Ptolemy  and  his  Commentator,  is  nearly  the  same  as 
that  which  is  made  use  of  in  modern  astronomical 
writings  j the  degrees,  or  aotpat,  were  considered  as 
units,  and  written  in  the  ordinary  manner,  a stroke 
being  placed  over  the  lust  symbol,  as  in  pit,  or  44°. 

The  successive  orders  of  sexagesimals,  primes,  seconds, 
trines,  &c.  were  denoted  by  one,  two,  three,  &c. 
accents,  as  in  modern  astronomical  notation  ; thus 

si  if  * p f?"  * r""  X 0**"  is  equivalent  to 

14°  S'  57"  42"  26>*  39T. 

It  is  quite  clear,  that  in  this  notation  all  symbols  Symbol  for 
beyond  f,  or  60,  were  superfluous  ; and,  as  in  many 
cases  a zero  was  necessary  to  signify  the  absence  of  any 
one  term  in  the  series  of  sexagesimals,  the  symbol  o 
next  in  order  to  it  was  taken  for  this  purpose,  as  it 
could  not  be  confounded  with  any  of  (hose  which  this 
notation  made  significant ; thus  o if'  i f"  denotes 
0°  24'  I6vj  if  o'  p"  denotes  16°  O'  40".  It  is  a 
curious  circumstance,  that  this  symbol  for  zero,  trans- 
mitted from  the  Greeks  to  the  Arabians,  and  from 
thence  to  Europe,  was  adopted  ns  the  zero  in  the 
Hindoo  notation,  having  superseded  the  simple  dot 
which  was  generally  used  for  that  purpose  amongst 
the  people  from  whom  it  was  derived. — - 

We  shall  now  give  a few  examples  of  Arithmetical 
operations  on  sexagesimal  quantities,  in  doing  which 
we  shall  take  for  our  guide  the  Commentary  of  Theon 
on  the  9lh  Chapter  of  the  Almagest  of  Ptolemy,  of 
which  the  chief  object  is  the  exposition  of  the  princi- 
ples and  practice  of  this  Arithmetic. 


To  find  the  square  of  X £ V » •"  or  37°  4'  55". 


F.xnmple  of 
multipli- 
cation. 


X£  V *«" 

x £ v * «" 


o4  t £ 0 p p f]'  X «" 


1369°  148'  2035" 


7t  r 


U&  16"  220"' 

2035"  220"'  3025"* 


«,*  £0  Strf*  vp"'  7 , « 


1369°  296'  4086"  440"'  3025"" 


The  multiplications  arc  performed  in  the  same  Arithmetic,  only  proceeding  from  the  right  to  the 
manner  ns  in  duodecimals  in  our  common  books  of  left  ; and  it  is  probable  that  the  multiplications  were 

— , — ...  — rendered  more  easy  by  means  of  a sexagesimal  table, 

* Mr>«An  2wr*pf,  l*bi,  a.  ««?.  6.  containing  the  products  of  ail  numbers  with  each 

vot..  i.  3 o 
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Arithmetic,  other  as  for  as  60  another  question  also  which  which  will  be  very  evident  to  any  one  who  under-  History. 

1 Thenn  has  considered,  was  to  determine  the  order  of  P q pq  'v— 

the  product  of  sexagesimals  of  the  same  or  different  stands  the  theorem  — — x s=  ■ 
orders  j thus,  the  product  of  two  primes  arc  seconds, 

of  seconds  and  primes  arc  trines,  of  seconds  and  It  now  remains  to  divide  the  successive  sums  of 
trines  are  quinquines,  and  generally  the  order  of  these  sexagesimals  by  60,  so  as  to  reduce  them  withiu 
the  product  of  any  sexagesimals  will  be  the  sum  the  proper  limits  of  the  sexngesimal  notation, 
of  the  orders  of  the  component  factors  j a fact. 


7.**"" 

= o 

o' 

3093'’ 

= 

0* 

0' 

o" 

50"' 

25" 

vp!” 

= 

c 

HU1" 

= 

0° 

o' 

7" 

90'" 

1,  V l" 

— n 

7# 

s* 

•lose" 

= 

»• 

6" 

= c 

► s' 

996' 

= 

4° 

..Tfi) 

s n(  r £ 0 

13(19“ 

= 

1369° 

a T o e 

i’ 

,1” 

J*  *«"" 

1375“ 

4 ' 

14' 

10 " 

25hf 

Additions,  ns  well  as  subtractions  and  other  arithmetical  operations,  upi>car  to  have  been  performed  from 
right  to  left  i a method  which  was  subject  to  considerable  inconvenience,  particularly  in  the  two  first  cases, 
from  their  requiring  a constant  reference  to  the  numbers  in  the  subsequent  columns.  Theon  has  proposed 
the  following  example  of  division,  and  detailed  the  process.  He  gives  no  scheme  of  the  operation,  which 
may,  however,  be  cosily  supplied. 


Of  dimk-n. 


Examtlr  2. 


To  divide  4 **  by  « «\/3' «"  or  1515°  2(/  15''  by  *5°  l*'  I0". 


nt  0 « € K*  it" 
«|  ip 

9 c' 

o' 

/ 

Ty 

/mu' 


< « i p t" 

TTw7 


V if 


K \ I." 


or#" 
W S «" 


« V" 

Tbt1" 


• Snrh  table*  vfr«  in  genera,  aw*  when  operation*  iu  thi«  Arithmetic  were  required  amonett  aatronomera  before  the  deci- 
mal divMoti  of  tlte  radius,  and  may  be  found  in  many  work#,  both  agronomical  and  arithmetical  j and*  amongst  other#,  in 
Wallis’s  Algebra. 
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25°  X 60 


1515°  20'  IS" 
1500“ 


15”=  800' 


(Euxri.i  2.  amlinutiL) 

I 25°  19/  10" 

I 60”  1st  quotient. 


12‘  x 60 
10"  x 60 
25°  X r 


12"  x 7' 
10"  x 7' 


920' 

720' 


200' 

10' 


190' 

1*5' 

lo'=90 O" 

915" 

84" 


25°  12'  10" 

7'  2nd  quotient. 


831" 

1'  10'" 


25°  X 33" 
12'  X 33" 


829  SO'" 
825 


4"  50'"  = 290'" 
396'" 


25°  12"  10" 

33"  3d  quotient. 


— 106 

The  quotient  is  nearly,  therefore,  60°  7'  33".* 

The  operation  requires  no  farther  illustration  than  what  is  afforded  by  the  preceding;  schemes,  and  accurately  Of  extract- 
resembles  our  processes  for  cumpound  division.  This  example  form*  a natural  introduction  to  one  for  In* 'be 
extracting  the  square  root,  which  Tbeon  afterwards  subjoins,  referring  for  the  proof  of  the  operation  to  the  •qusreroot. 
figure  and  result  of  the  fourth  Proposition  of  Euclid's  Eltmatf. 


Examplk  3. 

To  extract  the  square  root  of  i,  <t>,  or  4500. 

Ifr*'-*" 


Xf' 

» t * i %" 

r,***'' 
r,  t •" 
r"  *" 

f/t/  K 


• Delambre,  fiutoir*  d*  f Atirenomit  Attcienne,  tom.  ii.  p.  25. 

3o? 
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(Example  3,  continued.) 


■1500'’ 

4489 

1 1“  = 6®/ 

536*  16* 


67°  4'  55* 

134°  = « x 67° 


History. 


123'  44" 
134°  X 55 
8'  X 55' 

55“  X 55" 


7494'  I 134°  8' 

73 7(T' 

7"  20"' 

50"'  25" 


Proves*  fur  The  process  is  os  follows : the  greatest  number 
extracting  whose  square  is  less  than  4500  is  67 » subtract  the 
tl.e  square  gqgm  (,f  qj  from  4500,  and  the  remainder  is  ll9,  or 
,0°  660' ; double  67,  which  makes  134  ; the  next  term  in 

the  root  is  4',  which,  multiplied  into  134°  4',  produces 
536'  16"  ; subtract  this,  and  the  remainder  is  123'44", 
or  7-t24"j  the  double  of  the  root  already  obtained  is 
134°  8',  and  the  next  term  in  the  root  obtained  by 
trial  is  55",  which,  multiplied  into  134°  8'  55",  and 
the  result  subtracted,  leaves  a remainder  45"  49'"  35". 
It  is  clear  that  the  same  process  may  be  continued  to 
any  required  degree  of  accuracy.  The  scheme  of  the 
operation,  which  wc  have  copied  from  Dclurobre, 
agrees  substantially  with  the  process  given  by  'IT) eon } 
at  its  conclusion  he  has  stated  the  rule  with  perfect 
distinctness  in  the  following  manner  : **  Find  the  root 
of  the  nearest  square  to  the  whole  number  ; subtract 
this  square,  convert  the  remainder  into  primes,  and 
divide  it  by  the  double  of  the  first  root,  and  thus 
determine  the  next  term  in  the  root ; square  the  sum 
of  the  terms  found,  subtract  this  square,  convert  the 
remainder  into  seconds,  and  divide  it  by  the  double 
of  the  root  already  found,  and  you  will  have  the 
squurc  root  very  nearly.’* 

Henson*  for  (40.)  The  sexagesimal  division  of  the  circle  hnscon- 
rontiaatog  tinued  to  our  times,  and  is  likely  to  continue,  notwith- 
-stBn^,n&  the  attempt  made  in  F ranee,  at  the  same  period 
*itm  cf  the  that  they  altered  their  measures  of  length,  weight,  and 
circle.  capacity,  to  replace  it  by  the  decimal  division,  or 
rather  centesimal,  and  which  has  been  sanctioned  by 
the  authority  of  Laplace.  If  the  alteration  had  com- 
menced with  the  centesimal  division  of  the  degree 
which  should  itself  have  remained  unchanged,  it  would 
robably  have  met  with  general  adoption,  as  it  would 
ave  produced  a considerable  simplification  of  loga- 
rithmic tables,  and  would  have  assimilated  trigonome- 
trical with  all  other  processes  of  calculation  ; but,  by 
attempting  to  change  the  primary  divisions  of  the 
circle,  they  not  only  abandoned  the  advantages  pre- 
sented by  the  number  of  divisors  of  60,  90,  360,  of 
which  artists  employed  in  the  division  of  circles  are 
very  sensible,  but  likewise  proposed  to  render  useless 
the  whole  mass  of  existing  tables,  unless  they  had 
been  calculated  anew. 

We  have  likewise  retained  the  sexagesimal  division 
of  time,  and  have  not  merely  retained  the  accentual 
notation,  but  likewise  the  names,  such  as  minutes  and 
seconds,  which  are  connected  with  this  division*  The 


• Tl»e  primes  were  culled  Arrra,  that  u minn/a,  or  am&ll 
portions  U llte  pwpa,  or  iuiegral  part. 


45"  49"'  35" 

sexagesimal  division  of  the  radius  continued  until  the 
year  1464,  when  Regiomontanus,  in  bis  Oput  Palati- 
num  rh r Triaitgvlit,  divided  the  radius  in  ten  millions; 
be  at  first  proposed  to  divide  it  into  sixty  millions  of 
parts,  but  abandoned  his  intention  upon  farther  con- 
sideration, as  wc  learn  from  the  relation  of  Valentine 
Otho,  in  his  Preface  to  that  work. 

(4l.)In  reviewingthe  history  of  Greek  Arithmetic,  we  Recapito* 
find  it  indebted  for  its  greatest  improvements  to  the  latloQi 
same  persons  who  contributed  most  to  their  geome- 
trical and  astronomical  science  ; to  Archimedes,  for 
bis  indefinite  extension  of  their  numeral  language  ; to 
Apollonius,  for  his  distinction  of  bases  and  analogous 
numbers,  and  the  practjpd  methods  of  multiplication 
which  were  founded  upon  it  ; and,  most  of  all,  to 
Ptolemy,  for  his  refined  invention  of  sexagesimals,  by 
which  fractions  and  integers  were  brought  within  the 
compass  of  a common  and  uniform  notation,  and  sub- 
jected to  the  some  arithmetical  operations.  To  this 
list  wc  might,  upon  the  authority  of  the  learned  and 
accurate  Dclambre,  add  the  name  of  Diaphontus,  for 
the  artifice  of  denoting  myriads  from  position  merely, 
by  interposing  a dot  between  symbols  for  myriads  and 
monads,  omitting  the  initial  M t*,  or  M,  which  are 
usually  attached  to  the  former ; but  we  have  given 
some  reasons  above  for  inducing  us  to  believe,  that  if 
this  artifice  was  really  made  use  of  by  him,  he  was 
insensible  of  its  advantages,  as  this  important  principle 
was  nearly  barren  in  his  own  hands,  and  is  never 
noticed  by  subsequent  writers. 

Dclambrc  considers  it  a fact  humiliating  to  the  pride 
of  human  genius,  that  the  discovery  of  the  notation  by 
nine  digits  and  zero,  should  have  escaped  the  sagacity 
of  these  illustrious  men,  especially  when  engaged  in 
researches  connected  with  the  improvement  of  arithme- 
tical language  and  notation.  To  us,  with  whom  this 
notation  has  been  familiar  from  our  boyhood, the  inven- 
tion of  it  may  appear  simple  and  easy;  but  with  them  it 
ran  counter  to  all  their  associations.  They  had  been  ac- 
customed to  the  use  of  twenty-seven  independent  sym- 
bols, which  all  appeared  equally  necessary  for  arithme- 
tical notation  ; and  it  was  not  a very  simple  investigation 
which  showed  that  nine  of  them  only  w*ere  necessary 
in  arithmetical  operations.  In  order  to  pass  from  this 
conclusion  to  their  use  in  the  expression  of  all 
numbers,  there  was  required  the  invention  of  the  zero 
and  the  device  of  place,  both  of  them  refinements  of 
a nature  not  easily  discovered.  The  Greeks  also  were 
altogether  ignorant  of  the  advantages  of  notation  ns 
distinct  from  language  ; and  were  unacquainted  both 
with  the  powers  of  algebraical  symbols,  in  exhibiting 
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Arithmetic,  at  once  to  the  eye  and  to  the  mind  the  most  compli- 
s— cated  relation*  of  quantity,  and  such  as  language  if 
incapable  of  expressing  without  extreme  difficulty  j 
they,  in  consequence,  always  appear  to  have  considered 
numerical  notation  as  of  secondary  importance  to 
numerical  language,  and  never  attempted  to  make 
them  independent  of  each  other. 

If  Ptolemy  had  found  the  degree  of  the  circle 
divided  into  10  minutes  instead  of  GO,  and  similarly  in 
all  further  subdivisions,  he  would  have  been  led  to 
the  invention  of  the  decimal  instead  of  the  sexagesi- 
mal Arithmetic,  with  the  zero,  and  much  at  least  that 
is  most  essential  in  the  device  of  place  } for  the  ac- 
centual marks  which  distinguish  the  several  order*  of 
sexagesimals,  though  they  made  the  zero  unnecessary, 
did  not  supersede  it ; and  the  order  in  which  these 
quantities  were  written  gave  their  relative  value  with 
respect  to  each  other,  and  their  absolute  value  with 
respect  to  the  primary  unit.  It  might  be  objected, 
indeed,  that  the  sexagesimal  division  was  applied  in  n 
descending  ami  not  in  an  ascending  scale ; the  unit* 
themselves  being  written  in  the  ordinary  notation,  and 
not  classified  according  to  ascending  powers  of  GO:* 
but  we  must  keep  in  mind  that  this  notation  was  in- 
troduced for  avoiding  the  inconveniences  of  the 
common  notation  in  the  treatment  of  fractions,  and  not 
for  the  purpose  of  superseding  it  j and  that  its  in- 
ventor and  his  successors  naturally  terminated  their 
innovations,  when  they  had  fully  answered  the  purpose 
for  which  they  were  introduced.^ 

Ancient  (42.)  It  is  impossible,  from  any  existing  records  or 
Greek  monuments,  to  fix  the  date  of  the  origin  of  Greek 
arithmeti-  arithmetical  notation.  We  may  assume  it  to  have  been 
tioo!101*  introduced  subsequently  to  their  alphabet,  and  that  it 
was  unknown  also  at  the  period  of  the  colonization  of 
Latium,  as  no  traces  of  it  are  discoverable  among  the 
Romans  ; + and  we  have  before  mentioned  (Art.  22,)  J a 
notation  mentioned  by  Hcrodian  the  Grammarian,  as 
mode  use  of  by  Solon,  in  writing  his  laws,  and  which 
is  frequently  observed  in  ancient  coins,  and  in  monu- 
mental and  other  inscriptions.  Thus  in  the  Arun- 
deli.m  marbles  wc  have  the  inscription,  (in  modern 


• We  find,  tiowerrr,  in  die  Cnmmtnlmriti  of  Thron  on  the 
fourth  Book  of  the  Atmmgnt,  examples  of  superior  scxiuresimaU, 
though  the  highest  ordrr  of  the  sexagesimals  are  considered,  as 
far  ns  the  notation  is  concerned,  as  the  primary  units : thus,  in 
reducing  {vtfi  pT  vo"  p'"\  or  7412*  10*  44"  51"'  40"  to  the 
*rxn£r*imal  notation,  he  dirldea  7412  twice  by  60,  and  writes 
down  the  result  after  the  first  division  under  the  form 

pay  \ ft  ('  itV”  ru"’'  p'nn 
and  after  the  second  as  follows, 

d V *0*  r (**'"  ra"*  m'*’” 

which  is  equivalent  to 

2«-  3«.  32*  10'  44-  51'"  40*. 

It  is  clear  from  these  examples,  that  the  accents  hail  reference  to 
relative  value  from  position  only ; and  the  quantities  to  which 
they  were  attached  varied  with  the  variation  of  the  valnc  of  the 
primary  units. 

f In  the  later  aces  of  the  Roman  Empire,  the  Greek  numeral 
notation  was  sometimes  made  use  of ; the  digits  weie  denoted 
by  «.  4,  c,  d,  r,  /,  g,  A.  * ; 

the  articulate  numbers  of  the  first  ordrr  by 

•»  />,  f,  c,  $: 

and  those  of  the  second  order  by 

t,  w,  s,  V.  *,  A k,  Am,  le. 

fleniscbius,  <i*  X-tmrrntinne  hfulffptiri. 

♦ It  is  found  in  a shot  t Tract  vipi  r«*  dptVuu*  amongst  the 
Gramwut/tci  Ptteret. 


character*,)  *A0  oS  Kikp*>ge  A0jmSk  «/3<i<rArtr#*,  tmi  A History. 
X* -pa  KtJtpotria  tWifOij  to  wpvrtpov  aaXov/icVy  Amnj 

iiro  Kmaiov  Avm\0ovo%  «ry  \ll II II Al  1111 , (1318;)  and 
again,  ’A0  ov  Uuijpoi  o woaynyv  C0a*nj&<7,  HjHAAAAllI, 

(643.)*  But  it  by  no  mean*  follows  from  the  use  of 
these  numerals  on  such  occasions,  that  the  other  were 
unknown  ; it  is  sufficient  that  the  one  were  more 
ancient  than  the  other,  to  induce  engraver*  and  others 
to  make  use  of  them,  whether  from  respect  to,  or 
affectation  of,  antiquity.  Such  at  least  may  be  easily 
imagined  to  have  been  a prevalent  feeling,  if  wc  may 
judge  from  the  practice  of  modern  times. 

(43.)  The  Greeks  derived  their  alphabet  from  the  Pb«-  Arithinc- 
niclans,  and  from  a similar  source  they  derived  also  the 
use  of  their  ordinary  numerical  notation  for  we  find  Scmit.e 
the  same  system  in  use  amongst  the  Hebrews,  Syrians,  nation., 
and  in  short  amongst  all  Semitic  nations.  An  enu- 
meration of  some  of  those  systems,  combined  with 
some  observations  on  the  name*  and  positions  of  the 
three  interpolated  symbols,  will  render  their  origin 
perfectly  clear.  . 

The  following  is  the  system  of  Hebrew  numerals;  J* 


1.  K Aleph. 

60. 

D Samech. 

2.  3 Beth. 

70. 

V Ain. 

3.  2 Gimcl. 

80. 

a Pc. 

4.  1 Dalclh. 

90. 

V Tsudi. 

5.  n He. 

100. 

p Koph. 

6.  I Vau. 

200. 

n Resell. 

7.  T Zuin. 

300. 

V Schin. 

8.  n Chet. 

400. 

n Thau. 

9.  13  Teth. 

500. 

q Caph  final. 

10.  * Jod. 

600. 

0 Mem  final. 

20.  3 C'aph. 

700. 

j Nun  final. 

30.  b Lamed. 

800. 

q Pc  final. 

40.  o Mem. 

900. 

^ Tsadi  final. 

50.  2 Nun. 

The  ancient  Hebrew  and  Samaritan  alphabets  con- 
sisted of  only  twenty-two  letters,  and  the  simple 
numeral  symbols  proceeded  no  farther  than  400 ; to  de- 
note 500,  they  combined  the  symbols  for  400  and  100, 

thus,  pnj  600,  in  j 7oo,  wnj  boo,  nn;  900,  pnruf 
The  same  is  the  case  also  in  the  Syriac  characters  ;t 
and,  according  to  the  statement  of  I>e  Sacy,§  with 
the  alphabet  of  the  ancient  Arabs.  It  was  only  in 
later  times  that  they  appear  to  have  added  the  five 
final  letters,  to  bring  their  numeral  notation  up  to  the 
limits  of  their  numeral  language. 

(44.)  The  comparison  of  the  Hebrew  numeral  clMrac*  Greek  at-  • 
ters  with  those  of  the  Greeks,  will  show  at  once  their  phabet  anJ 
common  origin,  particularly  when  combined  with  , 

the  names  which  were  given  by  the  Greeks  to  their  ‘ 

interpolated  symbols  ; thus  Alpha,  Beta,  Gamma,  origin. 
Delta,  Epsilon,  correspond  with  Aleph,  Beth,  Girael, 


• See  aUo  Rom’s  Inecripttonet  Gmer  I'etuttiui-iur,  p.  41  and 
137—140. 

-f-  Professor  Leslie,  in  Ills  Philosophy  of  Arithmetic,  has  charac- 
terised the  numerical  system  as  well  as  language  of  the  ancient 
Hebrew*,  as  equally  remarkable  for  their  poverty  and  rudeness. 
Ills  difficult,  however,  to  discover  upon  what  grounds  this  re- 
proach L»  founded,  in  one  respect  at  least,  when  we  find  that 
system  adopted,  with  very  few  changes,  by  the  most  improved 
nation  of  antiquity  ; and  that  even  under  this  form  it  was  superior 
to  that  which  continued  to  he  employed  by  the  Romans  throughout 
their  empire. 

J Beveridge.  Arithmetic*!  CAtomolngtcm,  lib.  L 

| Grmmmaire  Armie,  vol.  i.  p-  74. 
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Arithmetic.  Daleth.  He,  which  denote  1,  2,  3,  4, 5 ; and  also  Zeta, 
Eta,  Theta,  with  Zain,  Chet,  Tet,  for  7>  8,  9 ; but  in 
the  Greek  there  is  no  letter  corresponding  to  the 
Hebrew  Vau,  which  denotes  6 ; and  they  consequently 
interpolated  the  symbol  r for  this  number,  bearing  as 
much  resemblance  in  form  to  the  corresponding 
Hebrew  letter  as  is  found  amongst  other  letters  of  the 
alphabet,  and  expressly  denominated  by  them  evury- 
nov  j&au,  that  is,  indicating  I'au,  to  show  its  place  in 
the  system  from  which  it  was  taken.  The  other  two 
symbols  were  and  jj,  denominated  ivimfn or  ton ra  and 
tm'orjuor  aarni,  that  is,  indicating  Koph  and  Tsadi.*  It 
is  observable  also  that  the  symbol  Koph  has  receded  one 
place  in  its  transmission  to  the  Greek  system,  whilst  the 
other  symbol,  Tsadi , or  «ronri,  may,  or  may  not,  be  in 
its  proper  place,  according  as  it  is  used  for  the  final 
or  initial  letter  of  that  name.  Under  any  circum- 
stances, the  names  as  well  as  the  positions  in  the 
system  of  these  interpolated  symbols,  are  more  than 
sufficient  to  ascertain  their  origin,  particularly  when 
the  discordance  in  the  second  half  of  the  second,  and 
the  whole  of  the  third  ertnead  of  symbols  is  considered, 
which  arises  from  the  diversity  of  the  alphabets  ; 
from  the  vowels  in  one,  and  the  compound  letters 
in  both. 

H.-Ww  (-45.)  In  returning  again  to  the  Hebrew  Arithmetic, 

Arithmetic.  wc  gn(|  fittle  which  distinguishes  it  from  the  Greek. 

Compound  numbers  were  denoted  by  the  combina- 
tion of  the  symbols  of  tbe  component  numbers  : 

thus  X3  is  91 ; f3"i  is  932  j the  number  15  they  de- 
noted by  ic,  or  9 and  6,  and  not  by  n\  Jah,  one  of  tbe 
names  of  the  Deity,  which  could  not  be  pronounced 
without  profanation.  In  some  cases  they  denoted 
thousands,  by  denoting  the  number  of  thousands  by 
its  proper  symbol,  and  the  other  numbers  after  it  thus, 

Smt,  1430,  where  K denotes  100O|  2Di  5242, 

where  n denotes  5000;  but  this  is  seldom  dune,  unless 
succeeded  by  an  articulate  number  of  the  second 

order ; thus  1030  is  hardly  ever  denoted  by  b k It  is 
not  our  object,  however,  to  describe  all  the  artifices 
of  notation  to  which  they  resorted  j it  is  sufficient  for 
us  to  exemplify  a system  of  Arithmetic  made  use  of 
in  tbe  most  ancient  of  languages,  and  which  has  been 
from  thence  transmitted,  either  directly  or  indirectly, 
to  so  many  nations,  f 

Arabic.  (46.)  The  ancient,  or  Cufic  Arabic  characters,  were 
derived  from  the  Syriac,  and  were  only  twenty- two  in 
number.  The  modern  characters  were  introduced 
about  the  year  800  after  Christ,  and  are  twenty-eight 
in  number,  though  six  of  these  arc  only  different 
forms  of  tbe  same  letters  when  they  appear  in  the 
middle  and  end  of  a word,  like  the  Hebrew  finals. f 
The  Arabians  were  thus  possessed,  not  only  of  the 
three  enneads  of  symbols,  which  were  used  by  tbe 
Hebrews,  but  likewise  of  a simple  symbol  for  1000. 
The  same  system  was  found  also  amongst  the  Persians, 
the  Copts,  and  every  other  people  whose  language 
wns  in  any  considerable  degree  of  a Semitic  cha- 
racter. 

Russian.  (47-)  The  Russians  derived  their  alphabet  from  the 
Greeks,  amplified,  however,  so  ns  to  embrace  the 

• Scyffartb,  de  .Sown  Liter  arum  Grecarum,  p.  593. 

t Beveridge,  sirithmeticts  Ckrvno logic*,  lib.  U 

X De  Sacjr,  Grammaire  .Irabe,  p.  7 A. 


greater  variety  of  sounds  which  their  language  required ; History, 
the  thirty-six  letters  * of  their  alphabet  gave  them  S'"*-' 
numeral  characters  for  all  numbers  below  10,000,  and 
the  system  of  accentuation  extended  their  notation  as 
far  a a any  number  less  than  100,000,000.  This  nota- 
tion continued  as  late  as  the  time  of  Peter  the  Great, 
who  introduced  the  Hindoo  numerals ; and  in  public 
and  formal  documents  is  sometimes  made  use  of  even 
at  this  time.  We  find  it  used  also  among  Gothic  and 
Scandinavian,  as  well  as  Sclavonic  nations  j and  it 
was  only  abandoned  when  the  influence  of  the  Latin 
language,  in  the  first  place,  made  way  for  tbe  Roman 
numeral  characters ; and,  lastly,  by  that  notation 
which  has  superseded  every  other. 

(48.)  It  would  be  a vain  and  idle  task  to  attempt  to  Romm 
enumerate  all  the  conjectures  which  have  been  made  to  srfUunetl- 
account  for  the  origin  of  the  Latin  numeral  symbols  ; [^0DOta* 
it  is  sufficient  for  us  to  say,  that  they  are  obviously 
connected  with  the  same  numeral  systems  which  gave 
rise  to  the  more  ancient  Greek  numeral  characters, 

(Art.  22.)  In  fig.  6,  we  have  given  from  Gruter  and 
Beveridge  a table  containing  tbe  principal  forms  which 
their  numeral  characters  are  found  to  assume  in  an- 
cient inscriptions ; the  first  five  of  them  are  subject 
to  very  few  variations.  The  character  for  500  is  ID» 
or  under  an  abbreviated  form  D;  its  value  is  doubled, 
or  becomes  1000,  by  prefixing  a C to  it,  as  in  CI3  1 
5000  is  denoted  by  133,  and  100,000  by  CCI30# 
and  the  value  becomes  increased  in  a decuple  propor- 
tion, by  the  successive  addition  of  pairs  of  C,  on  each 
side  of  the  line  I j thus  100,000  is  denoted  by 
CCCI3D3  j 10,000,000  by  CCCCI3333,  and  so  on. 

Though  6 is  usually  denoted  by  VI.  yet  in  some 
inscriptions  we  find  it  expressed  by  six  lines  ; thus  we 
find  limlVIR  for  mar,  or  sexriuwcir;  20  is  mostly 
denoted  by  XX,  but  sometimes  by  # , and  30  by  jfft ; but 
V and  L are  never  repeated,  and  X and  C never  more 
than  four  times.  By  placing  a line  over  these  numeral 
characters,  their  values  were  increased  one  thousand 
fold  ; thus  Fis  1000, V is  5000,  X~ia  10,000,  L*.  50,000, 

C,  100,000  ; 2000  was  usually  denoted  by  CI3CI3* 
but  sometimes  also  by  IICI3,  or  I1M  ; and  in  the 
same  manner  4000  was  represented  by  1VCI3,  7000 
by  VIICI3,  and  similarly  in  other  cases. 

Examples  without  number  of  these  notations  are  Example*, 
every  where  to  be  found  in  classical  authors  and  in 
inscriptions  ; we  6holl  merely  give  the  following, 

jYttm  ferme  ante  anno*  DCCCCL  (950)  Jtoruit 
Homer* it,  intra  CD  (1000)  natus  ft. 

Velleius  Paterculus. 

Homo  fui  primus  foetus  ft  ante  annas  (ut  tradunl)  HIM  DC 
(3600.)  Min.  Hist.  Hat.  lib.  uiri.  c.  13. 

Prok  drum  atijut  Amhimm  /idem  t yui  //-  S CCCZW3 
CCC1D33  CCCDDJl 300,000  test  erf ia)  quest  us  fact re  noluit,  (nam 
cert!  US  CCCO30  COCOX)  CCCDJD  mertrt  potmt  rt  debut, 
si  potest  Dionyria  US  CCCOOJ  CCCJD33  (200,000  safer M) 
merere)  is  per  tumtnasn  frond  cm  et  malitiam  el  per/uHam  US 
1333  (50,000  satertia ) appetiit  t 

Cicero,  pro  Rascio  Comedo. 

In  fig.  7 is  given  an  inscription,  which  will  illustrate  Pif.  7. 
some  other  forms  of  numeral  characters,  which  are  of 
frequent  occurrence. 

These  examples  will  sufficiently  exhibit  the  cum- 

• Vater,  Gramma tik  dev  Rsuaschen  Spracht. 
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Palmyrene 
and  Plwmi- 
cian  nume- 
ral symbols 


Egyptian 

hirro^ly- 

phical 

symbols. 


Fi*.  8. 


brotifi  structure  of  the  Roman  arithmetical  notation, 
and  will  also  account  for  the  total  absence  of  all 
arithmetical  operations  amongst  them,  which  were  not 
performed  by  means  of  the  Abacus  ; and  it  is  one  of 
the  many  proofs  of  their  extreme  indifference  to  all 
scientific  improvements,  that  a system  so  incommo- 
dious was  not  abandoned  and  replaced  by  the  more 
perfect  and  comprehensive  notation  of  the  Greeks. 
In  this  instance  the  simplicity  of  arithmetical  notation 
suffered  from  its  being  perfectly  symbolical,  and  alto- 
gether independent  of  language,  as  all  numbers  were 
expressed  by  the  mere  apposition  of  the  symbols  for 
numbers  in  a series  commencing  from  unity,  and 
formed  by  successive  and  alternate  multiplications  by 
five  and  two  ; a mode  of  forming  compound  numbers 
much  less  simple  than  what  is  followed  in  nearly  all 
languages,  of  expressing  them  as  the  sum  of  the 
digits,  and  the  several  articulate  numbers  which  they 
contain. 

The  numeral  notation  of  the  Romans  wns  adopted 
in  almost  every  port  of  their  extensive  empire,  and 
continued  to  be  employed  wherever  the  Latin  language 
was  used,  long  after  the  introduction  of  the  Arabic 
numerals,  from  a feeling  of  respect  to  antiquity,  and  a 
desire  of  conforming  in  ever}*  particular  to  the  practice 
of  classical  authors.  The  sexagesimal  Arithmetic 
indeed  prevailed  amongst  astronomers,  and  was  used 
in  astronomical  tables  and  calendars ; but  it  was 
clothed  in  Homan  numerals,  notwithstanding  the  in- 
convenience of  such  a practice  for  the  pur|K>ses  of 
calculation,  and  the  knowledge  of  a better  and  more 
commodious  notation. 

(49.)  We  have  before  mentioned  the  extraordinary 
analogy  which  exists  between  the  Roman  numerals  and 
those  which  are  found  upon  Phoenician  and  Palmyrene 
coins  aud  inscriptions, (fig.  2 and  3.)  In  the  lustof  these 
systems  we  find  9,  3,  4,  denoted  by  the  repetitions  of 
the  symbol  for  1 ; 5 by  a symbol  very  nearly  resem- 
bling the  Roman  V in  an  inclined  position  ; 6, 7,  8,  9, 
in  the  same  manner  as  in  Roman  numerals,  the 
symbols  being  written  in  an  inverted  order,  conform- 
ably w ith  the  Eastern  practice  of  writing ; between  20 
and  100,  the  numeration  proceeds  by  the  vicennry 
scale  ; the  symbol  for  100  is  the  same  ns  that  for  10, 
with  the  symbol  of  1 preceding  it  j that  for  200,  is 
the  symbol  for  10,  preceded  by  two  units  ; the  symbol 
for  300  is  preceded  by  three  units  ; for  500,  by  the 
symbol  for  5,  and  so  on  to  1000,  which  is  firmed  by 
repeating  the  symbol  for  10  twice,  and  placing  a unit 
before  it.  The  Phoenician  numerals  generally  agree 
with  the  Palmyrene,  except  that  they  possess  no 
symbol  for  5 ; the  nine  digits  being  formed  by  the  re- 
petition of  the  symbol  for  unity  as  often  as  it  may  be 
required.* 

(50.)  In  the  hieroglyphical  symbols  for  numbers 
made  use  of  by  the  ancient  Egyptians,  as  ascertained 
by  the  researches  of  Dr.  Young,  t we  find  the  digits  de- 
noted by  the  repetition  of  the  symbol  for  unity,  with 
simple  symbols  for  10,  100,  1000,  all  the  interme- 
diate articulate  numbers  being  denoted  by  the  repeti- 
tions of  those  symbols,  (fig.  8.)  This  system  is 

* A minute  examineUna  of  the  form*  of  the  symbol*  for  5, 10, 
20,  100,  might,  very  probably,  show  that  they  were  modified 
form*  of  the  letter*  of  the  alphabet  which  represented  the  same 
Dumber*  in  the  different  and  strictly  alphabetical  Arithmetic 
which  the  Greeks  derived  from  them 

f Ducwena  in  liiero^lyphicni  LiUraturr. 


decimal  throughout,  without  any  intermixture  of  any  History, 
other  scale,  whether  quinary  or  vieenary.  N— 

(51.)  The  existence  of  systems  of  symbolical  Arith-  Palpable 
metic  implies  some  considerable  progress  in  the  arts  of  Arithmetic, 
life  ; and  we,  consequently,  cannot  expect  that  such 
systems  should  be  numerous,  particularly  when  we 
consider  how  few  are  the  nations  with  whom  civiliza- 
tion has  been  of  native  growth.  Amongst  ancient 
people,  we  may  refer  all  those  systems  to  Egypt  and 
Syria  for  their  origin,  however  much  modified  in  later 
times  by  the  habits  and  languages  of  the  people  to 
whom  they  were  transmitted.  In  passing  from  ancient 
to  modern  nations  we  shall  find,  that  with  the  ex- 
ception of  China,  possessing  both  a literature  and  in- 
stitutions so  different  from  all  other  nations,  the 
Hindoo  Arithmetic  has  superseded  every  other  species 
of  numeral  symbols,  both  in  Asia  and  Europe.  Before 
we  proceed,  however,  to  the  notice  of  the  gradual 
advance  of  this  Arithmetic  from  the  Eust  to  the  West, 
or  the  circumstances  which  accompanied  its  introduc- 
tion, we  shall  premise  a few  remarks  on  the  practice 
of  Arithmetic  by  means  of  the  Abacus,  which  was  so 
much  used  by  the  ancients,  and  which  was  in  general 
use  amongst  the  nations  of  Europe  until  the  end  of 
the  XVth  century. 

In  the  Theatrum  Arithmrticum  of  Leopold,  wc  have  Roman 
a representation  of  a Roman  Abacus,  which  wns  pre- 
served  in  the  library  of  St.  Genevieve,  at  Paris,  and 
which  is  copied  in  fig.  9 ; in  this,  the  numbers  are  Fig.  St. 
denoted  by  small  round  counters  moving  in  parallel 
grooves.  There  are  seven  divisions  for  whole  num- 
bers, representing  units,  tens,  hundreds,  thousands, 
ten  thousands,  hundred  thousands,  millions  ; the  vulue 
of  each  superior  unit  being  denoted  by  the  numerical 
symbols  which  arc  placed  between  the  long  and  the 
short  grooves  respectively.  The  counters  in  the 
longer  grooves  represent  units,  and  in  the  shorter 
five ; thus  to  denote  6,  we  put  one  counter  in  the 
longer  and  one  in  the  shorter  groove,  between  which 
I is  placed ; to  denote  70,  wc  put  two  counters  in  the 
longer  and  one  in  the  shorter  groove,  between  which 
X is  placed  ; and  similarly  in  other  cases,  the  princi- 
ple of  denoting  numbers  by  means  of  this  instrument 
being  too  simple  to  require  further  explanation. 

Below  the  place  of  units,  there  is  a pair  of  grooves 
appropriated  to  the  division  of  the  a*;*  the  counters  in 
the  long  groove  denote  under,  or  the  twelfth  pftrt  of 
the  pound,  and  those  in  the  short  groove  one  lialf  of 
it ; thus  five  counters  in  the  long,  and  one  in  the 
short  groove,  would  denote  11  ounces.  In  order  to 
denote  the  divisions  of  an  uncia,  there  arc  three  short 
grooves  added  j to  the  first  is  attached  the  symbol  *S*, 
or  t,  which  denotes  semimcui,  or  half  an  ounce,  which 
is  the  value  of  the  counter  placed  in  it ; to  the  second 
is  attached  the  symbol  3,  which  denotes  sicUicum,  or 
tici/ictu,  the  fourth  part  of  on  ounce  ; and  to  the  last, 
to  which  two  counters  are  appropriated,  belongs  the 
symbol  2,  designating,  according  to  Velscr,  a dueUa, 
or  third  part  of  an  6unce,  but,  more  probubly,  a duode- 
cimo, or  twelfth  part  of  an  ounce,  a supposition  which 
would  enable  them  to  denote  all  the  duodecimal  parts 
of  an  ounce,  by  means  of  the  four  counters  in  the 
three  grooves. t 

In  some  cases  the  grooves  were  replaced  by  wires 

• Lethe'*  Philosophy  of  Arithmetic. 

t Wctdjrr  and  Ward,  PhUoovpiucal  Tmautmu  for  1744. 
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Arithmetic,  upon  which  were  strung  perforated  beads,  four  on  the 
s— longer  and  one  on  the  shorter  of  each  of  them  ; in 
order  to  represent  numbers,  the  requisite  number  of 
beads  were  moved  on  to  the  end  of  the  wires,  leaving 
the  remainder  in  each  case,  if  any,  on  the  other  ex- 
tremity.* 

Chinese  (5l2.)  Under  this  form,  the  Roman  Abacus  resembled 
Swan  Pan,  the  Swan  Fan  of  the  Chinese,  which  travellers  have 
so  frequently  described,  and  a representation  of  which 
is  given  in  fig.  10 ; it  consists  of  ten  parallel  wires, 
unequally  divided,  with  four  bcuds  in  the  longer  and 
two  on  the  shorter  portions,  and  embraces  numbers  as 
fur  os  ten  billions.  In  representing  numbers  upon  it, 
the  wires  are  placed  horizontally,  the  Abacus  itself 
being  vertical,  and  the  values  of  the  beads  increase  in 
descending,  the  greater  numbers  being  placed  under- 
neath the  smaller,  in  the  same  manner  as  in  expressing 
numbers  by  their  symbols,  (Art.  13.)  As  the  decimal 
division  applies  to  their  wins  and  to  all  their  measures 
of  weight,  length,  and  capacity,  this  instrument  is 
adapted  to  arithmetical  operations  of  every  kind  ; and 
so  great  is  their  dexterity  in  the  use  of  it,  that  they 
have  become  celebrated  throughout  the  Indian  Archi- 
pelago and  the  neighbouring  countries  for  their  skill 
in  practical  Arithmetic,  f 

(53.)  The  Abacus,  or  Tabula  Logistica,  which  was 
generally  used,  was  merely  a rectangular  tablet,  strewed 
with  sand,  in  which  grooves  were  mode  by  the  hand  ; 
the  counters,  (calculi,  or  Inpitli,)  were  contained  in 
little  boxes,  (loculi,)  and  Horace  alludes  to  the  custom 
in  his  time,  of  boys  marching  to  school  with  the 
Abacus  and  its  furniture  suspended  on  their  left  arm  : 

Qma  pm  magnti  eje  centurianib**  orti, 

L*vo  tutpttui  UnuioM  !altuiaa%tjue  lacerto. 

Sat.  i.  rL  75. 

Persius  alludes  to  the  custom  of  strewing  the  tablet 
with  sand,  in  the  following  passage  : 

AV  pi  ahneo  h macros  ft  recto  im  pult-crt  met/u 
ScU  ruun  t-a/rr.  Sat.  1.  131. 

This  sand,  according  to  Martlunus  Capclla,  was  of  a 
sea-green  colour : 

Sic  alarum  per, tare  jubtt,  *k  tegmina  glaum 
Pander r puivrrcum  formoaum  dmtikur  tr  juur.  J 

Cicero  makes  use  of  the  phrase  cruditum  attigisse 
pulperem,$  in  a metaphorical  sense  to  denote  a person 
who  is  skilled  in  the  science  of  numbers  and  calcula- 
tion ; and  Tcrtullion  applies  the  terms  primi  nttnie- 
rorum  arenarii,\]  to  the  teachers  of  the  first  rudiments 
of  arithmetical  knowledge. 

The  counters  which  were  made  use  of  were  of 
various  kinds  ; and  in  the  progress  of  Roman  luxury 
were  formed  of  the  most  precious  materials.  Thus 
Juvenal  alludes  to  the  employment  of  counters  of 
ivory  in  the  following  lines. 


Classical 
■llmidIU 
to  the 
Fatala 
L»srUtics- 


Adm  imU/t  uneia  nobti 
Ktt  eloru,  net  TtxttUe,  non  calculus  ex  kkc 


Sat.1L  131. 


• TV.*  ta  the  roan  of  the  Abaca.,  a drawn*  of  which  is  given 
by  Velacr , and  which  in  copied  by  Grater,  vol.  5.  p.  224. 

f Phtiotophnal  Trmuartionj  /or  1686.  No.  180  ; Smetbnnt,  In 
™ fr  l7«;  LmSfn  PkiUmpku  of  Aritk- 

mttn.  P-221  ; and  Crawfords  Indian  Archipelago,  vol.  U. 

et  uni  et  dc  reptem  artilur  Ultra. 

221  T * Aritkmettco  ; Leslie  * Pkilotophy  of  Arithmetic, 

ft  D*  Mature,  Dtorum,  |lb.  li.  18. 

B Mahndel,  Arndt  mu  <Ut  Imtcriptiwu,  vol.  v.  p.  261. 


And  from  a passage  in  Petronius  Arbiter  we  may  History, 
suppose  that  in  later  times  they  were  sometimes  made  v— 
of  silver,  und  even  of  gold  : S'olaci  rent  omnium  deli- 
caiissimam,  pro  calculi*  aibis  aut  nigra,  aurcos  argent - 
eosyue  haheUit  denarius.* 

The  familiar  use  of  these  counters  gave  rise  to 
numerous  metaphorical  phrases  amongst  classical 
authors,  which  have  reference  to  arithmetical  opera- 
rations  on  the  Abacus ; thus  calculus  pone  re,  or  motcre, 
to  state  an  argument ; hie  calculus  acc&lat,  to  signify 
the  addition  of  a proof  to  others  which  have  preceded; 
calculum  dttrahere,  or  suUluecre,  to  suppress  a proof,  or 
step  in  an  argument ; calculum  reducer e,  to  change  a 
line  of  conduct  or  reasoning,  with  which  you  are  dis- 
satisfied , and  many  other  phrases,  the  proper  force 
of  which  can  only  be  understood  by  a reference  to  the 
use  of  this  instrument. 

(51.)  The  same  instrument  was  likewise  made  use  of  Greek 
by  the  Greeks,  and  most  other  ancient  nations  ; their  Abacus, 
counters  were  called  or , and  the  process  of  calcu- 

lation by  their  means  yjr^ctftopt a.  Amongst  other 
distinctions  which  Herodotus  has  mentioned  between 
the  customs  of  the  Greeks  and  Egyptians,  it  is  said, 

“ that  in  writing  and  in  calculating  with  counters, 
the  Greeks  move  the  hand  from  the  left  to  the  right, 
but  the  Egyptians  from  the  right  to  the  left."!  Some 
authors  have  attempted  to  trace  the  derivation  of  the 
use  of  this  instrument  from  Abraham  to  the  Egyptians, 
Phrenicians,  und  from  thenc-e  to  the  Greeks  ; without, 
however,  venturing  upon  so  minute  an  examination 
of  its  history,  wc  may  certainly  infer  that  its  use  was 
very  general  amongst  the  nations  of  antiquity ; and 
that  in  almost  every  instance  it  preceded  the  use  of 
symbolical  Arithmetic. 

(55.)  The  use  of  counters  was  general  throughout  Its  use  to 
Europeas  late  os  the  end  of  the  XVth  century  ; about  » hue 
thnt  period  they  had  ceased  to  be  used  in  Italy  and  Spain,  ,n 
where  the  early  introduction  of  the  Arabian  figures,  n>,>e* 
and  the  number  of  treatises  of  practical  Arithmetic 
by  means  of  them,  had  rendered  them  unnecessary. 

They  were  used  to  a still  later  period  in  France,  and 
had  not  disappeared  in  England  and  Germany  before 
the  middle  of  the  XVllth  century.  Shakspc&re, 
who  may  be  considered  as  correctly  representing  the 
customs  and  opinions  of  his  times,  exhibits  the  clown 
in  the  play  as  embarrassed  with  an  arithmetical  ques- 
tion, and  declaring  thut  he  could  not  do  it  without 
counters  :J  and  lago,  to  express  his  contempt  of 
Michael  Cassio,  forsooth,  a great  arithmetician,  terms 
him  a counter  caster. § So  general,  indeed,  appears  to 
have  been  the  practice  of  this  species  of  Arithmetic, 
that  its  rules  and  principles  formed  an  essential  part 
of  the  arithmetical  treatises  of  that  day  : thus  Robert 
Record,  in  his  Arithmetick,  or  the  Ground  of  Arts,\\ 
prefaces  his  second  dialogue,  entitled  The  Accounting 
by  Counters,  by  observing,  “ Now  that  you  have  learned 
Arithmetick  with  the  pen,  you  shall  see  the  same  art 
in  counters ; which  feat  doth  not  onely  serve  for  them 

* Msbudel,  Aeadtmir  dex  fnsmptu.w,  vol.  v.  p.  261. 

t Tpip^mxa  ypdpava » *ai  Koylforrat  ’trfoaunv,  pe*  a*  6 

r&*  Lpumpir  M vA  <plpomt  tV  kiyvwrua  1)  dwb  rur 

Sefmw  twl  tA  opnrtpi,  lib.  it. 

! Tke  Winter'*  Tale,  set  iv.  sc.  3.  " Ciomi.  Lei  ate  see, 
every  eleven  weather  tods,  every  tod  yield* — pounds  sad  odd 
abillut**,  fifteen  hundred  shorn,  wfast  comes  the  wool  to  ? I can 
oot  do  it,  without  compters." 

i Othello,  set  i.  sc.  1. 

II  First  primed  in  1540. 
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Arithmetic,  that  cannot  write  and  read,  but  also  for  them  that  can 
do  both  ; bat  have  not  at  the  same  lime  their  pen  or 
tables  with  them and  in  a Treatise  on  Arithmetic, 
published  in  Germany  as  late  as  166$,  we  find  a chapter 
devoted  to  Arithmetira  Calcularis,  which  is  said  to  be  of 
such  common  and  general  use  amongst  merchants,  that 
it  might  more  properly  be  termed  Arithmetira  Mercatoria.* 
Caknlar  (86.)  We  shall  now  proceed  to  give  some  account  of 
Arithmetic,  the  method  of  performing  operations  by  this  calcular 
Arithmetic.  They  commenced  by  drawing  seven  lines 
with  a piece  of  chalk,  or  other  substance,  on  a table, 
board,  or  slate,  or  by  a pen  on  paper ; the  counterst  on 
the  lowest  line  represented  units,  on  the  next  tens,  and 
so  on  os  far  as  a million  on  the  last  and  uppermost 
line  ; a counter  placed  between  two  lines  was  equiva- 
lent to  five  counters  on  the  lower  line  of  the  two  j 

6-6-6 

6 

6 


Notation.  J * 

6—6—6—# 

6 

6 

8-6-6 

6 

6-6-6 

thus  the  disposition  of  counters  in  the  annexed  ex- 
ample represents  the  number  3629638 ; and  it  is 
clearly  very  easy  to  increase  the  number  of  lines  so  ns 
to  comprehend  any  number  that  might  be  required  to 
be  expressed. 

Addition.  Suppose  it  was  required  to  add  together  788  and 
383 ; express  the  numbers  to  be  udded  in  the  two 


• 
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• 
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• 
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• 

• 

• I 
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first  columns.  The  sum  of  the  counters  on  the  lowest 
line  is  6 ; write,  therefore,  one  on  that  line  in  the 
third  column  ; carry  one  to  the  first  space,  which, 
added  to  the  one  already  there,  is  equal  to  one  on  the 
second  line ; place  a counter  there,  and  add  all  the 
counters  on  that  line  together,  the  sum  U 7 j leave, 
therefore,  two  counters  on  that'line,  and  pass  one  to 
the  next  space  add  the  counters  on  that  space  toge- 
ther, which  are  3 ; leave  one  there,  and  place  one  also 
on  the  next  line  ; add  all  the  counters  in  thul  line 
together ; the  sum  is  6.  Leave  one  counter,  and  puss 
another  to  the  next  space ; add  all  the  counters  in 
that  spare  together,  which  are  $ ; leave  no  counter  in 
the  space,  but  pass  one  to  the  next,  or  fourth  line ; we 
thus  represent  the  sum,  which  is  1171. 

The  principle  of  this  operation  is  extremely  simple, 


• Guparis  Schotti,  Arithmetic*  Pr metier*,  Hertiop.  1662. 
f Tb«*  counters  were  usually  of  brass. 

VOL.  I. 


nml  the  process  itself,  after  a little  practice,  would  History, 
clearly  admit  of  being  performed  with  great  rapidity. 

In  giving  a scheme  of  this  operation,  we  have  made 
use  of  three  columns  ; but  in  practice  no  more  would 
be  required  than  are  sufficient  to  represent  the  sums 
to  be  added,  the  counters  on  each  line  being  removed 
as  the  addition  proceeds,  and  being  replaced  by  the 
counters  which  are  requisite  to  denote  the  sum. 

We  shall  now  proceed  to  a second  example  : Rubtrsc- 
namcly  to  subtract  682  from  1375. 
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Write  the  numbers  in  the  first  and  second  column. 

The  two  counters  on  the  last  line  have  none  corres- 
ponding to  them  in  the  minuend j bring  down  the 
counter  in  the  first  space,  and  suppose  it  replaced  by 
5 counters  ; lake  away  2,  and  3 remain  on  the  lowest 
line  of  the  remainder.  Again,  the  three  counters  on 
the  second  line  must  be  subtracted  from  7»  (bringing 
down  5,)  and  therefore  leaving  4 on  the  second  line  of 
the  remainder.  The  counter  in  the  second  space  has 
now  no  counter  corresponding  to  it  in  the  minuend  ; 
remove  one  counter  from  the  next  line,  and  replace 
it  by  two  counters  in  the  next  inferior  space  ; there 
will  remain,  therefore,  one  counter  for  that  space  in 
the  remainder.  There  is  now  one  counter  on  the  third 
line  to  subtract  from  two  in  the  minuend,  and  there 
remains  one  for  the  remainder.  The  counter  in  the 
next  space  has  nothing  corresponding  to  it,  and  we  must 
therefore  bring  down  the  counter  on  the  highest  line 
and  replace  it  by  two  counters  in  the  space  below  it  j 
if  one  counter  be  subtracted  from  them,  there  will 
remain  one,  and  the  whole  remainder  will  he  693. 

Hccordc  writes  the  smaller  number  in  the  first 
column,  and  commences  the  subtraction  with  the 
highest  counters ; a very  little  consideration  will  show 
in  what  manner  the  operation  must  be  performed, 
with  such  a change  in  the  process. 

We  shall  now  give  an  example  of  multiplication,  Multiplies- 
and  let  it  be  proposed  to  multiply  2457  by  43  : tion. 
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Write  the  multiplicand  in  the  fir*t  column,  imd  the  mul- 
tiplier in  the  second  ; multiply  first  hy  3,  nnd  write 
the  product  In  the  third  column,  nnd  then  by  •»  in  n 
nuperior  plnce,  nnd  write  the  result  in  the  fourth  co- 
lumn j odd  the  number*  in  these  two  columns  together, 
nnd  the  sum  is  the  product  required. 

We  shall  conclude  with  on  rinrnpie  of  division, 
and  let  it  be  required  to  divide  12,833  by  608  r 


DlvitWmi.  Piritoc,  Qwrtisnt.  W W Emulndcr. 
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Write  the  dividend  in  the  first  column,  and  the 
divisor  in  the  second,  reserving  the  third  for  the 
quotient ; then  since  6 is  contained  twice  in  12,  in 
the  line  above  that  in  which  6 is  written,  we  may  put 
down  2,  in  the  last  line  but  one  in  the  column  for  the 
quotient ; multiply  6 by  2,  and  subtract ; there  is  no 
remainder ; multiply  8 by  2,  and  subtract  16  from  the 
number  expressed  by  the  counters  remaining  in  the 
dividend  in  the  line  above  the  last;  first  take  one 
counter  from  the  three  in  the  third  line,  and  two 
remain ; next  lake  6,  which  is  done  by  taking  1 from 
the  second  line  from  the  bottom,  and  bringing  1 from 
the  tliird  line,  replacing  it  by  2 in  the  space  below, 
and  then  subtracting  one  of  them,  thus  leaving  67 
as  the  remainder  to  be  denoted  in  the  second  and  third 
lines,  and  the  spaces  above  them  ; the  remaining  two 
counters  in  the. dividend  are  transferred  to  the  corres- 
ponding line  in  the  column  for  the  first  remainder ; 
the  operation  is  now  repeated,  the  next  figure  in  the 
quotient,  or  1,  being  written  on  the  lowest  line  ; it  is 
now  merely  necessary  to  subtract  the  divisor  from  the 
first  remainder,  and  wc  get  64  for  the  second  and  last 
remainder.  It  is  evident  that  the  same  process  may 
be  repeated  to  any  extent  that  may  be  required  ; and 
that  the  complication  of  the  process,  as  exhibited  in  a 
scheme,  is  much  greater  than  in  practice,  where  the 
dividend  is  replaced  by  the  first  remainder,  and  so  on 
successively,  until  the  remainder  is  zero,  or  less  than 
the  divisor. 

(57.)  Recorde*  has  mentioned  two  different  ways  of 
representing  sums  of  money  by  means  of  counters,  one 
of  which  he  calls  the  Merchant’s,  and  the  other  the 
Auditor's  Account j in  the  first,  the  sura  of  j£l08. 
19#.  lid.  is  expressed,  as  in  the  annexed  scheme  : 

• « i • • 

• I 9 • 

• < M • 


the  lowest  Is  the  line  of  pence,  the  second  of  shillings,  Hhtory. 
the  third  of  pounds,  and  the  fourth  of  scores  of  ' 

pounds ; the  single  counters  in  the  spaces  denote  half 
of  the  units  in  the  next  superior  line : sixpence  on  the 
first  space  ; ten  shillings  on  the  second  ; ten  pounds 
on  the  third ; and  the  detached  counters  to  the  left 
arc  equivalent  to  five  counters  to  the  right  j the 
lowest  of  them,  therefore,  representing  five  shillings, 
the  second  five  pounds,  nnd  the  highest  one  hundred 
pounds  ; and  the  whole  sum  is  expressed  by  being 
resolved  into  the  following  parts : ^lOO.  + £i)Q.  + 
i?  10.  + £b.  + £3.  + 10#.  + 5s.  + 4#.  + 6d.  + 5tL 
The  principle  of  this  notation  being  once  understood, 
it  is  unnecessary  to  give  examples  of  addition,  sub- 
traction, multiplication,  or  division,  which  present  no 
difficulty  after  the  examples  which  we  have  given  for 
abstract  whole  numbers. 

The  mode  of  denoting  the  same  sum  for  the  ac-  Auditor's 
compt  of  auditors,  is  as  follow  s ; aecouala. 

• • • • • • 

• •0  • • • •••  ••• 

• • • • 

The  counters  on  the  two  lowest  lines  denote  units  of 
their  respective  classes ; on  the  upper  line,  when 
placed  to  the  left,  they  denote  one  quarter,  and  on  the 
right  one-half  of  the  next  superior  unit. 

In  both  these  cases,  we  may  consider  the  resolution 
of  the  number  of  pounds,  into  twenties,  as  a vestige  of 
the  preference  for  the  vicenary  scale,  which  was  so 
general  with  our  ancestors. 

(58.)  In  ancient  times,  it  was  the  custom  for  merchan  Is,  Bank . 
bankers,  or  money  changers,  auditors  of  accounts, 
and  judges  in  affairs  of  revenue,  to  appear  on  a hank, 
or  bench,  and  before  them  on  a board,  or  table,  were 
arranged  the  counters  which  were  necessary  in  making 
their  calculations  ; and  the  name  of  the  Court  of  Ex-  Exchequer, 
chequer  was  derived  from  scaccarwm,  a quadrangular 
tabic,  about  ten  feet  long  and  five  broad,  with  an  ele- 
vated ledge,  around  which  the  judges,  tellers,  and 
other  officers  were  seated  ; it  was  covered  with  black 
clotli,  divided  by  white  lines  at  right  angles  to  each 
other;  they  used  small  coins  for  counters,  those  on 
tbe  lowest  bar  denoting  pence,  the  second  shillings, 
the  third  pounds,  and  the  upper  bars  tens,  twenties, 
hundreds,  thousands,  and  ten  thousands  of  pounds. 

The  teller  sat  about  the  middle  of  the  table  ; on  his 
right  hand,  eleven  pennies  were  heaped  on  the  first 
bar,  and  a pile  of  nineteen  shillings  on  the  second  ; 
while  a quantity  of  pounds  was  collected  opposite  to 
him  on  the  third  bar ; for  the  sake  of  expedition,  he 
sometimes  employed  a silver  penny  to  represent  ten 
shillings,  and  a gold  penny  for  ten  pounds.4 

(59.)  The  term  algorithmus , or  algorismus,  was  em-  Algurirlmt, 
ployed  universally  in  the  XIVth  and  XV  th  centuries,  its  meaning 
to  denote  the  science  of  calculation  by  nine  figures 
and  zero  ; and  its  composition  clearly  shows  the 
source  from  which  it  was  derived  in  our  own  language. 

Algorism  was  corrupted  into  Augrym,  or  Atcgrym,  and 
the  counters  which  were  used  in  calculation  were 
called  augrym  stones.  Thus  in  Chaucer’s  description 
of  the  chamber  of  Clerk  Nicholas, 


• Arithmetic,  p.  213. 


• Lwlie’s  Fhitmfkf  <tf  Arithmetic,  p.  97. 
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Arithmetic.  His  almageste,  and  bokea  arete  and  male, 

His  as  Ur  U tire,  longing  for  his  art, 

'v  His  ssffta  itoon,  Ujrcn  fairr  apart. 

On  shelves  couched  at  his  beddes  head.* 

Millrrt  Tate,  v.  22—25. 

Modern  (<»0.)  There  are  not  wanting  in  our  own  times  examples 

Palpable  of  persons  who  have  attempted  to  revive  the  practice 
Arithmetic.  cf  Arithmetic  by  couuters.  Professor  Leslie,  in  his 
Philosophy  of  Arithmetic , considers  this  method  as  better 
calculated  than  any  other  to  give  a student  a philoso- 
phical knowledge  of  the  classification  of  numbers, 
and  the  theory  of  their  notation  ; aud  with  this  view  he 
has  given,  in  great  detail,  examples  of  the  representa- 
tion of  numbers  in  different  scales  of  notation  by 
counters,  as  well  as  of  arithmetical  operations  by 
means  of  them.  With  every  feeling  of  respect  for  the 
opinions  of  this  very  distinguished  author,  we  shall 
venture  in  this  instance,  on  more  grounds  than  one, 
to  dissent  from  them.  In  the  first  place,  in  this  mode 
of  denoting  numbers,  the  values  of  the  counters 
depend  upon  their  position,  as  well  os  in  the  notation 
by  nine  figures  and  zero,  and  us  several  counters  cor- 
respond to  one  digit  only,  the  first  method  is,  on 
this  account,  much  less  simple  than  the  other,  when 
viewed  as  a representation  addressed  to  the  eye  os 
well  us  to  ihe  mind j and,  in  the  second  plucc,  arith- 
metical operations  by  counters  are  not  so  easily 
reducible,  as  in  the  case  of  figures,  to  rules  which 
are  few  in  number,  simple  in  principle,  and  rapid  in 
practice. 

Saundrr-  (61.)  There  are  other  species  of  Palpable  Arithmetic, 
son’s  c»l-  some  of  which  have  been  adopted  especially  for  the 
minting  USe  of  blind  people ; the  celebrated  Saunderson  in- 
bo*nL  vented  an  instrument  for  this  purpose,  with  which  he 
is  said  to  have  worked  arithmetical  questions  with 
extraordinary  rapidity.  His  abacus,  or  calculating 
board,  was  about  a foot  square,  divided  into  small 
squares,  one  hundred  in  each  square  inch,  by  sets  of 
parallel  lines  at  right  angles  to  each  other.  At  every 
point  of  intersection  the  board  was  perforated  by 
small  holes,  capublc  of  receiving  a pin,  of  which  he 
used  two  sorts,  one  with  a large  head,  which  denoted 
zero,  and  the  other  with  small  heads  ; and  to  every 
figure  was  appropriated  a square,  consisting  of  four 
smaller  and  contiguous  squares.  Zero  was  denoted 
by  a large  pin  in  the  centre  of  the  square ; to  denote 
unity  this  was  removed  and  replaced  by  a small  one; 
for  other  digits,  the  large  pin  was  placed  in  the  centre, 
and  a smnll  one  cither  in  the  angle  or  middle  of  one 
of  the  sides  of  the  square ; and  the  position  used  to 
denote  the  several  digits  are  given  in  fig.  11.  The 
scheme  in  that  figure  represents  a portion  of  the  board, 
upon  which  are  denoted  the  several  sums  which  arc 
appended.  It  is  quite  evident  that  with  such  an  in* 
struraent  any  arithmetical  operations  might  be  per- 
formed, the  sums  being  placed  os  in  common  figurate 
Arithmetic,  and  the  successive  steps  of  the  process 
being  recorded  In  the  same  manner.f 
Arithmetical  instruments  of  the  kind  which  we 
have  just  described,  possess  considerable  interest  and 
importance  from  their  use  in  lessening  the  privations 
consequent  upon  one  of  the  greatest  human  cala- 
mities. 

(62.)Many  other  arithmetical  instruments  or  machines 


* Leslie's  Phitvnpky  of  Arithmetic,  p.  221. 
t Saundcnoa’a  Algebra,  rol.i.  p.  xxi. 


hnvc  been  invented  for  the  purpose  of  either  shorten-  History, 
ing  arithmetical  operations,  or  otherwise  for  relieving 
the  operator  from  any  troublesome  or  difficult  exertion 
of  the  memory.  Of  this  description  are  the  virgultr, 
or  rods  of  Napier,  which  were  formerly  much  cele-  Napier's 
brated  and  very  generally  used.  The  work  in  which  rods 
they  were  first  described  was  published  in  1617*  under 
the  title  of  Rabdologia .*  In  the  dedication  to  Chan- 
cellor Scton,  he  says,  that  the  great  object  of  his  life 
had  been  to  shorten  and  simplify  the  business  of  cal- 
culation ; and  the  invention  of  logarithms,  which  he 
had  just  promulgated,  was  a noble  proof  that  he  had 
not  laboured  in  vain.  These  virgulte,  rods,  or  bones,  as 
they  were  often  called,  were  thin  pieces  of  brass, 
ivory,  bone,  or  any  other  substance,  about  two  inches 
in  length  and  a quarter  of  an  inch  in  breadth,  distri- 
buted into  ten  sets,  generally  of  five  each  j at  the 
head  of  each  of  these,  in  succession,  was  inscribed  the 
nine  digits  and  zero,  and  underneath  them  in  each 
piece  the  products  of  the  digit  at  the  top  with  each  of 
the  nine  digits  in  succession,  in  a series  of  eight  squares 
divided  by  diagonals,  in  the  upper  part  of  which  were 
put  the  digits  in  the  place  of  tens,  and  in  the  lower 
the  digits  in  the  place  of  units.  In  order  to  multiply 
any  two  numbers  together,  such  as  3469  into  574, 
those  rods  arc  to  be  placed  in  contact  which  are 
beaded  by  the  digits  1,  3,  4,  6,  9 ; and  the  successive 
products  of  the  figures  of  the  multiplier  into  the  multi- 
plicand are  found  by  adding  successively  together  the 
digit  on  the  upper  half  of  the  square  to  the  right,  so 
that  in  the  lower  half  of  the  square  to  the  left,  in  the 
line  of  squares  which  are  opposite  to  the  figure  of  the 
multiplier  which  is  employed  in  the  operation  : thus 
to  multiply  3469  by  8,  we  take  the  line  of  squares 
opposite  to  8,  which  is  represented  by 


1 3 4 6 9 


and  the  product  is  27752,  being  found  by  writing  first 
2,  the  sum  of  8 and  7,  2 and  4,  4 and  3,  and  2, 
carrying  tens  when  necessary,  as  in  ordinary  Arith- 
metic. In  the  case  of  division,  those  rods  are  arranged 
in  contact  which  are  headed  by  the  figures  of  the 
divisor  j and  from  thence  we  are  enabled  to  form  the 
products  which  the  quotient  forms  with  the  successive 
figures  of  the  divisor. 

In  the  case  which  contains  these  rods,  which 
Napier  calls  multiplicationis  promptuarium,  there  are 
usually  found  also  two  pieces  with  broader  faces,  one 
consisting  of  three  longitudinal  divisions,  and  the 
other  of  four ; one  of  which  is  adapted  to  the 
extraction  of  the  square,  aud  the  other  of  the  cube 
root;  in  the  first,  one  column  contains  the  nine 
digits,  the  second  their  doubles,  and  the  third  their 
squares  ; in  the  second,  the  first  column  contains  the 
digits,  the  second  their  squares,  and  the  third  and 


• KabdoUtfU*  ten  Xumerationu  per  rirguta*  Hbri  duo,  author* 
H Imrratore  Joanne  Nepero  Baront  MerrbUtonii  ct  Scoto.  The 
subject  appears  to  bare  attracted  immediate  attention,  and  tbe 
Invention  was  circulated  throughout  Europe  with  extraordinary 
rapidity,  forming  the  aubject  of  man y separate  publication*,  and 
a part  of  almost  every  book  on  Arithmetic  which  was  published 
between  1625  and  1660. 
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Arithmetic,  fourth  their  cubes,  two  columns  being  necessary  for 
this  purpose,  when  the  cube  consists  of  three  places  s 
thus  the  last  division  but  one  in  the  first  is  repre- 
sented by 


6< 


16 


and  in  the  second  by 


In  our  times,  when  students  in  Arithmetic  nre  more 
perfectly  acquainted  with  their  multiplication  tabic 
than  our  ancestors  appear  to  have  been,  we  may  feel 
some  degree  of  surprise  at  the  eagerness  with  which 
this  invention  was  welcomed  at  its  first  publication, 
when  its  only  object  was  to  relieve  the  memory  from 
so  slight  and  trivial  a burden  ; we  shall  afterwards, 
however,  have  occasion  to  notice  examples  in  the 
books  of  Arithmetic  of  that  and  the  preceding  age,  of 
the  extreme  anxiety  of  their  authors  to  devise  expe- 
dients to  simplify  the  processes  of  multiplication  and 
division  ; and  wc  shall  also  find,  that  the  arrange- 
ment of  the  half  squares  in  Napier's  rods  agrees  ex- 
actly with  the  method  of  multiplying  numbers,  which 
wns  adopted  in  llindostan,  Persia,  and  Arabia.  At 
the  conclusion  of  this  work  of  Napier  is  added  a 
#N«ptrr's  short  Tract,  entitled  jirithmettca  Localis,  which  is 
.intkmttka  merely  entitled  to  notice  from  its  being  the  production 
0f  ^ p.eal  n roan  it  very  ill  adapted,  however,  to 
any  practical  use,  and  altogether  unworthy  of  the 
genius  of  Us  author. 

Other  (63.)  Leibnitz  invented  an  arithmetical  machine  by 

■riilimeti-  which  any  numbers  might  be  multiplied  together  ;• 
machine*  anl*  ‘n  ^i*  Theatrum  JrithmeticHm,  has  re- 

corded many  others,  including  two  of  his  own.  The 
limits  of  this  work  will  not  allow  us  to  enter  into  any 
description  of  these  inventions,  which  would  neces- 
sarily lead  to  great  details.  With  respect  to  all  of 
them,  however,  it  may  be  remarked,  that  U6  they 
merely  propose  to  multiply  uumbers  together,  the 
importance  of  the  object  to  be  nttaioed  bears  no 
proper  or  reasonable  proportion  to  the  difficulty  and 
refinement  of  the  means  which  are  required  to  attain  it. 
In  our  own  times,  however,  a gentleman  of  profound 
knowledge  of  practical  mechanics  and  general  science, 
and  distinguished  for  the  uncommon  inventive  powers 
of  his  mind.  Is  engaged  in  the  construction  of  an  arith- 
metical machine  of  a very  extraordinary  character.  It 
is  adapted  to  the  performance  of  all  arithmetical  cal- 
culations which  depend  upon  differences  ; and,  conse- 
quently, to  the  construction  of  logarithmic  and  many 
classes  of  astronomical  tables  ; and  is  not  limited  to 
the  mere  work  of  calculation,  but  distributes  the  types 
which  are  required  to  record  and  register  the  result  of 
its  operations  without  the  possibility  of  error. 

\f  Orijfin,  (64.)  There  are  few  subjects  which  have  given  rise 
auti  juity,  to  more  frequent  controversies,  than  the  invention  of 
»nd  period  notation  by  nine  figures  and  zero  } whether  we  re- 
production* ^art*  l^e  countr>’  which  gave  it  birth,  the  channels 
of  Arabic  through  which  it  was  communicated  to  Europe,  and 
ouweraU.  the  period  at  which  it  was  first  known  and  generally 
adopted.  The  total  revolution  which  this  invention 


• Leibaitiu  Ofrrat  voL  fit  p.  413. 


effected  in  the  practice  of  arithmetical  calculation.  History, 
whether  for  scientific  or  ordinary  purposes,  gives  it 
an  uncommon  degree  of  importance  in  the  history 
of  the  progress  of  human  knowledge ; and  we  shall 
therefore  make  no  apology  for  discussing  its  origin 
and  progress  at  considerable  length. 

(6.1.)  We  have  before  mentioned  our  reasons  for  Antiquity 
thinking  that  the  Hindoos  had  possessed  a very  perfect  °f  tl|U 
system  of  Arithmetic  from  great  antiquity,  from  the  in- 
tcrnal  evidence  of  their  numeral  language,  independent  * 

of  any  external  testimony.  The  assertion,  however,  of 
Anquetil  du  Perron,*  that  tbe  ancient  Sanscrit  alpha- 
bet was  distributed  like  the  Greek  into  three  classes 
of  numeral  letters,  would  greatly  invalidate  such  an 
opinion,  as  such  a notation  must  have  preceded  that 
with  nine  figures  and  zero,  it  bein£  extremely  impro- 
bable that  a system  of  notation  so  inconvenient  ns  the 
first,  could  have  been  adopted,  when  the  other  was 
already  known  and  practised  ; but  the  opinions  of  this 
very  fanciful  and  learned  author  have  not  been  corro- 
borated by  the  late  researches  of  oriental  scholara 
incomparably  better  acquainted  with  the  antiquities  of 
the  Sanscrit  language  thnn  himself;  and  wc  may, 
therefore,  venture  to  consider  it  in  the  light  of  one  of 
his  numerous  other  dreams  which  have  been  found  to 
have  no  foundation  in  fact.  It  remains  to  consider  to 
what  extent  the  antiquity  of  this  invention  may  be 
ascertained  from  the  testimony  of  Sanscrit  authors. 

(66.)  We  have  two  translations  of  the  Lildvati  and  lya*  A**  of 
ganitu  of  Bhascara,  works  on  Arithmetic,  Mensuration,  Kurneva, 
find  Algebra,  which  enjoy  the  highest  reputation  in 
Hindustan  ; of  the  first  by  Dr.  Taylor,  of  the  second 
by  Mr.  Strachey,  and  of  both  by  Mr.  Colebroke,t 
an  author  equally  remarkable  for  his  profound  know- 
ledge of  oriental  literature,  and  for  his  great  scientific 
acquirements  ; to  the  lost  is  prefixed  a dissertation  on 
the  state  of  algebraic  knowledge  Among  the  Hindoos, 

Arabs,  mid  the  Greeks,  in  which  the  respective  claims 
of  these  people  to  originality  in  the  possession  and 
invention  of  the  rules  of  this  science  are  discussed 
with  uncommon  learning.  He  has  established  beyond 
controversy  that  Bhaftcnra,  the  author  of  the  SulfT - 
lutnla  tiromani,  of  which  these  works  nre  a part,  lived 
about  the  middle  of  the  Xllth  century  of  the  Chris- 
tian era.  He  has  also  shown  that  Brahmegupta,  an  Brakim- 
nuthor  frequently  quoted  by  Bhnscaro,  and  portions  of 
whose  works,  containing  treatises  on  Arithmetic  and 
Mensuration  arc  extant,  lived  in  the  early  part  of  the 
Vllth  century  ; and  again,  that  Aryn-bhntta,  who  is  Arra 
referred  to  by  Brahmegupta.  and  considered  the  oldest  bh*lla* 
of  their  uninspired  and  merely  human  writers,  and  tbe 
subject  of  part  of  whose  works  was  Algebra  and 
Arithmetic,  flourished  at  least  os  early  as  the  Yth 
century,  and  probably  at  a much  earlier  period. 

From  these  facts,  which  appear  to  be  established  Hindoo 
upon  very  satisfactory  evidence,  it  appears  that  Hindoo  Arithmetfa 
Algebra  and  Arithmetic  are  at  least  as  ancient  ns  Dio- 
phantus,  and  preceded,  by  four  centuries,  the  intro-  ^ ajd  M 
duct  ion  of  those  sciences  among  the  Arabs ; and  in  Oiophan- 
no  case  is  the  original  invention  of  the  notation  by  tua. 
nine  digits  and  zero  referred  to  by  any  of  these  authors, 
but  is  always  stated  to  be  one  of  the  benefactions  of 
the  Deity,  which  is  the  best  proof  of  its  possessing  an 


• Ztndapt»la.  rol.  i.  p.  1*2.  It  b also  awt-ted  that  this  system 
exist*  amorqr  Mine  of  the  alphabet*  an  the  coast  of  Malabar, 
t .V If  ebra,  tcilA  sirithmc he  and  JJrmnratian  from  the  SanaerU. 
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Arithmetic.  antiquity  antecedent  to  all  existing;  records.  If  the 
- v— royal  grant  of  land  engraved  on  a copper  plate, 
toy**  fouml  in  the  ruins  of  Mongueer,  and  translated  by 
Dr.  Wilkins,*  be  not  a forgery,  it  would  furnish  evi- 
thrt*  yw»  dence  of  the  existence  of  this  notation  at  a much 
* ' earlier  period  than  any  which  we  huve  mentioned ; as  it 

is  dated  in  these  figures  in  the  thirty-third  of  Sambat,f 
corresponding  to  the  twenty-third  year  before  the 
birth  of  Christ ; under  any  circumstances,  however, 
w'hatcvcr  importance  we  may  attach  to  this  document, 
there  can  be  no  doubt  of  the  Hindoos  possessing  this 
notation  long  before  the  Persians,  Arabs,  or  any 
western  people. 

(67.)  The  testimony  to  the  same  fact  derived  from 
the  Arabs,  is  completely  decisive  of  the  source  from 
which  they  derived  it.  The  first  Arabian  who  wrote 
upon  Algebra  and  the  Indian  mode  of  computation, 
is  stated,  with  the  common  consent  of  Arabic 
authors,  to  have  been  Mohammed  ben  Musa,  the 
Khuwurezmitc,  who  flourished  about  the  end  of  the 
IXth  century  ;*  an  author  who  is  celebrated  us  having 
made  known  to  his  countrymen  other  parts  of  Hindoo 
science,  to  which  he  is  said  to  have  been  very  partial. 
Before  the  end  of  the  Xth  century,  these  figures,  which 
are  called  Hincliui  from  their  origin,  were  in  general  use 
throughout  Arabia ; amongst  others  is  mentioned  the 
celebrated  A) kindi,  who  was  nearly  contemporary  with 
Ben  Musa,  and  who,  amongst  his  numerous  other 
works,  wrote  one  on  the  Indian  mode  of  computa- 
tion,  (Hunbu  C Hindi.)  The  same  testimony  is  repeated, 
in  almost  every  subsequent  author  on  Arithmetic  or 
Algebra,  and  is  completely  confirmed  by  their  writing 
those  figures  from  left  to  right,  after  the  manner  of 
the  Hindoos,  but  which  is  directly  contrary  to  the 
order  of  their  own  writing.^ 

The  use  of  this  notation  became  general  amongst 
Arabic  writers,  not  merely  on  Arithmetic  and  Algebra, 
but  likewise  on  Astronomy,  about  the  middle  of  the 
Xth  century.  We  find  it  in  the  works  of  the  astro- 
nomer Ebn  Younis,  who  died  in  the  year  l(XXH,j|  and  it 
is  found  likewise  in  all  subsequent  astronomical  tables. 
It  was,  of  course,  communicated  to  all  those  countries 
where  their  language  and  science  were  known.  In  the 
Xlth  century,  the  Moors  were  not  merely  in  pos- 
session of  the  southern  provinces  of  Spain,  but  had 
established  a flourishing  kingdom,  where  the  favourite 
sciences  of  their  eastern  ancestors  were  cultivated  with 
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• Anntic  Kettarvket,  rol.  i.  p 127. 

t Tlie  present  year  (1X26)  is  the  1882<1  year  of  the  Hindoo 
period  S«tul<at. 

1 Colebrooke,  Diuertation,  p.  69.  He  has  also  mentioned  an 
Arabic  author  of  the  latter  part  of  the  XUth  century,  who  is 
quoted  by  Casiri,  in  his  account  of  the  Arabic  manuscripts  in 
tue  Kscurinl,  as  mentioning  among  other  works  derived  Tr  im  the 
Hindoos,  “ A book  on  numerical  computation  which  Abu  Jnfr 
Mobamiurd  ben  Musa  A1  Khuwdrezmi  amplified,  and  which  is 
a moat  expeditious  and  concise  method,  aad  testifies  tbs  acute- 
now  and  ingenuity  of  the  Hindoos.'*  Another  testimony  of  a 
similar  kind,  which  has  bceu  frequently  quoted,  is  from  the  Com- 
mentaries of  Alscpbadi  on  a poem  of  Togrxi.  who  remarks  that 
the  Hindoos  have  three  invention*  of  which  they  bmwt,  the  game 
af  chat.  HNMeneai  Jig  am,  and  the  hook  called  Golaila  Vadamna, 
or  the  Fables  of  Bidpal 

| Silvester  do  S*cy,  Orm.  Arab.  rol.  I.  p.  76. 

||  Delambre,  tfutalre  de  FAetrenomie  da  si -ajrrn  age,  p.  HO. 
It  U Mated  bv  Dr.  Merit,  in  a letter  to  Mr.  Ames,  that  in  the 
manuscript  of  this  author  in  the  Bodleian  library,  the  Hindoo 
numerals  are  used  throughout ; and  that  when  any  number 
b given,  it  is  afterwards  expressed  in  words  at  full  length. 
Selection* /ran  iitnllanaat  Megan**,  roL  it.  p.  162. 


uncommon  activity  and  success,  and  from  that  quarter  H*wtnry. 
and  from  the  Moors  in  Africa  they  chiefly  appear  to 
have  been  communicated  to  the  Spaniards  and  other 
European*. 

(68.)  The  learned  Abbd  Andres*  considers  that  the  ear-  This  no  ta- 
bes t example  of  the  use  of  these  figures  which  is  to  be  tio°  UJC,! 
found  in  Spain  or  in  Eurofie,  is  a translation  of  Ptolemy  in 

in  the  year  1 136 ; fac  similes  of  the  forms  of  these  figures  1 
are  said  to  be  given  in  the  XUth  plate  of  the  Paleo - 
grafia  Spaguuola  of  Terreros,  who  found  them  in  all  the 
mathematical  manuscripts  subsequent  to  that  period,  but 
in  no  other  books  or  documents,  nor  even  in  accounts, 
which  were  kept  in  the  Castilian,  which  differed 
little  from  the  Roman  numerals  ; the  calendars  which 
were  chiefly  constructed  in  Spain,  both  in  that  age 
and  until  the  end  of  the  XIVth  century,  and  were 
sent  from  thence  to  other  parts  of  Europe,  continued 
to  be  written  in  the  old  notation. 

(69.)  Kirchcr,  in  his  Arithmologia,  has  advanced  an  Hypothesis 
hypothesis  which  is  not  destitute  of  probability,  that  the  °f  Kirchcr. 
knowledge  of  these  numerals  was  communicated  to 
Christian  Europe  by  means  of  the  celebrated  astronomi- 
cal tables  which  were  formed  under  the  direction  of 
Alphonso,  King  of  Castile,  and  published  at  Toledo  about  Alpboiwiae 
the  year  1932.  These  tables  were  chiefly  computed  by  Tables. 
Arabian  astronomers,  and  we  should  naturally  expect 
that  they  would  adhere  to  the  notation  which  had  so 
long  been  in  general  use  in  the  writings  of  their 
countrymen  ; this  question,  however,  cannot  be  de- 
cided, unless  by  an  examination  of  the  earlier  manu- 
scripts of  these  tables.f 

(70.)  But  we  have  positive  evidence  of  the  existence  of  Kaowa  in 
a work,  written  expressly  for  the  purpose  of  cominu-  Italy  at  the 
nicating  to  Europe  a knowledge  of  Arabic  numerals 
and  Algebra,  at  an  earlier  period  than  the  publication  xiiiili 
of  the  Alphonsine  Tables.  About  the  middle  of  the  centnry. 
last  century,  Targioni  Tozzetti*  found  in  the  Magliu- 
becchian  Library  at  Florence  a manuscript,  entitled 
Liber  Abbaci  compositus  a Leonardo  filio  Donacci  Putt  no  Leonardo 
in  anno  1902  : and  another  work,  by  the  same  person, 
on  square  numbers,  inserted  in  an  auoymotis  Tract  on 
computation,  (an  Trattato  d‘ Abbaco,)  in  the  library  of 
the  Royal  Hospital  in  the  same  place.  A transcript  of 
another  Treatise  of  his  was  also  found  in  the  Maglia- 
becchian  library,  entitled  Leonardi  Pucmi  de Jiliu  Rotund 
Practica  Geometric  compotila  anno  1990.  The  subject 
of  this  work  is  the  mensuration  of  land,  and  it  is 
mentioned  by  the  author,  in  the  preface  to  a revised 
copy  of  the  Liber  Abbaei  in  1*228  ; Tozzetti  met  with 
a second,  though  somewhat  mutilated  copy  of  the 
Liber  Abbaci , in  the  same  library  ; a third  has  since 
been  discovered  in  the  Riccardi  collection  at  Florence  ; 
and  a fourth,  but  imperfect  one,  was  communicated 
by  Nelli  to  Cossali. 

It  appears  from  a short  account  of  himself  and  his  His  life, 
travels,  which  Leonardo  has  introduced  into  his  Pre- 
face to  the  Liber  Abbaci,  that  he  travelled  into  Egypt, 

Barbary,  Syria,  Greece,  and  Sicily  ; that  being  in  his 
youth  at  13ugia  in  Bnrbary,  where  his  father,  by  appoint- 
ment of  the  merchants  of  Fisa  who  resorted  there, 
was  scribe  to  the  Custom-house, he  learned  the  method 


* Dell’  origin*,  dri  pregretti  et  della  elate  allaale  tf  ogm  httera - 

tare,  tom.  ir.  p.  57. 

+ These  tables  were  first  printed  in  1463. 

I flaggi  n Ala  Toscana,  rol.  i.  11  ) Coiuli,  Origtne  e primi 
progretd  detC Algebra,  c,  i.  tee.  3.  ch.  ii-  sec-  1- 
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Arithmetic,  of  accounting  by  nine  figures  and  zero  ; that  finding 
~Y-^‘  it  much  more  commodious  and  far  preferable  to  that 
which  was  used  in  the  other  countries  which  he  had 
visited,  he  pursued  the  study,*  and  with  some  additions 
of  his  own,  and  some  propositions  from  Euclid,  he 
composed  the  treatise  in  question,  that  " the  Latin 
race  might  no  longer  be  found  deficient  in  the  complete 
knowledge  of  that  method  of  computation."  f In  the 
epistle,  also,  which  is  prefixed  to  the  revised  copy  of 
his  work,  he  professes  to  have  taught  J the  complete 
doctrine  of  number  according  to  the  Indian  method. 
Date  of  bis  The  preceding  facts  would  refer  the  studies  and 
wurk.  travels  of  Leonardo  to  the  close  of  the  Xllth  century, 
and  the  dale  of  his  first  work,  and  consequently  of 
the  introduction  of  the  Arabic  numerals  through  his 
means,  to  the  second  year  of  the  following  century, 
and  fifty  years  before  the  publication  of  the  Alpbonsine 
Tables.  That  this  work  was  the  first  on  this  subject 
which  appeared  in  Italy,  we  know  from  other  autho- 
rity than  that  of  Leonardo  himself,  us  nearly  ull  sub- 
sequent Italian  writers  on  Arithmetic  and  Algebra 
ascribe  the  honour  of  priority  to  him,  and  particularly 
Lucas  Paccioli,  or  Lucas  de  Burgo  Sancti  Sepulchn, 
whose  work,  entitled  Summit  de  Arithmetica,  IJtc.  was 
published  In  1484,  being  the  first  work  which  was 
printed  on  this  subject ; and  a succession  of  writers 
on  Algebra,  and  therefore  on  Arithmetic,  are  men- 
tioned by  Comli,  from  the  beginning  of  the  XIVth 


century. 

Leonardo  Blancanus,  in  his  Chronologia  Mathematica,  referred 
eoiMdtred  Leonardo  to  the  beginning  of  the  XVth  century,  and 
t»r  Miate  ^is  dat«»  was  adopted  by  Vocsius,  by  Wallis,  and  by 
Ir  lurriug  Montucla  in  the  first  edition  of  his  work.  Professor 
flourished  Leslie  appears  also  to  favour  the  same  opinion,  and 
■t  a later  founds  much  of  his  argument  upon  the  probability 
period.  that  the  readers  of  the  manuscripts  of  Leonardo 
mistook  the  4 for  a 2,  making  the  date  1220  instead 
of  1420,  those  figures  being  cosily  confounded  in  the 
older  forms ; hut  we  see  no  reason  whatever  for 
doubting  the  judgment  or  authority  of  the  numerous 
persons  hv  whom  these  manuscripts  were  examined, 
and  the  frequent  occurrence  of  those  figures  in  a 
work  whose  subject  is  Arithmetic  ana  Algebra, 
would  appear  to  prevent  the  possibility  of  a mistake 
of  this  nature  ; but  independently  of  internal  evi- 
dence, there  are  other  reasons  which  render  it  alto- 
gether improbable  that  Leonardo  could  have  published 
his  work  at  the  latter  period,  at  least  if  we  may  place 
any  reliance  upon  the  testimony  of  Paccioli  and  all 
the  writers  on  these  subjects  of  the  preceding  and  fol- 
lowing age,  that  he  was  the  first  person  who  introduced 
the  knowledge  of  Algorithm  and  Algebra  to  his 
countrymen  ; for,  in  the  first  place,  Paccioli  appears  to 
have  taught  those  sciences  at  Venice  about  the  year 
14G0 ; and  he  speaks  of  three  persons  who  succes- 
sively filled  the  professorship  expressly  dedicated  to 
their  exposition,  who  had  been  his  predecessors  in  it ; 
namely,  Paolo  della  Pergola,  Demetrio  Bragadini,  and 
Antonio  Cornaro,  the  latter  of  whom  had  been  his 
fellow  disciple  ; and  in  the  century  preceding  the  in- 
vention of  printing,  innumerable  Treatises  tie  Algorithmo 


• Queer*  s trie  tins  ipsum  modmvi  Yndurmm,  el  act cut  iu i 

it* den*  In  m,  tx  pruprio  sensu  q> txedam  odder w ft  fueedam  tx  rub- 
ti  tit  a films  Enthdis  georaftri*  arts*  eppoums. 

f Vt  Iff**  Latins  de  certero  absque  ilia  miiwmc  inteniatur. 
j Plena  m nuairramm  due tri mau%  edidi  Yadomm,  yi tern  modem 
in  ipsa  Kientia  prxstantiorem  eltgi. 


had  been  written,  and  manuscripts  of  them,  of  that  age,  Hbtory. 
are  now  found  in  great  numbers,  not  merely  in  the 
manuscript  collections  of  Italy,  but  likewise  in  those 
of  every  part  of  Europe.  Again,  Paolo  de  Dagomari 
died  about  the  year  1350,  ana  obtained  the  surname 
of  Dell'  /fitbaco  for  his  skill  in  the  science  of  numbers,* 
and  YilLani,  the  earliest  Florentine  historian  and  his 
contemporary,  speaks  of  him  as  a great  geometer,  and 
mott  skilful  Arithmetician,  and  tcho  surpassed  both  ancients 
and  modems  si  the  knowledge  of  equations.  Kuffacllo 
Caracci,  a Florentine  Arithmetician  of  the  XIVth  cen- 
tury, also  wrote  a Treatise,  entitled  Ragionamento  di 
Algebra,  in  which  he  speaks  of  Guglielmo  di  Lunis, 
who  before  his  time  had  translated  a treatise  on 
Algebra  from  the  Arabic  into  Italian  jf  and  even 
Professor  Leslie  himself  refers  to  a date  (1355,) 
written  in  these  characters  in  the  hand-writing  of 
Petrarch,  upon  a manuscript  of  St.  Augustin  on  the 
Psalms,  which  was  given  him  by  Boccncio.i  The  in- 
ference to  be  drawn  from  these  facts  is,  that  algebra 
and  algorithm,  terms  of  contemporaneous  introduction 
into  Europe,  and  the  latter  of  which  was  always 
applied  to  treatises  of  Arithmetic  with  Arabic  numerals, 
were  perfectly  well  known  in  Italy  throughout  the 
whole  of  the  XIVth  century,  and  consequently  could 
not  have  been  introduced  by  Leonardo,  if  he  flourished 
at  the  beginning  of  the  XVth  , instead,  therefore,  of 
clearing  away  many  difficulties  by  t^e  adoption  of  the 
latter  date,  we  introduce  others  which  it  is  impossible 
to  explain  upon  any  hypothesis  which  is  consistent 
with  facts,  and  the  authority  of  the  authors  of  that 
age. 

Again,  the  work  of  Leonardo  was  written  in  Latin, 
and  he  speaks  of  the  Italians  as  the  Latin  race,  a cir- 
cumstance which  makes  it  probable,  that  in  his  time 
the  Italian  had  not  assumed  the  dignity  of  a written  lan- 
guage; now  we  know  on  the  authority  ofMuratori,  one  of 
the  most  profound  and  accurate  of  literary  antiquaries, 
that  there  is  no  authentic  example  of  Italian  prose 
before  the  year  1264  ; but  that  after  the  year  1300  it 
came  into  general  use,  and  nearly  superseded  the  use 
of  the  Latin  in  writings  on  ordinary  subjects  ; we 
may  consider  this  circumstance,  therefore,  as  furnish- 
ing a strong  presumption  at  least,  that  Leonardo 
wrote  before  the  middle  of  the  Xillth  century ; and  it 
would  likewise  prove,  that  the  translation  into  Italian 
of  the  work  of  Mohammed  ben  Musa  by  Guglielmo  di 
Lunis,  which  some  authors  have  considered  os  furnish- 
ing the  first  source  of  tbeir  knowledge  of  Algorithm, 
was  mode  at  a later  period.  The  Tuscans  generally.  Early  pro- 
and  the  Florentines  in  particular,  whose  city  was  the  of 

cradle  of  the  literature  and  arts  of  the  Xillth  and 
XIVth  centuries,  were  celebrated  for  their  knowledge  mrt»c. 
of  Arithmetic  : the  method  of  book-keeping,  which 
is  called  especially  Italian,  was  invented  by  them  ; and 
the  operations  of  Arithmetic,  which  were  so  necessary 


* Coaaali,  vol.  L p.  9. 

t This  was  inoBt  probably  the  Treatise  of  Mobamired  bea 
Mnu,  a translation  of  which  wu  well  known  in  Italy,  as  we  know 
from  the  teatimony  of  Bombelli,  who  refers  to  it  as  if  it  were 
perfectly  familiar  to  his  readers. 

I Mabillon,  in  his  noble  work  De  re  Diplomatic*,  has  given  a 
fat  simile  of  this  record  of  Petrarch,  which  ia  as  follows : Hac 
immtusmu  opus  donavit  mihi  air  tgregws  Johannes  Boccarias  de 
Certaldo,  put  to  nuttri  tempurit,q*vd  de  Plarentia  HftdManum  ad 
me  ptrrenil  1355,  Aprils*  10.  The  figure  of  3 is  nearly  the  same 
as  in  modern  time*,  hot  that  of  the  5 is  the  same  as  is  generally 
funnel  in  manuscripts  of  die  XIVth  and  XVth  centuries. 
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Arithmetic,  to  the  proper  conduct  of  their  extensive  commerce, 
^ appear  to  have  been  cultivated  and  improved  by  them 
with  particular  care  ; to  them  we  are  indebted  for  our 
present  processes  for  the  multiplication  and  division  of 
whole  numbers,  and  also  for  the  formal  introduction 
into  books  of  Arithmetic, under  distinct  heads,  of  ques- 
tions in  the  single  and  double  rule  of  three,  loss  and 
gain,  fellowship,  exchange,  simple  interest,  discount, 
compound  interest,  and  so  on : in  short,  we  find  in 
those  books,  every  evidence  of  the  early  maturity  of 
this  science,  and  of  its  diligent  cultivation;  and  all  these 
considerations  combine  to  show  that  the  Italians  were 
in  familiar  possession  of  Algorithm  long  before  the 
other  nations  of  Europe. 

If,  therefore,  we  should  found  our  decision  upon  the 
evidence  already  adduced,  of  the  question,  What  nations 
in  Europe  were  in  the  first  possession  of  the  notation  by 
nine  figures  and  zero  ? w e must  certainly  answer,  Spain 
in  the  first  instance,  and  Italy  in  the  second  : in  one 
case,  it  was  introduced  in  the  translations  of  astrono- 
mical works  from  Arabic  into  Latin,  and  appears  to 
have  been  long  confined  to  mathematical  works  alone  ; 
in  the  other,  the  algorithm  itself  is  made  the  subject 
of  a distinct  treatise,  written  for  the  purpose  of  making 
it  generally  known.  In  the  first  case,  it  appears  to 
have  been  chiefly  confined  to  the  Moors,  by  whom  it 
was  introduced,  and  Us  general  propagation  checked  by 
the  contests  which  distracted  that  country,  until  their 
final  expulsion  ; in  the  other,  it  passed  rapidly  from  the 
writings  of  arithmeticians  into  general  use  ; and  in 
less  than  a century  and  u half,  it  assumed  a form  much 
more  adapted  to  practice,  than  that  which  it  pos- 
sessed amongst  the  |>cople  with  whom  it  originated. 
CUima  of  (7L)  A much  earlier  date,  however,  has  been  assigned 
I’ope  by  some  authors  to  the  introduction  of  these  numerals 
Sylvester  j„t0  Europe,  than  those  which  we  have  mentioned, 
tlie  Second.  jn  t]ie  p.irt  0f  tjle  Xth  century  flourished  Ger- 
bert,  a monk  of  Aurillac,  in  Auvergne,  who  was  after- 
wards Archbishop  of  IUicims  and  of  Ravenna,  and 
finally  Pope,  under  the  name  of  Sylvester  II.* *  In 
early  life  he  travelled  into  Spain,  and  is  represented 
ns  having  made  himself  master  of  all  the  learning  of 
his  time,  and  as  one  consequence  of  these  numerous  ac- 
quirements, was  accused  of  dealing  with  the  powers  of 
magic  : he  wrote  largely  on  Arithmetic  and  Geometry, 
and  in  the  opinion  of  Wallis, f Leibnitz,  { and  many 
subsequent  writers,  was  the  first  European  who  ac- 
quired a knowledge  of  the  Arabic  numerals  from 
the  Saracens  in  Spain.  This  opinion  is  chiefly  founded 
upon  a passage  in  our  English  historian,  William  of 
Malmsbury  ;§  when  speaking  of  Gerbert,  be  says, 
Abacutn  eerie  primus  a Saracems  rapiens,  regulas  dedit 
qua  a sudantibus  abacistis  vix  intelliguntur.  This  sen- 
tence, however,  contains  no  certain  intimation  of  the 
knowledge  of  the  notation  by  nine  figures  and  zero, 
as  the  rules  which  would  be  thence  derived,  would 
tend  rather  to  relieve  than  increase  the  labours  of 
the  sweating  calculators.  ||  Other  passages  have  been 
quoted  by  Wallis,  from  his  letters  to  his  fellow  disciple 
Constantine,  and  others,  which  arc  supposed  by  him 
und  Krestncr,^  to  give  indications  of  bis  knowledge 

* He  died  in  1003  f Algebra,  ch.  iv. 

* Opera  Mathematics,  p.254. 

$ He  flourished  about  the  rear  1150. 

| North,  On  the  introduction  of  Arabic  numeral*,  Archetotagia, 

voJ-  x.  p.  iKSfl. 

5 GeoekieJUe  dev  Mat  Anna  fib,  vol.  U p.  366. 
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of  that  system  : in  a letter  to  the  Emperor  Otho,  he  H’utory. 
styles  himself  extremis  numerorum  abaci ; and  in  another  v— 1 
to  his  friend,  he  says,  Nam  quomotlo  ratitmes  abaci  expli- 
cate con t ciui rr emus,  nui  te  adhortante  O mi  dulcc  solamen 
laborum  Constantine  9 In  another  epistle  to  the  son  of 
the  Bishop  of  Geneva,  he  says,  lie  mullipliaitione  ei 
dirisione  numcrvntm  Joseph  sapiens  sen  ten  tun  quasdam 
edulit.  Eas  pater  Adelbero  Rcmorvm  archiepiseopus 
habere  aspit.  This  was  a work,  celebrated  in  that  uge, 
by  Joseph  of  Spain,  which  is  ngain  referred  to  in  the 
following  passage,  in  a letter  to  the  Abbot  of  Orleans  : 

De  multiplicatione  et  dirisione  numerorum  libcllum  a 
Joseph  Hispano  edilum  Abbas  Gamerius  penes  c os  reliquit : 
ut  exemplar  in  commune  sit  rogamus,  sc.  ego  et  Adelbero. 

If  this  book  contained  an  exposition  of  the  Hindoo 
notation,  it  is  impossible  that  the  knowledge  of  it 
could  have  been  lost,  when  communicated  to  so  many 
persons  ; and  in  supposing  that  the  abacus  referred  to 
in  preceding  extracts  meant  the  mensa  Pythugom-a, 
or  common  multiplication  table,  which  may  or  may  not 
have  been  the  case,  there  is  no  reason  why  it  should  not 
have  been  expressed  in  Roman  numerals,  as  the  same 
is  found  in  the  works  of  Boethius.*  Again,  when  in 
another  passage  he  speaks  of  digital,  compound,  and 
articulate  numbers  : Quid  cum  idem  numerus  utudo  sim- 
plex, modo  com  posit  us ; nunc  digitus,  nunc  constitualur  ul 
articulus.  it  must  be  kept  in  mind  that  these  distinc- 
tions originated  with  the  Arithmeticians  of  the  Pytha- 
gorean school,  and  that  there  is  no  reason  for  us  to 
interpret  this  sentence,  as  was  done  by  Wallis,  as  if 
it  was  meant  to  assert  that  the  same  Jigurc  was  some- 
times employed  to  denote  u digit,  and  sometimes  an 
articulate  number,  according  to  its  position.  The 
observation  which  immediately  follows  is  remarkable  : 

Habes  ergo  ( talium  diligent  investigator)  ciam  rationis  (sc. 
abaci })  bretem  quidem  verbis  sed  prolixam  sen  tent  us : et 
ad  coUcctionem  mtcrrallcrum  et  distribuiionem,  in  actua - 
libus  Geometries  Radii  secundum  inclinatiunem  et  erectio- 
nem,  in  sftcculatkmibus  ei  actualibus  simul  dimensiones  Cali 
et  Terra  plend  Jide  com  par  a to  in.  Ii  is  difficult,  how- 
ever, to  conceive  in  what  manner  this  character,  brtvem 
quidem  verbis  ted  proliiam  seatentus,  could  apply  to  the 
s/steni  in  question;  and  the  remainder  of  the  sentence 
is  so  obscure,  that  no  inference  respecting  the  method 
to  which  it  referred  can  properly  he  deduced  from  it.- 
In  the  third  Volume  of  the  Thesaurus  Aneeilotorum 
novistimus  of  Bernard  Pcz,  which  was  printed  at  Augs- 
burg in  1731.  there  is  a notice  of  a manuscript  of  the 
Geometry  of  Gerbert,  which  was  found  in  the  inonas- 
of  St.  Peter,  at  Salzburg,  in  which  the  Arabic  figures 
nre  found  : the  author  considered  the  manuscript  to 
have  been  written  in  the  year  1 100,  and  he  supposes 
that  the  transcriber  would  not  have  inserted  these 
figures  in  his  copy,  if  be  had  not  found  them  in  the 
original  ; it  appears,  however,  that  no  practice  has 
been  more  common  than  alterations  of  this  nature, 
and  that  those  figures  have  sometimes  been  inserted 


• Wddkr,  the  historian  of  Astronomy,  divorrrrtl  a manu- 
script of  the  Geometry of  Boethius  in  the  Public  Library  at  Altdorf. 
in  which  the  Mmsa  Ppthmgvrica  in  given  In  Arabic  numerals  ; anil 
in  n Diaac rtation.  Jr  cbmratteribm*  nrnntrrantm  ns hfanUu  rt  rorvwt 
aiatibm,  he  attempted  tu  show  that  they  necessarily  formed  a part 
of  the  original  work  : It  la  a sufficient  answer  to  show  that  they 
do  not  appear  in  the  most  ancient  manuscripts  of  Boethius,  where 
ail  the  numbers  are  ex  pressed  by  tbe  Roman  characters,  and 
that  consequently,  in  the  later  moimwript  which  WafeUer  mv, 
they  had  been  inserted  by  the  tranacribcr. 
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Arithmetic,  at  a later  period  than  the  date  of  the  manuscript  itself. 

That  such  has  been  the  case  with  the  manuscript  in 
question,  we  may  infer  from  the  existence  of  other  ma- 
nuscripts of  Gerbert,  of  nearly  his  own  age,  in  which 
those  figures  are  not  found,  even  on  occasions  where 
they  might  most  naturally  have  been  looked  for.  Thus 
William  of  Malmsbury  mentions  an  Epistle  Quam  Adel- 
bold  fecit  ad  Gerbertum  de  questione  diameiri  super  Macro- 
Hum,  which  Mr.  North*  found  in  barker’s  Library,  in 
Corpus  Christ!  College,  at  the  end  of  Macrobii  Opera, 
together  with  (ierbert’s  answer : in  this  manuscript, 
which  is  of  greater  antiquity  than  the  one  of  Salzburg, 
the  Roman  numerals  are  constantly  used  by  both  ; a 
circumstance  which  affords  a strong  presumption, 
when  the  nature  of  the  subject  discussed  is  considered, 
that  those  figures  were  at  that  time  unknown. 

In  the  account  given  of  Gerbert  by  Trilhemius,t  is 
the  following  passage  : 

Gerbert  us  docuit  Fulbertum,  hie  Hum  Fulbcrtus  Beren- 
garium,  qui  iterum  Brunanem  Remensem  H alios  multo * 
hared  es  Philosophic  reliquit. 

It  would  be  a very  extraordinary  circumstancce  if 
Gerbert  had  known  and  taught  this  notation,  that  it 
should  have  been  lost  notwithstanding  this  regular 
chain  and  succession  of  his  disciples;  and  it  is  no  suffi- 
cient answer  to  the  presumption,  that  he  did  not  teach 
this  system  because  he  did  not  know  it,  to  contend  with 
Kspstncr,  that  there  is  no  necessity  for  a tutor  to 
communicate  the  whole  of  his  knowledge  to  his  pupils. 

We  hare  been  more  particular  in  our  examination  of 
thccluimsof  Gerbert  to  the  knowledge  of  this  system, 
because  the  arguments  of  Wallis  on  the  subject  appears 
to  have  convinced  Mr.  Colebrookc,f  whose  opinion  and 
judgment  are  entitled  to  so  much  respect ; and  though 
it  must  certainly  be  allowed  that  it  was  possible 
for  him  to  have  acquired  the  knowledge  of  it  from  the 
Saracens  in  Spain,  it  is  more  probable,  however,  that 
they,  who  were  recent  conquerors  of  that  country, 
amongst  whom  the  arts  of  peace  had  hardly  begun  to 
take  root,  were  at  that  time  ignorant  of  most  of  the 
scientific  improvements  which  had  taken  place  in  the 
preceding  century  amongst  some  of  their  countrymen 
in  the  cast:  at  all  events,  it  would  certainly  follow 
from  the  facts  which  we  have  mentioned,  that  if  the 
system  was  known  to  Gerbert,  it  was  barren  in  his 
hands,  as  no  certain  traces  of  it  are  discernible,  either 
in  his  own  writings  or  in  those  of  his  contemporaries 
or  successors.  We  may,  therefore,  fairly  deny  him 
the  merit  of  having  introduced  the  knowledge  of  it 
into  Europe. 

Of  John  of  (73.)  Wallis,  who  seemed  to  consider  the  figures  in 

iliili/ax.  every  manuscript  which  he  saw,  to  be  of  the  age  of 
the  author,  and  that  they  had  never  been  introduced  by 
subsequent  copyists,  has  given  a long  list  of  authors, 
to  whom  this  notation  was  known  in  the  Xllth  and 
XII  1th  centuries.  Amongst  others,  in  particular,  is 
mentioned  Johannes  de  Sacro  llosco,  the  Latinized 
name  of  John  of  Halifax  or  Holywood,  who  died  in 
1356,  and  who*  wrote  a Tract  de  Spfuera,  which  for  a long 
time  was  a work  of  standard  authority ; another  De  Com- 
puto  Ecelesiastico,  in  the  later  manuscripts  only  of  which 
the  Arabic  figures  appear ; and  another  which  is  attri- 
buted to  him,  though  apparently  on  very  insufficient 
authority,  De  Algorithmo . Wallis  speaks  of  two  Tracts 


• ArckeHogia,  rot.  X.  p.  368.  t Ibid. 

} Hindvo  Algebra,  Introduction,  p.  54. 


of  his,  one  in  prose  and  the  other  in  verse,  which  are  History, 
found  together  in  a manuscript  at  Oxford  ; the  second 
of  these  commences  with  the  verses  :* 

//rr  Algoritmau  an  prtrtmt  dtcitur  : in 

Talibus  Imdornm  fruimtr  bit  ynuw qut  figarit  ; 

which  are  there  given,  and  are  the  some  in  form  as 
those  which  are  used  in  the  XVth  century,  the  age  to 
which  we  should  be  inclined  to  refer  this  manuscript ; 
in  short,  there  is  no  sufficient  reason  to  attribute  cither 
of  these  works  to  Sacro  llosco,  as  no  notice  of  these 
figures  appear  in  the  older  manuscripts  of  the  two 
former  works,  where  wc  should  naturally  have  ex- 
pected to  meet  with  them,  particularly  in  the  latter. 

(73.)  The  second  person  whom  we  shall  mention  is  of  Bishop 
Robert  Grosset^te,  or  Grosshead,  Bishop  of  Lincoln,  and  Gro«ihe*dL 
the  contemporary  of  John  of  Halifax.  He  also  wrote  De 
Computo  Ecelesiastico;  and  his  calendar  constructed  by 
means  of  it,  under  the  name  of  KaUmdarium  Lincoln- 
tense,  appears  to  have  long  continued  in  repute,  and 
numerous  copies  of  it  of  the  XVth  century  are  found 
in  manuscript  libraries.  It  Is  impossible,  however,  to 
judge  readily  of  the  age  of  the  earlier  manuscripts  of 
this  work,  and  it  is  only  in  the  later  copies  that  the 
Arabic  numerals  are  found. 

(74.)  There  is  a copy  of  the  Calendar  of  the  celebrated  Rogt-r 
Roger  Bacon  in  the  British  Museum,  which  Mr.  Ames  B**01** 
considers,  upon  the  authority  of  Mr.  Casiey,  to  be  of  ca,etMiar- 
the  date  1393 ; upon  an  examination  of  it,  however, 
we  found  it  headed  by  the  following  notice : Kale n- 
darium  sequent  extractum  esl  tabu  Us  Tholetanis  Anno 
dm . 1293 , factis  ail  meridianum  civitatis  Thaleti ; or  in 
other  words,  that  the  calendar  had  been  formed  from 
the  Toledo  tables  published  in  1393,  and  calculated 
for  the  meridian  of  that  city.  In  this  case,  as  in 
many  others,  the  name  of  Roger  Bacon  had  been 
attached  to  the  calendar  by  the  monks  who  composed 
it ; cither  for  the  purpose  of  recommending  it  by  the 
authority  of  a name  so  distinguished  for  abstruse,  and 
what  was  in  that  age  deemed  magical  learning  ; or 
perhaps  in  the  arrangement  and  composition  of  it, 
they  had  availed  themselves  of  some  of  the  rules  of 
the  Treatise  de  Computo  Ecelesiastico,  of  which  he  was 
the  author. 

(75.)  We  find  it  unnecessary  to  give  other  examples 
of  Astronomical  tables,  or  of  Treatises  de  Algorithmo, 
which  are  assigned  by  Wallis  to  the  XUItb  century, 
cither  from  the  character  of  the  manuscripts,  or  from 
the  names  of  their  authors,  as  the  instances  which  we 
have  given  would  show  that  he  was  too  much  de- 
voted to  his  theory,  to  be  inclined  to  subject  his 
documents  to  a very  accurate  or  critical  examination. 

There  is  one  hypothesis  which  he  has  made  respecting 
the  period  at  which  the  Arabic  figures  were  introduced 
into  England,  which  deserves  a more  particular  ex- 
amination, from  the  numerous  discussions  to  which  it 
has  given  rise.  He  supposes  that  they  were  brought  Eaglisb 
from  Spain  into  England  about  the  year  1130  j and  to 
account  for  this  very  early  introduction  he  has  referred 
to  several  Englishmen  who  travelled  in  that  country  c^otury. 
about  that  period : amongst  others,  he  mentions 
Adelard,  the  Monk  of  Bath,  who  translated  Euclid 
from  Arabic  into  Latin  ; Robert  of  Reading,  who 
translated  the  Alcoran  into  Latin  in  1143;  Daniel 
Morley,  who  studied  Mathematics  and  the  Arabic  lan- 


* Three  is  tcopy  of  this  rosouscript  also  Id  the  PahUc  Library 
it  Cambridge. 
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Arithmetic  gunge  at  Toledo  about  1 180.  By  such  persona  it  was 
“v-"**'  natural  to  expect  that  the  knowledge  of  these  nu- 
merals should  not  only  be  acquired,  but  likewise 
communicated  upon  their  return  ;•  as  n proof  that 
such  was  the  case,  he  refers  to  the  date  on  the  Mantel* * 
Hrlnulon  piece  in  n room  in  the  parsonage  house  at  llclmdon 
inscription.  in  Northamptonshire,  a description  of  which  he  has 
given  in  the  Philoaophical  Tranuidiona,\  und  afterwards 
in  bis  Al$ebrn.\  The  date  which  is  there  given,  is 
■up|>oscd  to  be  expressed  portly  in  Roman  and  partly 
in  Arabic  figure.*,  and  is  equivalent  to  A°  DO4  M°  133. 
Dr.  Ward,  in  the  same  Transaction*  for  1735,  re- 
Different  sumed  the  subject ; and  a*  he  had  satisfied  himself, 
opinions  though  upon  reasons  which  might  have  equally  on- 
rrspcctinf  #Wt.re<j  fora  much  later  dole,  that  the  knowledge  of 
these  numerals  had  been  introduced  by  the  Crusaders, 
he  will  allow  no  date  to  be  genuine  which  is  before 
the  year  1900 } he  therefore  boldly  corrects  the  date 
to  1233.  Later  observers,  including  the  celebrated 
antiquary  Gough,  found  great  difficulty  in  making  out 
the  A°  DO',  which  appeared  so  plain  to  WnlUs,  and 
still  greater  in  identifying  the  other  figures ; and, 
lastly,  Mr.  Dennc§  ha*  shown  that  the  fleur  de  lys  and 
dragon  volant  with  which  this  rude  piece  of  rustic 
sculpture  is  adorned,  are  more  appropriate  to  the  reign 
of  the  last  than  the  first  or  third  of  our  Henries; 
and  that  the  date,  if  the  inscription  be  really  meant  for 
one,  is  designed  for  1533  rather  than  1133  or  1*233. 
Other  in*  (73.)  The  Helindon  inscription,  and  the  conclusions 
wriptinaa  founded  u|K»n  it,  produced  in  n short  time  a number  of 
with  date*  others  of  equal  or  greater  antiquity,  w hich  have  all  bow- 
Ueo^  *ver  yielded  to  a more  sober  and  critical  examination  ; 
mistaken.  *h*s  kind  wus  *ke  inscription  at  Colchester,||  which 
was  sakl  to  be  1090,  but  which  further  investigation 
extended  to  1490;  and  one  at  Widgel  Hall,  near  Bun- 
tingford  in  Hertfordshire,  which  appeared  to  be  M 16, 
but  which  was  found  to  he  M.  I.  (if  the  initial  letters 
of  a proper  name  having  been  mistaken  for  numeral*  : 
on  a barn  belonging  to  Preston  Hall,  in  Kent,**  where 
the  date  1102  is  put  between  two  armorial  shields 
with  the  cyphers  T.  C.  attached  to  each  of  them,  but 
* which  were  shown  to  be  the  initials  of  Thomas  Cole- 
pepper,  the  owner  of  the  estate,  who  lived  about 
15b7,  and  who,  most  probably,  commemorated  in  this 
manner  the  time  when  his  family  first  got  possession 
of  the  property  : on  a beam  in  a very  ancient  gate* 
way  near  the  great  bridge  in  Cambridge,  where  the 
ilatc  which  Dr.  Warren  represented  to  Dr.  Ward  os 
1332,tt  in  reality  should  be  read  1552  on  n 
stone  found  in  digging  up  the  foundation  of  the  Black 
Swan  Inn,  in  Holborn,  with  the  date  1144,^  though 
it  is  difficult  to  moke  out  that  such  rude  marks  repre- 
sented any  numerals  whatsoever,  iu»  they  have  no 
resemblance  to  such  as  were  used  before  the  end  of 
the  XVtb  century;  but  it  is  needless  to  extend  thi*  list, 
ns  in  all  the  cases  which  have  hitherto  been  produced, 
their  pretensions  to  uncommon  antiquity  have  been 
refuted  by  further  invesiigntion.|||| 

• A Iff  rim,  cfc-xt. 

f No.  178,  for  December,  IMS.  I Cli.  1*. 

f Art  h/eof&gt*,  roL  xiii.  p.  142. 

H PhUotopkteml  J’msuactioiu for  1735.  No.  439.  p.  131. 

| I b«il.  p.  136. 

• • llaitlrd's  tiulary  of  Kent,  vol.  tt.  p.  175. 

■f-f  PHitompkical  Traniactiont  for  1744,  No.  474. 

; l Archemluffia,  vol.  x.  p.  372. 

14  Ibid.  rol.  i.  p.  149., 

nil  Of  ibis  kind  is  ibe  date  1182,  said  to  be  found  on  s brick 
VOL.  I. 


(76.)  The  real  fact  appears  to  be,  that  the  Roman  Hlatonr. 
numerals  were  used  throughout  Europe  long  after  the 
Arabic  figures  were  in  common  and  general  use.  The 
earliest  example  of  a monumental  date  in  these  figures  ^ j) 
in  England  is  in  the  church  of  Wure,  on  a hroas  plate  at  Wore, 
commemorating  the  death  of  Ellen  Wood  in  1454  ; ami 
the  second  is  *n  the  same  church,  and  is  dated  1484.* 

Kcstner  considers  that  the  earliest  mouuincntal  ,n  Cffr* 
dale  in  Germany  is  a.  i>*.  1497,  on  the  wall  of  the  ““njr‘ 
church  of  Grossalmrrode,  in  Hesse.f  Gattcrer  says 
that  these  figures  rarely  ever  appear  in  public  docu- 
ment* during  the  XYth  century,  and  only  became 
common  for  such  puqvoscs  at  the  close  of  the  XVltb; 
and  that  the*  earliest  date  which  he  has  observed 
amongst  more  than  1000  documents  in  his  possession 
was  1527  f Calmct,  in  the  Memoir et  de  Trevoux,  has 
noticed  a aeries  of  inscriptions,  chiefly  monumental, 
from  1445  to  1519.§  He  also  says,  that  at  Turkheim 
there  is  an  inscription  on  a stone  of  the  date  1332, 
which  wc  might  venture,  however,  to  convert  into 
1552,  upon  the  same  principle  that  was  applied  to  a 
similar  inscription  noticed  above.  Mobillon,  in  the  Diploma- 
whole  course  of  his  inquiries,  and  after  the  examina-  6*:,  leval. 
tion  of  more  than  six  thousand  documents,  found  no  r 

authentic  date  earlier  than  1355,  in  the  hand-writing 
of  Petrarch  ;||  and  the  learned  Benedictines,  the 
authors  of  the  Nouveau  Trail 4 de  Diploma  I i(/ne,  declare 
their  convict'on  that  the  appearance  of  a date  in  Arabic 
numerals  before  the  XIVth  century,  would  be  suf- 
ficient to  vitiate  its  authority.^  The  conclusion  to 
be  drawn  from  these  facts  unquestionably  is,  that  it  is 
not  in  dates  that  we  must  look  for  the  first  appearance 
of  these  numerals  ; but  in  astronomical  works  and 
tables,  in  calendars,  and  in  Treatises  of  Arithmetic 
and  Algebra. 

(77  .)The  earliest  example  of  the  use  of  these  numerals  The  Arabic 
which  Montfuucon  discovered,  was  In  a chronicle  in 
the  Strozzi  library  at  Rome.  It  is  a manuscript  j Mont- 
written  by  different  hands.  The  first  and  most  nncieut  bacos  in  a 
concludes  in  1250,  ond  is  written  in  the  Roman  nume-  wry  au- 
ral* ; tlu*  second,  and  more  modern,  in  which  Arabic  ci<al  "•* 
numerals  arc  used,  commences  in  1268,  and  finishes 
in  1317,  and  is  therefore  {posterior  to  that  date.  In  Hbrary. 
another  manuscript,  there  is  found  written  the  date 
1245,  in  which  the  forms  of  the  figures  2 and  5 are 
different  from  those  on  the  chronicle,  and  possibly 
more  ancient ; but  it  is  impossible  to  judge  of  the  real 
antiquity  of  a date  which  is  written  in  such  a manner, 
and  not  embodied  in  the  work  itself.** 

(78.)  The  author  of  the  Gotltcich  Chronicle  is  anxious  Mstra* 
to  secure  for  his  countrymen  the  honour  of  nn  earlier  scripts  at 
acquaintance  with  these  numerals. ft  He  speaks  of  a *od 
manuscript  at  Fulda,  in  which  they  appear,  which  is  ** 
said  to  be  1300  years  old  ; of  the  same  age,  therefore, 
with  Weidler’s  manuscript  tof  Boethius  ; and  of  a 


bnildlnf  at  Shalford  In  Bucks,  though  It  may  be  aalL'fiu-torily 
promt,  that  there  was  no  brick  building  in  this  country  before  the 
end  of  the  XIVth  eentnrv. 

• itnUbfii,  vol.  a ill.  p.  148. 
f Geschiekte  der  Mntkrmatik,  roL  i.  p.  36. 
j Klrmenta  rri  Diplomatic*,  vol.  i.  p.  64. 

f .IWnwiro  pomr  I'Hiitoire  det  Sciences  et  Irani  Art!  4 Trmms, 
poor  Ian  1707,  p.  1624. 

| De  re  Diplomatic*,  p.  215,  and  tab.  xiii.  p.  373. 

5 1'om.  ill.  p.  537. 

••  Cal  met,  M^moiret  de  Trevmue,  for  1753,  p.  1692. 
ff  Cironicon  Gottwicense,  r% h Annates  l.tbtri  et  exempt i Afoaax- 
terii  GvUwiccnsis  ordinis  S.  Benedict i,  p.  114. 
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Arithmetic,  calendar  in  the  library  at  Wamw  for  the  year  1268,  these  is  subjoined  a Tract,  entitled  Opera  Apnleti,  de  Hiitory. 
which  is  expressed  in  these  figures.  In  order,  how-  imbeds  urinarum,  with  the  figures  of  six  urinals  dif- 
ever,  to  found  his  argument  upon  facts  of  less  dispu-  ferently  coloured,  with  the  affections  of  the  body  which 
table  character,  he  asks  how  it  is  possible  that  the  they  severally  indicate, 
use  of  these  figures  should  be  unknown  in  Germany  K.  Tabula  i id  calculandum  pro  fuluru, 

four  hundred  year*  after  the  Saracens  hod  established  1 his  calendar  exhibits  the  Arabic  numerals,  with 

their  dominion  in  Spain;  more  particularly  after  the  the  figures  which  they  usually  present  before  the  end 
Alkornn  and  many  works  of  Arabian  phvsicians  had  been  of  the  X Vth  century  ; and  the  abstract  of  its  contents 


translated  in  Germany  in  the  time  of  Conrad  the  Third, 
and  Frederick  Barbarossa  in  the  Xllth  century.  It 
is  a sufficient  answer,  however,  to  observations  like 
these,  to  state,  that  the  knowledge  of  these  figures 
among  the  Arabs  in  the  Xth  and  Xlth  centuries 
was  not,  properly  speaking,  popular,  but  confined  to 
the  few  who  had  leisure  for  the  study  of  science  and 
Mistakes  in  philosophy  -,  and  that  it  was  only  in  the  Xllth  ren- 
,Ih!  *j*e  °f  tury  that  those  arts  were  much  cultivated  in  Spain ; 
numerals  an<*  *n  discussions  on  this  subject  too  much 

stress  is  laid  upon  the  facility  with  which  the  know- 
ledge and  practice  of  this  notation  is  acquired,  and 
transmitted  amongst  a people  who  have  been  accus- 
tomed to  the  use  of  a system  essentially  different  in 
its  nature.  The  following  fact  will  show  tbnt  this 
system  has  been  in  some  cases  introduced  without 
being  perfectly  understood. 

In  a manuscript  of  the  XIVth  century,  an  ex- 
tract from  which  Mabillon  has  given  a fhc  simile,*  we 
find  the  Roman  and  the  Arabic  numerals  mixed  up 
together  in  a very  curious  manner;  thus  10,  1 1,  12, 
IS,  14,  &c.  are  denoted  by  X,  X 1,  X 2,  X3,  X 4,  &c. ; 
20  by  X X ; 31  by  X X X I,  or  by  301  ; 34  by  304  ; 
40  by  XXXX  ; 41  by  401  ; 42  by  402.  It  is  clear 
from  hence,  that  the  writer  did  not  understand  the 
proper  force  of  the  zero,  and  had  but  very  imperfectly 
comprehended  the  principle  of  value  from  position. 
Tliwsarly  (79-)  A critical  examination  of  the  calendars  which 
avr  in  exist  in  different  libraries  in  Europe,  would  lead  to 
r-tiifodan.  the  most  certain  determination  of  the  periods  at  which 
these  numerals  were  generally  introduced,  os  they 
contain  within  themselves  the  data  from  which  the  year 
in  which  they  were  composed  maybe  very  nearly  ascer- 
tained j and  there  ure  few  inquiries  which  tvould  lend 
to  the  knowledge  of  more  curious  facts  respecting  the 
history  of  the  human  mind,  as  they  generally  contain 
all  those  topics  of  medical,  astrological,  and  astrono- 
mical science,  which  were  most  popular  in  their  time, 
and  which  were  best  adapted  to  the  superstitions  and 
prejudices  of  the  people  for  whose  use  they  were 
Conteauof  formed.  The  following  are  the  contents  of  a 
*nrl*,J“dar  calendar  in  the  British  Museum,  consisting  of  eight 
RritiNh  vellum  leaves  folded  up  in  a portable  form,  and  which 
Museum,  may  serve  as  a specimen  of  others  of  the  same  date, 
about  1403  ; the  leaves  are  marked  from  A to  K. 

A,  contains  a canon  for  the  calculation  of  the  movable 
feasts,  subjoined  to  whiefi  is  an  astrological  scheme. 

B,  C,  D,  E,  the  calendar,  properly  so  called,  three 
months  in  each. 

F.  Tabula  luna  cum  canone  et  imagine  signorum  ; the 
figure  of  a man  with  the  signs  of  the  zodiac  on 
different  parts  of  his  body. 

G.  Eclipses  of  the  sun,  with  their  phases,  from 
1403  to  1462. 

H.  Eclipses  of  the  moon,  with  their  phases,  from 
1398  to  1448. 

I.  Eclipses  of  the  moon  from  1448  to  1462  ; to 

9 Dr  re  DtplonmUtA,  p.  3?3,  plate  15. 


which  we  have  given,  may  be  taken  as  a sample  of  tbe 
most  popular  scientific  knowledge  of  those  times. 

Mr.  Dennc*  has  given  an  account  of  another  calendar  of  tbe 
containing  a table  of  eclipses  from  1406  to  1462,  nJrad«r» 
which  is  nearly  similar  to  the  last  ; where,  instead  of  **>«*  too- 
enlarging  on  the  indications  of  urinals,  those  days  ui“anol'‘* 
are  particularly  marked,  upon  which  it  is  expedient  HUin*° 
to  abstain  from  ficbotomy  ; they  amount  to  133  in 
the  course  of  the  year,  and  the  enumeration  of 
them  at  the  end  of  the  year  is  terminated  by  the  fol- 
lowing formidable  warning,  Isti  sunt  dies  mali  obser- 
vattrli  ab  incisions  in  anno,  et  qui  homines  v el  pecora 
incut  crint  inde  morientur.  In  the  last  page  of  this 
calendar,  there  is  tbe  following  short  and  very  clear 
account  of  the  Arabic  numerals,  which  appears  to 
have  formed  a common  appendix  to  them  in  that  and 
the  preceding  age,  when  their  use  was  becoming 
general  : Not  a quod  quceliltct  figura  algorismi  in  primo 
loco  signal  te  ipsttm,  et  in  sec  undo  decks  sc.  Tertio  loco 
catties  se  ipsam.  Quarto  loco  millesiet  sc.  Qumto  loco 
decies  millesiet  se.  Sexto  loco  centies  millesiet  sc.  Sep- 
timo  loco  mills  millcsies  te.  Et  temp,  incipiendum  eat 
com pu tare  a parte  sinistra  more  Judaico.  The  following 
page  contains  the  Roman  and  Arabic  numerals  from 
1 to  100  placed  opposite  each  other ; and  in  the  last 
page  many  numbers  are  given  from  20  to  1,000,000, 
being  severally  specified  in  words,  Roman  numerals, 
and  Arabic  figures;  thus,  Viginti,  XX,  20;  mille 
milia,  M*  M*  1,000,000. 

In  the  manuscript  library  of  Corpus  Christi  College,  Manuscript 
Cambridge,  there  is  a table  of  eclipses  from  1330  to  lhr 
1348,  to  which  is  also  subjoined  a table  of  tbe  Corpus 
Arabic  numerals,  which  is  extremely  interesting  from  t'limti 
its  great  antiquity. t In  fig.  12  we  have  given  a copy  of  CWkfr. 
this  table  arranged  in  three  columns;  the  first  for  digits, 
the  second  for  articulate,  and  the  third  for  compound 
numbers  ; each  of  these  columns  is  separated  into  three 
divisions,  in  the  first  of  which  wc  find  the  Roman 
numerals,  in  the  second  the  Arabic,  and  in  the  third  a 
peculiar  notation  nearly  identical  with  the  Homan  in 
principle,  though  different  in  form.  After  the  table  is 
subjoined  the  following  explanation  : Omnis  unmans 
vel  omnis  figura  in  algorismo  primo  loco  se  ipsttm  signifi- 
cat ; tecundo  loco,  defies  se  i/vum  sign  ideal ; tertio  loco, 
centies  se  ; quarto  loco,  milesics  se ; quinto  loco,  decies 
milesies  sc  ; sexto  toco,  centies  milesies  te ; sejttimo  toco,  • 
mille  milcsies  se ; octavo  loco,  decies  mille  milesics  se  ; noro 
loco,  centies  mille  milcsies  te  ; dccimo  loco,  mills  milesics 
milesies  sc.  Et  sic  mttUiplicando  per  deccm  centum  et 
mille  usque  in  infinitum  computando  versus  sinistram. 

There  is  no  longer  any  difficulty  in  discovering  in  Means  of 
what  manner  the  knowledge  of  Arabic  notation  was  propae*- 
propngated  throughout  Europe,  when  we  find  such  liu* 
simple  and  popular  expositions  of  its  principles  in  JjfJjJjJf" 
those  productions  which  were  expressly  formed  for  naeimU. 
the  most  general  circulation  ; and  from  which  the 

• .Irchtretogia,  rol.  sUi.  p.  153. 

t North,  A/thrrvlogta,  voL  x.  j>.  373. 


ARITHMETIC. 


419 


Arithmetic.  majority  even  of  the  better  informed  of  our  ancestor* 
n— derived  «o  considerable  a portion  of  their  knowledge  ; 

so  common  indeed  does  the  use  of  them  ap|*ar  to 
have  been,  and  so  frequent  were  the  occasions  of 
reference  to  them,  th  it  they  were  in  some  cases  triply 
folded  up  in  such  a manner  that  they  might  be  sus- 
pended by  a knot  at  the  girdle,  so  that  persona 
C alriutsr  in  might  peruse  them  without  removal.  Several  exam* 
the  English  pics  of  such  calendars  may  be  seen  in  the  British 
ishST  Museum,  and,  amongst  others,  one  in  ten  leaves,  for 
the  year  1431,  and  which  merits  particular  attention, 
from  its  being  the  earliest  which  we  have  discovered 
in  which  the  English  language  is  used.  Its  contents 
are  of  the  usual  kind,  containing  the  calendar  in  Arabic 
figures,  with  rules  for  tBc  calculation  of  eclipses,  leap- 
years,  inflictions,  &c.  and  the  usual  portion  of  astro- 
logical information.  The  author  of  it  says  that  it  was 
formed  for  the  use  of  his  sovereign  mistress,  though 
it  is  not  easy  to  find  a personage  to  whom  this  title 
would  apply  during  the  minority  of  Henry  VI. 

We  may  safely  infer,  that  when  calendars  contain- 
ing these  figures  began  to  he  circulated,  that  the  use 
and  advantages  of  this  notation  must  have  been  in 
some  degree  understood  by  the  persons  for  whose  use 
thev  were  composed ; or  that,  at  all  events,  under 
such  circumstances,  the  knowledge  of  it  must  base 
been  rapidly  propagated.  The  addition  of  the  Rules 
de  Algorismo,  which  was  made  to  so  many  of  them 
between  the  early  part  of  the  XIVth  and  the  beginning 
of  the  XVth  centuries,  would  seem  to  show  that  their 
composers  were  employing  a notation  which  was  not 
universally  known  or  used,  and  that  there  were  some 
of  their  readers  for  whom  some  explanation  was 
necessary.  After  the  commencement  of  the  XVth 
century,  however,  we  find  few  examples  of  such  addi- 
tions ; and  we  may  consider,  that  from  such  a period  this 
notation  was  known  and  admitted  in  every  part  of 
Europe,  where  monasteries  and  other  establishments 
of  the  Church  of  Home  were  to  be  found. 

TVe  fyurti  (80.)  In  a passage  which  has  been  quoted  from  the 
Dreme  of  Chaucer,*  these  numerals  are  called  the 
figures  newe ; and,  therefore,  it  is  presumed,  that  they 
were  not  known  long  before  his  time. 

THE  WEDDE. 

Shortly  it  wu  fro  full  of  bestei 
That  though  A r you  the  noble  counter 
Ysate  to  reekin  in  hi*  rontonr 
For  by  the  /furci  uewe  all  ken. 

If  they  be  crafty,  reekin  and  nombre 
And  tell  of  every  thing  the  nombre, 

Yet  ahnllde  fail  to  reekin  even 
The  wonders  we  met  in  my  swrren. 

If  we  assign  the  date  1375  for  the  writing  of  this 
• poem,  the  epithet  new  might  yet  he  appropriate  to 
these  figures,  as  distinguished  from  the  Homan 
numerals,  even  though  they  had  been  known  from 
the  beginning  of  the  century.  A term  of  this 
kind,  indeed,  is  so  indefinite  in  its  application,  that  it 
is  impossible  to  found  any  argument  upon  it  } the 
passage,  however,  is  in  othfr  respects  interesting,  ns 
expressing  the  opinion  of  the  nuthor  upon  the  power 
and  extent  of  this  new  Arithmetic,  in  every  way  so 
superior  to  the  old.  Chaucer  had  been  in  Italy,  and 
might  there  have  enjoyed  opportunities  of  witnessing 
this  amongst  all  other  arts  and  sciences  in  a more 


* Deooe,  cfrckm>tofia,  rol.  xiii.  p.  123. 


perfect  and  matured  state  than  in  other  parts  of  History. 
Europe. 

(81.)  It  is  not  a matter  of  much  difficulty  or  import-  Appearance 
once,  to  trace  the  progress  of  these  numerals  after  the  of  these  nu- 
commcnccment  of  the  XVth  century  : the  manuscripta  1° 

on  astronomical  and  arithmetical  subjects  which  were 
written  in  that  century,  and  which  arc  found  in  such 
numbers  in  all  manuscript  libraries,  show  how  gene- 
ral the  use  of  these  numerals  hud  become,  where 
custom  and  respect  for  antiquity  had  not  opposed 
their  introduction  : it  was  for  these  reasons  that  they 
were  excluded  until  a late  period  for  dates,  from  all 
public  and  formal  deeds  and  documents,  from  regis- 
ters, inscriptions,  and  so  on.  They  appear  neither 
in  the  dates,  nor  pages  of  works  printed  by  Cuxton, 
but  in  the  Myrrour,  or  Y'mage  of  the  World.  printed 
in  1480,  when  treating  of  Arsmetrikc,  or  Algorithm, 
amongst  other  sciences,  he  has  given  a wood-cut  of 
an  Arithmetician  sitting  before  a table,  on  which  are 
slates  or  tablets  with  these  figures  upon  them. 

Amongst  the  earliest  books  printed  at  St.  Albans,  Early  print - 
is  one  Rhetoric a nor«  Gulielmi  de  Saona,  in  which  there 
is  the  date  1478  \*  and  the  Myrrour  of  the  World  was  n ,uelic' 
reprinted  in  1 506,  under  on  enlarged  and  altered  form 
by  Laurence  Andrews,  in  which  the  common  opera- 
tions of  Arsmctrike,  or  Algorism,  are  treated  of  with 
great  clearness,  and  in  which  the  figures  appear  under 
their  present  form  ; the  treatise  of  Cutlibert  Tonstall, 

Bishop  of  Durham,  de  Arte  SuppuUmili,  one  of  the 
most  beautiful  productions  of  Dvnson's  press,  was 
published  in  1533,  and  showed  its  author  to  lie  per- 
fectly well  acquainted  with  the  most  improved  state 
of  the  science  at  that  pcrlod.t 

In  the  year  1537.  there  was  printed  at  St.  AlbanV 
“ An  Introduction  for  to  lemc  to  reckon  with  the  Pen 
and  with  the  Counters  after  the  true  cast  of  Arsmetyke, 
or  Awgrynt,  in  hole  numbers,  and  also  in  broken and 
in  154*2,  was  printed  by  Robert  Kecorde,  Doctor  in 
Physic,  the  first  edition  of  u The  Grounde  of  Aries, 
teaching  the  Woorke  and  Practice  of  Arithmetyke,  booth 
in  whole  numbers  and  fractions,  after  a more  msy  and 
etacle  sorte,  than  any  hitherto  hath  been  set  forth.''  This 
is  a work  which  wc  have  had  frequent  occasion  to 
quote,  and  we  do  not  find  it  necessary  to  notice  at 
present  any  other  contemporary  or  subsequent  publi- 
cations on  this  subject. 

(82.)  The  accounts  of  merchants  were  kept  in  Roman  Their  use 
numerals  until  the  middle  of  the  XVIih  century, t and  in  mer- 
they  continued  the  use  of  the  Abacus  in  their  calcula-  ac- 
tions to  a still  later  period  ; nay,  even  so  late  as  the  cou,l,s'  &c* 
year  1595  the  use  of  this  instrument  was  a subject 


* The**  numerals  appear  in  the  Facriculmc  Teuifn>rum  *Vn/,- 
i,  printed  at  Louvain  in  1476  } and  in  1484  whs  published 
Ih*  great  work  of  Lncas  dc  Buryo,  entitled  Snmmn  4c  ArUkmc- 
ttem,  4'r.  in  which  the  numeral*  Appear  under  very  nearly  their 
present  form,  and  which  was  adopted  iu  all  books  printed  in  the 
follow  bur  century. 

t In  his  dedication  to  Sir  Thomas  More,  he  says,  that  tl  « 
reason  which  induced  hirn  to  study  Arithmetic  was  to  protect  him- 
self from  the  frauds  of  inciner-rhangrn  and  stewards,  who  availed 
themselves  of  the  ignorance  of  their  employers;  he  professes  to  hare 
rend,  for  the  purpose  of  his  work,  all  llie  book*  which  had  ever 
been  written,  wliether  rrudnui,  lucptot,  !aiUh*i,  WAcr roc,  quorum 
entlcrcm  ttMyutu  ; and  he  adds,  that  there  was  hardly  any  nation 
which  did  not  posses*  books  on  thi*  subject  in  their  own  laa- 
uage  ; and  by  Bchrcling  what  was  excellent  in  each,  Mid  arranging 
i*  mvtr rials,  be  at  last  aurrrrdcd  in  licking  them,  a*  it  were, 
into  shape  and  symmetry,  as  the  bear  docs  her  cubs 
l .Irxkceotcgva,  voh  xiii.  p.  148. 
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Arithmetic.  of  popular  education.  In  colleges,  where  the  use  of 
the  learned  languages  prescribed  by  their  statutes  gave 
a specie*  of  authority  and  sanction  to  classical  nota- 
tion, we  find  that  the  Roman  numeral*  were  used 
in  some  instances  as  late  as  the  year  1600,  and  in 
others  as  late  ns  1700  ; and  the  sunie  feeling  operates 
generally  even  to  this  day,  to  preserve  their  use  in 
monumental  and  other  inscriptions. 

The  use  of  (83.)  A nearly  contemporary  author  in  the  account  of 
them uiJ  to  the  life  of  Baldwin,  Archbishop  of  Treves,  states  that 
hair  been  he  learned  the  use  of  these  figures  in  the  University  of 
tbe*Uui let-  'n  l^e  year  1306  i*  » *®cl»  w*»'Ch  would,  if  Well 

•tty  of  Paris  authenticated,  show  that  these  figures  had  become  the 
in  1306.  subject  of  common  and  popular  knowledge  at  an 
earlier  period  than  in  this  country.  Professor  Leslie, t 
mentions  a Tract  in  the  German  language,  dated 
1390,  De  Algorismo,  in  which  the  notation  and  the 
common  operations  of  this  Arithmetic  arc  very  dis- 
tinctly explained.  It  is  impossible,  however,  in  cases 
where  the  date  of  the  introduction  of  these  numerals 
is  to  be  determined  by  their  appearance  in  a manu- 
script, to  say  that  other  manuscripts  of  greater  anti- 
quity may  not  have  contained  them,  unless  the  external 
evidence  which  they  afford  is  farther  confirmed  by  the 
contents  of  the  manuscript  itself. 

The  irork  (<M.)  These  numerals  appear  to  have  been  known  about 
«f  PUn u«ica  the  middle  of  the  XUlth  century  in  the  Greek  Empire 
at  Constantinople,  if  we  may  judge  from  the  work  of 
Planndes,  of  which  manuscripts  are  to  be  found  in  the 
Bodleian,  Vatican,  and  Royal  library  at  Paris,  of  the 
last  of  which  Delumbre  has  given  an  analysis  it 
is  entitled  T«S  ^tXoffD^TiiTou  p 9va\ov  KaXovfUvav 

Mafi’aot'  TOW  riVavowri/  rjffto’pa  pin  ear'  *Iv£owt,  y Xr-yo- 

pUrtl  pit 7«Xy.  Vossiu*.  indeed,  has  placed  Planudes 
in  the  middle  of  the  XIVth  century  ; but  if  it  be  true, 
that  he  dedicated  other  works  to  the  Emperor  Michael 
PaltEologus,  he  must  have  flourished  about  the  period 
which  we  have  mentioned.  The  forms  of  the  digits, 
which  he  says  are  Indian,  bear  a considerable  resem- 
blance to  the  Arabic  j and,  with  respect  to  the  zero, 
he  observes,  tiOmci  ft tpov  n ay_f)ua  £ *a\<» vat 

rfr<t>p*r,  <raT*  'Iv^av*  eypaitrov  ovlev  : ij  2i  t <y pa~ 
Origin  ud  0«tbi  opTwi  o : the  term  or  cifra,  is  derived  from 

■icuusf  of  the  Arabic  term  tsaphara,  (quod  vacuum  aut  inane  eit,) 
crabcr™  M<!  corre*Pon^8  to  tI,e  ‘Sanskrit  term  for  it,  tunya, 
^ which  signifies  blank  or  roirf.  The  use  of  the  zero  or 

cypher,  so  important  and  so  essential  to  this  species 
of  Arithmetic,  has  led  to  a more  comprehensive 
meaning  of  the  terra,  all  the  digits  being  designated 
by  the  general  term  of  cypher , and  the  verb  to  cypher 
having  the  same  signification  as  to  calculate  or  work 
with  these  figures.  To  return,  however,  from  this 
digression,  it  is  clear  from  an  examination  of  this 
work  of  Planudrs,  that  it  must  have  been  translated 
or  collected  from  the  Arabic  writers,  as  the  distribu- 
tion of  the  subject,  and  the  rules  of  operation,  are 
nearly  the  same  os  are  found  in  the  arithmetical  and 
algebraical  works  in  that  language. 

Pi  forest  The  work  which  wc  have  just  noticed  is 

orifcimi  m-  another  amongst  the  numerous  testimonies  which  may 
be  brought  to  establish  the  Indian  origin  of  those  nu- 
* merals.  It  must  not  be  imagined,  however,  that  the 

opinions  of  learned  men  have  at  all  times  agreed  in 


W-  meril|8 

**enU»,  by 


• Cftr-nnienn  p.  114. 

f Phttoe-iphy  tf  .irtlkmette,  («.  114. 

] Hut.  de  { stttroHanue  Anctettnr,  tom.  i.  J>  518. 


assigning  to  them  such  an  origin,  as  there  are  few  History, 
subject*  concerning  which  a greater  number  of  ex.ra-  v— 1 * 
vagant  theories  have  been  formed.  One  of  the  earliest 
and  most  popular  of  these  is  the  oue  which  was  first 

Ero|tagated  by  Dasypodius,  and  afterwards  maintained  D*«tp<>- 
y iluet.  Bishop  of  Avnuicbca,*  that  these  figures  dim.  Hurt, 
were  formed  from  the  Greek  letters  for  the  nine  &Cf 
digits.  Dr.  Bernard,  in  his  Tables, t acquiescing  in 
this  theory,  ha*  stated  that  these  figures  passed  from 
the  Greeks  to  the  Indians  in  710*  from  the  Indians  to 
the  Arabians  in  800,  and  from  thence  to  the  Spaniards 
in  the  year  looo,  for  all  which  periods  he  has  given 
their  forms,  though  it  would  be  difficult  to  refer  to 
his  authorities,  and  still  more  difficult  to  coufirm 
them.  Dr.  Ward,  Rhetoric  ^Professor  at  Gresham 
College,  adopting  the  same  views,  bos  traced  their 
course  also  from  Greece  to  India,  and  from  thence 
through  Arabia  to  the  Moors  in  Africa  and  in  Spain. 

It  is  unnecessary  to  quote  more  examples  of  the 
names  even  of  distinguished  men  who  have  writteu  in 
favour  of  an  hypothesis  so  entirely  unsupported  by 
facts.  Gattcrer!  imagined  that  he  had  discovered  in  Gnitrrrr, 
Egyptian  manuscript*  written  in  the  cnchoriuc  cha- 
racter, that  the  digits  were  denoted  by  nine  letters, 
and  that  a tenth  sign  performed  the  office  of  zero ; 
and,  as  if  not  contented  with  assigning  to  the  Egyp- 
tians the  knowledge  of  this  Arithmetic,  it  must  be 
known  likewise  to  Cecrops  and  Pythagoras,  and  that 
it  formed  part  of  the  mysterious  science  which  was 
transmitted  to  his  followers.  It  was,  probably,  a 
vestige  of  this  mystical  knowledge  which  showed 
itself  in  the  manuscript  of  Boethius,  which  Weidler 
considered  ns  old  as  the  VUIth  century,  and  in  wiiicb 
the  Arabic  numerals  were  used.  I Wachtcr,  however,  Warbler, 
found  no  difficulty  in  tracing  them  to  a natural  origin, 
as  well  as  the  Roman  numerals,  in  the  different  combi- 
nations of  the  fingers j thus  unity  is  expressed  by  the 
outstretched  finger,  and  by  repeating  and  varying  this 
character,  wc  have  got  = for  3,==  3 -O'  >or  ^ for  4,  5 for 
5, &c.  which  have  degenerated  from  long  use,  and  for  the 
greater  convenience  of  writing,  to  their  present  forms.fi 
A Dutchman  of  the  name  of  Rudbcck,  and  Brinhorne,  Rndherk 
a Swede,  with  sinfpilar  boldness  and  patriotism,  have  p”^nj1CirtM. 
claimed  the  invention  for  the  Celts,  or  Scythians  of  the  * 

North  of  Europe ; whilst  a Spaniard  named  Antonio 
Nassau  has  referred  it  to  the  Carthaginians  in  Africa, 
on  the  authority  of  some  Tyrian  inscriptions,  in  which 
characters  somewhat  resembling  the  Arabic  figure* 
have  been  discovered.^  The  last  opinion  which  we 
shall  notice  is  that  of  Calmet,**  which  was  originated 
by  Mabillon,tt  that  these  figures  were  part  of  the  signs  MsWIlaa 
or  abbreviations  of  Tiro,  the  freedman  of  Cicero,  which  iumK  *,w,rU 
were  so  extensively  used  in  short-bond  writing  by  tbe 
ancients.  It  is  a sufficient  answer  to  such  an  hypothesis 
to  state,  thiit  wc  fiud  amongst  those  signs  simple  sym- 
bols for  11,  13,  13,  fiic.  which  could  nut  have  been  the 
cose  if  they  hod  involved,  in  any  way  whatsoever,  tbe 


• IPmtnmimtio  Emntpehta,  a.  647. 

+ See  hi*  Table*,  or  Mate,  printed  in  1689. 

• WetigrethichU  bit  Cynu,  p,  586  } Memento  ret  DtpU- 

ma ties',  p.  66. 

f Philosophical  Tremor  hoot  f„r  1744,  No.  472,  p.  81. 

||  Solars  et  Scriplurtr  Csmcontia,  c.  4. 

% Chrvntctm  Gstheimue,  p.  114. 

• Mrmotrn  Hr  7’rmmjr,  for  1753,  p.  1630.  Ur  rt  Diploma* 
titi . p.  215. 

ft  Sum  era  a Troiti  de  Diplomatique,  tool.  111.  p.527. 
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Arithmetic,  principle  of  arithmetical  notation  by  nine  digits  and 
zero. 

Kxpka*>  (86.)  In  Plate  III.  we  have  given  the  principal  forms 
tion  of  of  these  numerals  amongst  different  nations  of  Asia,  as 
figure*  in  wcu  a8  aj  different  periods  since  their  first  introduc- 
Hate  III.  |jon  jn|0  Europe.  The  following  are  the  explanations 
of  the  several  divisions  of  this  Plate,  to  which  refe- 
rences are  made  by  means  of  the  Roman  numerals. 

I.  The  Sanskrit  numerals  in  the  Devanagari  cha- 
racters, or  diriae  characters  of  Nagari : from  the 
Sanskrit  Grammar  of  Dr.  Wilkins. 

II.  The  Bengali  numerals,  from  Hnlheds  Grammar, 
p.  1312  ; the  forms  of  these  numerals  are  slightly  varied 
from  the  Sanskrit ; the  zero  is  a small  circle,  and  not 
a simple  dot,  as  was  usually  the  case  in  the  Sanskrit  : 
it  is  probable  that  this  symbol  for  zero  was  borrowed 
from  the  Arabs  at  a later  period. 

III.  Ancient  Persian  numerals,  from  n manuscript  of 
the  Zenda- Vesta,  in  the  Bodleian  library. 

IV.  Mahrutta  numerals,  from  a manuscript  of  Mr. 
Perry,  copied  by  Mr.  Astle  in  his  Origin  and  Progress 
of  Writing,  Plate  30. 

V.  The  'Thibet  numerals,  from  another  manuscript 
of  Mr.  Perry,  also  copied  by  Mr.  Astle  } it  is  obvious 
that  all  these  numerals  have  a common  origin. 

VI.  The  Arabic  numerals,  which  ore  specifically  called 
Indian,  from  De  Sacy's  Grammaire  Arabe,  Piute  8. 

VII.  The  Arabic  numerals,  called  Gobar,  in  which 
there  is  no  zero,  the  nine  digits  having  n dot  attached 
to  them  to  denote  tens,  two  dots  to  denote  hundreds, 
and  so  on  : likewise  taken  from  De  Sacy. 

VIII.  Numeral  characters  from  the  manuscripts  of 
Maximus  Plonudcs. 

IX.  Numeral  characters  used  in  manuscripts  in  the 
XVth  century. 

X.  The  wood-cut,  with  numerals.  In  the  Myrrour  of 
the  World , by  Caxton,  a.  d.  1480. 

XI.  Fac  simile  of  the  memorandum  of  Petrarch  on 
tbe  manuscript  of  St.  Augustin  : Hoc  immensitm  opus 
donaeit  ntihi  rir  egregius  Johanna  Boccacius  de  Ctrlaldo , 
poeta  nostri  temporis  et  t'lorentia  Mediolanum  ad  me 
perpeuit  1355,  Aprilis  10. 

XII.  The  date  1245,  from  the  manuscript  in  the 
Stroxzi  library,  but  which  has  every  ap|>eanince  of 
having  been  added  in  the  XVth  century. 

XIII.  Anno  Dom.  1292,  ad  meridiem  exoitatis  Toleti. 
This  is  the  date  found  at  the  commencement  of  what 
is  called  Roger  Bacon's  Calendar,  in  tbe  British 
Museum,  which  Ames  erroneously  imagined  to  be  the 
date  of  the  manuscript. 

XI  V.Christi  1334  incomplcto:  this  date  is  written  upon 
a manuscript  of  Pwlilla  in  Psalterium  by  Nicholas  dc 
Gorron  ; upon  which  is  written,  Accommodatu * iste 
Liber  MagUtro  Thome  Durant  sacre  pagine  Profes- 
sor!, post  festum  S.  Petri  Cathedm,  Anno  Chruti  1334 
incompleto.  There  is  every  reason  for  supposing  that 
this  date  is  perfectly  genuine.* 

XV.  Psalterium,  cunt  calendario  auction,  hymnis  Eccle- 
siaticis.  Lit  a nut  et  rigiliis  mortuorum ; in  usum  John  nmt, 
Rica  nil  2 matris  scriptum,  a.  u.  1380.  This  very 
curious  calendar  commences  with  an  account  of  Algo- 
rism, os  usual  in  that  period,  and  contains  a more  than 
common  quantity  of  purely  astronomical  knowledge, 
the  tables  being  calculated  to  the  meridian  of  Oxford,  f 


• C««ln,  Cilalogvt  of  Mamutcripli  in  tbe  JlriluA 

f ibid.  Piute  16. 


XVI.  Liber  olim  de  Clavstro  Roffensi,  per  Benedict um  History. 
epucoftum  datus  : to  which  is  adtteri,  hte  liber  lig at  us 

erat  Oxonii,  m Catstrete,  ad  ins  tan  turn  Reverend  i Domini 
Thome  Wybarum,  in  sacra  Theologies  Baccalarii  monachi 
Roffciui $,  Anno  Domini  I4C7-*  Dates,  which  before 
the  middle  uf  this  century  were  very  rarely  expressed 
in  Arabic  numerals,  became  extremely  common  after- 
wards. 

XVII.  A series  of  dates,  from  1445  Go  1587,  for  the 
purpose  of  exhibiting  the  changes  which  these  figures 
underwent  during  that  period. t ^ 

(87.)  There  were  two  distinct  species  of  Arithmetic  Two  dir- 
whicli  were  cultivated  by  the  ancients,  one  practical,  and  ^ “P** 
the  other  purely  speculative.  The  history  of  the  first  J*!? 
s|»ecies  we  have  already  entered  into  with  sufficient 
detail  ; the  second,  however,  merits  a distinct  and  ancient*, 
separate  notice,  not  merely  from  the  great  and,  in  some 
degree,  extravagant  importance  which  was  attached 
4o  it  by  the  Pythagorean  and  Platonic  philosophers  of 
antiquity,  but  likewise  from  its  influence  upon  the 
particular  speculations  of  arithmetical  and  other  wri- 
ters in  modern  limes  ; we  shall,  therefore,  give  a very 
brief  abstract  of  this  Arithmetic,  as  far  as  in  the  first 
place  regards  the  several  species  of  numbers,  and 
their  arithmetical  relations  with  each  other ; and 
secondly,  those  properties  of  numbers,  which  were 
supposed  to  lead  to  the  knowledge  of  nature,  and  the 
principles  of  the  true  philosophy. 

(88.)  Euclid  bos  defined  unity  to  he  that  according  Definition* 
to  which  everything  which  exists  is  railed  one  ; and  nnxij. 
number  to  be  multitude,  composed  of  unities.?  The 
first  of  these  definitions  is  one  amongst  innumerable 
other  proofs  that  the  ancients  mistook  the  province  of 
definition  in  attempting  to  explain  a term  such  as  unity, 
expressing  an  idea  w hich  does  not  admit  of  resolution 
into  others  more  simple  than  itself ; the  consequence  of 
this  practice  has  been,  that  these  definitions  of  the  same 
term  have  no  accordance  with  each  other,  and  are  in 
many  cases  absurd  or  unintelligible  : thus  one  author 
says,  that  the  monad  is  the  principle  and  dement  of  num- 
ber, which  while  multitude  is  diminished  by  subtrac- 
tion, is  deprived  of  till  number,  and  remains  fixed  and 
jinchanged,  since  division  cannot  proceed  beyond  iLt 
Another  asserts,  that  the  monad  is  one  multitude  : 
some  say  that  it  is  the  confine  of  number  and  parts  ; 
others  that  it  is  the  form  of  forms,  as  comprehending 
causally  all  the  ratios  which  are  in  number. ||  Another 
favourite  subject  also  of  disputation  in  the  schools, 
was,  whether  unity  is  a number,  and  which  was  treated 
in  many  cases  without  reference  to  tbe  definition  of 
number  itself  thus,  according  to  the  Euclidean 
definition  of  numbers,  the  question  must  be  answered 
in  the  negative;  but  if  we  define  number  to  be 
that  quantity  by  which  every  thing  is  numbered,  it 
would  be  answered  in  the  affirmative;  since  unity  is  a 
quantity  which  may  be  numbered  by  itself.  We  do 
not  propose  these  questions  us  deserving  of  grave  and 
serious  discussion,  nor  shall  we  attempt  to  reconcile 
and  explain  definitions  which  are  apparently  so  con- 


• Cnrtejr,  Pint*  16. 

+ .Vuuvram  Trwttf  He  Diplomatique , tofD.  111.  Platt'  60. 
x Lik  v»L  Act.  1 , 2. 

i Thronl*  Smrriuri  p.  23. 

I Tarlnr’*  Theoretic  stnlkmrUc . p.  4. 

1 Alilrdii  K*Cfrtvfne*tia,  p.  H04  ; sirithmitiq ue  dc  Simon 
Stcvin,  where  tbe  nifti  native  of  tbi«  question  U vigorously  main* 
Uiocd. 
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tradictory,  ami  which  are  so  far  removed  above  all 
simple  comprehension  ; we  merely  mention  them  for 
the  purpose  of  showing;  how  readily  even  the  most 
acute  understanding:  may  be  bewildered  in  a labyrinth 
of  absurdities,  unless  guided  in  all  its  reasoning*  by 
fixed  and  intelligible  principles. 

Numbers  arc  distributed  into  various  species,  such 
as  odd  and  even,  prime  or  compound,  &c.  Even 
numbers  are  s^mrated  into  such  as  are  pariter  para, 
comprehended  in  the  series, 

4,  8,  16,  39,  64, 

oil  whose  divisors  are  even : impariier  para,  forming 
the  series 

6,  lO,  14,  18,  29, 

which  being  divided  by  an  even  number,  have  an  odd 
number  for  their  quotient : and  lastly,  ftariier  and  tm- 
pariter  pahs,  comprehending  all  other  even  numbers, 
greater  than  9,  which  are  not  included  in  the  two  other 
classes.  Again,  numbers  are  perfect,  when  equal  to  the* 
snm  of  their  divisors,  drA'eienf  when  less,  and  superabund- 
ant when  greater  than  that  sum.  Two  numbers  are 
amicable ,*  when  equal  to  the  sum  of  each  others  divi- 
sors ; and  imperfectly  amirabtef  when  the  sum  of  their 
divisors  is  the  sonic  for  both,  though  not  equal  to 
either  of  them.  Diametral  numbers,  the  sum  of  the 
squares  of  whose  two  factors  is  a square  number,  the 
square  root  of  which  is  the  diameter.  { Polygonal  nnm - 
ben,  which  are  of  different  species,  such  as  triangu- 
lar numbers,  included  in  the  scries, 

1,  3,  6,  10,  15,  21,  98, 

which  express  the  number  of  units  which  admit  of 
being  symmetrically  arranged  in  an  equilateral  triangle, 
where  there  are  1,  2,  3,  4,  5,  6,  7,  &c.  units  respec- 
tively corresponding  to  each  side.  Square  numbers, 
the  only  species  of  polygonal  number  which  Euclid  has 
considered,  as  they  alone  strictly  correspond  in  their 
properties,  with  the  geometrical  figures  from  which 
they  derive  their  denomination.  Pentagonal  numbers, 
which  only  admit  of  symmetrical,  or  rather  equidistant 
arrangement,  in  the  equilateral,  but  not  equiangular 
pentagon,  which  is  formed  by  the  junction  of  n square 
and  equilateral  triangle,  as  in  the  annexed  figure : 

' A 


These  numbers  arc  clearly,  therefore,  the  sum  of  the 


• Sack  are  the  numbers  2B4  and  220. 

t The  wm  of  the  divisors  of  27  and  35  respectively  are  equal 
to  13- 

♦ The  an  other  12  “ 3.  4 is  a diametral  number,  and  5 the 
diameter,  since  3*  + 4*  — 25  •»  5'. 


triangular  and  square  numbers  corresponding  to  bases.  History, 
which  differ  by  unity,  and  arc  expressed  by  the  series,  ^ 

1,  5,  12,  22,  3ft,  51,  70,  92,  Ate. 

Since  triangular  numbers  are  formed  by  the  addition 
of  the  terms  of  the  scries  of  natural  numbers 
1,  2,  3,  4,  5,  &c. 

square  numbers,  by  the  addition  of  the  alternate  terms 
of  this  series,  or  of  the  odd  numbers, 

1,  3,  5,  7,  &c. 

and  pentagonal  numbers,  by  the  sums  of  every  third 
term  of  that  series,  or  of 

I,  4,  7,  10,  13,  &c. 

So  likewise  hexagonal  numbers  are  formed  by  the  Hewgotul. 
addition  of  every  fourth  term,  beginning  with  the 

first,  which  are,  ‘ 

1,  5,  9,  13,  flee. 

and  heptagonal  numbers,  by  the  addition  of  every  fifth 
term,  and  so  on  for  the  polygonal  numbers  of  higher 
orders  : in  those  cases,  therefore,  there  is  evidently  no 
reference  whatever  to  geometrical  figures  ; and  it  is 
quite  clear,  likewise,  that  the  polygonal  numbers  of 
the  ancients  have  no  analogy  to  the  figurate  numbers 
of  modern  times. 

If  the  terms  of  the  scries  of  triangular  nnmbers  be 
added  together,  we  get  the  scries 

1,  4,  10,  90,  35,  56,  &c. 

the  first  in  the  series  of  solid  pyramidal  numbers,  and 
which  are  called  triangular  pyramidal  numbers.  If 
the  terms  of  the  series  of  squares  be  otherwise  added 
together,  we  get  a scries  of  square  pyramidal  numbers,  PrnunuUL 
which  are 

1,  5,  14,  30,  fcc. 

In  both  cases  these  numbers  would  express  the  number 
of  equal  spheres,  which  can  be  placed  in  complete  contact 
with  each  other,  when  those  in  the  base  form  an  equi- 
lateral triangle  or  square;  and  if  the  highest  sphere, 
or  the  first  number  in  the  series  be  wanting,  we  get  a 
defective  pyramid ; and  hence  the  numbers  3,  9,  19, 

&c.  arc  called  defective  triangular  pyramids,  and  simi- 
larly for  those  cases  where  the  base  is  a square  or 
any  other  figure. 

If  the  scries  of  squares  be  multiplied  in  succession  Cubes, 
by  the  natural  numbers,  we  get  the  series  of  cuftes. 

Numbers  arising  from  three  unequal  factors,  as  3, 

4,  5,  are  called  paraUeltijtipedons,  and  sometimes  PwmlleJopi 
aca\r/rot  trxa\tp>oi,  or  in  Latin  gradati,  and  by  others  pedao*. 

'pvutetcot,  or  tittle  altars,  from  the  resemblance 
which  they  bear  to  their  analogous  solids.  When 
two  equal  numbers  are  multiplied  into  a less,  as 

3x3x9,  the  result  is  denominated  a laterculus  or  Laicrtali.  « 

tile ; but  if  two  equal  numbers  arc  multiplied  into  a 

greater,  the  product  is  called  asser,  or  a plank.  All  Asscre*. 

these  distinctions  were  studiously  multiplied,  and 

their  denominations  founded  upon  some  fancied  analogy 

or  resemblance  to  objects  of  sense. 

Numbers  were  also  distinguished  Into  square,  Square 
it rpnutjKfii , and  oblong  ; the  second  were  the  products  number*, 
of  two  numbers  which  differed  by  unity,  and  the  last,  oWo*I* 
the  products  of  any  other  unequal  numbers  ; and  it 
was  observed,  that  whilst  square  numbers  are  formed 
by  the  addition  of  the  terms  of  the  series  of  odd 
numbers,  those  of  the  second  class  arc  formed  by 
the  addition  of  the  terms  of  the  series  of  etren  numbers. 

Minute  and  trivial  as  many  of  the  distinctions  of  Piffvrcr.t 
the  different  species  of  numbers  may  appear  to  be,  of 
they  arc  much  less  so  than  those  which  refer  to  ratios 
and  proportions,  and  their  different  species ; thus  we 
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Arithmetic,  have  ratios  of  equality,  of  greater  and  less  inequality  ; 

of  the  second,  there  are  five  species,  and  as  many  cor- 
responding to  them  of  the  third ; thus  we  have 
multiple  ratio,  where  the  antecedent  is  a multiple  of 
the  consequent ; superparticular,*  where  the  antecedent 
is  equal  to  the  consequent  and  some  part  of  it,  which 
may  become  therefore,  sesquialtcran,  sesquiterttan, 
sesquiquintan,  &c.  as  3 to  2,  4 to  3,  5 to  4,  &c.  pro- 
ceeding to  infinite  subdivisions  ; superpartient.f  where 
the  antecedent  contains  the  consequent  once,  and 


science  of  numbers,  as  known  to  the  ancients ; many  History, 
of  the  absurdities  even  of  Plato  himself,  and  still  more  v~ 
of  many  of  his  commentators  and  successors,  being  ex- 
cluded by  the  rigid  form  of  his  demonstrations,  and 
tbe  intimate  dependence  of  his  propositions  on  each 
other ; a circumstance  which  drew  a remark  from  Lord 
Bacon,  that  nothing  had  been  added  to  this  science  since 
his  time,  which  was  worthy  of  the  lapse  of  so  many  ages, 
the  truth  of  which  it  would  be  difficult  to  dispute  ; in 
reality,  the  powers  of  the  human  mind  were  frittered 


some  multiple  of  its  parts,  as  6 to  3,  7 to  4,  19  to  10, 
and  so  on  ; multiple  superparticuiar,$  where  the  ante- 
cedent contains  a multiple  of  the  consequent  with 
some  part  of  it,  as  5 to  2, 23  to  1 1 , &c. ; and  multiple 
superparticnt,§  where  the  antecedent  contains  a mul- 
tiple of  the  consequent  and  of  some  part  of  it,  as  1 1 
to  3,  17  to  7»  And  so  on. 

Different  They  distinguished  three  principal  species  of  pro- 
kina*  of  portion,  arithmetic,  geometric,  and  harmonic,  which 
proportion.  wcrc  known  to  the  more  ancient  philosophers;  but 
later  writers  added  three  others,  which  were  opposite 
lo  the  former.  Thus,  if  o,  /},  7,  arc  three  numbers, 
arranged  in  the  order  of  their  magnitude,  they  will  be 
related  to  each  other,  according  to  the  conditions  of 
the  fourth  analogy,  or  ptaon /*,  if 

• a : 7 : ; ft  -*7  : « - 7 || 

of  the  fifth,  if 

ft  : 1 ::  ft  — 7 : a - ^ % 

and  of  the  sixth,  if 

a:/9::/9  — 7 : a — ** 

To  these  six,  four  others  were  added  by  later  writers, 
to  complete  the  dread ; these  arc  as  follows  : 
«i:7::«~*7;/3-7  It 
<1  ; 7 : : a — 7 : a — ft 

0 : 7 t : « — T ’■  ft  — 7 §§ 

/I  : 7 t : a — 7:®  — ft  H|| 

Many  im-  It  >s  certain  that  many  curious  and  valuable  proper- 
jM*rt*nt  ties  of  numbers  were  discovered  by  the  ancients,  in 
pr»p»rt|r»  their  pursuit  after  these  relations  and  analogies,  which 
dincoTCrtd  were  supposed  to  lead  to  the  knowledge  of  the  true 
by  the  philosophy;  every  number  became,  as  it  werefpos- 
•urienta.  sessed  of  a property,  and  all  numbers  possessed  some 
relative  analogy  with  each  other,  to  which  a name 
could  be  given ; but  it  is  a tedious  and  unprofitable 
task  to  wnde  through  their  multiplied  refinements,  their 
laborious  demonstrations,  that  all  equality  proceeds 
from  inequality  ; and  again,  that  all  inequality  may 
be  reduced  to  equality  ; that  squares  and  cubes  par- 
take of  the  nature  of  identity  or  sameness,  and  a great 
variety  of  other  questions  equally  trivial  and  unintelligi- 
ble ; and  we  have  been  chiefly  induced  to  enlarge  upon 
this  subject  to  the  extent  which  wc  have  done,  from 
observing  the  influence  of  these  speculations,  both 
upon  the  form  and  substance  of  nearly  all  works  on 
Arithmetic  which  appeared  before  the  end  of  the 
XVIth  century. 

rucihtna  The  Vllth,  VIFIth,  lXth,  and  Xth  Books  of  Euclid, 
AriUimette  form  an  abstract  of  the  most  rntionnl  portion  of  the 

• Arypt  twtf^pun,  Ttieon.  Smyra.  par*  ii.  cap.  24. 

t A*t*»  nnyiapftt,  Ibid.  cnp.  25. 

{ Aayoi  rvAXaTAatritrytopivs,  Ibid.  cap.  26. 


away  in  the  minute  distinctions  and  endless  refinements 
of  the  mystical-philosophy  of  the  schools  of  Pythagoras 
and  Plato,  which  Bacon  considered  as  exspatialio  quenlttm  • 

tpeculation'u ; verifying,  in  short,  tbe  profound  obser- 
vation which  he  afterwards  subjoins,  that  the  human 
mind  is  naturally  disposed  to  indulge  itself  in  such 
speculations,  when  not  occupied  with  the  earnest 
pursuit  of  truth  : Hoc  euim  habtt  ingenium  humanum, 
ut  cum  ad  solula  non  sujkiat , in  super  vacamis  sc  a Herat. 

“Arithmetic,'*  according  to  the  opinion  of  the  Pla-  Platonic 
tonic  philosophers,  **  was  not  to  be  studied  with  gross  Arithmetic, 
and  vulgar  views,  but  in  such  a manner  as  might 
enable  men  to  attain  to  tbe  contemplation  of  the 
nature  of  numbers  ; not  for  the  purpose  of  dealing 
with  merchants  and  tavern-keepers,  but  for  the  im- 
provement of  the  mind,  considering  it  as  the  path 
which  leads  to  the  knowledge  of  truth  and  reality."* 

In  order  to  show  how  perfectly  removed  their  arith- 
metical speculations  were  from  all  practical  objects, 
it  is  only  necessary  lo  refer  to  a few  examples  of  the 
manner  in  which  they  philosophised  about  numbers. 

Thus,  perfect  numbers  compared  with  those  which 
are  deficient  or  superabundant,  are  considered  ns  the 
images  of  the  virtues,  considered  as  equally  remote 
from  excess  and  defect,  and  constituting  a mean  point 
between  them  ; thus,  true  courage  U a mean  between 
audacity  and  cowardice,  and  liberality  between  pro- 
fusion and  avarice : in  other  respects  also,  this  analogy 
is  remarkable;  as  perfect  numbers,  like  virtues,  are 
few  in  number,  and  generated  in  a constant  order  $ 
whilst  superabundant  and  deficient  numbers  are  like 
vices,  infinite  in  number,  disposable  in  no  regular 
series,  and  generated  according  to  no  certain  and  in- 
variable law. , 

The  tracing  of  analogies,  like  l he  preceding,  accom- 
panied as  is  generally  the  case  with  the  most 
eloquent  of  the  philosophical  writers  of  antiquity, 
with  moral  illustrations  of  uncommon  elegance  and 
beauty,  may  be  considered  os  furnishing,  at  least,  a 
pleasing,  if  not  a useful,  exercise  of  the  understand- 
ing; but,  in  other  cases, analogies  are  taken  for  proofs, 
and  assumed  as  the  bases  of  tbe  roost  absurd  and 
inconsistent  theories  ; and  it  would  be  difficult  to  refer 
any  chapter  in  the  history  of  the  human  mind  which 
affords  a more  degrading  picture  of  the  perversion  of 
the  reasoning  faculties,  than  that  which  would  be 
furnished  by  ihe  collection  of  tbe  ravings  of  tbe  Fytha-  Pytha- 
gorean philosophers  on  the  subject  of  numbers  and  r™°  AmL- 
their  properties  ; thus  Pythagoras  considered  “ number  **ct*<'' 
as  the  ruler  of  forms  and  ideas,  and  tbe  cause  of  Gods 
and  daemons and  again,  that  “ to  the  most  ancient 
and  all-powerful  creating  Deity,  number  was  the  canon. 


( tiaryn  reAAawAatmri/upqf,  Ibid.  C*p,  27. 

I As,  for  instance,  llic  numbers  6,  5,  3. 
f A«  2.  4,  5.  ••A*  1.4.6. 

ft  A*  6.  8.9.  t:  As  6,  7,9. 

ft*  A*  4,  6,  7.  ID  A*  3,  b,  8. 


• A<r>T<?Turif  mat  ipiffurtimb,  iAmbs  mel  iymySt  vp&i  iAtyttar 
ft-rrfnr  Si  A*>KTTijri)t,  ui?  tSitmmvt,  Italy  ms  M fitaw  r^f  t mm 

Spimmnat  rrj  rafari t.  ovSi  mpiatmi  X^f**  if  m 

iAA*  irtm a iAgfl«uu»,  mat  erveuu  olvL.  Throe. 

Stcyrn.  c*p.  1. 


Digitized  by  Google 


424 


ARITHMETIC. 


Arithmetic,  the  efficient  reason,  the  intellect  also,  and  the  most 
umlevinting  balance  of  the  composition  and  generation 
of  all  things.”  Again,  PhihAuus  declared,  **  that  num- 
ber was  the  governing  and  self-begotten  bond  of  the 
eternal  permanency  of  mundane  natures.”  Another 
said, *  *■  that  number  was  tbe  judicial  instrument  of  the 
Maker  of  the  universe,  anil  the  first  paradigm  of 
mundane  fabrication.”  And  Taylor,  their  modern  com- 
mentator nnd  advocate,  in  order  to  add  to  this  climax 
of  absurdities,  asks  whether  it  is  possible  that  these 
philosophers  could  have  spoken  thus  sublimely  of 
number,  unless  they  had  considered  it  as  possessing 
an  essence  separate  from  sensibles,  and  a transcen- 
dency fahricative,  and  at  the  same  time  paradigmatic.* 
fVnarlu*  The  learned  Meursiusf  has  umdc  a collection  from 
Pythaaori-  the  writings  of  Pythagorean  philosophers,  of  the 
Mritralus.  namcs  and  ProPcrtic9  which  they  assigned  to  all  num- 
bers from  1 to  10,  abounding,  as  might  be  imagined, 
with  all  kinds  of  absurdities  and  contradictions.  We 
shall  give  n few  specimens.  Unity,  or  the  moivui,  is 
termed  by  Nicomaehus,  “ Intellect,  male  and  female, 
God,  and  in  a certain  respect,  matter ; the  recipient  of 
all  things  (ra^ox^,)  chaos,  confusion,  commixture, 
obscurity,  darkness,  a chasm,  Tartarus,  Styx,  and 
terror  ; the  absence  of  mixture,  a subterranean  profuu- 
dity,  Lethe,  a rigid  virgin  nnd  Atlas  ; the  axis,  the 
sun,  and  Pyrulios  ; Morpho,  the  tower  of  Jupiter,  and 
the  spermatic  reason,  Apollo,  likewise,  the  prophet  and 
soothsayer.”  The  commentators  on  this  passage  say, 
that  the  monnd  is  called  intellect,  as  being  the  origin 
and  fountain  of  nil  numhers,  in  the  sumc  maimer  as 
intellect  is  of  all  ideas  : it  is  called  male  and  female, 
as  containing  in  itself  causally,  the  odd  and  the  even, 
the  former  corresponding  to  the  mule,  ami  the  latter 
to  the  female  : ns  it  is  the  cause  of  multitude,  there- 
fore it  is  called  God,  and  matter  in  a certain  respect 
only,  as  God  is  the  first,  and  matter  the  last  of 
things,  nnd  each  subsists  by  negation  of  all  things, 
and  consequently  matter  is  said  to  be  dissimilarly 
similar  to  divinity  : again,  the  monad  was  considered 
as  the  recipient  of  all  things,  from  its  analogy  to  the 
divinity,  as  all  things  are  comprehended  in  the  ineffa- 
ble nature  of  divinity : it  is  called  chaos,  ns  being 
primaeval  and  first  born,  from  which  all  things  have 
sprung,  ns  all  numbers  from  unity ; but  it  is  needless 
to  pursue  this  tissue  of  absurdities  to  the  conclusion, 
as  we  have  given  more  thnn  enough  to  satigfy  our 
readers  of  the  nature  of  their  idle  speculations. 

TV  work  (S9.)  This  passion  for  discovering  the  mystical 
ii(  Mangos  properties  of  numbers  descended  from  the  ancients 
on  the  |no-  to  the  moderns,  and  numerous  works  have  been 
ouioVr*.  wr'*,cn  f°r  tbc  purpose  of  explaining  them}  amongst 
others  we  may  mention  that  of  Petrus  Bungus,; 
whose  work  on  this  subject  extends  to  700  quarto 
pages  i illustrating  nil  the  pro|icrtics  of  numbers, 
whether  mathematical,  metaphysical,  or  theological  • 
not  content  with  collecting  nil  the  observations  of  the 
Pythagoreans  concerning  them,  he  has  referred  to 
every  passage  in  the  Bible  in  which  numbers  are  men- 
tioned, incorporating,  in  a certain  sense,  the  whole 
system  of  Christian  and  Pagan  theology  : our  limits 
will  allow  us  to  notice  but  one  or  two  specimens  of 
bis  reasoning ; thus,  the  number  1 1 being  the  first 

• Taylor's  7’htorenc  .IrUhmrUc,  p.  163. 

f Jirnariat  Pptkagsrkif,  Lnpd.  Ho'ivvonnn,  1631. 

J Petri  Bnngi  Merjcaiuotis,  AWrreruat  1616. 


which  transgresses  the  decad,  denotes  the  wicked  who  Hhton. 
transgress  the  Decalogue,  whilst  13,  the  number  of  the  v— 
Apostles,  is  the  pro|»er  symbol  of  the  good  nnd  the 
just ; the  number,  however,  upon  which  above  all 
others  he  has  dilated  with  peculiar  industry  nnd  satis- 
f action,  is  tiCti,  the  number  of  the  beast  in  the  Keve- 
lations,  the  symbol  of  Antichrist } he  shows  that  this 
is  the  numlkcr  denoted  by  the  words,  rttrae,  \apwt m, 

XaTcivov,  ami  is  particularly  anxious  to  reduce  the 
name  of  the  impious  and  perfidious  Hiercsiarch  Mar- 
tin Luther,  to  a form  which  may  express  the  same 
formidable  number  ; for  this  purpose  he  transfers  the 
numeral  power  of  the  Greek  to  the  Latin  alphabet, and 
after  Iluliunizing  and  mispelling  his  name,  he  finds  that 
M (30)  A (1)  11  (80)  T (100)  I (9)  N (40) 

L (30)  V (300)  T (100)  E (5)  R (80)  A (I) 
constitute  the  number  GGG.  He  seems  conscious, 
however,  of  the  liberties  which  he  had  been  obliged 
to  take  in  effecting  his  purpose,  and  consoles  him- 
self with  his  better  success  in  its  Hebraized  form, 

Lulter,  which  expresses  the  same  number.* 

(90.)  The  numbers  3 nnd  7 were,  for  very  obvious  Properties 
reasons,  the  subject  of  particular  speculation  with  the  of  the 
writers  of  that  age  ; nnd  every  department  of  nature,  numb*T* 

science,  literature,  and  art,  was  ransacked  for  the  purpose  thrw  aml 

of  discovering  ternary  and  septenary  combinations.  The  *CTrD’ 
excellent  old  monk  Pucioli,  or  Fra.  Lucas  dc  Burgn 
Snncti  .Sepulchri,  the  author  of  the  first  printed  Trea- 
tise on  Arithmetic,  has  enlarged  upon  the  first  of  these 
numbers  in  a manner  which  is  rather  amusing,  from 
the  quaint  and  incongruous  mixture  of  the  objects 
w hich  he  has  selected  for  illustration.  “ There  are  tueai  de 
three  principal  sins,”  says  he,  “avarice,  luxury,  and  Borgooa 
pride ; three  sorts  of  satisfaction  for  sin,  fasting,  lerD*7 
almsgiving,  and  prayer;  three  persons  offended  by  sin,  ££!***' 
God,  the  sinner  himself,  nnd  his  neighbour  ; three 
witnesses  in  heaven.  Pater,  vet  bum,  spiritus  sanctus ; 
three  degrees  of  penitence,  contrition,  confession,  and 
satisfaction,  which  Dante  has  represented  as  the  three 
steps  of  the  ladder  that  leads  to  purgatory,  the  first 
marble,  the  second  black  and  rugged  stone,  the  third 
red  porphyry.  There  are  three  sacred  orders  in  the 
church  militant,  subdiaconati,  diaconuti,  and  presbyterati  • 
there  are  three  parts,  not  without  mystery,  of  the  most 
sacred  body  made  by  the  priest  in  the  mass ; and  three 


• It  mint  be  confessed.  however,  that  these  attacks  on  the 
great  Reformer  were  not  altnjrrdwr  unprovoked,  either  by  himself 
or  bis  followers ; be  himself  interpreted  this  number’  to  applv 
to  the  duration  of  Popery  ; and  his  friend  and  disciple,  Stifel,  the 
most  acute  and  original  of  the  early  mathematicians  of  Germany, 
appears  to  hare  altowec  himself  to  be  seduced  by  these  absurd 
speculations  ; he  relates,  in  an  appendix  to  his  edition  of  Christo- 
pher Rudolph  on  Atgebrm  in  1571,  that  whilst  a monk  at  Eulin- 

*en  in  1520.  and  when  infected  by  the  writings  of  Luther,  he  was 
reading  in  die  library  of  bis  convent  the  13th  Chapter  of  Rrt-r- 
Uttiont,  it  struck  his  mind  that  the  tteaxt  must  signify  the  Pope, 
Leo  X.;  be  then  proceeded  in  pious  hope  to  make  the  calcula- 
tion of  the  sunt  of  the  numeral  letters  In  Leo  which  he 

found  to  be  M.  D.  C,  L,  V,  1 * die  aum  which  dieae  formed  was 
too  great  by  M,  and  too  litde  by  X;  but  be  bethought  him 
again,  that  be  bad  seen  titc  name  written  Are  X.,  nnd  that  there 
were  ten  letters  in  Leo  rfrriiwM,  from  either  of  which  he  could 
obtain  the  deficient  number,  and  by  Interpreting  the  M to  mean 
mys/rriam,  he  found  the  number  required,  a discorerv  which  gave 
bint  such  unspeakable  comfort,  that  he  believed  that  his  inter- 
pretation must  have  been  an  immediate  inspiration  of  God. 

This  it  not  the  only  instance  In  which  this  excellent  person 
gave  way  to  these  Idle  fnncica  ; and  he  prophesied  the  downfall 
of  the  papacy  on  more  tbnn  one  ocrasinn.  and  had  the  misfortuDO 
U>  live  to  see  lus  own  predictions  falsified. 
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times  he  say*  .4 gnu*  Dei,  and  three  times,  Sanctut ; and 
if  we  well  consider  all  the  devout  acts  of  Christian 
worship,  they  are  found  in  a ternary  combination ; if 
we  wish  rightly  to  partake  of  the  holy  communion, 
we  must  three  times  express  our  contrition,  Dotnine 
non  turn  dtgnut ; but  who  can  say  more  of  the  ternary 
number  in  a shorter  compass,  thnn  what  the  prophet 
says,  tu  tignaculum  tancleg  trinitafis.  There  are  three 
Furies  in  the  infernal  regions;  three  Fates,  Atropos, 
Lachesis,  and  Clotho.  There  are  three  theological  vir- 
tues: Fidet,  tpex,  et  charitat.  Tna  tunt  pericula  rnundi: 
Kquitm  currere ; nangare,  rttub  tyranno  vivere,  There 
are  three  enemies  of  the  soul  : the  Devil,  the  world, 
and  the  flesh.  There  are  three  things  which  are  in  no 
esteem  : the  strength  of  a porter,  the  advice  of  a 
poor  man,  and  the  beauty  of  a beautiful  woman. 
There  are  three  vow*  of  the  Minorite  Friars:  poverty, 
obedience,  and  chastity.  There  are  three  term*  in  a 
continued  proportion.  There  are  three  way*  in  which 
we  may  commit  sin  : corde,  ore,  ope.  Three  principal 
things  in  Paradise  : glory,  riches,  and  justice.  ITiere 
are  three  things  which  are  especially  displeasing  to 
God : an  avaricious  rich  man,  a proud  poor  man,  and 
a luxurious  old  man.  And  all  tilings,  in  short,  are 
founded  in  three ; that  is,  in  number,  iu  weight,  and 
in  measure.” 

The  collection  of  trinadt  which  Bungua  has  given 
would  alone  form  a little  volume,  embracing,  as  they 
do,  every  species  of  knowledge,  art,  and  science  ; he  has 
observed  them  in  friendship,  beauty,  colours,  eternity, 
in  the  first  letter  of  the  alphabet,  in  the  monad,  in 
music,  in  poetry,  in  a point,  in  a circle,  in  magnitude, 
in  time,  in  primitive  theology,  and,  in  short,  in  almost 
every  imaginable  thing;  so  general,  indeed,  according 
to  him,  are  these  ternary  combinations,  that  they  make 
some  approach  to  a general  luw  of  nature. 

(91.)  If  the  number  3 has  been  honoured  with  particu- 
lar commemoration,  the  number  7 has  received  an  equal, 
if  not  greater  distinction.  In  the  year  150*2  there 
was  printed  at  Leipsic  a work  entitled  HepUilogium 
Virgilii  Saizburgentit ,•  in  honour  of  the  number  7,  and 
expressly  composed  for  the  use  of  students  of  the 
University  of  Leipsic;  it  consists  of  seven  parts,  each 
consisting  of  seven  divisions.  We  think  it  unnecessary 
to  detain  the  reader  with  the  enumeration  of  the 
teptad*  which  this  work  contains,  forming  a collection, 
as  might  indeed  be  expected,  of  the  most  gross 
absurdities ; our  object  being  merely  to  show  from 
this  instance,  as  might  be  done  from  a multitude  of 
others,  how  general  was  this  passion  for  philosophising 
about  the  properties  of  numbers ; so  much  so  indeed, 
that  vestiges  of  it  may  be  discovered  at  a very  late 
period,  when  the  principles  of  just  and  philosophical 
reasoning  were  generally  understood  and  practised. t 
(92.)  The  history  of  Arithmetic,  down  to  the  period  of 
the  introduction  of  the  Arabic  numerals,  would  tie  little 


• K jest  tier,  Getchlckie  der  Mathcmotik,  voLi.  a.  204. 
f A*  a final  example,  we  will  merely  mention  the  fallowing  work, 
the  contents  of  which,  as  might  be  expected,  are  quite  worthy  of  the 
title  : “ The  Secret t */  A'*n mhert  according  to  Theological,  Arith- 
metical, Geometrical,  and  Harmnmcal  computation  Drawn,  for 
the  better  part,  out  of  thou  Ancientt,  tu  well  at  tfmteriyueo. 
Pleating  to  read,  profitable  to  underttande,  opening  Iheauektet  to  the 
capaci tier  of  both  learned  and  unlearned ; bring  no  other  than  a 
key  tv  lead  men  to  any  doctrinal  knowledge  i rha  toever.  By  William 
Ingpen,  GcnL,  London,  1624."  The  first  chapter  Is  entitled,  “ The 
excellent  te  of  number*:  and  how  far  they  it  retch  towardi  the 
attaining  of  all  manner  of  ocienctt  " 

VOU  I. 


bonefitted  by  Ihe  analysis  of  the  arithmetical  writiugs  History 
of  the  Platonic  school,  presenting  as  they  do  no  great  ^ 

variety  in  their  form,  and  still  less  in  their  object; 
the  chief  of  those  whose  works  we  possess,  was 
Nicntnachus  of  Gerasos,  the  author  of  a Treatise  Nicosia* 
entitled  Jtagm jr  Arithmetica , and  who  flourished  pro-  chu* 
bably  about  the  Christian  era,  though  hi*  date  is  un- 
certain ; of  this  work,  the  Arithmetic  of  Boethius  is  in 
many  respects  a mere  translation ; it  was  honoured 
also  with  a commentary  by  Jamblichua,  whose  work,  JnmbUchua. 
entitled  To  0co\o~/t>>''ueca  rqt  'ApiOpm'xijf,  surpasses, 
in  visionary  speculations  on  the  properties  of  num- 
bers, the  most  absurd  and  extravagant  of  his  pre- 
decessors. Martianus  Capelin,  who  flourished  in  Martian  iu 
the  Vlth  century,  wrote  a Poem  on  the  seven  li-  CtpvlU. 
beral  arts,  including  Arithmetic  and  Geometry,  en- 
titled De  Xu  pi  lit  Mercurii  et  Vhiloiogice.  Tlieon  of  Theon. 
Smyrna,  whose  work  we  have  hud  occasion  to  quote, 
and  who  flourished  about  the  beginning  of  the  Hid 
century,  wrote  expressly  on  those  parts  of  Mathema- 
tics which  were  necessary  for  the  understanding  of 
the  works  of  Plato.  Porphyry,  who  flourished  about  Porphyry, 
the  same  time,  and  who  wrote  on  Arithmetic  and  the 
mysteries  of  numbers.  Proclus,  who  in  his  Com-  Pioclu* 
memory  in  the  1st  Book  of  Euclid  has  furnished  us 
with  so  much  information  on  the  history  of  the  Mathe- 
matical sciences  amongst  the  ancients.  Cassiodorus,  Cnmiml®- 
a contemporary  of  Cupella,  Pholius,  Philo,  Thymari-  ni*^c- 
das,  and  a multitude  of  others,  whose  works  have 
perished,  but  of  whom  we  find  notice*  in  ancient 
writers,  and  who  all,  in  common  with  other  mathema- 
ticians of  their  age,  appear  to  have  written  for  the 
purpose  of  expounding  and  amplifying  the  doctrines 
of  Plato  : so  universal  was  the  reverence  in  which  they 
were  held  both  by  Christians  and  Pugniis  during  the 
first  seven  centuries  after  the  Christian  era. 

(93.)  In  sketching  the  history  of  the  progress  of  History  of 
Arithmetic,  after  the  introduction  of  the  Arabic  nu-  An^“* lu' 
merals,  we  shall  follow  the  arrangement  of  subjects 
and  not  of  authors,  proceeding  from  numeration  in  a J 
regular  series  through  the  common  operations  of 
Arithmetic.  We  are  well  aware  of  the  many  advan- 
tages regarding  the  history  of  science,  which  arise 
from  a regular  analysis  of  the  works  of  the  principal 
writers,  a plan  which  has  been  adopted  so  successfully 
by  Delambre  in  his  Hittory  of  Ancient  Axtronomy,  by 
Ktestner,  and  by  other  authors  ; but  the  extensive 
details  in  which  such  a plan  must  necessarily  lead  us, 
would  be  inconsistent  with  the  limits  within  which  we 
arc  confined  by  the  nature  of  this  work,  and  which 
indeed  we  have  already  very  much  exceeded  ; we 
shall  include,  however,  in  our  present  sketch,  occa- 
sional notices  of  the  works  which  we  shall  have 
occasion  to  refer  to,  without  attempting  any  further 
analysis  of  them  than  may  be  generally  called  for  by 
the  immediate  subject  of  discussion. 

(94.)  The  process  of  numeration,  as  distinguished  >'ufDer*ti«»e 
from  notation,  will  of  course  vary  with  different  nations,  in  the 
according  to  the  genius  of  the  language  to  which  it  is  DUvatL 
accommodated.  Amongst  the  Hindoos,  who  possess 
distinct  names  for  the  first  nineteen  terms*  of  the 


* (ivteu,  one  of  the  Commentator*  on  the  Liliirali,  uvi  that 
these  names  were  earned  to  a greater  extent  by  SrWhar*,  ana 
other  writers ; but  be  doc*  not  notice  them,  in  consequence  of 
the  little  utility  of  such  designations  “ well  as  of  the  numerous 
contradictions  which  are  found  amongst  them,  from  their  not  being 
always  appropriated  to  liie  same  numbers. 
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Arithmetic.  decuple  series  of  numbers  beginning  from  unity,  it 
asmfueH  the  form  which  is  of  all  others  the  most 
simple  in  principle ; it  being  merely  necessary,  in  passing 
from  notation  to  numeration,  to  repeat  in  succession 
the  name  of  the  digits  with  that  of  the  corresponding 
term  of  the  series;  the  practice,  however,  of  such 
numeration  is  extremely  tedious  and  embarrassing, 
from  its  preventing  that  distribution  of  large  numbers 
into  classes  of  superior  units  proceeding  by  thousands, 
myriads,  or  millions,  Ac.  which  is  so  useful  in  relieving 
the  memory  from  the  burden  of  so  many  independent 
terms  nod  in  also  assisting  the  mind  in  the  conception 
and  comparison  of  large  numbers. 

Amon,^t  (95.)  The  Italians  from  an  early  period  adopted  the 
the  luhanv  mode  of  numeration  which  is  now  in  universal  use. 

distributing  the  digits  into  periods  of  six,  and.  conse- 
quently, proceeding  by  millions  ; the  units  in  the 
several  classes  thus  limned  being  millions,  billions, 
trillions,  Ac.  (Art.  16.)  Such  is  the  process  of  nu- 
meration which  is  given  by  I«ucus  de  Burgo. 

(96.)  The  Spaniards  adopted  the  term  cuento  to  denote 
a million,  aud  die  following  is  die  table  of  numeration 
which  is  given  in  the  Arithmetic  of  Juuii  de  Ortega* 
in  1536: 

10.  Dczcna. 

100.  (Vnicno. 

1000.  Millar. 

10000.  Dczcna  de  miliar. 

100000.  Centena  de  miliar. 

1000000.  Cuento. 

10000000.  Dezena  de  cuento. 

100000000.  Outrun  de  qo.  (cuento.) 
1000000000.  Centena  de  miliar  de  qo. 

Their  numeration  was  thus  limited  to  eleven  places 
of  figures,  os  the  term  cuento  did  not  admit  of  com- 
position with  the  terms  for  two,  three,  four,  Ac.  in  the 
same  manner  as  the  term  mil/tone  in  bilUone,  triUione, 
quadrillione,  fyc.  In  an  earlier  Spanish  author,  how- 
ever, on  the  same  subject, t we  find  the  term  millione 
applied  to  designate  1000000000000,  or  a billion, 
whilst  cuento  is  used  in  its  ordinary  sense  lor  1000000 ; 
thus  the  number 

957  | 653  | 978  | 245  | 349  | 186  ) 357  | 243 
consisting  of  twenty-four  places,  and  separated  into 
periods  of  three,  is  expressed  in  Latin,  adapted  to  the 
Spanish  numeral  languuge,  by  nonaginti  quinquaginta 
arptem  millia  | aexcenti  quinquaginta  tres  curntoa  | nona- 
ginti reptuaginta  octo  | ducenti  quadraginla  quinquemil- 
lionet  f trecenti  quadraginti  novem  millia  | centum  octa- 
ginta  tee  cuento*  | trecenti  quinquaginta  arptem  millia  | 
ducenti  quadraginta  tret;  the  misapplication  of  the  term 
million , which  is  found  in  this  case,  is  a very  curious 
example  of  a practice  which  we  have  already  had 
occasion  to  remark  on  more  than  one  occasion. 

(97.)  We  have  no  means  of  ascertaining  the  precise 
period  at  which  this  term  was  introduced  into  our 
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• Tract  trio  tubtilitrimo  de  Afiemrtu-a  y de  Gromrtria  ; compuetto 
f ordraado  pm  el  reverend*  padre  fray  Juan  de  Ortega,  do  U onPn 
de  Us  prtdteadern.  Tbu  it  a work  of  some  merit,  aod  we  shall 
afterwards  have  occasion  to  notice  a method  which  it  cootaioa  for 
approximation  to  the  square  sod  cube  root. 

t Aritkmetit*  Practice*  ten  Algorism*  Tract  at  tu  J Petra 
Sanchea  Teruelo  n artier  nmpilatus  repliemtusfur.  Jmprrxme 
Purisiis  nor  Thoauun  Keen  M dm no  rubra  potl  Lmrmrhtas,  Anno 

* 1513. 
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own  language1.  Bishop  Tonslall,*  who  has  discussed  History, 
at  great  length  the  Lai  in  nomenclature  of  numbers, 
speaks  of  the  term  million  as  in  common  use,  but  he 
rejects  it  as  barbarous.  Quartua  locua,  says  he, 
r. Thibet  mille ; arptimua  millena  millia ; vulgua  millionrm 
barbarr  cocat.  Again  he  says.  Ihcimua  locua  eapit 
mi/lie * millena  millia  ; vulgua  mtllionea  millionum  r ocat. 

In  this  case,  however,  the  combination  of  these  terms 
is  erroneous,  ns  it  would  designate  a million  of  millions, 
or  a billion.  It  is  not  easy  to  sav  what  class  of  persons 
were  meant  to  be  designated  by  the  term  rv/gu*  ; but, 
most  probably,  the  arithmetical  writers  of  this  and 
other  countries;  ut  ull  events,  the  term  appears  in 
Record?'*  Arithmetic , and  in  all  subsequent  writers  on 
this  subject. 

(98.)  It  appears  to  have  been  admitted  into  Herman  When  fine 
at  a much  later  period  than  into  English  and  French.  «“*d  in 
K.vstner  *ay*,f  that  he  found  it  in  no  Herman  author 
on  Arithmetic  in  the  first  half  of  the  With  century ; 
and  Claviusl  ■*  the  first  writer  of  that  nation,  who  in  a 
Latin  Treatise  on  Arithmetic  has  noticed  the  term  ; in 
the  chapter  on  numeration  he  says.  Si  more  Jtalorum 
millena  rnillia  appellant  retimua  mill tones,  poucioribua 
verb n cl  fortaxic  tignificantiiu  numcrum  quemcunqtu 
ftffoeUum  e-rpnrnrmua.  He  does  not  seem  to  have 
carried  the  innovation  farther,  as  we  ofierwards  find 
billion*  expressed  by  mill  tones  millionum,  which  are 
the  highest  numbers  which  he  has  occasion  to  use. 

(99.)  It  has  been  from  a very  early  |>eriod  the  custom  of  Divhmmh 
writers  on  Arithmetic  to  separate  numbers  into  periods  numbers 
of  three  and  of  six,  as  the  numeration  in  most  Emto- 
pean  languages  must  proceed  by  thousands  and  ntil- ftwj 
lions ; the***  period*  are  called  membra  by  Stevinus,^ 
amongst  whose  definition*  we  find  the  following:  Cha.%- 
qua  trout  charactere*  d un  n ombre  a'  appcllent  membre, 
de*  quota  le  premier,  aont  la  premier*  troia  characterca  d 
la  desire  : rt  lr  second  membre,  la  troia  characlerea  aui- 
r ant,  r era  la  si  nest  re : et  ainsi  par  ordre  du  troiaieme 
membre  rt  autm  euiranta,  tant  qu'il  y rn  aura  au  n om- 
bre projKMl.  Instead  of  million,  he  nays, mille  mille;  for 
a thousand  million*,  he  uses  mille  mille  mille ; and  for 
a billion,  mille  mille  mille  mille,  and  so  on  for  higher 
numbers.  If  we  might  be  allowed  to  judge  from  this 
practice  and  numeral  phraseology  of  Stevinus.  as  well 
as  from  the  observation  of  his  contemporary  Clavius, 
we  might  imagine  that  the  term  million  was  not  yet 
in  general  use  amongst  mathematicians.  A different 
system,  however,  began  to  prevail  at  no  very  distant 
period  . for  we  find  Albert  Girard,  in  his  Commenre- 
metu  de  /’ ArithmetiqueJI  in  his  account  of  numeration 
which  he  terms  Prolalion  da  X ombre*,  dividing  the 
places  into  periods  of  six,  which  he  terms  premiere 

• Dr  Arte  Supputaadi,  p.  4.  In  numr ration  He  divides  the 
places  into  period*  of  three,  and  ceils  1000000  millena  miUia,  or 
miUte*  mtiJma  ; 1000000000,  mtlUr,  miltrna  mi  l ha ; 1 000000000000, 
milhet  mi  Ur  an  millia  mH/irt,  and  to  on,  proceeding  by  analogy  with 
the  practice  of  classical  authors  in  tbc  construction  of  their  expres- 
sions for  high  numbers. 

f Grsekickte  tier  MaJhrmatiA,  sol.  i.  p.  145. 

J ChttatophoM  Clavil  Bambergeasis,  e.  8.  J.  Epitome  Arithme- 
tic* Practise,  Horn  IS83. 

S ArtthmetUfur,  lj*r*  Premier  D'Jfnitisnn,  15M.  This  work, 
which  bears  many  marks  of  the  artitcmx*  and  originality  of  its  author, 
waa  published  first  in  Flemish,  and  afterwards  translated  into  bar- 
barous French  The  whole  works  of  Btnioos  were  coilcried  to- 
fsitt.er,  and  published  at  I^yden  in  1614,  the  year  after  his  death, 
by  his  friend  and  commentator  Albert  Girard. 

f)  l"venhmm  AW/r  cn  Aiyrbrr,  par  Albert  Girinl,  Matbematiden, 

Amsterdam,  162V. 
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Arithmetic,  maxse,  second*  mass*,  troisiem*  mass*,  respectively,  the  commencing  subtraction  from  the  highest  place,  History, 

first  of  which  ouly  is  divided  into  two  periods  of  three  which  ih  subject  to  considerable  inconvenience,  should 

places.  have  been  so  very  general.  It  is  found  in  Arabic 

-ty-  Fund  amen-  (100.)  The  fundamental  operations  of  Arithmetic,  as  writers,  in  Maximus  Plumules,  and  in  many  European 

ul  open*  given  in  the  Lildcaii,  are  eight  in  number;  namely,  addi-  writers  as  late  as  the  end  of  the  XVlth  century. 

tM>os  of  lion,  subtraction,  multiplication,  division,  square,  square  In  Plumules,  numbers  to  be  added  or  subtracted  Ftanud**. 

Arithmetic.  cube,  cube  root  :•  to  the  first  four  of  these  the  are  placed  underneath  each  other,  as  in  modem  books 

Arabs  added  two,  namely,  duplatwn  and  mediation  or  of  Arithmetic  ; and  the  sum  in  one  case,  and  the 

halving,  considering  them  as  operations  in  aotno  difference  in  the  other,  is  placed  above  the  whole, 

degree  distinct  from  multiplication  am!  division,  in  When  the  digits  in  the  subtrahend  are  greater  than 

consequence  of  the  readiness  with  which  they  were  those  in  the  minuend,  a unit  is  placed  beneath  them, 

performed  ; and  they  appear  as  such  in  many  of  the  as  in  this  example : 
book*  of  Arithmetic  of  the  XVlth  century .f  18  7 6 9 remainder. 

Addition.  (101.)  With  respect  to  the  two  first  operations,  whether  5 4 C 1 2 minuend. 

in  Sanscrit  or  other  authors,  we  shall  not  find  much  3 5 8 4 3 subtrahend. 

Among  a to  remark.  The  rule  given  in  the  Lildvati,  in  the  first  1111 

tli. Hindoos case,  i,  os  fellow.:  ••  TV  sum  of  the  figures.  sc-  In  pcrformi  the  opcraUon,  s ia  iw.rcMcd  hr  the 
cording  to  their  place,.  la  to  be  taken  in  the  direct.  or  unit  in  u„  lo  lhe  0Ild  ,jmiior|y  for 

inverse  order;  which  la  Interpreted  b,  die  Scholiast  5.  8> lllf  di  nt,  ,hu,  jnc*.a%l,i  „rc  >ublr^ted 
to  mean.  • trim,  the  Real  on  the  right  toward.  the  led.  fron,  Ul0  di(?u,  Bbo,e.  when  increoaed  by  II),  in  older  lo 

or  from  the  last  on  the  left  towards  the  right.  In  ^cl  jjjft  remainder 

other  word*,  that  they  commenced  indigently  with  Ia  o0u.r  lhe  proceu  j,  „ fol|ow,. 

the  figures  in  the  highest  or  lowest  places,  a practice  m . . 

which  would  not  lead  to  much  inconvenience  when  ' ^ remainder, 

their  mode  of  working  addition  is  considered  ; thus  * 

to  add  2,  5.  32,  193,  lb,  10.  100,  they  proceed  as  o o o 7 r , * . 

follows:  2 3 2 4 5 subtrahend. 

s„m  -c  (K_  oaonann  on  The  Sl  °-  *•  2 in  ,1"  lr,il"lrnd  ore  replaced  by 

Sum  of  he  unit.. ...  2 b.  2,  3.  8.  0.  0.  . 20  2,  9.  9.  1 ; Bnd  5 j,  wblwtri  frnm  4>  \ fronJ 

Sum  of  he  Jena  3 9 1 1.0  14  2 fr„m  9,  3 fr„m  9,  Bnd  2 froln  2 order  (o  , ^ 

Sum  of  the  lmndreda  I.  0.  0.  1 remainder.  It  ia  obvious  that  when  auch  a prapa„! 

c - ..  tion  is  made,  it  is  indifferent  whether  the  operations 

Sum  of  the  Mima 360  proceed  frool  riffht  „ from  ,cft  ^ 

If  tliey  had  commenced  with  the  figures  in  the  (103.)  Bishop  Tonstall  attributes  the  invention  of  the  Tomtai:. 
highest  places,  the  process  would  have  stood  as  modem  practice  of  subtraction  to  an  English  Ariih- 
follows  : metician  of  the  uame  of  Garth  ; a method  by  which 

Sum  of  the  hundreds 2 *ny  number,  however  great  or  however  intricate. 

Sum  of  the  tens 14  might  be  subtracted,  manentibua  noiis  unirenis,  'Phis 

Sum  of  the  units 20  method  he  has  illustrated  with  great  detail,  am)  has 

added  far  the  assistance  of  the  learner  a subtraction 

Sum  of  the  sums.  . . . 360  table,  giving  the  successive  remainders  of  the  nine 

SuUmenon.  0°2  ) The  process  of  .ubtrnctlon  waa  commenced  2"  "h"‘  ***“*!d.  ,h*  Mri“  of  »»*“»* 

likewiae  either  from  the  right  or  from  lhe  left,  but  much  " „ 2 , mclua.Te,  lhe  only  end  which 

mote  commo.il,  from  the  latter ; and  it  1,  a circum-  C“  “CCT,r  ,n  Pr*ctl«-  *»  of  the  method,  of 

stance  aufficiently  remarkable,  that  this  practice  of  Wnttni  hV1*lT“  lh*  fol.lo»inS-1 

_ will  be  at  once  explained  by  the  example  by  which  he 

• The  subject  of  th«  12lh  Chapter  of  the  Hrshma-fphmt*-  *Uu»tTated  it . 
rid f Kant*  of  Brahmetfupta,  written  in  the  Vllth  century,  i*  Anlh-  “ 9 10  10 

0 isetic;  anil  it  commence*  by  dr  fining  the  knowledge  wfiirh  cootti*  3 0 10 

tale*  a ganaca,  or  cs/cuim/vr : “He  who  distinctly  and  **»*n*lly  1111 

kw»wt  addition  tad  the  nwt  of  t>ie  twenty  logisUcs,  tod  Urn  eight  , 

determinations,  including  measurement  by  shadow,  is  a calculatnc."  1 fi  o a 

Tha  Scholia*  on  this  pug«f  state*  il.t«e  role*  to  be  the  eight  re.  .....  .v  . 1 j 9.  ... 

fundamental  operation*,  £«•  rule*  of  reduction  of  fraction*,  role  of  1 "e  minuend  are  replaced  by  the  numbers, 

tbre*  term*,  f<braet  and  invert*,) fir*  term*,  aevru  terma,  nme  tenua,  whether  digits  or  not,  from  which  the  subtraction  must 
woven  terms,  and  barter,  which  am  twenty  anlhmetkal  operations,  be  made. 

SST-rS jfeBSE*  ,Uck-  — ■ — < . OW  ) In  th«rrtffc*(fconUmu^  which  wa,  published  K.«,n. 

t Tliia  diatiiKtioa  *»a*  abandoned  when  the  precede*  for  malti*  ,n  ^ Jcar  written  at  an  earlier  period, 

plK‘a:«on  became  more  general  and  uniform,  a*  an  absurd  and  We  “,K*  Operation  performed  front  left  to  right; 
unnecemry  rohnemcot ; thus  Gemma.  Friaioa,  in  hb  Arithmetic*  and  the  same  practice  is  followed  by  some  other 

'JZt’JJ'"  "ri.cr*  of  hi,  ^hoof  Tims  in  sublracling  313  from 

Sbss for  ssrti 

3$ SttrZfrto*"Ka^  £=s«2r.-sr 

-^°'iV3r1‘i  *»*rir-  aaawr.nw.  Bld.^.  rahracd^ ,,32^.  bld  «ho  ooa* 

, , pragma  on,  and  extraction  of  roots.  ititiated  hi*  matbemaucal  school,  and  wbo  wrote  upon  Anlhmooo 
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Arithmetic.  432.  the  sum*  to  be  subtracted,  and  the  remainder  are 
written  as  follows : 
v 8 7 

4 2 i 

3 4 i 

When  3 is  subtracted  from  4.  the  remainder  should 
be  1,  but  it  is  replaced  by  zero,  since  the  next  digit 
in  the  subtrahend  is  greater  than  the  one  correspond- 
ing to  it  in  the  minuend : in  this  case  also  the  re- 
mainder, which  would  be  9,  is  reduced  to  8,  since  the 
next  digit,  5 in  the  subtrahend,  is  greater  than  2 
which  is  above  it  ; the  last  remainder,  7,  is  not 
altered. 

Ramus  speaks  with  great  respect  of  Orontius 
Fineus,*  his  predecessor  in  the  professorship  of 
mathematics  at  Faria,  as  having  revived,  and  in  some 
measure  introduced,  the  study  of  those  sciences  in 
France.  He  was  also  the  author  of  a work  on  Arith- 
metic,t  where  the  process  of  subtraction  i*  taught 
under  the  same  form  in  which  it  is  found  in  modern 
books  of  Arithmetic.  It  is  difficult  to  account  for  the 
adoption  of  this  very  inconv'enient  practice  by  Ramus, 
when  the  other  method  must  have  been  familiar  to 
him;  and  we  can  only  attribute  it  to  that  love  of 
singularity  which  led  him  to  aspire  to  the  foundation  of 
a school  of  his  own. 

Multiplies*  (105  .)  The  author  of  the  Lildraii  has  noticed  six  dif- 

tw>n.  ferent  modes  of  multiplying  numbers,  and  two  others  are 

Methods  >■  mentfoned  by  his  commentators ; these  will  be  best 
explained  by  their  application  to  the  following  ex- 
ample, which  is  given  in  that  work  : 

JL  ••  Beautiful  and  dear  Lil&vati,;  whose  eyes  are  like 

a fawn’s ; tell  me  what  are  the  numbers  resulting  from 
one  hundred  and  thirty-five  taken  into  twelve  ? If 
thou  be  skilled  in  multiplication,  by  whole  or  b\  parts, 
whether  by  division  or  separation  of  digits,  tell  me, 
auspicious  woman,  what  is  the  quotient  of  the  pro- 
ducts, divided  by  the  same  multiplier  ?” 

Statement.  Multiplicand,  135.  Multiplier,  12. 

(1.)  Product.  (Multiplying  the  digits  of  the  multi- 
plicand necessarily  by  the  multiplier.) 

1 3 5 

12  12  12 


135  8 
135  4 


12  CO 
36 


1000 

540 


1620 


Hblary. 


(3.)  Or  the  multiplier  12  being  divided  by  3.  the 
quotient  is  4 ; by  which  and  by  S.  successively  multi- 
plying, the  last  product  1s  the  result ; thus 

135  4 20  540  3 120 

12  >6 

4 

1620 

540 

(4.)  Or  taking  the  digits  as  parts,  viz.  1 and  2,  the 
multiplicand  being  multiplied  by  them  severally,  and 
the  products  added  together,  according  to  the  placca 
of  figures;  thus 

135  135 

1 2 


270 

135 


1620 

(5.)  Or  the  multiplicand  being  multiplied  by  the 
multiplier  less  2,  viz.  10,  and  added  to  twice  the  multi- 
plicand ; thus 

135  lO  1350 

135  2 270 

1620 

(6.)  Or  the  multiplicand  being  multiplied  by  the 
multiplier  increased  by  eight,  viz.  20.  and  eight  limes 
the  multiplier  being  subtracted  ; thus 
135  20  2700 

135  8 1060 

1620 

The  other  two  methods  are  given  in  the  commentary 

of  Gmtfsn: 

(1.)  Form  a series  of  equal  squares,  the  number 
1 3 5 


1 


16  20 

(2.)  Or  subdividing  the  multiplier  into  parts,  as  8 
and  4,  and  severally  multiplying  the  multiplicand  by 
them;  thus 

sad  Al|*brt;  of  lh«*  was  Bernard  Salifnar,  of  Bordrau*,  hi* 
companion  in  tiile,  who  wrote  a work  on  Arithmetic,  u well  a* 
Traclalni  Arithmetic  Partmm  ft  AUtgatiomu,  1576;  Christian 
Until  or  Untkioi,  wbo»*  work  entitled  Element*  Arithmetic w, 
lagieii  tegihna  rxpHeata,  waa  published  in  1579  ; Joanne*  Prtijfiua, 
Christopher  Clarion,  and  many  othrn  Ramin  afterwards  returned 
to  Paris,  and  her  am*  oee  of  tti#  victims  of  the  massacre  of  fit.  Bw- 


> 

AA 

A 

A'A 

* In  his  Preface  to  hi*  Arithmetic. 

f Oronlii  Find  Delphinatii,  flejn  Maihrmaticarum  Lutetic 
Profimorii,  Dt  Arithmetic*  Practice,  Itbri  ymatanr,  2d  adit  1655. 

X It  was  the  daughter  of  llhtH-ara  who  ia  apostrophised  in 
thia  very  affectionate  manner,  whom  h*  would  not  allow  to  marry, 
hi  canari) uence  of  having  discovered,  by  an  astrological  scheme, 
rival  such  an  event  would  be  fatal  in  bis  own  life.  It  was  by  way 
of  consolation  that  be  dedicated  this  work  to  her,  and  called  it  by  her 


which  in  length  is  the  same  as  the  number  of  places 
in  the  multiplicand,  and  the  number  in  depth  the 
same  as  the  number  of  places  in  the  multiplier ; 
divide  these  squares  by  diagonals,  and  write  the  mul- 
tiplicand und  multiplier  on  the  adjacent  sides  of  the 
rectangle,  each  digit  being  placed  opposite  to  a rquare, 
and  the  highest  place  in  both  being  reckoned  from 
the  same  angle.  Multiply  the  several  digits  of  the 
multiplicand  and  multiplier  together,  placing  the 
several  products  in  the  squares  which  are  common  to 
the  two  digit*  which  are  multiplied  successively  to- 
gether; the  digit  in  the  unit’s  place  being  put  in  the 
lower  half,  and  that  in  the  place  of  tens  being  put  in 
the  higher  division  of  each  square  which  is  formed  by 
it*  diagonal.  The  entire  product  is  found  by  adding 
the  digits  between  the  same  diagonals  successively 
together. 
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Arithmetic  This  method  of  multiplication,  which  appears  to 
have  been  very  popular  in  the  East,  was  adopted  by 
The  stubs-  the  Arabs,  who  termed  it  ahabacah,  or  network,  from 
eshof  the  the  reticulated  appearance  of  the  figure  which  it  formed, 
Ar*bun*  and  also  by  the  Persians,  under  a alight  alteration 
of  form.  It  is  found  likewise  amongst  the  early 
Italian  writers  on  Algebra  ; and  the  same  principle 
may  be  recognised  in  die  process  of  multiplication  by 
Napier's  bones. 

Cron  multi-  The  eighth  and  last  method  of  multiplication 
plication,  is  described  by  Gan&a  in  the  following  terms  : 
*4  After  setting  the  multiplier  under  the  multiplicand, 
multiply  unit  by  unit  and  write  the  result  underneath ; 
then,  as  in  cross  multiplication,  multiply  unit  by  ten, 
and  ten  by  unit,  add  together,  and  set  down  the  sum 
in  a line  with  the  foregoing  results  ; next  multiply 
unit  by  hundred,  and  hundred  by  unit,  and  ten  by  ten ; 
add  together  and  set  down  tile  result  as  before,  and 
60  on  with  the  rest  of  the  digits ; this  being  done,  the 
sum  of  the  results  ia  the  product  of  the  multiplica- 
tion," Thus, 

135 

12 


10 

11 

5 

1 

1620 
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very  diffi- 
cult. 


The  Commentator,  however,  considers  this  method  as 
difficult,  and  not  to  be  learnt  by  dull  scholars  without 
oral  instruction. 

(106.)  The  number  and  variety  of  these  methods  would 
seem  to  show  that  the  operation  of  multiplication  was 
considered  as  one  of  considerable  difficulty  ; and 
it  is  sufficiently  remarkable,  that  the  ordinary  process 
of  multiplying  the  multiplicand  hy  the  successive 
digits  of  the  multiplier,  and  adding  together  the 
several  results  arranged  in  their  proper  places,  should 
not  be  found  amongst  them.  \\'e  find  no  notice  of 
the  multiplication  table  either  amongst  them  or  the 
Arabs ; at  all  events  it  did  not  form  a part  of  their 
elementary  system  of  instruction,  a circumstance 
which  would  account  for  some  of  the  expedients  which 
they  appear  to  have  made  use  of,  for  the  purpose  of 
relieving  the  memory  from  the  labour  of  forming  the 
products  of  the  higher  digits  with  each  other. 

(107.)  The  Arabs  adopted  most  of  the  Hindoo  methods 
of  multiplication,  and  added  some  others  of  their  own. 
They  appear  to  have  adopted  the  methods  of  Apollo- 
nius for  the  multiplication  of  articulate  numbers,  as 
far  as  the  determination  of  the  order  of  their  product 
was  concerned : we  find  amongst  them  many  peculiar 
contrivances  for  the  multiplication  of  numbers  be- 
tween 5 and  10,  10  and  20  ; of  numbers  between  1 
and  10  into  others  between  10  and  20  ; of  numbers 
between  10  and  20  into  others  between  20  and 
100 ; and  so  on.  They  may  be  considered  also  as  the 
authors  of  the  method  of  quarter  tquarei,  or  of  finding 
the  product  of  two  factors  by  subtracting  the  square 
of  half  their  difference  from  the  squure  of  half  their 
sum. 

(106.) The  Arabs  were,  most  probably,  the  inventors  of 
the  proof  of  the  accuracy  of  arithmetical  operations 
io*  cn ion  of  by  casting  out  the  9s,  which  is  as  yet  unknowu  to 


Hindoo 

method* 

adopted 

generally 

by  the 

Arabian*. 


The  Ara- 
bians the 


the  Hindoos  ; they  called  it  taraiv , or  the  balance.  History. 
In  general,  however,  they  contented  themselves  with  v— 
the  inheritance  of  the  science  transmitted  to  them  *5* 
from  the  Greeks,  or  with  what  they  received  from  the 
East,  with  little  or  no  attempt  to  add  to  them  by  native  ^ 
inventions. 

(109.)  It  is  one  amongst  many  proofs  that  the  work  Tbe  nb- 
of  Planudes  was  chiefly  collected  from  Arabic  writers,  of 
that  he  was  acquainted  with  this  method  of  casting 
out  the  9s.  In  the  operation  of  multiplication  itself,  derived** 
he  has  chiefly  followed  the  method  of  multiplying  from  the 
croanviae.,  or  and  top  x <**/*"*’•  from  the  figure  of  x»  Arabia**, 
which  is  employed  to  connect  the  digits  to  be  mul- 
tiplied together ; thus,  in  multiplying  24  into  35,  the 
factors  are  written  thus, 

8 4 0 
3 5 
X 

2 4 

Multiply  4 into  5,  (jtorain,)  write  down  0 and  fib  methods 
retain  2 for  the  next  place ; multiply  4 into  3,  and  niulup'i- 
2 into  5,  tlie  sum  is  22,  which  added  to  2 makes  24, 

(2cara£««j)  write  down  4 and  retain  2;  lastly,  multi- 
ply 2 into  3,  add  2,  which  makes  B,  (eearorrabat)  ; 
we  thus  get  the  product  810. 

This  is  not  the  only  process  of  multiplication  which  he 
has  given  ; there  is  another  which  he  acknowledges  to 
be  very  difficult  to  perform  with  ink  upon  paper,  («rl 
X*fnov  It*  n*\avot,)  but  very  commodious  on  a board 
strewed  with  sand,  where  the  digits  may  be  readily 
effaced  and  replaced  by  others ; thus,  taking  the  same 
example, 

840 

7' 

tf2' 

3 5 

2 4 

we  multiply  2 into  3,  write  6 above  3 ; again,  mul- 
tiply 2 into  5,  the  result  is  10;  add  1 to  6,  and 
replace  it  hy  7,  or  write  7 above  it ; multiply  4 into 
3,  the  product  is  12;  write  2 above  5,  and  add  1 to 
7,  which  is  replaced  by  8,  or  9 written  above  it; 
lastly,  multiply  4 into  5,  the  result  is  20  ; add  2 to  2, 
place  4 above  it,  and  after  it  the  cypher ; the  last 
figures,  840,  or  those  which  remain  without  accent *, 
will  express  the  product  required. 

(110.)  The  Italians,  who  cultivated  Arithmetic  with  so  Method* 
much  zeal  and  success,  from  a very  early  period  adopted  muliiplka- 
from  their  oriental  masters  many  of  their  processes  for  the 
multiplication  and  division  of  numbers  ; adding,  how-  on 
ever,  many  of  their  own,  and  particularly  those  which  Arithmetic, 
are  practised  at  this  day.  In  the  Summa  dr  Arith- 
meticu  of  Lucas  de  Burgo  we  find  eight  different 
methods  of  multiplication,  some  of  which  are  desig- 
nated by  names  of  a very  quaint  and  fanciful  nature. 

We  shall  mention  them  in  their  order: 

1.  MultipHeatio : bericuocoli  e tvhachcrii.  The  se- 
cond of  these  names  is  derived  from  the  resemblance 
of  the  written  process  to  the  squares  of  a chess-board; 
the  first  from  its  resemblance  to  the  cheqven  on  a 
species  of  sweetmeat  or  cake  made  chiefly  from  the 
paste  of  bacocbi  or  apricots,*  which  were  commonly 
used  at  festivals.  The  process  is  as  follows  : 

• flrnunu/n ; rprztr  M ewmfeetine ; ri  tmtex-CMt  feimm  ft 

confortau  de  patt*  de  LmcocMi,  dm'  e dm  crtdrre . 
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Thia  method  of  multiplication,  denominated  tchachero 
at  Venice,  bericuocolo  at  Florence  and  Verona,  and  at 
Verona  and  some  other  cities  of  Italy  organetto,  it  exhi- 
bited by  Tartaglia,*  and  later  Italian  writers,  without 
the  squares,  in  the  appearance  of  which  these  singular 
names  originated.  It  thus  became  the  method  which  it 
now  universally  used,  and  which  was  adopted  from  the 
beginning  of  the  With  century  by  all  writers  on 
Arithmetic,  nearly  to  the  exclusion  of  every  other  method. 

2.  Caslrlluccio ; by  the  little  cattle.  It  is  ditlicult  to 
discover  the  reason  of  this  denomination. 

9 87  6 

67  8 9 

6 1 1 O 1 O O O 
5 4 3 1 2 OO 
475230 
4 0 7 3 4 

67048164 

This  was  one  of  lbs  methods  much  practised  by  tho 
Florentines,  by  whom  it  is  sometimes  termed  all'  indie - 
fro,  from  the  operation  beginning  with  the  highest 
places,  more  Arabum , according  to  the  statement  of 
Pacioli. 

3.  Columna,  o per  tatoletfa;  by  the  column , or  by 
the  tablets.  These  were  tables  of  multiplication  com- 
monly called  libretti , or  librettine,  and  at  Florence 
cate  He  ; they  were  arranged  in  columns,  the  first  con- 
taining the  squares  of  the  digits,  the  second  the 
products  of  2 into  all  digits  abtne  2 ; the  third  of  3, 
inti)  all  digits  above  3 ; and  so  on,  extending  in  some 

• Nwmtrie  Nimtrt,  par*  lm»  Venice,  1556.  This  it  t work  in 
Ihrer  Urge  volumes  ; the  ir*t  of  which  nmteins  th«  most  *1  shorn te 
sy*tcm  of  practical  and  mercantile  Arithmetic  that  was  known  in  that 
age,  and  which  we  ahalt  have  very  frequent  occasion  to  refer  to.  Jim 
other  volumes  are  divided  into  Bvf  part*,  the  rabjecU  of  which  are 
geometry,  men «u ration,  aptcehtivo  arithmetic,  and  algebra.  It* 
author,  Nicolas  Tartaglia,  jiHtly  celebrated  for  hi*  important  ducovery 
of  the  method  of  nol^Uoo  of  cubic  equation*,  derived  hi*  name, 
acoordinr  to  the  tratimoay  of  Tiraboachi,  from  the  following  incident, 
lie  was  bom  at  Breacia  in  1500.  and  at  the  sack  of  that  city,  by  the 
French  in  1513,  was  left  for  dead  with  three  sword-ent*  on  bis  head 
and  two  on  his  face  and  tips  } by  the  care  of  hi*  mother,  however,  he 
recovered,  but  ia  rontequence  of  the  wound  on  hit  lip*  he  lUned  or 
ataaunered  ao  much,  that  be  was  nickoamed  by  the  boys  Tartaglia,  from 
tbe  Italian  word  by  which  thiv  imperfection  it  designated  in  later 
life  he  retained  a name  which  was  not  witliout  interest  as  connected 
with  the  stonr  of  hi*  tatsfbrtiam.  Ia  1534  he  settled  at  Venice,  aad 
became  ProfeMk*  of  Arithmetic,  a situation  which  be  filled  with 
estraordmary  reputation  for  twenty-five  years. 

Some  idem  may  be  formed  of  the  opinioa  entertained  of  Tartaelis 
and  of  his  work,  from  the  following  title  of  an  abridged  translation 
of  it : V Aritkmrtifur  He  Aiteitai  Tartar l, a,  I!  r recta  m,  grand  mat  hr- 
mattarn,  et  primer  det  prmtinnu.  ReeueitUe  el  tr admit  dr  r It  ahem 
m Frnnnia,  par  Guillaume  Gotvelin  dt  Caen.  Dediie  a tree  i Umttre 
e/  errtmemte  primerue  Marguerite  dt  Frmmte,  rrjriw  dt  At 


cases  as  far  as  (he  products  of  all  numbers  less  than  History. 
100  into  each  other.  Pacioli  says,  that  these  tablet* 
were  learned  by  the  Florentines  etiam  a cunabulu ; 
and  their  familiarity  with  them  was  considered  by  him 
it*  a principal  cause  of  their  superior  dexterity  in  arith- 
metical operations,  and  he  a nscqurntly  seizes  every 
opportunity  of  impressing  on  the  mind  of  the  student 
in  Arithmetic  the  necessity  of  a perfect  acquaintance 
with  these  tables.  Tartaglia  also,  after  giving  some 
examples  of  their  utility,  earnestly  entreats  every 
amateur  ( dilettante ) of  the  practice  of  Arithmetic  to 
force  himself  to  learn,  if  not  the  whole,  at  least  the 
greater  part  of  them,  and  in  particular  to  make  himself 
familiar  with  those  numbers  which  ore  used  in  the  divi- 
sion of  the  coins,  weights,  and  measures  of  the  city  in 
which  he  resides ; of  this  kind,  in  the  magnificent  city 
of  Venice,  arc  the  numbers  12,  20,  24,  25,  32,  and  30. 

TTiis  method  is  used  in  multiplying  any  number, 
however  large,  into  uuother  which  is  within  the  limit* 
of  the  table.  Thus,  to  multiply  1685  into  13,  the 
digits  of  the  multiplicand  are  multiplied  successively 
into  13.  and  the  results  formed  in  the  ordinary  manner. 

4.  Crocetta  nee  casdla  ; by  cron  multiplication.  A 
method  which  is  said  to  require  more  exertion  of  the 
understanding  than  any  other,*  particularly  when 
many  figures  are  to  l>e  combined  together.  The  fol- 
lowing examples  will  explain  it  sufficiently: 

7 4| 


1369  207936 

Pacioli,  who  rarely  omits  an  opportunity  of  moral- 
izing, after  expressing  his  admiration  of  this  method, 
as  una  bet/a  et  motil  com,  but  one  which  tot  crrvdlo  a 
cam  e t'occhio  a boiega,  proceeds  to  enlarge  on  the  gTeat 
difficulty  of  attaining  excellence,  whether  in  morals  or 
in  science,  and  on  the  *f>*cie*  of  analogy  which  exists 
betweeu  them  ; that  whilst  with  respect  to  one  there 
is  no  virtue  without  labour,  so  in  respect  to  the  other 
the  saying  of  the  philosophers  is  equally  just,  quod 
virtue  eat  circa  difficile : that  whilst  the  good  and  the 
wise  are  few,  and  of  a rare  occurrence,  the  wicked  and 
foolish  are  met  with  everywhere,  according  to  that 
other  saying,  atullorum  numeral  rat  i nfimtua. 

5.  Quadrilatero ; by  the  mputre.  A method  which, 
is  characterised  as  elegnnl.t  and  as  not  requiring  the 
operator  to  attend  to  the  placet  of  the  figures  when 
performing  the  multiplications : 
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• Et  tjuet  made  emit  at  junto  pin  fantasia  e termth  eke  rnlcmm 
dryti  altri. 

t guttle  e betta  * tvmgna  Inert  a wntlt  le  dinar. 
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Arithmetic.  6.  Gelotia  tire  graticola ,•  latticed  multiplication.  *•  It 
is  called  by  this  name,"  says  Pacioli,*  ••  because  the 
disposition  of  the  operation  resembles  the  form  of  a 
lattice , or  getona,  a term  by  which  we  designate  the 
blinds  or  gratings  which  are  placed  in  the  windows 
of  houses  inhabited  by  ladies*  so  that  they  may  not 
easily  be  seen,  ns  well  as  by  other  nuns,  in  which  the 
lofty  city  of  Venice  greatly  abounds  ; and  it  is  not 
surprising  that  the  vulgar  have  found  such  names  for 
this  operation,  inasmuch  as  astronomers,  even  in  our 
days,  have  assumed  the  names  u»d  positions  of  many 
. stars  from  animals  and  terrestrial  material  forms." 

The  method  in  question  will  he  understood  from  the 
subjoined  example,  and  is  clearly  the  same  as  one  of 
those  noticed  above  as  in  common  use  amongst  the 
Hindoos,  Arabians*  and  Persians. 

To  multiply  987  into  987  : 


7.  Ripirgo  ; multiplication  by  the  unfolding  or  reso- 
lution of  the  multiplier  into  its  component  factors  : 
thus  to  multi  ply  157  by  42,  resolve  42  into  iu  ripieghi , 
6 and  7,  and  multiply  successively  by  them : 

157 

6 . 42 . 7 

942 

7 

6594 

8.  Scapezzo ; multiplication  by  culling  up,  or  sepa- 
rating the  multiplier  into  a number  of  parts,  which 
compose  it  by  their  addition  : thus,  multiply  2093  by 

2093 

1 7 = 10  + 7 


In  some  cases,  both  multiplicand  and  multiplier  are  History, 
separated  into  parts:  thus,  to  multiply  15  into  12,  we 
may  separate  15  into  4,  5,  6.  and  12  into  2,  4,  6.  and 
proceed  as  follows : 
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2  0 9 3 0 
1 4 65  1 


3  5 5 8 1 


• Or  trxlo  mode  de  mot/iptUarr  e ekimmato  geloMs  : nwn  per 
fTStlcol*  : t tkiaman  per  forth  noted,  prrrkr  la  diipotitiene  ma 

ftmndo  n pone  in  operative  tome  a motto  di  grafie ola  omen  di 
geUmm.  Orton*  intendiama  f mtUi  gtatieelk  chi  ti  fur  toman* 
met  ten  allt  fronttr  deU*  can  dm*  habitant  donnr  ; ado  mm  ti 
pmtimo  faeilmente  tedere  a altre  religion,  di  eke  motto  abonda  la 
’ ecitadi  remegia.  A'  man  e maraxegUa  the  f outgo  hake  fro- 


(111.)  In  another  Italian  Treatise  on  Arithmetic  pub-  Origin  of 
lished  in  1567,*  we  find  the  same  distinctions  preserved,  die  *ip»  of 
and  the  same  names,  or  nearly  so,  attached  to  them  ; the  ®u,dpl*cw* 
method  of  cross  multiplication  is  expressly  attributed  lio“* 
to  Leonardos  Pisanus,  who  derived  it  in  common  with 
Maximus  Pianudcs  from  the  Hindoos,  through  the 
Arabians ; and  it  is  not  improbable  that  the  St 
Andrew's  cross,  which  is  the  sign  of  multiplication, 
was  derived  from  the  custom  of  uniting  the  numbers 
to  be  multiplied  together  by  lines  which  crossed  each 
other,  as  in  this  example  : 

5 9 
X 

4  7 


2773 


(112.)  Both  Lucas  de  Burgo  and  Tartaglia  have  men-  Other 
tioned  the  names  of  other  methods  of  multiplication  of 

which  were  made  use  of  in  their  time ; such  were  the 
methods  per  coppa  or  cal  ice,  per  rombo,  per  triangolo,  U°“' 
per  diamante.  The  first  was  most  probably  of  the  fol- 
lowing kind,  at  least  if  we  may  judge  from  the  very 
imperfect  description  of  it  which  Pacioli  has  given : 

2 3 4 
2 3 4 


4 6 116 
6 8 2 

1 2 

9 

8 

5 4 7 5 6 


(113.)  An  extraordinary  passion  seems  to  have  prevailed  £xee»ive 
in  that  age  for  the  invention  of  new  forms  of  raultiplica-  **“*“*■• 
tion,  and  every  professional  practitioner  of  Arithmetic  BOYT1  . 
(and  such  were  to  be  found  in  every  mercantile  city  of  muitipHcw- 
Italy)  considered  it  as  an  important  triumph  of  bis  art  tion/ 
if  he  could  produce  a figure  more  elegant  and  more 
refined  in  its  composition  and  arrangement  than  those 
which  were  used  by  others.  They  are  all  of  them, 
however,  characterised  by  Pacioli  as  inconvenient,  at 
least  compared  with  those  which  he  had  given;  and 
Tartaglia  treats  them  us  trifling  and  superfluous,  such 
as  any  one  may  invent  who  is  acquainted  with  the  2d 
Proposition  in  the  I Id  Book  of  Euclid. 

In  performing  multiplication  a bocca  over  per  tala 
orally,  or  by  the  head,  that  is,  trnza  penna,  say*  Tar- 

rato  foeiti  oocakoli  a tali  operation e ; per  eke  aurora  U attremaml 
kanna  nn mpti  de  molte  tlrtie  nmni  e nti  Urn,  dm  anirnak  e forme 
trrmtri  matrriali. 

• Le  Pmticke  dtlle  dot  Prime  Uatkematicke  di  Pi tin  Cslusr 
In  Vcoetia,  1567. 
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Arithmetic.  taglia,  the  Florentines  make  use  of  a species  of  indi- 
Station,  working  numbers  by  the  inflections  of  the 
Florrutioe  figures.  The  methods  for  this  purpose  which  he 
indignation.  describes  are  -similar,  though  not  identical  with  the 
methods  of  Bede  and  others  which  have  been  already 
described  above  ; they  furnish  one  amongst  innumera- 
ble other  proofs  of  the  proficiency  of  that  extraordinary 
people  in  Arithmetic,  as  well  as  in  all  the  other  arts  of 
civilized  life. 

Mahiplica-  (114.)  We  have  before  mentioned  that  the  Hindooshad 
•«W»  txbie-  no  proper  knowledge  of  the  multiplication  table  ; and 
though  the  Arahs  used  sexagesimal  tables  to  uid  them 
in  the'rr  operations  upon  sexagesimals,  they  do  not 
appear  to  have  made  use  of  the  table  of  Pythagoras  as 
the  basis  of  their  arithmetical  education  ; the  credit 
of  introducing  it,  therefore,  is  due  to  the  early  Italian 
writers  on  this  science,  who  probably  found  it  in  the 
writings  of  Boethius,  and  adopted  it  from  thence. 
Familiar  us  the  use  of  it,  even  on  a very’  extended 
scale,  appears  to  have  been  among  the  Italians,  and 
particularly  amongst  the  Florentines  yet  many  writers 
of  other  countries  considered  it  important  to  relieve  the 
memory  from  the  labour  of  retaining  it  for  the  products 
of  all  digits  exceeding  5,  by  giving  rules  for  the  forma- 
tion of  them ; the  principal  rule  for  this  purpose,  called 
Sluggird'a  regula  ignari,  or  the  stuggarxT s mb,  was  adapted  from 
rule.  the  Arabians,  and  is  found  in  OrontiusFineus,  Recorde, 
Laurenberg,  Alstedius,  and  most  other  writers  on 
Arithmetic  between  the  middle  of  the  XVIth  and 
XVIIth  centuries.  It  is  as  follows : Subtract  each  digit 
from  10,  and  l trite  down  the  difference ; multiply  these 
differences  together,  and  add  as  many  tens  to  their  pro - 
duct  as  the  first  digit  exceeds  the  second  difference,  or  the 
second  digit  the Jirst  difference.  The  following  are  ex- 


amples : 
7 3 

8 2 

8 2 

9 1 

9 l 

X 

X 

X 

X 

X 

6 4 

7 3 

8 2 

8 2 

9 1 

— 

— 

— . 

' ' -- 

4 2 

5 6 

6 4 

7 2 

8 1 

The  principle  of  this  rule  is  too  obvious  to  require  demon- 
stration, and  we  merely  mention  it  as  an  instance  of  the 
disposition  of  the  inferior  writers  of  that  as  well  as  of  other 
ages,  to  adhere  to  trifling  and  particular  processes,  when 
the  same  thing  may  be  effected  more  rapidly  by  one  which 
is  general.  The  Arabians,  as  we  have  seen,  not  only 
made  use  of  the  rule  in  question,  but  likewise  of  others 
similar  in  principle,  which  included  numbers  of  two 
places  of  figures ; a practice  which  may  be  accounted 
for.  and  in  some  measure  justified,  by  their  very  general 
use  of  sexagesimals,  and  the  consequent  importance  of 
being  able  to  form  the  products  which  are  found  in  a 
sexagesimal  table. 

Oilier  (115  ) Other  expedients  have  been  proposed  to  relieve 

method*  of  the  memory  in  the  process  of  multiplication,  from  the 
multiplies-  0f  carrying  the  tens.  The  following  is  proposed 

by  Laurenberg,  an  author  who  endeavoured  to  elevate 
the  character  of  the  common  study  of  Arithmetic,  by 
collecting  all  his  examples  from  classical  authors,  and  by 
making  them  illustrative  of  the  geography,  chronology, 
weights  and  measures  of  antiquity.  It  will  be  readily 
understood  from  his  example  : 


5142  Htowy. 


106 

1532 

108 

2046 

221106 

(116.)  “Multiplication,1'  says  an  old  author  in  the  for 
quaint  pedantic  language  of  his  time,  “ observeth  casting  out 
collocation,  proceedeth  to  operation,  and  concludeth  die  9*. 
with  probation.'*  This  probation,  or  the  rule  for 
proving  the  accuracy  of  this  and  other  arithmetical 
operations  by  casting  out  the  nines,  one  of  the  few 
additions  which  the  Arabians  made  to  the  sciences 
which  they  derived  from  the  fJ reeks  and  the  Hin- 
doos, is  found  in  the  earliest  European  writings  on 
Arithmetic,  beginning  with  I^eonardus  Pisanus.  It  is 
stated  also  with  great  detail  by  Lucas  de  Burgu,  who 
has  applied  it  to  all  the  four  fundamental  rules  ; he 
has  given  likewise  a method  of  proving  the  truth  of 
these  operations  by  casting  out  the  sevens,  a process 
much  less  rapid  and  commodious  than  the  other, 
though  founded  upon  the  same  principle : it  was  re- 
quisite, however,  in  this  case,  to  get  the  remainders  by 
actual  division  by  7,  and  not,  as  in  the  other  case,  by 
casting  out  the  nines  from  the  sum  of  the  digits.  ^ 

(1 17.)  The  extreme  brevity  with  which  the  rules  of  ope-  procew  of 
ration  are  stated  in  the  Lildcati,  renders  it  difficult  for  division  in 
us  to  describe  the  Hindoo  processes  for  division : we  are 
directed  to  abridge  the  dividend  and  divisor  by  an  equal 
number,  whenever  that  is  practicable,  that  is,  to  divide 
them  both  by  any  common  measure ; thus,  instead  of 
dividing  162*0  by  12,  we  may  divide  540  by  5,  or  405 
by  3.  We  find,  however,  in  one  of  the  commentators 
on  this  work,  a description  of  (he  process  of  long  divi- 
sion, which  if  exhibited  in  a scheme  would  exactly 
agree  with  the  modern  rule  ; taking  the  example  just 
given,  “ the  highest  places,"  says  Manoranjana,  “ of  the 
proposed  dividend  16  being  divided  by  12,  the  quotient 
is  1 ; and  4 over.  Then  42  becomes  the  highest  remain- 
ing number,  which  divided  by  12  gives  the  quotient  3, 
to  be  placed  in  a line  with  the  preceding  quotient : thus  13 
remains  60,  which  divided  by  12  gives  5,  and  this  being 
carried  to  the  same  line  as  before,  the  entire  quotient  is 
exhibited ." 

(118.)  We  shall  pass  over  the  processes  of  division  Iuliu 
which  are  given  in  Arabic  writers  and  Planudes,  which  n»etbod*of 
exhibit  nothing  which  merits  much  remark,  and  shall  divuioo. 
proceed  at  once  to  the  notice  of  the  methods  which  are 
given  in  early  Italian  writers.  There  are  four  different 
methods  given  by  Lucas  de  Burgo,  which  are  as  follow  : 

1.  Partire  a regolo  ) 
a tavaletta  > 
a la  dritla  j 

is  the  same  operation,  and  is  sometimes  also  termed 
partire  per  tesla,  or  division  by  the  head;  in  this  case 
the  divisor  is  a single  digit,  or  a number  of  two  places, 
such  as  12,  13,  Ac.  included  in  the  libretlint,  or  Italian 
tables  of  multiplication. 

2 divisor  6 16 

9876  dividend  3478  12387 

4938  quotient  579f  774rV 

**  This  method  of  division,"  says  Lucas  de  Burgo, 

**  is  called  by  the  vulgar  the  rule,  from  the  similituda. 
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A numeric,  of  the  figure  to  the  carpenter’s  rule,  which  is  made  use 
of  in  the  making  of  dining-tables,  boxes,  and  other 
articles,  which  rules  are  long  and  narrow.  So  likewise 
is  the  scheme  which  is  formed  by  the  scholar  in  this 
division,  whose  length  consists  of  many  figures,  whilst 
it  is  only  one  in  breadth : it  looks  therefore  like  a rule , 
since  its  Ihcmologia,  or  derivation,  springs  from  thence.” 
The  second  of  these  denominations  arises  from  the 
process  being  founded  on  the  librdtine,  or  multiplica- 
tion tables  ; and  the  lust,  from  the  operation  beginning 
from  the  left,  and  proceeding  to  the  right ; it  is  called 
by  Tartaglia  par  lire  per  colona  over  di  tesla,  over  per 
discorto,  over  per  toletla.  The  three  first  appellations 
are  easily  understood  ; the  last  is  a popular  corruption 
of  tavoletta.^ 

2.  Per  ripiego  ; by  resolving  the  divisor  into  its 
simple  factors,  or  ripieghi : 

63  divisor 
7 250047  dividend 
9 35721 

3969  quotient. 

3.  A danda  ; **  the  third  method  of  division  it  called, n 
says  the  author,  44  by  practicians  a danda,  it  is  that  called 
for  reasons  which  they  will  easily  discover  in  the  opera- 
tion itself. ” 

Divcmr.  ProrenietM. 

9676  9876 

9733  5376 

66664 


This  process  is  evidently  the  same  as  our  common 
process  for  long  division  ; as  the  reader,  however,  may 
not  be  able  to  find  out  the  reason  of  its  name  from  the 
operation  so  readily  as  Pacioli*  supposes,  the  following 
explanation  of  a later  author  may  remove  the  difficulty. 
“ The  method  of  division  called  a danda,"  says  Cataneo, 
14  is  most  necessary  to  every  person  who  wishes  to  be- 
come an  expert  reckoner,  and  it  is  thus  called  a danda, 
or  by  giving,  since  after  every  subtraction  made  in  the 
operation,  we  give  or  add  one  or  more  figures  on  the 
right  hand,  so  that  the  remainder  after  subtraction, 
combined  with  the  figure  or  figures  given,  may  admit 
of  being  divided  by  the  divisor.” 

This  process,  however,  is,  in  the  opinion  of  our 
author,  much  less  pleasant  than  the  following,  which  is 
termed, 

4.  Galea  v el  galera  v el  batrllo  ; from  the  form  of  the 
process  resembling  a galley,  44  the  vessel  of  all  others 
most  feared  on  the  sea  by  those  who  have  good  know- 
ledge of  it;  the  most  secure  and  swiftest;  the  most 
rapid  and  lightest  of  the  boats  that  pass  on  the  water/'t 
The  following  is  the  form  of  the  process  : 

* it  pur  lift  a danda  e w alto  necataria  a c.ki  esprrto  ragiauer  etsrr 
drsidera  rd  t ckinmnto  a danda  el  drtto  motto  per  eke  ogni  settrattion 
fait*  nrl  operate  tr  It  da  una  a pin  /gore  dal  lato  destro,  talmente 
eke  la  delta  sot  trail  to nr  com  la  figura  o figure  date  si  potsi  partir 
per  d tan  partUare.  Piclro  Calaneo,  le  Pralick*  dtlU  da*  prim* 
JJatkemancke. 

t “ Ei  p*u  tetania  nrl  mart  da  fuelli  cki  *e  kanno  bona  nolitia, 
vol.  r. 


To  divide  97535399  by  9976, 

l 3 

4 0 i 
/ i 9 
> 4 i i * 

9 4 //  0 / 

3034/34* 

9 4/  31390  (9  876 

4 / 4 0 0 0 0 
9/444 
0 / / 

0 

Such  is  the  form  of  the  paltry,  as  (riven  by  Lucas  de 
Ilurgo.  In  order  to  explain  its  construction,  we  will 
examine  the  several  steps  of  the  process  : write  down 
first  the  dividend,  and  underneath  the  divisor,  com- 
mencing with  the  second  figure  of  the  dividend,  us  the 
number  formed  by  the  first  four  figures  of  it  is  less  than 
the  divisor;  the  result  corresponding  to  the  first  figure 
in  the  quoLienl  will  stand  as  follows  ■ 

8 6 

9 4 * 

3030' 

94/3/ 399  (9 
9/3  0 

The  product  of  9 into  9 is  81,  which  subtracted  from 
97  leaves  16  : cancel  97  in  the  dividend  and  9 in  the 
divisor:  9 times  8 is  72,  which  taken  from  165  leaves 
93:  cancel  163  in  the  last  remainder  and  8 in  the 
divisor:  0 times  7 is  63,  which  taken  from  933  leaves 
870 : cancel  933  in  the  second  remainder  and  7 in  the 
divisor:  9 times  6 is  54,  which  taken  from  705  leaves 
651  : cancel  705  in  the  third  remainder  and  6 in  the 
divisor : the  remainder  after  the  first  division  is 
S651399. 

We  now  proceed  to  the  second  figure  ill  the  quotient, 
which  is  8,  when  the  scheme,  with  the  divisor  in  its 
proper  place,  appears  as  follows : 

9 6 

0U3i  399  <M 

0 U 9 « 

9 8 7 

which  is  equivalent  (the  quotient  determined  not  being 
considered)  to 

8651399  ( 

9676 

The  scheme,  after  the  second  division  is  completed,  will 
stand  as  follows : 

7 

$ 

• //» 

/03° 

90// 

3 0 3 0 f 5 

94/3/3*9  (99 
9/400 

9_/4 

el  pi.  ncmro.tl  pi.  vehee  : el  pi.  I.ell.,  el  pi.  leggi.elea  leg.,  eke 
vada  per  nqtta"  C*Uneo  'peak*  «rf  this  method  a*  more  beautiful 
and  rapid,  though  l«*  occur*  than  the  other.  41  //  pmrtir  a gaUra. 
My*  lie,  M r mo Ua  teggiadrs  t tprJihvo,  at*  no"  tamto  ttearo  per  u» 
prinn /nante  quanto  it  partir  a danda  ct  infra  quest*  do*  mmhn 
eerre  fee.  dieK.«fU..e.  epee.ee,  pee  le  -”''^*7''”"  " 
trattione,  per  eke  im  quest*  di  gater*  wanno  p*T  ,e*  “ 

esempio  t\  mastrerb." 

3 L 
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Arithmetic.  The  product  of  8 and  9 it»  72,  which  taken  from  86 
- v“ leaves  14  : cancel  86  and  9 in  the  divisor:  8 times  8 
is  64,  which  taken  from  145  leaves  81  : cancel  145  and 
8 in  the  divisor : 8 times  7 is  56,  which  taken  from  811 
leaves  755  : cancel  811  and  7 in  the  divisor:  8 times 
6 is  48,  which  taken  from  53  leaves  5 : cancel  53  in 
the  dividend  and  6 in  the  divisor,  and  we  get  the  re- 
mainder 750599  after  the  second  division. 

It  is  very  amusing  to  observe  the  enthusiastic  admi- 
ration of  Lucas  de  Burgo  for  this  method  of  division ; 
when  describing  the  preceding  method,  he  seems  little 
satisfied  with  it,  and  looks  forward  with  a species  of 
impatience  to  the  method  a la  galea,  which  possesses, 
both  in  the  description  of  it  and  in  the  operation  itself, 
a certain  charm  and  solace.  In  truth,  says  he,  it  is  a 
noble  thing  to  see  in  any  species  and  scheme  of  num- 
bers a galley  perfectly  exhibited,  so  as  to  be  able 
to  observe  in  their  disposition  and  arrangement  its 


stem  and  stern,  its  mast,  its  sail,  its  yards,  and  its 
oars,  launched  in  the  spacious  ocean  of  Arithmetic. 
Well,  then,  may  he  exhort  the  student  before  he  ven- 
tures upou  this  lust  and  most  ditlicult  of  arithmetical 
labours,  to  invoke  Apollo  in  the  words  of  Dante,  ut  the 
commencement  of  his  l*a  rad  iso, 

O ** «m  Ajtolh,  md  utiuno  /nm, 

to  inspire  him  with  genius  and  resolution  which  may 
be  equal  to  so  important  un  undertaking. 

It  appears,  according  to  the  statement  of  Tartaglia, 
to  have  been  the  custom  at  Venice  for  masters  to  pro- 
pose to  their  pupils,  as  the  last  proof  of  their  pro- 
ficiency in  this  process  of  division,  examples  which 
would  produce  the  complete  form  of  the  galley,  with 
its  masts  and  ]>eiidant.  The  last  addition  was  supplied 
by  the  scheme  for  the  proof  of  the  accuracy  of  the 
operation  by  casting  out  the  9s.  'Die  following  is  the 
example  which  he  gives  : 


4.6 

8 8 

1 1 3 

0 8 

o g 9 o 

0 9 

*40 

/!><>(> 

0 * 5# 

0*90 

♦ Mr  f 

0 $ 1 6 

Mt# 

f (8  8 

9 9 9 9 9 0 0 0 0 0 0 0 0 9 99  0 0 0 0 0 0 0 0 0 9 9 9 ^ 


History. 


The  fi*lley 
method  of 
division 
jniuTTwdrd 
all  olbcrs. 


Diviuon 
comidtred 
very  diffi- 
cult. 


(1 19.)  The  analysis  which  we  have  given  of  this  opera- 
tion will  be  quite  sufficient  to  enable  the  reader  to  pursue 
it  to  its  conclusion,  and  to  understand  its  application  to 
other  cases  ; after  making  every  allowance,  however, 
for  the  influence  of  our  own  practice  in  division,  and 
for  the  facility  which  long  familiarity  with  this  method 
must  necessarily  have  given,  we  must  still  feel  some 
degree  of  surprise  at  this  preference  given  to  it,  on 
account  of  the  superior  expedition  with  which  the  opera- 
tion was  performed.  In  this  opinion,  however,  nearly 
every  writer  on  Arithmetic  appears  to  have  agreed, 
as  late  as  the  end  of  the  XVI Ith  century.  It  was 
adopted  by  the  Spaniards,  French,  Germans,  and 
English,  and  it  is  the  only  method  which  they  have 
generally  thought  it  necessary  to  notice : it  is  found 
almost  universally  in  the  works  of  Tonstall,  Recorde, 
Stifelius,  Ramus,  Stevinus,  and  Wallis;  and  it  was 
only  at  the  beginning  of  the  XVIUth  century  that  this 
method  of  division,  called  by  English  Arithmeticians 
the  scratch  way  of  division,  from  the  scratches  used  in 
cancelling  the  figures,  was  superseded  by  the  method 
which  is  now  in  common  use,  which  was  specifically 
called  Italian  division,  from  the  country  from  which  it 
was  derived. 

( 1 20.)  The  older  writers  on  Arithmetic  appear  to  have 
considered  division  as  an  operation  of  considerable  diffi- 
culty, and  one  which  required  a very  close  and  steady 
application  of  the  understanding.  Dura  cota  e la  par- 
tita, says  Lucas  dc  Burgo ; and  Ramus,  after  working 
through  an  example  of  long  division,  in  itself  sufficiently 
complicated  and  operosc,  subjoins  the  following  re- 
marks : Hoc  excmplum  et  similia  divisorit  plurium 
tint  a rum  mathematicum  illarn  et  Platonis  n*ta<np#pip* 
el  Aristotetis  a (pm  pane  in  audilontm  antmii  imp  r unit 
nscUabant  cl  confirmabant.  Pa  bonus,  ocnlus  bonus 
ail  lyronibus  lanista  : mens  bona,  memoria  bona,  manitt 
bona  in  quotidiana  division  is  esperientid  dicat  hie 
arUhmclicus  discipulo.  Faridas  enim  lam  mulliplicis 


in  und  numeratione  numeralionis  ereclam  mentem  et 
eondanttm  memoriam,  Jideicmquc  manum  marime 
omnium  rrqtiirunl.  Ac  jam  nemo  sibi  arithmetics 
discipulus  verique  studiosus  vulralur,  nisi  singulis  arith- 
metici  studii  diebus  dividonem  vtl  quam  maximum 
potuit,  effecerit.  A modern  school-boy  might  well 
exult  in  his  superior  dexterity  in  tli is  operation,  when 
the  greatest  masters  of  arithmetical  knowledge  of  former 
times  felt  so  strongly  impressed  with  a sense  of  its 
difficulty,  and  thought  it  necessary  to  enforce  its  con- 
stant and  daily  practice  as  the  only  means  of  acquiring 
an  adequate  knowledge  of  it. 

(121.)  Recorde,  indeed,  has  noticed  the  Italian  method  Italiu 
of  division,  “which,’’  he  says,  “ 1 first  learned  of,  and  is  method 
practised  by  my  ancient  and  especial  loviug  friend, 

Muster  Henry  Bridges,  wherein  not  uny  one  figure  is 
cancelled  or  defaced.’’  The  modus  operandi,  as  given 
by  him,  may  be  seen  from  the  following  example  : 

33)  7890  (239yr 
66 
129 
99 


300 

297 

3 

(122.)  The  Arabians  and  Persians  perform  division  by  Arabian 
a process  which  is  in  some  degree  analogous  to  their  andPeraiaa 
methods  of  multiplication,  as  every  step  in  the  proceaa  ®*tbodi 
is  put  down  at  length.  It  will  be  best  explained  by  an 
example  : let  it  be  required  to  divide  197665  by  578 : 
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Method  of  (123.)  The  author  of  the  LUdvaii  lias  given  rules  for 
forming  the  formation  of  square*  and  cubes,  as  well  as  for  the  ex- 
tquairs  >■  traction  of  the  corresponding  roots.  The  rule  for  the 
lULriiiruu.  f0rmat*l0n  0f  the  square,  which  is  very  ingenious,  is  as 
follows  : ” Place  the  square  of  the  last  digit  over  the 
number ; and  the  rest  of  the  digits  doublet!  and  multi- 
plied by  the  last  are  to  be  placed  above  them  respec- 
tively; then  repeating  the  number  with  the  omission  of 
the  last  digit,  perform  the  same  operation  : thus  to  find 
the  square  of  297, 

4 

36 

81 

28 

126 

49 


297 


88209 


Hindoo 
I process  for 
^ extruding 
the  square 
root 


(124.)  In  performing  the  converse  operation,  every 
uneven  place  is  marked  by  a vertical  Hue,  and  the  inter- 
mediate even  digits  by  a horizontal  one ; but  if  the 
place  be  even  it  is  joined  with  the  contiguous  odd  digit. 
If  we  take  for  an  example, 

i—i—i 

88209 

We  subtract  from  the  last  uneven  place  8,  the  square 
— j — t 

4.  and  there  remains  48209.  Double  the  root  2,  and 


divide  by  that  (4,)  the  subsequent  even  digit  48 ; 
quotient  9 a higher  one  cannot  be  taken  ; for  the  root 


of  the  foregoing  digit  would  become  greater  than  2:  History, 

the  remainder  is  12209.  From  foe  uneven  place  (with 
the  residue)  122,  subtract  the  square  of  the  quotient  9, 

vix.  81,  the  remainder  is  4109.  The  double  of  the  quo- 
tient 18  is  to  be  placed  in  a line  with  foe  former  double 

number  4.  By  this  divide  foe  even  place  410;  the 

quotient  is  7 and  the  remainder  49 : to  which  uneven 
digit  foe  square  of  the  quotient  49  answers  without 
residue.  The  double  of  the  quotient  14  is  put  in  a line 
with  the  preceding  double  nuinher  58,  making  594 : 
foe  half  of  which  is  the  root  sought,  297. 

The  preceding  account  of  the  Hindoo  operation  for 
extracting  foe  square  root  is  taken  from  the  Commen- 
tators on  foe  IMdtwti ; and  making  allowances  for  some 
little  obscurity  of  expression,  which  most  probably 
arises  from  the  difficulty  of  conveying  from  Sanscrit  to 
a modern  language  foe  full  force  of  its  idioms  and 
phrases,  we  shall  find  little  which  differs  from  the  rule 
which  is  given  in  our  books  of  Arithmetic.  The  same 
observation  may  be  extended  to  foe  rule  for  the  extrac- 
tion of  the  cube  root,  which  exhibits  very  little  that  is 
peculiar,  if  wc  except  the  difference  which  i*  found  in 
their  methods  of  multiplication  and  division,  from  those 
which  are  now  adopted  by  European  authors. 

(125.)  The  method  of  extracting  the  square  root  made  Arabian 
use  of  by  the  Arabians,  resembled  their  method  of  division,  P™-*** 
as  for  at  least  us  foe  difference  between  the  two  opera- 
tions  will  allow ; and  n little  examination  would  serve  ruot 
to  show  that  they  are  both  founded  upon  the  Cireek 
methods  of  performing  these  operations  upon  sexagesi- 
mals. An  example  (to  extract  the  square  root  of 
301401)  will  be  quite  sufficient  to  explain  the  process 
which  they  followed ; 


5 4 9 


(126.)  There  is  not  much  room  for  variety  in  the  rule  Different 
for  performing  thin  operation,  and  the  varieties  which  of 
are  found  in  foe  form  of  the  process  itself  are  generally 
varieties  only  in  the  process  of  performing  ditision.  r<^t^Uar* 
The  earlier  European  writers  on  Arithmetic  constantly 
refer  to  foe  4fo  Proposition  of  the  lid  Book  of  Euclid 
3 l2 
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Arithmriic.  for  the  proof  of  the  nile  which  they  followed,  with  the 
‘v—""'  exception  of  the  method  of  pointing,  which  is  a very 
obvious  consequence  of  the  principle  of  notation  by 
local  value.  We  shall  give  one  or  two  examples  of  the 
form  of  the  process  in  two  or  three  authors,  which  will 
be  quite  sufficient  for  our  purpose. 

Velleticr.  The  first  is  from  the  Arithmetic  of  Pelletier,*  the 
first  edition  of  which  was  published  in  1550.  It  is 
required  to  extract  the  square  root  of  924 16. 

0 

02416 

604 

4 (304 


2416.. 

It  may  be  as  well  to  give  the  statement  of  the  process 
in  the  quaint  and  rude  language  of  the  author  himself : 
En  somme,  tout  l' affaire  des  extractions  quarrdes  se 
pourra  reienir  par  cinque  mots , sacoir  rst,  chercher , 
doubter , diviscr, multiplier  et  souttraire.  Premicremcnl, 
faut  chercher  la  racine  du  notnbre  compris  en  la 
dernier  point,  et  d'ici  lui  nombre  otrr  te  notnbre  quarrd 
de  telle  racine.  Secondement,  fuut  doubler  ce  qni  est  la 
et  mettre  te  double  enlre  Us  points.  Tiercemcnt,  faut 
divistr  par  la  double,  e'est  ad  ire,  sacoir  combien  de  fois 
it  est  contenu  au  nombre  superievr.  Quartement,  faut 
multiplier  te  diciseur  joint  acce  la  figure  nouvrtte  mist 
derniere  te  demicercie,  par  la  figure  menu.  Fmablement, 
faut  souttraire  du  nombre  superievr , ce  qui  proviendra 
de  telle  multiplication  et  suttcrire  le  residu,  s'aucun 
on  y a. 

Lnc«»  de  The  second  example  is  from  the  work  of  Lucas  de 
Baqjo.  Burgo,  and  is  the  form  of  the  process  which  was  most 

commonly  adopted : it  is  required  to  extract  the  square 
root  of  999b001. 


Stifclitu. 
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This  scheme  will  require  no  explanation  to  one  who  is 
acquainted  with  the  galley  form  of  division. 

Stifelius,  who  usually  sought  to  generalize  the 
methods  of  bis  predecessors,  bus  considered  the  process 
for  extracting  the  square  root  in  connection  with  tliose 
for  higher  powers  ; by  observing  the  formation  of  the 
powers  themselves,  he  discovered  the  following  schemes 
or  pictures  (as  he  calls  them)  for  extracting  the  square, 
cube,  biquadralc,  &c.  roots.  Calling,  for  greater  clear- 
ness, the  terms  of  a binomial  root  a and  b , we  shall 
have  fur  the  squure  root 

a - 20  - b 

b. 

For  the  cube  root, 


a • — 300  - h 
a — 30  — 6* 


6* 


• r tritknfttfrr  de  Jaq.**  Pelletier  de  Mam*  depart*  tn 
qvatre  hvrn g revue  cf  corner.  A Lion,  1554,  p.  136. 


For  the  fourth  root, 

a*  — 4000  — b 

a’  _ 600  - 6* 

a - 40  - 6* 

6« 

For  the  seventh  root, 

a • — 7000000  — 6 

a*  - 2100000  — 6* 

a*  — 350000  — 6* 

a*  — 35000  — b* 

a*  — 2100  — 6* 

« — 70  — 6* 

bT 

These  schemes  require  little  explanation ; a is  the 
greatest  integer  in  the  root  of  the  first  period ; in  ex- 
tracting the  square  root  it  must  he  multiplied  by  20  to 
gel  the  divisor,  and  from  thence  we  determine  6 ; after 
which  the  sum  of  the  product  of  a,  20  and  6 and  6% 
must  be  subtracted  from  the  first  remainder.  We  will 
propose,  as  an  example,  to  find  the  square  root  of 
6765201 

i 

tit  apt  (2601 

8 " 80  "a®:  276 • 

26  — 20  — 0.  0. 

260  - 20  - 1 5201 

(127.)  The  invention  of  rules  for  approximating  to  the  RnJnfor 
square  and  other  roots  of  numbers,  where  those  roots  ■pproiimv 
were  surds,  was  a favourite  speculation  with  the  earlier  10  WK* 
writers  on  Arithmetic  and  Algebra.  In  order  to  roo1*‘ 
state  these  rules  with  greater  brevity,  and  to  estimate 
more  readily  their  relative  accuracy,  we  shall  express 
them  in  algebraical  language. 

1.  The  rule  given  by  the  Arabs  is  expressed  by  the  By  the 

formula,  Arab*. 

S(.a'+x)=za+ 

This  approximation  gives  the  root  in  excess ; but  to 
increase  its  accuracy,  we  may  repeat  the  process,  making 
use  of  the  root  thus  obtained.  Thus  the  first  approxi- 
mation to  the  square  root  of  7 i*  ; its  square  is  7A  • 
divide  -A-  by  twice  24,  and  the  quotient  is  -A.  which 
taken  from  2|  gives  W for  the  second  approximation. 

This  is  the  rule  which  is  given  by  Lucas  de  Burgo,* 
and  subsequently  by  Tartaglia,t  who  derived  it,  in 
common  with  the  rest  of  his  countrymen,  from  Leonard 
of  Pisa. 

2.  The  rule  given  by  Juan  de  Ortega  \ is  expressed  Ortcfi. 
by  the  formula, 

✓ (*+«)  = « + K^v 

This  approximation  is  in  defect,  hut,  generally  speak- 
ing, more  accurate  than  the  former. 

3.  The  third  method  of  approximation  was  proposed  Qroniias 
by  Oronce  Fin£,  or  Oronlius  Fineus,  Professor  of  Fibcm. 
Mathematics  in  the  university  of  Paris,  and  who  long 
enjoyed  an  uncommon  reputation,  in  consequence  of 

his  having  introduced  the  knowledge  of  the  Mathema- 


Hlatory. 


• .VKmifia  de  ArithmttUa , &C.,  p.  46. 

•p  AVarrir  minute,  pan  iii. 

} Tratado  mili/uamo  de  Arithmetic  a,  & C-,  1534. 
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Arithmetic,  tic*  of  Italy  amongst  his  countrymen,  notwithstanding 
hi*  absurd  attempts  to  effect  the  quadrature  of  the  circle. 
It  consisted  in  adding  2,  4,  6,  or  any  even  number  of 
cyphers  to  the  number  whose  root  was  required,  and 
then  reducing  the  number  expressed  by  the  additional 
digits  of  the  root,  which  were  thus  introduced  to  sexa- 
gesimal parts  of  an  integer  : thus,  to  extract  the  square 
root  of  10  add  six  cyphers,  thus, 

10000000  ( 3 I 162 

60 


43  [ 200 

I 60 
12  | 000 

The  root  of  10,  as  thus  determined,  when  expressed 
in  sexagesimals,  is  3 . O' . 43"  . 12"'. 

Near  »p-  The  example  which  we  have  given  is  the  most  re- 
proach to  markable  approximation  to  the  invention  of  decimal * 
decimal*.  wj,ich  preceded  the  age  of  Stevinus,  If  the  author 
had  stopped  short  at  the  first  separation  of  the  digits  in 
the  root,  it  would  have  expressed  the  square  root  of  10 
to  3 places  of  decimals ; but  the  influence  of  the  use  of 
sexagesimals,  so  familiar  to  the  mathematicians  of  that 
age,  diverted  him  from  this  very  natural  extension  of 
the  decimal  notation,  and  retarded  for  more  than  half 
a century  this  great  improvement  in  the  science  of 
calculation. 

Method*  This  very  considerable  improvement  upon  the  ordi- 
foooded  nary  method  of  approximating  to  the  values  of  surd 
opoa  It.  roots,  as  might  he  expected,  excited  the  attention  of 
contemporary  mathematicians.  They  did  not,  however, 
follow  the  example  of  its  author  in  proceeding  to  sexa- 
gesimals, but  merely  subscribed  as  a denominator  to  the 
whole  root  considered  as  integral,  uniting  with  half  as 
many  cyphers  as  had  been  added  in  the  first  instance  ; 
3142 

thus  v'  10  =s  It  »■  under  this  form  that  H is 

noticed  by  Tartaglia,  who  contends,  however,  that  his 
own  method,  which  we  hare  noticed  above,  was  capable 
of  giving  results  to  greater  accuracy  ; by  Rccordc,  in 
his  Whetstone  of  Wit ; by  Buckley,*  who  has  described 
the  method  in  the  following  verses: 

Quadreta  wttmero  trnrri  prtrjfgila  cipknu, 

Pntdmeti  qtutdri  radix  per  miitr  treatur. 
lutrgra  dal  fuahemt,  tl  pan  Ua  rrrla  mane  til 
Rodin  ul  rrrrr,  we  part  tmlUtima  dent. 

• Buckley  wu  « native  of  I.itrh&rM,  end  Fellow  of  King’* 
College,  Cambriilge.  He  «u  also  mathematical  tutor  In  King 
Edward  VI.  Hi*  jdriiJkntctiem  A/emoratira  wa*  published  in  1550, 
Ud  subsequently  reprinted  at  Cambridge  at  tbe  end  of  Selon’a  Logic, 
in  1631.  It  consist*  of  about  200  verae*,  describing,  with  groat  per- 
spicuity, the  principal  rule*  of  Arithmetic.  He  haa  also  noticed  the 
second  of  the  methods  of  approximation  which  we  have  mentioned 
above  a*  follow*  ; 

Modus  coUigendi  mimmtias  ex  reriduo 
Duplo  rad  ids  numeral  superadd  itur  uotu 
Producto  numrrum  mox  supra  scribe  reiictuin 
Lineolx  adjects  numeros  quae  aepsrot  arabo*. 

Tbe  practice  of  expressing  (he  principle*  and  rule*  of  algorithm  in 
vene  **i  very  common  before  the  invention  of  printing,  and  many 
examples  of  such  treatises  may  still  be  found  in  manuscript  libraries# 
They  were  usually  confined,  however,  to  the  moat  simple  and  elemen- 
tary rule*  of  the  science,  and  cannot  be  considered  ns  exhibiting,  like 
the  work  of  Buckley,  its  most  improved  stale  at  tbe  lime  they  were 
written. 


Pelletier  also,  the  pupil  of  Oronlius  Fincus,  when  History, 
speaking  de  la  man  fire  de  justijier  Us  racinrs  da  v'— “v  ~m-' 
nombra  non  quarr/s,  after  noticing  the  second  of  the 
preceding  methods  of  approximation,  has  described 
this,  which  he  considers  a*  more  accurate  aud  much 
less  tedious  titan  any  other. 

(128.)  We  do  not  consider  it  necessary  to  notice  in  de-  Methods  for 
tail  the  methods  of  extracting  the  cube  root  of  numbers 
which  are  found  amongst  the  Hindoos,  Arabians,  and 
earlier  European  writers,  as  they  present  no  variations 
from  the  methods  which  are  now  in  use,  which  may  not 
be  inferred  at  once  from  the  corresponding  method* 
for  the  extraction  of  tile  square  root.  It  may  he  suf- 
ficient for  us  to  observe,  that  we  find  no  trace  of  its 
existence  amongst  the  Greeks,  though  it  is  not  very 
probable  that  it  was  altogether  unknown  lo  them  ; and 
though  it  formed  an  essential  part  of  all  treatises  on 
Arithmetic,  whether  Sanscrit,  Arabian,  Persian,  or 
European,  we  may  consider  that  their  authors  were 
generally  ignorant  of  the  principles  upon  which  the 
rule  was  founded,  and  in  some  cases  were  incapable 
even  of  applying  it  in  practice."  Methods  of 

(129.)  Under  suchcircumstanccs.it  is  not  surprising  aM>roximx- 
that  mistakes  should  have  been  made  in  their  methods  t,o«to 
of  approximating  to  surd  cube  roots  ; that  of  Lucas  de  surd  cube 
Burgo  may  be  seen  from  the  formula,  n*01** 

V («>  + *>  = a + ^)i 

which  Tartaglia  says  he  got  from  Leonard  of  Pisa, 
who  had  it  from  the  Arabians;  and  he  expresses  his 
surprise  that  he  should  have  committed  so  grievous  an 
error,  unless  he  had  done  so  without  consideration. 

The  method  of  Oronlius  Fincus  errs  as  much  in  excess 
as  that  of  Pacioli  in  defect,  as  will  be  at  once  seen 
from  the  formula  which  expresses  it, 

(o’  + t)  = a + 

o a 

Tartaglia  criticises  the  method  of  Cardan  founded 
on  the  formula, 

*^  (•*  + ')  = »+ ST* 

with  great  bitterness,  as  might  naturally  be  expected 
from  one  who  had  l>een  so  treacherously  defrauded  by 
him  of  an  important  discovery ; his  own  method,  more 
accurate  than  the  former,  but  erring  in  defect,  whilst 
the  other  erred  in  excess,  is  given  by  the  formula, 

*'*'  (o*  + jr)  = a + 

In  later  times,  methods  of  approximation  have 
been  proposed,  whether  founded  upon  rational  or  irra- 
tional formula?,  which  give  results  much  more  accurate} 
than  any  of  the  preceding ; as  the  discussion  of  such 
formula?,  however,  belongs  more  properly  to  the  history 
of  Algebra  than  Arithmetic,  we  think  it  unnecessary  for 
us  to  notice  them  in  this  place. 

(ISO.)  Fractions  in  the  Litdcatinre  denoted  by  writing  Notation 
the  numerator  above  and  the  denominator  betow,  with-  of  frictions 
out  any  line  between  them.  The  introduction  of  this  jj*  . 
line  of  separation  is  due  to  the  Arabs,  and  we  find  it  Mh‘ 
among  the  earliest  European  manuscripts  on  Arith- 

* Such  at  least  *u  the  accusation  advanced  by  Tirtaglia  against 
Jeon  liutrun,  or  Buteo,  the  author  of  a Treatise  «m  ddritkmetic. 

t It  is  likewise  given  in  the  Arithmetic  of  Juan  de  Ortega. 

• Of  this  kind  are  the  rational  and  irrational  Ibrmui*  of  Halley. 
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To  denote  fractions  of  fractions,  such  as  — of 


4 

5 


they  are  written  consecutively,  thus, 

2 4 

3 b 


To  represent  a number  increased  by  a fraction,  the 
fraction  is  written  beneath  the  number  ; ami  when  the 
fraction  is  to  be  subtracted  from  the  number,  a dot  is 
prefixed  to  it;  thus  2J'  is  denoted  by 
2 

i 3 

and  3 - * by  j 

lu  taper-  In  other  cases,  their  notation  is  not  intelligible 
faction*.  without  verbal  explanation ; thus  to  denote  **  two 
third*  less  one-eighth,  and  then  diminished  by  three- 
sevenths  of  the  residue,"  the  fractions  are  written 
underneath  each  other,  as  follows : 

2. 

3 

l 

'8 

S 

*7 

In  general,  however,  it  may  be  remarked,  that  the 
invention  of  a distinct,  expressive,  and  comprehensive 
notation,  is  the  last  step  which  is  taken  in  the  improve- 
ment of  analytical  and  other  sciences ; and  it  is  only 
when  the  complexity  of  the  relations  which  are  sought 
to  be  expressed  in  a problem  is  so  great  as  to  surpass 
the  powers  of  language,  that  we  find  such  expedients 
of  notation  resorted  to,  or  their  importance  properly 
estimated.  We,  consequently,  find  the  Hindoos, 
Arabiaus,  and  earlier  European  writers,  singularly 
deficient  in  artifices  of  notation,  and  compelled  there- 
fore to  express  in  words  the  relation  of  the  numbers 
which  appear  in  their  problems,  or  to  make  use  of  the 
same  notation  for  different  relations.  The  following 
problems,  given  in  the  LUdvoti , will  serve  more  fully 
to  explain  our  meaning. 

(1.)  “ The  quarter  of  a sixteenth  of  the  fifth  of  three 
quarters  of  two-thirds  of  a moiety  of  a dramma,  was 
given  by  a person  from  whom  he  asked  alms:  tell  me 
how  many  cowry  shells*  the  miser  gave,  if  thou  be 
conversant  in  Arithmetic,  with  the  reduction  called 
subdivision  of  fractions." 

Statement. 

112  3 1 11 

1 2 3 4 5 16  4 


Statement. 

311111  31 

154326  20 

In  all  these  problems  the  statement  or  notation 
employed  is  the  same,  though  the  operation  to  be 
performed  arc  essentially  different. 

(131.)TheLt/dr«fi  contains  four  rules  for  the  reduction  Rulrafor 
and  assimilation  of  fractious,  as  well  as  the  application  ‘J*  ^UC~ 
of  the  eight  fundamental  rules  of  Arithmetic  to  them  ; 
the  rules  themselves  are  generally  sufficiently  simple 
and  clear,  and  differ  so  little  from  those  which  are 
used  in  modern  practice,  that  any  detailed  notice  of 
them  is  unnecessary.  The  author,  however,  in  the 
enunciation  of  the  following  problem,  would  seem  to 
intimate  that  ojwrations  with  fractions  were  not  with- 
out their  difficulty,  and  that  it  required  all  the  con- 
fidence of  long  practice  to  avoid  making  mistakes. 

“ Tell  me  the  result  of  dividing  five  by  two  and  & 
third,  and  a sixth  by  a third,  if  thy  understanding, 
sharpened  into  confidence,  be  competent  to  the  division 
of  fractions." 

(132.)  The  term  algorithm,  which  originally  meant  the  Meaning  of 
notation  by  nine  figures  and  zero,  subsequently  received  ^ 
a much  more  extensive  signification,  and  was  applied 
to  denote  any  species  of  notation  whatever  for  the 
purpose  of  expressing  the  assigned  relations  of  num- 
bers or  quantities  to  each  other ; thus  we  find  Stifeliu* 
speaking  of  the  algorithm  of  fractions  and  of  fractions 
of  fractions  of  the  algorithm  of  proportions  of  binomial 
surds  of  cosaic  numbers.  &c. ; and  an  equally  extended 
use  of  the  term  is  sometimes  made  in  modern  times.* 

The  algorithm  of  fractions  of  fractions,  if  we  may  Algorithm 
be  allowed  to  use  this  term,  varied  with  different 
authors ; thus  with  Lucas  de  Burgo 
r* 

2 4 ,».2_4  4 2 4 

— - was  equivalent  to  — of  — or  to  — x r » 

3  5 35  Jo 

v* 

where  c ■ denoted  tna,  or  time t ; with  Stifelius  three- 
fourth*  of  two-third*  of  one-tecenth  was  denoted  by 

3 

4 

2 

3 

l 

7 

and  the  same  quantity  was  represented  by  Gemma. 

Frisius  by 

3 

4 


Reduced  to  homogencousneas  Wrr » *0  terms 
tV*ir.  “ single  cowry  shell. 

(2.)  " Tell  me,  dear  woman,  quickly,  how  much  a 
fifth,  a quarter,  a third,  a half,  and  a sixth  make,  when 
added  together." 

Statement. 

1 l 1 I 1 29 

54326  20 

(3.)  “ Tell  me  what  is  the  residue  of  three,  subtract- 
ing these  fractions." 


• A drnmna  t*  equivalent  to  1240  cowry  *h«lU. 


o notation  extremely  simple  and  convenient. 

Pacioli  denotes  that  two  fractions  are  to  be  multiplied 
together  by  writing  them  thus, 

2 — 3 

3  4 


• It  i>  unoaing  to  nhwfw  the  very  e»*ml  ignorance  ef  the 
eariiei  writ***  oe  ll*o  origin  end  mcanin*  o*  th*  Arabic  loema  which 
were  nude  use  of  in  the  acierwea ; it  quite  common  with  the 
Italian  and  German  writer*  on  Algebra  to  *peak  of  Geber  « ita  tn- 
TOilor;  and  Gowelin,  who  in  1G67  translated  and  abridged  the  work 
of  Tarttytio,  *ay*  that  Algorithm  vm  darned  from  Algua,  the  inventor 
of  the  notation  "by  nine  figures  and  zero. 
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Arithnwtic.  connecting  the  numerators  and  denominators  which  are 
to  be  multiplied  together  by  a line.  When  two  trac- 
tion* are  to  be  added  together,  or  subtracted  from  each 
other,  the  operations  to  be  performed  are  indicated 
as  follows, 

e 9 

2 3 . 17  B 1 

12. 

where  those  quantities  are  to  be  multiplied  together 
which  are  connected  by  the  lines. 

Utrumtmmt-  ( 133.)  The  good  old  monk  seems  extremely  embarrassed 

tipiicMtio  by  the  usage  and  meaning  of  the  term  multiplication  in 
fracttrmn  tlac  case  of  fractions  where  the  product  is  less  than  the 
•»geat . multiplicand , and  he  proposes  the  question,  Utntm 
multiplicatio  fr act  arum  avgeat  ? In  older  to  show  that 
this  question  must  be  answered  in  the  affirmative,  he 
refers  to  the  passage  in  Genesis,  44  Increase  and  mul- 
tiply, and  replenish  the  earth  and,  again,  to  the 
promise  to  Abraham,  “ / trill  multiply  thy  teed  like  the 
•tars  of  the  firmament , or  the  tand  on  the  tea  shore,”  to 
show  from  the  authority  of  God  himself,  that  to  multiply 
means  to  increase ; but  in  what  manner  is  this  to  be 
reconciled  with  the  numerical  result  in  those  cases? 
namely,  by  supposing  that  the  units  of  the  product  arc 
- of  greater  virtue  and  tignificanry  than  those  of  the 

factors ; thus  if  J and  £ represent  adjacent  sides  of  a 
square,  their  product  \ will  represent  the  area  of  the 
square  itself. 


this,  as  well  as  upon  other  ports  of  Arithmetic,  is  fre- 
quently more  embarrassed  than  instructed  by  the 
minuteness  of  their  explanations.  The  charge  of  pro-  J 
lixity,  indeed,  has  been  made  against  Italian  writers  on  1 
this  as  well  as  other  Bnbjccis  of  every  age,  and  it  is  11 
quite  impossible  to  deny  the  truth  or  ito  application 
to  the  works  of  which  wc  are  speaking.  It  would  be 
unjust,  however,  not  to  attribute  much  of  this  to  the 
want  of  generality  and  comprehensiveness  of  the  rules 
and  operations  which  is  characteristic  of  the  early  state 
of  every  science ; and  the  same  defect,  though  in  a less 
degree,  is  observable  in  most  of  the  writers  of  other 
countries  who  flourished  at  that  period,  with  one  memo- 
rable exception,  however,  in  the  case  of  Sttfelius,  whose 
brevity,  and  consequent  obscurity,  is  as  embarrassing 
to  the  reader  as  the  tediousness  of  his  predecessors  and 
contemporaries. 

«j&  (135.)  We  have  noticed  above  a method  of  approxi-  I 
mating  to  the  square  and  cube  roots  of  numbers,  which 
makes  a near  approach  to  the  invention  of  decimal  frac-  'f 
tions,  though  it  will  not  be  found  to  have  in  any  way  Cl 
contributed  to  that  most  important  improvement  in  U 
Arithmetic,  at  least  if  wc  may  judge  from  the  form 
under  which  it  was  first  exhibited  by  its  author. 

It  would  seem  rather  to  have  been  suggested  by  the 
convenience  which  was  felt  in  the  sexagesimal  Arith- 
metic in  the  treatment  of  fractions,  and  by  observing 
the  connection  between  the  series  of  natural  numbers 
and  a geometrical  scries,  whether  continued  upwards 
or  downwards.  Archimedes  had  observed  how  the 


The  same  difficulty  appears  to  have  occurred  to 
most  other  writers  of  his  own  and  the  subsequent 
age,  who  were  not  all  of  them  -equally  satisfied 
with  the  correctness  of  his  explanation.  Tartaglia 
says,  that  the  meaning  of  the  term  multiplication  is 
different  when  the  multiplier  is  an  integer  or  a frac- 
tion, denoting  increase  in  one  case  and  diminution  in 
the  other.  Bishop  Tonstall,  however,  in  discussing  the 
example  } X ■}  = /r.  has  explained  the  result  in  this  case 
with  singular  clearness  and  good  sense : “ Cur  id  autem 
ita  fiat”  says  he,  44  si  rationem  poscit , ilia  at ; quod  ti 
numerators  in  se  soli  duccrentvr , vidcrentur  integra 
inter  sc  multiplicari  atque  Ua  numerator  nimium  era- 
ceret.  Veluti  in  exemjdo  data,  dum  duo  in  tria  du- 
rurtlur,  ft  tint  6,  qute,  si  nihil  preetcrea  fierel , vidcrentur 
integra ; ceeterum  quia  non  duo  integra  per  tria : ted 
dum  tertue  uniut  integri  per  Ira  ejus  quart  us  multipli- 
cands sunt : sinuliter  partium  denominators  in  se 
ducunlur : ut  postea  divisione  qu<t  per  denominators 
multi pt icationem  fit,  ( quanto  enim  magi t denominator 
cracit,  tanto  magi*  parts  comminuuntur)  numeratoris 
augment  a tio  tantum  corrigitur,  quantum  plusjusto  ere - 
verat,  atque  ea  ration e ad  eequaliialrm  redigitur 
The  whole  dispute  furnishes  a curious  example  of  the 
embarrassing  effect  produced  by  the  use  of  a term  to 
which  a specific  and  restricted  meaning  is  attached,  to 
denote  a general  operation,  the  meaning  and  interpre- 
tation of  which  must  vary  with  the  nature  of  the 
quantities  to  which  it  is  applied. 

(134.)  There  is  so  little  difference  between  the  opera- 
tions in  fractions,  as  they  appear  in  ancient  and  modem 
books  of  Arithmetic,  that  we  feel  it  to  be  altogether 
unnecessary  to  detain  the  reader  by  any  further  details 
on  the  nibject.  In  the  works  of  Liicm  de  Burgo  and 
Tartagtia  we  find  the  number  of  cases  and  their  sub- 
divisions unnecessarily  multiplied;  and  the  reader  upon 

* lit  Arif  Smyyutandt 


order  of  the  term,  formed  by  the  product  of  any  two 
terms  of  such  a aeries,  might  be  determined  from  the 
sum  of  their  exponents,  or  the  terms  in  the  series  of 
natural  numbers  corresponding  to  them;  and  Stifelias 
extended  this  remark  by  continuing  the  Arithmetic  as 
well  ns  the  Geometric  series  downwards ; thus, 


- 4 

-3-2 

- 1 

0 

1 

2 

3 4 

iV 

* i 

i 

1 

2 

4 

8 16 

The  same  distinguished  author  observed  also,  that 
the  proposition  would  be  equally  true  if  the  arithmetical 
series  was  reversed,  and  the  positive  terms  made  the 
exponents  of  the  descending  terms  of  the  geometric 
series  which  were  less  than  I ; thus, 

0,  1,  2,  3,  4,  5,  8, 

might  be  considered  as  the  exponents  of  the  sexagesi- 
mal or  astronomical  series : 

11  1 1 1 

60  3600  216000  12960000  777600000 

It  was  with  reference  to  this  principle  that  Stifelius  . , 

ventured  to  simplify  the  sexagesimal  notation  hy  writing 
the  numbers  2,  3,  4,  &c.,  accentuated,  above  the  places  Mxage*i- 
of  the  minuta  secunda,  tertia,  quart  a,  &c. ; thus,  wait. 

Grad.  Min.  2 3 4 

2.  3,  7,  20,  44, 

means  2°,  3‘,  7",  20l",  44IV,  and 

Hor.  Min.  2 3 

6,  20.  40,  59, 

means  6 hours,  20  minutes,  40  seconds,  59"';  and 
similarly  in  other  cases.  It  is  sufficiently  curious  that 
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Arithmetic.  Stifeliux,  after  thus  viewing  the  theory  of  sexagesimals 
WyW  under  this  very  general  form,  should  not  have  extended 
it  to  decimal  fractions  ; more  particularly  as  the  follow- 
ing remark  shows  that  he  was  sensible  that  they  depended 
upon  the  same  principle.  “ Facile  enim  rides , ut  nu  merits 
ille  60,  id  eel,  seragenartus,  limn  ail  totiua  negotii  hv jut- 
modi  fracliottum,  qxtemadmodum  10,  id  at  denarius, 
limn  eat  calt'vlafionum  rulgarium in  other  words, 
thut  60  in  one  case  and  10  in  the  other  were  the  roots 
of  the  geometrical  series,  to  which  the  same  aerie*  of 
exponents  corresponded. 

Ia I Dume  ( 1 36.)  Stevinus,  in  his  Arithmeiique,  adopted  the  views 

ot  Stevima.  of  Stifeliu*  with  respect  to  the  exponents  of  terms  in  a 
geometrical  series,  and  applied  them  to  correct  the 
barbarous  mode  of  designating  roots  and  powers  of 
quantities  which  had  been  prevalent  before  his  time ; 
thus  making  a very  near  approach  to  the  very  impor- 
tant theory  of  indices,  as  they  are  now  used.  We  find 
no  traces,  however,  of  decimal  Arithmetic  in  this  work ; 
and  the  first  notice  of  decimal,  properly  so  called,  is  to 
be  found  in  a short  tract,  which  is  put  at  the  end  of  his 
Arithmetique  in  the  collection  of  his  works  by  Albert 
Girard,  entitled  La  Disme.  It  was  first  published  in 
Flemish  about  the  year  1590,  and  afterwards  translated 
into  barbarous  French  by  Simon  of  Bruges.  The 
ludicro- serious  dedication  is  addressed  Aut  astrolagues, 
arpenteura,  nuntreura, , de.  Tapisaerie,  gatiert,  slereo- 
metrima  en  general,  maiatm  de  monnoyc  et  o tout  mar - 
chanda;  and  describes  in  very  express  and  ample 
terms  the  advantages  to  be  derived  from  this  new  arith- 
metic: decimals  are  called  nombrn  deditme ; and  those 
in  the  first  place  whose  sign  is  (1)  are  called  prime a, 
those  in  the  second  place  whose  sign  is  (2)  are  called 
aecondea,  and  so  on ; whilst  all  integers  are  charac- 
terised by  the  sign  (0),  which  is  put  after  or  above  the 
last  digit.  We  will  subjoin  a few  of  his  examples  of 
arithmetical  ojierations  by  means  of  these  decimals. 

1.  Addition. 

0(1)  (2)  (3) 

2 7 8 4 7 

3 7 6 7 5 

8 7 5 7 8 2 


9 4 1 3 0 4 

r,  941(0)3(1)0(2)4(3) 

2.  Multiplication. 

(0)(1)(2) 
3 2 5 7 
8 9 4 6 

1 9 5 4 2 

1 3 0 2 8 

2 9 3 1 3 

2 6 0 5 6 


2 9 1 3 7 1 2 2 
or.  2913(0)  7(1)  1(2)  2(3)  2(4) 

3.  Division. 

(0)(1)(2)(3)(4)<5)  (1)(2) 

34435  2 by  96 

i 

t ? ? 

/ X t f 

Ifgj  (0)(l)(2)(3) 

g 1 1 g i i (*  1 8 7 

afff 

0 0 0 


4.  Indefinite  division.  Hiitwy. 

40  0 (1)  (2)  ' » ' 

y = 13  3 3 

Stevinus  afterwards  proceeds  to  enumerate  the  advan- 
tages which  would  result  from  the  decimal  subdivision 
of  the  units  of  length,  area,  and  capacity,  of  money,  and 
lastly  of  a degree  of  the  quadrant ; in  the  increased 
uniformity  of  notation,  and  increased  facilities  in  per- 
forming ull  arithmetical  operations  in  which  fractions 
of  such  units  were  involved. 

(137.)  Whatever  advantages,  however,  this  admirable  Trsausiioa 
invention,  combined  as  it  still  was  with  the  addition 
the  exponents,  possessed  above  the  ordinary  met  nods  ofp^j." 
calculation  in  the  case  of  abstract  or  concrete  fractions, 
it  docs  not  appear  that  they  were  reudily  perceived  or 
adopted  by  his  contemporaries.  We  can  discover  no 
notice  whatever  of  the  improvement  before  the  begin- 
ning of  the  following  century.  In  1608  the  tract  in 
question  was  translated  into  English  by  Richard  Norton, 

Gentleman,  under  the  following  title : Duane,  The  arte 
of  tenths , or  decimal  A rithmetike,  teaching  how  to  per- 
form all  computafions  whatsoever,  by  whole  numbers 
without  fractions,  by  the  four  principles  of  common 
A rithmetike : namely,  addition,  subtraction , multipli- 
cation, and  division,  invented  by  the  excellent  mathema- 
tician, Simon  Stevin.  ^ 

• (138.)  This  publication  docs  not  appear  to  have  excited  TVit  srt  of 
any  very  general  or  immediate  notice.  In  the  year  1619,  *«•*  b7 
however,  we  find  its  contents  embodied  in  an  English lleary  * 
work,  of  which  the  following  is  the  title  : The  art  of 
Tens,  or  decimal  A rithmetike,  wherein  the  art  of  Arilh- 
metikt  is  taught  in  a more  exact  and  perfect  method , 
avayding  the  intricacies  of  fractions.  Exercised  by 
Henry  Lyte,  Gentleman,  and  by  him  set  forth  for  his 
countries  good.  London,  1619.  It  is  dedicated  to 
Charles,  Prince  of  Wales ; and  in  his  advertisement  he 
says,  that  he  had  been  requested  for  ten  years  to  publish 
his  exercises  in  decimal  Arilhmetike.  After  enlarging 
upon  the  advantages  which  attend  the  knowledge  of 
this  Arithmetike  to  landlords  and  tenants,  merchants 
and  tradesmen,  surveyors,  gunge  r*.  farmers,  &c.,  and  in 
all  men’s  affairs,  whether  by  sea  or  land,  he  adds,  “ if 
God  spare  me  life,  I will  spend  some  time  in  most 
cities  in  this  land  for  my  countries  good  to  tench  this 
art.  I hold  the  lively  voice  of  a meane  speculator 
somewhat  practised,  fiirthereth  tenfold  more  in  my 
judgement  than  the  finest  writer  that  is.”  It  is  not 
necessary  to  proceed  further  with  an  analysis  of  the 
contents  of  this  volume,  as  it  contains  nothing,  either  in 
notation  or  otherwise,  which  is  essentially  different  from 
what  was  given  by  Stevinus. 

(139.)  The  last  and  final  improvement  in  this  decimal  Improve- 
Arithmetic,  of  .ssimilnlmg  the  nol.tion  of  inlrfftrs  and 
decimal  fractions,  by  placing  a point,  or  comma,  between  inln„i0<wi 
them,  and  omitting  the  exponents  altogether,  is  tin-  by  N*picr. 
questionably  due  to  the  illustrious  Napier,  and  is  not 
one  of  the  least  of  the  many  precious  benefits  which  he 
conferred  on  the  science  of  calculation.  No  notice 
whatever  is  taken  of  them  in  the  Mirifici  Logarilhmurvm 
canonis  descriptio,  nor  in  its  accompanying  tables,  which 
was  published  in  1614.  In  a short  abstract,  however, 
of  the  theory  of  these  logarithms,  with  a chart  table  of 
the  logarithms  of  natural  numbers,  which  was  published 
by  Wright,  in  London,  1616,  we  find  a few  example* 
of  decimals,  expressed  with  reference  to  the  decimal 
point ; but  they  are  first  distinctly  noticed  in  the  Halt-  ftabdokgi*. 
dologia,  which  was  published  in  1617.  In  an  Admonilio 
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Arithmetic,  pro  decimali  ArUhmeiica  he  mentions  in  terms  of  the 
highest  praise  the  invention  of  Stevinus,  and  explains 
his  notation ; and  without  noticing  his  own  simplifica- 
tion of  it,  he  exhibits  it  in  the  following  example, 
in  which  it  is  required  to  divide  861094  by  432. 

64 

136 

316 

118,000 

141 

402 

429 

861094,000  (1993,273 
432 
3888 
3388 
1296 


864 

3021 

1296 

The  quotient  is  1993,273,  or 
1993,2"7"3'" 

the  form  under  which  he  afterwards  writes  it,  in  partial 
conformity  with  the  practice  of  Stevinus. 

The  some  form  is  adopted  in  an  example  of  abbre- 
viated multiplication,  which  subsequently  occurs  in  the 
solution  of  the  following  question. 

Abbvanat-  If  31416  be  the  approximate  value  of  the  circum- 
•dcnuUipli-  ference  of  a circle  whose  diameter  is  10000,  what  is  the 
canon.  numerical  value  of  the  circumference  of  a circle  whose 
diameter  is  635. 

Complete.  Abbreviated* 


31416 

635 

31416 

635 

1881 

96 

1S84 

9 . 

94 

248 

94 

2 . . 

15 

7080 

15 

7 . . . 

1991  9'  r 6"U"" 

1991  8 

Decimal* 
not  necev 


\Z 


(140.)  The  publication  of  tables  of  logarithms,  to 
whatever  base  they  might  be  calculated,  was  by  no 
'dr7  iot.  men  tvs  necessarily  connected  with  the  knowledge  and  use 

of  the  decimul  Arithmetic.  The  theory  of  absolute  indices, 
in  its  general  form,  at  least,  was  at  that  time  unknown; 
and  logarithms  were  not  considered  as  the  indices  of 
the  ba*>\  but  as  measures  of  ratios  merely.  Under  this 
view  of  their  theory,  it  was  clearly  a matter  of  indiffe- 
rence whether  wc  assumed  the  measure  of  the  ratio  of  10 
to  1,  to  be  1,  10,  100,  100000000,  or  1,00000,00000, 
the  number  assumed  by  Briggs  in  his  Arithmctica 
Logurilhmica.  Titus  the  absolute  logarithms  of  15, 

w* and  to  icn  p,a*e*. are 

1,1760912591 

1,7403626895 

2,190331693*2 

whilst  their  relative  logarithms,  that  of  10  being 
1,00000,00000.  are 


Absolute 
and  relative 


1,17609,12591  HUtery. 

1,74036,26895  W vw 

2,19033,16982 

In  one  case  the  logarithms  are  expressed  by  decimals, 
in  the  other  by  whole  numbers  ; they  have  the  same 
characteristics,  and  it  is  obvious  that  their  use  in  calcu- 
lations is  exactly  the  same.  It  is  under  the  latter  form 
that  the  logarithms  are  given  in  the  earlier  tables,  such 
as  those  of  Napier,  Briggs,  Vlacq,  Kepler  and 
Bartsch. 

(111.)  The  preceding  statement  will  sufficiently  explain  Noticed 
the  reason  why  no  uolice  is  taken  of  decimals,  in  the  ela-  ***7  P*r_. 
borate  explanations  which  are  given  by  Napier,  Briggs, 
and  Kepler,  of  the  theory  attd  construction  of  logarithms;  rithmuat 
and  indeed  we  find  no  mention  of  them  in  any  English  AritAmrtUe 
author  between  1619  and  1631.  In  that  year  the 
Logarilhmicai  ArUhmeiike  was  published  by  Gellibrand, 
and  other  friends  of  Briggs,  who  died  the  year  before, 
with  a much  more  detailed  and  popular  explanation  of 
the  doctrine  of  logarithms  than  was  to  be  found  in  the 
Arithmctica  Logo  rith  mica.  It  is  there  said  that  the 
logarithms  of  19695,  of  I969w.  19tVVtt  are 

4.29435.59851 

3.29435.59851 

1.29435.59851 

differing  merely  in  their  characteristic ; and  fa,  y^Vx 
are  called  decimal  fractions.  Rules  are  also  given  for 
the  reduction  of  vulgar  to  decimal  fractions  by  a 
simple  proportion ; and  lastly  a table  for  the  re- 
duction of  shillings,  pence,  and  farthings,  to  deci- 
mals of  a pound  sterling,  of  which  the  following  is  a 


Different 
notation*  of 
decimals. 


9. 

V' 

/■ 

19 

95000 

11 

045833 

3 

17 

85000 

5 j 

020833 

1 

0031243 
0010416 

(142.)  From  this  period  we  may  consider  the  decimal 
Arithmetic  as  fully  established,  inasmuch  as  the  explana- 
tion of  it  began  to  form  an  essential  part  of  all  books  of 
practical  Arithmetic.  The  simple  method  of  marking  the 
separation  of  the  decimals  and  integers  by  a comma, 
of  which  Napier  had  given  a solitary  example,  was  not 
however  generally  adopted.  The  following  are  dilferent 
modes  of  writing  them,  which  are  found  amongst 
English  and  foreign  authors  : 

34.1'.  4".  2"'.  6*" 

(I)  (*)  (3)  (4) 

34 . 1  . 4 . 2 . 6 

34 . 1  4 2 6m 
34  . I 4 2 6 (*> 

34 . 1  . 4 . 2 . 6 
34  1426 

34  ( 1426 


34*1426 

34,1426 

(143.)  Amongst  the  authors  who  contributed  most  to  Oughiredo'i 
the  propagation  of  this  Arithmetic  we  must  mention  the  Clans. 
celebrated  Oughtrcde.*  His  Claris  Mathematica  was 
first  published  in  1631,  in  the  firstchapter  of  which,  De 


* This  is  the  Tim  example  which  we  have  •recovered  of  this 

abbreviated  multiplication  : the  use  of  it,  however,  became  very  popular 
in  « *hort  t<me  afterwards,  as  furnishing  same  relief  in  the  management 
of  the  lar*e  number*  which  were  made  use  of  in  the  construction  of 
tables  of  sine*,  Ac,  Many  examples  of  this  species  of  multiplication 
and  division  may  be  found  in  the  work  of  Kepler,  oo  Logarithms,  in 
Ou^htrede’*  Claris,  in  W alii*'*  Algebra,  Sic. 

▼OL.  t. 


• William  Ouehtredr  wu  a Allow  of  King**  College,  Cambridge, 
and  he  always  writes  Aitoncnsis  after  hi*  name.  In  those  days  the 
members  of  those  royal  foundations  had  not  yet  begun  to  consider  the 
pursuits  of  literature  and  science  as  incompatible  with  each  othee. 
Ifis  work*  enjoyed  a well  deserved  reputation  in  his  day,  and  he  is 
spoken  of  in  hHold  age  with  singular  reverenen  by  Wallis.  He  died 
in  1660.  in  his  87th  year,  from  excess  of  joy  on  hearing  of  the  restora- 
tion of  the  monarchy. 
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Arithmetic.  Notations,  wf  find  the  following  table,  with  it*  accom- 
panying  explanation. 

Partes. 


Integri. 


87  B 

& 4 3 

3 10  12 

3 4 5 

6 7 8 

M M M 

M M M 

CX  1 |X  c 

M M M 

M M M 

M M M 
C X 1 

C X I 

1 X C 

M M M 

I X c 

M 

M 

M 


Oihet 

rfutbors. 


/.ofitltrn 
!trnmala 
tlf  UtJ'H. 


Arqoatnled 
«ith  the 
works  of 
Slevimu 
*&4  N spier. 


In  hoc  tahrlld  numeri  superiort t sunt  indices  xi&  ex- 
ponentes  terminorum  utrinque  ab  imitate  continue  pro- 
portionalium ; ajfirmatici  in  integris,  negatwi  in  par- 
tibus.  Estque  progressio  in  dccuptd  rations  versus  sinis- 
tram , et  in  subdecupld  versus  desiram  ; sicut  liter  a 
subscript <e  ostmdunt.  Estque  igitur  progressio  ab  unitale 
in  integris  I,  10,  100,  1000,  10000.  El  in  partibus, 
tV.  tU.  rrV„.  rrto.  El  tic  in  infinitum. 

The  integers  he  separates  from  the  decimals  or  parts, 
by  a mailt  L_  which  he  calls  the  separatris,  as  in  the 
examples  0 1 56,  48 J 5s  for  .56  and  48.5  ; and  in  giving 
examples  of  the  common  operations  of  Arithmetic  he 
unites  them  under  common  rules. 

(144  .)  The  view  of  the  theory  of  decimals  which  was 
given  by  Oughtrede  was  generally  adopted,  and  in  some 
cases  his  notation  also,  by  English  writers  on  Arithmetic 
for  more  than  thirty  years  after  this  period.  Amongst 
others  may  be  mentioned  Nicholas  Hunt,  whose  Hand- 
maid to  Arithmetic/:  was  published  in  1633  : John 
Johnson,  whose  Arithmetic  was  published  in  1657. 
Jonas  Moore,  Professor  of  the  Mathematics  in  the  city 
of  Durham,  whose  Arithmetic  was  published  in  1660, 
with  a dedication  to  James,  Duke  of  \ork,  a work 
which  long  enjoy  ed  u considerable  reputation.  Samuel 
Jeake,  merchant,  whose  Compleat  Body  of  A rithmetick 
was  written  in  1671,  though  not  published  before  1701 ; 
a work  of  considerable  learning  and  research  on  every 
subject  connected  with  practical  Arithmetic,  and  parti- 
cularly in  weights  and  measures  : besides  many  others, 
whose  works  we  have  had  no  opportunity  of  ex- 
amining. 

(145.)  In  the  year  1619  there  appeared  at  Frankfort  a 
work  with  the  following  title : Lagislica  Decimals *, 
dasist : Kunstrechnung  mil  Zehentheilichen  Bruchei t» 
denen  Geometris,  Astronomu,  Landmessern , Ingenieurn, 
IVisircn,  und  inegemein  alien  McrJtanici*  und  A nth  met  iris 
in  unglaublieher  Leichterung  ihrer  muhsamen  Rech- 
nungen,  Ertractionen  der  fl'urzeln,  sonderlich  a us 
Irrational:  a him,  ouch  zur  construction  einer  neuen 
Tabulrrtinuum,  und  andrer  vielrrhand  nuixlicher  cano - 
num  etc,  uber  die  tnaass  dienstlich  und  noth  wen  dig, 
beschriebm  durch  Johanu  Hartman  Beycra,  D.  Med. 
The  author  states,  that  he  first  thought  upon  the  sub- 
ject of  this  decimal  Arithmetic  in  the  year  1597,  but 
that  he  was  prevented  from  pursuing  it  for  many  years 
by  the  little  leisure  afforded  him  from  his  professional 
pursuits.  He  makes  no  mention  of  Sleviuus,  and 
assumes  throughout  the  invention  as  his  own.  The 
decimal  places  arc  indicated  by  the  superscription  of 
the  Roman  numerals,  though  the  exponent  correspond- 
ing to  every'  digit  in  the  decimal  places  is  not  always 
put  down  : thus  34.1426  is  written  84°.l*4*,2l,,6,T,  or 
84°  I4"26|v.  or  34°.1426,v. 

(146.)  The  author  must  have  been  acquainted  with  the 
Rabdologia  of  Napier,  as  the  thirty-ninth  chapter  of  his 
book  is  devoted  to  the  explanation  of  the  construction 
and  use  of  these  rods,  which  enjoyed  a most  extra- 
ordinary popularity  at  that  period  ♦ under  such  circum- 


stances he  could  not  have  been  ignorant  either  of  History. 
Napier’s  notation  or  of  the  work  of  Stevinus,  and  we  * r— 
may  very  reasonably  doubt,  therefore,  the  truth  of  his 
pretensions  to  originality,  or  that  he  should  so  long 
have  concealed  nil  invention  of  such  immense  impor- 
tance to  the  science  of  calculation. 

(147.)  The  works  of  Stevinus  were  published  in  1625 
by  his  friend  and  pupil  Albert  Girard,  whose  own  work, 
entitled  Invention  nouceUe  en  Algebre , appeared  in  1629. 

It  contains  the  exposition  of  the  principles  of  Arithmetic 
and  Algebra,  and  we  may  naturally  expect  to  find,  there- 
fore, examples  of  the  use  of  decimals  under  their  roost 
improved  form.  In  the  solution  of  the  equation, 

1 (3)  csgale  3 (1)  — I 
or,  x*  =:  3 x — 1 

by  a table  of  sines  of  which  method  he  was  the  author, 
we  find  the  three  roots  written  as  follows : 

1,532  A 
347  V 
- 1 ,879  J 

“ Ce  qui  est  csprim>,"  says  he,  “ en  distne  jusque*  en 
trines."  On  another  occasion  he  denotes  the  separa- 
tion of  the  integers  and  decimals  by  a vertical  line : 

**  Divieex  3219  par  10,”  says  he,  " it  riendra  321,7, 
lc  nombre  est  ainsi  trace  321  | 8;  si  par  100,  ainsi 
32  1 18  ; et  si  par  1000,  ainsi  3 | 218.”  He  does  not 
always,  however,  adhere  to  this  simple  notation,  as  we 
afterwards  find  the  square  root  of  4*  expressed  by 
20H16  (4) ; and  on  another  occasion  we  find  similar 
vestiges  of  the  original  notation  of  Stevinus. 

(148.)  Whoever  has  studied  the  history  of  the  progress  Slew  pro- 
of the  mathematical  science*  must  have  remarked  the  of  im- 
extreme  slowness  with  which  improvements  in  uota-  jJJJJJgjJJ 
tion  have  been  admitted  into  general  use.  In  die 
infancy  of  those  sciences  more  attention  is  paid  to  the 
modus  operand i,  to  the  actual  rule  for  performing  the 
operation,  than  to  the  form  under  which  it  is  exhibited; 
and  in  many  cases  improvements  in  notation,  the  most 
important  in  their  consequence*,  have  originated  as 
much  in  accident  as  design,  or  at  all  events  their 
authors  have  had  little  notion  of  the  effect  of  the 
change  which  they  were  making.  When  Napier  dis- 
encumbered the  decimal  notation  of  the  numeral  ex- 
ponents of  Stevinus,  the  improvement  in  point  of 
simplicity  and  practical  usefulness  which  was  thus 
produced,  was  apparently  so  obvious  as  to  have  at 
once  recommended  it  to  universal  adoption  ; yet  we 
find  it  timidly  proposed,  and  not  always  followed  even 
by  its  author  ; and  though  the  work  which  contained 
it  was  very  generally  circulated  and  read,  yet  the  nota- 
tion was  not  admitted  in  principle  for  fifteen  years  after 
its  first  publication,  even  in  our  own  couutry,  at  a 
period  when  the  discussions  connected  with  the  theory 
of  logarithms  and  the  construction  of  tables,  were  calcu- 
lated to  bring  decimal  numbers  and  their  notation  into 
particular  notice.  On  the  continent  of  Europe  this 
notation  was  not  adopted  generally  before  the  middle 
of  the  century;  and  even  in  the  year  1656  we  find  the 
Jesuit  Andrew  Tacquet,  in  his  Arithmetic ,*  giving  an 
account  of  the  theory  of  decimals,  and  uniting  them 
with  Roman  numerals  as  exponents,  as  if  no  improve- 
ment had  taken  place  since  the  originnl  publication  of 
Stevinus. 

• Thsmrim  et  Prmxit,  auctort  Andre*  Tacqttrt, 

Anttcrrpeasi,  e Sodetmte  Jest*  Lotrmmt,  lOiti. 
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Arithmetic.  (149.)  We  shall  now  proceed  to  the  history  of  the 
'-—v—--  Arithmetic  of  concrrt !e  or  denominate  number*,  which 
Arithmetic  forms  the  second  and  Inst  division  of  our  Bubjcct,  and  we 
quantities!*  commence  with  a few  introductory  remarks  on  the 
divisions  of  the  primary  units  of  weights  and  measures 
of  different  countries,  and  on  the  ultimate  units  in 
which  they  are  made  to  terminate, 
obsena-  (iso.)  ft  is  a remark  of  Tnrtaglia,  that  mankind  have 
u*o  of  generally  attempted  in  the  selection  of  the  ultimate 
theniuilan  u,,'ts  concrete  quantities  to  imitate  the  indivisible 
abstract  unit  of  number,  or  the  mathematical  point  of 
and  geometers ; in  other  words,  that  those  units  have  been 
a**umed  to  be  quantities  of  their  species  so  small,  or 
of  a nature  so  invariable,  as  to  he  considered  ns  in 
some  measure  indivisible  as  to  sense.  By  way  of  illus- 
tration, he  refers  to  examples  derived  from  the  coins, 
weights,  ami  measures,  which  were  used  in  Italy. 
Thus  the  ultimate  unit  of  money  is  in  Venice  termed  a 
piccolo,  or  bagatino , terms  used  to  express  their  ex- 
treme minuteness  ; and  in  other  cities  of  Italy  a dinaro ; 
of  the  weight  of  medicines,  gold,  and  precious  articles, 
a grain  of  barley  ; of  other  valuable  goods,  though  less 
precious  than  the  former,  a caratto*  equal  to  four 
grains;  for  common  merchandise  an  onto,  or  ounce: 
in  all  these  cases,  the  minuteness  of  the  ultimate  divi- 
sion being  proportioned  to  the  value  of  the  articles 
which  were  required  to  be  estimated.  For  measures  of 
length,  this  unit  was  a grain  of  barley  in  breadth,  and 
similarly  in  other  cases. 

( I ?>  1 .)  This  observation  is  sufficiently  curious,  and  quite 
worthy  of  the  very  acute  and  philosophical  genius  of 
its  author,  though  we  may  not  feel  disposed  to  admit 
its  truth  to  the  extent  asserted,  or  in  the  precise  terms 
in  which  it  is  expressed  ; it  direct*  us,  however,  to  an 
inquiry  of  some  interest  respecting  the  nature  of  these 
ultimate  units,  and  to  the  extent  to  which  they,  in 
common  with  other  measures  of  length,  weight,  and 
capacity,  are  derived  from  naturul  sources,  and  there- 
fore generally  adopted  by  different  people  independently 
of  each  other.  Wc  shall  commence  with  measures  of 
length. 

Measure*  of  (152.)  Amongst  the  Hindoos,  8 breadths  of  a barley 
the  ilmiloo*.  corn^  or  3 grains  of  rice  in  length,  make  a finger; 

4 times  six  fingers  make  the  cubit,  or  fore  arm  ; 
4 cubits  make  n staff,  which  is  usually  the  height  of 
a man's  body ; and  20  cubits  make  the  bambil  pole , 
which  is  used  in  measuring  land  and  considerable 
distance*. 

Of  the  (153.)  Amongst  the  Hebrews,  C barley  corns  in  their 

Hebrews  greatest  thickness,  or  2 in  length , make  the  rtsbang,  or 
finger'*  breadth  ; 4 of  these  make  the  tophach,  palm,  or 
hand ; 3 of  which  were  equal  to  the  zereth , or  span,  the 
distance  between  the  ends  of  the  thumb  and  the  little 
finger  when  stretched  out  to  their  greatest  extent;  the 
double  of  the  span  made  the  ammah,  or  ordinary 
cubit,  the  length  from  the  elbow  to  the  extremity  of  the 
fingers.  To  these  may  be  added  the  paynam,  or  foot , 
and  the  txugad,  or  pace,  derived  in  common  with  most 
of  their  other  measure*  from  the  parts  of  the  human 
bodv. 


TV*  irimt 
extent  de- 
rived frvm 
natural 
source*. 


Of  the  (154.)  There  are  many  reasons  which  should  make 

Greeks.  ua  expect  to  find  a resemblance  between  the  Greek 


• This  term  is  derived  from  the  Greek  iifirm,  tne-  carob  seed,  or 

sweet  bean,  which  is  the  Greek  phytieal  weights  was  considered  M 
equivalent  to  3}  grains  of  wheat. 


measures  and  those  which  were  used  by  the  Hebrews  History, 
and  Phoenicians ; we  consequently  have  the  la* tvVov,  -.—-v— • 
o r finger,  the  «nri0«uy,  or  span , the  wot**,  or  foot,  the 
"VXV*>  or  cubit , the  op-^vta,  or  fathom,  the  distance 
of  the  out-stretched  hands*  with  other  intermediate 
measures  derived  from  the  same  natural  source. 

(155.)  Amongst  the  Homan*  we  find  the  digitus,  the  Of  thr 
pollex,  or  thumb's  breadth,  equal  u>  an  inch  ; the  pal  met  Bamana 
minor , or  common  palm  of  4 digit*  ; the  palmct  major , 
corresponding  to  the  ovtOautj  of  the  Greeks;  the  pcs, 
or  foot ; Jhe  gressus,  gradus,  or  step  ; and  the  passus  of 
5 feet,  which  was  double  of  the  step  ; the  ulna,  or 
ell,  which  corresponded  to  the  cubit , is  a term  used  ill 
later  authors,  and  is  the  origin  of  one  of  the  most  com- 
mon and  most  variable  of  the  measures  of  modern 
Europe. 


(156.)  Amongst  the  Greek*  and  Roman*  we  find  no 
trace  of  theultimateunitof  length,  the  barley  corn,  either 
ill  length  or  breadth,  which  was  referred  to  by  the  Hin- 
doo* and  Hebrews  as  making  some  approach  to  an 
invariable  standard  : it  reappeared,  however,  in  modern 
Europe.  Thus  the  Venetian  measure*  commence  with  Of  tne 
the  grano  de  orgio.f  or  barley  corn , 4 of  w hich  make  a Venetian*. 
dr  do,  (a  corruption  of  digitus,)  and  4 dedi  a pal  mo. 

Other  measures  are  Homan,  such  as  panto,  consisting 
of  5 feet,  and  each  foot  of  12  onse,  or  inches.  In  our 
own  country  we  assume  3 barley  corns,  taken  from  the  English 
middle  of  the  ear,  and  placed  end  to  end,  as  the 
standard  of  an  inch.  But  it  is  not  necessary  to  pursue 
this  inquiry  further,  as  the  examples  which  we  have 
al re  ally  produced  are  sufficient  to  show  that  the  ordi- 
nary measures  of  length  have  been  generally  derived  Urwro 
from  the  dimensions  of  the  human  body,  or  of  spaces  commonly 
included  in  our  ordinary  motions;  and  likewise  that  f *2^ 
some  other  ultimate  unit  (generally  a barley  corn)  has 
been  assumed,  as  a space  so  small  aa  to  call  for  no 
further  subdi vision,  at  least  in  the  ordinary  cases 
where  measures  of  length  are  required,  and  also  of  a 
nature  so  constant,  or  at  least  esteemed  to  be  so,  as  to 
serve  a*  a corrective  to  the  extreme  diversity  of  the 
other  and  greater  measures  when  derived  from  their 
natural  sources. 

(157.)  For  longer  measures  of  length,  where  the  parts  Longer 
of  the  human  body  could  no  longer  be  referred  to,  we  measure*  of 
must  expect  still  less  uniformity  in  the  selection  of  length, 
superior  units.  There  is  a general  resemblunce,  both 
in  name  and  use,  between  the  bambu  pole  of  the  Hin- 
doos, the  kanch  or  reed  of  six  cubits  of  the  Hebrews, 
the  (ucaipu  of  the  Greeks,  the  decempes  of  the  Romans, 
the  Spanish  stadale  of  1 1 feet,  the  French  perche,  and 


■ An  old  English  author  itys  that  • pair  of  compose*  with  one  teg 
in  the  navel  would  gr.ue  with  the  other  the  lop  of  the  head,  the  sole 
of  the  foot,  ami  the  extremities  of  the  out -stretched  arm*  ; without 
nr  sorting  to  the  confirmation  of  such  an  erperieneot,  nr  may  assume 
this  measure  to  be  equal  to  the  ordinary  height  of  a man.  l^ie  term 
fathom  is  used  in  nautical  measures  as  being  the  portion  of  tbe 
touudiog  or  other  line  which  can  be  grasped  between  the  hands  at 
one  time. 

f TarlagLia  considers  the  grain  of  barley  at  constituting  the  most 
correct  fundarno,  or  basis  of  measure*  of  length.  It  is  much  leas 
variable  in  breadth  than  the  grain  of  wheat.  He  allows,  however, 
that  it  may  be  more  corpulent  in  ooe  country  than  another * a fart 
which  he  ascertained  from  comparing  the  r erga,  or  yard  of  England, 
with  the  Dumber  of  grains  which  are  allowed  for  it,  with  the  measures 
of  Italy,  ai»d  which  lie  attributes  to  the  cnldnass  of  our  rlimat*.  . He 
was  furnished  w ith  the  means  of  making  this  comparison  by  his  friend 
and  pupil  Richard  Wentworth,  to  whom  he  dedicates  lie  Irst  pan  or 
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Arithmetic,  the  English  pole,  rod,  or  perch , whose  lengths  were 
v*— 1 taken  from  that  of  the  reed  or  rod  which  was  used  in 
the  measurement  of  land  and  large  distances. 

Dry's  (158.)  In  the  East,  and  even  in  modem  Europe,  dis- 

jouraty.  lances  were  reckoned  by  the  hour  or  day’s  journey.  Thus, 
in  Hebrew,  the  cibrack  haarrts,  or  half  day's  journey, 
was  the  distance  which  could  lie  travelled  from  meal  to 
Chinese  lih.  meal.  The  unit  of  apace  of  the  Chinese  is  the  Uh,  the 
distance  which  can  be  attained  by  a man's  voice,  thrust 
forth  with  all  hi*  force  in  a calm  season,  upon  a clear 
plain  ; for  greater  or  lesser  distances  they  proceed  to 
the  multiplication  or  subdivision  of  this  distance  by  10, 
presenting  thus  an  unique  example  of  an  uniform  scale 
Biwihot  of  measure*  of  length.  In  the  days  of  archery  a bow 
shot  presented  a measure  of  a similar  character  of  very 
Stadium.  general  and  popular  usage.  The  Greek  arahou  was 
probably  derived  from  the  particular  length  of  the 
court c of  their  chariot*  in  their  public  games  ; whilst 
F.ir!oo§.  the  origin  of  our  own  furlong , a measure  of  nearly  cor- 
responding length,  is  sufficiently  obvious  in  it*  deriva- 
tion (quasi  furrow  long.)  The  paratang  of  undent 
Persia  consisted  of  30  stadia,  and  is  of  unknown  origin  ; 
and  the  same  observation  may  be  made  of  the 
of  double  its  length,  a measure  of  the  ancient  Egyp- 
tians, which  is  mentioned  by  Herodotus. 

Mile.  (159.)  The  mittiare,  miltiarium,  or  mille  pa ttut  of  the 

Romans  is  the  origin  of  the  modern  mile,  varying  in 
different  countries  of  Europe  from  its  extreme  length 
in  the  German  mile  of  22,500  feet  to  the  Italian  of 
5000  ; a circumstance  which  clearly  shows  that  the 
classical  name  was  borrowed  to  designate  a large  dis- 
tance,  without  any  reference  to  its  precise  signification. 
League.  The  term  league  has  been  supposed  to  be  derived  from 
the  German  lugen  to  Ree,  and  that  it  originally  expressed 
the  distance  which  could  readily  be  seen  by  the  eye  on 
a plain  surface  ; and  it  certainly  would  require  all  the 
vagueness  and  uncertainty  which  would  attend  the 
assignation  of  such  a space,  to  account  for  it*  different 
lengths  in  the  leugues  of  Germany,  Spain,  and  Sweden, 
in  the  four  leagues  of  France  under  the  old  monarchy, 
and  in  the  common  and  nautical  league  of  England. 
Mrtxuresof  (160.)  As  there  are  no  natural,  or  very  obvious  stan- 
•eigbt.  dards.  from  which  we  can  readily  derive  our  measures  of 
weight,  we  may  therefore  expect  to  find  them  of  a much 
more  arbitrary  character,  in  their  designations  at  least, 
than  the  measures  of  length.  It  is  very  curious,  how- 
ever, to  find  how  often  a grain  of  barley  has  been 
taken  as  their  basis.  Thus,  amongst  the  Hindoos  the 
weights  are  derived  from  the  barley  corn  and  gunja,  or 
seed  of  the  abrus  prtcaloriiu,  which  is  considered  as 
equivalent  to  two  of  them.  The  Greeks  make  two  oerapia, 
or  grains  of  barley,  equivalent  to  the  x<*X«o«,  their  most 
minute  piece  of  copper  money,  4 of  fhene  equal  to  the 
Ktpmtor,  or  carob  teed,  and  8 to  the  Otpuot,  or  lupine . 
The  Romans  made  their  weights,  however,  terminate 
in  the  tifiqua , or  nepauor,  deriving  them  directly  from 
the  Greeks,  and,  therefore,  not  proceeding  lower  than 
such  weights  as  were  in  actual  use.  Amongst  the  Ita- 
lians and  all  other  European  nations  th e grain  of  barley 
and  the  carat , which  is  equivalent  to  four  of  them, 
have  been  assumed  as  the  basis  of  all  existing  weight*. 
Divisions  of  (161.)  ll  i»  not  surpriMUg  that  the  divisions  of  the 
ih«  fJiwk  Grecian  litra , or  pound,  which  were  made  use  of  in  the 
l*i«.  division  of  their  medicines,  should  have  been  adopted  in 
modern  Europe,  when  the  influence  of  the  writings  of 
their  physicians  is  considered;  with  them,  24  grains  made 
the  gramma , 3 grammata  the  drachm,  or  dram,  8 


drams  the  ovyytk,  or  ounce,  and  12  ounces  the  litra,  or  History. 
pound.  The  Romans  translated  gramma  into  scriptu - 
him,  trripulum,  or  tcrupulum,  which  we  have  retained. 

The  same  divisions  are  continued  in  the  Apothecaries* 
pound,  and,  therefore,  in  medical  prescriptions  in 
almost  every  country  iu  Europe.  Hie  Greeks  had  a second 
pound  of  I b physical  ounces,  called  the  mna , or  tnina, 
a term  derived  from  the  Hebrew  tnaneh , a weight  of 
nearly  the  same  magnitude.  The  pound  of  Cairo*  is  Of  the 
divided  in  12  ounce*,  each  ounce  into  12  dirhems,  each 
dirhem  into  12  carats,  and  each  carat  into  4 grains; 
though  these  divisions  of  the  |>ound  differ  from  the 
Grecian,  there  is  no  doubt  that  dirhem  and  drachm  are 
the  name  word,  and  most  probably  derived  from  some 
common  Phomician  root. 

( 162.)  The  Venetian  libra,  or  lira,  of  weight  is  divided  Venetian 
into  12  oncie,  each  oncia  into  6sazzi,  each  tazzo  into  24  lir^  °* 
caratti,  and  each  caralio  into  4 grani  tTorgio.  In  this 
case,  as  well  as  in  that  of  the  Egyptian  ounce,  we  find  a 
departure  from  the  Grecian  subdivisions,  though  in  all 
three  of  them  the  ounce  is  made  to  consist  of  the 
same  number  (576)  of  grains.  The  modern  Romans, 
however,  have  ndhered  to  the  divisions  of  the  pound 
which  prevailed  amongst  the  ancients  ; it  being  divided 
into  12  oncie . each  oncia  into  8 dramme,  eacli  dramma 
into  3 tcrupoli,  each  tcrupolo  into  2 oboli,  each  obolo 
into  4 tilique,  and  each  tiliqua  into  12  grani.  In  this 
case,  the  number  of  grains  bears  no  relation  to  the 
weight  which  they  represent ; a circumstunce  which 
can  only  be  accounted  for  by  their  being  of  perfectly 
abitrary  value. 

(163.)  The  following  are  the  divisions  of  the  three  DiviHrai*  of 
pounds  which  are  made  use  of  in  this  country  : the  three 

EnglUn 

Troy.  pu'icidt. 

24  grains  make  a pennyweight. 

20  pennyweights  make  an  ounce. 

12  ounces  make  a pound. 

Apothecaries. 

20  grains  make  a scruple. 

3 scruples  make  a dram 
8 drams  make  an  ounce. 

12  ounces  make  a pound. 

A coirdupois. 

20  grains  make  a scruple. 

3 scruples  make  a dram. 

8 drams  make  an  ounce. 

16  ounces  make  a pound. 

The  two  first  pounds  are  the  same  weight,  but  diffe- 
rently subdivided.  The  ultimate  subdivisions  of  the 
pound  acoirdupois  coincide  with  those  of  the  Apotheca- 
ries’ pound,  though  they  are  never  resorted  to  in  prac- 
tice. 

(164.)  The  pound  troy  is  said  to  have  derived  its  name  Origin  of 
from  the  town  of  Troyes,  where  a celebrated  fair  was  for-  -*h*  t*™* 
merly  held,  and  where  Chi*  weight  wus  used.  Whatever  j*ro-Y 
opinion,  however,  may  be  entertained  of  this  derivation  A'IM  UJ>ott 
of  the  name,  which  is  not  very  satisfactory,  it  is  certain 
that  it  was  never  used  in  any  public  document  before 


• Bishop  Hooper,  in  hi*  Inquiry  into  Ike  stale  of  ancient 
Measures,  is  disposed  to  consider  the  pound  of  Cairo  w exactly  cor- 
responding to  our  pound  troy,  which  he  iuppoacs  to  Ime  been 
derhed  from  it. 
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tnihir.«tic.  the  statute  of  the  12th  of  Henry  VII.,  where  its 
subdivisions  are  given,  and  where  it  is  said  that  every 
gallon  shall  consist  of  8lbs  troy  of  wheat.  The  origin  of 
the  term  avoir  du  poia,  as  applied  to  a specific  weight, 
is  still  more  difficult  to  trace.  It  is  first  used  in  this 
sense  in  the  statute  of  the  24th  of  Henry  VIII., 
which  fixes  the  maximum  prices  of  provisions  during 
a time  of  scarcity,  and  orders  that  carcasses,  beef,  pork, 
victuals,  &c.  shall  be  sold  by  the  lawful  weight  called 
haber-de-poi *.*  In  former  times,  this  term  appears 
to  have  designated  commodities;  thus  the  statute  of 
the  9th  of  Edward  III.,  made  at  York,  speaks  of 
damage  done  to  the  king  and  his  subjects  by  people  of 
cities,  &c.  not  suffering  merchants,  strangers  which  do 
bring  and  carry  by  sea  or  land,  rifli,  arer-du-poia  et 
attire*  victuaillea,  et  autre*  rhotn  vendablea.  Again,  in 
the  statute  of  staple  of  the  27th  of  the  same  king,  it  is 
said,  Item  pur  era  que.  nous  avona  entendu  que  auacuna 
marchmtntz  achat  ent  avoir  de  poia  Irynz  el  autrea 
marchandite*  per  un  poia  et  vendent  par  un  autre. 
The  most  natural  inference  to  be  drawn  from  these  pas- 
sages is,  that  the  term  which  was  originally  made  use 
of  to  designate  every  description  of  heavy  merchandise, 
was  afterwards  transferred  to  the  weight  itself,  by  which 
they  were  most  commonly  estimated. 


we  may  consider  its  use,  indeed,  in  mercantile  trails-  History, 
actions  and  ordinary  sales  os  nearly  universal. 

(167.)  It  was  one  of  the  articles  of  the  great  charter.  Laws  tor 
that  there  should  be  one  weight  and  one  measure  through-  wearing 
out  the  realm  ; and  the  repeated  efforts  of  the  legislature 
to  secure  this  object  appear  to  have  been  thwarted  by  . 
the  prevalence  of  the  cuatomary  pound,  as  well  as  by 
local  variations  in  other  measures.  In  the  14th  of 
Edward  1 1 1.,  standard  ells,  bushels,  gallons,  and  pounds, 
sealed  with  the  kings’s  iron  seal,  were  sent  to  the 
sheriffs  of  the  different  counties,  and  directed  to  be 
kept  and  adhered  to,  under  severe  penalties.  In  the 
27th  of  the  same  king,  however,  we  find  that  the  com- 
plaint was  genera),  that  merchants  bought  by  one 
weight  and  sold  by  another.  In  the  16th  of  Richard  II. 
these  standards  are  directed  to  lie  kept  by  the  clerks  of 
the  market.  Enactments  on  the  same  subject  were 
made  in  almost  every  subsequent  reign;  but  whether 
it  arose  from  the  multitude  of  statutes,  many  of  which 
were  inconsistent  with  each  other,  from  the  rapidity 
with  which  many  of  them  were  repealed,  or  from  the 
imperfections  of  the  standards  themselves,  (made  by 
rude  artists,  and  tried  by  methods  which  were  equally 
rude,)  it  is  certain  that  the  uniformity  at  which  the 
legislature  aimed  was  never  attained  ; repeated  eom- 


The  pound  (165.)  The  pound  troy  must  be  considered  as  the  ori- 
Troy  the  ginal  legal  and  statutable  weight  of  this  kingdom,  though 

uf unable  ^,e  ^ra  mercatoria , corresponding  nearly  with  the 
weipHt  of  pound  avoirdupois,  was  the  weight  which  was  in  most 
ibis  king*  common  usage.  In  the  statute  of  the  31st  of  Edward 
dom  I.  it  is  said,  that  “ by  the  consent  of  the  whole 

realm  of  England,  the  king’s  measure  was  made,  so 
that  an  English  penny  which  is  called  the  alerting , 
round  without  clipping,  shall  weigh  32  grains  of  wheat, 
well  dryed  and  gathered  out  of  the  middle  of  the  ear  ; 
and  20  pence  inuke  an  ounce,  and  12  ounces  a pound, 
and  8 pounds  a gallon  of  wine,  and  8 gallons  of  wine 
a bushel  of  London,  which  is  the  eighth  of  a quarter." 
Tile  same  division  of  the  pound  and  gallon  are  men 
tioned  likewise  in  the  statute  of  the  12th  of  Henry 


plaints  were  made  of  the  frauds  which  were  practised 
by  false  and  unjust  measure*,  and  particularly  in  the 
case  of  the  purveyors  in  the  reigns  of  Elizabeth,  James, 
and  his  unfortunate  successor. 

(IC8.)  In  the  year  1758  a committee  was  appointed  Gwnmistre 
to  inquire  into  the  original  standards  of  weights  unci  «>f  w^ighi* 
measures  of  this  kingdom,  and  to  examine  the  Man- iU1<ln,*a" 
durds  which  were  preserved  in  the  Exchequer,  Guild- 
hall,  and  elsewhere.  The  report,  which  was  drawn  up 
by  Lord  Carvsfort,  and  read  on  the  28th  of  May  of  the 
same  year,  is  very  learned  and  elaborate,  referring  to  all 
the  statutes  which  bear  upon  the  subject,  and  containing 
the  results  of  the  examination  of  most  of  the  existing 
standards,  made  chiefly  under  the  direction  of  the 
celebrated  instrument-maker  Bird.  The  standard 


VII.,  and  in  all  the  numerous  statutes  which  were 
made  from  time  to  time  for  securing  uniformity  of 
weights,  it  is  the  pound  troy  which  is  considered  os 
the  standard  and  legal  weight. 

The  libra  (166.)  Whether  this  was  the  legitimum  pondua,  which 
n*rc*b>ri*.  was  recognised  in  the  time  of  Henry  II.,  it  is  impossi- 
ble now  to  ascertain  ; at  all  events,  though  this  weight 
was  the  favourite  of  the  legislature,  there  was  another 


bushel  (Winchester)  of  1601  was  found  to  contain 
2124  cubic  inches,  though  it  was  defined  by  the  statute 
of  the  1st  of  William  and  Mary  that  it  should  contain 
2150.  The  gullon,  quart,  and  pint,  of  the  same  date, 
contained  271,  70,  34}  cubic  inches  respectively,  and 
similar  and  even  greater  variations  were  found  to  ex- 
ist in  the  standards  of  uveights  and  measures  of  length ; 
under  these  circumstances,  it  was  recommended  that  a 


pound,  one-fourth  greater,  which  was  in  more  general 
use ; it  is  mentioned  in  the  Ft  Ha,  in  the  time  of  Edward 
L,  in  an  account  of  the  possessions  of  the  abbey  of 
Bewley  in  Hampshire,  t and  also  in  a Tractalua  de 
Ponderibu a of  the  same  age,  w here  the  two  pounds  are 
said  to  consist  of  20  and  25  shillings  respectively  : in 
the  statute  of  the  54th  of  Henry  III.,  where  the 
composition  of  the  gullon  and  pound  troy  are  given, 
there  in  mentioned  also  vna  libra , pondua  v iginti 
quinque  aotidorum  legatium  tterlingorum.  On  many 
other  occasions  this  libra  mercatoria  is  referred  to,  and 

• Th*  nne  *t  itute  i*  itwudcd  for  llie  following  year,  lot  wm 
fepc*M  altogether  in  the  33d  year  of  this  reign,  upon  the  petition  of 
the  butchers,  who  declared  that  they  should  be  ruined  if  tnb  custom 
of  telling  proiitions  by  weight,  which  had  neter  been  the  can* 
before,  should  continue  to  be  enforced. 

Lord  CvyiWl  Report  of  a Committee  to  ascertain  tie  oryp~ 
m at t/anjarda  of  H'eigkti  and  Measures  of  tku  Kingdom.  26lb  May, 
1768. 


neu  yard  and  a pound  troy,  made  by  Bin!  from  a 
mean  of  those  which  were  preserved  in  the  Exchequer, 
or  rather  copies  of  those  which  were  made  with  great 
care  and  accuracy  by  Graham  for  the  Royal  Society  in 
1742,  should  be  the  standard  yard  and  pound  troy,  by 
which  all  other  weights  and  measures  should  be  regula- 
ted ; and  that  the  wine  gallon,  beer  gallon,  and  bushel, 
should  contain  224,  282,  and  2150  cubic  inches  respec- 
tively. A second  report  was  made  in  the  following 
year,  chiefly  consisting  of  recommendations  for  the 
general  adoption  and  enforcement  of  these  standards  ; 
but  as  the  bills  which  were  founded  upon  them,  and 
which  were  proposed  in  1765,  never  passed  into  a law, 
it  is  not  necessary  for  us  to  particularize  them  further. 

(169.)  In  the  year  1818,  Sir  Joseph  Banks.  P.  R.  S.,  cWiriuea 
Sir  George  Clerk,  Mr.  Davies  Gilbert,  Dr.  W.  H.  Wol-  of  1818. 
lutston,  Dr.  Thomas  Young,  and  Captain  Kater.  were 
appointed  commissioners  under  the  privy  seal,  for 
the  purpose  of  forming  new  standards  of  weights 
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Arithmetic,  and  measures,  or  of  determining'  the  relations  of  those 
'*• already  in  use  to  some  invariable  standard  existing  in 
Their  report  nature.  Their  report,  which  was  founded  partly  upon 
the  report  of  a committee  for  die  same  objects  in  1814, 
and  upon  inquiries  which  had  been  conducted  chiefly 
by  Captain  Ruler  since  that  time,  into  the  lengths  of 
the  seconds  pendulum  expressed  in  terms  of  existing 
standards,  is  of  uncommon  importance,  from  the 
authority  and  accuracy  of  its  determinations,  and  still 
more  so  from  ita  chief  recommendations  having  passed 
into  a law.  It  commences  by  deprecating  any  great  or 
violent  changes  in  the  standards  already  in  use,  as  well 
from  the.  grvut  derangement  which  such  alterations 
would  produce  in  the  ordinary  transactions  of  commerce 
and  trade,  as  from  there  being  no  peculiar  advantage  in 
having  such  standards  commensurable  with  any  invaria- 
ble quantity  existing  in  nature ; that  it  would  not  be  ex- 
pedient to  alter  the  subdivision  of  those  measures  already 
in  use.  proceeding  as  they  do  in  most  cases  according  to 
the  duodecimal  scale,  or  by  numbers  admitting  of  two 
or  three  successive  bisections,  and  which  were,  there- 
fore, better  accommodated  to  practical  uses,  than  if  the 
subdivisions  had  been  adapted  to  the  decimal  scale. 
That  the  parliamentary  standard  yard,  made  by  Bird  in 
1760,  should  be  considered  as  the  imperial  standard 
yurd  of  Great  Britain  ;*  that  the  length  of  the  pendu- 
lum vibrating  seconds  in  the  latitude  of  London,  accord- 
ing to  the  determination  of  Captain  Rater,  was  equal 
to  39.13929  inches  of  this  yard  ; a relation  of  lengths 
which  would  always  furnish  the  means  of  recovering 
this  standard  in  case  it  should  be  lost  or  injured;  that 
though  it  is  apparently  more  philosophical  to  determine 
the  measures  of  capacity  immediately  from  those  of 
length,  yet  in  practice  they  are  much  more  easily  de- 
duced from  measures  of  weight.  That  one-half  of  the 
double  pound  troy  which  was  made  by  Bird,  upon  the 
recommendation  of  the  committee  of  1758,  should  be 
considered  as  the  Imperial  standard  pound  troy,  con- 
taining 5760  grains,  whilst  the  avoirdupois  pound  should 
contain  7000  grains;  that  in  case  this  standard  should 
be  lost  or  injured,  it  might  be  recovered  from  the  Know- 
ledge of  the  fact,  that  a cubic  inch  of  distilled  water,  of 
the  temperature  of  32°  of  Fahrenheit,  weighs  252.724 
of  this  pound  when  the  barometer  is  at  30°.  That 
it  was  found  upon  examination,  that  the  legal  stan- 
dards of  capacity  were  at  variance  with  each  other, 
and  that  the  ale  gallon  contained  4£  per  cent,  more 
than  the  corn  gallon,  though  it  did  not  appear  that 
this  difference  was  sanctioned  by  the  legislature ; that 
the  Winchester  gallon,  according  to  the  definition  in 
the  statute  of  the  1st  of  William  and  Mary,  should 
contain  269  cubic  inches,  whilst  in  other  acts  it  was 
fixed  at  272£.  That  the  ale  gallon  of  the  Exchequer 
contained  282  cubic  inches,  whilst  the  wine  gallon  was 
fixed  by  the  statute  of  the  5th  of  Queen  Anne  at  231  ; 
that  as  it  appeared  that  10  pounds  avoirdupois  of  dis- 
tilled water  at  the  temperature  of  62°,  weighed  in  air 
when  the  barometer  U at  30°,  was  equal  to  277.2  cubic 
inches,  it  was  expedient  to  assume  this  capacity  as  the 
the  Imperial  gallon,  eight  of  which  should  make  the 


• The  report  Uttlf  recommended  at  the  standard  yard  the  one 
diich  wax  used  hy  General  Hoy,  In  the  measurement  of  the  Itaac  on 
Hounslow  Heath  for  tha  great  trigonometrical  survey  ; it  wax  found, 
however,  upon  further  examination,  before  the  bill  was  p&s-rd  into  a 

law,  dial  it  agreed  lent  with  tbeaveraeo  of  the  other  standard*  thm 
that  made  by  Bint,  which  waa  ptwawa  in  the  Tower,  wh»ch  was  then 
adopted  in  preference. 


Imperial  bushel ; and  that  there  should  be  but  one  IJMory. 
common  gallon  for  coni,  ale,  and  wine.  v — w L J 

A bill  embodying  these  recommendations,  drawn 
up  by  Sir  George  Clerk,  was  passed  in  1821,  having 
been  proposed,  but  rejected  in  the  preceding  session 
of  parliament. 

(170.)  The  only  important  alteration  which  this  bill  Incoove 
proposed  was  in  our  measures  of  capacity  ; and  it  may  »<* 

very  reasonably  be  doubted,  whether  this  change  was 
altogether  consistent  with  one  of  the  wisest  recom-  ^ *°n 

mendalions  of  Uie  committee  : that  the  ucw  gallon  Imperial 
should  contain  exactly  10  pounds  of  distilled  water,  bushel, 
was  not  a necessary  condition  for  recovering  the  stan- 
dard hereafter  in  case  it  should  be  lost,  though  it 
might  make  the  process  for  that  purpose  more  easy,* 
and  the  accidental  coincidence  of  this  assumed  weigh! 
with  one  of  the  standard  pints  of  the  Exchequer, 
which  contaiucd  exactly  20  ounces  of  distilled  water, 
was  a circumstance  altogether  unworthy  of  notice.  I 
is  undoubtedly  desirable  that  the  stum*  term,  gallon, 
should  indicate  the  same  absolute  measure  of  capacity 
for  whatever  articles  it  w as  used ; though  the  incon- 
venience which  arises  -from  the  double  or  triple  mean- 
ing of  a term  is  trifling  and  speculative,  whilst  that 
which  is  produced  by  the  identification  of  its  signifi- 
cation may  be  serious  and  real.  It  is  true,  indeed, 
that  the  alteration  of  the  ule  and  wine  gallon  was 
easily  and  rapidly  effected,  as  both  the  measures  and 
the  urticlcs  measured  are  under  the  simultaneous  and 
universal  control  of  the  excise;  and  it  was  argued  as 
a justification  of  the  change  of  the  com  gallon,  that 
the  bushel  in  ordinary  use  was  almost  universally 
greater  than  the  Winchester  bushel ; but  still  it  was  a 
legal  standard  which  was  recognised  by  the  legisla- 
ture, and  which  long  custom  had  rendered  familiar  to 
the  farmers,  a class  of  men  who  are  generally  adverse  to 
all  changes.  It  formed  an  essential  part  in  all  leases 
where  the  rent  is  regulated  by  the  price  of  corn ; and 
tiic  departure  from  this  standard,  which  local  custom 
had  in  some  cases  sanctioned,  was  not  generally  very 
considerable,  was  always  understood,  and  was  rapidly 
disappearing.  Under  such  circumstances,  we  may  he 
almost  justified  in  characterising  this  act  as  an  ex- 
ample of  rash  and  inconsiderate  legislation,  which 
enforced  a tax  of  ;£  150,000.  upon  a class  of  men 
for  a merely  speculative  object,  which  altered  the  con- 
ditions of  so  many  thousand  louses,  and  which  afforded, 
by  the  penalties  by  which  its  adoption  was  enforced, 
endless  opportunities  for  fraud  and  litigation. 

(171.)  if  ever  an  opportunity  presented  itself  for  the  New  French 
establishment  of  a system  of  weights  and  measures  meaaure* 
upon  perfectly  philosophical  principles,  it  undoubtedly 
occurred  in  the  early  part  of  the  French  revolution, 
when  the  entire  subversion  of  all  the  old  establish 
merits,  and  the  hatred  of  all  associations  connected 


* It  is  provided  in  the  Act,  that  rn  case  any  dispute  should  arise 
cooceminp  the  accuracy  of  any  of  these  measure*  of  capacity,  whether 
pal  Ion  or  bushel,  where  reference  cannot  readily  he  made  to  a standard, 
the  parties  must  proceed  before  a justice  of  tha  pence,  who  is  re- 
quired to  verify  the  measure  by  weighing  its  content  of  rain  water 
of  the  temperature  of  <12°  of  Fahrenheit  agatoat  the  statutable 
weight*.  With  r**fy  respect  for  the  unpaid  magistrates  of  tbia 
country,  we  should  like  to  know  how  manr  of  them  would  be  either 
dispmcii  or  able  to  undertake  the  investigation  when  appealed  to,  and 
what  would  be  the  average  degree  of  confidence  to  which  their 
determination  would  bo  entitled  ; we  may  venture  to  aay,  that  no 
measure*,  however  just  and  accurate,  could  fluid  the  teat  of  such  u 
inquiry. 
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Arithmetic  with  them,  had  created  a passion  for  universal  change. 

Tlie  extreme  diversity  also  of  the  old  French  weights 
and  measures  in  different  provinces  of  the  kingdom, 
whether  of  the  same  or  different  denominations,  was 
productive  of  the  greatest  inconvenience  in  the  trans- 
actions of  commerce  and  trude ; and  philosophers  os 
well  as  others  had  loug  been  anxious  for  the  intro- 
duction of  some  more  uniform  system,  founded,  if 
possible,  upon  some  invariable  quantity  existing  in 
Proposal  of  natuie.  The  celebrated  Picart,  who  first  measured  a 
IWt.  degree  of  the  meridian  ill  France,  proposed,  in  accor- 
dance with  a suggestion  of  Huygens  in  his  Horologium 
Oscillator ium,  that  the  length  of  the  pendulum  vibrat- 
ing seconds  should  be  adopted  as  the  unit  of  length,  and 
that  it  should  be  called  Ic  rayon  antronomiqnt.  The 
discovery  of  Richer,  however,  at  Cayenne,  in  1671,  that 
pendulum  was  not  of  the  same  length  for  different 
latitudes,  deprived  it  of  that  absolute  and  invariable 
character  which  was  considered  essential  to  such  a 
Of  Cswini.  standard.  At  a subsequent  period,  Cassini  proposed 
that  this  standard  should  be  derived  from  the  magni- 
tude of  the  earth,*  and  that  TP'00th  part  of  a minute 
of  a degree  should  be  considered  as  the  pied  geome- 
trtqne , and  that  a toiee  should  be  considered  as  the 
-rnVrath  part  of  a degree.  The  same  idea  was  adopted 
Of  Afontoo. by  an  astronomer  of  the  name  of  Mouton,  who  recom- 
mended that  a minute  of  a degree  should  be  considered 
as  the  superior  unit  of  length  under  the  name  of  miile, 
whilst  the  other  measures,  proceeding  in  the  subdecuple 
series,  should  be  called  respectively,  ccnturia,  decuria , 
tirga,  virgula,  decima , centaima,  millesima , or  other- 
wise stadium,  funiculus,  virga,  virgula,  digitus,  granunu 
Of  IV  la  punctum.  In  the  year  1748  M.  de  la  Condaminc, 
CoiKUmuie.  who  had  recently  returned  from  measuring  a degree 
at  the  equator  iu  Peru,  in  a Memoir  read  to  the  Aca- 
demy of  Sciences,  resumed  the  idea  of  the  pendulum 
as  the  unit  of  length,  and  recommended  as  the  best 
means  of  quieting  the  feelings  of  national  jealousy 
which  would  attend  Ha  selection  for  the  latitude  of 
Loudon,  Paris,  or  even  of  the  parallel  of  45°,  which 
passes  through  France,  that  it  should  he  taken  on 
the  equator  : under  such  circumstances  he  felt  persuaded 
that  a sense  of  iu  advantages  would  insure  its  imme- 
diate adoption  by  all  the  scientific  bodies  of  Europe, 
and  that  it  would  speedily  be  received  into  general  use. 
Commission  0*2.)  In  the  year  1788,  when  the  ferment  of  the  revo- 
of  1790.  lotion  was  beginning  partially  to  show  itself,  the  same 
subject  was  resumed  ; and  in  1790  it  was  proposed  by 
Talteyraud  to  the  Constituent  Assembly,  that  a commis- 
sion should  be  appointed  to  report  on  the  measures 
which  were  proper  to  he  taken;  and  in  consequence, 
fiord  a,  Lagrange,  Laplace,  Monge,  and  Condorcet  were 
Their  report,  appointed  commissioners.  Their  report,  which  w as 
made  in  the  following  year,  afier  noticing  the  proposals 
which  had  been  made  to  make  the  leugth  of  the 


• It  W«  contended  by  Paurton,  in  hit  SAHrohgie,  that  the  nirfte  of 
the  {rre*l  pyramid  ku  the  exact  5£sth  part  of  a degree  of  the  meridian, 
and  that  the  faonders  of  that  mighty  monument  designed  it  a*  an  im- 
perishable Maodard  of  measures  of  length.  Absurd  ax  litis  notion 
apparently  is,  it  was  palroniiod  by  live  celebrated  Bailli,  with  hit  usual 
fondness  for  extran^ant  hypolhe*e«,  and  who  conjectured  that  both  in 
it  and  in  the  ernsdit  milomsdlrmf me,  or  cubit  o f the  m [emitter,  ww  to  be 
found  the  invariable  standard  of  measures  derived  from  Uie  magnitude 
of  the  earth  : it  was  sonic*  hat  unfortuaate  for  both  Otoe  supposition*, 
that  the  length  of  Ibe  aide  of  the  great  pyramid  was  found  Ut  be 
716}  French  feet,  instead  .if  6S4|,  and  the  cubit  of  the  ailoiueteT  20.54 
laches  instead  of  1PJB2,  as  it  should  Itavs  been. 


seconds  pendulum  at  the  equator,  and  at  45°,  the  History, 
unit  of  measures,  considers  them  in  one  respect  as 
deficient  in  the  character  of  a perfect  standard,  inas- 
much as  their  determination  would  involve  the  hetero- 
geneous clement  of  time ; that  no  such  objection 
applies  to  an  unit  which  shall  be  a definite  portion 
of  the  length  of  a quadrant  of  a meridian  of  the  earth. 

They  therefore  propose  that  the  10000000th  part  of  the 
quadrant  shall  be  culled  the  mitre,  and  considered  as 
the  primary  standard  of  measures  of  length,  weight, 
and  capacity ; that  the  quadrant  shall  be  divided  into 
100  degrees,  the  degree  into  100  minutes,  and  the 
minute  into  100  seconds ; that  the  subdivisions  of  all 
measures  should  be  adapted  to  the  decimal  scale ; that 
in  order  to  determine  the  mitre,  an  arc  of  the  meridian, 
extending  from  Dunkirk  to  Barcelona,  6£  degrees  to  the 
north  and  3 degrees  to  the  Bouth  of  the  meau  parallel 
of  45°,  should  lie  measured;  and  that  subsequently  the 
weight  of  a ddcimHre  cubed  of  distilled  water  at  the 
temperature  of  melting  ice  should  be  determined,  as 
the  unit  of  measures  of  weight. 

(178.)  Immediate  steps  were  now  taken  for  the  execu-  proceeding* 
tion  of  this  great  undertaking,  under  the  direction  of  a for  if)*  df* 
comnuttee  of  the  most  celebrated  men  of  science  in 
France.  The  measurement  of  the  northern  part  of  the 
arc  from  Dunkirk  to  Rodez  was  assigned  to  Delambre,  metricxl 
and  of  the  south  to  Mechain.  The  account*  given  by  syetem. 
the  former,  of  the  difficulties  which  he  encountered  in  the 
course  of  his  operations,  from  the  jealousy  and  alarm  of 
the  country-people,  is  extremely  interesting.  His  first 
commission  ran  in  the  name  of  the  king ; and  his  labours 
began  when  the  name  of  the  king  was  a signal  for  out- 
rage and  violence.  When  his  work  was  half  done,  he 
received  the  alarming  intelligence,  that  his  name,  os  well 
as  that  of  Borda,  Laplace,  Lavoisier,  Coulomb,  and 
Brimon,  had  been  struck  out  of  the  commission  of 
weights  and  measures  by  the  committee  of  Public 
Safety, t who  assigned  os  their  reason  for  this  proceeding, 
that  they  required  for  the  public  service  those  only  who 
were  worthy  of  confidence,  from  their  republican  virtues 
and  their  hatred  to  kings.  Fortunately,  however,  he 
was  enabled  to  continue  his  observations,  though  with 
great  difficulty  und  some  danger,}  until  the  termination 
of  the  reign  of  this  sanguinary  faction,  when  the  names 
of  the  displaced  members  were  restored  to  the  commis- 
sion, and  the  measurement  of  the  whole  arc  completed. 

The  length  of  the  mitre  which  resulted  was  found  to 
be  443.296  lignes  less  than  the  mHre  provisoire, 
which  hod  been  adopted  provisionally  § in  1794, 


* The  decree  i*  turned  by  Barren?,  Robespierre,  Billaud  Viren  ne, 
Coalhoc,  aiwt  Col  lot  d'Hertaia. 

t licit  dm  sytths*  metri/jut  Discoutt  pedUmsmairt 

t The  letter  which  be  reerriad  in  answer  to  in  application  which  he 
made  to  he  allowed  to  complete  a certain  series  of  triangle*,  in  tinier 
that  Biudi  of  his  prevtoa*  labour*  anignt  not  be  rendered  ueeleM,  it  an 
admirable  specimen  of  Ibe  Kyle  which  wu  faahieaabie  it  that  period. 

City, 

Lm  comm unou  dtt  pads  rt  memm  a ckargd  fata  <U  arc  members  Ac 
st  rewire  impris  dc  Us  poor  It  remet  t re  f arrtie  Am  tomtit  de  salmt 
public  ywi  te  cvmecr ne  el  pvmr  concerlrr  arec  lot  Its  nutpens  At  tier* 
let  operntioui  de  wanitre  qttc  U*  mguetts  rest  cm  I i mu  files  ; tile  l' incite 
A terminer  Us  redaction  At  trs  calculi  el  Us  copie  de  lee  obsei  rations 
aiast  tfur  lu  lee  proposes. 

18  Nriuse,  aa.  2. 

$ By  order  of  the  Committee  of  Peblic  Safety,  who  were  deter- 
mined to  mil  Oienuehre*  of  the  imsnb«*  rfrolutionmairr  to  effect 
this  change,  before  (be  concJuuM  of  the  labours  of  the  cuiomi vju.i n. 
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Arithmetic,  before  the  completion  of  the  operation,  by  -rWc  of  a system  of  names  which  were  first  proposed. 
V ^ tigne.*  as  follows  : 


They  are  Hbtwy. 


The  determination  of  the  unify  of  wight,  an  opera- 
tion of  great  delicacy  und  difficulty,  was  specially 
confided  to  Lefevre  Gineau,  who  assigned  to  the  kilo - 
gramme,  or  decimetre  cubed  of  distilled  water  at  its 
gr fatal  density,  and  not  at  the  temperature  of  melting 
ice  as  at  first  proposed,  a weight  of  18627.15  grains, 
poids  de  marc. 

The  whole  of  these  operations  were  conducted  under 
the  general  superintendence  of  a numerous  commission 
of  members  of  the  Institute,  as  well  as  of  commissioners 
from  Italy,  Spain,  Holland,  and  Switzerland ; and  ail 
the  instruments  made  use  of,  the  journals  of  observa- 
tions, and  the  calculations  founded  upon  them,  were 
submitted  to  their  examination. 

Report  of  (174  ) The  report  of  the  commissioners  was  made  on 
the  commie-  the  I Oth  of  Prairial,  1798,  and  on  the  4th  of  Messidor,  the 
1798™ 10  original  mitre  and  kilogramme  (let  /talons  prototype*) 
were  presented,  with  a pompous  address,  to  the  two  coun- 
cils of  the  Legislative  Body.  Iu  speaking  of  the  metre  it 
is  said,  Cette  unit/,  tire'r  du  ptu*  grand  et  drs  pin*  »i»- 
* variables  de*  corpt  que  V homme  puisse  me*urer,a  Varan- 
tage.  de.  nr  pa*  differer  considfrabtemcnt  de  la  demi- 
toite  et  drs  plusieurn  autre*  mesurr*  urii/es  dan*  te* 
different  pays  : etlc  ne  choque  point  V opinion  commune. 
Etle  offre  un  aspect  qui  n'rtt  pas  *ans  inter  A.  II  y a 
quelque  plaisir  pour  un  pere  de  famitie  d pouvoir  te 
dire : 44  Le  champ  qui  fait  subsister  men  enfant  ext  ttnc 
telle  portion  du  globe.  Je  suis  dans  cede  proportion 
conpropriftaire  du  monde."  After  mentioning  the  ex- 
traordinary precautions  which  had  been  taken  by  the 
commission,  and  enumerating  in  imposing  language  the 
names  of  the  8a vans  tf  rangers  el  nationau*  who  com- 
posed it,  it  is  announced  thaf  these  prototypes  shall  be 
deposed  amongst  the  national  archives,  to  be  preserved 
writh  a religious  care,  from  w hence  jamais  V ignorance  et 
la  f'ronie  dr*  pntjde*  barbarex  ne  les  enVeveront ; a la 
radiance,  au  patriotisme,au.x  vertus  d'unc  nation  edair/e 
sur  sen  inttr/ls,  sur  ton  honneur,  sur  sen  droits,  Mais 
*i  un  tremblcment  de  tern  engloutissoit,  s'il  /toit  pos- 
sible qu'un  affreux  coup  de  foudre.  mtt  en  fusion  le 
m/tal  conservaleur  de  cede  merure , it  n’en  resultcroil 
pax,  e it  opens  l/gislateurs,  que  le  fruit  de  (ant  de  tra- 
vau-x,  que  le  type  general  de*  mesurex  put  tire  perdu 
pour  la  gtoire  nationale,  ni  pour  VuiiliU  publique. 
By  w»ay  of  provision  against  such  a catastrophe,  as  un 
mourn  conservaleur  du  metre,  it  is  added,  that  Borda 
had  determined  with  great  accuracy  the  length  of  the 
seconds  pendulum  at  Paris,  and  the  repetition  of  the 
experiments  at  any  future  period  would  furnish  the 
means  of  recovering  the  original  relation  of  its  length 
to  that  of  the  mitre , and  consequently  of  determining 
the  length  of  the  mitre  itself. 

New  no-  (175.)  Tile  nomenclature  of  the  new  weights  and  inea* 

niencUture  sores  underwent  various  changes.  It  was  proposed  by  the 
of  weights  first  commission,  that  the  old  names  should  be  preserved 
Mire?1**  as  rauc^  as  po**»Me,  w»th  significations  adapted  to  the 
new  system.  The  law  of  the  16th  of  Germinal,  1794, 
which  established  the  provisional  metre  and  kilogramme, 
altered  the  old  names  entirely;  whilst  the  law  of 
the  13th  Brumaire.  1798,  which  succeeded  the  report 
of  the  commission,  reverted  in  a great  measure  to  the 

* The  length  of  the  provisional  mitre  was  determined  from  the 

data  furnished  by  lacaiUc  in  1758,  who  had  assigned  to  a degree  of 

the  meridian  ia  latitude  45°  a length  of  57027  toucs. 


Meuu.es  of  lenftb. 

SyiMoyim. 

Mrftre. 

Lteue 

Myriametre 

10000 

Mille 

Kilometre 

1000 

Hectometre 

100 

Perche 

D^camitre 

10 

M£tre 

1 

Palme 

Decimetre 

v»c 

Doight 

rlr 

Trait 

TvVv 

Mtuum  of  weight 

Synonyaw. 

Kilogramme. 

Millier 

1000 

Quintal 

100 

Myriogramme 

Livre 

Kilogramme 

10 

Once 

Hectogramme 

Vr 

Gros 

Decagramme 

Denier 

Gramme 

v e*ee 

Grain 

Decigramme 

Ttb-vv 

Measures  of  capacity  : the  unit  is  the  mitre  cubed. 


Muid 

Stire 

1 

Seller 

Dicistire 

tV 

Boisseau 

t4v 

Piute 

rAt 

Verre 

Tvivw 

Measures  of  area  : 

the  unit  is 

the  mitre  squared 

Arpcal 

Hectare 

1000 

Decare 

100 

Perche 

Are 

10 

Mitre  cam? 

IWciare 

1 

(170.)  The  establishment  of  the  French  system  of  Advantage* 
weights  and  measures  was  an  event  of  considerable  im-  *"d  disad- 
portance  to  the  scientific  world,  from  the  imperishable  of 

nature  of  its  bases,  und  from  the  confidence  to  which  their 
determination  is  entitled.  The  power  and  influence  of  ' 
popular  and  national  prejudices  must  for  ever  prevent 
the  universal  adoption  of  this  or  any  other  system,  how- 
ever  perfect ; but  it  is  of  comparatively  little  conse- 
quence whether  they  are  actually  adopted  by  any  nation 
or  nations,  so  long  as  they  furnish  a standard  of  refe- 
rence by  which  those  in  use  may  be  estimated,  and  by 
that  means  their  value  become  universally  known. 

It  is  only  by  such  means  that  the  fluctuating  and 
variable  standards  of  different  nations  may  be  made 
to  speak  the  same  language.  The  decimal  sub- 
division of  these  measures  ]>ossesscd  many  advantages 
on  the  score  of  uniformity,  and  was  calculated  to  sim- 
plify in  a very  extraordinary  degree  the  Arithmetic  of 
concrete  quantities.  It  was  attended,  however,  by  the 
sacrifice  of  all  the  practical  advantages  which  attend 
subdivisions  by  a scale  admitting  of  more  than  one 
bisection,  which  was  the  case  with  those  previously  in 
use;  and  it  may  well  be  doubted,  whether  the  loss  in 
this  respect  was  not  more  than  a compensation  for 
every  other  gain. 

(177.)  The  centesimal  division  of  the  quadrant  was  not  Theceat<*i- 
callcd  for  by  any  principle  of  uniformity,  and  it  at  once  ro*l  division 
sacrificed  all  the  conveniences  which  attend  its  trisection,  V ***• 
which  is  so  important  for  artists  in  the  division  of  eir-  COTvcoUat 
cular  instruments.  It  at  once  also  made  useless  ull  thutbe 
the  trigonometrical  tables  which  were  already  cal-  MisfwtiaaL 
culated,  at  least  without  previous  and  troublesome  re- 
ductions. If  the  change  had  been  confined  to  the  ten- 
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Arithmetic.  tesimal  division  of  the  minute.  second,  &c.  it  might 
v— ^ have  been  generally  adopted,  and  others  would  have 
very  readily  abandoned  the  use  of  sexagesimals,  pro- 
ceeding as  they  do  hy  too  high  a scale  to  be  conve- 
niently used : ns  it  was,  the  new  division  of  the 
quadrant  was  never  generally  used  even  in  France,  not- 
withstanding the  great  authority  of  Laplace,  and  was 
abandoned  in  later  life,  even  by  Delambre  himself,  by 
whom  it  was  once  so  zealously  recommended.* 
Difficult!**  (178.)  The  reception  which  the  new  measures  expert- 
ail  tnd  inf  cnced  in  France  furnishes  a curious  proof  of  the  extreme 
duct:nlr^f  difficulty  of  counteracting  the  prejudices,  or  altering  the 
the  new  habits  of  a whole  people;  and  ait  instructive  lesson  of 
system.  the  danger  and  inefficacy  of  any  legislative  interference 
with  them,  unless  called  for  hy  great  and  manifest  ad- 
vantages, and  capable  of  being  readily  and  universally 
enforced.  In  no  other  nation  was  the  grievance  of 
variable  ami  uncertain  weights  and  measures  so  in- 
tolerable ; in  no  other  nation  was  the  occasion  for 
their  reformation  so  favourable,  when  the  current  of 
popular  opinions  and  habits  had  been  diverted  from  its 
ordinary  channel  by  the  violent  concussion  of  the  revo- 
lution ; in  no  other  country  could  the  change  proposed 
have  been  recommended  by  a greater  or  more  imposing 
authority ; yet  we  find  that  the  people  obstinately  ad- 
hered to  their  ancient  measures  and  their  ancient  names. 
The  mitre  was  a new  and  unintelligible  nurnc,  associated 
in  their  minds  with  no  former  or  natural  measure,  and 
by  no  means  recommended  by  its  enabling  them  to 
ascertain  the  definite  portion  of  the  earth’s  surface 
which  their  farms  occupied.  In  other  cases,  the 
union  of  old  names  with  new  measures  made  their  intro- 
duction more  easy ; but  it  required  the  influence  of 
many  years,  ami  all  the  authority  of  the  government, 
to  effect  even  their  partial  adoption ; and  even  at  this 
time,  we  find  their  mitre  and  its  third  part,  the  foot. 
with  the  duodecimal  as  well  as  the  decimal  division,  in 
almost  universal  use. 

Rriariifla*  ( 1 79.)  Tile  reduction  of  weights,  measures,  and  coins, 

of  weights  from  greater  to  lower  denominations,  and  the  contrary, 
and  met-  forms  an  important  article  in  all  books  of  Arithmetic,  and 
wrM ' requires,  of  course,  a perfect  knowledge  of  their  several 

Tlveir  con-  subdivisions.  Ill  Italian  books  of  Arithmetic,  these 
plesi'y.  reductions  become  extremely  complicated,  from  their 
generally  extending  to  the  weights  and  measures  of 
other  cities,  besides  those  in  which  the  authors  lived, 
where  they  varied  extremely,  both  in  denomination  and 
value.  As  an  example,  we  shall  give  from  Tnrtaglia  the 
measures  of  length  and  area  which  were  used  in  many 
of  the  cities  of  northern  Italy,  though  he  declares  that 
the  list  which  he  gives  does  not  include  the  hundredth 
part  of  the  cities  of  Italy,  in  which  such  variations  are 
found. 


Verona. 

Mr* cure*  of  length.  Mtuarw  of  area. 


Italian  sw-  Pertira, 

6 piedi. 

Campo, 

21  vanezze. 

sure*  of  Piede, 

12  oncie. 

Vanezza, 

30  tavole. 

•***•  Onda, 

12  ponti. 

Tavola, 

36  piedi. 

Piede, 

12  oncie. 

Oncia, 

19  pond. 

Ponto, 

12  athomi. 

Athomo, 

12  menicoli. 

Padua. 

Pertica, 

6 piedi. 

Campo, 

4 quarteri. 

• Bmat  dm  tjtfimt  mltrifue,  tom.  iii.  p-  3<W. 
VOL.  I. 


Measure*  of  length.  Measures  of  ares.  History. 


Quartcro, 

210  tavole. 

Tavola, 

36  piedi. 

Treviso. 

Pertica, 

5 piedi.  Campo, 

1250  tavole. 

Tavola, 

25  piedi. 

Milano. 

Zucata, 

12  braccia.  Pertica, 

24  tavole. 

Brazzo, 

12  oncie.  Tavola, 

12  piedi. 

The  tavola  is  the  square  of  the  zucata , which  is 
divided  into  12  piedi. 

Bergamo. 

Cavezzo,  6 braccia.  Pertica,  21  tavole. 

Brazzo,  12  oncie.  Tavola,  12  piedi. 

The  tavola  is  the  square  of  the  double  catxzzo. 

Mantua. 

Cavezzo,  6 braccia.  Biolco,  100  tavole. 

Brazzo,  12  oncie.  Tavola,  12  piedi. 

The  tavola  is  the  square  of  the  double  cavezzo. 

Brescia. 

Cavezzo,  6 braccia.  Pio,  100  tavole. 

Firenza. 

Brazzo,  12  oncie.  Staiora,  12  punore. 

Panora,  1 2 pugnore. 

Pugnora,  12  braccia. 

Brazzo,  12  oncie. 

Throughout  modern  Italy,  onria  has  the  same  mean-  Manning  of 
ing  with  the  uncia  of  the  ancient  Romans,  designating  *,aeia- 
a twelfth  part  of  the  next  superior  integer,  whatever 
that  integer  may  be. 

(180.)  The  prevalence,  likewise,  of  the  duodecimal  di-  General 
vision  in  all  these  cases  is  sufficiently  remarkable.  The  pre^lenc* 
subdivisions  of  the  oncia  never  extended  in  practice  be- 
yond  the  ponto.*  The  oilier  terms  athomo  and  menicolo  tvi* 
are  introduced  byTartaglia  himself,  to  express  the  more 
minute  terms  in  the  duodecimal  multiplication  of  length 
into  length.  The  misapplication  of  the  names  of  mea- 
sures of  length  to  designate  the  area  of  the  squares 
described  upon  them  is  common  in  all  languages ; but 
in  some  of  the  cases  above-mentioned  the  foot  is  taken 
as  the  first  of  tfie  duodecimal  subdivisions  of  the  tavola , 
without  uny  reference  to  the  measures  of  length  which 
it  commonly  designates. 

The  origin  of  this  interchange  of  terms,  and  their  Interchange 
misapplication  to  denote  things  essentially  different  of  icon*, 
from  each  other,  is  to  be  ascribed  in  part  to  the  poverty 
of  language,  and  partly,  likewise,  to  the  ignorauce  of 
most  men  of  the  proper  force  and  meaning  of  the  terms 
which  they  use.  In  the  case  of  terms  applied  to  de- 
signate the  successive  subdivisions  of  any  class  of  con- 
crete quantities,  it  is  a natural  and  easy  process  of  the 
mind  to  consider  them  as  more  connected  with  the 
relative  magnitude  of  the  next  suprrior  unit  than  with 
the  peculiar  nature  of  the  magnitude  itself.  In  illustra- 
tion of  the  truth  of  this  observation,  wc  may  refer  to  the 
very  general  meaning  given  to  the  terms  which  were 
originally  confined  to  denote  the  subdivisions  of  the 
Roman  at. 

• In  some  c**e«,  the  common  people  called  the  jm mu  tit  terrm , 
oe  any  smaller  subdiwMoa  of  the  mtii «,  tinnarv  tit  terra,  borrow  ing 
the  name  of  the  imaginary  coin  so  called, 
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Opinion  of 
Stilclius : 


OfTartfl- 

glia. 


T>»odccinial 
nuiltipljci- 
tion  of 
length  into 
kngth. 


( ISI .)  The  Arithmetic  of  compound  or  denominate 
quantities,  their  addition,  subtraction,  multiplication,  and 
division,  as  well  as  their  reduction,  presents  not  much 
room  for  variety,  and  they  will  !>e  found,  upon  exami- 
nation of  the  arithmetical  works  of  the  last  three  centu- 
ries, nearly  tunder  tile  same  form.  A question,  how- 
ever, appears  to  have  arisen,  whether  it  was  possible  to 
multiply  denominate  numbers  together,  or  to  divide 
them  by  each  other. 

It  was  remarked  by  SUfelius,*  that  numenurulgariter 
denominatut,  non  pdext  multiplicari  per  alium  nutrie- 
nt m rulgaritrr  denaminatum  nisi  alter  eontm  denomi - 
vationcm  iuam  drponat  et  Jiat  cbstractus : but  again, 
that  alter  per  atferum  dividi  potest,  modo  ambo  eandem 
habeanl  denominationern.  In  the  latter  case,  the  num- 
bers are  reduced  to  the  same  lowest  denomination,  and 
their  relation  to  each  other  is  identical  with  the  relation 
of  the  resulting  numbers,  considered  as  abstract,  and, 
consequently,  their  quotient  may  be  considered  as  an 
abstract  number.  Tartagliat  has  quoted  this  remark  of 
Stifeiius  with  disapprobation,  and  *eems  to  apeak  of  the 
possibility  of  multiplying  money  by  money,  and  weights 
by  weights ; but  as  such  an  operation  might  appear  to 
many  |>er>pfe  com  nuova  e forti  ttranio,  he  defers  the  fur- 
ther discussion  of  such  pccuti ari ties,  or,  at  all  events,  of 
the  exceptions  to  such  an  opinion,  to  another  occasion. 

( IK2.)  The  exceptions  which  probably  suggested  them- 
selves to  the  mind  of  Tartaglia  were  those  in  which  the 
product  of  length  into  length  produces  area,  or  where  the 
product  of  area  into  length,  or  of  length  into  length  into 
length,  produces  capacity.  It  was  not  considered,  that  in 
these  cases  the  multiplication  took  place  as  if  the  numbers 
were  abstract,  the  inferior  subdivisions  forming  a series 
of  duodecimals  of  the  primary  uuil ; and  that  the  relation 
between  the  product  and  the  component  factors  (sides 
or  edges  of  the  rectangle  or  paralleloptpedon)  was 
merely  numerical,  the  concrete  units  being  essentially 
different  from  each  other:  in  other  words,  that  it  was 
an  extension  of  the  meaning  of  the  term  multiplication 
to  apply  it  to  such  cases ; as  the  analogy  of  which  the 
terms  in  their  order  are  the  product,  the  multiplicand, 
tne  multiplier,  and  unity,  which  existed  in  one  case,  uo 
longer  existed  in  the  other,  at  least  in  its  proper  and 
strict  sense. 

Tarlaglia  ha*  given  many  examples  of  these  duo- 
decimal multiplications,  as  well  as  of  the  inverse  opera- 
tion of  division ; and  we  have  seen  before,  that  be 
extended  the  nomenclature  of  the  duodecimal  sub- 
divisions, so  a*  to  include  all  the  terms  which  resulted 


from  them : beyond  these  cases,  however,  he  has  not 
ventured  to  proceed,  and  we  may  consider  the  lioast 
that  he  would  produce  numerous  instances  in  reproba- 
tion of  the  opinion  of  Stifelius,  as  a proof  of  the 
envious  and  contentious  spirit  with  which  he  criticized 
the  writings  of  his  contemporaries,  of  which  he  has 
been  accused  In  severe  terms  by  Bonibclli.t 
Ibile  of  (183.)  The  Rule  of  Three,  emphatically  called  from  its 
Three : great  usefulness  the  Golden  Rule,  )>oth  by  ancient  and 

modern  writers  on  Arithmetic,  is  so  simple  in  principle, 
that  we  can  expect  to  find  very  tew  essential  variations 
I«  the  LilA-  in  the  fohn  in  which  it  Is  stated.  In  the  Lildrati  we 
M).  find  the  ordinary  divisions  of  the  rule  into  direct  and 

inverse,  simple  and  compound,  with  statements  for 


• /trilkmttim  tntrgra,  p B1 . 

t Sttntrrt  t tmsnrt  j tn  fine  lihri  ter  hi , pan  I. 
j stlgekra,  Preface. 


performing  the  requisite  operations,  which  are  sufli-  History, 
cieuily  clear  and  definite,  due  allowance  being  made 
for  the  ordinary  obscurity  of  Sanskrit  phraseology  on 
scientific  subjects.  The  terms  of  the  proportion  are 
written  consecutively,  without  any  marks  of  separation 
between  them  : the  first  of  them  is  termed  the  measure, 
or  argument;  the  second  is  its  fruit , or  produce;  the 
third,  which  is  of  the  same  species  with  the  first,  is  the 
demand,  requisition , desire , or  question.  When  the 
fruit  increases  with  the  increase  of  the  requisition,  us 
in  the  direct  rule,  the  second  and  third  terms  must  be 
multiplied  together,  and  divided  by  the  first;  when  the 
fruit  diminishes  with  the  increase  of  the  requisition,  as 
in  tlte  inverse  rule,  the  first  and  second  must  be  mul- 
tiplied together,  ami  divided  by  the  third. 

No  proof  of  the  rule  is  given,  and  no  reference  to 
the  doctrine  of  proportion  upou  which  it  is  founded. 

Proofs,  indeed,  arc  never  given  in  the  Lildcati,  aud  on 
this  occasion  are  hardly  required ; the  proposition  is 
so  readily  deduced  by  the  .common  sense  of  mankind, 
wheu  its  terms  are  once  understood,  that  it  acquires  very 
little  additional  evidence  from  a formal  demonstration. 

Under  compound  proportion  are  included  the  rule  Compound 
of  five,  seven,  nine,  or  more  terms.  The  terms  are  proportion, 
in  these  cases  divided  into  two  sets,  the  first  In-longing 
to  the  argument,  and  the  second  to  the  requisition  : the 
fruit  in  the  first  set  is  called  the  produce  of  the  argu- 
ment ; that  in  the  second  is  called  the  divisor  of  the 
set : they  are  to  be  trans]Kwed,  or  reciprocally  to  be 
brought  from  one  set  to  the  other;  that  is,  pul  the 
fruit  in  the  second  set,  and  the  divisor  in  the  first;  in 
other  words,  transpose  the  fruits  in  both  sets.  This 
rule,  which  is  sufficiently  obscure,  will  be  further  ex- 
plained in  some  of  the  examples  which  follow. 

Example  1.  If  two  and  a half  polos*  of  saffrou  be  Examples, 
obtained  for  three-sevenths  of  a nishca, t say  instantly, 
best  of  merchants,  how  much  is  got  for  uiue  nishcas  ? 

Statement : 

3 a 9 

7 2 1 Answer,  52  polos  and  2 carsfuu. 

Rule  of  three  inverse. 

Example  I.  If  a female  slave,  16  years  of  age, 
bring  82  ni sheas,  what  will  one  aged  ^0  cost?  If  an 
ox,  which  has  been  worked  a second  year,  sell  for  4 
nishcas,  what  will  one  which  has  been  worked  6 years 
cost  ? 

1st  question. 

Statement:  16  32  20.  Answer,  25 f nishcas. 

2nd  question. 

Statement:  2 4 6.  Answer,  14-  nishcas. 


The  value  of  living  beings  is  supposed  to  be  regulated  Value  of 
by  their  age,  the  maximum  of  value  of  female  slave*  *'ave* 
being  fixed  at  16  years  of  age,  and  of  oxen  after  2 uxen* 
years*  work ; and  their  relative  value  in  the  present  case 
being  8 to  1.  So  important  was  this  traffic  cou* 
sidered,  and  so  fixed  were  the  principle**  by  which  it  was  * 
regulated,  that  in  the  Arithmetic  of  Srid’hara  it  is  made 
the  subject  of  a distinct  chapter : this  Is  not  the  only 
instance  in  which  the  examples  given  in  honks  of  Arith- 
metic will  convey  important  information  concerning 
civil  institutions  and  the  trade  or  commerce  of  nations. 


* A pnla  — 4 earshot  ; X «r*U  • 16  ntniJkm  ; and  x mas  A a — 
b gmujet,  or  10  grains  qf  Aar  ley. 

\ A nuhea  — 16  drammas  i a ilrtnnma  = 16  pan  at ; * pnna 
4 ineinu  ; and  a eecins  m 20  coury  shells. 
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ic.  Example  2.  If  a gadyana  of  gold  of  the  touch  of 
ten  may  be  had  for  one  nishca  of  silver,  w hat  weight 
of  gold  of  fifteen  touch  may  be  bought  for  the  same 
price  ? 

Statement:  10  1 13.  Answer,  4. 

The  fineness  of  gold  in  the  East  is  usually  determined 
by  its  colour  on  the  touchstone,  which  long  experience 
makes  a sufficiently  delicate  teat  of  the  quantity  of  alloy. 
European  goldsmiths,  from  a very  early  period,  have 
been  accustomed  to  divide  an  unit  of  gold  in  24 
parts,  called  caratti ,*  or  carats,  and  to  estimate  its 
fineness,  or  degree  of  purity,  by  the  number  of  carats 
of  pure  gold  which  it  contained, 
re  Hulc  of  five  terms. 

Example  1.  If  the  interest  of  a hundred  Fot  a 
mouth  be  five,  what  is  the  interest  of  sixteen  for  a year? 
Statement ; 1 12, 

100  16 

3 or,  transposing  the  fruit, 

1 12 
100  16 
5 

product  of  the  larger  set  960,  of  the  lesser  100.  Quo- 
tient or  j,  which  is  the  answer. 

Example  2.  Forty  is  the  interest  of  a hundred  for 
ten  months ; a hundred  has  been  gained  in  eight 
months : of  what  sum  in  it  the  interest  ? 

Statement:  10  8,  or,  transposing,  10  8 

100  100 

40  100  100  40 

whence  the  answer  t is  obtained. 

The  interest  of  money,  if  we  may  judge  from  the 
examples  in  Brahmegupta  and  Lildvati , varied  from  3) 
to  5 per  cent,  per  month,  exceeding  greatly  the  enor- 
mous interest  paid  in  ancient  Rome.  The  case  is 
similar,  though  not  to  the  some  degree,  in  modem 
India,  where  it  is  not  uncommon  for  native  merchants 
or  tradesmen  to  give  30  per  cent,  per  annum. 

Rule  of  seven  terms. 

Example.  If  three  cloths,  two  wide  and  five  long, 
cost  six  panas,  tell  me  how  many  cloths,  three  wide 
and  six  long,  should  be  had  for  six  times  six? 

Statement : 2 3,  or,  transposing  the  fruits,  2 3 

3 6 5 6 

3 3 

6 36  26  6 

The  answer  is  10. 

Rule  of  nine  terms. 

Example.  The  price  of  a hundred  bricks,  of  which  the 
length,  the  base,  and  breadth,  are  respectively  sixteen, 
eight,  and  ten,  is  settled  at  six  dtndras.  We  have  re- 
ceived a hundred  thousand  of  other  brides,  a quarter 
less  in  every  dimension  : say  what  we  ought  to  pay  ? 
Statement:  16  12 

8 6 

10  ? 

100  100000 
6 

or,  transposing  the  fruit  and  denominator,  it  becomes, 
16  12 


100  100000 


The  answer  is  2331). 


• Tarta^Jia,  iVttmer*  e mimne,  pars  i. 


Rule  of  eleven  terms.  History. 

Example.  Two  elephants,  which  arc  ten  in  length,  v— 
nine  in  breadth,  thirty-six  in  girt,  and  seven  in  height,  Of  eleven 
consume  one  drona  of  grain ; how  much  will  be  the  tenttS- 
rations  of  ten  other  elephants,  which  are  a quarter  more 
in  height  and  other  dimensions  ? 

Statement : 2 10 


the  fruit  and  denominator  being  transposed,  tbs  answer 

is  m ■ 

The  principle  of  this  very  enrious  example  would  be 
rather  alarming,  if  extended  to  other  living  beings 
besides  elephants. 

The  last  example  which  we  shall  give  is  one  of  Barter, 
barter,  included  by  Brahmegupta  and  Bhascara  under 
this  very  comprehensive  rale. 

If  a hnndred  of  mangoes  be  purchased  for  ten  panas, 
and  of  pomegranates  for  eight ; how  many’  pomegra- 
nates for  twenty  mangoes  ? 

Statement:  10  8,  or,  transposing,  8 10 

100  100  100  100 
20  20 
The  answer  is  23. 

(184.)  It  was  usual,  according  to  Lucas  de  Burgo.  for  Ride*  med 
students  in  Arithmetic,  who  wished  to  learn  the  practice ia 
of  la  regain  del  Ire,  (or  la  regola  delfe  ire  case,  as  it  was 
designated  with  manifest  impropriety  by  the  grossi  or 
ignorant,)  to  commit  to  memory  one  or  other  of  the  two 
following  rales  : 

1 . La  regola  del  ire  vol  che  si  moltiplirhi  la  cosa  che 
rhuomo  vol  taper  per  tp/ella  che  non  e simigliante  e par- 
tir  per  l' ultra  che  e simigliante  s quel  che  ne  tene  e de 
la  natura  de  quella  che  non  e sinugiiantc  e sia  Us  valuta 
de  la  cosa  che  to lemo  inquire re, 

2.  La  regola  del  ire  vol  che  si  guard  i la  cosa  men  to- 
re l a dot  volte  deUe  quale  la  primer  e partiton.  E la 
scconda  si  moltiptichi  per  la  cosa  mentovatu  una  rolta. 

E quell  a tal  moltiplicatione  si  porta  per  detto  parhtore. 

E qudlo  che  ne  viene  de  detto  partimento  sia  de  la 
natura  de  la  cosa  menh/xaia  una  volta  ; si  de ve  mettere 
in  to  mezzo  quando  si  opera. 

Tartagiia  has  mentioned  the  first  of  these  rules 
nearly  in  the  same  terms.  He  has  given  also  a third 
rule,  differing  in  expression  only  from  tile  preceding ; 
it  is  as  follows  : 

La  regola  dal  ire  tono  tre  cose,  la  prima  che  si  mette 
dJjbc  csser  sempre  simile  a quella  che  sta  di  drio  e di  drio 
debbe  star  la  cosa  che  si  col  taper  e inultiplicar  la 
contra  quella  che  sta  de  mezzo  e quel  produtto  partirto 
per  fa  prima  e tar  a fatta  la  ragione:  e not  a chc  quella 
che  centra  sara  sempre  simile  alia  cosa,  eke  sta  di  mezzo. 

This  rale,  expressed  in  popular  or  vernacular  lan- 
guage, formed  part  of  a system  of  instruction  of  the 
practice  of  this  rule,  adapted  to  those  who  had  not 
sufficient  time  to  acquire,  genius  to  comprehend,  or 
memory  to  retain  the  rales  for  the  reduction  and  incor- 
poration of  fractions  ; a system  reprobated  by  Tart  ug- 
lia,  and  attributed  by  him  partly  to  the  ignorance  of 
the  ancient  teachers  of  Arithmetic  at  Venice,  and 
partly  to  the  stinginess  and  avarice  of  their  pupils,  w ho 
grudged  the  time  and  expense  requisite  for  attaining  a 
perfect  understanding  of  the  peculiarities  of  fractions. 

(183.)  An  arithmetician  of  Veruuu,  named  Francesco 
3 .v  2 
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Arithmetic.  Feliciano  da  Lazcaio,  the  author  of  a work  on  Arilh- 
— .'  meric,  entitled  Scald  Grimalddli,  objects  to  the  ine- 
Amcaiicii  mortal  rules  of  De  Burgo  a*  being  too  general,  as  it^ 

2*1**  is  very  possible  that  the  three  quantities  may  all  be  ol 

FVUc:ano«U(Iie  Mm<i  or  aq  of  different  species  or  denominations. 

CW°  Thus,  in  the  following  question.  If  3 ducat*  produce  me 
4,  u'hat  it  ill  6 ducats  produce  ? the  three  quantities 
are  of  the  same  species  and  denomination;  whilst  in 
this.  If  8 ducats  purchase  4 braccia  of  cloth,  hotc  much 
may  be  get  for  24  lire?  the  quantities  are  all  of  different 
denominations.  For  these  reasons,  he  wishes  to  dis- 
tinguish the  quantities  into  agents  and  patients , and 

those  again  into  actual  or  present  and  future.  The 

first  term  of  the  proportion  is  the  agent  a presents^  and 
its  corresponding  patient  is  the  second  ; the  third  term 
is  formed  by  the  agent  de  futuro,  and  its  patient  is  the 
quantity  to  be  determined.  With  respect  to  these  ob- 
jections, it  may  be  observed,  that  the  first  is  true  though 
merely  verbal ; that  the  second  is  merely  imaginary, 
inasmuch  as  the  first  and  third  terms  arc  reducible  to 
the  same  denominations  ; and  granting  the  accuracy 
of  the  disti  nations  made  in  the  pm  posed  alterations,  yet 
they  injure  the  simplicity  of  the  old  rules,  by  introducing 
metaphysical  considerations,  which  are  not  very  readily 
apprehended  by  students  whose  minds  arc  not  disci- 
plined to  the  hil>our  of  systematic  thought. 

Ewmple  (186.)  The  following  example  will  show  the  manner 
from  I-ucas  j„  which  the  operation  w as  stated  and  performed  by  De 
de  Burgo:  Burfff) 

If  a hundred  pounds  of  fine  sugar  cost  24  ducats, 
what  will  be  the  cost  of  975  pounds? 

Partitcrr  Cota  mentevnta  ana  Casa  eke  w/ewo 

zutharl.  villa  math plica-  aapere:  t a Urn 

tare  : dweah  suoltiplieatore. 

via  t* ■ 

100  24  975 

■ X T i 


975  P 

24  0 4 t> 

■ t s i f>  4 

3900  f j 4 fS  ft  (234  ducati 

1950  / f*  & fl 



23400  / 

The  quantities  are  exhibited  under  a fractional  form, 
for  the  purpose  of  making  the  process  more  general, 
being  equally  applicable  to  fraction*  and  whole  num- 
bers. It  is  sufficiently  curious,  that  he  should  have 
considered  it  necessary  to  construct  the  galea  for  the 
division  by  100. 

_ — (187.)  The  following  example  of  the  same  process, 

uctu  ^ with  fractions  in  every  term,  is  given  by  Tartaglia. 

If  3}  pounds  of  rhubarb  cost  ducmU,  what  will  be 
the  cost  of  23}  pound*  ? 

lift,  ducati.  lire. 


12 

7 

parlilor  84 
~9b 
7 

665 

2 

da  partir  1330 


(15  ducati. 


0 7 

4 4 

o / $ o 
/ x 3 o 

1 4 4 

I 


0 0 0 

t j!  $ 0 (20  gnm. 

I 4 * 

8 


History. 


(188.)  Different  methods  have  been  adopted  by  different  Different 
authors,  for  representing  the  terms  of  the  proportion  in  BK*k* 
this  rule.  We  will  state  a few  of  them  with  reference  tJ, 

to  the  following  question.  prnjtQrttoo. 

If  2 apples  cost  3 soldi,  what  will  13  cost  ? 

Statement  of  Tartaglia : 

Se  pomi  2 ||  val  soldi  3 ||  die  valera  potni  13. 

Other  Italian  writers  write  the  numbers  consecutively 
with  mm*  spaces,  and  no  distinctive  marks  between 
them  ; thus. 


or  thus. 


Pomi. 

Soldi. 

Pomi. 

2 

3 

13 

1*8. 

2»- 

3tia. 

2 

3 

13 

In  Rccordo  and  the  older  English  writers,  they  are 
written  as  follows : 


Apples.  Pence. 


13  19ij  answer. 

A later  English  author,*  whose  work  was  first  published 
in  1562,  and  afterwards  in  1594,  writes  them  thus: 


2 3 13 


The  custom,  which  prevailed  generally  during  the 
XVIlth  century,  was  to  separate  the  numbers  by  a 
horizontal  line,t  as  follows  • 


• The  Well-spring  of  the  Sciences,  which  teaeketh  the  perfect 
warke  and  practise  of  ArUbmftikf,  set  forth  both  in  whale  num- 
bers ami  im /radio \u  ; srl  forth  by  Hmnfrey  baker,  Londoner.  liG2. 
In  speaking  of  thi*  role,  lie  *»y*,  “T H#  mlc  of  three  is  the  chiafcst, 
and  ihti  most  profitable,  find  meal  excellent  role  of  all  Aritbmetike. 
For  all  other  roles  have  need*  of  it,  and  i(  passirth  all  other ; for  (be 
wbkb  caure,  it  is  sayde  the  philosopher*  did  name  it  the  Golden  Rule 
but  now,  in  tbev  later  day*,  it  is  called  by  i»  the  Rule  of  Three,  be- 
cause it  requireth  three  number*  in  the  operation  " 

f Valent  Arithnetik r,  er plaining  the  streets  of  that  art  by 
Noah  Bncl?e«,  1C53,  p.  127  i “ It  was  ihe  custom  in  that  ago  foe  every 
vi  liter  on  the  mott  trivial  subjects  to  have  hi*  work  recommended 
be  the  poetical  contributions  of  bis  friends.  The  fame  of  Mr. 
Koah  Bridge*  i*  celebrated  in  ere ry  form  of  versification,  and  with 
every  variety  of  extravagant  eulogy.  A Mr.  Lovelace  address  the 
incomparable  Mr.  Bridges  an  his  {by  his  /avoir)  AV  Vulgar  Arith- 
metic. 

Behold  yon  «*credbard,  that  doth  unehnrm 
AH  your  learned  knot*,  awl  your  strong  rule*  disarm. 

Your  priest,  that  with  delight  doth  sacrifice 
Part  errors,  doubts,  mistake*,  unto  the  wiae  ; 

And  with  this  smooth,  bright,  polished,  caste  kay, 

He  opes  a dore  unto  n ro*i«  way, 

So  far  from  vexing  the  distracted  brain, 

That  sculls  of  lead  In*  golden  rule * contain. 

Here  hr  the  chaste  Arithmetic!,  address**. 

Left  nak'd  as  troth,  unhrades  Her  very  treat* 

With  tmeb  religious  skilful  lust,  that  we 
The  very  secret*  of  her  secret*  see. 
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Arithmetic. 


Apples.  Pence.  Apples 

2 3 13 


whole  algorithm  of  proportions  appears  to  have 
received  the  particular  attention  of  Ought  rede,*  from 
whom  the  sign  : : , to  denote  the  equality  of  ratios,  was 
derived.  He  states  the  rule  of  three  as  follows; 


2.  3 13. 


multiplying  the  several  parts  of  the  quantity  whose  value  History* 
is  demanded  by  the  several  terms  of  the  price  of  its  v— ' 
primary  unit,  and  reducing  the  terms  of  the  several  re- 
sults in  the  manner  which  may  be  required ; as  in  the 
following  example : 

What  is  the  price  of  23  bruccia,  2 quarte,  at  8 lire,  Pnctka 
13  soldi  the  brazzo  ? attorsle. 


In  still  later  times,  the  simple  dot  which  separated  the 
terms  of  the  ratios  was  replaced  by  two,  as  in  the  form 
which  is  now  used : 


t.  $. 

23  breccia  for  8 lire.  . 184  0 
23  breccia  for  13  soldi  14  19 


23  breccia,  13  soldi  23 
13 


2 : 3 ::  13. 

('Uisifics-  ( 1 89.)  Both  Lucas  de  Burgo  and  Tartaglia  have  sought 
tjonofquM-  to  include,  in  the  numerous  examples  which  they  have 
I mm  da  fPven»  eve,7  possible  cose  of  mercantile  practice  ; the 
hV™o  and  firsl  tlleBe  authon»  has  classified  his  examples  with 
Tartagba.  reference  to  the  manner  in  which  particular  goods 
are  sold,  whether  by  the  hundred  pounds  weight,  as 
was  the  case  with  the  sugars  of  Palermo,  Syria,  Madeira, 
or  Candy,  the  finer  species  of  wool,  wax,  gums,  medicines, 
&c. ; or  by  the  thousand  pounds,  as  was  the  case 
with  heavier  merchandise,  such  as  metals,  vitriol,  galls, 
rice,  oils,  Ac.,  or  by  measures  of  capacity  and  by  number. 
The  latter  has  adapted  his  classification  partly  to  the 
occurrence  or  non-occurrence  of  fractions  in  the  diffe- 
rent terms  of  the  proportion,  and  partly  to  the  peculiar 
difficulties  which  attend  the  statement  or  solution  of 
the  questions  which  are  proposed.  The  questions  them- 
selves are  in  immense  variety,  and  arc  stated  and  solved 
with  great  minuteness  of  detail. 

DiSierrst  (190.)  Amongst  other  abbreviations  of  the  process  for 
specie*  of  the  solution  of  the  rule  of  three  questions,  of  which  the 
practice,  Italians  were  the  inventors,  and  which  were  adapted  to  the 

purposes  of  their  extensive  commerce,  may  be  mentioned 
the  rules  of  practice.  Tartaglia  has  divided  them  into 
four  species,  la  practica  natural?,  artificial?,  Vme- 
tiana,  and  Firtntina ; the  three  first  of  which  form, 
severally,  the  subjects  of  the  IVth,  Vth,  and  Vlth  Books 
of  the  1st  part  of  his  work.  The  first  consists  in 


The  reason  of  the  disproportion  bclwteo  fools  and  wi.se  men  is  very 
MtisfacbM  ily  eiplaiaed  : 9 

Why  are  wwe  few,/oo L nurn'rous  in  the  «ce»e  ? 

'Caitw,  wonting  number,  tlvey  are  numberieue. 

Amount  other  names  in  thw  list,  we  maj  be  surprised  to  find  those 
of  Thomas  Shirley  »nd  Elia*  Aatunole.  Another  poet,  whoa*  ioithU 
are  T.  D.,  i*  shocked  and  amazed  at  the  title  of  his  book  : 

I stool  atnaicd,  w hen  first  I saw, 

Ev’n  in  thy  title,  such  a flaw, 

A*  made  me  (though  engaged}  withdraw, 

Why  should  arithmetjque  Dow  be 
Accounted  vulgar?  when  we  see 
It  thus  ennobled  by  thee. 

Alts!  that  title's  now  too 

Since  that  thy  cypher*  stand  for  more 

Than  ail  their  decimals  did  before. 

Melithlet,  who  ne're  could  thrive 
In  compudUon  beyond  five, 

May  now  in's  noddle  million*  hire. 

Every  student  in  Arithmetic  may  join  in  the  poet’s  last  wish,  and  in 
thinking  that  the  author’*  r*eo*fipence  would  be  **vll  merited. 

N’ay  more,  dear  friend,  free  from  control 
I’ll  chant  thy  prwire  from  pole  to  pole. 

Doe  but  once  make  our  fractions  whole. 

The  reader  may  he  somewhat  surprised  to  be  informed,  that  lb*  work 
whkh  is  tan*  Maimed  into  notice  is  at  least  a very  t rifting,  if  not  a 
vary  vulgar  production. 

• Citnut  Sfmthrmattciw,  p 17. 


198  19  69 

2 quarte  * 5 6 piccoli.  23 

Total  amount  ....  203  6 6 299 

114. 19*. 


Tile  natural  practice  merely  require*  tile  knowledge 
of  the  four  fundamental  rule,  of  Arithmetic,  and  the 
method,  for  the  reduction  of  weights  nnd  measure* 
from  higher  to  lower  denomination*,  and,  eonveraely, 
without  resorting  to  any  of  the  artifices  made  use  of  in 
the  other  methods  of  practice,  which  require  the  in- 
structions of  a refined  urithmetician.  The  rules  of  the 
first  of  these,  a*  well  as  of  the  two  others,  ns  they 
appear  iu  our  author,  differ  very  slightly  from  the  rules  Prxctiea 
of  practice  which  appear  in  our  books  of  Arithmetic,  «»iiidd«. 
excepting  only  that  they  arc  not  reduced  to  the  same 
definite  and  systematic  form,  and  are  worked  out  as 
usual  w ith  a tedious  particularity  and  dilfliseness  They 
are  chiefly  founded  upon  the  assignation  of  the  aliquot 
parts  of  their  coins,  weights,  and  measures,  and  more 
especially  those  of  the  ducat  and  lira,  or  pound,  of 
which  an  extended  list  is  given.  Tile  following  is  an 
example  : 

What  is  the  value  of  624  rtara,  2 quarte,  and  3 quar- 
toroli  of  wheat,  at  9 lire,  16  soldi.  8 pixxoli,  theafaro?* 


Stare.  . . . 

624 

2 

3 

Lire  .... 

9 

15 

8 

At  9 lire  

56 1G 

0 

0 

10  soldi 

312 

0 

0 

6 pizzoli .... 

15 

12 

0 

2 pizzoti  , . . . 

5 

4 

0 

6104 

16 

0 

For  2 quarte.  , . . 

4 

17 

10 

2 qunrtoroli 

i 

4 

5 

6 

1 quartorolo 

0 

12 

2 

9 

6111 

10 

6 

3 

The  third  species  of  practice,  denominated  Venetian,  two,, 
differs  from  the  preceding  only  in  the  mode  of  solving  Venetians, 
questions,  where  the  price  is  fixed  at  so  much  per  hun- 
dred or  thousand,  whether  pounds  or  of  other  denomi- 
nations, The  following  arc  example* : 

If  a hundred  pounds  of  sugar  of  Madeira  cost  9 
ducats,  18  grossi,  what  is  the  price  of  3855  pounds  ? 


• The  rOrro,  like  all  oilier  primary  anitn  of  weijrku  nod  meaner*, 
varied  extremely  in  dilTercnl  eilien  of  Inly ; .1  Venice  il  seielied 
132,  al  Parma  110,  and  at  Piacenza  90  lire' p and  2 atara  of  Montna 
were  equal  lo  5;  aura  of  Bergamo. 
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3855 

9 ducaU,  18  grosisi  per  hundred. 

Al  9 ducat*  34695 
18gnasi..  1927  12 
6 gTossi . . 963  18 

Ducats.  . 375ls6  6 
Grossi . . 20170 

Piccoli . . 2S|40 

Answer,  375  ducats,  20  grossi,  22  piccoli. 

If  one  thousand  pounds  of  Spanish  wool  cost  27 
icats,  16  grossi,  what  is  the  price  of  9756  pounds  ? 


and  the  following  example  will  show  that  the  praxis,  History, 
which  was  known  to  or  used  by  him,  was  Florentine. 

Ulna  r enditur  pro  lb  grossi*  et  It)  dcnanolu  d wio 
obulo  ; quant  i tendutdur  48  ulnt r de  panno  codon. 

ulna.  fl.  gro.  den.  ulnae. 

1 0 15  10J  48 


9756 

27  ducats,  16  grossi. 


At  27  ducats.  . 263412 
12  grossi  . . 4878 

4 grossi  . . 1626 


6 locus  distract  a rum 

3 particularvm. 

H 


locut  produdorum. 


Piccoli  ..  3l|488 

Answer,  269  ducats,  81  grossi.  31  piccoli. 

PnctU*  The  Florentine  practice  differed  in  no  essential  point 
Firaotfni.  from  the  Venetian,  adopting  merely  & somewhat  diffe- 
rent and  more  artificial  distribution  ot  the  aliquot  parts. 

‘The  following  is  an  example : ^ 

If  one  hundred  pounds  of  mastic  cost  25  lire,  19  soldi, 
what  is  the  cost  of  18  pounds,  4£  ounces? 

25  lire,  12  soldi  che  val,  18  lire,  4J  oncie. 
2 2 8 I 12 
1 1 4 I 2 

360  0 0 
90  0 0 

9 0 0 
1 16  0 
8 0 0 
0 8 0 
0 2 8 
1 1 4 

Lire..  4l70  8 <T 
Soldi  14108 
Pizzoli  0|  -iVit 

In  this  case,  the  25  lire  12  soldi  are  divided  by  12,  to 

r!  the  value  of  an  otince,  and  by  2,  to  get  the  value  of 
an  ounce.  The  rest  of  the  process  requires  no  expla- 
nation. 

Pr»ii»  (191)  Praxis  ilia  quam  ab  Italisad  not  devolutmn  ene 

Italic*  of  arbitramur , cd  ingeniosa  quetdam  invmtio,  quart i ter- 
Stifelius.  rniHi  regtUas  de  Tri,  ex  tribus  termini*,  mediante  distrac- 
tion* r aria  corundum  termi  norum,  distractarum  particu- 
Inrutn  proportionatione  atquc  den om i nation u m vulga- 
rium  translation*.  This  is  the  language  of  Stifeliua,* 

* Arithmetics  Integra,  p.  83. 


Facit  36  Jlor.  6 gro.  sttmma  produclo- 

rm 

In  order  to  understand  this  scheme  it  must  be  ob- 
served, that  21  grosser*  make  a tlohn,  and,  therefore, 

7 x 48  grossed  is  equal  to  16  florins,  the  reason  which 
suggested  the  distribution  of  the  15  grosaen  into  7,  7 
and  1.  The  author  has  given  six  diflereut  dispositions 
of  the  same  example,  to  show  the  variety  of  ways  in 
which  such  solutions  may  be  presented. 

(192.)  The  great  convenience  of  these  rules  for  per-  Rule*  of 
forming  the  calculations  which  were  continually  occurring,  T™1,1*!*  in 
both  in  trade  and  commerce,  made  them  a favourite  study 
with  practical  arithmeticians,  and  they  consequently  as- 
sumed from  time  to  time  an  increased  neatness  and  dis- 
tinctness of  form.  Slevinus,  indeed,  speaks  of  them  with 
some  contempt,  ns  forming  “a  vulgar  compendium  ot  lha 
rule  of  three,  sufficiently  commodious  in  countries  where 
they  reckon  by  litres,  sous,  and  denier*;”*  but  such  is  his 
usual  manner.  Amongst  the  additions  made  to  Recorde’s 
Arithmetic  by  John  Mellis  of  short  Southwarke,  School- 
master, in  15*86,  is  one  on  certain  “ briefe  rules  culled 
rules  of  practise,  of  rare,  pleasant  and  commodious  e fleet, 
abridged  into  a briefer  method  than  bath  hitherto  been 
published,”  where  they  are  exhibited  under  a very  simple 
and  complete  form.  Later  w orks  gave  them  still  greater 
compactness  and  brevity,  such  as  that  of  Wingruve,  as 
edited  by  Kersey;  and  in  Cockers  Arithmetic^  and 
others  printed  towards  the  end  of  the  XYIIth  century, 
they  assumed  the  form  which  they  retain  at  present. 

(193.)  Amongst  the  questions  proposed  by  Tartaglia. 
in  illustration  ol  the  rules  of  different  species  of  practice,  Jn?(  ^ n' 
are  many,  which  he  terms  ragioni  doppie,  treppie , qua-  ’ 

• Im  Pratique  <T Antkmetique,  p.  721. 

f The  work  of  Edward  Cocker,  lat#  practitioner  m the  art*  of  writ- 
ing, arithmetic,  and  engraving,  whose  oarae  for  oear  a century  en- 
joyed a specie*  of  proverbial  celebrity.  an  syaoaimous  with  the 
science  of  Dumbcn  and  accounts,  was  published  after  hi*  death  in 
1677,  by  John  Hawkins,  a brother  writing-master  ic  Southwark  : it 
ia  entitled,  aod  very  juwjf,  14  a plain  and  familiar  method,  suitable  to 
• the  meanest  capacity,  for  the  full  understanding  of  that  incomparable 
art."  In  hi«  preface,  he  speaks  with  great  contempt  of  many  <d  the 
pretended  arithmetician*  of  hi*  time : 44  For  you,  the  pretended 
nomrrUts,”  says  he,  " of  this  vapouring  age,  who  are  more  dr-mge- 
niously  witty  to  propound  unnecessary  question*,  than  ingeniously 
judicious  to  resolve  such  as  are  necessary ; for  you  »a.  this  book 
composed.  if  you  will  deny  yooTselviw  m much  a*  to  invert  the 
streams  of  your  ingenuity,  and  by  studiously  conferring  with  the 
notes,  names,  orders,  progress,  species,  properties  proportion^ 
powers,  a Srctxm*,  and  applications  of  numbers,  delivered  herein, 
become  Midi  art****,  indeed,  as  you  now  only  *eem  to  be."  It  may  bo 
worth  while  observing,  that  this  modest  and  useful  book  i*  not  honoured 
with  poetical  recoiDniendaboti*. 
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Arithmetic,  druppie , Ac. ; questions,  in  short,  which  should  properly 
require,  two,  three,  four,  or  more  proportions  lor  their 
solution.  They  are  chiefly  those  in  which  deductions, 
whether  per  centage  or  otherwise,  are  to  • be  made  from 
tiie  gross  weight  of  the  article*  bought  or  sold ; or 
a tux  to  be  deducted  from  the  gross  produce  of  the 
sale.  It  may  be  proper  to  explain  the  terms  made  use 
of,  which  have  had  their  origin  in  the  local  or  general 
customs  of  commerce  mid  trade,  or  from  taxes  imposed 
for  the  particular  benefit  of  the  state  or  city  where  the 
transactions  took  place. 

Tut*.  Tarra,  the  original  of  our  word  tare,  is  derived  from 

the  verb  tarare,  to  abate  or  diminish,  was  an  allowance 
or  deduction  of  so  much  per  cent,  or  otherwise,  upon  the 
gross  weight  of  the  goods  sold,  to  make  up  for  package, 
dust,  waste,  or  other  losses ; it  varied,  according  to  the 
nature  of  the  merchandise,  from  2 to  10  percent.;  the 
weight  net  to  de  tarra,  or  clear  from  tare,  becomes  our 
nett  or  neat  weight.  The  term  sottile , or  subtle t is  used 
in  the  same  sense. 

TVet  and  The  terms  tret  and  cloff  are  of  unknown,  but  probably 

ekiff.  of  Dutch,  origin.  The  first  is  an  allowance  of  4 pound 
in  every  104  sold,  for  waste;  tare,  with  the  English 
merchants,  being  the  variable  allowance  for  boxes, 
package,  &c . The  term  cloff  has  a peculiar  as  well  as 
a general  sense ; in  one  case  it  denotes  an  allowance 
of  2 pound  to  the  citizens  of  London  on  every  draught 
of  certain  descriptions  of  goods  which  exceeded  3 cwt. ; 
whilst  in  general  it  denotes  a small  allowance  made  on 
goods  sold  in  gross,  to  make  up  for  deficiencies  in 
weight  when  they  are  sold  in  retail. 

Jlowtaii.  J yfexxetaria,  a Venetian  term,  sometimes  expressed 

by  the  more  general  word  dalio,  or  dazio,  tax  or  im- 
post, was  a double  tux,  varying  generally  from  1 to  3 
per  cent.,  which  was  paid  both  by  the  buyer  and  seller 
of  different  species  of  goods.  It  was  a law  of  Venice, 
that  when  one  of  the  parties  was  a terrero,  or  inhabi- 
tant of  terra  firma , the  other  might  retain  this  tax 
in  his  hands,  as  he  was  responsible  to  the  datiuri  for 
its  payment. 

Other  terms.  The  following  question  of  Lucas  de  Burgo  introduces 
other  terms  to  our  notice  : 

El  migliaro  de  ramo  rosso  val  ducati  96  : d migliaro 
del  stag  fin  in  verga  val  ducale  90  : el  migliaro  del 
piombo  im piastre  rat  ducati  24  : che  varranno  lire  9876 
de  bronzo , eke  fengano  per  migliaro  250  de  stag  no  c di 
rattle  6 43  : abbattrndo  dono  del  stag  no  4 per  cento : e 
tara  riel  rame  10  per  1 000:  c callo  del  piombo  12  per 
10tx»:  e di  gubella  pesa,  senseria,  t bastagi  in  tutto  6 
per  cento. 

Ol  these  terms,  dono  may  be  interpreted  a gift  or 
voluntary  deduction,  where  no  waste  took  place  ; and 
callo,  a descent  or  allowance,  for  diminution  of  bulk  and 
weight  which  took  place  in  the  process  of  mixture. 
Tartaglia  has  confined  the  application  of  this  term  to 
denote  the  waste,  in  bulk  and  weight,  which  took  place 
in  new  oil,  aa  distinguished  from  o 14.  Of  the  other 
terms  which  require  interpreting,  pesa  was  the  allowance 
for  weighing  ; and  sensaria  or  senseria,  was  the  fee  to 
the  sensale,  or  agent,  by  whose  means  the  bargain  was 
made.  •f- 

p0feli°d  bv  fiame  ■wlhor,  in  speaking  di  viaggiis  mer- 

XfcjjJJLo.  catoriia,  has  given  in  an  example  an  account  of  the  various 
charges  to  which  a mercantile  adventure  was  subject, 
which  is  not  without  ita  interest,  and  particularly  in 
connection  with  the  subject  of  our  present  discussion. 
**X  buy,'*  says  be,  “for  1440  ducats  at  Venice  2400 


sugar  loaves,  whose  nett  weight  is  7200  lire ; I pay  for  HUCory. 
sensaria  2 percent.,  to  the  weighers  and  porters  ( bastagi ) v— *v— ' 
on  the  whole,  2 ducats;  I afterwards  spend  in  boxes, 
cords,  canvass,  and  in  fees  to  the  ordinary  packers  (le- 
gatori ) on  the  whole,  fi  ducats  ; for  mevniaria  on  the 
first  amount,  1 ducat  per  cent. ; afterwards  for  duty  and 
tax  (datio  c gabctla)  at  the  office  of  exports,  3 ducats 
per  cent.  ; for  writing  directions  oil  the  boxes  and 
bookiug  their  passage,  1 ducat ; for  the  bark  to  Rimini, 

13  ducats;  in  compliments  to  the  captains,  and  in  drink 
for  the  crews  of  urmed  barks  on  several  occasions,  2 
ducats  ; iu  expenses  for  provisions  for  myself  and  ser- 
vant for  one  month,  6 ducats  ; for  expenses  for  several 
short  journeys  or  trqjects  over  land  here  and  there,  for 
barbers,  for  washing  of  linen  and  of  boots,  for  myself 
and  servant,  l ducat ; upon  my  arrival  at  Rimini.  1 pay 
to  the  captain  of  the  port  for  port  dues,  in  the  money  of 
that  city,  3 lire  ; for  porters,  disembarkation  on  land, 
and  carriage  to  the  magazine  (magazen,)  5 lire ; aa  a 
tax  upon  entrance,  4 soldi  per  load  (callo,)  which  are  in 
number  32,  sudi  being  the  custom  ; per  fontecaggia  a 
mala  testa  di  tnarsilio,  soldi  4 per  callo ; upon  my  arrival  at 
the  fair,  1 find  that  140  lire  of  weight  are  there  equivalent 
to  100  at  Venice,  and  that  4 lire  of  their  silver  coinage 
are  equal  to  a ducat  of  gold.  I ask,  therefore,  at  bow 
much  1 must  sell  a hundred  lire  Rimini,  in  order 
that  I may  gain  lO  per  cent,  upon  my  whole  adventure, 
and  what  is  the  sum  which  I must  receive  in  Venetian 
money  ?" 

The  author  may  well  say,  that  u merchant  ought  to 
have  At*  wits  at  home  ( cervello  a casa)  who  undertakes 
all  the  reductions  and  calculations  which  an  adventure 
of  this  kind  would  require. 

( 195.)  Particular  species  of  goods  appear  to  have  been  Particmlaf 
liable  to  other  imposts.  Pepper,  which  was  sold  by  the  ‘rop0*1**** 
cargo,  (a  weight  of  400  lire,)  as  well  as  some  other 
articles,  paid  a small  lax  for  the  support  of  a hospital 
for  the  poor.  Cloves,  ( garofali ,)  which  constituted  a 
most  important  article  of  a traffic  at  that  period  con* 
fined  to  Venice,  and  which  were  of  great  value,  (16 
grossi,  or  4 of  a ducat  per  lira,)  were  subject  to  some 
peculiar  regulations,  which  appear  to  have  been  very 
embarrassing  to  Venetian  arithmeticians;  they  were 
usually  mixed  up  with  fusti , or  stalks,  of  much  less 
value  than  the  seed  itself,  and  Ssazzi,  out  of  the  72  which 
every  pound  contained,  were  allowed  by  law.  As  the 
quantity  of  them  was  commonly  much  greater,  it  became 
a question  of  some  complexity  to  determine  the  proper 
deduction  to  Ik  made.  Tartaglia  has  mentioned,  on 
more  than  one  occasion,  the  error  which  existed  in  the 
common  process  for  this  purpose. 

(196.)  The  IXth  Book  of  the  1st  part  of  the  work  of  Queuion* 
Tartaglia  is  chiefly  occupied  with  ordinary  questions  on  on  IommmI 
loss  and  gain  per  cent.  ; and  on  the  conversion  of  the  **in’ 
coins,  weights,  and  measures,  of  one  state  or  city  into 
those  corresponding  to  them  in  another,  either  directly 
or  with  certain  limitations  as  to  gain  per  cent.  They 
contain  nothing  which  is  worthy  of  any  particular 
notice. 

(197.)  The  rule  of  three  alia  rirersa,  or  as  it  is  called.  The 
in  the  older  English  writers  on  Arithmetic,  the  backer  rule  of  three 
rule  of  three,  consists  in  making  the  third  term  the  divi- 
sor, which  under  the  direct  rule  was  the  multiplier,  and 
conversely.  In  one  case,  if  the  second  term  be  doubled, 
the  result,  which  is  of  the  same  species,  is  doubled ; in 
this  case,  if  the  second  terra  be  doubled,  the  result  is 
halved.  Thia  is  a test  of  very  easy  application,  and 
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Arithmetic,  will  at  once  ascertain  in  any  particular  case  which  of 
the  two  rules  must  be  used. 

Id  what  Of  this  kind  are  all  questions  where  a rectangular 
***•  u*ed‘  space  is  given,  and  the  length  and  breadth  are  variable, 
or  those  in  which  the  number  of  measures  in  a given 
heap  of  com,  or  of  any  other  quantity,  is  required ; 
or  where  the  time  is  required,  in  which  different  sums 
will  produce  a given  interest ; or  questions  relating  to 
the  assize  of  bread,*  where  the  weight  obtained  for  a 
given  sum  is  required,  the  price  of  the  same  whole 
being  variable. 

llultoffivc  (19S.)  There  arc  different  methods  of  solving  questions 

terms.  included  under  the  rule  of  fiet  or  more  terms,  whether 
by  successive  statements,  or  by  the  combination  of  all 
the  conditions  into  one.  The  following  example  is 
given  by  Tartaglia : 

If  9 porters  drink  in  8 days  12  casks  of  wine,  how 
many  casks  will  sene  24  porters  for  30  days  ? 

Let  us  first  suppose  the  time  the  same,  and  state  the 
question  as  follows : 

If  9 porters  drink  12  casks  of  wine  in  8 days,  how 
many  casks  will  serve  2-1  porters  for  the  same  time  ? 

The  answer  is  32;  and  the  second  question  will 
stand  as  follows : 

If  24  porters  drink  32  casks  of  wine  in  8 days, 
how  many  casks  will  serve  them  for  30  days  ? 

The  answer  is  120;  which  is,  likewise,  clearly  that 
corresponding  to  the  first  question  proposed. 

The  general  principle  of  the  other  rules  which  are 
made  use  of  by  Tartaglia,  may  be  stated  as  follow  s : 

The  quantity  mentioned  once  is  of  the  same  nature 
with  that  which  is  sought,  and  is  put  in  the  second 
place.  Of  the  other  pairs  of  quantities,  two  are  put 
in  the  first  and  last  places,  and  two  in  the  third  and 
fourth,  iu  the  same  order  in  which  they  occur  in  the 
question.  Multiply  the  fifth,  the  fourth,  and  the  second 
together,  and  divide  their  product  by  the  product  of  the 
first  and  third  : the  quotient  is  the  quantity  required. 

In  those  cases,  where  the  inverse  rule  would  apply 
to  the  simple  statement  of  three  terms,  omitting  all  the 
other  quantities  mentioned  twice,  the  second  of  the 
quantities  must  become  a factor  of  the  divisor,  and  the 
other  a factor  of  the  dividend. 

Tartaglia  usually  puts  the  quantity  mentioned  once 
only  in  the  last  place  but  one,  instead  of  the  second. 
The  rule  may  he  very  easily  accommodated  to  suit  this 
change  in  the  arrangement. 

The  statement  of  the  question  proposed  above,  ac- 
cording to  the  principle  of  this  rule,  is  as  follows: 


Divisor  9x8-  Dividend  12  X 3ft  x 24. 


Quotient  - — = 120. 


* In  all  countries,  the  price  of  bread  ha*  been  under  tlie  control  i ( 
the  magistrates,  a»  Uwm  alwjjj  conviilered  ocreMary  to  protect  the 
people  «z»in*t  tho  combinations  or  imposition*  of  the  baker*  ; for  title 
purpose,  however,  it  ira*  necessary  that  the  pervini  who  formed  tho 
tari/ftr,  or  tmUe  ef  pnrei,  should  be  food  arithmetician*,  a*  Tartag* 
lia  has  cliown  that  all  his  predecessor*,  including  Lucas  d«  Burgo,  were 
mistaken  in  making  the  price  of  the  toMo  or  penny  loaf  **ry  in- 
versely as  tho  price  of  tho  otoroof  wheat,  without  taking  into  consi- 
deration the  constant  rape  nor  which  attended  the  procos*  of  making 
the  bread  r his  attention  was  called  to  tbU  subject,  when  reqnostcd  by 
the  nmeblrmtes  of  Verona  to  extend  the  tvr\f,  in  order  that  it  might 
meet  the  high  prices  occaaioued  sharing  a period  of  great  scarcity. 


We  shall  subjoin  a few  of  the  most  interesting  que*-  History, 
lions  which  Tartaglia  has  given  in  illustration  of  this 
rule.  Example*. 

Twenty  braccia  of  Brescia  are  equal  to  24  braccia  of 
Mantua,  and  28  of  Mantua  to  30  of  Rimini ; what  num- 
ber of  braccia  of  Brescia  corresponds  to  39  of  Rimini  ? 

Rimini.-  Mantua.  Mantua.  Brescia.  Rimini. 


21840  760 : Answer,  28. 

The  lira  of  Pisa  is  equivalent  to  1 1 oncie  of  that  of 
Florence,  and  the  lira  of  Florence  to  13  oncie  of  that 
of  Perugia;  what  is  the  relation  between  the  lira  of 
Pisa  and  that  of  Perugia  ? 

143 

Perugia.  Fiorenza.  Fiorenza.  Pisa.  Perugia. 


1728 

Answer:  they  are  equal  to  each  other. 

Eight  soldi  of  Venice  are  equal  to  13  of  Ferrara,  and 
15  of  Ferrara  are  equal  to  9 of  Bologna,  and  12  of 
Bologna  are  equal  to  16  of  Pisa,  and  24  of  Pisa  ore 
equal  to  32  of  Genoa ; it  is  required  to  find  what  num- 
ber of  Venetian  toldi  correspond  to  300  of  Genoa. 

Gen-  Ven.  Pis.  Pis.  Bol.  Bol.  Fcr.  For.  Gen. 

32 8 — 24 yc> — 12 9 — 15 13  — 303 


10366090 


59904 


Answer,  173,*T. 


Six  eggs  are  worth  10  danari,  and  12  danari  are 
worth  4 thrushes,  and  5 thrushes  arc  worth  3 quails, 
and  8 quails  are  worth  4 pigeons,  and  9 pigeons  are 
worth  2 capons,  and  6 capons  are  worth  a ttaro  of 
wheat : how  many  eggs  are  worth  4 stara  of  wheat? 

960. 

1 — 6 — 10—12 — 4 — 5 — 3 — 8—4 — 9—2 6—4 


622080.  Answer,  648. 

Other  questions  cannot  he  resolved  by  one  statement ; 
of  this  kind  are  the  two  following  : 

Ten  excavators,  ( guastatori ,)  such  as  are  usually  em- 
ployed in  digging  iron  ore,  can  dig  out  12  carra  or 
loads  of  earth  in  16  hours,  whilst  12  other  common  exca- 
vators, less  powerful  than  the  former,  dig  out  only  9 
loads  of  earth  in  15  hours;  it  is  required  to  find  in 
what  time  they  will  conjointly  dig  out  100  loads  of 
earth  ? 

The  first  question  is,  what  quantity  would  the  second 
set  excavate  in  16  hours,  the  time  in  which  the  first  are 
engaged,  which  will  be  found  to  he  9;  loads ; the  ques> 
lion  is  then  reduced  to  the  following  : 

If  22  excavators  dig  out  2l£  loads  in  16  hours,  in 
what  time  will  they  dig  out  100? 

21f  — 16  — 100. 

A gentleman  going  to  the  wars  pays  360  ducats  for 
1 2 carrette , or  waggons,  with  a pair  of  oxen  each,  whilst 
5 other  waggons  without  oxen  cost  him  40  ; it  is  re- 
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quirt’d  to  find  the  sum  which  he  must  pay  for  60  oxen 
alone  The  first  question  to  be  solved  is  this,  if  5 
wagons  cost  40  ducats,  what  will  24  cost?  The  result, 
which  is  96,  being  subtracted  from  360,  will  give  the 
charge  for  the  oxen,  when  the  remainder  of  the  question 
» easily  solved. 


Three  soldiers,  or  adventurer*,  form  a company  for  History, 
the  division  of  the  spoil  they  shall  gain  in  the  wars ; v‘-p-v*"« 
the  first,  being  more  practised  than  the  second,  says 
that  he  shall  claim  twice  as  much  as  the  second,  and 
the  second,  being  more  expert  than  the  third,  claims 
three  times  as  much  as  the  third,  who  submits  to  the 


Diflcveot  ( 199.)  There  is  nothing  more  remarkable  in-the  ancient 

■pedes  of  commercial  system  of  Italy,  than  the  number,  variety, 
Italian  part-  BIK}(  ,n  some  cases,  complexity  of  their  compagnies  or 
coi»DM7iiM  partnerships.  The  associations  of  different  individuals 
for  conducting  mercantile  concents,  which  are  too  ex- 
tensive for  the  superintendence  of  one  person,  or  which 
require  a larger  capital  than  one  individual  can  furnish, 
must  take  place  in  all  commercial  countries;  but  in 
Italy,  others  appear  to  have  been  formed  for  purposes 
merely  temporary,  for  a particular  adventure,  with  two 
or  three  persons,  who  contributed  money,  goods,  or 
labour,  sometimes  one,  and  sometimes  the  other,  and  who 
divided  the  profits  in  the  proportion  of  the  capital  ad- 
vanced, the  value  of  the  goods  furnished,  or  the  wages 
of  the  labour  employed  in  conducting  the  concern. 
Even  in  the  most  common  affairs  of  life,  they  appear 
to  have  delighted  in  such  associations ; and  the  partner- 
ships which  were  formed  between  landlord  and  farmer 
throughout  Italy,  have  given  a very  peculiar  character, 
not  only  to  their  relation  to  each  other,  hut  likewise  to 
the  whole  of  their  agricultural  system. 

(200.)  We  shall  mention  a few  only  of  the  vast  variety 
of  questions  on  this  subject  which  «r*  given  by  I.uc«a 
de  Burgo  and  Tartaglia,  with  such  remarks  as  they 
may  appear  to  require. 

Essntple*.  Three  persons  form  a company,  the  first  of  whom 
contributes  235  ducats,  the  second  430,  and  the  third 
620  ; and  at  the  end  of  a certain  time,  they  find  that 
their  capital  and  gain  amount  to  1732  ducats ; what 
portion  belongs  to  each? 

Principle  This,  and  all  similar  questions  are  solved  upon  the 
of  sokaoa.  common  principle,  that  the  sum  of  the  capitals  con- 
tributed by  A,  B,  C,  is  to  A’s  capital  as  the  amount  of 
capital  and  gain  together  is  to  the  sum  due  to  A. 

A person  has  four  creditors,  to  the  first  of  w hom  he 
owes  624  ducats,  to  the  second  546,  to  the  third  492, 
and  to  the  fourth  368 ; he  fails  and  runs  away,  and  his 
creditors  find  the  amount  of  his  whole  property  to  be 
only  830  ducats;  in  what  portions  ought  it  to  be 
divided  amongst  them  ? The  principle  of  this  question 
is  the  same  as  the  last. 

Three  persons  form  a company,  the  first  of  whom 
contributes  300 Jlorini,  the  second  600  canne  of  cloth, 
and  the  third  1200  /ire  of  saffron  ; they  gain  900 Jiarini , 
of  which  the  first  receives  60,  the  second  360,  and  the 
third  380 : what  wns  the  value  of  the  canna  of  cloth 
and  of  the  lira  of  naffron  ? 

The  Jiorino  was  the  primary  coin  of  Florence,  and 
under  the  name  of  Jlorin  became  the  general  coin  of 
the  south  of  Germany  ; a circumstance  easily  accounted 
for,  by  the  political  connection  between  them. 

Three  companions  are  in  a ship,  one  of  whom  has  a 
butt  of  malvasia^  which  holds  36  barrels,  ( barile ,)  ano- 
ther one  of  Greek  wine,  which  holds  24,  and  the  third 
one  of  wine  of  Romania,  which  holds  40.  By  a violent 
movement  of  the  ship  the  butts  are  upset,  and  the  wine 
is  spilt  in  the  hold.  The  butts  are  afterwards  replaced 
and  filled  wfth  the  mixture  : what  portion  of  each  wine 
do  they  severally  hold  ? 

This  question  is  solved  on  the  general  principle  of 
the  regula  tocidulii. 

VOL.  i. 


terms ; they  gain  120  ducats ; what  is  the  share  of  each  ? 

In  the  solution  of  tills  and  similar  questions,  it  is 
convenient  to  take  numbers,  such  as  6,  8,  1,  in  the  pro- 
portion of  the  respective  shares. 

In  many  other  examples  de  rebus  milifaribu * which  Artoturieri. 
are  given  both  by  Lucas  de  Burgo  and  Tartaglia,  the 
term  noldier  and  arentvriere  are  used  as  synonimous ; 
the  fact  is,  that  in  that  age  a national  army  was  nearly 
unknown  in  Italy,  the  wars  being  chiefly  carried  on  by 
avenlurieri,  who  hired  themselves  to  any  party  for  a 
limited  service.  Tartaglia  had  good  reason  to  know 
how  much  the  horrors  of  war  were  increased,  when 
carried  on  by  men  who  looked  for  their  reward  in  the 
plunder  which  arose  from  the  sacking  of  towns,  and  the 
wasting  of  a country. 

Four  persons,  a gentleman,  an  artisan,  a barber,  and 
a friar,  make  a pilgrimage  in  company,  and  spend  60 
ducats ; the  barber  agrees  to  pay  4 times  as  much  as 
the  friar,  and  4 soldi  more,  the  artisan  3 times  as  much 
as  the  barber,  and  16  soldi  more,  and  the  gentleman 
twice  as  much  as  the  artisan,  and  10  soldi  more  ; what 
portion  was  paid  by  each  ? 

The  ducats  are  converted  into  soldi,  and  the  sum  of 
4,  26,  and  66,  are  subtracted  lrw»  laoo,  living  1102  ; 
this  is  divided,  as  in  the  last  example,  in  the  propor- 
tion of  the  numbers  1,  4,  12,  and  24  ; after  which  the 
actual  portions  are  easily  assigned. 

A man  lying  on  his  death-bed  bequeathed  his  goods,  Acelebreied 
which  were  worth  1200  ducats,  in  this  sort : because  his  caw  of  * 
wife  was  great  with  child,  and  he  yet  uncertain  whether 
the  child  were  a male  or  female,  he  made  his  bequest 
conditionally,  that  if  his  wife  bare  a daughter,  then 
should  his  wife  have  two-thirds  of  his  goods,  and  liis 
daughter  one-third;  but  if  she  were  delivered  of  a son, 
then  should  his  wife  have  one-third,  and  his  son  two- 
thirds.  Now  it  chanced  her  to  bring  forth  both  a son 
and  a daughter,  the  question  is,  how  shall  they  part  the 
goods  agreeably  to  the  testator’s  will  ? 

We  have  given  Recorde’s  statement,  with  a few 
alterations,  of  a question  which  has  become  unusually 
celebrated  from  the  time  of  Lucas  de  Burgo.  The 
scholar  in  the  dialogue  is  made  to  remark,  that  if  some 
cunning  lawyers  had  this  matter  in  scanning,  they 
would  determine  the  testament  to  be  void,  as  being  in- 
sufficient. The  master,  however.  " proceeds  to  try  the 
work,  not  by  the  force  of  law,  but  by  proportion  geo- 
metrical, seeing  the  testator  did  minde  to  provide  for 
each  of  them ;”  and  as  the  intention  was,  that  the  son 
should  have  double  of  the  mother,  and  the  mother 
double  of  the  daughter,  the  property  must  be  distributed 
amongst  them  in  the  order  of  the  numbers  4,  2,  and  1. 

Tartaglia  has  proposed  many  other  similar  questions  Other'cisca. 
where  the  intention  can  be  only  inferred.  Amongst 
others,  those  in  which  a testator,  from  ignorance  of 
the  nature  of  fractions,  directs  a distribution  of  his 
property  in  fractional  parts,  the  sum  of  which  is  greater 
or  less  than  unity ; thus,  one  gives  £ of  his  property  to 
his  son,  4 to  his  nephew,  and  4 to  his  niece.  In  such 
cases  the  property  must  be  divided  in  the  proportion  of 
such  fractions. 

A person  furnishes  a shop  with  different  goods  by 
3 o 
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Arithmetic.  means  of  • capital  of  900  ducats,  on  the  1st  of  January, 
v'^*  1)4);  sit  months  afterwards,  one  of  his  friends  comes 
Fellowship  Bnd  offers,  upon  condition  of  being  taken  into  partner- 
with  Him.  to  ^ ducats  to  the  capital,  the  division  of 

the  gain  to  be  made  in  the  conjoint  proportion  of  the 
capital  and  time;  at  the  end  of  December,  1550,  they 
find  the  whole  gain  '260  ducats,  what  portion  is  due  to 
each  ? 

This  is  an  example  of  fellowship  with  time. 

Many  other  examples  of  cotnpognies  are  given  by 
Tartaglia,  which,  properly  speaking,  require  the  aid 
of  algebra  for  their  solution ; of  this  kind  is  the  fob 
lowing  ; 

Two  persons  form  a company,  on  condition  that  the 
first  should  contribute  8000  lire,  and  the  second  800 
with  his  personal  services,  and  that  the  first  should 
receive  4,  and  the  second  f of  the  whole  gain;  the 
first,  however,  adds  400 florini  to  his  first  capital,  and 
in  consequence  receives  + of  the  gain,  whilst  the  second 
gets  only  t i what  is  the  relative  value  of  the  Jlortn  and 
the  lira  ? 

Lucas  de  Burgo  solves  this  qnestion  on  the  principle, 
that  the  consideration  for  personal  services  should  ba 
the  same  in  both  cases,  or,  in  other  words,  that  they 
should  be  considered  as  equivalent  to  the  same  capital ; 
and  that,  consequently,  the  value  of  the  /forin,  as  deter- 
mined from  the  question,  should  be  lire.  Tartaglia 
considers  this  principle  as  erroneous,  and  contrary  to 
the  spirit  of  the  agreement,  by  which  the  value  of  the 
personal  increase  in  proportion  to  the 

increase  of  the  joint  capital ; if  the  question  be  solved 
with  this  view  of  its  meaning,  the  result  would  give  the 
florin  equal  to  lire. 

Many  other  questions  of  a similar  nature  had  been 
solved  by  Lucas  de  Burgo,  Piero  Borgio  of  Venice, 
and  particularly  by  Giovanni  Sfortunati  of  Sienna,  upon 
the  first  principle,  and  the  error  wheiber  real  or  alleged, 
18  pointed  out  with  great  detail  by  Tartaglia  ; he  seems, 
indeed,  to  have  experienced  a peculiar  satisfaction  in 
finding  out  the  faults  of  his  predecessors,  and  he  rarely 
emits  an  occasion  of  doing  so,  particularly  in  the  case 
of  his  predecessor,  Pacioli,  who  attempted  the  solution 
of  many  questions  upon  erroneous  principles,  or  by 
methods  which  were  insufficient  for  the  purpose.  The 
phrase,  meri  folia,  which  he  so  often  uses  with  refe- 
rence to  his  processes,  must  be  admitted  with  exlrana 
caution,  being  most  frequently  used  when  he  is  most 
liable  to  be  deceived. 

(201.)  There  was  another  class  of  compagnies,  termed 
in  the  provincial  language  of  the  north  of  Italy,  tozzidi, 
or  to <xidc  di  bestiarni , which  were  so  common,  and 
which  lead  to  so  many  very  complicated  questions,  that 
they  always  formed  the  subject  of  a distinct  chapter  in 
Italian  book*  of  Arithmetic.  They  arose  from  the 
poverty  of  the  farmers,  who  would  not  stock  their  farms 
from  their  own  funds,  and,  in  many  cases,  could  not 
even  buy  the  corn  which  was  necessary  for  seed ; the 
consequence  was,  that  the  landlords  generally,  and  in 
some  cases  other  persons,  provided  the  whole  or  the 
greatest  part  of  the  stock,  and  entered  into  an  engage- 
ment with  the  farmer  to  divide  with  him  its  whole 
produce  at  the  end  of  9,  4,  or  & years,  or  to  divide  in 
certain  proportion*  with  him  the  profits  which  occurred 
in  the  mean  time,  and  the  whole  stock  which  remained 
at  the  conclusion  of  the  tozzido. 

“ Whoever  wishes  to  support  himself  in  this  world 
®f  misery,  must  govern  and  guide  his  life  in  the  path 
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of  sweating  industry  ; thia  man  employs  Ids  money  in  History, 
merchandise,  that  man  in  trade  ; and  among>t  other 
laudable  species  of  industry  which  we  every  day  wit-  ?j*JP 

ness,  we  find  some  men  who  provide  the  means  of  Ule 

by  the  aid  of  brute  animals  ; and  this  not  by  violence,  Borgo. 
provided  it  be  exercised  in  the  proper  mode  and  in 
charity,  according  to  the  injunctions  of  the  holy  Scrip- 
tures, which  say  In  cariiate  tudatc  el  radicate.”  Such 
is  the  preface  with  which  Lucas  de  Burgo  introduces 
the  notice  of  these  associations  of  the  rich  and  the 
poor,  which  he  says  were  peculiarly  liable  to  imposition 
and  fraud,  and  that,  in  consequence,  it  was  highly  dan- 
gerous to  extend  such  agreements  beyond  3,  4,  or,  at 

most,  5 years ; and,  in  every  case,  be  recommends 
them  to  be  formed  under  the  inspection  and  control 
of  the  bishop  of  the  diocese,  since  run  tale  contiglio  *a~ 
lotifrro  raro  si  erra ; though  we  might  very  reasonably 
doubt,  whether  the  prelates  of  Italy,  or  of  any  other 
country,  either  in  that  age  or  the  present,*  were  the 
persons  best  calculated  to  regulate  the  terms,  or  to 
enforce  the  fulfilment  of  such  bargains.  We  will  sub* 
join  a few  examples  of  questions,  which  frequently 
arose  out  of  the  formation  of  such  compagnies. 

A person  gives  a shepherd  tn  tozzido  720  sheep,  to  fownplra 
keep  them  and  their  produce  for  b years,  and  at  the 
end  of'  that  period  to  divide  equally  with  him  the  profit 
and  the  capital ; at  the  end  of  3 years  and  8 months 
the  shepherd  dies,  and  his  wife,  who  lias  no  confidential 
person  to  manage  the  concert),  (her  son  not  being  of 
sufficient  age,)  is  compelled,  with  the  consent  of  the 
principal,  to  terminate  the  tozzido : the  number  of 
sheep  is  found  to  be  1060 ; what  number  will  each 
party  receive? 

If  the  contrast  had  been  completed,  the  widow 
would  have  claimed  530 ; the  number  now  due  to  her 
will  be  to  530  in  the  ratio  of  Si  to  5. 

A person  gives  in  tozzido  24  cows,  and  the  herdsman 
adds  6 to  the  number,  to  keep  them  for  five  years,  and 
then  to  divide  the  capital  and  profits  equally  ; at  the 
end  of  3 years  and  4 months  they  agree  to  termiuate 
their  contract,  when  they  find  80  head  of  cattle  ; wbat 
portion  belongs  to  each  ? 

A citizen  gives  in  tozzido  18  sheep  to  a shepherd, 
who  agrees  to  add  6 to  their  number,  upon  co&diliou  of 
dividing  the  whole  equally  at  the  end  of  four  years  ; the 
contract  being  made,  the  shepherd  returns  home,  and 
finds  that  the  wolves  have  eaten  two  of  his  sheep,  and 
he  has,  therefore,  only  4 to  add  to  the  number  which 
he  receives  from  the  citizen ; at  the  end  of  three  years 
they  agree  to  divide  the  tozzido,  and  find  that  they 
have  66  sheep  ; what  number  must  each  receive  ? 

(802.)  The  Italians  distinguished  three  distinct  species  Different 
of  barratti,  or  barters.  The  first,  simple,  where  goods  species  of 
were  exchanged  against  each  other  at  their  ready  money,  kuter. 
or  barter  price  ; the  second,  compound,  where  the  ex- 
change was  partly  in  goods  and  partly  ia  ready  money  ; 
and  the  third,  barter  to ith  time , where  the  barter  price 
Is  affected  by  the  time  at  which  the  payments,  whether 
real  or  imaginary,  are  to  be  made  ; in  this,  as  well  as 
in  every  other  department  of  their  commerce,  they 
appear  to  have  been  fond  of  engagements  involving  the 

• la  modem  Toscany,  the  landlord  furnishes  stock,  wsrf,  im- 
plement* of  husbandry,  and  divides  the  produce  equally  «»‘b  «•« 
tenant : the  case  i*  somewhat  different  »■  Lombardy,  where  lae  farms 
,rt  Ur,,.  Mil  wlirtr,  ■■  ihe  pifoJlliOO 
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Andnwtie.  most  complex  relations,  Inwlinf  to  their  own  dexterity 
v— ■ v— in  the  management  of  such  bargains,  and  relying  upon 
the  skill  of  their  professional  Arithmeticians  for  the 
resolution  of  questions,  to  which  the  majority  of  them 
must  have  been  altogether  unequal. 

(203.)  So  frequent  were  the  frauds  which  occurred  in 
these  transactions,  either  in  the  article#  not  correspond- 
ing to  their  samples,  or  in  fixing  the  difference  in  the 
barter  price  and  the  price  a danari  contadi,  or  for  ready 
money,  or  between  the  price  for  ready  money  and  for 
time,  that  it  became  a proverbial  saving,  that  one  of 
the  parties  in  a barratto  was  rmbratlo,  cheated , or, 
more  literally,  dirtied.  It  was  the  custom,  also,  accord- 
ing to  Lucas  de  Burgo,  when  the  aeiwcro,  or  agent, 
showed  bad  articles  for  barter,  to  ask  him  if  he  gave  a 
dowry  with  them,  in  allusion,  says  he,  to  the  manner 
in  which  marriages  are  contracted  in  those  days ; for 
whilst  beautiful  and  accomplished  ladies  are  taken 
from  their  fathers  houses  almost  pennyless,  the  ugly  and 
ill-favoured  are  recommended  by  large  dowries,  a qua- 
lity which  never  fails  to  procure  a husband  in  this  age 
of  avarice,  in  defiance  of  the  proverb,  which  says,  Nc 
per  bo  ne  per  racca  non  taglia  donna  rruitta,  la  robba 
ta  e vent  c chi  a la  moglia  matla  sc  la  tenc . 

(204.)  We  will  add  a few  examples  of  the  different 
species  of  barter,  which  frequently  lead  to  questions 
of  a very  difficult  and  embarrassing  nature. 

Two  persons  wish  to  barter,  the  one  wax,  which  sells 
at  8^  ducats  per  hundred  poimd*.  whilst  the  nlh«  has 
wool,  of  which  the  same  quantity  sells  for  39  £ ducats  ; 
how  much  wax  roust  be  given  lor  7&6  pounds  of  wool  ? 

Two  persons  barter  ginger  and  soap ; the  hundred 
pounds  weight  of  the  first  is  worth  1 6 ducats  for  ready 
money,  and  18  for  barter;  the  second  is  worth  22 
ducats  for  the  thpusand  pounds,  for  ready  money ; if 
the  first  pays  for  one-half  of  what  he  gets  in  ready 
money,  what  must  he  give  in  money  and  ginger  for 
7890  pounds  of  soap,  so  that  the  terms  of  the  barter 
may  be  equal  on  both  sides  ? 

Two  persons  barter,  the  one  wool,  the  other  pepper 
and  ginger ; the  hundred  weight  of  pepper  is  estimated 
for  ready  money  at  3u  ducats,  and  for  barter  at  35  ; 
the  hundred  weight  of  ginger  is  estimated  at  27  ducats 
for  ready  money,  and  for  barter  at  S3  ; the  hundred 
weight  of  wool  is  worth  10  ducats:  at  what  price  must 
the  wool  be  estimated  at  barter,  to  receive  an  equal 
quantity  of  pepper  and  of  ginger,  and  to  gain  10  per 
pent,  upon  the  capital  ? 

A merchant  sell#  to  another  a quantity  of  scarlet 
doth  at  6 ducats  the  braccio,  if  paid  for  at  the  end  of  8 
months,  but  the  price  for  ready  money  is  only  4$  ducats ; 
afterwards  the  first  buys  of  the  second  a quantity  of 
ginger  for  15  ducats  the  hundred  weight,  payable  in  10 
mouths ; the  excess  of  the  time  above  the  ready  money 
price,  in  proportion  to  the  time,  being  the  same  as  in 
the  case  of  the  doth ; what  is  the  ready  money  price 
of  the  ginger  ? 

(205.)  The  importance  of  the  knowledge  of  the  prin- 
♦irapk  sad  ciplcs  of  simple  and  compound  interest,  discount,  annu- 
oki) pound,  with  the  proper  rules  for  their  calculation  in 

mercantile  and  other  transactions,  is  so  great,  that  we 
may  naturally  expect  to  find  the  discussion  of  them  oc- 
cupy a considerable  portion  of  all  books  of  Arithmetic. 
The  rules  for  such  calculations,  however,  are  founded 
upon  algcbrakal  formula*,  and  for  the  most  part,  in- 
volve relations  of  quantities  much  too  complicated  for 
any  merely  arithmetical  investigation  ; under  such  cir- 


(olerest 


cu«n stances,  the  questions  proposed  rarely  extend  be-  HiWwy. 
yoad  the  more  common  cases,  such  as  simple  interest, 
discount,  the  ordinary  cases  of  compound  interest  and 
discount,  and  the  determination  of  the  value  of  tempo- 
rary annuities. 

(206.)  When  the  excessive  interest  which  was  charged  «a- 
for  the  use  of  money,  in  those  countries  where  commerce  4is- 
had  not  accumulated  capital,  is  considered,  it  is  not  very  *”**”“• 
surprising  that  the  popular  indignation  and  prejudice 
should  be  directed  against  usurers.  Under  the  Mosaic 
Law,  this  prejudice  received  a much  higher  sanction,  and 
domestic  mmry  was  not  mere  1 y discouraged,  but  forbidden : 
and  in  modem  Europe,  it  was  long  before  the  same  law. 
which  was  obligatory  upon  Jews  towards  Jews,  ceased 
to  be  considered  a#  not  extending  to  the  member#  of  the 
new  covenant ; at  all  events,  religious  feelings  and  the 
denunciations  of  the  church  came  partially  in  aid  of  those 
which  were  natural  and  hereditary.  The  practice  of 
usury,  indeed,  during  the  middle  ages  waa  so  universally 
odious,  that  it  was  confined  to  that  race  of  men,  who  by  a 
singular  revolution  had  succeeded  to  the  exclusive  exer- 
eise  of  a traffic  which  had  been  forbidden  to  their  fore- 
fathers ; nor  did  this  feeling  cease  to  exist  even  in  coun- 


tries and  cities  where  the  conveniences  of  an  extensive 
commerce  rendered  it,  m some  measure,  necessary.  It 
was,  of  course,  recognised  in  the  transactions  of  mer- 
chants with  each  other ; and  money,  time,  and  the  con- 
federation for  the  delayed  and  anticipated  payment  of 
money,  formed  an  important  element  in  all  purchases 
and  sales:  but  when  money  was  directly  borrowed,  not 
in  the  course  of  trade,  it  was  commonly  from  a Jew; 
and  our  own  Shakspeare  has  correctly  represented  the 
feelings  with  which  such  transactions  were  regarded  : 
nay,  even  as  late  as  in  1567,  Cataneo,  an  nrithmetican 
who  resided  in  Venice,  prefaces  the  chapter  in  his  work 
which  relates  to  interest  and  discount  with  the  following 
terms : Se  iptelli  rhe  alia  poftronesche  usura  si  danno  di 
tal  mrtticro  non  si  eergognano,  nuinco  mi  debbo  vergo- 
gnare  io  cTintignare  quanto  debbi  pagan  quel  paver 
disprrato,  che  a tali  diabolicki  petti  s'obbtiga. 

(20*.)  Interest  in  Venice  at  the  beginning  of  the  of 

XVIth  centunr  varied  from  5 to  12  percent  per  annum  : 
in  commercial  transactions  a much  higher  interest  waa  m 

calculated  upon,  or  rather  a much  greater  considera-  craiary. 
tion  paid  in  the  difference  which  existed  between  the 
ready  money  and  time  price  of  goods ; foit  when  money 
was  lent  or  borrowed,  upon  good  security,  whether 
from  Jew  or  Christian,  it  rarely  exceeded  the  last  sum 
which  we  have  mentioned ; it  appears  to  have  been 
estimated  in  very  different  ways ; sometimes  at  so  much 
per  cent,  by  the  yea/  or  the  month,  sometimes  at  so 
many  danari , on  each  lira  per  mensem , and  sometimes  at 
so  many  on  the  100  lire  per  diem  : it  is  evident  that  these 
different  customs  must  have  materially  increased  the 
complexity  of  the  rules  for  the  calculation  of  interest. 

(208.)  Simple  interest  is  that  in  which  no  interest  Definitions 
springs  from  the  interest,  and  compound  Interest,  or  me- 
ritoa  capo  danno*  that  in  which  the  interest  is  reckoned  m* 
upon  the  arrears  of  interest ; it  was  the  second  species  wre*. 
only  which  was  properly  called  vntra,  and  was  rarely 
practised  in  the  transactions  of  merchants  with  each 
other.  Stevinus  terms  compound  interest,  interest 
prouffitable , or  ceJuy  qn'on  ajouste  au  capital,  whilst 
the  corresjjondmg  discount  is  termed  interest  dom- 
mageablr , or  ectuy  qu'on  sou  bit  rail  du  capital- 
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(209.)  Tfie  solution  of  questions  of  simple  interest  and 
discount  readily  reduce  themselves  to  the  ordinary  cases 
of  the  rule  of  the  three  ; and  there  is  nothing  in  the 
methods  which  are  used  for  this  purpose  by  Tartaglia, 
or  his  predecessors,  which  is  particularly  worthy  of 
notice.  In  calculating  the  interest  of  a sum  from  one  day 
• to  another,  whether  of  the  same  or  d die  rent  years,  the  de- 
termination of  the  number  of  months  or  days  in  the  inter- 
val was  in  some  degree  embarrassing;  and  Tartaglia  is 

5>roud  of  a rule  which  be  has  given  for  this  purpose. 
In  passing  from  one  city  of  Italy  to  another,  an  additional 
source  of  embarrassment  presented  itself,  in  the  diffe- 
rent days  on  which  the  year  was  supposed  to  commence  : 
being  reckoned  at  Venice  from  the  1st  of  March;  at 
Florence,  from  the  annunciation  of  the  Virgin  ; and  in 
most  other  cities  of  Italy,  in  obedience  to  the  orders  of 
the  church,  from  Christmas  day. 

(210.)  In  a running  account  between  two  merchants, 
involving  sums  borrowed  and  paid  at  different  times,  upon 
which  simple  interest,  for  the  most  part  12  per  cent.,  was 
allowed,  it  was  important  on  particular  days  to  balance 
their  accounts,  a process  which  was  denominated  taldare 
un a ragione:  such  adjustments  appear  to  have  been  very 
frequently  repeated,  in  perfect  consistency  with  those 
habits  of  formal  punctuality  for  which  the  Italian  mer- 
chants were  so  remarkable . in  such  cases,  the  interest 
upon  the  several  sums,  on  the  debtor  and  creditor  side 
of  each  account,  was  calculated  up  to  the  given  day, 
and  the  difference  of  the  sum  on  each  side,  if  any  re- 
mained, was  i»uun  wtmio  ttir  proper  wttrr  of 

the  ledger.  Another  process,  also  of  very  frequent 
occurrence,  was  to  calculate  the  equated  time  of  pay- 
ment of  sums  due  at  different  periods,  a process  called 
recare  (li  pagamenti)  a un  di.  It  consisted  in  mul- 
tiplying each  sum  by  the  time  before  it  was  due,  and 
dividing  their  sum  by  the  sum  of  the  several  payments  ; 
this  rule,  which  is  the  one  commonly  used  at  this  time, 
confounds  interest  with  discount,  and  excludes,  of 
course,  all  consideration  of  compound  interest.  Tar- 
taglia was  fully  aware,  that  the  principle  of  this  rule 
was  erroneous;  but  the  principles  of  algebra  were  in 
that  age  too  imperfect  to  give  the  correct  solution,  or, 
at  all  events,  to  give  the  correct  interpretation  to  it. 

(211.)  Tartaglia  has  given  some  examples  of  cases, 
chiefly  of  annuities,  which  were  proposed  to  him  pro- 
fessionally ; the  first,  which  is  the  following,  was  pro- 
posed by  a Jew  at  Venice,  on  the  14th  of  April,  1550. 

A person  oweB  me  450  ducats,  payable  by  9 ducats  a 
month  for  50  months,  and  wishes  to  pay  the  whole  at 
once  to  another  person,  who  undertakes  to  discharge 
the  debt ; what  sum  must  he  pay,  supposing  interest  be 
ullowed  at  the  rate  of  9j  per  cent  ? 

He  finds  the  equated  time  of  payment  by  the  ordi- 
nary rule,  which  is  25$  months  and  then  discounts 
450  ducats,  payable  at  the  expiration  of  that  time  : the 
answer  is  374  ducats,  9 grossi,  and  30£ri4  piccoli. 

A certain  maestro  da  Darri  proposed  the  following 
question  : 

I lend  a certain  university  2R14  ducats,  on  condition 
of  receiving  an  annuity  of  618  ducats  for  9 years;  what 
interest  do  I gain  upon  my  money,  the  ducat  being  esti- 
mated at  10  carlini , and  the  carlino  at  10  grant  ? 

The  answer,  determined  upon  the  same  principles, 
is  19  ducats,  5 carlini , and3TVoY  grant. 

Nothing  can  be  more  unjust  and  erroneous  in  princi- 
ple than  this  mode  of  calculating  annuities,  particularly 
A>r  a long  term.  Such  questions  were  considered, 


indeed,  as  peculiarly  difficult  and  embarrassing ; and  History. 
Tartaglia  has  mentioned  several  others  of  a similar  ■—  v ■_ 
nature  at  the  conclusion  of  his  olgebru. 

(212.)  Tartaglia  has  noticed  five  methods  of  finding  Rule*  far 
the  amount  of  a sum  of  money  at  compound  interest. 

Suppose  the  question  to  be,  to  find  the  amount  of 
L300.  for  4 years  at  10  per  cent,  a capo  cTanno  ; the 
first  is  by  the  following  four  statements ; 


100 

300  : 

110 

330 

loo 

330  : 

no 

363 

100 

363  : 

no 

399pr 

100 

399 iV 

no 

439^0V 

The  second  merely  replaces  100  and  110  by  10  and 
11  in  the  proportion:  the  third,  which  is  his  own 
method,  multiplies  300  four  times  successively  by  II, 
and  divides  the  last  product  by  10000 : the  fourth 
consists  in  adding  four  successive  tenths  to  the  princi- 
pal : the  lost,  in  calculating  the  amount  for  L100.,  and 
then  finding  the  amount  for  L300.,  or  any  other  proposed 
sum  by  a simple  proportion.  The  last  four  methods 
are  obvious  consequences  of  the  first,  and  with  the  ex- 
ception of  the  last,  are  not  readily  applicable,  unless  the 
interest  per  cent,  be  an  aliquot  part  of  100. 

(213.)  With  the  exception  of  discount  at  compound  in-  Discount 
terest,  (tconto  a capo  d'anrto,)  and  its  application  to  cor- 
reel  in  part  the  conclusions  respecting  the  values  of  an-  Ul'** 
nuities,  there  are  few,  if  any,  other  questions  of  compound 

wtrhrh  *FartitpH«  and  him  contemporaries  can  be 
said  to  have  resolved.  A very  natural  difficulty  arose  A disputed 
in  the  solution  of  questions  of  this  kind  : 44  what  is  the  cut- 
interest  of  100  for  6 months,  interest  being  reckoned 
at  the  rate  of  20  per  cent,  per  annum.’’  Lucas  de 
Burgo,  Giovanni  Sfortunati,  and  others,  made  out  that 
this  would  be  10  : in  other  words,  they  calculated  that 
simple  interest  only  being  allowed,  it  was  a matter  of 
indifference  into  how  many  portions  of  time  the  whole 
period  was  divided,  whether  into  months  or  half  years  ; 
the  conclusion,  under  such  a view  of  the  case,  is  cor- 
rect, and  merely  proves  the  injustice  of  the  very  prin- 
ciple of  simple  interest  in  all  cases  which  are  prospec- 
tive at  least,  if  not  in  those  which  are  past. 

(214.)  Lucas  de  Burgo  has  un  article  entitled  Dcimodo  Tibtaofi©. 
a saprre  componrre  le  tavoledrl  merito;  and  he  enlarges  i9Tr't  us*d 
upon  the  great  utility  of  such  tables  for  saving  the  * 
trouble  of  calculation,  and  says,  that  they  usually  em- 
braced a period  of  20  years,  commencing  with  5 per 
cent.,  the  lowest  interest  which  could  be  imagined  to 
be  taken.  This  statement  is  sufficient  to  prove  the 
existence  of  such  tables  among  the  Italians,  though 
we  are  not  aware  of  any  work  in  which  they  are  given. 

The  first  compound  interest  tables  with  which  we  are  Table* of 
acquainted,  arc  those  which  are  given  by  Stevinus  in  Stevies*, 
his  Arithmetic  ; they  give  the  present  worth  of  10000000 
from  one  to  thirty  years,  in  16  tables,  the  interest  being 
reckoned  successively  from  1 to  16  per  cent.,  and  in  8 
other  tables,  where  the  interest  is  differently  reckoned, 
according  to  the  custom  of  Flanders,  as  one  denier  in 
15,  16,  17,  18,  19,  20  (5  per  cent.),  21,  and  52. 

There  are  two  columns  in  each  table,  one  giving 
the  present  worths  above  mentioned,  and  the  other 
the  values  of  annuities  of  10000000  for  the  same 
period,  which  are,  therefore,  the  sums  of  the  numbers 
in  the  first  column.  The  idea  of  the  research  of  pro- 
portional numbers,  for  the  solution  of  questions  of 
interest  and  annuities,  was  suggested  by  the  tables  of 


ARITHMETIC. 


401 


Arithmetic. 


DitU  or  u- 
chango, 


l’**d  in  Uw 
time  of 
Henry  1IL 


DirT-rrrnl 
origin*  u- 
■igned  to 
them. 


Eiienti.il  to 
inUraatioo- 
a)  rom- 


Their  prin- 
riple. 


sines,  9tc.  commencing  from  a radius  of  10000000,  and 
was  one  of  many  happy  extensions  of  a common  prin- 
ciple, which  were  made  by  this  singularly  acute  and 
original  author. 

(215.)  It  is  extremely  difficult  to  establish  from  his- 
torical documents  the  absolute  antiquity  of  the  use  of 
bills  of  exchange,  or  to  ascertain  the  country  where,  or 
rather  the  places  between  which,  they  first  circulated. 
They  arc  themselves  documents  of  a very  perishable 
nature ; and  the  only  methods  by  which  we  arc  likely 
to  be  able  to  trace  their  existence,  must  be  from  their 
connection  iu  some  cases  with  historical  transactions, 
or  from  their  appearance  in  legal  records  of  disputes 
which  arose  out  of  them  ; of  the  first  kind  is  the  very 
curious  account  given  by  Matthew  Paris,  which  Mac- 
pherson  has  quoted,*  of  the  attempt  made  by  the  Pope, 
in  1255,  to  depose  Manfred,  King  of  Sicily,  and  to 
place  upon  his  throne  Edmund,  the  second  son  of  our 
Henry  III.,  upon  condition  of  being  remunerated  for 
the  expenses  which  he  incurred ; upon  the  faith  of  this 
promise,  large  sums  of  money  were  advanced  to  the 
Pojie  by  merchants  of  Florence  and  Sienna,  who  were 
repaid  upon  the  failure  of  the  enterprise  by  bills  drawn, 
at  the  suggestion  of  Henry  himself,  upon  the  prelates 
of  England,  who  were  compelled  to  pay  them  with 
interest,  notwithstanding  their  protests,  from  apprehen- 
sion of  bciug  subjected  U>  a sentence  of  excommunica- 
tion. 

(216.)  This  very  rfmarV^W*  tron»»«<inn  would  U|.|.oor 
to  prove  that  the  use  of  bills  of  exchange  was  perfectly 
well  known  to  the  Italian  merchants  of  that  age,  though 
it  is  probable  that  the  date  of  their  origin  is  much 
earlier.  Savory,  in  his  JVr gociani  Parfail,  aud  in  his 
Diction  naire  du  Commerce  says,  that  they  were  in- 
vented by  the  Jews  who  were  expelled  from  France  at 
different  periods  under  Dugobert  in  640.  Philip  the 
Long  in  1180,  and  Philip  Augustus  in  1316,  and  who 
availed  themselves  of  bills  of  exchange  to  withdrew 
their  property  from  France.  At  another  period,  also, 
when  the  Gebelins  were  expelled  by  the  Guelphs,  some 
Lombards  took  refuge  in  Amsterdam,  and  recovered 
their  property  by  the  same  means.  These  fads  how- 
ever, are  not  supported  by  any  very  satisfactory  histori- 
cal evidence  ; it  is  certain,  indeed,  that  the  Lombards, 
for  the  purpose  of  the  very  extensive  commerce  of  Italy, 
were  dispersed  over  every  country  in  Europe,  where 
they  established  themselves  as  merchants,  money- 
changers, and  bankers.  Our  own  Lombard-street, 
which  still  retains  its  appropriate  traffic,  is  a proof  of 
their  presence  in  our  own  country ; and  the  Exchange  of 
Amsterdam  was  long  known  by  the  name  of  the  Place 
Lombarde , from  similar  associations. 

(217.)  It  is  not  very  easy,  indeed,  to  imagine  ill  what 
manner  a very  extensive  international  commerce  could 
he  carried  on  without  the  assistance  of  bills  of  ex- 
change. Though  the  balance  of  trade  might  disappear 
in  the  intercourse  of  nations  with  each  other,  this  could 
rarely  be  the  case  in  the  transactions  of  individual 
merchants  ; we  may  suppose,  therefore,  two  merchants, 
A and  B,  at  Venice,  and  two  others,  C and  D,  at  Alex- 
andria; A owes  C the  same  sum  that  D owes  B ; in- 
stead of  A sending  specie  to  C,  and  D again  to  B,  it 
would  save  all  parties  ooth  risk  and  expense  if  A should 
pay  the  money  immediately  to  B,  and  receive  in  return 
an  order,  or  bin  of  exchange,  which  he  would  transmit 
to  C,  to  enable  him  to  receive  the  money  from  D,  by 
• t / C+mmcrct,  vol.  I p.  405. 


which  the  accounts  of  the  two  parties  would  be  cleared ; History, 
such  a process  aa  this  would  be  pointed  out  by  the  com- 
mon  sense  of  mankind,  and  the  whole  theory  of  ex- 
changes does  not  require  a much  broader  basis  for  its 
foundation. 

(218.)There  is  no  notice  of  bills  of  exchange,  or  of  any  Not  noticed 
thing  equivalent  to  them  in  the  Code  of  Justinian,  aud  in  the  Ro- 
it  has  been  inferred  from  thence  that  they  were  un*  *aw 
known  to  the  Romans,  inasmuch  as  transactions  con- 
ducted by  means  of  them,  are  those  which  of  all  others 
require  the  most  frequent  control  and  regulation  of  the 
law,  and  they  could  not,  therefore,  have  existed,  at  least 
to  any  extent,  without  its  notice  and  interference.  We 
must  alldw  this  circumstance  great  force  as  a negative  Tbcir  use 
argument,  notwithstanding  the  authority  of  thepassage  of 
one  of  the  letters  of  Cicero  to  Atlicus,  (xii.  24.)  when  ^now^" 
making  inquiries  concerning  his  son’s  journey  to  Athens, 
and  the  supply  of  money  which  would  be  requisite  for 
him  ; permutari  ne  postil  an  ipti  ferendum  ? Theper- 
mutatio  alluded  to  must  have  been  equivalent  in  sub 
stance  at  least,  if  not  in  form,  with  a bill  or  letter  of 
exchange,  and  it  appears  from  a subsequent  letter,  (xii. 

27,)  that  such  was  the  expedient  which  was  adopted. 

(219.)  Lucas  de  Burgo,  who  was  duly  impressed  with  Tbe  uh  of 
a sense  of  the  great  importance  of  commerce  to  the  ^*"®B** 
wealth  and  power  of  a state,  complains,  that  in  his 
time  it  was  the  custom  of  many  persons  to  murmur  usury, 
against  those  who  dealt  in  bills  of  exchange,  calling 
them  usurers  and  worse  than  Jews  ; in  his  opinion, 
however,  the  inventors  of  them  deserve  a blessing  with 
a hundred  hands,  as  without  them  the  very  foundation 
of  all  that  beneficial  commerce  would  be  destroyed, 
which  was  essential  to  the  support  of  the  Republic. 

It  is  true,  indeed,  that  exchanges  were  sometimes 
practised  in  a manner  which  was  neither  commendable 
with  God  nor  man ; but  this  observation  could  never 
be  applied  to  their  legitimate  use  in  the  general  trans- 
actions of  commerce. 

(220.)Comiio,  according  to  the  same  author,  might  be  DiflTwut 
explained  generally  by  the  popular  phrase  to  e da  qua ; •Pf«c*of 
that  is,  togli  da  me  queslo  e da  me  tu  queslo  allro,  lake 
this  from  me  and  give  me  that  in  return.  Four  species 
of  exchange  are  noticed  by  Italian  writers,  which  are 
cambio  menuto  o commune,  reale , secco  e JlUilio ; the 
first  of  them,  minute , or  ordinary  exchange,  is  that  in  Cambio 
which  gold  or  silver  coin  is  given  in  exchange  for  other 
coins  of  different  species  or  denominations,  where  the 
bunker  or  money  dealer  retains  a small  consideration 
for  his  trouble ; an  allowance,  so  for  from  being 
usurious  and  improper,  that  it  is  approved  of  by  the 
roost  celebrated  theologians  and  doctors  of  the  church, 
and  amongst  them  by  Remond  Raimondo,  Thomas 
Aquinas,  and,  above  all,  by  the  most  sacred  doctor  of 
our  own  order,  says  Pacioli,  Ricardus  Mediavilleasis. 

The  second,  or  real  exchange,  is  of  all  others  the  most  Ciml>io 
important,  being  the  very  **  water  upon  which  the 
vessel  of  commerce  floats/*  and  is  carried  on  by  means 
of  letters  or  bills  of  exchange,  which  have  preserved 
very  nearly  the  same  form  for  four  centuries  at  least, 
if  not  for  a much  longer  period.  We  will  give  speci- 
mens of  such  letters  of  exchange  as  were  drawn  in  the 
years  1404, 1494,  and  1553. 

1.  Francisco  da  Prato  el  comp . a Bartdono.  A l 
norne  di  Dio,  A nun,  a.  d XXIII  Aprile,  1404.  °xch*»jr. 

Pagate  per  quesia  prima  de  camb.  a usanza  a Piero 
GUberto  e Piero  Olico  scuti  mdlc  a sold.  X.  Bartelonesi 
per  scuto,  e quali  scuti  mille  sono  per  cambio  che  con 
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AtUhactic.  Giovanni  Cohtmbo  a grossi  XXII.  di  g.  scuto : d pag. 
a nostro  conto  rt  Christo  ri  guar  Hi. 

Antonio  Quart t Salt  dr  B rug guu. 

This  ia  a bill  of  exchange  which  is  given  by  Cap- 
many*  in  his  history  of  the  town  and  commerce  of 
Barcelona  ; h wm  found  amongst  the  records  of  a re- 
ference made  by  magistrates  of  Bruges  to  those  of  Bar- 
celona, respecting  the  practice  which  they  followed  ia 
the  case  of  hills  of  exchange  which  had  been  protested, 
and  upon  which  undue  charges  had  been  made  in  ila 
transit  from  the  drawer  to  the  drUwre,  aad  which  in 
consequence  the  drawer  refused  to  pay. 

2.  Domino  A! phono  dc  Alpha  rut  e cvmpagni  in 
Peroscia. 

1494.  a.  <t  9 Agosto. 

Pagate  per  questa  prima  nostra  a Ludovico  de  Fran- 
cesco da  Fabriano  e.  compagni  oner  cento  (Toro  Napo- 
litane.  in  su  la  proximo  fiera  di  Fuligni  per  la  valuta 
d'altrrtante  recrvute  qut  dal  magmjico  homo  meser 
Donato  da  Lrggi  quondum  meser  Priamo.  R pong  le 
per  not.  Iddio  da  mal  vi  guanli. 

V -istm  Paganino  da  Paganini  da  Rrest'ia. 

Hiis  ia  a form  given  by  Lucas  de  Burgo. 

3.  A messer  Ricardo  Pent  worth  genitlhnomo  Inglcse 
in  Londra. 

1 5 S3  a.  d*  4 Ottobrio  in  Venetia. 

A uso  pagardi  per  questa  pnma.  a messer  Gioran  da 
Mora  ddle  presente  la  tore  lire  vinticinque  r soldi  sedici 
de  sterlini  per  la  valuta  de  altri  tanii  per  lui  medestsmn 
qua  consignor  a r ponehli  a vostro  conto  che  Christo  vi 
csnsrrri  sevondo  it  drsiderio  vostro. 

Andre p Dolphino  dal  hanrho  vostro  servitor. 

This  form  is  given  by  Tartaglia.  and  is  addressed  to 
bis  friend,  pupil,  and  patron,  to  whom  the  first  part  of 
bis  work  is  dedicated. 

With  respect  to  the  form  and  wording  of  these  bills, 
very  few  remarks  are  necessary.  The  debtor  and  cre- 
ditor side  of  an  account  are  always  designated  by  per 
and  a.  Uso,  or  usansa,  means  the  customary  time  in 
different  cities  between  the  acceptance  and  payment  of 
the  bill,  varying  from  ten  days  to  three  or  four  months, 
according  to  their  distance  or  the  facility  of  communi- 
cation ; the  first  of  these  hills  is  remarkable,  as  furnish- 
ing an  example  of  a bill  drawn  in  Italian  at  Bruges 
for  acceptance  in  Spain*;  a proof  that  it  had  become 
the  universal  language  of  commerce.  The  laws  of  all 
commercial  towns  gave  extraordinary  power  to  the 
holder  of  a protested  bill,  which  had  been  refused  ac- 
ceptance, or  payment,  l>y  the  drawer,  upon  the  person 
and  goods  of  the  drawer ; and  the  consequence  was, 
that  such  bills  were  considered  the  best  of  all  securities 
for  a debt  which  was  not  real ; this  circumstance,  and 
the  wish  to  evade  the  denunciations  of  the  church 
against  the  practice  of  usury,  will  account  for  the 
origin  of  the  other  two  species  of  exchange,  which  we 
shall  now  proceed  to  notice. 

(22 1 .)  A wishes  to  Ikxtow  300  ducats  of  B;  B selects  a 
place,  Lyons  for  instance,  where  the  exchange,  from  the 
balance  of  trade  at  that  period  of  the  year.  Is  very  low, 
**T  <*'**t*  for  tt  mnrk  of  . r receives  a 

bill  of  exchange  directed  to  an  imaginary  person  at 
Lyons,  directing  him  to  pay  5 marks  to  the  holder,  at 
the  rate  of  exchange  at  the  fair  of  AH  Saints,  when  he 

rn'ornlww"/  * /!r*f*ry  *"**nh*mt  i the  *ork  eoataaw  a 

,^-1*  ■**  of  tha  council  of 
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knows  that  it  is  the  highest,  say  75  ducats ; the  ball  Ifcatwy. 
is  of  course  protested,  returned,  and  A mast  pay  B 
345  ducats,  with  all  the  charges  incurred ; such  ex- 
change was  called  cambw  secco,  and  was  dearly  a me- 
thod of  avoiding  the  penalties  and  discredit  of  usury. 

Tartaglia  has  illustrated  this  species  of  exchange  by  Practised  ia 
a practice  which  was  very  common  in  Italy,  and  which  » certain 
places  the  poverty  of  the  farmers  in  a very  striking  *rnM5  ,ba 
light ; the  interval  between  harvest  ami  seed-time  in  that  [*T,m  °* 
country  is  very  considerable,  and  it  generally  happened 
that  the  farmers  were  compelled  by  their  poverty  to 
dispose  of  the  whole  of  their  produce  before  that  period 
arrived ; the  consequence  of  thin  forced  market  was, 
that  the  price  of  com  was  very  low  immediately  after, 
and  very  high  immediately  before  the  harvest ; under 
these  circumstances  they  were  compelled  to  borrow  the 
seed-corn  upon  condition  of  replacii^r  an  equal  quan- 
tity, or  paying  the  price  of  it  in  the  month  of  May. 

The  cases  are  dearly  analogous,  and  show,  in  a very 
remarkable  manner,  the  inconveniences  occasioned  by 
any  interference  with  the  regular  trade  in  money,  aad 
the  extraordinary  expedients  which  were  commonly  re- 
sorted to  for  tlie  purpose  of  gaining  an  exorbitant  in- 
terest, which  could  not  have  been  the  case  had  moderate 
usury  been  sanctioned  by  custom  or  by  law. 

(222.)  Cambio  Jittaiio,  called  by  the  French  change  Cxmbw 
feint , or  adulter  in,  when  A sells  goods  to  B for  time  on  fiuitio. 
this  condition,  that  in  case  the  payment  is  not  made 
wh**  «!•— . k*  afcaU  k»  hjr  a kill  of  exchange,  as 

in  cambio  secco,  reserving  to  himself  the  efioio.  of  place 
and  time.  It  is  hardly  necessary  to  observe,  that  such 
practices  were  of  the  kind  which  Pacioli  characterises 
as  commendable  in  the  sight  of  neither  (iod  nor  man. 

The  more  rapid  and  secure  communication  which 
takes  place  between  different  places  in  modem  tiroes, 
and  the  many  channels  through  which  bullion  may  be 
transmitted,  have  materially  lessened  those  extreme 
fluctuations  in  the  course  of  exchange,  which  were 
formerly  so  common  and  bo  certain,  and  in  which  these 
fictitious  exchanges  originated. 

The  preceding  account  of  the  terms  used  in  ex- 
changes, which  occur  so  frequently  in  Italian  and  other 
books  of  Arithmetic,  is  all  that  is  requisite  for  our 
present  history  ; we  dare  not  venture  upon  their  modem 
use,  history,  and.  still  less,  theory,  a subject  of  vast 
extent  and  difficulty  ; and  vre  shall  proceed,  therefore, 
to  the  notice  of  another  subject  of  purely  Italian  origin, 
the  method  of  Book-keeping  by  Double  Entry. 

(223.)  This  method  of  book-keeping  has  been  ex-  Italian 

gained  in  great  detail,  in  a distinct  chapter  by  Lucas  de  hook-ksep- 
urgo,  and  is  certainly  one  of  the  most  refined  inventions  '"** 
which  could  be  deviasd  to  prevent  the  confusion  which 
would  otherwise  arise  in  the  registering  of  complicated 
mercantile  transactions ; and  though  some  improve- 
ments have  been  introduced  In  later  times,  as  far  as 
regards  brevity  and  compactness,  yet  in  all  essential 
points  the  system  remains  unchanged.  A few  words 
will  be  sufficient  to  explain  the  general  principle  of 
this  method,  particularly  as  distinguished  from  the  more 
obvious  method  of  recording  accounts,  which  is  called 
Book-keeping  by  Single  Entry. 

(224.)  In  the  latter  of  these  methods,  there  is  merely  Principle  of 
required  a memorial  of  occurrences  in  the  order  of  time,  book-keep- 
with  a ledger  in  which  the  names  of  all  the  parties  between  "j*  by  *m" 
whom  transactions  take  place  are  entered,  with  u CQlf7« 
alphabetical  index  of  reference ; the  debtor  and  creditor 
accounts  of  each  party  being  arranged  on  the  two 
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Arithmetic,  opposite  page*,  which  are  presented  at  one  opening, 
— thr  first  on  the  right  hand  and  the  second  on  the  left  ; 

there  is  only  one  entry  of  each  transaction,  which  b 
either  debtor  or  creditor;  such  a method  enables  us  to 
balance  the  accounts  of  each  party,  but  presents  no 
register  by  which  the  state  of  the  stock  in  trade 
and  the  balances  of  capital  and  cash  can  be  at  once 
ascertained,  without  a separate  and  independent  inves- 
tigation. 

Principle  of  (225.)  In  book-keeping  by  double  entry,  three  books 
book -seep*  are  required,  the  t paste  book  or  memorial , the  journal, 
bif  cai  ^0'1'  #nt*  the  ledger.  This  method  differs  from  the  former 
e eatrj.  c|,jcf|y  jn  making  cash,  stock,  goods,  Ac.,  parties  as  well 
as  persons,  and  in  making  a debtor  and  creditor  account 
in  every  transaction ; thus,  if  doth  is  sold  to  A,  A is 
made  debtor  to  doth,  and  cloth  creditor  to  A ; If  cash 
is  received  from  B,  cash  is  made  debtor  to  B,  and  B 
creditor  to  cash ; and  in  every  case  the  party,  whether 
animate  or  inanimate,  which  receives  is  debtor  to  that 
which  pays,  and  conversely.  A double  entry  is,  there- 
fore, requisite  in  every  transaction,  and  a balance  may 
at  any  time  be  struck  between  things  as  well  as  persons; 
and  in  order  to  avoid  the  confusion  which  would  arise 
in  a direct  transfer  of  accounts  from  the  memorial  to 
the  ledger,  before  the  proper  relation  of  debtor  and 
creditor  in  each  transaction  are  distinctly  ascertained 
and  recorded,  they  are  first  entered  in  the  order  of  time 
in  the  journal,  in  the  same  form  in  which  they  must 
appear  in  the  ledger. 

Qialifici-  (22fl.)  Lucas  de  Burgo  prefaces  his  account  of  Italian 
k°0k-kccP,rm  by  an  enumeration  of  the  proper  qualifi- 
•ecordtngto  C®**°ns  and  qualities  of  a merchant.  As  he  had  passed 
D»  liu/go.  the  greatest  part  of  his  life  in  a city  of  noble  merchants, 
and  saw  at  the  head  of  the  government  of  his  own 
country  a family  which  had  risen  by  commerce,  it  is 
very  natural  that  he  should  have  entertained  the  highest 
respect  for  a character  and  profession  which  not  only 
led  to  wealth  hut  to  public  honours  ; so  high,  indeed,  was 
the  general  estimation  of  the  merchants  of  Italy  for 
honour  and  integrity,  that  the  simple  affirmation  ala  ft 
<Tun  rad  mcrcatante,  or  by  the  faith  of  a true  mer- 
chant, was  considered  one  of  the  roost  solemn  that 
could  be  made  ; and  so  numerous  were  the  accomplish- 
ments which  were  deemed  necessary  for  him  to  possess, 
that  it  became  a common  and  proverbial  saying,  “ that 
it  required  more  points  to  make  a good  merchant  than 
to  make  a doctor  of  laws.”  Considering,  indeed,  the 
various  accidents  and  dangers  to  which  he  is  exposed 
by  sea  and  land,  in  times  of  peace  and  plenty,  of  war 
and  scarcity,  of  pestilence  and  disease,  and  on  so  many 
other  occasions,  if  he  possessed,  like  Argus,  a hundred 
eyes,  they  would  not  be  sufficient.  His  proper  emblem 
is  the  cock,  that  watchcih  by  night  and  by  day,  in 
summer  and  in  winter ; so  watchful  and  so  constant 
ought  his  vigilance  to  be,  always  remembering  the 
maxim  of  the  laws,  vigilantibus  el  non  dormientibus 
* uhcrmunl  jura,  as  well  as  the  declarations  of  the  holy 
church  and  of  Scriptures,  that  the  crown  it  promised  to 
him  that  uxdcheth.  He  should  fear  no  fatigue,  uniting 
with  his  labour  the  practice  of  piety  and  charity,  trust- 
ing to  the  truth  of  the  adage,  nec  carilas  opts,  nec  mista 
minuit  Her,;  to  all  these  moral  qualifications,  on  which 
the  good  old  monk  enlarges  with  such  apparent  delight, 
it  is  requisite  that  be  should  unite  others  of  a more 
worldly  nature  ; he  must  possess  a sufficient  capital  in 
money  or  in  goods  ; be  a ready  and  expert  reckoner ; 
and  possess  the  power  of  registering  all  his  transactions 


in  a dear  and  beautiful  order,  so  that  he  may  at  once  History, 
become  acquainted  with  them  by  reference  to  his  books; -v—— ' 
for  the  proverb  which  says,  ttbi  non  est  ardo  ibi  at  con- 
fvsio,  which  it  true  on  all  other  occasions,  is  more  par- 
ticularly so  ia  the  case  of  mercantile  affairs. 

(227.)  Of  the  books  which  are  requisite  for  a merchant,  Inveotano, 
the  first  is  the  inventario,  or  inventory  of  all  his  possess- 
ions and  goods  of  every  description.  The  following  is  a 
specimen  of  the  mode  in  which  it  was  headed  : In  the 
name  of  God , on  the  8/A  of  November,  1494.  at  Venice. 

Here  follows  the  inventory  of  me  M.  N.  of  the  street  of 
the  Holy  Apostle ; written  with  my  own  hand,  of  all  my 
goods,  moveable  or  i mmoveabie.  debts,  credits,  Sfc.  whtdi 
1 possess  in  the  world  oh  this  present  day.  It  then 
proceeds  to  enumerate,  with  the  utmost  minuteness,  all 
his  money  in  gold  and  silver,  in  coins  of  different 
descriptions,  lands  houses,  gardens,  orchards,  sotxide 
de  besiutmi,  stock  of  all  kinds,  debts,  credits,  bills  of 
exchange,  Ac.  It  was  sometimes  usual  to  copy  the 
heads  of  this  inventory  iulo  other  books,  which  were 
used  in  the  conduct  of  mercantile  affairs,  which  we 
shall  now  proceed  to  notice. 

(22B.)  There  are  three  books  which  were  necessary 
for  this  purpose,  the  memoriale,  giornale,  and  quaderno ; 
the  first,  called  sometimes  vacehefta,  squartafoglio,  or 
squartafaccia,  little  cow,  crooked  leaf,  or  crooked  face , 
from  its  rumpled  appearance  when  old,  corresponds  to 
the  waste  book  of  our  merchants,  and  contained  an  Memorials 
aauuui  of  all  iiannactionn  in  thr  order  of  time,  parti- 
cularizing el  chi,  el  che,  el  qitando,  el  dove,  the  whom, 
the  what,  the  when,  the  where,  in  the  most  minute 
manner,  so  that  not  an  tote  of  the  transaction  may  be 
omitted  which  may  be  requisite  to  make  it  fully  under- 
stood ; inasmuch  as  al  mrreante  le  ehiarerte  mai  furors 
Iroppo,  a merchant  cannot  have  too  many  explanations 
which  tend  to  give  greater  dearness. 

(2 29.)  The  second  book  was  the  giornale,  where  the  GLoreale. 
transactions  are  entered  from  the  memoriale  in  the  order 
of  time,  and  arranged  in  the  form  of  debtor  and  cre- 
ditor, preparatory  to  their  being  copied  into  the  qua- 
derno ; debtor  is  signified  by  per,  and  creditor  by  A ; 
and  the  two  entries  with  reference  to  them  are  separated 
by  two  lines,  thus  1 1.  There  are  two  terms  which  are 
of  frequent  occurrence  in  these  entries,  eassa  and  cave - Csss*  anj 
dale,  which  it  may  be  requisite  to  explain ; the  first,  cavedale. 
which  was  transferred  from  designating  the  money  box 
to  its  contents,  corresponds  to  our  own  term  cadi,  and 
denotes  the  stock  of  money  in  hand  ; the  second  must 
be  translated  stock,  and  denotes  the  whole  stock  in 
trade,  ( monte  e corpo  di  facuUa  o di  tutlo  tl  trajtco.) 

The  first  in  Italian  book-keeping,  properly  so  called, 
was  never  made  creditor,  the  second  never  debtor , 
contrary  to  the  usage  of  modern  times. 

(230.)  The  last  and  most  important  book  was  the  qua - Quodwnow 
demo,  or  ledger,  into  which  the  entries  of  the  giornale  were 
transferred  in  the  names  or  designations  of  the  several 
parties,  whether  animate  or  inanimate,  there  being  always 
two  entries  for  each  transaction,  one  per  and  the  other  A. 

It  commenced  with  the  alfabeio,  repertorio  or  trovardlo, 
called  in  Tuscan  stratlo,  and  was  ruled  with  as  many 
vertical  lines  as  were  requisite  to  contain  the  different 
denominations  of  money  or  goods  which  were  required 
to  be  registered  ; the  first  page  contained  the  cash 
account ; when  slock  was  debtor,  the  general  term 
cavedale  was  used  ; when  creditor,  the  entry  took  place 
under  the  head  of  the  particular  goods  which  were 
concerned  in  the  transaction  ; the  milesimo,  or  date  of 
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Arithmetic,  the  year,  was  put  at  the  top  of  each  page ; the  month 
s— and  day  in  each  separate  entry. 

The  same  transactions  were  recorded  in  the  same 
memorial e,  giomale,  and  quademo ; and  to  denote  their 
connection  with  each  other,  they  were  all  signed  with 
the  same  letters,  A,  B,  &c.  The  first  set  of  these  books, 
however,  were  generally  marked  with  the  sign  of  the 
cross  ; that  glorious  sign  from  which  all  our  spiritual 
enemies  fly,  and  at  the  sight  of  which  the  whole  host  of 
Ml  most  justly  trembles;  and  were  called  memorials 
croci,  giomale  croci , and  quaderno  croci.  In  some 
places  it  was  customary  to  authenticate  the  memorials 
before  proper  officers  appointed  for  that  purpose;  a 
most  laudable  and  excellent  practice,  well  calculated 
to  prevent  disputes  and  frauds,  as  the  authenticity  of 
the  Other  books  must  be  determined  from  it. 

(231.)  The  author  then  proceeds  to  explain  the  mode 
of  recording  and  entering  the  accounts  of  different  trans- 
actions, whether  baratti , of  all  their  different  species, 
whether  simple,  compound  or  for  time  ; compagne, 
whether  personal,  or  what  the  French  call  en  comman- 
dite, where  money  alone  or  goods  are  contributed ; 
conti  di  botega,  or  accounts  of  traffic  in  detail,  whether 
conducted  in  person  or  intrusted  to  another  ; accounts 
with  banks,  which  were  then  established  in  Venice, 
Genoa,  Bruges,  Antwerp,  and  Barcelona  ; of  mercantile 
journeys  or  royages,  where  separate  books  must  be 
kept,  the  principal  ones  being  left  at  home  ; of  bills  of 
exchange  and  transactions  connected  with  them,  with  th** 
notice  of  the  expense  incurred  in  the  salaries  of  factors 
and  servants,  in  the  ordinary  maintenance  of  the  house- 
hold, as  well  as  of  extraordinary  expenses  incurred  for 
gaming,  pastimes,  amusements,  and  pleasures  of  dif- 
ferent kinds,  which  are  not  properly  included  under 
any  kind  of  ordinary  expenditure. 

(232.)  Various  directions  are  likewise  given  about  the 
mode  of  striking  a balance,  whether  general  or  particu- 
lar, and  of  transferring  the  accounts  from  one  ledger  to 
another;  as  also  of  extracting  a balance  sheet  con- 
taining the  summa  summarunu  Every  merchant  is 
likewise  recommended  to  keep  un  libro  dc  pagamenti, 
or  book  of  payments ; un  libro  de  recordanse,  or  memo- 
randum book ; and  likewise  to  copy  into  a separate  book 
all  letters,  whether  received  or  sent,  which  notice  any 
circumstance,  the  particulars  of  which  the  regular  books 
cannot  register ; the  necessity  also  of  making  no  change 
in  the  books  is  repeatedly  and  strongly  enforced,  and  if 
an  error  is  detected  it  must  be  entered  as  a distinct  item 
in  the  ledger ; in  short,  no  precaution  is  omitted  which 
is  requisite  to  give  perfect  distinctness  to  the  recording 
of  mercantile  transactions,  however  complicated  they 
may  be. 

(233.)  If  we  consider  the  extent  and  influence  of  Italian 
commerce,  extending  to  every  country  in  Europe,  Asia, 
and  Africa,  which  was  at  that  time  known,  in  most  of 
which  Italian  agents,  factors,  hankers,  and  money 
changers  were  established,  it  is  natural  to  suppose,  that 
this  system  of  book-keeping  should  be  generally  adopted, 
recommended  as  it  was  by  those  whose  experience  and 
superior  progress  in  the  arts  of  life  gave  authority  to 
their  opinions  and  practice  ; we,  consequently,  find  this 
method  described  in  a work  written  by  8 merchant  of 
Nuremberg,  named  Gottlieb,  in  1531.  In  1543,  Hugh 
Oldcastle,  a schoolmaster  of  London,  wrote  a work  on 
the  subject,  which  was  afterwards  published  in  an  im- 
proved form  by  James  Peele  in  1569,  with  the  follow- 
ing title : A Brief e Instruction  how  to  keep  Books  of 
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Accounts,  after  the  order  of  Debtor  and  Creditor,  and  Hvstarr- 
as  writ  for  proper  Accounts,  Partible,  8fc.  by  three — v- — ' 
Books , named  the  Memorial l,  Journal,  and  Ledger. 

(234.)  Beckmann  has  given  an  account  of  a work  of  Work  of 
Stevinuson  Italian  book-keeping,  written,  in  1606,  for  his  Sievimuon 
patron  Maurice,  Prince  of  Orange,  and  dedicated  to  the  . * 

great  Duke  de  Sully,  who  had  introduced  it  in  the  ac- 
counts  of  the  finances  of  France  under  Henry  IV.  It  was 
translated  into  Latin  by  Willebrod  Snell,  who  has  lati- 
nized the  modem  terms  with  considerable  elegance  and 
ingenuity.  Book-keeping  is  called  A pologistica,  or  Apo- 
logitmus  ; the  book-keeper , Apologista ; the  memorial, 
or  waste  book,  is  liber  deletitius ; the  ledger,  codex 
accepti  impensique ; the  cash  book,  area  Hi  liber ; book 
of  expenses,  impensarum  liber ; the  profit  and  loss 
account,  lucri  damnique  ratiocinium,  contentio  ecu 
comparatio  sortium  ; the  final  balance,  epilogismvs  ; 
and  the  counting-house,  logjslerium.  In  connection 
with  the  subject  of  the  names  which  are  commonly 
given  to  those  books,  we  may  observe,  that  the  Italian 
term  quaderno  is  of  unknown  derivation;  and  the  re* 
mark  may  be  extended  to  our  own  word  ledger,  so  Different 
variously  written  at  different  periods  of  our  language,  foe 
though  many  derivations  have  been  given ; it  is  called 
by  the  French  grande  livre,  and  by  the  Germans 
hauptburh,  or  head  book,  to  express  its  great  im- 
portance. The  existence  of  so  many  independent 
names  proves  that  ledgers  were  used  for  registering 
in  i hour  «-nunLrjrs  long  before  the  Italian 
method  was  known ; as  it  would  otherwise  have  been 
hardly  possible  to  have  adopted  the  system  without  also 
borrowing  its  entire  nomenclature. 

(235.)  It  is  not  our  intention  to  proceed  farther  with  Modem 
the  notice  of  the  books  on  this  subject,  which  have  been  work*  <m 
written  in  such  great  numbers  by  merchants  and  others,  d*  wbject. 
and  by  whom  the  method  itself  has  been  modified,  from 
time  to  time,  to  suit  the  wants  and  purposes  of  modern 
commerce.  Amongst  the  best  of  these  we  may  mention 
the  system  published  by  Malcolm  at  Edinburgh,  in 
1728,  and  by  John  Mair  of  Perth,  in  1737.  In  the 
year  1796,  an  accountant  of  Bristol,  of  the  name  of 
Jones,  published  a work,  bv  subscription,  on  book- 
keeping by  single  entry,  witfi  double  money  columns, 
for  the  purpose  of  showing  that  it  might  be  made,  by 
certain  modifications,  equally  efficient  with  the  system 
of  double  entry,  and  that  it  was  essentially  more  simple. 

This  attempted  innovation,  however,  was  the  cause  of  a 
considerable  controversy,  and  was  closed  by  a pamphlet 
of  Mr.  Mill,  who  showed  by  reducing  the  waste 
book  of  Mr.  Jones  to  a journal  and  ledger,  according 
to  the  old  method,  that  his  system  was  essentially  and 
unavoidably  defective. 

(236.)  The  rule  for  Alligation,  as  well  as  that  of  Po-  Alligation 
sition,  is  of  eastern  origin,  and  appears  in  the  Lildeati , in  *• 
though  tinder  a somewhat  limited  form;  it  is  there  called 
suverna-ganita,  or  compulation  of  gold , and  is  applied 
generally  to  the  determination  of  the  fineness  or  touch 
of  the  mass  resulting  from  the  union  of  different  masses 
of  gold  of  different  degrees  of  fineness.  The  questions 
mostly  belong  to  alligation  medial,  and  are  of  tho  fol- 
lowing kind  : 

“ Parcels  of  gold  weighing  severally  ten,  four,  and  two 
mdshas,  and  of  the  fineness  of  thirteen,  twelve,  eleven, 
and  ten  respectively,  being  melted  together,  tell  me 
quickly,  merchant,  who  art  conversant  with  the  compu- 
tation of  gold,  what  is  the  fineness  of  the  mass?  If 
the  twenty  mdshas  above  described  be  reduced  to  six- 
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Arithmetic,  teen  by  refining,  tell  me  instantly  the  touch  of  the 
v-**'  purified  mass?  Or,  if  its  purity  when  refined  be  sis* 
teen,  prithee,  what  is  the  number  to  which  the  twenty 
mdaha*  are  reduced  ?’* 

Statement : 

Touch  13  12  11  10 

Weight 10  4 2 4 

Products  130  48  22  40 

The  sum  of  the  products,  240,  divided  by  the  sum  of  the 
weights,  20,  gives  the  fineness  after  melting,  which 
is  12. 

Alter  refining,  the  weight  being  16,  the  touch  is  15  ; 
the  touch  being  16,  weight  is  15. 

“ Eight  imUha*  of  ten,  and  two  of  eleven  by  the 
touch,  and  six  of  unknown  fineness,  being  mixed  to- 
gether, the  mass  of  gold,  iny  friend,  became  of  the 
fineness  of  twelve  ; tell  the  degree  of  unknown 
fineness  ?*' 

Statement  : 10  11 

8 2 6.  Fineness  of  the  mixture,  12. 

From  12  X 16,  or  168,  subtract  8 x 10  and  2x11, 
the  remainder,  90,  divided  by  6 gives  15  for  the  degree 
of  the  unknown  fineness. 

Example  in  (237.)  The  following  is  the  only  question  given  in 
alligation  illustration  of  the  rule  called  Alligation  alternate  : 
ukenuua.  H Two  ingots  of  gold,  of  the  touch  of  16  and  10 
respectively,  being  mixed  together,  the  weight  became 
of  the  fineness  of  12 ; tell  me,  friend,  the  weight  of 
gold  in  both  lumps  ?” 

Rule.  The  following  is  the  rule  which  is  given : *'  Subtract 

the  effected  fineness  from  that  of  the  gold  of  a higher 
degree  of  touch,  and  that  of  the  otic  of  the  lower  de- 
gree of  touch  firora  the  effected  fineness  ; tell  me,  friend, 
the  weight  of  gold  in  both  lumps  ? The  differences, 
multiplied  by  an  arbitrarily  assumed  number,  will  be 
the  weights  of  gold  of  the  lower  and  higher  degrees  of 
purity  respectively.” 

Statement:  16  10.  Fineness  resulting,  12. 

If  the  assumed  multiplier  be  1,  the  weights  are  2 and 
4 mdt/uu  respectively ; if  2,  they  are  4 and  8 ; if 
they  are  1 and  2 : thus,  manifold  answers  are  obtained 
by  varying  the  assumption. 

Extent  to  (238.)  This  rule,  though  perfectly  distinct  and  clear,  is 
which  the  formed  for  the  case  of  two  quantities  only,  and  there  is  no 
Luo»rri*to  appearance  of  its  ever  having  been  applied  to  a greater 
the  Hindoo*  nu,n^>eri  it  involves,  however,  the  principle  of  the  rule 
which  is  now  used,  recognises  the  problem  as  unlimited, 
and  shows  in  what  manner  an  indefinite  number  of 
answer*  may  be  obtained.  The  extension  of  the  rule  to 
any  number  of  quantities,  though  not  an  easy  step,  in  a 
stale  of  the  mathematical  sciences  when  the  generali- 
zation of  principles  and  methods  were  little  sought 
after  and  rarely  practised,  was  yet  incomparably  more 
so  than  the  invention  of  the  rule  itself,  even  under 
if*  most  limited  form  ; it  is  for  this  reason  that  we 
feel  compelled  to  ascribe  the  chief  honour  of  this  rule 
to  the  arithmeticians  of  Hindostan. 

Its  Arabic  (239.)  It  was  this  latter  rule,  under  a more  general 
name.  form,  that  was  denominated  Sekia  by  the  Arabians,  a term 
meaning  adulterous,  inasmuch  as  it  is  not  content  with 
a single,  and,  as  it  were,  legitimate  solution  of  the 
question.  It  was  sometimes  called  Ceeca  by  the  Ita- 
lians, who  appear  to  have  known  nothing  further  of 
the  word  than  its  Arabic  origin  ; and  it  constitutes  the 
alligation  alternate  of  modern  books  of  Arithmetic. 
It  may  be  as  well,  for  greater  clearness,  to  state  alge- 
braically the  nature  of  the  problems  which  arc  proposed 
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for  solution  by  means  of  it,  and  also  to  prove  the  truth  Hi*uwy. 
of  the  process. 

(240.)  Let  a,  bt  c represent  the  several  prices,  degrees  Algebraical 
of  fineness,  or  other  common  quality  of  the  several  in-  stat**ncnt  of 
gradients  ; it  is  required  to  find  quantities  x,  y,  and  : of lh* 
each,  so  that  the  common  quality  of  the  compound  may  ££ 
be  denoted  by  d. 

The  equations  which  represent  the  conditions  of 
the  problem,  are 


a x + by  + c z = m <f’>  (1) 

x + y + r =r  m J (2) 


or,  eliminating  m, 

(a—  d)  x + (6  — d)  y + (e  — d)  x = o,  (3) 
which  is  nn  equation  of  condition,  which  must  he  satis- 
fied in  all  coses. 

The  value  of  m,  therefore,  makes  no  alteration  in  the 
relative  values  of  x,  y,  and  :,  which  must  be  assigned 
from  equation  (3) ; and  the  assignation  of  it  can  only, 
therefore,  in  a certain  sense,  be  said  to  limit  the  indc- 
termination  of  the  problem. 

If  the  quantity  of  one  of  the  ingredients  be  assigned, 
if  z = k,  for  instance,  then  the  equation  (3)  becomes 

(a  — d)  x + (&  — d)  y + (c  — <0  lc  = o.  (4) 

In  this  case,  the  values  of  x and  y must  be  determined 
absolutely,  so  as  to  satisfy  this  equation ; and  those  values 
must  satisfy  another  equation  of  condition,  which  is, 
x + y = m — k.  (4) 

If  m be  also  assigned,  the  determination  of  x and  y is 
complete,  when  there  are  only  three  ingredients. 

The  problem  becomes  more  limited  if  x.  y,  and  z are 
concrete  quantities,  negative  values  of  which  would 
admit  of  no  meaning  ; and  still  more  so,  if,  in  addition, 
those  values  are  likewise  required  to  be  integral;  under 
such  circumstances  there  may  be  no  answer  to  the  ques- 
tion, or  at  most  but  a limited  number  of  them. 

In  alligation  alternate , the  only  limitation  is  in  the  Different 
price  of  the  compound  : in  alligation  total,  there  is  a 
limitation  both  of  the  price  and  quantity  of  the  com- 
pound  ; in  alligation  partial  there  is  a limitation  of  the 
quantity  of  one  of  the  ingredients,  and  of  the  price  of 
the  compound : in  alligation  medial , the  price*  and 
quantities  of  all  the  ingredients  are  given  to  find  the 
price  of  the  compound,  and  the  problem  is,  of  course, 
determinate. 

(24 1.)  The  arithmetical  rule  for  all iga  ting  the  quantities  Pronf  of 
in  the  three  first  cases  is  the  same,  and  the  accuracy 
the  result  may  he  readily  shown  by  exhibiting  the  pro- 
cess and  the  result  in  algebraical  symbols. 

Let  the  prices  or  quality  of  the  several  ingredients 
be  deuoted  by  u 4 -<*,«  + b,  n — a\  u — b',  and  that 
of  the  mixture  by  u;  to  find  the  quantities  of  each, 
which  arc  requisite  to  produce  a compound  of  this 
price  or  quulity  ? 

We  will  unite  them  in  three  different  ways : 

1.  I u+fl\  b 


u + 

• , ) 
it  — a s 


I »t  — hf  s'  a 

The  quantities  of  each  ingredient  in  their  order 
being  V.  a1,  6,  cr,  it  is  clear  that  the  sum  of  the  pro- 
ducts of  these  quantities  into  their  prices,  ought  to 
be  equal  to  the  product  of  the  quantities  into  their 
mean  price ; thus. 
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Aritimttie.  6'  (u  + a)  + d («  + 6)  *f  b (u  — </)  + «*  (u  —60 
ss  (a  + 6 + o'  + 6')  t*  + a 6'  + o'  6 — o'  6 — a bf 

r (a  + i f o'  + i')  “• 


a'  (u  + a)  + 6'  (u  + 6)  + a (u  -o')  + 6 («  — 60 
= (a  + 6 + fl'  + 6/)“  + a«/  + 6 6'  — aa'— 6 6' 
= (a  +•  6 + a'  + 60  u 
3.  With  double  ligatures 

w +•  a ^ a'  *f  6' 


+ 6' 


this  gradual  refinement,  which  they  in  common  tended  Binary, 
to  produce,  was  designated  by  the  common  term  con - v ' 

solar e.  In  later  times  it  was  applied  to  silver  as  well 
as  gold,  and  still  more  generally  to  the  common  union 
of  these  metals  with  copper. 

(243.)  The  fineness  of  gold  was  estimated  by  so  many  Mode  of 
carat*,  or  parts  of  24,  whilst  that  of  silver  was  esti-  sstoiatiaf 
mated  by  ho  many  light,  or  parts  of  12.  The  metals 
used  in  composition  with  them  in  coins  were  silver  and 
copper,  in  the  case  of  gold ; and  copper  only,  in  that  of 
silver : the  ba*er  metal  in  both  cases  being  esteemed 
of  no  value  with  reference  to  the  other.  The  noble 
metals  were  called  Fired,  inasmuch  as  they  did  not 
waste  during  the  process  of  refinement.  We  shall 
give  a few  examples  connected  with  this  subject. 

A person  mixes  9 ounces  of  gold  of  18  carats  fine.  Examples. 
10  of  20  carats  fine,  and  1 1 of  22  carats  fine ; to  find 
the  fineness  of  the  mixture? 

A person  mixes  9 marks  of  silver  of  9 light  of  fine- 
ness, 13  of  6 light,  and  14  of  10  light ; of  w hat  ligha 
is  the  mixture  ? , 

I subject  82  ounces  of  gold  of  16  carats  fine  to  the 
fire  for  refinement,  and  draw  out  only  72  ounces  ; of 
what  degree  of  fineness  is  it? 

Tins  is  a common  Inverse  rule  of  Three  question. 

Given  different  species  of  silver  of  9, 8, 5 light,  respec- 
tively ; in  what  proportions  must  we  mix  ( conaolarcmo ) 

60  lbs.,  so  that  the  compound  may  be  of  6£  light  ? 


In  this  case,  the  several  Ingredients  are  respectively 
the  sums  of  those  which  were  determined  by  the  single 
ligatures,  and,  of  course,  therefore  answer  the  condi- 
lions  of  the  question  ; or  it  may  be  shown  as  follows : 

(a  + 60  (u  + a)  + (*+60  (it +6)  + (a +6)  (u-a0 
+ (<*  + 6)  (u  - 6') 

= 2 . (a  + b + o'  4-  6')  u + (tf  + 6')  (a  + i) 

— (a  6)  («'  + 6*) 

= 2 { o'  -f  6'  4-  a + 6)  v. 

For  ailigs-  In  alligation  total,  the  quantity  of  each  ingredient 
lion  to>al.  thus  determined  must  be  increased  or  diminished  in 
the  proportion  of  the  sum  of  the  ingredients  deter- 
For  alii  pa*  mined  to  the  ram  required:  in  alligation  partial,  they 
lion  partial  mttst  be  altered  in  the  proportion  of  the  quantity  of 
the  ingredient  determined  to  that  which  is  required. 

In  no  case,  does  the  rule  attempt  to  determine  all 
the  answers  of  the  question,  and  in  the  two  last  cases, 
it  only  gives  as  many  as  can  arise  from  variation  of  the 
ligatures. 

Meaning  of  (242.)  The  earlier  Italian  writers  on  Arithmetic,  in 
ti.«?  term  imitation  of  the  practice  of  their  Arabian  masters,  have 
t zh fjiare.  confined  the  application  of  this  rule  almost  entirely  to 
questions  connected  with  the  mixture  of  gold,  silver, 
and  other  metals,  with  each  other.  This  union  was 
designated  by  the  term  exmsolare , which  probably  ori- 
ginated in  the  dreams  of  astrologers  and  alchemist*  : 
Sccondo  che  VOgHono,  wiys  dc  Burgo,  li  astronomi, 
dei  iionno  li  pianrti  ccUttiali  detti  : per  la  rirtu  e ordi- 
nation*  che  da  Dio  ricevano  kanixo  li  driti  dri  met  alii 
a generate  e productre.  Pero  che.  la  tuna  product  e 
genera  argento  morto : t lo  sole  genera  f oro.  Dell: 
altri  metalli  sc  tad.  It  appears  from  hence,  that  it 
was  considered  the  peculiar  province  of  the  sun  to 
produce  and  generate  gold  ; and  as  the  process  of  the 
alchemists  in  transmuting  the  baser  metals  into  gold 
was  supposed  to  be  under  the  influence  of  the  sun, 


The  answer : 

34  lbs.  3 oz.  10  gr.  + of  5 light. 

12  lb*.  10  oz.  10  gr.  -f-  of  8 light. 

12  lbs.  10  oz.  10  gr.  + of  9 light. 

A parish  ( communilt 1)  wish  to  found  (gitlare)  a bell, 

composed  of  5 metals,  and  the  hundred  pounds  weight 
of  the  basis  cost  16  lire , of  tbc  second  18,  of  the  third 
20,  of  the  fourth  27,  and  of  the  fifth  31.  The  whole 
weight  of  the  bell  is  2325  lbs.,  and  it  casts  468 
lire,  5 soldi.  What  portions  of  each  metal  did  they 
use? 

The  following  is  the  form  under  which  the  ligatures 
are  made  by  Tartaglia : 


16  ,18  , 20  , 27  , 31 
JO  fi  R 3 2 


The  price  of  the  mixture  is  21  lire  the  hundred 
pounds  ; and  the  quantities  of  each  are,  or  may  be,  in 
the  proportion  of  the  numbers  10,  6,  6,  3,  2. 

A person  has  five  kinds  of  wheat,  worth  54,  58,  62, 
70,  76  lire  the  staro  respectively  ; what  portion  of  each 
must  be  taken,  so  that  the  sum  may  be  100  staro,  and 
the  price  of  the  mixture  66  lire  the  staro  ? 

The  following  are  different  solutions  of  this  question  * 
1st,  In  the  proportion  of  the  numbers  10,  4,  10,  8, 
16. 
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macopolists  to  classify  medicine*  according’  to  their  History, 
degrees  of  heat  or  coldnau,  moisture  or  drynau.  The  W -v'—' 
*o»le  for  this  purpose  was  adapted  to  the  scale  of  the 
nine  digits,  the  middle  of  which  was  temperature,  as 
follows  :• 


Indices. 

9 

8 

7 

6 

5 

4 

3 

2 

1 


Degrees.  ' 


§ 

0 

1} 


Qualities  hot  and  dry. 
Temperature. 

Qualities  cold  and  moist. 


The  solution  of  the  question  will  stand  therefore  as 
follows : 


3dlv.  In  the  proportion  of  the  numbers  14,  14,  14, 
24,  24. 


54 

58 

68 

70 

76 

10 

10 

10 

12 

12 

•1 

4 

4 

8 

8 

— 

— 

— 

4 

4 

14 

14 

14 

24 

24 

1 

3 

1 


3 + 1 


2 


Tartaglia  has  given  two  other  solutions  of  this  ex- 
ample, arising  from  a different  arrungement  of  the 
ligatures. 

Knarepln  Supple  Qiere  are  five  simples.  A.,  B,  C,  D,  E,  whose 
JJJJtV  . qualities  are  ns  followeth,  vis.  A is  hot  in  3°,  B is  hot 
medicines.  *n  C is  hot  in  1°,  D is  cold  in  1°,  E is  cold  in  3°  ; 

it  is  required  to  mix  four  ounces  of  B with  such  quan- 
tities of  the  rest,  so  that  the  quality  of  the  medicine 
may  be  temperate  ? 

It  was  the  custom  of  the  older  physicians  and  phar- 


Tlie  numbers  1,3,  1, 4,  2,  will,  therefore,  answer  the 
question.  The  number  b is  sometimes  called  the 
emergent  of  the  composition. 

The  following  is  a more  elaborate  example  of  the 
composition  of  a medicine  called  Dianlhut , taken  from 
Parkinson's  Herbal , which  is  declared  to  be  of  a fine 
temperature  or  temperament,  that  is,  somewhat  more 
than  a degree  in  heat,  and  somewhat  less  than  a degree 
in  dryness  ; in  this  case  a zero  is  taken  as  the  repre- 
sentative of  temperature. 


Ingredients. 

Quantities. 

Qualities. 

but.  colil.  lilt  dry. 

Products. 

Rosemary  flowers. . 

...24 

X 

2 — 0 — 0 — 2 

48  — 0 — 0 — 48 

Ilcd  rosea  

...  18 

X 

o — 1 — 0 — 1 

0 — 18  — 0 — 1H 

Violets 

...  18 

X 

o _ 1 — 2 —0 

0 — 18  — 30  — 0 

Licorish  

. .„  18 

X 

1 —0—1—0 

18  — 0 — 18—  0 

Cloves  

...  4 

X 

3 — 0 — 0 — 3 

12—  0—  0 — 12 

Indian  spikenard  . . 

...  4 

X 

1 —0—0—2 

4 — 0—  0—  8 

Nutmegs 

...  4 

X 

2—0— 0—2 

8 — 0 — 0 — 8 

Galonga  

...  4 

X 

3 — 0 — 0 — 3 

12—  0—  0—12 

Cinnamon 

...  4 

X 

2 — 0 — 0 — 2 

8 — 0 — 0—  8 

Ginger  

...  4 

X 

3 _ 0 — 0 — 3 

12  — 0—  0—12 

Zedoary 

...  4 

X 

2 — 0 — 0 — 2 

8 — 0—  0 — S 

Mace 

...  4 

X 

2 — 0—0  — 2 

ti  — 0 — 0 — 8 

Wood  of  aloes  .... 

...  4 

X 

2 — 0 — 0 — 2 

8 — 0 — 0 — 8 

Cardamoms 

...  4 

X 

3 — 0 — 0 — 3 

12—  0—  0—12 

Aniseeds  

...  4 

X 

2 — 0 — 0 — 1 

8 — 0 — 0 — 4 

Dillseeds  ........ 

...  4 

126 

X 

2 — 0 — 0 — 3 

8 — 0 — 0 — 12 
174  36  54  178 

5$:  Ihiln  of 
Single  »nd 
Double 
Position. 


Hot.  Cold. 

174  — 36  = l = 1 Hot 
Dry.  Moist. 

178  — 54  = 444  = M* 

(244.)  The  rules  of  Single  and  Double  Position  are 
ahoongat  the  most  celebrated  in  Arithmetic,  and  were  ge- 
nerally discussed  by  the  older  writers  with  great  diffuje- 


ness,  in  consequence  of  their  furnishing  the  solutions  of 
a vast  number  of  questions,  which  would  otherwise  have 
required  the  aid  of  Algehra.  It  may  conduce  some- 
what to  the  clearness  of  some  of  the  details  waich 
follow,  if  we  first  &tate,  in  an  algebraical  form,  the  prin- 
ciples upon  which  these  rules  are  foul  dod. 


• John  Dee's  M*lAem»l*caI  Prefect  to  E*chd. 
8*2 


+ 
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Arithmetic.  (245.)  Single  position  includes  those  questions,  in 
which  there  is  a result  which  is  increased  or  diminished 
suwment**  'n  *a,nc  proportion  with  an  unknown  quantity  which 
of*Uieir°  '*  proposed  to  be  determined : of  this  kind  are  all 
principles,  questions  which  at  once  resolve  themselves  into  the 
Single  equation 

position.  or  = ffl.  (1) 

Kule.  The  process  is  as  follows  r assume  a value  of  x,  such 

as  xf,  and  let  the  result  corresponding  to  it  be  m't  or,  ill 
other  words,  let 

a x — m' ; 

we  from  hence  get, 

x m in  x 

x'  ~~  m ' m' 

or  it  i*  must  multiply  the  first  result  by  the  position,  and 
divide  by  the  new  result  corresponding  to  it. 

Double  If,  however,  the  question  is  proposed  in  such  a 

rotation.  manner,  that  the  result,  which  is  a function  of  the  un- 

known quantity,  does  not  increase  in  the  same  propor- 
tion with  the  increase  of  that  quantity,  or  if  it  rcsolvca 
itself  into  an  equation  of  the  form, 

a x + b =r  m,  (2) 

we  must  then  make  two  positions,  or  hypotheses,  for 
the  unknown  quantity  ; let  the.se  be  d and  x,\  and  let 
the  corresponding  error*  be  <?  and  or,  iu  other  words, 
let 

a / + 5 = m + e 


In  the  system  of  equations.  History 

a x -f-  b y = rn  (5) 

o x 4 p y = p.  (6) 

If  we  assume  x'  for  the  value  of  x , and  determine  the 
value  of  y corresponding  to  it  from  equation  (5),  wc 
shall  find, 

a d + b y'  r=  m 

«j'+0y‘  = j*  + *. 

When  the  error  / is  clearly  the  same  as  if  we  had  first 
solved  equation  (5)  with  respect  to  y,  and  substituted 
the  value  thus  found  in  equation  (6)  : in  other  words, 
the  error  is  the  same  as  if  we  had  commenced  by  re- 
ducing (he  system  of  equations  to  a single  equation  of 
the  form 

Ax  + B = p. 

The  same  reasoning  is  clearly  applicable  to  any 
system  of  equations  containing  more  than  two  un- 
known quantities,  where  the  error  resulting  from  an 
erroneous  assumption  of  the  value  of  one  of  them 
necessarily  shows  itself  in  the  result  of  one  only  of  the 
equations : of  this  kind  are  the  equations, 
a x + b y = m 
b'  y 4 c x = n 
d x -f  d u = r 
<fa  + a'r  = i. 


a x"  4 b rr  m + e”, 

we  from  hence  get 

a (xf  — x)  = d 

a ( r — x")  — d — 

which  gives 

d -d'  ✓ 


and  also 


~r'~  - 

e s'  - ee 
~ <>  - e 


(*) 

«) 


Rules.  The  results  (3)  being  translated  from 

algebraical  into  common  language,  shows  that  the  diffe- 
rence of  the  errors  w to  the  difference  of  the  positions , 
an  the  first  error  it  to  the  di  fference  of  the  first  position 
and  the  quantity  required , a rule  which  is  frequently 
used  by  De  Burgo  nnd  Tartaglia. 

The  second  (4)  gives  the  common  rule,  that  the 
product  of  the  first  error  into  the  second  potation,  dimin- 
ished by  the  product  of  the  second  error  into  (he  first 
position,  and  the  result  divided  by  the  difference  of  the 
errors,  gives  the  quantity  whose  value  is  required. 

Of  course  this  rule  must  be  modified  according  to 
the  signs  of  the  errors,  whether  both  positive  or  both 
negative,  or  one  positive  and  the  other  negative,  and 
conversely : the  sums  being  taken  in  the  latter  case, 
where  the  differences  are  taken  before. 

Applied  to  It  is  not  necessary  that  the  question  should  at  once 
wlth'twT  rc*°*ve  into  an  equation  of  the  form  (2),  in  order 

mow  un-  that  may  come  within  the  operation  of  tins  rule  ; if  by 

known  means  of  any  simple  or  obvious  reduction,  or  by  the 

(puni'iiM,  solution  of  the  intermediate  equations,  where  there  are 

more  unknown  quantities  than  one,  it  can  be  brought 
to  a form  in  which  the  value  of  a function  of  the  un- 
known quantity  of  the  form  a x + b is  given,  it  is 
equally  resolvable  by  means  of  it. 


If  we  assume  x'  as  the  value  of  x,  determine  succes- 
sively the  corresponding  values  of  y,  z,  and  u,  from 
the  three  first  equations,  the  error  of  the  hypothesis 
appears  only  in  the  last  equation,  which  becomes 
tf  u'  + a'  x?  = s 4 d. 

A second  hypothesis  gives  a second  error,  which  com- 
bined with  the  first  and  the  two  positions,  gives  the  true 
value  of  x,  precisely  in  the  same  manner  as  if  we  had 
begun  by  reducing  the  four  equations  to  one  of  the 
form 

A x 4 B = ». 


The  preceding  investigations  include  every  rule  Oiber 
which  has  ever  been  used  for  the  solution  of  such  n,!** 
questions  in  books  of  Arithmetic.  It  would  be  easy 
to  form  rules  for  the  solution  of  systems  of  equations, 
by  making  distinct  hypotheses  for  all  the  unknown 
quantities  : thus,  in  the  two  equations, 
ax- f b y — m 
a X + Py  = ft. 

If  wc  assume  x'  and  y"  for  x and  y,  we  shall  get 
a x*  + 6 y*  = m + e 


«*'  4-  fit/  = a 4 f» 


from  whence  we  readily  find 
x'  — x — 


Pr-bf 
a fi  — a b 


v’ 


if  - af 


It  is  very  easy  to  reduce  these  results  into  Arithmeti- 
cal rules  \ but  as  the  rules  which  are  thus  formed 
would  be  less  simple  than  those  which  arise  from  the 
formula*  for  the  direct  algebraical  solution  of  the  equa- 
tions, it  is  clearly  unnecessary  to  notice  them  further. 
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Arithmetic,  particularly  as  they  would  find  no  application  in  the 
illustration  of  the  methods  which  are  found  in  books 
of  Arithmetic. 

f Rule  of  (246.)  The  rule  of  single  position  is  the  only  one 
single  paii-  which  is-  found  in  the  I.ildcaii,  where  it  is  called  Iahta- 
tiwiio  the  carman,  or  operation  with  an  assumed  number;  we 
J.'iAiuti.  grjve  a few  examples  from  it,  which,  however,  pre- 

sent nothing  very  remarkable  beyond  the  peculiarities 
in  the  inode  in  which  they  are  expressed. 

Example*  Out  of  a heap  of  pure  lotus  flowers,  a third  part, 
a fifth,  a sixth,  were  offered  respectively  to  the  gods 
Siva,  Vishnu,  and  the  Sun,  and  a quarter  was  pre- 
sented to  Rhavani ; the  remaining  6 were  given  to 
the  venerable  preceptor.  Tell  me  quickly  the  whole 
numbers  of  flowers  ? 

Statement : known,  6. 

Put  1 for  the  assumed  number  ; the  sum  of  the  frac- 
tions i,  f,  4,  •;,  subtracted  from  one,  leaves  rJv  ; divide 
6 by  this,  ami  the  result  is  120.  the  number  required. 

Out  of  a swarm  of  bees,  one-fifth  part  of  them 
settled  on  the  blossom  of  the  cadamba , and  one-third 
on  the  flower  of  a silind'hri ; three  times  the  difference 
of  those  numbers  flew  to  the  bloom  of  a cutaja.  One 
bee,  which  remained,  hovered  and  flew  about  in  the 
air,  allured  at  the  same  moment  by  the  pleasing  fra- 
grance of  a jasmin  and  pandanus.  Tell  me,  charming 
woman,  the  number  of  bees  ? 

Statement : ^ ; known  quantity,  1 ; assumed, 

SO. 


Derived  by 
ih*  It  iltan 
writer*  on 
Arithmetic 
from  the 
Arabs. 


Examples 
from  be 
Burgo. 


A fifth  part  of  the  assumed  number  is  6,  a third  is 
10,  difference  4 ; multiplied  by  3 gives  12,  and  the  re- 
mainder is  2.  Then  the  product  of  the  known  quan- 
tity by  the  assumed  one,  being  divided  by  the  remainder, 
shows  the  number  of  bees  1 5. 

The  following  question  is  from  the  Manoranjana: 

The  third  part  of  a necklace  of  pearls,  broken  in 
amorous  struggle,  fell  to  the  ground  ; its  fifth  part 
rested  on  the  couch,  the  sixth  part  was  saved  by  the 
wench,  and  the  tenth  part  was  taken  up  by  the  lover; 
six  pearls  remuined  strung.  Say  of  how  many  pearls 
the  necklace  was  composed  ? 

Statement:  bl,  bV*{  remained,  6.  Answer,  30. 

(247.)  The  Italian  writers  on  Arithmetic  derived  the 
knowledge  of  these  rules  immediately  from  the  Arubiuns, 
designating  them  by  the  Arabic  name  El  Cataj/m , or 
Htleaiaym. . Ccutumasi,  says  Lucas  de  Burgo,  in 
la  practica  de  Arithmetic  a solversi  molte  e varie  ques- 
tioni  per  certa  regota  ditta  A calaym.  Quale  (secot tdo 
alcuni ) £ vocabulo  Arabo.  E in  nostra  lingua  tona 
quanto  che  a dire  regola  delle  due  faUe  posit  io  nu  The 
questions,  proposed  by  him  and  by  Tartaglia,  are  in 
immense  variety,  including  every  case  of  single  and 
double  position  ; and  the  rules  which  are  given  for  this 
purpose,  are  such  as  would  immediately  result  from 
the  algebraical  formula?  given  above.  A few  examples 
will  be  sufficient  to  illustrate  the  form  of  the  process 
which  they  followed: 

A person  buys  a jewel  for  a certain  number  of 
Jiorini,  I know  not  how  many,  and  sells  it  again  for 
50.  Upon  making  his  calculation,  he  finds  that  he 
gains  3;  soldi  in  each  Jtorino,  which  contains  100  soldi. 
I ask  what  is  the  prime  cost? 

Suppose  it  to  cost  any  sum  you  choose ; assume  30 
Jiorini,  the  gain  upon  which  will  amount  to  100  soldi , 
or  1 Jtorino:  \ added  to  30  makes  31;  and  you  say 
that  it  makes  50  between  capital  and  gain  ; the  position 
is  therefore  false,  and  the  truth  will  be  obtained  by 


saying,  if  31  in  capital  and  gain  arises  from  a mere  History, 
capital  of  30,  from  what  sum  will  50  arise.  Multi-  v'— v-^” 
ply  30  by  50,  the  product  is  1500  ; divide  it  by  31,  the 
result  is  4SfcJ.  and  so  much  1 make  the  prime  cost  of 
the  jew  el. 

The  above  is  a translation  of  the  account  given  by 
Dc  Burgo,  of  the  first  question  which  he  has  proposed 
on  this  subject. 

Three  persons  have  coins  of  the  same  kind  and 
value ; the  second  has  twice  as  many  as  the  first,  and 
4 more : the  third  as  many  as  the  first  und  second  to- 
gether, and  6 more  ; and  the  whole  number  is  44  ; how 
many  had  the  first  ? 

Suppose  the  number  8,  then  the  second  has  20,  and 
the  third  34  ; their  sunt  is  62,  and  the  error  is  18,  which 
is  plus , or  piu.  Again,  the  first  had  6,  then  the  second 
has  16,  and  the  third  28  ; the  sum  is  50,  and  the 
second  error  is  6,  which  is  also  plus  or  piu. 

Consequently,  - - — - ^ **  X 5,  which  is  the 

18  — 6 

true  answer. 

The  following  is  the  scheme  which  is  given  hy  De 
Burgo,  which  will  require  no  explanation  after  the  pre- 
ceding statement. 


48 

108 

p°.  8 

veritas  5. 

6 2*.  p*. 

20^ 

" 16 

»34 

>><< 

28 

18^ 

12 

6 

error. 

dria  error. 

2rf"  error. 

Onde  levate,  says  the  author,  che.  sono  le  diffe- 
rent ic,  dice  el  comtnun  proverb io,  le  parte  stanno  in  pace. 

Siche  tu  vedi  per  dei  jaUitd  como  siamo  perxenuti  a la 
veritil.  E quest o e quello  che  diceta  A.  H.  cr  falsis 
re  rum : es  veris  nil  nisi  rerum. 

The  following  question  admits  not  of  translation  : 

Una  matta  de  grue  volano  per  airi  r passan  sopra  un 
logo : dove  una  sta  soltaqua : e sente  quelle,  gridare 
Grugru  ; let  disse  sete  voi  la  su.  La  guida  r expose.  Noi 
siamo  /ante  che  con  altre  tantc  e con  la  mila  de 
t ante  e con  teco  in  conto,  siamo  cento  di  ponto.  Do- 
mando  quasi  te  erano  quAli  che  volevano  ? 

This  is  one  of  a multitude  of  questions  which  were  Q”!*1*0?* 
proposed  for  amusement  and  pastime,  und  which  were  r*^?0**^ 
calculated  to  attract  notice  by  the  singularity  of  the  meBC  aati 
terms  in  which  they  were  expressed,  or  by  presenting  jmtim*. 
something  remarkable  in  the  conditions  which  they  in- 
volved. Tartaglia  says,  that  such  questions  were  fre- 
quently proposed  as  puzzles,  by  way  of  dessert  at  enter- 
tainments, and  has  mixed  up  with  his  other  questions 
on  single  position  a large  collection  of  such  answers 
commonly  proposed  for  this  purpose.  This  practice, 
however,  does  not  appear  to  have  originated  in  Italy, 
as  there  are  some  circumstances  which  would  make  us 
refer  them  to  the  Greek  arithmeticians  of  the  IVth  and 
Vth  centuries,  and  probably  even  to  an  earlier  period. 

If  the  half  of  5 were  3,  of  whut  number  would  5 be 
the  quarter?  or  if  4 were  6,  what  would  10  be? 

De  Burgo  has  noticed  other  questions  of  this  kind. 


* 
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AiithiMtu;.  whidi  are  only  remarkable  for  the  violation  of  the  pro- 
priety  of  language.  The  remark  which  he  subjoins, 
shows  that  there  were  bucks  in  Italy  as  well  as  in  other 
countries,  and  that  the  old  monk  felt  a malicious 
pleasure  in  posing  them,  by  the  proposition  of  such  ques- 
tions. In  si  mil  rosa,  says  he,  tiamo  siati  in  dis- 
puiatione  in  pin  luoghi  di  Ilulia  con  molti  chc  si  ten- 
go  no  cervi  c al  bisogno  non  saltan  troppo. 

The  following  questions  are  taken  from  tlie  name 
author  and  Tartars,  and  will  show  the  extent  to 
which  these  roles  were  applied  by  them. 

Questions  Two  persons  go  to  a fair,  and  the  first  says  to  the 
from  Tar*  second,  how  many  ducats  have  you?  the  second 
t**1'*  “d  answered  and  aaid,’  if  I had  30  of  yours,  1 should  have 
Bur?°-  m many  as  you  ; and  the  second  answered  and  said,  if 
f had  30  of  yours,  I should  have  twice  as  many  as  you : 
how  many  ducats  had  each  of  them  ? 

Tartaglia  has  given  upwards  of  twenty  questions, 
which  are  similar  in  principle  to  the  preceding. 

A schoolmaster,  speaking  of  his  sidiolars,  says,  if  I 
had  as  many  more,  and  half  as  many,  and  one  quarter 
as  many,  and  one-fif\h  as  many,  and  4 more,  I should 
have  240  ; what  number  had  he  ? 

Two  persons  wish  to  buy  a Turkish  horse  worth  120 
ducats,  but  neither  of  them  has  sufficient  money  to  pay 
for  him.  If  I had  4 of  your  money  in  addition  to  my 
own,  I could  just  pay  for  him  ; upon  which  the  second 
answered,  if  I had  ^ of  your  money  besides  my  own,  I 
could  also  pay  for  the  horse ; how  much  money  had 
each  ? 

A fisherman  sold  a sturgeon  which*  weighed  60 
pounds  to  three  persons,  tbe  head  to  one,  the  tail  to  the 
second,  and  the  body  to  the  third  ; the  head  weighed  V, 
the  tail  \ of  the  whole ; what  was  the  weight  of  the 
body  ? 

A gentleman  sends  his  servant  to  the  garden  of  a 
lord,  and  tells  him  to  go  to  the  gardener  and  buy  a* 
many  apples,  that  he  may  bring  back  one  to  his  lady  : 
he  goes  to  the  garden,  which  has  four  gates  with  four 
guards ; nothing  is  paid  on  entering,  but  ou  quitting 
the  gardens  you  must  pay  ^ of  the  whole  and  1 more 
at  the  first  gate,  £ of  the  remainder  and  2 more  at  the 
second,  of  the  remainder  and  3 more  at  the  third, 
and  £ of  the  remainder  and  4 more  at  the  fourth  : how 
many  must  he  buy,  so  as  to  bring  back  one  to  his  lady, 
(la  qutii  <*  gravida ) ? 

Indctenai-  A gentleman  asks  a shepherd,  what  number  of  sheep 
nate  pro-  be  had,  who  answered,  that  when  he  numbered  them 
bltms,  2 and  2,  3 and  3,  4 and  4.  5 and  5,  6 and  6,  there  re- 
mained 1 in  each  case,  bm  if  he  numbered  them  by  7 
and  7 there  remained  0 ; what  number  of  vheep  had  lie  ? 

This  is  an  indeterminate  problem,  which  Tartaglia 
solves  by  finding  the  least  common  multiple  of  9r  3, 
4,  5,  6,  which  is  60,  and  finding  amongst  the  multiples 
of  this  number,  increased  by  1,  those  which  were  divi- 
sible by  7 : of  this  kind  are  the  numbers  301.  721,  Sc. 

The  following  question  is  of  a similar  kind : bn 
gentiC  kuomo  incontrawdosi  can  un  contadmo.  chc  con- 
ducera  duni  sportoni  d t ori  sopra  una  eawtlla  a ana  ciftti 
a eendere,  t un  cavftllo  di  questo  gentil'  huomo  si  misse 
die  fro  a quest  a caralla , talmente  chc  gii  free,  rompers 
tut/i  qiidli  ovi : il  gentiF  huomo  non  rolendo  la  rovina 
di  quel  contadino  per  voter  gli  pagar  ti  ddh  ovi  gli 
adimanda  quanti  erano,  lui  gh  rrrpone  eke  non  sapeea 
quanti  Jbssero,  ma  eke  napna  ben  a numerar  li  a - a 2 
gli  nc  aoanzata  1 : simUmmle  nmmranddi  a 3 a 3 gli 
nc  avanzava  l e cosi  a 4 a 4 gH  aranzara  1 « 


eosi  a 5 a 5 gU  ne  aranzava  1 : il  medettimo  faceva  a History. 

6a  6,  e a 7 a7,  e a 8 a 8,  <r  a 9 a 9,  e 10  a 10;  ma 
numerandoli  poi  a 11a  11  mi  aranzava  0 : si  adimxmda 
quanti  erano  li  delli  ovi.  The  leant  number  which 
answers  the  question  is  $3201. 

A workman  undertook  to  finish  a piece  of  work  in 
16  days,  and  another  workman  undertook  to  do  it  in  20 
days  ; in  what  time  will  they  do  it  together  ? 

If  a person  ask  yon  how  many  Angels  there  are  in  i 

Paradise,  answer  that  there  are  three  hierarchies,  each 
consisting  of  3 orders,  and  each  order  of  6666  legions, 
and  in  each  legion  there  are  6666  Angela. 

The  answer  is  399920004,  which  secondo  la  opinion 
di  theologhi  sta  bene. 

A person  has  100  stara  of  wheat,  ami  a miller  haa  3 
mills,  one  of  which  would  grind  it  in  10  days,  the  other 
in  5,  and  the  third  jii  4 ; in  what  time  will  they  grind 
it,  all  working  together  ? 

Pour  apples  less  a danaro  are  equal  to  7 da  nan  less 
one  apple  ; whutds  the  value  of  one  apple  ? 

A labourer  undertakes  a piece  of  work,  upon  condi- 
tion of  receiving  10  soldi  for  each  day  that  he  works, 
and  of  paying  15  soldi  for  every  day  that  he  is  idle ; at 
the  end  of  20  days  the  wotW  is  finished,  and  he  receives 
only  15  soldi;  how  many  days  did  he  work,  and  how 
many  was  he  idle  ? 

(246.)  In  the  Greek  Anthologia  we  find  a collection  Q^wdoos 
of  arithmetical  problems,  the  greater  part  of  which  are 
attributed  to  one  Metrodoru*,*  most  of  which  are  of  statiPfiogi*. 
tbe  nature  of  thoee  questions  which  are  usually  resolved 
by  the  rules  of  position  ; it  is  impossible,  however,  in 
consequence  of  the  loss  of  all  the  Greek  arithmetical 
writers  subsequent  to  the  age  of  Diophautua,  to  discover 
any  traces  of  the  methods  which  they  made  use  of  for 
their  solution;  whether  these  methods  were  merely 
tentative  or  identical  with  the  rule*  of  position.  We 
will  give  a few  instances  ; 

1.  A at  pot  too  peat,  km  StwXmn  aov  yiropst, 

Kayeo  Xafimiv  aov  Til*  taat,  aov  icrparXovc 
Other  examples  are  given  of  problems  which  ore 
similar  in  principle. 

2.  The  following  refers  to  a bronze  lion  in  a fountain, 
from  the  mouth,  eyes,  and  heel  of  which  the  water 
flowed  : 

XnWst  tipi  \smfv,  Kpovrot  fejiiw  oh  par  n 
K«i  irrdua,  trap  is  Sera p be£nepoio  robot 
Il\70«  & *PVr')Pa  i*(*or  oppm 

Kai  Xator  rpiaoutr  so*  vtavpoaai  Scrap: 

ApKior  if  hi  pair  rXijatit  erouu , irt’  «Ja«  ram 
K al  mu*,  sal  yXqrut  sal  Scrap  rivi  roman. 

3. 

E ipraO'  ’H ptymvsui  rapeepttps'  rtpirror  *p*0oi, 
botrouirijr  rpiaawv  ol^tTai  oyioamr. 

4.  Tlie  following  possesses  some  interest,  from  it* 
connection  with  the  name  of  Diophantus: 

Opto*  rot  \«*p<nnnv  ign  eaifkos,  a p*y*  0s»p* 

Kal  ratpov  re  w'xrf  pdrpa  fii'vto  X«-/«4  : 

9 Exrtfr  KOfptgeir  fitorov  9rb\  wraae  poipijr 
A wleKOrijr  sriSrit  py\a  roper  yXoasiu"  , 

Trj  i'op  ctp’tjibopAtq  to  yapqXtor  fj^-aro  <^*-770r 
*E*  be  yaptor  re  pin  at,  Mtb'  ImWwW  tret, 

Af  at  tqXvytsow  bctXbr  tv*®*,  qptav  rarpot 

# Brunei,  Jntkvlogia,  vol.  il,  p.  477 . 


Digitized  by  Google  ■ 


A RITHMETIC. 


471 


Mtrpoy  tw  Kfn'fpo*  M«/»’  fiiorav. 

TlcuOox  i’av  wtxvpeair*  vmpip/opewv  »V«ii>?049 
TfCt  *»w  »otfkij  T'Pfl  svtpqoe  fii'ov. 

The  Epigram  on  the  burdens  of  the  mule  and  the  ass, 
which  has  been  so  frequently  quoted  by  writers  on  Arith- 
metic, w e shall  present  to  our  readers  in  tire  translation 
of  Philip  Melancthon  : 

Muter  ainttrtptr  itna*  impvnit  irmhu  utret 
Impltlm  l ino,  t>  v ucniqur  u t mdii  ateUmm 
Pundrre  drfrmmm  iitigia  paver e tarda 

Mm/m  rvguf  : Quid  char  a parent  cu  net  are  geruitque 
l ’tuna  ex  Mire  tiro  mmsitram  h mi  hi  redden 

Ihtp/trm  oner  it  tunc  ipta  feram  : ted  n tibi  trad  am, 

Vmam  memturam  Jiunt  eryuahu  utnifue 

Pondera  : mncmroM  die  docte  geomrtra  ittat. 

Rules  of  “*(249.)  Some  authors*  have  attributed  the  invention  of 
|k»iiioo  tine  rules  of  position  to  Dio]>hantu«,  though  it  is  impos- 
aitributed  siblelo  discover  upon  what  grounds.  It  is  most  probable 
authors  to  ™*  (i  reeks  were  hi  possession  of  some  method  of 

DiopliMtiu.  analyzing  and  solving  such  questions,  otherwise  it  is 
hardly  possible  to  conceive  that ‘they  should  have  been 
proposed  in  such  number  and  variety ; and  when  we 
consider  (he  nature  and  difficulty  of  the  problems 
solved  by  Diophantus,  in  those  parts  of  his  works  which 
remain  to  us,  we  should  be  fully  justified  in  supposing 
that  such  methods  were  known. 

Known  to  (250.)  The  Arabs  were  in  possession  both  of  the  rules 
ih« . Arabs,  for  double  and  single  position,  with  all  their  applica- 
drrivaTby*  (ions,  and  in  this  instance  had  advanced  far  beyond  their 
i twin.  Indian  masters ; and  when  we  consider  how  small  were 

the  additions  which  they  generally  mode  to  the  sciences 
which  passed  through  their  hands,  we  might  very 
haturally  be  inclined  to  suppose  that  their  superior 
knowledge  of  these  rales  was  derived  from  the  Greek 
arithmeticians.  There  is,  however,  a vast  gap  in  the 
history  of  the  sciences  after  the  time  of  Thcon,  and  it  is 
quite  impossible  to  trace  with  certainty  their  trans- 
mission to  the  Arabs,  or  to  ascertain  through  what 
channels  some  portions  of  Greek  Astronomy  at  least,  if 
not  of  other  sciences,  were  transmitted  to  the  Hindoos  : 
under  such  circumstances  we  must  rest  contented  with 
the  rare  and  obscure  hints  which  can  be  gathered  from 
the  writings  of  authors  who  flourished  between  the  Vllth 
and  the  Xllth  centuries,  who  had  access  to  many  arith- 
metical and  other  writings  which  have  perished  since 
that  time. 

Arithmsti-  (251.)  Amongst  the  earliest  and  most  remarkable  of 
Ca*  ^ese  **  our  illustrious  countryman  Bede,  amongst  whose 

tofods  works  there  is  a large  collection  of  treatises  on  diffe- 
tno*t  probi-  m,t  arithmetical  subjects,  as  well  as  many  others  De 
My  spurious  compulo  ccclesiatiico,  and  on  several  points  of  astrology 
and  astronomy : amongst  the  former  is  a collection  of 
a great  number  of  arithmetical  problems  and  puzzles, 
which  arc  extremely  interesting  under  any  circum- 
stances, as  the  apparent  originals  of  many  of  those 
which  appear  in  the  writings  of  the  Italian  arithmeti- 
cians, and  which  have  been  transmitted  regularly  down- 
wards as  stock  questions  to  the  authors  of  modem 
times.  We  once  felt  inclined  to  assign  them  a much 
earlier  origin,  and  to  suppose  that  they  had  been  copied 
by  Bede  from  the  works  of  the  Greek  arithmeticians, 
particularly  when  wc  observe  the  resemblance  between 
many  of  those  questions  and  such  as  are  found  in  the 
Greek  Jnthotogia.  A further  examination,  however, 
has  given  us  good  reasons  for  thinking  that  all  these 
treatises  are  the  production  of  a much  later  age ; 


• Gemma.  Frivu,  Arithmetic m Practice  Methodut  FacxUt,  1581 . 


amongst  others  which  aro  attributed  to  him,  is  one  de  History. 
numerorusn  djvmouc,  which  we  found  to  be  the  tdenU-  v_»-y 
cal  treatise  of  Gerbert,  with  his  prefatory  letter  to  Con- 
stantine, which  we  have  had  particular  occasion  to 
notice  above,  from  its  importance  in  the  controversy 
about  the  first  introduction  of  Arabic  numerals.  An 
extended  table  of  Pythagoras,  which  succeeds,  is  clearly 
the  production  of  the  same  author,  from  its  oounectiou 
with  the  methods  mentioned  in  the  treatiae  in  question 
for  the  multiplication  of  articulate  numbers.  In  the 
ratio  eydorvm  which  follows,  he  speaks  of  tlic  present 
year  774,  though  he  diet!  in  735  ; and  subsequently  in 
an  astrological  treatise,  De  PrtecostiUione  copue  et  pau- 
ptrtaiu  futurer , he  uotices  certain  conjunctions  and 
configurations  of  the  planets  which  threaten  ruin  to 
Serugaga  or  Seville  and  Cordubu,  and  famine  to  the 
Saracens,  at  least  a century  and  a half  before  those 
names  were  known,  and  the  whole  is  merely  an  extract 
from  a Spanish  calendar  of  the  Xiltli  or  XIHth  cen- 
tury. The  whole  treatise,  De  compulo  rerfaitutico,  as 
well  as  those  on  other  astronomical  subjects,  is  clearly 
the  production  of  a much  later  age ; in  short,  there  is 
so  great  a part  of  these  treatises  to  which  he  dearly  has 
no  claim,  that  it  is  quite  impossible  for  us  not  to  look 
upon  tlie  whole  as  either  spurious,  or  at  least  as  of 
very  doubtful  authority. 

The  fact  is,  that  the  formation  of  calendars,  and  the 
composition  of  treatises  De  compulo  ccclcsiastiro,  w as  a 

favourite  employment  of  the  more  learned  monks  in  the 
Xiltli,  XIII th,  and  XIVth  centuries,  and  it  wus  a 
common  practice  to  attribute  the  latter  to  some  cele- 
brated name : wc  have  calendars  of  Roger  Bacon 
without  number,  as  well  as  u treatise  of  this  nuture, 
though  it  is  nearly  certain  that  he  had  nothing  to  do 
with  the  one  or  the  other.  In  that  age  such  impos- 
tures were  easy,  and  were,  indeed,  considered  merito- 
rious, when  their  object  was  to  give  additional  honour 
to  a name  such  as  that  of  Bede,  so  intimately  con- 
nected with  the  glory  of  the  order  to  which  he  belonged. 

The  first  question  in  the  collection  would  alone  be 
sufficient  to  throw  considerable  doubt  upon  their 
authenticity. 

Lima j fuit  ab  hirudine  invitatus  ad  prandium  in- 
fra Itucam  unam  : in  die  aulem  non  potuit  plusquam 
ttnam  unriam  pedis  ambitlare.  Dicat  qui  vetit  in  quot 
aiuioiaul  dies  ad  idemprandium  ipse  limaj perambufarit. 

In  the  answer  to  the  question,  it  is  said,  that  the 
ieuca,  or  league,  consists  of  1 500  passu*,  and  each  patsus 
of  5 feet.  Now  it  is  very  doubtful  whether  the  leuca , 
or  league,  had  yet  become  a recognised  measure  in 
France,  and  it  is  still  more  doubtful  that  a Saxon 
monk,  residing  in  his  monastery  of  Lindisfarn,  should 
have  taken  such  a measure  in  preference  to  one  which 
was  sanctioned  by  classical  authority,  or,  at  all  events, 
familiar  to  the  persona  to  whom  his  writings  were  chiefly 
addressed. 

Though,  for  the  reasons  above-mentioned,  we  feel 
compelled  to  deny  these  questions  the  interest  and  im- 
portance which  they  would  possess  from  the  antiquity 
assigned  to  them,  yet  they  are  not  without  interest,  as 
proving  the  general  circulation,  and  even  the  antiquity, 
of  a set  of  very  curious  questions,  many  of  which  have 
been  familiar  to  ns  from  our  earlier  years.  We  shall 
mention  some  of  them  os  they  occur,  without  any 
particular  reference  to  the  subject  which  we  are  im- 
mediately discussing,  with  such  remark*  as  may  natu- 
rally arise  iu  connection  with  them. 


Arithmetic. 
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Arithmetic.  Two  men  drive  oven  on  the  same  road  : give  me 
v— two  of  yours,  says  the  first,  and  I shall  have  as  many 
from  Bed*  oxcn  as  you  » tb*  other  says,  give  me  two,  and  I shall 
have  twice  as  many  as  you  ; how  many  oxen  had  each  ? 

The  same,  or  nearly  the  same  question  is  given  above 
from  the  Anthologia. 

Qvidatn  senior  xalutavit  pverum  cui  dixit.  Viva* 
Jiti,  viva*,  inquit,  quantum  virixti  et  aliud  tantum  ft 
ter  tantum  addatque  tibi  Deux  unurn  dr  annix  mdx  et 
impleax  anna*  centum. 

• The  same  question  is  frequently  repeated  with  slight 

variations  in  its  terms. 

Quidam  cpixcopux  juxxit  12  pane*  in  clero  ditidi ; 
Pnecepit  enim  tic,  vt  ringvti  pmbyteri  binox  accipe - 
rent  pane*,  diaconi  dimidium,  lector  quart  am  partem, 
xta  tamen  ut  dericorum  et  pun um  idem  tit  mnnerus. 

Tartaglia  has  proposed  several  questions  which  are 
revolved  upon  the  same  principle  as  this.  Of  this 
kind  is  the  following: 

Eighteen  persons,  men,  women,  and  children,  cat  18 
pigeons ; the  men  two  each,  the  women  1,  and  the 
children  ^ of  one  ; what  number  of  men,  women,  and 
children  were  there  respectively  ? 

A father,  on  his  death  bed,  leaves  his  8 sons  30 
vessels,  10  of  which  are  full  of  wine,  10  of  them  half 
frill,  and  10  of  them  empty  ; in  what  manner  must 
they  be  distributed,  so  that  each  may  receive  an  equal 
quantity  of  wine  and  an  equal  number  of  vessels? 

If  wc  reduce  the  conditions  of  tills  question  to  equa- 
tions, we  shall  find 

ity+:  = 10  (1) 

*'  + »'  + * = 10  (2) 
x"  + yl  + *"  = 10  (3) 

x + x'  + x*'  s=  10  (4) 

y + y'  + y"  = 10  (5) 

X + *'  + X7'  = 10  (6) 

J +-f  = 5 (7) 

^ ~ - 5 (8, 


{x  = 5,  y = 0,  z = b 

y = 1,  y = 8,  X1  = l 

j*=  4,  y *=  2,  2"—  4 

{x  = 2,  y = 0,  z = 2 

J = 4,  J = 2,  v as  4 

y=  4,  y'rs  2,  **=  4 


Historj . 


The  following  three  questions,  given  by  Turtaglia, 
are  of  a similar  character  : 

A citizen  dying  leaves  27  vessels,  9 of  which  are  full 
of  wine,  9 half  full,  and  9 empty,  to  be  divided  in 
equal  number  and  quantity  between  three  monasteries ; 
namely,  of  Santa  Maria  dei  Canning  of  Santa  Maria 
della  Pace,  and  of  Santa  Maria  della  Consolatione ; 
how  must  they  be  distributed  ? 

Two  persons  robbed  a gentleman  of  a vessel  of 
balsam  containing  8 ounces,  and  whilst  running  away 
they  met  with  a glassman,  of  whom  they  purchased 
in  a great  hurry  two  vessels,  one  containing  5 ounces, 
and  the  other  3 ; they  ut  lust  reach  a place  of  secu- 
rity, and  wish  to  div  idc  their  spoil ; how  must  this 
be  done,  so  that  each  may  have  an  equal  portion  ? 

Three  persons  have  stolen  a vessel  of  balsam  con- 
taining 24  ounces,  und  have  three  vessels  containing 
5,  11,  and  13  ounces  respectively;  in  what  manner 
must  they  proceed  to  effect  the  distribution,  so  that 
each  may  get  an  equal  portion  ? 

The  difficulty  of  questions  of  this  kind  consists  in 
their  not  being  reducible  to  any  regular  analysis ; the 
conditions  to  which  they  are  subject  not  being  ex- 
pressible in  algebraical  language.  The  following  re- 
presentation will  show  one  of  the  sets  of  successive 
steps  which  must  be  taken,  in  order  to  get  an  answer 
to  the  question. 


Vessels 24 

13  . 

11 

5 

Successive  contents  8 

0 . 

11 

5 

0 

8 . 

11 

5 

16 

8 . 

0 

0 

16 

0 . 

8 

0 

3 

13  . 

8 

0 

3 

8 \ 

8 

5 

8 

8 . 

8 

. 0 

i + £-  = 5 (9) 

z 

The  combination  of  equations  (5)  (0)  (7)  with  (1) 
y(2)  (3),  givea 


2 


and  consequently  shows,  that  r =r  x,  2“  — x , z*  — x'\ 
or  that  each  must  have  as  many  empty  bottles  as  full 
ones ; but  it  is  evident,  as  well  from  the  nature  of  the 
question  os  from  the  equations  themselves,  that  the  values 
of  x,  y,  and  x*,  of  y,  y\  and  y",  and  of  z,  J,  and  2",  are 
interchangeable,  and  that  the  equations  are  not  indepen- 
dent of  each  other,  and  not  sufficient  therefore  for  the 
absolute  determination  of  the  unknown  quantities. 

There  are  two  sets  of  values  which  will  answer  the 
conditions  of  the  question. 


The  following  question  is  taken  from  Turtaglia: 
it  is  also  found  amongst  those  attributed  to  Bede, 
brothers  and  sisters  being  substituted  for  husbands  and 
wives. 

There  arr  three  men,  young,  handsome,  and  gallant, 
who  have  three  beautiful  ladies  for  wives,  who  arc  all 
jealous,  as  well  the  husbands  of  the  wives  os  the  wives 
of  the  husbands  : being  ncigbours,  they  go  in  com- 
pany to  visit  a shrine  where  indulgences  are  granted, 
and  it  happened  that  on  their  journey  they  have  to 
pass  a broad  river,  with  neither  a bridge  nor  passage 
boat ; by  good  fortune,  however,  they  find  on  the  bank 
a very  small  boat,  which  can  take  no  more  than  two 
at  a time ; in  what  manner  must  they  pass,  so  as  to 
give  rise  to  no  suspicion  of  jealousy? 

If  A,  B,  C represent  the  husbands,  and  a,  b,  c their 
respective  wives,  then  a and  b pass  first,  b returns  and 
takes  over  c,  c returns  und  remains  with  C,  when  A and 
B go  over  to  a and  b,  A returns  with  a,  and  A and  C 
pass  over  to  their  wives,  c returns  and  brings  back  a, 
B returns  and  brings  back  b : they  then,  says  Tartaglia, 
attaccano  il  navello  alia  ripa  e tc  ne  r anno  tutti  a 
braccio  a braccio  con  U sue  donne  at  tuo  ciaggio  tutti 
aUegri  t grtoxi. 
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Arithmetic.  Tartaglia  proposes  the  same  question  with  4 hus- 
Wy  bands  and  4 wives,  and  the  same  method  may  clearly 
be  adopted  for  passing  any  number  of  them,  without 
violating  the  conditions,  if  it  be  allowed  that  the  hus- 
band can  protect  his  wife,  or  the  wife  her  husband. 

The  following  arc  questions,  similar  in  principle 
though  not  in  form,  which  appear  in  Bede,  and  which 
have  likewise  been  frequently  copied  by  other  authors, 
probably  from  some  common  work. 

A person  is  carrying  a wolf,  a goat,  and  a bundle  of 
vetches,  and  meets  with  a river,  which  he  can  only  pass 
in  a small  boat,  and  which  will  only  hold  himself  and 
one  of  the  other  three ; how  must  he  contrive,  so  that 
the  wolf  may  be  kept  from  the  goat,  and  the  goat  f rom 
the  vetches? 

A man,  his  wife,  each  a waggon  load,  and  their  two 
children,  whose  joint  weight  is  equal  to  that  of  the 
father  or  mother,  have  to  pass  a river  in  a boat  which 
can  only  bear  the  weight  of  a waggon  load ; how 
must  their  passage  be  effected? 

Other  questions  arc  of  a very  trifling  kind,  being 
little  more  than  a play  upon  words. 

Bo*  qui  iota  die  aratur , quol  vestigia  facial  in 
ultima  rtgd  ? 

Of  the  same  kind  are  the  two  following  questions 
from  Taring!  ia: 

Uno  ciltadinoha  un  solo  cap  ret  to  etc  ne  truol  donar  u no 
per  uno  at  padre  e uno  al Jtgltuolo ; dimando  came  fa  ri 1 ? 

Uno  cittadino  ha  3 fasani , li  qualt  eorria  donar  a 
duoi  padri  e duoi  Jigtiuoli  e dargline  uno  per  uno  ; 
dimando  come  ttii  farh  ? 

Other  questions  relate  to  the  degrees  of  relationship 
which  result  from  the  Issue  of  extraordinary  marriages. 

Si  duo  homines  ad  incicrm  alter  alleriu*  sororem  in 
eonjugium  sumpsermt : die  (rogo)  qua  propinquitate 
- Jilii  eorum  xitr  peril n cant  ? 

Si  reliclam  ret  r iduam  et  Jtliam  UUu*  in  conjvgium 
ducant  pater  et  jtttVl,  tic  tamen  ut Jilius  acdpial  matrem 
et  paler  JUiam  : Jilii  qui  ex  hi*  ficrinl  procrcati  die 
(quifso)  quail  cognation*  subjvgantur  ? 

DiiiulioM  (252.)  There  are  many  questions  proposed  about  the 
•f  number!  divination  of  a number,  when  the  result  is  given,  which 
data!  Cer'**°  arises  from  its  being  subjected  to  certain  modifications, 
from  additions,  multiplications,  Ac. 

Quomodo  divinandum  sit,  qua feria  tepfbnatur  quilibet 
homo  quamlibet  rem  feevtxet. 

A is  directed  to  double  the  number,  to  add  5 to  it, 
to  multiply  the  sum  by  5,  and  then  by  10,  and  to  give 
the  result : B,  wh'o  is  informed  of  the  operations  to 
which  it  has  been  subjected,  subtracts  250  from  it, 
and  the  number  of  hundreds  which  remain,  is  the 
number  required : in  other  words,  if  x be  the  number, 
2 /,  2 i + 5,  10  x + 25,  and  100  x + 250,  will  de- 
note the  successive  results  of  the  operations  performed 
upon  it ; and,  therefore,  (100  r -|-  250)  — 250  = 100  x, 
from  whence  the  answer  is  obtained. 

(253  ) Such  divinations  were  a souree  of  a very  popular 
species  of  pastime,  and  were  in  some  measure  equiva- 
lent to  the  solution  of  an  equation,  when  the  connection 
between  the  unknown  quantity  and  the  result,  which 
arose  from  certain  conditions,  was  previously  known. 
The  following  are  amongst  the  most  common  of  those 
which  are  found  in  Tartaglia  and  later  writers: 

Game  of  MIf  in  any  company,  says  Mellis,  “you  are  dis- 
the  rmj.  posed  to  make  them  merry  by  manner  of  divining,  in 
delivering  a ring  unto  any  one  of  them,  which  after  you 
have  delivered  it  unto  them,  that  you  absent  yourself 

vol,  I. 


from  them,  and  they  to  devise  after  you  are  gone.  History 
which  of  them  shall  have  the  keeping  thereof,  and  that 
you,  at  your  retume,  will  tell  them  what  person  hath  it, 
upon  what  hand,  upon  what  finger,  and  what  joint. 

Which  to  doe,  cause  the  persons  to  sit  downe  all  on  a 
rowe,  and  to  keepe  likewise  an  order  of  their  fingers; 
now  after  you  are  gone  out  from  them  to  some  other 
place,  say  unto  one  of  the  lookers  on,  that  be  double 
the  number  of  him  that  bath  the  ring,  and  unto  the 
double  bid  him  add  5,  and  then  cause  him  to  multiplie 
that  addition  by  5,  and  unto  the  product  bid  him  add 
the  number  of  the  finger  of  the  person  that  hath  the 
ring ; and,  lastly,  to  end  the  work,  beyond  that  number 
towards  his  right  hand,  let  him  set  downe  a figure,  sig- 
nifying upon  which  of  the  joints  he  hath  the  ring,  as 
if  it  be  upon  the  second  joint,  let  him  pul  dowoe  “2  , 
then  demand  of  him  what  number  he  keepeth,  from 
the  which  you  shall  abate  250  ; and  you  shall  have 
three  figures  remaining  at  least.  The  first  towards 
your  left  hand  shall  signifie  the  number  of  the  person 
which  hath  the  ring,  the  second,  or  middle  number, 
shall  declare  the  number  of  the  finger,  and  the  last 
figure  towards  your  right  band  shall  betoken  the  num- 
ber of  the  joint," 

If  x be  the  number  of  the  person,  y of  the  finger, 
and  2 of  the  ring,  then  the  course  of  the  process  gives 
successively  2 x,  2 x -f  5,  10  x + 25,  10  x + 25  + y, 

100  x + 250  + 10  y + r,  which,  diminished  by  250, 
gives  the  number  expressed  by  the  three  digits  x,  y, 

Three  persons  play  at  the  following  game:  one  of  Other 
them  must  form  a wish  which  should  be  chosen  em-  paws, 
peror,  which  king  of  France,  and  which  king  of  Naples  ; 
and  the  object  of  the  game  is,  that  a fourth  person 
should  be  enabled  from  certain  data  to  divine  upon 
whom  his  choice  had  fallen.  For  this  purpose,  give  to 
the  first  (say  Hannibal)  the  number  1,  to  the  second 
(Scipio)  the  number  2,  and  to  the  third  (Potnpcy)  3, 
and  tell  him  to  double  the  number  of  him  whom  he 
wishes  to  be  chosen  emperor ; add  5 to  it ; multiply 
the  gum  by  5,  add  to  the  product  the  number  of  the 
person  whom  he  wishes  to  be  kiug  of  France,  odd  10 
to  the  result,  multiply  by  10,  and  then  add  the  number 
of  the  person  whom  hr  wishes  to  be  king  of  Naples ; 
if  350  be  subtracted  from  the  lust  sum,  the  remaining 
digits  will  indicate  the  emperor  and  the  two  kings  in 
their  proper  order. 

In  this  case,  if  x be  the  number  of  the  emperor,  y of 
the  king  of  France,  and  e of  the  king  of  Naples,  then 
the  process  gives,  successively,  r,  2 x,  2 x + 5,  10  r + 

25,  10  x + 25  + y,  10  x + 35  + y,  100  x -f  350  + 

10  y,  and  100  x + 350  + 10  y •+■  r. 

A similar  question  would  be  amongst  three  persons 
who  have  secreted  three  articles,  such  as  a glove,  a 
purse,  and  a ring,  to  determine  by  whom  the  first  has 
been  taken,  by  whom  the  second,  and  by  whom  the  third. 

Another  pastime  described  by  Tartaglia  was  as  fol- 
lows: 

Three  persons  seated  round  a table,  upon  which  there 
are  19  balls,  and  also  a piece  of  gold,  a piece  of  silver, 
and  a piece  of  copper : in  the  absence  of  a fourth,  each 
person  takes  a coin  ; if  the  first  takes  the  piece  of  gold, 
he  also  takes  one  ball,  if  the  second  2 halls,  and  if  the 
third  3 ; if  the  first  takes  the  piece  of  silver,  he  take* 

2 balls,  if  the  second  4,  and  if  the  third  6 ; if  th«  first 
takes  the  piece  of  copper,  he  takes  also  4 balls,  if  the 
second  8,  and  if  the  third  12  ; the  absentee  upon  his  re- 
turn is  required,  from  the  number  of  bolls  which  remain, 
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Arithmetic,  to  assign  the  persons  who  hare  respectively  taken  the 
'•—■V-*''  three  coins. 

If  the  three  vowels,  a,  e,  o,  correspond  to  gold,  silver, 
and  copper,  respectively,  the  persons  will  be  indicated 
by  the  order  of  their  occurrence  in  the  following  words, 
according  as  1, 32,  8,  4,  5,  or  6 balls  remain  on  the 
table. 

1 2 3 4 5 6 

AW<iuor.  Belandcs.  Latrotw*.  Dochmate.  Ocrra*.  Reportant. 

14  12  22  12  186  426443  283 

(254.)  The  principles  upon  which  there  puzzles  and 

pastimes  are  founded,  will  show  how  easily  they  may  be 
varied  ; and  considering  how  much  they  were  employed 
for  the  purposes  of  popular  amusement,  and  how 
admirably  they  were  calculated  to  excite  the  surprise 
and  admiration  of  those  who  were  ignorant  of  the 
mode  in  which  they  were  formed  and  answered,  we 
may  naturally  expect  to  find  them  modified  in  a vast 
variety  of  forms,  llachet  de  Meziriac,  the  commenta- 
tor on  Piophantus,  was  the  author  of  a work  on  the 
subject  of  such  problems,*  containing  a collection  of 
all  that  were  known  in  his  time,  accompanied  by  de- 
monstrations anti  remarks,  which  in  many  cases  show 
uncommon  ingenuity  ; and  a still  greater  number  of 
them  may  be  found  in  the  Mathematical  Recreations  of 
Ozanam,  as  enlarged  by  Montucla.  Referring  our 
renders  to  their  works  for  further  information  on  this 
very  entertaining  subject,  we  shall  conclude  our  obser- 
vations relating  to  it,  with  a notice  of  the  problem  of 
the  Turks  and  Christians,  which  has  become  unusually 
celebrated. 

Problem  of  \ whip,  on  board  of  which  there  are  15  Turks  and 

15  Christians,  encounters  a storm,  and  the  pilot  de- 
dares,  that  in  order  to  save  the  ship  one-half  of  the 
crew  must  be  thrown  into  the  sea:  the  men  are  placed 
in  a circle,  and  it  is  agreed  that  every  ninth  man  must 
be  cast  overboard,  reckoning  from  a certain  point.  In 
what  manner  must  the  men  be  arranged,  so  that  the  lot 
may  fall  exclusively  upon  the  Turks  ? 

If  the  five  vowels  a,  e, i,  o,  i/,  represent  the  num- 
bers 1,  2,  3.  4,  5,  respectively,  the  rule  for  the  arrange- 
ment of  the  men  will  be  expressed  by  the  occurrence 
of  these  vowels  in  the  following  distich  or  rubric  : 

From  numbers'  aid  anil  art 
Never  will  fame  depart. 

The  vowel  o indicates  4 Christians. 


u 5 Turks. 

e 2 Christians, 

a 1 Turk. 

j 8 Christians. 

a 1 Turk. 

a 1 Christian. 

c 2 Turks. 

e 2 Christians. 

i 3 Turks. 

a 1 Christian. 

e ...... , 2 Turks. 

e 2 Christians. 

a ......  1 Turk. 


llachet  de  Meziriac  gives  the  following  rubric  : 

Mart  l»t  nr  falliroa  pas 
Kn  me  tier  ant  It  trcrpat. 

The  same  purpose  is  answered  by  the  Latin  hexame- 
ter. 


Pepvleam  rirgam  mater  regiua  ferebat. 

Tartaglia  has  given  a aeries  of  nonsense  verses,  ' 
which  will  answer,  respectively,  for  the  cases  where  the 
lot  falls  on  every  third,  fourth,  fifth,  sixth,  seventh, 
eighth,  ninth,  tenth,  eleventh,  or  twelfth  person : those 
which  correspond  to  the  9th  are. 

Documents  rat  deeima  per/ret  a, 

or, 

O brunettn  risza  ale  ferita  Elena 

or, 

O paella  irata  eat /etida  effect*; 

and  for  every  10th, 

Rex  jdnglinu  Certo  bona  Jfamina  dederat. 


Hilton,’. 


(255.)  If  any  reliance  could  be  placed  upon  the  truth  of  Lcgrnd  of 
the  following  story,  related  by  Jlegcsippus,*  it  would  Javcptas, 
appear  that  the  principles  of  such  arrangements  were  rr,*,cd.  by 
understood  and  practised  even  in  ancient  times  ; after  H*4**‘WW** 
the  storming  of  Jolaputa  by  Vespasian,  of  which  Flavius 
Josephus,  the  historian,  was  governor,  he  escaped  with 
40  of  hi»  companions  to  a lake  or  cavern  ; despairing 
of  better  fortune  for  their  country,  they  determined  on 
destroying  themselves,  notwithstanding  the  earnest 
exhortations  of  their  comtnunder,  who  was  anxious 
that  they  should  commit  themselves  to  the  clemency 
of  Vespasian : finding  all  his  entreaties  vain,  he  at 
lest  hit  upon  the  expedient  of  placing  himself  in  such 
a position  in  the  circle  in  which  they  were  arranged, 
that  every  third  man,  reckoning  from  a certain  point, 
being  put  to  death,  he  should  be  one  of  the  two  which 
remained.  The  eloquence  which  had  failed  in  persuad- 
ing the  whole  body,  was  successful  with  his  sole  sur- 
viving companion ; they  agreed  to  live,  and  at  once 
surrendered  themselves  to  the  mercy  of  their  conque- 
rors. 

(256.)  Rtifelius  has  given  a very  elegant  theory  of  the  Theory  of 
steps  which  most  probably  led  to  the  invention  of  the  StiWiusof 
rules  of  position,  which  we  shall  give  in  his  own  words:  toaiavta- 

Invent urut  author  rrgulam  falsi,  disarm  u la  bat  se  Qf  * 
scire  numerum  ilium , a quo  2 subtracta  relinqueret  3.  timid  on 
Htxepil  ergo  primo  4 loco  maneri  Wins : quem  cum 
esaminarcl  subtrahend/)  2,  vidit  ( loco  3)  rdinqui  solum- 
modo  2.  Itaque  dcjicere  vidit  unitatem  et  kune  nume- 
rum, cum  defectu  illo,  separatim  annotat'd.  Deinde. 
recepit  6,  quem  numerum  cum  examinaret  subtrahend o, 
vidit  (loco  3)  relinqtii  4.  Itaque  super /lucre  vidit  uni- 
UUem : et  sic  senanum  cum  superfluente  undate  ctiam 
separatim  annotauit.  Et  sic  postea  erploravd  qua 
ratiune  ex  ad  not  at  is  numeris  produceretur  quinarius,  qid 
videlicet  mbtractis  a se  2,  rkinqueret  3.  Facile  era's u 
vide  re.  fiat,  qua  rat  tone  hoc Jieref,  scilicet  ez  aggregations 
numrrorum  receptonan  (id  est  4 et  6)  Jiebant  10.  Et 
tx  aggregaiione falsitat urn,  (id  est  1 el  1)  Jiebant  g. 

Itaque  ex  divisione  10  per  2,  proveniebatur  5,  id  est, 
numerus  qui  quecrebatur. 

Figura  positionum  prttdidarum 

4 I 10  I 6 


Minus  1 


1 Plus 


2 


Postea  recepit  4 et  7,  et  per  cos  simili  modo  tentarit 
invenire  quin  a Hum.  Et  cum  videret  figurant  hujus 
inventionis  sic  stare  (id  seqvitur .) 


• PrUbUme*  pleitnm  et  delectable*  am  at  font  par  lea  nombrtt.  * De  Bello  Judatco  et  orbit  Uierxmlymxtaam  txcuHo,  lib.  iii. 
1612.  * cap.  15. 
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History. 


satis  r idt'hat,  quod  simplex  aggregatia  non  responder  ft 
ttirobique  inventioni  priori.  Tentavit  igitur  omnts  in- 
veniendi  mudoi  po whiles,  donee  invenirei  aggregationcm 
medianle  multiplicatione  in  cruce.  respondere : scilicet  bis 
4 ft  semel  7 (id  at  6 el  7)  faciunt  15,  quit  divisa  per  3, 
faciunt  5. 

Figura  mventionu  pntdiclas. 


Pottea  videns  niccrssvm  se  habit  iw  talem  a dextrin, 
r ertit  se,  ut  idem  erperirctvr  etiam  a sinistris.  Reeepit 
ergo  3 el  4,  id  rst,  numeros  quos  sciebat  allot uro n esse 
falsitates  deficientes  utrinque.  Per  rot  itaqur  qutrsivU 
quinarium  producere  sicui  prius,  et  invenit  hanc  figu- 
ram. 


3 5 4 


Minus  2 11  Minus. 


Pastea,  ut  posset  concludere,  tentavit  rjusdem  mmeri 
invent  ionem  per  A ct  100:  et  extbat  figura  inventtonis, 
pradicto  mo  do,  kax,  respondens  rei. 


Condusit  ergo  invent  tones  hujutmodi  esse  rata*  con- 
stanter,  ubi  falsitatnm  altera  deficit,  sen  minus  est,  altera 
superfiuente , seu  plus  existente.  Deinde  convertU  se  ad 
dexteram , teutons  invenire  hujutmodi  inventiones  per 
falsitales  utrobique  superfiuentes,  Reeepit  ergo  pro 
experiment  7 et  8,  quibus  numeris  voluit  intenire  qui- 
narium, rnodo  pr  (edict  o : unde  figura  intention  is  sic 
exibat. 

* 

7 8 


Sed  hie  cum  ridcret  aggregationcm  nihil  fieri,  tentavit 
rem  per  suhtractioncm.  Et  sic  vidit  operational  esse 
bonam  et  respondere  rei. 


5 6 


Plus  2 13  Plus. 

Hoc  est,  2 de  3 reiinquuni,  1 dirisorem : et  3 in  7 
mvltiplicata  faciunt  21  : el  2 in  8 faciunt  1C.  At  16 
de  2 1 relwquunt  5 dividenda  per  1 divisorem. 

Postea,  ut  de  invent ione  a dextris  etiam  conduderct, 
reeepit  7 et  100,  quibus  numeris  quinarium  producer  et, 
modo  prscdicto : et  exivit  figura  inventioni*  sic,  ut 
xequilur. 


Post  tantos  successos  in  questionibus  ludicris , errpit 
mitor  negotium  itlarum  aperationum  transferee  ad  ob- 
smras  quasi  tones,  nvmerontm  ahstractorum  et  contrac- 
tarian. Sentiens  ergo  immensam  latitudinem  nrgotii 
ill  ins,  magnifier  lalabatur,  repuians  se  reperisse  them  u~ 
rum  artis  incomparabilem. 

(257.)  An  addition  was  mode  to  the  Rule  of  False  by  Fateniioa 
Gemma.  Frisius,  which  Stifclius  characterises  as  inven-  d the 
turn  t aide  egregtum  : it  consisted  in  applying  it  to  the  ru,4?V~ , 
solution  of  such  equations  as  Gemma.  7 

ax*  = m,  or,  a x*  + b = m,  >*»»□». 

a x3  z=z  m,  or,  a x5  -f  6 = m. 


involving  the  squares,  cubes,  or  higher  powers  of  the 
unknown  quantity  ; and  the  principle  of  it  was  merely 
that  of  considering  x*,  A *,  x • (where  d and  d*  are  the 
positions)  os  simple  quantities,  such  as  X,  X‘,  X", 
and  treating  them  according  to  the  ordinary  rule  ; the 
determination  of  the  value  of  X immediately  leads  to 
that  of  x.  The  following  is  an  example  : 

To  find  two  numbers  in  the  proportion  of  the  num- 
bers 2 and  3,  whose  product  shall  be  equal  to  864. 


Product  6 


10368 

1st  Poaitioa.  Square.  Square.  2d  Position. 

2 4 16  4 

24  Product 

3 9 19  6 

Error  858  8*10  Error 

18 


Assume  2 and  3,  their  product  is  6,  the.  error  858  ; 
again,  assume  4 and  6,  their  product  is  24,  the  error 
840;  the  difference  of  the  errors  is  18  r multiply  858 
into  16,  (the  squure  of  4,)  and  from  the  product  sub- 
tract the  product  of  4 x 840,  which  is  3360 ; the 
difference,  10368,  divided  by  18,  gives  576,  the  square 
of  26,  the  first  of  the  two  numbers  required. 

(258.)  Wc  shall  conclude  our  observations  on  this  rule  Statement 
with  an  extract  from  Rccordc,  who,  after  remarking,  that 
in  other  parts  of  Arithmetic  the  numbers  are  taken  in 
just  proportion,  whilst  in  this  rule  they  are  not  (bund 
by  orderly  work,  but  taken  at  all  adventures,  proceeds 
to  say,  “ that  sometimes  being  merie  with  my  friends, 
and  talking  of  such  questions,  I have  caused  them 
that  proposed  such  questions,  to  call  unto  them  such 
children  and  ideots  as  happened  to  be  in  the  place,  and 
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Arithmetic,  to  take  their  answere,  declaring  that  I would  make 
them  solve  those  questions  that  seemed  so  doubtful  ; 
and,  indeede,  I did  answere  to  the  question,  and  worke 
the  triall  thereof  also  by  those  answere*  which  they  hap- 
pened at  all  adventures  to  make,  which  numbers  seeing 
that  they  be  taken  as  makelh  false,  therefore,  is  this 
rule  for  triflenesso,  called  the  Rule  of  Falsehood,  which 
rule,  for  readinesse  of  remembrance,  I have  comprised 
in  these  few  verses  following,  in  form  of  an  obscure 
riddle. 


Gcm«  at  this  worke  as  hap  doth  lead*, 
By  rliaiM'r  to  truth  you  may  proceed. 
Amt  find  worke  by  ilrt  question, 
Although  oo  truth  ihervin  be  doc*. 

Such  luUchuodr  is  to  pood*  a pruutu) 
That  truth  by  it  will  «ooo  be  fouttde. 
From  many  bale  to  many  moe. 

From  loo  KWf  tain*  too  Hit  aiso. 

With  too  mu-  -li  jovoe  too  fewe  agaioe. 
To  too  few*  adde  too  n any  plain*. 

In  crusse  wain  rr.ultipl***  rontrane  kind, 
All  truth  by  fahrhoodc  for  to  find*. 


it  pio 

grawdoas. 


Whatever  other  merits  the  composition  of  this  riddle 
may  possess,  it  is  impossible  to  deny  it  the  essential 
one  of  olntcurity — • 

Ar.tfc metical  (259.)  The  different  species  of  Progressions,  whether 
and  gcome*  Arithmetical,  geometrical,  or  musical,  as  well  as  the  sub- 
t”c  pto*  ject  of  combinations  and  permutations,  whether  we  con- 
sider their  theory,  or  u great  portion  of  the  problems 
which  they  lead  to,  more  properly  belong  to  Algebra 
than  to  Arithmetic,  though  they  have  generally  been 
included  in  books  on  the  latter  subject,  as  well  as  the 
former.  The  great  extent,  however,  to  which  this 
article  has  proceeded,  compels  us  to  pass  them  over 
without  any  potice  beyond  a few  remarks ; and  we  feel 
the  less  regret  at  the  omission  of  more  elaborate  details, 
however  interesting  they  might  be,  as  they  involve  the 
dcvelopcment  of  no  principle  which  is  essentially  con- 
nected with  the  progress;  of  Arithmetical  science. 
Particularly  (260.)  The  different  progressions  of  numbers  were  the 
"hrtfpvtb*  °^jccl  of  *he  particular  attention  of  the  Pythagorean  and 
frorean  aritb-  ^^aton*c  arithmeticians,  who  enlarged  upon  their  mbst 
mciiciaas.  trivial  properties  with  the  most  tedious  minuteness. 

Their  speculations,  however,  were  directed  to  the  eluci- 
dation of  the  my  sterious  harmonies  of  the  physical  and 
intellectual  world,  and  had,  therefore,  no  concern  with 
the  business  of  real  life ; and  they,  consequently, 
passed  over,  as  altogether  unworthy  of  notice,  the  solu- 
tion of  those  questions  which  naturally  arise  from  these 
progressions,  and  which  appear  in  such  numbers  in 
Hindoo,  Arabic,  and  modern  European  books  on  Arith- 
metic. 

Queaioaa  (261.)  Amongst  the  questions  attributed  to  Bede 
on  Arithme-  (he  following : 

tie  progre*-  'There  is  a ladder  with  a hundred  steps  • on  the  first 
step  is  seated  one  pigeon,  on  the  second  2,  on  the 
third  3,  and  so  on,  increasing  by  one  from  each  step. 
Tell,  who  can,  bow  many  pigeons  were  placed  upon  the 
ladder  ? 

Of  the  two  following  questions,  which  appear  in  all 
modern  books  of  Arithmetic,  the  first  originated  with 
the  Venetian  arithmeticians,  as  might  be  conjectured  from 
its  subject;  the  second,  of  whose  real  origin  wc  are 
ignorant,  is  the  subject  of  a very  common  ami  popular 
wager. 

How  many  strokes  do  the  clocks  of  Venice  strike  in 
24  hours? 

if  a hundred  atones  be  placed  in  a right  line,  one 


yard  from  a basket,  what  length  of  ground  must  a History, 
person  go  who  gathers  them  up  singly,  returning  with 
them  one  by  one  to  the  basket  ? 

(262.)  The  extraordinary  magnitude  of  the  numbers  Geometric 
which  result  from  the  summation  of  a geometrical  series,  Pr®g«’’ 
is  well  calculated  to  excite  the  surprise  aud  admiration  ofsio°' 
persons  who  arc  not  fully  aware  of  the  principle  upon 
which  the  increase  of  its  term*  depends  ; and  examples 
are  not  warning,  where  the  rash  and  the  ignorant  have 
in  consequence  been  seduced  into  ruinous  or  impossible 
engagements. 

The  most  celebrated  of  these  questions  is  the  one  Celebrated 
which  tradition  has  represented  as  the  terms  of  the  quewioo. 
reward  demanded  of  an  Indian  prince  by  the  inventor  of 
the  game  at  chess;  which  was  a grain  of  wheat  for  the 
first  square  on  the  chess  board,  two  for  the  second, 
four  for  the  third,  and  so  on,  doubling  continually  to 
64,  the  whole  number  of  squares. 

Lucas  dc  Burgo,  who  has  solved  this  question, 
makes  the  number  of  grains 

18446744073709551616 

which  he  proceeds  to  reduce  to  quantities  of  a superior 
denomination  as  follows : 


6912  grains  make  a lira  of  Perugia. 

133  lire rnina. 

3 mine  soma. 

4 some  ......  corbo. 

20  corbe archa. 

40  arche  barca. 

100  borce mugazeno. 

100  magazeni  ..  castello. 

The  amount,  expressed  in  cattle s of  com,  would  he 
209022  writh  a fraction  ; he  then  recommends  his  reader 
to  attend  to  this  result,  as  he  would  then  have  a ready 
answer  to  many  of  these  bahioni  ignari  dc  la  Arithmc- 
ticat  who  have  made  wagers  on  such  questions,  and 
have  lost  their  money. 

The  case  is  similar  to  that  of  the  ignorant  and  un- 
fortunate host  who  undertook,  on  certain  conditions, 
to  give  as  many  dinners  to  10  persons  as  they  could 
place  themselves  in  different  arrangements  at  the  table. 

In  cases,  indeed,  of  the  formation  of  the  terms  of  a 
geometric  scries,  or  in  problems  oil  permutations 
where  the  resutt  arises  from  the  continued  multiplica- 
tion of  the  same  or  different  factors,  we  speedily  arrive 
at  nnmt»ors  which  surpass  the  powers  of  the  imagination 
to  conceive;  and  arithmeticians  have  delighted  in  the 
proposition  of  questions  “which  lead  to  such  surprising 
conclusions.  The  amount  of  a penny  put  out  to  in- 
terest at  five  per  cent,  per  annum,  at  the  birth  of  our 
Saviour,  would  require  more  than  40  places  of  figures 
to  express  it ; and  many  attempts  have  been  made  to 
exhibit  this  result  in  a form  which  may  come  within 
the  grasp  of  the  human  mind.  Political  economists 
have  appealed  to  the  same  principle  to  account  for  the 
rapidity  with  which  population  increases,  when  its  pro- 
gress is  not  checked  by  famine  and  disease  ; whilst 
the  speculator  on  languages  finds  an  unlimited  supply 
of  words  in  those  permutations  of  the  letters  of  the 
same  or  different  alphabets,  which  form  sounds  within 
the  compass  of  human  utterance. 

(263.)  We  cannot  conclude  this  history  of  Arithmetic  Conc|a. 
without  making  some  observations  on  the  difficulty  of  the  tin. 
undertaking,  and  upon  the  many  uecessary  defects  under 
which  it  must  labour.  With  the  exception  of  the  very  able 
end  interesting  work  of  Professor  Leslie  on  the  Philoso- 
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Arithmetic,  phy  of  Arithmetic ,’tp  whom  we  are  under  great  obliga- 
s— lions.  for  having  sketched  an  outline  which  we  have  en- 
deavoured to  fill  up,  the  attempt  may  he  considered  as 
altogether  new.  The  subject  is  hardly  noticed  in  the 
work  of  Montucta,  which  is  otherw  ise  so  admirable  in 
the  early  history  of  the  mathematics ; and  the  meagre 
sketch  which  Karst  ner  has  gives  of  some  insulated 
works  on  the  subject,  generally  contrives  to  omit 
almost  evdly  particular  which  is  essentially  connected 
with  the  history  of  the  progress  of  the  science ; in 
short,  there  does  not  exist  any  source  of  information 
on  this  subject  which  can  be  deemed  trust-worthy  and 
authentic,  except  iu  the  original  authors  themselves. 

In  writing  the  history  of  a science,  the  facts  are 
generally  distinct  and  positive,  and  the  adjudication  of 
the  honour  of  different  inventions  and  improvements, 
and  of  the  just  claims  of  different  authors  to  them, 
may  for  the  most  part  be  made  with  certainly,  from 
the  examination  of  the  original  works  taken  in  the 
order  of  time.  On  such  subjects  there  is  rarely  any 
conflicting  testimony,  aud  it  is  seldom  necessary  to 
proceed  to  the  nice  weighing  of  probabilities,  which  is 
so  frequently  requisite  in  the  history  of  events  ; but 
there  are  other  difficulties,  almost  as  considerable, 
which  a scientific  historian  must  encounter : he  must 
not  only  perfectly  understand  the  subject  upon  which 
he  writes,  but  he  must  also  understand  it  under  the 
form  in  which  it  appears  in  the  work  which  he  ex- 
amines : he  must  not  only  be  able  fully  to  appreciate 
the  importance  of  a discovery  or  improvement,  but 
likewise  to  determine  how  far  a hint,  or  partial  antici- 
pation of  it,  may  have  contributed  to  its  full  develope- 
ment : he  must  weigh  the  relative  merits  of  the  inven- 
tor and  the  expositor,  of  him  who  discovers  a new 
region  in  science,  and  of  him  who,  by  subsequent  and 
more  minute  examination,  ascertains  its  full  extent 
and  boundaries,  and  makes  its  productions  generally 
known. 

In  the  history  of  Arithmetic,  however,  these  difficul- 
ties present  themselves  under  their  least  formidable 
aspect ; the  subject  is  easy  under  all  its  forms,  and 
there  can  be  little  doubt  or  controversy  about  an  im- 
provement when  made,  though  some  might  arise  on 
the  different  steps  which  lead  to  it.  Again,  the  num- 
ber of  originul  authors  on  this  subject,  since  the  inven- 


tion of  printing,  at  east,  is  very  small  ; and  when  we  Hiktory 
have  mentioned  the  great  names  of  Lucas  de  Burgo, 
Stifelius,  Tartaglia,  Stevinus,  and  Napier,  the  additions 
made  to  the  science  by  other  authors  are,  generally 
speaking,  of  a very  trifling  importance ; for  on  all 
subjects,  where  the  difficulty  of  acquisition  docs  not 
necessarily  limit  the  number  of  authors,  the  great 
majority  of  writers  are  mere  copiers  of  their  predeces- 
sors, aud  are  generally  contented  with  some  little  altera- 
tion in  ibrtn  rather  than  in  matter;  and  this  is  parti- 
cularly the  case  with  Arithmetic,  a subject  which  so 
many  must  learn,  and  so  many  must  teach ; where  the 
great  number  of  readers  has  a natural  tendency  to 
make  a great  number  of  uuthors ; and  where  the  sim- 
plicity of  form  under  which  the  rules  of  tile  science  are 
exhibited,  and  the  case  with  which  they  may  be  learnt 
and  practised,  must  always  be  considered  of  more  im- 
portance than  the  originality  of  the  matter. 

But  though  the  number  of'authors  whose  works  must 
be  consulted  is  small,  when  we  are  in  search  of  great  and 
essential  improvements  in  this  science,  yet  tli ere  are  other 
occasions  where  it  is  requisite  to  consult  all  those  which 
belong  to  a particular  period.  This  is  the  case  when  we 
wish  to  examine  the  progress  of  an  improvement,  and 
to  ascertain  the  rapidity  with  which  it  came  into  general 
use,  and  the  variations  of  form  which  it  underwent 
between  its  first  discovery  and  its  final  developement. 

Of  this  kind  is  the  history  of  decimal  fractions,  from 
the  first  publication  of  Stevinus  to  ihc  middle  of  the 
XVI  1th  century.  In  all  cases  of  this  kind  we  are  sensi- 
ble that  this  history  must  labour  under  great  deficiencies, 
us  there  are  no  libraries  in  this  country  which  contain 
all  or  nearly  all  the  books  which  are  requisite  for  this  pur- 
pose, and  there  are  no  cloned  catalogues  by  which  we 
can  ascertain,  without  great  labour,  all  the  treasures 
which  they  contain.* 


• We  arc  gtail  to  learn,  that  in  one  case,  at  least,  (his  deficiency 
is  speedily  to  be  supplied,  and  (hat  a ekttrd  cataingar  of  (he  library 
of  taf British  Muictim,  and  al*o  of  (he  magnificent  gift  of  (be  Kinf, 
is  m active  preparation.  It  is  to  be  greatly  lamented,  however,  that 
tbe  national  bounty  should  be  diitributed  in  such  scanty  sums  to  the 
support  and  increase  of  this  great  aiul  important  establishment ; and 
that  instead  of  a paltry  allowance  of  eight  kmut/nt  puttu dt  per 
annum,  for  the  pur*. base  of  books  for  the  library,  it  sfacild  not  be 
increased  to  at  least  as  many  thousands. 


APPENDIX. 


Work  nf  (26  V)  Since  the  first  part  of  this  article  was  written 
tbe  Abbfi  and  printed,  we  have  procured  a copy  of  the  work  of 
tainT** C°°~  ^,C  II erva.%  entitled  Aritmciica  di  quasi  tulle  le 

important  tiasioni  co/tasc  title ; it  contains  the  numerals  in  175 
information  languages,  including  those  of  more  than  thirty  South 
on  South  American  tribes,  which  he  obtained  chiefly  from  the 
American  ex-Jesuit  missionaries  who  resided  at  Rome,  after  they 
nunier  t.  |lad  been  obliged  to  quit  their  missions  in  South 
America,  upon  the  extinction  of  their  order  ; amongst 
those  he  particularly  mentions  Cluvigero,  the  learned 
historian  of  Mexico,  his  native  country,  Gilii,  the  histo- 
rian of  the  missions  on  the  Orinoco,  Camano  and 
Velasco,  the  authors  of  important  works  on  the  lan- 


guages and  customs  of  several  South  American  tribes ; 
the  information  which  he  procured  was  chiefly  from 
personal  communication  with  them,  and  his  inquiries 
were  specifically  directed  to  the  construction  of  their 
numeral  language,  and  to  their  practical  methods  of 
numeration.  The  materials  which  this  work  contains 
tire  particularly  valuable,  not  only  from  their  not  exist- 
ing in  any  other  works,  but  likewise  from  their  relating 
to -tribes,  many  of  which  are  in  the  lowest  elate  of 
civilisation,  amongst  whom  we  must  look  for  the  most 
certain  indications  of  the  influence  of  practical  methods 
of  numeration  upon  the  formation  of  their  numerals. 

(265.)  Of  the  following  four  seta  of  nutnerals,  which 
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Arithmetic.  possess  some  points  of  resemblance,  the  first  belongs  to 
s— v-^  the  Qquichuan,  or  ancient  Peruvian  language  of  the  In- 
Kumrrab  eas,  which  was  spoken  anciently  in  Pent,  and  the  influence 
TeruvU  txien<*ed  for  more  than  40  degrees  of  latitude 

AnucML^  the  western  coast  of  America,  The  second  is 

Aimirri.  from  the  language  of  the  Arnucani,  the  inhabitants  of 
and  Sapibo-  Chili,  who  were  likewise  included  in  the  great  empire 
cooea.  0f  Incas.  The  third  is  that  of  the  Aimarri,  a tribe 
in  the  north-eastern  parts  of  Pern ; and  the  last,  of  the 
Sapibocones,  a neighbouring  tribe. 


10.  Bururuche.  History. 

11.  Burnruche-caratorogicnft.  v— v-**' 

12.  Bururuchc-mitiarugicnf.  Kamml« 

19.  Bu  rttrucho-chaddariro  bogienfe.  ? (h?  . 

20.  Mitiaburuche.  Ciysbah,. 

30.  Curapabunmiche. 

100.  Burnche  burnche. 

1000.  Bururuche  peuftbururuebe. 


Qquirhus. 

Araucana. 

A imam. 

Sapibocona 

1.  Hue, 

Kine, 

Mai, 

Pebbi. 

2.  Iscai, 

Epu, 

Pays, 

Bbeta. 

3.  Kitnsa, 

Kula, 

Kimso, 

Kimisa. 

4.  Tuhtta, 

Mcli, 

Pusi, 

Pud. 

5.  Pieties, 

Kcclm, 

Pi  sea. 

Pissics. 

6.  Socta, 

Kayn, 

Sogta, 

Snccuta. 

7-  Canchis, 

Relghi, 

Pacalco, 

Pacalucu. 

8.  Passac, 

Pura, 

Kimsacalco,  Kimisacalucu 

9.  I won. 

Ailla, 

Pusicaloo, 

Pusucalucu. 

10.  Chunca, 

Mari. 

Tunes, 

Tunca. 

11.  Chunca 

Marikine, 

Tuncama- 

Tunrapes- 

hue  niyoc, 

yani. 

peboL 

12.  Chunca  is-  Mari epu, 
cai  niyoc. 

Tuncapayani 

;,l\tncapeab- 

heta. 

20.  Iscaichun-  Epumari, 

Payatunca, 

Bbetattunca. 

ca. 

30.  Kimsa- 
clt  unca. 

Kulamari, 

Kimsatunca. 

, Kimisa- 
t tinea. 

40.  Tahua- 

Melimari, 

Pusi  tunes. 

Pusi  tunes. 

chunca. 

1O0.  Pachac, 

Pataca, 

Pataca, 

Tuncatunca. 

1000.  11  ua- 
ranca, 

lluuranca, 

Huarancs, 

Tuncatunca- 

tuncs. 

1000000.  Hunu. 

The  two  first  systems  are  equally  perfect,  and  similar 
in  construction,  though  all  the  terms  below  100  are 
essentially  different  from  each  other.  The  expressions 
for  11  and  12  in  the  first,  mean  ten  one  with,  ten  two 
with, — the  signification  of  the  postposition  yoc  Wing 
with,  the  particle  m being  merely  interposed  for  the 
sake  of  euphony:  in  the  second,  the  expressions  for 
the  same  numbers  mean  ten  one,  ten  two.  In  the  three 
first  systems  wc  find  the  same  terms  for  100  and  1000, ' 
affording  on  additional  illustration  of  the  truth  of  the 
observations  made  in  Art.  17  and  21,  on  the  trans- 
mission and  adoption  of  the  names  of  the  higher 
orders  of  superior  units. 

The  second  and  third  of  these  systems  are  curious 
examples  of  the  nartial  borrowing  of  numerals  by  one 
people  from  another  more  advanced  in  civilisation  ; 
the  names  for  1 and  2 are  most  probably  native  in 
both,  and  that  for  4 in  one  of  them  ; whilst  the  names 
for  9,  5.  and  6 are  clearly  Peruvian  ; the  names  for 
7,  8,  and  9 are  clearly  compound,  meaning  two  Jive , 
three  five,  four  Jit* ; calco,  in  one,  and  tucu,  in  the  other, 
meauing'^rr,  or  hand ; showing  that  the  influence  of 
a natural  method  of  numeration  manifested  itself  even 
in  a case  where  purl  of  the  numerals  were  borrowed 
from  a nation  who  had  altogether  abandoned  this 
manual  Arithmetic.  The  duplication  and  triplication  of 
the  name  for  10,  in  order  to  denote  100  and  1000,  a sim- 
ple and  natural  artifice  for  the  expression  of  such  num- 
bers, will  receive  an  additional  illustration  in  the  follow- 
ing system  of  numerals  oftheCayubabi.a  tribe  inhabiting 
the  banka  of  the  Mamor£,  which  runs  into  the  Marfiuou, 


1.  Carata. 

2.  Mitia. 

3.  Curapa. 

4.  Chadda. 

5.  Maidaru. 

6.  Cnratarirobo. 

7.  Mitiarirobo. 

8.  Curaparirobo. 

9.  Chaddarirobo. 

Hervas  says,  that  the  name  for  hand  is  arue,  and 

that  the  names  6,  7,  8,  9,  respectively,  mean  one  hand 
with,  two  hand  with,  three  hand  with,  four  hand  with. 

The  name  for  10,  or  bururuche,  is  probably  derived  from 
the  reduplication  of  ante,  quasi  antearue,  or  hand 
hand,  if  this  derivation  be  well-founded,  the  name 
for  100  would  be  equivalent  to  hand  hand  hand  hand,  a 
very  remarkable  result  of  the  composition  of  a simple 
term. 

(266.)  A still  more  remarkable  example  of  the  same  Numerals 
fact  will  be  found  amongst  the  numerals  of  the  Coran  lan-  of  Cora, 
guugc,  which  is  spoken  in  New  Galida,  which  we  now  Tueaua, 
subjoin,  in  conjunction  with  those  of  Mexico  aud^Meaica 
Yucatan,  with  which  they  are  intimately  allied. 

Axtock.  Yucatan.  Coran. 

1.  Ce,  Hunppel,  or  yax,  CeUuu 

2.  Onto,  Capped,  or  ca,  Hualpoa. 

3.  Yei,  Oxppel,  or  yox,  Huaeiu. 

4.  Nahui,  Cammpel,  or  contzel,  Moflcoa. 

5.  Macuili,  lloppel,  or  ho,  AmxuoL 

6.  Chieuace,  Uacppd,  or  uac,  AcevL 

7.  Chicome,  Uucppel,  or  uuc,  Ahuapoa. 

8.  Chicuei,  Uaxocppcl,  or  uaxac,  Ahuacica. 

9.  Chicunahui,  Bolouppd,  or  bolon,  Amoacua. 

10.  Matlactli,  Lahunppcl,  or  lahun,  Tumo&maU. 

Tamo&mata- 

apon-cetfuL 
Tamoitnala- 
spon-hualpa. 


11.  Mallactli-occe,  Iiuticuhunppel, 

12.  Matlactli-  Lahca, 

Hoi  hunt  c, 

Kal,  or  hunkal, 


Ceitevi. 

Critevi-poan- 

tumoumuta. 

Huuhcatcvi. 

Huaeicatevi. 

Anxiitevi. 

Turno&mata- 

tevi. 

Ceitevitevi. 


omome, 

15.  Chaxtbli, 

16.  Chaxthli-occe, 

20.  Cempohuhli, 

30.  Cempohukli-i- 

pnn- matlactli. 

40.  Ompohukli,  Cakal, 

60.  Epohu&li,  Oxkal, 

100.  Maeuilpohu&li.flnkal, 

200.  Mutlacpohuali.Lnhunkal, 

400.  Ccn-tzontli, 

800.  Ontzontli. 

8000.  Ce-xikipili,  llunpic,  or  pic. 

In  the  list  of  Mexican  numerals  which  is  given  in  R«na*l»  ot 
Art.  28,  there  are  both  deficiencies  and  inaccuracies : Mexican 
tlie  name  for  1 5 is  chaxtoli , and  the  numeration  re- 
commences  from  it;  the  expression  for  16  beingjtfylren 
one,  for  17  fifteen  two,  and  so  on,  precisely  in  the  same 
manner  as  in  the  Welsh  numerals,  (Art.  22.)  The 
name  for  5,  macuili,  is  derived  from  maitl,  or  hand; 
aud  the  conq>osition  of  the  terms  for  6,  7,  8 and  9, 
shows  that  vhicu  possessed  a similar  meaning,  which 
appears  again  in  the  term  for  15.  The  name  tzontli , 
for  400,  signifies,  also,  hairs  of  the  head;  mid.  pro- 
bably, in  ancient  times  was  equivalent  to  innumerable, 
having  subsequently  acquired  a definite  signification, 
in  the  same  manner  as  uvpta  among  the  Greeks,  when 
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Arithmetic,  their  numeration  became  more  systematic.*  Every 
. ^ j circumstance  which  tends  to  illustrate  the  composition 

of  the  Mexican  numerals  possesses  more  than  common 
interest,  as  they  constitute  the  most  perfect  example  of 
the  vicenary  scale,  with  the  quinary  and  denary  scales 
equally  subordinate  to  it. 

Remarks  on  In  the  Yucatan,  or  Mayan;  numerals,  there  are  two 
the  numerals  ^ts  of  nuincs  for  the  dipt*,  which  are  both  used,  and 
of  \ ucauo.  whose  chief  difference  consists  in  the  addition  of  the 
final  ppel.  The  expression  for  11  means  one.  ten , for 
12  tu'o  ten,  for  15  Jive  tm  ; a species  of  composition 
which  might  be  ambiguous,  if  the  system  were  denary 
and  not  vicenary.  The  term  pir,  or  hunpic,  riff  hi 
thousand,  or  one  eight  thousand,  is  the  termination  of 
the  Yucatan  numerals.  When  the  Yucatani  speak  of 
persons,  they  add  the  final  tut,  instead  of  ppel ; thus, 
kuntul  means  one  person,  ratul,  two  persons,  la  heat  ul, 
twelve  persons.  The  Coran  numerals  which  are  given 
above,  are  those  which  are  used  for  inanimate  things ; 
for  living  beings  they  postpone  the  particle  mow.  Such 
instances  of  imperfect  abstraction  in  the  formation  of 
numerals  arc  not  uncommon  in  South  American  lan- 
guoges. 

Remarks  op  In  the  last  of  these  systems  the  terms  for  6,  7,  8,  9 
the  Conn  are  clearly  compound.  The  general  term  for  hand  in 
numerals.  tjje  Coran  language  is  moamati,  which  is  clearly  the 
basis  of  the  name  for  10;  the  expression  for  11  mean* 
ten  above  one.  that  for  12,  ten  above  tu'-o;  the  name  for 
20  is  compounded  of  cehut , one,  and  tevit,  which  is 
equivalent  to  the  generic  term  homo,  or  persona,  whilst 
that  for  400  is  one  twenty  twenty,  or  more  literally  one 
person  person. 

Numerals  of  (267.)  The  following  numerals  of  the  OtomUi,  a tribe 
ihc  Otomhi.  ai|jeti  these  above-mentioned,  both  in  geographical 
situation  and  language,  presents  an  exumpte  so  com- 
mon amongst  Celtic  nations,  of  the  vicenary  scale  pro- 
ceeding as  far  as  100  and  then  merging  in  the  decimal. 


1. 

No. 

12. 

Dctta-ma-yoho. 

2. 

Yoho. 

19. 

l)etta-ma-gueto. 

3. 

Hiu. 

20. 

Dott>. 

4. 

Goho. 

30. 

Dot  A maretta. 

5. 

Kueta. 

40. 

Yottl. 

6. 

Kato. 

50. 

YotA  maretta. 

7. 

Yoto. 

60. 

Hi&te. 

8. 

Hiato. 

80. 

Hu  Ale. 

9. 

Gueto. 

100, 

Nato. 

10. 

Delia. 

1000. 

Namao. 

11. 

DeUa-mu-na. 

In  this  system,  the  names  for  6,  7.  8.  0 are  analo- 
gous 4o  those  for  1,  2,  8,  4,  a clear  indication  of  the 
quinary  scale.  The  name  dote,  for  20,  is  probably  de- 
rived from  yote,  man,  which  is  iu  meaning  in  so  many 
South  American  languages. 

Numerals  of  (268.)  The  numeral  systems  given  above  arc  those 
thr  Gut-  which  have  received  the  most  complete  dcvclopement ; 

those  which  follow  are  not  only  extremely  limited  in 
extent,  hut  may  be  considered  as  the  expression  of  the 
practical  methods  of  numeration,  which  are  required 
for  all  numbers  which  exceed  the  radix  of  the  natural 
scales. 

Numerals  of  the  Guaranies.  (See  Art.  80.) 

1.  Petev. 

2.  MocAi. 

3.  Mbnhapi. 

• The  term  rrmfcwli,  in  the  Coran  language,  ugni&ca  the  Antrt  ef 

the  Usd,  and  »lv>  isrutmermlie.  5 «<-  Ait  30, 


4.  Irundi.  llutory. 

5.  Irundi  hoc  niriU,/wr  and  mn other,  or  aoe  popetei,  v— 
or  the  one  hand,  where  po  is  hand,  and  ace  the  determi- 
nate article. 

6.  Ace  popetei  hae  pcl£-i  a be,  (he  one  hand  and  one 
besides. 

9.  Ace  popetei  hae  irundi  abe,  the  one  hand  and  four 
besides. 

10.  Ace  pomocoi,  the  two  hands. 

20.  Mbo-mbi-abe,  hands  feet  besides. 

30.  Mbo-mbi  hue  pomocoi  ake,  hands  feet  and  two 
hands  besides. 

The  missionaries  never  heard  a Guarani  count  be- 
yond 30. 

(269.)  The  Omoguas,  a tribe  living  in  the  kingdom  of  Of  th« 
Quito,  and  speaking  a dialect  of  the  Ciuaraui  language,  Onmfua*. 
notwithstanding  their  immense  distance  from  each 
other,  have  only  five  numerals,  the  lust  of  which,  upa- 
pua,  signifies  hand.  By  the  combination  of  these, 
however,  with  the  expressions  for  the  hands  and  feet, 
they  can  proceed  as  far  as  u hundred. 

(270.)  The  following  are  the  numerals  of  the  Of  the 
Zamucoes,  one  of  the  numerous  tribes  of  Paraguay  : Z&mueoe«. 

1.  Chomara. 

2.  Gar.  | 

3.  Gaddive. 

4.  Gahaguni. 

5.  Chilean  yiininacte,  finished  hand. 

6.  t'homuruhi,  one  of  the  other 

7.  Garihi,  two  of  the  other. 

10.  Chuena  yiinunnddie,  finished  two  hands. 

11.  Chomara  yiritie,  one  of  a foot. 

20.  Chuena  yiriddie,  finished  feet. 

The  missionaries  never  heard  a Znniuco  express  in  Their  nods 
words  a number  greater  than  20 : any  number  greater  °f  “P**’ 
than  20  is  designated  by  the  term  unaha,  many:  if  the  2 ballad 
number  greatly  exceed*  20,  they  say  unahapuz,  very  20. 
many ; and  to  express  in  terms  of  increasing  intensity 
their  opinion  of  the  magnitude  of  very  large  numbers, 
they  say  unaahapuz,  unaaahapuz,  unaaaahapuz,  re- 
duplicating continually  the  sound  of  the  letter  a.  In 
common  cusee,  however,  in  speaking  of  numbers  withiu 
the  compass  of  their  methods  of  numeration,  they 
take  in  their  hand  grains  of  rice,  little  stones,  or  seeds, 
and  count  them  out  until  they  have  reached  the  number 
required,  and  then  point  to  them,  saying  choetie,  like 
this. 

(271.)  The  numerals  of  the  Luli,  another  tribe  of  Of  the 
Paraguay,  present  an  example  of  a very  singular  con-  Cak 
Rtruciion,  where  the  mere  poverty  of  words  has  caused  an 
appearance  of  the  quaternary  scale. 

1.  Alapca. 

2.  Tarnop. 

3.  Tamlip. 

4.  Lokep. 

5.  Lokep  tnoilA  alapea,  four  with  one,  or  ia-alapea, 
hand  one. 

6.  Lokep  moilA  tarnop,  four  with  two . 

7.  Lokep  moilA  tamlip,  four  with  three. 

8.  Lokep  moilA  lokcp.^owr  with  four. 

9.  Lokep  moilfe  lokep  alapca,  four  with  four  one. 

10.  Is-yaoutn,  all  the  fingers  of  hand. 

11.  Is-yaouin  moilc  alapea,  alt  the  fingers  of  hand 
with  one. 

20.  Is-du-yaoum,  all  the  fingers  of  hand  and  foot. 

30.  Is-elu  yaoum  moilA  in-yaoum,  all  the  finger*  of 
hand  and  foot  with  all  the  fingers  of  hand. 
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Arithmetic..  It  is  a rare  thing  for  a Lulo  to  attempt  the  expres* 
v— ' non  of  a number  beyond  30 ; when  driven  to  it  by 
Thrir  mode  necessity,  they  avail  themselves  of  actions  for  the  pur- 
ef”£^in*  pose.  Thus,  to  express  40  he  raises  his  open  hands  to 
bevoocKJO  his  sh°l,hler8,  and  bending  his  head  towards  his  feet, 
' he  says  tamop,  which  means  l icier  of  all  that  I s how 

you : with  the  same  action,  accompanied  by  the  word 
tamlip,  he  expresses  GO  , and  by  saying  tokep  moife 
alapea , he  expresses  100. 

Numeral*  of  (272.)  The  same  expedients  arc  made  use  of  by  the 
theVilcli.  Vilrli.  a neighbouring  tribe,  to  express  such  numbers, 
and  it  will  be  at  once  seen  that  their  numerals,  though 
essentially  different,  are  formed  upon  the  same  principle 

1.  Ynaguit,  or  aguit. 

2.  UW. 

3.  Nipetuei. 

4.  Yepcatalfct. 

5.  Isig-nislfr  yaaguit.^/fngrr*  of  hand  one , meaning 
all  the  Jinem  of  hand  one. 

6.  I*ig-teM  ynaguit,  hand  with  one. 

7.  Isig-te^t  ukb.  hand  with  two. 

10.  Isig-uk£-nisllS  of  hands  two  the  fo  users. 

11.  Isig-ukb-ni&lb  tefct  yaaguit,  of  hands  two  the  fin- 
gers with  one. 

20.  Isig-ape  nialb  cavel,  fingers  of  hands  and  feet. 

Of  rh«  (273.)  The  Mocobi  are  a tribe  on  the  Parank,  in  the 

Mocobi.  neighbourhood  of  Buenos  Ayres  the  formation  of  whose 
numerals  resembles  that  of  the  Lull,  but  which  are 
still  more  remarkable  for  their  extreme  poverty. 

1.  Iniatcdk. 

2.  Inabaca. 

3.  Inabacno-eaini,  two  above. 

4.  Imhacuo-cainihlt,  firo  above  two,  or  natolatoto. 

5.  Inibncao-cainibk  inintedk,  two  above  two  one,  or 
natolntatu  iniatedk,  four  one. 

ft,  Xatolatatatn  inibaca,  four  tiro. 

7.  Natolata-inibarao-caini,ybi/r  two  fl&o re. 

8,  Natolata-natolata,  four  four. 

It  ought  to  be  oWrved,  however,  that  the  Mocobi 
possess  practical  methods  of  numeration  as  well  as 
other  tribes  and  that  the  preceding  numerals  are  never 
used,  unless  in  cases  where  they  wish  to  make  an  effort 
to  dispense  with  the  use  of  their  hands  and  feet. 

Of  the  (274.)TheMbayi,or  Guaicurus.who  liveon  the  western 

Gu*icurus.  bank  Gf  the  river  of  Paraguay,  are  unable  to  express  any 
number  beyond  R.without  the  assistance  of  manual  action. 


1.  Uninitegui. 

2.  Iniguata. 

3.  Iniguata  dugani,  two  over. 

4.  Iniguata-driniguatn,  two  two. 

5.  Oguidi,  a word  equivalent  to  many,  and  applied 
equally  to  all  numbers  above  four. 

Of  the  (275.)  The  Betoi  are  a nation  who  live  on  the  banks 

Betoi.  of  the  Casanare,  which  runs  into  the  Orinoco,  who  speak 
a language  whose  syntax  and  construction  is  singularly 
complex  and  artificial : their  numeral  language,  properly 
speaking  however,  possesses  only  one,  or  at  most  two, 
independent  names. 

1.  Edojojoi. 

2.  Edoi,  another . 

3.  Ibutu,  beyond. 

4.  Ibutu  cdojojoi,  beyond  one. 

5.  Ktimocoso,  hand. 

It  must  be  kept  in  mind,  that  these  people,  as  well 
as  these  last  mentioned,  possess  practical  methods  of 
numeration  which  are  equally  extensive  with  those  of 
other  American  tribes. 


(276.)  The  Maipuri,  the  Tamonaki,  and  the  Yaruroes,  History, 
are  considerable  trihes  who  live  on  the  hanks  of  the 
Orinoco,  who  agree  in  their  general  methods  of  numora-  Of  the 
tion.  and  who  all  give  the  name  of  man,  or  Indian, 
to  the  number  20. 

Numerals  of  the  Maipuri: 

1.  Pa  pita. 

2.  Avantime. 

3.  Apekivk. 

4.  Apekipaki,  three  one. 

5.  Pupil  aerri  capili,  one  only  hand. 

6.  Paplta  yank  pauria  capili  purenk,  one  of  the 
other  hand  we  take. 

10.  Apanuinem  capili,  fico  hands. 

11.  Paplta  yank  kiti  purenk,  one  of  the  toes  tee  take. 

20.  Paplta  camonfee,  one  Indian  or  man. 

40.  Avantime  camonfc,  two  men. 

60.  Apekivk  eamonfe,  three  men. 

The  preceding  numerals  are  used  when  counting 
human  beings:  in  speuking  of  other  living  beings, 
one  i*  termed  pariata,  and  two  orinumr.  In  the  case 
of  inanimate  objects,  one  is  pakitUa,  and  two  akinitme  ; 
and  in  reckoning  time,  the  first  is  mapukM,  and  the 
second  apucinume.  We  know  of  no  other  instance 
of  variations  equally  numerous,  with  the  exception  of 
those  of  Jnpan,  where  the  numerals  are  different, 
according  as  they  are  applied  to  measures,  men,  animals, 
inanimate  things,  days,  nights,  years,  and  the  changes 
of  the  moon. 

(277.)  Numerals  of  the  Tamonaki : Of  the 

1.  Tevinitpr.  T*"“>“kL 

2.  Acchiacke. 

3.  Acehialubve. 

4.  Acchiaekemneve,  or  acchiockerc-penb. 

5.  Amnaithne,  hand  entire. 

6.  Itacnnh  amnponk  tevinitpe,  of  the  other  hand  one. 

10.  Amna-achrponkre,  hands  two. 

1 1.  Puitta-ponk  tevinitpe,  of  the  foot  one. 

1 5.  Iptaitone,  foot  two  hands. 

16.  ltacono-puitta-ponk  tevinitpe,  of  the  other  foot 
one. 

20.  Tevin-itbto,  one  Indian,  or  one  man. 

21.  Itatono  itbto  ynmnar-ponk  tevinitpe,  of  the  other 
Indian  at  the  hand  one. 

30.  Itatono  ithto-ponk  amna-ache  ponk,  of  the  other 
Indian  hands  two. 

40,  Accbiakfc  itbto,  two  Indians. 

100.  Amnaittine-ittito,  hand  Indians,  or  fore  Indians. 

• There  are  only  two  numerals  teem  and  acchia,  for 
one  and  two,  which  can  properly  be  considered  as  in- 
dependent, those  for  3 and  4 being  clearly  compound. 

In  no  case,  says  the  Abbl  (iilii,  does  an  Indian  men- 
tion a number  without  a corresponding  action  : if  he 
asks  for  a fruit  be  raises  a finger ; if  he  mentions  five,  he 
shows  his  whole  hand  ; if  ten,  both  his  hands ; and  if  ^ 
twenty,  he  points  the  fingers  of  his  hands  to  the  toes  of 
bis  feet.  The  Tamonaki  call  the  thumb  the  father  of 
the  fingers;  the  index  is  termed  the  finger  for  pointing; 
and  the  ring  finger  is  called  the  finger  by  the  side  of 
the  little  one. 

(278.)  Numerals  of  the  Yaruroes:  Ofth* 

1.  Coneome,  kanuoss. 

2.  Noeni. 

3.  Tarani. 

4.  Kevvinfe. 

5.  Cnniicchimo,  cani,  one,  icchi,  hand , mo,  alone. 

10.  Yoaicchibo,  all  the  hands. 
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Arithmetic.  11.  Taoncpe-caneame,  to  the  foot  ( tao ) one. 

12.  Taonepc-noeni,  to  the  foot  two. 

15.  Canitaomo,  one  foot  atone. 

16.  Caneamotaoncp^-cancame,  one  foot  alone  one. 

20.  Canipumfe,  one  man. 

40.  Noenipumfc,  two  men. 

In  general,  however,  when  they  count  beyond  20, 
they  take  grains  of  sand  or  stones  of  fruit,  and  make 
them  into  heaps  of  20  each. 

Important  (279.)  We  have  to  apologize  to  our  readersfor  entering 
facu  **u-  ai  go  much  length  into  the  discussion  of  these  South 
American  numerals,  but  wc  must  plead  as  our  apology, 
the  uncommon  interest  which  they ’possess,  as  illustra- 
ting nearly  all  the  remarks  which  we  have  had  occasion 
to  make,  in  connection  with  this  subject  in  the  first 
part  of  this  Article  ; and  as  proving,  almost  to  a demon- 
stration, the  general  truth  of  the  propositions  which 
we  have  there  stated,  with  respect  to  the  origin  and 
universality  of  the  natural  scales  of  numeration.  It  is 
extremely  curious,  likewise,  to  observe  with  what  ex- 
treme difficulty  these  rude  children  of  nature  abstract 
words  from  things,  and  how  little  language,  in  many 
cases,  at  least,  is  able  to  keep  pace  even  with  the  ex- 
pression of  the  most  common  of  their  wants. 

Cootrwt  (280.)  Philologcrs  have  spoken  with  admiration  of 
between  tbe  ti,e  won(jerfuj  syntax  and  construction  of  many  of  these 
ofthe  «n-  lanffuaffeR»  presenting  so  many  examples  of  extreme 
ux  ami  the  refinement  and  complexity  ; and  this  has  been  observed 
ni<Jeae«t  of  in  the  languages  even  of  those  tribes  whose  numeral 
systems  are  the  most  imperfect:  it  is  in  vain  to  attempt 
iniav  of  to  •ccount  ^or  such  ^acls  uP°n  ordinary  principles,  and 
these  Ian-  *be  solution  of  our  author  is,  of  all  others,  the  most 
guafe*.  rational,  and  the  most  becoming  a Christian  philoso- 
pher, who  seeks  for  the  origin  of  these  languages,  and 
the  laws  of  their  construction,  not  in  the  efforts  of  men 
for  the  mutual  communication  of  their  wants,  but  in 
the  ordinance  and  institution  of  God  himself. 

Difficulties  (28 1 .)  A person  who  examines  minutely  the  analysis 
in  Mcer-  which  is  given  above  of  the  grammatical  construction 
th*  man*  *bese  systems  of  numerals,  will  And  reason 
frammati-  to  su”Pecl  the  existence  of  very  considerable  inaccura- 
cal  con-  cies  in  them.  We  have  before  remarked  the  extreme 
•traction  of  difficulty  of  writing  down  accurately  the  words  of  any 
nanny  of  language  where  the  ear  is  the  only  guide  ; and  the  in- 
formation  which  Hervas  obtained  from  many  of  these 
Missionaries  was  derived  from  mere  recollection,  twenty 
years  after  they  had  been  compelled  to  quit  their  sta- 
tions, when  old  age  and  calamity  had  impaired  the 
activity  of  their  memory,  as  well  as  other  faculties; 
besides,  there  were  many  other  circumstances  which 
combined  to  diminish  the  value  of  the  information  de- 
rived from  such  sources:  the  greater  part  of  the 
Jesuits  who  were  sent  to  South  America  were  Spaniards 
possessing  few  of  the  advantages  of  education,  which 
gave  such  celebrity  to  many  others  of  their  order;  who, 
by  living  amongst  savages,  were  compelled  to  adopt 
many  of  their  habits;  who  had  no  opportunities  of 
literary  intercourse ; who  saw  their  few  books  and 
papers  perishing  frorrf  the  damp  and  insects  which  in- 
fest the  mighty  forests  which  characterise  that  vast  con- 
tinent ; and  who  were  compelled  to  submit  to  privations, 
of  which  a lively  image  is  given  in  the  reply  of  the 
poor  monk  to  Humboldt,  when  asked  how  long  he  had 
resided  in  his  Reduction,  “ On  such  a day  I shall  have 
completed  my  twenty  years  of  mosquitoes.** 

Numeral*  of  (282.)  Among  the  100  systems  of  Asiatic  numerals 
Ococfu.  which  Hervas  has  given,  we  find  few  which  suggest  any 

TOL.I. 


particular  remarks,  in  addition  to  those  which  we  have  History, 
ourselves  had  occasion  to  make,  if  we  except  the  nume- 
rals  of  different  dialects  of  Georgia,  which  are  adapted  to 
the  vieenary  scale,  and  which  present  the  only  genuine 
example  of  it  in  any  Asiatic  language.  The  numerals 
of  Georgia  Proper  are  os  follow  : 

1.  Erti. 

2.  On. 

3.  Sami. 

4.  Otctii. 

5.  C'huti. 

6.  Echsi. 

7.  Sciuiti. 

8.  Rua. 

9.  Zchara. 

10.  Athi. 

11.  Athierti*  ten  one. 

12.  Athiori,  ten  two. 

15.  Athichuti,  ten  Jive. 

16.  Athicchsi,  ten  six. 

20.  Ozierti,  one  twenty. 

30.  Samarti,  three  ten , or,  more  commonly  in  other 
dialects,  twenty  ten. 

40.  Ormazi,  ttco  twenty. 

50.  Ormazathi,  ttco  twenty  ten. 

60.  Samolzi,  three  twenty. 

70.  Samotzathi,  three  twenty  ten. 

80.  Otmozi,  four  twenty. 

90.  Otmozathi,  four  twenty  ten. 

100.  Assi. 

1000.  Athachsi. 

The  author  attempts  to  prove  that  these  dialects  are  Basque 
analogous  to  the  Basque,  and  that  their  vieenary  Arith-  “““e***5* 
metic,  as  welt  as  that  of  the  Celtic  nations,  were  derived 
from  a common  source.  The  following  is  a list  of 
Basque  numerals,  which,  though  similar  in  construc- 
tion, possess  no  other  points  of  resemblance. 

1.  Bat 

2.  Bi. 

3.  Iru. 

4.  Lau. 

5.  Bust. 

6.  Sei. 

7.  Zospi. 

8.  Zortzi. 

9.  Bederatz.  * 

10.  Amar. 

1 1 . Amaicu,  ten  one. 

12.  Amabi,  ten  two. 

13.  Amairu,  ten  three. 

14.  Amalau,  ten  four. 

15.  Amahost,  ten  Jive.  , 

16.  Amasei,  ten  six. 

17.  Amazospi,  ten  seven. 

19.  Amazortzi,  ten  eight. 

19.  Ameretzi,  ten  nine.  . 

20.  Oguei. 

21.  Oguei  tabat,  twenty  with  one. 

30.  Oguei  taamar,  twenty  with  ten. 

40.  Berroguei,  two  twenty. 

50.  Berroguei  taamar,  two  ttcenty  with  ten . 

60.  Iruroguei,  three  twenty. 

80.  Lauroguei,ybj/r  twenty. 

100.  Eun. 

1000.  Mill*. 

(283.)  We  have  examined  the  other  parts  of  the  work 
of  Hervas  with  considerable  interest,  as  he  has  travelled 
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Aritlmrtk.  over  a great  part  of  the  same  ground  with  ourselves  : 
he  attempts  to  prove,  that  the  quinary  Arithmetic,  or 
Obsorva*  rather  numeration  by  the  fingers  of  one  hand,  was 
ether °n  practised  in  the  infancy  of  the  world,  and  discovers 

UanfioTthe  vestiges  of  it  in  the  very  genera)  resemblance  of  the 
work  of  name  for  hand  and  for  fire,  or,  at  least,  of  the  roots  of 

Henaa.  those  terms.  It  must  be  confessed,  however,  that,  in 

his  search  after  such  analogies,  he  has  ventured  to 
travel  further  into  the  very  dangerous  regions  of  etymo- 
logy than  can  be  considered  either  prudent  or  judi- 
cious. He  considers,  however,  the.  almost  universal 
prevalence  of  the  decimal  scale  as  a proof,  that  it  had 
superseded  the  quinary  Arithmetic  long  before  the 
* dispersion  of  nutioris,  and  appeals,  in  confirmation  of  this 
opinion,  to  the  affinity  of  the  names  for  6 and  7,  which 
both  possess  the  characteristic  letter  i in  no  many 
languages  and  which,  therefore,  were  most  prolwtbly 
derived  from  some  common  source;  he  possessed  not, 
however,  the  key  which  more  modern  philologists  have 
found  out,  for  the  classification  of  European  and 
Asiatic  languages,  and  particularly  of  that  great  class 


of  Indo  Pctasgic  languages,  occupying  a aone  of  History, 
more  than  two-thirds  of  the  circumference  of  the  globe,  t— ■v— 
extending  from  the  north-western  extremity  of  Europe,  ■ 
through  Persia  and  Hindostan,  to  the  islands  of  the 
South  Sea,  and  which  will  be  found  to  comprehend  the 
greatest  part  of  the  nations  to  whose  numerals  he  has 
referred,  in  confirmation  of  tills  part  of  his  theory. 

The  author  has  likewise  discussed,  with  considerable 
learning,  the  alphabetical  and  symbolical  Arithmetic  of 
different  nations,  os  well  as  the  question  so  often  agitated, 
of  the  origin  of  the  notation  by  nine  figures  and  aero, 
and  the  date  and  circumstances  of  its  introduction  into 
Europe,  The  opinions  which  he  has  advanced  on 
these  subjects  are  not  materially  different  from  our  own, 
and  though  some  of  the  lads  which  he  has  collected 
ore  new  and  important,  we  feel  compelled  to  leave 
them  unnoticed,  as  we  have  already  trespassed  too 
much  upon  the  patience  of  our  readers,  to  venture 
upon  the  addition  of  any  further  extracts  to  those  we 
have  already  given. 


ERRATA. 


p «<r. 

Cot. 

Line. 

Krror. 

Correction. 

397, 

$ 

)4  from  lop, 

••-Ft 

mottftu. 

do 

do. 

19  from  bottom, 

Mir, 

Ms. 

428, 

1, 

25  from  bottom, 

necessarily. 

successively. 

429, 

2, 

2 irona  bottom 

torevano. 

facet  auo. 

433, 

do. 

25  from  lop, 

9733  6376, 

97535376. 

445, 

1, 

3 fn.tn  lop, 

wheat. 

wine. 

447, 

2, 

21  from  bottom,  after  lignet  put  s comma. 

448, 

1, 

29  from  bottom. 

after  enthseront  omit  semicolor. 

f 
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Arithmetic.  (284.)  Tiierk  are  two  great  divisions  of  the  Science 
y — , > of  Arithmetic,  to  which  wc  shall  adhere  generally  in  the 

following  treatise. 

Arithmetic  The  first  comprehends  the  fundamental  rules,  Nota- 
of  attract  lion.  Addition,  Subtraction,  Multiplication,  and  Divi- 
aumtwn.  sion,  which  will  vary  according  to  the  nature  of  the 
quantities  which  are  considered,  whether  integers, 
ordinary  or  decimal  fractions,  or  concrete  or  compound 
quantities;  to  which  may  likewise  he  added,  the  rules 
for  the  extraction  of  the  square,  cube,  and  other  roots. 
Ot'  concrete  The  second  comprehends  the  application  of  these 
number*.  rules  to  the  solution  of  such  classes  of  questions  as 
arise  in  the  ordinary  business  of  life;  such  as  questions 
on  the  rule  of  three,  practice,  interest,  and  annuities, 
Ac. ; a division  of  our  subject  which  we  shall  treat 
with  great  brevity,  as  sufficient  information  may  be 
obtained  upon  it  in  our  ordinary  books  of  Arithmetic. 

Explanation  (285.)  As  the  following  signs  are  very  generally  used, 
04  *gni.  and  contribute  greatly  to  the  distinctness  of  notation  in 
many  cases,  and  to  the  abbreviation  of  language,  it 
may  be  expedient  to  premise  an  explanation  of  them. 

(1.)  *f  plus,  or  more,  the  sign  of  addition ; its  signi- 
fication in  Arithmetic  being,  that  the  numbers  between 
which  it  is  placed  are  to  be  added  together. 

Tlius  7+3  denotes  that  7 is  to  be  added  to  3 : 
| + A means  that  £ is  to  be  added  to 

(2.)  — minim,  or  leu,  die  sign  of  subtraction ; its 
arithmetical  signification  being,  that  the  second  of  the 
numbers  between  which  it  ia  placed  is  to  be  subtracted 
from  the  other. 

Thus  7 — 3 means  that  3 is  to  he  Subtracted  from 
7 : i — + means  that  y is  to  be  subtracted  from 

(3.)  x into,  Uic  sign  of  multiplication,  signifying 
that  the  numbers  between  which  it  is  placed  ore  to  be 
multiplied  together. 

Thus  7x3  means  that  7 is  to  be  multiplied  into  3. 

(4.)  -4-  by,  the  sign  of  division,  signifying  that  the 
former  of  the  two  numbers  between  which  it  is  placed 
is  to  be  divided  by  the  latter. 

Thus  12  -4-  3 signifies  that  12  is  to  be  divided  by  3. 

This  last  sign  is  not  very  generally  used,  the  more 
common  practice  being  to  write  the  divisor  underneath 
the  dividend,  in  the  form  of  a fraction.  Thus  12  -r-  3 
is  equivalent  to  if. 

(5.)  = equal  to,  signifies  that  the  numbers  between 
which  it  is  placed  are  equal  to  oue  another. 

Thus  7 + 3 = 10. 

There  are  other  signs  which  we  shall  have  occasion 
sometimes  to  make  use  of,  but  their  explanation  may  be 
deferred  until  we  come  to  the  discussion  of  the  opera- 
tions for  which  they  are  required. 

Numeration  and  Notation. 

Definition*.  (286.)  Arithmetical  notation  may  be  defined  to  be,  the 


expression  of  any  number  in  symbols  which  is  already  Part  I. 
expressed  in  words ; whilst  the  term  numeration  is  ^ ■ — v 
generally  applied  to  the  converse  process,  of  expressing 
in  words  a number  which  is  already  expressed  in  sym- 
bols. 

We  must,  of  course,  suppose  the  learner  to  be 
acquainted  with  the  meaning  of  all  ordinary  numerical 
terms,  such  as  the  names  of  the  digits,  tens,  hundreds, 
thousands,  millions,  Ac.,  as  also  with  the  full  import  of 
the  phrases  for  the  expression  of  compound  numbers, 
such  as  three  hundred  and  sixty-five,  one  thousand 
eight  hundred  and  twenty-six ; ten  millions,  three  hun- 
dred and  ninety-five  thousand,  seven  hundred  and 
eighty-four ; and  so  on.  Unless  possessed  of  such 
elementary  and  fundamental  knowledge,  it  would  be 
extremely  difficult  to  make  him  comprehend  the  nota- 
tion of  numbers. 

(287.)  The  nine  digits,  one,  two,  three,  four,  five,  six.  Notation  ef 
seven,  eight,  nine,  are  denoted  by  the  nine  figures,  diCiu- 
I,  2,  8,  4,  5,  6,  7,  8,  9. 

Zero,  or  nothing,  is  denoted  by  0,  which  is  also  called 
a cypher. 

The  articulate  numbers  of  the  first  order,  or  ten,  ArfH-ulita 
twenty,  thirty,  forty,  fifty,  sixty,  seventy,  eighty,  ninety,  u*unl>«*. 
are  denoted  by 

10,  20,  30,  40,  50,  60,  70,  80,  90, 


a cypher  being  written  after  the  digitul  number,  which 
mind  be  multiplied  into  ten,  in  order  to  produce  the 
corresponding  articulate  number. 

The  articulate  numbers  of  the  second  order,  one 
hundred,  two  hundred,  three  hundred,  Ac.,  are  denoted 
by 

100,  200,  300,  400,  500,  600,  700,  800,  900, 
two  cyphers  being  written  after  the  respective  digital 


numbers. 

Articulate  numbers  of  the  third,  fourth,  or  any  other 
order,  are  denoted  by  writing  three,  four,  or  as  many 
cyphers  after  the  digital  number  as  may  be  equal  to 
the  number  which  determines  the  order.  Thus  oue 
thousand  is  denoted  by  1 000, twenty  thousand  by  20000, 
five  hundred  thousand  by  500000,  one  million  by 
1000000,  and  similarly  in  other  cases. 

The  zeros,  or  cyphars,  therefore,  though  without  value 
themselves,  serve  to  mark  the  values  of  the  digits  which 
they  succeed ; those  digits  betng  supposed  to  be  mul- 
tiplied into  ten,  a hundred,  thousand,  Ac.,  according 
as  one,  two,  three,  Ac.  cyphers  or  places  succeed  them. 

(288.)  An  example  or  two  will  best  explain  the  prin- 
ciple of  denoting  componnd  numbers. 

Let  it  be  required  to  denote  by  figures  the  number  Example*  of 
seven  thousand,  six  hundred,  and  ninety-five.  l|'«  wiuiwo 

Write  underneath  each  the  digital  and  several  articu- 
late  numbers  of  which  this  compound  number  is  com- 
posed  • 

Sa*  483  , 
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Arithmetic.  Five ...»  5 

Ninety 90 

Six  hundred . 000 

Seven  thousand  ......  7000 


The  number  which  is  the  sura  of  these  several  parts  is 
denoted  by  7695,  where  5 is  in  the  place  of  units  9 of 
tens.  6 of  hundreds  and  7 of  thousands  : in  this  case, 
therefore,  the  values  of  the  several  digits,  9,  6,  7,  are 
determined  by  their  position  with  respect  to  the  place 
of  units;  and  the  number  denoted,  by  writiug  those 
digits  in  succession  in  their  several  places,  is  equal  to 
the  sum  of  the  numbers  which  they  would  express  if 
written  separately,  with  the  same  number  of  cyphers 
as  of  places  after  each. 

Let  it  be  required  to  write  down  the  number  twenty- 
three  millions,  sixty-nine  thousands,  one  hundred  and 


seven. 

Seven 7 

One  hundred 100 

Nine  thousand 9000 

Sixty  thousand 60000 

Three  millions ....  3000000 

Twenty  millions  . . 20000000 


The  number  which  is  the  sum  of  all  these  parts  is 
written  23069107  in  one  line  ; the  digit*  being  written 
in  succession,  the  zero*  being  written  in  those  places 
to  which  no  digit  corresponds. 

The  principle  of  this  notation,  which  is  sufficiently 
illustrated  by  these  examples,  may  be  stated  as  follows  : 
the  values  of  the  digits  increase  in  a tenfold  proportion, 
In  passing  from  the  place  of  unit*  from  the  right  hand 
to  the  left,  being  supposed  to  be  multiplied  by  ten  in 
the  second  place,  by  a hundred  in  the  third,  by  a 
thousand  in  the  fourth,  by  ten  thousand  in  the  fifth,  and 
so  on ; and  the  number  denoted  by  those  digits  written 
in  succession,  is  die  sum  of  the  numbers  which  they 
severally  denote,  when  their  values  arc  considered  with 
reference  to  the  place  of  units. 

Thus,  the  number  denoted  by  2343  is  equivalent  to 
the  sura  of  2000,  300,  40,  and  *5 ; or,  if  we  pass  from 
symbols  to  numeral  language, it  is  equal  to  two  thousand, 
three  hundred,  and  forty-five. 

The  number  denoted  by  8400018  is  equivalent  to 
8000000,  400000,  10,  ami  8,  or  to  eight  millions,  four 
hundred  thousand,  and  eighteen. 

The  number  denoted  by  111000111  i*  equivalent  to 
100000000  4-  10000000  + 1000000  +100  + 10  + 1, 
or  to  one  hundred  and  eleven  millions,  one  hundred,  and 
eleven. 

(289.)  The  following  tabic  of  numeral  terras,  with  the 
expressions  in  figures  for  the  equivalent  numbers,  will 
materially  assist  the  learner  in  the  notation  of  any 
number  when  given  in  words,  or  in  ita  numeration  when 
expressed  in  symbols. 


Billion 1000000000000  r«t  L 

Trillion 1000000000000000000^— 

Quatrillion  1000000000000000000000000 


(290.)  Our  language  possesses  no  simple  names  for  Numbers 
numbers  in  the  decuple  series,  1,  10,  100,  &c.,  except  for*ej»™»ed 
the  1st,  2d,  3d,  4th.  7th,  13th,  19th,  &c.  ; and  it  has 
therefore  been  usual  to  separate  numerical  expressions^,^, 
into  member*  or  periods  of  six,  the  first  embracing  all 
numbers  below  a million,  the  second  millions,  the  third 
billions,  and  so  on,  thus  affording  an  aid  to  the  eye.  by 
which  their  numeration  is  more  easily  effected.  Thus, 
the  number  denoted  by 

2340,064039,672107, 

is  two  thousand  three  hundred  and  forty  billions,  sixty- 
four  thousand  and  thirty-nine  millions,  six  hundred  and 
seventy-two  thousand,  one  hundred  and  seven  ; and  the 
number  denoted  by 

10076,432897,158204,000621, 
is  ten  thousaud  and  seventy-six  trillions,  four  hundred 
and  thirty-two  thousand  eight  hundred  and  ninety-seven 
billions,  one  hundred  and  fifty-eight  thousand  two 
hundred  and  four  millions,  six  hundred,  and  twenty-one. 

The  numeration  of  each  period  i*  the  same  as  for  the  first 
six  places,  being  only,  instead  of  units,  millions  for  the 
second  period,  billions  for  the  third,  trillions  for  the 
fourth,  and  so  on. 

(291 .)  Aslhe  values  of  the  digits  increase  in  a decuple  Principle  of 
proportion,  in  passing  from  the  place  of  units  from  the  the  notation 
right  to  the  left,  it  is  a very  natural  extension  of  this  of  decimals, 
principle  to  consider  digits  on  the  right  of  the  place  of 
units  as  decreasing  in  a decuple  proportion  from  left  to 
right : thus  « 

32.124 

would  denote  3 x 10  + 2 + +^  + + t*%v.  a 

dot  being  placed  after  the  place  of  units,  to  determine 
its  position  with  respect  to  the  other  digits : and  again, 
7634.0345 

is  equivalent  to  7 X 1000  + 6 x 100  + 3 x 10  + 4 
+ Tlv  + tAv  + retro  The  digits  in  the  1st,  2d, 

3d,  4th,  &c.  place  to  the  right  of  the  place  of  units, 
being  divided  by  10,  100,  1000,  10000,  &c.  respectively, 
whilst  those  in  corresponding  positions  to  the  left  are 
multiplied  by  the  corresponding  numbers  in  the  same 
series.  In  the  numeration  of  such  numbers,  the  digits 
to  the  right  of  the  place  of  units  arc  tenth*,  hundredth *, 
thousandths,  ten  thousandth*,  &c.,  corresponding  to  the 
places  of  tent,  hundred*,  thousand* , ten  thousand*, 
amongst  integral  numbers.  Thus 
3.245 

is  read  three,  two-tenth*,  four-hundredtha,  five  thou- 
sandths. Also, 

.006934 

is  read  six  thousandths,  nine  ten-thousandths,  three 
hundred-thousandths,  four  millionths,  and  similarly  in 


Table  of 
numeral 
terms  with 
their  nota- 
tion. 


Unit  

Ten 

One  hundred  

Thousand 

Ten  thousand 

Hundred  thousand  

Million 

Ten  million* 

Hundred  millions 

Thousand  millions 

Ten  thousand  millions 

Hundred  thousand  millions 


....  1 
. . . 10 

100 

1000 

10000 

100000 

1000000 


. . 10000000 
. 100000000 
1000000000 
10000000000 
lOOOOOOQOOOO 


other  cases. 

(292.)  Such  fractions  are  called  decimal  fractions,  or  Decimal 
decimals,  to  distinguish  them  from  integers,  though  they  P0^ 
are  all  equally  subject  to  the  same  decimal  scale,  or 
classification  of  values.  The  dot  also  is  termed  the 
decimal  place ; all  the  digits  to  the  right  of  it  being 
considered  as  decimals,  though  in  this  respect  no 
great  regard  is  had  to  propriety  of  language.  It  would 
be  more  proper  to  place  the  dot  beneath  the  digit  in 
the  place  of  units,  which  is  the  point  of  departure  ; 
the  digits  to  the  right  and  to  the  left,  possessing  value 
from  their  position  with  respect  to  it ; but  this  would 
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Arithmetic,  lead  to  some  inconvenience,  when  there  were  no  integral 
numbers  iu  the  expression.  Thus 
75.036 

would  be  conveniently  denoted  by 
75036  ; 

but  there  would  be  some  degree  of  awkwardness,  though 
no  ambiguity,  in  denoting 

.00062 

by 

00062 

Decimals  (293.)  It  has  been  usual  in  books  of  Arithmetic  tosepa- 
anrf  integer*  rate  |]|g  ru|e^  for  operation  with  integral  nutnl>crs  from 
dud*d  IO  those  *n  which  decimals  are  also  involved  ; and  though 
under  com-  the  notation  of  such  quantities  is  reducible  to  a common 
won  role*,  principle  in  both  eases,  and  though  it  would  not  be 
difficult  to  frame  the  rules  for  addition,  subtraction, 
multiplication,  and  division,  so  as  to  include  them 
. both,  we  shall  adhere  to  the  common  practice,  as  better 

adapted  for  the  purposes  of  elementary  instruction. 
A student  in  Arithmetic  is  not  likely  to  possess  much 
power  of  generalization,  and  it  seems  expedient  that 
he  should  first  be  familiarized  with  the  common  opera- 
tions with  whole  numbers  only,  without  having  addi- 
tional difficulties  thrown  in  his  way,  by  the  greater 
complexity  of  the  rules  which  would  be  necessary,  in 
order  to  embrace  decimals  as  well  as  integers. 


ADDITION. 

Rule.  (294.)  To  add  is  to  colic cl  several  numbers  into  one 

sum. 

For  this  purpose,  the  numbers  must  be  written  under- 
neath each  other,  so  that  units  may  stand  under 
units,  tens  under  tens,  hundreds  under  hundreds ; and 
we  then  proceed  to  add  the  digits  in  each  column  into 
one  sum,  and  write  the  result  underneath.  Thus,  if  we 
have  to  add  32 1 to  237,  they  must  be  written  thus, 

321 

237 

558 

And  the  sum  558  is  found  by  adding  successively  7 to 
1,  3 to  2,  and  2 to  3. 

Method  of  But  if  the  sum  of  the  digits  in  the  same  column  ex- 
cusing ceed  10,  we  must  write  down  the  excess,  and  carry  1 to 

**“•  the  next  column.  Thus  the  sum  of  27  and  56,  or 

27 
56 

83 

is  found,  by  first  adding  6 and  7 together,  whose  sum 
is  13  : we  write  down  3,  and  carry  1 to  the  sum  of  the 
digits  of  the  next  column,  which  thus  becomes  8. 

Let  it  be  required  to  add  together  303,  727,  1069, 
and  35 : 

303 

727 

1069 

35 


2134 

The  sum  of  the  digits  in  the  first  column  is  24,  write 
down  4,  and  carry  2.  The  sum  of  /,  3,  6,  2,  in  the 
second  column,  is  13  : write  down  3,  and  carry  1 : the 
sum  of  7,  8,  in  the  third  column,  is  11 : write  down 
),  and  carry  1;  the  sum  of  / and  I is  2,  which,  written 
down,  gives  the  entire  sum  of  the  numbers  required. 


In  this  case,  we  have  denoted  the  numbers  which  are 
carried  from  one  column  to  another  with  scratched 
figures,  to  distinguish  them  from  those  w hich  actually 
appear  in  the  original  sums  to  be  added. 

The  principle  of  the  rule  for  carrying  the  tens  from 
one  column  to  another,  so  important  in  the  incorpora- 
tion of  numbers  into  one  sum,  whether  in  addition  or 


multiplication,  must  be  at  once  understood  by  any  one 
who  frilly  comprehends  the  principle  of  notation  by  nine 
figures  and  zero ; and  we  should  most  probably  create 
a difficulty  where  none  existed  before,  by  any  attempt 
to  explain  it.  Demonstrations  become  difficult  and 
unsatisfactory,  when  the  relation  between  the  premises 


and  in  such  cases,  what  is 

gained  in 

lost  in  perspicuity. 

ilea; 

96341 

2. 

12345 

25784 

23456 

10001 

34567 

7249 

45678 

70000 

56789 

209375 

172835 

373737 

4. 

999999 

863636 

101010 

737373 

1101009 

Put  I. 


Examples. 


SUBTRACTION. 

(295.)  To  subtract  one  number  from  another,  is  to  find 
their  difference,  or  to  find  a number  which  added  to  Ike 
first  will  produce  the  second. 

Place  the  number  to  be  subtracted  underneath  the  Rule, 
other,  in  the  same  manner  as  in  addition,  and  then 
subtract  the  digits  underneath  successively  from  those 
above.  Thus,  to  subtract  237  from  558,  write  them  as 
follows ; 

558 

237 

321 

Subtract  7 from  8,  the  remainder  is  1 ; 9 from  5,  the 
remainder  is  2 ; 2 from  5,  the  remainder  is  3 : we  thus 
get  the  entire  remainder,  which  is  321. 

In  this  example,  the  digits  in  the  subtrahend  are  Procnz  of 
severally  less  than  those  above  them ; in  case  one  or  borrowiag 
more  of  them  are  greater,  we  must  add  10  to  the  upper 
digit,  and  increase  the  lower  digit  in  the  next  column 
by  1 ; in  other  words,  the  10  which  we  borrow,  to  in- 
crease the  upper  digit  in  the  first  column,  we  must 
repay  by  increasing  the  lower  digit  by  1 in  the  next : 
thus,  in  the  example, 

32 

27 

5 

we  increase  2 by  10,  which  makes  12,  from  which  we 
subtract  7,  which  leaves  5 ; we  increase  the  digit  2,  in 
the  next  column,  by  1,  which  becomes  3,  and  being 
subtracted  from  3 leaves  no  remainder. 

Again,  in  the  example, 
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Arithmetic.  3 4 :>0S 

Wv~— ' 15376 

19127 

we  add  10  to  8 and  subtract  6 from  13,  which 
leaves  7 ; we  then  increase  7 by  1,  and  0 by  10,  and, 
therefore,  subtract  8 from  10,  which  leaves  2 ; we  in- 
crease 3 by  1,  and,  therefore,  subtract  4 from  5,  which 
leaves  1 ; we  increase  4 by  10,  sod  then  subtract  5 from 
14,  which  leaves  9 ; we  then  increase  1 by  1,  and  sub- 
tract 9 from  3,  which  leaves  1,  and  thus  get  the  entire 
remainder,  which  is  19127. 

Eumph,  Example*. 

1.  32104 

7963 


24141 

3.  101101101 

60909090 


10192011 


2 232323 

41414 

190909 

4.  987654321 

1234 567 89 

064197532 


MULTIPLICATION. 

Definitions.  (296.)  To  multiply  one  number  by  another,  it  to  add 
the  first  as  often  as  the.  seeond  denotes,  or  conversely. 

The  first  of  these  numbers  is  called  the  multiplicand , 
the  second  the  multiplier,  the  result  of  their  multiplica- 
tion is  called  the  product. 

The  definition  which  wc  have  given  of  multiplication 
rather  indicates  what  the  operation  is  equivalent  to,  than 
guides  us  to  the  mode  in  which  it  may  be  performed : 
the  product  is  the  sum  of  the  multiplicand  repeated  as 
often  as  there  are  units  in  the  multiplier,  but  the  object 
of  multiplication  is  to  enable  us  to  find  tins  sum,  or 
product,  by  a short  and  simple  process,  which  supersedes 
the  necessity  of  these  repealed  additions. 

Multiplies-  (297  ) For  this  purpose,  it  is  absolutely  necessary  to 
tioa  uiile.  comm  j|  |Q  memory  the  products  of  all  numbers  as  Ikr  as  1 0 
into  10,  into  each  other.  The  following  table  extends  os 
far  as  12  into  12,  and  it  is  expedient  and  usual,  though 
not  necessary,  to  learn  it  under  this  extended  form. 


Multiplication  Table. 


1 

2 

3 

4 

6 

6 

7 

8 

P 

10 

11 

It 

2 

4 

6 

H 

,0 

12 

14 

16 

18 

20 

S3 

» 

* 

6 

9 

12 

10 

18 

21 

24 

27 

30 

33 

36 

4 

8 

12 

16 

30 

24 

28 

3- 

36 

4ft 

44 

48 

5 

10 

15 

20 

25 

30 

35 

40 

45 

50 

55 

60 

6 

i* 

18 

24 

30 

36 

42 

48 

54 

60 

66 

72 

7 

u 

21 

29 

35 

42 

49 

56 

63 

70 

77 

84 

8 

18 

24 

32 

40 

48 

66 

64 

72 

HO 

88 

96 

9 

18 

27 

36 

45 

51 

63 

72 

8! 

90 

» 

108 

10 

30 

30 

40 

50 

€0 

70 

80 

90 

too 

no 

120 

11 

33 

33 

44 

65 

66 

77 

88 

99 

no 

121 

132 

12 

34 

36 

48 

60 

72 

84 

96 

100 

120 

132 

144 

Many  of  the  remarks,  which  an  examination  of  the  PwtL 
numbers  in  this  table  would  suggest,  however  interest-  v— ~ v-"—/ 
ing.  would  be  useless  here,  as  having  no  connection  ^ **"***, 
with  its  immediate  object  and  application  : there  are 
some  others,  however,  whidi,  though  extremely  simple 
and  obvious,  it  may  be  worth  while  to  point  out. 

The  numbers  included  in  the  black  squares,  which  Sqnsr* 
form  the  diagonal  of  the  great  square,  are  the  squares  nu®f*ers. 
of  the  numbers  from  1 to  12,  or  the  products  of  2 into 
2,  3 into  3,  4 into  4,  &c. 

The  portions  of  the  table  on  each  side  of  this  diago-  Two  similar 
nal  are  identical  with  each  other,  as  will  be  imme-  portion*  of 
dial  el  y seen  from  an  examination  of  the  numbers  in  the  dwubk. 
squares  on  each  side,  whose  diagonals  arc  in  the  same 
straight  line. 

Those  numbers  which  occur  more  than  once  on  the  The  tune 
same  side  of  the  diagonal,  may  arise  from  the  product  product 
of  different  combinations  of  numbers  between  1 and  12  : ^n>,,‘  «liffe- 
thus  IS  may  arise  from  6 and  3,  or  from  9 and  2 ; 48  7601 
from  6 and  8.  or  from  4 and  12  ; 72  from  8 and  9.  or 
from  6 and  12  ; and,  similarly,  for  the  numbers  12,  20, 

24,  30.  40,  und  60.  The  only  square  numbers  which 
occur  in  this  portion  of  the  square  are  16  and  36,  which 
arc  the  squares  of  4 and  6,  or  the  products  8 and  2, 
and  of  9 and  4,  or  12  and  3. 

The  series  of  square  numbers  exceed  by  unity  tlie  Other 
number  in  the  adjoining  square  in  the  same  diagonal,  smirks, 
which  are  4 and  3,  9 and  8,  16  and  15,  25  and  24,  36 
and  35,  and  so  on,  as  far  as  121  and  120:  in  other 
words,  the  square  of  a number  exceed*  by  unity  the 
product  of  the  two  numbers,  which  differ  from  it  by  1, 
one  in  excess  and  the  other  in  delect. 

Pursuing  the  examination  of  numbers  in  the  same 
diagonal,  wc  find  those  in  the  second  square  from  the 
centre  differing  from  the  square  number  placed  therein 
by  4 ; those  in  the  third  by  9,  in  the  fourth  by  16,  and  so 
on  : in  other  words,  the  product  of  two  numbers,  dif- 
fering in  excess  and  defect  by  1,  2,  3,  4,  &c.  from  any 
number,  will  be  less  than  its  square  by  the  squares  of 
that  difference. 

Conclusions  like  these  may  he  generalized,  and 
applied  to  any  numbers  whatsoever ; but  such  gene- 
ralizations must  be  made  with  the  greatest  caution  and 
distrust,  and  never  admitted  as  proved,  unless  it  can  be 
shown  that  tile  conclusion  does  not  depend  upon  the 
particular  magnitude  of  the  numbers  which  are  used. 

(296.)  There  are  some  cases  in  which  it  is  expedient  Formation 
to  learn  by  heart  the  product*  of  numbers  beyond  the  of  «qu*r«i 
limits  of  this  tahle.  Of  this  kind,  are  the  squares  of  [rOTB  1* 
all  numbers  as  far  ns  25  or  30,  and  even  farther,  the  o0‘ 
knowledge  of  which  is  frequently  useful,  and  particu- 
larly so  for  enabling  us  to  form  very  readily  the  pro- 
ducts of  numbers  equidistant  from  them,  by  u method 
founded  on  the  preceding  observations. 


The  square  of  13, 

169. 

22. 

484. 

14, 

196. 

23. 

5*29. 

15, 

225. 

24, 

576. 

16, 

256. 

25, 

625. 

17, 

2S9. 

26, 

676. 

18. 

324. 

27, 

729. 

19. 

3<U. 

28, 

784. 

SO, 

400. 

29, 

841. 

81. 

441. 

30, 

900. 

It  is  a very  amusing  and  instructive  practice  to  observe 
the  analogies  which  raa y exiht  amongst  these,  or  any 
other  connected  series  of  numbers,  and  to  notice  such 
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formation 
of  square* 
from  50  to 


Arithmetic,  points  of  resemblance  or  diversity*  as  may  serve  the  pnr- 
poses  of  a technical  memory.  Thns  the  squares  of  13  and 
14  are  169  ami  196,  the  two  last  dibits  being  the  same 
in  each,  but  in  an  inverted  order:  the  two  last  figures 
in  the  square  of  15  are  the  two  first  in  that  of  16  ; the 
squares  of  24  and  26,  each  differing  from  25  by  1, 
differ  from  each  other  by  100  : those  of  23  and  27,  dif- 
fering from  25  by  2,  differ  from  each  other  by  200  : 
those  of  22  and  28,  differing  from  25  by  3,  differ  from 
each  other  by  300 : those  of  21  and  29,  differ  by  400  ; 
of  20  and  30,  by  500.  If  we  extend  the  conclusion, 
the  squares  of  19  and  31  should  differ  by  600,  or,  in 
other  words,  the  square  of  31  should  be  961  ; whilst, 
in  the  same  manner,  we  should  find  the  stpiare  of  32  to 
be  1024  ; that  of  33  to  be  1089,  and  similarly  for  other 
numbers  as  fur  us  50 ; the  general  rule  being  as  follows: 
“ if  two  number*  are  equidistant  from  25,  the  square  of 
the  greater  exceeds  the  square  of  the  less,  by  as  many 
hundreds  as  the  number  itself  exceeds  25.” 

(299.)  If  we  wished  to  form  the  squares  of  all  numbers 
above  50  from  those  below  50,  it  might  be  easily  done 
^ by  the  following  rule : if  two  numbers  be  equidistant 
from  50,  the  square  of  the  greater  exceeds  that  of  thu 
less  by  twice  as  many  hundreds  as  the  number  itself 
exceeds  50.  The  truth  of  this  rule  would  be  readily 
ascertained  from  the  actual  formation  and  examination 
of  any  number  of  the  squares  themselves. 

InportuM  (300.)  Observations  like  these  are  easily  made,  and 
cbwTTsiwns  8ave  memory  from  much  useless  labour ; and  it  is 
impossible  for  a student  to  habituate  himself  too  soon  to 
the  practice  of  such  examinations  as  are  the  foundation 
of  them.  It  is  true,  that  the  rules  of  Arithmetic  are 
formed  generally  for  the  use  of  those  who  have  not 
arrived  at  an  age  when  the  reflective  and  reasoning  facul- 
ties are  sufficiently  exercised  and  strengthened  to  enable 
them  to  understand  fully  the  principles  of  the  rules 
which  they  follow  : but  it  may  justly  be  doubted,  whether 
the  acquiescence  in  this  principle  of  education,  is  not 
much  too  general,  and  whether  habits  of  investigation 
aud  inquiry  are  not  checked,  at  least,  if  not  destroyed, 
by  teaching  the  student  to  follow  merely  mechanical 
rules,  in  which  the  understanding  takes  no  part. 

(30 1 .)  But  it  is  proper  to  return  from  this  digression  to 
the  immediate  uses  of  the  multiplication  table,  as  exem- 
plified in  the  process  of  multiplication  of  numbers,  one 
or  both  of  which  are  beyond  the  limits  of  the  table. 

Let  cue  of  the  numbers  only  be  within  the  limits  of 
the  multiplication  table.  In  this  case  the  greater  number 
must  be  made  the  multiplicand,  and  the  less  number 
e*cerd*th«  the  multiplier.  Multiply  successively  every  digit  of  the 
limit* the  multiplicand  by  the  multiplier;  the  several  products  are 
known  from  the  table,  and  in  forming  the  whole  pro- 
duct, we  must  carry  the  ten*  in  the  product  of  the  first 
digit  to  the  product  of  the  second,  and  so  on  to  the 
end.  An  example  will  explain  our  meaiung  more 
clearly. 

Let  it  be  required  to  multiply  237  by  9. 

Write  them  as  follows: 


Rule  for 
multiplica- 
tion where 
one  factor 


table. 


237 

9 

2133 

The  product  of  9 and  7 is  63 ; write  down  3 and 
carry  6,  or  retain  it  in  the  mind  as  a number  to  be 
added  to  the  next  product : the  product  of  9 and  3 is 
27 ; to  this  add  6,  which  makes  33;  write  down  3 and 


carry  3 : the  product  of  9 and  2 is  18  ; to  this  add  3,  Parti, 
and  the  sum  is  21,  which,  written  down,  gives  2132,  the 
entire  product  required. 

The  same  result  would  be  obtained  by  the  addition 
of  237  nine  times  to  itself  as  follows : 

237 

237 

237 

237 

237 

237 

237 

237 

237 


2133 

The  multiplication  of  the  successive  digits  7,  3,  2,  by 
9,  is  equivalent  to  the  addition  of  these  digits  9 times 
repeated,  and  the  numbers  carried  in  each  case  are 
obviously  the  same. 

Let  it  be  required  to  multiply  9876  by  12. 

9876 

12 


1 1 8512 

The  product  of  12  ami  6 is  72;  write  down  2 and 
carry  7 : the  product  of  12  and  7 is  84,  add  7,  and  the 
result  is  91 ; write  down  1,  and  carry  9 : the  product  of 
12  and  8 is  96,  add  9,  the  result  is  105  ; write  down  5, 
and  carry  10 : the  product  of  12  and  9 is  108,  add  10, 
the  result  is  118,  which  written  down  gives  the  entire 
product. 

(302.)  The  next  ease  to  be  considered  is  that  in  which 
both  the  numbers  to  be  multiplied  together  exceed  the 
limits  of  the  table. 

lu  this  case  it  is  most  convenient  to  make  that  num-  Rule  where 
her  the  multiplier  which  possesses  the  smallest  number  both  the 
of  digit*  ; w«  then  multiply  the  multiplicand  successively  ke1ori  *r* 
by  the  digits  of  the  multiplier,  placing  the  several  pro-  Kml^of  thw 
ducts  underneath  each  other,  the  digit  in  the  units* 
place  iu  the  second  under  the  digit  in  the  tens*  place  in 
the  first  product,  and  so  on  throughout : we  then  add 
these  results  together,  in  order  to  get  the  entire  pro- 
duel.  Thus,  suppose  it  were  required  to  multiply  2349 
by  876,  the  form  of  the  process  is  as  follows : 

2349 

876 


14094 

16443 

18792 


2057724 

We  first  multiply  2349  by  6,  the  result  is  14094  ; we 
next  multiply  2349  by  7,  the  result  is  16443,  which  is 
written  underneath  the  first  result,  so  that  the  last 
figure  of  one  may  be  under  the  last  but  one  of  the 
other ; we  lastly  multiply  2349  by  8,  and  the  result  is 
18792,  which  is  placed  in  a similar  manner  : the  digits 
in  the  several  columns  are  added  together,  and  the 
final  product  is  obtained. 

If  the  several  results  had  been  written  down  at  full 
length,  the  scheme  of  lire  process  would  have  appeared 
as  follows  ; 
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Products  of 
Bonbon 
terminated 
by  cypher*. 


Rule. 


2349 

876 

11094 

1 6 1 480 

1879200 


in  the  process  of  multiplication,  and  the  first  place  of  the  P*rt  I. 
product  formed  by  the  next  significant  digit  is  removed  s— * v— ^ 
as  many  places  to*  the  left  as  there  are  cyphers  passed  ''herecJ* 
over.  We  will  take  the  following  example : WtwtTJba 

207392  wgwiScant 

504003  d,g“** 


2057724 

The  fact  is,  that  the  digits  of  the  multiplier  denote 
800,  70,  and  S,  respectively,  and  we,  properly  speaking, 
multiply  by  70  and  800,  and  not  by  7 and  8.  The 
result,  however,  of  the  multiplication  of  a number  by 
70  differs  from  its  product  by  7,  merely  in  having  an 
additional  cypher  after  the  significant  digits ; whilst 
the  product"  produced  by  multiplying  by  800  differs 
from  that  with  8,  merely  in  having  2 additional  cyphers 
after  it : it  is  quite  clear,  however,  that  the  final  result 
which  is  obtained  by  following  the  directions  of  the 
rule,  and  omitting  the  cyphers,  is  the  same  as  if  they 
were  inserted  in  full;  and  it  is  an  important  principle 
in  .nil  arithmetical  rules,  to  dispense  with  the  writing 
down  of  all  figures  which  are  superfluous  in  practice, 
however  much  they  may  otherwise  contribute  to  make 
the  operation  better  understood. 

(303.)  The  product  of  10  into  10  is  100,  or,  expressed 
in  the  abbreviated  form  which  the  use  of  signs  enables 
us  to  give  it, 

10  x 10  as  100. 

Again, 

10  X 100  rr  1000, 

10  x 1000  = 10000, 

100  X 100  = 10000, 

100  X 1000  = 100000, 

1000  X 1000  = 1000000. 

100  X 10000  = 1000000, 

10  X 100000  = 1000000. 

It  appears  from  hence,  and  these  results  are  an  imme- 
diate consequence  of  the  decimal  notation,  that  the  pro- 
duct of  two  numbers,  expressed  by  1 and  any  number  of 
cyphers  after  it,  is  the  number  denoted  by  1 with  as 
many  cyphers  as  are  equal  to  the  sum  of  those  in  the 
two  factors : and  the  same  rule  applies,  as  far  at  least 
as  the  number  in  the  product  i*  concerned,  when  any 
other  numbers  terminated  by  cyphers  are  concerned ; 
thus  the  product  of  30  and  300,  or 
30  X 300  = 9000, 

70  x 800  = 56000, 

1200  x 1300  = 1560000, 

16000  x 16000  = 2560000000. 

The  rule,  therefore,  for  such  cases,  may  be  stated  as 
follows ; “ Multiply  the  significant  digits  as  if  there 
were  no  cyphers  after  them,  and  append  to  their  pro- 
duct as  many  cyphers  as  are  equal  to  the  sum  of  the 
number  of  those  in  the  multiplicand  and  multiplier.’* 
The  following  is  an  example  : 


622176 

82956S 

1036960 


104526190176 

The  reason  of  this  rule  will  be  manifest,  if  we  should 
perform  the  multiplications  with  the  cyphers  as  well  as 
with  the  significant  digits,  in  which  case  the  process 
would  produce  the  following  scheme  : 

207392 

504003 


622176 
000000 
000000 
829  563 
oooooo 
1036960 


104526190176 


(305.)  The  definition  which  we  have  given  of  multipli-  Definition 
cation,  considering  it  as  equivalent  to  the  addition  of  the 
multiplicand,  repealed  as  often  as  unity  is  contained  in 
the  multiplier,  is  strictly  applicable  to  those  cases  only  when  the 
where  the  multiplier  is  an  abstract  whole  number:  in  multiplier 
all  other  cases,  its  meaning  must  be  modified  to  suit  the  i,not  “ 
particular  nature  of  tile  case,  and  at  the  same  time  0 * 

to  coincide  strictly  with  the  preceding,  which  is  its 
primitive  definition,  in  all  those  points  which  they 
possess  in  common.  We  shall  have  occasion  to  notice 
this  subject  again,  when  we  come  to  the  discussion  of 
the  multiplication  of  fractions. 

(306.)  Examples.  Examples. 


1926 

2. 

Ill 

365 

111 

9130 

111 

10956 

111 

5478 

111 

666490 

72321 

12321 

4. 

7390460 

12321 

5440300 

12321 

2217133 

24649 

2956184 

36963  2956134 

24642  3695230 

12321  


40106319538 


461200  151807041 

273000 


13836 

32284 

9224 


125907600000 

(304.)  In  case  cyphers  occur  between  the  significant 
digits  of  the  multiplier,  they  are,  of  course,  passed  over 


DIVISION. 

(307.)  To  divide  one  number  by  another,  is  to  find  how  Definition. 
often  the  second  is  contained  in  the  first ; or,  in  other 
words,  to  find  how  often  the  second  may  be  subtracted  con- 
tinually from  the first,  until  nothing  remains,  or,  at  least, 
until  the  number  which  remains  is  less  than  the  second . 
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Arithmetic.  The  first  of  these  numbers  Is  called  the  dividend, 
^ the  second  the  divuor,  and  the  number  which  results 
from  the  operation  is  called  the  quotient. 

The  quotient  is  perfect  or  complete  when  there  is  no 
remainder;  imperfect  when  there  is.  In  the  first  case, 
the  product  of  the  quotient  and  divisor  produces  the 
dividend ; in  the  second  case,  this  product  differs  from 
the  dividend  by  the  remainder. 

The  operation  of  Division  is  the  inverse  of  that  of 
Multiplication,  and  the  rule  is  founded  upon  a retracing 
the  stops  of  the  process  of  multiplication.  The  different 
cases  also  depend  entirely  upon  the  divisor,  in  the  same 
manner  as  the  cases  of  multiplication  depend  upon  the 
multiplier. 

Rule  when  (308.)  The  first  of  these  cases  is,  where  the  divisor  is  a 
the  divisor  number  within  the  limits  of  the  multiplication  table : 
j"  *!*!•  we  write  the  divisor  and  dividend  consecutively  in  the 
th*  maUi-  aarac  ,ine»  meTe,y  separating  them  by  a small  curved 
plication  line  ; we  then  inquire,  how  often  the  divisor  is  con- 

table.  tained  in  the  first  one,  two,  or  three  figures  of  the  divi- 

dend : we  write  the  quotient  below,  and  to  the  remainder 
we  annex  the  next  figure  of  the  dividend ; we  find  the 
quotient  of  this  number,  and  repeat  the  same  operation 
continually,  until  all  the  figures  in  the  dividend  ore  ex- 
hausted, and  the  quotient,  whether  perfect  or  not,  is 
obtained. 

£uoi|iLe*.  (309.)  The  following  are  examples: 

(1.)  7)  168 

~24 

We  find  that  7 is  contained  twice  in  16;  the  figure 
in  the  quotient  is  2.  and  the  remainder  2,  to  which  we 
annex  8,  which  gives  us  28  for  the  next  number  to  be 
divided,  of  which  the  quotient  is  4 ; and  there  is  no 
remainder. 

(2.)  12)  112496340 

9374695 

In  this  case,  it  is  necessary,  at  first,  to  take  three 
places  of  the  dividend,  before  we  get  a number  which  is 
greater  than  the  divisor. 

(3.)  4)  815 

78| 

In  this  case,  there  is  a remainder  3 after  the  opera- 
tion, and  it  is  usual  to  distinguish  it  from  the  integral 
part  78  of  the  quotient,  by  writing  the  divisor  under- 
neath it,  with  a line  between  : 78  is  the  imperfect  quo- 
tient of  315  divided  by  4 ; the  complete  quotient  would 
require  the  remainder  to  be  appended  to  it  in  the  man- 
ner represented  above. 

Fraction*—  (310.)  The  quantity  represented  by  f is  termed  a frar- 
their  origin  Hon,  and  originates  in  the  process  of  division : it  might 
and  mean-  ^ lcrtnf<j  quotient  of  3 divided  by  4 ; under  such  a 
s'  view  of  its  origin  and  meaning,  it  must  be  a quantity 

of  such  a kind,  that  when  multiplier!  by  4 the  product 
is  3 ; for  the  operation  of  division  being  the  inverse  of 
that  of  multiplication,  it  follows,  that  the  number  3 
being  first  divided  by  4,  and  the  quotient  £ again  mul- 
tiplied by  the  same  uumber  4,  the  final  result  must 
coincide  with  the  original  number  3. 

We  are  enabled,  in  all  cases,  to  make  the  quotient 
complete  by  appending  the  remainder,  with  the  divisor 
underneath  it,  in  the  form  of  a fraction  : and  it  must 
always  be  understood,  when  such  a fraction  is  written  after 

VOL.  i. 


an  integral  number,  without  any  sign  being  interposed, 
that  it  is  to  be  added  to  the  number  which  precedes  it ; 
thus  78 J is  equivalent  to  78  + $. 

It  is  clear,  likewise,  that  the  same  notation  may  be 
applied  to  denote  the  quotient  of  the  diefrion  of  any 
number  by  another ; thus,  the  quotient  of  315,  divided 
by  4,  may  be  denoted  by  ™ ; for  it  answers  the  condi- 


tion which  the  quotient  must  satisfy  ; that  is,  if  multi* 
plied  by  4,  it  produces  315. 

The  term  fraction,  or  broken  numbers,  which  is 
generally  applied  to  such  quantities  as  f , originates  in 
a view  of  their  origin,  which  is  different  from  the  pre- 
ceding, though  it  leads  to  the  same  conclusion,  as  we 
shall  see  when  wc  come  to  the  express  discussion  of 
such  quantities. 

(811.)  There  are  many  cases  where  the  divisor  is  not  Wh*"  *•** 
within  the  limits  of  the  table,  but  where  it  is  the  product 
of  two  or  more  numbers  which  are  so,  which  may  be 
known  from  trial,  or  otherwise ; in  such  cases,  the  quo-  ^ u,« 
tient  mav  be  obtained  by  successive  division  by  the  limits  of 
factors  of  the  divisor,  as  in  the  following  examples  : «yl6- 

(1 .)  To  divide  203902 1 6 by  56 : ts!b£!** 

8)  20390216 


7)  2548777 


364111 

As  we  obtain  the  same  product  20390216,  whether  we 
multiply  364 1 1 1 at  once  by  56,  or  first  by  7,  and  then  by 
8 ; so,  likewise,  we  produce  the  same  quotient,  whether 
we  divide  20390216  at  once  by  56,  or  successively  by 
8 and  7. 

(2.)  To  divide  7014596  by  72  : 

6)  7014596 

12)  1169099  - 2 
97424  - 11 

or,  97424  if. 

The  first  remainder  is  2 ; the  second  is  1 1 ; if  this  Tbs  rs- 
be  reduced  to  the  form  of  a quotient,  it  is  equivalent  to 
U,  or  multiplying  and  dividing  by  the  same  num- 
ber 6 : to  this  must  be  added  the  first  remainder  2,  which 
is  equivalent  to  -fc  ; we  thus  get  the  whole  additional 
part  of  the  quotient,  which  is  f§. 

Or  the  same  result  may  be  obtained  as  follows: 
every  unit  in  the  quotient  of  the  division  by  6,  may  be 
considered  as  corresponding  to  6 units  of  the  dividend : 
the  remainder  1 1 of  the  second  quotient  is,  therefore, 
equivalent  to  66  units  of  the  dividend,  to  which  if  2 
be  added,  the  sum  Is  68,  which,  if  reduced  to  the  form 
of  a quotient  from  the  division  by  72,  gives  the  fraction 

(312.)  When  the  divisor  is  not  at  once  resolvable  into  LoagdWi- 
factors  within  the  limits  of  the  table,  or  when  its  com-  8fo,L 
position  is  unknown,  we  must  resort  to  the  process 
termed  /ong  division,  which  is  applicable  to  all  cases. 

It  is  as  follows : 

Write  the  divisor  and  dividend  consecutively,  separa-  Rule, 
ting  them  by  a curved  line,  as  in  short  division  ; the 
quotient  is  written  after  the  dividend,  and  separated 
from  it  in  the  same  way  as  the  divisor:  inquire  how 
often  the  divisor  is  contained  in  as  many  of  the  highest 
places  of  the  dividend  as  there  are  places  in  the  divi- 
sor; but  if  the  number  thus  formed  he  less  than  the 
divisor,  an  additional  place  of  the  dividend  must  be 
taken;  place  the  digit  thus  found  in  the  quotient,  and 
3 s 
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Ajiihmtic.  niultiHl\  Um  divuor  by  it,  i»d  pl»«  tb*  result  bcneKli 
, the  assumed  portion  of  the  dividend,  and  subtract  tha 

" one  from  the  other ; to  the  remainder  append  the  neat 
figure  in  the  dividend,  and  repeat  the  process  until  ell 
the  places  in  iIh  dividend  sure  exhausted. 

Eaantplti  The  process  will  be  better  understood  from  its  appli- 
cation to  a few  examples. 

* Lei  ii  be  required  to  divide  42075  by  275  : 

275)  42075  (153 
275 

1457 

1375 


825 

825 

The  first  three  places  of  the  dividend  make  a num- 
ber which  is  greater  than  the  dtvuor,  which  is  contained 
once  in  it : the  figure  in  the  quotient  is  l ; subtract  275 
from  420,  the  remainder  ia  145  ; append  to  this  7,  the 
next  figure  in  the  dividend,  when  the  number  to  be  next 
divided  becomes  1457  ; the  number  27 5 by  trial  is  found 
to  be  contained  5 times  in  it ; write  down  5 in  the  quo- 
tient, and  multiply  275  by  5,  the  product  is  1375,  which 
subtracted  from  1457  leaves 82;  to  this  appends,  and 
the  next  number  becomes  825,  which  contains  the  divisor 
thrice ; write  3 in  the  quotient,  and  multiply  275  by  3,  and 
the  result  is  625,  which  subtracted  leaves  no  remainder. 

If  the  process  were  written  at  foil  length,  it  would 
appear  as  follows : 

275)  42075  (100  + 50  +3  = 153 
27500 

14575 

13750 

8*5 

825 

We  first  multiply  275  by  100,  and  subtract  the  result, 
which  leaves  14575  : we  next  multiply  275  by  50,  and 
subtract  the  result,  which  leaves  825  : wc  then  multiply 
275  by  3,  and  subtract  the  result,  which  leaves  no  re- 
mainder. We  have  thus  subtracted  100  + 50  + 3 or 
153  times  275  from  the  dividend,  and  there  It  110  re- 
mainder; rn  other  words,  153  is  the  perfect  quotient  of 
the  division  under  this  form  of  the  process:  the  cyphers 
ore  superfluous,  and  5 is  written  once  more  than  neces- 
sary. The  other  form  of  it,  which  is  a tkeleion  of  the 
complete  one,  is  the  best  adapted  to  practice,  inasmuch 
ns  it  omits  all  unnecessary  writing. 

Let  it  be  required  to  divide  29137002  by  5317  : 

5317)  29137062  (5479  Si? 

26685 


divisor ; the  but  remainder  is  5219,  and  the  quotient  Pvt  I. 
corresponding  to  it  ia  the  fraction  v" ■“v-""-' 

Let  it  be  required  to  divide  31086917  by  71000. 

When  there  are  cyphers  after  the  significant  digits  in  £****” io 
the  divisor;  wc  mark  off  as  many  places  from  the  divi-  e 4,lor‘ 
dead  as  there  are  cyphers  in  the  divisor,  and  then  pro- 
ceed to  divide  the  remaining  places  of  the  dividend  by 
that  divisor,  which  arises  front  the  omiswon  of  the 
cyphers.  ^ 

71,000)  31 086,917  (437  ^5. 

284 

268 

213 

~556 

497 

~ 30917 

The  reason  of  this  process  will  he  at  once  seen  if  we 
write  it  at  full  length. 

71000)  31086917  *(400  + SO  + 7 
28400000 


2686917 

2130000 


59917 

If  there  are  cyphers  terminating  both  the  dividend 
and  divisor,  we  may  obliterate  altogether  as  many  as  aiKi  ^videod 
are  common  to  each  of  them. 

Let  it  be  required  to  divide  230406000  by  12100000 : 
121,00##)  2394,06##  (19  ££ 

121 

1184 

1089 

9506 

(313.)  Other  examples: 

(1.)  To  divide  10000  by  3 : 

8)  10000 

33331- 

(2.)  To  divide  83016572  by  240 : 

8)  8301657,2 


Ollier 

examples. 


3)  1037707-1 
345902—1 

or,  345902  k* 

(3.)  To  divide  29383945503000  by  84050000: 
8405,0##)  2938394550,3##  (34960o£? 
25215 


80694 

75645 


5219 

Tn  this  example,  we  take  5 places  of  the  dividend  for 
the  first  division,  though  there  are  only  4 places  in  the 


50495 

50430 


65593 
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(814.)  On  the  method « of  verifying  the  correetnr « of 
the  operations  in  the  Addition , Subtraction,  Multiplica- 
tion, and  Division  of  whole  numbers. 

Different  methods  have  been  proposed  for  verifying: 
the  correctness  of  the  results  obtained  in  the  fundamen- 
tal operations  of  Arithmetic.  Thus,  in  Addition,  we 
are  directed  to  add  the  digits  in  the  several  columns 
downwards,  and  see  whether  the  result  thus  obtained, 
agrees  with  that  obtained  by  adding  them  in  the  con- 
trary direction.  In  Subtraction,  we  must  add  the  re- 
mainder to  the  subtrahend , and  observe  whether  the 
sum  equals  the  minuend.  In  Division,  we  are  directed 
to  multiply  the  divisor  into  the  complete  quotient , the 
result  of  which  ought  to  eqna)  the  dividend ; but  the 
method,  which  of  all  others  is  the  most  popular,  and  we 
may  add,  likewise,  (tie  most  general,  is  that  which  is 
founded  upon  casting  out  the  9’s,  the  principle  of  which 
we  shall  now  proceed  to  explain. 

(315.)  If  we  divide  the  scries  of  articulate  numbers  10, 
20,  30,  40,  50,  60,  70,  80,  90,  by  9,  the  remainders  are 
1 , 2,  3,  4,  5,  6,  7,  8,  respectively  ; and  the  same  is  the 
case  by  whatever  number  of  cyphers  these  digits  are 
succeeded : in  other  words,  the  remainder  from  the 
division  of  any  number,  such  as  8 3 4 5 6 7 2 3,  is  the 
same,  whether  we  consider  it  as  equivalent  to  80000000 
+ 9000000  + 400000  + 50000  + 0000  + 700  + 20 
+ 3,  or  as  simply  equal  to  the  sum  of  its  digits,  or  8 + 
S+4+5+6  + 7 + 2 + 3:  that  is,  the  remainder 
from  dividing  any  number  by  9,  is  the  same  as  that 
which  arises  from  dividing  the  sum  of  its  digits  by 
9.  It  is  this  theorem  which  is  the  foundation  of  the 
mlc  in  all  oases. 

(816.)  In  the  first  place,  for  addition,  the  role 
is  ns  follows:  Cast  the  9's  out  of  the  digits  of  the 
several  sums  to  be  added,  and  also  out  of  the  mm  of  the 
several  remainders ; the  last  remainder  thus  obtained  is 
equal  to  the  remainder  which  results  from  casting  out 
the  9's  from  the  sum  of  the  sums.  The  following  is  an 


78403  — 4 
20465  — 8 
79639  — 7 
57341  —2 

235848  — 3 


The  sum  of  7 and  8 is  15,  omit  9,  then*  remains  6: 
the  sum  of  € and  4 is  lO,  omit  9,  there  remains  1 : the 
sum  of  1 and  3 is  4,  which  is  the  remainder  from 
casting  out  the  9’s  from  7,  6,  4,  and  3,  and  also  the  re- 
mainder from  dividing  78403  by  9 ; the  remainders  ob- 
tained by  the  same  process  from  the  other  numbers,  and 
from  the  sum  of  the  sums,  are  8,  7,  2,  and  3,  respec- 
tively ; and  the  remainder  from  casting  oat  the  9's  from 
the  sum  of  the  remainders  corresponding  to  the  several 
numbers,  is  3,  the  same  as  l but  from  the  sum  of  the 
numbers,  as  it  ought  to  be,  if  the  addition  is  correct, 
for  the  following  reasons. 

- The  numbers  4,  8,  7,  2 are  the  remainders,  from 
dividing  the  several  sums  by  9 : if  we  divide  their  sum 
by  9,  the  remainder  must  be  the  same  as  that  which 
arises  from  the  division  of  the  sum  of  the  remainders 
by  9V  which  is  3.  • 

Tli is  proof,  however,  cannot  be  considered  as  com- 
plete, inasmuch  as  this  agreement  of  the  remainders 
may  take  place  even  when  the  addition  is  not  correct : 
thus,  the  remainder  from  the  division  of  the  sum  would 


be  8,  If  we  should  from  mistake  have  written  down  ?uf  L 
2340  IS  for  the  sum,  and  not  235848  ; but  if  the  re-  _ 

mofnders  arc  not  the  same,  the  result  is  certainly  wrong; 
and  a mistake  generally  so  considerable,  ns  to  produce 
a difference  of  9 in  the  sum  of  the  digits,  can  hardly  be 
considered  ns  with  hi  tile  limits  of  ordinary  errors, 

(817.)  The  role  for  proving  the  correctness  of  the 
result  of  the  multiplication  of  two  numbers  is  as  follows : 

Cast  out  the  9's  from  the  digits  of  the  multiplicand.  For  muhi- 
muUiplier,  and  product ; multiply  the  remainders  from  plicuwo. 
the  two  first  together,  and  cast  out  the  9’#  from  their 
product : if  the  remainder  which  thus  results  is  the 
same  as  that  from  thr  product  of  the  two  numbers,  the 
operation  most  probably  is  correct ; if  not,  it  is  certainly 


The  following  is  an  example  of  its  application : 
Multiplicand..,,  3748  — 4 \ 5 / 

6236  — 8 4\ 

- 


Multiplier . . . 

Product 23372528  — 5 


The  remainders,  4 and  8,  from  the  multiplicand  ami 
multiplier,  are  placed  in  the  opposite  angles  of  a St. 

Andrew’s  cross ; in  one  of  the  remaining  angles  is 
placed  the  remainder,  5,  from  their  product ; m the  Inst, 
is  placed  the  remainder  from  the  product,  which  is  like- 
wise X which  shows  that  the  multiplication  is  correctly 
performed. 

(318.)  The  proof  of  this  rule  may  be  readily  derived  proof  of 
from  the  general  theorem  mentioned  above,  and  the  con-  ,iie  rule, 
^deration  of  the  nature  of  multiplication.  The  multi- 
plicand consists  of  a multiple  of  9,  and  a remainder  ; 
and  the  same  is  the  case  with  the  multiplier.  In  firm- 
ing the  product,  we  add  the  multiplicand  to  itself  as 
often  as  unity  U contained  in  the  multiplier : in  the  first 
place,  we  add  the  multiplicand  as  often  aa  unity  is 
contained  in  the  portion  of  the  multiplier,  which  is  a 
multiple  of  9 ; the  sum  is  dearly  a multiple  of  9. 

Again,  we  add  the  multiplicand  as  often  as  unity  is  con- 
tained in  the  remainder  from  the  multiplier ; the  sum  will 
consist  of  a multiple  of  9,  arising  from  the  repeated  ad- 
dition of  the  multiple  of9  in  the  multiplicand,  and  another 
part,  which  arises  from  tin*  addition  of  the  remainder  of 
the  multiplicand  as  often  as  unity  is  contained  in  the 
remainder  of  the  multiplier,  which  is  dearly  equiva- 
lent to  the  product  of  these  remainders,  which  is  the  only 
part  of  the  entire  product  which  is  not  necessarily  a 
multiple  of  9.  l£  therefore,  we  reject  the  9’s  from 
this  product  of  the  remainders,  the  remainder  which 
results,  must  clearly  be  the  same  as  the  remainder  from 
casting  out  the  9’s  from  the  product  of  the  multiplicand 
and  the  multiplier. 

(319.)  The  process  of  the  rule  for  proving  the  truth  of  For  dirtriea. 
division,  must  clearly  be  founded  upon  that  for  multipli- 
cation; the  dividend  corresponding  to  the  product,  and 
tite  divisor  and  quotient  corresponding  to  the  multiplicand 
nod  multiplier.  We  must  cast  out  the  9's  from  the 
divisor  and  quotient,  and  from  the  product  of  the  re- 
mainders and  the  resulting  remainder  must  be  equal  to 
that  which  arises  from  casting  out  the  9’s  from  the 
dividend.  In  case  the  quotient  ts  not  complete,  the 
remainder  after  the  last  division,  must  be  subtracted  from 
the  dividend,  before  this  rule  is  applicable. 


FRACTIONS. 

(320.)  We  have  before  spoken  of  the  origin  of  fractions.  Fraction*, 
in  connection  with  the  process  of  division,  where  they  are 
3 s 2 
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considered  as  representing  the  quotient  of  the  division 
of  the  numerator  by  the  denominator. 

Thus  * represents  the  quotient  of  l divided  by  4 ; 4 
the  quotient  of  3 divided  by  7 ; and  similarly  in  other 
cases. 

We  are  thus  lead  to  another  view  of  their  meaning, 
which  is  very  simple  and  intelligible.  The  denominator 
is  said  to  denote  the  number  of  parts  into  which  unity 
is  divided,  and  the  numerator  denotes  the  number  of 
those  parts  which  arc  taken. 

Tlius,  if  1 represented  any  concrete  quantity  whatever, 
and,  therefore,  divisible  into  parts:  and  if  the  number 
of  equal  parts  was  four,  one  of  them  wonld  be  denoted 
by  4;  two  of  them  by  three  of  them  by  |,  and  the 
whole  by  or  1 : if  another  equal  portion  of  another 
simitar  unit  was  added,  the  sum  would  be  denoted  by  | ; 
if  two  were  added,  the  sum  would  he  denoted  by  * ; mid, 
in  a similar  manner,  wc  should  be  enabled  to  interpret 
the  meaning  of  any  fraction  whose  denominator  is 
four,  whether  proper  or  improper. 

Tn  a similar  manner,  4 would  denote  3 of  the  seven 
equal  portions  into  which  unity  was  divided,  and  ^ 
would  denote  10  of  the  same  portions  of  which  unity 
contained  7. 

In  conceiving  the  meaning  of  such  quantities,  the 
mind  naturally  resorts  to  actual  objects,  which  ore  divi- 
sible into  parts,  of  whatever  nature  they  may  be,  de- 
priving them  of  that  abstract  quality,  which  in  their 
representation  they  possess  equally  with  whole  numbers. 

(321.)  The  fractions^,  jj,  | are  equivalent  to  each 
other,  it  being  clearly  indifferent,  whether  we  divide  unity 
into  2 parts,  and  take  1 ; into  4 parts,  and  take  2 ; into  6 
parts,  and  take  3 ; or  into  8 pails,  and  take  4 : in  short, 
all  fractions  are  equivalent  to  each  other,  which  may  be 
derived  from  each  other,  by  multiplying  or  dividing  their 
numerators  and  denominators  by  the  same  number  : 
thus  f and  78,  are  equivalent  to  each  other,  it  being  the 
same  thing  whether  wc  divide  unity  into  3 parts  and 
take  2,  or  divide  it  into  4 times  as  many  parts,  and  take 
4 times  ns  many  of  them.  The  same  reasoning  would 
apply  to  all  other  fractions  which  are  thus  related  to  each 
other. 

It  is  an  important  proposition,  which  is  founded  upon 
the  principle  just  mentioned,  that  fraction*  are  not 
altered  in  value  by  multiplying  or  dividing  both  their 
numerator a and  denominator » by  the  lame  number. 

(322.)  It  is  frequently  requisite,  however,  to  reduce  a 
fraction  to  its  lowest  terms,  when  its  numerator  and  de- 
nominator admit  of  a common  divisor,  or  measure ; 
and  the  discovery  of  this  common  measure  becomes  an 
inquiry  of  importance.  In  some  cases,  it  is  discover- 
able by  inspection  : thus,  2 is  a common  measure  of  all 
even  numbers  ; and  fractions,  such  as-fg  and  £{,  are  at 
once  reducthle  to  4 and  jjf ; in  other  cases,  the  common 
measures  arc  masked  in  the  products  in  such  a manner 
as  not  to  be  discemable,  without  some  further  knowledge 
of  the  composition  of  numbers  : thus,  is  reducible 
to  from  our  knowledge  of  the  multiplication  table, 
and  the  same  means  furnish  us  at  once  with  the  reduc- 


tions of  and  to  5*  A*  Btw*  4*  Th*  composi- 

tion of  the  numerators  and  denominators  of  frac- 
tions, such  as  £ft*4X2t*  *b  not  discoverable  hy 
such  simple  menus,  nor  indeed  by  any  methods  which 
are  not  those  of  successive  trials.  There  is  a general 
method,  however,  of  discovering  the  greatest  common 
measure  of  any  two  numbers,  the  rule  for  which  is  as 
follows ; ; 


Divide  the.  greater  number  by  the  lea,  and  the  loti  Put  II. 
remainder  by  the  last  divisor  continually,  until  there  i*  no  •me 

remainder ; the  last  divisor  vt  the  greatest  common  ** 
measure  required. 

Thus,  let  it  be  required  to  find  the  greatest  common  common 
measure  of  91  and  147  : or,  in  other  words,  to  reduce  meuareoT 
the  fraction  -A1*  to  its  lowest  terms. 

ben 

91)  147  (1  E«-pl*. 

91 

56)  91  (1 
56 

*35)  56  (1 
35 

~2I)  35  (1 
31 

14)  21  (1 
14 

7)  14  (2 
14 


The  greatest  common  measure  is  7,  and  the  reduced 
fraction  is,  therefore,  44* 

It  does  not  require  a very  difficult  analysis  of  this  dial 
operation  to  prove  the  truth  of  the  conclusion  which  7 “ V1?*' 
is  thus  deduced  ; it  being  merely  requisite,  for  this  pur-  147 
pose,  to  trace  the  steps  in  an  inverse  order : tlius,  7 is 
a divisor  of  14,  and,  therefore,  of  14  + 7,  or  21  : it 
is  a divisor  of  21  and  14,  and,  therefore,  of  their  sum, 
which  is  3b : it  is  a divisor  of  35  and  21,  and,  therefore, 
of  their  sum.  which  is  56  : it  is  a divisor  of  56  and  35, 
and,  therefore,  of  their  sum,  which  is  91  : it  is  a 
divisor  of  91  and  56,  and,  therefore,  of  147.  It  is 
thus  shown  to  be  a divisor  or  measure,  both  of  91  and 
147:  the  only  principle,  involved  in  this  proof,  being 
the  very  simple  one,  that  if  a number  divide  two  others, 
it  will  divide  their  sum. 

It  only  remains  to  show  that  7 is  the  greatest  num-  And  also  the 
her  which  divides  91  and  147,  a conclusion  which  will 
be  established,  if  it  be  shown  that  every  divisor  of  ”,r|| 

91  and  147  is  necessarily  a divisor  of  7 : for,  let  us 
suppose  that  some  number  greater  than  7 is  a divisor 
of  91  and  147 ; if  so,  it  must  divide  their  difference, 
which  is  56;  and  since  it  divides  91  and  56,  it  must 
divide  also  their  difference,  which  is  35  ; and  if  it  divide 
56  and  85,  it  must  divide  their  difference,  which  is  21  ; 
and  if  it  divide  35  and  21,  it  must  divide  their  diffe- 
rence, which  is  14 ; and  if  it  divide  21  and  14,  it  must 
divide  their  difference  also,  which  is  7 : but  no  number 
greater  than  7 can  divide  it ; therefore  7 is  the  greatest 
of  all  the  numbers  which  can  divide  91  and  147. 

We  will  take  another  example.  Let  it  be  required  Seccnd 
to  reduce  the  fraction  to  its  lowest  terms.  example. 

75)  405  (5 
375 

30)  75  (2 
60 


15)  30  (2 
30 
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It  is  very  easy  to  show  that  15  must  be  a divisor  of 
Prsof.  >75  and  405:  15  is  a divisor  of  30,  and,  therefore,  of 
twice  30  or  60 ; it  is,  therefore,  a divisor  of  60  and 
15,  and.  therefore,  of  their  sum,  which  is  75  : it  is  a 
divisor  of  75,  and,  therefore,  of  5 times  75,  which  is 
375  : it  is  a divisor  of  37  5 and  of  SO,  and,  therefore,  of 
their  sum,  which  is  405. 

It  is  very  easy,  by  a reversion  of  these  steps,  to  show 
that  every  divisor  of  405  and  75,  is  also  a divisor  of 
15  ; and  that,  therefore,  15  is  the  greatest  measure  of 
these  numbers ; for  every  number  which  divides 
405  and  75,  divides  also  405  and  375,  and,  therefore, 
their  difference,  which  is  30  ; and  if  it  divides  75  and 
30,  it  must  also  divide  75  and  60,  and,  therefore,  their 
difference,  which  is  15. 

lu  principle  The  principle  of  this  proof  is  independent  of  the 
ffoeral.  particular  numbers  involved  in  the  preceding  examples, 
and,  therefore,  equally  applicable  to  every  other  case. 
We  may,  therefore,  consider  the  rule  as  universally  tme, 
and  that  it  will  in  all  cases  lead  to  the  detection  of  the 
greatest  common  measure,  whenever  such  measures 
exist  which  are  greater  than  unity. 

(323.)  The  following  are  other  examples  : 

(1.)  To  reduce  to  its  lowest  terms.  Answer, 

M- 

(2.)  To  reduce  jf  it*  lowest  terms.  Answer, 
(3.)  To  reduce  10  ■**  lowest  terms.  Answer, 

a- 

(4.)  To  reduce  lo  its  lowest  terms.  Answer, 

■AV 

(324.)  In  order  to  compare  fractions  with  each  other, 
it  is  requisite  to  reduce  them  to  a common  denominator, 
when  the  relation  between  them  will  be  that  of  their 
numerators  : thus,  | and  \ being  reduced  to  equivalent 
fractions,  with  a common  denominator  12,  become 
and  and  the  rclution  between  is  that  of  the  numbers 
8 and  9.  But  it  is  not  in  these  cases  only,  in  which  we 
wish  to  compare  the  magnitudes  of  fractions  with  each 
other,  that  such  reductions  are  requisite,  inasmuch  as 
they  are  required  whenever  fractions  are  to  be  added 
together,  or  subtracted  from  each  other.  The  following 
is  the  generul  rule  by  which  it  is  effected  : 

Role  for  When  any  number  of  fraction*  arc  to  he.  reduced  to 
wdociny  a common  denominator , each  numerator  mutt  be  mul- 
fracbon*  to  tiphcd  into  ail  the  denominators  except  it*  own,  for  a 
dwomuutor  nrtp  numerator,  and  alt  the  denominators  mutt  be  mul- 
tiplied together  for  a new  common  denominator. 

The  least  consideration  of  this  rule  will  show,  that 
the  numerator  and  denominator  of  each  fraction  are 
multiplied  by  the  same  number;  namely,  by  the  pro- 
duct of  all  the  denominators  except  its  own,  and,  con- 
sequently, that  its  value  is  not  altered.  A few  examples 
will  show  this  more  clearly. 

Examples.  (1.)  To  reduce  J and  ^ to  equivalent  fractions  having 
a common  denominator. 

To  form  the  new  numerators,  3x9  = 27. 

7 x 4 = 28. 


Mode  of 
comparing 
fractions 
with  etch 
other. 


To  form  the  common  denominator,  4x9  = 36. 

The  new  fractions  are  JJ  and  5?*  are  formed  by 
multiplying  the  numerator  and  denominator  of  £ by  9, 
and  the  numerator  and  denominator  of  $ by  4. 

(2.)  To  reduce  £,  -1?T,  to  equivalent  fractions 
having  a common  denominator. 


For  the  numerators, 

2x11  x 14  ss  308 
5 x 3 x 14  = 210 
11  X 3 x 11  = 363 


For  the  common  denominator, 

3 x 11  x 14  = 462 

The  new  fractions  are  fjf,  -Jf|,  which  are 

clearly  equivalent  to  the  original  fractions,  inasmuch  as 
the  numerator  and  denominator  of  j are  multiplied  by 
the  same  number  11  x 14,  those  of  by  3 x 14, 
and  those  of  ^ by  3 X 11. 

(3.)  To  reduce  j and  \ to  equivalent  fractions  having 
a common  denominator. 

These  fractions,  determined  by  the  rule,  would  be 
">d  H.  which  arc  clearly  reducible  to  two  others,  \ J 
and  y which  are  equivalent  to  the  former,  but  in  lower 
terms. 

(325.)  In  this  case,  the  rule  gives  a common  denomi-  Reduction 
nator,  which  is  not  the  least  of  those  which  can  be  found,  of  fractions 
and  it  is  always  expedient,  and  sometimes  important,  to  to  **Hir  ***** 
exhibit  the  fractious  under  their  most  simple  form.  It 
is  on  this  account  requisite  to  modify  the  rule,  so  that 
the  common  denominator  which  results  from  it  may 
be  the  least  possible. 

It  is  obvious,  that  any  denominator  which  is  a mul- 
tiple of  all  the  denominators  will  answer  fora  common 
denominator,  and  the  conditions  of  the  question  will  be 
fulfilled,  therefore,  by  that  denominator  which  is  the 
least  common  multiple  of  the  denominators. 

Thus,  in  the  last  example,  the  denominators  arc  6 
and  8,  or  2 X 3,  and  2 x 4,  where  2 is  their  greatest 
common  measure.  It  is  clear,  therefore,  that  2 X 3 X 
4 is  a multiple  of  6 and  S,  and  it  is  their  least  common 
multiple : the  two  fractions,  therefore,  become  and 

&&  <•' a “d  h- 

(326  ) The  solution  of  this  question  requires  the  deter-  Least  enn- 
mination  of  the  least  common  multiple  of  the  denomi-  mi>n 
nators,  which  may  be  found  upon  the  following  principle:  ,wo 

Find  out  alt  the.  simple,  factors  of  the  several  numbers ; numbers. 
the  number*  firmed  by  the  multiplication  of  the  simple.  Rule. 
factors , omitting  one  of  them,  as  long  as  it  occurs  in  any 
two  of  the  numbers,  is  the  least  common  multiple  required. 

Tims,  suppose  it  were  required  to  find  the  least  com- 
mon multiple  of  14  and  63 ; the  numbers  resolved  into 
their  factors  are  7x2,  and  7x3x3.  The  least 
common  multiple  is,  therefore,  7 X 2 X 9,  or  126 

Let  it  be  required  to  find  the  least  common  multiple 
of  the  numbers  S,  12,  and  18. 

The  numbers  resolved  into  their  simple  factors  are 
2x2  x 2,  2x2x8,  2x3x3;  and  the  least 
common  multiple  is,  therefore,  2x2x2x3x3,  or 
72. 

(327.)  There  is  a common  arithmetical  rule  which  leads 
to  the  same  conclusion,  and  which  is  more  convenient  in 
practice  than  the  one  just  given  ; it  is  as  follows : 

Write  down  in  one  line  the  numbers  whose  least  com-  Arithawti- 
i non  multiple  is  required : divide  those  which  have  a ^ rulf’ 
common  measure  by  that  common  measure,  and  repeal 
these  divisions  as  tong  as  any  common  measure  exists 
between  two  or  more  of  them  : the  least  common  multiple 
is  the.  continued  product  of  the.  divisors,  and  of  the 
quotients  of  the  several  divisions. 

Thus,  in  the  case  of  the  example  just  given,  we  pro- 
ceed as  follows: 


Digitized  by  Google 


404 


arithmetic. 


Arithmetic. 


Then 


2)8,  12,  18 

2) 4,  6,  9 

3) 2,  3.  9 
2,  1,  3 

2x2x8x2x1x3  = 72, 


is  the  least  common  multiple  required. 

I,et  it  be  required  to  bud  the  least  common  mul- 
tiple of  the  nine  digits : 

2)  1,  2,  8,  4,  S.  6,  7,  8,  9 

2) 1,1.  »■  2,  S,  3.  7,  4,  9 

3)  I,  I,  3,  1,  5,  3.  7,  2,  9 

L,  1,  1,  1,  3,  1,  7,  2,  3 


anil  2x2x3x5x7x2x3  = 3010 


is  the  least  common  multiple  required. 

The  least  consideration  of  this  process  will  show, 
that  by  means  of  it,  when  the  same  common  (actor 
Occurs  in  two  or  more  numbers,  it  is  obliterated  in  all 
of  them,  but  is  preserved  tfng/y  in  the  divisor,  which 
becomes  a factor  of  the  least  common  multiple:  it  is, 
therefore,  clearly  identical  with  the  rule  first  given,  but 
is  exhibited  in  a form  which  is  better  adopted  to  arith- 
metical practice. 

F.Hmplw  (323.)  We  will  now  resume  the  uibjectof  the  reduction 
of  the  re-  of  fractions  to  their  least  common  denominator,  which 
duetioaof  introduced  the  process  for  finding  the  least  common 
freetions  to  mu|tip|e ; and,  suppose  it  was  required  tD  reduce  the 
coao!“L  i^tinns  |,-B.  wd  ii  to  their  least  common  deno- 
aominttor.  initiator.  . , 

The  least  common  multiple  of  the  denominator  » 
72,  as  we  hare  found  above  ; divide  72  by  8,  12  and  18 
respectively,  and  we  shall  get  9,  6,  and  4 for  the  res- 
pective multipliers  of  the  numerators;  the  fractions 

become  then  “Vs  V and  tT“  * 01 

?$  respectively. 

Let  it  be  required  to  reduce  the  fractions  4,  f, 

JL  and  ft,  to  their  least  common  denominator. 

* 4The  least  common  multiple  of  the  denominators  is 
7 x g x or  506.  The  multipliers  of  the  numerators 
are  72,  63,  56,  21,  7. 

# The  fractions  are 

m m m &y 


Let  it  be  required  to  reduce  the  fractions 

ft.  ifo-  Tcil&c.  M(1  -mStmr 

to  a common  denominator. 

The  least  common  multiple  is  1009000.  The 
multipliers  of  the  numerators  are 

100000,  10000,  100,  and  1. 


The  fractions  are 

-ilSSSfo’  ftnd  nnjJznnr- 

Mixed  (329.)  Mixed  numbers  are  those  which  consist  partly 

numbrn:  of  whole  numbers,  and  partly  of  fractions,  of  which  we 

tbeir  reduc-  ^ave  had  examples  in  the  quotients  from  the 

division  of  a number  by  another,  which  is  not  con- 
tained a certain  number  of  times  exactly  in  it ; of  this 

kind  are  2 4,  7 L 23  b 1059  1H*  &c*  Such  quantise* 

are  easily  reducible  to  a fractional  form ; thus  2 4 is 
equivalent  to  2 + 4,  or  to  4 + 4 ; or,  reducing  them 
to  a common  denominator,  to  4 + 4*  incorporating 
them  by  adding  the  numerators,  and  subscribing  the 
common  denominator,  to  £* 


In  a similar  manner,  74  — 1r  + 4=  '!  + $=:V  + 1 ^ * 

Apdiv  1059  = + +H  = —ur1*  + -Hi* 


Tu  + -Hi  = Tir‘ 

(330.)  Again,  improper  fractions  (where  the  numerate  Improper 
exceeds  the  denominator)  are  reducible  to  mixed  num-  fraction* 
bers,  by  simply  dividing  the  numerator  by  the  denomi- 
nator, according  to  the  ordinary  rule  : 

Thus,  4 = 8 4- 

^=114. 

~ = *36  ft. 

TST  = 1209  Hi- 

(S3 1 .)  The  addition  of  fractions  to  each  other  is  eflected  Additioo  of 
by  reducing  them  to  a common  denominator,  adding  their  fractioa*. 
numerators  and  subscribing  the  common  denominator. 

Thus  let  it  be  required  to  find  the  sum  of  4 and  4. 

Reduced  to  a common  denominator,  they  become 
ft  and  -ft,  and  their  sum,  therefore,  44* 

Or,  more  formally,  thus : 

2x4=  8 q v 4 — 12 
3x3=9  ”|UK' 


17 

and  the  sum  required  44- 
To  find  the  sum  of  4»  i : 

1 x 3 x 4 = 12 

1x2x4=  8 2x3x4  = 24. 

1x2x3=  6 

26 

and  the  sum  required  ||  or  44- 
To  ftnd  the  sum  of  3,  4,  4 - 
3x3x5=  45 

2x1x5=  10  1x3x5  = 15. 

7x1x3=  21 


76 

and  the  sum  is  44*  °r  5 -ft- 

To  ftnd  the  sum  of  -ft,  -i-ftij,  and 

3 x 10000  = 800OO 
7 x 100  = 700 

11  X 1 = 11 


30711 

and  the  fraction  is  ftVftV 

(332.)  Fractions  are  subtracted  from  each  other  by  Subtraction 
reducing  them  to  a common  denominator,  subtracting  of  fraction*, 
their  numerators,  and  under  the  remainder  subscribing 
the  common  denominator. 

Let  it  be  required  to  subtract  J from  $. 

The  fractions  reduced  to  a common  denominator  are 
44  and  48*  a,lJ  their  difference  ft. 

To  subtract  ft  from  ft : 


7 X 13  = 91 

8 x 11  = 88 


13  x 11  = 143. 


3 

and  the  remainder  is  -Ht- 
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Arithmetic.  To  subtract  from  -f0  : 

V 9 X 10  r 90 

3x1=3 


87 

and  the  remainder  is  -fjs. 

To  subtract  2 from  7 -§  : 

The  mixed  numbers  arc  reduced  to  the  fractions  ^ 
and  j respectively  : 

70  X 4 =:  280  _ 

11  X 9 = 99  * X » - 30. 


181 

and  the  remainder  is  ^ = 5 

Multiplica-  (333.)  Before  we  proceed  to  state  the  rule  for  the  m«i- 
<* plication  of  fractions,  it  is  proper,  in  the  first  place, to 
0DCa  ascertain  its  meaning  when  applied  to  such  quantities, 
and  to  show  in  what  manner  it  is  connected  with  the 
definition  of  the  term  in  the  cose  of  whole  numbers. 

The  product  of  a fraction  multiplied  by  a whole 
number  is  derived  at  once  from  that  definition  without 
any  modification  of  its  meaning ; thus,  the  product  of 
| multiplied  by  4 is  j,  being  the  result  of  the  addition 

N of  ^ to  itself,  repeated  4 times. 

But  4 is  equal  to  -jr»  or  its  value  is  not  altered  by 
being  multiplied  and  divided  by  the  same  number  7 : 
therefore  the  fraction  $ being  multiplied  by  4,  the 
product  divided  by  7,  and  the  result  again  multiplied 
by  7,  its  value  is  not  altered.  Let  us  take  the  operations 
in  their  order : 

Mcamsg of  Multiply  J by  4,  the  result  is  tAt-  Divide!?-  by  7. 

Uwj  open-  6 ° J 

tion.  the  reguit  is  liii,  which  must  be  the  case,  inasmuch  as 

being  multiplied  by  7,  the  result  ~~  x 7 i» 
equivalent  to  ; but  if  we  stop  before  this  last 
operation,  the  result  which  arises  from  multiply- 
ing by  4 and  dividing  by  7,  may  be  considered  as 
equivalent  to  the  product  of  the  fraction  f by  the 
fraction  |.  When  we  multiply,  therefore,  by  a fraction, 
we  mean,  that  we  multiply  by  its  numerator,  and 
divide  by  its  denominator ; the  only  signification  which 
it  can  admit  of,  so  as  to  be  consistent  with  the 
defipition  of  multiplication  in  the  case  of  whole 
numbers. 

Rule.  The  rule  for  the  multiplication  of  fractions  is 

founded  upon  this  view  of  the  meaning  of  the  opera- 
tion. We  must  multiply  the  multiplicand  by  the 
numerator,  and  divide  by  the  denominator;  or,  in 
other  words,  we  must  multiply  the  numerators  of  the 
two  fractions  together  for  a new  numerator,  and  the  two 
denominators  together  for  a new  denominator. 

Example*  Thus,  the  product  of  multiplied  by  j*  is  - 

* 

The  product  of  f . | i»  = # = f 

The  product  ofSVir.7^,1  ^ , or,  of 

Wb  «8i.  » ~ =w  = «S 

Fraction*  of  (334.)  We  frequently  have  occasion  to  make  use  of 
compound  fractions,  or  fractions  of  fractions,  such  as 


two-thirds  of  three-fourths,  ^ of  $ of  J,  and  so  on.  A Pvt  I. 
very  little  examination  will  show  that  the  equivalent  v- 
simple 'fractions  are  formed  by  multiplying  the  several 
fractions  of  the  compound  fraction  together. 

Thus,  when  wc  say  two-thirds  of  three-fourths,  we  Tkelrmeae- 
mcun  by  it  two-thirds  of  that  portion  of  unity  which  *nS- 
three-fourths  denotes ; thus,  if  unity  be  divided  into  4 
equal  parts,  and  three  of  these  be  taken,  and  if  each  of 
these  be  again  divided  iuto  3 equal  parts,  and  2 of 
each  of  them  lie  taken,  then  each  of  these  parts  will  be 
one-twelflh  of  the  original  unit,  and  the  number  oi 
them  taken  will  be  2 x 3,  or  6 ; the  result  is,  therefore, 

equivalent  to  or  »£;,  or  |,  the  product  of  the  mul- 
tiplication of  f into  j.  The  same  reasoning  will  apply 
to  all  other  cases  of  such  compound  fractions  : 

Thus.  } of  $ of  £ = } x 1 X } = fi-  EmbpIci. 

Til  of  12  4 = lio  X 1*  t = Ti»  X T = 

«»  = «• 

Also,  jof^ofl0|xjxlxlflj  = jxjx 

«»  101 

T ~ U 

(335.)  The  rule  for  the  division  of  fractions  is  founded  Rule  for 
upon  that  for  multiplication,  the  operations  being  the  in-  division  of 
verne  of  each  other;  in  other  words,  if  we  multiply  and  ^chow- 
divide  by  the  same  fraction,  the  value  of  the  multipli- 
cand must  remain  unchanged:  thus,  if  we  multiptyand 
divide  | by  the  first  operation  gives  ; the  second 
must  give  otherwise  the  result  would  not  be 

equivalent  to  A. 

When  we  divide,  therefore,  one  fraction  by  another,  Ru]*. 
we  obtain  the  quotient  by  multiplying  the  numerator  of 
the  dividend  into  the  denominator  of  the  divisor  for 
its  numerator,  and  the  denominator  of  the  dividend 
into  the  numerator  of  the  divisor  for  its -denominator; 
and  it  is  clear,  that  the  same  result  would  be  obtained 
by  inverting  the  terms  of  the  divisor,  and  then  proceed- 
ing as  in  multiplication. 


The  quotient  of  | divided  by  | is  equal  to  J x £ Example* 

= «• 

The  quotient  of  ygv  divided  by  x V* 

— lV 

The  quotient  of  3 $ divided  by  9 | = x -fg  ss 

f = 4*  - 


The  quotient  of  | of  { divided  by  | = | x | X 

I = M* 

The  quotient  of  -fo  of  divided  by  of 

= * * 7 bXTX  *-?  = £ = r 

(336.)  There  are  some  consequences  of  the  notation  oflntcrprrta- 
fractions,  and  of  the  meuniug  attached  to  them,  which.  l*°n  to® 
though  legitimate  and  even  necessary  deductions  from  m**D'D£ 
them,  it  may  be  requisite  to  explain ; thus,  let  it  be 
required  to  assign  the  proper  meaning  of  the  frac-  tional  fom* 
tion  J*« 

This  is  merely  the  mode  of  denoting  the  quotient  of 
the  division  of  1 by  |,  which,  if  reduced  according  to 
the  general  rule,  is  equivalent  to  1 x | zz  3. 


In  the  same  manner,  — is  the  quotient  of  f divided 

M 

by  -jlj,  and  is  therefore  equivalent  to  | x y *=  |f 
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Extending  this  conclusion,  the  fraction  is  equiva- 

lent  to  A;  aud,  agwo.  to  1 x 4f,  or  J3- 
J-  + 

In  the  same  manner,  _L  = |,  and  j“  = 3»  “*<*  t*ierc 

* 4 

is,  clearly,  no  limit  to  these  different  notations  for  the 
same  quantity. 

Continued  (337.)  Again,  fractions  such  as  the  following 

fraction!,  t 

~iTl 

must  be  reduced,  by  first  incorporating  the  fractions  in 
the  denominator,  and  then  proceeding  by  the  general 
rule  : it  thus  becomes 

* = !; 

Another  example  is  the  fraction 

t1T+i 

which  must  be  reduced  by  successive  operations : we 
shall  thus  find. 


Eumplei. 


, + *+t 


hH 


JJL*  _ 

4 1 — TsT 

Such  fractions  are  called  continued  fractions,  and 
the  reductions  become  very  complicated,  when  the 
number  of  terms  is  great,  unless  simplified  by  rules 
founded  upon  algebraical  formulae. 

(338.)  The  following  examples  will  furnish  instances 
of  most  of  the  preceding  reductions. 

(1.)  Reduce  the  fractions  an<*  4fHi  t0 

their  lowest  terms. 

(2.)  Reduce  the  fractions  f and  4$  to  equiva- 
lent fractions  having  a common  denominator. 

(3.)  Find  the  least  common  multiple  of  3,  7,  21, 
27  and  63. 

(4.)  Reduce  the  fractions  44*  and  H t0  e<lul* 

valent  fractions  having  the  least  common  denomi- 
nator. 

(5.)  Reduce  the  mixed  number  117  4 10  an  ltn* 
proper  fraction.  , 

(6.)  Reduce  the  improper  fraction  T-  to  a mixed 
number.  _ , 

(7.)  Add  together  the  fractions  J and  4 : 4t»  4$,  ana 
4&:  and  3 f 7 4,  and  10  -fc. 

(8.)  Subtract  -ft  from  : and  3 $ from  7 

(9.)  Multiply  $■§  by  44  : | into  4 into  £ : 3 $ into 
7 4,  into  10  -ft. 

(10.)  What  ia  the  value  of  4 of  4 4 ? 

(11.)  Divide  -ft  by  ftft,  and  4 of  4 by  $ of  4$- 

(12.)  Reduce  the  fractions 

i 7± 

? H' 

to  their  most  simple  forms. 

(13.)  Reduce  the  continued  fraction 


i,  and 


DECIMALS.  v 

(339.)  We  have  before  explained  the  nature  and  origin  Decimsl*. 
of  decimals,  as  connected  with  the  notation  by  nine 
figures  and  zero ; the  digits  on  the  right  of  the  place  of 
units  being  supposed  to  be  divided  by  10,  100,  1000, 

10000,  &c.,  in  the  same  manner  as  those  which  are 
respectively  equidistant  on  the  left,  are  multiplied  by 
the  same  numbers : thus, 

78324.2454 

is  equivalent  to 

7 X 10000  + 8 X 1000  + 3 x 100  -f  2 x 10  + 4 + 

■ft  + tItt  + tAi  + 7uo  inr 
and  any  other  number  involving  decimals  is  resolvable 
into  its  component  parts  in  a similar  manner. 

The  decimal 

.14159 

is  equivalent  to  the  sum  of  the  fractions 

J-4-  — + — + -2— 

IT  7*  lM  T 14M  ~ l«W0  ' IMW* 

which,  if  reduced  to  their  least  common  denominator, 
become  , 

S + & + « +^=r+T. mt 

and  if  we  add  them  together  they  become 

I4U4 

In  a similar  manner,  the  decimal  expression 
3.003714 

is  equivalent  to 

3 + u5  + A i55#  ^ 

which,  if  reduced  in  a similar  manner  as  the  expression 
last  given,  becomes 

4 

lSoBOM* 

(340.)  It  appears  from  these  examples  (and  the  method  Cowrereioa 
which  is  made  use  of  to  effect  these  transformations  is  ^lto^!u-(v4. 
equally  applicable  to  all  cases,)  that  n decimal  expres-  leQt  ^ 
sion  may  be  converted  into  an  equivalent  fraction  by  uoct. 
omitting  the  decimal  point,  and  subscribing  for  a deno- 
minator 1,  with  as  many  cyphers  as  there  are  decimal 


places. 

Thus, 

90.090909 

is  equivalent  to 

Again, 

.023 

is  equivalent  to 
and 

.0000301 

is  equivalent  to 

301 

+ is 

te  + is  _ 


(341.)  Conversely,  any  fraction  whose  denominator  is  Contene 
1,  with  cyphers  only  following  it,  may  be  converted  opemiou. 
into  on  equivalent  decimal,  by  omitting  the  denomi- 
nator, and  striking  off  as  many  decimal  places  in  the 
numerator  as  there  are  cyphers  iu  the  denominator. 

Thus,  ftV 

is  equivalent  to 
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.33. 

s~**~m*'  Again, 

141432 

10000 

is  equivalent  to 

14.1432. 

and 

4087 

10000000 

is  equivalent  to 

.0004087. 

Addition 
and  rnib- 
tmction  of 
decimals 


MuUiUici- 
lion  of 
decimal*. 


It  is  very  important  to  attend  to  this  transition  from 
decimals  to  equivalent  fractions,  and  its  converse,  as  it 
forms  the  foundation  of  the  proofs  of  the  rules  for  the 
multiplication  and  division  of  decimals. 

(342.)  The  rules  for  the  addition  and  subtraction  of 
decimals  are  the  same  as  those  for  whole  numbers,  care 
being  taken  to  place  the  corresponding  places  under 
each  other. 

Let  it  be  required  to  add  72.031  and  4.20123  to- 
gether: 

72.031 

4.20123 


76.23223 


Let  it  bo  required  to  add  together  345.012,  .02468, 
7692.75,  and  7.4000693: 

345.012 

.02468 

7692.75 

7.4000693 


8045.1867493 

Let  it  be  required  to  subtract  3.04 096  from  10.345072: 

10.345072 

3.04096 

~ 7 .304 1 1 2 

Let  it  be  required  to  subtract  113.694  from  114  : 

114 

113.694 


.306 

The  process  in  this  case  might,  perhaps,  be  more 
readily  understood,  if  the  decimals  were  written  as 
follows  : 

114.000 

113.694 

It  is  obvious,  that  the  addition  of  cyphers,  after  the 
significant  digits  in  decimals,  makes  no  alteration  of 
their  value.  Thus,  114  is  equivalent  to  114.000,  07  is 
equivalent  to  .070000,  and  similarly  in  all  other  cases. 

(343.)  The  following  is  the  rule  for  the  multiplication 
of  decimals  : 

Multiply  the  decimal*  a*  if  they  t cere  whole  numbers, 
and  strike,  off  from  the  product  a*  many  decimal  place* 
as  are  equal  to  the  sum  of  the  number*  of  decimal  place* 
in  the  multiplicand  and  the  multiplier. 

Let  it  be  required  to  multiply  together  72.037  and 
3.59  : 

VOL.  i. 


72.037  v 1 

3.59 

648333 
360 1S5 
216111 

258.6  i283 

The  sum  of  the  numbers  of  decimal  places  in  the 
multiplicand  and  multiplier  is  5,  which  is  the  number 
of  decimal  places  which  must  be  struck  ofT  from  the 
product  of  the  decimals,  considered  as  integers. 

The  reuson  of  this  rule  will  be  obvious,  if  we  convert  Proof  of 
the  decimals  into  equivalent  fractions : they  thus  the  nd*. 
become 

t=2  and  £ 

ION  IN 

and  their  product  is, 

Twr  x tmm» . 

and  if  w c pass  from  the  fraction,  which  is  the  result  of 
the  multiplication,  to  the  equivalent  decimals,  it  becomes 
258.61283. 

The  same  reasoning  will  apply  in  all  other  cases  ; the 
numerators  of  the  fractions  equivalent  to  the  decimals, 
are  the  integral  numbers  which  result  from  removing 
the  decimal  point : their  denominators  are  1,  with  as 
many  cyphers  following  as  there  are  decimal  places  in 
each  ; the  product  of  the  fractions  is  the  product  of 
the  numerators,  which  the  operation  performed  accord- 
ing to  the  rule  always  gives,  divided  by  the  product  of 
the  denominators,  which  is  clearly  1,  with  as  many 
cyphers  as  are  found  in  the  denominators  of  both  the 
fractions  ; and  ill  the  transition  from  the  fraction  to 
the  equivalent  decimal,  we  omit  the  denominator,  and 
strike  off  as  many  decimal  places  from  the  numerator  as 
there  are  cyphers  in  it. 

Let  it  be  required  to  multiply  .00087  into  .04145  *. 

.04145 

.00037 


28015 

12435 


.0000152365 

In  this  case,  it  is  requisite  to  place  cyphers  to  the 
right  of  the  integral  product,  in  order  to  get  the  requi- 
site number  of  decimal  places. 

Let  it  be  required  to  multiply  310000  into  .375. 

.375 

310000 

375 

1125 


116250.000 

In  this  case  the  product  is  integral. 

(344.)  The  following  is  the  rule  for  the  division  of  Di»i<ion  of 
decimals : decimal*. 

Find  the  quotient  in  the  tame  manner  a*  if  the  deci- 
mal* were  whole  number * ; then  if  the  number  of 
decimal  place*  in  the  divisor  be  equal  to  the  number  in 
the  dividend,  the  quotient  obtained  is  correct : if  the. 
number  of  decimal  place*  in  the  diviaor  be  let*  than 
the.  number  in  the  dividend,  a*  many  decimal  place* 
mutt  be  struck  off  from  the.  integral  quotient,  a*  i * 
equal  to  the  are**  of  the  number  m one  above  the  num- 


ber in  the  other ; 


and  if  the  number  of  decimal  place * 
3 T 
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Arithmetic,  in  the  divisor  be  greater  than  the  number  in  the  dividend, 
^ as  many  cypher*  must  be  written  after  the  figure*  in  the 
quotient,  {the  whole  being  integral ,)  as  is  equal  to  the 
ejects  of  the  number  of  decimal  place*  in  the  divisor 
above  the  number  in  the  dividend. 

In  the  last  case,  it  is  usual,  before  the  division  is 
begun,  to  add  cyphers  to  the  dividend,  until  it  has  as 
many  decimal  places  as  the  divisor. 

Examples.  Let  it  be  required  to  divide  24.07b  by  7.5  : 

7.5)  24.075  (3.21 
22.5 


157 

150 

75 

75 

The  quotient  of  the  numbers  considered  as  integers 
is  321  : but  there  are  3 decimal  places  in  the  dividend, 
and  only  1 in  the  divisor  : we  must  strike  off,  therefore, 
3 — 1,  or  2 decimal  places  from  the  quotient,  which 
thus  becomes  3.21. 

(2.)  If  the  divisor  had  been  75,  the  quotient  would 
have  been  .321. 

(3.)  If  the  divisor  had  been  7500,  the  quotient  would 
have  been  .00321. 

(4.)  If  the  divisor  had  been  .75,  the  quotient  would 
have  been  32.1. 

(5.)  If  the  divisor  had  been  .075,  the  quotient  would 

have  been  321. 

(6.)  If  the  divisor  had  been  .00075,  the  quotient 
would  have  been  32100. 

The  correctness  of  these  results  may  be  immediately 
shown  by  passing  from  the  decimals  to  their  equivalent 
fractious,  which  are  **•<'•*  and  : their  quotient  is 

TlP  X **=■-£-•  x TJg*=  321  X -rb=  m = 
3.21. 

In  case  (2),  the  quotient  is  yy*T  X -Jy  = -fYoV  — 
.321. 

In  case  (3),  the  quotient  is  7777  X 73*5  ff  = tPcVi r X 
= TuVl J53  = 00321. 

In  case  (4),  the  quotient  is  t »e«  X yj*  = Vff  = 32.1. 

i<»;s  1 •••  <K1 . 

In  case  (5).  the  quotient  is  7777  X -77“  = »*• 

In  case  (5),  the  quotient  i *%TTo7  X ~~fT~  — 321  x 
100=  32100. 

The  same  method  of  proof  is  applicable  to  all  other 
cases,  and  will  show  very  distinctly  the  principle  upon 
which  the  rule  is  founded. 

Let  it  be  required  to  divide  298.89  by  .1 107  : 

.1107)  298.8900  (2700 
2214 


7749 

7749 

In  this  case,  the  number  of  decimal  places  in  the 
dividend  is  made  equal  to  the  number  of  decimal  places 
iu  the  divisor. 

Let  it  be  required  to  divide  14  by  .7854 


.7854)  14.0000,0000000  (17.82531 19  »***  b 

7854  v'— v— 


61460 

54078 

64820 

62832 


19880 

15708 


41720 

39270 


24500 

23562 


9380 

7854 


15260 

7854 


74060 

69686 


4374 

In  tbis  example,  the  operation  does  not  terminate  ; 
and  in  order  to  continue  it,  we  have  added  cyphers 
arbitrarily,  in  order  to  get  a nearer  approximation 
to  the  true  value  of  the  quotient ; the  last  value  ob- 
tained is  ‘iStTpVaT.  and  differs  from  its  true  value  by 
7«M*o«»ot5  ’ and  it  is  obvious,  that  by  continuing  the 
process  we  may  obtain  a decimal  value  of  the  quotient, 
differing  from  the  true  quotient  by  a quantity  less  than 
any  that  may  be  assigned. 

(345.)  The  conversion  of  fractions  into  decimals.  Conversion 
whether  they  terminate  or  not,  is  the  most  important  ot  factions 
use  of  these  quantities,  as  it  brings  them  under  a 
uniform  notation.  The  following  are  examples : 

(1.)  i = ,-f*  = .75. 

(2.)  * = T?  •=  -04. 

Of)  A = ^*=.4375. 

(4.)  -Mi  = Hrr  = .oes. 

<50  yVV  = -iir  = 13a- 

In  all  these  ca-ses,  the  factors  of  the  denominators 
are  either  2 or  5,  and  the  decimals  terminate.  In  ex- 
ample (1),  the  denominator  is  2 X 2;  in  (2),  it  is  5 
X 5 ; in  (3),  it  is  2 X 2 X 2 x 2 ; in  (4),  it  is  5 x 5 
X 5 ; in  (5),  itis5x  5x  5 x2;  and  the  number  of 
decimal  places  in  each  case,  never  exceeds  the  greatest 
number  of  times  that  one  or  other  of  these  factors  arc 
repeated. 

The  fact  is,  that  2 and  5 are  the  only  divisors  of  10,  Wlui  frac- 
and,  therefore,  2x2  and  5 x 5 are  divisors  of  100; 
2x2x2  and  5 X 5 X 5 are  divisors  of  1000  ; 2 X * 

2x2x2  and  5x5x5x5are  divisors  of  10000; 
and  as  the  process  of  adding  cyphers  to  the  dividend 
in  the  division  of  decimals,  is  equivalent,  as  far  as  the 
division  is  concerned,  to  its  multiplication  by  10,  100, 

1000,  10000,  Ac.  respectively,  it  clearly  follows,  that 
when  one,  two,  three,  four,  &c.  of  these  factors  2 and 
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Arhfaraatic.  5,  whether  singly  or  conjointly,  compose  the  divisor, 
v-^'v  that  I he  division  must  terminate  after  one,  two,  three, 
four,  &c.  operations : it  is  for  this  reason,  that  the 
quotient  cannot  involve  more  decimal  places  than  the 
greatest  number  of  times  that  one  or  other  of  these  fac- 
tors is  involved  in  the  denominator. 

Whstfrsc-  But  if  the  fraction  in  its  lowest  terms  involves  a 
duee  mter»  f*ctor  »n  denominator,  not  resolvable  into  the  products 
Hunabla  of  2 or  5,  Mich  as  3,  6,  7, 9,  1 1,  12,  &c.,  then  the  divi- 
docur.ils.  aion  can  never  terminate,  and  the  equivalent  decimal  is 
interminable : for  a number  which  is  not  a factor  of  10, 
is  not  a factor  of  100,  or  of  1000,  or  of  10000,  and,  cou- 
qoently.  the  continuance  of  the  operation  brings  us  no 
nearer  its  termination.  The  following  are  examples : 

(1.)  i = '-±r  = 

Circulating  The  same  figure  is  repeated  continually,  there  being 
decimal*,  always  the  same  remainder;  and,  therefore,  the  same 
quantity  10  to  be  divided.  The  decimal  is,  of  course, 
indefinite,  and  is  called  a circulating  decimal. 

(2.)  $ = .16666. 

The  repetition  begins  in  the  second  place,  and  the 
decimal  is  a circulating  decimal  like  the  former. 

(3)  If  = .14265/142857 

Whenever  a remainder  occurs,  when  cyphers  only 
are  brought  down,  which  produces  a quantity  to  he 
divided  identical  with  any  one  preceding  it,  the  same 
series  of  quotients  and  remainders  must  occur  in  the 
same  order ; the  number  of  remainders  different  from 
each  other  which  can  occur  in  succession  can  therefore 
never  exceed  the  divisor : in  this  case  it  is  6,  and  the 
repeating  period  in  the  circulating  decimal  produced  is 
142857. 

(4.)  4 = .11111.... 

(5.)  = .090909 

(6.)  = .08333.  . . 

(7.)  = .076923076923 

The  repeating  period  is  076923. 

(8.)  -jV  = -06666.  . . 

(9.)  -jV  = .05882352941352941.  . . 

In  this  case,  the  repeating  period  is  352941,  and  com- 
mences after  the  first  five  places. 

(10.)  = .05263 1 57 89  4736842 10526. 

Tile  repeating  period  consists  of  18  places  0 
(11.)  = .5925925.  .... 

(12.)  ^||  = .008497133497133.... 

(13.)  = 4.7543543 

(14.)  444  = 3.14159329203.  . , 

Though  in  every  case,  when  fractions  are  reduced  to 
Indefinite  decimals,  a repeating  period  may  be  found, 
yet,  as  the  determination  of  it  may,  in  an  extreme  case, 
require  a number  of  divisions  equal  to  the  divisor 
ltselC  it  may  become  too  laborious  to  be  practicable. 
Conventoa  (S46.)*nie  preceding  examples  will  show  in  what  mnn- 
of  cirruJa-  ner  circulating  decimals  are  produced  : it  is  frequently 
maLtuo*  imP°rtant,  however,  to  reverse  the  process,  and  to  pass 
equivalent  ^rom  circulating  decimal  to  the  equivalent  fraction, 
fraction*.  The  rule  for  this  purpose  is  as  follows : 

Multiply  the  circulating  decimal  by  l,  with  as  many  cy- 
phers after  it  as  there  are  decimal  places  before  the  gerund 
repeating  period  ; and  again  multiply  the  circulat  ng 
decimal  by  l.  with  as  many  cyphers  as  there  are  places 
before  the  first  repealing  period  : the  products  being  sub- 


tracted from  each  other,  and  the  remainder  divided  by 
the  difference  of  the  multipliers , will  give  the  fraction 
which  is  equivalent  to  the  circulating  decimal. 

Let  it  be  required  to  find  the  fraction  which  produces 
the  circulating  decimal 

.0171717.... 

Multiply  by  1000  : the  result  is 
17.1717 

Multiply  by  10  : the  result  is 

.1717.... 

Subtract  these  results  from  each  other,  the  remainder  is 
17  r 

which  divided  by  1000  - 10,  or  990  gives  the 
fraction  required. 

Let  it  be  required  to  assign  the  fraction  which  pro- 
duced the  circulating  decimal 

.34500970097..,. 

Multiply  by  10000000,  the  result  is 
3450097.0097.  . . . 

Multiply  by  1000,  the  result  is 

345.0097 

Subtract  the  results  from  each  other,  and  the  remainder 
Is 

3449752: 

which,  divided  by  10000000—  1000,  or  9999000,  gives 

*4  mu 


for  the  fraction  required,  which,  reduced  to  its  lowest 
terms,  becomes 

1 4 >7  T» 

41MM  * 

(347.)  Circulating  decimals  present  the  most  familiar  infinite 
examines  of  the  origin  and  meaning  of  infinite  series : series, 
thus. 

.33333. . .. 

is  equivalent  to 

17  +77#  + lira"  + i o BM  + &c. 
where  the  terms  arc  supposed  to  be  continued  indefi- 
nitely; the  gum  of  the  series  is,  likewise,  the  value  of  the 
circulating  decimal,  and  the  process  which  determines 
the  one  determines  the  other  likewise. 

(348.)  The  following  examples  will  illustrate  most  of  Examples, 
the  operations  in  decimals. 

(1.)  Add  together  .0345,  757.069,  and  2.9168504. 

(2.)  Subtract  3.47965  from  5.111324. 

(3.)  Multiply  .000395  into  27.0456. 

(4.)  Divide  9.6195  by  1.21. 

(5.)  Divide  233.91  by  .345. 

(6.)  Reduce  the  Tractions  fj*  fjp  iTTb  find  ;i  ,**,  to 
decimals. 

(7.)  Find  the  value  of  the  circulating  decimal 
.003406969. 

(8.)  Find  the  sum  of  the  infinite  series  ,4?*  + 

i»  i a 

14  04440  + "h 


EXTRACTION  OF  ROOTS. 

Square  Root. 

(349.)  The  process  for  extracting  the  square  root  must  Eatractwa 
be  founded  upon  the  rule  for  the  formation  of  the  square,  ^ 
in  the  same  manner  as  the  rules  for  other  inverse  opera- 
St  2 


Part  |. 
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Arithmetic.  tjon8  are  founded  upon  those  for  the  direct  operation : 
“v— ""  the  arithmetical  process,  however,  for  the  formation  of 
the  square,  leaves  no  traces  of  the  root  which  are 
readily  discoverable,  in  consequence  of  the  incorporation 
of  the  parts  which  takes  place  in  all  arithmetical  pro- 
cesses : we  must  divest  the  root,  therefore,  of  its  arith- 
metical character,  at  least,  as  far  as  notation  is  con- 
cerned, in  order  to  delect  the  composition  of  its  square. 
FamMion  (350.)  Let  it  be  required  to  form  the  square  of  74  : 
ottl'®  We  will  write  it  in  the  form 

•q™.  70  + 4f 

and  consider  in  what  manner  the  result  arising  from 
multiplying  this  iuto  70  + 4 is  composed. 

In  the  first  place,  there  is  70  limes  70,  w hich  is 
4000. 


In  the  second  place,  there  is  70  times  4,  which  is 
4 x 70. 

In  the  third  place,  there  is  4 times  70,  which  is 
4 x 70. 

In  the  fourth  and  lost  place,  there  is  4 times  4,  which 
is 

4 X 4,  or  16. 

If  all  these  parts  be  added  together,  so  as  to  form 
one  sum,  we  shall  get 

4900  -f  twice  4 x 70  + 16  ; 
or  the  square  of  the  number  which  is  the  sum  of  the 
parts  70  and  4,  is  the  square  of  the  first  part  + twice 
the  product  of  the  two  parts  + the  square  of  the  second 
part. 

The  same  conclusion  would  be  deduced,  if  the  parts 
were  700  and  40,  7000  and  400,  or  any  other  numbers 
whatsoever. 

Pwnafor  (351.)  We  shall  now  proceed  to  the  inverse  process, 
extracting  aflj  jct  n be  required  to  find  the  square  root  of 
die  square 

no t 4900  + 560  + 16  (70  + 4 

4900 


It  remains  to  give  the  process  a purely  arithmeti-  Pwt  I 
cal  form. 

5476  (74 
49 

144)  576 
576 

Divide  the  square  into  periods  of  two,  commencing 
from  the  place  of  units,  by  placing  a dot  over  6 and  4 : 
find  the  greatest  number  whose  square  is  less  than  the 
first  period  54,  which  is  7 : put  7 in  the  root,  and 
underneath  the  first  period  write  its  square  49,  which 
being  subtracted,  there  remains  5 : bring  down  the 
next  period  76,  and  write  it  after  the  Iasi  remain- 
der: double  the  root  7,  which  is  14,  and  divide 
57  (omitting  the  last  digit  6)  by  14  : the  nearest 
number  is  4,  which  must  be  placed  after  7 in  the  root, 
and  after  14  in  the  divisor:  multiply  the  divisor  144 
by  4 : the  product  is  576,  which  subtracted,  leaves 
no  remainder  : 74  is  therefore  the  complete  square  root 
of  5476. 

(352.)  Wc  will  proceed  to  another  example,  where  SeeonJ 
there  arc  3 places  in  the  root : let  it  be  required  to  find  eaaropla 
the  square  root  of  459684. 

459684  (600  + 70  + e 

360000 

1200  + 70)  99681 

84000 

4900 


88900 

1340  + 8)  10784 

10720 

64 


140  4-  4)  + 560  + 16 
+ 560  +16 

Wc  first  find  the  square  root  of  4900,  which  is  70, 
and  subtract  its  square,  which  leaves  560  + 16:  wc 
double  70.  which  gives  140,  and  divide  560  hv  it,  in 
order  to  get  4,  the  second  part  of  the  root : we  then 
add  4 to  140,  and  multiply  the  sum  by  4,  which  gives 
560  + 16,  the  remaining  part  of  the  square. 

We  will  now  exhibit  the  same  process  under  a some- 
what more  arithmetical  form ; let  it  be  required  to 
extract  the  square  root  of  5476 : 

5476  (70  + 4 
4900 

140  + 4)  576 

560 

16 

576 

Find  the  greatest  multiple  of  10,  whose  square  is 
less  than  the  given  numl»cr ; this  is  70 : subtract  its 
square  4900  from  5476,  the  remainder  is  576 : double 
70,  which  is  140,  and  divide  the  remainder, by  it,  in 
order  to  find  the  second  part  of  the  root : the  nearest 
whole  number  is  4 : add  4 to  140  : multiply  140  + 4 
by  4 : the  product  of  4 and  140  is  560,  and  that  of  4 
and  4 is  16 : their  sum  is  576,  which  subtracted  leaves 
no  remainder. 


10764 

Or,  more  arithmetically,  thus : 

459684  (678 
36 

127)  996 
869 

* 1348)  10784 

10784 

The  comparison  of  the  two  schemes  of  the  process 
will  show  the  reason  of  the  abbreviations  in  the  second : 
the  square  is  first  divided  into  periods  of  two  by  mark- 
ing the  first,  the  third,  and  the  fifth  digits  : the  greatest 
square  less  than  the  first  period  45  is  36,  which  sub- 
tracted leaves  9 : bring  down  the  next  period  96  : 
double  6,  the  figure  in  the  root,  aud  divide  99  (omitting 
6)  by  12 : the  result  (taken  in  defect)  is  7 : write 

7 after  12,  and  multiply  7 into  127,  and  subtract  the 
product  669  from  996 : the  remainder  is  107  : bring 
down  the  next  period  84,  and  double  67,  making  134 : 
divide  1078  (omitting  4)  by  134,  the  result  is  8 : write 

8 in  the  root,  and  also  after  134,  and  multiply  6 into 
1348:  the  result  10784  being  subtracted,  leaves  no  re- 
mainder, and  678  is  the  complete  root  required. 

The  second  scheme  is  the  skeleton  of  the  first,  and  is 
founded  upon  the  general  principle  of  all  arithmetical 
rules,  of  avoiding  all  superfluous  writing : the  reason 
of  the  pointing  every  second  figure  of  the  square. 
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Arithmetic,  reckoning  from  the  place  of  units,  will  be  very  obvious, 
V— - -v— <>  when  we  consider  that  the  number  of  cyphers  after  the 
significant  digits  in  the  square  will  be  even,  whether 
the  number  of  cyphers  in  the  root  be  odd  or  even. 

When  there  (3A3.)  If  there  are  decimal  places  in  the  root,  there  will 
■re  decimal  double  the  number  of  them  in  -the  square,  and,  there- 
thc^wjuare  hire,  the  number  of  decimal  places  in  the  square  must 
always  be  even.  In  pointing,  therefore,  a square, 
which  contains  both  integral  and  decimal  places,  we 
must  begin  from  the  place  of  units,  and  proceed  both 
to  the  light  and  the  left  The  following  is  au  example : 


1369.740i  (37.01 
9 


67)  469 
469 


7401)  7401 
7401 


Indefinite  (354 .)  When  the  number  whose  square  root  is  required 
■pproiim*-  jB  not  a complete  square,  we  may  approximate  continually 
to  the  to  the  true  value  of  the  root,  by  adding  pairs  of  cyphers 
to  the  root  on  the  right  of  the  decimal  point  as  often  as 
we  choose.  As  an  example,  let  it  be  proposed  to  ex- 
tract the  square  root  of  10. 

lO.OOOO....  (3.162 
9 

61)  100 
61 

626)  3900 
3756 

6322)  14400 
12644 

The  square  root  of  .1  is  .3162.  ....  the  square  root 
of  .01  is  .1,  and  that  of  .001  is  .03162. 

Squire  root  (355.)  Let  it  be  required  to  extract  the  square  root  of 
of  a fraction.  The  fraction  reduced  to  au  equivalent  decimal  be- 
comes 

.3750....  (.61237 


121)  150 

121 

1222)  2900 
2414 


12243)  45600 
36729 


122467)  887100 
857269 


29831 


EXTRACTION  OP  THE  CUBE  ROOT. 


(357.)  The  formation  of  the  cube,  upon  which  the  rule  Formation 
for  the  extraction  of  the  corresponding  root  is  founded,  is  dwcube. 
more  complicated  than  that  of  the  square,  and  it  is  diffi- 
cult to  exhibit  it  clearly  without  the  aid  of  algebraical 
symbols.  We  shall  assume,  however,  for  this  purpose,  .. 

74,  or  70  + 4,  for  the  root,  of  which  the  square  is 
4900  + twice  4 x 70  + 16; 
and  in  order  to  form  its  cube,  it  is  requisite  to  multiply 
this  result  by  70  + 4,  which  being  doue,  the  several 
results  are  as  follows : 

First,  the  product  of  70  into  4900,  which  produces 
343000,  the  cube  of  70. 

Secondly,  the  product  of  70  into  twice  4 x 70, 
which  is  equal  to  twice  4 x 4900. 

Thirdly,  the  product  of  70  into  16,  which  produces 
16  x 70. 

Fourthly,  the  product  of  4 into  4900,  which  produces 
4 X 4900. 

Fifthly,  the  product  of  4 into  twice  4 X 70,  which 
produces  twice  4 X 4 X 70,  or  twice  16  X 70. 

Sixthly,  the  product  of  4 into  16,  which  produces  64, 
the  cube  of  4 . 

If  we  combine  all  these  results  together,  we  shall 
find  that  the  cube  70  +■  4,  consists  of 

(1.)  The  cube  of  70,  or  343000. 

(2.)  Three  times  4 into  the  square  of  70,  or  thrice 
4 X 4900. 

(3.)  Three  time*  the  square  of  4 into  70,  or  thrice 
16  x 70. 

(4.)  The  cube  of  4.  or  64. 

(356.)  Assuming  the  sum  of  these  expressions  for  the  iBvm? 
cube,  the  steps  in  the  reverse  process  are  very  obvious,  proem*. 
343000  + thrice  4 x 4900  + thrice  16  x 70 +64  (70  + 4 
343000 

Thrice  4900  I thric*  4 x 4900  + thrice  16  x 70  + 64 
| thrice  4 X 4900  + thrice  16  x 70  -f  64 

Wc  first  subtract  the  cube  of  70,  (the  cube  of  the 
(ugliest  multiple  of  10,  which  is  less  than  the  cube  :) 
wc  tlieu  take  thrice  the  square  of  70,  or  3 X 4900  for 
a divisor  of  the  first  term  of  the  remainder,  by  which 
means  we  determine  4,  the  second  figure  in  the  root: 
we  then  subtract  3 X 4900  X 4,  3 X 70  X 16,  and 
64  successively,  in  order  to  take  away  the  complete  cube 
of  70  + 4. 

We  shall  now  put  the  same  example  under  a more 
arithmetical  form,  and  suppose  that  it  is  required  to  ex 
tract  the  cube  root  of  405224. 

405224  (70  + 4 
343000 


14700)  62224 


58800  3 X 4900  x 4 

3360  3 X 70  x 4 x 4 

64  4 x 4 x4 


ExampJ*.  (356.)  The  following  arc  examples  of  the  different 
cases  which  occur  in  the  extraction  of  the  square  root. 
(1.)  Extract  the  square  root  of  152399025. 

(2.)  Extract  the  square  root  of  110550.669121. 

(3.)  Extract  the  square  root  of  .0000032754. 

(4.)  Extract  the  square  root  of  2. 

(5.)  Extract  the  square  root  of  4- 
(6.)  Extract  the  square  root  of  7954- 


62224 

We  find  the  greyest  multiple  of  10  (70),  whose 
cube  is  less  than  405224,  and  subtract  it,  leaving  the 
remainder  62224  : wc  find  the  square  of  JO,  which 
is  4900,  and  multiply  it  by  3,  which  is  14700,  which 
wc  employ  as  a divisor  of  62224,  in  order  to  find 
4,  the  second  figure  in  the  root:  we  then  add  to- 
gether thrice  4 into  the  square  of  70,  which  is  58800, 
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Arithmetic,  thrice  70  into  the  square  of  4,  which  is  3360,  and 
v— tiie  cube  of  4,  which  is  04,  and  subtracting  their 
sum,  there  is  no  remainder:  therefore  70  + 4,  or  74, 
is  the  cube  root  required. 

It  now  remains  to  put  the  process  under  the  most 
simple  form  which  it  admits  of,  omitting  every  figure 
and  cypher  which  is  not  necessary  in  obtaining  the 
result. 

405224  <74 

343 

147)  62224 

bSS  3 X 4 X 49 

336  ' 3 X 16  X 7 

64  4 x 4 x4 

62224 


Rule. 


SeeooJ 

eiimple. 


The  cube  is  divided  into  periods  of  three  places,  be- 
ginning from  the  place  of  units ; inasmuch  as  there  are 
3 cyphers  in  the  cube  of  70,  6 in  that  of  700,  9 in  that 
of  7000,  and  similarly  for  higher  orders  of  articulate 
numbers  : 7 is  the  greatest  number  whose  cube  is  less 
than  the  first  period;  the  remainder  is  62,  to  which 
the  next  period  is  annexed.  In  the  divisor  we  put 
three  times  the  square  of  seven,  which  is  147,  and 
divide  622  (omitting  the  two  last  places)  to  get  4,  the 
next  figure  in  the  root:  we  then  form  the  products  of 
3 x 4 X 49,  3 X 16  X 7,  and  4x4x4,  and  place 
them  underneath  each  other,  so  that  the  second  may 
advance  one  place  beyond  the  first,  and  the  third  one 
place  beyond  the  second : they  are  then  added  together, 
and  their  sum  subtracted  from  the  dividend,  and,  as 
there  is  no  remainder.  74  is  the  cube  required. 

(359.)  We  will  now  proceed  to  a second  example. 
Let  it  be  required  to  find  the  cube  root  of  4 82 2$ 544  : 
48228544  (300  + 60  + 4 
27000000 

3 X 300  x 300=  \ 21228544 

270000)  J84228M4 

16200000  3 X 300  X 300  X 60 
3240000  3 ^ 300  X 60  x 60 

216000  60  X 60  X 60 

19656000 

8 ■"“}  1572544 

1555200  3 X 360  x 360  X 4 
17280  3 X 360  X 4 X 4 

64  4 x 4 x4 
1572544 

Or,  merely  preserving  the  skeleton  of  this  process, 
and  conforming  to  the  arithmetical  rule,  the  scheme 
will  appear  as  follows  : 

48228544  (364 
27 

27)  21228  Dividend 

162  3 X 3 X 3 x 6 

324  3 X 3 X 6 x 6 

216  6x6x6 

19656  Subtrahend 
3888)  1572544  Dividend 

15552  3 X 36  X 36  X 4 

1728  3 x 36  X 4 x 4 
64  4 X 4 X 4 
1572544 


(360.)  Let  it  be  required  to  extract  the  cube  root  Part  L 

of  27054.036008  : v 

• • • • Cube  root* 

27054.036008  (30.02  tfdecuuala. 

27 

27)  54 

2700)  54036 


270000)  54036008 


540000 

8600 

8 


3 X 300  x 300  X 2 
3 X 300  X 2 X 2 
2x2x2 


54036008 

(361.)  Let  it  be  required  to  extract  the  cube  root  of  10 : Indefinite 

...  cube  root*. 

- 10.000000...  (21.54... 

8 


12)  2000 


677375 


Dividend 

3 X 2 X 2 X 1 
3 X 2 X 1 X 1 
lxixl 

Subtrahend 

Dividend 

3 X 21  X 21  X 5 
3 X 21  X 5 X 5 
5x5x5 

Subtrahend 


13S675)  61625000  Dividend 


554700  3 X 215  X 215  x 4 

10320  3 x 215  x 4 X 4 

64  4 x 4 x4 


55573261  Subtrahend 


6051736 

It  is  quite  clear  that  the  operation  can  never  termi- 
nate, uad  that  by  continuing  it  we  may  obtain  an 
approximate  value  of  the  cube  root  of  10  within  any 
wquired  limits  of  accuracy. 

(362.)  The  following  are  other  examples  of  the  various  Examples, 
case*  which  can  occur  io  the  application  of  this  rule  : 

(I.)  Let  it  lx*  required  to  extract  the  cube  root  of 
3430529217010729. 

(2.)  Let  it  be  required  to  find  the  cube  root  of 
1.679080904. 

(3.)  Let  it  be  required  to  extract  the  cuke  root  of 
.000000042875. 

(4.)  Let  it  be  required  to  find  the  cube  root  of  3. 

(5.)  Let  it  be  required  to  find  the  cube  root  of  $. 

(363.)  The  invention  of  rules  lor  the  extraction  of  the  Rale*  for 
fourth,  fifth,  and  higberroots,  depends  upon  the  formation  « *u*rtioa 
of  the  fourth,  fifth,  and  higher  powers,  and  is  effected 
upon  tlie  same  principles  as  those  for  the  square  and 
cube  root,  though  they  arc  not  easily  discovered  without 
the  aid  of  algebraical  formula?.  The  rulc9  are  also  ex- 
tremely complicated,  and  their  application  difficult  and 
embarrassing,  when  they  extend  beyond  two  places  of 
figures  in  the  root ; under  such  circumstances,  tfier  c- 
fore,  it  is  expedient  to  defer  the  consideration  of  them 
until  we  can  avail  ourselves  of  algebraical  formulae,  by 
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Arithmetic,  which  the  rules  may  be  simplified,  or  other  methods 
v-~ v— 1 * investigated,  which  may  give  approximate  values  of 
the  roots. 

Example  of  (364.)  The  extraction  of  the  fourth  root  is  equivalent  to 

the  extrjL-  a double  extraction  of  the  square  root,  and  such  is  the 
fourth  to*t  arithmetical  method  which  is  most  convenient  to  follow. 
The  following  is  an  example  : 

Let  it  be  required  to  find  the  fourth  root  of 

29986576. 

29986576  (5476 
25 

104)  498 
416 

1087)  8265 
7609 

10946)  65676 
65676 


5476  (74  t l 

144)  576 
576 

Consequently,  74  is  the  fourth  root  required. 

*(365.)  There  are  some  other  subjects  which  might  be  Conclusion, 
included  in  a Treatise  on  abstract  Arithmetic,  such  as 
the  notutiou  of  numbers  proceeding  according  to  scales 
different  from  the  decimal,  whether  binary,  quaternary, 
quinary,  duodenary,  Ac.,  the  formation  and  reduction  of 
continued  fractions,  and  some  of  the  more  obvious  pro- 
perties of  numbers,  all  of  which  are  more  properly  included 
under  the  Theory  of  Numbers:  whilst  the  consideration 
of  others,  such  as  arithmetical  and  geometric  progres- 
sions, combinations  and  permutations,  which  are  com- 
monly found  in  treatises  on  this  suhject,  may  with 
more  propriety  be  deferred  until  we  are  enabled  to  in- 
vestigate algebraically  the  formula  upon  which  the 
rules  arc  founded  : we  shall,  therefore,  close  at  this 
point  our  Treatise  on  the  Arithmetic  of  Abstract 
Number*. 
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PART  II. 


(366.)  Number*  »re  roncrdt  nhtn  tht  units  of  which 
' _ - they  art  composed,  represent  nm«nitudes  to  which  a 

Concreta  denomination  in  given:  such  as  17  ahiUingt,  143  yards, 
nombet*  74  pound i.  23  minuter,  67  gallon! . 

Bi(r  The  arithmetic  of  such  numbers  would  he  nearly 

in  the  noth,  identical  with  that  of  numbers  which  are  abstract,  if 
metic  of  the  concrete  units  of  the  same  species  of  quantity  were 
abstract  and  „].,ToVS  „f  the  same  magnitude,  not  admitting  of  sub- 
eoetrete  (|;visjon  jnto  oilier*,  which  are  multiple*  or  submultiple* 
nutaben  rf  ihc  flrJ[ . jn  oth„  word,i  if  ruling,  were  the  only 
unit*  of  money,  yard*  of  length,  pounds  of  weight, 
minute*  of  time,  and  gallon*  of  capacity.  Under  such 
circumstances,  such  number*  would  be  subject  to  all 
the  common  operations  of  Arithmetic,  whether  of  addi- 
tion, subtraction,  multiplication,  or  division,  without 
any  reference  to  the  particular  nature  of  the  quantities 
which  they  denoted. 

Again,  supposing  those  subdivisions  were  in  all  ca-es 
adapted  to  the  decimal  scale,  the  operations  on  such 
quantities  would  be  in  every  respect  identical  with 
those  which  are  required  in  the  arithmetic  ot  decimals. 
The  fact,  however,  is,  that  those  subdivisions  are  rarely 
adapted  to  any  regular  scale ; the  duodecimal  is  most 
prevalent ; in  some  cases  they  proceed  by  continued 
bisections ; but  most  commonly  the  successive  unit* 
are  not  the  sume  suhmulliples  or  multiples  of  those 
which  precede  or  follow  them.  It  is  this  want  of 
uniformity  which  renders  it  necessary  for  the  student 
in  the  first  instance  to  commit  to  memory  tables  of  the 
subdivisions  of  coins,  of  the  different  units  of  weights, 
of  measures  of  length,  area,  and  capacity,  of  time,  and 
of  such  specific  quantities  as  are  frequent  subjects  of 
consideration,  but  whose  subdivisions  do  not  conform 
to  the  general  custom. 

These  successive  unit*,  though  they  neither  rollow 
the  decimal  or  any  other  scale,  may  be  brought  within 
the  rules  of  the  Arithmetic  of  abstract  numbers,  by 
reducing  the  inferior  units  to  a vulgar  or  decimal 
fraction  of  one  of  higher  denomination.  Such  a mode 
of  proceeding  is  not  always  the  most  convenient  or 
expeditious;  but  in  many  questions  it  is  absolutely 
necessary,  and  in  every  case  it  is  more  general  than 
any  other  process  which  can  be  followed. 

We  shall  now  put  down  some  of  the  more  useful  of 
these  tables,  accompanied  with  examples  of  the  different 
species  of  reductions  which  will  be  required  in  the 
solution  of  questions,  in  which  such  quantities  arc 
involved* 


Table  of 
divisions  of 
Kagliab 
money. 


f.)  Table  of  Monty, 

2 farthings  make  1 halfpenny. 

4 farthings  ....  1 penny,  ( d .) 

12  pence 1 shilling,  (*.) 

20  shillings  ....  1 pound,  or  sovereign,  (i  ) 

21  shillings  ....  1 guinea. 


Or,  expressing  each  superior  unit,  not  merely  in  terms  Part  If. 
of  the  next  below  it,  but  also  of  all  others  which  are 
inferior  to  it,  it  will  stand  as  follows : 
qn.  d. 

4=1  » 

48=  12  s 1 l. 

960  = 240  = 20  = 1 

(36S.)  One  of  the  most  common  species  of  reduction,  Various  re- 
is  to  express  numbers  of  superior  denominations  in  ductioa*. 
units  of  a lower  denomination,  and  conversely.  Thus, 
suppose  it  was  required  to  find  bow  many  farthings  there 
are  in  4a.  3d.  ; 

a.  d. 

4,3 

12 

&7  = 48  + 3 

4 


Answer,  204 

We  first  reduce  the  shillings  to  pence,  by  multiplying 
the  number  of  shillings  4 by  12 : to  the  product  48, 
we  add  3,  and  thus  get  51,  the  whole  number  of  pence 
in  4*.  3d.  .*  if  this  number  be  multiplied  by  4,  the  last 
result  204  is  obviously  the  number  of  farthings  re- 
quired. „ . , 

Let  it  be  required  to  reduce  £17.  13a.  3 jd.  to  far- 
things. 

This  sum  might  be  written  thus, 

£17.  13a.  3d.  3 qr». 

but  it  is  more  usual  to  express  3 gr*.,  or  3 farthings,  by 
the  equivalent  fraction  ^d.,  or  three-fourths  of  a penny. 
£.  ».  d. 

17,  13, 3J 
20 

353  = 20  X 17  + 13  = number  of  shillings. 

12 

4239  = 12  X 353  + 3 = number  of  pence. 

~ 4 

16959  = 4 x 4239  + 3 = number  of  farthings. 

The  general  rule  for  such  reductions,  whether  of 
money  or  other  classes  of  concrete  units  of  the  same 
species,  is  to  multiply  the  superior  units  by  the  number 
which  connects  them  with  the  unit  next  succeeding  in 
the  table,  and  to  add  to  the  result  whatever  units  of  the 
same  order  may  appear  in  the  sum  to  be  reduced  ; and 
the  process  must  be  continued  until  wc  arrive  at  the 
units  of  the  denomination  required. 

The  following  question  is  the  converse  of  those  just 
given. 

Let  it  be  required  to  find  how  many  pounds,  shil- 
lings and  pence  there  arc  in  17347  farthings. 
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Arid)  malic. 


4)  17347 
12)  4336  — 3 


2,0)  36,1—4 
18, 1, 4} 

We  first  reduce  the  farthings  to  pence,  by  dividing  by 
4 : we  next  reduce  the  pence  to  shillings.  by  dividing  by  12; 
and  we  lawtly  reduce  the  shilling  to  pounds,  by  div  iding 
by  20  : the  final  result  is  Xl8.  Is.  4jd. 

The  steps  of  this  process,  of  passing  from  inferior  to 
superior  units,  are  clearly  the  inverse  of  those  which  are 
followed  in  passing  from  superior  to  inferior  units. 

The  following  ore  examples  of  the  reduction  of  a 
compound  expression  to  a simple  fractional  or  mixed 
number. 

What  fraction  of  a pound  is  2s.  7<f.  ? 

£.  a.  d. 

1 2,7 

20  12 

20  31  numerator. 

12 

240  denominator. 

The  fraction  is  . 

There  are  31d.  in  2s.  7 d.,  and  240  in  a pound  ; and, 
consequently,  if  unity  be  divided  into  240  equal  parts, 
and  31  of  them  be  taken,  the  portion  of  unity,  or  of 
\£.,  which  they  denote,  is 

What  fraction  of  £3.  10s.  is  £2.  5s.  6 \d.f 


£.  s. 

£ 

3 , 10 

2, 

20 

20 

*70* 

45 

12 

12 

810 

"546 

. 4 

4 

3360 

2285 

Th4  fraction  is  4,  or,  in  lower  terms,  144. 

The  following  questions  are  the  converse  of  the  pre- 
ceding. 

What  is  the  value  of  4 of  a pound? 

£. 

2 

20 

7)  40  (5 

35 


5 

12 

7)  60  (8 
56 


number,  it  becomes  5fa. ; but  5s.  are  equal  to  60rf.,  and, 
therefore,  it.  U equivalent  to  *yd.,  which,  reduced  to  a 
mixed  number,  is  S^d.  Again,  4d.  are  equal  to  16 
farthings,  and,  therefore,  yd.  is  equivalent  to  ” qrt.  or, 
2*  qr*.,  or  to  Jd.  f qrt. : the  final  auswer,  therefore,  is 
5s.  8 £</,  \ qrt.,  or,  as  it  is  commonly  written,  5s.  8] \d.j-. 

What  is  the  value  of  tV,  of  £2.  12 1.  ? 


Part  IL 


£.  t. 
2,  12 

17 

20 

52 

• 

— 

- 

52 

31 

85 


113)  884  (7 
791 

93 

12 

113)  1116  (9 
1017 

99 

4 

113)  306  (3 
339 

57 


The  answer  is  7s.  9|tf.  tVi. 

The  reduction  of  shillings,  pence,  Ac.  to  decimals 
of  a pound,  or  any  other  superior  unit,  is  extremely  im- 
portant, being  the  reduction  which,  of  all  others,  is 
most  frequently  required.  The  following  are  examples: 

What  decimal  of  a pound  is  2s.  6d,  ? 

12)  6 
20)  2.5 
. 125 

In  the  first  place,  6d.  is  equivalent  to  which  re- 
duced to  a decimal  is  ,5  : consequently,  2*.  6 d.  is  equi- 
valent to  2.5s.,*  but  2.5*.  is  equivalent  to  \'££.,  or 
A2b£. 

The  same  result  would-be  obtained  by  first  reducing 
2s.  6rf.  to  a fraction  of  a pound,  and  then  converting 
the  fraction,  which  is  or  i,  to  an  equivalent  deci- 
mal. 

What  decimal  of  a pound  is  19s.  ] l|rf.  ? 

4)  3 

12)  11.75 

20)  19.9891666... 

•99945833 


4 

4 

7)  16  (2 
14 

2 

In  £2.  there  are  40s.,  and,  therefore,  y£.  is  equiva- 
lent to  ys.  f but  if  we  reduce  this  fraction  to  a mixed 

VOL.  1. 


What  decimal  of  13s.  is  12s.  Id  ? 

12)  7 

13)  12.5833... 

.9679487179487 i... 

The  following  questions  arc  the  converse  of  those 
just  given. 

What  is  the  value  of  .375 £.  ? 

3 u 
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£. 

.375 

20 
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7.;>oo 

u 

6.00 

The  answer  is  7».  6d. 

Whai  is  the  value  of  .0552084X.  ? 

£. 

.0552084 
20 

1.1041680 

13 


1.2500160 

4 


] .0000640 

The  answer  is  1*.  1 |d.  v»-eVVrr* 

What  is  the  value  of  .0425  of  100i*.  ? 

.0425 

100 

4.25 

20 

5.00 

The  answer  is  £ 4 . 5t. 

Table*  of  (369.)  The  following  three  tables  contain  the  sub* 
the  tuUlivi-  divisions  of  the  weight*  which  are  used  in  this  country. 

•ions  of 

-weight*.  Troy  Wright. 

24  grains  make  1 pennyweight,  dtet. 

20  pennyweights  1 ounce,  or. 

12  ounces 1 pound  Troy,  lb. 

Or  thus, 


Or  thus, 

dr.  or. 

16  = 1 lb. 


256  = 16  = 1 qr. 

7168  = 448  = 28  = 1 act. 

28672  s;  1792  = 112=  4=  1 ton. 

573440  — 35840  = 2240  = 80  = 20  = 1 

This  weight  is  used  in  weighing  all  heavy  articles, 
such  as  grocery  goods,  butter,  cheese,  meat,  bread,  com, 

&c.  and  all  metals,  except  gold  and  silver. 

The  pound  avoirdupois  is  equal  to  7000  grains  Troy, 
and  the  relation  of  the  ounce  avoirdupois  to  the  ounce 
Troy  is  that  of  437^  : 480,  which  is  nearly  that  of  11 
to  12;  in  some  cases,  the  dram  avoirdupois  is  sub- 
divided into  S scruples,  and  each  scruple  into  10 
grains : under  these  circumstances,  the  grain  Troy  is 
equal  to  1 .097  grains  avoirdupois. 

(370.)  The  following  are  examples  of  reductions  Reduction*, 
connected  with  these  tables. 

In  3 lb.  lOoz.  7 diet.  5 gr.,  how  many  grains  ? 
lb.  oz.  dipt  gr. 

3 , 10, 7 , 5 
12 


46  oz. 
20 


927  dud. 

24 

22253  t *r . The  answer. 

In  1 ton  7 act.  2 qr.  17  lb.,  how  many  pounds? 
ton  cict.  qr.  lb. 

1*7,2,17 

20 


27 

4 


gr.  dwt. 

24  = 1 oz. 

480  = 20  = l lb. 

5760  = 240  = 12  = 1 

This  weight  is  used  in  weighing  gold,  silver,  jewels, 
and  other  articles  of  a costly  uoture. 

Apothecarir*'  Weight. 

20  grains  make  1 scruple,  *c.  or  3 

3 scruples. ...  1 dram,  dr.  or  r 
8 drams  ....  1 ounce,  os.  or  5 

12  ounces  ....  1 pound,  lb.  or  |b 
Or  thus, 

gr.  *r. 

20  = 1 dr. 

60  = 3=1  02. 

4 HO  =*  24  = 9 = 1 lb. 

5760  = 288  = 96  = 12  = 1 

The  apothecaries'  pound  is  identical  with  the  pound 
Troy,  differing  merely  in  its  subdivisions.  It  is  used 
by  apothecaries  in  the  composition  of  medicines. 

Aroirdvpoia  Weight. 


16  drams  make  1 ounce,  02. 

16  ounces. .....  1 pound,  lb. 

28  pounds  ....  1 quarter,  qr 

4 quarters  ....  1 hundred-weight,  etrf. 

20  hundred-weight  1 ton,  ton. 


11 0 

28 

3097  lb.  The  answer. 

In  27  lb.  7 $.  2 3.  1 3.  2 gr.,  how  many  grains  ? 
5 3 9 gr. 

27, 7,2,  1,2 
12 

331 

8 

2650 

3 

7951 

20 


159022  The  answer. 

What  fraction  of  a pound  Troy  is  3 oz.  15  diet.  12  gr.  ? 


lb. 

oz.  diet. 

gr. 

1 

3,  15, 

12 

12 

20 

T2 

75 

20 

24 

240 

312 

24 

150 

5760 

1812 
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The  fraction  is  if  = 41  *• 

What  decimal  of  a ton  is  7 cal.  3 qr.  27  lb.  ? 
28  = 7 x 4 7)  27 

4)  3.8571428 
4 lb.  = 1 qr.  4)  3.9642337 
20)  7.9910714 
The  answer,  .39955357 
What  is  the  value  of  .12345  |t>.  ? 

lb. 

.12345 

12 


1.48140 

8 


3.85120 

3 

2.55360 

20 


11.07200 

The  answer  is  1 ox.  3 dr.  2 sc.  1 1 gr.  T £- tr< 

(371.)  Tables  of  Measurat  of  Length. 

3 barleycorns  (in  length)  make  1 inch,  in. 


12  inches 1 foot,  /?* 

3 feet 1 yard,  yd 

6 feet 1 fathom,  flh 

5$  yards 1 pole,  or  rod,y». 

40  poles  1 furlong,  fur. 

8 furlongs 1 mile,  mi. 

3 miles  1 league.  Ira. 

69$  miles 1 degree,  deg.  or  °. 

Or  thus, 

bar.  inch. 

3 = 1 fool. 

36=  12=  1 yard. 

108=  36=  3 = 1 pole. 

594=  198=  16$=  34=  1 furlong. 

23760=  7920=  660  = 220  = 40  = 1 mile. 
190080  = 63360  = 5280  = 1760  = 320  = 6 = l 


(372.)  In  8 miles,  2 furlongs,  7 poles,  3 yards,  and 
2 feet,  how  many  inche*  ? 

mi.fir.po.  yd.  ft. 

3, 2, 7, 3, 2 
8 

26 
40  / 

1047 

H 

5233 

523$ 

5761$ 

3 

17*286$ 

12 


The  answer,  207438 


What  decimal  of  a mile  i*  17  yards,  1 foot,  6 inches  ? Put  a. 

12)  6 ~ ' 
3)  TTb 

220=  11  x 20  20)  17.5 

ll7~7»75 
8)  .0795454 
.00994318 

Required  the  value  of  .67  of  a league  ? 

.67 

3 

mi 

8 

.08 

40 

3.20 

loo 

10 

flo 

3 

Tio 

12 

3^60 

3 

1.80 

The  answer  is  2 mi.  0 fur.  3 pol.  1 yd.  0 fl.  3 in. 

(373.)  Table  of  Measures  of  Area . Table  of 

meiuarce  of 

144  square  inches  make  1 square  foot.  an,*. 

9 square  feet 1 square  yard. 

30]  square  yards  . . 1 square  pole. 

40  square  poles  ....  1 rood. 

4 roods 1 acre. 

Or  thus, 

inches.  fool. 

144  =2  1 yard. 

1296  = 9 = 1 pole. 

39201  = 272$  = 30$  = 1 rood. 

1568160  = 10890  = 1210  = 40  = 1 area. 

6272640  = 43560  = 4840  = 160  = 4 = 1 
The  name*  of  the  inferior  units  of  area  are  identical 
with  the  names  of  those  units  of  length  which  are  the 
sides  of  the  squares ; and.  in  general,  the  distinguishing 
epithet  (square)  is  altogether  omitted,  unless  in  those  cases 
where  the  meaning  is  not  clearly  defined  by  the  context. 

(374.)  What  decimal  of  an  acre  ia  1 rood,  17  poles,  12  Reducti©**- 
yards  ? 

304)  12. 
or,  121)  48. 

40)  "7 7.39669 
4)  1.434917 
The  answer,  .358729 

What  is  the  value  of  .12345  of  an  acre? 

3 u 2 
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measure# 

etpscitjr. 


.12345 

4 

.49380 

40 

19.75200 
30  v 


22.56000 

18800 

22.74900 

9 


6.73200 

The  answer  is  19po/cs,  22  yards,  6 feet. 

Table  of  Measures  of  Capacity. 
(375.)  (1.)  For  wine,  ale,  and  oilier  liquids 
2 pints  make  1 quart. 


4 quarts, 

42  gallons  . . 
2 tierces..,, 
63  pillions  . . 
2 hogsheads 
2 pipes  .... 


gallon. 

1 tierce. 

1 puncheon. 

1 hogshead. 

1 pipe,  or  butt. 
1 tun. 


(2.)  Dry  measure,  for  corn,  seeds,  &c. 

2 pints  make  1 quart,  qt, 

2 quarts.  ...  I pottle,  pot. 

2 pottles  . . 1 gallon,  gal. 

2 gallons  , . 1 peck,  pec. 

4 pecks  ....  1 bushel,  bu. 

4 bushels  . . 1 coorn.  room. 

2 cooms....  1 quarter,  qr. 


5 quarters  . 
2 weys  . . . 


1 wey,  or  load.icry. 
1 last,  last. 


Or  thus. 


pints,  gallon. 

8 = 1 peck. 

Ifi  = 2 s l bushel. 

64  = 8 = 4=1  coom. 

256  = 32  = 16  = 4 = 1 quarter. 

512  = 64  = 32  = 8 = 2 = 1 trey. 


2560  = 320  = 160  = 40  = 10  * 


5 = l last. 


5120  = 610  = 320  = SO  = 20  = 10  = 2 = 1 

Imperial  (376.)  The  wine  gallon  formerly  differed  from  the  beer 
g*lU>n.  gallon,  and  both  of  them  from  the  com  gallon  ; the  first 
being  231  cubic  inches,  the  second  282,  and  the  third 
271.  In  the  Imperial  measures  of  capacity,  established 
by  act  of  Parliament  ill  1S24,  there  is  only  one  gallon 
for  wine,  beer,  and  com,  or  for  liquid  and  dry  measures, 
which  is  equal  to  277.274  cubic  inches. 

The  Imperial  gallon  is  nearly  j th  larger  than  the  old  wine 
gallon,  TVb  greater  than  the  old  com  gallon,  and  *vth 
less  than  the  old  beer  gallon.  At  least,  these  reduc- 
tions are  sufficiently  accurate  for  ordinary  reductions  of 
the  ancient  to  the  modem  measures. 

Bettactiofls.  (377.)  What  numher  of  Imperial  gallons  are  there 
in  3 pipes,  1 hogshead,  12  gallons,  of  the  old  wine 
measure  ? 


pipe  hhd.  gal.  Ytrt  IT. 

3 , 1 , 12  > 

2 

7 

63 

5)  453 
90f 

362 1 The  answer. 

What  number  of  Imperial  bushels  are  there  In  7 lusts, 

7 quarters  of  the  old  measure  ? 

last  qr. 

7 , 7 

10 

~77 

8 

50)  616~ 

1211 

604i  j The  answer. 

Whal  decimal  of  a hogshead  are  3 gallon*  and  3 
pints? 

8)  3. 

63  = 7 X 9 7)  3.375 

9)  .482 1 42657 
.053571128. . . The  answer. 

(378.)  Table  of  Measures  of  Time.  Table  of  the 

divisions  of 

60  seconds  make  1 minute,  m.  or  t,me* 

60  minutes  ....  1 hour,  hr. 

24  hours 1 day,  day. 

7 days  1 week,  trie. 

4 weeks......  1 mouth,  mo. 

Or  thut,  t 

seconds.  minute. 

60  = 1 hour. 

3600  = 60  = l day. 

66100  =:  1440  = 24  = 1 week. 

604800  = 10080  = 168  = 7 = 1 month. 

2419200  = 40320  = 672  = 28  = 4 = 1 

(379.)  The  civil  year,  taking  an  average  of  four  years,  DUTewnt 
is  865^ ; but  if  we  take  an  average  of  400  years,  its  years, 
length  is  365.2425  days : this  is  different  from  the 
mean  tropical  year,  upon  which  the  recurrence  of  the 
seasons  depends,  whose  length  is  365.242264  days, 
differing  from  the  former  by  .000136  day,  or  by  about 
11 3 seconds. 

It  is  necessary,  likewise,  to  distinguish  between  a A»d 
month,  as  defined  by  the  preceding  table,  a calendar  r.o&tUs. 
month,  which  varies  from  28  to  31  days,  and  an  astro- 
nomical  month,  which  is  a synodical  period  of  the  moon, 
the  mean  length  of  which  is  29.5505885  days.  It 
is  the  second  of  these  which  is  most  commonly  under- 
stood in  arithmetical  questions  ; and  when  the  particular 
month  is  not  specified,  its  length  is  assumed  to  be  30 
days. 

(380.)  What  decimal  of  a week  is  I hour,  27  minutes, 
and  14  seconds  ? 
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60)  14 
60)  27.233 


24)  1.45388 


7)  .060h787 


The  answer,  .008654 1 
What  is  the  value  of  .00693  of  a year? 

.000693 

365} 

3465* 

4158 

2079 

173,25 


.25311825 

24 

101247300 

50623650 


6.074888 

60 


4.490260 

60 


29.416800 


Arithmetic. 


Aiiduioo 
tod  sub- 
traction 
of  concrete 
quantities. 


Examples. 


The  answer  is  6 hours,  4 minutes,  and  29}  seconds. 

(38 1 .)  The  reductions  which  we  have  mentioned  above, 
in  connection  with  the  several  tables  of  weights  and 
measures,  are  those  which  are  most  commonly  required 
in  arithmetical  operations  with  concrete  quantities,  and 
particularly  for  bringing  them  within  the  province  of 
decimal  arithmetic.  It  is  not  always  expedient,  how- 
ever, to  effect  such  reductions,  and*  the  addition  and 
subtraction  of  such  quantities,  and  their  multiplication 
and  division  by  abstract  numbers,  take  place  without 
any  previous  preparation. 

In  the  addition  and  subtraction  of  concrete  quanti- 
ties, it  Is  requisite  that  they  should  be  of  the  same  kind, 
otherwise  no  incorporation  can  take  place  in  the  results : 
and  in  performing  the  operation,  quantities  of  the 
same  denomination  must  be  placed  underneath  each 
other : under  such  circumstances,  the  numbers  in  the 
same  column  are  added  together,  or  subtracted  from 
each  other ; and  when  the  sum  exceeds  the  number  of 
units  of  that  denomination,  which  constitutes  an  unit 
of  the  next  superior  order,  it  must  be  divided  by  that 
number,  and  the  remainder  from  the  division  left  in  the 
expression  for  the  sum,  and  the  quotient  carried  to  the 
next  column.  A few  examples  will  make  this  rule 
sufficiently  clear. 


£. 

d. 

77, 

13. 

5} 

15. 

19, 

ill 

107  , 

1 . 

2} 

327  , 

16, 

8 

528  , 

17  , 

The  number  of  farthings  is  6,  which,  being  divided  by 
4,  (4  far.  = Id.)  gives  a quotient  1,  with  a remainder 
2 : the  number  of  pence,  adding  1,U  27,  which,  divided 
by  12,  (I2d.  = 1#.)  gives  a quotient  2,  and  a remainder 
3 : the  number  of  shillings,  adding  2,  is  57,  which,  divi- 
ded by  20,  (20#.  as  H.)  gives  a quotient  2,  and  a 


remainder  17 : the  number  of  pounds,  adding  2,  is  528: 
we  thus  get  the  entire  sum,  which  is  £528. 17#.  3}d. 

(2.)  ox.  dr.  #r.  gr. 

6.5.1,  8 

7.6.2,  13 
11,7,0,  0 
10  , 0 , 0 , 16 

1.2.2,  8 

0 , 7 , 1 , 19 

316.  , 4 , 5,2,  19 

The  sum  in  the  first  column  is  59,  which,  divided  by 
20,  gives  a quotient  2,  with  a remainder  19 : the  sum 
in  the  second  column,  adding  2,  is  8,  which,  divided  hy 
3,  gives  a quotient  2,  with  a remainder  2 : the  sum  in 
the  third  column,  adding  2,  is  29,  which,  divided  by  8, 
gives  a quotient  3,  with  a remainder  5 : the  sum  in  the 
fourth  column,  adding  3,  is  40,  which,  divided  by  12, 
gives  a quotient  3,  with  a remainder  4. 

(3.)  Let  it  be  required  to  subtract  12  ton,  7 cwt.  1 qr. 
12  lb.  7 ox.  from  15  ton,  11  cwt.  0 qr.  1 lb.  5 oz. 
ton  cud.  qr.  lb.  ot. 

45  , 11  , 0 , 1 , 5 

12,  7 , 1 , 12,  7 

3 , 3 , 2 , 16  , 14 

In  the  first  column,  we  borrow  1 lb.  or  16  oz,,  and 
add  it  to  5 ; and  from  their  sum,  21,  we  subtract  7, 
which  leaves  a remainder  14 : we  add  1 to  12,  and 
borrow  1 qr.,  or  28  lb.,  from  the  third  column : we  sub- 
tract, therefore.  13  from  29,  and  the  remainder  is  16 : 
wc  ndd  l to  1 in  the  third  column,  and  borrow  l cwt., 
or  4 qr.,  from  the  fourth  column,  and,  therefore,  subtract 
2 from  4,  which  leaves  a remainder  2 : we  add  1 to  7 
in  the  fourth  column,  and  subtract,  therefore,  8 from 
11,  which  leaves  a remainder  3 : we  subtract  12  from 
15  in  the  fifth  column,  and  the  remainder  is  3. 

(382.)  In  multiplying  concrete  quantities  of  different 
denominations  by  an  abstract  number,  we  multiply  the 
terms  in  succession,  beginning  from  the  lowest,  divide 
the  results  successively  by  the  number  which  connects 
each  term  with  the  next  superior,  carry  the  quotients 
successively  to  the  next  product,  and  leave  the  remain- 
ders. The  following  are  examples: 

lea.  mi.  fur.  po.  yd. 

20 , 2 , 7 , 38  , 4 
5 

104  , 2 , 7 , 33  , 3} 

We  multiply  5 into  4,  the  product  is  20,  which,divided 
by  5},  gives  a quotient  3,  and  a remainder  3;  : we  mul- 
tiply 5 into  38,  add  3 to  the  product,  and  divide  the 
result,  193,  by  40,  which  gives  a quotient  4,  and  a re 
maindcr  33 : we  multiply  5 into  7,  odd  4 to  the  pro- 
duct, and  divide  the  result  39  by  6,  which  gives  a quo- 
tient 4,  and  u remainder  7 : we  multiply  5 into  2,  and 
add  4 to  the  product,  and  divide  the  result  I f by  3, 
which  gives  a quotient  4,  and  a remainder  2 : we  lastly 
multiply  5 into  20,  aud  add  4 to  the  result,  which  is  104. 

In  the  division  of  concrete  quantities  of  different 
denominations  by  abstract  numbers,  we  commence 
with  the  highest,  and  proceed  to  the  lowest,  putting 
down  the  quotients,  and  carrying  the  remainders  mul- 
tiplied by  the  number  which  connects  the  several 
denominations  with  each  other,  and  adding  their  pro- 
ducts to  the  corresponding  terms  of  the  dividend.  The 
following  is  an  example : 


PartIL 


Multiplies* 
tion  and 
divition  of 
reocTetc 
quantities 
by  aburact 
nuDilm#. 
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Arithmetic.  What  U the  fifth  part  of  914  quarts,  7 bushels,  aud 
v-^  3 peck*  ? 

qr.  bus.  pee. 

5)214*7,3 

42  , 7 , 3 , 1 §al.  2 quarts  j.. 

The  quotient  of  214  is  42,  and  the  remainder  4, 
which,  multiplied  by  8,  and  the  product  added  to  7, 
makes  the  next  number  to  be  divided  39 : the  quotient 
of  39  is  7,  with  a remainder  4,  which,  multiplied  by  4, 
and  the  result  added  to  8,  makes  the  next  number  to  be 
divided  19  : the  quotient  of  19  i*  S,  and  the  remainder  4, 
which,  multiplied  by  2,  is  8 : the  quotient  of  8 (gallons) 
is  1,  and  the  remainder  3,  which,  multiplied  by  4,  the 
result  is  12,  of  which  the  quotient  is  2,  with  a remain- 
der 2. 

In  those  cases  in  which  the  divisor  is  a mixed 
number,  it  b necessary  to  multiply  both  the  dividend 
and  divisor  by  the  denominator  of  the  fractional  part, 
so  that  the  divisor  may  become  an  integral  number. 
The  following  is  on  example : 

tok.  day.  hr s.  min. 

5|)  3 , 6 , 14  , 53 

21)  15  , 5 , 11  , 32 

5 , 5 , 15,  48'/* 

0uo.fcnmal  (383.)  In  some  cases,  concrete  quantities  are  multiplied 

multiplies’  together,  and  a result  is  obtained  which  admits  uf  in- 
htnjth  into  terPreb»tion  : thus,  length  being  multiplied  into  length 
Xc«gtb.  1 produces  aren,  and  area  into  length  produces  capacity  ; 

the  units  in  the  products  are  different  from  those  in  the 
factors,  and  the  meaning  of  the  term  multiplication 
must  be  modified,  so  as  to  suit  this  extended  applica- 
tion of  it : for  this  purpose,  we  must  consider  in  what 
manuer  the  result  is  obtained,  and  also  what  is  the 
meaning  of  the  units  of  which  it  is  composed. 

A rectangular  area  whose  adjacent  sides  are  5 feet, 
and  3 feet  respectively,  may  be  separated  into  3x5, 
or  15  equal  squares,  by  dividing  the  opposite  sides  into 
5 and  3 equal  parts  respectively,  and  drawing  lines 
through  the  points  of  division : in  this  case,  the  rec- 
tangle is  said  to  be  the  product  of  the  two  adjacent 
sides,  represented  by  numbers,  whilst  the  units  in  the 
numerical  product  are  no  longer  lines,  but  squares 
described  upou  an  unit  of  length  : it  is  easy  to  extend 
this  conclusion  to  the  rectangle  under  two  lines,  which 
are  denoted  by  5.  4,  and  3.  7,  respectively,  whose  pro- 
duct is  19.98,  which  is  19  units  or  squares,  and  that 
portion  of  oue  of  those  squares,  which  .98,  or  -r%V.  re- 
presents. 

In  the  same  manner,  the  solid  parallelopipedon, 
whose  adjacent  edges  are  5 feet,  3 feet,  aud  4 feet,  re- 
spectively, is  equivalent  to  5 x 3 X 4,  or  60  equal 
cubes,  one  whose  edges  is  1 foot ; and  it  is  in  this 
sense,  that  the  continued  product  of  the  numbers, 
whether  whole  or  fractional,  by  which  three  lines  are 
denoted,  gives  a numerical  product,  of  which  the  units 
denote  solids  and  not  lines. 

The  subdivisions  of  feet  proceed  according  to  the 
duodecimal  scale,  and  artisans,  in  estimating  rectangular 
areas,  err  rectangular  solids  terminated  by  rectangular 
surfaces,  are  accustomed  to  multiply  feet  and  inches  into 
each  other,  for  the  purpose  of  obtaining  the  units  of 
area  (squares)  or  of  capacity  (cubes),  which  they  con- 
tain : such  quantities  arc  called  duodecimals,  from  the 


scale  according  to  which  they  decrease, — and  the  pro-  P*rt  TT. 
cess  which  is  made  use  of  for  this  purpose  is  strictly 
analogous  to  the  multiplication  of  decimals , though  re- 
quiring a different  notation.  The  following  are  ex- 
amples : 

1.  Multiply  5 feet,  4 inches  by  6 feet.  8 inches.  Ejumpfea 
ft.  in. 

* w 7 
6 , 8 


37  , 2 , 8 

Or  thus. 

Hi 

tVt 
37A  tVi 

The  reason  of  the  first  operation  will  be  sufficiently 
obvious  from  the  second  form  of  the  process  : 5 ft.  7 in. 
is  equivalent  to  5-^*  feet,  and  6 ft.  8 in.  to  6-fc  feet : 
their  product  is  found  by  multiplying  these  mixed  num- 
bers together,  which  is  effected  as  follows  : multiplying 
first  by  6,  we  get  6 x , which  is  or  3-fy,  and 
6 X 5 is  80,  which,  added  to  the  former,  makes  3 3-ft  z 
we  next  multiply  into  -A,  the  result  is  or 

T^r  t!»*  Rnt^  A *nto  which  I*  jJ.  or 

which,  added  to  the  former,  makes  3^  ; the  sura 

of  these  two  products  is  87-^j  : « instead  of  re- 

taining the  denominators  12  and  144,  we  suppose  their 
existence  understood  from  the  position  of  the  numerator 
with  respect  to  the  place  of  units  we  shall  arrive  at 
the  precise  process  which  is  followed  in  duodecimal 
multiplication. 

2.  What  is  the  number  of  cubic  feet,  inches,  Ac.  in 
a piece  of  masonry,  9 feet,  3 inches  loug,  11  feet,  5 
inches  high,  and  3 feet,  2 inches  thick  ? 

9* 
i'A 


A 

in. 

9 . 

3 

11 , 

5 

101  , 

9 

s. 

10  , 

3 

105  , 

7 r 

3 

3, 

2 

316  * 

» , 

9 

17  * 

1 . 

*,  6 

334  , 

4,1 

11,  6 

•o'  A 

"ft 

S'«A  -ri. 


*«.l  ,Vi  mV 


PROPORTION,  THE  RULE  OF  THREE.  &c. 

(381.)  Before  we  proceed  to  the  statement  and  expla- 
nation of  the  Rule  of  Three,  the  most  important  of  all 
arithmetical  rules,  it  appears  to  be  requisite  to  give  some 
account  of  the  doctrine  of  ratios  aud  proportion  upon 
which  it  is  founded. 

Ratio  exists  between  two  numbers,  or  any  quantities  lutioa. 
which  are  of  the  same  kind,  and  admit  of  comparison 
in  respect  of  magnitude : thus,  wc  speak  of  the  ratio 
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Arithmetic  of  3 to  £,  of  7 days  to  10  davR,  of  11  cwl.  to  14  cwt., 
v-«— and  so  on  : but  it  can  have  no  existence  between  quan- 
tities wliich  are  dissimilar,  such  as  £ 3 . and  5 horses, 
7 bushels  and  0 feet,  and  so  on,  such  quantities  admit- 
ting of  no  comparison  with  each  other. 
llow  A ratio  is  denoted  by  placing  two  dots  (:),  one  above 

denoted.  the  oilier,  between  its  terms:  thus  the  ratio  of  13  to 
17  is  denoted  by  13  : 17 : that  of  3 feet  to  7 feet  by 


ft.  in. 

3:7;  and  similarly  in  all  other  cases  ; the  first  term 
being  called  the  antecedent,  and  the  second  the  conse- 
quent. 

Their  (385.)  The  term  ratio,  however,  does  not  convey  at 

meaninf  once  to  the  mind  a distinct  idea  of  the  nature  of  the  com- 
parison which  is  designated  by  it,  or  of  the  principles  upon 
which  the  magnitude  of  different  ratios  may  be  esti- 
mated : in  order  to  define  its  meaning,  the  antecedent 
is  made  the  numerator,  and  the  consequent  the  deno- 
minator of  a fraction,  and  the  magnitude  of  the  fraction 
ascertains  the  value  of  the  ratio  : thus  the  ratio  of  3 to 
5 is  denoted  by  f : by  this  means  ratios  are  brought 
within  the  province  of  common  arithmetic,  and  this 
assumption  respecting  the  mode  of  denoting  them, 
and  thence  of  comparing  them  with  each  other,  in 
reality  constitutes  the  true  arithmetical  definition  of  the 
meaning  of  the  term. 

Proportion  (38d.)  Proportion  consists  m the  equality  of  ratios : 
how  denoted  thus  the  four  quantities  3,  5,9,  and  15,  constitute  n pro- 
portion, or  are  said  to  be  proportionals,  and  are  denoted 
usually  in  the  following  manner : 


3 : 5 : : 9 ; 15  : . 

The  sign  (: :)  placed  between  the  ratios  of  3 : 5,  and 
of  9 : 15,  denotes  the  equality  of  the  ratios  ; the  whole 
expression  is  equivalent  to 

f = *• 


the  most  convenient  form  of  denoting  it,  inasmuch 
as  the  equality  of  these  fractions  is  the  test  of  the  pro- 
portionality of  the  terms. 

If  we  reduce  the  two  fractions  to  a common  deno- 
minator, we  shall  find 

•Xu  _ sgs 

»Xu  >x<» 

and,  therefore, 

3 x 15  = 5 X 9 

Product  of  or,  in  other  words,  the  product  of  the  two  extreme  terms 
If*  awans  of  the  proportion  is  equal  to  the.  product  of  the  means , 
a conc*us'on  is  clearly  general,  inasmuch  as  the 

tbeextrcmM  ljroc*SB  wh*ch  leads  to  it  has  no  connection  with  the 
particular  numbers  above  given. 

It  is  an  immediate  corollary  from  this  proposition, 
that  if  the  product  of  the  means  he  divided  by  one  of 
the  extreme s,  the  quotient  is  the  other  extreme j or  if  the 
product  of  the  extremes  be  divided  by  one  of  the  means, 
the  quotient  is  the  other  mean. 

It  will  readily  follow  from  hence,  that  if  three  terma 
of  a proportion  are  given,  the  fourth  may  be  found,  by 
multiplying  the  second  and  third  together,  and  dividing 
by  the  first : thus,  if  it  was  required  to  find  a fourth 
proportional  to  8, 9,  and  24,  we  should  find  **“  = 27, 
for  the  number  required. 

The  preceding  propositions  are  all  that  are  required 
in  the  solution  of  questions  in  the  Rule  of  Three,  which 
we  shall  now  proceed  to  consider. 


(387.)  The  rule  itself,  and  the  principles  upon  Part  n. 
which  it  is  founded,  will  be  best  understood  from  its 
application  to  an  example.  Ruleof 

If  7 hats  cost  £9.  10*.,  what  is  the  cost  of  13  ? 

In  this  question,  two  of  the  three  quantities  are  of  Eximpl*. 
the  same  kind ; the  third  is  of  the  same  nature  with 
the  quantity  which  is  required  to  be  determined. 

Considering  this  unknown  quantity  as  the  fourth 
term  in  a proportion,  of  which  7 hats,  13  halt,  and 
£9.  10*.  are  the  three  first  terms,  they  will  stand  as 
follows  : 

hats  hats  £.  s. 

7 : 13  : : 9 , 10  ; 

Or,  reducing  £9.  10*.  to  shillings  : 

hats  hats  s. 

7 : 13  : : 190  : 

13 

570* 

190 

7)  2470 
352^ 

We  multiply  the  second  and  third  terms  together, 
and  divide  by  the  first,  when  we  get  3524,  orj£l7,  127a. 
orXl7.  12*.  I04d.  for  the  cost  required. 

The  quantities  which  form  the  terms  of  the  two 
ratios,  of  which  the  complete  proportion  is  composed, 
arc  of  the  same  kind ; and  these  rates  are,  therefore, 
independent  of  the  Specific  denomination  of  their 
terms:  thus  the  ratio  of  7 hats  to  13  hats  is  identical 
with  that  of  the  abstract  numbers  7 and  13,  whilst  the 
ratio  of  190*.  to  3524*.  ia  the  same  as  that  of  192  to 
352$  : it  is  for  this  reason  that  we  are  allowed  to  mul- 
tiply the  mean  terms,  and  divide  by  the  extreme,  pre- 
cisely as  in  the  case  of  whole  numbers. 

(388.)  It  is  convenient  in  the  statement  of  this  rule,  to 
to  distinguish  the  two  known  terms  which  are  of  the 
same  kind,  by  the  names  of  the  argument  and  the  demand.  lh«  tprn» 
and  to  designate  the  third  known  term  as  the  fruit  or  of  l!>cPf°' 
produce  of  the  argument,  the  unknown  term  being,  po,LoD 
therefore,  the  fruit,  or  produce , of  the  demand.  ° 

Thus  in  the  question  proposed,  the  7 hats  are  the 
argument,  the  13  halt  are  the  demand;  and,  conse- 
quently, £9.  10*.  is  the  fruit  of  the  argument,  and 
£17.  127*.  is  the  fruit  of  the  demand,  which  is  the 
answer  to  the  question. 

(389.)  If  the  fruit  increase  with  the  increase  of  the  Ruleof 
argument,  the  terms  must  be  arranged  iu  the  follow-  Three  direct 
ing  order ; 

The  argument  : the  demand  : : the  fruit  of  the  argu-  lows*. 
ment  : the  answer. 

If  the  fruit  of  the  argument  decrease  with  the  in- 
crease of  the  argument,  the  order  of  the  two  first  terms 
is  inverted,  and  becomes  as  follows  ; 

The  demand  : the  argument  : : the  fruit  of  the  argu- 
ment : the  answer. 

Questions  which  come  under  the  first  arrangement 
belong  to  the  direct  Rule  of  Three ; those  which  come 
under  the  second  arrangement,  belong  to  the  inverse 
Rule  of  Three. 

(390.)  The  following  are  examples : Kxunplex 

(1.)  What  is  the  value  of  a cwt.  of  sugar,  at  1*.  1 Jd. 
per  lb.  ? 
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Arithmetic.  lb.  lb.  i.  d. 

' — ^ 1 : lia  : : 1 # H : 

12 

112 

336 

112 

56 

12)  1512 

2,0)  71,6 

£6 1 6*.  The  answer. 

In  this  case,  l lb.  is  the  argument,  and  1#.  1 Jd.  its 
fruit , whilst  112  lb.  is  the  demand,  and  £6.  61.  is  its 
fruit. 

(2.)  If  the  rents  of  a parish  amount  to  £2340.17*.  6d., 
and  a rate  be  granted  of  X*  1 37 . 10*.  8 d.,  what  portion 
of  it  must  be  paid  by  an  estate  whose  rental  is 
£143.  9*.  lOrf.  ? 


£.  ».  d. 

£. 

t.  d.  £.  *.  d. 

2340  , 17 , 6 

: 137# 

10 , 8 : : 1 13  r 9 , 10 

20 

20 

20 

46817 

2750 

2969 

12 

12 

12 

561910 

33008 

34438 

33003 

275504 

10881400 

103314 

12) 

56181,0)  113672950,4  (2023 

112362  

2,0)  16,8 , 7 

131095  

112362  8 r 8 » 7 

’ 187330 
168543 

187874 

4 


751406  (1 
561810 

1S96S6 

The  answer  is  £8.  8*.  7 \d. 

In  this  case,  the  terms  are  all  of  the  same  nature, 
though  distinguished  as  the  argument,  its  fruit,  and  the 
demand ; they  involve  units  of  different  denominations, 
and  must  all  of  them  be  reduced  to  the  lowest.  The 
statement,  after  these  reductions  are  effected,  would  be 
d.  d.  d. 

561810  : 33008  ::  1136729504: 

The  answer,  or  fourth  term,  is  of  the  same  denomi- 
nation with  the  third,  inasmuch  as  the  two  first  terms 
might  be  considered  as  abstract  whole  numbers. 

(3.)  How  many  quarters  of  wheat  can  I buy  for 
80  guineas  at  8«.  6 d.  per  bushel  ? 


a.  d guin.  bush.  Part  II. 


17  1680 

2 


8) 

17)  3360  (197 

17 

24 , 5 

166 

153 

130 

119 

II 

The  answer  is  24  qrs.  5 44  hn*h. 

In  this  ease,  the  two  first  terms  are  reduced  to  six- 
pences, instead  of  pence,  by  which  meaus  the  result  is 
more  readily  deduced. 

(4.)  If  12  men  cau  reap  a field  of  wheat  in  3 days, 
in  what  time  can  the  same  work  be  performed  by  25 
men? 

Th  e argument  is  12,  and  its  fruit  3,  and  the  demand 
is  25:  it  is  obvious,  that  the  increase  of  the  demand 
must  diminish  the  fruit,  and,  consequently,  the  state- 
ment must  stand  as  follows  : 

men  men  day » 

25  : 12  : : 3 : 

3 

25)  36  (1  day. 

25 

"71 

24 

264  (10  bourt. 

25 

14 

60 

840  (33  minute*. 

75 

~90 

75 

15 

The  answer  is  1 day,  10  hourt,  334  **»)«&*• 

A very  slight  examination  will  show,  that  the  pro- 
portion is  correctly  assumed  in  this  case : if  the  num- 
ber of  reapers  be  doubled,  the  work  will  be  done  iu 
half  the  time ; if  tripled,  in  one-third  of  the  time ; if 
quadrupled,  in  one-fourth  of  the  time ; and  it  is  pre- 
sumed, and  indeed  implied,  that  in  all  other  cases,  the 
time  in  which  the  same  work  may  be  done  will  be 
diminished  or  increased  at  the  same  rate  with  which 
the  number  of  workmen  is  increased  or  diminished ; 
and,  consequently,  the  argument  and  detnand  must 
occupy  a position  in  the  term*  of  the  proportion  which 
is  the  inverse  of  that  which  they  occupied  in  the  Rule  of 
Three  Direct. 

(5.)  How  much  in  length,  that  is  134  P°^es 
breadth,  must  be  taken  to  contain  an  acre,  which  is  4 
poles  long  and  4 pole#  broad  ? 


Digitized  by  Google 


ARITHMETIC. 


513 


Arithmetic.  poles  pole*  pole* 

13^  : 40  : : 4 : 

4 

13$)  160 
2 2 

27)  320  (II 
27 

60 

27 

23 

_H 

115 

n* 

27)  126$  (4 
108 

~18$ 

3 

27)”55$  (2 
54 


27)  18  (0| 

The  answer  is  1 1 po.  4 yds.  2 ft.  0$  in. 

The  greater  the  breadth,  the  less  the  length,  the  area 
remaining  the  some : the  demand,  13$  poles,  must, 
therefore,  be  put  in  the  first  place,  and  the  argument 
40  in  the  second. 

(6.)  If  a certain  number  of  men  can  throw  up  an 
entrenchment  in  10  days,  when  the  day  is  6 hours  long, 
in  what  time  would  they  do  it  when  the  day  is  8 hours 
loug? 

If  the  number  of  hours  in  each  day  be  increased,  the 
number  of  days  will  be  diminished,  the  number  of 
labourers  and  the  work  to  be  done  remaining  the  same. 

hours  hour * days 

b : 6 : : 10  * 

6 

8)  60 

7£  day*. 

Compouod  (391.)  In  many  questions  there  are  more  argument* 
proportion,  than  one,  with  their  corresponding  demands.  Hie  fob 
lowing  are  examples : 

(1.)  If  a family  of  9 people  spend  .£120.  in  8 
months,  how  much  will  serve  a family  of  24  people  16 
months,  at  the  same  rate  of  living  ? 

Arguments  ; 9 men  and  8 months. 

Their  fruit ; £120. 

Demands ; 24  men  and  1 6 mouths. 

Tk©  statement  is  as  follows : 


• men  men  £. 

9 : 24  ::  120 

S : 16 

72  144 

24 

384 
120 

72)  46080  (64Q£.  the  answer. 

432 

288 
288 

0 

The  reason  of  this  process  will  be  evident,  if  we 
resolve  it  into  two  distinct  statements : in  the  first 
place,  suppose  the  time  in  both  cases  to  be  8 months ; 
then  we  should  have 

men  men  £. 

9 : 24  : 120  : 

The  fruit  of  the  demand  would  be  ^ *5*  = 320. 

Let  us  now  suppose  the  number  of  men  24  in  both 
cases,  and  the  time  different,  when  £320.  will  become 
the  fruit  of  the  argument,  which  is  8 months : we  thus  get 
months  months 

8 : 16  ; : 320  ; 640 

where  the  fourth  term  640  = m>x”  — »xwxm 

• »x* 

(2.)  If  a barrel  of  beer  be  sufficient  to  last  a family 
of  7 persons  12  days,  how  many  will  be  sufficient  for  a 
family  of  14  persons  for  a year? 

Arguments  ; 7 persons,  12  days. 

Their  fruit ; 1 barrel. 

Demands  ; 14  persons,  365  days. 

7 : 14  : : 1 

12  : 363 

84  1460 

365 

84)  5110  (60  ^4  barrels.  Answer. 
504 

70 

(9.)  If  248  men,  in  5 days  of  11  hours  each,  can 
dig  a trench  230  yards  long,  3 wide,  and  2 deep,  in  how 
many  days,  9 hours  long,  can  24  men  dig  a trench  of 
420  yards,  5 wide,  and  3 deep. 

Arguments  direct ; 230  yds. : 3 yds. : 2 yds, 
inrerse ; 248  men:  11  hours. 

Their  fruit ; 5 days. 

Demands  direct ; 420  yds, : 5 yds,:  3' yds. 
inverse  ; 24  men : 9 hours. 

249  x 3 x 2 : 420  x 5 x 3 : : 5 : 

24  x 9 : 248  x 11 


FarllT. 

V— -V— ' 


VOL.  1. 


3 x 
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248 

420 

3 

& 

744 

2100 

2 

3 

1458 

6300 

9 

11 

13392 

69300 

24 

248 

53568 

654400 

26784 

277200 

136600 

321406 

17166400 

321405)  55932000  (267£$f*gf  day*. 
642516 

2165040 

192*448 


2365920 

22I9H56 

116064 

This  question  would  require  five  successive  simple 
statements  for  its  solution,  three  of  them  direct , and  two 
of  them  inverse.  In  combining  them  into  one  state- 
ment or  compound  proportion,  it  is  merely  necessary  to 
separate  the  arguments  and  demands  into  direct  and 
iwrrrae,  and  to  multiply  the  arguments  in  the  first  into 
the  demands  in  the  second,  for  the  first  term  ; and  the 
demand * in  the  first  into  the  arguments  in  the  second, 
for  the  second  term  of  the  proportion. 

(392.)  The  consideration  of  the  preceding  examples, 
and  of  the  modes  of  solving  them,  would  lead  to  a rule 
for  their  solution,  in  which  it  would  be  altogether  un- 
necessary to  arrange  the  terms  in  the  form  of  a pro- 
portion : it  would  be  as  follows : 

Write  underneath  each  other  the  direct  arguments 
and  the  tntvne  demauds,  and,  in  another  column,  write 
the  direct  demands  and  the  inverse,  arguments,  and 
underneath  them  the  fruit : divide  the  product  of  the 
numbers  in  the  second  column  by  the  product  of  the 
numbers  in  the  first  column  ; the  quotient  is  the  fruit 
demanded. 

It  is,  of  course,  understood,  that  the  corresponding 
quantities  of  the  same  species  in  each  column  are  re- 
duced to  units  (if  necessary)  of  the  same  denomina- 
tion. 

It  is  this  rule,  which  is  denominated  the  Chain  rale; 
which  is  extensively  used  in  exchange  operations, 
particularly  by  foreign  merchants:  the  reason  of  its 
name  will  be  understood  from  a particular  mode  of 
solving  such  questions  of  which  examples  may  be  seen 
in  Art.  198,  as  well  as  from  the  modern  practice. 
The  following  are  examples  of  the  use  of  this  rule  : 

(I.)  If  3 lb.  of  tea  l>e  worth  4 lb.  of  coffee,  and  6 lb. 
of  coffee  be  worth  20  lb.  of  sugar,  how  many  pounds 
of  sugar  may  be  had  for  9 lb.  of  tea  ? 

9 lb.  tea. 

3 lb.  tea  = 4 lb.  coffee. 

6 lb.  coffee  =s  20  lb.  sugar. 

20  x 4 x 9 720  lt 

-irs-i.—  = -nr  = 40  ">•  sue»r- 


If  the  chain,  connecting  the  corresponding  quantities.  Part  M. 
be  added,  it  will  stand  as  follows  : 


20  lb.  sugar. 


(2.)  Required  the  value  of  the  rntitre  of  France  in 
terms  of  the  foot  of  Cremona,  if  48  feet  of  Cremona  = 
56  English  feet,  and  the  mdtre  be  = 39.371  English 
inches. 

1 foot  of  Cremona. 

46  feet  of  Cremona  = 56  feet  English 
1 toot  English  = 12  inches. 

39.371  inches  szs  1 metre. 

14 

The  result  is-——-,  metres  = 1 foot  of  Cremona,  or 
39,371 

1 m£tre  = 2.612  feet. 

(3.)  Find  the  value  of  a kilogramme  of  gold,  weigh- 
ing 15434  Troy  grains,  fine,  at  £4.  per  ounce  Troy. 
^4  fine. 

1 kilogramme. 

I kilogramme  = 15431  Troy  grains. 
460  Troy  grains  ss  1 ounce. 

10  ounces  French  standard  ss  9 ounces  fine. 

II  ounces  fine  =r  12  ounces  English 

standard. 

1 ounce  English  standard  = £4. 

lTnxW*  = *•*«•  «* 

480  X 10  X II 

(4.)  What  is  the  course  of  exchange  between  Lon- 
don and  Paris  resulting  from  the  price  of  gold : the 
premium  on  the  Paris  mint  price  being  8 in  the  1000, 
and  the  price  itself  being  78*.  per  ounce,  English  stan- 
dard. which  is  j-)  ounce  fine. 

The  course  of  exchange  is  expressed  by  the  number 
of  franca  in  a pound  sterling.  The  mint  price  m 
France  of  a kilogramme  of  gold  of  32.154  ounces,  or 
15434  grains  Troy,  being  3434.44  francs. 

1 pound  sterling. 

1 pound  sterling  = 20  shillings. 

78  shillings  = 1 ounce  standard  gold. 

12  ounces  standard  =r  1 1 ounces  fine. 

32.154  ounces  fine  = 3434.44  francs,  mint  price. 
1000  francs  mint  pr.  = 1008  current, 

20  x 11  X 3434.44  x 1008  0 . 

rr-: ■-  = 25.3  francs  per  pound 

78  x 12  x 32.154  X 1000  ^ ^ 

sterling. 

In  making  calculations  for  a variable  premium  and 
price  of  gold,  it  is  usual  first  to  determine  the  fixed 
number 

20  x 11  x3434.44  , „cn„„ 

12  X 32.154  x 1000  1-9582S» 

which,  in  the  case  before  us,  is  multiplied  by  100S,  and 
divided  by  78. 

The  same  rule  is  applicable  to  the  solution  of  all 
questions  connected  with  the  arbitration  of  exchange 
and  other  operations  of  commerce ; numerous  ex- 
amples of  which  may  be  found  in  the  second  volume  of 
Kelly's  Universal  Cambist. 
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T«bl«of 

aliquot 

parts. 


s-  PRACTICE. 

/ 

(393.)  Practice  is  a compendious  mode  of  wiring  Rule 
of  Three  questions,  when  the  first  term,  or  argument, 
is  an  unit,  or  1 ; in  this  case,  it  is  merely  requisite  to 
multiply  the  second  term,  considered  as  an  abstract  num- 
ber, into  the  third  term,  in  order  to  get  the  result. 

Questions  of  this  kind  arise  in  the  transactions  of 
ordinary  trade,  where  the  price  is  required  of  a certain 
quantity  of  any  species  ol  goods  generally  estimated 
by  weight : it  is  the  particular  nature  of  the  questions 
proposed  for  the  application  of  the  rules  of  Practice, 
that  makes  it  necessary  tor  the  student  to  make  himself 
familiar  with  tables  of  the  aliquot  parts  of  a shilling  and 
a pound  sterling,  and  also  with  those  of  a cwt.,  quarter, 
and  lb. 

(394.)  Aliquot  parts  of  a shilling. 

fid.  Is  4,  a half. 

4d.  is  a think 
3d.  is  4,  a fourth. 

2d.  is  J,  a sixth. 
l£d.  is  l,  a n eighth. 

Id.  iss  a twelfth, 
id.  is  j'g,  a sixteenth, 
id.  is  /£,  or  | of  a penny. 

■|d.  is  ^a,  or  | of  a penny. 

Aliquot  parts  of  a pound  sterling. 

10*.  is  A. 

6s.  8d.  is 
5s.  is  ■£. 

3*.  Ad.  is  i. 

2s.  6 d.  is 
2s.  is 

Is.  8d.  is  A* 

Is.  is 

Aliquot  parts  of  a cwt. 

2 qrs.  is 

1 qr.  is  y. 

14  lb.  is  i. 

8 lb.  is 
7 tb.  is  jg. 

Aliquot  pttris  of  a qr. 

14  lb.  is 

7 lb.  is  a. 

4 lb.  is  4. 

3ilb.  la*. 

Aliquot  parts  of  a lb. 

8 vs.  is 
4 os.  is  A. 

2 ox.  is  j. 

1 os.  is  -fc. 

Example*  of  (395.)  The  following  examples  will  illustrate  most  of 

the  <lifl«r*nt  (he  cages  which  etui  

cane*  of 
practice. 


id.  i«l 

V-  '»t 


8861 

ltWI 


12)  549| 

2.0)  U.  9; 

£i  . bt . 9\d.  The  answer. 
(2.)  Find  the  value  of  6771  at 
6d.  ijj  6771 


2d.  is  f 
\d.  is  j 


33B5 , 6d. 
1128, 6d. 
S82,  l*d. 


2,0)  479.4  , l$d. 

£239,  14*,  l$d.  The  answer. 
(3.)  Find  the  value  of  969  at  19s.  lid. 


10*.  is 

i£. 

969 

5*.  is 

1*. 

484, 

10 

242  , 

5 

4*.  is 

193, 

16 

6d.  is 

l«f 

4*. 

*4, 

4, 

6 

3d.  is 

i “f 

6 d 

12  , 

2, 

3 

2d.  is 

i »»' 

6 d. 

8r 

lr 

6 

The 

answer,  1 

964  , 

19, 

3 

It  would  be  very  easy  to  select  other  aliquot  parts 
Which  would  equally  make  up  19*.  lid. 

(4.)  Find  the  value  of  457  at  i’14.  17*.  9^d. 

457 

14 


10*.  is  h£. 

5*.  is  £ of  10*. 

2*.  6d.  is  \ of  b*. 
3d.  is-^  of  2s.  6d. 
^d.  is  I of  3d. 


1S2S 

457 

6398 
228 , 10 
114,  5 
57,  2,6 
5,  14, 3 
0,  19, 0$ 


The  answer,  jC6804 ,10*,  9^d. 

(5.)  Find  the  value  of  17  cwt  1 qr.  12  lb.  at  j£l.  19*.8d. 
per  cwt. 

£.  *.  d. 

1 , 19,  8 
17 


1 qr.  is  | cwt. 

7 lb.  is  ^ qr. 

4 lb.  is  j qr. 

1 lb.  is  £ of  4 lb. 


33,  14,  4 
0,  9,  11 
0,  2,  5| 
«r  1,  5 
0,  0,  4J 


34,  8,  6 


The  answer. 

The  preceding  examples  include  most  of  the  cases 
arise,  and  which  hardly  merit  a which  are  really  different  from  each  other,  and  an  quita 
H10"  ^^‘fication.  sufficient  to  exemplify  the  process  to  be  followed  in  all 

(1.)  Find  the  value  of  733  (lb.,  oz.,  or  units  of  any  tho»ie  questions  which  ore  usually  proposed  for  solution 
other  species  or  denominatiou)  at  Jd.  each.  by  the  rules  of  Practice. 

3x2 
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Arithmetic.  (896.)  Questions,  in  which  it  is  required  to  determine 
the  neat,  or  nett,  weight,  where  thegrosj  weight  is  to  be 
T»re  ud  diminished  by  allowances  for  tare,  trrtt,  &c.,  arc  com* 
rett'  monly  resolved  by  a similar  method.  The  following 
arc  examples : 

(I.)  Find  the  nett  weight  where  the  gross  weight  is 
173  cwt.  3 qrs.  17  lb.  and  the  tare  16  lb.  per  cwt. 

art.  qrs.  lb. 

14  lb.  is  l cut.  173,3,17 

2 lb.  is  | 21 , 2 , 26 

3,0,  11 

24 , 3 , 9 
The  answer,  149,0,  8 

(2.)  What  is  the  nett  weight  of  152  cwt.  1 qr.  3 lb. 
grot#,  tare  10  lb.  per  cwt.,  and  trrtt  being,  as  usual,  4 lb. 
in  104  lb,  or  -j^th  part  of  the  whole? 

net.  qrs.  lb. 

8 lb.  is  art.  152  , 1 , 3 


2 lb.  is  \ 

of  8 lb. 

10, 

3, 

, 14 

2, 

,2, 

, 24 

13. 

3, 

10 

Tare. 

26) 

138, 

2, 

21 

Suttle. 

5, 

Tj 

r~9 

Trrtt 

The 

answer. 

133, 

T 

12 

Nett. 

(3.)  What  is  the  gross  weight  of  27  cwt.  3 qrs.  16  lb., 
tare  being  8 lb.  per  cwt.,  trelt  and  doff  as  usual,  the  last 
being  2 lb.  in  every  3 cwt.  ? 

art.  qrs.  lb. 

6 lb.  is  ctrt.  27 , 3 , 16 


X. 

3# 

27 

Tare. 

26) 

25, 

3, 

17 

Suttle. 

", 

3, 

27 

TretU 

166) 

24. 

3, 

18 

Suttle. 

0, 

o # 

17 

cioir. 

The  answer,  24 , 3 , 1 Nett. 


INTEREST,  DISCOUNT,  BROKERAGE,  AND 
OTHER  QUESTIONS  CONNECTED  WITH 
THE  PER  CENTAGE  RECEIVED  OR  PAID 
ON  THE  LENDING,  BORROWING,  INVEST- 
MENT, TRANSFER,  AND  OTHER  USES  OF 
MONEY. 

Interest.  (397.)  Interest  is  the  consideration  due  for  the  use  of 

money,  whether  advanced  as  a loan,  or  due  as  a debt : 
it  is  generally  estimated  by  the  per  callage,  or  sum 
allowed  for  .£100.  for  1 year. 

The  amount  of  this  allowance  will  vary  under  different 
circumstances,  being  regulated  by  the  nature  of  the 
security  for  the  debt,  and  the  abundance  or  scarcity  of 
money : in  this  country  it  is  limited  by  the  law  to  fire 
per  cent.,  though  a much  higher  interest  is  sometimes 


paid,  under  different  forms,  by  which  tbc  provisions  of  Tart  IV. 
the  law  may  be  evaded.  ■*' 

(39ft.)  The  interest  Is  usually  paid  at  the  end  of  each 
year:  if  the  payment  be  forborne  for  a longer  period,  the 
amount  due  will  be  different,  according  as  it  is  esti- 
mated by  simple  or  by  compound  interest.  In  the  first 
case,  no  interest  is  paid  on  the  amount  of  interest  due 
and  unpaid  : in  the  second,  the  interest,  when  due,  is 
supposed  to  be  added  to  the  principal,  and  the  interest 
is  subsequently  calculated  upon  the  whole  amount. 

(399.)  The  law  allows  simple  interest  only;  in  other  Compound 
words,  when  the  payment  of  the  interest  has  been  de-  i»ten»t  no« 
ferred  for  any  number  of  years,  such  as  10,  the  person  to  : ,n 
whom  it  is  due  can  only  demand  10  times  the  interest  w ,at8enJe* 
due  in  one  year,  w ithout  any  allowance  of  interest  upon 
the  amount  of  interest  due  : os  the  law,  however,  could 
enforce  the  payment  of  the  interest  at  the  end  of  each 
year,  it  may  always  be  received,  added  to  the  principal, 
or  otherwise  invested,  aud  thus  compound  interest  may 
he  legally  secured,  though  not  legally  demanded. 

(4<J0.)  The  rule  for  finding  the  simple  interest  of  any  Bias- 

sum  for  any  number  of  years  is  as  follows  : in  order  to  ^ 
determine,  in  the  first  place,  the  interest  for  one  year,  we 
must  multiply  the  principal  by  the  rate  per  cent.,  and 
divide  the  result  hy  100  : this  quotient,  multiplied  by 
the  number  of  years,  will  give  the  interest  required.  The 
following  are  examples : 

Required  the  simple  interest  of  £237.  5s.  6d.  for  3 Sample* 
yean  at  5 per  cent.  ? t 

£.  s.  d. 

237 , 5 , 6 
5 


100)  11,86, 7,6 
20 

17,27 

12 

3,30 

4 

1,20 

£.  s.  d. 
11#  17, 3± 
3 


The  answer,  35 , 1 1 , 9} 

The  first  part  of  this  process,  for  finding  the  interest 
for  one  year,  is  identical  with  the  following  Rule  of  Three 
statement : 

£.  £.  s.  d . £. 

100  : 237 , 5 , 6 : : 5 : 

Where  £100.  is  the  argument,  £b.  its  fruit,  and 
£237,  5*.  6d.  the  demand. 

The  whole  process  is  equivalent  to  the  following 
Double  Rule  of  Three  statement : 

£.  £.  a.  d.  £. 

100  : 237,5,6  ::  5 ; 

1 : 3 

Where  £100.  and  1 year  are  the  arguments,  £b.  their 
fruit,  and  £237.  5«.  6 d.  and  3 years,  the  demands. 

(401.)  Another  method  of  solving  such  questions,  is  s«r*nd 
to  reduce  the  shillings  and  pence  to  decimals  of  a pound  n» ihod  o* 
sterling,  and  to  find,  from  the  rate  of  interest  per  cent.,  decimals. 
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Arithmetic,  the  rate  for  £1. : if  the  number  of  pounds  sterling  bo 
Wv— multiplied  by  the  interest  of £1.  foroneyear.it  will  give 
the  whole  interest  for  1 year ; and  if  the  interest  for  l 
year  be  multiplied  by  the  number  of  years,  it  will  give 
the  whole  interest  required. 

Thus,  in  the  last  question,  we  should  proceed  as 
follows : 


100)  5 
.05 


12)  6 

20)  5.5 

237.275  Number  of  pounds. 
.05  Interest  of  £l. 


1 1.86375 

3 

35.59125 

20 

11.82500 

12 

9.90000 

4 


Number  of  years. 


£.  $. 

1229  , 7 


''it 


4917,  11  , 10 
614  , 13,  11} 


5,  H 


100)  55,32, 
20 

6.45 

12 

5.49 

4 


1.99 

£.  t . d. 

Interest  for  1 year  55  , 0 , 51 

7* 


387,  5 
27, 13 


:8 


By  the  second  method : 

4)  2 


12)  11.5 
20)  7.9583 
1229.39791 


.045.  = P 
100 


614698955. 

491759164 

55.32290595 

7.5  = 7J. 


3.60000 

The  answer  is  £3b.  1 Is.  9}d. 

(2.)  Let  it  be  required  to  find  the  iuterest  of 
£1*229.  7s.  1 1|</.  for  7 £ years  at  4£  per  cent.  ? 

By  the  first  method  : 


27661452975 

38726034165 

414.921794625 

20 

18.435892500 

12 

5.230910000 

4 

.923640000 


The  answer  is  £4  14. 18*.  5}d.  nearly. 

The  process  might  be  shortened  considerably  by 
omitting  all  decimals  after  the  fourth  place,  increasing 
the  last  figure  by  unity,  when  the  next  digit  is  equal  to, 
or  greater,  than  5. 

(3.)  What  is  the  interest  due  upon  £450.  at  3}  per 
cent,  per  annum  for  2}  years  and  67  days  ? 

£. 

450  365)  67. 

.0375  


4)  3 


100)  3.75 
.0375 


18750 

1500 

16.875# 

2.9335 

84375 

50625 

50625 

151875 

33750 

49.5028#/ 

20 


.1835 

2.75 

2.9335 


The  answer,  414,  18,  5} 


2.688 

The  answer  is  £49. 10s.  0| d.  taking  the  nearest  integral 
values. 

(402.)  The  following  questions  are  equivalent  in  prfn-  Other 
ciple  to  those  in  which  the  interest  is  required  of  a ,ioB* 
sum  of  money  for  one  year  only.  wlrtd  vpoa 

(1.)  What  is  the  commmion  on  £769.3$.  6d.  a!2j  JjSj 
per  cent.  ? CommiMio* 
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(5.)  What  if*  the  value  of  -£2170.  5*.  6d.  Bank  Block  PmlL 
at  211  \ per  cent.  ? s-'~v— “ 

12)  6 2170.275 

217$ 

20)  5.5  

15191925 

2170.275  2170275 

4340550 
54256675 


Arithmetic. 


£.  s.  d. 

769  , 3,6 

»i 

1536  , 7,0 
394  ,11,9 

100)  19.22,  19, 9 
20 

4.59 

12 


7.05 

The  answer  is  £19.  4*.  Id. 

Brokerage.  (2.)  What  is  the  brokerage  on  £7999.  Ilf.  4 d.  at  $ 
per  cent.  ? 

4)  7999, 11  , 4 

100)  19.99  , 17  , 10 
20 

19,97 

12 

11.74 

4 

2.96 

The  answer  is  £19.  19s.  ll|d. 

tn*uraace  (9.)  What  is  the  fniwronce  upon  £24034.  I4t.  2d.  at 
11$  per  cent.? 

£.  f.  d. 

24034 , 14  , 2 



264361 , 15,  10 
12017,  7,  1 

100)  2763.99,  2,11 
20 

19.92 

12 

11.15 

The  answer  is  £2763.  I9i.  llrf. 


4714.9224^375 

20 


18.4490 

12 

5.3760 

4 

1.5040 

The  answer  is  £47 14.  18§.  5$d. 

It  is  unnecessary  to  give  other  questions  connected 
with  the  purchase  or  sale  of  other  species  of  stock, 
whose  value  is  estimated  by  the  rate  per  cent,  at  which  it 
is  saleable  for  ordiuary  money,  aa  they  are  all  of  them 
solved  upon  the  same  principle  with  those  above  given. 

(403.)  Discount  is  the  deduction  made  in  cumddera-  Discount, 
tion  of  the  payment  of  money  before  it  is  due. 

Th e present  worth  of  a principal  sum  due  hereafter,  present 
Is  the  sum  which,  if  paid  immediately,  will  amount,  at  worth, 
simple  interest,  to  the  principal  when  that  principal  is 
due. 

The  discount  is,  therefore,  the  difference  between  the 
present  worth  and  principal. 

In  questions  respecting  discount,  the  principal  must  Role, 
be  considered  as  the  amount  of  the  present  worth  put 
out  to  interest  at  a certain  rate  per  cent,  for  the  time 
which  elapses  before  the  principal  is  due ; and  in  re- 
ducing such  questions  to  a statement,  we  must  consider 
the  amount  of  100  for  that  time  os  the  argument,  its 
interest  as  the  fruit,  and  the  principal  as  the  demand. 

(1.)  What  is  the  discount  of  £400.  due  2 years  hence 
at  5 per  cent  ? 

The  interest  of  £100.  for  1 year  is  £5. 

2 years  is  £10. 

£.  £. 

110  : 10  ::  400 

10 


Sile  of 
•lock 


(4.)  What  is  the  value  of  £6334.,3  per  cent  stock,  at 
81  4 per  cent.  ? 

8)  7 8334 

.81875 

100)  81.875  

327500 

.81875  245625 

245625 
655000 


11,0)  400,0 

The  answer  is  £36 , 7i , 3 \d. 

The  present  worth  is,  therefore, 

£400.  - £36.  7s.  3 = £363.  12s.  8| d. 

Or  it  may  be  found  at  once  by  the  following  statement, 

£.  £. 

110  : 100  ::  400 

100 


6823.46250 

20 

9.2500 

12 

3.00 

The  answer  is  £6623. 9s.  3d. 


11,0)  4000,0 

£363  , 12s,  8fd. 

(2.)  What  is  the  present  worth  of  £273.  4#.  Od.  due 
at  the  end  of  8 months,  discounting  at  4$  per  cent  ? 
The  amount  of  £100.  in  1 year  is  £104.  10*. 

$ year  is  £101.  2f.  6d. 
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£.  *.  d. 

£. 

£.  •.  d. 

101,2,6  : 

100  : 

: 273  #4,6 

20 

20 

2022 

5464 

12 

12 

24270 

2427,0)  655740,0  (270£. 

4854 

17034 

1691*9 

450 

20 

9000  (3 
7281 

1719 

12 

20628  (8 

19416 

1212 

4 

4848  (2 

Answer,  £270.  3*.  8^d.  4854 

(3.)  What  ready  money  will  discharge  a debt  of 
£1377.  IS*.  Ad.,  due  2 years,  3 quarters,  and  25  days 
hence,  discounting  at  4J  per  cent  per  annum? 

365.)  25  8)  3 

.0685  4.275 

2.75 

2.8185 

4.375 

140925 

197295 

84555 

112740 


12.3309375,  or  12.33£.  nearly. 
112.33  : 100  ::  1377.6666 

100 


112.33)  J 37766.66  (1226 
11233 

25436 

22466 

29706 

22466 

72406 

67398 


The  present  worth  is  £1226.  8#.  lid.  nearly.  P»ri  II. 

(404.)  We  have  before  mentioned  the  essential  distinc- 
tion  between  simple  and  compound  interest : it  remain* 
to  consider  the  principles  upon  which  it  may  be  calcu- 
lated. 

The  most  simple  and  obrimts  method  is  to  calculate 
the  interest  for  1 year,  to  add  it  to  the  principal,  and 
thus  to  find  the  amount  at  the  end  of  the  first  year: 
this  amount  becomes  the  principal  upon  which  the 
interest  for  the  second  year  must  be  calculated,  and 
thus  the  whole  amount  at  the  end  of  it  may  be  deter- 
mined : the  second  amount  becomes  the  principal  for 
the  third  year,  and  by  the  same  process  we  may  find 
the  amount  at  the  end  of  the  third  year:  by  continuing 
this  process,  we  may  find  the  amount  during  any  num- 
ber of  years  during  which  the  interest  is  supposed  to 
accumulate : the  difference  between  the  first  principal, 
and  the  lust  amount,  is  the  compound  interest  required. 

(1.)  Required  to  find  the  compound  interest  of £329. 
for  3 years  at  4 per  cent,  per  annum? 


4 

Too 


25 


»2, 

16 

882 , 

16 

IS, 

s. 

3 

346 , 

2. 

3 

IS. 

16, 

10 

359, 

l»r 

1 

320, 

0, 

0 

, 39, 

10, 

1 

Principal. 


Principal  for  2d  year 
nearly. 

Principal  for  3d  year. 
Last  amount. 
Interest. 


(2.)  Required  the  amount  of  £760.  10*.  forborne  3 
years  at  4^  per  cent.  ? 

_tt  £ «. 

100  = .04  5 7 60, 10  = 760.5  Principal. 

1.045 

The  amount  nf£l,  in  1 38025 

year— 1.015.  30420 

76050 


794.7225  2d  Principal. 
1.045 


89736125 

31788900 

79472250 


830.48310/25  3d  Principal. 
1.045 


4152425 

3321940 

8304650 


5008 

20 

112.33)  100160  (3 
89364 


10296 

12 


867.8568  25  Final  amount. 
20 

17.1360 

12 


112.33)  123552  (II 
123563 


1.6320 

4 

2.5280 

The  answer  is  £667.  17*. 


jrf. 
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Arithntede.  In  this  cus*  we  determine  the  amount  of  £ 1.  in  one 
s— year,  and  multiply  the  principal  by  it,  in  order  to  deter- 
mine its  amount  also  : the  same  process  is  applied  to 
the  several  principals  in  succession. 

It  would  clearly  lead  to  the  same  conclusion,  if  we 
first  multiplied  the  decimal  expressing  the  amount  of 
XT.  in  one  year  iuto  itself  once,  twice,  thrice,  Ac.,  accord- 
ing as  the  interest  or  amount  is  to  be  calculated  for  2, 
3,  4,  or  a greater  number  of  years  ; and,  lastly,  mul- 
tiply the  last  product  by  the  first  principal. 

(3.)  Let  it  be  required  to  find  the  amount  of 
X1057.  2*.  6 d.  for  5 years  at  4 per  cent. 

The  amount  of  Xl.  for  1 year  is  1.04  (1.) 

_UU  (2.) 

41« 

1040 

1.0816 

1.04  (3.) 

43261 

108160 

U248jty 

1.04  (4.) 


44892 

112480 


1.1697# 

1.04  (5.) 


46788 

116970 

1.21658$ 

1057.125 


60825 

24330 

12165 

85155 

60825 

121650 


1285.9925 1625 
20 


19.8500 

12 

10.20 

The  answer  isXl285.  19a.  10d 

When  the  number  of  years  is  considerable,  the  cal- 
culation of  compound  interest  becomes  extremely  labo- 
rious : in  such  cases  it  is  generally  necessary  to  have 
recourse  to  logarithms. 

We  shall  not  proceed  to  the  consideration  of  ques- 
tions on  the  amounts  of  annuities,  accumulating  at  simple 
or  compound  interest,  the  present  worth  of  annuities, 
whether  perpetual  or  limited,  equation  of  payments,  Ac. 
the  rules  for  which  are  founded  upon  algebraical  formula, 
without  the  aid  of  which  they  admit  not  of  explanation 
or  proof. 


(1.)  How  much  sugar,  at  9 d.  per  lb.,  must  be  given  p,rt  ^ 
in  barter  for  17  cwt.  of  tobacco,  at  £3.  10j  per  cwt.  ? i ^ _ 

£.  t. 

3 , 10 

17 

59,  10 

d.  £.  «.  lb. 

9 i 59,  10  . : l . 

20 

1190 

12 

9)  14280 
23)  15S6 
4)  56,  18 


14,  0 

The  answer  is  14  cwt.  0 qr.  18  4 lb. 

(2.)  A merchant  barters  1200  1b.  of  pepper,  at  13<f. 
per  lb.,  for  equal  quantities  of  two  species  of  cotton  at 
7 d.  and  lid.  per  lb.,  und  for  jd.  in  money  ; how  many 
lbs.  of  each  sort  must  lie  receive,  and  how  much  in 
money  ? 

lb. 

1200 

13 

12)  15600 
20)  130,0 
3)  65 

X2I  , 13,  4 sum  paid  in  money. 

43  , 6,8  the  amount  bartered 
in  goods. 

Now  it  is  evident,  that  7 + 11,  or  lSd.,  is  expended 
for  every  lb.  of  each  species  of  cotton  which  is  given  in 
exchange : consequently, 

d.  £.  i.  d.  lb. 

18  : 43 , 6 , 8 : : 1 

20 

866 

12 

18)  10400  (577^  ,b-  The  answer. 

90 

140 

126 

140 

126 

14 


PROFIT  AND  LOSS. 


BARTER. 

Barter.  (405.)  Questions  in  Barter  usually  resolve  themselves, 
with  very  slight  modifications,  into  ordinary  cases  of 
the  Rule  of  Three. 


(406.)  Questions  connected  with  the  gain  or  loss  per  Profit  tnd 
cent,  upon  goods  bought  in  gross  and  sold  in  detail,  or  k*1®- 
conversely,  und,  in  short,  under  any  other  circumstances, 
are  resolved  by  one  or  more  statements  by  the  Rule  of 
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Ariihnwtic.  Three,  combined  in  .sonic  cases  with  reductions,  which 
s— are  suggested  by  the  nature  of  the  questions  proposed. 

(1.)  At  1*.  3}rf,  in  the  pound  profit  how  much  is 
gained  per  cent.  ? 

1 : 100  ::  1,3} 

12 

*15 

4 

4)  6200 
12)  1650 
2,0)  12,9 , 2 

£6 , 9*  ,24.  Answer. 

(2.)  Bought  goods  at  7 \d.  per  lb.,  and  sold  them  at 
£\.  15*.  per  cwt.,  what  is  the  gain  or  loss  per  cwt.  ? 
First  statement : 

lb.  lb.  d. 

1 : 112  ::  7|  : 

4 

31 

112 

112 

336 

4)  3472 
12)  86R 

2,0)  7,2  r 4 per  cwt. 


Cost  price,  £3  , 12*  r 4<f, 
Second  statement : 

£.  ».  d.  £.  *.  £. 

3,12,4  ::  4,15  100 

20  20 

72  95 

12  12 


868  868)  114000  (131 

868 


2720 

2604 


1160 

868 

292 

20 

5840  (6 
5208 

632 

12 

7584  (8 
6944 

640 

4 

131 ,6,8}  2560  (2 

100,0  , 0 1736 


(3.)  If  I buy  tobacco  at  10  guineas  per  cwt.,  at  what  p*rt  0* 
rate  must  I sell  it  per  lb.  ao  as  to  gain  12  per  cent.  ? 

First  statement  : 

lb.  lb.  £.  *. 

112  : 1 ::  10,10  : 

20 

112)  210  (1*. 

112 

98  • 

12 

im"  (iorf. 

112 

56 

4 

224  (2 q. 

224 

The  cost  price  per  lb.  is  1*.  10}o?. 

Second  statement : 

£.  £.  m.  d. 

UK)  : 112  ::  1,10}  : 

12 

22 

4 

90 

112 

100)  10080 
4)  lOO-fi 

12)  25.  j 

2*  , 1 \d.  The  answer. 

(4.)  If  when  I sell  cloth  at  10*.  per  yard,  I lose  5 
per  cent.,  how  much  shall  I gain  or  lose  per  cent,  by 
selling  it  at  12*.  6d.  per  yard? 

Statement : 


*. 

*.  d. 

£. 

10. 

: 12,6  : 

: : 95  : 

12 

12 

150 

120 

150 

4750 

95 

120)  14250  (118fi 
120 

225 

120 

1050 

960 

90 

The  gain  per  cent,  is  £18$. 

(5.)  Sold  goods  for  £75,,  and  by  so  doing  I lost  10 
per  cent.,  whereas  in  the  regular  course  of  trade  I 
should  have  gained  30  per  cent.  : how  much  were  they 
sold  under  their  proper  value  ? 


£31 , 6,  8}  The  answer.  724 

VOL.  I. 


3 v 


Digitized  by  Google 


522 

Arithmetic-  Statement : 


A KITHMETIG 


Put  II. 


£.  £.  £. 

90  . ISO  ::  75  : 

IS 

225 

75 

9)  975 
108$ 

The  pood*  were,  therefore,  sold  at£l08$  — £75.,  or 
£33.  6*.  Sd.  under  their  just  value. 

FELLOWSHIP. 

Fellowship.  (407.)  This  is  the  rule  by  which  the  individual  share* 
arc  assigned  in  joint  stock  transactions  with  two  or 
more  partners. 

Single  and  The  questions  will  be  different  according  a*  the 
Double.  several  stocks,  or  their  equivalents,  are  invested  for  the 
same  or  different  periods  of  time  : question*  of  the  first 
kind  belong  to  Single,  and  those  of  the  second  kind  tr. 
Double  Fellowship. 

Single  (408.)  In  Single  Fellowship,  the  accumulated  capital. 

Fellowship.  or  the  gain  or  loss  upon  it,  is  divided  in  the  proportion 
of  the  several  capitals,  or  their  equivalents,  which  are 
invested  in  the  concern. 

(1.)  A and  B gain  by  trading  .£750. ; A's  original 
stock  was  £‘500.,  and  B's  £850.  ; iu  what  ratio  must 
they  divide  the  profit*? 

First  statement : 

500 

850 

£1850  Joint  stock. 

£.  £. 

1350  : 500  ::  750 

500 

1350)  375000  (277 
2700 

10500 

9450 

10500 

9450 

1050 

20 

1350)  21000  (15 
1350 

7500 

6750 

750 

12 

1350)  9000  (6 
8100 

900 

4 

1850)  3600  (2 
2700 

900 


Second  statement : 

£.  £.  £. 

1350  : 650  ::  75U  : 

850 

37500 
6000 

1350)  637500  (472 
5400 

9750 
9450 

3000 
2700 

300 
20 

1350)  6000  (4 
5400 

600 
12 

350)  7200  (5 
6750 

450 

4 

1350)  1600  (1 
1350 

450 

Consequently, £277.  1 5f.  6}d. VM-  Apportion. 

£472.  4*.  B's  portion, 

the  sum  of  which  is  £750. 

In  practice  it  i*  not  necessary  to  work  out  the  two 
statements,  inasmuch  as  A's  portion  subtracted  from 
£750.  will  give  B’s  portion. 

(2.)  Three  persons,  A,  B,  C,  invest  £134.  10#.. 

£340.  5#.,  and  £425.  5#.,  respectively,  in  a partnership  ; 
at  the  end  of  3 year*  they  find  the  value  of  their  capital 
reduced  by  losses  to  £500.,  what  portion  of  the  loss 
must  they  severally  sustain  ? 

£.  #. 

* 134  , 10  A’s  capital. 

340  , 5 B’s  capital. 

425 , 5 C’s  capital. 

900  , 0 
500 

400  The  loss. 

lhe  following  are  the  three  statements  .* 

£.  £.  £.  #. 

(1.)  900  : 400  ::  134  , 10  : A's  loss. 

(2.)  900  : 400  : . 340 , 5 : B’s  low. 

(3.)  900  : 400  : ; 425 , 5 : C’s  los*. 

£.  t.  d. 

Consequently,  A’s  loss  =r  59,  15,  6^ 

B’s  loss  = 151  , 4 , 5|$. 

C’s  loss  = 169  , 0,0 

Their  sum  = 400  , 0,0 

(409.)  In  Double  Fellowship  wc  must  multiply  each  Double 
separate  capital,  or  its  equivalent,  into  the  time  of  its  Fellowibip. 
employment,  and  proceed  with  the  product*  in  the  same 
manner  as  with  the  simple  capitals  in  questions  in 
Single  Fellowship. 
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Arithmetic-  (1.)  A employ*  a capital  of  £500.  in  trade,  and  at 
— the  end  of  3 years  takes  B into  partnership,  who 
advances  a capital  of  £$00. : at  the  end  of  6 years  from 
this  time,  they  have  gained  4*600. : in  what  ratio  must 
the  profits  be  divided  ? 

500  x 9 = 4500,  the  product  of  A*s  capital  and  time. 
S00  x 6 = 4800.  the  product  of  B's  capital  and  time. 

9300 

9300  : 4500  600 

45 

93)  27000  (290 
196 
840 
837 
30 
20 

93)  600  (6 
55S 
42 

12 

93)  504  (5 
465 
39 
4 

93)  156  (1 
93 


4*.  r.  ri. 

Consequently,  A's  share  is  290  , 6 , 5£ 

B’s  share  is  309  , 13 , 6£ 

(2.)  A ship’s  company  take  a prize  of  i64000.,  which 
is  to  be  divided  amongst  them  in  proportion  to  their 
pay,  and  to  the  time  they  have  been  on  board.  There 
are  6 officers,  who  have  120#.  a month,  and  have 
been  on  board  six  months ; 12  midshipmen,  who  have 
each  40#.  a month,  who  have  been  oil  board  4 months ; 
and  110  sailors,  who  have  30#.  a month,  and  have 
been  on  board  3 months  : what  sum  must  each  receive  ? 

We  must  first  determine  the  sum  due  to  officers,  mid- 
shipmen, and  sailors,  considered  as  each  constituting 
one  body,  and  then  divide  the  respective  sums  by  the 
number  of  officers,  midshipmen,  and  sailors. 

6 x 6 X 120  s=  4320 
12  x 4 x 40  = 1920 
1 10  X 3 x 30  = 9900 

16140 


The  following  are  the  statements  : 


16140 

4320  : 

4*. 

: 4000 

Officers’  portion. 

16140 

1920  • 

: 4000 

: Midshipmen’s  portion. 
: Sailors’  portion. 

16140 

9900  : 

: 4000 

Consequently, 

63 


9300  : 4800  : : 600  : 
48 

93)  28800  (309 
279 
900 
837 
“63 
20 

93)  1260  (13 
93 
330 
279 
51 
12. 

93)  612  (6 
558 
54 
4 

93)  216  (2 
186 
80 


4*.  *.  rf. 

The  6 officers  receive  1070,  12 , 7 A -fHS- 
The  13  midshipmen  475,  16,  $t 
The  110  sailors.  . . . 2453  , 10 , 7^  -^^4* 

Each  officer  receives  178 , 8,9$. 

Each  midshipman.  - 39  , 13  , oj. 

Each  sailor  22,  6,1. 

The  reader  is  referred  to  the  historical  notice  of  the 
Rule  of  Three,  Practice,  Tare  and  Trett,  Interest, 
Discount,  Barter,  Loss  and  Gain,  and  Fellowship,  for 
other  examples  in  illustration  of  these  rules. 

The  ample  notice  which  is  given  in  the  history  of 
Arithmetic  of  the  rules  of  Alligation  and  of  Single  and 
Double  Position,  supersedes  the  necessity  of  the  more 
formal  statement  of  these  rules,  which  is  given  in  ordi- 
nary books  of  Arithmetic:  such  rules,  indeed,  possess 
very  little  practical  interest  or  importance,  as  the  ques- 
tions to  which  they  apply  arc  more  generally,  if  not 
more  readily,  solved  by  algebraical  processes. 
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AlR«bnu  (1.)  Arithmetic  and  Aloebiu  are  Sciences  the 
object  of  which  is  to  trace  the  relations  and  properties 
Relation  0f  Number.  Through  the  medium  of  Number,  quan- 
Afithmetk  l‘ly  “*  gcncra^  *8  brought  under  their  dominion ; but 
andAlgebra.  they  reject  the  consideration  of  those  properties  which 
are  peculiar  to  particular  species  of  quantity,  being 
strictly  confined  to  those  which  appertain  to  quantity 
in  the  abstract.  Number  may  be  properly  said  to  be 
a means  for  expressing  the  abstract  relation  of  one 
quantity  to  another  of  the  some  kind ; that  is  to  say.  the 
relation  which  they  have  independently  of  the  species 
to  which  they  belong.  Thus,  u certain  length  coiled  a 
foot  has  a relation  to  another  length  called  an  inch. 
Again,  a certain  portion  of  time  called  a year  has  a re- 
lation to  another  part  of  time  called  a month.  Now, 
although  the  quantities  between  which  these  relations 
subsist  be  different  in  species,  the  one  l»eing  apace  and 
the  other  time,  yet,  notwithstanding  this,  the  relations 
are  the  same,  and  are  both  expressed  by  the  number  12. 
In  this  respect  then,  as  being  independent  of  any  par- 
ticular species  of  quantity.  Arithmetic  and  Algebra 
agree,  and  arc,  so  far,  equally  abstract. 

But  although  Arithmetic  is  abstract  as  to  the  species 
of  quantity,  yet  the  relatione  which  it  contemplates, 
and  whose  properties  it  investigates,  ore  jkirticular.  In 
other  words,  its  objects  are  particular  numbers,  and  their 
properties  and  its  notation,  at  least  that  of  modern 
Arithmetic,  arc  the  nine  Arabic  digits,  and  0,  or  cypher. 
It  teaches  the  method  of  expressing,  by  various  combi- 
nation of  these,  all  particular  numbers  whatever;  and 
it  investigates  the  properties  of  particular  numbers,  and 
the  methods  of  performing  the  various  Arithmetical 
operations  on  them,  and  the  solutions  of  problems  re- 
specting them. 

In  the  process  of  generalization,  Algebra  however 
advances  further  than  Arithmetic.  The  Algebraist, 
not  confining  himself  to  the  properties  and  relations  of 
particular  numhers,  takes  a wider  range,  and  investi- 
gates the  relations  which  may  be  considered  common 
to  all  number,  and  so  departs  one  step  farther  from 
specific  quantity.  While  the  Arithmetician  is  abstract 
as  to  the  quantity,  but  particular  as  to  the  relation,  the 
Algebraist  is  abstract  as  to  both.  An  example  will 
illustrate  this : 

The  problem,  "To  divide  the  number  10  into  two 
arts,  one  of  which  is  double  the  other,”  is  Arithmetical, 
t is  abstract,  as  to  the  quantity  expressed  by  the  num- 
ber 10  ; but  the  relations  of  the  parts,  into  which  it  is 
proposed  that  this  number  be  divided,  to  each  other, 
and  to  the  whole,  are  particular.  Let  the  problem  be 
modified,  so  that  the  relations,  as  well  as  the  quantities, 
shall  become  abstract,  and  it  ceases  to  be  an  Arithmeti- 
cal question,  and  becomes  Algebraical;  in  which  case 
it  is  expressed  thus,  "To  divide  any  given  number  into 
two  parts  which  si. all  bear  to  each  other  a given  ratio.” 
The  former  problem  is,  evidently,  only  one  individual 
of  an  extensive  class  which  is  comprised  under  the 
latter.  When  the  former  has  been  solved,  the  result  is 
merely  the  calculation  of  one  particular  numerical 
524 


question  ; on  the  other  band,  the  solution  of  the  other  launductio® 
furnishes  a general  method  for  the  calculation  of  any  " 

of  the  class  of  the  questions  of  which  the  former  is 
only  an  example. 

(2.)  It  is  from  this  circumstance  that  Newton  called  Algebra 
Algebra  Universal  Arithmetic.  If  this  were  the  only 
respect  in  which  the  powers  of  Algebra  exceed  those 
of  common  Arithmetic,  the  propriety  of  the  title  could 
scarcely  be  disputed.  But  the  student  will  not  have 
penetrated  very  deeply  into  the  science  before  he  will 
perceive,  that  the  title  Universal  Arithmetic  very  inade- 
quately expresses  the  nature,  objects,  and  extent  of  this 
department  of  Analysis. 

(3.)  From  the  more  abstract  nature  of  the  objects  of  Difference 
Algebra,  it  follows  that  the  notation  of  Arithmetic  is  wf  notation, 
insufficient  for  its  processes.  The  numerical  symbols 
are  essentially  particular,  and  are  therefore  incapable 
of  expressing  the  general  relations  which  are  here 
contemplated.  Instead,  therefore,  of  the  Arabic  digits, 
arid  their  combinations,  the  letters  of  the  alphabet  have 
been  by  universal  consent  adopted  to  express  numbers 
in  Algebra.  Thus  the  example  already  given  would  be 
thus  expressed,  "To  divide  a given  number  a into  two 
parts,  such  that  one  should  bear  to  the  other  the  given 
ratio  of  m : n.”  It  would  be,  evidently,  impossible  to 
express  this  problem  by  the  symbols  of  Arithmetic  ; 
for  the  moment  particular  numbers  should  be  introduced 
to  express  the  different  data,  the  problem  w'ould  lose 
it*  general  character,  and  become  an  ordinary  Arith- 
metical question. 

The  change  in  the  nature  of  the  symbols  used  to 
express  the  numbers  which  arc  contemplated  in  Algebra, 
renders  a change  in  the  manner  also  of  expressing  the 
relations  and  operations  on  these  numbers  neces- 
sary. In  Arithmetic,  the  operations  on  numbers  are 
actually  performed,  and  the  results  actually  obtained ; 
but  in  Algebra,  the  operations  and  results  are  not 
actually  effected,  but  only  expressed.  Thus,  if  in  Arith- 
metic it  be  proposed  to  add  5 to  7,  the  process  is 
effected,  and  the  result  is  12.  In  Algebra,  if  it  be  re- 
quired to  add  the  number  a to  the  number  6,  the  pro- 
cess of  addition  is  indicated  by  the  sign  + called  plus, 
and  the  result,  or  the  sum  of  the  numbers  a and  6,  is 
expressed  by  a 4*  b. 

In  examining  these  two  processes  it  is  remarkable.  Advantages 
that  in  the  Arithmetical  result  no  trace  whatever  is  left  »f  Al|ftbr»ie 
of  the  process  by  which  it  was  obtained.  The  sum  12  00Ut>00 
might  have  been  obtained  by  the  addition  of  8 and  4, 
or  9 and  3,  or  various  other  numbers,  fur  any  thing  which 
can  be  inferred  from  the  mere  result.  But  in  the  Alge- 
braical result  the  process  is  quite  apparent,  and  is  in 
affect  actually  expressed  by  a + b ; for  although  two 
other  numliers,  as  c and  d,  might  have  the  same  sutn  as  a 
and  6,  yet  that  sum  would  be  expressed  by  c -f  d,  and 
not  by  a + b.  This  remark,  which  will  be  found  of  some 
importance,  is  equally  applicable  to  the  result  of  every 
Algebraical  investigation,  as  compared  with  an  Arith- 
metical process. 

(4.)  It  must  be  apparent  from  these  observations, 
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A tgcfcn.  that  Arithmetic  ami  Algebra  are  so  closely  connected, 
Wv-v  that  it  is  diflicult  to  treat  of  either  without,  in  some 
degree,  encroaching  on  the  province  of  the  other.  In 
the  natural  order  of  ideas  in  the  human  mind,  the  par- 
ticulars precede  the  generals ; and,  therefore,  although 
all  the  particular  properties  and  theorems  of  numbers 
which  form  the  subject  of  Arithmetic,  are  included  in 
tlic  more  general  results  of  Algebra,  yet  we  have  given 
the  former  priority  in  our  scries  of  Mathematical 
papers. 

In  the  following  Treatise  on  Algebra  we  shall  avoid, 
as  far  as  possible,  a repetition  of  the  demonstration  of 
principles  already  established  in  our  Treatise  on  Aritlf 
mctic,  yet  some  repetition  will  be  unavoidable,  to  give 
that  connection  to  the  chain  of  reasoning  without 
which  our  investigations  would  be,  in  o great  degree, 
unintelligible. 

For  history,  (5.)  We  do  not  propose  in  this  place  to  enter  into 
sec  History  any  historical  account  of  the  origin  and  progressive 
of  AulyaW.  improvement  of  Algebra.  This  and  the  other  depart- 
menu  of  analytical  science  are  so  intimately  connected, 
and,  consequently,  every  great  step  in  the  improvement 
of  any  one  of  them  has  produced  such  important  effects 
on  the  others,  that  it  has  been  thought  advisable,  instead 
of  introducing  each  part  of  analysis  by  a historical 
notice,  to  conclude  our  Mathematical  papers  with  one 
comprehensive  History  op  Analysis.  This,  together 
with  the  historical  notices  of  Geometry  and  Arithmetic 
already  given,  will,  it  is  hoped,  form  a very  complete 
History  of  the  Mathematical  Sciences. 

We  shall  devote  the  present  article  to  an  elementary 
Treatise  on  Algebra  in  the  most  improved  state  to 
which  it  has  been  brought  in  modern  times.  For  an 
account  of  the  principal  works  on  Algebra,  we  refer  to 
the  general  catalogue  of  Mathematical  works  at  the 
conclusion  of  the  History  op  Analysis. 


SECTION  I. 

Notation. 

Symbols  (6.)  In  Algebra,  numbers  and  the  o perations  to 
twofold.  which  they  are  conceived  to  be  submitted  are  repre- 
sented by  arbitrary  symbols. 

Hence  there  are  necessarily  two  systems  of  symbols ; 
one  to  express  the  numbers  themselves,  and  the  other 
to  represent  the  operations  to  be  effected  on  them. 

Numbers  are,  by  universal  consent,  expressed  by  the 
letters  of  the  alphabet,  except  in  certain  cases  in  which 
particular  numbers  are  used,  in  which  case  the  symbols 
and  notation  of  common  Arithmetic  are  preserved. 

Ill  Algebra,  and  indeed  in  Mathematical  science 
generally,  there  are  two  distinct  species  of  questions : 
Theorem.  I.  A Theorem,  the  object  of  which  is  to  establish 
certain  known  or  given  pnqperties  of  numbers. 

Problem.  2<  A Problem,  the  object  of  which  is  to  determine 
certain  numbers,  certain  other  numbers  being  known 
or  given,  which  have,  with  the  numbers  required,  known 
or  given  relations. 

In  every  Problem,  therefore,  there  are  two  distinct 
sets  of  numbers  to  be  expressed,  the  known  or  given, 
and  the  unknown  or  sought. 

(7.)  It  is  an  universal  custom  to  express  the  known 
or  given  numbers  by  the  first  letters  of  the  alphabet, 
a,  b,  c,  Ac.,  and  the  unknown  or  sought  numbers  by 
the  last,  x,  y,  Ac. 
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Each  of  the  operations  to  which  numbers  may  be  Notetioa. 
submitted,  is  expressed  by  a peculiar  symliol.  The  w-y— ^ 
four  elementary  operations.  Addition,  Subtraction,  Mid- 
tiplicalion , and  Division , are  expressed  os  follows: 

(8.)  1.  Addition.  When  two  numbers  are  added  Addition, 
together,  the  process  is  signified  by  the  sign  +,  called 
plus,  placed  between  the  symbols  which  express  the 
numbers;  and  the  whole  combination,  the  symbols  with 
the  sign  between  them,  is  understood  to  express  the 
result  of  the  process,  or  the  sum  of  the  numbers. 

Thus  7+5  represents  1 2,  a ■+■  6 represents  the  sum 
of  the  numbers  represented  by  a and  6.  It  may.  and 
frequently  does  happen,  that  more  than  two  numbers 
are  to  be  added.  This  is  expressed  by  the  interposition 
of  the  sign  + between  every  successive  pair  of  them. 

Thus,  if  7,  & and  3 are  to  be  added,  their  sum  is  ex- 
pressed by  7 + 5 + 3,  which  arithmetically  would  be 
15.  If  a,  b,  and  c,  ore  to  be  added,  their  sum  is  ex- 
pressed by  a + 6 + c. 

In  this  case,  it  is  evidently  indifferent  in  what  order 
the  operations  may  be  performed.  Thus,  the  sum  will 
be  the  same  if  6 be  first  added  to  a,  and  then  c added 
to  their  sum,  us  if  c were  added  to  a,  and  b added  to 
their  sum  ; that  is,  a + b + c is  equal  to  a + c + 6. 

And,  in  the  same  manner,  it  is  equal  to  b + c -f  a,  and 
to  b + a 4-  c.  In  a word,  the  sum  will  be  the  same 
in  whatever  order  the  letters  muy  be  written. 

It  may  happen,  that  the  letters  which  are  added  to- 
gether ore  equal  to  each  other.  Thus,  if  a,  6,  and  c, 
were  cquul,  their  sum  would  be  a 4 a + a.  It  is  not 
usual,  however,  to  express  it  in  this  way.  The  sura  in 
this  case  is  expressed  by  the  single  letter  a with  a num- 
ber prefixed  to  it  thus,  3 a,  signifying  the  number  of 
times  the  same  letter  would  occur  in  the  sum  were  it 
expressed  in  the  mauner  it  would  lie  expressed 
had  the  letters  been  different  Thus,  a + a + a + a 
■4-  a is  expressed  by  & a.  This  number  is  called  the 
coefficient  of  the  letter ; thus,  in  b a,  5 is  the  coefficient  Coefficient, 
of  a. 

When  a tetter  having  a coefficient  is  to  be  added  to 
another,  the  sign  of  addition  precedes  the  coefficient 
Thus,  if  5 b be  to  be  added  to  a,  the  sum  is  expressed 
by  a 4 5 b. 

(9.)  2.  Subtraction.  When  one  number  is  to  be  Subtraction 
subtracted  from  another,  the  operation  is  expressed  by 
the  sign  — , called  minus,  placed  after  the  minuend 
and  before  the  subtrahend,  and  the  whole  combination 
of  symltols  expresses  the  remainder. 

Thus,  if  5 he  to  he  subtracted  from  7,  the  process  is 
expressed  by  7 — 5,  which  represents  the  remainder  2. 

If  a lie  the  minuend,  and  b the  subtrahend,  a — b 
represents  the  remainder. 

It  may  happen,  that  a number  is  to  he  subtracted 
from  the  sum  of  several  others,  a 4-  b 4 r.  In  this 
case  this  sum  may  be  treated  as  a single  quantity,  in 
which  case  it  is  usual  to  enclose  it  in  a parenthesis, 
thus,  (a  4 6 + c),  or  to  draw  & line  over  the  letters, 

called  a vinculum,  thus,  a 4 b 4 c,  in  which  case  the 
remainder  will  be  expressed  thus,  (a  4 b 4 c)  — d, 

or  a 4 A 4 c — d.  These  combinations  of  symbols 
signify,  that  a,  b,  ami  c,  arc  to  bo  first  added  together, 
and  then  the  number  d subtracted  from  the  result. 

To  express  the  remainder  in  this  case  it  is  not,  however, 
necessary  to  resort  to  a parenthesis  or  vinculum.  It 
is  evident,  that  the  number  d will  be  subtracted  from 
the  sum  a + b 4 c,  if  it  be  subtracted  from  any  oneo 
3 i 
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A.'cbr*.  its  component  parts,  a,  b , c.  Hence  it  follows,  that 
the  remainder,  which  we  have  expressed  above  by 
(«i  +■  6 4*  c)  — d,  may  also  be  expressed  by  a + b + c 
— d,  without  the  parenthesis.  The  expression  in  this 
case  may  be  understood  to  mean  the  sum  of  a,  b,  and 
the  remainder  c — d found  by  subtracting  d from  c. 
In  the  same  way,  the  remainder  might  be  expressed 
by  a + 5 + e — d,  or  a — d -f  b -f  c,  or  by  the  same 
four  letters  placed  in  any  order  whatever,  provided  the 
name  sign  -f  or  — precede  the  same  letters. 

Here  we  should  observe,  that  if  the  first  letter  a be 
transposed,  so  as  to  be  preceded  by  any  other  letter, 
the  sign  + must  be  prefixed  to  it.  This  is  obvious, 
since  a + b is  necessarily  equivalent  to  6 + But 
further  it  is  necessary,  that  if  the  quantity  d,  to  which 
the  sign  — is  prefixed,  be  placed  first,  it  will  not  be 
correct  to  place  it  without  any  sign  prefixed,  for  in  that 
case  the  meaning  of  the  whole  combination  would  be 
changed.  Thus,  d f « + 4 + f would  signify  the 
sum  of  the  four  numbers  a,  b,  c,  and  d,  instead  of  the 
remainder  when  d is  subtracted  from  the  sum  of  a,  b, 
and  c.  If  d,  therefore,  be  placed  first,  it  will  be  neces- 
sary  to  prefix  to  it  the  sign  — ; indicating,  that  the  man- 
ner in  which  it  is  to  be  combined  with  the  other 
quantities  is  by  subtraction.  In  the  same  sense, 
therefore,  when  no  sign  is  prefixed  to  the  first  quantity, 
the  sign  + is  to  be  understood. 

These  symbols  and  — are  called  the  signs  of  the 
quantities  to  which  they  are  prefixed ; their  true  and 
only  meaning  is,  as  already  explained,  to  indicate  Uic 
manner  in  which  the  quantities  which  follow  them  are 
to  be  united  with  the  other  quantities  with  which  they 
may  happen  to  be  comluuad,  i.  «.  whether  they  are  to 
be  added  or  subtracted.  In  this  sense,  the  quantities 
might  with  great  propriety  be  denominated  in  reference 
to  their  signs,  additive  and  subtractive ; an  additive 
quantity  being  one  which  has  the  sign  ~K  and  a mb- 
Potinysutd  tractive  quantity  one  which  has  the  sign  — . But  long 
negative  established  usage  has  given  to  these  signs  the  names 
quubtw.  positive  or  affirmative,  and  negative  ; that  being  called 
a portfire  or  affirmative  quantity  which  has  the  sign  +, 
and  that  a negative  quantity  which  has  the  sign  — . 
These  terms  are  apt  to  convey  wrong  ideas ; but  the  stu- 
dent should  endeavour  to  retain  the  notions  of  additive 
and  subtractive,  and  annex  them  to  the  names  positive 
and  negative. 

By  generalizing  the  preceding  results,  it  will  be  easy 
to  see,  that  if  several  quantities  be  united  by  different 
signs,  the  value  of  the  whole  combination  will  neces- 
sarily remain  the  same  in  whatever  order  they  may  be 
written,  provided  that  the  same  signs  are  always  prefixed 
to  the  same  letters.  Thus  the  following  combinations, 

a — b + c — d + e—  f 

o -f  e — d — b + c — f 
o + c—  d-f-e  — 6 — f 
a+c-d  + e— f— b 
-4  + fl-d  + e- /+f 
— 6 — d - f + a + c + e 
Ac.  Ac. 

all  express  the  same  result.  In  effect,  in  all  these 
cases  the  same  operations  are  performed  with  the  some 
quantities,  but  they  are  performed  in  different  orders, 
and  this  difference  of  orders  produces  no  effect  on  the 
final  result. 

If  several  quantities  be  successively  subtracted  from 


the  same  quantity,  the  remainder  is  the  same  as  if  their  Nouiioa. 
sum  were  at  once  subtracted  from  it.  Hence  we  per-  — v^— 

ceive  that  the  combinations 

a+c+e  — b— d— f 
a + c+  e-  (6  + d+jf) 
are  equivalent.  Now  if  d and  f are  each  equal  to  6, 
we  shall  have  the  expression  equivalent  to 
a + c + e — 3 6. 

Hence  it  appears,  that  if  several  negative  quantities  be 
equal,  they  may  be  replaced  by  a single  letter  with  a 
coefficient,  aa  explained  in  (8)  with  respect  to  positive 
quantities. 

It  should  also  be  observed,  that  if  several  quantities 
enclosed  in  a parenthesis,  or  under  a vinculum,  be 
positive,  and  that  the  negative  sign  be  prefixed  to  the 
parenthesis,  the  parenthesis  may  be  removed  by  making 
all  the  quantities  negative.  This  is  evident  from  the 
preceding  example. 

(10.)  3.  Multiplication.  When  two  numbers  are  multi-  Multiple*- 
plied  together,  the  process  is  represented  by  the  sign  x Uon’ 
placed  between  them,  and  the  whole  combination  re- 
presents their  product.  Tlius  5x7  represents  the 
product  of  5 and  7 ; a X 6 represents  the  product  of 
a and  b.  But  when  letters  are  used,  which  is  generally 
the  case,  the  product  is  signified  by  a point  placed 
between  them  thus,  a . b,  or  more  usually  by  writing 
the  letters  like  those  of  one  word,  thus  ab.  T^his  nuta- 
tion could  not  be  used  with  particular  numbers,  because 
there  would  then  be  no  distinction  between  the  notation 
for  expressing  7 times  5,  and  the  number  seventy-five. 

Both  would  be  written  75. 

The  terms  multiplicand  and  multiplier  as  used  in 
Arithmetic  are  preserved  in  Algebra.  There  is,  how- 
ever, no  difference  between  the  relations  which  these 
numbers  bear  to  the  product,  and  it  is  better  to  call 
them  by  the  common  name  factors.  In  oilier  words,  K«ctor». 
the  product  ab  will  be  die  same,  whether  a be  multiplied 
by  b or  6 by  a,  and  it  is  indifferent  whether  it  be 
writtcu  ab  or  b<u  In  fact,  the  product  has  a relation 
to  its  factors,  which  is  called  a symmetrical  relation. 

It  is  such,  that  if  the  values  and  names  of  the  factors 
be  interchanged,  the  product  remains  unaltered. 

It  may  happen,  that  three  or  more  numbers  are  mul- 
tiplied continually  into  one  another.  In  this  case,  the 
process,  if  the  factors  be  particular  numbers,  is  ex- 
pressed by  the  interposition  of  the  sign  X between 
every  successive  pair  of  factors ; and  if  the  factors  be 
letters,  the  product  is  expressed  by  writing  them  as  in 
one  word.  Thus,  7x5x3  signifies  the  product  of 
7 and  5 multiplied  by  3,  or  the  continued  product  of  7, 

5 and  3,  or  105.  Also,  abed  expresses  the  continued 
product  of  the  numbers,  a,  b,  c,  and  d. 

If  the  several  factors  of  a product  be  equal,  it  is 
called  a power,  and  said  to  be  the  second,  third,  Ac.  Po"er*- 
power,  according  to  the  number  of  equal  factors  it 
contains.  Thus,  aa  is  the  second  power  of  a,  aaa  the 
third  potter  of  a,  aaaa  the  fourth  power,  Ac. 

This,  however,  is  not  the  way  in  which  powers  are 
usually  expressed.  The  number  of  times  the  same 
letter  occurs  as  a factor,  is  expressed  by  placing  the 
particular  number  above  the  letter,  thus  a*,  a*,  a*,  Ac., 
which  expresses  aa,  aaa,  aaaa,  Ac. ; and  if  a occurred 
m times  as  a factor,  the  power  would  be  expressed  o*\ 

The  second  power  is  usually  called  the  square,  and 
the  third  power  the  cube.  For  the  reasons  of  these 
denominations,  see  (.ieomf.try,  pp.  330,  352,  353,  also 
the  Definitions,  pp.  314,  350. 
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Algtbn.  The  number  which  thus  denotes  the  number  of  equal 
factors  in  the  power  is  called  the  exponent,  and  some- 
ivipoowt.  times  the  index  of  the  power. 

If  it  be  necessary  to  express  10  times  the  continued 
product  of  the  5th  power  of  a , the  4lh  power  of  5,  the 
3d  power  of  c,  the  2nd  power  of  d and  e,  it  is  done 
by  this  very  concise  notation  10as64c,rf*e. 

Divides.  (11.)  4.  Division.  When  one  number  is  to  be  di- 
vided bv  another,  the  process  is  signified  by  placing  the 
dividend  above  u line,  and  the  divisor  below  it.  If  a 
be  the  dividend  and  6 the  divisor,  the  quote  is  expressed 

by  •— . Division  is  also  sometimes  expressed  by  placing 
b 

the  sign  : or  -f-  between  the  dividend  and  the  divisor, 
thus  a : 6,  or  a ■+■  b,  either  of  which  signify  the  quote 
of  a divided  by  b. 

Muooine.  (12.)  A simple  quantity  is  one  in  which  the  letters 
of  which  it  is  composed  are  not  connected  by  addition 
Polyoom*.  or  subtraction,  or  by  the  signs  + or  — . Thus,  all 
quantities  expressed  by  a single  letter  are  necessarily 

simple.  The  quantities  a b , &c.  ore  simple,  but 

a +■  b,  a — 6,  &c.  are  compound.  Simple  quanti- 
ties are  called  monomes,  and  sometimes  terms.  Com- 
pound quantities,  consisting  of  two  parts,  are  called 
binomes,  and  all  others  poly  names. 

(13.)  Simple  quantities  are  said  to  be  Kite  when  they 
are  composed  of  the  same  letters  combined  in  the  same 
manner,  hike  quantities  may,  therefore,  differ  both  in 
their  signs  and  coefficients.  The  quantities  + 3 a and 
— 5a  are  like ; also  + 3a6and  — 10  a b.  The  quan- 
ta 6 a . 8 a 

lilies  + -r-  and  — -r—  are  like,  but  + 3 a b and  -\ — — 
b b o 

are  unlike , because  although  they  arc  expressed  by  the 
same  letters,  those  letters  are  not  combined  in  the  same 
manner. 

(14.)  The  sign  = interposed  between  two  quanti- 
ties, whether  simple  or  compound,  expresses  their 
equality.  Thus, 

a ■+■  b — c -f-  d, 

means  that  the  sum  of  a and  b is  equal  to  the  sum  of 
c and  d. 

(15.)  The  sign  > means  greater  than,  and  < less 
than.  Thus,  a > b means  that  a is  greater  than  6 ; and 
a < b,  that  a is  less  than  b. 

DLiuetiuoiis.  (16  ) Each  of  the  literal  factors  of  a monomc  or 
term,  is  called  a dimension  of  the  term.  The  degree 
of  a term  is  its  number  of  dimensions.  Thus  a b is 
of  the  second  degree,  a be  of  the  third  degree.  But  in 
estimating  the  dimensions  of  a quote,  those  of  the 
divisor  must  be  subtracted  from  those  of  the  dividend, 
a 6 

Thus  — is  of  the  first  degree,  because  there  are  two 

dimensions  in  the  dividend,  and  one  in  the  divisor. 
a b c 

Agaiu,  — — is  of  the  second  degree,  &c.  The  reason 
d 

of  this  will  appear  hereafter. 

(17.)  Monomes  are  said  to  be  homogeneous  when 
they  are  of  the  same  degree,  and  a polynome  is  said  to 
be  homogeneous  when  all  its  terms  are  of  the  same 
degree. 

It  should  be  observed,  that  the  numeral  coefficient  is 
not  reckoned  as  a dimension. 
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Addition. 

SECTION  II. 

Addition. 

(IS.)  Several  Algebraical  quantities  are  said  to  be  Additioa 
added  together,  when  they  are  arranged  in  a series,  and 
connected  by  their  proper  signs.  In  some  cases  it 
happens,  that  the  operations  of  addition  or  subtraction, 
indicated  by  the  connecting  signs  + or  — , may  be 
actually  performed,  and  two  or  more  of  the  quantities 
may  be  thus  incorporated,  and  the  result  so  far  simpli- 
fied. According  to  what  has  been  already  observed, 
when  the  same  quantities  are  to  be  thus  added  together 
algebraically,  the  result  .will  be  the  same  in  whatever 
order  the  operations  maybe  performed. 

(19.)  When  the  quantities  to  be  added  are  unlike, 
that  is,  expressed  by  different  letters,  they  do  not  admit 
of  being  incorporated  by  the  operations  indicated  by 
the  signs  by  which  they  are  connected.  In  this  case, 
algebraical  addition  consists  merely  in  arranging  them 
in  a series,  the  proper  sign  being  prefixed  to  each,  and 
the  aggregate  is  called  their  algebraical  sum.  When  it 
in  considered  that  the  numbers  represented  by  different 
letters  may  be  referred  to  different  uuits,  the  impossi- 
bility of  incorporating  them  will  be  at  once  perceived. 

In  the  compound  quantity  a + b — c,  a may  represent 
miles , b furlongs,  and  c perches  ; in  which  case,  were 
the  numbers  represented  by  a and  6 to  be  actually 
added,  and  that  represented  by  c subtracted  from  the 
result,  the  number  thus  obtained  would  neither  repre- 
sent the  miles,  the  furlongs,  nor  the  perches,  in  the 
proposed  distance. 

(20.)  It  is  otherwise,  however,  if  the  quantities  to 
be  added,  or  any  of  them,  be  like ; (13.)  In  this  case, 
they  are  necessarily  referred  to  the  same  unit,  and  may 
always  be  incorporated  by  the  actual  arithmetical 

?3erations  indicated  by  the  signs  which  connected  them. 

hus,  if  the  quantities  to  be  added  be  + 2 a and  + 3 a, 
it  is  evident  that  the  sum 

+ 2 a + Bo 

is  equal  to  5 a. 

(21.)  Also,  if  the  quantities  to  be  added  be  + a, 

— 2 6,  and  — 3 b,  the  result  is 

-|-a  — 26  — 3 6, 

that  is,  twice  6 is  to  be  subtracted  from  a,  and  from  the 
remainder  3 6 is  to  be  subtracted.  The  result  will 
clearly  be  the  same,  if  in  the  first  instance  five  times  6 
were  subtracted  from  a.  Thus,  if  a be  a foot  and  6 be 
an  inch,  two  inches  are  first  subtracted,  which  leave 
ten  inches,  and  again  three  inches  arc  subtracted  from 
the  remaining  ten,  and  the  remainder  is  seven  inches. 

Had  five  inches  been  subtracted  al  once,  the  remainder 
would  have  been  the  same.  Hence  we  infer  the  fol- 
lowing equality, 

a — 86—36  = 0—  5 6. 

So  that  - 2 6 - 3 6 is  equal  to  — 5 6 ; hence  negative 
quantities  when  like  are  incorporated  by  addition  in  the 
same  manner  as  positive  quantities. 

(22.)  If  the  quantities  to  be  incorporated  be  like, 
but  have  different  signs,  the  process  is  effected  by  arith- 
metical subtraction.  Let  the  quantities  be  + 5 a and 
— 3 a.  Being  connected  with  their  proper  signs,  the 
result  is 

+ 5 a. 
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which  means  the  actual  remainder  obtained  by  sub- 
tracting three  times  a from  five  times  a.  This  is  evi- 
dently twice  a,  so  that 

+ 5fl-8fl  = + 2fl. 

In  this  case,  therefore,  the  coefficient  of  the  negative 
quantity  is  subtracted  from  that  of  the  positive  quan- 
tity, and  the  remainder  is  the  coefficient  of  the  result. 

In  the  example  just  given,  the  coefficient  of  the  posi- 
tive quantity  was  greater  than  that  of  the  negative,  and 
the  process  was  sufficiently  obvious.  There  is,  however, 
somewhat  more  difficulty  in  the  case  in  which  the  co- 
efficient of  the  negative  quantity  is  greater  than  that  of 
the  positive  quantity,  and,  therefore,  cannot  be  sub- 
tracted from  it.  Let  the  quantities  to  be  added  be 
4-  a,  + 2 6 and  — 5 b.  The  result  is 
+ a + 26  — 5 6. 

By  what  has  been  proved  in  (21)  - 56  i»  equivalent 
to  - 26  - 8 6.  and,  therefore, 

+-«  + 26  — 56  = + a +-26  — 26—  3 6. 

But  it  is  evident  that  2 6 - 2 6 = 0,  or  neutralize  each 
other,  and  may  be  altogether  omitted,  and  we  infer  the 
following  equality, 

+-a+-26  - 56  = +-  a — 3 6, 

and  hence 

4-2  6-  56  = - 3 6. 

Thus,  when  the  coefficient  of  the  negative  quantity  it 
greater  than  that  of  the  positive  quantity,  the  latter 
mutt  be  subtracted  from  the  former,  and  the  remainder 
wiU  be  the  coefficient  of  the  result,  the  sign  of  which  wilt 
be  negative. 

By  generalizing  the  results  of  the  preceding  obser- 
vations, we  shall  obtain  the  following  rules  for  alge- 
braical addition. 


Rule  I. 

To  add  like  quantities  with  like  signs. 

Add  their  coefficients,  and  to  the  sum  affix  the  com- 
mon letter  or  letters,  and  prefix  the  common  sign. 

Rule  II. 

To  add  like,  quantities  with  unlike  signs. 

Add  the  coefficients  of  the  positive  quantities,  and 
likewise  those  of  the  negative  quantities,  and  subtract 
the  lesser  sum  from  the  greater.  To  the  remainder  affix 
the  common  letter  or  letters,  and  prefix  the  sign  of  those 
quantities  of  which  the  sum  of  the  coefficients  is  the 
greater. 

Rule  III. 

To  add  unlike  quantities. 

Let  them  be  arranged  in  a series  in  any  order,  and 
connected  by  their  proper  signs. 

Rule  IV. 

To  add  mixed  quantities,  like  and  unlike. 

Add  the  like  quantities  by  the  first  and  second  rules, 
and  the  results  may  be  added  by  the  third  rule. 

(23.)  It  will  be  observed,  that  the  term  addition  in 
Algebra  is  used  in  a very  extended  sense,  the  process 
being  as  often  arithmetical  subtraction  as  arithmetical 
addition.  Were  it  not  for  the  difficulty  and  inconve- 
nience arising  from  any  change  in  the  nomenclature  of 
a science,  it  would  be  desirable  that  the  algebraical 
operation  called  addition  should  be  otherwise  denomi- 
nated. But  the  some  reasons  which  suggest  the 


expediency  of  this  change  would  equally  apply  to  sub-  Subtraction 
traction,  multiplication,  division,  and  numerous  other  N-*^v  — " 
terms.  It  is  therefore,  perhaps  on  the  whole,  better  to 
retain  old  term*  in  new  and  extended  senses,  tlum  to  in- 
vent new  ones  at  the  risk  of  obscurity  to  students,  and 
to  the  manifest  inconvenience  of  adepts  in  the  science. 
Algebraical  addition  is  nothing  more  than  the  incor- 
poration of  a number  of  simple  quantities  by  the  arith- 
metical processes  of  uddition  and  subtraction  indicated 
by  their  *igns,  as  far  as  that  incorporation  ia  rendered 
possible  by  the  nature  of  the  quantities. 


Examples. 


4-  x 

4-  5 a 

o a 

— 10  ah 

+ 2x 

4-  4 a 

— 4 ab 

4-  3 x 

4*  3 a 

a 

T 

a 

- 3a  6 

4-  4 x 

4*  2 a 

— a 6 

4-  10x 

4*  14a 

- 18  ab 

+ Say 

4-  ? x 

a 

Say 

— i ay 

— 4 y 

- 2 x 

-Shy 

+ * ay 

4*  x 

4 a 

bay 

— lay 

- 8y 

— 5 x 

— 6 by 

— Say 

4*  8x  — 

12y  6 a — 7 x 

1 ay-  R by 

(24.)  It  sometimes  happens,  when  a compound 
quantity  is  to  be  added  to  a simple  or  another  com- 
pound quantity,  that  the  operation  is  not  actually  per- 
formed but  only  signified.  In  this  case,  the  compound 
quantity  to  be  added  is  enclosed  in  a parenthesis,  oi 
placed  under  a vinentum,  and  connected  by  the  sign  +-,  Vmctiun 
with  the  quantity  to  which  it  is  to  he  added.  Thus,  if 
a — 6 is  to  be  added  to  10  a,  the  result  may  be  ex- 
pressed thus, 

10  a +-  (a  - 6) 
or,  10  a +-  a — b. 

In  this  case,  a — 6 is  considered  as  a single  quantity, 
and  the  sign  +■ , which  precedes  the  parenthesis,  or  the 
vinculum,  docs  not  belong  to  the  first  quantity  a , hut 
to  the  result  of  the  process  indicated  by  a — b.  There- 
fore the  above  complex  quantity  (night  also  be  ex- 
pressed thus,  without  Bny  change  in  its  meaning,  or  in 
its  value,  (9,) 

10  o + (-  6 + a) 
or,  10  a 4-  — b 4-  a. 


SECTION  III, 
Subtraction. 


(25.)  Subtraction,  in  the  popular  or  arithmetical 
sense  of  the  word,  implies  diminution.  When  any 
quantity  is  said  to  be  subtracted  from  another,  that 
other  is  supposed  to  be  diminished  by  the  quantity  so 
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Mgrfws.  subtracted  or  taken  away  from  it.  In  Algebra,  how- 
— ever,  the  term  acquires  in  its  signification  an  extension 
analogous  to  that  already  given  to  the  term  addition. 
To  explain  the  meaning  of  subtraction  in  Algebra,  we 
shall  define  it  with  reference  to  addition.  By  addition 
we  solve  the  problem,  “ Given  two  quantities  to  find 
their  algebraical  sum.*'  By  subtraction,  then,  we 
solve  the  problem,  “ Given  one  of  two  quantities,  and 
their  algebraical  sum,  to  find  the  other.”  Thus,  sub- 
traction may  be  conceived  to  be  nothing  more  than 
undoing,  or  destroying,  the  effect  of  a previous  addition. 

Let  A represent  any  algebraical  quantity,  whether 
simple  or  compound,  from  which  it  is  proposed  to  sub- 
tract another  simple  or  compound  quantity,  which  we 
shall  call  B.  The  quantity  A may  here  be  conceived 
to  be  the  algebraical  rum  of  B,  and  some  other  quan- 
tity which  it  is  proposed  to  discover.  Let  this  other 
quantity,  whether  simple  or  compound,  be  called  r,  (7.) 
Thus,  by  our  hypothesis,  A = r + B. 

As  A was  obtained  by  annexing  (18)  the  quantities 
expressed  by  B to  r with  their  proper  signs,  the  eifect 
of  this  process  will  be  destroyed  by  annexing  to  A 
the  quantities  represented  by  B with  their  signs  changed. 
This  process  gives  A — B = j + B-  B. 

But  as  B • - B is  equal  nothing,  wc  have  A — B = x. 

If  B were  originally  negative,  the  process  would  be- 
come A = x — B. 

A + B = .»  — B + B.  but  — B + B =:  0 
-.-•A  + B = x. 

JUile.  (26.)  Hence  we  may  infer  the  following  General 

Rule : 

“ To  subtract  one  algebraical  quantity  from  another, 
change  the  signs  of  the  subtrahend,  or  conceive  them 
changed,  and  add  the  quantities  by  the  rules  of  addi- 
tion.” 

Examples. 

From  5 a — 2 6 a — 26  + 3 

Subtract  2a+56  4 a + 9 b — 5 


3a  - 76 


— 3a  — 116  + 8 


From  5 a 6 — 18  8a  — 26  — 5 

Subtract  - a6+12  -a  + 36+2 


6 a b - 30 


9 a - b 6 - 7 


negative  parts,  the  whole  is  positive ; and  if  the  sum  of  Multqdka- 
the  negative  parts  exceed  the  sum  of  the  positive  ports,  t'oa‘ 
the  whole  is  negative. 

Hence  it  will  easily  appear,  that  by  changing  the 
signs  of  all  the  component  parts  of  any  compound 
quantity,  the  sign  of  the  whole  is  changed. 

(28.)  Hence  it  follows,  that  if  the  signs  of  the 
several  quantities  within  a parenthesis,  or  under  a vin- 
culum, be  changed,  and  at  the  same  time  the  sign 
which  is  prefixed  to  the  parenthesis  be  changed,  no 
real  change  in  the  compound  quantity  U produced, 
because  the  two  effects  counteract  or  compensate 
each  other.  Thus,  if  the  quantity  + (a  — 6)  be 
changed  to  + (—  a + 6)  its  sign  is  changed.  But 
if,  again,  this  latter  be  changed  to  ( a + 6),  its 
sign  being  again  changed,  the  quantity  becomes  what 
it  was  before,  so  that 

+ (a  — 6)  = — (—  a + 6). 

Hence  we  are  always  at  liberty  to  change  the  sign  of 
a parenthesis,  provided  the  signs  of  the  quuutitics 
enclosed  be  also  changed. 

(29.)  If  a complex  quantity  enclosed  in  a paren- 
thesis, be  connected  with  other  quantities  by  the  sign 
+,  the  parenthesis  ma.  be  removed,  the  signs  of  the 
quantities  enclosed  in  it  being  preserved.  Thu's,  a + 

(6  — c)  is  equal  to  a + 6 — c ; and  a + ( 6 + c)  is 

equal  to  a — 6 -f-  c. 

This  follows  from  the  rules  of  addition  ; for  the 
meaning  of  a + (6  — c)  is  that  the  compound  quantity 
6 — c is  to  be  udded  to  a,  which  is  done  by  connecting 
them  by  their  proper  signs.  Addition*  Rule  III.  (22.) 

(30.)  But  if  a compound  quantity  enclosed  in  a 
parenthesis,  be  connected  with  other  quantities  by  the 
sign  — , in  order  to  remove  the  parenthesis  it  will  be 
necessary  to  change  the  signs  of  all  the  simple  quan- 
tities within  it.  For  the  sign  — , which  precedes  the 
parenthesis, indicates  that  the  complex  quantity  included 
within  it,  is  to  be  subtracted  from  those  quantities  with 
which  it  is  connected.  This  subtraction,  as  has  been 
already  shown,  is  effected  by  changing  the  signs  of  the 
quantities  within  the  parenthesis. 


SECTION  IV. 


Signs  of  (27.)  By  what  has  been  proved  in  the  last  section, 
compound  respecting  the  incorpora' ion  of  algebraical  quantities, 
quantities,  by  actually  effecting  the  operations  indicated  by  the 
signs  which  connect  them,  it  easily  appears,  that  the 
sign  of  every  compound  quantity  may  be  inferred  from 
the  signs  and  values  of  its  component  parts. 

If  the  simple  component  parts  of  a compound  quan- 
tity be  all  positive,  it  is  evident  that  the  whole  quantity 
is  positive  ; for  if  all  the  parts  could  be  reduced  to  the 
same  denomination,  and,  therefore,  rendered  like,  upon 
incorporating  them  the  result  would  he  positive,  (19.) 

The  same  reasoning  proves,  that  if  the  signs  of  all 
the  component  parts  be  negative,  the  sign  of  the  whole 
is  negative. 

If  a compound  quantity  be  composed  partly  of 
positive  and  partly  of  negative  quantities,  the  sign  of 
the  whole  will  be  the  same  with  that  of  those  quantities, 
positive  or  negative,  which  have  the  greater  sum.  If 
the  sum  of  the  positive  parts  exceed  the  sum  of  the 


• *,•  fignifi thertfari 


Multipl  i ration . 

(31.)  Multiplication,  in  the  original  nense  of  the  MulU-.hr« 
term,  means  the  continual  addition  of  the  same  quan-  tiro  defined, 
tity  as  many  times  as  there  are  units  in  the  integer, 
which  is  called  the  multiplier.  This  term,  however, 
like  addition  and  subtraction,  has  acquired  an  extended 
signification,  and  the  sense  in  which  it  was  first  used  is 
only  a particular  case  of  its  present  more  universal 
application. 

It  is  observed  by  some  writers,  that  the  multiplicand 
may  be  any  quantity,  but  that  the  multiplier  must 
always  be  on  abstract  number.  This,  however,  is  by 
no  means  true.  In  algebraical  calculations,  heteroge- 
neous quantities,  or  rather  the  numbers  representing 
them,  are  constantly  combined  by  multiplication,  and 
it  often  happens,  that  the  factors  of  the  same  product 
have  different  significations,  and  are  referred  to  units 
of  different  species.  Thus,  if  6 represent  the  base  of 
a parallelopiped  in  Geometry,  and  a its  altitude,  the 
product  a 6 represents  its  volume.  Here  the  factors 
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are  not  only  heterogeneous,  but  each  of  them  different 
in  species  from  the  product. 

(32.)  Tlie  difficulty  of  conceiving  the  multiplication 
of  heterogeneous  quantities  will  disappear  by  con- 
sidering, that  the  letters  in  Algebra  are  not  the  immediate 
representatives  of  quantities  hut  of  number i,  and  these 
numbers  express  the  quantities  in  reference  to  their 
specific  units.  Thus,  in  the  example  just  given,  6 is  the 
number  of  tuperjicial  unite  in  the  base  of  the  solid,  a 
the  number  of  linear  units  in  its  altitude,  and  a 6 the 
number  of  tolid  units  in  its  volume.  Under  this  view, 
there  is  no  more  difficulty  in  conceiving  the  base  b mul- 
tiplied by  the  altitude  a,  than  if  the  altitude  were  an 
abstract  number. 

(33.)  Multiplication,  in  the  most  general  sense  of  the 
term,  is  an  operation  by  which  a fourth  proportional* 
is  found  to  the  unit,  and  two  numbers  which  are  called 
factor* , and  the  fourth  proportional  so  found  is  called 
their  product,  (10.) 

Thus,  if  a and  b be  the  factors,  and  a 6 the  product, 
we  have  1 : a : : b : ab. 

Since  the  transposition  of  the  means  docs  not  disturb 
the  proportion,  it  follows  that  there  is  no  essential  dis- 
tinction between  the  factors,  nor  any  grounds  for  giving 
them  different  denominations,  such  as  multiplicand  and 
multiplier,  (10.) 

When  the  factors  of  a product  are  considered  as 
having  signs,  ns  being  positive  or  negative,  a question 
arises  as  to  what  sign  the  product  should  receive.  The 
rule  commonly  received  is  this,  " When  the  two  factors 
have  the  same  sign,  the  sign  of  the  product  will  be  +, 
whether  the  common  sign  of  the  factors  be  4-  or  — ; 
and  when  the  two  factors  have  diffcrcut  signs,  the  sign  of 
the  product  is  always  This  rule  is  generally  briefly 
expressed  thus,  “ In  multiplication  like  signs  produce 
-f , and  unlike  signs  produce  — 

To  give  a general  and  unobjectionable  demonstration 
of  this  rule  has  occasioned  some  embarrassment  with 
elementary  analytical  writers.  Before  we  enter  upon 
any  investigation  respecting  it,  let  us  recur  to  the  mean- 
ing of  positive  and  negative  quantities. 

(34.)  A positive  quantity  is  one  to  which  the  sign  + 
is  prefixed,  and  a negative  quantity  is  one  to  which  the 
sign  — is  prefixed.  The  signs  in  general  imply  a con- 
nection with  other  quantities,  the  one  signifying  a 
connection  by  addition,  and  the  other  by  subtraction. 
In  this  way,  therefore,  we  are  to  consider  positive  and 
negative  quantities  as  actually  connected  with  some 
other  quantities  by  the  arithmetical  operations  of  addi- 
tion or  subtraction. 

(35.)  The  meaning  of  poaitive  and  negative  qvantitie * 
being  thus  explained,  the  following  seems  to  be  the 
most  unobjectionable  of  the  proofs  usually  given  for 
the  rule  of  signs. 

1.  Let  it  be  required  to  multiply  the  number  A + a 
by  the  number  B.  A and  B signifying  absolute  arith- 
metical numbers  independently  of  any  signs.  If  A be 
multiplied  by  B,  the  product  is  A B.  But  a greater 
number  than  A,  viz.  A + a is  to  be  multiplied  by  B ; 
and,  therefore,  the  product  must  be  greater  than  A B 
by  the  product  a B.  Hence  the  whole  product  is  A B 
+■  a B. 

Thus  it  follows,  that  if  a positive  algebraical  quan- 
tity (-fa)  and  an  absolute  number  B be  multiplied 

* For  the  nature  anti  properties  of  ratio*  tmd  proportions,  the 
reader  it  referred  lo  ibe  Article  Oiohitrt,  p.  319 


together,  the  product  will  be  a positive  algebraical  Mahiplica. 
quantility,  +aB.  tion- 

2.  Let  it  be  required  to  multiply  A + a and  -f  b ■' 

together.  By  the  last  case,  the  product  of  A and  + b 

i»  + A b.  Now  if  ■+■  6 be  multiplied  by  a greater 
number  than  A,  the  product  must  be  proportionally 
greater.  Therefore  the  product  of  A 4*  « and  + b 
must  be  greater  than  the  product  of  A and  + 6 by  the 
product  of  -f  a and  + 6.  Hence  the  product  of  A + a 
and  -f  b is  A 6 + a b.  Hence  the  product  of  + a and 
-f  b is  + a b. 

Hence,  when  the  signs  of  both  factors  are  +,  the  sign 
of  the  product  is  + . 

3.  Let  it  be  required  to  multiply  A — a and  + b 
together.  By  the  first  case,  the  product  of  A and  + b 
is  + A 6 ; hut  this  is  too  great  by  the  product  of  a and 
b.  Hence  the  true  product  is  A b — a b.  Hence  the 
product  of  — a and  + b is  — a b.  When  the  signs  of 
the  factors  are  unlike,  the  sign  of  the  product  is,  there- 
fore, — . 

4.  Let  it  be  required  to  multiply  A — a by  B — b. 

The  product  of  A — a and  B is  A B — a B.  But  this 
is  too  great  by  the  product  of  b and  A — «,  or  A b — 
a b.  To  obtain  the  true  product  it  will,  therefore,  tnr 
necessary  to  subtract  A b — ab  from  A B — a B,  the 
result  of  which  isAB  — oB  - Ab  + a b,  from  which 
it  follows  that  the  multiplication  of  — a and  — 6 give* 
the  product  + a b.  From  this  aud  the  second  case 
wc  infer  that  like  tigns  produce  -f . 

From  the  principles  thus  established,  the  following 
consequences  may  be  deduced  without  difficulty. 

(36.)  The  sign  of  the  continued  product  of  several 
factors  is  determined  by  the  number  of  the  negative 
factors.  If  there  be  on  even  number  of  negative  fac- 
tors or  none,  the  product  is  positive. 

(37.)  If  there  be  an  odd  number  of  negative  factors, 
the  product  will  be  negative. 

(38.)  It  is  evident,  that  the  same  reasoning  will 
apply  if  there  be  no  positive  factor ; and.  therefore,  if 
ail  the  factors  be  negative  the  product  is  positive  or 
negative,  according  os  the  number  of  factors  is  even  or 
odd. 

(39.)  If  the  signs  of  all  the  factors  of  a product  be 
changed,  the  sign  of  the  product  will  not  be  changed 
if  the  number  of  factors  be  even. 

(40.)  If  the  number  of  factors  in  the  product  be 
odd,  by  changing  the  signs  of  all  the  factors  the  sign 
of  the  product  is  changed. 

(41.)  When  the  factors  of  a product  have  numeral 
coefficients,  these  should  evidently  be  multiplied  to- 
gether, and  their  product  taken  as  the  coefficient  of  the 
sought  product.  Thus,  the  product  of  2 a and  3 b is 
Gab. 

(42.)  In  all  the  preceding  observations,  the  factors  Multiplica- 
ure  supposed  to  be  single  quantities.  We  shall  now  tioo  of 
consider  the  case  in  which  one  of  the  factors  is  a com-  <*>»"?** 
pound  algebraical  quantity.  In  tins  case,  the  product  is 
found  by  multiplying  the  simple  factor  by  each  term  of 
the  complex  factor,  according  to  the  rules  already 
established,  and  adding  the  results.  The  sura  thus 
obtained  will  be  the  true  product.  This  may  readily 
be  proved  by  the  definition  of  multiplication  already 
given,  and  the  properties  of  proportions  established  in 
the  Treatise  on  Geometry  in  this  work.  But  we  shall 
not  here  enter  into  any  detail  of  the  demonstration,  the 
principle  being  sufficiently  evident. 

(43.)  If  both  factors  be  complex  quantities,  the 
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AJrbrt.  product  is  obtained  by  multiplying  each  term  of  the 
— one  factor  by  each  term  of  the  other,  and  adding  to- 
gether all  the  products  by  the  ordinary  rules  of  alge- 
braical addition.  The  validity  of  this  process  may  be 
easily  inferred  from  the  last. 


SECTION  V. 

Division . 

(44.)  Division  bears  the  same  relation  to  multipli- 
cation that  subtraction  bears  to  addition.  It  is  the 
undoing  of  what  has  been  done,  or  is  conceived  to 
have  been  done,  by  multiplication.  As  multiplication, 
therefore,  is  the  compounding  two  factors  together  so 
as  to  form  a product,  so  division,  on  the  other  hand, 
consists  in  the  decomposition  of  a product  into  its 
factors.  In  multiplication  and  division  there  are  three 
quantities  concerned,  the  two  factor*  and  the  product . 
Now  any  two  of  these  three  being  given,  the  remaining 
one  may  be  found.  When  the  two  factor*  are  given 
to  find  the  product,  the  process  is  called  multiplication  ; 
and  when  the  product  and  one  of  the  factors  are  given 
to  find  the  other  factor,  the  process  is  called  dirition. 
The  product  is  in  this  case  called  the  dividend,  the 
given  factor  the  divisor,  and  the  required  factor  the 
quote. 

Rule  of  the  (45.)  The  rule  for  deducing  the  sign  of  the  quote 
«&»**.  from  those  of  the  dividend  and  divisor,  is  the  same  as 
the  rule  in  multiplication,  and  may  he  derived  from  it. 
Let  d be  the  divisor,  D the  dividend,  and  q the  quote. 
Since  the  product  of  d and  q is  equal  to  D.  it  follows 
that  when  d and  q have  like  signs  D is  + , and  when 
d and  q have  unlike  signs  D is  — . Hence  it  may 
easily  be  inferred,  that  in  division,  as  in  multiplication, 
" like  signs  give  +,  and  unlike  signs  give  — 

(46.)  If  the  divisor  and  dividend  be  monomes,  the 
division  will  not  be  capable  of  being  executed  exactly, 
unless  all  the  factors  of  the  divisor,  both  numeral  and 
literal,  be  also  factors  of  the  dividend  ; for  the  dividend 
is  considered  as  the  product  of  the  divisor  and  the 
number  sought,  or  the  quote.  Let  a 6 be  the  dividend, 
and  a the  divisor,  it  is  evident  that  in  this  case  the 
quote  is  6. 

Let  the  divisor  be  5 a9,  and  the  dividend  15  a4  6.  In 

15  a*  b 

the  first  instance  the  quote  is  expressed  by  (12)-—  - — 

This  must  be  such  a quantity  as  multiplied  by  5 a*  will 
produce  15  a4  6.  Let  it  bo  x,  so  that  x x 5 a*  = 15 
a4  b.  But  15  a4  b = 3 x 5 x a*  X a 6,  • . ’ x x 5 a* 
= 3 a b x 5 a*. 

Hence  it  is  evident  that  x = 3 a b. 

In  the  same  manner,  if  the  dividend  be  22  0*6*0, 
and  the  divisor  1 1 a*  6,  the  quote  will  be  2 o’  bl  c. 
Division  of  By  generalizing  these  results  we  shall  obtain  the 
xuononies.  following  rule  for  the  division  of  monomes  : 

44  I he  sign  of  the  quote  being  determined  a9  in 
multiplication  : 1.  let  the  coefficient  of  the  dividend 
be  divided  by  the  coefficient  of  the  divisor,  and  let  the 
result  be  taken  as  the  coefficient  of  the  quote  ; 2.  let 
each  of  the  literal  factors,  which  are  common  to  the 
dividend  and  divisor,  be  written  after  this  coefficient 
with  an  exponent  equal  to  the  excess  of  the  exponent 
in  the  dividend  above  the  exponent  of  ihe  some  letter 


in  the  divisor.  3.  Let  each  of  the  literal  factors  which 
occur  in  the  dividend,  but  not  in  the  divisor,  be  then 
written  as  factors  of  the  quote.” 

The  following  examples  will  illustrate  this  process  r 


7ha'b*<*d 
2b  a*  be 


3 a*  b*cd 


93  a1  Is  y 
31  ax 


3 afl  x*y. 


(47.)  There  are  certain  circumstances  under  which 
the  above  process  cannot  be  executed:  1.  The  co- 
efficients may  not  be  divisible  one  by  another.  2.  The 
exponent  of  some  letter  in  the  dividend  may  be  less 
than  that  of  the  same  letter  in  the  divisor.  3.  There 
may  be  literal  factors  in  the  divisor  which  are  not  con- 
tained in  the  dividend  at  all.  In  these  cases,  the  divi- 
sion cannot  be  effected,  and  the  quote  must  be  expressed 
by  the  notation  described  in  (12.) 

Let  the  dividend  he  16  a*  6 c,  and  the  divisor  10  a* 
64  r*.  In  this  case  16  is  not  divisible  by  10,  neither 
can  the  exponents  of  6 and  c in  the  divisor  be  subtracted 
fioin  those  of  the  same  letters  in  the  dividend.  In  this 
, , 1 6 a*  b c 

case,  however,  the  expression  ^ tor  <ltiote 

may  be  simplified  by  removing  the  common  factors  2, 

a*,  6,  and  c.  The  quote  thus  becomes  - 

5 6c 


When  complete  or  exact  division  cannot  be  effected, 
the  fractional  expression  for  the  quote  may,  therefore, 
be  simplified  by  the  following  rule  : 

“ I.  Divide  the  coefficients  of  the  dividend  and 
divisor  by  their  common  factors.  2.  If  the  same  letter 
occur  in  both  dividend  and  divisor  with  different  expo- 
nents, subtract  the  lesser  exponent  from  the  greater, 
and  in  place  of  the  greater  exponent  place  the  remain- 
der, omitting  the  letter  with  the  lesser  exponent 
altogether.  3.  Let  the  letters  which  are  common,  and 
have  equal  exponents,  be  altogether  omitted.  4.  Let 
the  letters  not  common  retain  their  places.” 

(48.)  It  is  evident  that  the  value  of  a quote  depends 
on  the  ratio  of  the  dividend  to  the  divisor ; and  how- 
ever they  may  be  changed,  provided  their  ratio  be  pre- 
served, the  quote  will  retain  the  same  value.  Since 
q x d = D,  v bv  (33) 

d : D is  1 : q. 

The  value  of  q must  remain  unchunged  so  long  as  the 
unit  bears  to  it  the  same  ratio,  that  is,  so  long  as  the 
divisor  bears  to  the  dividend  the  same  ratio. 

Hence  it  follows,  that  any  common  factors  may 
always  be  removed  from  the  divisor  and  dividend  with- 
out afTecting  the  quote. 

(49.)  If  the  rule  for  the  subtraction  of  the  exponents  Vslueof  fe, 
of  the  same  letter  in  the  divisor  and  dividend,  when 
these  exponents  are  unequal,  be  applied  to  the  case  in 
which  they  are  equal,  the  result  will  assume  a peculiar 
form.  Let  the  dividend  be  a 6*  and  the  divisor  6*.  The 
a b* 

quote  is  — ; applying  to  this  the  rule  for  the  case  in 
b* 


which  the  exponent  in  the  dividend  is  greater  than 
in  the  divisor,  the  result  is  a 6 2-2  = a b°.  But  the 
quote  being  evidently  a,  we  have  a = a 6°,  *.*  6°  = 1. 
It  is  usual,  therefore,  to  sav  that  "any  quantity  having 
o for  its  exponent  is  = 1.  This,  however,  is  to  be 
considered  as  a matter  purely  conventional,  the  symbol 
a°  having  no  other  meaning  than  an  expression  of  the 
result  of  the  division  of 'two  powers  of  the  same  letter, 
having  the  tame  exponent,  the  process  being  conducted 
by  the  rule  established  for  the  case  in  which  the 
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Algebra,  exponent  of  the  dividend  is  greater  than  that  of  the. 
divisor. 

The  use  of  this  notation  is  to  preserve  in  the  result 
the  marks  of  the  process  by  which  it  was  obtained. 

(50.)  If  the  dividend  be  the  continued  product  of 
several  factors,  it  will  be  divided  by  any  number  by 
dividing  any  one  of  its  factors  by  that  number.  Thus, 
8 7 2 

8 x 9 = 72,  and  - x 9 = 36  = — ; and  the  same, 

of  course,  applies  to  algebraical  quantities. 

Diiitironof  (31.)  Hitherto  we  have  supposed  the  divisor  and 
poUnoBMt.  dividend  to  be  monomer.  Let  us  now  suppose  the  letter 
D a |K>lyn  me,  In  this  case,  the  quote  q must  be  Mich 
a polynome  as  multiplier!  by  the  divisor  d,  (supposed 
a nionome.)  will  give  a product  equal  to  D. 

By  (42)  it  appears  that  q is  multiplied  by  d,  by  mul- 
tiplying each  of  its  terms  by  d , and  the  product 
will  therefore  be  a polynome,  whose  terms  arc  the 
products  of  d,  and  the  several  terms  of  q.  But  this 
polynome  must  he  identical  with  D,  and,  therefore,  each 
of  the  terms  of  D must  be  the  product  of  tf  and  the 
several  terms  of  q.  Hence  the  several  terms  of  q must 
be  the  quote  found  by  dividing  the  terms  of  D severally 
by  d. 

It  follows  from  this  that  in  order  that  a polynome 
should  lie  exactly  divisible  by  a nionome,  each  of  the 
terms  of  the  polynome  must  be  divisible  exactly  by  the 
nionome ; otherwise  the  quote  will  include  terms  of  a 
fractional  form. 

Let  2 <7 X1  lie  the  divisor,  and  let  the  dividend  be 

10a1  js  + 2i)asx*  - 12  4*  X9  + 6a»j«  -2  a i*  i 
when  the  several  terms  have  been  divided  by  2 a x*  by 
the  rules  established  for  mouomes,  the  quote  will  be 
5 a"  x3  + 10  a4  x1  — 6 a x + 3 a*  — 1 

(52.)  If  the  divisor  be  a polynome  and  the  dividend 
a moftome,  the  exact  division  is  impossible,  and  the 
quote  can  only  be  expressed  in  the  fractional  form.  For 
the  quote  cannot  be  o nionome,  since  the  product  of 
a monome  quote  and  a polynome  divisor  would  give  a 
polynome  dividend,  contrary  to  hypothesis.  Neither 
can  the  quote  be  a polynome,  since  the  product  of  the 
quote  and  divisor,  both  polynome*,  could  not  give  a 
nionome  dividend.  In  this  case,  therefore,  the  quote 
must  be  expressed  as  in  (47,)  and  may  be  simplified 
if  there  be  any  factor  of  the  dividend  which  is  common 
to  all  the  terms  of  the  divisor.  This  factor  may  be 
removed,  since  both  dividend  and  divisor  may  be 
divided  by  the  same  quantity  without  uflcctiug  the 
value  of  the  quote. 

The  case  in  which  the  divisor  is  a monome,  and  the 
dividend  a polynome,  admits  of  a similar  simplification 
when  all  the  terms  of  the  dividend  contain  a factor 
common  w ith  the  divisor. 

(33.)  We  shall  now  consider  the  case  in  which  both 
the  dividend  D and  the  divisor  d are  polynome*.  Each 
of  the  terms  of  the  dividend  I)  being  the  product  of  a 
term  of  the  divisor  d,  and  one  of  the  quote  q,  it  follows 
that  if  we  find  a term  of  the  dividend  which  is  divisible 
by  a term  of  the  divisor,  this  quote  will  lx*  a term  of 
the  quote  q.  Having  thus  found  any  one  term  (A)  of 
the  quote  q,  this  term  being  multiplied  by  the  whole 
divisor  d,  gives  a product  A d,  which  is  to  lx*  considered 
us  that  part  of  the  dividend  which  has  been  divided  by 
d This  being  subtracted  from  the  whole  dividend  D, 
the  remainder  is  all  that  is  now  to  be  divided  by  d.  As 
before  a term  of  this  remainder  is  selected,  which  is 


exactly  divisible  by  some  term  of  the  divisor,  and  the  Division, 
quote  being  found,  it  is  inserted  with  its  proper  sign  os  », 

another  term  of  the  quote  q ; mid  so  the  process  is 
continued  until  a term  of  the  quote  q is  found,  which, 
multiplied  into  the  divisor  d , will  lx;  equal  to  all  that 
has  remained  of  the  dividend.  In  this  case,  the  division 
is  complete.  But  if  in  any  of  the  remainders  there  is 
no  term  which  is  exactly  divisible  by  a term  of  the 
divisor,  the  division  cannot  be  effected,  and  wc  conclude 
that  there  is  no  polynome  q,  which,  multiplied  by  d,  will 
exactly  give  the  product  D. 

Iu  multiplying  two  polynome*  together,  it  frequently 
happens  that  the  partial  produets  of  the  several  terms 
of  the  factors  destroy  or  modify  each  other,  by  those 
which  are  similar  being  incorporated  by  addition  or 
subtraction.  It  may,  therefore,  happen  that  some  of 
the  terms  of  the  product  of  two  polynomes  are  the 
sum  or  difference  of  die  product  of  two  or  more  terms 
of  the  factors,  and  not  the  product  itself  of  these 
terms.  In  the  selection,  therefore,  of  a term  of  the 
dividend,  which  is  to  be  considered  ns  the  product  of  a 
term  of  the  divisor,  and  one  of  the  quote,  it  is  neces- 
sary that  this  term  should  be  one  which  cannot  have 
proceeded  from  the  combination  of  tw  o partial  products 
of  d and  q . by  the  addition  or  subtraction  of  similar 
terms ; for  if  it  were  so,  it  is  plain  that  we  should  not 
be  justified  in  concluding,  that  by  dividing  it  by  the 
term  of  the  dividend  we  should  obtain  a term  of  the 
quote. 

When  the  same  letter  occurs  in  two  polynomes, 
powers  of  that  letter  must  occur  in  their  product,  and 
one  at  least  of  these  powers  must  have  a higher 
exponent  in  the  product  than  in  either  of  the  factors. 

The  term  containing  the  highest  power  is  that  which 
proceeds  from  multiplying  together  the  two  terms  of 
the  factors  which  contain  the  same  letter  with  the 
highest  exponents.  The  ex|x>nent  of  the  corresponding 
term  of  the  product  will  be  their  sum,  and  no  other 
term  of  the  product  can  contain  the  same  letter  with 
so  high  an  exponent.  This  term,  therefore,  can  suffer 
no  modification  by  addition  or  subtraction  with  any 
other  term,  and  must  always  be  actually  the  immediate 
product  of  the  two  terms  of  the  factors  which  contain 
the  highest  exponent  of  the  same  letter. 

Hence  it  follows,  that  if  there  be  a letter  which  occur* 
with  exponents  in  the  divisor  and  dividend,  its  highest 
exponent  in  the  latter  being  greater  than  its  highest 
exponent  in  the  former,  that  terra  of  the  dividend 
which  contains  this  letter  with  the  highest  exponent, 
must  be  the  immediate  product  of  that  term  of  the 
divisor  which  contains  the  same  letter,  with  the  highest 
exponent  and  a term  of  the  quote,  which  term  is  there- 
fore immediately  found  by  dividing  the  one  by  the  other. 

Then,  by  the  means  already  explained,  a new  dividend 
is  obtained  ; and  in  this,  likewise,  a term  is  to  be  found, 
in  which  the  exponent  of  some  letter  is  higher  than  in 
the  other  terms,  and  so  on.  It  is  generally  convenient 
to  select  the  highest  power  of  the  same  letter  in  each 
purtiul  dividend,  us  that  which  is  to  determine  the 
term  of  the  quote ; this,  however,  is  not  absolutely 
necessary. 

In  writing  down  the  dividend  and  divisor  preparatory 
to  division,  it  is  not  necessary  to  place  Uie  terms  of 
either  in  any  one  particular  order  rather  than  another. 

But  it  is  convenient  to  place  first  ill  each  the  two  terms 
by  the  division  of  which  the  first  term  of  the  quote  is 
to  be  determined.  If,  after  the  first  subtraction  the 
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Algebra,  highest  power  of  the  some  letter  in  the  next  dividend  he 

'•"'V*'*”'  selected,  it  will  be  altto  convenient  that  it  should  stand 
first  in  the  remainder,  and,  therefore,  that  it  shonld  be 
placed  as  the  second  term  in  the  originul  dividend. 
By  continuing  this  reasoning  we  shall  find,  that  the 
terms  of  the  dividend  should  be  arranged  according  to 
the  dneending  powers  of  that  letter,  whose  highest 
power  is  selected  for  determining  the  first  term  of  the 
quote.  By  such  an  arrangement,  the  first  term  of  each 
' remainder  will  he  that  which  contains  the  highest  power 
of  the  some  letter,  and  will,  therefore,  be  that  which  ia 
proper  to  determine  a term  of  the  quote.  Since  the 
first  term  of  the  quote  into  be  multiplied  by  the  divi- 
sor, and  the  result  to  be  placed  under  the  dividend, 
preparatory  to  subtraction,  it  ia  evidently  convenient 
that  the  terms  of  the  divisor  should  also  be  arranged 
according  to  the  descending  powers  of  the  same  letter ; 
for,  in  that  case,  the  corresponding  powers  of  the  terms 
of  the  subtrahend  will  come  under  those  of  the  dividend 
preparatory  to  the  subtraction. 

Rule.  Hence  we  obtain  the  following  rule  for  the  division 

of  polynomes: 

" Arrauge  the  terms  of  the  divisor  and  dividend 
according  to  the  descending  powers  of  any  letter  which 
is  common  to  them,  placing  in  each  the  term  containing 
this  letter,  with  the  highest  exponent  first,  and  each 
succeeding  term  having  that  letter  with  a higher  expo- 
nent than  that  which  follows  it.  Let  the  first  term  of 
the  dividend  be  then  divided  by  the  first  term  of  the 
divisor,  and  the  result  with  its  proper  sign  will  be  the 
first  term  of  the  quote.  Let  this  term  be  then  mul- 
tiplied by  the  whole  divisor,  and  the  product  subtracted 
from  the  dividend.  Let  the  first  term  of  the  remain- 
der be  divided  by  the  first  term  of  the  divisor, 
and  the  result,  with  its  proper  sign,  will  be  the  second 
term  of  the  quote.  Let  this,  in  like  manner,  be 
multiplied  by  the  whole  divisor,  and  the  product 
subtracted  from  the  first  remainder.  The  second  re- 
mainder then,  constituting  a new  dividend,  must  be 
treated  as  the  former  remainder,  and  the  process  must 
be  continued  in  this  way  until  the  multiplication  of 
some  term  of  the  quote  gives  a product  exactly  equal 
to  the  lust  remainder,  in  which  case  the  quote  is  com- 
plete, and  the  division  effected.” 

(54.)  It  appears  from  what  has  been  already  proved, 
that  if  the  term  of  the  dividend  which  contains  the 
highest  power  of  a letter  common  to  the  dividend  and 
divisor,  be  not  exactly  divisible  by  the  term  of  the 
divisor  containing  the  highest  power  of  the  same  letter, 
the  exact  division  is  impossible  ; for,  in  this  case,  the 
dividend  cannot  be  the  product  of  the  divisor  and  any 
polynome. 

(55.)  It  is  plain,  that  if  the  divisor  contain  any  letter 
which  is  not  found  in  the  dividend,  the  division  is  im- 
possible. For  a product  must  contain  every  letter 
which  enters  either  of  its  factors,  and  the  division  is 
never  possible,  except  when  the  divisor  is  a factor  of 
the  dividend.  On  the  other  hand,  the  dividend  may 
contain  a letter  or  letters  which  do  not  appear  in  the 
divisor,  because  a product  may  contain  letters  which 
do  not  appear  in  one  of  its  factors,  since  they  may  be 
letters  of  the  other  factor.  If  the  dividend  D contain 
any  letter  a not  contained  in  the  divisor  d,  the  division 
may  be  effected  by  arranging  the  dividend  by  the 
powers  of  the  letter  a.  Since  the  divisor  d,  by  hypo- 
thesis, does  not  contain  the  letter  a,  and  yet  the  pro- 
duct of  the  quote  q and  the  divisor  d is  identical  with 

VOL.  1. 


the  dividend,  it  follows,  that  the  quote  must  consist  of  Of  Simple 
a series  of  terms  affected  by  the  same  powers  of  a as 
appear  in  the  dividend.  Let  A a"  be  any  term  of  the  ' } 

dividend,  ami  B am  the  corresponding  term  of  the  v'"""' 
quote.  It  follows,  that  d Bo"  = A a",  or  d B = A, 

or  B — — ; and  since  the  same  observation  may  be 
a 

applied  to  each  of  the  terms,  we  deduce  the  following 
rule  for  division,  when  the  dividend  contains  any  letter 
which  does  not  appear  in  the  divisor  : “ Let  the  dividend 
be  arranged  by  the  powers  of  this  letter,  and  let  each 
of  the  multipliers  of  the  powers  tie  divided  by  the 
divisor.  The  several  quotes  thus  found,  will  be  the 
multipliers  of  the  corresponding  powers  of  the  same 
letter  in  the  quote,” 


SECTION  VT. 

Of  Simple  Powers  and  Roots. 

(56.)  As  powers  of  the  same  quantity  would  he  Multiplica- 
multiplied  by  writing  them  down  as  one  word,  it  is  tion  of 
evident  that  the  number  of  equal  factors  in  their  pro-  P°’"'cr‘- 
duct  would  be  the  rum  of  the  numbers  of  equal  factors 
in  each  of  the  powers  so  multiplied.  But  as  the  expo- 
nents express  the  number  of  those  factors,  we  may  im- 
mediately infer,  that  **  when  powers  of  the  same  quan- 
tity are  multiplied  together,  the  sum  of  their  exponents 
ib  the  exponent  of  the  product’1  Thus 

a*  X a3  ss  ai  a 5 a*  = a7 

a7  x a9  = a5*  a 4 a * = a9 

and  in  general  am  a"  a m + ", 

m and  n being  any  positive  integers. 

(57.)  From  (46)  it  appears,  that  if  a power  of  any  Division  of 
quantity  be  divided  by  a power  of  the  same  quantity  powers, 
having  a lesser  exponent,  the  quote  will  be  found  by 
subtracting  the  exponent  of  the  divisor  from  that  of 
the  dividend  ; and  it  has  been  shown  (49)  how  this  rule 
has  been  conventionally  extended  to  the  case  in  which 
the  dividend  and  divisor  have  equal  exponents.  It  may 
also  happen,  that  the  exponent  of  the  divisor  is  greater 
than  that  of  the  dividend  ; in  which  case,  if  the  division 
were  performed  according  to  the  rule  established  for 
the  case  in  which  the  exponent  of  the  dividend  is 
greater  than  that  of  the  divisor,  the  exponent  of  the 
quote  would  be  negative.  Thus  we  should  have,  for  exponents. 

example,  — -=  a~ •.  But  according  to  the  established 
a1 

a*  aaa 

rules  of  division  (46,)  we  should  have  —7-  = 

a*  aaaaa 

= — = — . Nevertheless,  in  order  to  generalize,  as 
a a a* 

far  as  possible,  the  processes  in  algebraical  investiga- 
tions, it  is  found  expedient  to  extend  the  -rule  for  the 
division  of  powers,  established  in  (46,)  to  the  cases  in 
which  the  exponent  of  the  divisor  is  equal  to,  or  greater 
than,  that  of  the  dividend.  What  we  have  already 
observed  in  the  case  of  equal  exponents,  should,  how- 
ever, be  carefully  attended  to  in  the  case  of  the  expo- 
nent of  the  divisor  being  greater  than  that  of  the  divi- 
dend. The  negative  exponent,  which  the  quote  acquires 
in  this  case,  is  to  be  understood  only  as  indicating  that 
the  power  which  is  affected  by  it  has  been  obtained  by 
applying  the  rule  to  a case  to  which  it  is  not  applicable, 
otherwise  than  by  general  consent. 


Digitized  by  Google 


534 


ALGEBRA. 


Algebra.  By  the  quantities  <t°,  a"1,  a"*,  a~*,  &c.,  we  are, 

therefore,  to  understand  the  quantities,  i,  — , — , -i-, 

a a*  o’ 

&c.,  and  in  general  a~m  is  only  another  way  of  ex- 
pressing — , or  a quantity  with  a negative  exponent  is 

Reciprocals  the  reciprocal  of  the  same  quantity  with  the  same  posi- 
tive exponent. 

(One  quantity  is  said  to  be  the  reciprocal  of  another 
when  their  product  is  equal  to  the  unit.) 

(58.)  The  student  will  find  no  difficulty  in  extending 
the  rules  for  the  multiplication  and  division  of  quanti- 
ties with  positive  exponents  to  the  case  in  which  the 
exponents  of  the  factors  are  one  or  both  negative. 

E.  g.  a""  x a'*  = and  - — = a- " + *. 

a~* 

Involution  (59.)  To  find  any  required  power  of  a quantity,  or, 
as  it  is  called,  to  raise  any  quantity  to  a required  power , 
it  is  only  necessary  to  form  a product  in  which  that 
quantity  shall  be  repeated  as  a factor  as  often  as  there 
are  units  in  the  exponent  of  the  power  to  which  it  is  to 
be  raised.  Now  if  the  quantity  to  be  raised  be  a power 
of  a simple  quantity,  os  a*,  it  is  plain  that  the  continual 
multiplication  of  this  will  give  a product  such  as 
+ a where  m j8  contained  in  the  exponent  as 
often  aa  there  are  units  in  the  exponent  of  the  power  to 
which  it  is  to  he  raised.  Let  this  exponent  be  it  ,*  it  is 
then  evident,  that  the  «'*  power  of  am  is  a"".  Thus, 
if  it  be  required  to  find  the  third  power  of  a",  we  have 


another  method  of  expressing  radical  quantities  ; thus.  Of  Simple 

, ___  , Power*  and 

**  a — a?  * ~ o'  * ^a*  - ~ a » &c.  Roots. 

(62.)  Fractional  powers  of  the  same  quantity  are  ^."7  .''.7"'  "* 
multiplied  by  adding  their  exponents.  That  is,  u tip-  M 


tion  of 

fractional 

powers. 


To  prove  this,  let  x = a 
Hence  x*  = a' 


and  this  is  true  whether  the  exponent  m be  positive  or 
negative. 

The  general  rule,  therefore,  to  raise  any  simple  quan- 
tity to  any  required  power,  is  to  “ Multiply  the  cxjn>- 
nent  of  the  quantity  by  the  exponent  of  the  power  to 
which  it  is  to  be  raised,  and  the  product  is  the  expo- 
nent of  the  power  sought.” 

(60.)  The  terms  power  and  root  are  correlatives;  if 
a be  the  m“  power  of  b,  b is  called  the  m‘*  root  of  a, 
and  vice  versd.  The  notation  by  which  the  root  is 
expressed,  is  the  mark  V'  called  a radical,  placed  over 
the  letter,  with  an  exponent  to  the  left  indicating  the 
order  of  the  root.  TTie  quantity  which  is  placed  under 
the  radical,  is  called  its  suffix.  Thus  s v'  a means  the 
third  root  of  a,  or  that  quantity  of  which  the  number 
a is  the  third  power.  When  no  exponent  is  expressed. 


j7  = a* 
jr*'  = am‘ 

Let  the  one  be  raised  to  the  n,e * power,  and  the  other  to 
the  nrt  power,  and  we  have 

x**  = or*  = am* 

These  being  multiplied,  give 

x'""'  — a-*'  + w. 

Taking  the  nn'“  root  of  these,  we  obtain 

" 4 — 

xx1  — ® = a * * 


The  same  demonstration  will  be  applicable  if  — and 
m' 

— f arc  one  or  both  negative. 

(63.)  Since  the  product  of  two  powers  (whether  frac-  Division  of 
tional  or  negative,  or  both)  is  obtained  by  adding  the  ex-  fractional 
ponenLs.it  follows  that  the  quote  is  obtained  by  subtract-  *®wer* 
ing  the  exponent  of  the  divisor  from  that  of  the  dividend. 

For  the  dividend  being  the  product  of  the  quote  and  divi- 
sor, its  exponent  must  be  the  algebraical  sum  of  the 
exponents  of  the  quote  and  divisor,  (62  ;)  therefore  the 
exponent  of  the  quote  must  be  the  result  of  the  subtrac- 
tion of  the  exponent  of  the  divisor  from  that  of  the 
dividend.  Thus  the  rule  for  the  division  of  powers, 
established  in  the  case  where  the  exponents  are  positive 
integers,  is  general. 

The  rule  for  the  multiplication  of  powers  of  the  Involution 
same  quantity  being  generalized,  the  extension  of •vw*u* 
that  for  their  involution  immediately  follows.  If1’0"’ 

■ 

a * be  continually  multiplied  into  itself,  until  a pro- 
duct be  found  having  a number  of  (actors  which  we 

may  call  p,  the  exponent  +• ^ will  be  added  p times, 
and  the  new  exponent  will  be  ip. — ♦ Thus  the  />'* 


the  symbol  means  the  square  root,  thus  ^ a is  the 
square  root  of  a,  or  the  number  whose  square  is  a. 
The  processes  by  which  powers  and  roots  are  found, 
are  called  respectively.  Involution  and  Evolution. 

Evolution.  (61.)  If  the  n,k  root  of  a simple  quuntity,  such  as 
o",  were  required,  it  is  evident  that,  if  m were  a multiple 
of  n,  such  as  rn,  the  quantity  a**  or  ar*  would  be  the 
n*k  power  of  ar,  and,  therefore,  the  n,A  root  would  be 
found  by  dividing  the  exponent  m or  m by  the  expo- 
nent n of  the  root  required.  If,  however,  m be  not  a mul- 
tiple of  it,  the  nIA  root  cannot  be  algebraically  extracted. 
In  this  case,  however,  the  same  rule  is  extended  analo- 
gically, and  the  root  is  signified  by  assuming  the  quote 
of  the  exponent  m of  the  given  quantity,  by  the  ex- 
ponent n of  the  required  root,  which  is,  therefore,  ex- 
pressed a*.  Thus  the  conventional  notation  derived 
from  the  extraction  of  the  roots  of  powers,  gives 


power  of  a*  « i*a+p  .T.that  is, the  power  is  obtained 
by  multiplying  the  exponent  of  the  root  by  that  of  the 
required  power. 

From  the  preceding  rule  is  immediately  derived 
the  extension  of  the  rule  (61)  for  the  evolution  of 
powers  of  the  same  quantity. 

(64.)  We  shall  now  take  the  most  general  possible 
case  of  the  involution  or  evolution  of  powers.  Let  it 

be  required  to  find  the  power  of «7.  The 

general  rule  applied  to  this  case  gives 


* To  avoid  a multiplicity  of  differ**!  tetters, and  to  fir*  symmetry 
to  th«  expression*,  it  w usual  to  express  different  quantities  by  the 
Jirtin*rui*WnS  *tj  howe,*r#  *7  scceots  thus,  m,  m,  m“, 
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Aijebra.  To  prove  this  it  is  only  necessary  to  retrace  the  sym- 
bols  to  their  original  signification.  The  student  will 
find  no  difficulty  in  doing  so. 

The  chief  advantage  which  the  extension  of  the  pro- 
perties established  for  positive  integral  exponents  to 
exponents  of  all  kinds  is,  that  it  saves  the  necessity  of 
registering  in  the  memory,  and  practising  a different 
system  of  rules,  and  renders  the  results  of  algebraicul 
investigations  more  simple  and  symmetrical.  Besides 
this,  it  reduces  all  the  operations  on  radicals  to  opera- 
tions on  fractions,  with  which  every  student  is  familiar. 

Sards.  (65.)  The  ndes  established  for  positive  integrul  ex- 

ponents being  extended  to  those  which  are  fractional 
and  negative,  it  may  be  asked  how  far  the  same  rules 
may  he  applicable  to  the  cases  where  the  exponents  are 
numbers  t nrommenntrabk  with  the  unit.  Such  num- 
bers are  called  irrational  number*  or  turds.  As.  for 
example,  the  mu  root  of  an  integer  which  is  not 
itself  the  m,k  power  of  an  integer.  Tlius  ^S,  5 
Ac.  are  surds.  We  shall  see  hereafter,  that  although 
no  integer  or  fraction  can  exactly  express  the  vulues  of 
such  numbers,  yet  we  can  alwuys  find  a fractional 
number  which  differs  from  the  value  of  any  given  ir- 
rational number  by  a quantity  less  than  uny  assigned 
number  ; and  in  applying  the  rules  already  established 
for  exponents  to  an  irrational  exponent,  it  is  to  be 
understood  thot  they  are  applied  to  the  fractional  num- 
ber, which  represents  the  approximate  value  of  the 
Irrational  exponent.  In  fact,  in  numerical  applications 
we  can  form  uo  distinct  idea  of  an  irrational  number, 
otherwise  than  that  which  we  may  form  of  the  exact 
fractional  number  which  represents  its  value  approxi- 
mately. 

With  this  limitation,  therefore,  and  in  this  sense,  the 
properties  just  established  may  be  extended  to  all  ex- 
ponents, whether  rational  or  irrational,  positive  or 
negative. 

S'.gn*  of  (66.)  We  have  not  yet  pointed  out  how  the  signs 

power*  and  0f  powers  and  roots  depend  on  the  signs  of  the  quan- 

r'iOU'  tities  themselves.  If  the  quantity  which  is  involved  be 
positive,  all  its  powers  must  be  positive,  for  a product 
is  positive  if  all  its  factors  be  so.  But  in  general  (36) 
a product  is  positive  when  it  has  either  an  even  num- 
ber of  negative  factors  or  none ; and  negative  when- 
ever it  has  an  odd  number  of  negative  factors.  Hence 
it  follows,  that  all  powers  of  a positive  quantity  are 
positive,  and  also  all  even  powers  of  a negative  quantity 
are  positive.  Thus  the  only  powers  which  can  be  nega- 
tive are  the  odd  powers  of  negative  quantities.  The 
successive  powers  of  + a are  -f-  ©*,  + os,  + a \ &c.  and 
those  of  — a,  arc  — a,  + cP,  — a3,  + a4,  Ac.  being 
alternately  negative  and  positive. 

Prom  this  it  appears,  that  the  odd  powers  of  + a and 
— a differ  from  each  other  in  sign,  each  having  the  sign 
of  ita  root ; but  that  the  even  powers  are  the  same, 
being  in  both  cases  positive.  Thus  -f  a*  is  at  the  same 
time  the  square  of  + a and  of  — a ; and,  in  like  man- 
ner, + a4,  ■+•  a4,  Ac.  are  the  fourth,  sixth,  Ac.  powers 
of  4-  a,  and  also  of  — a. 

It  follows,  therefore,  that  4-  a and  — a have  equal 
claims  to  be  considered  as  the  square  root  of  4-  a1,  the 
fourth  root  of  + a4,  and  the  same  of  any  positive  even 
power  of  a.  Thus  it  appears,  that  every  positive  quan- 
tity must  have  at  least  two  even  roots,  which  differ  only 
in  their  signs.  Hence  it  is  usual  to  prefix  the  double 
sign  + to  an  even  radical,  thus  4-  Vo,  indicating 


thereby  that  a has  two  square  roots,  one  with  the  sign  Of  Simple 
+,  and  the  other  with  the  sign  — , but  otherwise  the  tad 

same.  Hoot*. 

(67.)  Since  no  quantity  whether  positive  or  negative 
raised  to  an  even  power  can  be  negative,  it  follows  that  ^™P°*8!b,e 
no  negative  quantity  can  have  an  even  root.  Never- 
thrless  it  frequently  happens  in  algebraical  investiga- 
tions. that  negative  quantities  are  found  to  occur  under 
even  radicals  and  although  such  a result  is  always  the 
consequence  of  a falsehood  or  contradiction  in  the 
reasoning  on  which  it  is  founded,  yet  it  is  found  expe- 
dient to  preserve  the  mode  of  expressing  it.  The 

symbol  s'  — A,  or  m ‘S  — A,  (where  m is  even)  there- 
fore expresses  the  result  of  an  operation  which  cannot 
be  performed,  yet  such  expressions  are  submitted  to  the 
same  rules,  and  subject  to  the  some  operations  as  simi- 
lar radicals  affecting  positive  quantities.  They  are 
said,  though  improperly,  to  express  impossible  or 
imaginary  quantities.  In  effect,  they  do  not  represent 
any  quantities  whatever,  and  arc  merely  indicative  of 
an  absurdity  in  the  process  from  which  they  have  been 
derived. 

(68.)  With  reference  to  such  symbols,  algebraical 
quantities  are  said  to  be  real  or  imaginary.  An  imagi- 
nary quantity  is  the  even  root  of  a negative  quantity, 
and  every  other  quantity  is  said  to  be  real. 

We  shall  reserve  the  further  consideration  of  imagi- 
nary expressions  for  a subsequent  part  of  this  section. 

(69.)  To  obtain  any  proposed  power  of  a product,  it 
is  necessary  to  raise  each  of  its  factors  to  that  power. 

Thus  if  the  third  power  of  2 a’  b*  be  rrquired,  we  have 
<2  a*  &«)  » = 2 a*  5°  x 2 a*  x But  ns  the 

order  of  the  factors  is  indifferent,  this  may  be  expressed 
(2  as  6*)’  =:  2 . 2 . 2 . a* . <is  . a5 . . 6 «,  or  (2  a*  6«)  * 

— 2*aQb*.  By  generalizing  this  result,  we  obtain  the 
following  rule,  “To  raise  a monome  to  any  given 
power,  raise  the  numeral  coefficient  to  that  power,  and 
multiply  each  of  the  exponents  by  the  exponent  of  the 
power  to  which  it  is  to  be  raised,” 

(70.)  Hence  we  may  immediately  infer  the  following 
rule  for  extracting  any  proposed  root  of  a monome  : 

**  Extract  the  root  of  its  coefficient,  uiul  divide  each 
exponent  by  the  exponent  of  the  required  root.” 

In  order,  therefore,  that  a monome  should  be  a com- 
plete power  of  the  m‘*  order,  it  is  necessary  that  its 
coefficient  should  be  a complete  power  of  that  order, 
and  that  the  exponent  of  each  of  its  literal  factors 
should  be  a multiple  of  the  exponent  of  the  root  re- 
quired. Otherwise  the  result  will  be  an  algebraical 
turd. 

(71.)  In  cases  in  which  the  roots  of  monomes  do  Simplifica- 
not  admit  of  absolute  extraction,  and  are,  therefore,  t,on  "f 
algebraical  surds,  they  arc  nevertheless  frequently  hurdi‘ 
capable  of  considerable  simplification.  Some  impor- 
tant reductions  on  such  quantities  are  founded  on  the 
following  theorem : “ The  m'A  power  of  a product  is 
equal  to  a product  of  the  mlh  powers  of  its  factors  and 
the  root  of  a product  is  equal  to  the  product  of  the 
m*  roots  of  its  factors,  the  exponent  of  the  m being 
any  number  whatever,  integral  or  fractional,  positive  or 
negative,  rational  or  irrational.” 

The  first  part  of  this  theorem  when  m is  a positive 
integer  has  been  already  proved.  Let  it  then  be  a 

fraction  — . The  first  part  of  the  theorem  announced 
n 

4 a 2 
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algebraically  ia  ( abed)  • = a • . 6 • . cm.  d * , Let 
a*=  a 6*  = 6 <*  = c d"  = d 
j,  J.  _1  JL 

o'  = a“  6'=  6"  J = cm  d?  — d* 


and  a'm  = a"  6'*  = 

Hence  we  infer,  that 

a‘“  6'm  </»  <f " = a 


c'm  = c " tf"  s <i’ 


. 6 * . e* . d " 


or  (a'6'c,d'T  = ci-  *-c"  <f. 

But  also  o'"  6'"  </•  d*“  = a b c d, 

,\  (a'6Vd'y  = 

j. 

afVddt  = (a  bed)  m 

(a*V<f*)m  = (alc^j7 

(rt6cd)’r=  a”.  6”.  c".  d“ 

In  this  reasoning  we  assume  the  first  part  of  the 
theorem  to  be  true,  when  the  exponent  is  an  integer, 
whether  positive  or  negative  ; but  these  cases  may  be 
at  once  inferred  from  what  has  been  already  proved. 
As  roots  are  only  fractional  powers  otherwise  expressed, 
the  preceding  demonstration  establishes  the  second 
part  of  the  theorem. 

(72.)  Since  the  divisor  and  dividend  of  a quote  may 
be  multiplied  or  divided  by  the  same  number,  (48.) 
without  changing  the  value  of  the  quote,  it  follows  that 
the  exponent  of  a radical,  and  the  exponent  of  its 
suffix,  may  be  multiplied  by  the  same  quantity  without 
changing  its  value.  For 


Redaction 
of  radicals. 


of  which  will  be  immediately  applicable  to  the  free-  Of  s‘rapl« 
tional  exponents,  whose  denominators  are  the  expo-  "J“,nd 
nents  of  the  radicals,  and  whose  numerators  are  the  , ^ , 

exponents  of  their  suffixes.  The  lowest  common  ex- 
ponent will  then  be  the  least  common  multiple  of  the 
exponents  of  the  several  radicals. 

(74.)  The  principles  which  have  just  been  established  ^dditieo  of 
form  the  foundation  of  the  rules  for  effecting  on  radi-  radical*, 
cals  the  elementary  operations  of  addition , subtraction , 

Ac. 

Radicals  are  said  to  be  similar  when  they  have  the 
same  exponent  and  the  same  suffixed  quantity. 

Similar  radicals  are  added  or  subtracted  by  adding 
or  subtracting  their  coefficients,  and  prefixing  the  sum 
or  difference  as  the  coefficient  of  the  result.  Thus 
3 >S~b  + 5 **/T 

3 WY-  s»^T=  »vrT 

3m  V'd-4n^fl  = (3m -4n)  */  a. 

Radicals  which  are  not  similar,  may  sometimes  become 
so  by  reduction.  Let  them  first  be  reduced  to  a com- 
mon exponent.  If  then  the  suffixes  have  a common 
factor,  and  the  factors  not  common  be  complete  powers 
of  the  order  expressed  by  the  common  exponent,  the 
radicals  will  be  reduced  to  a common  suffix,  (the  com- 
mon factor,)  by  bringing  the  roots  of  the  factors  not 
common  outside  the  radical.  Tims,  the  radicals 


also 


" Va*  = a" 

M.  1 

" v'a  F*  = af~—  am 
. -Va*  = v'a'* 


(73.)  By  this  principle,  two  radicals  may  be  reduced 
to  the  same  exponent.  For  this  purpose,  all  that  is 
necessary  is  to  multiply  the  exponent  of  each  radical, 
and  that  of  its  suffix,  by  the  exponent  of  the  other 
radical,  and  the  product  of  the  exponent  will  then  be 
the  common  exponent.  Let  the  two  radicals  be 
• v/ a * and  “ */«/** 
then  ~'fo7  = — 

The  radicals  have  thus  mm'  as  their  common  exponent. 
It  will  be  easily  perceived  that  this  is  in  effect  reducing 
the  fractional  exponents  of  the  equivalent  fractional 
powers  to  a common  denominator.  (Section  IX.) 

The  rule  may  be  extended  to  several  radicals.  “ Mul- 
tiply the  exponent  of  each  radical,  as  well  as  that  of  its 
suffix,  by  the  product  of  the  exponents  of  all  the  other 
radicals ; and  the  product  of  all  the  exponents  will  be 
the  common  exponent.”  It  sometimes  happens,  that 
the  radicals  can  be  reduced  to  a lower  common  expo- 
nent than  the  product  of  their  exponents.  But  as  the 
whole  doctrine  of  the  reduction  of  radicals  may  be 
resolved  to  the  reduction  of  the  equivalent  fractional 
powers,  wc  refer  the  student  to  Section  IX.,  the  results 


a/48  a 6*  and  -/lb  a arc  reduced  thus,  ^ \ Bob'*  = 

. a to* : ^Tba  — *^3.25,  a.  3 a is  a common 
factor.  The  factors  not  common  are  16  6*  and  25. 
which  arc  the  squares  of  4 6 and  5.  Hence  a/  48  a 6* 
= 46  s/  3 a,  'Sib  a = 5 s/I"a.  Hence  a/48  a 6*  ± 
s/7 b"a  = (4  6+5)  s' 3 a.  Again,  8 */£ a*  6 + 16  a* 
= 8 v'g  a * (6  + 2 a)  = 2 a 9 ^b  + 2 a. 

> \'b*  + 2 a 68  = * vV  (6  ~+  2 a)  = 6 8 >'6  + 2 a 
,\  8 s/8  fl»  6 + 16  a*  + 8 >;b*  + 2 a 68  = (2  a ± 6) 


8 s/6  + 2 a. 

If  the  radicals  be  not  similar,  they  do  not  admit  of 
being  incorporated,  and  their  addition  or  subtraction 
can  only  be  expressed  by  the  usual  signs,  + or  - , be- 
tween them. 

(75.)  To  multiply  radicals,  reduce  them  to  the  same  Multipin-*, 
exponent,  multiply  their  suffixes,  and  prefix  the  com-  »fou  of 

r — . — - radical*, 

mon  exponent.  Thus  **  v a X *v  6 — " a a 6. 

For  the  product  of  the  mu  roots  is  equal  to  the  *ntfc 
root  of  the  product  (71.) 

In  like  manner,  to  divide  radicals  reduce  them  to  a Dirimoa. 
common  exponent,  and  divide  their  suffixes.  Thus 

= \/T 
-VT  V 7 

(76.)  The  rules  for  the  involution  and  evolution  of  Involution 
radicals  may  be  immediately  obtained  by  converting  ■nd 
them  into  power*  with  fractional  exponent*.  If  it  be  [2^ 
required  to  raise  to  the  p“  power,  wc  have 

“V'n.  = n"  v (*  ^ a*)  f = arm.  Now  it  will  be 
proved  in  Section  IX.,  that  a fraction  is  multiplied  by 
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Algebra,  any  number,  either  by  multiplying;  its  numerator,  or 
"V"**  dividing  its  denominator.  Hence 

M,  

= «"  = "VV* 

or,  = o"  + ' = -*»  v'aT 

Hence  to  raise  a radical  to  the  p*A  power,  it  is  neces- 
sary either  to  multiply  the  exponent  of  the  suffix,  or  to 
divide  that  of  the  riulicaJ  by  p. 

(77.)  In  the  same  manner  we  may  infer,  that  to 
take  the  p,k  root  of  a radical  it  is  necessary  to  divide 
the  exponent  of  the  suffix,  or  multiply  the  exponent  of 
the  radical  by  p.  For  the  process  must  be  exactly  the 
reverse  of  evolution. 

(78.)  The  theorems  which  have  been  established 
in  the  preceding  articles,  respecting  the  calculation  of 
radicals,  are  founded  upon  the  supposition,  that  if  the 
powers  of  the  same  degree  of  two  quantities  be  equal, 
the  quantities  themselves  will  be  equal.  So  long  as 
the  theorems  are  applied  to  absolute  numbers  this  is 
strictly  true,  but  some  modification  will  be  necessary 
when  applied  to  algebraical  quantities.  We  have 
already  seen  that  all  the  even  powers  of  + a and  — a are 
the  same  ; and  we  should,  therefore,  be  wrong  in  con- 
cluding, that  if  + a*  be  the  square  of  two  quantities 
these  two  quantities  must  be  algebraically  equal,  since 
one  might  be  4-  a,  and  the  other  — a.  We  shall  see 
hereafter,  that  every  quantity  has  as  many  roots  of  the 
mu  order  algebraically  different,  as  there  arc  units  in  m, 
and,  therefore,  it  would  be  wrong  to  conclude,  that  if 
the  m**  powers  of  two  quantities  were  equal,  the  quan- 
tities themselves  would  be  equal,  since  there  might  be 
two  different  to**  roots  of  the  same  quantity.  These 
observations  are  more  especially  to  be  attended  to  in 
cases  where  imaginary  expressions  are  concerned. 

(79.)  Every  simple  imaginary  quantity  may  be  con- 
sidered as  the  product  of  a real  quantity,  and  a power 
of  — 1,  whose  exponent  has  an  odd  numerator  and 
even  denominator.  The  terms  of  the  series  0,  2,  4,  6, 
Ac.  are  severally  the  doubles  of  those  of  the  series  0,  1, 
2,  3,  &c.  Hence  if  m represent  any  term  of  the  latter 
series,  2 to  will  represent  any  even  integer  or  any  term 
of  the  former  series.  In  like  manner,  the  successive 
terms  of  the  scries  of  odd  numbers,  1,  3,  5,  7,  &e..  may 
be  found  by  adding  one  to  C4tch  of  the  terms  of  the 
first  series,  so  that  any  term  of  the  lust  series  may  be 
represented  by  2 to  4-  1,  to,  as  before,  being  any  term 
of  the  second  series. 

A simple  imaginary  expression  has  been  defined  to 
be  a negative  quantity  raised  to  a fractional  power,  the 
denominator  of  whose  exponent  is  even.  The  nume- 
rator must  therefore  Ik*  odd  ; for  if  both  were  even,  the 
fraction  might  be  reduced  to  lower  terms.  The  nume- 
rator of  the  exponent  mny,  therefore,  be  represented  by 
2 m 4-  1,  and  the  denominator  by  2 n.  The  quantity, 

>■4-1 

therefore  may  be  expressed  in  the  form  (—A)  * 

A being  a real  quantity.  But  by  (71)  we  have 

• * »»+|  tm+l 

(- A)  •-  = (-  1)  . (4*  A)  •• 

*«»+i 

But  (4*  A)  *•  is  a real  quantity;  let  it  be  called  B, 
and  we  have 

«■»+! 

C-A)  '•.=  (-  1)  •*  . B. 


The  results  of  all  operations  performed  with  imaginary  Ob  }*rime 
monomes  are,  therefore,  to  be  determined  by  consider*  sod  Com- 
ing the  properties  of  those  powers  of  — 1 which  have  F**nd 
fractional  exponents  with  even  denominators.  v 

(80.)  To  determine  in  general  what  powers  of  an  v 
imaginary  quantity  are  real,  it  is  only  necessary  to  find  binary 
what  integral  multipliers  will  render  the  exponent  of  quantum*. 

( — 1)  in  its  coefficient  an  integer.  Let 
■— H 

(-  A)  - =(-  1)  - .B. 

In  order  that  the  exponent  of  — 1 should  become  an 
integer,  its  numerator  must  be  either  2 n,  or  some  mul- 
tiple of  it.  Hence  the  real  powers  of  such  an  imagi- 
nary expression  are  2 n,  4 n,  6 n,  &c.,  and  they  are 
alternately  negative  and  positive.  All  other  powers  arc 
imaginary. 

The  product  of  any  two  quadratic  imaginary  expres- 
sions is  real  and  negative. 

•/  - a.  V'~4=(_  1)1.  ( - I)*  VT 

= (-  1)  ^ab=  - v'Jt* 

The  product  of  three  such  factors  would  be  imaginary, 

-a  — v'^T  Va  l c 

again,  if  a fourth  imaginary  factor  be  introduced,  we 
have 

'■'-a  0~-b  J~c  OZTj  = _ v-— , . Oab  c 


= 4-  *abcd 


By  continuing  this  reasoning  it  will  be  evident,  that 
a product  consisting  of  an  even  number  of  quadratic 
imaginary  factors  will  be  real,  and  will  be  positive  or 
negative,  according  as  half  the  number  of  factors  is 
even  or  odd. 


SECTION  VII. 

On  Prime  and  Compound  Integers. 

(81.)  Number  is  defined  to  be  the  abstract  ratio  of  Number, 
any  quantity  to  another  of  the  same  kind,  which  is 
called  the  unit . As  the  terms  of  a ratio  may  be  either 
commensurable  or  incommensurable,  number  is  ac- 
cordingly divided  into  two  species. 

(82.)  A rational  number  is  that  which  is  commensu- 
rable with  unity. 

(83.)  An  irrational  number  is  that  which  is  incom- 
mensurable with  unity.  Irrational  numbers  are  some- 
times called  surds. 

(84.)  Rational  numbers  ore  of  two  species,  integral 
and  fractional. 

(85.)  An  integer  is  a multiple  of  unity. 

(86.)  A fraction  is  a tubmultiple  of  unity,  or  a mul- 
tiple of  a submultiple  of  unity. 

Integers  are  divided  into  prime  and  compound. 

(87.)  A prime  integer  is  one  which  is  not  measured  Prime  ru- 
by any  integer  greater  than  unity,  as  3,  5,  7.  11,  &c.  • 

(88.)  A compound  integer  is  one  which  is  measured  Compound 
by  an  integer  greater  than  unity,  as  4,  6,  9,  &c.  integer. 
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Aigebr*.  (ftf>.)  An  integer  which  metwrei  another  is  called  a 
s— 1 divisor  of  it ; and  if  it  he  a prime  integer,  it  is  called  a 
prime  divisor  or  prime  factor . 

(90.)  Every  compound  integer  is  the  product  of  its 
prime  divisors.  Thus  10  ic  measured  by  2 and  5,  and 
10  ==  2 x 5.  It  should,  however,  be  observed,  that 
the  same  prime  divisor  may  occur  more  than  once  as  a 
factor.  Thus  the  only  prime  divisors  of  12  are  2 and 
3.  But  12  is  not  equal  to  2 X 3,  but  = 2 x 2 X 3; 
the  prime  factor  2 occurring  twice.  In  like  manner,  2 
is  the  only  prime  factor  of  16,  bait  16  = 2x2x2 
X 2. 

(91.)  Two  integers  arc  said  to  he  prime  to  each 
other,  when  they  have  no  integral  common  factor  greater 
than  unity.  Thus  7 and  9 are  prime  to  each  other , 
although  9 is  not  a prime  integer. 

If  either  or  both  of  two  integers  be  absolutely  prime, 
it  is  evident  that  they  must  be  relatively  prime,  since 
one  or  both  has  no  factor  greater  than  unity.  This  is 
subject,  however,  to  the  exception  of  the  case  in  which 
one  being  prime  the  other  is  a multiple  of  it. 

The  least  (92.)  The  Irani  integer t in  a given  ratio  measure  all 
integers  in  other  integers  tthirh  are  in  the  same  ratio . 

■ Let  m and  n be  the  least  integers,  and  let  M,  N be 

r‘J0  any  others  in  the  Mine  ratio. 

If  m measure  M,  it  is  evident  from  the  nature  of 
proportion  that  n must  measure  N by  the  same  num- 
ber. Thus,  if  m be  contained  in  M t times,  without  a 
remainder,  n must  also  be  contained  inN  < times  w ith* 
out  a remainder. 

Also,  from  the  nature  of  proportion  it  appears,  that  if 
wt  be  container!  in  M t times  with  a remainder  m*  less 
than  m,  n must  be  also  contained  t times  in  N with  a 
remainder  it  less  than  n.  Thus  we  have 
M = m t -f  m! 

N = » 1 + n* 

Hence 

+ n* 

but  also 

m • n \ \ m 1 1 nt 
v m l : n t m t + mt  : ti  t + «' 

V m t : m t + m!  n t . n t + n* 

V ml  ‘ m1  ’.l  nt  : n' 
m t : nt  H m' : nr 
m : n y.  m1  ■ tt1 

Hence  m'  and  n1  are  integers  less  than  m and  n,  and  in 
the  same  ratio  with  them,  which  is  contrary  to  the 
hypothesis.  It  follows,  therefore,  that  there  can  be  no 
remainders,  and  that  m and  n must  measure  M and  N 
the  same  number  of  times,  so  that 
M = mt 
N = nl 

ft  is  plain  that  M atid  N are  divisible  by  /,  which  is, 
therefore,  a common  measure,  and,  therefore,  M and  N 
cannot  be  prime. 

It  appears  also,  that  t is  the  greatest  common  mea- 
sure of  >1  and  N ; for  if  there  were  a greater,  the  quotes 
found  by  dividing  M and  N by  it  would  be  less  than 
m and  n,  and  yet  would  be  in  the  same  ratio  with  them, 
which  contradicts  the  hypothesis. 

Also  it  follows,  that  m and  n are  prime,  for  if  they 
admitted  of  a common  factor,  let  it  be  V.  Then  m = 
ml  l\  n = n'  t\  and  we  should  have 

m : n ! ! m‘  : f»' 


m',  n‘  being  less  integers  than  m and  n,  and  in  the  THeGreate»t 
same  ratio.  Common 

It  follows,  also,  that  prime  integers  are  the  least  in 
their  own  ratio ; for  if  they  were  not,  they  would  have  a comntoo 
common  measure,  as  has  been  already  proved.  Multiple. 

Thus  prime  integers  are  equisubmultiples  of  all  other  V— v — J 
integers  in  their  own  ratio,  and  the  primes  in  any  given 
ratio  are  found  by  dividing  any  integers  in  that  ratio 
by  their  greatest  common  measure. 

(93.)  If  an  integer  a measure  one  of  two  prime 
integers  m,  it  must  be  prime  to  the  other  n.  For  any 
common  measure  of  a and  n would  also  measure  m, 
which  is  a multiple  of  a,  and  w ould  therefore  be  a com- 
mon measure  of  m and  n,  which  contradicts  the  hypo- 
thesis. 

(94.)  If  an  integer  m measure  a product  a n,  and  be 
prime  to  one  factor  n,  it  must  measure  the  other  a.  For 
let  it  measure  a n by  c,  so  that 

m c = a n V m : n 1 * a : c. 

Since  m is  prime  to  n it  measures  a. 

(95.)  If  an  integer  a be  prime  to  two  others,  m,  n, 
it  will  he  prime  to  their  product. 

For  if  not,  let  c be  a common  measure  of  a and 
m n.  Since  e measures  a it  is  prime  to  m,  (93  ;)  and 
since  it  measures  m n it  must  measure  n,  (94.)  It,  there- 
fore. is  a common  measure  of  a and  n,  which  are  V 
not  prime,  which  contradicts  the  hypothesis. 

The  same  principle  being  extended,  show's  that  if  an 
integer  be  prime  to  any  number  of  integers,  it  will  be 
prime  to  their  continued  product,  and  that  if  any  num- 
ber of  integers  be  severally  prime  to  any  number  of 
others,  the  continued  product  of  the  former  will  be  prime 
to  the  continued  product  of  the  latter. 

Hence,  if  two  integers  be  prime  to  each  other,  every 
power  of  the  one  will  be  prime  to  every  power  of  the 
other. 

For  a more  complete  discussion  of  the  properties  of 
prime  and  composite  integers,  we  refer  to  our  Treatise 
on  Arithmetic.  We  have  confined  ourselves  here 
strictly  to  what  is  indispensably  necessary  to  render  the 
doctrine  of  fractions  in  Section  IX.  intelligible 


SECTION  VIII. 

Of  the  Greatest  Common  Measure  and  the  Least 
Common  Multiple. 

(96.)  If  a quantity  a measure  two  others,  6 and  c,  Tne  inca 
it  will  also  measure  their  sum  (6  + c)  and  their  difle-  “T 

rence  (b  - c).  litisa* 

For  let  a measure  6 m times,  and  c n times,  so  that 
h — rn a,  c ~ n a.  vf>  + c — + na  = (m  + n) a, 

6 — c = m a — na  = (m  — n)  a.  Since  m + n and 
m — n arc  integers,  a measures  6 + c and  b — c. 

(97.)  If  the  division  of  a greater  quantity  by  a lesser 
be  partially  effected,  and  the  integral  part  of  the  quote 
be  obtained,  any  quantity  which  measures  both  the 
divisor  and  dividend  must  measure  the  remainder,  and 
any  quantity  which  measures  both  the  divisor  and  the 
remainder  must  measure  the  dividend.  Let  d be  the 
divisor,  D the  dividend,  q the  integral  part  of  the  quote, 
and  r the  remainder.  Hence  D — q d = r,  any 
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Algtbrt-  quantity  which  measures  d must  measure  q d,  and  if  it 
w measure  D also,  it  will  measure  D — q d,  or  r,  (96.) 
Also,  we  have  D ss  q d + r,  and  any  quantity  which 
measures  d and  r will  also  measure  q d + r or  D. 
Tbe^reaicst  (98.)  To  determine  the  greatest  common  measure 
common  of  two  quantities. 

nwuMrc.  the  lesser  be  A,  and  the  greater  B. 

Let  B be  divided  by  A,  and  if  there  be  no  remain- 
der, A is  the  greatest  common  measure,  since  it  mea- 
sures itself  and  B. 

But  if  there  be  a remainder,  let  it  be  R.  It  is 
necessarily  < A.  Let  A be  divided  by  H,  and  let  the 
remainder  be  R'.  Again,  let  R be  divided  by  R\  and 
let  the  remainder  be  It",  and  in  this  manner  let  the 
process  be  continued,  dividing  each  remainder  by  that 
which  immediately  succeeds  it,  until  some  remainder  be 
found  which  measures  the  preceding  remainder.  This 
remainder  is  the  greatest  common  measure. 

First,  it  is  a common  measure  } for  it  measures 
itself  and  the  last  divisor,  and,  therefore,  measures  the 
last  dividend.  But  this  divisor  and  dividend  were  the 
remainder  and  divisor  in  the  preceding  division,  and 
since  it  measures  these,  it  must  measure  the  preceding 
dividend ; and  by  the  same  reasoning  it  may  be  proved, 
to  measure  every  divisor  and  dividend  until  we  arrive 
at  the  given  quantities  A and  B,  which  are  the  first 
divisor  and  dividend.  It  is,  therefore,  a common 
measure  of  these. 

Secondly,  it  is  the  greatest  common  measure ; be- 
cause every  other  common  measure  can  be  proved  to 
measure  it.  Every  common  measure  of  A and  B must 
measure  the  first  remainder  R.  But  R and  A are  divi- 
sor and  dividend  in  the  second  process  of  division. 
Therefore  the  same  common  measure  measures  the 
second  remainder,  and  so  on,  until  we  arrive  at  the  last 
remainder,  which  it  also  measures.  But  this  remainder 
has  been  proved  to  be  a common  measure,  and  since 
every  other  common  measure  measures  it,  it  must  be 
the  greatest  common  measure. 

In  this  process  each  successive  remainder  is  less  than 
that  which  precedes  it,  and  the  process  may  be  con- 
tinued ad  infinitum,  the  remainders  continually  dimin- 
ishing in  magnitude,  and  none  ever  found  which  will 
measure  that  which  precedes  it.  In  this  case,  by  con- 
tinuing the  process,  a remainder  may  be  found  which 
is  less  than  any  assignable  quantity.  It  is  not  difficult 
to  perceive,  that  in  this  case  the  given  quantities  are 
incommensurable ; for  if  they  had  a common  measure, 
however  small,  the  process  above  described  might  be 
continued,  until  a remainder  be  found  smaller  than  this 
common  measure ; but  this  common  measure  would 
measure  every  remainder,  and  would,  therefore,  mea- 
sure a quantity  less  than  itself  which  is  alisunL  Hence 
the  two  given  quantities  admit  no  common  measure,  or 
are  incommensurable. 

If  two  quantities  be  commensurable,  all  their  common 
measures  may  be  found  by  determining  their  greatest 
common  measure.  Let  this  be  M.  Every  other  com- 
mon measure  of  the  two  given  quantities  measures  this, 
and  vice  versa,  it  is  plain  that  every  quantity  which 
measures  M must  measure  the  given  quantities.  Now 
the  greatest  quantity  which  measures  M is  £ M.  The 
next  in  magnitude  is  ^ M,  the  next  ^ M,  aud^so  on  ; 

the  common  measures  forming  the  series  M,—  , -g-, 


MM. 
— , Ac 

4 5 


If  the  two  given  quantities  be  integers  which  arc  TbeOiwitea 
prime  to  each  other,  the  lost  remainder  will  be  unity.  -J^*®**. 

It  is  evident  that  the  greatest  common  measure  of  ^ , 

two  quantities,  A and  B,  is  also  the  greatest  common  Common 
measure  of  the  lesser  A,  and  the  remainder  resulting  Multiple, 
from  the  division  of  the  greater  B and  the  lesser  A,  and  1 v***-' 

also  the  greatest  common  measure  of  every  divisor  and 
remainder  to  the  end  of  the  process. 

(99.)  To  determine  the  greatest  common  measure  of  Tfcegrsaisu 
three  quantities  A,  B,  C,  let  the  greatest  common  mea-  com“on 
sure  M of  A and  B bo  found,  and  next  let  the  greatest 
common  measure  M'  of  M and  C be  found.  This  will  titjt*. 
be  the  greatest  common  measure  of  A,  B,  and  C. 

First,  it  is  a common  measure  ; for  since  H'  mea- 
sures M,  it  must  measure  A and  B,  which  arc  multiples 
of  M ; and  it  also  measures  C,  and  is,  therefore,  a 
common  measure. 

Secondly,  it  is  also  the  greatest  common  measure  ; 
for  any  other  m,  since  it  measures  A and  B,  must 
measure  their  greatest  common  measure  M,  and  since 
it  measures  M and  C,  must  measure  their  greatest 
common  measure  M',  and  is,  therefore,  less  than  M'. 

In  the  same  manner,  the  greatest  common  measure 
of  four  or  more  quantities  may  be  found,  viz.  by  finding 
the  greatest  common  measure  of  two,  then  the  greatest 
common  measure  of  that  and  the  third,  and  so  on. 

The  greatest  common  measure  of  four  quantities 
being  known,  all  other  common  measures  may  be  found 
in  the  same  manner  os  for  two. 

(100.)  To  determine  the  least  common  multiple  Th«  ImI 
tiro  quantities  A,  B.  common 

Let  the  common  multiple  sought  be  m A and  n B,  of 

__  r twoquan- 

50  ****  , tw.. 

mA  = nB, 

and  that  m and  n be  integers.  The  question  then  is 
to  determine  what  arc  the  least  integral  values  of  m 
and  n,  which  arc  consistent  with  the  equality  of  m A 
and  n B.  From  this  equality  we  deduce 
«n  : n ! * B : A. 

Hence  m and  n must  be  the  least  integers  in  the  ratio 
of  B : A.  Let  c be  the  greatest  common  measure  of  t 
B and  A.  By  (92)  wc  have 

_ n _ A 


Hence  we  obtain 

4 BA  _ n 

m A = =nB. 

c 

The  least  common  multiple  of  two  quantities  is, 
therefore,  their  product  divided  by  their  greatest  com- 
mon measure. 

If  the  quantities  be  not  numbers,  this  result  may  be 
found  more  intelligible  if  announced  thus.  To  find  the 
least  common  multiple  of  two  quantities,  let  either  of 
them  be  multiplied  by  the  number  of  times  their 
greatest  common  measure  is  contained  in  the  other. 

(101.)  The  least  common  multiple  of  two  quantities  The  Ifni 
measures  every  other  common  multiple.  For  let  m be  common 
the  least  common  multiple  of  A and  B,  and  let  M be 
any  other  common  multiple ; if  m do  not  measure  M,  tvtrj 
let  there  be  a remainder  r less  than  m.  Since  A aud  B common 
measure  m and  M,  they  must  also  measure  r,  which  is  multiple, 
therefore  a common  multiple  of  A and  B,  and  lesa  than 
m,  which  is  the  least  common  multiple,  which  is 
absurd. 
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Algebra.  Hence  if  the  least  common  multiple  m of  two  quan- 
— tities  he  known,  every  other  common  multiple  may  he 
found  ; for  the  least  number  which  m measures  is  2 m, 
and  the  next  is  3 m,  and  so  on.  So  that  the  succes- 
sion of  common  multiples  is  w,  2 m,  3 m,  4 m,  &c. 

If  the  two  quantities  he  prime  integers,  their  least 
common  multiple  is  their  product.  For  their  neatest 
common  measure  is  unity. 

We  shall  treat  of  the  greatest  common  measure  of 
Algebraic  quantities  hereafter. 


SECTION  IX. 
On  Fractions. 


Fractions. 


Denomina- 

tor. 

N ummtor 


Ratio*  ex- 
posed by 
fractions. 


(102.)  Ant  quantity  being  divided  into  any  number 
of  equal  parts,  one,  or  the  aggregate  of  several  of 
these  parts,  is  called  a fraction  of  that  quantity.  The 
quantity  which  is  so  divided  may  be  itself  a number; 
and  as,  in  explaining  the  theory  of  fractions,  it  is  con- 
venient to  suppose  that  all  fractions  arise  from  the 
division  of  the  same  t cholc,  we  shall  consider  this  to  be 
the  unit. 

The  value  of  a fraction,  therefore,  depends  on  two 
things,  first,  on  the  number  of  equal  parts  into  which 
the  unit  is  divided,  and  secondly,  on  the  number  of  these 
parts  which  constitute  the  fraction.  Two  integers  are, 
therefore,  necessary  to  express  the  value  of  a fraction ; 
that  which  expresses  the  number  of  parts  into  which 
the  unit  is  divided  is  called  the  denominator,  and  that 
which  expresses  the  number  of  these  parts  in  the  frac- 
tion is  called  the  numerator. 

(103.)  A fraction  bears  the  same  ratio  to  the  unit  as 
its  numerator  bears  to  its  denominator.  For  the  for- 
mer expresses  the  number  or  equal  parts  in  the  frac- 
tion, and  the  latter  expresses  the  number  of  the  same 
parts  in  the  unit. 

(104.)  Hence  it  appears,  that  a fraction  is  equivalent 
to  the  quote  arising  from  the  division  of  its  numerator 
by  its  denominator.  For  the  quote  bears  to  the  unit 
the  same  ratio  os  the  dividend  (or  the  numerator) 
bears  to  the  divisor  (or  the  denominator,)  (48.)  Since, 
then,  the  quote  and  fraction  both  bear  the  same  ratio 
to  the  unit,  they  arc  equal. 

(105.)  Hence  the  notation  used  to  express  a frac- 
tion is  the  same  as  that  used  to  express  the  division  of 
the  numerator  by  the  denominator.  If  a be  the  nu- 

a 

mentor,  and  b the  denominator,  the  fraction  is  — . 

(106.)  If  the  numerators  a,  c of  two  fractions  hear 
the  same  ratio  to  their  denominators  6,  d,  the  fractions 
are  equal,  and  vice  vend,  (48.)  That  is,  if 
a : b I * eid 


a _ _ c 

■*T  ” d ‘ 

The  latter  may,  therefore,  be  considered  a more  concise 
way  of  denoting  proportion. 

Term*  of  B (107.)  Since  the  value  of  a fraction  depends  on  the 
fraction.  relative,  and  not  the  absolute  values  of  its  terms,  it  fol- 
lows that  the  same  fraction  may  be  expressed  in  an 
infinite  variety  of  dilferent  terms.  Any  change  may 
be  made  upon  the  terms  of  a fraction  which  does  not 
affect  their  ratio,  without  changing  its  value. 


It  is,  however,  most  frequently  desirable  that  frac-  Of  Frac- 
tions should  be  expressed  in  ilicir  lowest  possible 
terms,  and  these  are  evidently  the  least  quantities  in 
the  ratio  of  the  numerator  to  the  denominator.  Whe- 
ther the  fraction  be  arithmetical  or  algebraical,  these 
terms  are  found  by  dividing  the  terms  of  the  proposed 
fraction  by  their  greatest  common  measure. 

(108.)  It  is  evident,  also,  from  what  has  been 
established  in  the  last  section,  that  all  terms  in  which  a 
fraction  can  be  expressed  are  equimultiples  of  its  least 
terms. 

(109.)  Also  it  appeurs,  that  both  terms  of  a fraction 
may  be  multiplied,  or  divided,  by  the  same  quantity 
without  changing  its  value. 

(110.)  It  is  sometimes  necessary  to  change  the  Reduction 
denomination  of  a fraction,  that  is,  to  find  an  equi-  of  a frac- 
valent  fi-action  having  n given  denominator.  It  is  first lio®  10  * 
to  be  observed,  that  this  is  only  possible  when  the 
given  denominator  is  a multiple  of  the  least  deno- 
minator of  the  proposed  fraction ; for  it  has  been 
already  proved,  that  all  terms  in  which  a traction  can 
be  expressed  are  equimultiples  of  its  least  terms.  The 
numerator  sought  will  then  be  the  same  multiple  of 
the  least  numerator,  as  the  given  denominator  is  of  the 
least  denominator.  The  practical  process  for  deter- 
mining the  numerator  is  obvious.  Let  be  the  frac- 

b 


tion,  d the  given  denominator,  and  a the  sought 

numerator.  We  have  by  hypothesis  ~ = -^-.multi- 

d 6 


plying  these  equal  quantities  by  d we  obtain  x = ; 

b 

in  order  that  the  problem  be  possible,  it  is  necessary 
that  b should  measure  a d. 

fill.)  If  several  fractions  be  required  to  be  reduced  Reduction 
to  the  same  denomination,  let  them  be  first  reduced  to  ot 
their  lowest  terms.  The  common  denominator  to 
which  they  are  then  to  be  reduced,  must  be  a common  ior 
multiple  of  their  denominators,  (1 10  ;)  and  they  may 
be  reduced  to  any  common  denominator  which  is  a 
common  multiple  of  their  denominators.  The  several 
numerators  are  found  by  diking  the  same  multiple  of 
the  numerator  of  each  fraction,  as  the  common  deno- 
minator assumed  is  of  the  denominator  or  the  fraction. 

Or,  what  is  the  same,  let  the  common  denominator  be 
divided  by  each  of  the  given  denominators,  and  let  the 
quotes  be  severally  multiplied  by  the  respective  nume- 
rators. The  several  products  will  be  the  numerators  of 
the  fractions  sought. 

The  least  terms  in  which  several  fractions  can  be 
expressed,  consistently  with  having  a common  denomi- 
nator, is  when  the  common  denominator  is  the  least 
common  multiple  of  their  denominators. 

(112.)  The  relative  magnitudes  of  two  fractions  may  R«Uiive 
be  known  by  reducing  them  to  a common  denominator,  msenitude* 
For  then,  since  the  parts  of  unity  which  compose  them  ‘r**tioos. 
are  the  some,  they  are  as  their  numerators.  Let  the 
a c 

fractions  be  — and  — . When  reduced  to  a common 
o a 


denominator  they  become 


ad  be  ... 

— - , t— 7 which  are  as  a 
6 d bd 


d.bc 


*7*  • ~r  * I <*  d : b c.  Hence  fractions  are  as  the 

b d 

alternate  products  of  their  numerators  and  denomi- 
nators. 
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Addition 
*od  sub- 
traction. 


Multiplica- 

tion. 


By  an 

integer. 


* 

fnurUOb. 


Four  tray*. 


(113.)  Several  fractions  united  with  the  signs  + or 
— may  In;  incorporated  or  reduced  to  one  fraction  by 
reducing  them  to  a common  denominator,  and  adding 
or  subtracting  their  numerators  according  to  the  signs 
with  which  the  fractions  are  connected ; taking  the 
result  of  this  as  the  numerator,  and  subscribing  the 
common  denominator.  For  by  reducing  them  to  a 
common  denominator,  the  parts  of  the  unit  which  they 
severally  contain  ore  equal,  (102;)  by  adding  or  sub- 
tracting the  numerators,  and  subscribing  the  common 
denominator,  these  parts  are  added,  and  their  magnitude 


a c ad 

pr.*n«l,Um9r±  _ = _± 


c b a d + c b 

b d b d 


(114.)  The  multiplication  of  the  numerator  of  a frac- 
tion by  any  number,  has  the  same  effect  on  its  value  as 
the  division  of  the  denominator  by  the  same  number. 


Let  the  fraction  be 


a 

T' 


If  its  numerator  be  multiplied 


by  c,  it  becomes 


If  its  denominator  be  divided 


by  c,  it  becomes  — - To  prove  that  these  results 

o -7-  c 

are  equal,  let  both  numerator  and  denominator  of 
the  former  be  divided  by  c,  and  we  have 


a c a c c a 


In  precisely  the  same  manner  it  may  be  proved, 
that  the  division  of  the  numerator  of  a fraction  by  any 
number,  has  the  same  effect  upon  its  value  as  the  mul- 
tiplication of  the  denominator  by  the  same  number. 

(115.)  \ fraction  is  multiplied  by  an  integer,  by 
multiplying  its  numerator  by  the  integer.  For  tin's 
multiplies  the  number  of  parts  in  the  fraction  without 
changing  the  value  of  these  parts.  Also,  the  same 
efTect  is  produced  by  dividing  the  denominator  by  the 
integer. 

(116.)  A fraction  is  divided  by  an  integer,  by  divid- 
ing its  numerator  by  the  integer.  For  this  divides  the 
number  of  parts  in  the  fraction  without  oilccting  the 
value  of  these  parts.  The  same  effect  is  produced  by 
multiplying  the  denominator. 

(117.)  The  multiplication  of  any  quantity  by  a frac- 
tion is  an  operation  compounded  of  a multiplication 
by  its  numerator,  and  division  by  its  denominator.  If 

the  multiplier  be  and  the  quantity  be  first  multi- 
6 

plied  by  the  numerator  a,  the  product  thus  obtained 
will  be  b times  the  true  product ; because  the  multiplier 

a was  b times  the  true  multiplier  — . Hence,  to  obtain 

the  true  product,  it  will  be  ucccasary  to  divide  the  pro- 
duct already  obtained  by  b. 

a 

(118.)  Hence,  if  one  fraction  — be  required  to  be 


multiplied  by  another  — , it  is  necessary  to  multiply  it 
a 


by  c,  and  to  divide  it  by  d.  As  each  of  these  opera- 
tions can  be  performed  in  two  different  ways  (1 15,)  it 
follows  that  there  are  four  ways  in  which  one  fraction 
may  be  multiplied  by  another;  these  four  ways  are 
represented  as  follows ; 


a e 
bd  ; 


VOL.  1. 


Of  these  the  second  is  the  most  usual,  because  it  is  of  Frac- 
always  possible  to  effect  the  operations.  The  others  ikm*. 
are  only  used  when  the  divisions  indicated  can  be  v*— 
effected  without  remainders.  However,  when  this  is 
the  case,  they  are  to  be  preferred  to  the  second,  be- 
cause they  give  the  product  sought  in  lower  terms. 

(119.)  The  division  of  any  quantity  by  a fraction  Division. 


is  an  operation  compounded  of  a division  by 


the  numerator,  and  a multiplication  by  the  denomi- 
nator. If  the  quantity  be  divided  by  the  numerator  a, 
the  quotient  will  be  the  bu  part  of  its  true  value,  be- 
cause the  divisor  a is  b times  the  tme  divisor.  Hence 
to  obtain  the  true  quotient  it  will  be  necessary  to  mul- 
tiply the  quotient  already  obtained  by  the  denomi- 
nator 6.  It  apjvears,  therefore,  that  dividing  by  the 


fraction  is  the  same  as  multiplying  by  — . That  is. 


to  divide  a quantity  by  a fraction,  it  is  necessary  to 
multiply  it  by  the  reciprocal  of  that  fraction. 

(120.)  If  one  fraction  -7-  be  required  to  be  divided 
b 


by  another  it  is  the  same  as  if  required  to  multiply 

it  by  — . Hvtice  there  are  four  ways  (118)  of  effect-  Foar  w»y». 

c 


ing  the  object.  The  quote  may,  therefore,  be  expressed 
in  any  of  the  following  ways  : 


a d 
b c 


; 3. 


a -r  0 
b -T-  d ' 


The  second  is  the  most  usual,  for  the  reasons  assigned 
in  (118,)  but  the  others,  when  possible,  arc  to  be  pre- 
ferred. 

(121.)  The  denominator  of  a fraction  being  sup- 
posed to  remain  the  same,  if  the  numerator  be  dimi- 
nished the  fraction  itself  will  evidently  be  propor- 
tionately diminished.  If  the  numerator  be  indefinitely  Value  of--, 
diminished,  and  ultimately  be  supposed  to  become 
= 0,  the  fraction  will  also  become  =:  0.  Let  the 
fraction  be 


a — x 
b ‘ 

While  6 and  a remain  unvaried,  let  the  value  of  x con- 
tinually approach  to  equality  with  a ; the  fraction  will 
evidently  be  constantly  diminished  in  value,  and  the 
ultimate  value  when  x = a is  considered  to  be  =:  0. 

Thus,  when  the  numerator  s 0,  and  the  denominator 
is  finite,  the  fraction  = 0. 

If,  however,  the  denominator  = 0,  the  case  is  other- 
wise. Let  the  fraction  be 

b 

a — x ’ 

While  a and  b remain  unvaried,  let  x continually  ap- 
proach to  equality  with  a.  The  nearer  x approaches  to 
a,  the  greater  ratio  will  b bear  to  a — x,  and,  therefore, 
the  greater  will  be  the  value  of  the  fraction.  As  x ap-  y«liM  0f  i. 
proaches  to  equality  with  a,  there  is  no  limit  to  the 
increase  of  the  fraction.  When  a = x the  fraction  is, 
therefore,  considered  infinitely  grout. 

Hence  a fraction  whose  denominator  * 0,  and 
whose  numerator  is  finite,  is  infinite. 

4 D 
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Such  a quantity  is  generally  expressed  by  the  symbol 
. b 

cc  ; so  that  - - = « . 

If  the  numerator  of  a fraction  be  increased,  the  Mime 
effect  is  produced  upon  its  value  as  if  its  denominator 
were  proportionately  diminished,  and  wee  r rrad.  Hence, 
and  from  what  has  been  just  established,  we  may  infer, 
that  when  the  numerator  is  infinite,  and  the  denomi- 
nator finite,  the  fraction  is  infinite.  That  is 


and  that  when  the  denominator  is  infinite,  and  the 
numerator  finite,  the  fraction  is  = 0,  or 

1 = 0. 
to 

Strictly  speaking,  the  symbols  ce  and  0,  in  these 
cases,  should  be  considered  as  representing  quantities 
indefinitely  increased,  ami  indefinitely  diminished;  and 
when  they  are  called  infinity  aud  zero  or  nothing,  it  is 
for  brevity,  and  to  avoid  a circumlocutory  description 
of  unlimited  increase  and  diminution. 

From  the  preceding  observations,  combined  with  the 
principles  established  in  Section  VI.,  it  follows,  that 
when  an  algebraical  quantity  becomes  = 0,  owing  to 
particular  values  or  relations  being  assigned  to  the 
letters  of  which  it  is  composed,  atl  its  powers  which 
have  positive  exponents  will  be  — 0,  and  those  which 
Powers  of  0 have  negative  exponents  become  infinite.  Hence  we 
infer  generally,  that 

0*  = 0,  0~“  = », 

where  m represents  any  positive  number,  integral  or 
fractional,  rational  or  irrational. 

In  a fraction  whose  numerator  and  denominator  are 
algebraical  quantities,  it  sometimes  happens,  that  when 
particular  values  or  relations  are  assigned  to  the  letters 
of  which  these  quant  it  it  ics  are  composed,  they  will  both 
become  = 0,  so  that  the  fraction  will  assume  the  form 
0 

O’ 

To  determine  what  the  true  value  of  the  fraction  is  in 
this  case,  we  must  examine  under  what  circumstances 
a quantity  becomes  =0.  If  it  be  the  product  of  any 
number  of  factors,  it  will  necessarily  0,  when  any 
factor  having  a positive  exponent  =:  0 ; and  if  such  a 
factor  occur  with  positive  exponents  in  both  numerator 
and  denominator,  the  fraction  will  necessarily  have  the 

Vahieof-^.  form  — . Let  the  fraction  be  A and  B represent* 

ing  any  algebraical  quantities,  which  both  become 
r=  0,  when  some  particular  values  or  relations  arc 
ascribed  to  the  letters  of  which  they  are  composed. 
Let  the  factor  of  A which  =r  o be F,  and  let  F*  A'  = A ; 
A'  being  not  divisible  by  F,  and  m being  a positive 
number. 

Also,  let  Pie#  factor  of  B.  and  let  F".  B'  = B,  B' 
not  being  divisible  by  F ; in  other  words,  let  F"  and 
F“  be  the  highest  powers  of  F which  divide  A and  B. 
Ilcncc  wc  have 

A - F"  A' 

B “ F".  B'  * 

If  under  the  given  conditions  F =s  0,  the  fraction 
0 

will  become  — , but  its  true  value  will  depend  on  the 
relation  between  rn  and  n. 


1.  If  m = n V 

A - A 

B = B'*  v 

under  which  form  both  terms  are  finite,  and  the  value 
of  the  fraction  is  made  evident. 

2.  If  m > n 

A = f— 

B B' 

Since  F = o,  and  (m  — n)  is  positive,  •.,F**"  — o. 
*.*F""’  X A = o.  Hence  the  fraction  in  this  case 
— o. 

3.  If  m < n v 


A — P-i*  - -i  * A 

B B'* 

and  since  n — m is  positive,  *.*  F'1*’"'  = T.  *.‘ 

At 

F -!■-»)  y — ce.  The  value  of  the  fraction  is. 
It 

therefore,  in  this  case  infinite. 

Hence,  in  general,  if  an  algebraical  fraction  assumes 

the  form  At  by  a factor  common  to  both  numerator 

and  denominator  becoming  = 0,  the  value  of  the 
fraction  is  found  by  dividing  both  terms  by  the  common 
factor,  if  it  have  the  same  exponent  in  both.  It  is  = 0 
if  the  exponent  be  greater  in  the  numerator  than  in  the 
denominator ; and  it  is  infinite,  if  it  be  greater  in  the 
denominator  than  in  the  numerator. 

(122.)  Ifi  however,  the  numerator  and  denominator 
do  not  become  = 0,  by  reason  of  a common  factor 
being  ss  0,  but  arc  absolutely  each  = 0,  the  value  of 
the  fraction  is  indeterminate.  The  symbol  0 being 
indicative  of  a quantity  infinitely  diminished,  it  will  be 
easily  understood  that  a fraction  whose  numerator  and 
denominator  are  infinitely  diminished,  (except  under 
the  circumstances  already  mentioned,)  may  have  any 

value  whatever.  Let  — be  any  fraction,  and  let 

unother  — r-  be  assumed,  whose  numerator  and  denomi- 
o 

nator  arc  respectively  the  I0rt  parts  of  a and  b.  Then 
by  (106)  “ = The  same  would  be  true  if  — were 

the  10Ort,  or  10001*,  or  ten  millionth  parts  of  a and  b. 
In  this  way.  both  the  numerator  and  denominator  may 
be  infinitely  diminished,  and  each  tend  to  the  limit  0, 
and  yet  the  value  of  the  fraction  will  remain  what  it 
originally  was.  And  as  its  originul  value  may  have 

0 

been  that  of  any  number,  it  follows,  that  -^-*  may  have 
any  value  whatever. 

The  same  may  be  illustrated  geometrically:  thus, 
let  parts  A B,  A C be  taken  on  the  legs  of  an  angle. 


and  of  such  magnitudes  that  A B : A C *,  I a : b. 

Hence  =:  A,  in  this  case  the  ratio  of  a to  b 
A L o 

may  have  any  value  whatever ; and,  therefore,  the 
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» . fraction  — - may  have  any  value  whatever. 
• 6 


Let  the 


5=2  + 3 
10  =s  2 X 5 


a — a ~ 0 OfRi|iii* 

a — 2ft  + 2a  = 3a  — 2ft  »•**■*■ 


base  B C be  moved  parallel  to  itself  towards  the  point 
A,  so  os  successively  to  assume  the  positions  B'ty, 
B#  C",  BWCW,  &c.  It  is  plain,  that  the  ratios  A B' : 
A <X  A B"  : A C",  &c.  remain  the  same  ; and,  there- 
fore, 

A B'  _ AR  7_ 

A C*  "AC"  6 ; 


and  these  ratios  continue  the  name  until  the  line  B C 
arrive  at  the  point  A,  at  which  both  terms  of  the  frac- 
tion become  = 0,  and  it  assumes  the  form  — . Through- 


out these  changes  it  may  have  hail  any  value  whatever  ; 
and  that  value  which  it  is  supposed  to  have  throughout 
the  changes,  whatever  it  be,  is  its  value  when  it  bc- 
0 

comes  . 

0 


Value  of  Algebraical  fractions  also  sometimes  assume  the 
form^j~.  This  is  always  in  consequence  of  a vanishing 
factor  with  a negative,  exponent  occurring  in  both 
numerator  and  denominator.  This  may  always  be  re- 


duced to  an  equivalent  fraction  of  the  form  — , by  re- 


moving the  factor  with  the  negative  exponent  from  the 
numerator  to  the  denominator,  or  vice  versa,  changing 
the  sign  of  its  exponent  This  is  equivalent  to  niulti- 
plying  or  dividing  both  terms  of  the  fraction  by  the 
same  number. 


SECTION  X. 

Of  Equations. 

(123.)  Whkn  a problem  is  to  be  resolver!  by  Algebra, 
the  first  step  of  the  process  is  to  translate  its  various 
conditions  from  the  ordinary  language  in  which  they 
are  usually  announced,  into  the  peculiar  language  of 
Algebra.  The  result  of  this  is  always  an  equation,  and 
the  resolution  of  this  equation  gives  the  solution  of  the 
proposed  problem.  Let  us  suppose,  for  example,  that 
a certain  number  is  required,  such  that  if  ft  be  added 
to  a given  number  a,  the  result  will  be  equal  to  double 
unother  given  number  6.  Now  if  the  number  sought  be 
called  x,  when  added  to  a the  result  would  be  a + x, 
and  this  by  the  proposed  condition  must  be  equal  to 2 ft, 
that  is,  a + x = 2 ft  ; such  is  the  proposed  problem 
when  stated  algebraically. 

dfid'"  An  eT,”t'0"  <*. l,ltn.  » proposition  stating-  thnt  the 
result  of  certain  operations  performed  on  certain  num- 
bers, is  equal  to  the  result  of  other  operations  performed 
on  other  numbers,  the  numbers,  the  operations,  and 
the  equality  being  expressed  by  algebraical  symbols. 

(124.)  Every  equation  consists,  therefore,  of  two 
parts,  connected  together  by  the  sign  =,  the  port  to 
Members.  the  left  of  this  sign  being  called  the  first  member,  and 
the  other  the  second  member.  Thus  the first  member  in 
the  example  already  given  is  a + x,  and  the  second 
member  is  2 ft. 

(125.)  Every  statement  of  the  equality  of  arith- 
metical or  algebraical  quantities  is  not,  however,  called 
an  equation.  The  statements 


and,  in  general,  oil  equalities  which  are  such  that  the 
operations  indicated  by  the  signs  can  be  performed, 
and  when  performed  render  both  members  of  the 
equality  identical,  are  called  identities. 

(126.)  The  degree  of  an  equation  is  determined  by  Degree 
the  exponent  of  the  highest  power  of  the  unknown 
quantity  which  occurs  in  it.  Thus,  an  equation  in 
which  only  the  single  dimension  of  the  unknown  quan- 
tity occurs,  is  called  an  equation  of  the  first  degree. 

Such  is  a + x = 2 ft. 

One  in  which  the  highest  dimension  is  the  square  of 
the  unknown  quantity,  is  called  an  equation  of  the 
second  degree,  or  quadratic.  Such  is 
3 x*  5 + 2x=  10.**. 

The  equation 

10 x*  - 2j*  + 3 r = 10 
is  cubic,  or  of  the  third  degree,  and  so  on. 

It  should  be  observed,  that  in  determining  the  degree 
of  an  equation,  it  is  supposed  that  no  fractional  power 
of  the  unknown  quantity  occurs  in  it,  or  that  the  un- 
known quantity  is  not  contained  under  any  radical,  and 
also  that  the  unknown  quantity  does  not  occur  in  the 
denominator  of  any  fraction.  A method  will  be  here- 
after explained,  by  which  such  equations  may  be  con- 
verted into  equivalent  ones,  in  which  the  unknown 
quantity  does  not  occur  in  this  way.  In  fact,  to  deter- 
mine the  degree  of  an  equation,  it  must  he  reduced  to 
a series  of  tnonnmes,  in  each  of  which  a power  of  the 
unknown  quantity  occurs  as  a factor,  the  exponent  of 
which  is  neither  negative  nor  fractional. 

(127.;  Equations,  therefore,  with  retation  to  the  Nmiericat 
exponent  of  the  unknown  quantity,  are  classed  in  de-  *nd  literal. 
grees.  With  respect  to  the  nature  of  the  coefficients  of 
the  unknown  quantities,  they  are  divided  into  numerical 
and  literal. 

A numerical  equation  is  one  in  which  the  coefficients 
of  the  unknown  quantity  are  all  particular  numbers. 

Such  arc  the  equations 

3 r + 4 x = 10 
2 x - 5 = 8. 

A literal  equation  is  one  in  which  the  coefficients  of 
the  unknown  quantity  are  expressed  by  letters,  or  by 
letters  and  numbers  combined.  Such  are 
x*  + <*x  = ft 
2 a i + ft  = 3 ex. 

It  will  be  observed,  that,  as  applied  to  equations,  the 
term  coefficient  acquires  an  extended  signification,  (u 
this  case  it  signifies  the  factor,  whether  literal  or  nume- 
ral, or  both,  by  which  the  power  of  the  unknown 
quantity  which  enters  any  term  of  the  equation  is 
affected.  Thus,  the  coefficients  of 

Ax3,  10ftx\  (a  + ft)  i*,  3 (A  - c)r«.  . 
are  respectively 

A,  10  6,  a + ft,  3 (A  - c). 

Whenever  the  data  of  the  problem  are  particular 
numbers,  the  equation  to  which  it  is  reduced  will  be 
numerical.  The  problem  in  this  case  is  always  h par- 
ticular one. 

But  if  the  problem  be  general,  the  data  are  expressed 
by  letters,  and  the  equation  is  literal. 

(128.)  Tlie  value  of  the  unknown  quantity  in  any 
equation,  whether  numerical  or  literal,  is  such  a num- 
ber or  letter,  or  combination  of  letters,  as  being  sub- 
4 a 2 
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Algebra,  ttitultd  for  the  unknown  quantity  would  convert  the 
equation  into  an  identity,  (125.) 

(129.)  A value  of  the  unknown  quantity,  which  thus 
converts  the  equation  into  an  identity,  is  said  to  taiiefy 
Rtcu.  the  equation,  and  such  a value  is  called  a root  of  tile 
equation.  It  will  be  seen  hereafter,  that  an  equation 
may  have  more  roots  than  one. 

(130.)  The  root  of  an  equation,  or  the  value  of  an 
unknown  quantity,  would  he  determined  If  we  could 
effect  such  changes  as.  without  disturbing  the  equality 
of  its  members,  would  disengage  the  unknown  quan- 
tity from  those  known  quantities  with  which  it  is  com- 
bined, and  so  dispose  the  several  quantities,  that  the 
unknown  quantity  shall  stand  alone  in  the  first  member 
of  the  equation,  while  the  second  member  consists  of 
given  quantities  only  combined  by  signs,  indicating  the 
operations  to  be  effected  on  them.  The  second  mem- 
ber will  then  lie  the  value  of  the  unknown  quantity,  or 
the  root  of  the  equation. 

(131.)  In  determining,  therefore,  the  root  of  an 
equation,  it  is  of  importance  to  be  able  to  disengage 
the  unknown  quantity  from  those  known  quantities 
with  which  it  may  be  combined ; and  the  general 
principle  by  which  we  are  enabled  to  effect  this  is,  that 
" Any  change  may  tie  made  on  th*e  two  members  of  an 
equation  which  does  not  disturb  their  equality.”  The 
tame  change  may  always,  therefore,  be  effected  on  the 
two  members  of  an  equation. 

Hence  it  follows,  “ That  the  same  quantity  or  equal 
quantities  may  be  added  to  or  subtracted  from  both 
members  of  an  equation.” 

(132.)  It  follows  from  this  that  any  term  may  be 
transferred  from  one  member  of  an  equation  to  the 
other  by  changing  it*  »ign  ; lor  this  is  equivalent  to 
adding  that  quantity  with  an  opposite  sign  to  both 
members.  Thus,  if 

x + a = b, 

adding  — a to  both  members, 

■r+o  — a = 6 — a 
*.*  x = b — a, 

which  is  equivalent  to  transferring  a to  the  second 
member,  changing  its  sign. 

Again,  if 

x — a s=  6 
x — a + o = 6 + fl 
V x = b + a, 

in  which,  as  before,  — a is  transferred  to  the  second 
member,  changing  the  sign. 

(133.)  The  signs  of  nil  the  terms  of  an  equation 
may  be  changed.  For  this  is  equivalent  to  transferring 
all  the  terms  of  the  first  member  to  the  second,  and 
rtcrrmfl,  by  (132;)  it  being  evidently  indifferent  which 
member  is  written  first. 

(134.)  Roth  members  of  an  equation  may  be  mul- 
tiplied by  the  same  quantity  or  equal  quantities. 

By  this  means,  if  the  unknown  quantity  he  divided 
by  any  known  quantity,  whether  simple  or  complex,  it 
may  be  disengaged  from  it  by  multiplying  both  mem- 
bers of  the  equation  by  the  divisor.  Thus,  if 


By  multiplying  both  members  by  a,  we  obtain 
x -f  a b = a e. 

(135.)  Also,  if  the  unknown  quantity  occur  either 
singly  or  in  combination  with  known  quantities  as  a 


divisor,  it  may  in  like  manner  be  disengaged  by  multi-  Of  Eqaa- 
plying  both  members  of  the  equation  by  suchdiviaor. 

This  process  is  called  *4  clearing  the  equation  of 
fractions.” 

(136.)  If  several  terms  of  an  equation  have  different 
denominators,  the  equation  may  be  cleared  of  fractions 
by  multiplying  both  members  by  the  least  common 
multiple  of  the  denominators. 

(137.)  Both  members  of  the  equation  may  be 
divided  by  the  same  quantity  or  equal  quantities. 

By  these  means,  if  the  unknown  quantity  be  affected 
by  a known  quantity,  or  several  known  quantities,  as 
factors,  it  may  be  disengaged  from  them  by  dividing 
both  members  of  the  equation  by  them.  Thus,  if 
a x 4-  h s:  e, 

by  dividing  both  members  by  a we  obtain 


(13S.)  Both  members  of  an  equation  may  be  raised 
to  the  same  power,  or  the  some  root  of  them  may  be 
extracted. 

By  this,  when  the  unknown  quantity,  either  singly  or 
in  combination  with  known  quantities,  is  raised  to  any 
power,  or  affected  by  any  radical,  it  may  be  disengaged. 

(139.)  In  order  to  prepare  an  equation  for  solution, 
it  is  necessary  to  reduce  it  to  that  stale  in  which  the 
first  member  will  be  a series  of  monotnes,  each  having 
a power  of  x,  with  a positive  integer  as  its  exponent, 
and  the  second  member  a known  quantity  or  some 
combination  of  known  quantities.  To  this  state  every 
algebraic  equation  may  be  reduced,  by  the  several 
means  which  have  been  just  explained. 

1.  To  clear  the  equation  of  fractions,  find  the  least 
common  multiple  of  all  the  denominators  which  occur 
in  the  equation,  and  multiply  both  members  by  this. 
There  will  he  no  denominator,  literal  or  numeral,  in 
the  resulting  equation. 

2.  Bring  the  radicals  or  terms  affected  by  fractional 
exponents,  and  involving  the  unknown  quantity,  succes- 
sively to  stand  alone  as  one  member,  all  the  other 
quantities  being  transferred  to  the  other  member,  and 
raise  both  members  to  that  power  expressed  by  the 
exponent  of  the  radical,  or  the  denominator  of  the 
fractional  exponent.  Each  of  these  operations  will 
remove  a radical,  and  by  their  successive  application  all 
the  radicals  may  be  removed  from  the  equation. 

3.  Reduce  to  a single  term  all  the  terms  of  which 
the  some  power  of  the  unknown  quantity  is  a factor. 
Tl» is  may  be  done  by  enclosing  all  the  coefficients  of 
such  terms  with  their  proper  signs  in  a parenthesis, 
incorporating  by  addition  or  subtraction  such  as  admit 
of  it,  and  multiplying  the  whole  parenthesis  by  the 
power  of  the  unknown  quantity,  which  is  the  common 
factor.  Thus,  if  the  several  terms  be 

at1  - 6i,-f-8x!  — 5 x* 

we  have 

(o  - 5+3  - 5)x» 
or,  (o  - b — 2)  j*. 

4.  These  reductions  being  made,  let  the  term  in 
which  the  highest  power  of  the  unknown  quantity 
occurs  be  placed  first,  and  the  others  in  the  descending 
order  of  their  exponents ; the  terms  which  are  indepen- 
dent of  the  unknown  quantity  forming  the  second 
member.  The  form  to  which  an  equation  of  the  third 
degree  would  be  thus  reduced,  would  be 

Ai*  + Iij«-fCx=D. 
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Algebr*.  A,  B,  C being  general  representations  of  the  coefficients, 
and  D of  the  quantities  independent  of  x. 

5.  The  equation  may  be  still  further  simplified,  by 
dividing  both  members  by  any  one  of  the  coefficients. 
That  which  is  usually  chosen  is  the  coefficient  of  the 
highest  dimension.  If  this  division  were  effected,  an 
equation  of  the  fourth  order  would  assume  the  form, 
jt*  -f-  eat  or"  6 .r*  -f-  c ^ = ei. 
and  in  general  an  equation  of  the  nu  order  would  have 
the  form 

x"  4-  ax-“1-f  b x"“,-f-  ex'*1  4*  &c . = K, 

K representing  the  terms  which  are  independent  of  x. 

(140.)  We  have  already  stated,  that  equations  arc 
classed  according  to  their  degrees.  It  is  evident  that 
by  the  process  we  have  just  explained,  an  equation  of 
the  first  degree  would  be  reduced  to  the  form  x = K, 
which,  without  further  investigation,  would  give  the 
value  of  the  unknown  quantity. 

We  shall  now  proceed  to  the  consideration  of  pro- 
blems,  the  solutions  of  which  depend  on  equations  of 
the  first  degree. 


SECTION  XI. 

Of  Equation*  of  the  Firti  Degree  including  one  unknown 
quantity. 

(141.)  The  algebraical  solution  of  a problem  con- 
sists of  two  very  distinct  parts.  The  first  consists  in 
the  translation  of  the  conditions  of  the  problem  from 
the  common  popular  language  in  which  it  is  usually 
proposed,  into  the  peculiar  analytical  language  of  the 
science.  This  is  what  is  called  “ reducing  [he  problem 
to  an  equation/’  The  other  part  consists  in  discover- 
ing the  value  of  the  unknown  quantity  from  the  equa- 
tion, or  " solving  the  equation.”  No  general  rules  con 
be  given  for  the  reduction  of  a problem  to  an  equation ; 
experience  alone,  and  the  study  of  a number  of  well- 
selected  examples,  will  attain  this  end.  The  following 
directions  will  he  found,  however,  of  considerable  use : 
“Let  the  problem  be  considered  as  having  been  already 
solved,  and  the  known  quantities  being  represented 
either  by  particular  numbers  or  by  letters,  and  the 
unknown  quantity  always  by  a letter;  indicate  by 
algehrnic  signs  the  various  relations  and  operations  to 
which  these  quantities  would  be  submitted,  were  the 
unknown  quantities  known.*’  The  result  of  such  a 
process  generally  gives  two  different  systems  of  opera- 
tions on  the  data  of  the  problem,  and  the  unknown 
quantity,  by  which  some  one  quantity  may  be  obtained, 
and  the  two  algebraical  expressions  of  the  results  of 
these  operations,  in  general,  furnish  the  two  members 
of  the  primary  equation. 

(142.)  We  shall  now  proceed  to  give  a few  examples 
of  the  investigation  of  problems  which  are  reduced  to 
equations  of  the  first  degree ; offering  such  general  ob- 
servations as  the  peculiar  circumstances  of  each  problem 
may  suggest. 

Examples.  (143.)  A fox  it  darted  at  rixty  of  hi*  own  pace* 
from  a hound , nine  of  hi*  pace*  being  made  in  the.  same 
time  a*  six  of  the  hound , but  three  pace*  of  the  hound 
being  equal  to  term  of  the  fox . It  it  required  to  deter- 
mine how  many  pace*  the  hound  wilt  hate  made  when 
he  thall  have  overtaken  the  fox  ? 


Let  H be  the  length  of  each  pace  of  the  hound.  _ Simple 
Since  three  of  the  hound’s  paces  are  equal  to  seven  of  E<lUWl0**- 
the  fox’s,  if  3 II  be  divided  by  seven,  the  result  is  the 
length  of  one  pace  of  the  fox,  which  is,  therefore, 

3 H . „ . „ . f . 

— . At  setting  out,  trie  lox  is  sixty  of  his  own 

paces  distant  from  the  hound.  Hence  this  distance  is 

_ 3 H ISO  H 

60  X — = — — . 


Let  the  distance  sought  be  x , that  is,  the  number  of 
paces  the  hound  has  made  at  the  moment  he  overtakes 
the  fox.  The  distance  the  fox  will,  therefore,  have  run 
will  be 


180  II 

* =— ; 


that  is,  the  distance  gone  over  by  the  hound,  diminished 
by  the  distance  between  them  at  the  moment  of  depar- 

, 180 H . . 

ture.  The  spaces  x and  x — being  run  over 


in  the  same  time,  must  be  in  the  same  ratio  as  the 
speed  of  the  two  animals.  It  is  granted  that  the  fox 
makes  nine  paces  while  the  hound  makes  six,  or,  what 
is  the  same,  the  fox  makes  three  while  the  hound  makes 


3 H 

two.  Thus,  three  times  which  is  the  fox’s  pace,  is 
made  in  the  same  time  as  2 H.  Hence,  the  spaces  the 


9 II 

animals  move  through  in  the  same  time  are  aa  -y  : 2 H, 


or  as  9 : 14.  Hence  we  have 


180  H 


Which,  being  cleared  of  fractions,  becomes 


14  x — 360  H =s  9 x 
14  x - 9x  = 360  H 
V 5x  = 360  H 
V x = 72  H. 


The  hound  will,  therefore,  have  made  72  paces  when 
he  shall  have  overtaken  the  fox. 

(144.)  To  divide  a line  of  15  inches  length  into  two 
such  part * that  one  of  them  shall  be  three-fourths  of  the 
other. 

In  this  case,  if  one  of  the  parts  be  called  x,  the  other 
will  be  15  — r.  Tlic  number  represented  by  x is  here 
understood  to  express  inches.  Now,  by  the  conditions 
of  the  question,  one  of  the  parts  is  three-fourths  of  the 

3 x 

other.  Three-fourths  of  x is  expressed  — ; now  this 

4 

and  the  other  part  15  — x must  be  equal.  Thus  we 
have  the  equation 


It  may  be  useful  to  the  student  to  compare  this  pro- 
cess of  reduction  with  the  observations  in  (141.) 

Clearing  this  equation  of  fractions  by  multiplying 
both  members  by  4,  we  obtain  60  — 4 x =:  3 x.  Trans- 
ferring — 4 x to  the  second  member,  changing  the  sign 
60  — 7 x.  or  7 x = 60.  Dividing  both  members  by 
the  coefficient  7, 
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Al.tbrs  This  in  inches  is  the  length  of  one  part,  and  since  the 
whole  line  is  15  inches,  the  other  port  murt  be  6^ 
inches. 

(145.)  lu  this  instance  the  question  is  particular, 
and  the  equation  numerical.  It  would,  perhaps,  be 
better  in  every  case  where  a particular  problem  is  pro- 
posed, to  generalize  it  in  the  first  instance.  The  re- 
sult will  then  be  a literal  equation,  which,  when  solved, 
w ill  give  a general  formula,  by  which  uot  only  the  pro- 
posed question  may  he  solved,  but  also  every  question 
of  the  same  class.  The  preceding  problem  generalized 
would  be  as  follows : 

(146.)  To  divide  a given  line  a into  two  such  parts 
that  one  shall  be  m times  the  other,  (to  being  any 
number,  integral  or  fractional.) 

The  statement  would  now  be  thus : Let  one  part  be 
x,  and  the  other  must  be  a — x.  By  the  conditions  of 
the  problem,  a — x and  tn  x must  be  equal.  Hence 
mx  = a — x.  Transposing  — .r,  and  changing  its 
sign,  we  have  m x -f-  x = n.  Collecting  w ithin  a paren- 
thesis the  coefficients  of  x.  we  have  (m  -f-  l)x=  a. 
Dividing  by  (m  -f-  1),  we  obtain 
a 

X m -f-  1 * 

which  is  one  of  the  parts.  The  other  part  will  be 


The  second  member  of  this  equation  may  be  con- 
sidered us  a mixed  number,  and,  therefore,  the  first 
part  a is  to  be  multiplied  by  m -f-  1,  and  a subducted 
from  the  result.  The  process  will  be  understood  from 
the  following  steps : 

__a  (m  -f-  i)  a 
~ m+1  to -f-  r 


«(**-#-!)• 


Hence  we  obtain  the  following  general  role  for  the 
solution  of  all  such  questions.  To  find  one  part,  divide 
the  proposed  line  by  the  number  which  is  given,  ex- 
pressing the  proportion  of  the  parts  increased  by  unity, 
and  the  quote  is  one  part.  Multiply  this  quote  by  the 
same  number,  and  the  product  is  the  other  part. 

It  is,  however,  worse  than  useless  to  translate  into 
popular  lunguage  thus,  the  formula  derived  from 
general  algebraical  investigation  j they  are  clearer  and 
more  compendious,  and  much  more  easily  retained  in 
the  memory,  wherever  it  is  necessary  to  do  so,  when 
expressed  in  their  ulgcbraical  form.  We  have  iu  the 
present  instance  reduced  the  result  to  ordinary  lan- 
guage, only  to  show  that  this  result  is  really  a general 
theorem  or  rule,  and  not  merely  the  solution  of  a par- 
ticular question  or  problem.  In  the  particular  instance 

3 

given,  at  first  we  have  a = 15  and  m = — . Hence 

4 
7 

to  1 = — . Hence  we  have 

le  7 .4  X 15  60 

4 7 7 


a - x - 15  - ~ ~ 105  ~ 60  _ 

7 7 — 7 ' 

which  are  equivalent  to  the  mulls  first  obtained.  N 

(147.)  A labourer  is  engaged  for  49  days  on  these 
conditions  : for  each  day  hr  works  he  is  paid  two  shil- 
lings, but  forfeits  one  shilling  for  every  idle  day ; at  l he 
end  of  the  48  days  he  is  entitled,  under  (he  terras  of  the 
agreement,  to  21  shillings  : it  is  required  to  calculate  the 
number  of  days  he  worked,  and  the  number  he.  teas  idle  ? 

Dy  the  conditions  of  the  problem,  if  the  number  of 
days  on  which  he  worked  were  multiplied  by  2,  we 
should  have  the  wages  of  the  entire  of  these  days.  The 
number  of  days  on  w hich  he  was  idle  will  express  the 
number  of  shillings  which  he  forfeited.  The  latter 
subtracted  from  the  funner  will  leave  a remainder  equal 
to  the  sum  to  which  he  is  entitled  at  the  conclusion 
of  the  stipulated  period.  This  sum  is,  however,  given 
to  be  SI  shillings.  If,  therefore,  an  algebraical  for- 
mula! be  adapted  to  represent  the  result  of  the  several 
operations  above  mentioned,  and  be  taken  as  the  first 
member  of  the  equation,  21  shillings  will  be  the  second 
member. 

Instead,  however,  of  stating  the  question  in  the  first 
instance  as  a particular  one,  we  shall  generalize  it. 

Let  a be  the  number  of  days  for  which  the  labourer 
is  engaged. 

Let  x be  the  total  number  of  working  days,  and, 
therefore,  a — x the  number  of  idle  ones. 

I#et  to  be  the  number  of  shillings  he  is  paid  for  each 
working  day,  and  n the  number  which  he  forfeits  for 
each  idle  day. 

Let  S be  the  whole  sum  to  which  he  is  entitled  at  the 
end  of  the  period  by  the  terms  of  the  agreement. 

The  total  number  of  shillings  earned  on  the  x work- 
ing days  will  be  mx,  and  the  total  number  forfeited  on 
the  a — x idle  days  will  be  n (a  — x). 

Hence,  the  total  sum  to  which  he  will  be  entitled  at 
the  conclusion  of  the  period  a,  will  be  m x — n (a  — x). 
But  this,  by  the  conditions  of  the  question,  is  granted 
to  he  equal  to  S.  Hence  we  obtain  the  following 
equation, 

mx  — n (a  — x)  = S 
or,  w x — = 

Collecting  within  a parenthesis  the  coefficients  of  x.  we 
obtain 

(to  -fn)x  — no  = 8. 

Transposing  no, 

(to  -f-  n)  x = S -f  - n a. 

Dividing  both  members  by  (to  -f-  /i) 

__  S -f-  na 
— w -f-  n 

which  gives  the  number  of  working  days. 

To  determine  the  number  of  idle  days,  we  have 

S-j-na 

a — x = a 

to  -)-  n 

_fl(m-fn)-S-na 
to  -f-  n 
am  - S 
to  — f-  n 

which  is  the  number  of  idle  days. 

In  the  particular  question  proposed,  we  have  a — 49, 
to  = 2.  « = 1,  and  S =;  21.  Hence 

21  -f-  48  69  _ 

x — ss — =23 

2-j-l  3 
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A\pbn.  a - 96  - gl  “ — - 25 

Thus  the  number  of  working;  days  was  23,  and  the  idle  ones 
25,  amounting  together  to  the  whole  period  of  48  days. 

(148.)  It  is  evident  that  the  general  values  of  x and 
a — x would  solve  the  problem  with  equal  facility  had 
any  other  rate  of  payment,  or  any  other  period,  been 
made  the  subject  of  a similar  agreement.  In  fact,  the 
result  of  the  general  algebraical  investigation  is  not  so 
much  an  absolute  solution  of  the  problem,  as  an  indi- 
cation of  a method  by  which  similar  problems  may 
always  be  solved. 

N native  If  the  particular  numbers  represented  by  a,  m andS 

foot*.  be  such  that  the  product  am  is  less  than  S,  it  is  evi- 
dent that  the  formula  expressing  the  number  of  idle  days 
will  represent  a negative  number.  A question  then 
arises,  what  is  meant  hy  the  labourer  having  worked  a 
negative  number  of  days? 

To  explain  this,  we  must  refer  to  the  meaning  of  the 
symbols,  m is  the  number  of  shillings  paid  to  the 
labourer  for  each  day  that  he  works,  a is  the  total 
period  agreed  upon,  m a is,  therefore,  the  sum  which 
he  should  receive  if  he  worked  every  day  of  the  entire 
period,  and  spent  no  day  idle.  Hut,  under  the  circum- 
stances which  wc  have  supposed,  he  become'!  entitled 
to  a sum  S greater  than  the  sum  mu,  to  which  he 
would  have  been  entitled  hud  he  worked  every  day  of 
the  stipulated  period.  The  inference  is,  that  instead  of 
being  idle  on  any  of  the  stipulated  days,  he  must  have 
worked  as  many  additional  days  as  would  entitle  him 
to  that  sum  by  which  S exceeds  m a.  Consequently, 
the  formula  for  a — x,  which,  when  positive,  signifies 
the  excess  of  the  stipulated  period  over  the  working 
days,  signifies,  when  it  becomes  negative,  the  excess  of 
the  working  days  above  the  stipulated  period.  Such  a 
result  as  a negative  number  of  days,  considered  merely 
by  itself,  is  unmeaning,  but  when  the  circumstances 
which  led  to  that  result  arc  examined,  it  leads  to  a 
modification  of  the  original  question.  It  shows  that 
the  conditions  proposed  are  inconsistent  with  the  data, 
and  it  indicates,  that  to  render  them  consistent,  either 
the  data  or  the  conditions  must  be  modified ; and,  fur- 
ther, it  points  out  what  the  necessary  modifications  are. 
In  the  present  instance  we  find  that  the  sum  S,  to 
which  it  is  asserted,  in  the  original  question,  that  the 
labourer  is  entitled  at  the  end  of  the  stipulated  lime, 
is  greater  than  he  could  have  made  in  that  time  with- 
out any  idle  days  at  all ; and,  therefore,  that  if  the 
question  be  modified,  and  rendered  consistent  hy 
changing  the  data,  it  will  be  necessary  to  regulate  the 
numbers  represented  by  a,  m,  and  S,  so  that  S shall 
not  exceed  <im,  which  may  evidently  he  effected  by 
increasing  a or  m,  or  both,  or  by  diminishing  S,  or  by 
all  these  changes  combined. 

If.  however,  it  be  desired  to  modify  the  conditions  of 
the  original  question,  so  os  to  render  them  consistent 
with  the  data,  we  must  examine  the  original  state- 
ment. This  is  m x — n (a  — x)  = S.  Now  if  a — x l>c 
negative,  as  is  supposed  in  the  present  case,  that  is,  if 
x > a the  quantity  — n (a  — x)  is  positive,  and  the  equa- 
tion beiqg  written  thus,  m x + n (x  — o)  = 8,  expresses 
that  the  total  sum  S receivable  by  the  labourer  is  com- 
posed of  m shillings  for  each  of  the  x working  days,  to- 
gether with  n additional  shillings  for  each  of  the 
(r  — a)  days  which  he  works  over  and  above  the  sti- 
pulated period  of  a days.  Tlius  the  n shillings,  w hich 


in  the  case  of  idle  days  was  a forfeit,  becomes  a pre- 
mium in  the  case  of  supernumerary  working  days.  ^ 
The  question,  therefore,  will  be  thus  modified  : 

A labourer  u engaged  for  a days  at  m shillings  per 
day,  on  eondition  tfuit  he  shall  forfeit  n shillings  per 
day  for  as  many  days  as  his  number  of  working  days 
shall  fall  short  of  the  stipulated  period  a,  and  that,  in 
addition  to  in  shillings  per  day , he  shall  receive  a pre- 
mium of  n shillings  a day  for  as  many  days  as  his 
working  days  shall  exceed  the  stipulated  period  a.  At 
the  cessation  of  his  labour  he  becomes  entitled , under  the 
terms  of  the  agreement,  to  a sum  of  S shillings.  It  is 
required  to  assign  I he  number  of  working  days,  and  to 
determine  the  number  of  idle  or  supernumerary  working 
days,  as  the  case  may  be. 

(149.)  A further  advantage  which  general  alge- 
braical investigations  possess  over  particular  numerical 
questions  is,  that  the  same  general  formula  may  be  the 
means  of  solving  other  problems,  besides  even  the  ge- 
neral one  from  which  it  results.  In  the  problem  just 
investigated,  the  formula 

a m + 8 

x = 

m + n 

expresses  in  general  a relation  between  the  numbers 
represented  by  x,  a,  m,  n,  and  S.  Now  if  any  one  of 
these  five  quantities  be  unknown,  and  all  the  others 
known,  the  value  of  the  unknown  quantity  may  always 
be  determined. 

Let  us  suppose,  for  example,  that  $ is  the  unknown 
quantity;  the  question  will  then  be.  to  determine  the 
sum  to  which  the  labourer  will  be  entitled  at  the  cessa- 
tion of  his  labour,  the  number  of  working  days  x,  the 
duily  wages  m,  the  forfeit  or  premium  rr,  and  the  stipu- 
lated periled  a,  being  all  given.  To  solve  this  problem, 
it  is  only  necessary  to  consider  S as  the  unknown 
quantity,  and  solve  the  equatiou  for  it.  Multiplying 
both  members  by  rn  + n we  have 

(m  + n)  x = a m + S, 
and  transposing  a m we  have 

(m  + n)  x — a n = S, 
or,  S = (m  + n)  x - an. 

This  gives  the  suin  to  which  the  labourer  is  entitled. 

In  the  first  example,  m as  2,  n s 1,  a s=  48,  and 
x = 23  ; hence 

S = (2  + 1)  . 23  - 48 . = 69  - 48 
S = 21. 

In  this  ease,  also,  it  might  so  happen,  that  the  particu- 
lar values  assigned  by  the  data  to  the  quantities  x.  tn, 
n,  and  a,  would  render  the  vulue  of  S negative.  Let 
us  consider  the  meaning  of  such  a result. 

By  the  equation 

SJ  — (m  + n)  x — an 
or,  $ = m a — (a ■ — x)  n, 

it  appears,  that  if  S be  negative  wc  must  have  a — x 
positive,  or  a > x,  and  m x < (a  - x)  n,  that  is,  the 
number  of  working  days  x is  less  than  the  stipulated 
period  a,  and  the  entire  wages  m x of  the  working  days 
is  less  than  the  sum  (a  — x)  n forfeited  for  the  idle 
days.  Hence,  on  the  whole,  the  labourer  is  a loser  by 
the  excess  of  the  sum  forfeited  (a  — x)  « over  the 
wugcsmx,  that  is,  by  the  positive  value  of  the  negative 
result  S. 

Thus  it  appears,  that  the  sum  supposed  in  the  state- 
ment to  be  gained  by  the  labourer  Incoming  negative 
in  the  result,  proves  that  this  sum  is  not  gained,  but 
lost.  The  problem  should  therefore  be  modified,  so 
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Algebra.  as  that  the  required  quantity  would  be  the  balance  for 
— or  against  the  labourer  on  closing  the  account. 

(150.)  These  observations  lead  us  to  the  considera- 
tion of  the  nature  of  negative  quantities.  When  posi- 
tive and  negative  quantities  are  considered  merely  aa 
members  of  polynomc*,  und  therefore  connected  by 
their  proper  signs  with  other  quantities,  their  meuning 
is  obvious,  and  they  might  more  properly  be  called 
additive  and  subtractive  quantities ; as  has  been 
already  explained.  But  we  have  seen  that  a negative 
quantity  is  frequently  the  result  of  a calculation,  und, 
therefore,  not  considered  as  a member  of  a polynome. 
What  then,  it  may  be  asked,  can  be  its  meaning  in 
this  case? 

The  most  simple  process  from  which  a negative  quan- 
tity can  result  is  subtraction.  Let  the  problem  pro- 
posed be  to  find  a number,  which,  when  added  to  a 
given  number  b,  will  produce  u given  sum  a.  Thus,  if 
x be  the  number,  we  have 

b + x = a 
*.*  x ss  a — b. 

If  we  suppose  a = SO  and  6 = 20,  we  have 
a = 30  — 20  = 10; 

in  this  case  the  result  is  positive,  and  is  the  true  solu- 
tion of  the  problem  proposed.  But  suppose  that 
a = 20  and  b = 30,  wre  should  have 
x = 20  - 30. 

Putting  this  expression  under  the  form 
x = 20  - 20  - 10 

we  have  2ft  — 20  = 0 *.* 

x s - 10, 

a negative  solution. 

To  explain  the  meaning  of  this,  let  us  recur  to  the 
original  statement, 

6 + x ss  a 

or,  30  + x =r  20, 

which  expressed  in  ordinary  language  is,  “ To  deter- 
mine the  number  which,  added  to  thirty,  will  produce  a 
sum  equal  to  twenty a problem  manifestly  impos- 
sible, twenty  being  less  than  thirty. 

But  now  let  us  replace  x by  the  value  which  the 
algebraical  process  gives  for  it,  and  the  statement 
becomes  30  — 10  = 20.  So  that  the  absolute  or 
arithmetical  value  of  the  result  obtained  is  a number 
which,  subtracted  from  thirty,  will  give  a remainder 
equal  to  twenty. 

If  the  original  problem  be  considered  arithmetically, 
the  negative  solution  indicates  an  inconsistency  be- 
tween the  data  and  the  conditions  and  the  necessity  of 
a modification  of  one  or  both.  But  if  it  be  considered 
algebraically,  no  such  inconsistency  exists ; because 
here  the  term  addition  is  taken  in  a larger  sense,  and 
includes  the  addition  of  negative  quantities,  which  is 
arithmetical  subtraction. 

To  determine  the  modification  which  is  necessary  to 
remove  the  inconsistency  of  a problem  which  gives  a 
negative  solution,  it  is  only  necessary  to  change  the 
sign  of  x in  the  equation  to  which  this  problem  is  re- 
duced, and  then  to  translate  the  new  equation  into 
ordinary  language.  The  necessity  of  employing  nega- 
tive quantities  in  algebraic  investigations,  has  intro- 
duced a phraseology  respecting  them  which,  under- 
stood literally,  seems  absurd.  A negative  quantity  as 

— a is  said  to  be  ten  than  nothing  ; and  one  negative 
quantity  a being  numerically  greater  than  another 

— bt  is  said  to  be  less  than  it.  Thus  — 1 is  said  to 
be  less  than  0,  and  — 3 less  than  — 2.  This  phra- 


seology is,  however,  to  be  considered  rather  conven-  sinpi* 
tional,  and  derived,  by  analog)',  from  the  effects  of  Equation*, 
arithmetical  operations  on  positive  and  absolute  num- 
bent.  It  has,  however,  been  necessary  to  adopt  it  in 
Algebra,  in  order  to  generalize  the  investigations  and 
their  results. 

It  is  a general  principle,  that  when  one  absolute 
quantity  is  subtracted  from  another,  that  other  is  dimi- 
nished by  the  operation.  Thus  the  operations  repre- 
sented by  5 — 1,  5 — 2,  5—3,  Ac.  have  the  effect  of 
producing  a constant  diminution  of  the  number  5. 

Now  let  this  process  be  continued,  the  successive  re- 
sults are  5 — 4,  5 — 5,  5 — 6,  5 — 7,  5 — 8,  Ac.  In 
an  arithmetical  view,  all  the  operations  represented 
hereafterS  — 5 cannot  he  performed.  But  in  Algebra 
it  is  necessary  to  perform  them  os  far  as  can  be  done, 
and  to  represent  by  a certain  symbol  that  part  which 
cannot.  Thus  six  units  cannot  be  taken  from  five 
units ; but  five  of  the  six  can,  and  the  remaining  unit 
which  cannot  is  represented  by  plucing  the  negative 
sign  before  it  thus,  — I.  In  the  same  manner,  5 — 7, 

5 — 8,  Ac.  are  represented  by  — 2,  — 3,  Ac.  Now  as 
in  absolute  numbers  the  remainder  diminishes  as  the 
subtrahend  increases,  the  same  property  is  extended 
analogically  to  those  imaginary  remainders  which  are 
the  results  of  subtractions  which  cannot  be  executed  ; 
nnd  we  consider  5 — 5 to  be  greater  than  5 — 6,  and 
5 — 7 greater  than  5 — 8,  Ac. ; that  is,  0 is  greater 
than  — 1,  and  — 2 greater  than  — 3,  and  so  on. 

This  phraseology  is  not  so  inconsistent  with  the 
language  used  in  the  most  ordinary  affairs  of  life  as  it 
may  at  first  appear.  If  we  estimate  the  property  of 
any  individual,  we  first  compute  his  actual  possessions 
and  the  debts  due  to  him  ; from  these  we  subtract  the 
debts  which  he  owes,  and  the  remainder  may  be  con- 
sidered as  the  value  of  his  property.  Now  if  it  so 
happen,  that  the  amount  of  his  debts  exceed  the 
amount  of  his  possessions,  and  the  debts  owing  to  him, 
we  say  that  he  is  worth  few  than  nothing.  In  this  case, 
the  result  of  the  above-mentioned  subtraction  would  be 
a negative  quantity,  and  one  of  precisely  that  amount 
by  which,  in  popular  language,  the  individual  in  question 
is  said  to  be  poorer  than  he  who  neither  has,  nor  owes 
a shilling. 

In  like  manner,  if  the  debts  of  A exceed  his  effects 
by  a,  and  the  debts  of  B exceed  his  effects  by  a *f  b, 
we  say  that  A is  richer  or  less  poor  than  B.  Now,  in 
this  case,  the  results  obtained  by  subtracting  the  debts 
from  the  value  of  the  effects  in  both  cases  are  negative; 
but  the  value  in  the  case  of  A is  numerically  few  than 
in  the  case  of  B,  although  A is  said  to  be  more  wealthy 
than  B. 

From  these  considerations  we  derive  a method  of 
expressing  algebraically,  that  a quantity  as  a is  posi- 
tive or  negative.  If  we  wish  to  express  that  a is 
positive,  we  write  a > 0,  and  if  it  be  negative,  we 
write  a < 0. 


SECTION  XII. 

Of  Equations  of  the  First  Degree  containing  two  or  more 
unknown  quantities. 

(151.)  In  some  of  the  examples  given  in  the  last 
section,  more  than  one  quantity  was  unknown,  but  in 
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Alison,  fell  the  instances  which  occurred,  there  was  such  an 
— — v’**-'  obvious  connection  between  the  unknown  quantities, 
that  one  unknown  symbol  signifying  one  of  them,  was 
by  proper  combination  with  the  data  made  to  express 
the  other  unknown  quantities.  Thus,  in  the  problem 
(144.)  one  part  of  the  line  being  x,  it  is  known  that 
the  other  part,  which  d priori  may  be  considered 
equally  unknown,  is  15  — x.  But  if  this  problem 
were  at  once  treated  us  one  involving  two  unknown 
quantities,  we  should  consider  the  two  parts  us  cha- 
racterised by  xand  y,  and  we  should  have  the  equation 
x+  y = 15 
by  one  condition,  and 


3 


by  (he  other. 

The  examination  of  the  following  problem  will  lead 
us  to  the  general  principles  by  which  questions  involv- 
ing two  unknown  quantities  may  be  solved. 

(152.)  Given  the  sum  (a)  and  the  difference  (6) 
of  tico  numbers,  to  find  the  numbers  themselves. 

Let  x und  y be  the  numbers,  we  have,  by  the  condi- 
tions of  the  problem,  x-f-y  = a,  x — y=sb.  Since 
equal  quantities  added  to  equal  quantities  give  equal 
results,  we  obtain,  by  adding  these  equations, 

2 x = o -f-  b, 

an  equation  which  is  independent  of  the  unknown 
quantity  y.  This  being  divided  by  two,  gives 

*-  ]-<«+»)■ 

In  like  manner,  subtracting  the  one  from  the  other,  we 
obtain  2y  a — b,  *.‘y  as  -i-  (a  — b),  and  thus  the 


values  of  the  two  unknown  quantities  are  found,  and 
we  have  established  the  following  theorem. 

“ Of  two  unequal  quantities  the  greater  is  equal  to 
half  the  sum  of  their  sum  and  difference,  and  the  less 
is  equal  to  half  the  difference  of  the  sum  and  differ- 
ence.” 

Upon  examining  the  preceding  process  it  will  be 
found,  that  the  contrivance  by  which  the  values  of  the 
unknown  quantities  have  been  determined,  has  been 
that  of  obtaining  from  the  two  given  equations,  each 
containing  two  unknowm  quantities,  a single  equation 
containing  but  one  unknown  quantity,  and  from  this 
equation  obtaining  the  value  of  that.  This,  being 
done  with  respect  to  each  of  the  unknown  quantities, 
will  determine  their  values. 

(153.)  By  generalizing  the  results,  we  shall  obtain 
methods  of  solving  all  questions  where  two  equations 
containing  two  unknown  quantities  are  given. 

After  the  proposed  equations  are  cleared  of  fractions 
and  radicals,  as  they  cannot  include  any  powers  of  the 
unknown  quantities  higher  than  the  simple  dimensions, 
they  must  have  the  forms 


ax- j-  b*y  ss  c1  J ^ ** 

a,  6,  c.  a',  bt,  c\  being  general  representatives  of  any 
numbers  positive  or  negative,  which  may  happen  to 
be  the  results  of  the  reduction  of  the  equations  by  the 
process  of  clearing  them  of  fractions  and  radicals,  or 
powers  of  the  unknown  quantities  with  fractional 
exponents.  It  should,  perhaps,  be  here  observed,  that 
VOL.  t. 


if  an  equation  of  two  unknown  quantities  contain  a Simple 
term  of  which  the  product  (ry)  of  the  unknown  quan*  Eqnatim*. 
titiex  is  a factor,  it  is  accounted  an  equation  of  the 
second  degree ; since,  although  it  contains  no  term  in 
which  the  second  putter  of  either  unknown  quantity 
occurs  as  n factor,  yet  it  contains  a term  in  which  the 
unknown  quantities  combined  occur  in  two  dimensions. 

The  process  by  which  a single  equation  [1,]  contain-  Eliminatum 
tug  only  one  unknown  quantity,  is  obtained  from  the 
two  equations,  is  called  elimination  ; and  the  unknown 
quantity  which  is  made  to  disappear , is  said  to  be  eli- 
minated. There  are  three  methods  by  which  this  end 
is  attained. 

1.  The  first  is  the  method  of  addition  or  subtraction.  Method  vf 
This  method  consists  in  equalizing  the  coefficients  0f  addition  or 
the  same  unknown  quantity  in  the  two  equations,  by  8U  lrM:Uy“ 
multiplying  both  members  of  each  by  such  a number 
as  w ill  render  the  coefficients  of  the  same  unknown 
quantity  in  each  equal.  This  is  done  on  the  same 
principle  as  that  by  which  fractions  are  reduced  to  a 
common  denominator.  1-el  the  least  common  multi- 
ple of  the  coefficients  of  the  same  unknown  quantity 
be  found,  and  let  this  be  divided  by  the  coefficient  of 
that  unknown  quantity  in  each  equation ; the  quotes 
will  be  the  numbers  by  which  it  will  be  necessary  to 
multiply  the  two  equations  in  order  to  equalize  the 
coefficients.  Thus  , if  the  equations  be  those  of  [1]  the 
least  common  multiple  of  the  coefficients  of  y is  a a' ; 
consequently  the  multipliers  sought  are  a'  and  a,  and 
when  these  are  respectively  multiplied  into  the  two 
members  of  each  equation  we  obtain 


aa'x  + ba'y=zca'  \ m 
aa/x-f&'ay=c'fl  ) L J 


in  which  x has  the  same  coefficient. 

Again,  if  the  equation  be 

6 x -f-  8 y = 50 
8x  + 6y=  48. 

The  least  common  multiple  of  6 and  8 is  24,  which 
divided  by  6 and  8 gives  4 and  3.  These,  being  mul- 
tiplied by  both  members  of  each  equation,  give 


24x-f-32y  = 200 
24x+  18y  = 144, 
in  which  x has  the  same  coefficient. 

(154.)  The  same  unknown  quantity  being  by  these 
means  reduced  to  the  same  coefficient  in  both  equa- 
tions, the  next  step  of  the  process  is  to  subtract  the 
one  equation  from  the  other,  if  this  common  term  have 
the  same  sign  in  both,  and  to  add  them  together  if  the 
common  term  have  a different  sign  in  the  one  and  the 
other.  In  either  case,  the  result  of  the  process  will  be 
an  equation  containing  but  one  unknown  quantity. 
In  the  first  case,  the  two  equations  will  be  of  the 
form  [2,]  which,  being  subtracted,  the  latter  from  the 
former,  give  (6 o'  — 6' a)  y = (c o'  — e'er).  [3.] 

In  the  second  case,  the  equations  will  be  of  the  form 
aa'x-\-  ba’  y = caf 
— aa'x-f  b' a y tz  c‘a, 
which,  being  added,  give 

(6  a' + &'a)y  = (ca'-+-  e'a).  [4.] 

In  every  case,  therefore,  in  which  the  coefficients  of 
the  same  unknown  quantity  have  been  equalized,  that 
unknown  quantity  may  be  eliminated  by  addition  or 
subtraction,  and  an  equation  obtained,  including  only 
4 c 
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A»ccbr».  the  remaining  unknown  quantity,  the  value  of  which 
may  be  found  by  the  methods  explained  in  the  last 
Section. 

Vet  bod  of  2.  Hie  second  method  of  elimination  is  culled  the 

f..mpariaou.  0f  comparison,  which  consists  in  bringing  the 

same  unknown  quantity  to  stand  alone  as  the  first 
member  of  each  equation  ; and  thus  the  second  member 
of  each  equation  would  include  only  the  remaining 
unknown  quantity.  These  second  members  being 
necessarily  equal*  since  the  first  member  is  common, 
may  be  assumed  as  the  two  members  of  a new  cqua- 
lion,  which  will  therefore  contain  but  one  unknown 
quantity,  and  therefore  the  other  unknown  quantity  is 
by  these  means  eliminated. 

Thus,  iu  the  equations  [1»]  the  first  being  divided  by 
a,  and  the  second  by  a',  wc  have 
,6  c 

'+T*“ « ! 

,v  d i 

* + -r  y =T7 


v * = y 

a a 1 

d V f 

The  second  members  of  this  latter  system  being 
assumed  as  the  two  members  of  the  same  equation, 
give 

c b d V 

which,  being  cleared  of  fractions,  becomes 
ec'  — ba'y  = da  — bf  ay, 

and  the  know  n and  unknown  quantities  being  brought 
to  opposite  sides,  we  have 

b'  ay  — ba'y  ~ d a — ca\ 

oi  = 

which  is  the  same  with  [S,]  and  would,  if  the  sign  of  of 
were  negative,  be  the  same  as  [4.]  Thus  these  two 
methods  lead  precisely  to  the  same  results. 

Method  of  $.  The  third  method  of  elimination  is  called  the 
nhltilitka  method  of  substitution , and  in  principle  is  the  same  as 
the  method  of  comparison,  differing  from  it  only  in 
appearance.  The  method  of  substitution  consists  in 
bringing  one  of  the  unknow  n quantities  in  one  of  the 
equations  to  stand  alone  as  its  first  member.  The  second 
member  will,  therefore,  include  only  the  other  unknown 
quantity.  This  member  is  then  substituted  in  place  of 
the  other  unknown  quantity  in  the  second  equation  ; 
by  which  substitution  the  second  equation  will  contain 
only  one  unknown  quantity,  and  therefore  the  elimina- 
tion will  be  effected. 

To  apply  this  to  the  equations  [1,]  we  have  by  the 
first 

— r ^ 

a a^‘ 

The  second  member  being  substituted  for  x in  the 
second  equation,  it  becomes 

which,  being  cleared  of  fractions  and  reduced,  becomes 


W a — <db)  y = ( ca 1 — ate)  simple 

Bquaoos. 

which  is  the  Rome  as  [3,]  and  if  a!  were  negative  would 
be  the  same  as  [4,] 

(155.)  All  equations  whatever  of  the  first  degree 
between  two  unknown  quantities  can  be  reduced  to  the 
forms 

ax  + by  = c 1 , 

a'x-f  bfy  = d J *■  *•* 

Hence  it  follows,  that  the  solution  of  the  equations 
[1]  will  furnish  general  formula  by  which  the  values  of 
the  unknown  quantities  in  any  given  equations  of  the 
first  degree  may  be  computed.  By  the  investigations 
already  given,  it  appears  that  the  vulues  of  x and  y, 
derivable  from  the  equations  [l,]  arc 

__  c a’  — d a 
^ ~~  b <d  - b'  a 

db 

X a b'  a!  b‘ 

By  substituting  in  these  formulae  the  particular  values 
of  a,  6,  c,  o',  />',  and  d in  any  proposed  equations  the 
values  of  the  unknown  quantities  may  be  at  once  ob- 
tained without  further  investigation. 

(156.)  The  following  example  will  illustrate  these  Eximple* 
principles : 

7*eco  couriers  depart  in  the  same  direction  from  two 
places  on  the  same,  road,  the  distance  between  which  is 
a , one  A goes  m miles,  and  the  other,  B,  n miles  per 
hour.  It  is  required  to  determine  at  what  distances  from 
the  points  of  departure  the  one  will  overtake  the  other. 

Let  x and  y be  the  two  distances.  As  these  dis- 
tances are  travelled  in  the  same  time,  we  have 


und  also 


n x — my, 
x - y = a. 


Hence,  by  elimination,  we  obtaiu 

am  an 

X m - » ^ m — li 

If  m < n,  and  therefore  m — « < 0,  these  values  for 
x and  y will  be  negative.  This  indicates  that  the 
courier  A can  never  overtake  the  courier  B in  the  pro- 
posed direction,  but  that  if  they  travel  in  the  opposite 
direction,  the  courier  B will  overtake  the  courier  A at 
the  distances  indicated  by  the  values  of  x and  y deter- 
mined above. 

(157.)  It  might  happen  that  the  values  obtained  for 
the  unknown  quantities  from  two  given  equations 
would  be  fractions,  whose  denominators  are  ~ 0.  In 
this  case  the  roots  arc  said  to  be  infinite,  (121.)  But 
the  origin  of  such  a result  is  always  an  absurdity  or 
inconsistency  in  the  two  given  equations.  It  will  be 
easy  to  show  this  by  the  general  formula  [l.] 

The  condition  under  which  the  values  of  x and  y 
derived  from  these  equations  are  infinite,  is 

a b'  — a'  5 = 0. 

This  gives 

[2] 

Now  if  both  members  of  the  first  of  the  equations  [1] 
be  divided  by  a,  aud  of  the  second  by  a\  they  become 
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Atgtbrt. 


*+  — y = — ~l 

“ a > [3. 
*+-ry  = -;  ) 


[3] 

I 

a'  9 at 

By  the  condition  [2,]  the  first  members  of  these  equa- 
tions arc  equal,  whatever  values  be  ascribed  to  x and  y ; 
and,  therefore,  unless  the  data  be  so  related  that  the 
second  members  are  also  equal,  the  equations  are  in- 
consistent and  contradictory. 

In  the  same  example,  if  m = n the  results  will  be 
infinite.  In  this  case,  the  rates  of  travelling  of  the 
two  couriers  would  be  the  same,  and  consequently  the 
one  would  never  overtake  the  other,  and  the  con- 
dition of  the  question  would  be  inconsistent  with  the 
data. 

There  are  instances,  however,  in  which  these  infinite 
results  do  contain  the  true  solution  of  the  problem. 
The  student  will  find  them  occur  frequently  in  our 
Treatise  on  Analytic  Geometry. 

(15S.)  If  the  second  members  of  these  equations 
were  equal,  as  well  as  the  first,  it  is  evident  that  the 
two  equations  would  be  identical.  The  conditions 
under  which  this  would  lake  place  would  then  be 

l~sL 

a o'  * 

from  which  wc  infer 

nbf  — a'bz = 0,  ‘ co'  — e'arrO. 

Also,  by  these  last  equations,  we  obtain 
a b a c 

t/  ~~  V * o'  c'* 

v — c* 6 =:  0. 

o e 

It  therefore  follows,  that  under  these  circumstances  the 

values  of  x and  y would  assume  the  form  — . 

y 0 

In  this  case  there  would  be  in  effect  but  one  equation 
for  the  determination  of  two  unknown  quantities,  and 
the  data  would  then  be  evidently  insufficient  for  the 
solution  of  the  problem.  This  will  be  easily  perceived 
by  substituting  particular  numbers  for  the  general  syra- 
liols.  Let  the  equation  be 

2y-f  3x  = 50. 

In  this  equation,  any  number  whatever  being  substituted 
for  x,  a corresponding  number  may  always  be  deter- 
mined, which  substituted  for  y will  satisfy  the  equation. 
I«et  y be  brought  to  stand  alone  as  the  first  member, 
□nd  we  obtain 

y=50-|x. 

Now  suppose  x = 2 ♦.* 

y =25  - 3 = 22. 

These  two  values,  22  and  2,  being  substituted  for  y 
and  x in  the  proposed  equation,  it  becomes 
44  -|-6  = 50 

which  is  an  identity. 

Again,  let  any  other  value  be  substituted  for  x,  as  5, 
wc  find 

n.  3 50  — 15  35 

35 


x in  the  original  equation,  give  85  -f*  15  = 50,  which  Simpl® 
is  an  identity.  Kqimiooi 

In  like  manner,  any  other  value  being  ascribed  to  x, 
a corresponding  value  of  y would  be  found,  which 
would  satisfy  the  equation. 

To  generalize  this  principle,  in  the  equation 
ax  -f-  6y  = c, 

let  any  value  y'  be  ascribed  to  y,  bo  that  the  equation 
becomes 

x -f-  b y'  = c 

■ .r-  r-fry' 

a 

Substituting  this  value  of  y for  y in  the  first  equation, 
it  becomes 


c - by1 


+ br/=zc. 


or  c — &y'-f-6y'“c, 

or  e = c, 

which  is  an  identity. 

Thus  it  appears,  that  there  may  be  an  infinite  num- 
ber of  systems  of  values  of  two  unknown  quantities, 
each  of  which  will  equally  satisfy  the  proposed  equa- 
tion, which,  therefore,  leaves  the  values  of  the  unkuown 
quantities  indetenniuatc. 

It  muy,  therefore,  be  assumed  generally,  that  when 
the  values  of  the  unknown  quantities  which  result  from 

two  equations  assume  the  form  -jj-,  the  two  equations 

differ  only  in  appearance,  but  are  really  one  and  tfie 
same,  at  least  they  arc  such  that  one  may  be  inferred 
from  the  other.  In  this  case,  therefore,  there  is  but 
one  equation  in  reality  between  the  two  unknown 
quantities,  and  their  values  are  indeterminate. 

In  the  example  (156)  if  a 0 and  m = it,  the 

values  of  x and  y would  assume  the  form  and 

the  problem  would  be  indeterminate.  In  this  case  the 
distance  between  the  places  of  departure  being  a = 0, 
they  would  necessarily  be  the  same.  AIso,m  and  ?i 
being  equal,  the  couriers  would  travel  at  the  same  rate, 
and  since  they  are  supposed  to  move  in  the  same  direction 
they  would  necessarily  keep  always  together.  Hence,  as 
the  object  of  the  problem  is  to  assigu  the  place  at 
which  they  will  be  found  together,  every  part  of  their 
road  has  iu  this  case  an  equal  claim  to  be  considered 
as  the  point  required.  Hence  the  indeterminairnen 

indicated  by  the  form  of  the  roots  ~. 

0 

There  is,  however,  an  exception  to  this  principle ; for 

it  might  so  happen  that  the  root  assumed  the  form  — . 

0 

from  having  in  both  its  numerator  and  denominator  a 
common  factor  of  the  form  a — a.  The  true  value  of 
the  root  would  then  be  found  by  dividing  both  nume- 
rator and  denominator  by  this  common  factor.  (121.) 

(159.)  In  order  to  determine  the  values  of  two  un-  Twoied®- 
known  quantities,  it  is  therefore  necessary  that  there  pendent 
should  be  two  independent  equations  between  them ; 
that  is,  two  equations  such  that  one  cannot  be  inferred  nf™*wry‘ 
from  the  other. 

(160.)  Three  or  more  independent  equations  would 
be  more  than  sufficient  data  for  the  determination  of 
two  unknown  quantities,  and  the  result  would  he,  that 
different  and  inconsistent  values  of  the  same  unknown 
4c  2 
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At^tbrx  quantity  would  be  obtained  from  each  pair  of  equa- 
s— lions. 

(161.)  It  might  happen  that  the  values  obtained  for 
the  unknown  quantities  would  be  r=  0.  To  determine 
the  circumstances  under  which  this  could  happen,  it  is 
only  necessary  to  consider  under  what  circumstances 
the  formula? 

_ cbl  - bd  ad  — ca' 

^~~abl—baf  X~‘ab’—ha> 
shall  become  = 0.  That  this  should  heppen,  it  is 
necessary  that 

cb‘ — bd  = 0 ad  — co'=0, 
but  that  a V — 6 o'  should  not  = U,  because  in  that 

0 

case  the  values  of  x and  y would  assume  the  form  — . 

Let  c be  eliminated  by  the  preceding  equations,  and 
the  result  is 

(*i'-*a')  = 0. 

Now  since  a V — b b'  cannot  = 0,  we  must  have  t'  = 0, 
and  in  like  manner  it  can  be  proved  that  c=  t).  Hence 
the  form  of  the  equations  must  be 
ax- 1-  by  = 0 
o'jr-f-6'y  = 0. 

The  ru*-  (162.)  The  principle  by  which  one  unknown  quan- 
ta* of  e.joa-  tity  is  eliminated  by  two  equations  may  be  generalized. 
tlon«  should  |p  several  equations  of  the  first  degree  be  given,  in- 
to-’ eluding  several  unknown  quantities,  any  one  of  these 
unknown  unknown  quantities  may  be  made  to  stand  as  the  first 
quantities.  member  of  any  one  of  the  equations — the  other  terms 
being  all  transferred  to  the  other  member,  by  the  method* 
already  explained.  The  second  member  may  then  be 
substituted  fur  the  unknown  quantity  which  stands 
alone  in  the  first  member,  in  nil  the  other  equations. 
One  equation,  therefore,  ha*  served  to  eliminate  one 
unknown  quantity  from  nil  the  other  equations,  and  the 
number  of  equations,  as  well  as  that  of  unknown 
quantities,  is  thus  diminished  by  one.  The  same  pro- 
cess may  be  repeated  with  another  equation  and  another 
unknown  quantity,  and  the  number  of  equation*  and 
of  unknown  quantities  will  then  be  diminished  by  two; 
and  so  the  process  may  be  continued.  If  the  number 
of  unknown  quantities  be  equal  to  the  number  of  inde- 
pendent equations,  it  is  clear  that  by  eliminating  all 
the  unknown  quantities  but  one,  we  shall  also  have 
reduced  the  number  of  equations  to  a single  one.  I bis 
single  equation  will  determine  the  value  of  the  remain- 
r.  nscqucn-  ing  unknown  quantity.  Kill  if  the  number  of  equa- 
«»  if  cot.  tions  were  less  than  the  number  of  unknown  quantities, 
after  reducing  the  number  of  equations  to  a single  one, 
the  number  of  unknown  quantities  remaining  in  it 
would  be  two  or  more,  and  it  would  therefore  be  in- 
sufficient to  determine  their  values,  and  the  problem 
would  be  indeterminate.  But,  on  the  other  hand,  if 
the  number  of  unknown  quantities  be  leas  than  the 
number  of  equations,  after  reducing  their  number  by 
elimination  to  one,  more  than  one  equation  would  re- 
main, and  the  results  would  be  contradictory  if  the 
the  given  equations  wore  independent. 

Example*.  (163.)  We  shall  give  one  or  two  examples  : 

1 .  How  many  times  do  the  hands  of  a watch  coin- 
cide between  noon  and  midnight,  on  the  supposition  that 
there  is  only  an  hour  hand  and  a minute  hand  ; and 


what  are  the  exart  moments  of  their  coincidence.  Also,  Simple 
what  would  be  the  number  of  coincidences  of  three  hands  Equation*. 
moving  on  the  same  centre , an  hour,  minute,  and  second 
hand,  and  what  would  be  the  exact  moment  of  their 
coincidence  ? 

2.  A number  is  composed  of  three  digits,  of  which  the 
sum  u given.  The  digit  in  the  unit's  place  is  m time* 
that  in  the  hundreds  place ; and  on  adding  a given 
number  consisting  of  three  digits  to  the  sought  number , 
the  digits  will  be  reversed.  Investigate  a general  for 
snula  for  the  solution  of  this  class  of  problem , and 
apply  it  to  the  case  where  the  sum  of  the  digits  is  11, 
m = 2,  and  where  the  number  added  is  297. 

3.  A sum  of  T 1 00.000.  is  placi  d at  interest,  one  part 
at  5 per  cent.,  another  at  4 per  cent.  The  total  interest 
is  £ 4640 . ; it  is  required  to  assign  the  proportions  which 
are  ptaerd  at  each  rate. 

4.  Three  persons.  A,  B,  C,  have  certain  sums  which 
they  place  at  interest.  B and  C have  each  given  num- 
bers of  pounds  more  than  A.  The  rates  of  interest  ofB 
and  C’  exceed  that  of  A by  given  sums ; and  also * the 
revenues  of  B and  C exceed  that  of  A bp  given  sums. 

It  is  retfuired  to  determine  the  capitals  of  A,  B.  and  C, 
and  also  the  rates  of  interest  they  respectively  receive. 

(164.)  We  have  already  proved  that  all  equations  of  Three 
the  first  degree  between  two  unknown  quantities  may  Uttkno‘v" 
be  reduced  to  the  genera)  forms,  (153,)  quantuu-* 

eft  + t/y=z  d. 

The  same  reasoning  by  which  this  was  established  will 
likewise  prove  the  equations  between  three  unknown 
quantities  may  each  be  reduced  to  the  form 
ax  + by+cx  = d, 

and  as  in  every  determinate  problem  there  must  be 
three  of  these  equations,  they  may  be  represented 
thus: 

flx  + 6y  + c:  = </ 
a*  x + br  y + c':  = if 
anX’ f b”y  -f  d* z = d ", 

It  is  evident  how  these  observations  may  be  extended 
to  any  number  of  equations  between  the  same  number 
of  unknown  quantities. 

It  should  be  observed,  that  it  is  by  no  mean* 
necessary  that  all  the  unknown  quantities  engaged  in 
the  problem  should  occur  in  each  equation  ; and  al- 
though they  appear  to  do  so  in  the  above  general  for- 
mula*, yet,  as  it  is  supposed  that  any  one  or  more  of 
the  general  coefficients  a\  a'.  . b\  b.  . &c.  may  be  = 0, 
they  are  not  so  restricted.  These  general  coefficients 
arc,  in  fact,  the  aggregates  of  the  coefficients  of  each 
unknown  quantity,  in  any  particular  question,  after  the 
equations  have  been  clcurvd  of  fractions  and  reduced, 
as  explained  in  (139.) 

(165.)  Rules  may  be  assigned  and  established  by 
which,  when  any  number  of  equations  of  the  first  de- 
gree between  the  same  numher  of  unknown  quantities 
are  given,  the  values  of  these  unknown  quantities  mnv 
be  severally  obtained  without  the  usual  process  of 
elimination,  or  any  other  preparatory  Investigation. 

If  there  be  but  one  unknown  quantity,  the  equation 
may  always  be  reduced  to  the  form 
a x =r  b, 

a being  the  algebraic  sum  of  all  the  coefficients  of  the 
unknown  quantity,  and  b the  algebraic  sum  of  the 
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Afeebra.  terms  which  have  no  unknown  factor.  The  general 
formula  for  x in  this  case  is  obviously 
_ b_ 

a 

We  have  already  shown  that  when  there  are  two  equa- 
tions with  two  unknown  quantities,  the  formula  for 
their  values  are 

__  c 6'  — 6 c'  a d — c cl 

a 6'  — 6 o'  ’ ^ a b1  — b a!  ’ 

The  rule  by  which  these  formula*  may  always  be 
found  is  as  follows  : 

1.  They  have  a common  denominator.  With  the 
letters  a and  6,  which  express  the  coefficients  of  x und 
y,  form  the  two  arrangements  a b and  6 a,  and  place 
between  them  the  sign  — , and  place  an  accent  on  the 
last  factor  of  each  term.  Thus  we  first  write 
ab  — b a, 

and  then  placing  the  accents  we  have 
aV  -ba\ 

which  is  the  common  denominator. 

3.  To  determine  the  numerator  of  the  value  of  each 
unknown  quantity,  substitute  for  the  letter  expressing 
the  coefficient  of  that  unknown  quantity  in  the  deno- 
minator (already  found)  the  absolute  quantity  c,  and 
preserve  the  accents  as  before.  Thus,  to  determine  the 
numerator  of  the  value  of  x,  we  change  a iu  the  com- 
mon denominator  into  c,  and  the  result  is 
eb'  — b c'; 

and  to  obtain  the  numerator  of  y we  change  b into  c, 
and  obtain  ad  — cal. 

(166.)  Let  us  now  consider  the  general  formula:  for 
the  values  of  three  unknown  quantities  derived  from 
the  equations  of  (164.) 

Let  z be  eliminated,  by  multiplying  the  first  equation 
by  d%  and  the  second  by  c,  and  subtracting  the  one 
from  the  other.  The  result  is 

{ad—  cal)  x + (6  c'— c6')y  = dd—  ctt. 

In  like  manner,  eliminating  z by  the  second  and  third, 
we  obtain 

(a'c*  - dd’)x- f (?<*  - db")  y = <f  c"  - df, 
eliminating  y by  these  two  equations,  by  the  usual 
methods,  we  obtain 

{{ad  — cal)  {b'd'—db’’)  — (aV'-c'a")  (6c'— c6')]x  = 
{dd  - cd!)  {b’d*  - d 6")  - (t Vd’  - ddT)  {bd-  cU) 
Developing  the  several  products,  and  dividing  by  the 
common  factor  d,  and  arranging  the  factors  of  each 
term  in  the  order  of  the  accents,  the  equation  becomes 

{ab1  d'—adb'1  + ca'6"— 6a'c"-f  bdai—cb'al)x  =: 
db'd'-ddb”  + c<tbl  — bddf  + bc,d?—cb,dN. 
Whence  we  obtain 

_ dh’S-ddb*  + cdfb',-bd'df  + bddr-cb'<r 
ab'd*  — ac'6n  + ca'6"  — ba  c"  + be' a’  — c6'a*'  * 
and  by  a similar  process  we  obtain 
_ ad'c*'—  ac  d?  + c a'  (T  — dd  d*  + dd  o'—  cd!  a? 

^ a b' d1  — a r'  6"  + c td  6"—  6 al  d*  + 6 dal—  cb'  a"  * 
_ a b‘  dl  - ad  6"  +d  al  b*  - b a' d"  + bd'a " - db'a * 
a hi  d*  — a c'  6*  -f-  c a!  hi*  — b a‘ c"  *+■  6 c' <1°  — cb* at* * 


(167.)  The  last  two  formula1  might  be  deduced  from  Simple 
the  first  by  the  symmetrical  nature  of  the  proposed  Bqwtuio*. 
equations.  It  is  evident,  if  in  the  three  original  equa- 
tions  of  (164)  the  letters  x,  a,  a\  a!'  were  changed  into 
y,  6.  b',  6",  or  in  z,  c,  dt  d \ and  wee  versd,  the  equations 
would  remain  unchanged.  Hence  we  are  authorized 
to  make  similar  changes  in  the  formula  which  are 
deduced  from  these  equations.  J'(  then,  in  the  for 
mula  for  x,  the  letters  x,  a , o',  an  b«  changed  into  y,  6, 

6',  6r,  and  rice  versa,  we  shall  obtain  the  formula  for  y ; 
and  by  changing  x,  a,  o',  a"  into  z,  c,  df  d\  and  rice 
vend , we  shall  obtain  the  formula  for  z.  This  princi 
pie  will  be  found  of  very  extensive  use  in  analysis. 

(168.)  The  precediug  formula:  for  x,  y,  and  z,  like 
the  former,  have  a common  denominator,  and  may  be 
found  by  the  following  rule  : 

1.  To  fonn  the  common  denominator,  write  the  de 

nominator  (a  6'  6 o')  in  the  case  of  two  unknown 

quantities  without  the  accents,  thus 

a 6 b a; 

introduce  the  letter  c in  ail  possible  positions  in  each 
of  the  terms  a b and  6 a ; that  is,  lust,  middle,  and 
first ; and  write  the  successive  results  one  after  another, 
ailecting  them  alternately  with  the  signs  + and  — . 

The  result  will  be 

abc—acb  + cab  6ac+6ea  eba; 
accenting  the  second  factor  of  each  term  with  ',  und 
the  third  with  *,  the  formula  becomes 
a 6'  ca  — a d 6"  + c 6"  — 6 o'  d1  -f  6 d al  — c 6'  a", 
which  is  the  common  denominator. 

2.  To  form  the  numerator  of  the  formula  for  each  un- 
known quantity,  it  is  only  necessary  to  substitute  for 
the  letter  expressing  its  coefficient  in  the  denominator 
the  absolute  term  d,  and  to  preserve  the  accents. 

Thus,  to  determine  the  numerator  of  the  value  of  x,  it 
is  only  necessary  to  change  a into  d , and  the  result  i» 

dl/c’- ddr  + cd’h'’  bd'd*  f 6c'<T  c6'rf», 

and  similarly  for  y and  z. 

(169.)  The  law  by  which  the  arrangement  of  the 
terms  of  these  formula  is  governed  appears  upon  in- 
spection, and  may  he  extended  to  the  eases  of  four  or 
more  uukuown  quantities.  A general  demonstration 
of  the  law  has  been  given  by  Laplace,  in  the  proceed- 
ings of  the  Institute  for  the  year  1772.  It  is,  however, 
of  too  complicated  a nature  to  be  properly  inserted 
here. 

(170.)  The  values  of  the  unknown  quantities  de- 
duced from  any  system  of  equations  must  be  either 

positive,  negative,  = 0,  of  the  form  — , or  of  the 
form 

0 

If  the  value  we  obtain  for  an  unknown  quantity  be 
positive,  it  is  generally  a value  which  solves  the  problem 
which  was  reduced  to  the  proposed  equations.  It  is 
not,  however,  always  so.  The  equation,  or  the  system 
of  equations,  is  not  always  the  exact  translation  of  the 
proposed  problem  into  the  language  of  Algebra. 

There  are  frequently  some  peculiar  conditions  iu  the 
proposed  problem,  which  the  analyst  is  obliged  to  omit 
from  their  not  being  of  a nature  to  allow  of  being  ex 
pressed  in  an  equal  ion.  Hie  problem  which  is  ex- 
pressed by  the  equations  is  therefore  more  general  than 
the  problem  from  which  the  equations  are  deduced; 
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and  the  roots  of  it,  from  the  peculiar  values  of  the 
data,  may  happen  to  be  of  such  a nature,  that  they  are 
inconsistent  with  those  conditions  of  the  problem 
which  are  not  expressed  in  its  algebraical  statement. 
Thus  suppose  that  the  problem  was  such  that  the 
sought  number  must,  from  its  nature,  be  an  integer, 
but  that  the  data  were  such  that  the  result  of  the 
equation  gave  it  a fractional  value.  This  value  is  a 
true  and  full  solution  of  the  equation,  but  it  is  not  a 
solution  of  the  problem  from  which  the  equation  was 
deduced.  Hie  cause  of  which  is,  that  the  condition 
that  the  root  should  be  integral  was  not  expressed  in 
the  equation,  and  the  result  indicates  that  the  data  of 
the  proposed  problem  are  inconsistent  with  that  con- 
dition. Instances  of  this  will  be  seen  hereafter. 

(171.)  If  the  values  obtained  for  any  of  the  unknown 
quantities  be  negative,  a modification  of  the  original 
problem  is  suggested,  as  has  been  already  explained  in 
the  case  of  a single  unknown  quantity.  The  modifi- 
cations thus  suggested  may  be  determined  by  recurring 
to  the  original  equations,  and  changing  in  them  the 
signs  of  those  unknown  quantities  which  are  negative. 
As  this  is  determined  on  the  same  principles  as  in  the 
case  of  a single  unknown  quantity,  it  will  be  unneces- 
sary here  to  enter  further  upon  the  subject. 

The  observations  already  made  on  the  other  peculiar 

forms  scil.,  0,  and  - , in  the  cases  of  one  and 

0 0 

two  unknown  quantities,  are  also  applicable  to  the 
results  of  equations  of  several  unknown  quantities. 


SECTION  XIII. 

Of  Equations  of  the  Second  Degree. 

(172.)  After  an  equation  which  results  from  the 
conditions  of  a problem  expressed  algebraically  has 
been  reduced  in  the  manner  explained  in  (139,)  the 
result,  if  it  be  an  equation  of  the  second  degree, 
must  have  the  form 

Aj*  + Bj=C. 

As  the  coefficients  A and  B are  respectively  the  alge- 
hraical  sums  of  the  several  coefficients  of  x*  and  x, 
and  C the  algebraical  sum  of  those  terms  not  affected 
by  t as  a multiplier,  it  follows  in  general  that  A,  R, 
and  C may  have  any  values  positive,  negative,  or  = 0. 
But  it  should  be  observed,  that  if  A = 0 the  equation 
is  no  longer  of  the  second  degree ; this  case  we  shall 
therefore  omit  in  the  consideration  of  these  general 
equations.  If  the  equation  be  divided  by  A,  and  that 
we  suppose 

B C 


it  becomes 

x*  4-  p * = q, 

where,  as  before,  p and  q may  each  be  positive,  nega- 
tive, or  = 0. 

If  p = 0,  the  form  of  the  equation  becomes 
**=  + 

This  form  is  sometimes  called  a pure  qxiadratir  equa- 
tion, and  by  some  authors  an  incomplete  quadratic 
equation. 

If  p he  not  s=  0,  the  equation  is  called  a complete 
or  affected  q*cdratic  equation. 


The  square  roots  of  both  members  of  the  former  Quadratic 
being  taken  (138)  we  have  Kquatioa^ 

*=±  VT" 

If  q be  a number,  this  is  done  by  the  rules  of  ordinary 
arithmetic.  If  q be  a simple  algebraical  quantity,  its 
root,  when  it  has  one,  may  be  obtained  by  the  prin- 
ciples established  in  Section  VI.  If  it  be  a complex 
algebraical  quantity,  the  method  of  obtaining  the  root 
will  be  explained  in  a subsequent  section. 

It  may  be  observed,  generally,  that  if  9 > 0,  there 
will  be  two  values  of  x whose  arithmetical  value  is  the 
same,  but  whose  algebraical  values  have  different  signs, 

(66  ) If  9 < 0,  there  is  no  arithmetical  value  of  x, 
aud  its  algebraical  values  are  imaginary,  (68.) 

(173.)  The  method  of  solving  a complete  equation 
of  the  second  degrea  is  deduced  from  a comparison  of 
its  first  member  with  the  form  for  the  square  of  a 
binomial,  the  first  term  of  which  is  x.  Let 
x + a = 6 ; 
squaring  both  members,  we  have 

x®  + 2 ax  4-  a*  = 6*.  [1.] 

Tins  is  evidently  a complete  equation  of  the  second 
degree,  and  may  be  solved  by  taking  the  square  roots 
of  both  members.  Upon  comparing  it  with  the  form 
**  + fi  = i,  [2] 

they  are  found  to  differ  only  in  this,  that  there  is  an 
absolute  term  («*)  in  the  first  member  of  the  former 
which  does  not  appear  in  the  latter.  This  term  is  the 
square  of  half  the  coefficient  of  x in  the  former.  We 
are,  however,  allowed  to  add  the  same  known  qnatitity 
to  both  members  of  an  equation  without  disturbing 
their  equality.  Hence,  the  first  members  of  the  two 
equations  will  be  assimilated,  as  to  their  form,  by  adding 
to  both  members  of  the  latter  the  square  of  half  of  the 
«* 

coefficient  p ; that  is,  — . By  this  change  it  becomes 

pa  V * 

*>+pi+  y = + «■ 


or 


i* + 2.-J-.I  + 


[3.] 


The  first  member  here  becomes  identical  with  that  of 
(l,j  by  changing  into  a.  Hence  it  is  easily  seen 
that  the  first  member  of  [3]  is  the  square  of 


* + 


2L 

2 * 


Taking,  then,  the  square  roots  of  both  members  ofGeoend 
[3,1  we  obtain  form*'*  for 


Hence  we  derive  a general  rule  by  which  the  value  of 
x in  an  equation  of  the  second  degree  may  at  once  be 
obtained. 

*•  Let  the  equation  be  first  reduced  to  the  form  [2.J 
(which  if  it  be  a quadratic  equation  it  always  can ;) 
the  value  of  x will  be  found  by  taking  the  coefficient  of 
x (j>),  changing  its  sign,  and  dividing  it  by  2,  and 
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Alf«bra  adding  to  it,  or  subtracting  from  it,  the  square  root  of 
the  quantity,  which  is  the  algebraic  sum  of  the  square 

of  the  half  coefficient  ^ and  the  absolute  qu&n- 

tity  (<?).” 

Hence  it  will  be  observed,  that  a quadratic  equation 
always  has  two  roots,  inasmuch  as  the  radical  is 
susceptible  of  two  signs. 

I'mpenia  (174.)  We  shall  now  proceed  to  consider  some 
at  (be  root*,  general  properties  of  the  roots  of  equations  of  the 
second  degree. 

After  modifying  the  formula 

Xa+/7X=7J  [l] 

* 

by  the  addition  of  — — to  both  members,  we  obtained 

Let  the  second  member  of  this  equation  be  called  m*, 
so  that 

or  (x  + )*  ~ m‘  m 0. 

or  + + m)  = 0.  [2.] 


and  by  this  [2]  becomes  Quadratic 

(x  — 4)  (x  — yr)  = 0 ; EqiuUoB*. 

tJje  first  member  of  which  being  equivalent  to  that  of 
(3J  gives 

*•  + /»*  - 9 = C*  -O  <*-*").  [4.] 

The  following  identity 

**  + J>x-9  = (x"  + J>x+  i£)  - + 9) 

is  equivalent  to 

I'  + f'-!=  (•'+  -r)  - (-^  + O' 

From  which  we  immediately  iufer 
x'-j-fjx  — 9 =» 

(»+-f+v/f +»)  (*+■*■  -\/  ^ +«)• 

or  x«-f  px  — q ss  (x  - xO  (x  - x^. 

(176-)  By  developing  the  product  which  forms  the  Product  of 
second  member  of  the  identity  [4,]  we  obtain  root*. 

x«  + />x-9  = x«-  (x*-f  x")  x 4-  x'x*. 

As  this  has  been  proved  true,  whatever  value  be  ascri- 
bed to  x,  let  x be  supposed  = 0.  Hence  we  obtain 
— q = x'.r/'. 

Subtracting  this  from  the  former,  we  obtain 
x*  -f  p x = x*  — (y-f  X*)  x ,* 


The  first  member  of  this  equation  is  the  product  of  two 
factors,  and  the  second  member  is  0.  Now  it  is  evi- 
dent thul  a product  w ill  become  equal  0 when  either  of 
its  factors  = 0.  Hence  the  last  equation  will  always 
be  fulfilled  by  the  condition  expressed  by  either  of  the 
following  equations, 

x + + m = 0, 

* + -f  ~ m = °- 

p 

or  x s=  — — m, 

x ss -f  m ; 

or,  if  m be  replaced  by  its  value. 


Since  then  the  equation  [1,]  or  its  equivalent  [2t]  can 
only  be  fulfilled  by  one  or  other  of  the  factors  of  [2] 
being  = 0,  it  follows,  “ That  an  equation  of  the  second 
degree  admits  of  two  roots,  but  not  of  more.” 

(175.)  If  the  equation  [l]  be  reduced  to  the  form 
x4  + />x-9=0,  [3] 

its  first  member  must  he  equivalent  to  that  of  [2.]  Let 
x*  x*  be  the  roots  of  this  equation.  It  is  evident  that 
we  have 


and  dividing  by  x,  and  omitting  the  common  term,  we  Sum  „f 
have  roots. 

+ P=  - (V  + x*). 

Hence  we  infer,  that  in  a quadratic  equation  reduced  to 
the  form  [I,]  “ The  absolute  quantity  (9)  with  its  sign 
changed  is  equal  to  the  product  of  the  roots ; and  die 
coefficient  (/)),  with  its  sigu  changed,  is  equal  to  their 
sum.” 

It  will  be  easy  to  verify  these  results  by  actual  addi- 
tion and  multiplication. 

(177.)  The  roots  of  a quadratic  equation  are  rational  When 
or  irrational,  uccording  as  the  quantity  under  the  radi-  nUiooal. 
cal  is  an  exact  square  or  not.  If  it  be  not  an  exact 
square,  and  the  equation  be  numerical,  the  values  of 
y,  x"  may  be  obtained  with  any  degree  of  approxima- 
tion which  may  be  required  in  rational  numbers  by  the 
arithmetical  rules  for  the  extraction  of  the  square  root. 

If  the  equation,  however,  be  literal,  there  is  no  other 
way  of  signifying  the  root  when  the  quantity  under  the 
radical  is  not  on  exact  square  than  by  the  radical  itself, 
or  by  the  equivalent  notation  of  fractional  exponents 
already  explained. 

(178.)  If  the  quantity  under  the  radical  be  negative.  When 
the  radical,  and  therefore  the  roots  of  each  of  which  it  '®a$'Mrv 
is  a part,  will  be  imaginary,  (68.)  Of  the  two  terms 
under  the  radical,  one  is  always  positive,  being  the 
f V 

square  of  , a quantity  supposed  to  be  real.  Hence, 


in  order  that  the  suffix  of  the  radical  be  negative,  two 
things  are  necessary:  1,  that  the  absolute  quantity  (q) 
be  negative,  and,  2.  that  it  be  greater  than  the  square 


of  the  half  coefficient 


It  is  under  these  con- 


ditions only  that  the  roots  will  be  imaginary ; and  since 
the  same  radical  enters  both  roots,  they  must  always  be 
both  real  or  both  imaginary  together. 

FYom  die  signs  and  values  of  the  coefficient  and 
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Algebra.  absolute  quantity,  it  may,  therefore,  be  always  deter- 
mined  whether  the  roots  be  real  or  imaginary, 
sun*  (179.)  The  signs  of  the  roots,  when  real,  may  be  at 

-I  Hie  mined.  once  deduced  front  the  properties  already  established  ; 

and  from  the  principle  that  if  a product  of  two  factors  be 
positive,  its  factors  will  have  the  same  sign*  and  if  it  be 
negative,  they  will  have  different  signs. 

Hence,  since  the  product  of  the  roots  has  always  a 
different  sign  from  the  absolute  quantity  (9,)  (176.)  it 
follows,  that  when  the  absolute  quantity  is  negative 
in  [I,]  the  roots  have  the  same  sign,  and  when  it  is 
positive  they  have  different  signs. 

(ISO.)  When  two  quantities  have  the  same  sign, 
their  common  sign  is  that  of  their  algebraical  sum  ; and 
when  they  have  different  signs,  the  sign  of  the  greater 
is  that  of  their  algebraical  sum.  lienee,  when  the 
roots  have  the  same  sign,  that  sign  will  be  different 
from  the  sign  of  the  coefficient  (p.)  and  when  they 
have  different  signs,  the  sign  of  the  lesser  root  will  be 
that  of  the  coefficient  (p)  (176.) 

(181.)  As  p and  g may  be  each  positive  or  negative, 
the  general  formula  [I]  includes  under  it  the  four  follow- 
ing cases  : l.x,-}-px=-f-g;2.  a*  — p r = -f-  g ; 
3.x*  px  = — 9;  4.  r’-j-prs  — 9.  By  what  has 
been  just  established,  it  follows,  that  the  roots  in  the 
first  two  formulae,  first,  are  always  real ; secondly,  that 
they  have  different  signs,  the  root  whose  arithmetical 
value  is  greater  being  negative  in  the  first,  and  positive 
in  the  second.  Also,  that  the  roots  in  the  last  two  for- 
. p* 

mule,  first,  are  real  or  imaginary,  according  as  — is 

greater  or  less  than  9;  and,  secondly,  that  when  they 
are  real  they  arc  l*>th  positive  in  the  third  formula,  and 
both  negative  in  the  fourth. 

(182)  When  quantities  have  the  same  sign,  their 
algebraical  sum  is  also  their  arithmetical  sum,  and 
when  they  have  different  signs,  their  algebraical  sum  is 
their  arithmetical  difference.  Hence  it  follows,  that  in 
the  first  two  of  the  above  formula?,  the  coefficient  p is 
the  arithmetical  difference  of  the  roots,  and  in  the  last 
two,  it  is  their  arithmetical  sum.  The  first  two  for 
mul«\  therefore,  if  interpreted  in  ordinary  language, 
become  “ Given  the  difference  of  two  numbers,  and 
their  product,  to  determine  the  numbers  themselves  ;** 
and  the  last  two,  “ Given  the  sum  of  two  numbers,  utid 
their  product,  to  determine  the  numbers  themselves.” 
To  one  or  other  of  these  classes,  every  problem 
which  produces  a quadratic  equation  can,  therefore,  be 
ultimately  resolved. 

Difference  (183.)  To  obtain  the  formula  for  the  algebraic  dif- 
oi  n>o*».  ference  of  the  roots  of  an  equation  of  the  second 
decree,  let  the  values  of  x be  subtracted  from  that 

ofV:  


Twice  the  radical  is,  therefore,  the  difference  of  the 
roots,  and  is  positive  or  negative,  according  to  the 
manner  in  which  the  subtraction  Is  performed. 


In  order  that  the  roots  may  be  equal,  it  is,  therefore,  Quadratic 
necessary  that  the  suffix  of  the  radical  = 0,  and  this  can  N**— 
only  happen  when  the  absolute  quantity  (9)  is  negative,  ' 

and’  equal  to  the  square  of  the  half  coefficient.  In  that 
case,  the  value  of  each  root  will  be  the  half  coefficient 
with  its  sign  changed.  This  may  be  easily  verified. 

(184.)  If  9 = 0,  the  expressions  for  the  roots  be- 
come 


one  of  the  roots  being  equal  to  the  coefficient  with  its 
sign  changed,  and  the  other  being  = 0.  This  might 
also  he  inferred  from  9 being  the  product  of  the  roots. 
If  a product  = 0,  one  of  its  factors  must  = 0,  and 
therefore  one  of  the  roots  must  = 0.  The  sum  of  the 
roots  ( — p)  will  then  be  equal  to  the  other  root.  It 
will  be  seen,  hereafter,  that  this  is  only  a particular 
case  of  a much  more  general  principle. 

(185.)  In  considering  the  case  of  purr,  or  incom- 
plrtr%  equations  of  the  second  degree,  we  have  already 
disposed  of  the  case  in  which  p = 0. 

If  p s 0,  and  also  g = 0,  both  roots  are  = 0 ; for 
since  their  product  — 0,  one  of  them  at  least  must 
= I),  but  since  their  sum  also  =:  0,  the  other  must  = 0. 

(186.)  There  is  a case  which  frequently  occurs  in 
algebraical  investigations,  to  explain  which  we  must 
recur  to  the  original  form  in  which  we  expressed  (172) 
an  equation  of  the  second  degree: 
ax*  -{-  b x = c. 

This  equation  being  solved  by  the  general  rule  gives 
- 6 + *■'  6*  4-  4 a c 
* = 2 a 

If  we  now  suppose  that  a = 0,  the  values  of  x become 
-6  + 6 
X“  0 

If  the  upper  sign  be  taken,  we  have 
- 26 
* ~ 0 

and  for  the  lower  sign, 

0 

the  one  being  a symbol  of  infinity,  and  the  other  in- 
determinate. 

To  trace  the  circumstance  which  gave  rise  to  these 
results,  it  is  only  necessary  to  determine,  what  effect 
the  hypothesis  a = 0 would  produce  upon  the  primitive 
equation.  It  is  evident  that  it  would  reduce  it  to  the 
form  b x a=  c.  The  division  by  a , which  was  effected 
preparatory  to  the  solution  as  a quadratic  equation,  in* 
volvcd  a distinct,  though  implicit,  condition,  that  the 
value  of  a was  not  :=  0.  The  condition  that  a ~ 0, 
tnb*equmtly  introduced,  contradicts  this,  and  hence 
the  absurdity  of  the  results. 

This  process  is  what  is  called  shifting  the  hypothesis, 
and  is  too  often  used  by  analytical  writers,  who 
attempt  to  account  for  the  results  obtained,  and  to  give 
them  a meaning,  notwithstanding  the  evident  sophistry 
and  invalidity  of  the  process  by  which  they  were 
obtained 
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Ar{rbtx  In  tlie  present  instance  it  is  evident,  since  the  ori- 
ginal  equation  becomes  6 i = c when  a = 0,  that  x has 
but  one  value,  and  that  is 


c 


If  in  this  case  b = 0,  the  equation  becomes  0 = c, 
which  is  absurd,  if  c be  not  — 0,  and  if  c ~ 0,  it 
becomes  an  useless  identity. 

It  is,  perhaps,  worth  observing,  that  if  a,  b,  and  c 
all  = 0,  the  equation  a x1  -f-  bx  = c will  be  necessarily 
true,  whatever  value  may  be  ascribed  to  x.  The  pro- 
blem is  in  this  case  indeterminate,  and  the  equation  Is 
said  to  be  “ satisfied  by  its  coefficients." 


SECTION  XfV. 

Of  Inequalities. 

(187.)  An  inequality  is  a proposition  which  expresses 
algebraically,  that  one  quantity  is  greater  or  less  than 
another.  Inequalities  are  therefore  of  two  kinds,  and 
must  be  expressed  in  either  of  the  following  forms, 

A > B 
A < B, 

according  as  the  first  member  is  greater  or  less  than  the 
second. 

In  an  equality  it  is  a matter  of  indifference  on 
which  side  of  the  sign  = either  member  is  placed.  It 
is  otherwise  with  an  inequality  ; for  if  it  be  necessarily 
true  in  one  position,  it  will  be  evidently  false  when  the 
members  are  transposed.  If,  however,  at  the  same 
time  that  the  members  arc  transposed,  the  sign  of  in- 
equality be  reversed,  the  transposition  is  valid,  and  the 
statement  continues  true.  Tlius,  if  A > B,  *.*  B < A ; 
and  if  A < B,  B > A,  which  is  evident ‘from  the 
meaning  of  the  symbols. 

(IBS.)  Several  of  the  changes  allowable  on  equalities 
are  also  allowable  on  inequalities.  Thus,  quantities 
which  are  algebraically  equal,  may  be  added  to,  or 
subtracted  from  both  members  of  an  inequality.  It  is 
evident,  that  if  A > B,  *.•  A -f-  C > B -f-  C,  and 
A — C > B — C.  In  executing  these  transformations 
it  should,  however,  be  remembered,  that  of  two  negative 
quantities  that  which  is  numerically  less  is  algebraically 
greater. 

(189.)  Hence  a quantity  may  be  transferred  from 
one  member  of  an  inequality  to  the  other,  provided 
that  its  sign  be  changed  ; for  this  is  the  same  as  sub- 
tracting it  algebraically  from  both  members.  Thus,  if 
A > B + 0,  *.•  A - C > B ; and  if  A > B - C, 
*,*  A + C > B. 

(190.)  Hence  we  may  infer,  that  if  the  signs  of  both 
members  of  an  inequality  be  changed,  the  species  of 
the  inequality  must  also  he  changed.  For  if  A > B, 
*.*  A — B > 0 by  (189,)  *.•  - B > - A,  by  (189,)  or 
- A < - B by  (187.) 

(191.)  Both  members  of  an  inequality  may  be  mul- 
tiplied by  the  same  positive  quantity  ; but  if  they  be 
multiplied  by  the  9ame  negative  quantity,  the  species  of 
inequality  will  be  changed. 

For  since  products  having  a common  factor  are  in 
the  same  ratio  as  the  factors  not  common,  the  mtme 
rical  inequality  of  both  members  will  remain  of 
the  same  species,  whether  the  multiplier  be  positive  or 

VOL.  i. 


negative.  If  the  multiplier  be  positive,  the  signs  of  Ineqadities 
both  members  remain  unchanged,  and  therefore  the  1 
species  of  inequality  remains  tile  same;  but  if  the 
multiplier  be  negative,  the  signs  of  both  members  are 
changed,  and  therefore  the  species  of  inequality  must  be 
changed.  Tims,  if  both  members  of  A > B be  multi- 
plied by  -j-  C,  we  have  A C > B C ; but  if  they  be  both 
multiplied  by  — C,  the  effect  is  the  same  as  if  they  were 
first  multiplied  by  -j-  C,  and  the  signs  then  changed. 

The  first  result  would  be  A C > B C ; and  changing  the 
signs  we  should  have  by  (187)  — AC<  - B C. 

(192.)  The  same  principles  exactly,  will  authorize  us 
to  divide  both  members  of  an  inequality  by  the  same 
positive  or  negative  quantity  under  similar  restrictions. 

(193.)  The  corresponding  members  of  inequalities 
of  the  same  species  may  be  added  one  to  another. 

Thus,  bv  adding  A > B,  A'  > B\  we  obtain  A -f-  A'  > 

B-f  B'.’ 

The  validity  of  this  inference  may  be  easily  esta- 
blished. It  is  evident,  that  the  quantity  which  it  is 
necessary  to  odd  to  the  lesser  member  of  an  inequality, 
in  order  to  convert  it  into  an  equality,  must  be  positive. 

Hence  m and  m!  will  be  positive  quantities  in  the  equa- 
lities 

A — B -}-  to, 

A'  = B'  -f-  m\ 

These  being  added  give 

(A  + A')=  (B  + BH(«  + 4 

Since  m and  m'  are  both  positive  their  sum  is  positive, 
hence  A A1  > B -f- 

(194.)  A similar  principle,  however,  is  not  true  as 
respects  the  subtraction  of  similar  inequalities.  It 
does  not  follow,  that  if  A > B,  A'  > B',  that  A — A'  > 

B — B'.  For.  as  before,  let  A = B -}-  m.  A'  r=  B'  -f-  m't 
V (A  - AO  = (B  — IT)  -f  (m  — m). 

The  quantity  m — m!  may  be  either  positive  or  nega- 
tive. If  it  be  positive,  we  have  A — A'>  B — B\ 
and  if  it  be  negative,  A — A'  < B — Br. 

(195.)  Both  members  of  an  inequality  may  be  raised 
to  the  same  power,  or  the  same  roots  may  be  extracted, 
observing  the  condition,  that  if  in  the  process  of  in- 
volution or  evolution  the  signs  of  the  members  be 
preserved,  the  species  of  the  inequality  is  also  to  be 
preserved ; but  if  the  signs  be  changed,  the  species  of 
inequality  is  also  to  he  changed. 

(196.)  It  is  evidcut,  that  the  sign  of  the  greater  mem- 
ber of  an  inequality  if  negative  may  be  made  positive, 
and  the  lesser  member  if  positive  may  be  made  nega- 
tive, because  by  this  process  the  former  is  algebraically 
increased,  and  the  latter  algebraically  diminished. 

(197.)  For  the  same  reason  any  positive  quantity 
may  be  added  to  the  greater  member,  or  subtracted 
from  the  lesser,  and  any  negative  quantity  may  be 
added  to  the  lesser  member,  or  subtracted  from  the 
greater. 


SECTION  XV. 

On  Ihe  changes  in  sign  of  a rational  and  integral  for - 
mu  fa  of  the first  or  second  degree,  produced  by  changes 
in  the  value  ascribed  to  the  unknown  or  variable 
quantity  in  it. 

(198.)  When  an  algebraical  formula  contains  a 
4 o 


Digitized  by  Google 


558 


ALGEBRA. 


quantity  which  is  unknown  or  indeterminate,  combined 
1 by  given  operations  with  other  quantities  which  are 
given,  it  is  said  to  be  u rational  formula  when  the  un- 
known or  indeterminate  quantity  is  not,  either  by  itself 
or  in  combination  with  other  quantities,  affected  by  a 
radical  or  a fractional  exponent.  It  is  likewise  said  to 
be  integral  when  the  unknown  quantity,  either  by  itself 
or  in  combination  with  other  quantities,  is  not  found 
in  the  denominator  of  any  fraction,  or  affected  by  a 
negative  exponent.  The  drfree  of  the  formula,  like 
that  of  au  equation,  is  decided  by  the  highest  integral 
exponent.  Every  rational  and  integral  formula  of  the 
first  degree  must,  therefore,  have  the  form  Ar  + B, 
and  every  rational  and  integral  formula  of  the  second 
degree  must  have  the  form  A x*  -f-  II  x -f-  C. 

The  general  symbols  A,  B,  C being  supposed  to  re- 
present given  quantities,  it  follows  that  the  values  of 
these  formula?  will  entirely  depend  on  the  values  which 
may  be  ascribed  to  the  unknown  or  indeterminate  quan- 
tity x.  We  propose  in  this  Section  to  determine  how 
the  signs  of  the  quantities  represented  by  these  formula?, 
depend  on  the  values  which  may  be  ascribed  to  x, 
and  to  distinguish  what  values  of  x will  render  them 
positive  or  negative. 

This  may  be  considered  as  a more  general  investiga- 
tion than  the  solution  of  equations  which  is  the  deter- 
mination of  the  values  of  x,  which  render  these  for- 
mula? =r  0. 

The  formula  of  the  first  degree  presents  no  difficulty. 
It  may  obviously  be  expressed  in  the  form  A (•+l) 
Let  the  value  of  x,  which  renders  it  = 0,  be  x\  We 
then  have  J = — and  the  original  formula  by 

this  substitution  becomes  A (x  — x').  This  being  the 
product  of  two  factors,  it*  sign  will  be  -f-  or  — , accord- 
ing as  its  factors  have  like  or  unlike  signs,  lienee  if 
A > 0,*  ull  values  of  x > s'  render  the  formula  > 0, 
and  all  values  of  x < s’  render  it  < 0.  If  A < 0,  nil 
values  of  x > x render  the  formula  < 0,  and  all  values 
of  x < xf  render  it  > 0.  Hence  we  find 

("  A > 0 and  x > 

A x-*-  B > 0 if  ^ 

A < 0 and  x < — 

r , j* 

I A > 0 and  x < — — . 

Ax+BCOif-j  D 

J A < 0 and  x > — 

L A 

B 

A * -{-  B = 0 if  x = — -£• 

Hence,  if  x be  supposed  to  assume  all  possible  values 
from  an  unlimitedly  great  positive  value  decreasing  to 
0,  and  then  to  pass' through  all  negative  values  from  0 
to  au  unlimitedly  great  negative  value,  the  formula 

Ax  -f  B becoming  = 0,  when  x = — will  be  posi- 

tive for  all  values  on  the  one  side  of  this,  and  negative 


• It  ihouM  be  r Artfully  oUaned,  that  > ami  <,  and  th«  ternit 
greater  and  icu,  mem  atgttroicalty  greater  vt  less 
neitcm-'/y,  we  Sect  XIV. 


for  all  those  on  the  other  side  of  it.  The  formula  may  S*F*  M 
thus  be  conceived  to  change  its  sign  in  passing  through  p*^! 
zero,  and  constantly  to  maintain  the  same  sign,  while 
x is  on  the  same  side  of  the  value  which  renders  the  v 
formula  = 0,  so  that  throughout  the  whole  variation  of  • 

x the  formula  suffers  but  one  change  of  sign. 

This,  however,  is  not  the  case  with  any  other  rational 
and  integral  formula.  In  the  formula 
A x*  -f  B x + C. 

let  the  values  of  x which  render  this  = 0,  be  xf  andx*. 

We  have  (175) 

Aj4-f-Br-f-C  = A(x-x')(x-  x"). 

The  quantities  xf  xn  are  subject  to  all  the  circum* 
stances  incident  on  the  roots  of  an  equation  of  the 
second  degree:  they  maybe,  1.  real  and  unequal;  2. 
real  and  equal ; 3.  imaginary.  We  shall  consider  suc- 
cessively these  cases. 

(199.)  1°.  If  the  quantities  x'  x"  be  real  and  equal, 
the  formula 

Ax*-f  Bx  + C, 

or  its  equivalent 

A (x  — x1)  (x  - x") 

is  the  product  of  three  factors.  If  two  of  these  have 
the  same  sign,  the  sign  of  the  product  will  be  that  of  the 
third  factor  ; and  if  two  have  opposite  signs,  the  sign 
of  the  product  will  be  different  from  that  of  the  third 
factor.  Of  the  two  roots  x*  and  (being  unequal)  let 
X1  > x".  If  a value  be  ascribed  to  x which  is  between 
the  values  of  the  roots,  that  is,  greater  than  the  lesser 
root  and  less  than  the  greater  root,  the  factors  x — x' 
and  x — .r*  will  have  different  signs,  and  therefore  the 
sign  of  the  whole  formula  will  be  different  from  the 
sign  of  A ; but  if  the  value  ascribed  to  x be  l>eyond 
the  limit  of  either  root,  that  is,  if  it  be  greater  than  the 
greater  root  or  less  than  the  lesser  root,  the  signs  of 
the  factors  x — x’  and  x — x*  will  be  the  same,  and 
the  sign  of  the  whole  formula  will  be  that  of  A. 

Thus  it  appears,  that  while  continually  increasing 
values  are  ascribed  to  x,  from  negative  infinity  to  posi- 
tive infinity,  the  formula  of  the  second  degree  suffers 
two  changes  of  sign  in  passing  twice  through  zero ; that 
for  the  values  of  x between  those  which  render  it  equal 
to  zero,  it  is  > l)  when  A < 0,  and  < 0 when  A > 0 ; 
and  that  for  all  values  of  x beyond  the  limits  of  the 
roots  on  either  side,  it  is  continually  > 0 or  <9, 
according  as  A > 0 or  < 0. 

(200.)  2°.  If  the  roots  x',  x"  be  equal,  the  formuhe  is 
reduced  to  A (x  — i0*>  ^ expressing  the  common  value 
of  the  two  roots.  In  this  case  the  factor  (x  - x’)*  is 
essentially  positive,  whatever  be  the  sign  of  x — x\ 
except  when  x = x',  when  it  O.  Hence  for  ull 
values  of  x whatever,  except  that  particular  value  x\ 
which  renders  the  formula  = 0,  the  sign  of  the  formula 
will  be  that  of  A. 

(201.)  It  may  be  observed,  that  in  this  case  the  for- 
mula is  a perfect  square.  For  the  condition  on  which 
the  equality  of  the  mots  s',  x"  depends  is,  that  the 
suffix  of  the  radical  should  =:  0.  And  this  gives 
B fl  — 4 A C rr  0, 

B = 2 -'ACT 

which  being  substituted  in  the  original  formula  it  be- 
comes 

Ax*  -f  2 ^ AUx-f  C. 
which  is  equivalent  to 

(✓A.x+ v'cV- 
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Algebra.  (202.)  It  is  evident  also  that  this  condition  can  only  be 
■— v— fulfilled  when  A and  C have  the  same  sign.  For  if  they 
had  different  signs,  4 A C would  be  essentially  negative, 
and  therefore  B*  — 4 A C would  be  the  sum  of  two 
quantities  essentially  positive,  and  could  not  = 0. 

(203.)  3°.  If  the  roots  x\  x"  be  imaginary,  there  ore 
no  real  values  of  x which  render  the  formula  = 0.  In 
this  case  the  sign  of  the  formula  must  be  otherwise 
determined.  Any  real  value  being  ascribed  to  x,  let 
the  corresponding  value  of  the  formula  be  y,  so  that 
Aj»  + Bi  + C = y, 


which,  being  solved  for  x,  gives 

v/s 


- 4 A C 


2 A 


y_ 

A* 


— B + VrB,-4AC-f-4  Ay 

■'*  x~  2 A 

Since,  by  hypothesis,  in  the  present  case,  the  values  x\ 
x*  are  imaginary,  it  is  necessary  that  B*  — 4 AC  < 0. 
But  also  it  is  supposed  that  the  values  of  x are  real. 
Hence  B*  - 4 A C -f  4 A y >0; 

and  since  B * — 4 A C < 0,  wc  have 
4 Ay  >0, 

A y > 0. 

Hence  it  follows,  that  y must  always  have  the  sign  of  A, 
whatever  be  the  value  of  x,  provided  it  be  real. 

Thus  it  appears,  that  when  the  values  of  x which 
render  a rational  and  integral  formula  of  the  second 
degree  = 0 are  imaginary,  all  real  values  of  x whatever 
will  render  the  same  formula  positive  when  A > 0,  and 
negative  when  A < 0. 

it  appears,  as  in  the  case  where  xf  = x*,  that  in  this 
case  A and  C must  have  the  same  sign. 


SECTION  XVI. 

Of  Maxima  and  Minima. 

(204.)  The  species  of  problems  having  for  their  ob- 
ject the  determination  of  maxima  and  minima,  belong 
more  properly  to  the  Differential  Calculus  than  to  pure 
Algebra.  For  the  complete  discussion  of  them  we 
therefore  refer  the  reader  to  that  subject.  A particular 
class  of  these  questions  may,  however,  be  solved  by  the 
aid  of  the  theory  of  equations  of  the  second  degree ; 
and  as  they  frequently  occur  in  the  more  elementary 
parts  of  analysis,  and  particularly  in  the  application  of 
Algebra  to  Geometry,  we  shall  here  explain  the  methods 
of  investigating  them. 

When  certain  operations  are  to  be  performed  on 
given  numbers,  it  may  so  happen  that  the  magnitude  of 
the  result  will  depend  on  the  manner  in  which  these 
operations  arc  performed.  In  such  a case  it  may  be 
required  to  determine  how  the  proposed  operations 
should  be  performed,  in  order  that  the  resulting  quantity 
should  be  of  the  greatest  or  the  least  values  which  it 
could  have  consistently  with  the  proposed  conditions. 
Such  values  arc  called  maxima  and  minima. 

This  will,  perhaps,  be  better  understood  by  an  ex 


ample.  Let  it  be  required  to  divide  a given  number  Minima 
(2  a)  into  two  parts,  whose  product  is  a maximum ; a*1 

that  is,  whose  product  is  greater  than  the  product  of  v 
ar.y  other  two  parts  into  which  the  number  could  be  ^ 
divided. 

Let  y be  the  sought  maximum  value,  and  x one  of 
the  sought  parts,  the  other  being  2 a — x we  ha\c 
x (2  a - x)  = y. 

It  is  plain,  that  as  there  arc  an  infinite  variety  of  ways 
in  wliich  the  proposed  number  may  be  divided  into  two 
parts,  there  is  an  infinite  variety  of  values  which  may  be 
ascribed  to  the  part  x.  In  fact,  x may  be  conceived  to 
express  any  number  which  is  less  than  the  given  num- 
ber 2 a.  The  value  of  the  product  y will  altogether 
depend  on  the  value  ascribed  to  x.  Under  these  circum- 
stances x is  called  a variable , and  y is  said  to  be  a 
function  of  x.  The  word  function  being  a term  im- 
plying a quantity  or  symbol,  the  value  of  which 
depends,  by  some  given  condition,  ou  the  value  of 
another  quantity  called  the  variable ; function  and 
variable  being  therefore  correlative  terms. 

In  order  to  determine  the  value  of  x,  which  renders 
y a maximum,  let  the  first  member  of  the  equality  be 
developed,  and  the  result  is 

2 a x — x*  s=  y, 
x*  — 2 a x s — y. 

Let  this  be  solved  as  if  y were  a given  quantity,  and 
the  result  is 

x = a + V a*  — y. 

By  the  primitive  equation  the  value  of  y depends  on 
that  of  x.  If  such  a value  were  ascribed  tor  as  would 
make  y>n®,  that  value  would  render  the  radical  in 
the  last  equation  imaginary.  But  as  this  radical  is  a 
part  of  the  value  of  x by  the  last  equation,  that  value 
of  x will  itself  be  imaginary.  Hence  no  real  value  of 
x will  render  y >a*.  The  greatest  value  which  y can 
receive,  consistently  with  the  reality  of  x,  is  when 
y=  a*.  This  therefore  is  the  maximum  value  sought. 

But  it  is  still  necessary  to  determine  the  parts  into 
which  the  number  is  divided,  in  order  that  the  product 
of  its  parts  may  have  this  value.  This  may  be  found 
by  substituting  a*  for  y in  the  last  equation,  the  result 
of  which  is 

x :=  a jr  a*  — a9  = a, 

,\  2 a — i s a. 

The  parts  into  which  the  number  is  divided  are  there- 
fore equal.  From  which  we  deduce  the  following 
general  theorem,  14  If  a number  be  divided  into  any 
two  unequal  parts,  their  product  is  always  less  than  the 
square  of  half  that  number/1 

This  principle  might  also  be  established  still  more 
simply,  by  taking  half  the  difference  of  the  parts  as  the 
variable,  instead  of  one  of  the  parts  themselves.  As 
before,  let  the  number  be  2 a,  and  let  one  of  the  parts 
be  a -f-  x.  The  other  will  be  2 a — (a  -f-  x)  = a - x; 
it  is  evident  that  2 x is  the  diflerence  of  the  parts,  and 
therefore  x Is  half  their  difference.  We  have  then 
(a  + i)  (a  - i)  = y, 

«’-**=  y, 

.*•  x*  — a*  — y, 
x r=  V a*  — y. 

As  before,  if  y > a*,x  would  be  imaginary.  Therefore 

4 d 2 
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Alpbra.  yiia  maximum  when  = a *,  ♦*.  x = 0.  Since  the  dif- 
' ferenre  of  the  parts  = 0,  the  parts  are  equal. 

Each  step  of  this  process  involves  a principle  which 
merits  attention.  By  the  original  statement  it  appears, 
that  of  two  unequal  quantities  the  greater  is  equal  to 
half  their  sum  increased  by  half  their  difference,  and 
the  less  is  equal  to  half  their  sum  diminished  by  half 
their  difference.  The  first  equation  shows  that  the 
product  of  two  unequal  quautities  is  equal  to  the 
square  of  half  their  sum  diminished  by  the  square  of 
half  their  difference ; and  as  the  difference  must  always 
be  less  than  the  sum,  it  is  apparent,  even  without  having 
recourse  to  any  reasoning  on  imaginary  quantities,  that 
the  product  of  the  unequal  parts  must  be  less  than  the 
square  of  half  the  sum,  or  then  the  product  of  the  equal 
parts. 

(205.)  The  general  principle  by  which  the  property 
of  imaginary  roots  of  quadratic  equations  becomes 
instrumental  in  the  solution  of  questions  respecting 
maxima  or  minima,  will  now  be  easily  comprehended. 
If  the  roots  of  cither  of  the  formula 


X * — p T — — q, 

+ px=z  - q, 

be  real,  it  has  been  already  proved,  that  q cannot  exceed 

p « p* 

— — . Hence,  if  be  supposed  to  be  a given  quan- 

4 4 

tity,  and  q to  be  variable,  and  at  the  same  time  the 
values  of  x be  supposed  to  be  real,  the  greatest  value 

p* 

which  q con  have  is  in  which  cose 


the  upper  sign  applying  to  the  first,  and  the  lower  to 
the  second  formula. 

Again,  if  q be  supposed  given,  ai.d  p variable,  the 
least  value  which  p can  have  consistently  with  the 

reality  of  the  roots,  is  when  :=  q,  or  p =:  2 v'  q. 
In  this  case  p is  a minimum,  and  the  value  of  x is 

* = ± -§-  = ± ^ 

(206.)  The  principle  may,  however,  be  stated  still  more 
generally.  When  the  result  of  any  problem  is  a qua- 
dratic equation,  and  that  a quantity  whose  maximum 
or  minimum  value  is  to  be  determined,  enters  in 
combination  with  given  quantities  under  the  radical  in 
the  solution  of  the  equation,  all  values  of  that  quan- 
tity which  render  the  suffix  of  the  radical  negative 
must  be  rejected,  since  they  render  the  roots  imaginary, 
but  that  value  which  renders  the  suffix  of  the  radical 
= 0,  and  which  stands  between  those  which  render  it 
positive  or  negative,  will  be  the  maximum  or  minimum 
value  sought.  Whether  this  value  be  a maximum  or 
minimum,  must  be  decided  by  the  peculiar  circum- 
stances of  the  question. 

(207.)  Let  it  be  proposed  to  divide  a given  number 
(2  a)  into  two  parts,  such  that  the  -sum  of  the  squares 
of  these  parts  shall  be  greater  or  less  than  the  sum  of 
the  squares  of  any  other  parts  into  which  the  same 
number  could  be  divided,  or  such  that  it  shall  be  a 
maximum  or  minimum. 

As  before,  let  x be  one  of  the  parts,  the  other  will  be 
2a-i,  and  let  the  sum  of  the  squares  be  y,  so  that 


**  + (2fl  - *)•=  y, 
2x«  - 4ax  + 4 a*  = y, 

= —2  a\ 


The  value  of  y,  which  renders  the  suffix  of  the  radical 
= 0,  being  found,  y = 2 a*  is  evidently  the  least  value 
which  it  can  have  consistently  with  the  reality  of  x. 
The  sum  of  the  squares  is  therefore  a minimum  when 
it  is  equal  to  twice  the  square  of  half  the  given  number, 
and  the  corresponding  values  of  the  parts  are  x = a, 
2 a - i = a.  The  number  U therefore  divided  into 
equal  parts. 

There  is  no  value  of  y greater  than  a*  which  will 
render  the  suffix  negative ; on  the  contrary,  the  value  of 
the  suffix  is  continually  augmented  as  increasing  values 
are  ascribed  to  y.  There  its  however,  notwithstanding 
this,  a limit.  It  will  be  remembered,  that  the  value 
of  y depends  on  that  of  r ; and  the  mere  inspection  of 
the  original  equation  will  show,  that  if  x be  increased 
without  limit,  y will  be  also  increased  without  limit, 
and  therefore  no  major  limit  to  y cun  be  inferred  from 
the  algebraical  statement  of  the  question.  In  the 
problem  itself,  however,  the  number  2 a is  supposed  to 
be  divided  into  two  parts.  Neither  of  these  parts  can 
then  be  greater  than  the  whole,  consequently  r cannot 
exceed  2 a.  If  x were  supposed  = 2 a,  which  is  the 
extreme  case,  the  other  part  2 a — x would  = 0,  and  y 
would  be  greater  than  it  could  lie  under  any  other  cir- 
cumstances. Why,  then,  it  may  be  asked,  does  not  tins 
result  from  the  algebraic  investigation?  The  difficulty 
will  be  removed  by  examining  more  closely  the  alge- 
braic statement. 

The  equation 

x*-f  (2a  x)*  = y 

means  simply  that  the  square  of  a number  represented 
by  x.  added  to  the  square  of  another  number  represented 
by  2 a — x produces  a result  = y.  Now  there  is 
nothing  here  which  limits  the  magnitude  of  x,  or  makes 
it  necessarily  less  than  2 a.  The  number  2 a — x may 
be  negative,  and  yet  its  square  will  he  positive.  In 
this  case  2 a will  be  the  arithmetical  difference  of  the 
numbers  x and  2 a — x,  and  not  their  arithmetical  sum 
as  announced  in  the  problem.  So  that,  as  frequently 
happens,  the  algebraical  statement  is  more  general  than 
the  original  problem ; and  hence  it  arises,  that  al- 
though in  the  original  problem  there  is  a major  limit 
to  the  value  of  y.  there  is  no  major  limit  to  it  in  the 
more  general  algebraical  statement,  because  the  parti- 
cular condition  which  produced  the  major  limit  is  the 
very  condition  by  whose  omission  the  problem  in 
generalized. 

(208.)  Let  it  be  required  to  divide  a number  (2  a) 
into  two  part*,  x,  2 a — x,  tuck  that  the  turn  of  the 
quotients  of  each  part  by  the  other  shall  be  a maximum 
or  minimum. 

Let  y be  the  sum  of  the  quotes.  The  statement 
after  reduction  becomes 


x*  - 2 a x = 


4 a • 

2 + y 


: a + \/a« 


4 a* 

* +y‘ 
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Algvtwa.  The  suffix  of  the  radical  being  equated  with  zero  gives 
W— ' 4 a* 

a “ T”3 — 

. .2  + y - 4 = 0, 
y = ?, 

.•  x = a,  2 a — x — a. 


The  number  therefore  must  be  divided  into  equal  parts, 
and  the  sum  of  the  quotes  is  2,  each  quote  being  1. 

In  this  case  the  sum  is  evidently  a minimum . For 
the  increase  of  y produces  a diminution  in  the  negative 
part  of  ti»e  suffix  of  the  radical ; and  it  is  obvious  that 
no  increase  whatever  beyond  the  value  a will  ever  render 
the  suffix  negative  ; and  as  the  diminution  of  y in- 
creases the  negative  part  of  the  suffix,  no  diminution 
below  a will  ever  render  the  suffix  of  the  radical 
positive. 


SECTION  XVII. 

Arithmetical  Progression. 

(209.)  A series  of  quantities  so  related  that  each 
term  exceeds  that  which  precedes  it,  or  is  exceeded  by 
it  by  the  same  quantity,  is  called  an  arithmetical  series , 
and  its  terms  are  said  to  be  in  arithmetical  progression. 

Thus,  in  the  series  a,  , a{  , at  , a%  , &c. 
if  ot  — <r#  = a,  — ax  ss  a,  — at , Ac. 

like  quantities  are  in  arithmetical  progression. 

Thus,  1,  4,  7,  10.  13,  Ac. 

1,  3,  5,  7,  Q,  Ac. 

20,  18,  Iff,  14.  12,  Ac. 
are  severally  arithmetical  series. 

The  difference  of  every  two  consecutive  terms  in  the 
series  being  the  same,  is  called  the  common  difference. 
The  series  may  be  conceived  to  be  generated  by  the 
constant  addition  of  this  common  difference  to  the  first 
term ; when  the  series  increases  the  common  difference 
being  positive,  and  when  it  decreases  beiug  negative. 

Thus,  if  a be  the  first  term  and  x the  common  differ* 
ence,  the  successive  terms  of  the  series  will  be 
a , a -f-  x,  a -f-  2 x,  a 4-  3 x,  Ac. 

The  coefficient  of  x in  any  term  is  evidently  equal  to 
the  number  of  preceding  terms,  so  that  the  m‘*  term  T 
will  be  T = a + (m  — 1)  x.  This  general  formula  will 
determine  each  of  the  terms  by  substituting  successively 
for  m the  numbers  1 , 2,  3,  Ac. 

(210.)  The  sum  of  any  two  terms  equally  distant 
from  a given  term  in  an  arithmetical  scries  is  equal  to 
twice  the  given  term.  Let  the  given  term  be  a-j-  m x. 
The  preceding  and  succeeding  terms  are 
a -f*  (m  — 1)  x,  a -f  (m  -f-  l)  j, 
which  added  are  2 (a-f-mx).  In  like  manner  the 
terms,  tiro  distant  on  each  side,  are 

a-f  (m-2);,  a -f-  (m  -J-  2)  x, 
which  added  give  2 (a  -f-  m x),  and  in  general  the 
terms  distant  n terms  on  each  side  are 

a -f-  (m  — n)  x,  a -f-  (m  -f-  n)  x, 
which  being  added  give  2 (a  + m x). 

In  the  same  manner  it  may  be  proved,  that  the  sum 


of  any  two  adjacent  terms  is  equal  to  the  sum  of  any  Ariff.ne- 
two  terms  equally  distant  from  them  0c«l  Pio- 

(211.)  Hence  if  any  number  of  quantities  be  in  v ******** 
arithmetical  progression,  the  9um  of  the  first  and  last  v— 
terms  is  equal  to  the  sum  of  the  second  and  penulti- 
mate, or  of  any  two  terms  equally  distant  from  the 
extremes ; and  if  the  number  of  terms  be  odd,  there 
being  one  term  equally  distant  from  the  extremes,  the 
sum  of  the  extreme  terms  is  equal  to  twice  this  middle 
term. 

(212.)  If  three  quantities  be  in  arithmetical  pro- 
gression, the  mean  is  equal  to  half  the  sum  of  the  ex- 
tremes, and  the  common  difference  is  equal  to  half  the 
difference  of  the  extremes.  Let  the  quantities  be 
a,  6,  c.  Hence 

26  = fl-fc 

•••»  = Y («  + «) 

, i i i , , , 

•.•0-6  = 0-  y a - - t=  — (a  - c)  = b - e. 

(213.)  Let  it  be  required  to  determine  the  sum  of  n 
terms  in  arithmetical  progression,  of  which  the  first  a, 
and  the  last  a.  are  given.  Let  tike  common  difference 
be  x,  and  the  sum  S ; *,* 

S “ + (<*i  “h  *)  + (®i  ■+■  2 x)  -f  (a,  -f-  3 x)  -f- . . . . 

{«.+(»-  !)•»}• 

But  if  we  arrange  the  terms  in  the  opposite  direction, 
beginning  with  we  shall  have 
S = a.  -f-  (a.  — x)  -f-  (a.  2x)-f  -(a.  3x)-f  ... 

{ o*  • 0 * } . 

Adding  these  series,  and  observing  that  there  are  n 
terms,  we  have 

2S=  (at  + ajn 


•.■S  = (o,  + o.)-~; 

that  is,  the  sum  of  the  series  is  equal  to  the  sum  of  the 
first  and  last  terms  multiplied  by  half  the  number  of 
terms. 

(214.)  When  an  arithmetical  series  with  a deter- 
minate number  of  terms  is  given,  there  are  five  quan- 
tities, ttz.  the  first  and  last  terms  a„  a.,  the  common 
difference  x,  the  number  of  terms  n,  and  the  sum  of  the 
series  S,  between  which  there  subsists  a relation  which 
is  expressed  by  the  two  equations, 

= 1)* 

2 S = (a,  -f-  a,)  n. 

Hence  it  follows  that  if  any  three  of  these  five  quan- 
tities be  given,  the  remaining  two  inay  be  found,  and 
thus  there  arises  the  ten  following  problems : 


Given.  Sought. 

1.  a,  , x , n a.  , S 

2. a,,  x , a.  n , 3 

3.  a,  , x , S n , am 

4.  ax  , n , a„  x , 3 

5.  at  , n , S x , om 

6.  ax  , am  , S x , n 

7.  x , n , am  a , 3 

8.  x , n , S a , am 

9.  x , am  , S a , n 

10.  x , a.  , S a , x. 


Digitized  by  Google 


ALGEBRA. 


(215.)  All  these  problems  are  solved  by  equations 
of  the  first  degree,  except  those  in  which  a and  « and 
am  anti  n are  unknown.  These  are  resolved  by  equa- 
tions of  the  second  degree,  and  it  should  be  observed, 
generally,  that  every  value  of  n must  be  rejected,  ex- 
cept those  which  are  positive  integers ; for,  from  its 
nature,  n cannot  be  negative  or  fractional. 


SECTION  XVIII. 

Geometrical  Progression. 

(216.)  A series  of  quantities  arc  said  to  be  in 
geometrical  progression,  when  they  increase  or  decrease 
in  a common  ratio.  Tims,  geometrical  progression  is 
equivalent  to  continued  proportion . A series  in  geo- 
metrical progression  may  o I ways  be  conceived  to  be 
generated  by  a constant  multiplier.  For  let  the  con- 
stant ratio  of  each  pair  of  successive  terms  be  1 : r.  and 
let  a be  the  first  term.  It  is  evident  that  a r will  1ms 
the  second  term,  since  a : at  \ I 1 : f,  and,  for  a simi- 
lar reason,  the  third,  fourth,  Ac.  terms  are  a i4,  a r3,  Ac. 
Thus,  the  «**  term  is  a r*  ' *. 

If  the  common  multiplier  r be  > I the  series  in- 
creases, and  if  it  be  < 1 it  decreases. 

(217.)  The  product  of  any  two  terms  equally  dis- 
tant from  a given  term  is  equal  to  the  square  of  the 
given  term.  Let  the  given  term  be  a r*,  the  preceding 
and  following  terms  are  or"*1,  ar**\  of  which  the 
product  is  a*  r*m  — (a  «*)•. 

Those  which  are  two  terms  distant  on  each  side  are 
«r"‘\  fl^+' 

the  product  of  which  is  the  same,  • cii.  =r  ( a r")* 

And  in  general  the  terms  which  are  n terms  distant  on 
each  side  are  a r"  ' ",  a rm+* , and  their  product  is 
a*  r*m  rr  (or*")  *. 

In  like  manner  it  may  be  proved,  that  the  product  of 
any  two  successive  terms  is  cquul  to  the  product  of  any 
two  terms  equally  distant  from  them  in  the  series. 
Let  the  two  adjacent  terms  be 
arm,  a 

and  the  two  terms  distant  on  each  side  by  n terms  are 
a r"  “ 

which  multiplied  give 

r4',+'  = or**  X o r"*  + l 
V at*  mm  X fl^  + ,+l=ar"  X a t 

(218.)  Hence  if  any  number  of  quantities  be  in  geo- 
metrical progression,  the  product  of  the  extreme  terms 
is  equal  to  the  product  of  any  two  terms  equally  dis- 
tant from  them  ; and  if  the  number  be  odd,  this  product 
is  equal  to  the  square  of  the  single  term  which  is 
equally  distant  from  the  extremes. 

(219.)  If  three  quantities  be  in  geometrical  pro- 
gression, the  square  of  the  mean  is  equal  to  the  pro- 
duct of  the  extremes,  and,  therefore,  either  extreme  is 
found  by  dividing  the  square  of  the  mean  by  the  other. 
If  a,  b,  c be  the  three  quantities 

a c = 6*  * . • a — — 

c 

(220.)  Let  it  be  required  to  determine  the  sum  (S) 


of  any  determinate  number  (n)  of  terms  in  geometrical  Oeon,e' 

progression.  Let  the  first  term  be  a,.  Ilcncc  we 

have  ^ i 

S = a,  -j-  a,  r -f-  a,  r*  -+■ a,  r*  “ 9 -f-  <2,  r"  “ 1 ; 

multiply  both  members  of  this  equality  by  r,  and  we 
obtain 

Sr=fl,  r-f-a,  r*-j- a,  r*  • • + a,  r*  - 1 -f  a,  r*. 

Subtracting  this  from  the  former  we  obtain 
S (1  — r)  as  a,  — a,  r* 

G 1 - * 

V S = a,.  

1 — r 

orS  = a, . ~ — -. 

r — 1 

(221.)  When  the  series  is  decreasing, it  maybe  con- 
tinued to  an  unlimited  number  of  terms  and  yet  have 
a finite  sum.  In  this  case  the  multiplier  r is  < 1,  and 
r*  undergoes  unlimited  diminution,  as  its  exponent  n 
is  unlimitedly  increased  ; and  if  n be  supposed  infinite, 
r*  will  become  = 0.  lienee  the  sum  of  the  scries  will  be 


(222.)  If  r r=  I the  formula  for  S assumes  the  form 

0 

This  indicates,  either  that  the  problem  to  deter- 
mine the  sum  of  the  scries  is  then  indeterminate,  or 
that  the  formula  for  S has  a common  factor  in  both 
numerator  and  denominator  which  becomes  = 0 when 
rs  I.  This  latter,  in  fact,  takes  place  in  the  present 
instance.  For  if  the  division  indicated  by  the  formula 

1 - r" 

— — be  actually  performed,  we  shall  have 


Now  if  in  this  r = 1 the  second  member  becomes  = ». 

(223.)  Between  the  five  quantities  au  r,  n,  <7.,  S, 
there  subsist  two  equations,  tcil. 

— 

</„  = a r"  “ 

which,  as  in  arithmetical  progression,  enable  us  when 
any  three  of  the  five  quantities  are  given  to  determine 
the  other  two.  But  the  solution  of  the  several  pro- 
blems present  in  this  case  greater  difficulties.  The 
four  cases  in  which  the  unknown  quantities  are<7»S, 
r $,  a,  S,  and  at,  a*,  oiler  no  particular  difficulties,  being 
all  reduced  to  equations  of  the  first  degree.  The  two 
cases  in  which  a,  r and  an  r are  sought,  depend  on  the 
solution  of  equations  of  the  na  degree.  By  the  for 
mule  above  mentioned  we  deduce 

fl.  = a,  r"  * *, 

the  solution  of  which  for  r is  necessary  in  the  former 
case.  The  degree  of  the  problem,  therefore,  in  this 
case  depends  on  the  number  of  terms  in  the  series. 
In  the  latter  case  the  equation  is 

o,  r"  — S r -f-  S — a,  = 0. 

(224.)  The  four  other  cases  where  n is  unknown, 
depend  on  the  resolution  of  an  equation  in  which  the 
unknown  quantity  occurs  as  an  exponent.  The  inves- 
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tiga' ion  of  equations  of  this  kind  will  be  explained  in  a 
subsequent  section. 


SECTION  XIX. 

Of  Uu  Indeterminate  Analysis. — Owr  simple  expiation 
with  two  unknown  * piantUiet . 

(225.)  When  the  number  of  equations  which  result 
from  the  conditions  of  a problem  is  less  than  the 
number  of  unknown  quantities,  the  data  are  insufficient 
for  the  solution,  and  the  values  of  the  sought  quantities 
cannot  be  determined,  or  rather  there  are  an  infinite 
variety  of  values  of  the  unknown  quantities  which  w ill 
equally  satisfy  the  conditions  of  the  problem,  and  all  of 
which,  therefore,  have  an  equal  claim  to  be  considered 
as  its  solution. 

To  take  a very  simple  instance,  suppose  it  be  required 
to  find  two  numbers  which  have  a given  ratio  the  one 
to  the  other  ; let  the  ratio  be  m : 1.  If  i and  y be  the 
sought  numbers  we  have  x = my,  which  expresses  the 
condition  of  the  problem.  Here  then  there  are  two 
unknown  quantities  and  but  one  equation.  One  of  the 
unknown  quantities  y may  be  supposed  to  have  any 
value  whatever,  and  the  equation  will  determine  a cor- 
responding value  of  the  other,  so  that  the  two  values 
will  satisfy  the  proposed  condition.  Thus  the  variety 
of  systems  of  values  will  he  absolutely  infinite. 

(226.)  The  variety  of  values  of  the  unknown  quan- 
tities in  an  indeterminate  problem  may,  however,  be 
restricted  by  couditions  which  do  not  admit  of  being 
expressed  in  the  equation  to  which  it  is  reduced.  Thus, 
suppose  it  be  required  that  the  values  of  the  unknown 
quantities  be  integers,  all  the  systems  of  fractional 
values  which  satisfy  the  equation  must  then  be  rejected, 
and  only  the  integral  values  retained.  In  the  problem 

already  given,  let  m = *.* 


& 


Any  value  whatever  being  assigned  to  y,  a value  of  x 
may  be  found,  which,  together  with  the  value  so 
assigned  to  y,  will  satisfy  this  equation.  But  it  is  re- 
quired by  the  problem  that  the  values  of  the  unknown 
quantities  should  be  integers.  Hence  we  infer,  first, 
that  no  fractional  value  can  be  assigned  to  y,  and, 
secondly,  that  no  integral  value  can  be  assigned,  ex- 
cept one  which  is  divisible  by  6.  For  the  product  of 
the  assigned  value  and  5 must  be  exactly  divisible  by 
6,  since  x must  be  an  integer.  But  6 is  prime  to  5, 
and  therefore  must  measure  the  value  of  y.  Hence 
the  only  values  assignable  to  y are 
6,  12.  18,  24,  &c. 
and  the  corresponding  values  of  x are 
5,  10,  15,  20,  &c. 

(227.)  The  object  of  the  indeterminate  analysis,  as 
applied  to  equations  of  the  first  degree,  is  to  assign  the 
systems  of  positive  and  integral  values  of  the  unknown 
quantities  which  satisfy  them,  if  there  beany  such. 

The  general  equation  of  the  first  degree  between 
two  unknown  quantities,  is 

A*-fBy=C.  (1.) 


In  this  case  the  quantities  A,  B,  and  C may  be  sap-  The  Intfr- 
posed  to  be  integers,  since  if  they  were  fractions  they 
could  be  reduced  to  integers  by  multiplying  the  An^>'*u- 
entire  equation  by  any  common  multiple  of  their' 
denominators.  It  may  also  be  supposed,  that  A,  B, 
and  C,  have  no  common  measure  ; for  if  they  had,  the 
entire  equation  might  be  divided  by  it. 

These  reductions  having  been  previously  performed, 
if  A and  B be  not  prime,  let  their  greatest  common 
measure  be  M,  and  let  the  whole  equation  be  divided 
by  it. 

w y=^r  <2> 

M,  by  hypothesis,  does  not  measure  C,  therefore  — — 

M 


H-*+- 


is  aji  irreducible  fraction.  But 


B 


M 


and  — being  in- 
tegers, since  it  is  required  that  x and  y should  be  inte- 
gers, it  is  necessary  that  each  term  of  the  first  member 
of  (2)  should  he  an  integer.  And  as  the  sum  or 
difference  of  two  integers  must  be  an  integer,  it  is 
evident  that  the  first  member  is  an  integer,  whatever  be 
the  signs  of  its  terms.  The  second  member,  how- 
ever, is  an  irreducible  fraction,  which  is  ahsurd.  Hence 
there  are  no  integers,  positive  or  negative,  which  will 
solve  the  equation  (l)  when  the  coefficients  A,  B are 
not  prime. 

(228.)  Let  the  coefficients  A,  B be  now  supposed 
prime,  and  let  A < B.  By  solving  the  equation  for 
that  unknown  quantity  which  bus  the  lesser  coefficient 
we  have 

C B 


A ~ 


Ll  3 


If  C > A the  division  indicated  by  — may  be  par- 
tially effected.  Let  the  integral  part  of  the  quote  be 
Q and  the  remainder  R,  and  also  let  the  integrul  part  of 

the  quote  and  the  remainder  be  r/  and  r,  so  that 

£ = 0+R 

A V ' A 

B _ , r 
T-,+  A 

which  substitutions  being  made  change  the  equation  to 
. R r 

* — w + t — v y — tj 


„ . R r 

‘ —<*+1V=  A " A* 

The  first  member  of  this  being  an  integer,  let  it  be  /,  so 
that 

R 


l = f 


- y 


N 

R A 

Let  the  integral  parts  of  the  quotes  — , — be  O',  </, 
and  the  remainders  be  R\  r',  mid  the  equation  becomes 

y=Q-+i 
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y - <!'+«'<=  7-  ~‘7<- 

Iii  like  manner,  Che  first  member  of  this  being  f\  we 
have 


•••*“"  •-71’-  [3] 


As  before,  let  the  integral  part*  of  the  quotes  — ■ , 
be  Q",  and  the  remainders  R",  t*,  and  we  have 


•••<-  Q"+9’<'  = 


R* 

r' 


If, 


the  first  member  of  this  being  an  integer,  let  It  be  f\  so 
that 


r = 


V if  — 


jr 

r ' 


[4] 


If  this  process  be  continued,  the  denominator  of  the 
tractions  in  the  second  member  of  some  of  the  equations 
[2,]  [3,]  [4,]  Ac.  must  at  length  become  = 1.  For 
since  the  numbers  r,  t* , r*,  Ac.  are  the  several  remain- 
. . . ,,  B A 

ders  from  effecting  the  divisions  indicated  by  t — . 


-1*,  Ac.,  the  last  remainder  must  be  the  greatest  common 

measure  of  B and  A,  (98.)  These  numbers  ore  by 
hypothesis  prime,  and  therefore  their  greatest  common 
measure  is  unity.  Let  us  then  suppose  that  the  re- 
mainder which  becomes  the  denominator  of  [5]  is  = 1 . 
We  have 

f = rw  - **  r.  [ft.) 

By  the  equation  [5]  t?  may  be  eliminated  from  [4,]  and 
by  the  equation  thus  found,  f*  may  be  eliminated  from 
[3,]  and  by  the  equation  resulting  from  this  last  process 
t may  be  eliminated  from  (2,)  so  that  we  shall  have  y 
expressed  as  a function  of  t*  alone. 

By  this  equation  y may  be  eliminated  from  [],]  and 
x will  be  obtained  as  a function  of  t".  The  values  of  x 
and  y being  thus  obtained  as  functions  of  /,  we  may 
obtain  an  unlimited  number  of  pairs  of  values  of  x and 
y,  hy  substituting  for  t in  each  of  the  values  thus  ob- 
tained the  terms  of  the  series, 

0,  1,  2.  3,  4.  Ac. 

- 1,  - 2,  - 3,  4.  Ac. 


(229.)  We  shall  now  illustrate  these  principles  by 
applying  them  to  some  examples. 

Let  the  given  equation  be 

13  i + 16  y = 97 
_ 97  16 

IS  13 


[IJ 


Hence  the  second  equation  will  be 


or 


The  Inijr 
ItnniBAlc 
Aoiipu. 


The  value  of  x may  be  obtained  in  terms  of  t,  by 
substituting  this  value  of  y in  [],]  which  gives 
_97  32  16  _ 65  16 

1 13  13 + 3 1 ~ 13  + 3 *• 

By  effecting  the  division  [2,]  becomes 
y = 2 4 

V e=  -H 
t=-Sf.  [3.] 

Eliminating  t between  [2]  and  [3)  we  obtain, 
x-b-  16  f 
y = 2 + 13 

It  is  evident  that  the  elimination  of  t by  these  equa- 
tions would  give  the  original  equations,  as  should  be 
the  case,  since  they  have  been  derived  directly  from  it. 

By  substituting  for  tf  successively  in  the  above  equa~ 
tions  the  values 

0.  1,  2.  3,  4,  Ac. 

we  obtain  the  following  systems  of  values  of  x and  y ; 
x = + ft.  - 11,  — 27,  - 43,  - 59,  Ac. 
y = + 2,  + 15,  + 28,  41,  + 53,  Ac. 

and  by  substituting  successively  for  t the  values 
- 1,  - 2,  - 3,  - 4,  Ac. 

we  obtain 


x = + 21,  + 37,  + 53,  + 69,  Ac. 
y = - 11,  - 24,  - 37,  - 50,  Ac. 

\ny  of  these  systems  of  values  substituted  in  the  origi- 
nal equation,  will  be  found  to  change  it  to  an  identity. 
Thus  we  have 


13  X 5 + 16  x 2 = 65  + 32  = 97 
13  x 11  + 16  x 15  = 143  + 240  = 97 

13  X 21  — 16  X 11  = 273  — 176  = 97 
Ac.  Ac.  Ac. 


It  oppears  that  the  equation  admits  but  one  solution 
in  positive  integers,  which  corresponds  to  t = 0,  and 
is  x = 5,  y = 2. 

It  does  not  always  happen,  however,  that  the  num- 
ber of  integral  and  positive  solutions  is  limited.  Let 
us  consider  the  equation 


17  x — 49  y = - 8. 

V7»  tU 

- n+.'+if' 


-r-S+S‘ 

■•'»  = fs  + <+73' 


P) 


I 
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Vf  = 7<'  + }«’-4 

vr'aj  f.  [4.] 

By  the  equations  [I,]  [2,]  [3,]  [4,]  the  values  of  x and 
y being  found  in  terms  of  t\  we  have 
x = 49  12 

y = 17/*-  4. 

Substituting 

1,  2,  3,  4,  &c. 

for  ft  we  have 

x = 37,  86,  135,  184,  &c. 
y = 18,  30.  47,  64,  &c. 

So  that  the  number  of  positive  and  integral  solutions  is 
unlimited. 

The  number  of  negative  integral  solutions  is  also 
unlimited,  as  may  be  proved  by  substituting, 

0,  - 1.  - 2,  - 3,  &c. 
successively  for  f. 

(230.)  It  will  be  observed,  that  in  the  values  of  x 
and  y,  obtained  in  terms  of  the  last  indeterminate 
quantity  which  is  introduced,  the  coefficients  of  the 
indeterminate  in  the  value  of  x,  is  the  same  with  that  of 
y in  the  original  equation  ; and  the  coefficient  of  the  in- 
determinate in  the  value  of  y,  is  the  same  with  that  of  x 
in  the  original  equation.  This  may  be  easily  demon- 
strated. 

Let  us  suppose,  as  before,  that  the  process  stops  at 
equation  [5.J  By  substituting  the  value  of  t'  obtained 
in  [5,]  for  t!  in  [4,]  the  coefficient  of  V*  in  the  resulting 

f? 

equation  will  evidently  be  X r"  = rt.  This  again 
being  substituted  in  [3]  the  coefficient  of  f1  will  be 
— -j  X “3;  X r"  = - r.  The  process  of  substitu- 
tion being  continued  to  [2.]  the  coefficient  of  t " will  be 
X r*  :r  A,  and  in  [1]  it  will  be 

B A r i*  _ _ ... 

r*  X — X-rX  — X r"  = - B.  Hence,  in  this 

A r r rr 

case,  tile  coefficient  of  in  the  value  of  x is  — B,  and 
that  of  tM  in  the  value  of  y is  A;  the  former  being  the 
coefficient  of  y in  the  original  equation,  the  sign  being 
changed,  and  the  latter  the  coefficient  of  x. 

It  will  be  easy  to  generalize  this  demonstration.  Let 
the  number  of  equations  obtained  before  a remainder 
= 1 is  found,  be  a.  The  last  equation  will  then  be 
*(•-*)  --  - rf-*  . * 

the  numbers  within  the  parenthesis  denoting  the  num- 
ber of  accents  with  which  each  letter  is  affect  •<!.  Afte- 
this  substitution  is  made  in  the  (n  — l)'4  equation,  the 
coefficient  of  { *~ai  in  it  will  be 


The  substitution  being  continued  to  the  (n  — 2)f*  equa- 
tion, the  coefficient  of  in  it  will  be 


(-.•-•M-SS)  • 


In  the  (n  — 3)tt  equation,  the  coefficient  of  the  inde- 
terminate after  substituting  will  be 

VOL.  I. 


(--•M-S9*(-53M-Si>; 


=+<•* 


It  appears,  therefore,  that  after  substitution  the  co- 
efficients of  the  indeterminate  t{m~v  in  each  successive 
equation,  beginning  from  die  last,  have  signs  alternately 
— and  -f-,  and  that  the  values  of  these  coefficients  are 
the  successive  remainders  resulting  from  processes  of 
division.  The  coefficient  of  t1-"*  in  the  third  equa- 
tion will  be  the  first  remainder,  and  in  the  second  equa- 
tion the  coefficient  A,  and  in  the  first  the  coefficient  B. 
One  of  these  last  will  have  the  sign  -f-,  and  the  other 
the  sign  — , according  to  whether  the  total  number  of 
equations  be  odd  or  even.  If  it  be  odd,  the  second 
equation  will  stand  in  an  even  order,  counting  from  the 
last ; and  in  this  case  the  sign  of  A in  the  second  equa- 
tion will  be  -j-,  or  in  general  it  will  be  the  same  with 
that  which  it  has  in  the  original  equation ; and  that 
of  B in  the  first  equatiou  will  be  — , or  different 
from  that  which  it  holds  in  the  original  equation,  and 
vice  rerrd  when  the  number  of  equations  is  even. 


SECTION  XX. 

On  Continued  Fractions. 

(231.)  Whin  a fraction  in  its  lowest  terms  is  ex- 
pressed by  any  high  numbers,  it  is  often  desirable  to 
obtain  a fraction  nearly  equivalent  to  it  in  lower  num- 
bers, and  also  in  this  case  to  determine  the  limit  of 
error  to  which  we  are  subject  in  using  this  approximate 
value  for  the  true. 

Let  it  be  proposed  to  find  an  approximate  value  for 
in  lower  terms.  To  effect  this,  let  both  terms  be 
first  divided  by  159.  Hence  we  obtain 

If  the  fraction  -jJjfU  be  neglected,  the  valued  will  be 
too  great,  since  the  denominator  will  be  too  small.  But 
if  he  replaced  by  1,  the  value  | will  be  too  small, 
the  denominator  being  too  great.  Hence  the  value  is 
between  j and  J. 

A further  approximation  may  be  obtained  by  pro- 
ceeding in  the  same  manner  with  the  fraction 
which  gives 

»+u 

If  the  fraction  be  neglected,  ^ and  V 

5TT<*«-  nut 

3+i~  A 

Ilcncc  the  value  of  the  proposed  fraction  is  less  than 
| and  greater  than 

Now  the  difference  between  these  two  limit*  is 

4 B 
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A!g*br*.  and,  therefore,  either  of  these  two  value*  i»  within  ^ of 
1 the  true  value. 

The  approximation  may  be  carried  still  further,  by 
treating  the  fraction  like  the  former,  by  which  we 
obtain 

«-i+r_ 

9+i 

1 +-A 

If  the  last  fraction  be  neglected  here,  4 > 4|* 
Hence  the  denominator  9 -f-  \ *a  tt>0  great,  V the 
denominator  3 -f-  1 is  too  small,  and  v the  »s- 

9 ■+■  4 

sumed  value  for  the  fraction  would  be  too  great.  This 
value,  when  reduced,  is  Hence  we  infer 

Hf<44«ri>A- 

The  difference  between  these  limits  is  which  is, 
therefore,  greater  than  the  error  to  which  we  should  be 
subject  in  using  either  of  these  for  Uie  true  value  of  the 
fraction. 

(232.)  The  meaning  of  the  expression 

«+j 

*+j 

C-f  1 

d+l 

Ac. 

must  now  be  apparent.  Such  an  expression  is  called  a 
continued  fraction. 

(233.)  From  the  example  already  given,  we  may 
derive  the  following  rule  for  converting  any  ordinary 
fraction  into  a continued  fraction  : “ Let  the  term*  of 
the  fraction  be  submitted  to  the  process  necessary  for 
finding  their  greatest  common  measure,  and  let  it  be 
continued  until  a numerator  is  found  which  exactly 
measures  its  denominator,  which,  when  the  terms  of  the 
fraction  are  prime,  will  always  be  unity  ; the  successive 
quotes  obtained  in  this  process  will  be  the  denominators 
of  the  fraction  which  constitute  the  successive  members 
of  the  continued  fraction.*' 

M 

Let  — be  the  fraction  which  is  to  be  converted  into 
a continued  fraction,  and  let  a be  the  integral  part  of 
the  quote  — , 6 the  integral  part  of  the  quote  of  N by 

the  first  remainder,  c that  of  the  first  remainder  by  the 
second  remainder,  and  so  on.  Hence  we  have 

M , . 

- =o-f  1 

N -T-T-i 


&c.  Ac. 

The  value  a is  called  the  first  approximation  to 
a -f-  y the  tecond  approximation,  a - f-  1 the  third 


_ (a  b -f-  1)  c -f-  « 

T’~  iT+T 

l)r-f  o]rf-fai-f-  1 

Z‘~  (tc-t- l)</  + 6 

Ac.  Ac. 

By  inspecting  these  values,  the  law  by  which  they 
may  be  derived  from  one  another  is  very  apparent.  To 
find  the  third  xr  the  numerator  of  x4  is  multiplied  by 
the  third  quote  d,  and  the  numerator  of  x|t  added  to 
the  result ; and,  in  like  manner,  the  denominator  of  x, 
is  found  hy  multiplying  the  denominator  of  xt  by  the 
third  quote,  and  adding  to  the  product  the  denominator 
of  x,.  Also,  the  numerator  and  denominnter  of  x,  are 
found  by  multiplying  the  numerator  and  denominator  of 
x,  by  the  fourth  quote,  and  adding  to  the  results  the 
numerator  and  denominators  of  xt.  And,  in  general, 
the  numerator  and  denominator  of  x,  are  found  oy  mul- 
tiplying the  numerator  and  denominator  of  x._,  by  the 
«u  quote,  and  adding  to  the  result  the  numerator  and 
denominator  of  x„_*. 

Hence,  if  the  numerator  and  denominator  of  x„_,  be 
A._t.  B,  . and  those  of  x..,  be  A,_„  B._,,  and  those  of 
x.  be  A^  Ba,  and  that  q he  the  n‘*  quote,  we  have 
A.  = A,.,  . q -4-  A,., . 

B„  = B._, . 7-f  B„_t. 

(234.)  We  shall  now  determine  the  difference  between 
every  two  successive  approximations.  Let 

, — .A-—* 

— B... 


* " B.., 

= A— 1 . q -f~  A,.t 
B*-i  • 9 4* 


Hence  we  find 


A*-i  _ A,., 

'•  “ B._,  B,_, 

A,.)  B,.t  — A,.,  B,  t 

B,.,  B,., 

— A— » • 9 + A..,  _ A.., 
“ B~9-f  B._,  B.., 


approximation,  and  so  on.  Let  these  successive  ap- 
proximations be  called  x,,  x*  x4,  Ac.,  and  if  they  be 
reduced  to  simple  fractions,  we  have 


A„,  B„_,  — A,.t . B,.t 

“ (B..1<9  + b._j  b._. 

Hence  it  appears,  that  the  numerators  of  the  diffe- 
rences between  every  two  successive  approximations 
are  equal,  but  have  different  signs,  and  that  the  deno- 
minators are  the  products  of  the  denominators  of  the 
approximations  themselves. 

To  determine  the  constant  value  of  the  numerators  of 
the  differences,  it  will  be  sufficient  to  determine  any  one 
of  them.  Wo  have 

a 64-  1 


+1 
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Hence,  the  constant  value  of  the  numerator  of  the 
’ differences  is  unity ; and  as  the  numerator  of  the  dif- 
ference of  the  first  and  second  is  -f-  1 , that  of  the 
second  and  third  is  — 1,  and  so  on. 

(235.)  Since  the  denominators  of  these  differences 
are  essentially  positive,  it  follows  that  the  differences 
themselves  are  alternately  negative  and  positive,  that  is 

- xi  > 0 

x.  - i,  > 0 
x,  - j4  < 0 

&c.  &c. 

Hence  we  infer  that 

x,  < xt 

*,>*, 

X,<x, 

> I, 

&c. 

Since  the  numerator  of  the  difference  between  each 
successive  pair  of  approximations  is  constantly  the 
same,  and  the  denominator  constantly  increasing,  it 
follows  that  this  difference  is  constantly  diminishing. 
Hence  we  have 

X,  - X,  > X,  - X,  X,  < X, 

X,  - ■>,  > r,  - x,  x,  > x. 

*.-*.>  *.  ~ •».  *.  < *. 

&C.  &c. 

Now  since  x,  is  evidently  less  than  x,  it  follows  that 
x,  > x,  x,  < x,  x4  > x,  &c.,  and  in  general  the  approx- 
imations of  an  odd  order  are  < x,  while  those  of  an 
even  order  are  > x.  Also,  since  xt  < x,  < x,  < &c., 

and  all  of  these  are  < x,  it  fallows  that  the  further  wc 
continue  the  approximations  the  nearer  will  those  of  an 
odd  order  approach  to  equality  with  x,  all , however, 
being  < x.  And  since  x,  > x4  > x,,  &c.,  and  all  of 
these  > x,  it  follows  that  the  further  we  proceed  with 
the  approximations,  the  more  neurly  those  of  an  even 
order  will  approach  to  all  being  > x.  The  limit  of 
error  caused  by  any  approximation  will  he  found  by 
taking  the  difference  between  it  and  that  which  is  next 
above  it,  if  it  be  of  an  odd  order ; and  that  below'  it, 
if  it  be  of  an  even  order. 

But  a still  more  exact  limit  may  be  determined. 
Lot  the  value  of  all  the  remaining  part  of  the  con- 
tinued fraction  offer  the  (/i  — 1),A  approximation  he  y ; 
that  is,  if  q be  the  nu  quote,  aud  r,  *,  &c.  the  succeed- 
ing quotes,  let 

9 + 1 

r + 1 

« + l 

&c. 

Now  we  have  • 

_ A..,  + 

B»-i  • 9 + B._t 

But  if  we  change  q into  y,  this  will  become  the  exact 
ralue  of  x .*, 

A„  . i . y + A«  . i 
= B._,.y + B._,  ’ 

_ (A,.t  B,.!  — A,.,  B..j)  y 


■ before  obtained.  It  also  furnishes  another 


A«.i  B,_,  A,.,  B._, 

- " (B._, . y + * 

±y 

“ (B... . y + B..,)  B._,  ' 

* ~ X"‘  = (B.„  y + B.„)  B._,  • 

Since  y cannot  be  less  than  1,  it  follows  that  the  dif- 
ference between  xa  and  x cannot  be  greater  than 
1 1 
(B._,  + B_0  B..,  “ B‘._,  + B.„  B..,' 

This  gives  the  limit  of  error  still  more  nearly  than 

— — -r- before  obtained.  It  also  furnishes  another 

*'<-1  *’»-! 

limit,  xcU.  — , though  not  so  exact  as  that  esta- 
" ■-» 

blished  above. 

Thus  we  may  infer  that  the  n'*  approximation  differs 
from  x by  a quantity  less  than  the  fraction  whose  nu- 
merator is  unity,  and  whose  denominator  is  the  square 
of  the  denominator  of  this  approximation  ; or  still  more 
nearly  by  a fraction  whose  numerator  is  unity,  and 
whose  denominator  is  the  product  of  the  denominator 
of  the  approximation,  and  the  sum  of  the  denomi- 
nators of  the  n'*  and  (n  — l)1*  approximations. 

(236.)  We  shall  now  investigate,  by  means  of  a 
continued  fraction,  the  value  of  the  circumference  of  a 
circle  whose  diameter  is  unity.  This  is  known  to  he 
nearly  equivalent  to  3,14159,  or  Converting 

this  into  a continued  fraction,  we  have 

x = 3 + J 

7 + l 

15+1 

1 + I 

25  + 1 

1 + 1 

7 + i 

Hence  we  find 

x,=  T,=?.  T,  = UJ.  *.  = «}.  = 

= tttH . *.  = -HHH- 

If  we  assume  y as  the  true  value,  the  error  must  be 
less  than  -fo.  But  this  is  even  nearer  the 

true  value,  which  is  hetween  * and  $£•}»  «nd  *s  there- 
fore nearer  to  it  than  the  difference  of  .these,  which  is 
jI-j.  In  mm,  therefore,  where  extreme  accuracy  is 
not  required,  y = 3}  may  be  taken  to  represent  the 
circumference.  This  was  the  approximation  of  Archi- 
medes. 

If  the  fourth  approximation  be  taken  for  x,  the  error 
must  lie  less  than  the  difference  between  the  fourth  and 

fifth  approximations,  which  in  this  case  is  jjg  x ^931 

<,00001.  Thus  then  differs  from  the  circumfe- 
rence by  less  than  the  ten  thousandth  part  of  the 
diameter. 
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SECTION  XXI. 


Of  Exponential  Equation*, 


(237.)  An  exponential  equation  is  one  in  which  the 
unknown  quantity  is  an  exponent,  as  a*  = ft. 

To  explain  the  method  of  solving  such  an  equation 
as  this,  we  shall  take,  in  the  first  place,  a particular 
case.  Let  the  equation  be  3'  = 243.  Substitute  suc- 
cessively for  x the  integers  1,  2,  3,  &c.,  and  we  find 
Sl  = 3,  3*  = 9,  3*  — 27, 

3*  = 81,  3*  =243, 
v x = 5. 


In  this  case  it  happens,  that  the  second  member  of  the 
equation  is  an  exact  power  of  3.  Hut  let  us  suppose 
that  the  equation  is  2*  = 6,  we  have 
2«  = 4 
2*  = 8. 

Consequently  x is  > 2,  and  < 3.  Let  x = 2 -|- 
In  this  case  -y-  must  be  a proper  fraction.  We  have 
2*4^  = 6, 


v2«  x2«'=6,  v2«' 


T 


Let  1,  2,  3,  &e.  be  successively  substituted  for  x',  and 
we  have 


Now  — < 2 and  — > 2,  v x!  > 1 and  < 2.  Let 


y=i  + 


i 

xT% 


/ 9 729  4 

~ 512  > 3 * 

Hence  it  follows  that  s'*  > 2 and  < 3.  Let 


Ezpotiea- 

IU 

Equatkn*. 


/ 0 V+7_  4 mm  81  / 9 ^7_  4 

v 8 J 8 64  \ 8 / “ 3 ’ 

. . — ( 256  y* 

B “"V  *43  / 

By  proceeding  with  this  as  before,  we  should  find  the 
two  successive  integers  between  which  the  value  of  & 
lies,  and  so  proceed  another  step ; and  thus  the  in- 
vestigation might  be  continued  ns  far  as  is  desired. 

We  have,  then, 

x = 8 + -L,  y=  1 +i.  ✓=  1+ ± . ± 


V X = 2 + 


= 8 + - 


1 + • 


= 2 + - 


1 + 


1 + je 


I + 


2+^- 

If  we  omit  the  fractions  -pj-,  ^c”  we  ^avf*  M a 

first  approximation, 

X=2  + y = 3. 

1 1 l „ . 

If  we  include  -py,  omitting  -p^-,  pj7»  &c.,  we  have, 

as  a second  approximation, 

1 1 b 

i = 2 + r-  = 2 + -s-  = v- 

i + T * 


Again 


Hence  we  infer  thut  xT  > 1 and  < 2.  Let 


Again,  substituting  2 and  3 for  xr>  we  find 


3 

2 ’ 


Again,  by  including  -p-„ , we  have 
x=2+-L 


1 +- 


= 2 + 

“I 


- = * + 4 

2 5 

1 +1 


b 


and  by  continuing  the  process  we  should  approximate 
without  limit  to  the  value  of  x. 

(238.)  The  general  method  then  for  resolving  the 
equation  am  =6  by  approximation,  is  to  find  the 
highest  exact  power  of  a which  is,  contained  in  ft. 
Let  Uiis  be  a*.  so  that  aT  < 6 a*+‘  > ft.  Hence  the 
value  of  x must  be  between  n and  n -j- 1.  Let 
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Algebra.  In  the  same  manner  V is  found  to  be  between  the 
limits  n'  and  n'  + 1.  Let  xf  = n'  + p-  and  proceed 
in  the  same  manner.  Finally  we  shall  have 
J 

»'+  1 

«"  + l 


x = n + - 


11"*+  I 


Ac. 


By  continuing  the  process  the  value  of  x may  thus 
be  obtained  within  any  proposed  degree  of  opproxima- 
lion. 

By  the  results  of  Section  XX.  it  appears,  that 


n 


differs  from  x by  a quantity  leas  than 


- * . Also,  that  the  third  approximation  dif- 

(«  + »)« 

fcr,  by  . quantity  1m  Ih*.  ^ + , j 

and  so  on. 


SECTION  XXII. 

Of  Permutation*  and  Combination*. 

(239.)  If  there  be  any  number  of  quantities  or 
things  which  we  shall  represent  by  letters  a,  b,  c,  Ac., 
the  various  order*  in  which  it  is  possible  to  arrange 
these  are  called  permutation*.  Thus,  if  there  be  two, 
o,  b,  they  may  be  arranged  in  either  of  two  ways  a b 
or  6 a,  and  they  are  said  to  be  susceptible  of  but  two 
permutation*.  If  there  be  three,  «,  b,  c»  they  may  be 
arranged  in  six  ways,  a b c,  a c b,  b a c,  b c a,  c a 6, 
c b a,  and  are  said,  therefore,  to  be  susceptible  of  six 
permutation*. 

(240.)  Let  it  be  required  to  determine  in  general  the 
number  of  permutations  of  which  m letters,  a,  6,  c,  Ac. 
arc  susceptible. 

Let  x be  the  number  of  permutations  sought,  and  z 
be  the  number  of  permutations  of  which  m — 1 of  the 
given  letters  are  susceptible.  The  remaining  letter 
may  be  placed  either  before  the  first  letter  in  any  one 
of  these  permutations,  or  after  the  first  or  any  succeed- 
ing letter.  It  may,  therefore,  have  m different  places, 
and  for  each  of  the  z permutations  of  the  m — I letters 
there  are  m permutations  of  the  total  number.  Hence 
tbe  total  number  of  permutations  is  m s. 

If  m = 2 it  is  evident  that  z = 1 v x rr  2. 

If  m = 3 v z =r  2,  and  x=l.9.S, 

If  «n  Vis  1 .2.3,  andx=  1 .2.3.4. 

And  in  general  we  may  infer,  that  by  continuing  the 
process  we  should  have 

x = 1.2.8.4....m  — 1 . m. 

(241.)  If  there  be  any  number  of  quantities  or  things 
represented,  as  before,  by  letters,  a,  6,  c,  Ac.,  a group 
consisting  of  any  number  of  these,  without  regard  to 
their  order,  is  called  a combination ; and  whenever  two 
such  groups  differ  in  a single  letter,  they  are  considered 
as  different  combination*.  Thus,  if  the  given  quantities 
be  a,  b,  c,  d,  a b c and  a b d are  different  combina- 
tions ; but  a b c,  a c b,  c a b are  all  the  same  combination. 


Combinations  are  denominated  combinations  of  two,  Pwwbu- 
three,  four,  Ac.,  according  to  the  number  of  letters  of  *“*“* 
which  each  group  is  composed.  . 

Each  combination  is  susceptible  of  permutation . 
Combinations  differing  in  the  order  of  their  letters  may  v ^ 
be  called  permuted  combination*. 

(242.)  To  determine  the  number  of  permuted  com- 
binations of  n letters  which  can  be  formed  from  m let- 
ters, m being  supposed  greater  than  it. 

Let  the  number  of  permuted  combinations  of  /<  — 1 
of  the  m letters  be  z,  and  the  sought  number  be  x. 

Any  one  of  the  z permuted  combinations  of  n — 1 
letters  being  taken,  and  the  remaining  m — (a  — l) 
of  the  m letters  being  successively  annexed  to  it,  will 
give  a corresponding  number  of  permuted  combina- 
tions of  it  letters,  and  this  being  done  with  each  of  tlie 
z permuted  combinations,  we  have  x — t (m  n -f-  1). 

If  n = 8vn-  Is  1.  In  this  case  it  is  evident  that 
ssn.  Hence  x = m(m  — 1). 

If  n = 8 V n — 1 = 2 V z = m (m  — I) 
v x =s  m (m  — 1 ) (m  — 2). 

If  n = 4 v n — 1 s3v»=»(m-  I)  (m  — 2)  *.* 
x = m (m  — 1)  (m  2)  (m  — 3) 
and  in  general 

j = m (m  - 1)  (m  - 2)  (m  - 3). . . . (m  * n -f  1). 

(243.)  To  determine  the  number  of  combinations  of 
n letters  which  can  be  formed  of  nt  letters. 

The  number  of  permuted  combinations  was  found 
in  the  preceding  article.  Thus,  to  determine  the  number 
of  different  combinations,  it  is  only  necessary  to  divide 
the  number  of  permuted  combinations  by  the  number 
of  permutations  of  which  n letters  are  susceptible. 

Hence  the  number  of  different  combinations  sought  is 

m (m  — 1)  (m  — 2 ), . . . (m  — n -f  I) 

1 . 3 . 3 n 

Since  this  number  must,  from  its  nature,  be  an  integer, 
it  appears  that  the  continued  product  of  all  the  integers 
from  m to  m - (n  - 1)  inclusive,  is  divisible  by  the 
continued  product  of  all  the  integers  from  1 to  n inclu- 
sive, it  being  less  than  m. 

(244.)  It  is  not  difficult  to  prove  that  the  number 
of  combinations  of  n letters  to  be  made  from  m,  is  equal 
to  the  number  of  combinations  of  m - n to  be  made 
from  m.  Let  m — n = it'.  The  number  of  combina- 
tions of  n'  letters  is 

m (m  - 1 ) (m  — 2) (m  - r»'  -f-  i) 

i . 2 ! 3 »' 

Substitute  m - n for  n'  and  we  have 

m(m  - l)  (m  — 2) (w-f  1) 

I . 2 . 3 (m  — «)*  L J 

First,  let  m - (n  — 1)  be  greater  than  n + 1. 

Then  the  preceding  number  may  be  expressed 

m (m  - 1)  (m  - 2).  . (m  - (n-  1)  ) (m-n).  . (w-fr  1) 

I . 2 . 3 (•-#) 

The  factors  from  (m  — n)  decreasing  by  unity  to 
«i  1 inclusive,  are  here  common  to  both  numerator 
and  denominator,  and  may,  therefore,  be  omitted,  and 
the  result  is 
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AlfaLn.  m (m  — 1)  (m  - 2). . . . ._.  (m  - («  - 1)  ) 

— ' I . 2 . 8 |7_“ 

which  is  the  number  of  combinations  of  n letters  to  be 
made  from  m letters. 

Secondly,  let  u*  — (*»  — 1)  be  less  than  n -f  1,  and 
therefore  also  m — n is  less  than  w-J-  !.  Let  both 
numerator  and  denominator  of  [I]  be  multiplied  by  the 
successive  integers  from  n to  m - (»  - 1)  inclusive, 
and  it  will  become 

m (m  — 1)  (m  — 2) (m  — (»  — I)) 

1 . 2 . 3 « 

which,  as  before,  is  the  number  of  combinations  of  n 
letters  to  be  made  from  m letters. 


SECTION  XXIII. 

Of  the  Binomial  Theorem. 

(245  ) Ir  the  square,  the  third,  fourth.  &c.  powers 
of  a binomial  be  obtained  by  actual  multiplication,  the 
result*  will  be  as  follows  : 

1.  power x -j-a. 

2.  power 

3.  power. t*  -f  - 3 x*  a -f-  3 a -f-  a9. 

4.  power x*  -f-  4x,a  4-6x*a*  4-  4xns  4-«4. 

&c.  Slc. 

In  cases,  however,  where  high  powers  are  required, 
the  process  of  involution  would  he  very  laborious,  and 
where  the  exponent  of  the  required  power  is  expressed 
by  a letter,  and  not  by  a particular  integer,  we  should 
not  be  able  to  express  it  at  all,  unless  the  late  were 
known  by  which  the  exponents  and  coefficients  of  the 
successive  terms  of  the  series  are  derived  from  the 
exponent  of  the  power. 

The  rule  which  determines  the  method  of  deriving 
the  exponents  and  coefficients  from  the  exponent  of  the 
required  power  in  general,  and  independently  of  any 
particular  value  which  that  exponent  may  hove,  is 
called  the  binomial  Theorem  ; and  the  series  thus  found, 
and  which  would  also  result  from  the  continued  multi- 
plication by  which  the  ordinary  process  of  involution  is 
conducted,  is  called  the  devrlopement  of  the  power. 

Nfwton  first  assigned  the  law  by  which  the  bino- 
mial developement  was  governed,  but  did  not  give  any 
demonstration  of  it  Since  his  time,  however,  the 
theorem  has  been  submitted  to  rigorous  proof. 

(246.)  We  shall  first  consider  the  case  in  which  the 
exponent  of  the  power  is  a positive  integer.  The 
question  then  is,  to  obtain  the  developement  of 
(x  4-  a)m,  m being  a positive  integer. 

If  any  uurnber  m of  simple  binomials  of  the  forms 
(x  -f-  a)»  + <0*  (*?  4~  «*).  &c.  be  multiplied  so  as 

to  form  a continued  product,  it  is  evident  that  the  de- 
velopement  of  this  product  would  consist  of  products 
formed  of  every  possible  combination  of  m quantities, 
which  could  be  formed  from  the  2 m simple  quantities, 
x,  y,  y - . . ■ o,  a',  a" If  the  accents  be  all  re- 

moved from  letters  x,  and  they  be  supposed  to  become 
equal,  the  product  formed  of  their  combination  will  be 


**•  Those  products  iu  which  but  one  letter  a enters,  Blncwial 
will  have  m — I factors  of  x.  In  these,  therefore,  x" ~ 1 bauna. 
will  be  multiplied  by  each  of  the  letters  a,  and  the  sum  W 
of  all  these  terms  will  be  represented  by  multiplied 

by  the  sum  of  all  the  letters,  a,  o',  a" Let  this  be 

expressed  by  S (a),.  Hence  the  first  two  terms  of  the 
developed  product  is  * S (a)t.  Those  terms 

which  have  m — 2 factors  of  x will  be  multiplied  by  the 
letters  a combined  in  pairs;  and  will  be  equivalent  to 
multiplied  by  the  huti  of  every  combination  of 
two  of  the  letters,  a,  a\  a".  Ac.  Let  this  sum  be  re- 
presented by  S (a},  and  the  first  three  terms  of  the 
product  are  x*  -f-  x-\  S (a),  -f  x-*  S (o)t.  And  by 
continuing  the  same  reasoning,  and  preserving  the 
same  notation,  the  continued  product  of  m factors  of 

the  form  (x  -f  a)  (x  -f  «')  (x  -f-  tf) i *,  when 

developed, 

x-  -f-  S (a),  4.  x'-*  S (a),  4-  jM  S (a),  4-  &c. 

By  the  preceding  section  it  appears,  that  the  number  of 
terms  in  S (a),  , S (a)f , S («),,  Ac.  respectively  are 
m w(m  - 1)  m (to  - 1)  (m  - 2) 

Now  if  the  accents  be  removed  from  the  letters  a,  and 
they  be  supposed  to  become  equal,  we  have  evidently 

S(a),=  rno  S(o),=  a, 

S(«),=  - 2) 

_ ■*(>»-  1)  * - 2)  (m  - 3) 

* (o)*  ~ TTTT1 — — — 0 

&c.  4c. 

Hence  we  obtain 


(jr + o)*=  j”  J-  m j"  '0+  ■ g **  j— ■ c 

m (m  — 1)  (to  — 2) 


+ TT2 


8 


2 

x— • 


m (m  — 1)  (w  - 2)  (to  — 3) 


I 


3 


x--4  4-  Ac.  [1] 


which  is  the  binomial  series. 

(247.)  It  is  plain  that  the  coefficient  of  the  /*  term 
of  this  series  is  the  number  of  combinations  of  r letters 
which  can  be  formed  from  to  letters,  and  that  the  ex- 
ponent of  a in  each  term  is  equal  to  the  number  of 
preceding  terms,  and  in  the  r"  term  it  is  therefore 
r — 1 ; while  the  exponent  of  x is  the  given  exponent 
to  diminished  by  this  number,  and  is  therefore 
m — (r  — 1).  Thus  the  r1*  term  of  the  series  is 
m(w-l)(m-2)(m-3).  . (m-r4-l)  _ 

1.2  . 3 . 4 (r-lT  a’  ‘ 

It  appears  that  the  sum  of  the  exponents  of  x and  a in 
every  term  is  the  same,  and  = to  -f-  I. 

(249.)  Each  successive  term  of  the  series  may  be 
conceived  to  be  produced  by  multiplying  the  preceding 

term  by  a fraction,  one  factor  of  which  is  — , and  the 

other  factor  having  for  its  numerator  the  given  expo- 
nent m.  diminished  by  one  less  than  the  number  of 
preceding  terms,  and  for  its  denominator  the  entire 
number  of  preceding  terms.  Thus  the  third  term  is 
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A,  Iff  bra. 


found  by  multiplying  the  second  by  — - 
to  — 2 

tburth  by  multiplying  the  third  by  — - — ■ 


~,  &c.  In 


_ _ m — 1 m - 2 

this  case  the  numeral  factor  — ^ — *. — . °y 

being  multiplied  into  the  preceding  coefficient,  produces 

n 

the  nest  coefficient,  end  the  literal  factor  — . produces 

the  literal  part  or  the  term.  The  exponent  of  z is  thus 
continually  diminished  by  one  each  step,  while  that  of 
a is  increased  by  one.  This  generating  fraction  for  the 
x * term  is 

m — r-f-  2 a_ 

r — 1 x 

The  series  terminates  when  the  generating  fraction  be- 
comes = 0.  Let  n be  the  number  of  terms ; the  gene- 
rating  fraction  or  the  (n  + I)*  term  must  = 0.  Hence 
by  substituting  n + 1 for  r in  the  numerator  ot  the 
generating  fraction,  and  putting  it  = 0,  we  have 

m — n — l-f-2  = 0 

•„•  « =2  W -f-  1. 

Hence  the  total  number  of  terms  in  the  series  exceeds 
the  given  exponeut  by  one. 

(249.)  If  x be  changed  into  a*  and  wee  tend  in  the 
equality  [1]  we  shall  have 

m (m  — 1)  _ _ , 

(a  |x)'  = fl"-f  w amm  x + - g « r 


m (m  — 1)  (m  — 2)  j 
+ 1 . 8 3 

, w (BI  - 1)  (IB  — 2)  (m  - 3)  a...  x,  , 

+ 1 . 2 . S . 4 

This  series  can  only  differ  from  [1]  in  having  the  terms 
in  an  opposite  order.  It  appears,  however,  that  the 
coefficients  remain  exactly  the  same,  from  whence  we 
infer,  that  in  the  binomial  series  [1]  Me  coefficient!  of 
entry  pair  of  torn  equally  dietant  from  Ole  extreme 
terms  are  equal.  This  might  also  be  inferred  from 
(244.) 

(250.)  The  coefficients  depending  entirely  on  the 
exponent  m will  be  the  same,  whatever  values  z and  a 
be  supposed  to  have.  Let  X = a = 1.  and  the  senes 
becomes 

m (m  — 1) 

(1  + 1)-  = 2“  = 1 + m + -y-  2 


m (m-  1)  (m  — 2)  . 

+ 1 . 8 . 3 

In  this  case  the  second  member  of  the  equality  is  re- 
duced to  the  sum  of  the  coefficients.  Thus  it  appears, 
that  the  sum  of  the  coefficients  of  the  binomial  series  is 
equal  to  that  power  of  2 whose  exponent  is  equal  to 
tile  exponent  of  the  binomial. 

(251.)  If  the  second  member  a of  the  binominl  tie 
negative,  it  is  sometimes  called  a reeidual.  In  tills 
cue  the  odd  powers  of  a will  be  negative,  and  as  these 
are  factors  of  the  alternate  terms  beginning  from  the 
second,  these  terms  will  be  negative,  and  the  binomial 
will  assume  the  form 


(jr  — a)m  — .jr  — m r"'1  a -f- 


m (m  — 1)  _ _ 

1.2^' 


_ m (m  - 1)  (m  - 2) 

1.2.3  * 


Btaocnitl 

Theorem. 


(252.)  We  have  hitherto  considered  the  binomial 
series  as  representing  the  developemcni  only  where  the 
exponent  m is  a positive  integer,  mid  the  demonstra- 
tion derived  from  the  properties  of  combinations ; and 
the  continued  multiplication  of  different  binomials  evi- 
dently proceeds  on  that  hypothesis.  It  may,  however, 
be  proved,  that  the  series  will  maintain  the  same  form, 
and  be  governed  by  the  same  law,  when  the  exponent 
is  negative  or  fractional.  The  following  demonstration, 
given  by  Euler,  extends  to  the  cases  where  m is  any 
rational  number,  positive  or  negative. 

(253.)  Let  (x  -f-  fl)  be  expressed  in  the  form 

r ^ 1 -f-  — ^ and  we  have 

(x-f«r=^(i  + y )" 


or  if  x = — , 
x 

(x  *)"  = *"■  (i  +*)" 

The  question  is  then,  to  show  that  the  developcmeul 


(l  4-  x)"  = 1 + m z—‘  + 


m (m  — 1) 


to  (m  - I)  (m  - 2) 

‘1.2.  3 


is  true  whatever  be  the  value  of  m. 

Let  the  problem  be  converted,  and  let  us  inquire 
what  algebraical  expression  has  the  preceding  deve- 
lopernent  when  to  is  a fraction.  Let  the  sought  ex- 
pression be  y,  so  that 


y = 1 -f-  m x + 


m (7n  — 1)  a 

I . 2 


*1.2  . 3 

Let  tvl  be  another  fractional  exponent,  and  y'  the 
corresponding  algebraical  expression  or  equivalent  for 
the  series,  •.* 


mr  (mf  — 1)  . 
y1  = l + iri  z + — — £ 8* 

+ m*  (m’  - n <m'  - 2)  ,i  + tic. 


[*•] 


If  these  two  equalities  be  multiplied,  the  first  member 
of  the  result  will  beyy’;  but  to  ascertain  by  direct 
multiplication  tile  form  of  the  second  member  would 
be  attended  with  some  difficulty.  It  Is  evident,  how- 
ever, that  the  product  of  the  second  members  of 
[1]  and  [2]  will  necessarily  be  the  same  in  form, 
whatever  in  and  m'  be  supposed  to  represent ; and, 
therefore,  whatever  form  that  product  will  have  when 
in  and  m‘  ure  supposed  to  be  positive  integers,  will 
necessarily  also  have  when  they  are  fractions.  But  in 
the  former  case  we  have 

, m (m  — 1)  , 

(1  + r)"  = 1 +»!  + •; 1 + 


m (m  — 1)  (m  - 2)  ^ + 
1.3.3 
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(1+ = i + «.» + ^ ("'  * »• 

•,  0+,r*-=(i+»*+?=^* 
* 


+ r(m;1)(V!>,  + Ac, 

holds  good  when  m is  a fraction  And  positive. 

To  extend  the  proof  to  negative  exponents  it  is  only 
necessary  in  [3]  to  suppose  to'  = — m V m + m'  = U 

yy'=  i. 

i 


, w(m-  l)(m-8)  \ 

T 1 . a . s T / 


y = 


■ - y 


i.  . . ™'(m*  1)  1)  (m'-  2) 

*(*  + "*  + ■,  | , «•+!.„  - a 


X*  -f-  &c. 


) 


But  also 


+ (m  + m'  — 1) 

1 ! 2 


(l  + zr+^sl-f  (m  + mOr-f 
*•  -J-  Ac. 

Hence  the  second  member  of  this  last  equality  gives 
the  form  of  the  product  of  the  second  members  of  [I] 
and  [2]  when  m und  to'  are  positive  integers,  and  the 
snme  form  must  continue  when  they  are  fractions.  Thus 
we  have 

Vy=l  + (m  + mV-4  S=±Sl&±^  - ’> 

*•  + Ac.  [3.] 

By  continuing  the  same  reasoning,  if  m he  supposed 
successively  to  assume  the  values  m\  m".  mH>,  Ac.  all 
fractional,  and  1/,  y",  yw,  Ac.  be  the  corresponding 
equivalents  of  the  series,  and  r = m -f-  m'  4"  ~h 
Ac.,  we  shall  have 

yj nV  = i +r»  + L(-~  ])  *• 

+ r-J-1):(--38)t,+Ac-  w 

Now  suppose  m = ml  = m*  = Ac.,  and  let  q be  the 
number  of  repetitions,  so  that  r = jm,  the  equality  [4] 
hecomcs 


But  we  have  already  proved  that  - » 

y'=  0 +«r 

V v — 1 . = (1  + s)-"'  = (l  + *)- 

y (1  + *)  v 7 

and,  therefore, 

v , , m (m  — • 1) 

(1  + :)"=  1 + m 2 + - — 2*  Ac. 

is  true  when  m is  negative. 

Thus,  then,  the  binomial  theorem  is  extended  to  all 
cases  in  which  the  exponent  is  a rational  number, 
whether  positive  or  negative. 

(254.)  This  extension  of  the  principle  being  made, 
there  will  be  no  difficulty  in  applying  it  to  the  approxi- 
mation to  the  roots  of  numbers. 

In  the  scries 

{a  m . (m  — 1)  a*  _ 

1 +m-7+  TT 

Let  m = — . Hence 
n 

» / , • /—  r , , 1 a 1 n — 1 a* 

<r  + a+  Vx  J 1 H . . — . — 

\ n x n 2 rt  Xs 


j/>  ss  1 + m q t -f 


mq(mq  — 1) 

1.2  2 


+ — 


In—  1 2n-l  fl*  .'I 

. — Ac.  r 

2n  3n  J 


Let  it  be  proposed  to  apply  this  series  to  the  extraction 
of  the  cube  root  of  31.  To  effect  this,  it  is  necessary 
first  to  find  the  nearest  complete  cube  to  31,  which  is 
27  = 3»  v • n/27^  = 3.  Hence 

31  = (x  + a)  = 27  + 4 

v^5r+7e«fi  + I.i-  LJ  .Jt 

T V TS  8!  3 3 729 

+ -L 

3 39  19683  ) 


, mq(mq-  l)(n.7_Sr)  . . . 

+ — : — 3 — * + &c- 

or  since  m is  siipposed  to  be  fractkmaJ  let  m = -IL  v 

r « • +> = + J.  4c. 

But  the  second  member  of  this,  since  p is  a positive 
integer,  is  equal  to  (1  -f-  s)e  *,* 

y»  = <l  + ,)r 

• y = (i  +*)  — = (i  +:)' 

Hence  the  developement 

. i , \ — , Mi . yn  “““  1 

(l-fj)  = 1 -f  m : f ^ — . 2* 


, r—  . 4 16  320 

1 v 31  — 3 h — + 

27  2187  531441 


— Ac. 


The  first  three  positive  terms  of  the  series  expressed  in 
decimals,  are 

3 =r  3,00000 

4 

:=  0,14815  I 


- = 0,00060 


27 
320 
531441 

and  the  first  two  negative  terms  are 

16 

“ 2187 
2560 

“ 43046721 

V •V'af  - 3,14138 


V =8,14875 


= - 0.00737 
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Algebra.  (255.)  A scries  is  said  lo  converge  w hen  Ihe  numerical 
value  of  cuch  terra  is  less  than  that  of  the  preceding 
term  ; and  is  said  to  converge  more  or  less  rapidly,  as 
the  ratio  of  each  term  to  that  which  succeeds  it  is  a 
greater  or  lessor  ratio.  By  means  of  such  a series  we 
can  always  approximate  in  rational  numbers  to  the 
value  of  that  quantity  of  which  it  is  the  developement. 
Such  a developement  may  be  considered  to  be  numeri- 
cally equivalent  to  the  quantity  from  which  it  was  ob- 
tained. It,  however,  frequently  happens,  that  the  suc- 
cessive terms  of  the  developement,  instead  of  decreasing, 
increase.  In  this  case,  no  numerical  equality  exists 
between  the  series  and  the  quantity  whose  developement 
it  represents ; and  the  sign  = placed  between  them,  is 
to  be  understood  only  as  indicating,  that  the  one  is 
obtained  from  the  other  by  a certain  process  which  hus 
been  instituted,  and  these  observations  are  equally 
applicable,  whether  the  developement  be  obtained  by 
the  binomial  theorem  or  any  other  way. 

If  any  number  of  terms  of  a converging  series, 
beginning  from  the  first.be  taken  to  represent  the  value 
of  the  whole,  there  is  u certain  error  introduced,  the 
limits  of  which  may  in  some  cases  be  assigned.  Let 
the  series  be 

a-6  + c-  d + e — f 4-  &c. 
the  terms  being  supposed  to  decrease.  Let  it  be  re- 
quired to  assign  the  error  to  which  we  are  subject  in 
taking  a — b + c for  the  whole  scries.  Let  i be  the 
quantity  to  which  the  whole  series  is  equal.  Since 
each  positive  quantity  is  greater  than  the  negative 
quantity  which  immediately  succeeds  it,  it  follows,  that 
the  successive  quantities  (a  — 5),  (c  — d),  (e  — f),  &e. 
are  all  positive,  and,  consequently,  the  sum  of  any 
number  of  them,  commencing  from  the  first,  will  be  less 
than  x.  Hence 

• x > a — 6 

*>  a — b + c d 
x > a — & -f-  c — d + e — f 
&c.  &c. 

Again,  for  the  same  reason,  the  successive  quantities 
(_A  -f  <•),  (-  d + c),  (—  f+g),  4c.  arc  negative, 
and,  therefore,  when  the  sum  of  any  number  of  them 
be  added  to  a,  die  result  is  greater  than  x,  so  that 

x < a 

x < a — 6 + c 
x<a  — b + o — d -f  e 
x<a-6  + c-  d + e-  /- f g 
&c.  &c. 

Hence  it  follows,  that  the  value  of  x is  between  the 
values  of  a and  a — 6 ; it  is  also  between  Uiose  of 
a — 6 and  a — b + c ; also  between  those  of  a — b + c 
and  a — 6 + c — d,  and  so  on.  Therefore,  if  a be 
taken  as  equal  to  x,  the  error  will  be  less  than  6 ; if 
a — b be  taken  for  x,  the  error  will  be  less  than  c,  and 
so  on. 

To  apply  this  to  the  example  already  given,  we  have 

vsi  = 3+  1-JL+J22 ?b-H!L  +&c. 

T 27  2187  *531441  43046721  T 

If  the  first  two  terms  be  taken  to  represent  • v'S 1",  the 
assumed  value  will  be  greater  than  the  true  value,  by  a 
fraction  less  than  ; if  these  terms  be  taken,  the 

VOL.  L 


assumed  value  will  be  leas  than  the  true  by  a fraction 
less  than 

(256.)  The  general  rule  for  the  application  of  the 
binomial  theorem  to  the  approximation  to  the  roots  of 
numbers  is  as  follows : Let  die  ntk  root  be  sought : 
find  the  nearest  complete  power  to  the  proposed 
number,  and  let  this  be  pn,  Bnd  let  the  difference  be- 
tween this  and  the  proposed  number  be  </,  so  that  the 
proposed  number  being  N,  we  shall  have 
N = p‘  + 9 


when  p • < N,  and 

N = p’  - ? 


when  /?*  > N.  In  this  series 

L 1 f 1 a 

<*  + “)•  ='*V  + TT 


1 n - I a? 
n 2 n ' x‘ 


ftinoDQwl 

Theorem. 


n 2 n 3/i  x*  J 


substitute  pm  for  x,  and  q for  a.  The  result  will  be  a 
converging  numerical  scries,  provided  a be  less  than  x. 
The  several  terms  being  reduced  to  decimals,  and  com- 
bined by  addition  or  subtraction,  as  indicated  by  the 
signs,  will  give  the  value  of  the  root  with  any  required 
degree  of  approximation. 

(257.)  Since  the  successive  terms  of  the  develope- 
ments  of  (x  -j-  a)"  and  (x  — a)"  differ  in  nothing  but 
the  signs  of  the  alternate  terms,  beginning  from  the 
second,  it  follows  that  if  their  developements  be  added, 
the  result  will  be  twice  the  sum  of  the  alternate  terms, 
beginning  from  the  first;  and  if  they  be  subtracted, 
their  difference  will  be  twice  the  sum  of  the  alternate 
terms,  beginning  from  the  second. 

(258.)  Also,  since  the  alternate  terms  of  the  series, 
beginning  from  the  first,  contain  only  even  powers  of 
a,  and  the  alternate  terms,  beginning  from  the  second, 
contain  only  odd  powers  of  a,  it  follows  that  the  de- 
velopement of 

(jt  + o)*  + (*  - a)" 
contains  no  odd  power  of  a,  and  that  of 
(x  + a)m  - (x  — a)m 
contains  no  even  power  of  a. 

(259.)  If  a be  a quadratic  surd,  such  as  ^b,  ^8,  &c. 
the  developement  of 

(x-f  a)"  + (x  - a)“ 

will  be  rational,  since  all  the  even  powers  of 
&c.  are  rational. 

Also,  if  a be  an  imaginary  quantity  of  the  second 
order,  such  as  — 6*.  •v—3,  &c.  the  developement  of 
(x  + a)m  -f  (x  - n)** 

will  be  real.  Also,  in  this  case,  the  developement  of 
(x  + a)m  — (x  - a)m 
- 1 

will  be  real. 

(260.)  The  developements  obtained  by  the  ordinary 
process  of  division,  may  also  be  obtained  by  the  bino 
mi al  theorem.  Thus,  by  division  we  find 

_i_  = _L  _ 

a -f-  & a a 1 a*  a4’0' 


Die  same  may  be  obtained  by  the  binomial  theorem. 


by  substituting  for  — — - 


its  equivalent  (a  -f-  6)"1* 


4 t 
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SECTION  XXIV. 

Method  of  Indeterminate  Coefficient t. — Of  Series. 

(261.)  Ir  ihcfbrm  of  the  developement  of  any  quan- 
tity be  assumed,  the  determination  of  the  developement 
is  reduced  to  the  investigation  of  the  values  of  the  co- 
efficients  of  the  powers  of  that  quantity  by  which  the 
series  is  supposed  to  be  arranged.  These  coefficients 
being  supposed  to  be  independent  of  the  latter  quantity, 
will  be  the  same,  whatever  value  be  assigned  to  it ; and 
on  this  fact  is  founded  that  method  of  developement 
called  the  method  of  indeterminate  coefficients , 

Let  the  formula  to  be  developed  be 


6-f-6'x 

and  let  the  form  of  the  required  developement  be 
Ap  -f"  A,  x -j-  A,  x*  -f-  Ag  x*  + A4  x*  -j-  &c. 

A,,  A,,  A,  . . . . being  quantities  indeterminate  or  un- 
known, but  supposed  to  be  independent  of  x.  Equa- 
ting the  series  with  the  formula  it  represents,  we  have 

b = A,  + A,z  + A,I*  + A,x*+  A.**  + &c. 

Since  the  values  of  the  several  coefficients  in  each 
member  of  this  equation  are  independent  of  x,  they 
will  be  the  same  whatever  value  x be  supposed  to 
receive.  If  x = 0 the  equation  becomes 

f = A" 

which  determines  the  value  of  the  first  coefficient. 

Making  this  substitution,  clearing  the  equation  of 
fractions,  bringing  all  the  terms  to  the  same  side, 
and  arranging  them  by  the  ascending  powers  of  x, 
we  have 

x*  + . = 0 


A,  6 

x + K« 

■H+-A.4 

*’+  A,4 

+4 

+ A,  b' 

+ A.4' 

+ a,v 

which  being  divided  by  x becomes 

A.  6 

+ A.4 

x + A,  A 

*•  + A.  4 

a bf 

+ — 

+ A,4' 

+ A,  b' 

+ A.  4' 

x*  Hh  • • =0 


In  this,  if  x = 0 we  have 

a , 

A,  a + 


= 0, 


V A,  = - 


a b' 

b ~ b* 

This  condition  being  observed,  and  the  equation  again 
divided  by  x,  it  becomes 


A.1 

a b" 
b* 


+ A,  a ' 

+ A,// 


x 4-  A4  of 
+ A,  V 


x«-f  . = 0 


and  t being  again  supposed  as  0,  wc  have 

A b-lUL  -n  ••  a _ °6'* 

A,A  6 • -0,  - A* b>~’ 

and  by  continuing  the  same  process  we  should  fittd 

a6*  , a A'4  . a V* 

A,  = - A,  = A,  = - 


In  effect,  each  succeeding  coefficient  is  found  by  multi-  Method*  of 
plying  the  preceding  one  by 

b' 
b * 


and  each  term  is  found  by  multiplying  the  preceding 
lenn  by 


bf 

T 


x. 


(262.)  The  principle  here  used  when  generalized, 
proves  that  if  an  equation  of  the  form 

A + Bx+Cx*  -fDx*  + =0 

be  fulfilled  independently  of  x,  it  is  necesttary  that  each 
of  its  coefficients  severally  should  = 0 ; and  it  is,  in 
fact,  equivalent  to  the  several  equations 
A = 0,  B £3  0,  C = 0,  &c. 


(263.)  From  this  principle  we  may  immediately  infer, 
that  if  an  equation  of  the  form 
a-f-Ax-}~cx«-f  dx»-f..  = A-fBx-f  Cx^-f Dr»  + 
be  fulfilled  independently  of  x,  (that  is,  be  true 
whatever  value  be  ascribed  to  x,)  we  shall  have 
a = A,  6 = B,  c s C,  &c. 


For  it  may  be  reduced  to  the  form 

(a-  A)-f  (A-B)  x-f  (c'-C)x*+....  = 0. 
Hence  by  (261)  we  have 

a — A = 0,  A— -B  = 0,  c — C = 0,  &c. 
v a = A,  6 = B,  c = C,  &c. 

(264.)  We  have  before  stated,  that  in  the  application 
of  the  method  of  indeterminate  coefficients  the  form 
of  the  developement  is  assumed.  It  may  so  happen, 
that  the  form  assumed  is  one  iu  which  the  given  quan- 
tity cannot  be  developed.  In  this  cose  the  process  wilt 
lead  to  some  manifest  absurdity,  indicative  of  the  false- 
hood involved  in  the  equality  which  was  instituted 
between  the  given  expression  and  the  proposed  form 
of  developement. 

As  an  example  of  this,  let  it  be  required  to  deve- 
lope  the  fracliou  — ^ 8 in  ascending  integral  and 
positive  powers  of  x,  so  that 

- ^ j-— 1 = A-|-Bx  + Cxa-f’D,rs-HEx4-f_Ac. 

Clearing  this  of  fractious,  and  bringing  alt  the  term* 
to  the  same  side,  we  have 


-1  + 3AI  + 3B  j xf4-8C  I 
- A J - B I 

Now  if  x =:  0,  wc  have  — 1=0,  which  is  absurd,  and 
shows  that  the  expression  cannot  be  developed  in  the 
form  required. 

If,  however,  the  original  expression  be  resolved  into 
its  factors  and  —■  — . the  latter  may  be  developed 

in  the  required  form,  and  we  find 

1 1 - x xa  , x> 

§rr^  = 3-  + -31  + lfT  + g7  + 4c- 

• • __L_  = _L+_L+_£.+.i!+4c. 

3j-j*  3 x ' 3a  ' 3"  ~ 3*  * 

j*  x'  J4 

-s!  + F + 3r  + &c- 
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(265.)  Let  the  cxpressiono  t be  developed  be 
a + a x 

b + vTTWT^' 

and  the  form  of  the  dcvclopement  being  as  before,  we 
have 

T+>^Xx*  = A*  + A<*  + A.J*+  A.**+  Sc. 
which  when  reduced  becomes 


. b'  . , o'  -aV  + bo’ 

*>■ — r^+x15 — *5 — 

* - _ *L.  **  . 4. 

A,_  —A,  - — A,  + — 

_ at/i-a'bV-abb°  + iJ'b‘ 


+ A,  A 

x+  A,4 

x>  + A,A 

x’+A.A  x*+..0 

. bf 

v . 

A"  . 

+ A,  A' 

+ A,  A' 

A,*' 

A,  A' 

A, A,  - 

. — Al- 

■x** 

- a' 

+ A.  A" 

A,  A" 

A,A» 

*•  . 

V • , 

since  this  is  fulfilled,  independently  of  «*,  it  gives 
A#  b — a = 0 
A,  6 + A,  bf  — a*  = 0 
A.ft+A.ft'  + A.^  = 0 
A.&  + A,V  + A,  6^  = 0 
A46  + A,y+  A,6*  = 0 
&c.  &c. 

Hence  we  obtain 


A‘~  ~ T K+  Xs3  ■ 

A'=--rA--xA*= 

A-=~  T*--  T*. 


— b'  a + d b 
6* 

ab'*-a'btb -abW 
6s 


A‘='TA,‘  t*- 

&c.  &C. 

and  in  general 

A.  4 A..,—  t A_,. 

Titus  we  obtain  a general  rule  for  determining  each 
successive  coefficient,  viz.  “ Multiply  the  preceding 

coefficient  by — , and  the  last  but  one  by  — ~ 

o b 

and  the  sum  of  the  results  is  the  coefficient  sought,” 
This  rule  applies  to  all  the  coefficients  after  the 
second  term.  The  first  two  terms,  however,  must  be 
determined  by  the  formulae  established  for  them  in 
particular. 

Had  the  expression  to  be  developed  been 
a 4-  a'x  -f  g"  xfl 
6 + Vs  + 6*  x*  + 
we  should  have  had 

A0  b — a = 0 

A,  6 + Ap  V — a'  = 0 

A,  6 + A,  b'  + A,  b"  — a" 

A,  6 + A,  6'  + A,  b”  + Ap*w=0 
A46  + A + A tbm  + A lbm=  0 
. , &c.  &c. 

and  in  general 

A. A + A.., . bf  + A..,,  b-  + A..,.  A*  = 0. 
Hence  we  find 

*-x 


“• 4 ~ x "■  T‘ 

A JiA  4"a  ^ a 

a A*  r A*  ~ T" A" 

Ac.  Ac. 

and  in  general 

A.  - 6'  A ‘"a  A 

(266.)  In  the  three  examples  which  have  been  given, 
of  the  application  of  the  method  of  indeterminate  co- 
efficients, it  may  be  observed,  that  in  the  first,  each  term 
was  derived  from  that  which  immediately  preceded  it 
by  multiplying  by  a constant  factor;  in  the  second,  each 
term  was  derived  from  the  two  which  immediately 
preceded  it  by  multiplying  each  of  them  by  a constant 
factor,  icil.,  that  which  immediately  preceded  by  — 

<*»  anfl  other  by — *•.  In  like  manner, 

in  the  third  example  each  term  is  derived  from  the  three 
preceding  terms  by  multiplying  them  respectively  by 

the  constant  factors x,  — — rs 

b b 6 * 

and  adding  the  results. 

Scries  formed  or  generated  in  this  way  are  called 
recurring  series,  and  the  system  of  constant  multipliers 
is  called  the  scale  of  relation.  The  order  of  the  re- 
curring series  is  determined  by  the  number  of  constant 
multipliers  in  the  scale  of  relation.  Thus,  the  first  of 
the  preceding  examples  presents  a recurring  scries  of 
ihejSrst  order , the  second  gives  one  of  the  second  order, 
and  the  third  one  of  the  third  order,  the  scales  of  re- 
lation being  respectively 

(-f*)-  (-4* -■?-)• 

(-4*  -T-.  -■?-)• 

It  is  evident,  that  by  continuing  the  same  reasonin'*  wc 
should  find  in  general  that  the  developement  of 

g -f-  a! x -j-  a"  or*  -f- , . , , 
b + ^5+  b " a* 4-  ....  jp 

would  be  a recurring  series  of  the  na  order,  of  which 
the  scale  of  relation  would  be 

(b1  61"  if*)  \ 

“T*  - T * ’ "X* -xO 

It  is  evident,  that  a recurring  series  of  the  first  order 
is  a geometrical  progression. 
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SECTION  XXV. 

Of  Logarithm* 

(267.)  Is  the  indeterminate  equation  y = o'  for 
every  value,  whether  positive  or  negative,  which  is 
assigned  to  x,  there  will  result  a corresponding  value 
of  y,  and  r ire  rend,  any  numerical  value  whatever 
being  assigned  to  y.  there  will  be  a corresponding 
number,  which,  substituted  for  x,  will  verify  the  equa- 
tion. This,  however,  is  on  the  condition  that  a is  not 
= 1,  for  if  it  were,  y would  also  be  = 1.  whatever 
value  should  be  given  to  x.  Let  N,  Nr,  N'’  . . , . be 
any  values  of  y,  and  let  the  corresponding  values  of  x, 
determined  either  exactly  or  approximately,  be  n,  n \ 
n",  &c.  we  have 

N = Nr  = a“\  N"  = a"*’,  &c. 

The  value  of  a being  arbitrarily  chosen,  subject  to  the 
exception  already  mentioned,  and  being  sup|H>sed  to 
remain  the  same,  there  will  be  a fixed  and  constant 
relation  between  the  numbers  expressed  by  y and  x. 
This  peculiar  relation  is  expressed  by  calling  x the 
logarithm  of  y.  Thus,  n is  the  logarithm  of  N,  n'  of 
N\  &c.  The  constant  quantity  a is  called  the  bate  of 
the  logarithms. 

(268.)  In  the  theory  of  logarithms,  therefore,  all 
numbers  are  considered  ns  powers  of  some  one  num- 
ber, which  is  called  the  ba*r,  and  the  exponents  of  the 
powers  are  called  the  logarithms  of  the  numbers.  The 
logarithm  is  usually  expressed  by  log,  or  simply  the 
letter  l placed  before  the  number ; thus  log  y,  or  ly , 
signifies  the  logarithm  of  y. 

(269.)  If  the  base  of  the  system  be  10,  we  have 
evidently 

l (100)  = 2,  l (1000)  = 3,  l (10000)  = 4,  &c. 
since  100  is  the  square  of  10,  1000  the  third  power, 
lOO(M)  the  fourth  power,  &c. 

(270.)  If  all  numerical  values  whatever  be  supposed 
to  be  successively  ascribed  to  y,  and  written  ill  one 
column,  and  that  the  corresponding  values  of  x in  the 
equation  y =s  o' be  determined,  und  written  in  another 
column,  the  corresponding  values  being  placed  oppo- 
site  to  one  another,  wc  shall  have  what  is  called  a 
table  of  logarithm*,  so  that  when  any  number  is  given, 
its  logarithm  will  be  found  registered  in  this  table,  and 
tict  vend,  when  any  logarithm  is  given,  the  corres- 
ponding number  may  also  be  found.  The  nature  of 
such  a table,  and  the  method  of  constructing  it,  we 
shall  more  fully  explain  hereafter.  We  shall  at  present 
show  how  such  a table  would  be  instrumental  in  expe- 
diting several  numerical  operations. 

Let  y,  y\  y"  ... . be  several  numbers,  and  a be  the 
base  of  the  logarithms,  wo  huve 

y = a'r,  yr  = a1*',  y"  = al*\  See. 

By  multiplying  these  we  obtain 

y tfy". ...  = a'i+v+,i'  + • ••• 

But  also  yy'y" s= 

v I (y jr'jf*. .)  = + V + /y  + . . . . 

That  is,  the  logarithm  of  the  continued  product  of  any 
numbers  is  equal  to  the  sum  of  the  logarithm  of  the 
factors. 


Hence,  if  it  he  required  to  multiply  several  numbers  Logarithm, 
together,  it  i.s  only  necessary  to  obtain  their  logarithms 
from  the  table ; add  these  logarithms  together,  and 
then  obtain  the  number  of  which  the  sum  is  the 
logarithm.  Thus  continued  multiplication  is  reduced 
to  continued  addition. 

(271.)  Let  the  equations  y = a1*,  y;  = at*  be 

y 

divided  one  by  the  other,  and  we  obtain  — r =:  a1  9mhfm 

y 

But  also  “ = a^*  ^ V l — ly  — /y'.  That 

is, 44  The  logarithm  of  the  quote  is  equal  to  the  loga- 
rithm cf  the  dividend,  minu*  the  logarithm  of  the 
divisor.” 

If  then  it  be  required  to  divide  one  number  by 
another,  let  the  logarithms  of  these  numbers  be  taken 
from  the  tables,  and  that  of  the  divisor  subtracted  from 
that  of  the  dividend,  and  let  the  number  be  found  in 
the  tables  whose  logarithm  is  equal  to  the  remainder, 
this  number  is  the  quote.  Thus  division  is  reduced  to 
subtraction. 

(272.)  Let  both  members  of 
y - a'y 

be  raised  to  the  n“  power,  and  it  becomes 
yr  - a "• 
v / (y*)  ss  n ly. 

That  is,  the  logarithm  of  any  power  of  a number  is 
equul  to  the  logarithm  of  the  number  multiplied  by  the 
exponent  of  the  power. 

Hence,  to  ohtain  any  required  power  of  a number, 
let  the  logarithm  of  the  number  lie  found  in  the  tables, 
und  let  the  product  of  that  and  the  exponent  of  the 
power  be  found  by  the  rule  (270,)  and  this  being  ob- 
tained, let  the  number  be  found  in  the  tables  of  which 
it  is  the  logarithm.  This  will  be  the  required  power. 

(273.)  Let  the  nA  root  of  both  members  of 
y = air 

be  taken,  and  we  have 


•» 


That  is,  the  logarithm  of  any  projwised  mot  of  a number 
is  obtained  by  dividing  the  logarithm  of  the  number  by 
the  exponent  of  the  root. 

Hence,  to  obtain  any  proposed  mot  of  a number,  let 
its  logarithm  be  taken  from  the  tables,  and  let  the 
number  be  divided  by  this  by  the  rule  (271,)  and  then 
let  the  number  be  found  in  the  tables  whose  logarithm 
is  equal  to  this  quote.  This  number  is  the  required 
root 

(274.)  Thus  it  appear*,  that  by  the  aid  of  a table  of 
logarithms  we  shall  he  able  to  reduce  all  calculations 
where  products,  quotes  power*,  or  roots,  are  required 
to  simple  addition  and  subtraction. 

(275.)  The  number  most  commonly  taken  for  the 
base  of  a system  of  logarithms  is  10.  However,  if  a 
system  be  computed  with  respect  to  any  base  a,  it  will 
be  easy  to  obtain  from  it  a system  relatively  to  another 
Iwse  o'.  Let  y he  any  number,  ami  let  ly  be  its 
logurithm  relative  to  the  base  a,  and  ty  relative  to  the 
base  o'.  We  have 

y = a**  y = a'r* 
a1*  ss  o' 
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Algebra.  Taking  the  logarithms  of  these  relatively  to  the  base  a , 
s— we  have 

It,  = ty  IJ  V Cy  = ^- 

(276.)  Hence,  when  the  logarithm  of  numbers  rela- 
tively to  any  hose  is  known,  the  logarithms  of  numbers 
relatively  to  any  other  base  may  be  found  by  dividing 
the  given  logarithms  by  the  logarithm  of  the  new 
base  in  the  given  system. 

(277.)  In  the  computation  of  logarithmic  tables,  it 
is  not  necessary  actually  to  calculate  the  logarithms  of 
fractions,  because  they  can  always  be  found  from  those 
of  their  numerators  and  denominators  by  the  rule  in 
(271,)  Neither  is  it  necessary,  in  the  first  instance,  to 
compute  the  logarithms  of  any  but  prime  integers,  for 
all  others  being  products  of  these,  their  logarithms  may 
be  derived  by  adding  those  of  their  factors,  (270.)  Thus 
16  = 12  + ©. 

(278.)  We  shall  proceed  first  to  explain  the  method 
of  using  tables  of  logarithms,  and  then  to  show  the 
methods  by  which  these  tables  are  computed. 

Let  us  suppose  that  the  ba.se  of  our  system  is  10. 
The  only  numbers  whose  logarithms  arc  rational,  are 
100,  1000,  10000,  &.c.  All  others  must  be  expressed 
approximately,  and  we  shall  suppose  the  approximation 
carried  to  seven  decimal  places. 

If  in  the  equation  y = 10*,  x — 0,  we  have  y = 1. 
Therefore  the  logarithm  of  1=0.  This  U common  lo 
all  systems.  If  x = 1,  2,  3,  4,  &c.,  we  have  y = 10, 
y = 100,  y = 1000,  y = 10000,  &c.  Hence  the  loga- 
rithm of  the  base  itself  is  = 1,  which  is  also  common 
to  all  systems. 

If  x = - 1,  - 2,  - 3,  &c. 

* ~ To'*  = I5o' * = I<S>o’ **■ 

The  logarithms  of  all  numbers  less  than  1 are  negative, 
and  the  logarithm  of  0 is  — — = — cc,  while  the 

logarithm  of  an  infinitely  great  number  is  + -^-  = 

+ *. 

Tlic  logarithm  of  an  integer  < 10  is  < 1,  and, 
therefore,  there  is  no  significant  digit  before  the  deci- 
mal point  in  the  value  of  such  a logarithm.  In  this 
case,  0 may  he  conceived  to  precede  the  point,  which 
always  happens,  therefore,  when  the  number  is  expressed 
by  a single  digit. 

If  the  number  consist  of  two  digits,  it  is  between  10 
and  100.  Its  logarithm  is  therefore  > 1 and  < 2.  and, 
therefore,  the  digit  which  precedes  the  point  in  the 
logarithm  is  1. 

If  the  number  consist  of  three  digits,  it  is  between 
100  and  1000,  and  its  logarithm  is  between  2 and  3. 
Therefore  2 is  the  digit  which  precedes  the  point  in 
the  logarithm. 

In  general,  if  the  number  consist  of  n digits,  it  is 
between  10*_l  and  10",  and  its  logarithm  is  between 
n — 1 and  n,  and  therefore  n 1 must  be  the  digit 
which  precedes  the  point  in  the  logarithm. 

The  digit  which  precedes  tlK*  point  in  the  logarithm 
of  a number  is  called  the  characteristic  of  the  logarithm. 
Thus  the  characteristic  is  always  that  integer  which  is 
one  less  than  th«  digits  of  the  number. 


(279.)  If  a number  end  with  any  number  of  cyphers,  Loftrithm*. 
they  may  be  cut  oft  and  the  logarithm  of  the  remaining 
part  found,  as  many  units  being  udded  to  it  when  so 
found  as  there  were  cyphers  cut  off.  For  let  the  value 
of  the  number  without  the  cyphers  be  N,  ami  let  n be 
the  number  of  cyphers  cut  off.  The  original  number 
is  N X 10’,  the  logarithm  of  which  is  /N  -f  w. 

In  like  mauner,  if  a number  be  divided  by  a power 
of  10,  the  logarithm  of  the  quote  may  Ik*  found  by  sub- 
tracting from  the  logarithm  of  the  number  as  many 
units  as  there  are  in  the  exponent  of  the  power.  Fur 
let  the  number  be  N, 


Thus,  to  obtain  the  logarithm  of  any  number  having  n 
decimal  places,  let  the  logarithm  of  the  number  con- 
sidered as  an  integer  be  first  found,  and  then  let  n he 
subtracted  from  it. 

(280.)  It  appears  from  the  uses  of  logarithmic 
tables  already  explained  in  multiplication,  division,  &c. 
that  two  processes  are  required  in  every  operation : 
1.  to  find  the  logarithm  of  a given  number  ; and  2. 
to  find  the  number  corresponding  to  a given  logarithm. 

1.  To  determine  the  logarithm  of  a given  number. 

The  given  number  must  be  either  integral  or  frac- 
tional. If  it  be  a fraction,  its  logarithm  is  the  difference 
between  those  of  its  numerator  and  denominator.  If 
the  fraction  be  expressed  as  a decimal,  its  logarithm 
being  found  as  an  integer,  it  is  only  necessary  to  sub- 
tract from  the  characteristic  as  many  units  as  there  are 
decimal  places.  If  the  proposed  number  be  composed 
of  an  integer  and  a fraction,  it  can  be  reduced  to  a 
fraction.  Thus  the  determination  of  the  logarithm  of  any 
number  whatever,  is  resolved  to  the  detcrmiuution  of  the 
logarithms  of  integers. 

The  tables  are  usually  constructed  so  a*  to  give  the 
logarithms  of  all  integers  within  a certain  limit.  If 
then  the  integers  whose  logarithms  are  required  be 
within  this  limit,  their  logarithms  will  be  immediately 
found  annexed  to  them  in  the  tables. 

If,  however,  it  be  desired  to  determine  the  logarithm 
of  an  integer  greater  than  any  tabulated  integer,  let 
the  characteristic  be  first  determined  by  the  number  of 
places.  Then  let  such  a number  of  decimal  places  be 
pointed  off  as  will  reduce  the  number  of  integral  places 
to  the  greatest  number  of  places  in  the  tabulated  integers. 
Thus,  if  the  number  of  integral  places  in  the  proposed 
number  be  6,  and  the  greatest  tabulated  integers  have 
but  5 places  it  will  be  necessary  to  cut  off  three  inte- 
gral places  by  the  decimal  point.  This  will  evidently 
produce  no  other  efTect  upon  the  logarithm  of  the 
uumber,  than  to  diminish  its  characteristic  by  as 
many  units  as  there  are  places  cut  off.  So  that  if  the 
logarithm  of  the  number  so  modified  be  determined, 
that  of  the  sought  number  may  be  immediately  obtained, 
by  adding  as  many  units  to  tbe  characteristic  as  there 
were  places  cut  oft 

After  the  integral  places  have  been  thus  reduced, 
let  the  value  of  the  number  be  N.  Let  p be  the  num- 
ber of  places  cut  off  by  the  decimal  point,  so  that  the 
original  number  is  N x 10*.  Find  in  the  tables  the 
two  integers  between  which  the  value  of  N lies.  Let 
them  be  n and  n -f-  1 ; so  that  N > n and  < (n  -f  1 ), 
and  let  the  logarithms  of  n and  n -f-  1 be  found.  We 
shall  show  hereafter  that  when  numbers  so  high  as  n. 
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N,  and  (u  -|-  1),  are  supposed  to  differ  by  a number 
leas  than  unity,  we  may  assume,  without  any  consider- 
able error,  that  the  numbers  are  propertional  to  their 
logarithms,  so  that  we  shall  have 
N — n : («  + 1)—  n II  IN  — in  : l (*  4*  1)  - In, 
or,  IS-lnss  {/(*+  1)-M  X(N-f») 
v/N={/(n+l)-/»}  X (N  - n)  + In. 

In  fact,  the  error  which  this  proportion  entails  upon  the 
value  of  IN,  does  not  affect  any  of  the  first  seven  deci- 
mal places,  and  beyond  these  we  do  not  usually  require 
to  extend  the  calculation. 

The  value  of  IN  being  found,  we  may  immediately 
determine  that  of  the  given  number  N x lO*. 

/(N  x 10')=  { l(n  + l)-/rt}(N-Ji)  + /n+p. 

By  this  formula,  the  numbers  « and  n + 1,  and  their 
logarithms  being  known,  IN  maybe  computed 
Example.  Let 

N X 10'  = 34735879. 

If  we  suppose  that  integers  as  far  as  those  consisting 
of  five  places  are  tabulated,  it  is  necessary  to  point  off 
three  decimal  places.  Hence 

N = 34735,879,  p er  3.  n = 34735 
n + 1 = 34736, 

In  = 4,5107673, 

/ („  + l)  _ /„  — ,0000125. 

N - n = ,879, 

/ (N  X 10')  et  ,879  x ,0000125  + 4,5407673  + 3, 
V l 34735879  = 7,5407783. 

2.  7*o  determine  a number  when  its  logarithm  is 
given. 

The  given  logarithm  may  be  positive  or  negative. 
First , Let  it  be  positive. 

If  the  given  logarithm  be  found  in  the  tables,  the 
corresponding  integer  will  be  prefixed  to  it. 

If  not,  let  us  suppose,  in  the  first  instance,  that  its 
characteristic  is  that  of  the  highest  number  included  in 
the  tables.  In  this  case,  its  value  will  be  found  to  be 
between  two  successive  tabulated  logarithms,  let  these 
be  In  and  / (n  + 1),  and  let  the  sought  number  be  N. 
By  the  formula  already  established  we  have 
^ _ IN  -In 

N ~ ion-'i)  -/« 


N er- 


IN  - In 


- -f  n; 


I (i»  -f  1)  - In 
for  in  this  case  p = 0. 

Example.  Let  the  proposed  logarithm  be 
4,7325679, 


4 being  the  highest  characteristic  in  the  tables, 
find  by  the  tables 

In  = 47325626, 

V IN  - In  = ,0000053, 


n = 54021, 

/(«  + 1)  - In  = ,0000081, 

••  N = -f  54021  = 54021,65 


Wc 


the  characteristic,  as  will  render  it  equal  to  the  highest  Logarithm*, 
characteristic  of  the  tables ; and  to  compensate  for  this,  ' 

it  is  only  necessary  to  point  off  as  many  additional 
decimal  places  in  the  result  as  there  were  units  added 
to  the  characteristic. 

If  the  characteristic  of  the  given  logarithm  be 
greater  than  the  greatest  characteristic  of  the  tables,  it 
fa  necessary  to  subtract  as  many  units  from  it  as  will 
render  it  equal  to  the  highest  tabular  characteristic, 
and  it  will  be  necessary  to  multiply  the  number  found 
by  that  power  of  10,  whose  exponent  is  equal  to  the 
number  subtracted  from  the  given  characteristic. 

Secondly,  Let  the  given  logarithm  be  negative. 

Let  as  many  units  be  added  to  it  as  will  render  it  posi- 
tive, and  make  its  characteristic  equal  to  the  highest  cha- 
racteristic of  the  tables.  This  being  done,  let  the  cor- 
responding number  be  found  in  the  manner  already 
explained,  and  let  it  be  divided  by  that  power  of  10 
whose  expouent  is  equal  to  the  number  of  units  added 
to  the  given  logarithm,  or,  what  is  the  same,  let  the 
decimal  be  moved  as  many  places  to  the  left  as  there 
were  units  added. 

Example.  Let  the  given  logarithm  be 
- 2,  4537875. 

Hie  highest  characteristic  of  the  tables  being  4,  let  7 
be  added  to  this,  and  the  result  is 

4,4537875  = log  35173.25. 

The  point  must  now  be  moved  7 places  to  the  left,  and 
we  obtain 

- 2,4537875  = log  0,003517825. 

A negative  logarithm  is  always  the  logarithm  of  a 
proper  fraction.  If  the  sign  be  changed,  it  will  be  the 
logarithm  of  the  reciprocal  of  this  fraction.  Hence 
arises  another  method  of  determining  the  number  cor- 
responding to  a given  negative  logarithm.  Let  the 
number  corresponding  to  the  positive  value  of  the 
given  logarithm  be  found,  aud  the  reciprocal  of  this  num- 
ber is  the  number  required.  This  method  is  inferior  in 
accuracy  to  the  last,  because  two  approximations  arc 
necessary  in  it.  First,  an  approximation  to  the  num- 
ber corresponding  to  the  positive  value  of  the  given 
logarithm,  and,  secondly,  an  approximation  in  decimals 
to  the  value  of  the  reciprocal.  In  cases,  therefore, 
where  much  exactness  is  required,  the  former  method  is 
to  be  preferred.  In  other  cases,  however,  the  latter  has 
Uie  advantage  of  greater  expedition. 

(2S1.)  In  logarithmic  calculations  it  frequently  hap- 
pens, that  • number  of  logarithms  are  to  be  added  or 
subtracted.  The  process  is  somewhat  abridged  by  the 
use  of  what  are  called  arithmetical  complements. 

Hie  arithmetical  complement  of  a logarithm  is  that 
number  which  is  found  by  subtracting  it  from  10. 

Thus  10  — x is  the  arithmetical  complement  of  r. 

Two  numbers  whose  sum  is  10  are  arithmetical  com- 
plements of  each  other.  Thus,  to  determine  the  arith- 
metical complement  of  6,347218,  we  have 
10.000000 
6,347219 

3,652782 


If  the  characteristic  be  less  than  the  greatest  charac- 
teristic of  the  tables,  the  formula  for  approximating  to 
N will  not  give  sufficient  accuracy.  In  this  case, 
therefore,  it  will  be  necessary  to  add  as  many  units  to 


It  is  easy  to  see  that  the  arithmetical  complement  of  a 
logarithm  may  be  found  at  once  by  subtracting  the  first 
digit  on  the  right  from  10,  and  each  of  the  others  from  9. 
To  allow  Uie  application  of  ibis  principle,  let  several 
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Algebra.  logarithms  be  united  together  by  the  signs  -f-  and  — , 
•— thus  l — V 4-  ?'  — f*  -f- 1"  - &c.  Let  cP,  of*',  &c.  be 
the  complements  of  /',  F,  &c.,  it  is  evident  that 

r = 10  - eff  F = 10  - d* 

r+r-r  + r»+/  = d'+r+cr-f-  r-20 

or  in  general  let  2 (/)  signify  the  sum  of  all  the  posi- 
tive logarithms,  and  22  (c?)  tlie  sum  of  the  complements 
of  all  the  negative  logarithms,  and  let  the  number  of 
negative  logarithms  be  n . The  whole  series  will  then 
be  reduced  to  2 (i)  + 2 (cf)  — 10  n.  Thus,  instead 
of  first  adding  all  the  positive  numbers,  then  adding 
all  the  negative  numbers,  and  then  subtracting  the 
latter  sum  from  the  former,  we  have  only  to  add  toge- 
ther all  the  positive  logarithms,  and  the  complements 
of  the  negative  ones,  and  subtract  from  the  result  the 
number  of  n followed  by  0 ; a process  comparatively 
expeditious  and  simple. 

(282.)  Exponential  equations,  of  which  we  have 
given  approximate  methods  of  solution  in  Sect.  XXI. 
may  be  immediately  solved  by  logarithmic  tables. 
Taking  the  logarithms  of  both  members  ot  the  equa- 
tion 

a“  = b 

we  obtain 

, ... ...  _ 

xla  — lb' x = 

to 

The  unknown  quantity  may  occur  as  the  exponent 

of  the  exponent,  as  in  a*  = c.  lu  this  case  let 

, - 
f = o’  a c vy 

Hence  ly  =s  lie  — Ua.  But  by  taking  the  logarithms 
of  both  members  of  6*  = y,  we  have  /y  = xlb  * . * 


Uo  — Ua 


(283.)  The  meaning  of  the  notation  Uc,  Ua,  is 
obvious.  The  logarithm  of  the  number  c being  found, 
it  becomes  in  its  turn  a number  whose  logarithm  is 
sought.  Thus,  the  logarithm  of  Ic  is  expressed  by  Uc. 
It  is,  however,  expressed  with  more  elegance  and  bre- 
vity by  Uc,  the  number  2 not  expressing  an  exponent, 
but  merely  the  number  of  la  which  precede  c,  written  as 
a product  or  power  would  be. 

In  like  manner  it  may  be  necessary  to  express  the 
logarithm  of  Pc  which  is  expressed  Pc,  and  so  on,  the 
meaning  of  Pc  being  sufficiently  obvious. 

It  is  evident,  that  P~l  c signifies  the  number  whose 
logarithm  is  Pc.  Now  if  we  suppose  n :=  1,  we  find 
that  Pc  signifies  the  number  whose  logarithm  is  Ic, 
and  therefore  ^c=c.  Again,  by  extending  the  ana- 
logy, let  n = 0,  and  /“‘c  signifies  the  number  whose 
logarithm  is  Pc  or  c. 

If  we  call  Pc  the  second  logarithm  of  c,  Pc  the 
third  logarithm  of  c,  and  in  general  Pc  the  n“  loga- 
rithm of  c,  the  same  analogy  suggests  the  extension  of 
the  notation  to  Pmc , which  signifies  the  number  whose 
n*  logarithm  is  c. 

When  the  student  shall  have  advanced  into  the  higher 
departments  of  analysis,  he  will  perceive  the  extensive 
use  of  the  principles  of  notation  to  which  we  have  just 
alluded,  and  of  which  the  ordinary  notation  of  powers 
are  the  earliest  and  simplest  instance. 

(284.)  The  numbers  whose  logarithms  we  have 


hitherto  considered  are  all  positive,  and  such  are  the  Logarithm*, 
only  numbers  whose  logarithms  are  ever  required  in 
numerical  calculations. 

If,  however,  logarithmic  calculation  be  applied  to  an 
algebraical  formula  such  as 

a*  - b* 

which  gives 

/(a1  - b')  ==  l (a  + 6)  + / (a  - b) 

it  may  so  happen,  that  upon  substituting  the  particular 
values  for  a and  b , that  a — b may  be  negative.  In 
which  case  the  logarithm  of  a negative  number  would 
be  required. 

But  in  fact  negative  numbers  have  no  logarithms. 

For  in  a logarithmic  system  all  numbers  whatever  are 
considered  as  the  powers  of  some  one  number  arbi- 
trarily assumed,  but  never  changing  in  the  same  sys- 
tem, and  the  exponents  of  these  powers  are  the  loga- 
rithms. Now  this  fixed  number  or  bate  is  supposed  to 
be  such,  that  by  constantly  increasing  its  exponent 
from  0 to  an  unlimitedly  great  positive  number,  the  value 
of  the  power  will  continually  increase  from  unity  to  an 
unlimitedly  great  number ; and  by  constantly  increasing 
the  negative  value  of  its  exponent,  it  would  continually 
diminish  to  an  unlimitedly  small  number.  This  would 
not  be  the  case  if  a negative  number  were  assumed  as 
the  base.  On  the  other  hand  the  power  would  some- 
times be  a negative  quantity,  (set/.,  when  the  exponent 
would  become  an  odd  integer,)  and  sometimes  an  ima- 
ginary quantity,  (tcil.,  when  the  exponent  would  have 
an  even  denominator.)  That  continuity  which  consti- 
tutes a part  of  the  definition  of  logarithms  would  in 
these  cases  be  broken. 

It  sometimes  happens,  that  computation  by  loga- 
rithms is  introduced  into  a numerical  or  algebraical 
problem,  merely  as  a matter  of  convenience  to  expedite 
the  process.  If  in  such  a case  it  should  occur,  tliat  the 
quantity  to  which  logarithms  are  to  be  applied  be  ne- 
gative, let  its  sign  be  changed,  Bnd  after  its  value  (con- 
sidered positively)  has  been  ascertained  by  logarithmic 
computation,  let  its  former  sign  he  restored. 

Thus,  if  the  quantity  a 2 — b*  is  to  he  computed,  a 
being  less  than  6.  Let  — a9  be  computed,  and 
when  determined  let  it  be  taken  with  a negative  sign. 

Ifi  however,  the  question  be  such,  that  the  applica- 
tion of  logarithms  is  absolutely  necessary  to  resolve  it, 
the  occurrence  of  the  logarithm  of  a negative  quantity 
is  a symbol  of  absurdity,  and<must  be  understood  in  the 
same  manner  as  an  imaginary  quantity.  Suppose,  for 
example,  a question  terminated  in  the  equation 
10*  = - 100 
Vjt/  10  = / ( — 100), 

This  is  evidently  an  absurd  equation,  since  there  is  no 
power  of  10,  whether  the  exponent  be  positive  or  ne- 
gative, which  is  = — 100. 

(285.)  We  shall  now  proceed  to  explain  methods  of 
computing  tables  of  logarithms. 

The  method  of  resolving  the  equation  y = cP,  already 
explained  (282,)  would  be  attended  with  great  labour 
where  the  computation  would  be  required  to  be  extended 
far,  and  would  be  absolutely  impracticable  in  cases  where 
a very  high  degree  of  approximation  is  required.  The 
methods  of  expressing  logarithms  by  series  furnish 
much  more  exact  results,  and  are  at  the  same  time  more 
expeditious. 


Digitized  by  Google 


580 


ALGEBRA. 


Alfvbta.  Let  y be  any  number  whose  logarithm  is  to  be 
expressed  in  u series.  Applying  the  method  of  inde- 
terminate coefficients  we  have 

ly  r=  A.  + A,  y + A,  y*  4*  A,  y*  -f  Ac. 

If  y = 0 the  first  member  becomes  infinite,  and  the 
second  is  reduced  to  A#.  lienee  it  appears,  that  the 
developement  of  y cannot  be  effected  under  the  required 
form.  If,  however,  we  assume  the  first  member  to  be 
J(14y),  this  difficulty  will  disappear,  and  we  shall 
have 

l (1  + y)  = A,  -f  K,  y + A,  y*  + A,  y’  + &c. 
which  when  y = 0 gives 

/[1)  = A.  = 0 

..•/(!  4 y)=  A,y + A,y«  + A,ys  + A4y«  + &c.  [1] 
Iu  like  manlier  we  should  have 

/ ( l 4 x)  = A , r 4-  A,  i*  -f  A,  x*  + A4  x«  4 Ac.  [2] 
By  subtraction  we  have 


There  still,  however,  remains  one  quantity  A,  inde-  ^,^1 
terminate.  This  might  have  been  expected,  and  in* 
deed  could  not  be  otherwise,  for  the  question  to  deter- 
mine the  logarithm  of  a given  number  is  indeterminate, 
unless  the  base  of  the  logarithm  be  given  ; and  we 
shall  find  that  the  value  of  the  quantity  A,  may  be 
derived  from  the  base  of  the  system. 

(286.)  The  scries  [4]  is  not  always  sufficiently  con- 
vergent for  the  convenient  determination  of  the  loga- 
rithm. A series  may,  however,  be  derived  from  it  which 
will  be  sufficiently  so.  Let  x be  changed  into  — x. 
and  [4]  becomes 

« x x*  X*  X* 

/(!'*' 


,(t+j) 

= A,  (y  - x)  + A,(y  - x«)  + A,(y’  - 

nut  J-=  1 -f  ’ = 1 +*. 


hHt=,+ 

y-  r 


V - * 

1 4 x 


1+x 
And  since 

/ (l  4-  «)  *=  A,  u -f  A,  u9  4~  A,  &c. 
we  have 

= A,  Cy  - J)  + A,  (y«  - j‘)  + A Cv‘  “ *')  + *c. 

Dividing  both  members  of  this  by  y — x it  becomes 
1 


4-  &c. 


^ l + x+A,'(l+x)' 


9~*  , . Cv  -•»)*. 

>+  a-'7TT^+4'- 


0 = A,  +2A, 

x 4 3 A. 

x«  + 4A. 

x’+5A, 

- A,  + A, 

+*  a. 

+ 3 A, 

+ 4 A, 

This  being  independent  of  x we  shall  have  (261) 

A,  - A,  = 0 2A.4A.a0  3A.-f2A.srO 

and  in  general 

n A,  -f  (n  — 1 ) A,.,  — o. 

Hence  we  find 

A,  = “ i A,  A,sr  — |A,  A4  = — i Al 
and  in  general 

A.  = - - A. 
n 

Hence  we  find 

Kt+*)  = *(f-|H4-f+T  -4c) 


-x)  = A f- 


By  subtracting  this  from  [4]  we  obtain 


- + -7-  + At. 


) PI 

)[«] 


Let 


l -x 
l+x 


= 1+- 


i z + r 


x^  + fcc.  [3] 

if  . r snr.pov 


= 2 A,  (; 


,2l+l 


+ 


(,+4) 

7>+f 


1 


1 


=2Ai(*r 


= A,  + A,  (y  + x)  + A,  (y*  + y t + x')  -f  &c. 

As  the  several  series  are  independent  of  any  relation 
between  y and  x,  let  y = x,  and  the  preceding  equality 
becomes 

A,T-|;7  = A1  + 2A,x  + 8A.x*  + 4A4xl+  4«. 


3(2x+l)>  1 S(Sx-l-l)1 

I (1  + z)  - l x 

• 1 


-+Ac. 


) 


4- 

41 ' 3(*2x  ~h  l)s 


5(J!x+l 

This  series  is  sufficiently  convergent,  and  gives  the 
difference  between  the  logarithms  of  two  consecutive 
integers.  Hence,  by  supposing  : successively  equal  to 
1,  2,  3,  &c.  we  have 


m 


/ 2 = » A,  (-1- + i + 4C.) 

/S-<8  = 2A1(|  + 3-L+5L+4  + &c.) 

M-ll-.A.^+^+^+JL+te) 


&c. 


&C. 


(297.)  Let  it  now  be  proposed  to  obtain  the  deve- 
lopement of  a number  in  terms  of  its  logarithm,  or  to 
develope  a*  in  a series  of  powers  of  x.  Let 

a-  = A.  4 A , x 4 A.  x*  4-  A,  x-  4 &c. 

If  x = 0 we  have  1 = A..  Ilcncc  we  have 

o*=14Al*  + A1:HV+&c.  [1] 

o'  = 1 + A,  y-f- A,  jr*+ A,ji*-f  &c.  [2] 

By  subtraction  we  obtain 

A,  (x-y)+  A.  (^-y*)A,4(x*-y)  4 &c.[3] 
In  [1]  changing  x into  x — y,  we  have 
a-'  = 1 4 A,  (x-y)  + A.  (x-y)*  + A, (x-y)«  4,(4) 
and  since  [3]  may  be  written  thus 

l)=A1(x-y)  + \(^-y9)+A,(i«-y)  4 &C. 

we  have 

A,(x  — y)  + A,(x-  Jf)'  + A,(x-  y)*  + 4c.  } 
= A,(x  - JO  + A,  (x*  — y')  + A,  (x*  - y)  -f  Ac. 
Dividing  both  members  of  this  by  x — y we  have 
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A'(.br.,  a*  { A,  + A,  (*  - y)  -f-  A,  (.r  - jr)*  -f . , . . } 

\ + A.  (*  + lf)  + A,(j*4-iy  + y’)  + Ac. 
Let  y = jr,  and  this  becomes 

o*.  A,  = A,  + 2 A,i  + 3A,i*  + 4A.j*  + &c. 
and  substituting  for  rr”  its  development  [1]  we  obtain 
A,  (1  + A,  t + A,  S1  + A,  f>  -f. . . . ) 

= A,  +iA1i  + aA,i<  + ie, 

Hence  we  obtain 

A,’  = 2A,,  A,A,  = 3A,,  A,A,=  4A,,  &c. 

■ A -AlL  A = A'’  A - A.‘  A 

• ’ - (2)  • A*  (8)  • A‘~  W 

where 

(2)  =1  2,  (3)- 1.2. 3,  (4)  s 1. 2.3.4,  Ac. 

ilcncc 

«*=l  + AfL  + iLfll  + <AfL*  + (**2  + &e 

J (2)  T (3)  + (4) 

In  this  case  A,  still  remains  undetermined.  To  deter- 
mine it,  let  a he  the  base  of  the  system,  and  let  a = 1 
4-  b,  and  let  (1  4-6)'  be  developed  by  the  binomial 
theorem.  Hence  we  obtain 

(1  + &)*=  1 + *6  + — 0 6* 

. . 

+ ^ 6*  + &c. 

If  the  multipliers  of  the  simple  dimension  of  x in  this 
series  be  collected,  and  their  aggregate  equated  with 
that  of  x in  [1,]  we  shall  have 

b 6*  6«  b* 


A'  = T-  T + T- 


4*  &c. 


or  A,  = <fiZ±>  >1 

+i1^_oL-oL  + 4c 

Let  the  value  of  this  series  he  called  k.  Hence 

o*  = i + ±L  + £i!. 

' (2) 


i-'r5  bx> 

+ — SV  + + &e-  [®] 


(8) 


In  this  series  t is  independent  of  k,  but  k is  depen- 
dent on  a by  [5.]  Let  ir=l,or  i = — , and  we 
have 


1 + T + W + (k  + (5j  + 


This  is  a converging  series,  and  its  value  obtained  to 
seven  decimal  places  is  2.7182BI8.  Let  this  number 
he  called  t.  and  we  have 

i 

a = e,  V a = 

V la  = k It,  V k =s  . 

It 

Thus  the  sum  of  the  series  [5]  is  obtained,  and  the 
dependence  of  k upon  a exhibited  more  evidently, 
vox.  i. 


If  in  [6]  a ~ t,  and  v k = 1,  we  have 
x*  x* 


Logarithm* 


t'  = , + T+W  + 


(3)  + (1) 


+ &C. 


By  substituting  for  A,  or  k its  value  y—  in  [5]  we 
obtain 


, _ , (a  - 1 (a  - 1)«  . («-l)>  „ \ 

la-u{— — + — — &c- ) 

But  in  the  series  [4]  (285)  if  x be  changed  into  a - l 
we  have 

— 

therefore  the  indeterminate  A,  in  tliat  case  becomes  It, 
so  that  the  series  [7]  (285)  becomes 


/(I  + m)- lx 


= 2 U | 


1 1 

**+  1 + 3(8a  + 1)’  * 3 (2  s 


+ D1  +} 


The  logarithms  may  here  be  related  to  any  base. 

(288.)  The  logarithm  of  the  number  e in  any 
system  is  called  the  modulus  of  the  system. 

(289.)  A system  of  logarithms  constructed  with  the 
base  « is  called  the  Ntptrian  logarithm*,  (from  Neper, 
the  inventor  of  logarithms,)  and  sometimes  hyperbolic 
logarithm*. 

Hyperbolic  arc  sometimes  distinguished  from  other 
logarithms  by  an  accent  placed  over  the  letter  thus,  V. 
Thus  fa  is  the  hyperbolic  logarithm  of  a. 

(290.)  Let  a be  the  base  of  a system  of  logarithms, 
and  x being  any  number,  we  have 


x = au,  x = «**' 

V = a*. 

Taking  the  logarithms  of  both  members  related  to  the 
base  a,  we  obtain 

tx  U = lx,  lx  = — . 

le 

Hence,  if  the  logarithm  of  a number  in  any  system  be 
given,  the  Neperian,  or  hyperbolic  logarithm  of  the 
same  number  may  be  found  by  dividing  the  given 
logarithm  by  the  modulus. 

(291.)  If  the  hyperbolic  logarithms  of  both  mem- 
bers of  eVt  sr  au  be  assumed,  we  have 


lx=  Ufa, 


Hence  the  modulus  of  any  system  is  equal  to  the 
reciprocal  of  the  hyperbolic  logarithm  of  its  base. 

If,  therefore,  the  hyperbolic  logarithms  be  given,  the 
modulus  of  any  system  having  a given  base  may  be 
determined. 

Hence,  from  the  hyperbolic  logarithms  a system  rela- 
tive to  any  base  may  be  immediately  obtained  by  mul- 
tiplying  all  the  numbers  by  the  hyperbolic  logarithm  of 
the  given  base. 

It  is  evident  that  the  modulus  of  hyperbolic  loin* 
n thins  is  unity. 

(292.)  By  the  equation  tx  te  = lx,  it  follows  that 
the  logarithms  of  the  same  number  in  different  systems 
are  as  their  moduli.  For  let  L denote  another  system 
so  that  I'x  L e = Lx,  v 

4 a 
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It  _ Li  It  _ /* 

/r  L«  ’ L x L « * 


Hence  it  follow s,  that  the  logarithms  of  any  one  system 
being  known,  those  of  another  system  having  any  given 
base  or  modulus  may  be  computed. 

(293.)  Let  it  be  proposed  to  determine  the  error 
produced,  by  assuming  that  the  difference  of  the  num- 
bers is  proportional  to  the  difference  of  their  logarithms 
when  the  number  of  places  in  the  numbers  is  5,  and 
their  difference  not  greater  than  I . 

Dy  the  series 

i(i+0-a-fc{4-iVi*-A+l 

it  appears  generally,  that  as  the  number  x increases  the 
difference  of  the  logarithms  diminishes.  Also,  since 

— is  greater  than  the  remainder  of  the  series,  we  have 
9 

f(l  + x)-/x<  — . 

X 

If  the  base  be  10,  le  = 0,4342  ....  < Hence,  in 
this  case, 

/(l  + x)  - tr  < i 


If  x consist  of  five  places,  its  least  value  is  10000. 
Therefore  the  greatest  value  of  / (l  ■*■)  — / x in  less 

*55oo  = 0'00005 

Hence  we  may  infer,  that  the  logarithms  of  every 
two  consecutive  integers,  consisting  of  five  places, 
must  agree  in  the  first  four  decimal  places  at  least. 

Let 

A =/(l  -f  x)  - lx  = l HJL 


A 

A 


-=/(2+x)-/o+x)=/i±; 

i +* 

1 + J 


- A'  = / 


- 1 


2 + x 

l + « 


- I + T>* 
x(2+x) 


'(*  +7 (T+-)> 


~u\ 


But  hy  what  has  been  already  proved 

1 0 + »(*+»>) 

, . 1 ! + ! } 

to(*+v)  a y (*+»)*  a »■(*+»)•  f 

V A — A ' < 

xy(*  + sr) 

If  y consist  of  five  places,  its  least  value  is  1 0000,  and 
therefore  the  greatest  value  of  A — A ' is  less  than 

— , which  when  reduced 


20000  x 10002 


200040000  ’ 


to  a decimal  has  no  significant  digit  within  the  first 
eight  places.  Hence,  in  tables  which  extend  only  to 
&eveii  places,  wc  may  assume  that  A — A'  = 0,  or 
A = A'. 

Thus  we  infer,  that  under,  the  circumstances  which 
have  been  supposed,  the  logarithms  of  numlwrs  in 
arithmetical  progression  will  themselves  be  in  arithme- 
tical progression. 


Let  n and  n + 1 be  two  consecutive  integers,  and  Iuttprai 

p FaoctioM 

n + — an  intermediate  fraction.  These  may  be  • 

looked  upon  as  three  terms  of  an  arithmetical  pro- 
gression whose  first  term  is  n,  and  whose  common 

difference  is  — ; the  number  n + — being  the 

„ 2 9 

( p + 1)“  term,  and  n -f  1 the  (q  + l)*4  term.  By 
what  has  been  already  established,  the  logarithms  of 
the  several  terms  of  this  series  will  also  be  in  arithme- 
tical progression.  Let  ^ be  their  common  difference. 

The  ( p -{-  l)1*  term  of  this  series  will  be 

In  -f-  p 2, 

which  will  be  the  logarithm  of  the  (/»  -f  l)“  term  of 
the  former  series, 

In  + j»  l ss  / 

Also  the  last  term  of  the  latter  series,  which  will  be 
In  -f-  q i, 

will  be  the  logarithm  of  the  last  term  of  the  former 
series,  *.* 

/ (w  + 1)  = In  -f-  ql. 

Hence  wc  find 

£(#  + !)  — In  si  q l 

l(^+~)-ln=pl 

,.‘(n+  f)~h  p 

* l{n  + I)  -//»  q' 

But  also 

("  + t)~"  _ , 

(»  + !)-»  9 

Hence  the  differences  of  the  logarithms  arc  as  the 
differences  of  the  numbers. 


SECTION  XXVI. 

Of  Integral  Function*. 

(294.)  When  any  quantity,  as  x,  is  connected  with 
other  quantities  supposed  known  or  constant  by  sym- 
bols indicating  determinate  operations  to  be  effected 
on  these  quantities,  the  formula  which  represents  the 
result  of  these  operations  is  called  a function  of  the 
quantity  x.  Hie  quantity  x is  in  this  case  usually 
called  the  unknown  quantity,  or  the  variable. 

(295.)  Functions  arc  divided  into  classes,  according 
to  the  nature  of  the  operations  by  which  the  unknown 
quantity  is  connected  with  the  known  quantities. 

If  it  be  connected  by  any  purely  algebraical  process, 
that  is,  by  addition,  subtraction,  multiplication,  divi- 
sion, involution,  or  evolution,  the  function  is  called  an 
algebraical  function.  Thus,  a X1  -f-  6 x -f-  c,  a xm  — 6, 

— , (a  -f-  x)*\  &c.  are  all  algebraical  functions  of  x. 

If  the  unknown  quantity  enter  any  exponent,  it  is 
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Algebra,  called  an  exponential  function.  Thus  o',  or”,  (a  -f-  x *)• 
&c.  are  exponential  functions  of  x. 

If  the  logarithm  of  the  unknown  quantity,  or  any 
function  of  it  occur,  it  is  called  a logarithmic  function. 
Thus  Is,  /(a  -f-  •*■)»  &c.  wre  logarithmic  functions 

Of  T. 

(2 06.)  Algebraical  functions  are  divided  into  ro- 
tional  and  irrational.  A rational  function  is  one  in 
which  the  unknown  quantity,  whether  alone  or  in 
connection  with  known  quantities,  is  not  affected  by  a 
radical  or  fractional  exponent,  and  an  irrational  func* 
lion  is  one  where  it  is  so  affected.  Thus  ax*  -{-  x, 
b 

a x , a xF  -f-  6 x"“ 1 -f*  c x“" , (m  and  n being 


integers,  positive  or  negative)  are  rational  functions ; 
and  a •J  x -f-  b , 
b 


a -f-x4  — a -f-  x*,  a -f  10  x — 
. are  irrational  functions. 


It  should  be  observed,  that  a radical  or  fractional 
exponent  does  not  render  a function  irrational  unless  it 

affects  the  unknown  quantity.  Thus  v'a  . x-f-  H.x% 
is  a rational  function  of  x,  although  the  coefficients  of 
x and  x*  be  irrational  quantities. 

(297.)  Rational  functions  are  divided  into  integral 
and  fractional.  An  integral  function  is  a rational 
function  in  which  the  unknown  quantity  does  not  cuter 
any  denominator,  or  where,  being  in  the  numerator,  its 
exponent  is  a positive  integer.  A fractional  function 
is  a rational  function  in  which  the  unknown  quantity 
occurs  in  some  denominator,  or  has  a negative  expo- 
nent in  the  numerator.  Thus  a x*  -f-  6 x -f-  ct  ax*, 

ax1  — 6xB,  &c.  arc  integral  functions,  and  * , 

o'  -f  b x 

a x*  — — , a x"* , &c.  are  fractional  functions. 


It  should  also  be  observed  here,  that  functions  arc 
not  fractional,  unless  the  denominator  of  the  fraction 

include  the  unknown  quantity.  Thus  — ^ * is  an 

c 

integral  function  of  x. 

(298.)  Integral  functions  are  said  to  be  of  the  first, 
second,  or  n*  degree,  according  to  the  highest  exponent 
of  the  unknown  quantity.  Every  integral  function  of 
the  first  degree  must  come  under  the  general  form 
A x *4*  B. 

Those  of  the  second  and  third  degrees  under  the  form 
A i*-f  Br  -f  C 
Ai*+Bx*-f-Cr  + D, 

and  in  general  one  of  the  n*  degree  under  the  form 
A^+Bx-,  + C/*«  + »^'....  Sx«-f-Tx-f  V. 
In  these  general  formulffi  the  literal  coefficients  A,  B, 
C . . . . T,  V are  general  representatives  of  any  numtwr, 
integral  or  fractional,  rational  or  irrational.  Any  one 
or  more  of  the  coefficients  may  be  = 0 in  particular 
cases. 

Tliusx*  — I is  an  integral  function  of  the  second 
degree,  and  the  formula 


Ai*  + Bx  + C 

becomes  identical  with  it  by  supposing  A = I,  B = 0, 
C = — 1.  It  should,  however,  be  observed,  that  if  the 


first  coefficient  be  supposed  = U,  the  degree  of  the  Integral 
function  is  necessarily  lowered.  This  is  not  the  case  Fuactioiu. 
with  any  other  coefficient.  's— v* ^ 

(299.)  One  integral  function  is  said  to  divide  or 
measure  another,  when  the  complete  quote  is  an  integral 
function  of  the  same  quantity,  or,  which  amounts  to 
the  same,  an  integral  fraction  A is  said  to  divide  or 
measure  another  C,  when  there  is  a third  integral  func- 
tion B of  the  same  quantity,  such  that  A x B shall  be 
identical  with  C. 

(300.)  If  an  integral  function  of  x be  multiplied  or 
divided  by  any  quantity  K independent  of  x,  the  pro- 
duct or  quote  will  be  an  integral  function  of  x of  the 
same  degree.  For  let  the  function 

A x"  + Br”1  + Cx"-» Tx-fV 

be  multiplied  and  divided  by  K,  and  the  results  are 


KAx"-f  KBx"**-fKCx— • KTx-f  KV, 


K 1 + K * 


T V 

KX+  K 


each  of  which  are  integral  functions  of  x of  the  mw 
degree. 

(301.)  If  one  integral  function  of  x (A)  divide  another 
(C)  it  will  also  divide  it  if  it  be  multiplied  or  divided  by 
any  quantity  K independent  of  x.  For  let  B be  the 
integral  function  of  x,  which  multiplied  by  A produces 
C.  Ilencc  A X B=C.  Let  this  equality  tie  expressed 
in  either  of  the  following  ways  : 

Ix°  = c 


K A x — a C. 


Since  — 7-  and  E B are  integral  functions  of  x,  (300.) 
k 

it  follows  that  measures  C,  and  since  K A and  -5- 
k k 

are  integral  functions  of  x,  it  follows  that  K A measures 


(302.)  Two  integral  functions  of  x are  said  to  be 
prime  to  one  another  with  respect  to  x,  when  no  integral 
function  of  x measures  both. 

(303.)  If  an  integral  function  D be  prime  to  another 
A,  and  measure  the  product  of  A and  a third  integral 
function  B,  it  will  measure  B. 

If  A be  an  absolute  quantity  independent  of  x,  we 
A x B 

have,  by  hypothesis,  — — — , an  integral  function  of 
x.  If  this  then  be  divided  by  the  quantity  A,  which  is 
independent  of  x,  the  quote  — will  be  an  integral  func- 
tion of  x (300,)  therefore  D measures  B. 

Let  us  now  suppose  A to  be  a function  of  x of  an 
higher  degTee  than  D.  Let  A be  divided  by  D,  and 
bince  they  are  prime  there  will  be  a remainder.  Let 
this  remainder  be  R,  and  the  integral  part  of  the  quote 
be  Q.  We  have  then 


A = DQ  + R, 

VB  = *«+VR 

4 o 2 
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-|j-  is  by  hypothesis  an  integral  function,  and  since  the 
4 B R 

same  is  true  of  B Q,  the  quantity  is  an  integral 

function  ; therefore  D measures  B R.  Now  if  R be 
independent  of  jr,  it  follows  that  D measures  B (301,) 
which  was  to  be  proved. 

But  if  R be  not  independent  of  x,  it  must  be  an 
integral  (unction  of  a lower  degree  than  D.  Lei  D be 
in  this  case  divided  by  R,  and  let  the  quote  and  re- 
mainder be  O'  and  R',  and  we  have 


D = RQ'  + R'. 


There  must  in  this  case  also  be  a remainder,  otherwise  R 
would  be  a common  measure  of  D and  A,  contrary  to 
hypothesis. 

Multiplying  the  last  equation  by  -jj  , we  have 

_ BRO'  BR' 

B “ “IT  + *F 

_ B R O'  DR’ 

vB'ir=T 


But  — - has  been  already  proved  to  be  an  integral 


B R Q/ 

function  of  x,  and  therefore  — ~ must  be  an  integral 
function.  Hence  ^ must  be  an  integral  function. 


If  in  this  case  R'  be  independent  of  x,  D must  measure 
B (301,)  which  was  to  be  proved  ; and  if  not,  the 
same  process  must  be  continued.  It  will  be  observed, 
that  in  this  process  the  successive  remainders  R,  R't 
Ac.  are  all  integral  functions  of  x,  and  each  successive 
remainder  is  of  a degree  lower  than  that  which  pre- 
ceded it.  Also,  since  D und  A are  supposed  prime  it 
follows  Unit  no  remainder  can  exactly  measure  that 
which  preceded  it.  Hence  it  follows,  tliut  we  must  at 
last  obtain  a remainder  independent  of  x,  and  since  D 
will  necessarily  measure  the  product  of  that  remainder 
and  B,  it  must  measure  B. 

In  commencing  this  process,  we  supposed  D a func- 
tion inferior  in  degree  to  A.  If  A be  inferior  in  de- 
gree to  D,  wc  should  commence  by  dividing  1)  by  A, 
but  in  every  other  respect  the  process  will  be  the  same. 

(304.)  If  an  integral  function  of  x divide  a product, 
and  be  prime  to  all  its  factors  but  one,  it  must  measure 
that  one. 

Let  D measure  ABC....  L M,  and  be  prime  to  all 
but  M,  it  must  measure  M.  For  since  L)  measures 
A x B C LM,  and  is  prime  to  A,  it  measures 
BC.  . L M.  Again,  since  it  is  prime  to  B,  and  mea- 
sures B x C . . LM.il  measures  C ...  . M,  and  ulti- 
mately since  it  measures  L M,  and  is  prime  to  L,  it 
measures  M. 


Hence,  if  an  integral  function  measure  another  in- 
tegral function,  it  cannot  be  prime  to  all  the  integral 
factors  of  that  function. 


(305.)  If  an  integral  function  (D)  of  the  first  de- 
gree measure  the  product  A x B of  two  integral  func- 
tions. it  must  measure  one  of  these  functions.  For  it 


must  either  measure  it  or  be  prime  to  it,  and  it  cannot  General 
be  prime  to  both  and  measure  their  product,  (304.)  Theory  of 

(306.)  Hence  every  integral  function  (D)  of  the  first 
degree  which  divides  any  power  of  an  integral  function 
A,  must  divide  that  function  itself ; and,  also,  if  two  inte- 
gral functions  be  prime  one  to  another,  all  their  powers 
will  be  also  prime  one  to  another. 

(307.)  Every  integral  function  A,  which  is  divided 
by  several  integral  functions  D,  D',  D\  Ac.  which  are 
prime  to  each  other  is  also  measured  by  the  continued 
product  D,  I>',  IF,  Ac.  of  these  functions. 

By  hypothesis  - is  an  integral  function,  let  it  be  Q, 

so  that  A = D Q.  Again,  D'  measures  A or  D Q,  and  is 
prime  to  D,  V it  measures  Q,  suppose  the  quote  O',  so 
that  A s = DD'Q'.  Again,  IF  measures  A or  DD‘Q,  and 
is  prime  to  D,  I)',  therefore  it  measures  O',  and  bo  on 
until  we  obtain  A = the  continued  product  of  all  the 
divisions  D,  D\  IF,  Ac.  into  an  integral  function. 

(80S.)  Hence,  if  any  integral  functions  D,  D\  IF, 

Ac.  prime  to  each  other,  and  another  integral  function 
A has  certain  powers  of  these  D",  IF',  D"*",  Ac.  as 
divisors,  it  is  evident  that  any  powers  of  these  divisors, 
with  lower  exponents  than  n,  nf\  Ac.  or  products  of 
which  any  combinations  of  these  powers  are  factors, 
will  be  all  divisors  of  A. 

(309.)  If  any  integral  A function  be  resolved  into 
the  integral  factors  .V,  A",  Aw,  Ac.  every  integral  divi- 
sor of  any  of  these  factors,  and  every  combination  of 
such  divisors  by  continued  multiplication,  will  be 
divisors  of  the  original  integral  function  A.  Also,  each 
of  these  divisors  multiplied  or  divided  by  any  quantity 
independent  of  x will  be  a divisor  of  A,  and  it  follows, 
that  the  original  integral  function  A can  have  no  other 
divisors  except  these. 

These  consequences  ore  apparent  from  the  preceding 
observations. 


SECTION  XXVII. 

The  General  Theory  of  Equation*. 

(310.)  A complete  equation  of  the  m1*  degree,  when 
cleared  of  fractions  and  radicals,  and  ull  the  terms  ant 
brought  into  the  first  member,  and  divided  by  the  co- 
efficient of  the  highest  dimension  of  x,  is  of  the  form, 
r"+Ar"-|  + Br’-,+  CA*....Ti+V  = 0 [1] 

the  coefficients  A,  B,  C . . . . V being  respectively  any 
quantities  whatever,  positive  or  negative,  integral  or 
fractional,  rational  or  irrational,  or  = 0. 

(311.)  Any  quantity,  whether  numerical  or  algebrai- 
cal, simple  or  complex,  real  or  imaginary,  which  being 
substituted  for  x will  change  the  equation  into  an 
identity,  or  make  all  its  terms  be  such  as  necessarily  to 
destroy  each  other,  so  that  the  aggregate  shall  =r  0,  is 
called  a root  of  the  equation, 

(312.)  If  a be  any  root  of  the  equation  [1,]  the  first 
member  of  the  equation  is  measured  by  (x  — <?.) 

For  let  the  first  member  by  divided  by  x — a,  by  the 
ordinary  process  of  division.  The  result  is 
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The  coefficients  of  the  several  terms  of  the  quote 
may  be  observed  to  be  integral  functions  of  a;  that  of 
tlic  second  term  being  of  the  first  degree,  that  of  the 
third  of  the  second  degree,  and,  in  general,  that  of  the 
»**  of  the  (n—  1)‘*  degree.  In  like  manner,  the  suc- 
cessive remainders  have  the  same  coefficients  to  the 
highest  power  of  x in  them  respectively,  that  of  the  first 
remainder  being  an  integral  function  of  a of  the  first 
degree,  that  of  the  second  of  the  second  degree,  and, 
in  general,  that  of  the  na  remainder  is  an  integral 
function  of  a of  the  n*  degree. 

The  number  of  terms  in  the  original  equation  is 
evidently  m 4-  I,  and  after  proceeding  with  the  division 
until  the  term  V is  brought  down,  the  remainder  with 
this  annexed  to  it  will  be 

+ o— * x -f-  V 

-f  Bn"-* 

+ c«— * 

&c. 

-f-T 

and,  therefore,  the  corresponding  term  of  the  quote 
will  be 

a—'  +Ao"'*  + B a— • + . . . . T, 
which  is  independent  of  x.  This,  being  multiplied  by 
x — a,  and  subtracted  from  the  former,  gives  for  a re- 
mainder 

aT  + A fl— » + + Tfl  + V.  [2.] 

But  since,  by  hypothesis,  a is  a root  of  the  equation  ; 
this,  which  is  nothing  more  than  the  first  member  of  the 
given  equation,  changing  r into  a,  must  = 0,  and, 
therefore,  the  division  is  complete,  and  x — a is  proved 
to  measure  the  first  member. 

(313.)  The  same  process  proves,  that  if  x — a 
measure  the  first  member,  a must  be  a root  of  the  equa- 
tion, for  in  that  case  the  last  remainder  [2]  must  be 
= 0. 

(314.)  This  principle  gives  a criterion  for  deter- 
mining whether  an  integral  function  of  x of  the  first 
degree  (x  — a)  is  a divisor  of  any  other  given  integral 
function  of  a,  as  Ar.  In  A'  let  x be  changed  into  a,  and 
if  the  recult  be  identically  0,  * — a is  a divisor,  and 
otherwise  not. 

(315.)  The  low  by  which  the  successive  coefficients 
of  the  quotient  in  (312)  are  obtained,  should  be  ob- 


served. The  coefficients  of  the  several  terms  of  the 
quote  may  be  all  obtained  from  the  formula  [2;]  the 
coefficient  of  the  second  term  of  the  quote  is  the  first 
two  terms  of  [2,]  (m  — 1)  being  subtracted  from  each 
of  the  exponents ; the  coefficient  of  the  third  term  of 
the  quote  is  the  first  three  terms  of  [2,]  (m  — 2)  being 
subtracted  from  each  of  the  exponents  ; and  in  general 
the  coefficient  of  the  n,k  term  of  the  quote  is  the  first  n 
terms  of  [2,]  (m  — (n  — 1))  being  subtracted  from  the 
exponent. 

'V,  perhaps,  a rule  more  easily  impressed  on  the 
memory  would  be,  that  the  coefficient  of  the  n,k  term  of 
the  quote  is  an  integral  function  of  a of  the  (n  — l)tt 
degree,  having  the  same  coefficients  as  the  original  equa- 
tion, and  in  the  same  order  as  far  as  the  terms  extend. 

(316.)  Every  equation  has  as  many  roots  as  there 
are  units  in  the  number  which  marks  its  degree,  and 
cannot  have  more. 

We  shall  here  take  for  granted,  that  the  equation 
has  at  least  one  root,  whether  real  or  imaginary.  Let 
the  root  be  a.  Hence,  by  what  has  been  already  proved, 
we  have 

x-  4-  Ax"-*  + Bx"-«  + Cx—  «-f- Tx  + V =s 

(x  - a)  (x— 1 — A'x  + B'  *""*  -f  &c.) 
where  A',  B',  &c.  express  the  coefficients  of  the  suc- 
cessive terms  of  the  quote. 

It  is  evident,  that  any  number  which  is  a root  of  the 
equation 

+ A'x"-*  + B'x"-»  -f  . . . . =0, 
must  also  be  a root  of  the  original  equation  ; and  as 
this  equation  must  at  least  have  one  root,  let  it  be  a', 
so  that  we  have 

x"“*  -f  A'x— • + B'x"~*  -f  . . . . = (x-a') 
(x^-fA*r*+  ....  ) 

V X"  4-  Ax"**  + Bx— * + . ...  = (x  - a)  (x  - of) 
(x"**-f  A"x"“ • +....) 

For  each  simple  factor  thus  found,  the  remaining  factor 
of  the  integral  function  in  the  first  member  is  lowered 
one  degree,  and  by  continuing  the  process  through 
(m  — I ) steps,  we  should  obtain  an  integral  function  of 
xof  the  first  degree,  and.  therefore,  of  the  form  x — a'"*’**. 
We  should  thus  have  the  function  in  the  first  member 
resolved  into  m simple  factors,  vix.  x — a,  x — a\ 
x — a", , . . . (x  — a*""*1),  whose  continued  product  ia 
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Alg*bn  equal  to  the  integral  function  in  the  first  member.  By 
„ (311)  it  follows,  that  each  of  the  quantities  a,  a\ 

&c.  is  a root  of  the  equation;  and  since  the  func- 
tion in  the  first  member  cannot  have  any  other  simple 
factor,  the  equation  cannot  have  any  oilier  root.  Thus, 
if  there  be  one  root  there  are  m roots,  and  cannot  be 
more. 

We  are  not  aware  of  any  demonstration  of  the  prin- 
ciple, that  every  equation  must  admit  of  one  root  of  a 
nature  such  as  could  properly  be  introduced  here. 

(317.)  If  any  number  of  the  quantities  a,  o',  a",  ... 
be  equal,  the  corresponding  factors  will  be  equal.  In 
this  case  the  equation  might  be  said  to  have  a less 
number  of  roots  than  is  due  to  its  degree;  but  in  order 
to  generalize  the  principles,  it  is  considered  still  to  have 
the  full  number,  but  the  two  or  more  of  them  become 
equal.  Thus  the  equation 

- 2 x + 1 s 0,  or  (x  - !)*  = 0, 
is  said  to  have  two  roots  each  equal  to  1. 

(318.)  Since  the  first  member  of  every  equation  of 
the  m'*  degree  admits  of  m divisors  of  the  second 
degree,  it  must  admit  as  many  divisors  of  the  second 
decree  as  there  arc  combinations  of  two  divisors  of  the 
first  degree,  since  the  product  of  every  two  factors  of 
the  first  degree  is  a divisor  of  the  second  degree. 

Hence  there  are  ™ — divisors  of  the  second 

, ,.  w (m  — 1)  (m  — 2) 

degree,  and  in  like  manner  there  are  — g— - 

divisors  of  the  third  degree,  and  in  general  there  are 

m (m  — 1 ) (m  — *2)  (m  — 3). . . . (m  — (»  — I)  ) 

1 . 2 . 3 n 

divisors  of  the  n'1  degree,  n being  less  than  m.  (243.) 

These  divisors  of  the  higher  degrees  may  become 
equal,  like  the  factors  of  the  first  degree. 

(319.)  If  the  second  member  of  the  identity 
y-f  Az--1 '4-  Bx)"-,-f  ....  Tj  + v 
= (x  - a)  (x  - o')  (x  - a*). . . . (x  - <*"*’>) 
l>e  developed  ami  arranged  by  the  dimensions  of  x,  it 
will  become  (246) 

+ A r-‘  + ny*  + . . . . Tx  + v 

= r"  — S (a)  x "~l  S (a),  j*"'  — S -f*  . . . . 

...  S(fl)..,.x±8(fl).. 

the  signs  being  alternately  -f-  and  — , because  an  even 
number  of  negative  factors  give  a positive,  and  an  odd 
number  a negative,  product. 

The  meaning  of  the  notation  8 (a),  &c.  has  been 
explained  in  (246.) 

By  equating  the  coefficients  of  the  corresponding 
terms  in  both  members,  we  have 

A = - S («)  , Bs8  (a),  C=-S  (a),  . . . 

V = ±S  (o)m 

the  sign  -f-  being  used  when  m is  even,  and  — when 
m is  odd. 

Hence  we  find : 

1.  That  the  coefficient  of  the  second  term,  its  sign 
being  changed,  is  the  algebraical  sum  of  the  roots  of 
the  equation,  with  their  signs  changed. 

2.  That  the  coefficient  of  the  third  term  is  the  sum 
of  the  products  of  every  two  roots,  with  their  signs 
changed. 


3.  That  the  coefficient  of  the  fourth  term,  its  sign  Greatest 
being  changed,  is  the  sum  of  the  products  of  every 
three  roots,  with  their  signs  changed.  Messem  of 

The  last  and  absolute  term  is  the  product  of  all  the 
roots,  with  their  signs  changed.  v 

(320.)  If  the  whole  equation  be  divided  by  the  last 
term,  and  arranged  by  the  ascending  dimensions  of  x, 
and  the  successive  coefficients  be  A,  B,  C,  &c.  it  as- 
sumes the  form 

l+Ax  + Bj*-|-C.ra4-....  Mx"-'  + N/*=:0, 

under  this  form  it  is  evident,  from  what  has  been 
already  proved, 

1.  That  (A)  the  coefficient  of  the  second  term  is  the 
sum  of  the  reciprocals  of  the  roots. 

2.  That  the  coefficient  B of  the  third  term  is  the  sum 
of  the  reciprocal  products  of  every  two  roots. 

3.  That  the  coefficients  of  the  fourth,  fifih,  and  in 
general  of  the  n4A  term,  is  the  sum  of  the  reciprocal 
products  of  every  three,  four,  &c.  and  (n  — 1)  roots  ; 
and  the  coeffieient  N of  the  last  term,  is  the  product  of 
the  reciprocals  of  all  the  roots. 

(321.)  If  the  last  term  of  an  equation  arranged  by 
the  descending  powers  of  the  unknown  quantity  be 
unity,  it  will  participate  in  both  of  the  systems  of  pro- 
perties we  have  just  explained  ; tor  in  this  case  it  may. 
without  dividing  by  any  number,  be  arranged  in  either 
ascending  or  descending  powers.  In  this  case,  the 
product  ot  all  the  roots  is  unity.  And  since  any  system 
of  quantities  may  be  imagined  to  be  the  roots  of  an 
equation,  we  may  infer,  that  if  the  continued  product  of 
m quantities  be  unity, 

1.  That  the  sum  of  the  reciprocals  of  these  quantities 
will  bo  equal  to  the  sum  of  the  prodnet  of  every  com- 
bination of  (m  - 1)  of  the  quantities. 

2.  That  the  sum  of  tlte  reciprocal  products  of  every 
two  of  them  is  equal  to  the  sum  of  the  products  of 
every  (m  — 2)  of  them. 

3.  And  in  general,  that  the  sum  of  the  reciprocal 
products  of  n of  them  is  equal  to  the  sum  of  the  pro- 
ducts of  ( m — n)  of  them. 


SECTION  XXVIII. 

On  the  Ortaied  Common  Measure  of  Algebraical 
Quantities. 

(322.)  Algebraical  quantities  being  expressed  by 
letters,  their  actual  values  are  not  apparent  In  ap- 
plying  to  these  the  principles  already  established  re- 
specting the  greatest  common  measure  of  numbers,  or 
any  quantities  of  the  same  species,  it  will  be  necessary 
to  explain  the  peculiar  senses  in  which  the  terms  are 
applied. 

When  two  polynomes  are  arranged  by  the  dimen- 
sions of  the  tame  Utter,  and  considered  as  integral  func- 
tions of  that  letter,  one  may  be  considered  to  measure 
the  other  exactly,  if  there  be  a third  integral  function  of 
the  same  letter  which  being  multiplied  by  the  divisor 
will  give  a product  identical  with  the  dividend.  In  this 
sense  the  exactness  of  the  division  is  not  considered  to 
be  impaired,  even  though  the  coefficients  of  the  dimen- 


Digitized  by  Google 


ALGEBRA. 


587 


Algebra,  gions  of  the  principal  letter  in  the  quote  should  be  al- 
gebroical  fractions.  Hence,  when  a polynome  is  consi- 
dered to  be  a function  of  any  letter  as  x,  it  will  in  this 
sense  be  divisible  by  any  other  quantity,  whether  mo- 
nome  or  polynome,  which  is  independent  of  x. 

When  the  different  integral  functions  which  divide  rr 
measure  such  a polynome  are  compared  together,  one 
is  said  to  be  greater  or  less  than  another,  according  as 
the  highest  exponent  of  the  letter  by  whose  dimensions 
they  are  arranged  is  higher  or  lower  in  the  one  than  in 
the  other. 

(323.)  Consequently  the  greatest  common  measure 
of  two  integral  functions  of  the  same  letter  is  the 
highest  integral  function  of  that  letter  which  measures 
both,  in  the  sense  already  explained. 

Two  integral  functions  of  x are  said  to  be  prime  vith 
respect  to  x,  when  no  integral  function  of  x measures 
both.  It  is  evident  from  what  has  been  said,  that 
these  functions  may  and  must  have  many  common  mea- 
sures,  since  every  quantity  independent  of  x measures 
them.  But  provided  that  no  integral  function  of  x 
measures  them  they  are  prime  as  respects  x. 

(324.)  The  greatest  common  measure  of  two  inte- 
gral functions  of  the  same  letter  is  found  by  a process 
exactly  the  same  as  that  already  established  for  other 
quantities.  It  is  easy  to  see,  that  the  successive  re- 
mainders will  be  integral  functions  of  x continually 
decreasing  in  degree.  If  any  remainder  measure  the 
preceding  one,  that  will  be  the  greatest  common  mea- 
sure, and  is  proved  so  exactly  in  the  same  manner  as  In 
the  case  of  numbers.  If  there  be,  finally,  a remainder 
independent  of  x,  the  fractions  arc  prime  with  respect 
to  x,  since  all  their  common  measures  must  measure 
this  remainder,  and,  therefore,  none  of  them  can  be 
functions  of  x. 

(325.)  Prom  the  results  of  the  last  section  it  follows, 
that  every  integral  function  can  be  resolved  into  as 
many  integral  factors  of  the  first  degree,  as  there  arc 
units  in  the  highest  power  of  the  principal  letter  which 
enters  it  This  decomposition  into  simple  factors  will 
be  at  once  effected,  if  the  equation  obtained  by  equat- 
ing the  given  integral  function  with  0 be  solved,  con- 
sidering the  principal  letter  as  the  unknown  quantity. 
Each  of  the  roots  of  this  equation  will  determine  a 
simple  factor  (316)  of  the  integral  function.  Thus,  the 
decomposition  of  an  integral  function  into  its  factors, 
is  reduced  to  the  determination  of  the  roots  of  an  equa- 
tion. 

On  the  other  haud,  if  by  any  means  the  first  member 
of  an  equation,  considered  as  an  integral  function  of  x, 
can  be  resolved  into  factors  of  the  first  or  second  de- 
gree, the  roots  will  be  immediately  obtained  by  putting 
the  factors  severally  = 0,  and  solving  the  equations 
thus  obtained.  Their  roots  will  be  the  several  roots  of 
the  proposed  equation. 

(326.)  We  shall  now  consider  algebraical  quantities 
and  their  measures  in  another  sense. 

A polynome  is  said  to  be  integral  and  rational,  when 
all  its  numeral  coefficients  are  integers,  and  all  its  let- 
ters have  positive  and  integral  exponents.  In  fact,  it  is 
considered  integral  and  rational  absolutely , when  it  is 
integral  and  rational  with  respect  to  all  the  letters  and 
coefficients  which  enter  it.  Thus 

10  o5  - Sab  + 
is  integral  and  rational.  But 


•S  10  a*  -S«6  + If 

10  a*  - 3 4-  + 6* 
b 

10 a*  - 3 J ok  + 

arc  not  integral  and  rational. 

(327.)  It  is  evident,  that  if  the  product  of  two  quan- 
tities be  integral  and  rational,  and  that  one  of  the  fac- 
tors be  integral  and  rational,  the  other  factor  must  be 
also  integral  and  rational. 

(328.)  A quantity  A is  said  to  measure  an  integral 
and  rational  quantity  11,  when  there  is  another  integral 
and  rational  quantity  C such  that  AC  = B 

Hence  it  appears,  (299,)  that  uo  quantity  cun  mea- 
sure an  integral  and  rational  quantity,  except  another 
integral  and  rational  quantity. 

(329.)  Two  integral  and  rational  quantities  are  said 
to  be  prime  to  each  other , when  they  have  no  common 
measure  in  the  sense  just  explained. 

(The  student  should  observe  the  difference  of  the 
phruses  **  prime  to  each  other,”  and  “ prime  to  each 
other  with  respect  to  a particular  letter.'*  In  the  use 
of  the  former  the  quantities  are  looked  on  as  integral 
and  rational  quantities;  but  in  the  other,  they  are  only 
considered  integral  and  rationed  with  respect  to  a par- 
ticular tetter.) 

(330.)  An  integral  and  rational  quantity  is  said  to  be 
absolutely  prime , when  it  is  not  measured  by  any  other 
integral  and  rational  quantity. 

11ms  c*  — 6 c -j-  a 6 is  an  absolutely  prime  polynome, 
lthough  it  be  of  the  second  degree  with  respect  to  r, 
and  can  therefore  be  decomposed  into  two  simple  fac- 
tors. These  factors  though  rational  with  respect  to  c, 
are  irrational  with  respect  to  the  other  letters. 

(331.)  The  greatest  common  measure  of  two  rational 
and  integral  polyuomes,  is  that  common  measure 
which  has  the  greatest  coefficients,  or  exponents,  or 
both,  or  that  whose  terms  have  the  highest  dimensions. 

(332.)  If  two  rational  and  integral  polysomes  A and 
B be  divided  by  their  greatest  common  measure  C,  the 
quotes  A*,  B'  will  be  prime  to  each  other.  For  if  they 
have  a common  measure  let  it  be  c,  and  we  have 

A=A'XC  B = B’xC 

A'  = A*  x c B'=B"xc 

■;*A  = A"  X c X C B = Br  xexc. 

Hence  c x C is  a common  measure  of  A,  B greater 
than  C,  because  it  must  have  greater  exponents  or 
coefficients,  or  both. 

The  following  principles  already  established  with 
respect  to  other  quantities  may  also  be  extended  to 
rational  and  integral  polynomes. 

1.  All  common  divisors  of  two  quantities  are  divisors 
of  their  greatest  common  divisor. 

2.  The  greatest  common  divisor  of  two  quantities  is 
also  the  greatest  common  divisor  of  the  lesser  of  those 
quantities  and  the  first  remainder,  and  also  of  the  first 
and  second  remainders,  and  so  on. 

(333.)  An  example  will  best  illustrate  the  method  of 
determining  the  greatest  common  divisor  of  two  alge- 
braical quantities. 

Let  the  two  quantities  be 

<f  - <*•&  + So6»  - 85* 
a*  — 5 a 5 + 4 5* 
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Tlie  former,  according;  to  the  criterion  already  ex- 
plained, is  the  greater.  Dividing  it  by  the  latter  we 
obtain  the  integral  part  of  the  quote,  and  the  remainder 
as  follows : 

a'-5a6  + 4 6«)a*-a*i  + 3o6*-3&»(a-M6 
a*- a'b-  16a6*4-166* 

1 9 a 6*  — 196»  = 196*(a-6) 

Since  the  greatest  common  measure  of  the  two  pro- 
posed quantities  is  also  the  greatest  common  measure 
of  the  divisor  and  this  remainder,  and  since  no  divisor 
of  the  factor  19  A*  measures  the  divisor  or  lesser  of  the 
proposed  quantities,  it  follows,  that  the  greatest  com- 
mon measure  of  the  proposed  quantities  must  be  the 
greatest  common  measure  of  the  lesser  quantity  and  the 
factor  a - 6,  and  the  calculation  may  be  disembarrassed 
of  the  simple  factor.  Upon  the  same  principle,  every 
simple  factor  of  each  remainder  which  is  not  a factor 
of  the  divisor  may  be  removed ; and  any  simple  factor 
of  one  of  the  proposed  quantities  which  is  not  also  a 
simple  factor  of  the  other  may  be  removed. 

Upon  nearly  the  same  principle,  any  simple  factor 
may  be  introduced  into  one  of  (he  proposed  quantities, 
provided  it  be  not  a simple  factor  of  the  other.  This 
is  sometimes  necessary  in  order  to  facilitate  the  pro- 
cess, as  will  be  seen  hereafter. 

The  problem  in  the  example  under  consideration,  is 
then  resolved  to  the  investigation  of  the  greatest  com- 
mon measure  of  the  quantities 

«*  5a6-f-46* 

a — b. 

Dividing  the  former  by  the  latter,  we  have 

a b)  a*  5 a&  4 6*  (a  — 46 
a*  — 5 a 6 -f  4 6* 

*»  n t* 

There  being  no  remainder,  it  follows,  that  a — b is  the 
greatest  common  measure  ; and,  since  this  is  not  mea- 
sured by  any  other  algebraical  quantity,  there  is  no 
other  common  measure  of  the  two  proposed  quan- 
tities. 

(334.)  Again,  let  the  two  quantities  be 

15  a*  -J*  M ^ 4“  ** 4"  6 a* &»  — Sab* 

12  a1 6*-f-  3Ba*  6*-J-  16a6*  — 10  6». 

On  examining  these  quantities  it  appears,  that  a is 
a simple  factor  of  the  former  which  does  not  enter  the 
latter,  and  2 6*  is  a simple  factor  of  the  latter  which 
does  not  enter  the  former.  Neither  of  these  can  be 
factors  of  the  greatest  common  measure,  and  may, 
therefore,  be  omitted  in  the  investigation.  Dy  remov- 
ing them,  the  quantities  under  consideration  are  re- 
duced to 

15«*-f  10o»6  4-  4o'6*-f-6a6»-  36* 
6o*-{-19«i6-f-8a6,-5  6«. 

The  first  term  of  the  latter  will  not  divide  that  of  the 
former  without  introducing  fractional  coefficients.  This 
may.  however,  be  avoided,  by  multiplying  the  former 
by  such  a quantity  ns  will  render  the  coefficient  of  the 
first  term  of  the  former  a multiple  of  the  coefficient  of 
the  first  term  of  the  latter  ; and  such  a multiplier  not 
1>cing  a factor  of  the  second  quantity,  cannot  affect  the 


common  measure  which  will  result  from  the  investiga-  Greatest 

tion.  Common 

If  the  former  quantity  be  multiplied  by  2,  and  the  JJJJJJJVJ 
first  division  be  effected,  we  have  the  following  re-  Qntaiit,**. 
mainder  ■ , 

411  a*  6*  -f  274  at*  - 137  6*. 

In  this  remainder  there  is  the  simple  factor  137  6*.  and 
as  this  does  not  enter  the  lesser  of  the  given  quan- 
tities it  may  be  omitted,  and  the  other  factor  is 
3 a*  -f  2 a 6 - 6*. 

If  the  lesser  of  the  proposed  quantities  be  divided  by 
this  there  will  lie  no  remainder,  and  an  exact  quote  will 
be  obtained.  Hence  this  remainder  ia  the  greatest 
common  divisor. 

The  suppression  of  the  simple  factors  which  occur  in 
the  successive  remainders,  without  occurring  in  the 
respective  divisors,  is  not  merely  an  operation  effected 
to  expedite  the  process,  but  a matter  of  necessity. 

For  otherwise,  in  order  to  render  the  divisor  divisible 
by  the  remainder,  it  would  be  necessary  to  multiply  it 
by  the  simple  factor,  (for  otherwise  the  quote  would  be 
fractional,)  in  which  case  it  would  be  a common  factor, 
and  would,  therefore,  be  also  a factor  of  the  common 
measure  which  would  result  from  the  process,  and 
which  would  not,  therefore,  be  a common  measure  of 
the  proposed  quantities. 

If,  however,  the  proposed  quantities,  or  any  subse- 
quent divisor  and  dividend,  have  any  evident  common 
measure,  whether  simple  or  complex,  it  may  be  set  apart, 
and  the  investigation  conducted  as  if  it  were  suppressed. 

It  must,  however,  be  finally  multiplied  by  the  common 
measure  which  results  from  the  investigation,  in  order 
to  find  the  greatest  common  measure  of  the  proposed 
quantities. 

In  general,  then,  it  appears,  that  the  process  for  the 
determination  of  the  greatest  common  measure  of  two 
algebraical  quantities  should  be  conducted  thus : 

1.  Lei  the  two  quantities  be  arranged  according  to 
the  dimensions  of  the  same  letter. 

2.  Let  any  simple  factor  which  is  common,  or  any 
complex  common  factor  which  is  apparent,  be  set  apart 
to  be  multiplied  by  the  common  measure  which  is  the 
result  of  the  process, 

3.  Let  any  simple  factors  which  are  not  cummon  be 
suppressed. 

4.  The  quantities  being  thus  prepared,  let  that  which 
has  the  higher  dimensions  of  the  letter  by  which  they 
are  arranged  be  divided  by  the  other,  and  if  there  be  no 
remainder,  this  other  multiplied  by  any  common  fac- 
tors which  may  have  been  set  apart  is  the  greatest  com- 
mon measure.  But  if  there  be  a remainder,  this  re- 
mainder and  the  divisor  are  to  be  treated  in  the  same 
manner  as  the  original  quantities,  and  the  process  if  to 
be  continued  until  there  be  no  remainder,  or  one  which 
is  free  of  the  letter  by  which  the  given  quantities  have 
been  arranged.  In  the  former  case,  the  last  remain- 
der is  the  greatest  common  measure,  and  in  the  latter 
case  there  is  no  common  measure. 

(335.)  It  appears  from  what  has  been  already 
proved,  that  every  common  factor  of  two  polynomes  is 
a factor  of  their  greatest  common  measure.  To  in- 
vestigate more  particularly  the  composition  of  the 
greatest  common  measure,  let  A be  any  rational  and 
integral  polynome  not  absolutely  prime ; let  it  be  sup- 
posed to  be  arranged  according  to  the  dimensions  of 
the  letter  a.  In  general , such  a polynome  may  be 
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Algebra,  considered,  in  the  first  instance,  as  the  product  of 
— 1 three  factors  : 

1.  A monome  factor  A,  common  to  all  its  terms. 
This  factor  is  the  greatest  common  measure  of  all  its 
terms  considered  as  simple  quantities,  and  is  formed 
by  finding  the  greatest  common  measure  of  nil  the 
numeral  coefficients,  and  multiplying  this  by  the  highest 
dimensions  of  the  lettere  which  are  common  to  all  the 
terras. 

2.  A polynome  factor  A,  independent  of  the  letter  a, 
by  which  the  proposed  polynome  has  been  previously 
arranged,  and  which  is  the  greatest  common  measure 
of  the  several  polynomes,  which  arc  the  coefficients  of 
the  several  dimensions  of  a;  the  factor  At,  however, 
having  been  previously  taken  out. 

3.  The  polynome  factor  A,,  arranged  by  the  dimen- 
sions of  a,  which  remains  when  the  given  polynome 
has  been  divided  by  the  two  former  factors.  The 
several  coefficients  of  this  polynome  A,  are  evidently 
prime  to  each  other. 

Hence  the  given  polynome  will  be  represented  by  the 
product 

A,  x A,  X A,. 

If  the  coefficients  of  the  several  dimensions  of  a in  the 
given  polynome  happen  to  be  prime,  we  shall  have 
A,=:  1,  A,  = I ; and  if  the  several  monomes  which  com- 
pose the  given  polynome  be  prime,  we  shall  have  A,=  I. 

(336.)  Let  A and  B be  two  polynomes,  whose  com- 
mon measure  is  to  be  investigated.  By  what  has  been 
just  stated  they  may  be  resolved  into  the  forms 

A = A,  x A,  x A, 

B = B,  x B,  x B,. 

Let  m,  be  the  greatest  common  measure  of  A,  and  B,, 
m,  of  A,  and  Ba,  and  mt  of  A,  and  Br  It  is  evident 
that  wi,  x m,  x 771,  is  a common  measure  of  A and  B. 
But  it  is  also  their  greatest  common  measure ; for 
every  common  measure  of  A and  B,  if  it  be  a monome, 
must  measure  m, ; and  if  it  be  a polynome  independent 
of  a,  must  measure  w,  ; and  if  it  be  a polynome  depen- 
dent on  a,  the  coefficients  of  the  powers  of  a being 
prime  to  each  other,  it  must  measure  m,.  Hence, 
m,  X 77i,  x m,  is  the  greatest  common  measure,  and 
we  have 

A = X m,  X JTi,  X A' 

B=ro,  X w,  X m,  X B', 

A"  and  B'  being  prime  to  each  other. 

It  appears,  therefore,  that  the  greatest  common 
measure  is  the  continued  product  of  the  greatest  com- 
mon monome  factor,  the  greatest  common  polynome 
factor  independent  of  the  letter  hy  which  the  given  poly- 
nonies have  been  aminged,  and  the  greatest  common 
(actor  which  is  dependent  on  this  letter,  and,  further, 
that  every  common  measure  whatever  of  A and  B must 
measure  this. 

(837.)  We  shall  now  give  a general  demonstration 
of  the  second  principle  announced  in  (332,)  that  the 
greatest  common  measure  of  A and  B is  also  the 
greatest  common  measure  of  the  lesser  B,  and  the  re- 
mainder found  on  dividing  the  greater  by  the  less. 

Let  us  suppose  that  the  polynomes  being  arranged 
by  the  dimensions  of  the  same  letters,  the  coefficients 
have  all  been  divided  by  their  greatest  common  factor, 
and  are,  therefore,  prime.  If  then  A and  B he  the  two 
polynomes,  let  Q be  the  quote,  und  R the  remainder. 
Let  M be  the  greatest  common  measure  of  A and  B, 
and  M'  of  B and  R.  We  have 

VOL.  i. 


A = B Q + R 

A = !q  + JL 

M M M 
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By  the  second,  since  M measures  A and  B,  M must 
also  measure  R ; and  by  the  third,  since  M' measures  B 
and  R,  it  must  measure  A.  Hence,  M‘  being  a com- 
mon measure  of  A and  B,  measures  their  greatest  com- 
mon tncusure  M ; and  M being  a common  measure  of 
B and  R,  measures  their  greatest  common  measure  M'. 
Since  M and  M’  measure  each  other,  they  must  be  equal  ; 
that  is,  the  greatest  common  measure  of  two  integral 
polynomes  is  also  the  greatest  common  measure  of  the 
lesser  and  remainder. 

If  the  coefficients  of  the  dimensions  of  a in  the 
polynomes  be  not  prime,  let  their  greatest  common 
measure  be  m.  So  that  m A and  m B will  then  be  the 
original  polynomes.  The  remainder  will  then  be  m R, 
the  greatest  common  measure  m M,  and  the  greatest 
common  measure  of  m R and  m R will  bent  M'.  Now 
M'  has  already  been  proved  equal  to  M,  V m M is  equal 
to  m M/. 

Hence  it  follows,  in  general,  that  the  greatest  com- 
mon measure  of  two  integral  polynomes  is  also  the 
greutest  common  measure  of  the  lesser  am!  remainder. 

(338.)  If  the  greatest  common  measure  of  two  inte- 
gral polynomes  can  l»e  determined,  the  greatest  com- 
mon measure  of  three  or  more  can  be  found  by  a 
process  precisely  similar  to  that  explained  in  (99,)  and 
founded  on  the  same  reasoning. 

(339.)  Let  us  now  investigate  more  particularly  the 
process  for  determining  the  greatest  common  measure 
of  two  integral  and  rational  polynomes,  A and  B. 

First,  let  the  common  monome  factor  m,  (if  there  be 
any  such)  be  found.  This  factor  is  composed  of  the 
literal  factors  common  to  all  the  terms,  and  which 
appear  on  inspection,  affected  by  the  greatest  common 
measure  of  all  the  numeral  coefficients  as  a coefficient. 
Thi*  last  is  found  by  the  rules  established  in  Section 
VIII.  Tin*  is  one  factor  of  the  greatest  common 
measure  sought,  and  is  set  apurt  until  the  others  arc 
obtained.  The  monome  factors  common  to  the  terms 
of  the  one,  but  not  of  the  other,  may  be  set  aside,  since 
they  cannot  enter  in  the  common  measure. 

We  shall  now  consider  successively  the  cases  in 
which  the  remaining  factors  of  A and  B include  one 
letter  only,  two  letters , and  where  they  include  three  or 
more. 

First  Case.  To  determine  the  greatest  common 
measure  of  two  integral  polyncmes  arranged  by  the 
dimension*  of  one  letter  (a,)  and  whose  coefficients  are 
integers  which  have  no  common  measure. 

Let  that  of  the  higher  degree  A'  be  divided,  if  possi- 
ble, by  the  lower,  B'.  This  will  be  possible  if  the  co- 
efficient of  the  highest  dimension  of  a in  A' be  a multiple 
of  the  coefficient  of  the  highest  dimension  of  a in  the 
lower  B’.  If  this  be  not  the  case,  the  whole  polynome 
A ' must  be  multiplied  by  such  an  integer  as  will  render 
the  coefficient  of  the  first  term  of  A'  a multiple  of  that 
of  B'.  Let  m be  this  multiplier,  so  that  the  modified 
polynomes  are  m A’  and  B'.  It  Is  easy  to  see  that  thia 
modification  cannot  Affect  the  common  measure.  In 
other  words,  that  if  M be  the  greatest  common  measure 
4 u 
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Algvbr*.  of  m A'  and  B',  it  will  also  be  thr  greatest  common  mea- 
y _ ' sure  of  h!  and  B*.  For  since  it  is  prime  to  m,  and  mea- 
sures m A1,  it  measures  A' ; therefore  it  is  a common 
measure  of  A'  and  Br,  and  being  so,  it  is  evidently  their 
greatest  common  measure. 

Let  the  division  be  continued  in  this  way,  rendering 
the  first  term  of  each  remainder  when  necessary  a 
multiple  of  the  first  term  of  the  divisor,  until  a re- 
mainder be  obtained,  in  which  the  exponent  of  the 
highest  power  of  a is  lean  than  the  highest  exponent  in 
the  divisor. 

Let  it  then  be  determined  whether  the  coefficients  of 
this  remainder  have  any  common  factor,  and  if  so,  let 
it  be  suppressed,  since  it  cannot  be  a factor  of  the 
common  measure.  Tins  done,  let  the  divisor  be 
assumed  os  dividend,  and  the  remainder  as  divisor,  and 
proceed  as  before.  Continue  this  process,  making 
each  remainder  alternately  divisor  aiul  dividend,  until 
a remainder  is  found  which  exactly  measures  the  pre- 
ceding remainder.  This  remainder  is  then  the  greatest 
common  divisor  mf  of  the  polynomes  Af,  B\  If  their 
coefficients  previously  had  a commou  measure  mit  the 
greatest  commou  measure  would  lie  m,  X mt. 

(310  ) Second  Case.  To  determine  the  greatest 
common  measure  of  two  integral  polynomes  which  in- 
clude. but  two  letters,  a and  b. 

Let  the  common  nionome  factor  m.,  if  there  be  such,  he 
set  apart,  and  also  let  any  mnnome  factors  not  common 
be  removed,  since  they  cannot  enter  the  greatest  com- 
mon measure  sought.  Then  let  the  two  polynomes  lie 
arranged  according  to  the  dimensions  of  either  of  the 
letters,  as  a. 

The  coefficients  of  the  several  powers  of  a will  in 
this  case  be  integral  polynomes,  including  no  letter  but 
6.  Let  the  greatest  common  measure  of  all  these 
coefficients  in  each  polynome  be  found  by  the  preceding 
cose,  and  the  principles  which  regulate  the  determina- 
tion of  the  greatest  common  measure  of  several  poly- 
nomes. Let  these  he  Mr  N,.  Let  the  greatest  com- 
mon meusure  of  these  Ih>  found,  and  it  will  evidently 
be  the  factor  mf  of  the  greatest  common  measure 
aought.  The  remaining  factors  of  M,  and  N,  not 
being  common,  cannot  enter  the  greatest  common 
measure,  and  may,  therefore,  be  suppressed. 

.The  two  polynomes  when  thus  divided  by  M,  and  Nf, 
will  have  their  coefficients  prime  to  each  other.  The 
principles  established  in  the  preceding  cose  mnv  then  be 
applied  to  determine  the  common  measure  ma,  and  thus 
the  greatest  common  measure  of  the  proposed  poly- 
nomes m,  x mt  x m,  will  be  determined. 

(341.)  Third  Cash.  To  determine,  the  greatest  com- 
mon measure  of  two  integral  polynomes  which  include 
three,  a,  b,  c,  or  more  letter*. 

Let  them  be  arranged  by  the  dimensions  of  one  of 
the  letters  a.  The  coefficients  of  the  powers  of  this 
letter  will  then  be  integral  polynomes,  including  6 and 
c.  Let  the  greatest  common  inonome  factor  m,  be 
first  found  and  act  apart,  and  let  any  other  nionome 
factor  of  either  polynome  be  suppressed.  Let  the 
greatest  common  meusure  M,  of  the  several  polynome 
coefficients  of  A he  then  found,  and  the  same  N,  of 
the  coefficients  of  B.  This  may  be  effected  by  the 
rules  established  in  the  second  case,  and  in  (99.)  for 
the  greatest  commou  measure  of  several  quantities. 
Let  the  greatest  common  measure  mt  of  M,  and  Nt  be 
then  found,  and  let  all  other  factors  of  these  be  sup- 
pressed in  A and  B. 


Wc  shall  thus  have  obtained  two  polynomes,  of  which  Tnuniotna- 
the  several  coefficients  are  prime  to  each  other  ; and 
the  greatest  common  measure  nt,  may  l>e  found  by  the  E<luat|0n*'y 
principles  already  established.  Thus  the  greatest  com- 
mon  measure  m,  x m,  x m,  will  he  found. 

By  pursuing  a similar  method,  the  greatest  common 
measure  of  a polynome,  including  any  number  of  letters, 
may  t»e  found. 

As  an  example  of  these  principles,  let  it  be  required 
to  find  the  greatest  common  measure  of  the  polynomes, 

«•  d*  — (*  d*  — <*•  c*  + c- 
A a' d — 2 a c*  + 2 — 4 a c rf. 

There  is  here  no  common  nionome  factor,  *.*  m,  = 1. 

The  monome  2 is  common  to  all  the  terms  of  the  latter 
polynome,  and  shall  therefore  be  suppressed.  This 
being  done,  and  the  polynomes  being  arranged  by  the 
dimensions  of  d,  they  become 

(a*  - e*)  d*  - a*  <*  4-  c* 

2 a (a  — e)  d — (a  — c)  c*. 

Since  — a*  r*  + c4  = —<•(«•—  t*),  it  is  evident  that 
d1  — c*  is  a factor  of  the  coefficients  of  the  former,  and 
a — c of  the  latter,  so  that  M,  s fl*  - (•,  Nf  = a — c. 

The  common  factor  of  these  is  a — c,  *.*  m,  = a — c. 

The  factors  Mt  and  Nt  being  suppressed,  the  polynomes 
become 

ci*  - c* 

2 a d — tf 

which  arc  evidently  prime,  V m,  s=  1.  Hence  the 
greatest  common  measure  is  m,  = a — c. 

The  same  result  will  he  obtained  if  the  quantities  be 
arranged  by  the  dimensions  of  a or  c. 


SECTION  xxrx. 

The  Transformation  of  Equations. 

(342.)  The  resolution  of  equations  of  the  higher 
degrees  presents  considerable  difficulties  to  the  analyst, 
and  in  cases  where  it  can  he  effected  at  all  requires  the 
aid  of  peculiar  analytical  artifices.  It  frequently 
happens,  that  although  the  value  of  the  unknown  quan- 
tity in  a proposed  equation  cannot  be  immediately 
determined,  yet  the  value  of  wine  other  unknown 
quantity,  having  a given  relation  to  the  required  one, 
may  be  ascertained,  and  thus  the  required  quantity 
finally  may  be  found.  The  process  by  which  this  end 
is  attained,  is  called  the  transformation  of  equations ; 
and  although,  properly  speaking,  it  is  a particular  case 
of  the  more  general  process  of  elimination  to  be 
treated  of  hereafter,  yet,  ill  order  to  introduce  the  ab- 
stract principles  more  gradually  to  the  mind  of  the 
student,  we  shall  so  fur  invert  the  order  of  principles, 
us  to  investigate  the  principles  of*  transformation 
before  we  enter  upon  the  more  general  field  of  eli- 
mination. 

Suppose  that  an  equation  of  any  degree  be  given, 
in  which  t is  the  unknown  quantity,  but  which  cannot 
immediately  he  solved.  Suppose,  also,  that  another 
equation  be  given,  in  which  y is  the  unknown  quantity, 
and  which  can  immediately  be  solved.  If  it  happen 
to  be  known  that  the  unknown  quantity  y is  a number 
which  is  greater  or  less  than  x by  any  given  quantity. 
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Algebra.  ^ 5^  ft  is  evident  that  the  first  equation  will  thus  be 
solved  by  means  of  the  second.  But  any  other  known 
relation  between  s and  y would  equally  attain  the 
desired  end  ; as,  for  example,  if  it  were  known  that  y, 
multiplied  or  divided  by  any  given  number,  were  equal 
to  t,  or  that  the  sum  of  the  squares  of  x and  y were 
equal  to  a given  number,  &c. 

There  are  here,  then,  in  general,  three  things  to  be 
considered,  the  equation  for  x,  the  equation  for  y,  and 
the  relation  between  x and  y.  If  any  two  of  these 
be  given,  or  assumed,  the  third  may  be  found.  Thus, 
if  the  equation  for  x (generally  the  proposed  one)  be 
given,  and  the  relation  between  r and  y be  assumed, 
the  equation  for  y may  be  found  thus  : by  the  assumed 
relation  between  x and  y,  we  know  what  quantity 
composed  of  y and  known  quantities,  or  what  function 
of  y is  equivalent  to  x.  Let  this  be  substituted  for  x 
in  the  proposed  equation,  and  the  result  will  be  the 
equation  for  y.  In  this  case  the  proposed  equation  is 
said  to  be  transformed,  and  the  unknown  quantity  x 
is  said  to  be  eliminated ; and  the  process,  which  in 
genera]  is  called  elimination,  is  in  this  particular 
application  of  it  called  transformation. 

(343.)  In  general,  the  object  of  transforming  an 
equation  is  to  obtain  another  equation  which  may  be 
resolved  with  greater  facility.  In  this  process  let  the 
proposed  equation  be  called  (A),  the  transformed  equa- 


tion (C),  and  the  equation  which  expresses  the  relation 
between  the  two  unknown  quantities  x and  y (B).  Etio"  of 
By  the  explanation  of  the  process  already  given,  it  t 
appears  that  the  resolution  of  (A)  depends  on  the  'r_* 
resolution  of  both  (B)  and  (C).  The  resolution  of  (C) 
determines  the  value  of  y.  This  value  being  substi- 
tuted for  y in  (B),  this  equation  (B)  will  determine  the 
value  of  x.  Generally,  therefore,  the  equations  (B) 
and  (C)  should  be  more  simple  and  easy  of  solution 
than  the  equation  (A),  or  the  process  is  useless. 

(344.)  One  of  the  most  obvious  simplificationa 
which  maybe  effected  on  an  equation,  ia  the  diminution 
of  the  number  of  its  terms.  To  investigate  the  means 
of  effecting  this,  let  the  proposed  equation  be 

+ A,  -f  A,  . . . A*., . or  + A.  s 0.  (A) 

Let  the  assumed  relation  between  x and  y be  such  that 
x shall  be  equal  to  the  algebraical  sum  of  y,  and 
another  quantity  k , to  which  we  shall  assign  such  a 
value  as  may  be  necessary  to  attain  the  end  we 
propose.  Thus  we  have 

* V + k.  (B) 

To  determine  the  equation  (C),  let  this  value  of  x be 
substituted  in  (A),  and  the  result,  after  each  of  the 
terms  have  beeu  developed  and  arranged  by  the 
dimensions  of  y,  will  be 


y-  -f  m A- 

+ A. 


rn  (m  — 1) 

»—  + -|  rr~  *’ 

+ (m  - 1)  A,  i 
+ A’ 


— , . m ("»  -])(■»-  2>  . , 
+ 1 . 2 . 3 


(m  - 1)  (m  -3) 


A.  ** 


1 . 12 

(m  - 2)  A,  * 

+ A. 


j r-‘  + ....r 


+ A,  *-■ 

+ A,i~* 

+ .... 


= 0 (C) 


+ A. 


The  Zoic  which  prevails  amonir  Ihe  coefficients  of  y is 
here  easily  perceived.  The  ex|>onenl  of  y in  the  «“  term 
is  m — (n  — 1),  and  the  coefficient  of  this  term  ia 

m (m  — 1)  (m  — 2) [m  — (a  — 2)]  W.1 

1 . 2 . 3 (n  - 1)  ’ 

. (m  — 1)  (in  - 2) [m  — (n  - 2)]  . 

+ 1.2.  3 ~(n- 2)  A'  * 


+ 


(m  - 2)  (m  - 8) [m  - (n  - 2)] 

1.2.8  (n  - 3) 


A.A-— 


, (m  — 3)  (m  - 4) [m  - (n  - 2)]  . .... 

+ 1.2.3  <»  - 4) 

+ 

+ 

■f  [m  - (n  - 2)]  . A...  . * + A.., . 

Since  the  value  of  k is  arbitrary,  let  such  a value  be 
assigned  to  it  as  will  render  the  coefficient  of  the 
second  term  of  (C)  = 0.  The  equation  (C)  will  then 
be  more  simple  than  A,  as  it  will  want  the  second  term, 
or  that  which  corresponds  to  xT~l.  To  fulfil  this 
oonditioa  we  must  have 

m 4 + A,  = 0,  V k as  - — ^ . 


Hence  the  equation  (B)  becomes 


(345.)  Hence  we  derive  the  following  role  for  trans- 
forming an  equation,  so  as  to  remove  the  second  term : 
**  Substitute  for  the  unknown  quantity  x,  the  sum  of 
another  unknown  quantity  y,  and  the  quote  of  the  co- 
efficient of  the  second  term  of  the  given  equation  by 
the  exponent  of  x in  its  first  term,  with  the  sign  of  the 
coefficient  being  changed." 

The  process  already  explained  for  the  solution  of  a 
complete  quadratic  equation  (173)  is  an  example  of 
this  principle.  In  this  case  the  equation  (A)  is 

xl  + A,  x -f-  \ = 0,  (A) 

•••  X = y - A-  <B> 

V - A.)  = 0.  (C) 


4 u 2 


DlojlUfid  by  Google 


592 


ALGEBRA. 


which  is  the  formula  established  in  (173.) 

(346.)  Since  the  relation  between  k and  the  coeffi- 
cients of  the  equation  which  is  necessary  to  remove  the 
second  term  is  a simple  equation,  the  value  of  k can 
always  be  determined,  and  is  always  real ; and  there- 
fore this  transformation  can  in  every  case  be  effected. 
This,  however,  will  not  be  the  case  if  we  attempt  to 
remove  any  of  the  subsequent  terms  of  the  equation. 
To  remove  the  third  term,  we  should  have  the  con- 
dition 

OSOiZlL  *«  + (m  - 1)  A,  k + A,  = 0, 

If  the  roots  k\  If  of  this  equation  be  real,  the  third 
term  may  be  removed  from  the  equation  by  substituting 
y -f-  IS,  or  y -f-  If,  for  x in  (C.) 

To  remove  the  fourth  term  would  require  the  solution 
of  a cubic  equation  for  k,  and  in  general  to  remove  the 
na  term  would  require  the  solution  of  an  equation  of 
the  (a  — l)tt  degree.  The  removal  of  the  last  term 
would  require  the  solution  of  the  proposed  equation 
itself. 

In  all  these  cases  the  roots  may  be  imaginary,  and 
then  the  transformation  will  be  impossible.  It  will, 
however,  appear  hereafter,  that  every  equation  whose 
degree  is  marked  by  an  odd  number,  must  have  at 
least  one  real  root ; but  those  of  even  degrees  may 
have  all  their  roots  imaginary,  from  whence  it  appears 
that  it  is  always  possible  to  remove  the  second,  fourth, 
or  any  even  term  of  an  equation,  but  not  always 
possible  to  remove  the  odd  terms.  ^ 

It  is  easy  to  sec  that  the  substitution  of  y ^ for 

x must  remove  the  second  term.  For  let  A/  be  the 
coefficient  of  the  second  term  of  (C),  and  let  S (a)  be 
the  sum  of  the  roots  of  (A),  and  S (o')  the  sum  of  the 


roots  of  (C.)  It  is  plain,  that  since  each  root  of  (A)  Transforma- 
tion of 

is  equal  to  the  corresponding  root  of  (C)  — —t  we 

have  m * 

S (a)  = S (<0  — m . A-  = S(<0  - A, , 

but  A,  = — S (a) , A/  = — S (o'),  V 
— A,  = - A,  — A, , V A,  s 0. 

(347.)  It  may  happen  that  the  same  condition  which 
removes  one  term  will  also  remove  some  other  term. 

Let  it  be  proposed  to  determine  the  relation  which  must 
subsist  between  the  coefficients  of  the  equation  (A)  in 
order  that  the  same  condition  which  removes  the  second 
term  shall  also  remove  the  third  term.  In  this  case  it  is 
necessary  that  the  same  value  of  k shall  satisfy  the 
conditions 

m k + A,  =:  0 

T^T"  **+(»•-  0 * A,  + A.  = 0. 

Let  tile  value  of  k derived  from  the  first  be  substituted 
in  the  second,  and  we  obtain,  after  reduction, 

(m  — 1)  A;1  - !i  m A,  r:  0. 

If  then  the  exponent  and  coefficients  of  (A)  are  so 
related  as  to  satisfy  this  condition,  the  same  transfor- 
mation will  remove  the  first  and  second  terms,  but 
otherwise  not. 

In  general,  to  determine  whether  the  same  transfor- 
mation will  remove  any  two  terms,  let  the  correspond- 
ing coefficients  in  (C)  be  put  = 0,  and  let  k be  elimi- 
nated. If  the  resulting  equation  be  an  identity,  the 
effect  will  be  produced,  but  otherwise  not. 

(34fi.)  It  is  sometimes  necessary  to  consider  the 
equation  (C)  arranged  in  ascending  powers  of  y.  lu 
this  case  it  assumes  the  form 


tr 

+ A,  1 
+ A tr- 


+ m lf~l 
+ (m-  1)  A,*— • 
+ (m  — 2)  A,  k mm* 


y+  rnOn-O.^.. 

(w  - 1)  (w  - 8) 

+ 1.2  ’ 

+ A.K- 


ya+....m*  jy—  + y- = 0.  (D) 

+ A,  | 


+ ....  + 


+ A__,A  + 

+ A. 


+ A.., 


The  coefficient  of  the  n“  term  in  this  case  is 
m(m  - I)  (w  -2) {m  - (n  - 2)] 


1 . 2 .3 

...  n — 1 

(m  - 1)  (m  - 2) 

1 

t 

£ 

1.2.3  

....  n — 1 

(m  — 2)  (m  - 3)  • ■ • 

[«•  — «] 

1.2.3 

n - l 

&c. 

&c. 

It  may  be  observed,  that  the  coefficient*  uf  the  succes- 


sive  powers  of  y may  be  deduced  one  from  another, 
thus,  “To  find  any  coefficient  multiply  the  successive 
terms  of  the  preceding  coefficient  by  the  exponents  of 
k,  and  then  diminish  the  exponents  of  k by  unity,  und 
divide  by  the  number  of  preceding  terms.’'  Thus,  if 
any  one  term  be  known  all  the  succeeding  terms  can 
be  found.  But  the  first  term  is  the  first  member  of  the 
proposed  equation  changing  x into  k.  Hence  all  the 
terms  may  be  found. 

(349.)  It  sometimes  happens  that  the  coefficients  of 
an  equation  are  some  or  all  of  them  fractional.  If  the 
equation  be  cleared  of  fractions  by  multiplying  it  by 


Digitized  by  Google 


ALGEBRA. 


593 


Alfebr*.  the  least  common  multiple  of  the  denominator*,  the 
highest  dimension  of  x may  have  a coefficient  different 
from  the  unit,  which  it  is  desirable  to  avoid. 

To  determine  a transformation  which  will  remove  the 

y 

fractional  coefficients,  let  the  equation  (B)  be  x = — . 

Hence  the  equation,  (C.)  after  multiplying  by  Jfc“, 
will  be 

y-  + A,*.y-‘  + V**.y— + 

A + km  A„  = 0.  (C) 


If  the  coefficients  A,  , At  . , . . or  any  of  them  be  sup- 
posed to  be  fractions  in  their  least  terms,  it  is  necessary 
that  their  denominators  respectively  should  measure  kt 
k*  . . . . in  order  that  A,  A,  A,  Jfc*  . . . . should  be  in- 
tegral. This  will  be  the  case  if  k be  un  integer  pro- 
duced by  the  continued  multiplication  of  all  the  prime 
factors  of  the  denominators,  each  factor  being  repeated 
so  as  to  render  the  powers  k,  A*  . . . . multiples  of  the 
several  denominators. 

Let  the  given  equation  be 


- 


7_ 

3 


x'  + 


_n 

36 


X 


— 

72 


= 0. 


The  prime  factors  are  here  2 and  3,  and  k = 6,  there- 
fore the  transformed  equation  is 

y»-  14  y*  + 11  x-  75  = 0. 


SECTION  XXX. 

T ran* formation  continued. — First  Principles  of  Elimi- 
nation.— Equation  of  Differences. 

(350.)  Before  proceeding  further  in  the  theory  of 
equations,  it  will  be  necessary  to  explain  the  first  prin- 
ciples of  elimination.  The  more  complete  develope- 
ment  of  this  process,  however,  we  shall  reserve  for  a 
subsequent  section. 

Elimination  is  that  process  by  which  when  two  equa- 
tions, (A,)  (B.)  each  including  two  unknown  quan- 
tities, j,  y,  are  given,  a third  equation  (C)  is  deduced 
from  them,  including  but  one  unknown  quantity,  x. 

In  general  there  are  certain  system*  of  values  of  x 
and  y which  will  satisfy  the  two  equations  (A,)  (B.) 
There  are,  generally,  an  infinite  number  of  systems  of 
values  (225)  which  will  satisfy  one  of  the  equations, 
but  only  a limited  number  which  will  satisfy  buth.  If 
it  be  required  to  determine  whether  any  particular 
number  rf  is  a value  of  x , whiclt,  in  conjunction  with 
some  corresponding  value  of  y,  will  satisfy  the  equa- 
tions, it  is  only  necessary  to  substitute  x'  for  x in  the 
proposed  equations ; and  then,  considering  y as  the 
unknown  quantity,  if  they  have  any  common  root, 
such  a root  will  be  the  corresponding  value  ofy,  which, 
in  conjunction  with  the  proposed  value  of  x,  will  satisfy 
the  equations.  It  may  even  happen,  that  the  equations 
will  have  several  common  roots,  in  which  case  there 
are  several  systems  of  values  of  x and  y,  in  which  the 
value  of  x is  the  same,  and  which  will  satisfy  the  pro- 
posed equations. 

To  determine  the  values  of  x which  will  satisfy  the 
equations  (A)  and  (B,)  it  is  only  necessary  to  find  the 
roots  of  the  equation  (C.)  This  is  called  the  final 


equation*  and  it  appears  from  what  has  been  just  stated,  Trandorma- 
that  if  any  root  of  this  equation  he  substituted  for  x in  1w*  «« 
the  proposed  equations  (A)  and  (B,)  they  must  have  gji^UM,loa 
at  least  one  common  root,  and  therefore,  considered  us  v ' 
polvnomes,  their  first  members  must  have  some  integral 
function  (Y)  of  y as  a common  factor.  If  this  func- 
tion were  known,  the  values  of  y corresponding  to  the 
proposed  value  of  x would  be  the  roots  of  the  equa- 
tion Y = 0. 

Hence  we  may  infer,  that  if  such  a value  of  x can 
he  found  as  will  make  the  polvnomes,  which  form  the 
first  members  of  the  equations  (A.)  (B)  be  divisible  by 
the  same  integral  function  Y of  y,  these  values  of  x 
being  each  united  with  the  several  values  of  y found 
from  the  equation  Y = 0,  will  be  systems  of  values  of 
x and  y,  which  will  satisfy  the  proposed  equations. 

(351.)  Before  we  proceed  to  explain  the  method  of 
obtaining  the  equation  (C)  it  is  necessary  to  observe, 
that  the  polynomes  which  form  the  first  members  of 
the  equations  (A)  and  (B)  cannot  have  a common 
divisor  independent  of  particular  values  of  the  quanti- 
ties x and  y,  unless  they  be  supposed  indeterminate, 
and  in  fact  equivalent  to  one  equation. 

For  suppose  that  they  admitted  a common  divisor 
D,  and  were  of  the  forms 

A'xD  = 0,  B'xD  = 0. 

1.  If  D be  a function  of  x and  y.  In  that  cose 
the  two  equations  are  equivalent  to  the  equation  D = 0, 
in  which  there  being  two  unknown  quantities  is  inde- 
terminate, and  therefore  there  are  an  uulimited  number 
of  systems  of  values  which  satisfy  the  proposed 
equation,  (225.) 

2.  Let  D be  a function  of  one  of  the  unktiown 
quantities,  as  x.  Hie  equation  D = 0 determines  par- 
ticular values  of  x,  which  will  satisfy  the  proposed 
equations,  independently  of  any  particular  value  of  y. 
Although,  therefore,  the  values  of  x are  determinate, 
those  of  y are  absolutely  unlimited,  and  therefore  the 
equations  are  indeterminate. 

3.  Let  D be  independent  of  x and  y.  In  that  case 
D must  be  a common  factor  of  the  coefficients  of  the 
equations,  and  ought  to  be  suppressed  previously  to 
their  solution. 

Hence  we  shall  consider  the  equations  as  having  no 
common  factor,  independently  of  particular  values  of 
x and  y. 

(352.)  The  equations  then  being  supposed  deter- 
minate, let  them  be  both  arranged  according  to  the 
descending  powers  of  y ; and  let  the  process  for  finding 
the  greatest  common  measure  be  pursued.  Since 
they  have  no  common  measure  by  supposition,  there 
will  be  at  last  a remainder  obtained  which  is  indepen- 
dent of  y.  This  remainder  will  then  be  a function  of 
x ; and  if  such  a value  be  given  to  x as  renders  it  = 0, 
the  equations  will  necessarily  admit  a function  of  y as 
a common  divisor.  Hence  the  function  of  x,  which  is 
found  in  the  last  remainder,  must  be  the  first  member 
of  the  final  equation  (C.)  It  is  plain  that  the  values  of 
x thus  determined,  being  substituted  in  the  preceding 
remainder,  render  it  a common  measure  of  the  first 
members  of  (A)  and  (B.) 

Having  by  the  resolution  of  the  final  equation  (C) 
determined  all  the  values  of  x,  the  corresponding  values 
of  y may  be  found  by  substituting  these  values  for  x in 
the  preceding  remainder.  By  this  substitution,  this 
remainder  will  become  the  greatest  common  measure 
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Aljffbra.  of  the  first  members  of  (A)  and  (B),  the  same  values 
v— being  substituted  for  x in  them.  These  values  of  y 
will,  therefore,  be  those  which  correspond  to  the  values 
of  x determined  before. 

The  final  equation  to  which  we  arrive  in  this  way,  is 
in  general  of  an  higher  degree  than  the  second,  and, 
therefore,  we  must  postpone  tor  the  present  the  actual 
investigation  of  the  systems  of  values  of  the  unknown 
quantities.  It  appears,  however,  from  what  has  been 
stated,  that  we  can  eliminate  one  unknown  quantity 
from  two  equations  each  containing  two  unknown 
quantities,  and  thereby  obtain  a final  equation  includ- 
ing but  oue  unknown  quantity  without  the  resolution  of 
any  equation  whatever. 

(353.)  If  there  be  three  equations  including  three 
unknown  quantities,  any  one  of  them  x is  to  be  elimi- 
nated by  the  first  and  second  equation,  and  also  by  the 
first  and  third.  We  shall  then  have  two  equations  be- 
tween x and  y which  are  to  be  treated  as  above,  and 
similar  reasoning  applies  to  four  equations  with  four 
unknown  quantities.  Ac. 

(3.'i4.)  As  an  application  of  these  principles,  let  it  be 
required  *‘  to  find  an  equation  whose  roots  have  any 
given  relation  to  any  two  roots  of  a given  equation." 

Lei  the  unknown  quantity  in  the  new  equation  be  «, 
and  the  combination  or  function  of  the  two  roots  x'  y, 
to  which  « is  supposed  to  be  equal  be  expressed  by 
F (x',  or”)  that  is 

w = F [1] 

Since  also  the  values  x\  x f both  satisfy  the  given  equa- 
tion, we  have 

-f  A,  s'-*  + At  r*"-«  + • . . • A,.,  xf  + A.  z=  0,  [2] 
J*"  + AJ^-‘-f-A,y,-*«  + ..,.A..|y»  + ^=rO.  [3] 

The  question  then  is,  to  eliminate  y,  s ,f  by  these  three 
equations,  and  the  final  equation  will  be  the  equation 
sought.  This  elimination  will  of  course  depend  on  the 
nature  of  the  function  in  the  second  member  of  [1],  or 
the  relation  which  the  roots  of  the  sought  equation 
are  to  have  to  those  of  the  given  equation.  It  should 
also  be  observed,  that  the  final  equation  being  inde- 
pendent of  x1  and  xf'  will  be  the  same,  whatever  pair  of 
roots  may  be  assumed,  and  therefore  its  roots  will  be 
similarly  related  to  every  pair  of  roots  of  the  proposed 
equation,  and  it  will  in  general  have  as  many  root*  as 
there  are  permuted  combinations  of  two  roots  of  the 
given  equation.  Hence  the  degree  of  the  final  equa- 
tion must  be  at  least  m (m  — 1). 

Let  the  equation  [1]  be 

ue/-y. 

Hence  x'r  = u-f**'.  winch  being  substituted  in  [2], 
and  the  several  terms  developed  and  arranged  by  the 
ascending  dimensions  of  u,  give 


x-.+  xv^  + xv^  + v.-J*  + 


. + u"  = 0 


X/=  x%  + \x*-'  +A*r*"-«  4-At*'"-*-f-  . Am  i y _|_  a-  Triform*. 

+(»-D A,*-- + (»-*)  A.X--+  “Si. 
X,  = m (m  — 1)  r'"'*  -{-  (m  — 1)  (m  — 2)  A,  r1"'1  + Depreuion. 

Ac.  Ac.  v-*" 

But  since  F is  a root  of  the  proponed  equation  X*  = 0. 

Observing  this  condition,  and  dividing  the  equation  by 
u,  we  have 

X f V / X • 

1 “f-  — * ■ U -f-  — » W*  -4-  — - |fl  _1»  -L-  u*1" 1 — Q 

Cl)^(2)"^(3)  ”^<4)  +••••+“ 

The  equation  sought  is,  therefore,  obtained  by  efimi- 
naling  y by  this  equation,  and  X/  =r  0. 

Hence  to  obtain  the  equation  of  differences  it  is  only 
necessary  to  omit  the  last  term  of  the  proposed  equa- 
tion, to  diminish  each  exponent  of  x by  unity,  and  to 
change  x into  v,  and  the  coefficients  At , A, , Ac.  into 
X'  X'  X' 

0)  ’ (2)  * (3)  * &C‘*  Und  10  e*im*n“le  * **y  this  and 

the  given  equation.  It  is  unnecessary  in  this  process 
to  place  the  accent  on  x. 

(355.)  For  example,  let  the  proposed  equation  be 
x*  - 6r-7s0. 

Hence  we  have  X,  = r5  - 6 f - 7,  X,  = 3 x*  6, 

X,  = 6 x,  X,  = 6,  X4  = 0.  Hence  the  equations  for 
the  elimination  of  x are 

x*  — 6 x — 7 = 0 
Sj1  — 6-f-3ru-f  u'=0 
which  by  elimination  give 

u*  - 36  u*  + 324  u*  -}-  459  = 0, 
which  is  the  equation  of  differences  sought. 

(356.)  Since  m (m  -»  1)  must  always  be  an  even 
number,  the  equation  of  differences  must  always  be  of 
an  even  order.  But  it  is  easy  to  prove  that  its  alter- 
nate terms  beginning  with  the  second  are  wanted;  in 
other  words,  that  it  includes  only  even  powers  of  the 
unknown  quantity.  For  since  every  permuted  combi- 
nation of  the  roots  are  to  be  combined  by  difference, 
it  follows,  that  y — y,  and  x'  — y , are  both  roots 
of  this  equation  ; and  in  general,  if  o,  6,  c,  Ac.  are 
the  numerical  differences  of  the  roots  -f-  a and  — o, 

-f-  b and  — b,  &c.  arc  roots  of  the  equations  of  differ- 
ences. Hence  the  first  member  of  this  equation  is 
(x  - a)  (x  + a)  (x  — 6)  (x+  b)  (x  - c)  (x  -f  c)  . . 

or  (y  - a1)  (y  - 6»)  (y  - y) 

If  the  square  of  x be  taken  as  the  uuknown  quantity, 
the  equation  will  become 

(*  — 4f)  (*  — 6*)  (*  — y) =o 

the  degree  of  which  will  be  f • 1 being  put 

for  y.  This  is  called  the  equation  of  the  squares  of  the 
differences.  It  has  the  advantage  of  being  of  a lower 
degree  than  the  equation  of  differences. 


where  the  notation  (2),  (3),  &c.  Is  used  to  express 
1.2,  1.2.3,  Ac.  and* 


* Those  who  are  familiar  with  the  differeotial  calculus  will  per* 
ceive,  that  X,,  Xg,  Ac.  are  dented  from  X,  by  differentiation, 

d*  rfjr*  d*m 


SECTION  XXXI. 

Transformation  continued. — Depression  of  Equations  — 
Equal  Roots. 

(357.)  When  particular  relations  are  known  to  sub- 
sist between  the  roots  of  an  equation,  iu  resolution 
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Ahfwbra.  may  be  reduced  to  that  of  another  equation  of  an  in- 
ferior  degree ; the  process  by  which  this  reduction  is 
effected,  is  called  the  depression  of  the  equation. 

If  any  root  (a)  of  an  equation  be  known,  the  degree 
may  be  depressed  by  dividing  its  first  member  by 
x — a.  In  like  manner,  if  two  roots  (tt,  b ) be  known, 
the  degree  may  be  depressed  by  two  units  by  dividing 
the  first  member  by  (x  — a)  (x  - 6),  and  so  on. 

But  even  when  no  root  is  absolutely  known,  yet  if  a 
certain  relation  be  known,  or  can  be  discovered  to  sub- 
sist between  the  roots,  the  equation  may  be  shown  to 
depend  on  the  solution  of  on  equation  of  a lower 
degree. 

(358.)  One  of  the  most  simple  relations  which  can 
be  imagined  to  subsist  between  two  or  more  roots  of 
an  equation  is  equality.  This  is  the  case  when  some  of 
the  binome  factors  of  the  first  member  are  of  the  form 
(x  — a)",  (x  — b)m,  Ac. 

Let  be  the  first  member  of  an  equation  of  the  m,fc 
degree,  and  let  a,  b,  c,  Ac.  be  its  roots,  *.• 

X,  = (x  - o)  (*-&)(*-  c) 

Let  x be  changed  into  x -{-  A and  the  result  is 

(x  + *>-  + a,  (x + *)-“  + a,  (x + *r- + . . . . 

=S  (X  + k - a)  (x  + k —b) 


also  be  divisors  of  X,.  and  if  they  be  greater  than  S,  Tnudurma- 
they  will  be  divisors  of  Xr  and  so  on.  tioa  of 

(359.)  These  principles  being  established,  we  are  Equation*, 
prepared  to  determine  whether  an  equation  X,=  0 pmwoa . 
have  equal  roots,  and  to  determine  these  roots  when  it  is 
possible  so  to  do.  Let  the  exponents  of  the  factors 
x — a,  x — b,  x — c,  Ac.  which  occur  more  than  once 
in  Xe  be  n,  n,  n",  Ac.,  and  let  the  factors  which  occur 
but  once  be  x — p,  x — q,  Ac.  Hence 
X.  = (*  - ay  0 - by  (x  - cy (*-$).. 

The  degree  of  the  equation  X^  = 0 being  m,  it  is  plain 
from  the  value  already  found  (358)  for  X,,  that  it  is 
equal  to  the  sum  of  the  quotes  of  X,  divided  by  each  of 
its  simple  factors.  Now  as  the  factor  (x  — a)  occurs 
times,  the  sum  of  the  quotes  for  this  alone  mast  be 

-* In  like  maimer  the  sum  of  the  quotes  for  x b 
x - a 

n*  X 

is  r*  and  so  on.  So  that  we  have 


X - Jl*i_  + 

1 x — a x — b x — c 


X.  X. 

t — p n — q 


or  what  is  the  same 

(x  + *)-  + A,  (x  + *)-»  -f-  A,(x  + *)-•  + . . . . 

= (A  + Jr  — o)  (*-f  x-  A).. , . 

By  developing  both  members,  we  obtain  (354)  for  the 
first  member 

x-  + x-(f)+x-S+x-S+  — 

and  if  the  development  of  the  second  member  be  ar- 
ranged by  the  ascending  powers  of  k,  the  first  term  or 
absolute  quantity  will  be  the  continued  product  of 
(x  — o),  (x  — 6),  Ac.,  which  by  the  above  identity 
gives 

X.=  (*  — o)(*  — »>(*-«)  .... 

a result  established  already.  The  coefficients  of  k give 


The  equality  of  the  coefficients  of  A*  gives 
X,  X,  X 

W _ (x  -«)(•»-  *)  + (jr  - a)  (*  - c) 
and  so  on. 

If  the  original  equation  X(sO  have  equal  roots,  its 
first  member  X,  will  have  equal  factors  of  the  form 
(x  — a)",  (x  — b)\  Ac.  Hence  the  several  quotes  to 
which  X,  is  equal,  will  each  ha\e  the  quantities 
(x  — <*)"‘\  (x  — &)•“*  as  factors.  In  fact,  if  the  com- 
binations of  equal  factors  which  enter  X0  are 
(i  - a)-  (*  - t)" 

the  combinations  of  the  same  factors  which  enter  X, 

are 

(x  - «)->  (x  - 

Hence  we  infer,  that  “ if  the  equation  X0  = 0 have 
eqnal  roots,  the  polynomes  X,  and  X,  admit  a common 
divisor.” 

It  appears,  also,  that  if  the  exponents  w,  n of  any  of 
the  factors  x — a,  x — b be  greater  than  2,  they  will 


Now  it  is  plain,  that  the  product  (x  — o)*-1  (x—  A)*'-1 
(x  — c)"-'’  ....  is  a common  divisor  of  X,  and  X,. 
But,  further,  it  is  the  greatest  common  divisor,  because 
it  contains  all  the  prime  factors  (x  — a)i  (x  — b), 
(x  — c) which  are  common  to  these  polynomes. 

Hence  it  follows,  that  if  X0and  X,  have  no  common 
divisor,  the  equation  X„  has  no  equal  roots.  But  if 
X,  and  X,  have  a common  divisor,  which  can  always 
be  determined  by  the  principles  established  in  Section 
XXVIII.,  that  common  divisor  is  the  product  of  the 
equal  factors  of  X0,  the  exponent  of  each  being  dimi- 
nished by  unity. 

Let  D be  this  common  divisor.  If  it  be  of  the  first 
degree  it  may  be  reduced  to  the  form  x — A,  and  there- 
fore (x  — A)*  is  a factor  of  X#,  and  A a root  which  oc- 
curs twice ; and  it  follows,  that  in  this  case  there  are  no 
other  equal  roots.  By  the  division  by  (x  — A)*  the 
degree  of  the  equation  is  depressed  by  two  units. 

If  D = 0 be  of  the  second  degree  there  are  two  cases, 
either  the  roots  of  D = 0 are  equal  or  unequal.  If 
they  be  equal,  D is  of  the  form  (x  — A)9  ; in  which  case 
A occurs  three  times  as  a root  of  X,  = 0,  and  (x  — A)* 
is  a divisor  of  X,,  which  will  reduce  the  degree  of  the 
equation  X,  =:  0 by  three  units.  But  if  the  roots  of 
D = 0 be  unequal,  D is  of  the  form  (x  — A)  (x  — A't, 
in  which  A and  A'  each  occur  twice  as  roots,  and 
(x  — A)“  (x  — hfy  is  a factor  of  X,  which  will  depress 
the  degree  of  X„  = 0 by  four  units. 

In  general,  it  is  necessary  to  resolve  the  equation 
D = 0,  in  order  to  determine  the  equal  roots  of  X,  =5  9, 
and  the  number  of  times  that  each  equal  root  occurs. 
Every  root  which  occurs  once  in  D = 0 will  occur 
twice  In  X„  = 0,  every  root  which  occurs  twice  in 
D = 0 will  occur  three  times  in  X0  r=  0,  and  so  on. 

(3<50.)  When  we  have  obtained  the  equation  D = 0, 
and  that  it  is  found  to  be  of  a degree  obove  the  second, 
it  may  be  submitted  to  the  process  already  described, 
to  determine  whether  it  have  eqnal  roots;  and  if  it  be 
found  to  have  them,  its  degree  may  be  depres>ed  in  the 
same  manner  as  that  of  X„  = 0,  and  so  the  process  may 
be  continued  until  an  equation  be  found  which  has  no 
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Algebra,  equal  roots.  If  the  degree  of  this  equation  do  not  ex- 
_ y - ceed  the  second  it  may  be  solved,  and  when  solved  its 
roots  will  furnish  divisors  which  will  depress  the  de- 
grees of  all  the  equations  from  which  it  was  deduced. 

But  if  the  equation  D = 0 have  not  equal  roots, 
and  that  it  exceed  the  second  degTec,  each  root  will 
occur  twice  in  X#r=  0;  and  the  methods  of  determining 
the  roots  will  be  explained  hereafter. 

(361.)  We  shall  now  show  that  the  resolution  of 
every  equation  X#  = 0 which  has  equal  roots  can  be 
made  to  depend  on  the  resolution  of  a system  of  equa- 
tions, of  which  the  first  includes  the  roots  of  the  given 
equation  which  occur  but  once,  the  second  those  which 
occur  twice,  the  third  those  which  occur  three  times, 
and  so  on. 

Let  X'  be  the  product  of  those  simple  factors  of  X0 
which  occur  in  it  but  once,  Xff  the  product  of  those 
which  occur  twice,  and  so  on,  so  that  we  have 

X,=  X'.  X^.X^.X’”'4 

and  bv  what  lias  been  already  proved 
D = X'.X'*.  X"*  .... 

Dividing  the  latter  by  the  former,  we  have 

-*  = Q = V:  X".  X"'.  X" . . . . 

which  is  the  product  of  the  simple  factors,  equal  as 
well  as  unequal,  of  X#. 

Let  the  greatest  common  measure  D'  of  D and  Q 
be  now  (bund.  It  is  evidently 

D'  = X".  X".  X™  . . - . 

that  is,  the  product  of  all  the  equal  factors;  each,  how- 
ever, being  introduced  tail  once. 

If  Q l>e  divided  by  D\  the  quote  is  X',  which  is  the 
product  of  all  the  factors  of  X,  which  occur  but  once. 
The  equation  X#  r=  0 may  thus  be  cleared  of  all  the 
equal  roots,  and  considerably  depressed  in  degree.  The 
equation  Xr  = 0 is  the  first  of  the  system  to  which  we 
proposed  to  reduce  X9  — 0. 

By  observing  the  form  of  the  quantity  D,  it  will  be 
observed,  that  the  equation  D = 0,  like  the  original 
equation,  includes  roots  which  occur  once,  twice,  thrice, 
and  so  on.  The  product  X''  of  the  roots  which  occur 
once,  may  be  found  by  the  same  process  applied  to 
D = 0,  as  we  have  already  applied  to  X,  = U.  Hence 
we  shall  obtain  the  equation  X*  = 0,  which  is  the 
second  of  the  proposed  system  ; and  by  continuing  the 
application  of  the  same  process,  we  shall  obluin 
Xw  = 0,  X*'  = 0,  &c.  It  may  be  observed,  also,  that 
the  degree  of  the  equation  X'=0  expresses  the  num- 
ber of  roots  which  occur  bill  once  in  Xe  — 0,  and  its 
resolution  gives  the  values  of  these  roots.  The  de- 
gree of  X"=0  represents  the  number  of  roots  which 
occur  twice,  and  its  resolution  gives  the  values  of  these 
roots,  and  so  on. 

(362.)  By  the  principles  which  have  been  here  estn 
blished,  we  may  obtain  a criterion  for  determining  whether 
a given  polynome  be  a square,  cube,  or  any  perfect  |H>wcr. 
For  this  it  is  only  necessary  to  derive  from  it  another, 
in  the  same  manner  as  Xt  was  derived  from  XL  and  if 
this  last  be  an  exact  measure  of  the  first,  the  first  is  a 
perfect  power,  and  otherwise  not. 

(363.)  The  results  of  this  Section  might  be  more 
simply  and  expeditiously  established  by  the  differential 
calculus.  But  as  it  is  desirable  that  Algebra  should 
be  founded  on  principles  independent  of  the  calculus 


v d X,  DrpreiMoo 

we  shall  here  merely  observe,  that  since  X,  = — - — of  Eqm- 

* tiont.- 

(354,)  anti  Reciprocal 

x,= (*-.)•  u-k)'  (i  - o - «) 

we  have 

V = (x  - «)-.  x +<*-  »r  - x (7^ + 

Ac. 


from  whence,  and  similar  processes,  the  results  may 
easily  be  obtained. 


SECTION  XXXII. 

Deprarion  of  Equations  continued. — Reciprocal  Equa- 
tions. 


(364.)  An  equation  in  which  the  last  term  is  unity, 
and  of  which  the  coefficients  equidistant  from  the  ex- 
treme terms  are  equal,  is  called  a reciprocal  equation, 
from  a remarkable  relation  which  subsists  between  its 
roots.  The  most  general  form  under  which  such  an 
equation  cau  be  expressed,  is 

«-  + All"-'  + At^-«  + A,.x+I  =0. 

Let  xy  = 1,  and  let  each  term  of  the  equation  be  mul- 
tiplied by  that  power  of  x y whose  exponent  is  the  num- 
ber of  preceding  terms.  Hence  we  obtain 

xm  -f  A,x"y  + K%xmyt + Ajfif’1 1 + A.^y"*'1 

-f  *-y-  = 0, 

which  being  divided  by  x",  becomes 


1+A »y+A#^  + ....  AlSr-»+A,jr-,  + |T  = 0, 

which  is  the  original  oquutiun,  x being  changed  into  y. 
Hence  it  appears,  that  y must  be  a root  of  the  equa- 
tion, and  since  y =■  — , it  follows  that  if  uny  number 
x 

be  a root  of  this  equation,  the  reciprocal  of  that  num- 
ber must  be  also  a root  of  the  equation. 

Hence  we  may  also  infer,  that  if  the  degree  of  the 
equation  be  expressed  by  an  odd  number,  one  of  its 
roots  must  be  unity.  For  by  what  has  been  just  proved, 
if  any  number  not  unity  be  a root,  its  reciprocal  must 
also  be  a root;  and.  consequently,  the  number  of  roots 
different  from  unity  must  be  even  ; but  since  the  total 
number  is  odd.  there  must  be  one  root  at  least  equal 
to  unity.  Such  an  equation  can,  therefore,  always  be 
reduced  in  degree,  by  dividing  its  first  member  by 
x — I. 

We  shall,  therefore,  confine  ourselves  to  the  consi- 
deration of  reciprocal  equations  of*  an  even  degree. 
Let  2 m be  the  highest  exponent,  so  that  the  equation  is 


jr+KtXr-' 1 + A,i*-~*-f.  . . . A,x«  + A,x  + 1 = 0 

Dividing  the  whole  equation  by  x",  and  combining  the 
extreme  terms  and  those  which  are  equally  distant 
from  them,  wc  shall  have 


(x  + ^)  + *.(«-+  + A,(x~  + 

*,(*  + -!)=  0. 


+ . . . . + A,  i 
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£*«,  = ,+ -I,  .,#-„  + | = 0,v»aI± 


v/?- 


1.  Hence  we  find 


x Hh  — = 2 a4  -4-  = z*  — 2 

x r 


z-  -f-  — s z*  - 3 z,  &c. 


which  substitutions  being  made  in  the  former,  we  ob- 
tain an  equation  of  the  mlh  degree  to  determine  z. 
For  each  value  of  z determined  by  this  equation,  we  find 
Z / 2* 

two  values  of  x by  the  formula  x = — + — 1. 


(865.)  If  the  extreme  terms  of  the  equation,  and 
those  which  are  equally  distant  from  them,  have  con- 
trary signs,  the  equation  will  also  have  reciprocal  roots 
when  its  degree  is  marked  by  an  odd  number.  In  this 
case  the  form  of  the  equation  is 


X-+  +•  . . . - A,  x4  — A, x — 1=0. 

Introducing  xy  = 1,  and  its  powers  as  before,  it  be- 
comes 


1 4 A,y-f  A,y*+ — \iT~*  - A,  jf  — y“ 

= 0. 


If  the  negative  terms  of  the  former  were  the  same 
with  the  same  coefficients  a*  the  positive  terms,  the 
latter  equation  becomes  identical  with  the  former,  by 
changing  y into  x,  and  changing  all  the  signs.  This 
will  be  necessarily  the  case  if  the  number  of  terms 
which  is  m -f-  1 be  even,  that  is,  if  m be  odd.  And 
therefore  in  this  case  the  former  reasoning  becomes 
applicable.  But  if  m be  even,  there  will  be  a middle 
term,  and  that  term  will  have  the  same  sign  in  both 
equations,  while  all  the  other  terms  differ  in  sign. 

As  un  example  of  the  application  of  these  principles, 
let  the  proposed  equation  be  x*  — 1 = 0.  If  this  be 
divided  by  x — 1,  we  have 

y-i  + y-s+jr*....  * + *•  + x+l  = 0, 

which  is  a reciprocal  equation  of  an  even  degree  when 
m is  odd,  and  of  an  odd  degree  when  m is  even. 

Let  m — b,  v 


v(-,+7)+(' +t)+'-  #- 


Let  x-f  - j 


v »•  - a + j+i  = o, 

•■•^+,-1  = 0,  V I = - J ± J ''j£ 


X 


V 9 as  - i ± l $y/lo'±  2 W.  V^TT. 


VOL.  I. 


SECTION  XXXIII. 

Of  Symmetrical  Function s of  the  Roots  of  an  Equation 

(866.)  Whim  a quantity  is  a function  of  two  or  more 
quantities,  it  is  called  a symmetrical  function  when  it  is 
similarly  related  to  each  of  these  quantities  on  which 
its  value  depends.  The  test  by  which  a symmetrical 
function  may  be  known,  is  that  its  value  will  not  be 
changed  by  changing  any  two  of  the  quantities  on 
which  itdepeuds,  each  into  the  other.  Some  examples 
will  render  this  definition  more  clear.  Let  u be  the 
function,  and  x and  y the  quantities  on  which  it  de- 
pends, and  let  the  function  be  expressed  by  the  letter  F 
prefixed  to  x,  y,  so  that  u = F (x,  y).  Now  if  the 
value  of  u remain  the  same  when  x is  changed  into  y, 
and  y into  x,  or  u = F (y,  x),  then  is  u a symmetrical 
function  of  x and  y.  Let  u = x -f-  y ; this  is  evidently 
a symmetrical  function,  since  x -f-  y ss  y -f-  x.  But  if 
w = x — y,  u is  not  a symmetrical  function,  since 
X — y is  not  equal  to  y — x.  Again,  let  u = .ry,  or 
v = x®  4 jf ; these  are  symmetrical  functions,  because 
x y = y x,  and  x*  -f-  yfl  = y*  -f-  x5.  But,  on  the  other 
hand,  xm  y"  is  not  a symmetrical  function,  because  it  is 
not  equal  to  y*  x\  unless  m r=  n,  in  which  case  only 
it  is  a symmetrical  function. 

(367.)  The  most  simple  symmetrical  function  of  ony 
number  of  quantities  is  their  sum,  and  the  most  simple 
class  of  such  functions  is  that  to  which  this  belongs, 
viz.  the  sum  of  the  n*  powers  of  those  quantities. 
Let  a,,  ar  ar  &c.  be  the  quantities,  the  class  of  func- 
tions to  which  wc  allude,  is 

ai  4 ®i  4 at  4 a4  4 • * • • 

< + «:  + «:  + «!+. ... 

a\  4 oj  4 4 4 — 

&c.  &c. 

4 4 °«  4 a"  .... 

We  shall  express  these  functions  severally  by  the  nota- 
tion S (fl),  8 («*),  S (a*),  Ac.  We  shall  call  these 
symmetrical  functions  of  the  Jtrst  kind. 

The  class  of  symmetrical  functions  which  are  integral 
and  rational,  next  in  simplicity  to  the  preceding,  are 
symmetrical  functions,  each  term  of  which  is  a product, 
into  which  two  different  literal  factors  enter.  A func- 
tion of  this  class  is  the  sum  of  the  products  of  all  the 
letters  of  the  function  taken  in  permuted  combinations 
of  two  with  given  numbers  as  exponents,  the  same 
number  being  the  exponent  of  the  first  letter  in  each 
permuted  combination.  Thus, 

is  a symmetrical  function  of  a,,  nt,  ar  of  the  second 
kind. 

The  general  form  for  aucli  a function  is 
<<  + «r<  + <<  -f  — a;<  + »;<  + .... 
«:  < + «;<  + ...  • 

we  shall  represent  such  a function  in  general  by 
8 (a-  af), 

A symmetrical  function  of  the  third  kind  has  a simi- 
lar meaning,  and  is  expressed  by  a similar  notation 
S (a"  af  a"*),  and  so  on. 

(368  ) If  n be  the  number  of  different  letters  which 
4 f 
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Atftbra.  enter  a symmetrical  function,  the  number  of  terms  in  a 
' symmetrical  function  of  the  first  kind  is  evidently  n. 
The  number  of  terms  in  a function  of  the  second  kind 
is  the  number  of  permuted  combinations  of  two  letters 
which  are  obtained  from  n letters,  set/,  n (n  — 1).  In 
like  manner,  the  number  of  terms  in  a symmetrical 
function  of  the  third  kind  is  n (n  - I)  (n  — 2),  and 
so  on. 

(AT.  B.  There  are  an  infinite  variety  of  symmetrical 
functions  of  a given  number  of  letters,  but  wc  confine 
ourselves  in  this  place  to  the  consideration  of  such  us 
are  algebraical,  rational,  and  integral.  Those  which 
we  have  described  are  called  elementary  symmetrical 
/unctions.) 

From  the  nature  of  symmetrical  functions,  it  is  evi- 
dent that  if  any  term  be  affected  by  a multiplier  or 
divisor,  all  the  terms  must  be  affected  by  the  same  mul- 
tiplier or  divisor ; and  if  A be  such  a coefficient,  the 
function  may  be  expressed  A . S (a*),  A S (a*  a*  ),  Ac. 

(3 69.)  Having  thus  explained  the  nature  of  the 

+ A, 


+ A, 


and  similar  developments  may  be  obtained  for 
By  adding  all  these  dev  elopements  we  obtain 


symmetrical  functions  we  are  about  to  consider,  we 
shall  proceed  to  investigate  the  method  of  determining 
such  functions  of  the  roots  of  an  equation. 

Since  every  root  of  an  equation  must  be  similarly 
related  to  its  coefficients,  it  follows  that  each  of  these 
coefficients  must  be  a symmetrical  function  of  the 
roots  of  the  equation.  Indeed,  this  follows  imme- 
diately from  the  properties  of  the  roots  established  in 
Sect.  XXXII. 

The  coefficient  of  the  second  term  is  the  sum  of  the 
roots  with  their  signs  changed,  and  is,  therefore,  the 
simplest  species  of  symmetrical  function  of  the  first 
kind.  The  coefficient  of  the  second  term  is  the  sum 
of  the  products  of  every  two  root*,  and,  therefore,  is 
the  simplest  species  of  symmetrical  function  of  the 
second  kind,  and  so  on. 

Let  it,  however,  be  proposed  to  determine  the  other 
symmetrical  functions  of  the  first  kind  of  the  root*.-. 
Let  the  roots  be  a,,  ar  ar  Ac.  wc  have  (312) 


X— 1 >4-  a; 

x*-*4-  a? 

4-  A, . o, 

4-A, . aj 

4 A. 

4-A..O, 
+ A, 

x— -f  a; 

x— 4-  ai 

+ A..O, 
+ A, 

4- A,,  a; 

+ A, . a, 

+ A, 

* ’-*+  «; 


+ A, 
+ \ 
+ \ 
+K 


x— + 


+ A, . of"' 

-ihA,.«r" 


x-a, 

X 


+ A,.a! 
■+•  A,,  a; 
4~  A, . a, 
+ A. 


i &c. 


*— + 


+ A_., 


+ A,«r** 

+a,«t- 

+ .... 


+ A. 


•+: 


•■-f-S  («)!*-•  +S(n») 

-f  m A,  I 4*  A,  - S (a) 

+ »A, 


x-a,  x-a, 

X—  + S (a-1) 

+ A,  . S(a~* ) 
-f  A,  . S(a— ) 
+ 


But  by  (358)  it  appears  that  the  first  member  of  this 
equality  is  equal  to  X,.  By  equating  the  several  co- 
efficients of  the  powers  of  X in  the  second  member  of 
the  preceding  equality  with  those  of  the  same  powers 
of  x in  the  value  of  X,  found  in  (3bl.)  we  find  after 
reduction, 

S (a)  + A,  = 0 

S (a*)  + A,  8 (a)  + 2 A,  = 0 

S (a*)  + A,S  (o’)  + A,S  (a)  -f- 3 A,  = 0 


S <B~’)  + A,  . S (*— ) + A.S  (a— ) + .... 

+ (m  - 1)  A,., . = 0. 

The  first  of  these  equations  gives  the  value  of  S (a)  ; 
this  being  found,  and  substituted  in  the  second,  we  may 
find  $ (a1)  ; this  being  known,  the  third  gives  8 (a1), 
amt  so  on.  ThuB  the  symmetrical  functions  of  the 
first  kind  are  determined  as  far  as  the  (m  — 1 )- 
degree. 


4-  m A._t 

To  determine  those  of  superior  degrees,  let  o„  <r„  a„ 
4c.  be  successively  substituted  lor  r in  the  given  equa- 
tion. and  let  the  result,  be  multiplied  by  a',  a',,  o;.  4c. 
respectively,  ansi  we  obtain 
S (a-**)  + A,  S (<*-+—)  + A.  S («T*— ) + . . . . 
A.., . S (o^)  + A.  8 (o*)  = 0. 

In  this  equation,  let  0,  1,  2,3,  4c.  be  successively  sub- 
slitnted  for  n,  and  we  obtain 

8 (a*)  + A , . S (a—1)  + A, . S («-*)  + . . . . 

A.., . S (a)  -f  m A,  = 0 
S <a-«)  -f  A,  . 8 (a-)  + A,  . S (a-1)  -f  . . . . 

A..,  ,S(a’)  + A..S(«)  = 0 
S («-»*)  + A,  . S (a—*1)  + A,.  8 («-)  -f  .... 
A..,  . S (o’)  4-  A.  8 («•)  = 0. 

Ac.  Ac. 

The  first  of  these  determines  the  value  of  S (a*)  where 
the  functions  S (rf**1),  8 (a*"r),  Ac.  of  inferior  degree 
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Al^bra.  are  known,  and  which  can  be  found  by  the  former  pro- 
s— cess.  The  second  determines  S (a*4*)  when  the  func- 
tions of  inferior  decrees  are  known,  and  so  on. 

(370.)  The  symmetrica]  functions  of  the  reciprocals 
of  the  roots  may  be  determined  by  making  n negative 
in  the  preceding  formula.  By  this  change  it  becomes 

S (o— ) + A,  S (a—-*)  + A.  S (a-—)  + . . . . 

A.., . S (•-*)  + A^  . S (a-)  c=  0. 
Substituting  for  n in  this,  1,  2,  3,  &c.  we  obtain 

8(a~,)  + A,S  +A._,.S(0.) 

-f  A„  . S (a-1)  a:  0 

S (a—)  -f-  A,  S (a—)  + ....+  A..,  . S (a-1) 

+ A.  . S (a-*)  = 0 

S (a—)  + A,  S <a~‘)  + ....  + A....S  (a'*) 

+ A.  .S(a-*)  = 0 
Ac.  Ac. 

It  is  plain  that  S (a*)  = m,  since  a*  = 1,  and  the 
number  of  terms  in  S («")  is  m.  Hence  all  the  terms 
of  the  first  equation,  except  the  last,  have  been  previously 
determined,  and  therefore  S (a*1)  can  be  found.  By 
the  second  equation  S(fl“*)  may  be  determined,  S (fl’1) 
being  previously  found,  and  so  on. 

Hence,  in  general,  “ When  any  equation  of  any  de- 
gree is  given,  we  may  obtain  the  sum  of  the  squares, 
cubes,  Ac.  or  any  similar  integral  powers  of  its  roots  or 
the  sum  of  the  square,  cubes,  Ac.  or  any  similar  integral 
powers  of  the  reciprocals  of  Its  roots.” 

(371.)  We  shall  now  explain  the  method  of  deter, 
mining  the  symmetrical  functions  of  the  second  kind. 
The*e  we  shall  express  by  the  notation  S (a"  a"').  If 
S (a")  and  S (<*"')  be  multiplied,  the  product  will  evi- 
dently contain  the  (n  -+■  «T  powers  of  all  the  roots, 
and  also  the  product  of  every  combination  of  two  roots 
in  the  n*  and  nM  powers.  Hence  we  have 

S (a-4*')  + S (o-  a*)  = S (a-)  x S («■*) 

V S (a*  a"')  = S (a")  . S (aO  - S (fl*4*') 

The  second  member  of  this  equation  being  composed 
of  symmetrical  functions  of  the  first  kind,  which  have 
already  been  determined,  the  first  member  is  known.  * 

If  n = n\  the  second  member  becomes  S (am)*  — 
S (a**).  Of  the  m (m  — 1)  terms  of  the  first  member, 
the  permuted  combinations  of  the  same  letters  become 
equal,  and  therefore  the  number  of  terms,  when  the 

equal  terms  are  combined,  becomes  — — Dt  and  all 

of  them  have  2 as  a common  multiplier.  Hence  it  is 
evident  that  the  result  is 

s ((..)>  BW-.’W 

The  first  member  of  this  mov  be  considered  as  a sym- 
metrical function  of  the  first  kind,  of  the  roots  combined 
in  products  of  two  factors. 

(372.)  To  determine  the  symmetrical  functions  of 
the  third  kind,  let  the  values  of  S (a*  a "')  and  S (o"')  be 
multiplied  together.  The  terms  of  the  product  will  be 
of  three  forms,  a*4"' . «*',  a*  . a"'4-'’,  and  a • a*  a*-,  and 
we  have  evidently 

S (fl*4^.  + 8(fl-a-'a-") 

= 8(0-10  -S(«0 

V 8 (d-fl-  <0  = S (a*  a*)  . S (O  - S (o- . a"  4*’) 
~S  (a-^.flO. 


The  second  member  of  this  being  composed  of  functions  Sy trim* in- 
of  the  second  kind,  has  been  already  determined.  F',nc* 

If  n'  = «',  the  terms  of  the  first  member  become 
equal  in  pairs,  which  being  uuiled,  the  whole  will  be  Equation* 
affected  by  the  common  factor  2.  Hence  we  have  * ^ - 

S(a-fl-'  <0  r=  l [S(fl-fl-r)  . 8 (fl-')  - S (O’  . fl**) 

-s  («-*-■. 

The  first  member  of  this  may  he  considered  as  a func- 
tion of  the  second  kind  of  the  roots  themselves,  and 
their  combinations  in  pairs.  The  number  of  terms  in 

U i,  evidently 

3 1.2.3 

If  n = n'  = nN,  the  terms  of  the  first  member  will 
be  the  n“  powers  of  every  permuted  combination  of 
three  roots.  The  terms  containing  the  permuted  com- 
binations of  the  same  letters  are  equal,  and  as  the 
number  of  such  terms  is  1.2.  8.  this  will  be  a common 
factor.  But  also  in  U»e  second  member  since  n = n! 

S (a"  a?)  =28  ((on)”),  and  the  terms  S (a*4"’ . a"') 
and  S (a*  . a"’4*'')  become  identical.  Hence  we  have 

S((flflfl)-)=  i[S((a«)-).8(a')  - S («**•)] 

By  pursuing  a similar  method,  symmetrical  functions  of 
all  higher  kinds  may  be  determined. 

(378.)  All  symmetrical  functions  whatever,  which 
are  integral  and  rational,  must  be  combinations  of  those 
already  determined,  and  hence  we  may  in  general  infer, 

" That  any  integral  and  rational  symmetrical  function 
whatever  of  the  roots  of  on  equation  may  be  determined 
when  the  coefficients  of  the  equation  are  known." 

A symmetrica)  fractional  function,  if  all  its  terms  be 
reduced  to  the  same  denominator,  and  added,  will 
become  a fraction,  whose  numerator  and  denominator 
are  integral  symmetrical  functions.  Hence  the  preced- 
ing inference  may  be  extended  to  all  rational  symme- 
trical functions  whatever. 

If  the  symmetrical  functions  of  the  forms  S (a), 

S (on),  S(aaa),  Ac.  be  called  primary  symmetrical 
functions,  we  may  infer  in  general,  without  immediate 
reference  to  equations,  that  if  the  primary  i ymmctrieal 
functions  of  any  number  of  quantities  be  given,  alt  ra- 
tional symmetrical  functions  of  the  same  quantities  may 
be  found.  For  the  primary  symmetrical  functions  are 
the  coefficients  of  an  equation,  of  which  the  quantities 
themselves  are  the  roots. 

(374.)  Let  ub  now  apply  the  preceding  principles  to 
the  solution  of  the  following  problem,  “ to  find  an 
equation  whose  roots  are  the  sums  of  every  pair  of 
roots  of  a given  equation.” 

Let  the  given  equation  be  X *=  0,  and  a,,  a*  a,.  Ac. 
its  roots. 

Let  the  sought  equation  be  Y=  0,  and  a,  -f-  a,, 
ffi  -f-  a9,  Ac.  its  roots.  The  number  of  roots  of  Y being 
the  number  of  combinations  of  two  letters  which  can 
be  made  from  m letters,  the  degree  of  Y will  be 
m (m  — I) 

i 7 a ' 

The  coefficient  of  its  second  term  will  be  the  sum  of 
the  quantities  at  -f  a*  a,  + ar  . . . , that  of  the  third 
term  will  be  the  sum  of  their  products  in  combinations 
of  two,  that  of  the  fourth  the  sum  of  their  products  in 
combinations  of  three,  and  so  on.  These,  being  all  sym- 
metrical functions  of  the  roots,  may  be  determined  by 
the  preceding  principles. 

4 i 2 
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And  in  general  an  equation  may  be  found  whose 
roots  arc  any  symmetrical  functions  of  the  roots  of  the 
given  equation  taken  in  combinations  of  two,  or  of 
three,  &c.  For  the  degree  of  the  sought  equation  will 
be  determined  by  the  number  of  combinations  and  its 
coefficients  t>eing  symmetrical  functions  of  its  roots, 
which  are  themselves  symmetrical  functions  of  the  roots 
of  the  given  equations,  and  these  again  being  functions 
of  the  coefficient*  of  the  proposed  equation,  it  follows, 
that  in  every  case  the  coefficients  of  the  sought  equa- 
tion may  be  derived  from  those  of  the  given  equation. 

The  equation  of  the  squares  of  the  differences  deter- 
mined in  (356)  is  an  example  of  this,  since  the  squares 
of  the  differences  are  symmetrical  functions  of  the  root*. 
The  coefficients  of  this  equation  may  easily  be  deter- 
mined on  the  principles  established  in  the  present  sec- 
tion. 

(375.)  We  shall  now  apply  the  properties  of  sym- 
metrical functions  to  the  solution  of  the  following  im- 
portant analytical  problem  : 44  To  determine  the  degree 
of  the  final  equation  resulting  from  the  elimination  of 
one  of  the  unknown  quantities  by  two  equations  of 
the  m'*  and  nrt  degrees,  including  two  uuknown  quan- 
tities.” 

A general  equation  of  the  in**  degree  between  two 
unknown  quantities  in  which  the  sum  of  the  exponents  of 
the  unknown  quantity  in  that  term  in  which  it  is  highest 
is  equal  to  m.  Such  an  equation  should  include  terms 
containing  every  combination  of  powers  of  the  unknown 
quantities,  the  sum  of  whose  exponents  does  not  ex- 
ceed m.  Hence  if  it  be  arranged  according  to  the 
dimensions  of  a*,  and  the  coefficients  be  A0,  A„  A,,&c. 
A,x"  + A, a"-1  + ••••  A._,.*-f  A„  = 0 

b.^  + b,  «■-»  + n,  «,-»  + ..• 

B^V-f  + o.—  'f 

Br  fl-  + B1.«i-‘  + Br  ■ 


the  several  coefficients  the  first  excepted,  will  be  inte-  Sjrcaowtn- 
gral  and  rational  functions  of  y ; but  they  must  be  such  C*1  Kuoc- 
tlial  their  dimensions  when  combined  with  the  power 
of  x will  not  exceed  w.  The  first  coefficient  must,  g muTto” 
therefore,  he  independent  of  x and  y,  atid  therefore  v r y 
a known  quantity ; and  the  forme  of  the  successive 
coefficients  must  be  respectively 


A, ay  + b 

A, ay*  + by  + c 

At ay*  + by*  + cy  + c 

&c.  &c. 

A._, ay-'*  +6  |T'*  ....  / 

A, <iym  + by—'  + . . . k y + l 


Now  let  the  two  given  equations  be  arranged  accord- 
ing to  the  powers  of  x,  and  let  the  coefficients  be  under 
stood  to  be  functions  of  y,  such  as  those  just  described, 
and  let  the  equations  be 

A, r-  +A1x~*  + A^-'-h  ....  A..,.x-fA.  = 0 

B. y-f-B.X—'-f-B.x— *-f B_,.*+B*  = 0 

Let  their  first  members  be  called  A and  B. 

Let  the  former  equation  be  imagined  to  be  solved,  as 
if  y was  a known  quantity,  and  let  the  roots  be  a,,  or 
ar  &c.  These  will  be  respectively  functions  of  y.  If 
any  one  of  these  functions  be  substituted  for  x in  A =:  0, 
it  will  convert  the  equation  into  an  identity,  and  it  will 
be  true  for  every  value  whatever  of  y.  This  will  not, 
however,  be  the  case  if  any  of  the  same  values  be  sub- 
stituted in  B =r  0.  By  successively  substituting  the 
functions  tr,,  av  ov  ...  . for  x in  B es  0.  the  first  mem- 
ber becomes 


+ B..,.«I  + B. 


[l] 


&c. 


&c. 


Since  B,.  B|t  Bt, . . . . are  rational  functions  of  y,  and 
0|  arat.  ...  . are  in  general  irrational  functions  of  y, 
it  follows,  that  those  polynomes  arc  in  general  irra- 
tional functions  of  y.  We  shall  now  prove  that  any 
value  of  y which  renders  any  one  of  these  polynomes 
= 0,  will,  in  combination  vrith  the  corresponding  value 
of  .r,  satisfy  the  proposed  equations  A = 0,  B ==  0. 
Since  any  of  the  functions  a,,  (La,,....  will  satisfy 
A = 0 independently  of  y,  they  will  also  satisfy  it  when 
y has  such  a value  as  renders  one  of  the  above  poly- 
nomes = 0.  Let  this  value  be  y*.  Now  let  y'  be  a 
value  which  renders  the  first  of  the  polynomes  = 0. 
Let  y'be  substituted  for  y in  the  function  a, , and  let 
the  corresponding  value  of  a,  be  / . It  follows  then, 
that  y'  y are  a system  of  values  of  y and  x which 
satisfy  the  equation  A = 0.  But  they  also  satisfy  the 
equation  B = 0.  For  since  y'  renders  the  first  of  the 
above  polynomes  = 0,  and  this  polvnomc  is,  in  fact, 
the  first  member  of  B = 0,  at  being  substituted  for  x , 
it  follows,  that  if  y and  x1  he  substituted  for  y and  x in 
the  first  member  of  B = 0,  it  will  become  an  identiiy. 
Hence,  in  general,  yfxf  is  a system  of  values  of  y and  x, 
which  satisfies  both  of  the  given  equations. 

It  is  easy  to  perceive,  also,  that  every  value  of  y, 
which,  in  combination  with  a value  of  x,  will  satisfy 
both  of  the  given  equations,  must  render  one  of  the 
preceding  polynomes  = 0.  For  the  value  of  r which 
in  conjunction  with  that  of  y satisfies  the  equations, 


must  be  one  of  the  function*  a,,  ar  a,,  ...  the  value 
of  y being  substituted  for  it  ; and  hence  it  is  evident, 
that  the  corresponding  polynont*  becomes  an  identity. 

. Hence  we  may  infer,  that  the  equation  whose  first 
member  is  the  product  of  all  the  polynomes  £1],  must 
contain  among  its  roots  all  the  values  of  y,  which  can 
satisfy  both  the  equations  A = 0,  B = 0.  If  these 
several  polynomes  be  expressed  by  A(>\  A(,\  A<*\  &c. 
the  equation  which  thus  gives  the  values  of  y inde- 
pendently of  x is 

A(,) . A(*> . A(^ A("J  = 0.  [2] 

The  first  member  of  this  cquution  is  evidently  a sym- 
metrical function  of  the  roots  a,,  ar  at, for  if 

any  one  of  the  roots  be  changed  into  any  other  in  it,  no 
other  change  will  be  produced  than  a change  in  the 
order  of  its  factors. 

Now  as  every  symmetrical  function  of  the  roots  can 
be  determined  by  the  principles  established  in  this  sec- 
tion, the  present  one  may  also  be  obtained;  and  hence 
an  equation  will  be  established  in  which  the  unknown 
quantity  y alone  will  appear,  x being  eliminated ; 
which  is,  in  effect,  a new  process  of  elimination. 

We  shall  not  here  go  through  the  process  for  deter- 
mining the  form  of  the  function  in  the  first  member  of 
[2] ; our  present  object  is  merely  to  determine  the 
degree  of  the  final  equation  [2]. 

The  object  then  is  to  determine  the  highest  diraen- 
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Algebra,  sion  of y which  is  found  among  its  terms.  Let  L a*, 
L'  af,  IJ'af0,  &c.  be  any  terms  of  each  of  the  poly- 
nomes  of  [1].  The  continued  product  of  these  will  he 
a term  of  the  first  member  of  [2]  when  developed,  and 
this  term  is  therefore 

L . L7 . L*  . , . * . . X a/  a/  a*  ... . 

Now  as  products  of  the  same  combination  of  letters  will 
be  permuted  iii  every  possible  way  in  the  first  member 
. of  [2],  it  follows,  that 

L.  L7.  L" x S («'.<*/.«/'. . . . ) 

will  necessarily  be  a part  of  this  first  member.  The 
question  then  is,  to  find  whut  is  the  highest  power  of  y 
which  can  enter  such  a function  as  this. 

The  quantities  L,  L',  L",  ....  being  coefficients  of 
the  equation  B = 0,  the  highest  dimension  of  y which 
enters  any  one  of  them  is  such  that,  when  added  to  the 
exponent  of  the  power  of  x which  it  multiplies,  it  will 
give  a sum  equal  to  n.  If  then  p be  the  exponent  of  x, 
n — p will  be  the  highest  corresponding  exponent  of  y, 
in  each  of  the  quantities  L,  L\  I/,  ....  and  as  the 
number  of  these  quantities  is  that  of  the  roots  of  A = 0 
or  m,  the  highest  exponent  of  y in  the  product 
LL'L’’ is  m («  — p). 

To  determine  the  highest  exponent  of  y in  the  func- 
tion 8 (af.  a / ) we  must  refor  to  the  values  of 

S (a),  S (a«),  S («*)  ....  established  in  (369).  From 
these,  and  from  the  forms  of  the  coefficients  of  A = 0, 
and  li  = 0,  it  appears  that  the  dimensions  of  y in  the 
functions  S (a),  S (a-),  8 (a*)  ....  are  the  1st,  2d, 
3d,  &c.  Hence,  it  follows,  that  the  dimensions  of  y 
in  S (a*,  af.  of  . . . . ) are  p -j-| / -f p* ....  But  p, 
p',p*, ....  being  the  exponents  of  x in  B zz  0,  they  must 
be  such,  that  w hen  added  to  the  highest  exponent  of  y 
in  LL'L". . . . the  sum  will  not  exceed  n.  If  this  ex- 
ponent be  I,  the  highest  value  of  p will  be  n — l ; and 
since  the  number  of  tbrse  which  are  contained  as  factors 
in  the  product  S (a*  af  of* . . . . ) is  m,  the  highest 
dimensions  of  y is  m(n  — /).  This  added  to  the 
dimensions  m(n  — p)  in  L L'L*.  . will  give  the  highest 
dimensions  of  y iu  [2]  m (2  n — p — /),  but  p + / = if, 
the  highest  degree  of  y in  [2]  it  m n. 


SECTION  XXXIV. 

Numerical  Equation* — limits  of  the  Root*. 

(376.)  The  various  properties  of  the  roots  of  equa- 
tions established  in  the  preceding  sectious  arc  appli- 
cable to  all  equations  whatever,  whether  their  coefficients 
be  literal  or  numeral,  that  is,  whether  the  equations  be 
algebraic  or  numerical.  The  solution  of  the  problem 
to  determine  the  roots  of  a general  algebraic  equation 
of  a degree  higher  than  the  fourth  has  never  yet  been 
effected.  And  even  in  the  cases  in  which  some  ana- 
lysts have  succeeded  in  discovering  the  formula  for  the 
roots,  the  results  are  always  complicated,  and  frequently 
inapplicable  in  practice.  The  species  of  equations 
which,  however,  most  frequently  occur  in  philosophical 
investigations  are  numerical , and  although  we  may  be 
unable  to  assign  the  general  forms  of  the  roots,  yet  wc 
can  always  determine  their  values  where  the  numerical 
values  of  the  coefficients  are  known.  In  the  present 


and  succeeding,  sections,  we  propose  to  dcvelope  the  limit*  of 
methods  of  finding  the  mots  of  numerical  equations.  Raouot 

Let  the  first  member  of  a numerical  equation  of  the 
m,%  degree  be  expressed  as  before,  thus  v B ^ 

*•  + A,*?1-*  + A,  + A. 

the  letters  used  here  to  represent  the  several  coefficients 
are  to  be  understood  as  expressing  particular  number*. 

Any  number  whatever  being  substituted  for  x,  let 
the  value  of  this  polynomc  corresponding  to  that  num- 
ber be  y ,*  hence  wc  have 

y = A,. + *»-•+..  A^,.*+A.,  HI 

the  roots  of  the  proposed  equation  are  those  numbers 
which  being  substituted  for  x will  render  y = 0.  In 
general,  a particular  value  being  substituted  for  x must 
render  y either  > 0,  = 0,  or  < 0.  Let  two  particular 
values  x1,  x"  be  substituted  for  .r,  and  let  Uie  cor- 
responding values  of  y be  y\  y\  These  values  y7 , y,/ 
must  cither  have  different  signs  or  the  same  sign. 

(377.)  I . Iff  and  y 7 hare  different  sign*.  there  i*  at 
least  one  real  root  included  between  the  number s x'  and 
x",  and,  in  general,  there  may  be  an  odd  number  of  real 
root*  between  them. 

(By  the  numbers  included  between  two  given  num- 
bers, is  meant  numbers  greater  than  the  lesser,  and  less 
than  the  greater.  It  is  necessary,  however,  to  attend 
to  the  effect  of  their  signs  { 18H)  ). 

Let  y7  l>e  negative,  and  positive.  Let  X be  the 
sum  of  the  positive  terms  in  the  value  of  y,  and  X'  the 
sum  of  the  negative  terms,  so  that  wc  have 
y = X - X#. 

Since  X and  X'  each  consist  of  integral  powers  of  x 
with  positive  numerical  coefficients,  it  is  evident  that  if 
we  suppose  the  value  of  x continually  to  increase  from 
x?  to  xf\  each  of  the  quantities  X and  X*  must  also 
continually  increase.  But  when  x — xf,  y = y1  < 0, 

•.*  X < X',  and  when x = x\  y =s  y*  > 0.  Hence,  as 
x continually  increases  from  x7  to  x7',  X and  X.'  both  in- 
crease ; but  X increases  more  rapidly  than  X',  since  it  is 
in  the  first  instance  less  than  Xr,  and  afterwards  sur- 
passes it.  As  the  increase  is  continual,  it  follows,  that 
before  X surpasses  X'  it  must  become  equal  to  it,  and 
when  it  does,  X—  Xr  = 0,  *.*  y = 0,  and  the  value  of  x 
which  corresponds  to  this  state  is  a real  root.  Hence 
there  is  one  real  root  at  least  between  xf  and  xf*. 

But  it  may  happen,  that  between  the  values  of  X 
and  X7  which  correspond  to  x*  x",  the  value  of  X first 
increases  so  as  to  exceed  X',  then  the  rate  of  increase 
of  X becoming  slower  than  that  of  X',  the  latter  may 
again  surpass  X,  Bo  that  X X'  again  becomes  nega- 
tive, and,  finally,  X may  again  increase  more  rapidly 
than  X7,  and  become  greater  than  Xf  before  x becomes 
equal  to  x".  In  this  case,  while  x is  increasing  gra- 
dually in  value  from  xf  to  x**,  X first  increases  from 
being  < X to  be  > X',  then  X'  increases  from  being 
< X to  be  > X,  and,  finally,  X again  increases  so  as 
to  be  > Xr,  X must  be  equal  to  X'  in  three  case* ; and, 
therefore,  there  will  be  three  real  roots  between  s' 
and  xf*. 

By  generalizing  this  reasoning,  it  appears,  that  the 
rates  of  Increase  of  X and  X'  may  alternately  exceed 
each  other,  while  x is  increasing  from  xf  to  xff.  But  that 
by  these  changes  X and  X7  mutt  be  equal  at  least  once, 
and  may  be  equal  an  odd  number  of  times.  From  whence 
it  follows,  that  between  a f xf*  there  must  be  one  real 
root,  and  may  be  any  odd  number  of  real  roots, 


■_v* 


— Digitized  by  Google 


602 


ALGEBRA. 


Algtbn.  This  reasoning  is  applicable  when  either  or  both  of 
the  values  x/  & is  negative,  oud  when  either  of  them 
= 0. 

(378.)  2.  IfY  and  y"  have  the  same  sign,  there  are 
either  no  real  roots  or  an  even  number  of  them  between 
x'  and  x*. 

As  before,  X and  X'  increase  continually  by  the  con- 
tinual increase  of  x.  If  the  common  sign  of  y'  and  y" 
be  +,  X is  greater  than  X'  at  the  two  limiting  values 
corresponding  to  x'  and  x'7,  and  may,  therefore,  be 
greater  than  it  for  all  intermediate  values.  If  the  com- 
mon sign  of  y'  and  y"  be  — , X is  less  than  X'  for  both 
the  limiting  values,  and  may,  therefore,  be  less  than  it 
for  all  intermediate  values.  Ill  both  cases,  therefore, 
there  may  be  no  real  root  between  the  limits  jf  and  x", 
since  it  is  not  necessary  that  X should  = X7. 

But  it  may  so  happen  that  the  rates  of  increase  ofX  and 
X'  may  so  change  between  the  limits,  that  each  will  alter- 
nately surpass  die  other,  and  in  every  such  change  they 
must  become  equal.  Now,  since  at  the  limiting  values 
X and  X'  are  similarly  related  to  one  another,  it  is 
plain  that  if  there  be  any  changes  of  relation  as  to 
magnitude,  there  must  be  an  even  number ; for  other- 
wise the  result  of  the  whole  would  change  their  rela- 
tive magnitudes  contrary  to  hypothesis.  Hence,  it 
follows,  that  between  the  limits  x'  and  s'1  there  must 
be  an  even  number  of  real  roots,  or  none. 

(379.)  A value  may  alway*  be  assigned  to  % in  the 
second  member  of  [l],  such  that  y > 0,  and  so  that  ail 
values  greater  than  the.  assigned  value  will  also  render 

y >°. 

Let  the  equality,  [l]  be  expressed  in  the  form 

y = ^l  + A.+  A+A....^+^_) 

A value  may  be  assigned  to  -r  such  as  will  render  each 
of  the  terms  within  the  parenthesis  except  the  first, 
less  than  any  assigned  value ; and  therefore  such  a 
value  maybe  given  to  x us  will  render  the  sum  of  these 
terms  <1.  It  is  evident  that  one  such  value  being 
found,  every  greater  value  of  x will  render  the  suin  of 
these  terms  still  less  than  1 . Hence,  this  value  of  x, 
and  all  greater  values,  will  render  the  parenthesis 
positive ; and  since  x*  is  positive,  y will  be  necessarily 
positive. 

Hence,  it  is  evident,  that  no  root  of  the  equation  can 
be  greater  than  such  a value  of  x. 

(880.)  To  determine  a number,  which,  being  substi- 
tuted for  x,  will  render  the  first  member  of  an  er/nation 
positive,  and  such  that  all  greater  numbers  will  also 
render  it  positive. 

The  number  sought  must  be  such  as  will  render  the 
first  term  x*  greater  than  the  algehraical  sum  of  all  the 
succeeding  terms.  Let  S be  this  algebraical  sum,  and 
let  S'  be  the  arithmetical  sum,  and  let  K be  the  greatest 
numerical  coefficient.  It  is  plain  that  S'  is  generally 
greater,  und  cannot  be  less  than  8 v if  x7*  > S'  we 
must  also  have  sT  > S.  Also  it  is  plain  that  S'  cannot 
be  greater  than 

K (x^-‘  + + x— * x + 1). 

Since  K is,  by  hypothesis,  the  greatest  coefficient  in  S', 
and  the  several  terms  are  affected  by  the  same  powers 
of  x.  The  problem  will  then  be  solved  by  any  value 
of  x which  satisfies  the  condition 

x-  > K (j f-»  + x-  •+  x + 1). 


But  the  quantity  within  the  parenthesis  is  a geometrical  Eipooeo- 
whose  first  term  is  1,  the  common  multiplier  x,  *'*> 

— - * Equation*. 


and  the  number  of  terms  m. 

. . x*  - 1 


X - 1 


Hence  the  sum  of  the 
by  which  the  above  inequality 


becomes 


x">K. 


- 1 


V jr+l  — X**  > K x"  — K, 

V x*+‘  > (I  + 1)  r*  - K, 

V x > (K  + 1)  - -i. 

a condition  which  will  evidently  be  fulfilled  if  x = K 
+ 1.  Hence  we  may  infer  that  the  greatest  coefficient 
in  the  equation,  taken  with  a positive  sign,  and  in- 
creased by  unity,  is  greater  than  the  greatest  root  of 
the  equation. 

In  obtaining  this  superior  limit  we  have  taken  an 
extreme  case,  seil.  that  in  which  all  the  terms  of  the 
equation,  except  the  first,  are  negative.  This  seldom 
happens,  and  therefore  the  limit  thus  obtained  is,  in 
general,  too  wide.  To  obtain  a nearer  limit,  let  the 
exponent  of  the  highest  power  of  x,  which  has  a nega- 
tive coefficient,  be  m — n.  Let  S he  the  algebraical 
sum  of  this  and  oil  the  succeeding  terms.  It  is  evident 
that  any  value  of  x which  renders  x"  > 8 will  be  a 
superior  limit  Let  8'  be  the  arithmetical  sum  of  the 
terms  of  8.  As  before.  S'  is  generally  greater  and 
cannot  be  less  than  8.  Let  K be  the  greatest  nume- 
rical coefficient  of  8 ; as  before,  8 cannot  be  greater 
than 

X (j T-  + x’"— 1 + x + 1). 

Hence  the  value  of  x will  be  a superior  limit,  if  it  fulfil 
the  condition 

x^  > K (x—  + x"— * + x«  + x+  1). 


The  sum  within  the  parenthesis  is 
the  condition  becomes 


x — 1 


Hence 


‘>K. 


x«-«+l  — 1 

X — 1 


•X->  > 


Hence  it  follows  that  the  condition  will  be  fulfilled  by 
the  value  of  x determined  by 

K x— +‘ 

^-rrr- 

K 

x— f 
V x-“*  (x  - 1)  > K. 

Let  x — 1 = p,  v x = p + 1.  v 

(P  + 1)“'*  • p > K. 

This  inequality  is  evidently  satisfied  by  = K,  for 

0>+  1 r-'P>  p'’'P=Vm- 


Hence 


x — 1 = K “ , 


x = K + 1. 


Hence  we  infer,  that  “ that  root  of  the  greatest  nu- 
merical coefficient  whose  exponent  is  the  number  of 
terms  preceding  the  first  negative  term  increased  by 
unity,  is  a major  limit  of  the  roots  of  the  equation.*’ 

If  all  the  terms  of  the  equation,  except  the  first,  be 
negative,  this  limit  is  equivalent  to  the  former  one. 


Digitized  b^Google 


ALGEBRA. 


603 


Aifebra.  (381.)  The  limit*  just  determined  are  major  limits 
v— of  the  positive  roots.  It  remains  to  determine  their 
minor  limits,  and  also  the  major  and  minor  limits  of 
the  negative  roots. 

If  the  equation  be  transformed  by  the  substitution 
x ■xz  — and  the  new  equation  cleared  of  fractions,  it 

y 

will  be  one  whose  greatest  positive  root  is  the  least 
positive  root  of  the  former ; since  the  roots  of  the  two 
equations  are  reciprocals.  The  coefficients  in  the  two 
equations  will  also  be  the  same,  but  occurring  in  an 
opposite  order.  Hence  the  major  limit  of  the  roots  in 
the  transformed  equation  is  the  minor  limit  of  the  positive 
roots  in  the  original  equation. 

(383.)  To  determine  the  major  limit  of  the  negative 
roots,  let  x in  the  proposed  equation  be  changed  into 
— y t and  the  positive  roots  of  the  transformed  equation 
are  equal  to  the  negative  roots  of  the  original  equation. 
Hence  the  major  limit  of  the  positive  roots  of  the  trans- 
formed equation  is  the  major  limit  of  the  negative  roots 
of  the  original  equation. 

(383.)  To  determine  the  minor  limit  of  the  negative 
roots,  let — be  substituted  for  x,  and  the  major 

y 

limit  of  the  positive  roots  of  the  transformed  equation 
will  be  the  minor  limit  of  the  negative  roots  of  the  given 
equation. 

Hence  it  appears  that  the  method  of  determining  the 
major  limit  of  the  positive  roots  being  known,  the  other 
limits  may  be  found. 

Examples.  Determine  the  major  limits  of  the  positive 
roots  of  the  following  equations : 

x*  — b x*  + 87  x»  — 3 x + 39  = 0, 

■ViT+  1 =5  + 1 eS; 

+ 7 x*  — 12  x*  — 49  jr«  + 52  i — IS  = 0, 

= V49  + 1 =8; 

*•  + III* - 25 ,-  87  = 0, 

= ’•^67  +1  = 6; 

• Si1  - 2**—  11  * + 4 =0. 

= T+i”5- 

(364.)  In  particular  cases  it  happens  that  transfor- 
mations present  themselves  which  expedite  the  process 
and  give  nearer  limit*  than  the  general  method. 

If  the  first  member  of  the  equation  be  such  aa  can 
be  resolved  into  a series  of  products,  one  factor  of  each 
being  a monome,  and  the  other  a binome,  whose  second 
term  is  a particular  number  and  negative.  Such  is  the 
second  of  the  preceding  examples,  which  may  be  written 
thus, 

^•(^-49)  + 7^,  - ^)+  52 - -J-)  = ° 

A limit  will  here  be  obtained  by  finding  a value  of  x, 
which  will  render  all  the  binome  factors  positive.  Such 
is  x = * v'49.  Hence  4 is  a limit  nearer  than  8. 

(365.)  There  U another  method  of  findiug  limit*  to 
the  roots  of  equations,  the  discovery  of  which  is  due  to 
Newton.  Let  jp'  + u be  substituted  for  x,  and  the 
transformed  equation  will  become  (334) 


X'#+  X, . + x; . 


(2) 


+ X ' . — 
• <#> 


: 0. 


Let  such  a value  be  assigned  to  J as  will  render  the  Ro01* 
several  polynomes  X\ , X', , X',  . . . . positive,  and  this  ** 
value  will  be  a major  limit  of  the  positive  roots.  For  Equation*, 
in  that  case  the  transformed  equation  cannot  have  any  y^-^— 1,  . 
positive  root,  since  a polynome,  all  whose  terms  are 
positive,  cannot  = 0.  lienee  the  real  values  of  u 
must  be  essentially  negative.  Butxsz  x 7 + w,  V s?  =s 
Since  u is  essentially  negative,  — u is  essentially 
positive,  v x — v > x,  v x5>  x.  Hence  x'  is  a major 
limit. 

(386.)  If  all  the  terms  of  an  equation  be  positive,  it 
cannot  have  a real  positive  root,  for  the  sum  of  any 
number  of  positive  monome*  cannot  = 0.  For  a 
similar  reason,  if  the  terms  be  alternately  positive  and 
negative,  it  cannot  have  a real  negative  root;  for  in 
this  case  if  the  degree  of  the  equation  were  even,  all  the 
terms  of  the  first  member  would  be  positive  monomes ; 
and  if  the  degree  were  odd,  all  the  terms  would  be 
negative  monomes.  In  the  one  case,  the  first  member 
would  be  the  sum  of  several  positive  monomes,  and  in 
the  other,  it  would  be  the  sum  of  several  negative 
monomes.  In  neither  case  could  it  be  = 0. 


SECTION  XXXV. 

On  the  Real  Roots  of  Numerical  Equations. 

(387.)  Every  equation  whose  degree  is  characterised 
by  an  odd  number,  and  whose,  coefficients  art  real,  has 
at  least  one  real  root*  whose  sign  is  different  from  that 
of  its  last  term. 

If  in  tile  equation 

y=x-  + A,x-*  + A,x— •+....A..,  .r + A, 

we  suppose  x = 0,  we  have  y = A. ; and,  on  the  other 
hand,  a value  may  be  assigned  to  x such  that  sT  will 
be  numerically  greater  than  all  the  succeeding  terms 
together  ; if  such  a value  be  assigned  to  x,  with  a sign 
different  from  that  of  A*,  the  *ign  of  y will  be  different 
from  that  of  Am.  Hence,  then,  for  x=r  0,  the  sign  of  y 
is  the  same  as  that  of  A.,  and  for  the  other  value  of  x 
it  is  different.  Hence  one  real  root  must  be  between 
those  values. 

(388.)  Every  equation  of  an  even  degree  in  which 
the  least  term  is  negative,  and  whose  coefficients  are 
real,  must  have  at  least  two  real  roots  with  different 
signs. 

For  if  x =r  0,  y = — A„ ; and,  on  the  other  hand, 
such  a value  may  be  assigned  to  x as  will  render  x" 
numerically  greater  than  the  sum  of  all  the  succeeding 
terms.  Whether  this  value  of  x be  positive  or  negative, 
xm  will  be  positive,  since  m is  even,  and  therefore  the 
value  of  y will  be  positive.  Hence  it  follows,  that 
between  this  value  of  x,  taken  with  a positive  and 
negative  sign,  and  r = 0,  there  is  in  each  case  a real 
root,  the  one  positive  and  the  other  negative. 

It  is  evident,  that  in  the  former  case  the  real  root 
lies  between  K.  + 1 and  0,  and  that  in  the  latter  case 
the  positive  root  is  comprised  between  K -f-  1 and  l), 
and  the  negative  root  between  — (K  -f-  1)  and  0. 

Hence,  the  principle  assumed  in  (316.)  that  “ every 
equation  has  at  least  one  root,  is  established  for  all 
equations,  except  those  of  an  even  order,  in  which  the 
last  term  Is  positive.” 
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Al««bru.  (399.)  Imaginary  root*  enter  equation*  by  pair*; 

that  is  to  say,  there  must  be  an  even  number  of  them, 
or  none. 

Let  the  first  member  be  divided  by  all  the  simple 
factors  which  correspond  to  the  real  roots;  the  quotient 
must  be  rational,  and  its  coefficients  must  be  real.  Its 
roots  will,  by  hypothesis,  be  all  the  imaginary  roots  of 
the  proposed  equation,  and  no  others.  Its  degree 
must  therefore  be  even,  since  it  can  have  no  real  root 
(399 ;)  and  since  its  degree  is  even,  the  number  of  its 
roots  is  even  therefore,  &c. 

Hence,  an  equation  whose  roots  are  all  imaginary 
must  be  of  an  even  degree. 

(390.)  Thr  Jirni  member  of  an  equation  whose  root* 
are  imaginary  wilt  be  positive  whenever  a real  value  is 
ascribed  to  x.  For  if  for  any  such  value  it  were  negative, 
there  will  1*»  another  value  (K  + l)  for  which  it  will  be 
positive,  and  these  values  will  include  between  them  at 
least  one  real  root  contrary  to  the  hypothesis. 

It  is  evident  also,  that  in  such  an  equation  the  last 
term  must  he  positive,  (3S8.) 

. (391.)  If'hrn  the  last  term  of  an  equation  is  positive, 
the  number  of  real  and  positive,  roots  is  even  ; and  when 
the  last  term  is  negative  the  number  is  odd. 

1 . Let  the  last  term  be  positive. 

For  when  j rr  0,  y is  positive  ; and  such  a value  K-f- 1 
may  be  assigned  to  t as  will  render  y positive.  Hence 
there  must  be  an  even  number  of  real  and  positive 
roots  comprised  between  x sr  0 and  x = K -f-  1,  or 
none. 

2.  If  the  last  term  he  negative.  When  x = 0,  y is 
negative  ; and  when  x=  K.-|- 1*  y is  positive.  Hence, 
between  these  limits  there  must  be  an  odd  number  of 
positive  roots. 

A,  I X-+  A,  | y-‘ + A,  1 X"-*  -f 
— a | — A,o  I — A,  o { 


In  the  same  manner  it  is  evident,  that  if  the  number 
of  real  and  positive  roots  be  even,  the  last  term  is 
positive  ; and  if  it  be  odd,  the  last  term  is  negative. 

(392.)  No  equation  can  have  a greater  number  of 
positive  root*  than  there  are  changes  of  sign  among  it* 
successive  terms,  nor  a greater  number  of  negative  root* 
than  there  are  successive  rrjtetilions  of  the  same  sign. 

This  rule,  which  was  first  established  by  Descartes, 
is  know  n by  the  name  of  Descartes  rule  of  signs. 

By  “ changes  of  sign  * and  **  successive  repetitions  of 
the  same  sign/’  is  mount  each  successive  pair  of  terms 
which  have  the  same  sign,  and  each  successive  pair  of 
terms  which  have  diiferent  signs.  The  number  of 
chungcs,  together  with  the  number  of  successive  repe- 
titions, must  be  one  less  than  the  number  of  terms,  and 
therefore  must  be  equal  to  the  exponent  of  the  degree 
of  the  equation.  Thus,  if  the  equation  be 
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jf  -f  A,  j4  - A,x»  — At24+  A4  j*  + A4j*  + A,x— A,=s  0, 


there  are  four  successive  repetitions,  and  three  changes. 

We  shall  establish  the  rule  of  Descartes  by  showing, 
that  for  every  positive  root  which  is  introduced  into  an 
equation  one  additional  change  of  sign  at  least  is  also 
introduced,  and  for  every  negutive  root  which  is  intro- 
duced one  additional  successive  repetition  at  least  is 
also  introduced. 

Let  the  equation  be 


*•  + A,  + A,  i*—  +. . . . A.., . 1+ A.  = 0.  [1] 

To  introduce  into  this  an  additional  positive  root 
(*■+*  a)  it  is  only  necessary  to  multiply  it  by  * — a , and 
the  result  is 


. . . . + A»  , x*  -f~  A.* 

— A.., . a - A„_,  .a  — A. a s 0.  [2] 


This  equation  is  one  degree  higher  than  the  former,  and 
contains  one  ferm  more.  Each  coefficient  is  composed 
of  two  parts,  the  first  part  being  the  coefficient  of  the 
term  which  holds  the  same  order  in  the  former  equa- 
tion, and  the  second  part  the  coefficient  of  the  term 
which  precedes  that  in  the  former  equation  multiplied 
by  — a.  Tims,  if  A,.k  be  the  coefficient  of  the  «‘A 
term  of  the  former  equation  (A«_,  — A._t  . a)  will  be 
the  coefficient  of  the  n,k  term  in  the  latter  equation. 

The  signs  of  the  successive  coefficients  of  the  equation 
[2]  depend  in  some  cases  on  the  signs  alone  of  the 
successive  terms  of  [l],  and  in  some  coses  on  the  values 
of  the  coefficients,  and  the  root  a. 

If  the  (n  — l)u  and  n,K  coefficients  of  [l]  have  the 
same  sign,  and  therefore  form  a successive  repetition, 
the  two  parts  A._,  and  A,_t  . a of  the  coefficient  of 
the  na  term  of  [2]  will  necessarily  have  different  signs, 
and  in  this  case  the  sign  of  the  whole  coefficient  will 
depend  on  the  particular  values  of  the  numbers  A«„, , 
A.  f , and  <7. 

But  if  the  (n  l)1*  and  n“  coefficients  of  [1]  have 
different  signs,  then  the  common  sign  of  the  parts  of 
the  coefficient  of  [2]  will  be  that  of  the  n*  coeffi- 
cient of  [1]  ; this  common  sign  will  then  be  the  same 
as  the  sign  of  the  n*  term  of  [2]. 

Thus  it  appears,  that  each  successive  repetition  in  [1] 
gives  a doubtful  sign  in  [2]  ; doubtful  as  fur  as  it  can 
be  determined  by  the  signs  alone  of  [1],  and  each 


change  of  sign  in  [1]  gives  to  the  corresponding  term 
of  [2]  the  sign  of  [1].  There  will  then  be  in  [2]  os 
many  doubtful  signs  as  there  are  successive  repetitions 
in  [1],  and  all  the  other  signs  will  be  the  same  with 
those  of  the  corresponding  terms  in  [2],  The  sign  of 
the  last  term  of  [2]  will  be  evidently  different  from 
that  of  the  last  term  of  [1]. 

Our  object  is  now  to  prove  that  the  number  of 
changes  of  sign  in  [2]  must  be  at  least  one  more  than 
in  [1].  To  establish  this,  let  the  doubtful  signs  be  re- 
placed in  the  manner  least  favourable  to  the  produc- 
tion of  changes,  which  is  to  make  every  doubtful  sign, 
or  succession  of  doubtful  signs,  the  same  as  the  sign 
which  immediately  precedes  or  follows  it.  It  should 
here  be  observed,  that  when  a doubtful  sign  is  imme- 
diately preceded  and  followed  by  determinate  signs, 
these  determinate  signs  must  be  different ; this  neces- 
sarily follows  from  the  consideration  that  determinate 
signs  in  [2]  are  produced  by  changes  in  [1],  and 
doubtful  signs  by  repetitions.  Hence  it  follows,  that 
whether  a doubtful  sign  be  replaced  by  the  preceding 
or  following  sign,  it  must  be  the  means  of  introducing 
at  least  one  change  of  sign  into  [2].  In  the  same 
manner  it  follows,  that  if  several  doubtful  signs  succeed 
each  other  in  [2],  the  signs  which  immediately  precede 
and  follow  the  series  must  be  different ; and  therefore 
whether  the  doubtful  signs  be  replaced  by  tbe  preceding 
or  following  sign,  one  change  at  least  must  be  introduced. 
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Algebra.  Hence  it  follows,  tlut  if  all  the  doubtful  signs  be 
— replaced  by  determinate  signs  in  the  mnmier  just 
described,  there  will  be  the  same  number  of  changes 
and  of  repetitions  in  the  first  m terms  of  [2]  as  there 
are  in  [1],  But  the  ma  and  (m  + l)rA  term  of  [2]  wilt 
necessarily  give  an  additional  change.  For  if  it  be 
immediately  preceded  by  a determinate  sign  the  change 
is  manifest,  since  \m  and  — A,*  a must  have  different 
signs,  and  the  sign  of  A„  must  be  that  of  the  penulti- 
mate term  of  [2],  But  if  the  sign  of  the  penultimate 
term  of  [2]  be  doubtful,  and  that  it  be  replaced  by  the 
sign  which  precedes  it,  the  change  in  the  last  term  is  also 
apparent,  since  the  term  which  precedes  it  must  have  a 
sign  different  from  that  of  the  Inst  term.  If,  on  the  other 
hand,  it  be  replaced  by  the  sign  of  the  last  term,  the 
additional  change  will  fall  upon  the  penultimate  term. 
The  same  reasoning  evidently  applies,  mututis  mutandis, 
to  the  case  in  which  the  penultimate  term  is  the  last  of 
a succession  of  doubtful  signs. 

As  an  example  of  this,  let  the  succession  of  signs  in 
[l]be 

4*  -f  4 1 h h 

Let  the  doubtful  sign  be  expressed  by  , and  the  suc- 
cession of  signs  in  [2]  will  be 

+ »»  “i  + — 

Now  if  each  doubtful  or  succession  of  doubtful  signs 
be  replaced  by  the  sign  which  precedes  it,  we  shall 
have 

+ + + --  + - + 4*  -• 

In  this  case  the  signs  are  the  same  as  in  the  first,  as  far 
as  tiic  penultimate.  Between  that  and  the  last  is  a 
change. 

If  the  doubtful  places  were  filled  by  the  signs  which 
follow  them,  wc  should  have 

4- 4-4-  -4- -4-4-4--. 

Here  are  seven  changes,  while  there  are  but  six  in  the 
first. 

Since  each  positive  root  which  is  introduced 
necessarily  adds  one  to  the  number  of  changes,  it 
follows  that  there  cannot  be  more  positive  roots  than 
there  are  changes  of  sign  in  the  equation. 

By  reasoning  exactly  similar,  it  is  proved,  that  the 
multiplication  of  [1]  by  the  factor  z -f-  a necessarily 
introduces  at  least  one  repetition  more;  and  that, 
therefore,  the  number  of  negative  roots  cannot  exceed 
the  number  of  repetitions. 

(393.)  Hence  it  follows,  that  if  the  roots  of  the 
equation  be  all  real,  the  number  of  positive  roots  is 
equal  to  the  number  of  changes  of  sign ; and  the  num- 
ber of  negative  roots  is  equal  to  the  number  of  repeti- 
tions of  sign. 

(394.)  If  any  power  of  x which  is  admissible  in  an 
equation  of  the  m,x  degree  be  wanted,  it  may  be  con- 
ceived to  be  supplied  with  a coefficient  which  = 0. 
The  term  in  this  case  may  be  conceived  to  be  affected 
indifferently  with  the  sign  -f  or  - . The  number  of 
real  positive  roots  will  be  determined  by  the  number  of 
repetitions  of  the  same  sign  in  each  case  when  the  roots 
are  all  real.  Now  if  this  number  be  different  when  the 
deficient  term  is  supposed  to  have  the  sign  + from  what 
it  is  when  it  has  the  sign  — , a contradiction  arises 
from  the  supposition  that  all  the  roots  are  real.  In 
such  a case,  therefore,  we  may  infer  the  existence  of 
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imaginary  roots.  But  if  either  sign,  which  may  be  Rsiloaal 
attributed  to  the  deficient  term,  satisfies  the  condition  R*N,U  ot 
established  in  the  preceding  paragraph,  we  cannot  infer 
the  existence  of  imaginary  roots.  nqasfaoas. 

Thus  in  the  equation 

*5  4-  P •*  + q = 0, 

if  the  deficient  term  be  supplied  thus 

**  + 0 . **  + p x -f  q as  0, 

if  the  upper  sign  be  taken,  wc  infer,  that  if  all  the  roots 
be  real  they  must  be  all  positive ; and  if  the  lower 
sign  he  taken,  we  infer,  that  two  must  be  negative  and 
one  positive,  which  is  a contradiction.  Hence  we 
infer,  that  iu  this  case  all  the  roots  of  the  equation 
cannot  be  real ; and  since  only  an  even  number  of 
imaginary  roots  can  occur,  it  follows  that  but  one  can 
be  real. 

But  if  the  equation  be 

■r*  — p x -f-  7 = 0, 

the  deficient  term  being  supplied,  we  have 
x»  ;fc  0 . x*  — p x + 9 =r  0, 

In  this  case,  whichever  sign  be  attributed  to  the  deficient 
term,  the  number  of  repetitions  and  changes  are  the 
same.  Hence  we  cannot  infer  the  existence  of  imagi- 
nary roots. 

Hence,  a test  for  proving  the  existence  of  imaginary 
roots  is  this,  that  the  change  in  the  sign  of  the  defi- 
cient term  should  alter  the  number  of  repetitions  and 
changes. 

(395.)  An  equation  whose  roots  are  ail  real  has  as 
many  positive  roots,  whose  values  are  between  0 and  - {-a, 
as  there  are  repetitions  of  sign  in  the  equation  obtained 
by  substituting  x - a for  x. 

All  the  roots  of  the  proposed  equation  which  are 
between  0 and  -j-  a will  necessarily  be  negative  when 
x — a is  substituted  for  x;  therefore  ns  many  changes  of 
sign  in  the  original  equation  as  are  equal  to  the  number 
of  roots  between  0 and  a will  necessarily  be  changed 
into  repetitions  of  sign  in  the  transformed  equation. 

The  reverse  of  this  may  also  be  easily  established,  scii. 

An  equation  whose  roots  are  all  real  cannot  have  any 
positive  roots  between  0 and  -+•  a,  unless  the  equation 
found  by  substituting  x-  a for  x in  the  proposed  equa- 
tion has  a greater  number  of  repetitions  than  the  pro- 
posed equation. 


SECTION  XXXVI. 

Method  of  Determining  the  Rational  Roots  of  Numerical 
Equations. 

(396.)  The  determination  of  all  rational  roots  may 
be  reduced  to  that  of  integral  roots.  For  we  have 
already  (349)  shown,  that  if  an  equation  have  any 
fractional  coefficients  a transformation  may  be  effected 
which  will  remove  them,  and  give  an  equation  with 
integral  coefficients,  that  of  the  first  term  being  unity. 
Every  rational  root  of  such  an  equation  must  be  an 

integer ; for  let  a fraction  be  substituted  for  x in 
o 

its  first  member,  and  it  beoomes 
4 a 
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am  . <r  , . “ , 

— . + A,.  -prr  + A.  + 


+ A„_) . 


6- 

• + A.  = o. 


Multiply  the  whole  by  ft"”1  and  we  obtain 

— f-  Aj  . amm 1 -f-  A, . a—*  . b -f- 

4-  A*., . a 6-*  + A.  . 6— ‘ = 0. 

The  first  term  of  this  is  a fraction  which  is  irreducible. 
For  since  6 ir  prime  to  a it  is  prime  to  am,  (95  :)  and 
all  the  other  terms  are  integers,  whence  we  should  find 
a fraction  equal  to  an  integer. 

Hence  the  equation  cannot  have  a fractional  root, 
and  therefore  every  rational  root  must  be  integral. 

It  may  be  observed  here,  that  if  all  the  terms  of  an 
equation*  but  one  be  integral,  that  one  must  also  be 
integral. 

(397.)  We  shall  therefore  consider  the  equation  os 
having  only  integral  coefficients,  and  as  having  no 
rational  roots  but  integers.  Let  o be  a root,  and  be 
substituted  in  its  first  member,  and  the  result  divided 
by  a gives 

am~l  4-  A,  A*-*  4"  A,  am~*  4-  . - - » • 

+ A„.,  • + -£=■  = 0. 

Since  A.  » the  continued  product  of  all  the  roots 
with  their  signs  changed,  a is  a factor  of  it,  and  since  fc 

is  an  integral  root  by  hypothesis  is  an  integer. 

Let  it  be  Q, , so  that 


a*"*  4-  A,  «“•*  + A,  4- 


A«.i . a + A,.,  4-  Q,  — 0. 
Let  this  be  divided  by  a,  and  we  obtain 

a""1  -f-  A,  fl"**  4*  A,  am~*  4"  • • 
A..,  • a 4-  A..,  4-  — 


■1±Sl=0. 


Since  oil  the  terms  of  this  but  the  last  are  integers, 
the  last  must  also  be  un  integer,  ami  therefore  a mea- 
sures A..,  4-  Q, . By  the  continuance  of  this  process 
we  obtain  the  following  results, 


A«-,  4-.  Q*.  - 


= Qt , 


A±^  = Q..„ 


a,4-Q— ■ , 


{398.)  lienee,  to  determine  the  integral  roots  it  is 
necessary  to  determine,  in  the  first  instance,  the  integral 


factors  of  the  last  term.  Among  these,  all  the  integral  fUiii'na. 
roots  must  be  found.  To  determine  whether  any  one  R«x*  of 
of  these  be  a root,  it  is  only  necessary  to  substitute  it 
in  the  proposed  equation,  and  if  it  converts  this  into  an 
identity  it  is  a root,  and  otherwise  not.  But  this  pro-  * 
cess  is  generally  tedious,  and  when  the  last  term  con- 
tains several  factors  must  be  repeated  for  each  factor. 

In  the  cases  where  the  factors  are  not  roots,  they  may 
be  determined  not  to  be  so  more  expeditiously  by  the 
several  criterions  which  wc  have  just  established. 

1.  Jjrt  the  last  term  be  divided  by  the  prapoted  factor 
n,  and  let  the  quote  be  added  to  the  preceding  coefficient, 
this  sum  must  be  divisible  by  a. 

2.  Let  this  new  quote  be  added  to  the  coefficient 
of  x*,  and  the  mm  must  be  divisible  by  a,  and  so  on. 

Now  if  any  of  these  sums  be  not  divisible  by  a,  it 
is  sufficient  to  prove  a not  a root,  without  continuing 
the  process  further. 

But  if  upon  continuing  the  process  the  factor  a be 
found  to  measure  each  sum,  and  if  upon  finally  adding 
to  At  the  quote  Q»_,  of  the  preceding  sum,  we  obtain  a 
result  which  is  equal  to  a with  a different  sign,  then  a 
is  a root  of  the  proposed  equation,  and  not  otherwise. 

(399.)  The  practical  process  for  obtaining  the  ra- 
tional roots  of  an  equation  is  then  as  follows : 

1.  If  the  equation  have  any  fractional  coefficients, 
let  the  transformation  in  (349)  be  effected,  and  one 
obtained  which  will  have  integral  coefficients. 

2.  Let  the  integral  factors  of  the  last  term  be 
found. 

3.  Let  such  of  these  factors  as  are  included  within 
the  limits  of  the  positive  and  negative  roots  be  written 
down  in  succession. 

4.  Let  the  last  term  be  divided  by  each  of  these, 
and  let  the  quotes  be  written  under  them  respectively. 

5.  Under  these  quotes  let  the  coefficient  of  x be 
written. 

6.  Let  this  coefficient  be  added  respectively  to  the 
member  immediately  over  it,  aad  let  the  sum  be 
placed  immediately  under  it. 

7.  Let  each  of  these  sums  be  divided  by  the  first 
term  In  each  column,  and  if  the  quote  be  an  integer 
let  it  be  written  under  the  last  term  of  the  column.  If 
not,  the  process  may  be  stopped  in  that  column  in 
which  the  quote  is  fractional  ; and  in  this  w'ay  the 
process  may  be  continued,  until  either  every  column  is 
stopped  by  fractional  quotes,  or  until  some  of  them 
arrive  at  the  coefficient  A,. 

(100.)  We  shall  now  apply  tills  process  to  an 
example.  Let  the  equation  be 

x*  - - 13  j*  + 16  j - 48  = 0. 

The  major  limit  of  the  positive  roots  is  13  4"  1 = 14. 

For  the  last  two  terms  may  be  reduced  to  the  form 
16  (x  — 3).  The  major  limit  of  the  negative  roots 

is  — (1  4-  ^is)  or  —8.  The  divisors  of  48  are  1,  2. 

3,  4,  6,  8,  12.  Neither  1 nor  — 1 will  satisfy  the 
equation,  since  the  last  term  alone  is  greater  than  the 
numerical  sum  of  the  other  coefficients.  Hence  we 
have  the  following  calculation  : 


Digitized  by  Google 


ALGEBRA. 


607 


Algafcr*. 


Value  of  Am 

-48 

— 48 

-48 

-48 

-48 

-48 

-48 

-4ft 

-48 

-48 

Factors  of  A. 

12 

8 

6 

4 

3 

2 

- * 

- 3 

- 4 

- 6 

Values  of  Q, 

- 4 

- 6 

- 9 

-12 

-16 

-24 

+24 

+10 

+ 12 

+ B 

Values  of  A..l 

1C 

10 

16 

16 

16 

16 

16 

16 

16 

16 

A..,  + Q, 

12 

10 

8 

4 

0 

- 8 

40 

32 

23 

24 

Q, 

1 

9 

1 

0 

- 4 

—20 

— 7 

- 4 

A.., 

-13 

-13 

-13 

-13 

— 13 

-13 

-13 

A—  + Q. 

-12 

-12 

-13 

-17 

-33 

9 

-20 

-17 

Q, 

- 1 

- 3 

9 

9 

. 

9 

5 

A, 

- 1 

- I 

9 

9 

9 

9 

- 1 

A.  + Q. 

- 2 

9 

- 4 

9 

9 

9 

9 

4 

, 

Q. 

§ 

9 

• 

— 1 

9 

9 

9 

9 

- 1 

9 

SaIwobI 
Roots  of 
Numerical 
liquations 


1 fence  the  integral  roots  in  this  cn.se  are  -f-  4 and 
— 4.  The  equation  is  therefore  divisible  by  ^x  -J-  4) 
(r  — 4)  = x*  — 16,  which  reduces  it  to 
x«  - x -f-  3 = 0. 

the  roots  of  wliich  are  imaginary. 

(401.)  It  mnv  however  happen,  that  the  equation 
which  is  obtained  by  dividing  the  given  equation  by  the 
simple  factors  corresponding  to  the  roots  found  by  the 
preceding  process,  may  hove  one  or  more  integral 
roots.  It  is  true,  that  the  investigation  already  given 
determines  all  the  different  integral  roots  which  the 
proposed  equation  cati  have  ; but  it  docs  not  indicate 
whether  any  of  these  roots  are  more  than  once  repeated 
iu  the  equation.  If  they  be  so,  it  is  evident  that  they 
will  occur  again  as  roots  of  the  equation  obtained  by 
dividing  the  given  one  by  the  simple  factors.  It  is 
proper,  therefore,  to  submit  this  equation  to  the  same 
process  as  the  first,  in  order  to  detect  the  existence  of 
these  repeated  roots.  If  the  number  of  different  inte- 
gral root*  of  the  first  equation  be  not  great,  the  repeti- 
tion of  them  may  be  detected  at  once  by  dividing  the 
resulting  equation  again  by  the  same  simple  factor. 

Also  it  follow*,  that  the  roots  cannot  be  repeated  if 
they  be  not  factors  of  the  last  term  of  the  new  equation. 

(402.)  When  the  number  of  integral  factors  of  the 
last  term  which  are  included  between  the  limits  of  the 
positive  and  negative  roots  is  considerable,  the  process 
by  which  those  which  are  not  roots  may  be  determined 
may  be  shortened. 

If  a be  a root  the  first  member  is  divisible  by  x — a, 
and  the  quote  gives 

X=(x-a)  (r-  + A'1*»-»  + A'tjr~«  + 


The  forms  of  the  coefficients  A', , A't , Ac.  have  been 
determined  in  (315).  This  equation  must  lie  fulfilled, 
whatever  be  the  value  of  x.  Let  x = 1,  and  the  poly- 
tiome  X becomes  equal  to  the  algebraical  sum  of  its 
coefficients.  The  same  is  true  of  the  polynome  in  the 
second  member.  Hence  we  have 


1 + \ + \ ~h A, 

a = * + A,  -f-  A,  -f  .... 

By  the  forms  of  the  coefficients  A', , A',  . . . . established 
in  (315)  it  appears  that  they  must  all  be  integers. 
Hence  it  follows,  that  the  algebraical  sum  of  the  coeffi- 
cients of  the  proposed  equation  must  be  divisible  by 
1 — a,  if  a be  a root. 


In  like  manner,  if  — I be  substituted  for  x,  we  may 
prove  that  what  the  first  member  becomes  by  this  sub- 
stitution is  divisible  by  — 1 — a.  Hence  the  rule. 
Substitute  successively  -f-  1 and  — 1 for  x in  the  p«>- 
)M>*ed  equation,  and  let  the  numerical  value*  of  the 
results  be  M and  M'. 


1.  Every  positive  factor  of  the  lust  term  which, 
being  diminished  by  1,  does  not  divide  M,  and  every 
negative  factor  which,  being  increased  by  1,  does  not 
divide  M\  must  be  rejected,  not  being  routs. 

2.  Every  negative  factor  whose  numerical  value, 
increased  by  1,  does  not  divide  M,  and  every  positive 
factor  which,  diminished  by  1,  does  not  divide  Mf, 
must  be  rejected,  not  being  roots  of  the  equation. 

(403.)  The  investigation  of  the  real  and  rational 
roots  of  equation  is  equivalent  to  the  investigation  of 
the  real  and  rational  factors  of  the  first  degree  of  their 
first  members.  After  all  the  rational  factors  of  the 
first  degree  have  been  found,  although  the  remaining 
factors  of  the  Jiritf  degrrr  be  not  rational,  yet  when 
combined  in  pairs  they  may  form  rational  factors  of 
the  $econd  degree.  Before  we  conclude  this  section  wc 
shall  therefore  offer  some  remarks  on  factors  of  this  kind. 

Let  any  rational  factor  of  the  second  degree  be  re- 
presented by  x*  px  -f-  and  let  p and  q be  con- 
sidered as  indeterminate  quantities,  whose  values  are 
to  be  ascertained  in  rational  numbers. 

For  this  purpose  let  the  first  member  X of  the  equa- 
tion be  divided  by  x 9 -f-  p x -f-  q,  and  let  the  division 
be  continued  until  a remainder  be  found  which  is  of  a 
lower  degree  than  the  divisor,  and  therefore  of  the 
form  M J-fN.  In  order  that  X should  be  exactly 
divisible  by  x*  -f-  p x -f-  q,  it  is  necessary  that  this  re- 
mainder should  = 0,  independently  of  x ; and,  there- 
fore, that  M = 0 and  N = 0.  But  M and  N are 
quantities  whose  values  depeud  on  the  numerical  coef- 
ficients of  X,  and  the  indetermi nates  p and  q.  These 
latter,  therefore,  must  have  such  values  as  will  fulfil  the 
two  conditions  M = 0 and  N = 0.  In  these  equa- 
tions, therefore,  let  p and  q be  considered  as  unknown 
quantities  ; and  either  of  them  being  eliminated  gives 
a final  equation  including  only  the  other.  Such  roots 
of  this  equation  as  are  rational,  being  substituted  in 
M = 0 or  N = 0,  give  corresponding  values  of  the 
other ; and  such  systems  of  values  as  are  rational 
being  substituted  for  p and  q in  x*  -f-  px  -f-  q,  will  give 
so  many  rational  quadratic  factors  of  the  first  member 
X of  the  proposed  equation. 

Since  the  general  process  here  described  must  give 
every  quadratic  factor,  it  is  evident  that  the  final  equa- 
tion which  determines  the  indeterminate  p or  q,  must 

be  of  the  m ^ *■ — degree,  since  this  is  the  num- 
ber of  different  combinations  of  two  factors.  It  must 
be  apparent,  therefore,  that  this  process  would  be 
attended  with  great  difficulties  in  practice,  and  is 
therefore  rarely  resorted  to. 

4 a 2 
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the  negative  roots  of  this  equation,  if  it  have  any,  must  Real  amt 
be  the  squares  of  the  difference*  of  the  imaginary  Ir*»tioail 
roots.  Let  the  minor  limit  of  the  positive  roots  of 
this  equation  be  found,  and  let  it*  square  root  be  ex- 
traded.  Let  D be  this  root,  or  any  number  less 
than  it. 

If  D > 1,  which  will  be  the  case  if  the  minor  limit 
of  the  positive  roots  of  the  equation  of  differences  be 
greater  than  unity,  it  follows  that  no  two  real  roots  of 
the  proposed  equation  can  be  contained  between  two 
successive  integers,  and,  therefore,  that  if  two  succes- 
sive integers  substituted  for  x give  the  first  member  of 
the  equation  different  signs,  one,  and  but  one,  real  root 
will  be  included  between  them,  and  the  integral  part  of 
this  root  will  be  equal  to  the  lesser  of  the  two  integers 
so  substituted. 

If  two  successive  integers  substituted  for  jr  give  the 
first  member  the  same  sign,  no  real  root  can  be  included 
between  them.  Thus,  in  this  ease,  we  determine  the 
number  of  incommensurable  real  roots,  and  the  integral 
part  of  each. 

If  this  number  be  equal  to  the  exponent  of  the  degree 
of  the  equation,  there  will  be  no  imaginary  roots.  But 
if  it  be  less  than  that  exponent,  there  will  be  a number 
of  imaginary  roots  equal  to  their  difference. 

If  D < 1,  several  real  root*  of  the  proposed  equa- 
tion may  be  intercepted  between  two  successive  integers. 

To  determine  if  this  be  the  case,  let 


SECTION  XXXVII. 

On  the  Determination  of  the  Real  and  Irrational  Root* 
of  Numerical  Equation*. 

(404.)  By  the  methods  established  in  the  preceding 
section,  the  rational  roots  of  an  equation  being  deter- 
mined, its  first  member  may  be  divided  by  the  several 
corresponding  simple  factors,  the  result  will  be  an 
equation  whose  roots  are  severally  either  irrational  or 
imaginary.  We  propose  to  devote  the  present  section 
to  explaining  the  methods  of  determining  the  irrational 
root*,  and  we  shall  accordingly  consider  the  equation  as 
having  been  previously  cleared  of  its  rational  roots. 

The  general  form  for  these  roots  is  not  known,  and 
can  only  be  determined  when  some  genera!  method  for 
the  solution  of  equations  of  the  higher  degree*  shall 
have  been  found.  The  want  of  these  methods,  however, 
ill  no  wise  impede*  the  progress  of  practical  science, 
for  we  can  always  obtain  the  irrutional  roots  with  any 
required  degree  of  approximation,  und  if  we  had  their 
general  forms  we  could  do  no  more. 

The  numerical  value  of  an  irrational  root,  when  re- 
duced to  decimal  expression,  will  in  general  consist  of 
two  parts,  the  integral  part  a which  precede*  the  deci- 
mal point,  and  the  dccimul  part  u which  follows  it. 
To  express  the  decimal  part  u exactly,  would  require  an 
infinite  series  of  decimal  places;  for  if  the  scries  were 
finite,  or  even  periodic,  the  decimal  would  be  equiva- 
lent to  a rational  number.*  All,  therefore,  which  can 
be  done  in  this  case  is  to  determine  a»  many  places  of 
v as  may  be  necessary  to  give  the  requisite  approxima- 
tion, and  this  can  always  be  done. 

We  shall,  however,  first  consider  the  method  of  de- 
termining the  integral  part  a of  (he  root 

(405.)  Let  the  mayor  limit  of  the  positive  roots  be 
+ L,  and  that  of  the  negative  roots  — Lf ; the  more 
narrow  these  limits  arc  determined,  the  more  expedi- 
tious will  be  the  process.  Substitute  for  x in  the  equa- 
tion the  successive  integers  from  0 to  -|-  L with  positive 
signs,  and  from  0 to  — L'  with  negative  sign*.  When 
two  successive  substitutions  give  different  sign*  to  the 
first  member  of  the  equation,  one  at  least,  and  in 
general  an  odd  number  of  real  root*  must  be  com- 
prised between  the  two  successive  integers,  and  the 
lower  of  the  two  integer*  is  evidently  the  integral  part 
a of  the  corresponding  roots.  If  two  successive  sub- 
stitutions give  the  same  sign  to  the  first  member  of  the 
proposed  equation,  there  will  either  be  no  real  root 
comprised  between  the  two  integer*,  or  there  will  be  an 
even  number  of  them.  In  the  latter  case,  the  lower  of 
the  two  integers  will  be  the  integral  part  of  all  the 
intermediate  roots. 

Before,  therefore,  we  can  determine  what  integers 
between  the  limits  -f-  L and  — L'  belong  to  irrational 
roots,  it  will  be  necessary  to  determine  what  number  of 
roots  are  intercepted  between  each  pair  of  successive 
integers. 

We  have  already  determined  an  equation  which  mav 
always  be  deduced  from  the  proposed  equation,  anil  of 
which  the  square*  of  the  differences  of  the  roots  of  the 
proposed  equation  are  the  roots.  Since  the  square  of 
a real  quantity  must  always  be  positive,  it  follows,  that 


0,  0 + D,  l + D.  8 + D (L  - 1)  -f  D, 

0 - D,  - 1 - D,  - 2 - D — (L'  - 1)  - D, 

be  successively  substituted  for  x in  the  first  member  of 
the  supposed  equation.  Any  two  successive  substitu- 
tions which  give  the  first  member  different  signs,  must 
contain  between  them  one,  and  but  one  real  root ; and 
any  two  successive  substitutions  which  give  the  first 
member  the  same  sign,  can  contain  between  them  no 
real  root.  Hence  the  number  of  real  routs  is  exactly 
obtained,  and  the  integer  next  below  each  real  root  is 
known.  This  is  the  integral  part  of  the  root. 

If  the  number  of  real  root*  in  lifts  case  be  equal  to 
the  exponent  of  the  degree  of  the  equatiou,  there  will  be 
no  imaginary  roots  ; but  if  the  number  be  less  than  that 
exponent,  there  will  be  a number  of  imaginary  roots 
equal  to  their  difference. 

In  this  reasoning  we  have  proceeded  on  the  hypo- 
thesis, that  the  equation  has  been  cleared  of  its  equal 
root*.  For  if  there  were  equal  roots  in  the  proposed 
equation,  one  of  the  roots  of  the  equation  of  the  square* 
of  the  difference*  would  be  = 0.  Tims  the  minor  limit 
D would  =r  0,  and  the  process  of  substitution  already 
explained  would  not  be  applicable.  Indeed  it  is  evi- 
dent, that  if  there  were  equal  roots  we  could  not  in  any 
case  infer  that  the  change  of  sign  on  the  substitution  of 
two  consecutive  integer*  inferred  but  one  intermediate 
root,  nor  that  the  identity  of  sign  inferred  none. 

The  equation  may  be  cleared  of  its  equal  roots  by  the 
process  explained  in  Sect.  XXXI. 

(406.)  The  methods  which  we  shall  explain  for  ob- 
taining the  decimal  part  v of  the  root,  require  that  there 
should  not  be  more  than  one  real  root  between  two 
successive  integers.  It  will  be  therefore  necessary  in 
the  case  in  which  D < 1 to  effect  a transformation  on 
the  equation,  such  as  will  render  D > 1.  Let  the  de*- 


* See  Ami  MMinc,  p 459, 


nominator  of  D be  k,  and  lei  x = 


By  this  substi- 
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Algebra.  tution  an  equation  will  be  obtained,  whose  roots  ore  * 
v— times  greater  than  the  roots  of  the  proposed  equation, 
and,  therefore,  whose  differences  are  k times  greater. 
For  if  r,  / be  two  roots  of  the  proposed,  we  have 

✓ =-£  *'=  Y v - J)  * = »’  - jr*. 


Hence  the  least  difference  of  the  roots  of  the  trans- 
formed equation  will  be  k D,  and  aa  k is  the  denomi- 
nator of  D,  k I)  cannot  be  less  than  unity.  Hence,  in 
the  transformed  equation  more  than  one  real  root  can- 
not be  intercepted  between  two  consecutive  integers. 

(407.)  Having  thus  explained  the  methods  of  ascer- 
taining the  total  number  of  irrational  roots,  the  integral 
part  of  each  of  them,  and  of  so  transforming  the 
equation  that  no  two  roots  shall  have  the  same  integral 
part,  we  shall  now  proceed  to  explain  the  methods  of 
determining  the  decimal  part  u,  and  in  so  doing  we 
shall  suppose  that  this  transformation  has  been  previously 
effected. 

(408.)  The  first  method  of  approximation  which  we 
shall  explain  is  that  of  Lagrange. 

Let  X be  the  first  member  of  the  equation,  and  a 
the  integral  part  of  the  root.  Let  a 4~  u be  substituted 
for  x in  X = 0,  and  the  result  arranged  by  the  dimen- 
sions of  u is  of  the  form  established  in  (354.)  If  in 

this  u — — , and  the  result  be  cleared  of  fractions,  it 

y 

becomes  Y = 0,  where  Y expresses  a polynome  of  the 
form  Ay"  -f-  By"*-1  -f-  . . . . whose  coefficients,  how- 
ever, are  those  found  in  (354,)  x being  changed  into  a. 

Since  x s=  a -f  — should  determine  all  the  values 

. y 

of  x when  those  of  y are  known,  and  no  others,  it 
follows  that — must  have  one,  and  but  one,  real  value 

y 

< 1,  and  *,•  y must  have  one,  and  but  one,  real  value 
> 1 ; for  were  it  supposed  that  y had  more  than  one 
real  and  positive  value  > 1,  then  x would  have  more 
Ihan  one  real  value  between  a and  a + 1,  which  is 
contrary  to  hypothesis. 

If  then  the  successive  integers  l,  2,  3,. . ..  be  seve- 
rally substituted  for  y in  Y =r  0,  it  must  happen  that 
some  two  successive  substitutions  will  produce  a change 
of  sign,  and  between  the  two  integers  which  produce 
this  change  of  sign  the  value  of  y must  be  placed. 

Let  these  two  integers  be  6 and  6 4-  1 , and  let  6 -f-  — 

be  substituted  for  y in  Y,  and  let  the  transformed  equa- 
tion be  Y\  This  equation,  as  before,  must  have  one, 
and  but  one,  real  and  positive  root  > 1.  And  the 
integers  c and  c-j-  1,  between  which  it  lies,  will  lie 
determined  os  before. 


Again,  substituting  in  Y'  =r  0,  c -f  -p-  fory',  we  ob- 
tain another  transformed  equation  Y"  = 0,  which,  as 
before,  must  have  one,  and  but  one,  real  aud  positive 
root  > 1.  And  so  the  process  may  be  indefinitely 
continued. 

Hence  we  have 


, = 4 + -!  y'  = C + A 



V*=a+- 


6-f - 


c -f - 


d + - 


«+- 


Ac 


Real  an*] 
Irrational 


Roots  of 
Numerical 
Equations. 


By  continuing  this  fraction  w c may  approximate  inde- 
finitely to  the  value  of  x,  (Sect.  XX.)  It  is  evident,  that 
in  the  process  this  fraction  can  never  terminate,  for  if 
it  did,  the  value  of  x would  be  rational,  which  is  con- 
trary to  hypothesis.  None  of  the  transformed  equa- 
tions Y'  = 0,  Y"  = 0 can  therefore  have  a posi- 

tive and  integral  root. 

If,  however,  the  root  were  not  irrational,  it  might  he 
determined  exactly  by  this  method  ; for  in  that  case 
some  of  the  transformed  equations  would  have  a posi- 
tive and  integral  root,  in  which  case  the  continued  frac- 
tion would  terminate. 

(409.)  There  is  another  method  of  approximation 
proposed  by  Newton,  which  is  more  expeditious  than 
that  of  Lagrange,  which  we  have  just  explained. 

In  the  method  of  Newton  a first  approximation  to 
within  0,1  of  the  value  of  the  root  is  obtained  by  a 
tentative  process.  The  root  being  between  the  integers 
a and  a -f-  1,  lei  a-f-0,5  be  substituted  for  x,  and 
if  this  aud  a give  the  first  member  different  signs, 
the  root  is  between  a and  a + 0,5,  but  if  they  give  it 
the  same  sign,  the  root  is  between  a 4“  0,5  and  a 4-  1. 

Iff  the  root  be  between  a 4-  0,5  and  a -f-  1,  by  sub- 
stituting a 4-  0,6,  a -f-  0,7,  a -j-  0,8,  Ac.  two  results 
will  be  found  with  different  signs,  and  the  root  will, 
therefore,  be  between  these,  and  either  of  them  will 
differ  from  the  root  by  a quantity  less  than  0,1.  But  it 
is  rarely  necessary  to  go  through  all  these  substitutions, 
as  it  most  generally  happens  that  the  first  two  will 
determine  the  root  within  0,1  of  its  exact  value. 

The  root  being  thus  far  determined,  let  the  value 
found  be  X*.  so  that  x = x*  4-  *#,  u being  a quantity 
<0,1.  By  substituting  this  in  the  proposed  equation, 
we  obtain  (354)  ^ 

X'.+X'..  y + x;.^y  + ....  e=U 


X*.  X'.  u*  X',  w 

‘ * ~ X-,  x;  •(*)  x;  (8)  " 

Since  u < 0,1,  «•  < 0,01.  The  terms  of  this 

series  which  succeed  the  first  are,  then,  in  general  much 


less  than  0,01.  If  then  we  assume  u = — 


X', 

' x, ;* 


the 


assumed  value  differs  from  the  true  by  less  than  0,01,  and 
therefore  xt  — — ~ differs  from  the  true  valve  of  x by 

less  than  0,01.  Let  this  value  be  x*  and  let  y = x '* 
4~  m*  In  this  case,  u <0,01.  Substituting,  as  before, 
x"-j-u  for  x in  the  proposed  equation,  we  obtain  a 
result  of  a form  exactly  similar  to  the  last ; and  assuming 

« — — ~\T~*  the  Manned  value  differs  from  the  true  by 

A t 

less  than  0,0001  ; and  in  the  same  manner,  another 
approximation  will  differ  from  the  exact  value  of  x by 
< 0.00000001,  and  so  on. 

To  approximate  to  the  negative  roots,  it  is  only 
necessary  to  change  x into  — x in  the  proposed  equa- 
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Atgrtr*.  lion,  and  treat  them  as  positive  roots.  Thi*  method 
sometimes  fails : see  Lagrange,  on  Numerical  Equa- 
tion*. 

(410.)  After  each  approximation  it  should,  therefore, 
be  determined  whether  the  desired  end  has  been 
attained.  This  may  be  easily  done.  Let  the  approxi- 
mate value  obtained  at  any  stage  of  the  process  be,  for 
example,  3,1858.  Substitute  this  in  the  equation  forx, 
and  if  it  give  the  first  member  a different  sign  from 
that  which  it  receives  from  the  substitution  of  3 for  j, 
the  root  must  be  < 3,1858.  Substitute  then  for  x, 
3,1857  ; and  if  the  result  have  the  same  sign  with  that 
which  proceeds  from  the  substitution  of  3,  the  root  is 
between  the  numbers  3,1857  and  3,1858,  and,  therefore, 
the  requisite  approximation  has  been  obtained  ; but  if 
the  results  of  the  substitutions  of  3,1857  and  3,1858 
had  the  same  sign,  the  requisite  approximation  would 
not  have  been  obtained,  and  it  would  be  necessary  to 
diminish  the  last  digit  of  the  decimal. 

The  same  observations,  mutatis  mutandis,  apply  to 
the  case  where  the  substitution  of  3,1858  and  4 give 
the  first  member  different  signs. 

(411.)  Of  these  two  methods  of  approximation, 
that  of  Lagrange  has  the  advantage  of  giving  u nearer 
degree  of  approximation  at  each  step,  which  Newton's 
may  not ; and  also  Lagrange's  method  extends  to  the 
exact  determination  of  rational  roots.  Newton's  method, 
however,  is  in  general  more  expeditious. 

The  method  of  determining  rational  roots,  explained 
in  Section  XXXVI.,  is  only  applicable  when  the 
coefficients  of  the  equation  arc  rational  numbers. 
Lagrange’s  method  may  be  applied  when  the  coefficients 
are  irrational.  It  is  often  very  advantageous  to  apply 
both  methods  in  the  same  investigation.  Thus  wc  may 
employ  Lagrange’s  method  to  obtain  the  roots  to  w ithin 
0,1  or  0,01  of  their  exact  value,  and  continue  the 
approximation  by  Newton's  method. 

There  arc  also  other  methods,  hut  the  developeinent 
of  them  would  lead  ua  into  details  unsuitable  to  the 
present  Treatise.  See  Lagrange,  Trade  d*  la  Resolu- 
tion dcs  Equations  Numerique* ; NovceUe  Method*  pour 
risottdre  let  Equations  NumCrique*.  by  Budan  ; Theorie 
dcs  Nombrrs,  by  Legendre. 


SECTION  XXXVIII. 

Elimination  apjdicd  to  tiro  Numerical  Equations  between 
tiro  Unknown  Quantities. 

(41*2.)  When  the  conditions  of  any  problem  reduced 
to  an  algebraical  statement  give  two  numerical  equa- 
tions of  any  degrees  between  two  unknown  quantities, 
every  pair  of  particular  numbers  which,  being  substi- 
tuted for  the  unknown  quantities  in  the  equations,  con- 
vert these  equations  into  identities,  are  to  be  considered 
as  a solution  of  the  proposed  problem. 

In  general,  let  the  first  members  of  the  two  equations 
he  A and  B,  and  the  equations  being 
A =0  B = 0. 

Let  x1  and  y'  be  any  particular  numbers  which,  being 
substituted  for  x and  y in  A and  B,  render  the  several 
terms  of  these  polynomes  such  as  will  destroy  each 
other.  Such  a system  of  values  we  shall  call  conjugate 
values  of  x and  y. 


In  order  that  any  particular  number  should  be  a con-  BbxBiatt.on 
jugate  value  of  y,  it  is  necessary  that  when  it  is  substi-  *f>f>bc4 
luted  for  y in  the  proposed  equations,  that  they,  having  Cw-^ 
then  no  unknown  quantity  but  x,  should  have  a common  g, 
root ; for  if  not,  they  would  be  inconsistent.  This 
common  root  will  be  the  value  of  x,  conjugate  to  the 
assumed  value  of  y. 

It  may  so  happen,  that  when  a particular  number  is 
substituted  for  y,  there  will  be  more  common  roots,  or 
several  values  of  x,  which  will  convert  both  equations 
into  identities.  In  this  case  the  same  value  of  y will 
have  several  different  conjugate  valuea  of  x. 

When  a conjugate  value  of  y is  substituted  for  it  in 
the  given  equations,  their  first  members  must  admit  a 
common  divisor  which  is  a function  of  x.  If  this  func- 
tion of  x be  of  the  first  degree,  there  is  but  one  value 
of  x conjugate  to  the  assumed  value  of  y ; if  it  be  of 
the  second  degree  there  are  two,  and,  in  general,  if  it 
l>e  of  the  n,x  degree  there  are  n values  of  x conjugate 
to  the  same  value  of  y. 

If.  however,  on  the  substitution  of  a particular  uum- 
ber  for  y,  the  first  members  of  the  proposed  equations 
admit  of  no  common  measure,  there  will  be  no  corres- 
pi miling  value  of  x,  and  in  this  case  the  assumed  value 
of  y is  not  a conjugate  value. 

(413.)  Elimination,  properly  ao  called,  is  that  process 
by  which,  from  the  two  given  equations  an  equation 
is  deduced,  which  includes  hut  one  of  the  two  unknown 
quantities,  and  whose  roots  are  the  several  conjugate 
values  of  that  unknown  quantity,  and  which  has  no 
root  which  is  not  a conjugate  value.  Such  an  equation 
is  properly  called  the  final  equation. 

The  number  of  roots  in  this  equation  should  be  equal 
to  the  number  of  systems  of  conjugate  values  which  the 
proposed  equations  admit.  If  x be  the  unknown  quan- 
tity which  has  been  eliminated,  the  roots  of  the  final 
equation  should  be  the  several  values  of  y.  The  num- 
ber of  unequal  roots  should,  therefore,  be  the  same  as 
the  number  of  different  conjugate  values  of  y.  But 
wc  hu\e  observed,  that  it  may  so  happen  that  the  same 
conjugate  value  of  y may  have  several  different  conju- 
gate values  of  x.  In  this  case  we  must  consider  the 
several  repetitions  of  the  value  of  y with  the  different 
conjugate  values  of  x to  lie  so  many  different  conjugate 
values  of  y,  which  have  become  equal,  and,  therefore, 
in  this  case  the  value  in  question  should  be  one  of 
several  equal  roots  of  the  final  equation.  Hence,  in 
genera],  the  degree  of  the  final  equation  must  be  equal 
to  the  number  of  different  systems  of  conjugate  values 
of  the  unknown  quantities  in  the  proposed  equations. 

(414.)  We  shall  now  consider  how  far  the  final 
equation,  obtained  by  the  method  founded  on  the  pro- 
cess for  obtaining  the  greatest  common  measure,  fulfils 
these  conditions.  It  is  necessary  to  show:  1.  that 
every  conjugate  value  of  y is  found  among  its  roots  ; 

2.  that  it  has  no  root  whiih  is  not  a conjugate  value 
of  y,  or  if  it  have  it  is  necessary,  3.  to  show  how 
such  roots  may  be  distinguished,  and  how  the  equation 
may  be  disembarrassed  from  them. 

The  first  members  of  the  proposed  equations  being 
arranged  by  the  dimensions  of  x,  let  the  process  for 
determining  the  greatest  common  measure  be  instituted- 
Let  the  multipliers  which  are  successively  introduced, 
in  order  to  render  the  first  terms  of  the  several  dividends 
exact  multiples  of  those  of  the  divisors,  be  a \ 

These  will  be,  in  general,  (unctions  of  y.  Let 

the  successive  quotes  be  Q‘,  Q",  O'" and  the 


Digitized  by  Google 


ALGEBRA. 


611 


Algebra,  remainders  R',  R",  R"*, By  the  nature  of  the 

— -V*'  ptoatm  we  have  the  following;  identities  : 

fl'A  = BQ'-}-R'  [1] 

a"  B = R'  Q"  -f  R''  [2] 

«'".R7:=R".Q"-f-R"'  [3] 


i PK  R(“',J  = R<-»\Q(-> + R«-i  [4] 

By  [1]  it  appears,  that  every  system  of  conjugate 
values  of  x y in  A = 0,  B =r  0,  arc  also  conjugate  in 
B = 0,  R'  = 0. 

By  [2]  it  appears,  that  every  system  which  is  conju- 
gate in  B = 0 and  R'  = 0 is  also  conjugate  in  R'  = 0 
and  RJ<  = 0. 

By  [3]  it  follows,  that  every  system  which  is  conjugate 
in  R'  = U and  R"  = 0,  is  also  conjugate  in  U1'  = 0 and 
R,/7  sr  0,  and  so  on. 

By  tliis  reasoning  we  infer,  that  every  system  of 
values  of  x,  y which  is  conjugate  in  A 22  0,  B 0 is 
also  conjugate  in  R(,-lJ  = 0 and  Rw  = 0. 

Since  R1"1  is  independent  of  x,  all  the  conjugate  values 
of  y in  A = 0,  B = 0 must  be  roots  of  R<-)  = 0. 

But  since  o'  is  in  general  a function  ofy,  it  also  fol- 
lows from  [1]  that  the  conjugate  values  of  r,  y in 
a = 0,  B = 0 arc  also  conjugate  values  in  B = 0, 
R'  = 0,  and,  therefore,  by  what  has  been  already  esta- 
blished are  conjugate  values  iu  0,  R<")  — 0. 

Bui  as  R1*’  is  a function  of  y alone,  it  follows,  that 
every  value  of  y which  is  conjugate  in  R"  = 0, 
R<*>  = o must  be  a root  of  = 0. 

Iu  the  same  manner  it  follows,  that  every  value  of 
y which  is  conjugate  in  o'7  2=  0,  R'  :=  0,  is  a root  of 
R1"1 22  0,  and  in  the  same  way  the  conjugate  values  of 
y in  a,n  — 0,  R7'  = 0,  Ac.  are  roots  of  R1"1  — 0. 

Thus,  in  general,  we  may  conclude,  that  the  conju- 
gate values  of  y iu  the  following  pairs  of  equations  are 
roots  of  Rl"'  = 0: 


A 

=01 

.n  = <n 

t.R'=<n 

t II"  = O'* 

. II'— ‘'=01 

B 

= 0j 

a’--0J 

a”  = 0J 

[o"'  = nj- 

. d-<  =0J 

It  is,  however,  only  those  values  of  y which  are  con- 
jugate in  the  first  pair  which  are  the  proposed  equa- 
tions which  should  be  roots  of  the  true  final  equation. 
As  in  the  succeeding  pairs  there  may  be  conjugate 
values  of  y which  are  not  conjugate  to  the  first  pair,  it 
follows  that  all  such  values  will  be  roots  of  =r  0, 
and  that,  therefore,  before  R(">  = 0 can  represent  the 
true  fiuul  equation,  these  roots  must  lie  determined,  and 
the  cquution  lb'1  cleared  of  them. 

(415.)  It  will  be  remembered,  that  the  functions  a\ 
® nr®  the  multipliers  which  are  succes- 

sively introduced,  in  order  to  render  the  first  terms 
of  the  successive  dividends  A.  B,  R',  . . . . exactly  divi- 
sible . by  the  first  terms  of  the  successive  divisors 
B,  R , R",  . . . . , and,  therefore,  from  the  nature  of  the 
process  it  follows,  that  o',  a",  a'w, ....  must  be  inte- 
gral functions  of  y and  independent  of  x.  On  the 
other  hand,  the  quantities  B,  R4,  R" are  func- 

tions of  y and  r,  and  are  supposed  to  be  arranged 
according  to  the  dimensions  of  x.  To  determine,  there- 
fore, the  conjugate  values  of  x,  y,  in  any  pair  of  the 
equations  already  mentioned,  except  the  first,  it  will  be 
necessary  first  to  determine  the  roots  of  a*"’  = 0,  and 
these  must  be  substituted  for  y in  Rf**d  = The 

coefficients  of  the  powers  of  x in  Rl"“lJ,  being  previous 


to  the  substitution  functions  of  y.  will  nowr  become  nu-  EMouantioa 
me riai I,  and  if  the  component  parts  of  these  coefficients,  »Ppl»d 
or  any  of  them,  be  not  = 0,  the  equation  R(,)  = 0 will 
assume  the  form  Equation.. 

A/  + B'r+C'r,+ = 0, 

where  A'.  B\  C ....  are  particular  numbers.  This 
equation  will  give  particular  numerical  values  for  x, 
and,  therefore,  the  value  of  y thus  substituted  is  con- 
jugate to  = U,  Rc"“,)  = 0,  and  it,  therefore,  a root 
cf  R •>  = 0.  If  Uiis  value  of  y be  not  coujngate  in 
A ss  0,  B = 0,  it  will  be  necessary  to  clear  the  equa- 
tion RW  r=  0 of  it  before  it  can  be  considered  the  true 
fiual  equation.  The  same  may  be  said  of  every  value 
ofy  determined  in  this  wuy,  in  each  pair  of  the  equa- 
tions 

B = 0\  R'=0\  

a = 0 J a"  = 0J  

But  it  may  so  happen,  that  a value  of  y deduced 
from  = 0,  when  substituted  in  Rr“",J  = 0,  or 

A7  -f-  B7  x -f-  C x*  4*  • • • =o, 

may  render  the  coefficients  B',  C7,  D7,  ....  each  = 0, 
in  which  case  the  equation  R1"’1'  = 0 will  not  be  ful- 
filled, whatever  be  the  value  of  r.  In  this  case,  and  in 
this  case  only,  the  value  of  y deduced  from  a mi  = 0 is 
not  a conjugate  value  in  «<•)  = 0,  R<*-i>=0,  and, 
therefore,  not  a root  of  R1"’  = 0. 

It  may  also  happen,  that  a value  of  y deduced  from 
=s  0,  shall  render  all  the  quantities  A7,  B',  C7  . . . . 
x=  0.  In  this  case  Rf*-,)  will  = 0,  whatever  be  the 
value  of  x.  In  this  case,  the  quantity  must  have 

an  integral  function  of  y,  independent  of  r as  a factor, 
and  by  the  principles  which  have  been  already  esta- 
blished respecting  the  process  for  finding  the  greatest 
common  measure  it  follows,  that  this  function  of  y must 
be  a common  factor  of  the  proposed  equations  A = 0, 

B = 0,  so  that  they  become 

A'  X Y = 0 B'xY=0, 

if  Y be  the  common  factor.  Now,  both  of  these  equa- 
tions are  satisfied  by  Y — 0,  independently  of  x.  The 
equations  therefore  are  indeterminate,  since,  although, 
the  values  of  y ore  limited  in  number  by  the  equation 
Y = 0,  the  value  of  x is  absolutely  indeterminate.  To 
render  the  equations  determinate,  it  would  he  neces- 
sary to  disembarrass  them  of  the  common  factor  Y = 0. 

To  distinguish,  therefore,  the  roots  from  which  the 
equation  R<")  is  to  be  cleared,  in  order  to  obtain  the 
true  final  equation,  it  is  necessary  to  determine  suc- 
cessively the  roots  of  the  several  equations  a 7 = 0, 
a 7 = 0,  afft  =r  0,  , . , ; and  to  select  such  of  these  roots 
ns  do  not  render  = 0 the  several  coefficients  of  the 
equations  B = 0,  R7  = 0,  R77^  0t. . . . ; and  such  of 
these  values  as  are  not  conjugate  vatues  ill  A = 0, 

B ==  0,  should  be  cleared  from  Rt*>  =2  0,  and  the  result 
will  be  the  true  fiual  equation. 

In  cases,  however,  where  the  equations  a"  =r  0. 
a77  2=  0,  a777  “ 0,  . . are  of  the  higher  degrees,  the 
determination  of  their  roots  may  be  attended  with  some 
difficulty.  In  this  case  we  cun  have  recourse  to  a pro- 
cess which  will  render  the  determination  of  their  roots 
unnecessary. 

It  should  be  observed,  that  the  roots  of  a*  rr  0 are 
always  conjugate  values  of  y in  o'  = 0,  B 22  0,  except 
in  the  particular  case  in  which  the  value  ofy  deduced 
from  a7  2=  0,  renders  = 0 the  coefficients  of  all  the 
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Algebra,  powers  of  x In  B s 0.  To  determine  whether  this  be 
■— the  case,  it  will  be  only  necessary  to  find  whether  these 
coefficients  severally,  and  a7,  admit  any  function  of  y as 
a common  measure.  If  they  do,  then  the  values  of  y 
found  by  putting  this  function  = 0,  are  not  conjugate 
values,  and  are  not  roots  of  R(,,=  0.  The  equation 
at  = o is  then  to  be  cleared  of  this  function  of  y 
by  division ; and  if  the  quote  be  a function  of  y,  its 
roots  will  necessarily  be  roots  of  Rfa)  = 0,  anti  such  of 
them  as  are  not  conjugate  in  A = 0,  B = 0 must  be 
removed  by  division  from  R{,J  = 0. 

If  it  should  happen  that  the  common  measure  of  all 
the  coefficients  of  the  powers  of  x in  B = O should  be 
also  a measure  of  its  absolute  quantity,  then  the  ori- 
ginal equations  will  be  indeterminate,  for  this  same 
function  of  y will  be  a common  factor  of  them, 

(416.)  The  observations  just  made,  concerning  the 
equations  o'  = 0,  B = 0,  will  equally  apply  to  a"  =.  O, 

R'  = 0,  to  aw  = 0,  R"  = 0, By  these  means, 

the  equation  R**'  = 0 may  be  successively  cleared  of  all 
the  factors,  or  roots,  which  do  not  correspond  to  Con- 
jugate values  of  y in  the  equations  A = 0,  11  — 0. 

If  the  last  remainder  R<aJ  be  an  absolute  quantity 
independent  of  y,  there  is  no  value  of  x which  would 
render  the  two  polynomes  divisible  by  the  same  function 
of  y,  ai  d,  therefore,  there  are  no  conjugate  values  of 
x,  y,  and  the  given  equations  are  inconsistent,  or  con- 
tradictory. 

If  R1"1  s 0,  independently  of  y,  it  follows,  that  the 
value  of  x which  satisfies  the  two  equations  is  inde- 
pendent of  any  value  of  y,  that  is,  the  two  functions  A, 
B are  divisible  by  a common  function  of  x.  Let  this 
be  X.  Both  equations  are  satisfied  by  the  roots  of 
X = 0,  whatever  be  the  value  of  y.  Hence,  in  this 
case,  they  are  indeterminate. 

Before  we  proceed  further  with  this  abstract  reason- 
ing, we  shall  illustrate  it  by  its  application  to  the  follow- 
ing examples. 

Lei 

A = y’x*-3y3x-y«  + 2 
B = (y*  - Sy+2)x*-f-{y-  1)  * - 3 y -f-  l 
The  first  multiplier  o'  is 
a1  = y«  - 3 y -f  2 

R'=  ( — 3y*-^-8y4  — fiy’)  x-f-2y*-f-  2y’—  6y-f-4 
- 8y4  + 8y«-  fry’s  - y»(y  - l)(3y-  5). 
In  this  case  it  is  necessary  to  take 

a"  = y*(y-l)  (3y-h)J 
• . ♦ R"=  R<“>  = 27  y‘*  - 136  y°  -f  2 1 4 y*  — 1 1 2 y7+  65  y* 
— 100 y*  -f-  30 y*  - 24y’ -f- 120y*  - 112y-f  32. 

This  polynome  includes  all  the  conjugate  values  of  y. 
But  before  these  con  be  determined,  it  is  necessary  to 
determine  what  factors  have  been  introduced  by  the 
multipliers  a',  of1.  We  have 
a'  = y«-3y-f2  = (y-l)(y-2) 
R=(y»-3y-f2)-f  (y  - l)x-3y-+  1=0. 

If  o'  = 0,  ' ,*y  = 1,  or  y = 2.  If  y = 1,  B = .—  2. 
Hence  this  root  does  not  enter  R(^=0,  If  y = 2, 
B = x — 5 = 0,  • . • x = 5.  The  value  y = 2 is  not  a 
conjugate  value  in  A = 0,  B — 0;  for  if  2 and  5 be  sub- 
stituted for  y and  x in  A,  we  have  A = 78.  Hence  it  is 
necessary  to  divide  R"  = 0 by  y — 2. 


A .... n 1 5 n . Bilfcituttoo 

If  o'  = 0.  •.•  if  = 0.  or  y = 1.  or  y = But  wlw 

to  two 

y = 0 docs  not  satisfy  R =0,  *.*  y is  not  a factor  of  Nuawncal 
R("\  In  like  manner  y = 1 does  not  satisfy  R'  = 0.  Equation®. 
•,*y  — 1,  as  before,  is  not  a factor  6f  W9K  The  same 

observation  applies  toys  — . Thus  it  appears,  that 

the  only  factor  of  which  R(*}  is  to  be  cleared  is  y — 2. 

Being  divided  by  this  the  quote  becomes. 

27  y”  -82  y8  -f-50yT-  12y*-f  4Iy»  - lSy4  -6y» 

- 36y*  -f-  48y  - 16=  0. 

The  roots  of  this  equation  are  the  conjugate  values  of 
y,  and  the  only  ones  in  A = O,  B = O.  These  roots 
being  determined,  and  successively  substituted  in 
R'  = O,  will  determine  the  conjugate  values  of  x. 

(417.)  It  may  be  observed,  that  in  general  the 
last  remainder  R|a>  being  a function  of  y independent 
of  x,  the  preceding  remainder  is  of  the  form 
Mx-f  N 

where  x occurs  only  in  the  first  degree.  The  values  of 
y being  determined  by  the  equation  R<B|  = O,  and  stic- 
cessively  substituted  for  y in  the  functions  M and  N, 
the  equation 

Mx-f-N  = 0 

will  determine  all  the  conjugate  values  of  x without 
having  recourse  to  the  original  equations  at  all.  In 
fact,  any  value  of  y which  renders  R(,)  = 0 must  ne- 
cessarily render  R1"'*1,  or  Mx-f  N a common  mea- 
sure of  the  first  members  A,  B of  the  proposed 
equations,  which  are  therefore  satisfied  by 
M x -f  N = 0. 

If  any  root  of  R = O renders  N = 0 the  conjugate 
value  of  x = O.  If  it  render  M = O,  x = oe,  and 
if  it  render  both  M = O and  N = O,  it  follows,  that 
since  R'"‘l  = 0 independently  of  x,  the  preceding  re- 
mainder Rf"",)  must  be  a common  measure  of  A end 
B.  Therefore,  if  in  this  remainder  we  substituted  the 
same  value  of  y,  the  roots  of  the  equation  R'"~**  = O 
will  be  the  conjugate  values  of  x.  In  this  case 
R = 0 will  be  an  equation  of  the  second  degree, 
and  there  will  be  two  values  of  x conjugate  to  the  same 
value  of  y, 

(416.)  It  may  happen,  that  the  value  of  y in  ques- 
tion also  renders  R*"""1  as  O independently  of  x.  In 
this  case  the  preceding  remainder  R •~*)  will  be  a com- 
mon measure  of  the  quantities  A,  B,  and  the  conjugate 
values  of  x will  be  the  roots  of  R^  = O.  This  will  be 
an  equation  of  the  third  degree,  and,  therefore,  there 
will  be  three  values  of  x conjugate  to  the  same  value 
of  y.  In  the  same  manner,  R“”«  may  = O inde- 
pendently of  x,  in  w hich  case  R1"-**  = 0 will  give  four 
conjugate  values  of  x,  and  so  on. 

It  is  evident,  that  whenever  for  the  same  value  of  y 
there  are  several  conjugate  values  of  x,  several  suc- 
cessive remainders  must  be  = O independently  of  y ; 
for  otherwise,  fiir  each  value  of  y there  would  be  but 
one  value  of  x determined  by  R^*0  = O,  which  is  always 
of  the  first  degree  in  x. 

(419.)  It  may  be  observed,  that  the  method  of  eli- 
mination by  the  greatest  common  divisor  always  gives 
the  true  final  equation,  when  the  given  equations  do 
not  exceed  the  second  degree.  For,  in  this  case. 
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Aijelw*.  Arra-H-j-ftx-f-cirO, 

— v w B = a'x«-f-  fr'x-f-c'rrO. 

Here  a,  a*  must  be  numerical  coefficients,  for  if  they  in* 
eluded  any  dimension  of  y the  equations  would  exceed 
the  secoud  degree.  These,  being  the  factors  first  in- 
troduced to  render  either  divisible  by  the  other,  cannot 
introduce  any  root  into  the  final  equation. 

The  last  multiplier  a*-*  which  is  introduced  cannot  in 
this  case,  nor  in  any  other,  be  the  means  of  introducing 
a root  into  the  final  equation  ; any  value  of  y deduced 
from  dm 1 = 0 would  render  = 0 the  coefficient  of  x in 
R**~l\  and  would  reduce  this  to  a numerical  quantity 
which  would  not  in  general  = 0. 

TTie  degree  of  the  equation  = 0 may  frequently 
indicate  the  existence  in  it  of  roots  which  are  not  conjugate 
values  of  y.  If  it  exceed  the  product  of  the  numbers 
which  mark  the  degrees  of  the  two  equations  A = 0, 
B = 0,  there  must  be  at  least  as  many  roots  which  are 
not  conjugate  values  as  the  units  by  which  the  degree 
of  R'm)  = 0 exceeds  that  product. 

(420.)  We  cannot,  however,  on  the  contrary  infer, 
that  if  its  degree  be  equal  to  the  product  of  the  degrees 
of  A = 0 and  B = 0,  that  there  are,  therefore,  no  roots 
but  conjugate  valuesofy.  Because,  although  the  highest 
degree  the  final  equation  can  have,  is  the  product  of 
the  degrees  of  the  original  equations,  yet,  in  particular 
cases,  it  may  have  a lower  degree. 


the  sum  of  the  real  terms  be  M,  and  that  of  the  coeffi- 
cients of  v/-  1 in  the  imaginary  terms  N,  the  result 
will  be 


Isikgiaarv 

itf-Us 


M + N SZT\  = o 
VM  = 0 N = 0. 

These  two  equations  will  determine  the  values  of  a 
and  b. 

Ua—b  v/—  1 had  been  substituted  for  x,  the  result 
would  have  been 

M - N = o 
*.*  M = 0 N = 0, 

which  would  give  the  same  values  for  a and  6 as  be- 
fore. Hence,  if  a + b be  a root  of  X = 0, 

a — 6 vT|  will  also  be  a root  of  it, 

(422.)  Before  wc  proceed  to  show  that  every  ima- 
ginary root  must  have  the  form  a + b if—1,  it  will  be 
first  necessary  to  establish  the  principle,  that  every 
algebraic  function  of  a ± b if  - 1 may  be  reduced  to 
the  form  M^N  if  — 1. 

Let  u = a + b if — i 

«,  = a'  + 6*  if~\ 
tT=  a*  + b* 

Ac.  Ac. 


SECTION  XXXIX. 

On  the  Imaginary  Root s of  Equation $. 

(421.)  By  the  principles  which  have  been  already 
established,  we  are  enabled  to  clear  an  equation  of  its 
real  and  rational  roots.  But,  although  we  may  ap- 
proximate at  pleasure  to  the  irrational  roots,  yet  unless 
we  could  obtain  them  exactly,  it  would  be  impossible 
to  clear  the  equation  of  them  by  division.  We  shall, 
therefore,  in  the  present  section  consider  the  equation 
as  having  irrational  and  imaginary  roots,  but  no  ra- 
tional roots.  Our  object  will  be  to  determine  the 
imaginary  roots. 

We  have  already  proved,  that  in  an  equation  with 
real  coefficients  there  must  always  be  either  an  even 
number  of  imaginary  roots  or  none.  We  propose  now 
to  establish  a more  general  theorem  which  includes 
this,  scil.,  Every  imaginary  root  of  an  equation  mud 
be  of  the  form  a + 6^—1,  and  if  a -f-  b v"  — 1 if  an 
imaginary  root  of  any  equation,  a — b ^ — l must  be 
also  an  imaginary  root  of  the  same,  equation,  a and  b 
being  real  quantities. 

Let 

X =*»  + A,  + A,  • + . . . . A.., . x + A.  = 0. 
Let  a + 6 •/  — 1 be  substituted  for  x in  X — 0.  By 
(259)  it  appears,  that  if  (a  -f-  6 be  expanded 

by  the  binomial  theorem,  the  alternate  terms  begin- 
ning with  the  first  will  be  real,  and  alternately  -{- 
and  — , and  the  alternate  terms  beginning  from  the 
second  will  be  affected  with  the  imaginary  factor 
— 1,  and  alternately  -f*  and  — . Observing  this,  it 
is  evident,  that  the  substitution  in  X will  produce 
a series  of  real,  and  a series  of  imaginary,  terms.  Let 

VOL.  V. 


Let  2 («),  2 (a),  2 (&),  signify  the  algebraical  sums  of 
u,  u ....  a,  a',  of  ....  b,  b\  bf . . , , , By  addition 
we  have 


1.  2 («)=  2 (a)  ±2(6).  if-  1 

= M ± N iTT\. 

2,  u uf  =:  (a  a' - b b*)  ± (o' b + a b1)  </^~i 
« u'  = M + N V~, 

3 — = « (g7  ? y */~) 

u‘  u'(°7  Irb'if—  1) 

_ (ad  + bb')  ± (a'  b - ah')  V~\ 

3-  = m±n^-1 
u -*■ 

4.  u"  = (a  ± b if  — 1)"*. 

In  this  case  whether  m be  positive  or  negative,  integral 
or  fractional,  its  developement  may  be  reduced  to  the 
form  M + N v'—l,  by  what  has  been  already  proved. 

(423.)  We  shall  now  show  that  every  imaginary 
root  of  X = 0 can  be  reduced  to  the  form  a + b if  — 1. 

Let  a,,  a*  a, ... . a.  be  the  roots  of  X = 0.  By  Che 
principles  established  in  Section  XXX.  an  equation 
may  be  found,  whose  roots  will  be  functions  of  each 
pair  of  roots  of  X = 0,  of  the  form 


a,  + a,  -f-  i a,  a, 

k being  any  integer  whatever.  Let  this  equation  be 
Z = 0.  It  will,  in  general,  have  as  many  roots  as 
there  are  different  combinations  of  two  roots  among 
the  m roots  of  the  proposed  equation.  This  is 


m (m  — 1) 
1 . 2 


, which  is,  therefore,  the  degree  of  Z = O. 


The  number  m being  by  hypothesis  even  is  divisible 
4 L 
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Alftbrt.  by  2,  and,  in  general,  has  the  form  2"  . m',  m!  being  an 
v>— odd  integer. 


1.  Lie!  n s 1,  1 


■ :=  mf,  and  since  this  is  odd. 


and  also  m — 1 is  odd,  it  follows,  that 


m (m  — 1) 


odd,  and  therefore  Z = 0 most  at  least  hare  one  real 
root.  Let  this  be  k,  and  let 

l”  =■*,  + “,+  *«!  if 

For  each  integral  value  which  is  ascribed  to  k there 
will  be  a different  equation  Z = 0,  and  each  of  these 
equations  will  have  one  real  root,  at  least,  which  must 
be  a function  of  some  pair  of  roots  of  the  proposed 
equation  of  the  form  already  mentioned.  Since  the 
number  of  combinations  of  pairs  is  limited,  it  follows, 
that  after  a certain  number  of  substitutions  for  k,  the 
real  root  of  the  equation  must  be  a function  of  some 
pair,  of  which  the  real  root  of  the  equation  resulting 
from  some  former  substitution  was  also  a similar  func- 
tion. Let  the  two  real  roots  which  are  functions  of 
o,  a,,  corresponding  to  the  values  kk  be  z,  k,  and  we 
have 

* = a,  + a,  + * a,  a, 

*'  = a,  -f  <7,-f  *'«,  at 
— z (k  — V)  a,  a, 

2 - k 
TZ~F 
sk'  — z'  k 

v-k  ■ 

Hence  it  follows,  that  in  this  case  a,  + at  and  a,  at 
are  real  quantities,  and,  therefore, 

(x  - o,)  (x  - a,)  = - (a,  -j-  a,)  x -f-  o,  ar 

which  is  a quadratic  factor  of  X = 0,  is  real. 

m . m (m  — 1) 

2.  Let  n = 2,  V — =2  rn\  v -j ^ = 2 m 

(m  — 1).  Hence,  in  this  case,  the  equation  Z — 0 is 
of  an  even  degree,  but  its  exponent  2 m'  (m  — 1 ) if 
divided  by  2 gives  an  odd  number  for  a quote.  Hence, 
by  the  last  case,  it  follows,  that  Z =:  O must  have  a 
real  factor  of  the  second  degree.  Let  this  be 
k + A * + B, 

and  let  its  simple  factors  be  k,  x*.  These  quantities 
t\  a*  must,  in  general,  be  of  the  form  a j;  b •k  — 1. 

Let  k = a,  + at  + Ar  a,  ar  Dy  the  same  reasoning 
as  in  the  former  case,  we  can  prove,  that  there  is  ano- 
ther value  of  k by  which  another  root  which  is  a simple 
factor  of  a real  quadratic  factor  of  Z may  be  found. 
Let  this  be  a",  so  that  we  have 
k=  a,4-a,-f 
2"  — ot  + a,-f  k' alar 

The  values  of  k -f-  k’  and  k k\  deduced  from  these, 
being  algebraical  functions  of  k,  k'  must  also  be  of  the 
form  a!  + 6'  — 1.  So  that  wc  shall  have  a quadratic 

factor  oithe  form 

i*  - (p  ±q  ^ -1)  * + ±f 
The  values  of  x which  render  this  = 0 being  algebraic 
functions  of  the  coefficients  must  be  reducible  to  the 
form  p ± q I.  Wc  shall  then  have  a simple  fac- 
tor of  X of  the  form  x — (p  ± q — 1),  and,  there- 


fore, another  of  the  form  x — (p^:  9 v'-  l)f  and  ,^?*’n*r3r 
hence  we  obtain  a quadratic  factor  of  the  form  _ Lv  , 

**  + P*  + 9* 

which  will  be  a real  quadratic  factor  of  X. 

Similar  reasoning  will  apply  when  n = 3,  n = 4, 

Ac.  Hence  we  infer,  in  general.  That  the  first  member 
of  every  equation  of  an  even  order  admits,  at  least,  on* 
real  quadratic  factor. 

This  being  proved,  it  easily  follows,  that  the  firtt 
member  admits  of  being  resolved  into  as  many  real  qua- 
dratic factor*  as  there  are  units  in  or  half  the  expo- 

nent of  its  degree.  For,  since  it  admits  of  one  real  fac- 
tor, this  may  be  removed  by  division,  and  au  equation 
of  an  even  degree  lower  by  2 will  be  the  result.  This, 
again,  must  admit  of  a real  quadratic  factor. 

Hence  the  first  member  of  an  equation  whose  degree 
is  even,  may  be  considered  as  the  continued  product  of 
as  many  real  quadratic  factors  as  there  are  units  in 
half  the  exponent. 

And  since  an  equation  of  an  odd  degree  must  always 
have  one  real  root,  its  firtt  member  may  be  considered 
as  the.  continued  product  of  one  real  simple  factor,  and 
as  many  real  quadratic  factor*  as  there  are  units  in 
half  of  the.  exponent  of  the  degree  diminished  by  unity, 
m — 1 
°r  2 * 

The  form  of  the  imaginary  roots  being  thus  deter- 
mined, their  actual  values  may  be  found  by  the  equation 
M = 0 N = 0 

in  (421)  which  will  give  the  values  of  the  indeter- 
minates  a and  b. 

Two  imaginary  roots,  such  as  «-|-4  V-  J, 
a — b — 1,  which  differ  only  in  the  sign  of  the  ima- 
ginary part,  are  called  conjugate  imaginary  roots. 

(424.)  The  equation  of  the  squares  of  the  differences 
of  the  roots  of  an  equation,  has  a connection  with  the 
imaginary  roots  which  it  may  be  useful  to  trace. 

'J^ie  difference  between  any  two  real  roots  must  be 
real,  and  either  positive  or  negative;  in  either  case  its 
square  will  be  positive,  and  must,  therefore,  be  a real 
and  positive  root  of  the  equation  of  differences. 

Hence  the  equation  of  squares  of  differences  must  have, 
at  least,  os  many  real  and  positive  roots  as  there  are 
combinations  of  two  real  roots  in  the  proposed  equa- 
tion. 

The  difference  of  two  conjugate  imaginary  roots 
being  of  the  form  ± 2 J — 1.6,  its  square  must  in 
every  case  be  negative.  Ilence  the  equation  of  squares 
of  differences  must  have,  at  least,  as  many  negative 
roots  as  there  are  real  quadratic  factors,  whose  simple 
factors  arc  imaginary  in  the  proposed  equation. 

The  difference  of  two  imaginary  roots  which  are  not 
conjugate,  is  in  general 

(o  - o')  ± (6  - »')  VrZ"i. 

The  square  of  this  is  in  general  imaginary,  and  of  the 
same  form  as  each  of  the  roots ; and,  therefore,  there 
will  be  an  imaginary  root  in  the  equation  of  the 
squares  of  differences  for  each  pair  of  imaginary  roots 
whose  rational  and  irrational  parts  are  respectively 
unequal.  But  if  the  rational  parts  a,  a’  be  equal,  the 
difference  will  be  (6  — b^)  V — 1,  the  square  of  which 
will  be  negative,  but  always  real ; and  if  the  imaginary 
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Al **br*.  parti  be  equal,  the  difference  will  be  a — o',  the  square 
of  which  must  be  positive  and  real. 

Hence  the  real  and  positive  roots  of  the  equation  of 
the  squares  of  differences  must  contain  among  them  the 
squares  of  the  differences  of  those  pairs  of  imaginary 
roots  (if  there  be  any  such)  in  which  the  imaginary 
parts  are  equal,  and  the  real  and  negative  roots  roust 
contain  among  them  the  squares  of  the  differences  of 
those  imaginary  roots  in  which  the  real  parts  are  equal. 

The  difference  between  a real  and  an  imaginary  root 
being  of  the  form 

(a  - a*)  ± 6 J - 1 

its  square  must  in  general  be  imaginary,  and  when  so, 
the  corresponding  root  of  the  equation  of  squares  of 
differences  will  be  imaginary.  But  if  the  real  root  be 
equal  to  the  real  part  of  the  imaginary  root,  then  the 
difference  will  be  of  the  form  dtb  ^ — 1,  the  aqnare 
of  which  is  negative,  and  therefore  in  this  case  the  cor- 
responding root  of  the  equation  of  the  squares  of  dif- 
ferences will  be  negative. 

If  we  suppose  that  the  two  equations  have  no  two 
imaginary  roots  whose  real  parts  are  equal,  nor  any  real 
root  equal  to  the  real  part  of  an  imaginary  one,  it  fol- 
lows that  every  negative  root  of  the  equation  of  the 
squares  of  differences  will  be  equal  to  — 4 b\  or  four 
times  the  square  of  the  coefficient  of  J — l in  the 
imaginary  part  of  one  of  the  roots  taken  with  a negative 
sign.  Let  — a be  a negative  root  of  this  equation,  v 


the  value  of  6 being  thus  determined,  let  it  be  substi- 
tuted iuM^OorNsO,  and  the  corresponding  values 
of  a will  be  the  real  part  of  the  root. 

Whether  — a be  a root  proceeding  fiom  either  of  the 
circumstances  just  mentioned,  scit.  the  equality  of  the  real 
parts  of  two  different  roots,  whether  both  imaginary  or 
one  real  and  one  imaginary,  may  be  known  by  finding 
whether  the  value  of  b thus  determined  will  give  the 
equations  M = 0,  N = 0 a common  root.  If  there  be 
a common  value  of  a,  which  satisfies  both,  then  the 
value  of  b will  belong  to  conjugate  roots,  and  other- 
wise not. 

It  follows  from  what  has  been  inferred  here,  and  what 
has  been  established  in  (392,)  that  there  are  at  least  as 
many  changes  of  sign  in  the  equation  of  the  squares  of 
differences,  as  there  arc  combinations  of  two  real  roots 
in  the  proposed  equation.  Also  it  must  have  at  least 
as  many  successive  repetitions  of  sign  as  there  are 
pairs  of  conjugate  imaginary  roots  in  the  proposed 
equation,  or,  in  other  words,  it  cannot  have  a less  num- 
ber of  successive  repetitions  of  sign  than  half  the 
number  of  imaginary  roots  in  the  proposed  equation. 

Hence  we  may  infer,  that  if  the  equation  of  differences 
have  its  terms  alternately  positive  and  negative,  and 
therefore  have  no  successive  repetition  of  sign,  there 
can  be  no  imaginary  root  in  the  proposed  equation. 


SECTION  XL. 

On  (he  Resolution  of  Algebraic  Equations  of  the  Third  > 
and  Fourth  Degrees. 

(425.)  Thb  general  problem  to  determine  ths  roots 
of  an  algebraic  equation  of  the  mu  degree  as  func- 
tions of  its  literal  coefficients,  has  long  engaged  the 
attention  of  analysts.  The  converse  of  this  problem, 
tcil.  the  determination  of  the  coefficients  as  functions  of 
the  roots,  was  solved  in  an  early  stage  of  the  algebraic 
analysis ; but  the  general  problem  of  the  resolution  of 
literal  equations  has  baffled  the  powers  of  the  most 
refined  modern  analysis.  When  it  is  considered,  how- 
ever, that  all  the  equations  which  present  themselves  in 
actual  philosophical  investigations,  are  numerical  equa- 
tions, the  particular  data  of  the  problem  furnishing  the 
values  of  the  numeral  coefficients,  the  general  problem 
must  be  considered  of  an  interest  rather  speculative 
than  practical. 

We  shall,  however,  in  the  present  section  explain  the 
methods  of  resolving  general  equations  of  the  third 
and  fourth  degrees,  which  is  the  utmost  extent,  except 
in  very  particular  instances,  to  which  the  solution  of 
algebraical  equations  has  been  yet  as  carried. 

By  the  transformation  explained  in  (345,)  it  is  possi- 
ble in  every  equation  to  remove  the  second  term.  We 
shall,  therefore,  consider  equations  of  the  third  degree 
in  general  represented  by 

x3-f-ax-f-&  = 0* 

Let  x=  y -f-  z *.* 

x*=:y*+a»-f3yz(y4-z) 

•.•x*  = y*-fz*-f-3  yxx 
^-8yzx-y*  — z*  =r  0. 

Comparing  this  with  the  proposed  equation  in  order 
to  identify  them,  it  will  be  necessary  that 

— 3 y r =r  a y*  + z*  sz  — b 

»•  + *•=  -4. 

Since  the  sum  of  y*  and  z*  is  — b,  and  their  product 

a* 

— — , they  must  be  the  roots  of  the  equation  (176) 


Equation*  of 
the  Third 
and  fourth 
D^r^i 


• • - * , , / , «* 
~ T ± V T+W 

4 , . / T‘  , «• 

’•'**  9 + V 4 + 27 

t-vT^S 
*(- 4 5)‘ 
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Lrt  s-  o»  signify  the  arithmetical  value*  of  .ho  third  positive,  and  if  & < 0 .be  first  i.  positive  end  the  other  fifing 

roots  of  the  value*  found  above  for  y*.  «*.  when  the  two  negative.  JJ,.  Tt,,et 

particular  number*  which  b and  a may  signify  are  sub-  In  this  case  it  may  be  observed,  that  a must  be  nega-  ,,  F(lurlk 
slituted  for  them,  and  let  m',  m"  signify  the  two  ima-  original  equation,  for  otherwise  — + — .Ph™^  . 

irinarv  third  roots  of  unity.  The  three  values  of  x in  u<c  B « 27  « 


ginary  third  roots  of  unity 
the  proposed  equation  will  then  be 

x = o'  •+  a"  x = m’  ( o'  + o')  x = m"  (a ' + «")■ 

It  is  evident  that  the  two  roots  a"  ought  to  be  so 

a 

taken  that  their  product  should  be — . 

If  a\  a"  be  substituted  for  y,  s in  the  equation 
j?  — 2yz*  - y*  — *■  = Ot 
and  the  result 

j*  - 2flVx  - fl*  — o'*  = 0, 
divided  by  x - (o'  + a"),  the  quote  will  be 

a*  -f-  (a'  -f  «")  x -f  a*  - ^ «"  + «"*  = °* 
which  solved  for  x,  give* 

„.i±i£±N/^SpT 


o'o"-a"* 


would  be  composed  of  two  terms  essentially  negative, 
and  therefore  could  not  — 0. 

6*  a1 

3.  Let  — + — — < 0.  In  this  case  a roust  also  be 
4 27 

negative*  and  the  quantities  of*  will  he  imaginary. 
The  first  root  x = <£  + a"  assumes  the  form 

x=  (p  + g V — I)*  + o>  - « V - 
This,  although  it  includes  imaginary  terms,  is  essentially 
real,  since  if  it*  parts  be  developed  by  the  binomial 
theorem,  the  imaginary  parts  will  mutually  destroy  each 
other  (259.) 

It  follows  also  from  the  same  principles  (259)  that 

(o'  - a")  

— • ~ is  real,  and,  therefore,  that  (ff1  — «**)  — 3 

v — * 

is  real  Hence  the  roots 

x = - i (o'  + O ± 4 (o'  - a”)  f ~3 
■ are  real. 

Thus  in  this  case  the  roots  are  all  real. 

This  case  of  equations  of  the  third  degree  is  com- 


which  values  may  be  reduced  to  the  forma  ^ 

x = - i (o'  + «">  + 4 (o'  - «*>  V -a 

....... 

The  identity  of  these  two  form,  with  m'  (o'  + a ')  »nd  monlv  caUed  the  inrductblr  care.  Because,  although 
m"  (o’  4-  a")  is  obvious,  by  attending  to  the  values  of  the  formula  obtained  for  the  roots  is  their  true  algebrai- 
/ ' ft  — f cal  expression,  yet  it  can  only  be  cleared  of  imaginary 

/ / — quantities  by  converting  it  into  a series,  and  as  this 

, __  — 1 * - 3 „ _ ~ ~ - 8 series  is  seldom  convergent,  it  is  useless  for  the  actual 

m 2 2 determination  of  the  roots;  and  therefore  we  must 

, . . . shall  always  have  recourse  to  the  methods  of  approximating 

In  con.tdenng  .he  n.ture  of  the  coot*  w.  shall  > ^ of  nu[neric„,  cqualiolM. 

successively  ettamlne  the  cue.  .n  wh.ch  For  ^ mtU|od,  of  living  cubic  equation.  Me 

5*  a*  . Trigonometry. 

~4~  + 27  ^ ’ s (426.)  We  shall  now  proceed  to  explain  the  methods 

# of  resolving  equations  of  the  fourth  degree.  The 

1,  If > 0,  In  tills  case  the  values  o',  d*  second  term  being  capable  of  being  removed  by  a 

4 27  transformation,  we  may  consider  all  equations  of  this 

must  be  necessarily  real,  and,  therefore,  a!  -f-  a*  must  degree  included  under  the  form 
also  be  real.  The  other  two  roots  of  the  proposed  x<  -l-pi1  + gi+r=0. 

equation  Following  a method  of  investigation  analogous  to  that 

x = — i («' -t*  fl,/)  ± 4 “ ^0  v — 3 adopted  in  the  case  of  equations  of  the  third  degree, 

are  necessarily  imaginary  since  the  coefficient  ol  v — 3 
is  real,  and  not  ss  0.  The  sign  of  the  real  root  is  in 
this  case  different  from  that  of  6. 


2.  Let  — — h = 0*  In  this  case  = o''  : 


v/? 


x = - 2 


V 


* = - + 


=‘v/? 


X = y + « + W 

•.•x'=ry*-fi*  + ii’  + »(yj  + »“  + >") 

• • i*  - 2 (jr*  + »*  + «*)  **  + (y*  + **  + «■)* 

= 4 (yV-f  y*«*  + i,»’>  + 8y*«(y  + i + ”) 

V X*-  S(l(•+e*  + “,)^•-8y^ltI^-(y•  + ^,  +«•)' 
- 4(y»i«4-y*it*-|-,1»,)  = 0. 

To  identify  this  equation  with  the  proposed  one,  the 
following  conditions  will  be  necessnry  : 

1.  p=  - 2 (y*  -t-i'-f  «*)  ~ 4 P 


2 r = (v*  ■fj'-j-  u*)*  — 4 (y* x*  + y* n*  "h  ** 

which  last  is  the  common  value  of  the  two  roots,  which  ^ ' ' m A 

in  the  last  case  were  imaginary,  and  have  under  the 
present  condition  become  equal.  The  common  value 
of  the  equal  roots  is,  therefore,  half  the  first  root  with 
a contrary  sign. 

If  6 > 0 the  first  root  is  negative  and  the  other  two 


p*-  4 i 

v y* ^ + y* «*  + **«’  = ^-,6— 


3.  q=  — 9yaB  v y:«  = 


„•  = £ 

64 


Digitized  by  Google 


ALGEBRA. 


617 


Algebra.  By  this  it  appears,  that  of  the  three  quantities  y*.  t\ 
— «•,  the  rum,  the  turn  of  the  product s in  pain,  and  the 
continued  product  of  all  three,  are  severally  given. 
They  are  therefore  the  roots  of  the  equation 

£ =0. 


<•+■5  f + ' 


16 


64 


This  being  transformed  into  another  which  will  be  free 
of  fractions  by  substituting  for  t,  the  equation  be- 
comes 


This  being  an  equation  of  the  third  degree,  its  roots 
may  be  determined  by  the  methods  already  explained. 
Let  them  be  s',  s'".  Hence 

y = ± J S~j  ,=±±ST  * = ±4  ST. 


Since  x = y + * + «.  the  values  of  y,  *,  and  u being 
combined  in  every  possible  manner  by  addition,  would 

q 

give  eight  values  of  x.  But  since  y z u = — * it  is 

necessary  that  they  be  so  combined  that  their  product 
shall  have  a different  sign  from  that  of  q. 

Hence  when  q is  negative,  either  two  or  none  of  the 
values  of  y,  z,  u must  be  negative  ; hence  the  values' 
of  x are  in  this  case 


•r=+4  ST+  \ST+\ST 

»=  + 4 ST-  4 ST  - ±ST' 

*=  - 4 ST—  4 vV-f-4  ST 
j = - 4 ^7+  4 ST-  4 ST 

Wlien  q is  positive  it  is  necessary  that  either  one  or 
three  of  the  values  of  y,  z,  u be  negative.  Hence  in 
this  case  the  values  of  x are 


* - - 4 ST-  4 ST  - 4 ST 

* = - 4 ST+  4 ST  + 4 ST 

* = + 4 ST-  4 ST  + 4 ST> 

* = + 4 S7  + 4 ST-  4 ST 

027.)  TTie  nature  of  the  roots  of  the  proposed 
equation  evidently  depends  on  that  of  the  roots  Z, 

ITtese  must  either  be  all  real,  or  one  real  and  the 
other  two  imaginary. 

If  they  be  all  real,  they  must  either  be  all  positive, 
or  one  positive  and  the  other  two  negative,  since  the 
last  term  — q*  of  the  equation  of  which  they  are  the 
roots  is  essentially  negative. 

If  f % J"  he  all  positive,  all  the  values  of  x are 

necessarily  real. 

If  / be  positive,  and  negative,  all  the  values 

of  x are  imaginary,  except  in  the  particular  cases  where 
two  imaginary  terms  happen  to  be  equal,  and  therefore 
destroy  each  other  when  united  with  opposite  signs.  In 
that  case  two  roots  will  be  real  and  two  imaginary. 

If  one  of  the  values  ✓,  t",/"  be  real,  and  the  other 
two  imaginary,  the  real  value  is  necessarily  positive, 
since  the  last  term  of  the  equation  of  which  they  are 
roots  is  — (f  essentially  negative.  The  other  two 
being  conjugate  imaginary  roots,  must  be  of  the  forms 


a 4-  b 


a — 6 •</  — l. 


and  these  must  enter  the  values  of  x in  one  or  other  of  Series  for 

the  forms  f1** 

___  t _____  i of  Multiple 

(a4»^-ir  + («-6^-  F)* 


if 


(a  + » f-D'-fn-lf  - n*. 


4 


The  former  is  a real,  and  the  latter  an  imaginary  quan- 
tity, (259.) 

Hence  it  easily  appears,  that  in  this  case  two  of  the 
values  of  x must  be  real,  and  two  imaginary. 


SECTION  XLI  .• 

Of  the  Decdopetnent  of  the  Sine*  and  Cotine s of 
Multiple  Arc * in  Power*  of  the  Sines  and  Cosines 
of  the  Simple  Arcs. 

(428.)  Notwithstanding  the  elementary  nature  of 
the  trigonometrical  analysis,  and  the  attention  which 
has  been  devoted  to  its  various  details,  from  the  lime  of 
Euler  to  the  present  day,  by  the  greatest  mathemati- 
cians, yet  the  analysis  of  angular  sections  remained 
until  a late  period  in  a most  imperfect  stale.  Formula! 
expressing  relations  between  the  sine  and  cosine  of  an 
arc,  and  those  of  its  multiples,  were  established  by 
Euler,  and  subsequently  confirmed  by  the  searching 
analysis  of  Lagrange,  which  have  since  been  proved 
inaccurate,  or  true  only  under  particular  conditions; 
and  it  was  only  within  the  last  three  years  that  the 
complete  exposition  of  this  theory  has  been  published, 
and  general  formulae  assigned  expressing  those  rela- 
tions. In  the  year  1811,  Poisson  detected  an  error  in  a 
formula  of  Euler,  expressing  the  relation  between  the 
power  of  the  sine  or  cosine  of  an  arc,  and  the  sines  and 
cosines  of  certain  multiples  of  the  same  arc.  But  the 
most  complete  discussion  of  this  subject  which  has  hi- 
therto appeared,  is  contained  in  a Memoir  read  before  the 
Academy  of  Sciences  at  Paris  by  Poinsot,f  an  eminent 
French  mathematician,  in  the  year  1823,  and  further 
developed  by  him  in  another  Memoir  published  in  the 
year  1825. 

The  developemcnts  respecting  multiple  arcs  may  be 
divided  into  two  distinct  classes.  The  first  includes  all 
series  in  which  the  sine  or  cosine  of  a multiple  arc  is 
expressed  in  powers  of  those  of  the  simple  arc ; and  the 
second,  those  in  which  a power  of  the  sine  or  cosine  of 
a simple  arc  is  expressed  in  a series  of  sines  or  cosines 
of  its  multiples:  to  the  former  we  shall  devote  the 
present  section,  reserving  the  latter  for  the  following 
one. 

The  series  in  powers  of  the  sine,  cosine,  Ac.  may  be 
either  ascending  or  descending,  and  accordingly  the 
several  problems  into  which  our  analysis  resolves  itself 
may  be  enumerated  as  follow  : 


• This  »nd  (be  following  Section  ere  extracted,  by  ibe  permission 
of  the  Publisher  end  (he  Ant  or,  from  Dr.  Lerdner'*  Tr*at.-c  on  (he 
Aml/tis  of  Angular  Sections  in  (be  third  pert  of  hi*  work  on  Plane 
onA  Spkertcal  Trigonometry. 

, f mathematician  has  rendered  hitneelf  distinguished  by  the 
invention  of  (be  *'  theory  <4  couples,”  (TAdorie  des  touples,)  a most 
powerful  instrument  of  investigation  in  analytical  mechanics,  and 
one  which  bas  not  yet  received  the  attention  which  it  deserves  from 
mathematical  writer*,  either  here  or  on  the  continent,  and  which  we 
venture  to  predict  it  must  ultimately  command 
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1.  cos  to  x 
Bin  m x 

2.  sin  m 
cos  m 

3.  sin  m x 
cos  m x 

4.  cos  m x 
sin  to  x 

5.  sin  m 

cos  TO 


^ in  ascending  powers  of  cos  x. 

in  ascending  powers  of  sin  x. 
y in  ascending  powers  of  tan  x. 
in  descending  powers  of  cos  i. 
in  descending  powers  of  sin  x. 


(429.)  To  develope  com  m x in  a eerie*  of  attending 
power * of  oo*  x. 

Let  cos  x = y,  and  let 


: y + l - I. 


1 


d * v 
dy> 
Also,  let 


= 2A,  + 2.3A,y  + 3. 4 A4y>  + .... 


c Pit 


Let  the  values  of  v, 


dy  ' 


d*  u 

-t—  , derived  from  dif- 
d y* 


A.«H«V 

[A,  (to*  — l)  + 2.3AJy, 

+ [A,(m*-  o + s iajj-. 

+ [.^t(m*-9)  + 4.5AJj(*. 

+ [A,(m*-16)+5.8A.]y‘. 

+ ! 2)*]  + <n  - 1)  (n)  A.  } y— 


Since  this  mutt  be  fulfilled  independently  of  y,  the 
coefficient,  must  severally  — 0.  Hence  we  find 


S«h*s  for 
Sines,  tic 
of  Multiple 
Arcs. 


*.*  — = y-  v'y*  - i. 

But  also  (sec  Trigonometry) 

« - * 

2 cos  to  x = 2 4*  — — . 

2' 

If  then  :m  be  obtained  in  ascending  powers  of  y,  * 
and  a’"  deduced  from  it  by  changing  the  sign  of  to, 
we  dial  I thence  obtain  2 cos  m x in  a series  of  the 
retired  form. 

i*  = n = A,  + A,  y + A,  y>  + A,  y*  + 

The  solution  of  the  question  will  be  effected  if  the 
values  of  the  coefficients  of  this  series  can  be  obtained 
without  introducing  any  condition  which  restricts  the 
generality  of  the  problem. 

Let  the  series,  assumed  to  express  u be  twice  differen- 
tiated, and  the  results  will  be 

= A, + 2A,y-f-8A.  y*  + 4A.y  + . .. 


A.  = - 


2.8 


• A,. 


* - _ m'-4  » 
A‘- a “ *•’ 

47T^  *■* 


A.  = 


_ m*  — C"  - 


A..,, 


■ = (y  + *V  - 0* 

be  twice  successively  differentiated,  and  the  results  are 

(^Ty/U*  " - "'•“  = '1 

a©— ©'-(r;)— 

d u 

which,  divided  by  — — , gives 
dy 

1 u /d  u\ 

?ar‘-l)  + (irJy-m.*=o. 


ferentiating  the  assumed  series  be  substituted  in  the 
last  equation,  and  let  the  result  be  arranged  according 
to  the  ascending  powers  of  y.  We  shall  thus  obtain 
the  following  series : 


(n-1)  n 

Hence  we  obtain  the  following  conditions  * 

1 2.8  1 

A - _l  m*  ~ 4)  A 
A*“+  2.3.4 

(TO*  - 1)  (to*  -9)  . 
+ 23.4.5  A*’ 

m*  (m«  — 4)  (m*— 16) 

**  2. 3. 4. 5. 6 


The  law  of  which  is  evident.  These  conditions, 
however,  foil  to  determine  the  first  two  coefficients 
At , A, . To  find  these,  let  y = 0 in  the  series  for  v 
d v 

and  - — , and  also  in  the  values 

dy  

U=1-  = (J+  'V  - 1)-. 

du  TOM 

dy  ~ -J  y»  _ 1 ' 

and  equating  the  results,  we  obtain 

a„  = ( = ( - 1)?. 

A,  = m ( VTf)— . =m(-  i)T , 

whence  we  fiud 

a,  = 
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*•  *.s 

m*  (m*  — S1) 


At  = 


2.3.4 


( - 1>~. 

( " 1)1 


_ m»(m»-a»)Cm‘-4«)  .= 

• 2.3.4. 5.6 


..  = + • • 

Hence  we  find 


•y  ( — 1)*  + (- 1)  * = 2 cos  $ m (4  n ± 1)  r,  s'™  4'. 

ol  MufcpU 

(-1)*  +(-  J)  ' = 2co>*(m-t)(4n:fcl)r. 

Hence  the  series  for  cos  m x becomes 
cos  m x = cos  \ m (4  n ± 1)  r . S -f-  cos  ^ (m  - l) 

(4ni  1 ) r . m S' [8]. 

In  this  formula  n is  an  indeterminate  integer  for 
each  value  of  which  the  second  member  has  two  values 
corresponding  to  the  double  sign  ±.  The  successive 
terms  of  the  series 

0,  I,  2,  3, 


z-=  (-  l)‘|l 


1.2 


to1*  (m*  — 2*) 

* + 1.2. 8. 4 

m«  (rrt*-2«)  (m’  - 4«) 

1.2. 3. 4.5.6  r 

m*  (ra4  - S4)  (m«  - 4«)  (m»  - 6*)  _ 

+ 1 .2. 8. 4. 5. 6. 7. 8 


+ m(-  1)  . 


(m>  - 1«)  (m«  - 3*) 


T 1.2. 3. 4. 5 * 

(m*  - 1*)  (m«  - 3»)  (m«  - 5‘) 

1 .2. 3. 4. 5. 6. 7 


K* 


y+- 


...} 


To  find  the  series  for  s'*,  it  is  only  necessary  to 
change  the  sign  of  m in  the  result  which  has  just  been 
obtained.  Since  neither  of  the  series  in  this  result 
contains  any  odd  power  of  m,  this  dinnge  produces  no 
other  effect  than  to  change  the  sign  of  the  coefficient  of 
the  second  parenthesis.  Let  the  series  in  the  first 
parenthesis  be  called  for  brevity  S,  and  that  in  the 
second  S',  and  we  have 

*-  = { -1)*.  S + m ( - l)“i\  S', 

i 

x-  = (-  I)  *.  S + m(-  1)  • .S'; 


since  — tn  ( — 1)  • ssm(-l)’  * . 

Hence,  by  addition  we  obtain, 

- r 

z-+,-  = [(-l)5+(_l)'i]S 

+[<-irr>(-  i)^i»5'. 

*.•2  cos  mi  = [(  -l)i  + (_  1)  *]  S + [(-  1)~ 


+ ( — I)"*!  m S'. . . .[1], 

which  is  the  developemetit  sought. 

(430.)  The  form  of  the  coefficients  of  this  formula 
may  be  changed.  By  Trigonometry  we  have  (cos  x -f- 

— 1 sin  x)“  = cos  m (2  n ir  ± x)  -j-  v'—  1 sin  n» 
(2  n ir  ± x),  n being  any  positive  integer.  Let  x = 
i *.  V 

(—1)*  — — lsin|m(4/idbl)ir, 

l)’*=cos|m(4n±I)T—  •/ —1  sin$m(4n;fcl)v 


being  substituted  for  n in  cos  fm(4n-(-  1)  ir,  it  will 
successively  assume  different  values  until  the  number 
substituted  for  n is  equal  to  the  denominator  of  m ; for 
this  value  of  n the  value  of  cos  4 m (4  n -f-  1)  «■  will 
be  equal  to  that  obtained  by  substituting  0 lor  n ; and 
all  integers  greater  than  the  denominator  of  m will  in 
like  manner  give  a constant  repetition  of  values  before 
obtained  by  substituting  for  n values  less  than  the  deno- 
minator  of  m.  It  follows,  therefore,  that  co«  jm(4n 
-j-  1)  r is  in  general  susceptible  of  as  many  different 
values  as  there  are  units  in  the  denominator  of  m,  and 
* no  more.  In  like  manner,  cos  $ m (4  n — 1)  *■  is  sus- 
ceptible of  the  same  number  of  values ; and  therefore 
the  coefficient  of  S is  susceptible  of  twice  as  many  values 
as  there  are  units  in  the  denominator  of  m,  and  a like 
observation  applies  to  the  coefficient  of  m S'. 

Since  S and  S'  involve  no  functions  of  x,  except  cos 
x,  the  change  of  x into  2 n ir  ± x makes  no  change  in 
their  value ; and  it  follows,  therefore,  that  for  a given 
value  of  cos  x the  second  member  of  [2]  is  susceptible 
of  twice  os  many  values  as  there  are  units  in  the  deno- 
minator of  m.  It  is  therefore  necessary  to  show  how 
cos  mi  can  have  several  values  corresponding  tq  a 
given  value  of  cos  x.  Hie  angle  x being  changed  into 
2 «’  sr  ± i,  n!  being  an  integer,  makes  no  change  in 
cos  x,  but  changes  cos  m x into  cos  m (2  nf  r i x), 
which  has  twice  as  many  values  as  there  are  units  in 
the  denominator  of  m.  Hence  the  formula  [2]  will  be 
more  generally  and  correctly  expressed  thua, 

cos  «i(2»'rix)  = cos  jm(4ni  1)  *■ . S 
4*  cos  ^ (m  — 1)  (4  n ± 1)  » . m S', 
where  both  members  have  the  same  number  of  values, 
and  where  the  values  of  the  indeterminate  integers 
n\  n are  supposed  to  be  less  than  the  denominator 
of  m. 

It  still  remains,  however,  to  show  the  values  of  each 
member  which  correspond  respectively  to  those  of  the 
other.  Since  the  value  of  each  member  changes  by 
ascribing  different  values  to  the  integers  nr  and  n,  this 
question  only  amounts  to  the  determination  of  the 
relation  between  any  two  corresponding  values  of  these 
integers. 

Let  x = ^ t,  and  therefore  S sr  I,  S'  =:  0.  Hence 
cos  m (2  s'  r i j t ) = cos  j m (4  n dt  1 ) 

or  cos  | m (4  s'  i 1)  r = cos  jm(4wi  1)». 
Since  n and  «'  are  not  supposed  to  receive  any  value 
greater  than  the  denominator  of  tn  (for  all  the  values 
of  the  cosine  after  that  would  only  be  repetitions  of 
former  value*,)  this  last  condition  can  only  be  satisfied 
by  « = 


. 
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Atphia.  Hence  the  formula  become** 

""'v ^ cos m (2  n x ± x)  = cos  |m(4n  i 1) *• . 8 

4-  cos  J (m  - 1)  (4  n ± I)  w . m 8' [3]. 

(431.)  It  does  not  always  happen  that  the  formula 
expressing  the  value  of  cos  m z includes  both  terms  of 
the  second  member  ; for  the  angles  whose  cosines  are 
the  multipliers  of  S and  S'  in  [3]  may  one  or  other  of 
them  be  an  odd  multiple  of  a right  angle,  in  which 
case  the  multiplier  will  be  ss  0,  and  the  term  will  dis- 
appear. 

To  determine  the  conditions  under  which  this  can 
occur,  it  is  necessary  to  consider  when  either  of  the 
numbers 

jm(4si  l)r,  $ (to  — 1)  (4  n ± I)  *\ 
is  an  exact  odd  multiple  of  ^ x.  This  evidently  takes 
place  when  either  of  the  number* 

m(4n±l),  (m  - 1)  (4  n ± 1), 


since  4 evidently  would  not  measure  n/  + 1 = 4 < + 2,  S-rrm  for 
nor  3 it  - I = 12  t + 3 - 1 = 12<  + *. 

These  values  of  n being  substituted  in  [3],  and  m « 

being  changed  into  and  the  sign  -f  only  being  used ' 
for  the  first,  and  — for  the  second,  give 

m'  /ft  — 1 , \ , , c > 

cos  — f w 4-  x 1 = cos  $ m'  x . S 

-f-  cos  k ( m t - n')  x . S' 

cos ~ = c o»  I m'  r . S 

-f  cos | (m'  - n*)r  r -S'  j 

Since  m'  and  n'  are  odd, 

cos  £ «n'  r = 0,  cos  | (to'  — «0  w — i 1> 


is  an  odd  integer. 

Let  m = , and  let  I 1*  any  odd  integer.  That 

the  first  of  the  above  numbers  be  an  odd  integer,  it  is 
necessary  that 


ro'  (4  n ± 1)  = ft  I. 

Since  to'  and  n'  are  prime,  one  or  other  must  be  an 
odd  number  ; but  since  4 n ± 1 and  I are  also  odd.  it 
is  necessary  that  both  m'  and  n’  should  be  odd. 

Also,  since  m'  is  prime  to  and  measures  n I,  it 


must  measure  I.  Let  -7-  = l,  which  must  be  an  odd 
TO 

integer,  since  both  I and  to'  are  odd.  Hence 
4 n i 1 = »’  t 
4 n ± 1 _ . 


But  since  n is  supposed  to  receive  no  value  greater 
than  n\  i cannot  be  greater  than  4 ; and  since  it  is  an 
odd  integer,  it  must  be  either  1 or  3.  The  two  corres- 
ponding values  of  n are 

,,'qpl  Sn'ifl 
n = 4” ’ n ~ 4 ■ 


Tlie  denominator  «'  being  odd,  must  be  either  of  the 
form  4 / + 1,  or  4 < — 1 . 

If  n’  be  of  the  form  4 t+  I,  the  two  value,  of  n must 
be 

„ - n’~  1 u - 3 ^ + 1 ■ 


* la  deuiae  lh«  formal.  [I]  of  imtgin.ry  qauliMs,  "f* 
has  fallen  iato  in  irm  obich  wu  laWly  deleclcd  by  f.a«,  .ml  the 
difficulty  eapUined  si  above.  ni.nakc  arose  final  as- 

turning  5 tilt l 

^(TT|)  = cos  \mw  + v'  - Kin  4 •"  x, 
which  is  evidently  erroe«u«,  since  the  first  membrt  has  m m«nv 
f4reot  values  as  there  arc  miiu  in  the  denominator  of  •»,  mud  the 
second  member  has  but  one  value,  he  forgot  to  take  into  account, 
that  while  the  change  of  x into  2 mw  -»  x produces  no  rtiange  on 

(cos  x 4 ■ v'  — I wo  x)", 
i;  does  produce  a i.-hange  on 

cos  m x 4 V i I «ia  m x. 

In  fact,  without  this  consideration.  Vbwrr’i  formula  itself  is  In- 
volved in  the  absurdity  ot  one  member  having  a greater  number  of 
different  values  than  the  other. 


cos  f to'  x s=  0,  co*  4 (to'  — n')  x = ± 1, 


the  sign  -f-  being  used  when  $ (m'  — is  even,  and 
— when  odd. 

If  n*  be  of  the  form  4 t — 1,  the  two  values  of  n are 


n*  -4-  1 3 ft  - I 

n_  4 ,n-  - * 

for  it  is  evident  that  4 would  not  in  this  case  measure 
n'  — 1,  or  3 n'  -f  1. 

These  values  being  substituted  in  [3],  and  m being 
changed  as  before  into  ~^T*  vre  obtain 


m'  /V  -f-l  \ | c 

cos  — j-  / — - — r — t\  = cos  j m x.b 

4-  cos  | (m1  — rt)  x . ~ S’ 

to'  /3n'—  1 \ . i c 

cos  — - I — - — v-fi  lr=  cos  4 to'x  . S 

-f*  COS  4 (m*  - n')  x . ~ S' 


Hence,  as  before,  we  find 


The  signs  4"  «nd  — being  use<l  as  before. 
(432.)  The  condition  under  which 


(to  — 1)  (4n  ± 1)  = m-  (4 n ± 1) 


should  be  an  odd  integer,  may  be  immediately  derived 
from  those  of  the  last  case  by  changing  to'  into  to'  - n1. 
Hence  the  two  values  of  « are  the  same  as  those  already 
found,  and  n1  and  mf  — nr,  must  be  odd  Integers. 
Hence  m'  is  even.  Hence  we  have 

cos  Jm'v=  ±1,  cos  4 (to'  — b)  » = 0, 

cos  4 m » = ± 1,  cos  4 (to'  - a1)  x = 0. 
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Al{.br>.  Hence  the  forrmil*  [4]  and  [6]  become 

1 


vO^'+O-** 
i(q-‘ 


•••[*] 


±s 


the  «gn  + being  uied  when  J m'  is  even,  and  — - when 
odd. 

(433.)  From  the  preceding  observations  it  appears, 
that  when  the  denominator  of  in  is  odd  there  are  always 
two  values  of  an  angle  x whose  cosine  is  given,  of 
which  the  cosine  of  the  multiple  m x admits  of  being 
expressed  by  a single  series  of  ascending  powers  of  the 
given  cosine  ;*  but  that  for  ull  other  values  of  the  arc 
whose  cosine  is  given,  the  cosine  of  the  same  multiple 
requires  the  combination  of  both  aeries  S and  S'. 


Arc*. 


If  the  denominator  of  m be  even,  there  is  no  value  Sene*  for 
whatever  of  the  angle  whoso  cosine  is  given,  which  8*ass,&c.  of 
allows  of  cos  mx  being  expressed  by  a single,  series.  Multiple 
(434.)  The  case  in  which  to  is  an  integer  comes  s 
under  the  cases  where  the  denominator  of  m is  of  the 
form  4 / — f-  1,  < being  in  this  case  =0.  If  m be  odd. 
we  have  by  [5] 

cos  mx  = i m S', 

the  sign  + being  used  when  £ ( m f — 1)  is  even,  and 
— when  odd.  If  m be  even,  we  have  by  the  first  of 
[8] 

cos  m x = zfcs, 

the  sign  -f-  being  used  when  ^ m is  even,  and  — when 
odd. 

(433.)  The  luws  of  the  two  series  S and  S'  are  easily 
defined.  Let  T be  the  Hh  term  of  S and  T'  of  S';  by 
attending  to  the  forms  of  the  coefficients  and  exponents 
wc  find 


m*(m»  - JO  <m’  - 4*)  (m‘—  6*)  ....  (m‘  - (S  r - 4)’ 


T= 


1.2.3 *(<•-*) 


r=± 


1.2 


1*)  (m‘  - 
3 . . 


S')  (m*  -3*)  ... 


(m'~  (2r-  3),)yl,., 


2r  - 1 


It  is  evident  from  the  farms  of  these  terms,  that  the 
series  S can  only  terminate  when  m is  an  even  integer, 
and  S'  when  m is  an  odd  integer. 

(436.)  To  determine  the  number  of  terms  in  each 
aeries  when  it  is  finite,  let  n be  the  sought  number. 
The  ( n -f  1)‘*  term  must  therefore  = 0.  Substituting 
n + 1 for  r in  T and  *r,  and  putting  the  results  = 0, 
we  obtain 

m*  - (2*-|-2  - 4)*  = 0, 


the  number  of  terms  in  S ; and 

TO*  - (2  n + 2 - 3)*  = 0. 

m + l 

n - 2 . 

the  number  of  terms  in  S'. 

(437.)  To  obtain  the  last  term  (s)  of  S,  it  is  only 
necessary  to  substitute  the  value  of  n in  place  of  r in 
T,  ami  the  result  is 

. m*  (m*  - 2')  (m*  -4*)....  (*»•-(!* -2)*)  „ 

,S!±  — rrrv :t  *■ 

Each  factor  of  the  numerator  may  be  resolved  into  two. 
Urns 

m*  = m x m, 

(m*  - 2»)  = (m  4-  2)  x (m  - 2), 

(m*  — 4“)  = (m  + 4)  X (w»  — 4), 


(m*  - (m  - 2)0  = (2m  - 2)  x 2. 


• Before  the  pubtinlin  or  PoioNfi  Memoir,  lhe«e  cxscs  werr  not 
noticed,  1 subrange  exprefrtly  states,  that  whenever  m it  » fraction, 
bolts  term*  of  live  »ceoi«l  member  of  [3]  ate  nteenory. 

VOL.  I. 


The  second  factors  of  ihese,  beginning  from  the  lowest, 
are  obviously  the  even  integers  from  2 to  m inclusive, 
and  the  first  factors,  beginning  from  the  highest,  are  the 
even  integers  from  to  to  2 m — 2 inclusive.  Thus  the 
simple  factors  of  the  numerator  are  ull  the  even  inte- 
gers from  2 to  2 m — 2 inclusive,  the  factor  m being 
twice  repeated.  The  numerator  of  s may  therefore  be 
written  thus. 


2.4.6...  (2  to  - 2)  X to, 
which  is  equivalent  to 

1 . 2 . 3 ....  (to  — 1)  x m x 2"*1 
The  factors  of  the  denominator  destroying  all  these 
except  2""1,  wc  have 

z = ± 2-*  y-. 


4-  being  taken  when  — is  even,  and  — when  odd. 


(438.)  To  determine  the  last  term  X of  S',  let 


m + 1 


be  substituted  for  r in  the  general  term,  and  we  obtain 
(m-  - 10  (m*-y>  ....  (to* -(to -2)') 

1 1.2 .3 to  y ’ 

Each  of  the  factors  of  the  numerator  may,  as  before, 
be  resolved  into  two,  thus 

(m*  — l*)  ss  (m  4- 1)  X ( to  — I), 

(to*  -3*)  = (m  4-  3)  X (to  - 3), 


(to*  - (to  - 2)*)  = (2 to  - 2)  X 2. 

The  last  factors  of  each  of  these,  beginning  from  the 
lowest,  are  the  even  integers  from  2 to  to  — 1 inclusive, 
and  the  first,  beginning  from  the  highest,  nre  the  even 
integers  from  m + 1 to  2 to  — 2 inclusive.  Hence  the 
factors  of  the  numerators  may  be  expressed  thus, 

4 M 
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jt'»g«*l>ra.  2.4.6 ($w  - 2) 

=1.2.3 (m  - n . Sa- 

lience 

,'  = ± i-  8— 

m 

(439.)  To  iexxfop*:  sin  m x in  attending  powers  of 
COS  X. 

By  subtracting  the  value  of  s'm  obtained  in  (429) 
from  that  of  arid  the  result  being  disengaged  from 
the  imaginary  symbols  by  the  method  used  in  (430) 
becomes 

ainm  (2  n w ± x)  = sin  & m(4  n ± 1)  tS  + sin  J (m  - 1) 
(4nil)r.»nS'.  [9] 

All  the  preceding  observations  are  equally  applicable 
here.  When  the  denominator  of  m is  un  odd  integer 
there  are  always  two  values  of  an  angle  x whose  cosine 
is  given,  which  are  such  that  sin  mx  will  be  expressed 
by  only  one  of  the  two  series  in  [9], 

* (440.)  To  determine  the  conditions  under  which  this 
will  happen,  it  is  necessary  to  determine  when  either  of 
the  numbers 

m (4  a ± 1)  (»*  — 1)  (4  n + 1) 

is  an  even  integer. 

To  find  the  values  of  n which  will  render  m (4  n±  I) 
an  even  integer,  let 

m (4  n ± 1)  = l 
V m'(4n±l)sli»' 

V 4 » ± 1 — — j n\ 

nr 

Hence  -^r  n'  is  an  odd  integer,  therefore  — - must  be 
mf  m 

odd  integer,  therefore  m'  must  be  even.  Let  = t, 

V 4 n ± 1 sr  f a*. 

It  may  be  proved,  as  in  the  former  case,  that  i must 
be  either  1 or  3,  and  that  when  a1  has  the  form  4 t 4*  1, 
the  values  of  n are 

n'—  1 3 *'+  I 

4 * W 4 

and  when  n has  the  form  4 1 — L the  values  are 
«'  + 1 3 a'  - 1 

" “ 4 4 

(441.)  In  like  manner,  in  order  that  (m  — 1) 
(4  n ± 1)  be  an  even  integer,  the  same  values  of  n are 
obtained,  and  it  is  necessary  that  n ' should  be  odd, 
and  m*  — n'  even,  and  therefore  m1  odd. 

(442.)  Hence  if  m1  he  even,  and  the  values  of  a ob- 
tained above  be  substituted  for  it  in  [9],  we  obtain 


[10]. 


tn‘  /V  — 1 \ 

sin  — - I — - — r + x 1 = sin  nv  r . S 

4*  sin  4 (m*  — n')  r . S' 

m'  /3  /?'+ 1 \ , , 

sin  — - I — - — v — x 1 =r  am  t m t , b 
" \ * / 

4-  sin  { (m'  — n*)  r . ~ S' 

it 

. m'  /V+  1 \ , - f 

sin  -^7- 1 — ~ — v — x I = sin  4 m *•  . S 

•f  sin  f (m#  — if)  jt  . ~ - 8' 
ir 

. mr  /3n’—  1 , \ , 

sib  -y  I — - — v + x 1 = stn  i m a- . S 

4*  sin  } ( m t — nf)  r . S' 

N 

But  since  ra'  is  even,  and  n‘  odd, 

sin  fm'r  = 0,  sin  4 (m*  — a')  ir  r=  ± 1, 

sin  4 m‘  w as  0,  sin  j ( ml  — a1)  «■  = ± 1, 

Hence 

. m’  /n  — 1 \ , m*  , 

*in-^(-2-,r  + V=±ir-s 

,i,4(!!i:±i,_,)=±4s' 

n \ 2 / n 

MB— pi — X-  * — j ) = ± — r S' 

m1  /3n'— l \ . rti  „ 

'+X)=±  — S 
The  two  first  being  true  when  nf  is  of  the  form 
4 t -f  1,  and  the  last  when  of  the  form  4 t — 1.  The 
sign  + i»  used  when  4 (m'  — a'  4*  1)  is  odd,  und  — 
when  even. 

(443.)  If  m‘  be  odd, 

sin  4 m'  w ss  i 1,  sin  4 (m*  — o')  v = 0, 
sin  4 mJ  » = i 1,  sin  4 (m*  — n')  r ss  0. 
Hence  the  formula)  [10]  become 


Strie*  fur 
Stark,  ax.  of 
Multiple 
Anr*. 


[11], 


[1*]. 


— 1 

i= ±3 

n'  * 

k 8 + ) 

m 

(3"+\  r> 

\=±s 

»'  ^ 

k 2 ) 

sin 

v< 

< 2 ) 

| = ±S 

sin 

m'  ^ 

1=  ±S 

[13]. 


the  sign  -f-  being  used  when  4 (m'  4*  1)  is  odd,  and  — 
when  even. 

(444.)  The  series  S and  S'  in  [9]  being  the  same  as 
those  in  [3],  their  law  and  properties  when  m is  an 
integer  have  been  already  determined. 

It  is  obvious  that  when  m is  even,  we  have 
sin  m r = ;£  m S1, 

4*  being  used  when  4 m >a  even,  and  — when  odd. 
And  when  m is  odd 

sin  mx  = ± S, 
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(445.)  Another  form  for  the  developomcnt  of  sin  m i 2 V - l *in  mr  = - z~mt  Matoplo^ 

j“  "secuding  powers  of  the  cos  i,  may  he  established  the  problem  will  be  solved  by  obtaining  tile  deielope-  Are‘- 
by  differentiating  the  series  found  ibr  cos  nr  in  {480.)  mcnt  of  r"  in  ascending  powers  of  y.  V— 

By  this  process  we  obtain  Let 


m sin  m (2  n r ± i)  = - cos  y m (4  n ± I)  r 

fl  Qt 

- cos  j.  (rn  —1)  (4  n db  1)  w .m  — — , 
ax 

rfS  m • . ms  (m*  - 2«) 

dy  1,+  1.2.3  V'  ~ 

m‘  ( m*  — 2«)  («•  — 4*) 

, 2 3 4 5 »*  + ...  =-  m 


d S 
d x 


R, 


2”  = A,  + A,  y + A,  + 


By  proceeding  exactly  as  in  (42!)).  we  shall  obtain 

^ l 1.2s  T 1.2. 3. 4 V 

_ oi\  /.«*  _ in 

•V  + 


m*  (m* 

] .2.3.4.56 


2*)  (m*  - 4«)  | 


+ A, 


{m* 

y-fT 


m*  — I*  (m*  — 1*)  (m*  — 3*) 

^ + 1 .2 . 3 . 4 . b * 


2.3‘ 


rfS'.=  ] m' - %,  | (»'-  !•)  - 3’) 

--  9 T 10  0 4 9 


dy 


I . U 


l . 2 . 3. 4 
- = R', 

<*y 

— =r  — tun  r, 
d x 

V-: — = m R sin  x,  — — = — R'  sin  x, 
ax  d x 


V m sin  «(2nri*)s  — sin  x [cos  |m(4n±l) 
r.mR  - co»t(«  - 1)  (4ni  l)r  . R1] [13], 

Tliis  being  deduced  directly  from  the  formula  [3]  is 
liable  to  the  various  modifications  which  have  been 
shown  to  be  incident  to  [3],  on  assigning  particular 
values  to  m and  «.  The  several  modifications  of  [13] 
which  correspond  to  these,  may  lie  deduced  by  differen- 
tiating the  several  series  [5],  [7],  [8],  &c.  &c. 

(446.)  The  laws  of  the  series  R and  Rr  are  easily 
defined. 

Lei  T and  T*  he  their  r4*  terms  respectively, 

T _ , w'Cw^g*)  (m»-4«).  . . [m*~(2r--2)*]  ff-| 
1.2. 3....  2 r - i “ y " * 

T._  + (m'-l*)  (m*-3‘). . . . [m*-(2r-3)«] 

1.2.3 «(r  - I)  ^ ~ 

The  number  of  terms  in  R is  only  finite  when  m is 
an  even  integer,  and  in  R'  when  it  is  an  odd  integer. 
The  number  in  R is  evidently  one  less  than  in  8 when 

it  is  finite,  and  is  therefore  equal  to  ~ . But  the  num- 
ber in  R'  when  it  is  finite  is  the  same  as  in  S',  and  is 
..  - m + 1 

therefore  — - — . 

The  last  terms  of  R and  R'  in  these  cases  may  be 
obtained  by  differentiating  those  of  S and  S',  and 
dividing  the  one  by  m sin  x,  and  the  other  by  - sin  x. 

(447. ) To  dcrelope  the  eorine  or  fine  of  a multipit  arc 
in  attending  power*  of  the  sine  of  the  timple  arc. 

Let  y = sin  x, 

2 = </  1 - y + y -J  - 


- > 

The  values  of  A„and  At  may  be  determined  by  making, 

as  in  (429),  y = 0 in  the  two  values  of  :m  and  — 

...  d y 

and  equating  the  results,  which  gives* 


A„  = (l)",  A,=m  V~l(l 
The  value  of  z~"  may  be  deduced  from  that  of  z*  by 
changing  the  sign  of  m.  Hence,  if  the  series  which 
enter  these  values  be  Q,  Q\  we  obtain 


z-=  (1)TQ+  V-  1(1  )•*.  Q', 

I ^ a- 1 

x-  - (I)'  ■ g — ^ _ i (I)*  T m (?' 

'•*  2 cos  m x — [(I)"*"  + (1)"  ^]g  + 

■»-  ! M- 1 

CO)  ' + v, 

2 V-  1 sin  m j = [(])  ' - (1)  '•]  g + J JT| 

tO)~  + 0)  "VJ  «•  Q' 

It  will  be  observed,  (lint  by  chantying  x into  2 n it  + jt 
no  change  is  made  on  the  scries  g and  g' ; but  there 
is  a change  made  upon  the  first  member  or  each  equa- 
tion. The  coefficients  of  g anil  g"  have  esactly  as 
many  dilferent  v lues  as  tile  first  members  of  the  equa- 
tion. This  is  a circumstance  which  has  been  hitherto 
overlooked,  t 

The  above  formula  can  be  cleared  of  imaginary 
quantities  by  the  usual  method. 

(1)  * — cos  nm  . + S l ,in  B in  e. 

(1)  * = COS  n(m-  1)X  + V'TT sin  «(»|- 1)», 

the  number  n being  an  indeterminate  integer.  All  the 
arcs  which  have  ibe  same  siuc  may  be  included  under 
the  formula  »»±ai  being  taken  with  the  sii.ii  + 
when  n is  even,  and  - when  n is  odd.  Hence  the 
formula;  become 


a = (V 1 - »*  + y </  - 1)- ; 

and  since 


* lagrinze,  and  all  tna(hetn«tieians  after  biro,  have  fallen  into 
an  error  in  th«  iie(»rminatioa  of  lh«M  ooefticicnta.  Potnmtt  hu  lately 
corrected  it. 
f /V. 'mmt,  1825. 
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sin  n (m  — * 1) 


Algebra.  cos  m (n  r ± x)  — cos  n m ir  . Q 
V-~  v v . m O'  . . . . [14], 

sin  m (*  «■  ± z)  = sin  » ™ w . « + cos  n (m  - 0 

v . m Qr  ... . [15]* 

(448.)  There  are  certain  Tnlues  of  n,  for  which  each 
of  the  coefficients  of  these  formula  = 0.  To  determine 

these  let  m =:  -^r.  and  let  it  be  remembered  that  no 
n , 

value  is  supposed  to  be  assigned  to  n greater  than  n . 
We  have  thence  the  following  conditions: 

8»r 


cos  n m * 


= 0, 


V n = -T-,  or  n = - 


, or  n = 


2 

3n' 

2 ’ ’ 2 ’ 
n = 0,  or  n = n\ 
n rs  0,  or  w = 


cos  n (m  - 1)  t = 0, 

sin  n m *>■  = 0, 
sin  n (m  — 1)  v = 0, 

The  first  two  conditions  can  only  be  satisfied  when 
the  denominator  («')  of  rn  is  even.  Hence  it  follows, 
that  of  all  the  arcs  whose  sines  have  any  given  Value, 
there  are  alwavs  two  (X)  for  which  the  formula?  [14], 
Tibi,  are  reduced  to  a single  scries.  These  two  iocs 

n'  3 n'  n‘ 

are  of  the  forms  — » 4-  x,  -g-  » — x,  or  ^ » Jr. 

— + t.  For  these  two  values  of  n we  have 
2 

cos  m X = ± rn  Q\  sin  m X ss  ± Q. 

The  last  two  conditions  can  he  fulfilled,  whatever  he 
the  value  of  n\  and  the  formula  [14],  [15],  become 
cos  m X a=  ± Q.  sin  m X = ± m Q' ; 
where  X is  an  arc  of  the  form  r or  n'r  + x when  n'  is 
even,  and  x or  n*  w — jt  when  n ' is  odd. 

It  appears,  therefore,  that  among  the  values  of  an 
arc  whose  sine  is  given  there  are  always  two,  the 
cosines  and  the  sines  of  whose  multiples  admit  of 
beiug  expressed  by  a single  series.  In  this  respect, 
the  devclopements  by  the  powers  of  the  sine  differ 
from  those  by  the  powers  of  the  cosine,  in  which, 
when  the  denominator  of  fit  is  even,  there  is  no  value 


of  the  simple  arc,  the  cosine  or  sine  of  whose  multi- 
ple can  be  developed  in  a single  scries. 

(449.)  If  m be  an  integer,  one  of  the  coefficients 
of  each  of  the  formulas  [14],  [15],  must  necessarily 
s 0. 

This  comes  within  the  case  in  which  m has  an  odd 
denominator,  since  the  denominator  is  unity,  and  since 
no  value  is  supposed  to  be  given  to  n greater  than  n\ 
it  is  in  this  cose  necessarily  = I . Hence  in  this  case 
cos  m x = ± Q.  sin  m i — ±raQ'. 

The  double  sign  applies  to  the  two  values  of  x,  scil. 
r and  x — x,  which  have  the  same  sine.  The  value 
of  cos  m x with  the  sign  + is  used  when  rn  is  even, 
and  that  with  the  sign  — when  m is  odd ; and  in  the 
value  of  sin  m x the  sign  -f  is  used  w hen  m is  odd,  and 
— when  m is  even. 

When  m is  even,  the  scries  Q is  finite  and  Q'  infinite, 
and  when  m is  odd,  O'  is  finite  and  Q infinite.  The 
form  of  these  series  being  the  same  as  the  series  S, 
S',  in  (429)  the  law,  the  number  of  terms  when  finite, 
and  the  last  term  is  determined  in  the  same  manner. 


(450.)  To  d err  lope  the  fine  and  ratine  of  a multiple  Strict  &r 
arc  in  a series  of  ascending  powers  of  the  tangent  of  the  ‘ 
simple  arc.  Ate*. 

By  developing  the  formula 

cos m x -J-  1 sin  m j = (cos  x -f  ^ — 1 B'n  ■*)"  ; 

by  the  binomial  theorem  we  shall  obtain 
cos  mx- f*  ^ — 1 sin  mr=R-f  ^ — 1 R'  - • • • [16], 
where  R represents  the  sum  of  the  odd,  and  R'  of  the 
even  terms  of  the  dev  elopement,  and  therefore 
R rrcos-x  — Atcos*"® Tain*  x-f- At  cos"-4  x sin*  r - 
R'  = A,  cos"'*  x sin  x - A, cos"-*  x sin*  x 
+ A,co»"“* x sin® x — .... 

where  A,,  Ar  A,. represent  the  coefficients  of  the 

second  and  succeeding  terms  ot  the  expanded  bino- 
mial, whose  exponent  is  m. 

As  each  side  of  the  equation  [16]  consists  partly  ot 
real,  ami  partly  of  imaginary  quantities,  it  is  equivalent 
to  two  distinct  equations,  between  each  separately.  It 
we  consider  R composed  exclusively  of  real,  and 
•J  — 1 K'  of  imaginary  quantities,  we  should  therefore 
have 

cos  m x = R ( |-l7, 
sin  m x — R'  ) L 

These  formulae,  which  were  first  published  by  John 
Bernouilli  in  the  Leipsic  Acts,  1701,  hove  been,  even 
to  the  present  day,  considered  as  exact  and  general. 

This,  however,  is  not  the  case. 

To  explain  this,  let 

T = 1 - tan  A,  tan1  x -j-  A4  tan*  x 

V = A,  tan  x - A,  tan®  x + A,  tan®  x - 
*.*  R = cos"  i . T, 

K'  = cos**  x . T. 

By  changing  x into  2 It  r + z,  the  factor,  T,  V of  the 
second  members  of 

cos  m x ss  cos-  x • T, 
sinwx=  cos*  x T, 

undergo  no  change,  since  these  arcs  have  the  same 


tangent,  and  since  T,  V include  no  powers  except  in- 
tegrnl  powers  of  tan  r , they  can  have  each  but  one 
value  for  an  arc,  whose  sine  and  cosine  are  given-  I he 
first  factor  cos"  x has,  however,  as  many  different  va- 
lues as  there  are  units  in  the  denominator  of  m ot 
which  two,  at  most,  can  be  real,  and  all  the  others 
roust  be  imaginary.  On  the  other  hand,  for  an  arc 
whose  sine  and  cosine  are  given,  and  which  is  of  the 
form  2 n r-  -f-  x,  n being  any  integer,  the  first  member* 
of  these  equations  have  as  many  different  values  as 
there  are  units  in  the  denominator  of  m , and  all  these 
values  are  real.  Thus  the  two  members  of  the  equa- 
tions are  inconsistent.  ...  . 

It  is  not  difficult  to  perceive,  that  this  absurdity  nas 
arisen  from  the  false  assumption,  that  the  real  and  , ma- 
ginary parts  of  the  second  member  of  [tfl]  were  R and 
R>.  We  shall  find,  upon  consideration,  that 
neither  uf  these  quantities  are  altogether  real,  or  alto- 
gether imaginary,  hut  that  rach  of  them  is  composed 
partly  of  real  and  partly  of  imaginary  quantifies,  and  ta 

of  the  form  a + 'Z  — 1 . 4. 
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Aigtbr*.  In  the  formula 

cos  m x + ^ — 1 sin  m x = cos"  x (T  -f-  ~~  1 T)» 

let  the  absolute,  real,  or  arithmetical,  value  of  cos"  x, 
cos  x being  considered  merely  as  a number,  be  P.  It 
is  plain  that  its  several  algebraical  values  will  be  ex* 
pressed  by  the  formula  P (db  1)".  And  since 

1)*  = cos  mn  w - f-  v — 1 sin  in  n 
•.*cos"  x ==  P (cos  mnr-f  v'  — ! sin  m n r), 

the  indeterminate  integer  n being  even  when  co»  x is 
positive,  and  odd  when  it  is  negative. 

Making  this  substitution  in  the  former  equation, 
and  in  place  of  x,  substituting  the  general  formula 
n * ±x  for  all  arcs  having  the  same  cosine,  in  which 
the  sign  -f-  is  used  when  n'  is  even,  and  — when  it  is 
odd,  we  obtain 

cos  m («'  w ± x)  -f*  ^ — I 8'n  m (n'  «■  ± x) 

= P (T  cos  fflnr-r  sin  m « sr) 

-f-  ‘f  — 1 . P (T  sin  m /nr  -f-T'  cos  m n ■■). 

Here  the  real  and  imaginary  parts  are  separated  on 
each  side,  and  equating  them,  wc  have 
cos  m (n'  ir  ± x)  = P (T  cos  m n r — V sin  m n x), 
sin  m (n'  x + x)  = P (T  sin  m n x -f-  T'  cos  m n x). 

Each  member  of  these  equations  is  susceptible  of  as 
many  different  values  as  there  are  units  in  the  denomi- 
nator of  m.  But  it  remains  still  to  be  determined, 
which  of  the  values  of  the  second  members  correspond 
or  are  equal  to  those  of  the  first  severally.  In  other 
words,  it  is  necessary  to  determine  what  relation  sub- 
sists between  the  indeterminate  integers  n and  n,  nei- 
ther of  which  are  supposed  to  exceed  twice  the  deno- 
minator of  m.  To  determine  this,  let  x = 0,  P = 1, 
T=l,  T = 0.  Hence 

cos  m n'  x = cos  m n x, 
sin  rna'xs  sinmnx, 
n'  — n 

These  integers  are,  therefore,  always  equal,  and  the 
formule  become 

cos  m(«xij)=;P(T  cos  m n x - T sin  m n x)  [ I ft], 
sin  m («  r + x)  = P (T  sin  m n x -f-  T*  cos  m n x)  [19]. 

Whether  the  odd  or  even  integers  are  to  be  substi- 
tuted for  n in  these  formula?,  and  whether  x is  to  be 
taken  with  -f-  or  — , is  to  be  determined  by  the  signs  of 
sin  x and  cos  x,  which  are  supposed  to  be  given.  If 
cos  x be  positive,  the  values  of  n are  to  be  selected 
from  the  series 

0,  2,  4,  6 ; 

if  it  be  negative,  they  are  to  be  selected  from 
1.  3,  5 

If  sin  x be  positive,  x is  to  be  taken  with  -f- , and  if 
negative  with  — . In  all  cases,  however,  the  coeffi- 
cient P in  the  second  members  is  to  be  considered  as 
an  abstract  number  independent  of  any  sign. 

If  m be  an  integer,  the  formuloe  are  reduced  to  the 
forms 

cos  m x = cos*  xT,  sin  m x = cos"  x.  T. 

which  have  hitherto  been  taken  to  be  genera)  for  all 
values  of  m. 


There  are,  however,  particular  values  of  n'  even  when  S«io  &*r 
m is  a fraction,  for  which  one  or  other  of  the  scries  by 
which  cos  m i and  sin  m x arc  expressed  will  din- 
appear.  In  order  that  cos  m h x should  = 0,  it  is  1_. 

necessary  that  m n should  be  a fraction  whose  deno- 
minator is  2,  and,  therefore,  whose  numerator  is  an 
odd  number.  This  can  only  happen  when  m is  a frac- 
tion with  an  even  denominator,  and  therefore  an  odd 
numerator,  and  when  n is  equal  to  half  the  denomi- 
nator. Also  in  this  case,  if  half  the  denominator  ofwi 
be  an  even  number,  it  is  necessary  that  cos  x should 
be  positive,  (otherwise  n should  be  odd,)  and  if  half 
the  denominator  be  an  odd  number,  it  is  necessary  that 
cos  x should  be  negative,  for  otherwise  n should  be 
even.  Hence  we  may  conclude,  thut  if  m be  a fraction 
with  an  even  denominator,  there  is  always  one  arc, 
whose  Cosine  has  any  given  positive  value  when  half  the 
denominator  of  rn  is  even,  and  whose  cosine  has  any 
given  negative  value  when  half  the  denominator  is  odd, 
which  is  such,  that  each  of  the  formulae  [18],  [19],  arc 
reduced  to  a single  series,  since  under  the  conditions 
just  stated. 


cos  muxs  0,  sin  m n x = it  1. 

In  order. that  sin  m n x = 0,  it  is  necessary  that  m n 
should  he  an  integer,  and  therefore  that  n should  be 
equal,  either  to  the  denominator  of  iw,  or  to  twice  the 
denominator.  In  each  case  sin  mnr  = 0,  and  cos 

mnxr  il.  If  cos  x lie  positive,  n must  be  even, 
and  in  this  case,  if  the  denominator  of  m he  even,  there 
ore  two  values  of  n,  which  will  reduce  the  formula 
[18],  [19],  to  a single  series;  but  if  it  be  odd,  since  n 
must  be  even,  there  is  but  one  value  will  satisfy  this 
condition.  If  cos  x be  negative,  n must  be  odd,  and, 
therefore,  when  the  denominator  of  m is  odd,  there  is 
but  one  value  of  n,  which  will  reduce  the  formula*  to  a 
single  series,  nud  when  m is  even,  there  is  no  value  of 
n will  effect  this. 

It  appeurs,  therefore,  that  when  rn  is  an  integer, 
cos  m x,  and  sin  rn  x,  can  always  be  expressed  in  a 
single  series  of  pow  ers  of  the  tangent ; but  that  when 
m is  a fraction,  there  are  only  certain  values  of  un  arc 
of  a given  sine  and  cosine,  w hich  admit  of  a develop*— 
incut  without  both  the  series  of  [9],  [10],  and  thut  iu 
some  cases  there  is  no  arc  which  admits  it. 

If  the  two  formula*  [18],  [19],  be  divided  one  by  the 
other,  we  shall  obtain 


tan  m(nxij) 


T cos  m n x — T' sin  m nx 
T sin  m n rr  -f-  T*  cos  max' 


T — V tan  m n x 
T tan  nax-f-T 


[80]; 


which,  when  m is  an  integer,  and  ill  the  particular 
cases  already  mentioned  when  m is  a fraction,  becomes 


tan  mx  — 
or  tan  m x = 


T 

T 

T_ 

T 


(451.)  To  develop*  the  ratine  or  tin e of  a multiple 
arc  in  detrending  poteen  of  the  cotine  of  the  timple  arc. 

This  problem  was  investigated  by  Euler,  and  subse- 
quently by  Lagrange,  and  both  obtained  the  same 
result,  although  they  proceeded  on  different  principles 
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Al^ebr*.  and  by  di lb* rent  methods.  The  series  which  were  the 
results  of  their  investigations,  and  which  have,  even  to 
the  present  time,  been  received  as  general  and  exact, 
are  the  following, 

S la>am*z=  (2j >)“-m  (2y)— > + ■”* (m  ^ ?-  (2y)”‘* 
_ m(nt- 4)  (m-.i)  m(m  - b)lm -6)(m-7) 

i . t . a w i . a ' ; a 4 

(2y)— ....  pi], 

— + 

+ (gy)  ~*  + ™ P y)— ^ 3 (ay)"***. 

. m(m+4)(iri  + 5)  .....  . m(m-f  5)(m-t-6)(m-f7) 

■**  i . a . a 1 91  m . a . 3 . 4 

Py)— • 

+ + 

&C.  &C. 

where  y = cos  r.  The  series  for  sin  m x was  deduced 
from  this  by  differentiation. 

Iti  the  memoir  already  cited,  Poinsot  has  examined 
the  analysis  by  which  these  results  were  obtained,  and 
shown  that  it  is  fallacious,  and  that  the  results  them- 
selves are  false.  To  render  this  refutation  intelligible, 
it  would  be  necessary  to  detail  the  process  by  which 
Euler  and  Lagrange  established  die  formula1,  which 
would  lead  to  investigations  unsuited  to  the  purposes  of 
the  present  treatise.  As,  however,  the  results  of  La- 
grange have  been  hitherto  universally  received  os  cor- 
rect, it  is  proper  to  make  the  student  aware  of  the  fact 
of  their  having  been  proved  erroneous;  and  if  he  be 
desirous  to  examine  the  details  of  the  process,  he  is 
referred  to  the  memoir  itself. 

We  shall  confine  ourselves  here  to  that  part  of  the 
memoir  in  which  the  true  development  of  cos  m x and 
sin  tut  is  investigated. 

Let  p = cos  x and  q = sin  x.  We  have 

cotmx  = p"(l  - A«-p-  + A,-“r-A,i  + ..  ..) 

where  1,  A,,  \r  ... . arc  the  coefficients  of  the  bino- 
mial series,  m being  the  exponent.  Wo  have 

tf  = 1 - fi>.  = 1 - 2p*  -f  p4 

Let  these  values  be  substituted  for  q*t  q *,  Ac.,  and 
let  the  results  be  arranged  according  to  the  descending 
powers  of  p,  and  we  have 

cos  m x ra.  A pm  — B pm~*  -j-  — C />*“* 
-TT3D^-  + to 

where 

A = 1 + A,  + A.  -f  A, . . . , 

U=A,  + 2A,+  3A,  + 4A,  + 5A 

1C^A.  + 3A.  + 6A.+  10A„  + ... 
y^5  D = A.  + 4 A,+  10  A„  -f  20  A„ 


&c.  &C. 


Tlic  law  by  which  these  coefficients  are  formed  is  Series  for 
evident,  but  it  is  necessary  to  obtain  finite  expressions  Sum*.  Ate.  of 
for  them  as  functions  of  m.  For  this  purpose,  let  us  Null‘Pl* 
suppose  that  the  successive  terms  of  the  first  coefficient  . AfC*~ 

A were  multiplied  by  the  successive  powers  of  an 
arbitrary  quantity  y,  so  that  it  Itecomes 

1 + + A,y»  + A,ys  -f-..,. 

otl  + f^l3+  ^L-l)(».-2)(»-3)  t + 

But  this  last  is  equivalent  to 

(*  + ''  y)*  + (I  - V*  y)-  L p 

so  that  17  becomes  equal  to  A when  y = 1.  It  is  not 
difficult  to  perceive,  that  the  other  coefficients  are  what 
the  successive  differential  coefficients  of  U taken  with 
respect  to  y as  a v uriuble  become  when  ys  1.  We 
have 

U = 1 4-  A,  y + A4  y*  -f  A,  y*  . . . . 

~ = Af  + 2 \y  + 3 A,y«  + 4 \y* . ... 

1 d“U 

J 7pr  = A.  + 3A,y-(-6A,y'4-  ... 


&c.  ic. 

When  y =:  1,  the  second  member*  of  these  equations 

become  equal  severally  to  A,  B,  A C.r— - . D.  . . . Let 
1 7 8 1.2.3 

the  values  of  the  function  U and  its  successive  differen- 
tia! coefficients  when  y = 1 be  called  Y,  Y\  Y",  Y", 
&c.  ; we  have  hence 


A = V = i-{»-  + 0-}. 

n = V'=i{m(2—  -0— ) }-, 

C — Y"  (m  - 1)  (2—  -f  0~4) 

- m (2— 1 - 0— ')  J-, 

D sY*a  — (m  - 1)  (m  - 2)  fS— • - 0— •) 
-3m  (m  - 1)  (2—*  + o—*)  + 3 m (2-'  - 0— *)  j-, 

E = Y"”  = i-^m(m-l)(m-8)(m-3){8*-‘  + 0— <) 

- 0 m (m  - 1)  (m  - 2)  (8~*  - 0-»)  + lSm  (m  - I) 

(2— *-f  0— >)  - 15m(2*-‘  - 0— ■)  j-.  Ac.  Ac. 

In  these  analytical  expressions  for  the  coefficients  of 
the  sought  series,  it  is  necessary  to  preserve  the  terms 
O",  0"*s,  0""#,  Ac.  because  each  of  these  powers  of  0 
became  either  unity,  0,  or  infinite,  according  us  the 
exponent  of  the  power  is  = 0,  positive  or  negative. 

The  true  developemcnt,  therefore,  of  cos  m r in  de- 
scending powers  of  cos  x or  p,  the  angle  x being  sup- 
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Algebra,  posed  leas  than  a right  angle,  and  only  considering  a 
single  value  of  cos  mx  relative  to  the  arc  x,  is 

cos  m x = Y pT-Y'p—  + 1 Y "p—  - + • 

If  m be  a positive  integer,  this  series  will  be  finite, 
since  all  the  terms  beyond  a certain  term  will  = 0,  and 
it  will  thus  give  the  exact  value  of  cosmx.  Thus 
when  m =:  0,  or  ms  I,  we  find  that  the  first'  coeffi- 
cient only  has  a finite  value,  and  all  the  others  = 0. 
For  m = 2 and  m = 3,  the  fin?l  two  coefficients  are 
finite,  and  all  the  rest  = 0.  For  tn  = 4,  m =:  5,  there 
are  three  terms  finite,  and  all  the  rest  equal  nothing; 
and  tn  general,  if  m be  uii  even  integer,  the  number  of 

_ . . m . , . m + l 

finite  terms  is  — — f-  1,  and  if  it  be  odd,  — - — 

Rut  if  m be  a fraction,  the  scries  never  terminates, 
and  the  coefficients  only  continue  finite  as  long  as 
the  exponent  of  0 which  occurs  in  them  is  not  nega- 
tive. After  this  happens  all  the  succeeding  coefficients 
arc  infinite.  Thus,  if  m be  a fraction  between  0 and  1, 
the  first  coefficient  alone  is  finite,  and  all  the  rest  infi- 
nite. If  m be  between  1 and  2,  the  first  two  coeffi- 
cients arc  finite,  and  all  the  rest  infinite,  and  so  on. 
If  m be  a fraction  between  n — 1 and  n,  the  first  n 
terms  ore  finite,  and  all  the  rest  infinite.  The  series, 
therefore,  in  these  cases  is  useless  and  absurd,  and  the 
same  happens  when  m is  negative.  From  whence  we 
may  conclude,  that  the  developement  of  the  cosine  of  n 
multiple  arc  in  descending  powers  of  that  of  the  simple 
arc  is  never  possible,  except  w hen  the  coefficient  of  the 
multiple  is  a positive  integer;  and  in  this  case,  since 
the  number  of  terms  is  finite,  the  series  is  nothing  more 
than  the  series  already  obtained  in  ascending  powers, 
the  order  of  the  terms  !>eii>g  reversed.  So  that  in  effect, 
the  only  case  in  which  the  developement  by  descending 
powers  is  possible,  it  is  useless. 

It  is  worthy  of  remark,  that  in  the  analytical  expres- 
sion for  the  coefficients  A,  B,  J C,  Ac.  if  the  powers 
0T,  <r-\  tT-*,  Ac.  be  neglected,  the  coefficients  will  be 
exactly  those  of  the  scries  [21],  which  has  been  hither- 
to considered  exact.  Whence  may  be  seen  the  reason 
why  this  series  gives  false  values  for  cos  m t,  and  also 
why,  in  the  particular  case  in  which  m is  an  integer, 
the  value  resulting  from  it  will  be  exact,  if  we  retain 
In  it  only  the  positive  powers  of  p,  for  that  is,  in  effect, 
rejecting  all  that  part  of  the  true  developement  which 
becomes  = O. 

(452.)  The  scries  for  cos  mx  in  descending  powers 
of  cos  r or  p , m being  supposed  to  be  an  integer,  is 
therefore 


2 cusmr  ss  (2  pY — m 


tn  (m  — 3) 


1.2 


(sjO*-4 


m (w»  — 4)  («i  — 5) 


[ .2.3 


(ip)— 


tn  (m  — 5)  (m— 6)  (m— 7) 

■4 — t \ ? (9  pT~*  - 

~ 1. 2.  3. 4 K 


...  [22]. 


(453.)  To  define  the  law  of  this  scries,  let  the  r** 
term  be  T, 

T , »*(m  — r)(m  — r-1). . (m  — 2r-f  4)(m-2r-f  3) 

1 .2,3.......  ."77777  {t  — 1) 

(2  j>)— < 


To  detennine  Uie  last  term  2,  let  the  values  of  ft 
already  tbund  be  substituted  for  r in  this  formula. 

If  m be  even,  let  ~ — |-  1 be  substituted  for  r,  and 
the  result  is 


SerU*  for 
Sion,  Ac.  •>( 
Multiple 
Arcs. 


*=± 


-G-Ofi-O- 


(2  y)"*" 


All  the  factors  of  the  numerator,  except  the  first, 
destroy  all  the  fuctors  of  (lie  denominator,  except  the 
last,  and  therefore 

z=  ±2. 


+ being  taken  when  1 19  odd,  und  — when 

— *+*  1 is  even 


If  m be  odd,  let 


tn  -f  1 


be  substituted  for  n,  and 


the  result  is 


*=  ± 


OtW) 

■*> (h-OCt^) 


, (2y>- 


The  factors  of  the  denominator  destroying  those  of 
the  numerator,  except  the  first,  wc  obtain 

2 = ± 2 m y, 

-f-  being  taken  when  is  odd,  and  — when  it  is 


(454.)  To  derefape  sin  m x in  detrending  power*  of 
cos  x. 

To  effect  this,  it  is  only  necessary  to  differentiate  the 
series  [22].  This  being  done,  and  the  result  divided 
by  2 f/i,  and  observing  that  d y = d cos  x = — sin 
xdx,  we  obtain 

sin  tn  x . . , n.  ..  . 

"ril;  — = (i  y)  ' - («  - 2)  (2  »)"  ■ 


, (■  — 3)  (m  - 4) 

1 . 2~ 


(2  y)—  — [23]. 


Tliis  developement,  like  the  last,  is  only  possible 
when  m is  an  integer. 

When  m is  an  even  integer,  the  numter  of  terms  in 
the  series  for  2 cos  mx  being  4-  1,  and  the  last 


term  2 = i 2, 

it  follows,  since  d z = 0,  that  in  the  present  case  the 

number  of  terms  must  be  —. 

2 

The  term  in  the  present  case  is  evidently 
(m  — r)  (m-r  — 1)  . . (m—  2 r -f-  3)  (m  - 2 r + 2) 
~ 1.27s r - 1 

(2  y)— 

Hence  the  last  term,  m being  an  even  integer,  may 
be  found  by  substituting  ~ for  r in  tliis  formula. 
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grbrt.  which  gives 


:=  ± 

2.3 


We  have  (Trigonometry) 


3.2 


2 cos  x 


= ^v~‘ 


■f  « 


(f-o 


(*  y)- 


j = ± m y. 

If  m be  odd,  the  lust  term  ill  the  series  (or  2 cos  m I 

sin  m x . 

being  ± m (2  y),  that  of  the  series  for  — i« 
i=  ± 1. 


the  number  of  terms  being 


and  + being  Uken  w„  oVuin 


V 2- COS-  X = (<*V-  + 

If  this  be  developed  by  the  binomial  theorem,  we 
obtain 

2-  cos-  e = e“vr‘+  A d-s»v”+  B ri— *v-'  + .... 

where  1,  A,  B,  C 

are  the  coefficients  of  the  binomial  series. 

Eliminating  e by  the  general  formula, 

cos  m i + s'-  1 sin  mx  = e"v-\ 


when  this  is  odd,  and  — when  it  is  even. 

(15.Y)  To  day  lope  the  corine  and  tine  of  a multiple 
arc  in  descending  powers  of  the  tine  of  the  simple  arc. 

In  [22]  and  [23]  let  x be  changed  into  - *,  and 

the  two  scries  Wing  expressed  by  M and  Mf,  and  p 
being  understood  to  express  sin  x instead  of  cos  x,  we 
shall  have 

a -•)-«■ 


■2)x 


2 cos  m I 


2"  cos"  x = cos  m x + A cos  (m  - 
•f  B cos  (rn  — 4)  x + .... 

-f-  V — 1 [sin  mx  + A sin  (m  — 2)  x 
-f  B sin  (m  — 4)  x -f  ....]. 

Let  the  first  scries  be  P, , and  the  second  Q, , and  vre 
have 

(2  cos  x)m  = P,  -f"  — 1 Q. . 

Let  cos  r be  first  supposed  to  be  positive,  and  in 
that  case  (2  cos  /)"  must  have  at  least  one  real  value. 
Let  this  be  X,  and  all  its  other  values  will  be  found  by 
multiplying  X by  the  values  of  (1)*-  They  are,  there- 
fore, all  expressed  by  the  formula 

X (cos  2ffl»r  + ^ - 1 sin  2 m n r), 
n being  an  integer  not  exceeding  the  denominator 
of  *». 

Also,  in 

(2  cos  x)-  = P.  + ott  Q.. 
no  change  is  made  in  the  first  member  by  changing  x 
4-  being  taken  when  £ m is  even,  and  — wf  en  odd.  into  2 n » -f-  x,  and  therefore 

(2  cos  i)m  = Pt.„+,  + l Qa«,+c 


sin  wi  M’. 


In  this  case,  as  iu  the  former,  m must  be  an  integer. 
If  m be  even, 

/ _ \ 

: ± CO«  « X, 


sin  rn  =r  s 


Hence,  in  these  cases, 

2 cos  rn  i = i M, 

2 sin  ffusf  cos  x . M\ 

If  m be  odd 

cos  m (j-)  = ± sin  m x. 


Hence 

x cos  2 m ti 


+v— . x sin  2m«*s  P,..+, 

+ v'TI  Q,.,+ [1]. 


wn  m — x^  = i < 


-}-  being  used  if  — - — be  even,  and  — if  odd. 
Hence  ' 

sin  m x = i M, 
cosmx=  i coax.M'. 


Equating  the  real  and  imaginary  parts  of  this  equa- 
tion, we  find 

1 r ,x  = -1- 

• sin  2 mn 


SECTION  XLII 


X = . 

cus  2 in  n - 

Hence  it  appears  that  the  real  and  positive  value  X 
of  (2  cos x)*  can  be  indifferently  expressed,  either  in  a 
scries  of  powers  of  the  cosines  or  sines  of  the  mul- 
tiples of  x,  anil  that  the  two  series  differ  from  one 
another  only  in  the  constant  coefficients. 

Between  the  two  series  thus  found,  there  subsists  a 
constant  relation, 

cos 2mnw  Pt«,+, 

sin 2m nr  ~~  <J0a.+.  * 


by  which  it  appears  that  these  series  hove  a constant 
Of  Hr.  Dmlopoment  of  a Pwrr  afthr  Sim  or  Omuw  ™>i»,  whatever  be  the  value  ascribed  to  x.  for  0 to 
of  an  Arc  in  a Series  of  Sines  or  Cosines  of  its  * 


Multiples. 

(456.)  To  devebpe  cos™  x in  a terics  of  cosines  or 
sines  of  multiples  of  x. 


If  n = 0,  we  obtain  by  [2] 

X e=  P.y 
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Alf*bra  which  is  therefore  perfectly  general,  provided  x be 

supposed  less  than  and  X confined  to  the  real  and 

positive  value  of  (2  cos  x)". 

The  second  formula  of  [2]  gives  sin  2 m n w = 0,  '.* 


X = 


0 

o'* 


This  fails  in  giving  any  value  of  X,  but  shows  that 

Q,  = 0 for  all  values  of  x from  0 to  ± . 

(457.)  If  the  cos  a be  negative,  let  (2  cos  x)"  be 
expressed  thus, 


(-2 cos  x)"  = (2cosx)-(  - 1)-  = X ( - 1)-. 

But  since 

( — 1 )"  = cos  m (2  n -f  1)  * 4*  ^ — 1 sin  m (2  n 4- 1)  *• 
Hence 

X eos  m (2  n -f-  1)  * -f-  ^ —IX  sin  m (2n-f  l)v 

= p,..+,  + vrn  q,„+.. 

By  equaling  the  real  and  imaginary  parts,  we  find 

X = ^-(2-1+7).  P-+ [3]- 

X = linm  (£»+))*  Q,"+'  ‘ 1 ’ ‘ ^ 
In  which  the  integer  n is  susceptible  of  any  value  from 
l)  to  the  denominator  of  m. 

If  n = 0,  we  have 

X = — ! P,,  X = — — Q,. 

cos  m <a  mnmx 

which  give  develupements  of  the  real  value  of  (2  coax)* 
when  cos  a is  negative. 

From  this  it  appears,  that  Q,  is  not  = 0,  as  in  the 
former  case,  where  cos  x was  supposed  positive. 

But  although  Q#„„+#  may  not  = 0 when  n ss  0, 
yet  there  may  be  some  other  value  of  n,  which  will 
render  this  series  = 0.  To  discover  this,  let  it  be  de- 
termined what  value  of  n will  satisfy  the  condition, 


sin  m (2  r 4*  1)  a ss  0, 

*.*  cos m(2n-f-  1)  * = i 1. 


That  these  conditions  be  fulfilled,  it  is  necessary  that 
m (2  n + 1)  be  an  integer.  Let  m ss  — y , and  let  1 

it 

be  any  integer,  v 

m'(2ft  -f-  1)  =:  In'; 

but  m'  being  prime  to  ri  measures  I.  Let  — ? = »,*;• 

tn 

2n<f  lstn'. 


Since  2 n-f  I is  odd,  both  i and  n'  must  be  odd. 
But  since  n is  supposed  not  to  exceed  n\  i must 
be  = 1. 

Hence 


W - 1 


which  is  therefore  the  only  value  of  n which  can  satisfy 
the  proposed  condition. 

VOL.  i. 


Hence,  if  m be  a fraction  with  an  odd  denominator 
(if),  we  have 

X = ±P 0,..,,.+.  =0. 


Serin  fi*i 
Sin«»,&c  of 
Multiple 
Att»- 


-f-  being  used  when  m'  is  even,  and  — when  odd. 

But  if  m be  a fraction  with  un  even  denominator, 
there  is  no  arc  (2  n -f  l)w  which  can  render  cos  m 
(2u-f-l)flr=sil;  and,  consequently,  no  arc  2 m 
n tr  4-  x for  which  the  series  P»  can  become  equal  to  the 
real  value  of  (2  cos  x)". 

By  the  formulae  [3],  [4],  it  follows  that  when  cos  x is 
negative,  the  real  and  positive  value  of  (2  cos  x)"  may 
be  expressed  either  in  a series  of  siucs  or  cosines  of  the 
multiples  of  x,  and  that  the  two  developements  differ 
only  in  the  coefficients  ; and,  finally,  that  their  ratio  is 


w 3 TS 

the  same  for  uil  values  of  x between  — - and  — . 


(458.) 


have 


If  m be  a positive  integer  Q,  — 0,  and  we 
(2  cos  x)m  = P,. 


The  number  of  terms  in  P,  is  m -f  1,  being  those  of 
the  binomial  series.  Hence  the  lost  term  must  be 


cos  (m  — 2 m)  x = cos  m x, 


which  is  equal  to  the  first.  And,  in  like  manner,  the 
penultimate  term  is  equal  to  the  second,  and  every  pair 
of  terms  equidistant  from  the  extremes  are  equal. 

It  follows,  therefore,  that  when  m is  odd,  and  v m -f-I 
even,  the  first  half  of  the  series  S Is  equal  to  4 (2"  cos* 
x)  ss  2""‘  cos"  X;  and  when  m is  even,  and  therefore 

m + 1 odd,  the  first  terms  together  with  half  the 

(m  , A/A  . , , 

■y  -f-  1 1 term  is  equal  to  lr  cos  x. 

Hence  we  conclude, 

1.  When  m is  odd, 

2"_1  cos"  x = cos  m x 4 A cos  (m  — 2)  x 
-f-  B cos  (m  - 4)  x -f- 


continued  to 


m -f-  1 
2 


terms. 


The  last  term  of  this  series  is 
M cos  — 2 ^m-  ^ --  — 1 J|J  * = M cos  x,  M being 

the  coefficient  of  the  term  expanded 

binomial.  From  the  law  of  the  binomial  series  we 
have 


M = 


m . m — 1 .to 


1.2.3  


This  may,  however,  be  reduced  to  a somewhat 
simpler  form.  Let  both  terms  of  the  fraction  be  mul- 

»-t 

tiplied  by  2 • , the  operation  being  effected  on  the 
denominator  by  doubling  each  of  its  factors  ; the 
result  is 

4 N 
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/ tn — 3\ 

wi.m-l.m  — 2..l*n 1 ~- 

374.6 (m—  1) 


Again,  multiplying  both  numerator  and  denominator 
by  the  odd  integers  from  1 to  tn  inclusive,  in  order  to 
complete  the  series  of  factors  in  the  denominator. 


/ m — 3\ 
ffl.w  — bin— 2....  « 5 — I 

M ^-7 ~ 9 0 

1.2.3 (m  - l)m 


(459.)  The  dcvelopcmtnt  which  has  been  thus  ob-  Sorias  for 
la i lied,  gives  the  value  of  the  «'1  power  of  the  cosine  Sine»,\t  of 
of  an  arc  in  a series  of  cosines  or  sines  of  its  multiples.  3 
Similar  series  for  the  mrt  power  of  the  sine  may  U*  v ' . 

obtained  in  a similar  way. 

By  expanding 

(2  sin  = (e"V~  - <*'V::rr. 

and  eliminating  e by  the  formula, 

cos  wii  </—  [ sin  m x = «***V 
we  obtain 


Expunging  from  both  numerator  and  denominator 
m — 3 . 


the  descending  factors  from  m to  m 
we  obtain 

1 , 3.5.  . m 

1.2.3.. 

Hence  the  last  term  z is 

1.3. 5.. 


- inclusive. 


m -}-  1 
2 


1.2.3... 


wt-f-  l 

’ 2 


2 * cos  x. 


2.  If  m lie  even, 

2"~l  cos"  x — cos  m x + A cos  (m  — 2)  x -4* 

continued  to  -p  1 terms,  the  coefficient  of  the  last 

term  being;  half  that  of  the  1 (erm  of  u‘« 


(2  sin  x)"  ( J — 1 )"  “ cos  m x — A cos  (m  — 2)  x 
+ Bco*(m  — 4)x—  ....  + V — 1 
[sin  m x — A sin  (m  — 2)  x -f  B sin  (rn  — 4)  x - . ]. 
If  the  series  be  called  P,  and  Q.,  we  have 

(2  tun  iT  ( - 1)"  = P.  + V'  -JT  Q.  ■ 

This  fonnula  being  treuted  in  a manner  similar  to  that 
for  (2 cost)",  will  give  similar  results. 

(460  ) If  m be  a positive  integ»*r,  tlie  number  of  terms 
in  each  of  the  series  P,  and  Q,  will  be  m -j-  I*  and 
one  or  other  of  them  will  = 0.  We  shall  consider 
successively  the  cases  in  which  m is  even  and  odd. 

1.  Let  tn  be  even. 

The  number  of  terms  in  Q,  being  (m  -f-  1)  and  *.♦ 
odd.  the  sign  of  the  last  term  is  by  the  law  of  the 
series  +,  and  it  is  therefore 

+ sin  (m  — 2 m)  X = — sin  m x. 

Tlie  penultimate  term  is 

— A sin  [to  — 2 (m  — 1 )]  x = — A sin  ( — m + 2)  x 


expanded  binomial.  Let  z lie  the  last  term. 

2 = ^ M cos  (m — m)  x = ^ M, 


m . m — 1 . m 

Ms 

1.2.3  


m 

2....  <»»-  — + I) 

m 

T 


es  -f-  A sin  — 2)x, 

and  by  continuing  the  process,  it  appears  that  the 
extreme  terms,  and  those  equally  distant  from  (hem, 
destroy  each  other.  Hence  Q,  = 0,  and  therefore 

2" (^  — 1)*  sin"  x = I\. 

But  since  m is  even, 


Multiplying  both  numerator  and  denominator  by  2 
in  the  some  manner  as  in  the  last  case,  and  intro- 
ducing the  deficient  fuctors  1.3.5,....  tn  — 1,  we 
obtain 


m.m  — 1.»— 2 ..(*»—  -s  ■+*  0 m 


M = ts 


.2.3 


-2(l.3.5.m-l) 


Expunging  from  the  numerator  and  denominator  the 
descending  factors  from  m to  (m  - -f-  1)  inclu- 

sive, we  obtain 

1.3.5....  (m—  1)  Tj 


M — 


1.2.3. 


1 . 3 . 5 . . - . (m-1)  "-I 

’ 2 * 

m * 

1 2.3.. * 


(-d7=  ± i. 

+ being  taken  when  — - is  even,  stud  — when  odd. 
Therefore 

dfc  2"  sin"  x = F#. 

In  the  same  manner  as  in  the  former  case,  it  follows 
that  in  the  series  Px  the  extreme  terms,  and  those 
which  are  equidistant  from  them,  are  equal,  and  have 
the  same  sign,  and  hence,  as  before,  we  find 

± 2"*‘  sin"  x = P„ 

the  number  of  terms  being  — -f-  1 » and  the  last  term 

being  the  same  as  for  2"“‘  cos*  x when  m ia  even. 

2.  Let  tn  be  an  odd  integer. 

In  this  case  the  number  of  terms  being  m-{-  1,  the 
sign  of  the  last  term  of  P#  is  by  the  law  of  the  scries  — , 
and  it  ia  therefore 


which  is  the  value  of  the  last  term. 


— cos  (m  — 2 m)  x = — cos  tn  x. 
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Algebra.  and  the  penultimate  term  is 

•f  Acos  [m-2  (r?i  — 1)] j = -f-  Acoa(m  — 2)  r, 

ami  by  continuing  the  process,  it  appears  that  the  ex- 
treme terras,  and  those  which  arc  equidistant  from 
them,  are  equal  with  different  signs,  and  therefore 
destroy  each  other.  Hence  P#  = 0,  and 

2*  ( sin"  x = ^T\  U, 

V 2*  ( ^ — l)**”1  sin" x =r  Q*. 

But  since  w — ■ 1 is  even, 

(VZT)~.  = + i. 

Hr  Q’Vsin"*  = Q„ 


-f-  being  token  when 
is  odd. 


m __  1 Series  Cor 

is  even,  and  — when  it  Sin«,  Ac.  «*f 

2 Multiple 

Arcs. 


In  the  same  manner  as  before,  it  may  be  shown  that 
the  extreme  terms  of  QM  are  equal  and  have  the  same 
sign.  Hence  we  find 


2*"‘  sin"  f = Q, 


continued  to  — ~ — terms,  the  last  term  being 

, _ 1.8.5  M ?.at 


4 n 2 
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GEOMETRICAL  ANALYSIS. 


SECTION  I. 

(1.)  Analysis,  or  resolution,  is  a process  by  which. 
Intrude-  commencing  with  whal  is  sought  as  if  it  were  given,  a 

non.  chain  of  relations  is  pursued  which  terminates  in  what 

is  given,  (or  may  he  obtained.)  as  if  it  were  sought. 
Synthesis,  or  comjwsition,  is  a process  the  very  reverse 
of  this;  being  one  in  which  the  series  of  relations  ex- 
hibited commences  with  what  is  given,  and  ends  with 
what  is  sought.  Consequently  analysis  is  the  instru- 
ment of  invention,  and  synthesis  that  of  instruction. 

The  analysis  of  the  ancients  is  distinguished  from 
that  of  the  moderns  by  being  conducted  without  the  aid 
of  any  calculus,  or  the  use  of  any  principles  except 
those  of  Geometry,  the  latter  being  conducted  entirely 
by  the  language  and  principles  of  Algebra.  The  an- 
cient is,  therefore,  called  the  Gnanetrical  Analysis. 
For  its  origin  and  history,  the  reader  is  referred  to  our 
History  of  Analysis. 

Ancient  The  interest  which  the  Geometrical  Analysis  derives 
analyst'  from  its  antiquity,  and  from  having  been  the  instrument 
ofnpsretl  by  w hich  the  splendid  results  of  the  ancient  Geometry 
wiUi  th«  were  obtained,  would  ulone  In?  sufficient  to  render  it  an 
m r*'  object  of  attention  even  after  the  discovery  of  the  more 
powerful  agency  of  Algebra.  But  this  is  not  its  only 
nor  its  principal  claim  upon  our  notice.  Its  inferiority, 
compared  with  the  modem  analysis,  in  power  and 
facility,  is  balanced  by  its  ertreme  purity  and  rigour; 
and  though  its  value  as  un  instrument  of  discovery  be 
lost,  yet  it  must  over  be  considered  as  a most  useful 
exercise  for  the  mind  of  a student ; and  it  may  be 
fairly  questioned,  whether  it  may  not  he  more  conducive 
to  the  improvement  of  the  mental  faculties  than  the 
modem  analysis,  unless  the  latter  be  pursued  much 
farther  than  it  usually  is  in  the  common  course  of 
academical  education,  in  which  the  student  acquires 
little  more  than  a know  ledge  of  its  notation.  Newton 
was  fully  aware  of  the  advantages  attending  the  culti- 
vation of  this  branch  of  mathematical  science,  and  in 
many  parts  of  his  works  laments  that  the  study  of  it 
has  been  so  much  abandoned.  He  considered,  that, 
however  inferior  iu  power  and  despatch  the  ancient 
method  might  be,  it  had  greatly  the  advantage  in 
rigour  and  purity;  and  he  feared,  that  by  the  premature 
and  too  frequent  use  of  the  modem  analysis  the  mind 
would  become  debilitated  and  the  taste  vitiated.  We 
must  however  confess,  that  the  pretensions  of  the 
ancient  method  to  superior  rigour  do  not  seem  to  us  to 
be  as  well  founded  as  they  are  sometimes  considered. 
It  would  be  no  very  difficult  matter  to  expunge  the 
algebraical  sy  mbols  from  a modem  investigation,  and 
substitute  for  them  their  meaning  expressed  in  the 
language  used  iu  geometrical  investigations;  but 
would  such  a change  confer  upon  them  greater  rigour, 
or  would  it  give  to  the  conclusions  greater  validity-  ? 
And  yet  this  is  precisely  what  Newton  himself  has  done 
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in  manv  parts  of  his  great  work,  tile  Principia.  His  S«euon  I. 
theorems  are,  evidently,  investigated  algebraically  ; but 
in  demonstrating  them,  the  process  is  disguised  hy  the 
substitution  of  lines  and  geometrical  figures  for  the 
algebraical  species  and  formula?.  It  cannot  but  excite 
astonishment,  that  a man  of  his  extraordinary  sagacity 
could  so  far  deceive  himself,  as  to  suppose  that  by  such 
a proceeiling  his  reasoning  acquired  greater  rigour. 

But,  without  reference  to  the  modem  analysis,  we 
conceive  that  the  ancient  method  has  sufficient  claims 
to  our  attention  on  the  score  of  its  own  intrinsic 
beauty.  It  has  this  further  advantage,  that  we  can 
enter  at  once  upon  its  most  interesting  discussions 
without  the  repelling  task  of  learning  any  new  lan- 
guage or  system  of  notation. 

In  the  application  of  the  Geometrical  Analysis  to  the  Sog*wnJ 
solution  of  problems,  or  the  demonstration  of  theorems,  ml**  in 
no  general  rules  nor  invariable  directions  can  be  given  <»«Mnetra*J 
which  will  apply  in  all  cases.  The  previous  construe- 
tion  to  be  used,  and  the  preparatory  steps  to  be  taken, 
depend  on  the  particular  circumstances  of  the  question, 
and  must  be  determined  by  the  sagacity  of  the  analyst; 
and  his  skill  and  taste  will  be  evinced  in  the  selection 
of  the  properties  or  affections  of  the  given  or  sought 
quantities  on  which  he  founds  his  analysis;  for  the  same 
question  may  frequently  be  investigated  in  many  dif- 
ferent ways. 

In  submitting  a problem  to  analysis,  its  solution,  in  Antlru*  *f 
the  first  instance,  is  assumed ; and  from  this  assump-  * problem, 
tion  a series  of  consequences  are  drawn,  until  at 
length  something  is  found  which  may  be  done  by  esta- 
blished principles,  and  which  if  done  will  necessarily 
lead  to  the  execution  of  what  is  required  in  the  problem. 

Such  is  the  analysis.  In  the  synthesis , then,  or  the 
solution , we  retrace  our  steps  ; beginning  by  the  execu- 
tion of  the  construction  indicated  by  the  final  result 
of  the  analysis,  Bnd  ending  with  the  performance  of 
what  is  required  in  the  problem,  and  which  constituted 
the  first  step  of  the  analysis. 

When  a theorem  is  submitted  to  analysis,  the  thing  of  M 
to  he  determined  is,  w hether  the  statement  expressed  by  thcorvm, 
it  be  true  or  not.  In  the  analysis  this  statement  is,  in 
the  first  instance,  assumed  to  be  true;  and  a series  of 
consequences  are  deduced  from  it  until  some  result  is 
obtained,  which  either  is  an  established  or  admitted 
truth,  or  contradicts  an  established  or  admitted  truth. 

If  the  final  result  be  an  established  truth,  the  theorem 
proposed  may  be  proved  by  retracing  the  steps  of  the 
investigation,  commencing  with  that  final  result,  and 
concluding  with  the  proposed  theorem.  But  if  the 
final  result  contradict  an  established  truth,  the  proposed 
theorem  roust  be  false,  siuce  it  leads  to  a false  con- 
clusion. 

These  general  observations  on  the  nature  of  the 
Geometrical  Analysis,  and  the  methods  of  proceeding 
in  it,  will  be  more  clearly  apprehended  after  the  invest- 
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G#oroe-  ligations  contained  in  the  subjoined  treatise  have  been 
me*!  examined. 

Analysis 


SECTION  II. 

Miscellaneous  Problems. 

(2.)  Definition.  A point  is  said  to  be  given  when  its 
situation  is  either  given  or  may  be  determined. 

(3.)  Definition.  A right  line  is  said  to  be  given  in 
position  when  it  is  either  actually  exhibited  and  drawn, 
or  may  be  exhibited  and  drawn  by  previously  established 
principles. 

Proposition. 

(4.)  To  draw  from  a given  point  a right  line  inter- 
secting two  right  lines  given  in  position,  so  that  the 
segments  between  the  point  and  the  right  lines  shall  have 
a given  ratio. 

Fig  t Let  the  given  point  be  P,  A B and  C D the  right 

lines  given  in  position,  and  m : n the  given  ratio. 

Let  P M : P N \ ! nt : n.  If  any  other  line  as  P L 
be  drawn  intersecting  A I)  and  C D,  and  a parallel  to 
C D be  drawn  from  N,  that  parallel  will  divide  P L 
similarly  to  P M,  and  therefore  in  the  required  ratio. 
This  parallel  may,  or  may  not,  coincide  with  the  line 
N K.  First,  let  us  suppose  that  it  does.  In  that  case 
the  two  lines  given  in  position  will  he  parallel,  and  the 
line  PL,  or  any  other  line,  drawn  intersecting  them, 
will  be  cut  similarly  to  PM,  and  therefore  ull  such  lines 
will  be  cut  in  the  required  ratio.  Hence  it  appears, 
that  in  this  case  the  problem  is  indeterminate,  since 
every  line  which  can  be  drawn  intersecting  the  given 
lines  will  equally  solve  it. 

Secondly,  if  the  given  lines  A B,  C D be  not  parallel, 
let  the  parallel  to  C D from  N meet  P L in  O,  so  that 
PL  : PO  m : n.  But  PL  may  be  drawn,  and  the 
point  O therefore  may  be  determined  ; and  since  the 
direction  of  CD  ia  given,  the  direction  of  ON  is 
determined,  and  therefore  the  point  N may  be  found. 
Hence,  the  solution  is  as  follows : let  any  line  P L be 
drawn.  If  PL  : P K m : n,  the  problem  is  solved. 
If  not,  let  P L be  cut  at  O,  so  that  P L : P O ll  m : it, 
and  from  O draw  O N parallel  to  C I),  meeting  A B in 
N,  and  through  N draw  PN  M.  Then  P M : PN : : 
PL  : PO  : : m : n. 

(5.)  Cor.  1.  The  same  solution  will  apply  if  the  line 
A 1)  be  a curve  of  any  kind. 

(6.)  Cor.  2.  If  the  parallel  to  C D through  O do  not 
meet  the  line  A B,  the  solution  is  impossible.  If  A B 
be  a right  line,  this  happens  when  it  is  parallel  to  C D. 
And  therefore  we  conclude  in  general,  that  when  the 
two  right  lines  A B and  C D arc  parallel,  the  problem 
is  either  indeterminate  or  impossible. 

Proposition. 

(7.)  Prom  two  given  points  to  draw  to  the  same  point 
in  a right  line  given  in  position , two  tines  equally 
inclined  to  it. 

ptg  j Let  the  given  points  be  A and  B,  and  let  C D be  the 

line  given  in  position.  Let  P be  the  sought  point,  so 
that  the  nngle  A P C shall  be  equal  to  the  oniric 
BP  D. 


Produce  the  line  B P bejond  P,  until  P E is  equal  Section  II. 
to  PA,  and  join  AE.  The  angles  B P 1)  and  E PC  ''*• v-"— ' 
are  equal ; but  also  (hyp.)  B P D and  A P C are  also 
equal,  therefore  the  angle  A P C is  equal  to  the  angle 
E P C.  But  also  the  sides  P A and  P E are  equal,  and 
the  side  P F is  common  to  the  triangles  APF  and 
E P F.  Therefore  the  angles  A F P and  E F P are 
equal,  and  therefore  are  right  angles,  and  also  the 
A F is  equal  to  E F. 

But  since  A and  C D are  given,  the  perpendicular 
A F is  given,  and  hence  the  solution  of  the  problem 
may  be  derived. 

From  either  of  the  given  points  A draw  a perpendi- 
cular A F to  the  given  right  line  C I),  and  produce  it 
through  F.  until  FE  is  equal  to  A F,  and  draw  the 
right  line  E B meeting  the  line  C D in  P.  Draw  A 1*, 
and  the  lines  A P ami  B P are  those  which  are  required. 

For  since  AF  and  FE  are  equal,  and  P F common  to 
the  triangles  A F P and  E F P,  and  the  angles  AFP 
and  EFP  are  equal,  the  angles  A P F and  EPF  are 
equal.  But  B P D and  EPF  are  also  equal,  therefore 
the  angles  APF  and  B P D are  equal. 

Scholium.  If  the  given  points  lie  at  ditferent  sides  of 
the  given  right  line,  the  problem  is  solved  by  merely 
joiuing  the  points. 

Proposition. 

(8.)  To  inscribe  a square  in  a triangle. 

Let  A B C be  the  triangle,  and  D F E the  required  f\g.  3. 
square.  Draw  the  perpendicular  B G,  and  draw  A E 
to  meet  a parallel  BII  to  A C at  H.  It  is  easy  to 
see  that  DP:FE  ::  GB:BH;  for  the  triangles 
A F D and  A B G,  A F E and  A B II  are  respectively 
similar  each  to  each.  Hence,  since  D F is  equal  to 
F E,  G B is  also  equal  to  B H.  But  G B is  given  in 
magnitude  and  position,  and  therefore  B H is  given  in 
mugnitude  and  position.  To  solve  the  problem  there- 
fore it  is  only  necessary  to  draw  B H and  join  A H,  and 
the  point  E where  A H meets  B C will  be  the  vertex  of 
the  angle  of  the  square. 

(9.)  Cor.  1.  It  is  evident  that  the  same  analysis  will 
solve  the  more  general  problem,  " To  inscribe  in  a 
triangle  a rcctunglc  given  in  species.”  For  in  this  case 
the  ratio  B II  : B G is  given,  and  therefore  B H is  as 
before  given  in  position  and  magnitude. 

(10.)  Schol.  If  B II  be  drawn  equal  to  B G and  on  Fig  4. 
the  same  side  of  the  vertex  with  A,  then  it  will  be 
necessary  to  produce  A II  and  C B,  in  order  to  obtain 
their  point  of  intersection  E.  In  this  case,  however, 

DFE  will  still  be  a square,  for  the  corresponding 
triangles  will  be  similar,  BOA  to  F D A,  and  H B A 
toEFA.  Hence  GB  : BH  ::  DF  . FE. 

(II.)  Cor.  2.  In  the  same  manner  the  more  general 
problem,  “To  inscribe  a rectangle  given  in  species,’' 
may  be  extended. 

Proposition. 

(12.)  To  draw  a line  from  the  vertex  of  a given 
triangle  to  the  base,  so  that  it  wilt  be  a mean  projtor- 
tional  between  the  segments. 

Let  A B C be  the  triangle,  and  let  B D be  a mean  Hig.  5. 
proportional  between  A D and  I)  C.  Produce  B D to 
E,  so  that  D E shall  be  equal  to  B D,  and  join  C E. 

Since 

AD:  BD  ::  ED:DC, 


Digitized  by  Google 


GEOMETRICAL  ANALYSIS. 


634 


G*om«-  (mil  the  angles  BOA  anil  EDC  are  equal,  the  trian- 
Anid**u  B D A and  CDF.  are  similar.  Therefore  the 

v ‘ ”*  > angles  E and  A are  equal,  and  are  in  the  name  segment 

of  a circle  described  on  C B.  If  from  the  centre  of  this 
circle  F I)  be  drawn,  the  angle  F D B will  be  a right 
angle,  and  the  point  F will  therefore  be  in  a circle  de- 
scribed on  F B as  diameter.  But  the  point  F is  given, 
since  it  is  the  centre  of  a circle  circumscribed  about 
the  given  triangle,  and  the  line  F B is  therefore  given, 
and  the  cirde  on  it  is  as  diameter  is  given,  and  therefore 
the  point  I)  is  given.  The  solution  of  the  problem  is 
therefore  effected  by  circumscribing  a circle  ubout  the 
given  triangle,  and  drawing  from  its  centre  to  the  ungle 
B a radius.  On  that  radius,  as  diameter,  describe  a 
circle  ; and  to  it  point  D,  where  this  circle  meets  the 
base,  draw  the  line  II  D,  and  it  will  be  tt  mean  propor- 
tional between  the  segments.  For  flic  angle  B D F 
in  a semicircle  is  right,  therefore  B 1)  = 1)K;  and 
therefore  the  square  of  B D is  equal  to  the  rectangle 
under  A D ami  D C. 

If  the  circle  on  BF  intersect  AC,  fhere  will  be  two 
points  in  the  base  to  which  a line  may  be  druwn,  which 
will  be  a mean  proportional  between  the  segments.  If 
this  circle  touch  the  base  there  will  lie  but  one  such 
line,  and  it  may  happen  that  the  circle  may  not  meet 
the  base  at  all,  in  which  ciuc  the  solution  is  im- 
possible. 

FJj.  6.  I f the  centre  F be  upon  the  base  A C,  the  angle  ABC 

will  be  right,  and  the  point  F itself  is  one  of  the  points 
which  solve  the  problem  ; for  in  that  case  A F,  B F, 
and  C F are  equal.  The  other  point  I)  is  the  foot  of  a 
perpendicular  B D from  the  vertex  on  the  base. 

(13.)  Cor.  Hence,  in  a right  angle* I triangle,  the  per- 
pendicular on  the  hypothenuse  is  a mean  proportional 
between  the  segments  ; and  it  » the  only  line  which 
can  be  drawn  from  the  right  angle  to  the  hypothenuse 
which  is  a mean,  except  the  bisector  of  the  hypo- 
thenuse. 

Schol.  It  has  been  observed,  that  the  solution  of  the 
problem  to  draw  a line  to  the  base  which  shall  be  a 
mean  proportional  between  the  segments  is  impossible 
when  the  vertical  angle  is  acute.  That  this  is  erro- 
neous, must  be  evident  from  the  preceding  analysis.  For 
let  one  circle  he  described  upon  the  radius  of  another 
as  diameter.  Lei  any  line,  as  AC,  be  drawn  l»ot 
passing  through  F,  but  intersecting  the  inner  circle ; 
and  so  that  the  point  of  contact  B and  the  centre  F 
shall  lie  at  the  same  side  of  it.  Draw  A B and  C B, 
and  also  B D.  It  U evident  that  B D is  a mean  pro- 
portional between  A D and  C D,  and  yet  the  angle 
ABC  is  acute,  being  in  a segment  greater  than  a 
semicircle. 

The  possibility  of  the  solution  of  this  problem  does 
not  at  all  depend  on  the  magnitude  of  the  vertical 
angle.  It  may  be  obtuse,  right,  or  acute,  and  may  be 
equal  in  fact  to  any  given  angle,  and  yet  the  solution 
be  possible. 

Fig.  7.  il  be  required  to  determine  the  conditions  on 

which  the  solution  is  possible.  If  the  circle  on  B F 
meet  the  base,  the  perpendicular  distance  of  its  centre 
from  the  base  must  be  less  than  its  radius  ; that  is, 
less  than  half  the  radius  of  the  circle  which  circum- 
scribes the  given  triangle.  From  F and  B draw  per- 
pendiculars FI  and  B II  on  AC,  and  from  the  centre 
of  the  lesser  circle  Cl  draw  the  peqwndicnlar  G K. 
Since  GF  is  equal  to  (1  B,  G K is  equal  to  half  the 
sum  of  F I and  B H.  Hence  it  follows,  that  the  solu- 


tion will  only  be  possible  when  half  the  sum  of  F I Section  if. 
and  B II  is  not  greater  than  II  G,  or  when  the  sum  of 
F I and  B II  is  not  greater  than  B F;  that  is,  when  the 
sum  of  the  perpendiculars  on  the  base  from  the  vertex 
and  the  centre  of  the  circumscribed  circle  is  not  greater 
than  the  radius  of  that  circle. 

Pao  POSITION. 

(14.)  Right  lines  being  drawn  bisecting  the  internal 
and  external  angles  of  a triangle , and  being  produced 
to  meet  the  base,  and  the  production  o f the  base  to  deter- 
mine the  conditions  on  which  the  rectangle  under  the 
sides  of  the  triangle  trill  be  a geometric,  arithmetic, 
or  harmonic  mean  between  the  rectangle  under  the 
segments  of  the  base  by  the  internal  bisector , and  the 
rectangle  under  the  segments  of  the  base  by  the  external 
bisector. 

I*et  A B C be  the  triangle,  B D the  bisector  of  the  Fig  8. 
internal  angle,  and  B E the  bisector  of  the  external 
angle.  By  the  principles  of  Geometry  we  have 

AE:CE::AH:BC, 
also  A 1)  : D C : : A B : B C. 

Hence  it  follows,  that  the  three  rectangles  A E X C E, 

A B x H C,  A D X D C are  similar. 

1 . Let  the  rectangle  under  A II  and  DC  be  a geo 
metric  mean  between  the  other  two.  If  three  similar 
figures  he  in  geometrical  progression,  their  homologous 
sides  must  also  be  In  geometrical  progression  ; hence 
CE  : CB  : Cl).  But  since  the  angle  D B E is  equal 
to  A B D and  E B F together,  it  is  a right  angle,  and 
therefore  since  BC  is  a mean  proportional  between 
I)  C and  C E,  B C A must  be  a rigid  angle,  (12.) 

Hence  the  rectangle  under  the  sides  is  a geometric 
mean,  when  either  of  the  base  angles  is  right. 

2.  Let  the  rectangle  A B x B C be  an  arithmetic 
mean  between  the  other  two.  In  that  case  the  rectan- 
gle A E x EC  should  exceed  A B x B C by  as  much 
ns  this  last  exceeds  AD  x DC.  But  by  Geometry 
the  excess  of  A E X EC  above  A B x B C is  the  square 
of  B E,  and  the  excess  of  A B x B C above  A D X B C 
is  the  square  of  B D.  Hence  in  the  present  instance 
the  squares  of  B E and  B D are  equal,  and  therefore 
the  lines  themselves  ore  equal.  Hence  the  angles 
B l)  C and  B E C are  equal,  and  since  I)  B E is  a right 
angle.  B D C must  be  half  a right  angle,  and  therefore 
the  difference  between  B I)  C and  UDA  is  a right 
angle.  But  since  by  adding  to  each  of  the  base  angles 
B A D and  BCD  the  equal  babes  of  the  vertical  angles, 
we  ohtain  sums  equal  to  the  angle:*  B DC  and  B D A, 
it  follows  that  the  difference  between  the  base  angles 
BCD  and  B A D is  a right  angle.  Hence  when  the 
difference  of  the  base  angles  is  right,  the  rectangle 
A B x B C is  an  arithmetic  mean  between  the  other 
two  rectangles. 

3.  Let  the  rectangle  A B x B C be  an  harmonic 
mean.  In  that  case,  by  the  nature  of  harmonic  pro- 
portion, we  have 

aexec.*adxdc::aexec-abxbc 

: A B xBC—  A D x DC; 

that  is,  the  first  rectangle  is  to  the  third  as  the  difference 
lietween  the  first  and  second  is  to  the  difference 
between  the  second  and  third.  But  these  differences 
arc  the  squares  of  the  lines  B E and  B D,  and  therefore 
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G*«me-  we  have  the  rectangle  A E x E C to  the  rectangle 
mr*l  A D x D C as  the  square  of  B E is  to  the  square  of 
Amiym.  ft  p Since  then  the  similar  rectangles  of  which  C E 
(,ud  C D arc  homologous  sides,  are  proportional  to  the 
squares  of  H E and  B D,  these  tines  themselves  are 
proportional.  Therefore 

B E : B D I : C E : C D. 

Hence  the  line  B C bisects  the  angle  D B E ; but 
since  D B E is  right,  C B D is  half  a right  angle,  and 
therefore  A B C is  a right  angle.  Hence  If  the  bisected 
angle  be  right,  the  rectangle  A B x B C is  an  harmonic 
mean  between  the  other  two  rectangles. 

Psorosmos, 

(15.)  To  draw  a right  line  from  the  verier  o f a 
triangle  to  the  base,  or  to  the  base  produced,  so  that  its 
square  shall  be  equal  to  the  difference  between  the  rec- 
tangle under  the.  sides,  and  the  rectangle  under  the  seg- 
ments into  which  it  divides  the  base. 

9 Let  the  triangle  be  ABC,  and  let  the  required  line 

be  B D,  and  let  a circle  be  circumscribed  about  the 
triangle. 

I.  Let  the  line  be  drawn  to  the  base  itself,  and  let 
it  be  produced  to  meet  the  opposite  circumference  at  E, 
and  draw  C E.  By  hypothesis,  the  square  of  B D, 
together  with  the  rectangle  A D x D C,  is  equal  to  the 
rectangle  A D x B C.  But  the  rectangle  A D x D C is 
equal  to  the  rectangle  B D x D E.  Add  to  both  the 
square  of  B D ; and  the  rectangle  A»D  x D C,  together 
with  the  square  of  B I),  is  equal  to  the  rectangle  B D x 
D E,  together  with  the  square  of  B D.  But  the 
former  rectangle  and  square  are  together  equal  to  the 
rectangle  AB  x BC,  ami  the  latter  rectangle  and  square 
are  together  equal  to  the  rectangle  HRxKl).  Hence 
the  rectangle  A B x B C is  equal  to  the  rectangle  B E 
X B D.  Hence  wc  have 

AB  : B D ::EB:BC; 

and  the  angles  A and  E are  equal.  Therefore  in  the 
triangles  ABO  and  RBC  the  sides  A B,  B I)  are  pro- 
portional to  E B,  B C,  and  the  angles  opposite  to  one 
pair  of  homologous  sides  B I)  and  B C are  equal,  and 
therefore  the  angles  opposite  the  other  pair  of  homo- 
logous sides  must  he  either  equal  or  supplemental.  If 
they  be  equal,  the  triangles  A B I)  and  E B C are 
similar,  and  therefore  the  line  B D bisects  the  angle 
A B C.  If  the  angles  B D A and  BCE  be  supple- 
mental, the  sum  of  the  arcs  which  they  subtend  must 
be  equal  to  the  whole  circumference.  Hence  the  arcs 
B A,  A E,  B A,  and  C E are  together  equal  to  the 
circumference.  But  B A,  A E,  B C,  and  C E are  also 
together  equal  to  the  circumference.  Take  away  from 
both  the  arcs  B A,  A E,  and  C E,  and  the  remaining 
arcs  BC  and  BA  are  equal;  and  therefore  their  chords 
arc  equal,  and  therefore  the  triangle  is  isosceles. 

Hence  we  infer,  that  “ if  a line  be  drawn  from  the 
vertex  of  a triangle  to  the  base,  so  that  its  square, 
together  with  the  rectangle  under  the  segments,  shall 
be  equal  to  the  rectangle  under  the  sides  that  line  will 
bisect  the  vertical  angle,  except  when  the  triangle  is 
isosceles,  in  which  case  any  line  drawn  from  the  vertex 
to  the  base  will  have  the  required  property." 

Fig  10.  2.  I jet  the  line  B D meet  the  base  produced.  By 

hypothesis,  the  rectangle  A D x D C is  equal  to  the 
rectangle  A B x B C,  together  with  the  squurc  of  B D. 


But  the  rectangle  ADx  DC  is  equal  to  the  rectangle  Section  II. 
E D x B D.  which  is  equal  to  the  rectangle  EB  x B I),  “ 

together  with  the  square  of  B I).  From  these  equals  j 

take  away  the  square  of  B D and  the  remainders,  the 
rectangles  E B X B D and  A B x B C are  equal. 

Hence 

E B : B C : : A B : B D. 

Draw  C 13,  and  the  unglcs  E and  A are  equal.  Hence 
in  the  triangles  E B C and  A B 1)  there  are  two  sides 
E B and  B C proportional  to  two  A B,  B D,  mid  the 
angles  opposite  one  pair  of  homologous  sides  equal, 
and  therefore  the  angles  opposite  to  the  other  homolo- 
gous sides  must  be  either  equal  or  supplemental.  If 
they  be  equal,  take  ABC  from  both,  and  the  re- 
mainders E B A and  C B D arc  equal ; but  E B A and 
F B D are  also  equal,  aiul  therefore  B D bisects  the 
external  angle  C B F of  the  given  triangle. 

If  the  angles  A B D and  E B C be  supplemental. 

Since  the  anglesA  B D and  F R I)  are  also  supplemental, 
we  should  have  the  angles  FB  I)  and  E BC  equal ; and 
therefore  E B A and  E B C equal ; and  therefore  the 
point  B cannot  in  this  case  lie  between  E ami  D.  It 
must  therefore  be  placed  as  in  fig.  II.  Here  the  Fig.  11. 
square  of  BD  is  manifestly  greater  than  the  rectangle 
C I)  x 1)  A.  and  therefore  the  proposed  condition  must 
lie  that  the  rectangle  C D x D A.  together  w ith  the 
rectangle  A B X B C,  is  equal  to  the  square  of  B D. 

But  the  rectangle  C D X D A is  equal  to  the  rectangle 
B D X D E ; aud  taking  these  equals  from  the  former, 
the  remainders,  riz.  the  rectangles  A B X B C and 
B D X B E are  equal.  Hence 

E B : B C : : A B : B D. 

Draw  C E,  and  in  the  triangles  E B C and  A B D the 
two  sides  E B,  BC  are  proportional  to  two  A B,  B D, 
and  the  ungles  B E C and  BAD  opposite  to  one  pair 
of  homologous  sides  are  supplemental,  (for  B A C 
und  BBC  are  equal.)  and  therefore  the  angles  BCE 
and  D opposite  the  other  pair  of  homologous  sides  are 
equal,  lienee  the  difference  of  the  arcs  subtended  by 
D is  equal  to  the  arc  subtended  by  BCE,  that  is,  the 
difference  between  the  arcs  BC  and  A K is  equal  to  the 
arc  BE;  or  the  arcs  B E and  A E together,  that  is,  the 
arc  A E B is  equal  to  the  arc  A B,  and  therefore  their 
chords  are  equal,  but  their  chords  are  the  sides  A B,  R C 
of  the  triangle,  which  is  therefore  isosceles. 

Hence  it  follows,  that  “ if  a line  lie  drawn  from  the 
vertex  of  a triangle  to  the  produced  base,  so  that  its 
square,  together  with  the  rectangle  under  the  sides, 
shall  equal  the  rcclanple  under  the  segments  of  the 
base,  that  line  will  bisect  the  vertical  angle,  except  when 
the  given  triangle  is  isosceles,  in  which  case  there  is 
no  line  which  has  the  required  property.  In  this  case, 
however,  the  square  of  every  line  drawn  from  the  vertex 
to  the  produced  base  is  equal  to  the  sum  of  the  rectan- 
gles under  the  sides  and  segments.'* 


SECTION  III. 

Of  the  Contact  of  Right  Lines  and  Circles . 

(16.)  Problems  of  contact  of  right  lines  and  circles 
furnished  the  ancients  with  an  extensive  subject  for 
the  exercise  of  the  Geometrical  Analysis.  In  general 
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three  conditions  are  necessary  to  determine  a circle.  In 
mnl  the  class  of  problems  to  which  we  allude,  one  at  least 
A nalv m*.  Qf  (})ew  conditions  is,  that  it  should  touch  u given  right 

line  or  a given  circle.  The  other  data  may  lie,  (hut  it 

should  pass  through  one  or  two  given  points,  or  that  it 
should  have  a given  radius  or  centre,  or  that  the  locus 
of  its  centre  should  be  a given  right  line  or  circle.  It 
would  not  be  easy  to  enumerate  all  the  problems  of  this 
class;  but  by  combining  the  following  data  for  the  de- 
termination of  a circle,  a considerable  number  of  them 
may  he  found. 

To  describe  a circle 

1.  Passing  through  a given  point 

2.  Passing  through  two  given  points. 

3.  Passing  through  three  given  |>oints. 

4.  Touching  a given  right  line. 

5.  Touching  two  given  right  lines. 

6.  Touching  three  given  right  lines. 

7.  Touching  a given  circle. 

8.  Touching  two  given  circles. 

9.  Touching  three  given  circles. 

10.  Having  a radius  given  in  magnitude. 

1 1.  Having  its  centre  on  a given  right  line. 

12.  Having  its  centre  on  a given  circle. 

13.  Having  a given  centre. 

Every  combination  of  three  which  can  be  formed 
from  these  data,  may  he  taken  as  the  limiting  circum- 
stance* in  problems  for  the  determination  of  a circle. 
In  the  invention  of  such  problems  it  should  however 
be  observed,  that  2,  5,  8,  and  13  are  each  to  be  counted 
as  two  data,  and  3,  6,  9 are  each  to  he  counted  as 
three  data.  Each  of  the  latter  is,  therefore,  itself 
sufficient  to  determine  the  circle,  but  each  of  the  for- 
mer ought  to  lie  combined  with  some  one  of  the  data 
1,  4.  7,  10,  11,  12. 

We  cannot  here  enter  at  large  on  this  class  of  pro- 
blems, we  shall  therefore  coniine  ourselves  to  a few 
examples. 

Proposition. 

(17.)  To  dearth?  a circle  passing  through  two  given 
P'jinft,  and  touching  a right  tine  given  in  position. 

If  the  given  points  be  at  different  sides  of  the  given 
line,  the  solution  is  manifestly  impossible. 

F<g  12.  Let  them  then  be  A,  B ut  the  same  side  of  the 
given  right  line  C D.  Let  the  required  circle  be  A B C, 
and  let  A B be  produced  to  meet  the  right  line  at  D. 

The  square  of  C D is  equal  to  the  rectangle  A D 
X D B.  But  this  rectangle  is  given,  therefore  the 
square  of  C D is  given,  and  therefore  C D itself  is 
given  in  magnitude  aud  position,  and  hence  the  point 
C is  given.  But  also  the  points  A,  B being  given,  the 
circle  through  these  points  A,  B,  C is  given. 

'Die  solution,  therefore,  is  effected  by  producing  A B . 
to  D,  and  taking  D C equal  to  a mean  proportional 
between  A D and  D B,  and  then  describing  a circle 
through  A,  B,  C. 

But  it  may  happen,  that  the  line  A B is  parallel  to 
C I),  and  will  not  meet  it  when  produced. 

Fir;.  1:1  In  this  case  draw  A C and  B C.  The  angle  BCD 
is  equal  to  the  angle  A in  the  alternate  segment,  and 
also  equal  to  the  alternate  angle  B.  Hence  the  angles 
A and  B are  equal,  aud  therefore  the  sides  A C and 
B C are  equal.  Draw  C E perpendicular  to  A B,  and 
A E and  II  E ure  equal.  The  point  E ia,  therefore, 


given,  and  the  perpendicular  EC  is  given  in  position.  Section  Ilf. 
arid  therefore  the  point  C is  given. 

To  solve  the  problem  in  this  case  therefore,  bisect 
A B at  E,  and  draw  the  perpendicular  through  E,  in- 
tersecting C 1)  in  C.  A circle  passing  through  A,  B,  C 
will  lie  that  which  is  required. 

Proposition. 

(18.)  To  describe  a circle  passing  through  a given 
point,  and  touching  two  right  lines  given  in  position. 

1.  Let  the  given  right  lines  he  parallel.  In  this  case 
it  is  necessary  that  the  point  should  he  between  them, 
for  otherwise  the  solution  would  he  impossible. 

I^et  the  lines  be  A B,  C D,  and  the  point  lie  P.  Let  Fi$.  14 
A PC  be  the  required  circle,  and  draw  A P aud  the 
diameter  A C.  Through  P draw  P P parallel  to  the 
given  right  lines,  and  describe  any  circle  B P D,  touch- 
ing the  right  lines  at  B,  D,  and  intersecting  the  parallel 
at  P,  and  draw  P B.  Since  the  circle  B P D may  be 
drawn,  the  point  P is  given,  and  therefore  the  line 
P B is  given  in  magnitude  and  position.  But  the 
triangles  B P'D  and  A PC  are  similar,  and  since 
B D and  A C are  parallel,  B P and  A P are  parallel. 

Therefore  the  line  P A is  given  in  direction,  and  since 
the  point  P is  given,  it  is  also  given  in  position.  Hence 
the  given  points  A and  C are  given,  and  therefore  the 
circle  A PC  is  given. 

To  solve  the  problem  therefore,  describe  any  circle 
touching  the  two  lines,  and  draw  the  parallel  through 
P to  meet  it  at  P.  From  P draw  F B,  and  draw  P A 
parallel  to  it.  Draw  A C perpendicular  to  A B,  and  it 
will  be  the  diameter  of  the  required  circle. 

2.  Let  the  given  lines  AB.CD  intersect  at  E. 

As  before,  describe  any  circle  B P I)  touching  the  pjj. 
right  lines,  and  from  E draw'  E P intersecting  this 
circle  at  P.  Draw  the  radii  O A,  O P,  F B,  and  FF. 

Since  G A is  parallel  to  F B,  we  have 

G A . F B : : G E : F E. 

Therefore  G P : FP1 ; ! G E : F E. 

Therefore  GP:GE  ::  F P : F E. 

Hence  the  lines  G P and  FP  are  parallel.  But  FP' 
is  given  in  position,  and  therefore  G P is  given  in 
direction,  but  P is  given,  and  therefore  G P is  given  in 
position.  But  the  line  E G bisects  the  angle  A E C 
under  the  given  lines,  and  is  therefore  given  in  posi- 
tion, and  therefore  the  point  G where  it  intersects  PO 
is  given.  Hence  the  centre  G and  the  ratlins  G P of 
the  required  circle  are  given,  and  therefore  the  circle 
itself  is  given. 

To  solve  the  problem,  draw  EP,  and  also  EG, 
bisecting  the  angle  K.  Describe  any  circle  B P D 
touching  the  given  right  lines,  and  draw  Pr  F.  Through 
P draw  P G parallel  to  P'  F,  meeting  the  bisector  E G 
in  G.  With  G as  centre  and  G P as  radius,  let  a circle 
be  described.  This  circle  will  touch  the  right  lines. 

The  demonstration  is  obvious. 

It  is  evident,  that  in  each  of  the  preceding  cases- 
there  may  be  two  circles  drawn,  which  will  solve  the 
problem.  This  circumstance  arises  from  the  line' P P 
meeting  the  circle  B P I)  in  two  points.  The  principle 
used  in  the  solution  of  both  cases  is  the  same.  The 
parallel  in  the  first  case  corresponds  to  the  bisector  of 
the  angle  in  the  second. 
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Proposition. 


(19.)  To  describe  a circle  passing  through  two  given 
' points , and  touching  a given  circle. 


*'g  Let  A and  B be  the  given  points  and  let  C be  the 

centre,  and  C D the  radius  of  the  given  circle.  Let  D 
be  the  point  of  contact  sought.  Draw  A D E,  B D F, 
and  F E.  Also,  let  a tangent  F G at  F be  drawn,  and 
from  B draw  B C I. 

By  the  properties  of  the  circle  it  appears  that  A B 
and  F E are  parallel,  and  therefore  the  angles  A and  E 
are  equal.  But  also  the  angle  E is  equal  to  the  angle 
<J  F B,  and  therefore  GFB  is  equal  to  the  angle  A, 
and  therefore  the  triangles  AB  D and  GFB  are  similar. 
Hence  we  have 


A B : B D : : F B : B O. 


Therefore  the  rectangle  A B x B G is  equal  to  the  rec- 
tangle B D X B F.  But  also  the  rectangle  B D X B F 
is  equal  to  the  rectangle  B I x B H.  Hence  the  rec- 
tangle A B x B G is  equal  to  the  rectangb  B I x B H. 
But  since  the  point  B and  the  circle  C are  given,  the 
rectangle  B 1 x B II  is  given,  and  therefore  the  rec- 
tangle A B x B G is  given  in  magnitude. 

But  one  side  A B is  given,  and  therefore  also  the 
other  side  B G is  given,  hence  the  point  G is  given. 
Hence  the  line  G B is  given  in  magnitude  and  posi- 
tion, and  the  point  of  contact  D where  it  intersects  the 
given  circle  is  given.  The  circle  through  this  point  D, 
and  the  given  points  A,  B is  therefore  given. 

The  problem  is  therefore  solved  by  taking  B G,  a 
fourth  proportion  to  A B,  B I,  and  B H ; and  from  G 
drawing  the  tangent  GF,  and  from  F the  point  of 
contact  drawing  the  line  FB.  The  point  D where  this 
line  intersects  the  given  circle  is  the  point  where  the 
•ought  circle  though  A,  B touches  it. 


SECTION  IV. 

Tri section  of  the  Angle. — Investigation  of  Two  Mean 
Proportionals. — Delian  Problem. 

Proposition. 

(20.)  To  trisect  a given  angle. 

Trusetion  Let  ABC  be  the  given  angle,  and  from  any  point 
of  aa  uglc.  A in  one  leg  draw  a perpendicular  A C to  the  other, 
and  from  the  same  point  A draw  a parallel  A D to  the 
other  leg  B C.  Let  R D be  the  line  which  cuts  off  the 
angle  CBD  one  third  of  the  given  angle  ABC. 
Hence  the  angle  A D B,  which  ia  equal  to  D B C,  is 
one  third  of  the  given  angle  ABC,  and  the  angle 
A B D is  two  thirds  of  ABC,  and  therefore  is  double 
the  angle  A D B 

Draw  A E,  making  E A D equal  to  EDA,  and 
therefore  A E is  equal  to  D E,  and  the  angle  A E B is 
equal  to  twice  the  angle  A D B.  Hence  the  angle 
A E B is  equal  to  the  angle  ABE,  and  A B is  equal 
to  A E.  But  also  since  A F E together  with  A D E is 
equal  to  a right  angle,  and  also  FAD  is  a right  angle; 
if  from  these  equals  the  equal  angles  FDA  and  DAE 
be  taken,  the  remaining  angles  FAE  and  A FE  will 
be  equal,  and  therefore  A E is  equal  to  E F,  aud 

VOL.  I. 


therefore  F D is  equal  to  twice  A E,  or  to  twice  A B. 
But  A B is  given,  and  therefore  D F is  given  in  mag. 
nitude. 

Tlie  problem  to  trisect  an  angle  is  therefore  reduced 
to  the  inflection  of  a line  of  given  magnitude  between 
the  legs  of  a right  angle,  and  passing  through  a given 
point  This  is  a problem  not  capable  of  solution  by 
the  right  line  and  circle. 

The  condition  may  also  he  reduced  to  the  inflection 
of  a right  line  from  a given  point  in  the  circumference 
of  a circle,  so  that  the  part  intercepted  between  the 
circle  aud  a diameter  produced  parsing  through  an- 
other point  shall  have  a given  magnitude.  For  if  with 
the  centre  A and  the  radius  A B or  A E a circle  be 
described,  it  will  be  sufficient  if  from  B a line  B D be 
inflected  on  A D.  *o  that  the  external  part  D E shall 
be  cquul  to  the  radius.  This  condition  is,  in  effect,  the 
same  as  the  former. 


Pao  POSITION. 

(21.)  To  trisect  a given  ratio,  or  to  find  two  continued 
mean  proportionals  between  two  lines. 

This,  like  the  last,  is  a problem  the  solution  of  Triieciina 
which  surpasses  the  powers  of  Plane  Geometry.  We  "*  r4l*°* 
can,  however,  investigate  the  conditions  on  which  its 
solution  depends. 

Let  the  terms  of  the  ratio,  expressed  by  lines,  be  Fif.  19. 
placed  at  right  angles,  and  the  rectangle  A C B D com- 
pleted, let  C E and  B F on  the  produced  sides  of  ihfe 
rectangle  be  the  two  means,  so  that 

A C : C E : B F : A B. 

By  the  similar  triangles  formed  by  the  sides  of  the  rec- 
tangle we  have 

F D : D E : : A C : C E, 
therefore  F D : D E : : C E : B F. 

Hence  the  rectangle  F D x B F ia  equal  to  D E x C E. 

Let  a circle  be  circumscribed  round  the  rectangle  inter- 
secting F E in  G.  The  rectangle  D F x F B is  equal 
to  the  rectangle  A F X F G,  and  the  rectangle  D E x 
C E is  equal  to  the  rectangle  E A x GE.  But  the  rec- 
tangles D F x F B and  D E x C E have  been  proved 
equal,  and  therefore  the  rectangles  A F X F G and 
O E x A E arc  also  equal.  But  G A the  difference 
of  the  sides  of  these  rectangles  is  common,  and  there- 
fore the  sides  are  respectively  equal,  viz.  G E is  equal 
to  A F,  and  F G is  equal  to  A E. 

Hence  it  follows  that  two  mean  proportionals  will  be 
found,  if  through  the  point  A a line  can  be  drawn,  so 
that  the  parts  F G and  A E intercepted  between  the 
circle  and  the  produced  sides  of  the  rectangle  be 
equal. 

The  same  problem  leads  also  to  a different  con- 
dition. 

Let  the  former  construct  ion  remain,  and  on  B D con-  jrig  ^ 
struct  an  isosceles  triangle  whose  side  K.  B or  K D is 
equal  to  half  of  D C.  Bisect  DC  at  N,  and  drew 
K F.  The  square  of  K F is  equal  to  the  square  of 
K B,  together  with  the  rectangle  D F x FB.  But 
also  the  square  of  N K»  is  equal  to  the  rectangle  D E 
X E C,  together  with  the  square  of  N C.  Since  N C 
is  equal  to  KB,  (CVms/r.)  and  the  rectangle  DExCK 
has  been  already  proved  to  be  equal  to  the  rectangle 
D F X F B,  it  follows  that  the  square  of  N E is  equal 
4 o 
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G*obi«*  lo  ihe  square  of  K F,  and  therefore  these  lines  thein- 
tncaJ  selves  are  equal.  Since 

A”J,,U  DE:CE::DF:DB, 

-"P^'  therefore 

DE-f-CE:DC::DFf  DB:BF. 

But  D E + C E is  equal  to  twice  N E.  or  to  twice 
K F ; and  if  D L he  produced  equal  to  B D,  D F -f 
D B is  equal  to  LF,  and  D C is  equal  to  twice  K B. 
Hence  the  preceding  proportion  becomes 
2 K F : 2 K B : : L F . B F. 

Draw  L K and  B M parallel  to  it  through  B.  Hence 
we  have 

K F : M F : : L F : B F. 
or  2KF:2MF::LF:BF. 

Therefore  twice  M F is  equal  to  twice  K B,  and  there- 
fore M F is  equal  to  K B,  and  therefore  to  half  of 

DC. 

Hence  it  follows  that  the  insertion  of  two  means 
between  A B and  A C depends  on  the  inflection  of  a 
line  across  the  sides  of  the  angle  F B M,  so  that  it 
shall  pass  through  the  given  point  K ; and  the  part 
M F intercepted  by  the  sides  of  the  angle  shall  be  ol  a 
given  magnitude,  viz.  equal  to  half  of  A B,  one  of  the 
given  lines. 

This  condition  is  similar  to  that  required  for  the 
trisection  of  an  angle,  so  that  if  one  of  these  problems 
could  he  solved  the  other  would  also  be  solved. 
Duplication  The  insertion  of  two  mean  proportionals  is  necessary 
•4  ibe  cube.  \q  solve  the  celebrated  problem  of  " the  duplication  ol 
the  cube/’ or  to  find  a cube  which  doubles  a given  cube. 
The  general  proposition,  of  which  tliN  is  a particular 
case,  is  to  construct  a solid  of  a given  species,  and 
bearing  a given  ratio  to  a given  solid  of  that  species. 
This  problem  is  thus  solved.  Find  a line  to  which 
any  edge  of  the  given  solid  has  the  given  ratio.  Be- 
tween this  line  and  that  edge  find  two  mean  propor- 
tionals, and  with  the  first  of  these  means  as  an  edge 
construct  a solid  similar  to  the  given  one.  This  will 
be  that  which  is  required.  For  similar  solids  arc  in 
the  triplicate  ratio  of  their  homologous  edges  ; and 
therefore  the  given  solid  is  to  the  constructed  one  ns 
its  edge  is  to  the  fourth  continued  proportional,  that  is, 
in  the  given  ratio. 

Thus  on  this  principle  depends  the  change  of  the 
scale  of  solids  in  any  required  proportion. 

The  problem  of  the  **  duplication  of  the  cube**  is 
called  the  Delian  problem.  Sec  History  or  Geome- 
try ; also  History  op  Analysis. 


frequently  be  determined.  This  line  is  called  the  locus  Section  V. 
of  the  point.*  This  will  easily  be  understood  by  the  — ■ **'*■■’ 
following  examples : suppose  that  the  base  of  a triangle 
were  given  in  magnitude  and  position,  and  that  its  area 
were  given  in  magnitude*  to  determine  its  vertex.  In 
this  case,  it  is  evident,  that  the  problem  is  indetermi- 
nate, since  innumerable  triangles  may  be  constructed 
on  each  side  of  the  given  base  having  equal  areas. 

But  since  the  area  is  equal  to  the  rectangle  under  the 
perpendicular  and  half  the  base,  it  follows  that  the  per- 
pendiculars from  the  vertices  of  all  these  triangles  on 
the  base  must  be  equal,  and  therefore  these  vertices 
must  all  lie  on  parallels  to  the  base  at  such  a perpen- 
dicular distance  that  the  rectangle  under  it,  and  half 
the  base  shall  be  equal  to  the  given  magnitude. 

The  locus  of  the  vertex  is  therefore  in  this  case  two 
right  lines  parallel  to  the  base,  and  at  equal  perpendi- 
cular distances  at  opposite  sides  of  it. 

If  the  base  of  a triangle  be  given  in  magnitude  and 
position,  and  the  vertical  angle  be  given  in  magnitude, 
to  determine  the  vertex,  the  problem  is  evidently  inde- 
terminate ; for  an  unlimited  number  of  different 
triangles  may  be  constructed  on  the  same  base  whose 
vertical  angles  are  equal.  But  the  vertices  of  all  the 
triangles  on  the  same  side  of  the  base  will  in  this  case 
he  placed  on  the  arc  of  a circle  containing  an  angle 
equal  to  the  given  angle.  Hence  the  locus  will  he  two 
segments  of  circles  containing  an  angle  equal  to  the 
given  angle,  and  constructed  on  opposite  sides  of  the 
given  baiM?. 

The  investigation  of  loci  is  of  very  extensive  use  in 
the  solution  of  determinate  problems.  In  cases  where 
the  determination  of  a point  is  required  from  certain 
data,  by  omitting  any  one  of  the  data  the  point  will 
have  a torus  which  may  be  found  by  the  remaining 
data.  This  being  successively  applied  to  two  of  the 
data,  two  loci  will  be  found,  the  intersection  of  which 
will  determine  the  point. 

This  may  lie  illustrated  by  the  examples  already 
given.  Let  the  base  of  a triangle  be  given  in  magni 
tude  and  position,  and  the  area  and  vertical  angle  in 
magnitude,  to  determine  the  vertex.  If  we  omit  the 
vertical  angle,  the  locus  is  the  parallels  already  des- 
cribed. If  we  omit  the  area,  the  locus  is  the  segments 
of  the  circle.  The  vertex  being  then  ol  the  same  time 
on  both  loci  must  be  at  the  intersection  of  the  two  loci, 
and  will  therefore  be  at  the  points  where  the  parallels 
meet  the  circle.  In  general  there  will  be  in  the  present 
case  four  such  points,  and  consequently  four  triangles, 
but  these  triangles  will  differ  only  in  position,  being 
equal  as  to  their  sides  and  angles. 

The  following  propositions  will  illustrate  the  theory 
of  Geometric  loci. 


SECTION  V Proposition. 

Geometric  Loci.  (23.)  Given  in  magnitude  and  position  the  base  of  a 

triangle,  and  the  difference  of  the  squares  of  its  tides,  to 
fteatMtne  (22.)  When  a point  is  required  to  be  determined  in  ^ locus  of  the  vertex. 

a problem  with  data  which  are  insufficient  for  its  Let  A B be  the  given  base,  and  C be  a point  of  the  Fig.  21 
solution,  the  problem  is  said  to  be  indeterminate,  be-  sought  locus.  Draw  AC,  B C,  and  from  C draw  the 
cause  the  position  of  the  point  cannot  be  found  from  it.  perpendicular  C D.  The  difference  of  the  squares  of 
But  although  the  position  cannot  be  absolutely  deter-  the  sides  AC,  B C is  equal  to  the  difference  of  the 
mined,  yet  it  may  be  so  restricted  by  the  conditions  squares  of  the  segments  A D,  D B,  which  is  therefore 
which  are  prescribed  in  the  problem,  that  it  may  be  given.  The  points  at  which  the  perpendicular  meets 
known  to  be  on  some  line,  the  nature  of  which  may  the  base  are  therefore  given,  and  therefore  the  perpen- 
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dictilar  itself  is  given  in  position ; and  since  the  vertex 
j.  tT'r“l,  must  be  on  the  perpendicular,  the  locus  is  determined. 
t ” **'*’  , To  construct  the  locus,  it  is  therefore  only  necessary  to 
"r~m_  cut  the  base  at  D,  so  that  the  difference  of  the  squares 
of  the  segments  ahall  be  equal  to  the  given  difference 
of  the  squares  of  the  sides,  and  the  perpendicular  C D 
through  the  point  of  section  will  be  the  locus  sought. 
It  is  evident  that  there  arc  in  general  four  points  D at 
which  the  line  may  be  cut  as  required,  two  on  the  line 
itself  and  two  in  its  production,  and  that  these  points 
are  respectively  equally  distant  from  the  middle  point. 

Proposition. 

(24.)  Given  the  bate  of  a triangle  in  magnitude  and 
position , and  the  turn  of  the  squares  of  the  sides , to  find 
the  locus  of  the  vertex. 

F,§.  22  Let  the  base  be  AB,  and  let  C be  any  point  of  the 
locus.  Draw  C D to  the  middle  point  of  the  base,  and 
draw  C A and  C B.  The  sum  of  the  squares  of  C A 
and  C B is  equal  to  twice  the  sum  of  the  squares  of 
CB  and  D B.  But  the  sum  of  the  squares  of  C A and 
C B is  given,  and  therefore  also  twice  the  sum  of  the 
squares  of  C D and  D B is  given,  und  therefore  the  sum 
of  the  squares  of  CD  and  D B is  given.  But  the 
square  of  D B (half  the  given  base  A B)  is  given  ; 
therefore  the  square  of  C D and  C D itself  are  given. 
The  point  C,  whose  locus  is  sought,  is  therefore  at  a 
given  distance  from  the  middle  point  D of  the  base, 
and  its  locus  is  therefore  a circle  whose  centre  is  the 
middle  point  of  the  base,  arid  whose  radius  is  the  given 
distance.  This  radius  is  evidently  a line  whose  square 
is  half  the  difference  between  the  given  sum  of  the 
squares  of  the  sides,  and  double  the  square  of  half  the 
base. 

This  proposition  is  only  a particular  case  of  the 
following  more  general  one  : 44  Any  number  of  points 
being  given,  to  find  the  locus  of  a point  such  that  the 
sum  of  the  squares  of  its  distances  from  the  several 
given  points  shall  be  given.”*  If  the  given  and 
sought  points  be  in  the  same  plane,  the  locus  will  be  a 
circle  ; but  if  they  be  not  limited  to  the  same  plane,  the 
locus  will  be  the  surface  of  a sphere.  In  this  case  the 
centre  of  the  sphere  will  be  the  centre  of  gravity  of 
equal  masses  placed  at  the  several  points,  or  that  point 
which  is  mathematically  denominated  the  centre  of  mean 
distances. 

Proposition. 

(25.)  Given  in  magnitude  and  position  the  base  of  a 
triangle,  and  the  ratio  of  the  sides , to  determine  the  locus 
of  the  vertex. 

Let  A B be  the  base  of  the  given  triangle,  and  let 
C be  a point  of  the  sought  locus,  and  ‘let  the  given 
ratio  be  m : n.  Draw  A C,  B C.  Also  draw  C D, 
C D\  bisecting  the  internal  and  external  angles  at  C. 
Hence 

AD:  DB:  : AC:BC  ::m.n 
AD' : D1  B : : A C : B C : m : n. 

The  ratio  of  the  segments  into  which  the  line  A B is 
cut  at  D and  D*  is  therefore  given,  and  therefore  the 


• See  iAnher'i  Algebrm*  Geometry,  p.  | IS. 


points  D and  D'  are  given.  The  bisectors  C D and  Rectisn  v. 
C D'  form  a right  angle  at  C\  and  therefore  the  point  v— — 

C must  he  placed  upon  a circle  whose  diameter  is 
D IV,  and  therefore  this  circle  is  the  locus  of  the 
vertex  of  the  triangle  sought. 

As  there  are  two  points  D at  which  the  line  may  be 
divided  in  the  given  ratio,  and  ns  it  may  be  produced 
through  cither  end,  the  locus,  strictly  speaking,  is  two 
circles. 

Proposition. 

(26.)  Green  the  base  of  a triangle,  the  sum  of  the 
squares  of  the  sides  and  the  vertical  angle,  to  const ru/  t 
the.  triangle. 

If  the  base  and  the  sum  of  the  squares  of  the  sides 
be  given,  the  locus  of  the  vertex  is  found  by  (24,) 
and  if  the  base  und  vertical  angle  be  given,  the  locus 
of  the  vertex  is  found  by  (22.)  The  intersection  of 
these  loci  will  determine  the  vertex. 

It  may  happen,  that  the  loci  do  not  intersect.  In 
this  case  the  solution  is  impossible,  and  the  data  ore 
inconsistent 

It  may  also  happen,  that  the  two  loci  are  identical, 
in  which  case  the  problem  is  indeterminate,  and  the 
data  are  not  distinct.  This  happens  in  the  present 
instance,  when  the  sum  of  the  squares  of  the  sides  is 
equal  to  the  square  of  the  base,  and  the  vertical  angle 
is  right.  Either  of  these  data  follows  necessarily  from 
the  oilier,  and  the  two  loci  are  the  same  circle. 

(27.)  These  observations,  however,  apply  to  all  de- 
terminate problems  solved  by  two  loci,  nr.  when  the 
loci  do  not  meet,  the  problem  is  impossible,  and  the 
data  contradictory ; and  when  they  become  identical, 
the  problem  is  indeterminate,  and  the  data  not  inde- 
pendent. 

Proposition. 

(28.)  Given  the  base  of  a triangle,  the.  ratio  of  the 
sides,  and  the  difference  of  their  squares,  to  determine  the 
triangle. 

This  problem  is  solved  by  the  intersection  of  the  loci 
determined  in  (25)  and  (23),  and  is  subject  to  the  obser- 
vations in  (26.) 

Proposition. 

(29.)  A circle  is  given  in  magnitude  and  position , 
and  a chord  pastes  through  a given  point,  to  find  the 
locus  of  the  intersection  of  tangents  through  the  ex- 
tremities of  tiie  chord. 

Let  C B A be  the  circle,  P the  given  point,  A B any  Fig.  24  «*d 
chord  through  it,  and  I)  the  corresponding  point  of  the  2S. 
locus.  Draw  CD,  which  will  evidently  bisect  B A at 
right  angles,  and  we  have  by  the  known  properties  of 
the  circle  C E : C F : C D.  Hence  the  rectangle  DC 
X C E is  equal  to  the  square  of  the  radius  C F.  Draw 
D G perpendicular  U>  C P produced,  and  the  angle*  G 
and  E being  right,  the  quadrilateral  D E P G may  be 
circumscribed  by  a circle  ; therefore  the  rectangle  D C 
X C E is  equal  to  the  rectangle  GC  X CP,  and  there- 
fore the  rectangle  G C X C P is  equal  to  the  square  of 
the  radius.  Hence  the  point  G is  independent  of  the 
point  D,  lind  a perpendicular  from  any  point  of  the 
locus  will  meet  C P produced  at  the  same  point  D. 

Hence  to  construct  the  locus,  find  a third  proportional 
4 o 2 
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Crome-  to  C P and  the  radius,  and  lake  C G equal  to  this  third 
proportional,  and  through  G draw  a perpendicular  to 
.f  £ q xhi*  perpendicular  will  be  the  locus  sought. 

* The  nearer  the  given  point  P is  to  the  centre,  the 

more  remote  will  be  the  locus  G D,  and  when  P coin- 
cides with  the  centre,  C G will  become  infinite,  so  that 
in  this  case  the  locus  may  be  considered  n right  line  at 
an  infinite  distance. 

There  will  be  no  difficulty  in  establishing  the  con- 
verge of  this  principle,  viz.  " if  tangents  be  drawn  from 
each  point  in  a given  right  line  to  a given  circle,  the 
chords  joining  the  points  of  contact  will  all  passthrough 
a ccnatn  given  point.”* 


SECTION  VI. 


Porisms. 

(30.)  The  tgrm  porism  t has  been  variously  defined 
by  Geometers.  Pappus  states,  that  Euclid  wrote 
three  books  on  porisms,  (which  have  been  lost,)  but  ia 
ko  obscure  und  indistinct  on  the  subject,  that  it  is  im- 
possible merely  from  what  he  has  stated  to  determine 
to  what  species  of  Geometrical  proposition  the  Ancients 
applied  this  term.J  It  is  certain,  that  it  w as  sometimes 
used  synonimmisly  with  corollary ; thus  Euclid,  in  his 
Elements,  calls  the  corollaries  of  his  propositions 
wopurjtoja.  In  an  elaborate  dissertation  on  the  subject 
of  porisms,  in  the  Transactions  of  the  Royal  Society  of 
Edinburgh,  Playfair  has,  however,  succeeded  in  giving 
the  word  a meaning  more  worthy  of  the  importance 
which  is  evidently  attached  to  this  class  of  propositions. 
The  porisms  of  Euclid  are  said  to  be  " cotlectio  arhji - 
ciosixtima  mutlarum  rrrum  f/utr  spccUtnl.  ad  aitalysin 
difficilwrum  et  genrralium  prob  Irma  turn." 

According  to  Playfair,  a purism  is  “ a problem  in 
which  the  duta  arc  so  related  to  each  other  that  it  be- 
comes indeterminate,  and  admits  of  numberless  solu- 
tions.” 

It  is  easily  conceived  that  a problem  which  in  general 
i»  determinate  will,  when  its  data  are  submitted  to 
certain  conditions,  become  indeterminate.  In  such 
cases  it  becomes  a porism  ; and  it  may  be  proposed  in 
a porism  to  determine  what  condition  or  restriction  will 
render  a determinate  problem  indeterminate. 

Thus,  if  it  be  required  to  draw  a right  line  through 
a given  point,  subject  to  some  given  condition,  the 
problem  may  be  in  general  determinate;  and  it  may  be 
possible  to  draw  but  one  such  right  line.  But,  on  the 
other  hand,  such  a position  may  be  selected  for  the  given 
point,  as  that  every  line  passing  through  it  will  fulfil 
the  given  condition.  When  this  position  is  assigned  to 
the  point,  the  problem  becomes  a porism.  The  follow- 
ing examples  will  render  these  observations  more  in- 
telligible. 


* A numerous  collection  of  (.oral  problems  will  be  seen  in  lard- 
ner's  Geometry.  Tbe  solutions  there  given  are,  however, 

by  the  Algebraical  A(ialv*i*. 

f From  / ettnMuh ; or,  according  to  somo,  from  *ipi,a 

tcommtim*. 

I Pappus  dehires  a poriam  lo  be  wnething  between  a theorem  and 
problem,  or  that  in  which  sooirUiwg  is  proposed  to  be  investigated. 
Kmifoo  follows  Pappus,  and  My*,  that  a porism  is  a theorem  or 
problem  in  which  it  is  projkowl  iu  investigate  s*r  demonstrate  some- 
lliiqg. 


Proposition. 


(31.)  To  draw  a line,  parting  through  a given  point, 
and  Croat  ng  a given  triangle,  in  such  a manner  that  the 
turn  of  the  perpendiculars  on  it  from  the  two  vertices  on 
one  side  of  it  shall  be  equal  to  the  perpendicular  on  il 
from  the  other  veriejc  placed  on  the  other  side,  of  il. 

Let  D be  the  given  point,  and  ABC  the  given 
triangle,  and  let  D E be  the  required  line,  so  that  A E f,g  je. 
and  B G taken  together  ore  equal  to  C P.  Draw  C II 
from  C to  the  middle  point  H of  A B,  and  draw  II  K 
perpendicular  to  I J E 

In  the  trapezium  A E G B,  the  parallels  AE,  HK, 
and  B G are  in  arithmetical  progression  ; therefore  the 
sum  of  A E and  B G is  equal  to  twice  II  K ; but  this 
sum  is  also  equal  to  C P.  Therefore  C F is  equal  to 
twice  H K.  Since  CF  and  II  K are  parallel,  the 
triangles  HLK  and  C F L are  similar,  and  therefore 
CF:  H K : : CL  : L If. 

But  C F is  equal  to  twice  II  K,  and  therefore  C L is 
equal  to  twice  L H,  or  L H is  one  third  of  C H.  Since 
C II  is  given  in  magnitude  and  position,  the  point  L is 
given.  Hence  the  problem  is  solved  by  drawing  a line 
from  any  angle  C of  the  triangle,  bisecting  the  opposite 
fide  A B.  and  taking  on  this  one  third  of  it  H L.  The 
line  drawn  from  the  given  point  D through  the  point  L 
will  be  that  which  is  required. 

If  the  given  point  happen  to  be  the  point  L itself, 
any  line  whatever  passing  through  it  will  have  the  pro- 
posed property,  and  hence  wc  have  the  following  porism  : 

“ A triangle  being  given  in  position,  a point  may  be 
determined,  such  that  any  line  being  drawn  through  it, 
the  Kum  of  the  perpendiculars  from  two  angles  of  the 
triangle  placed  on  one  side  of  it,  shall  be  equal  to  the 
perpendicular  from  the  remaining  angle  aud  the  other 
side.” 

The  point  L is  evidently  the  centre  of  gravity  of 
equal  masses  placed  at  the  three  vertices,  or,  considered 
mathematically,  it  is  the  centre  of  the  mean  distances 
of  the  three  points  ABC. 

This  porism  is  only  a particular  case  of  a much  more 
general  one;  “any  number  of  points  being  given  in  the 
same  plane,  a point  may  he  found  through  which  any 
line  whatever  being  drawn,  il  will  pass  amongst  the 
points  in  such  a manner,  tliut  if  perpendiculars  be 
drawn  from  them  upon  the  line  the  sum  of  the  perpen- 
diculars at  the  one  side  will  be  equal  to  the  sum  of 
the  perpendiculars  on  the  other  side.”  In  this  case,  as 
in  the  former,  the  sought  point  is  the  centre  of  mean 
distances. 

The  same  porism  may  receive  another  modification 
which  generalizes  it  fijrther.  “Any  number  of  points 
being  given  in  the  same  plane,  to  determine  the  condi- 
tion under  which  a right  line  may  be  drawn  amongst 
them,  so  that  (lie  sum  of  the  perpendiculars  from  the 
points  on  one  side  shall  exceed  the  sum  of  the  per- 
pendiculars from  the  points  on  the  other  side  by  a 
given  line.”* 

In  this  case,  it  may  be  proved  that  the  line  must  be 
a tangent  to  a circle,  whose  centre  is  the  centre  of  mean 
distances,  and  whose  radius  is  equal  to  the  given  line 
divided  hv  the  numherof  given  points. 

If  the  given  points  be  not  in  the  same  plane,  the 


• Srt  Lanlnrrf  .llgei/ran  Geometry,  p 34. 


| 

Digitized  by  Google  i 


GEOMETRICAL  ANALYSIS. 


C4I 


flewmf-  porism  may  lie  made  still  more  general : " Given  any 
^ number  of  points  in  space,  to  determine  a plane  passing 
Ai»lr*u.  amQnjj.  them,  so  that  the  sum  of  the  perpendiculars  from 
the  points  on  one  side  shall  exceed  the  sum  of  the  per- 
pendiculars from  the  points  on  the  other  side  by  a given 
line." 

In  this  case  the  plane  must  touch  a sphere  whose 
centre  is  the  centre  of  mean  distances,  and  whose  radius 
is  the  given  line  divided  by  the  number  of  points. 

If  the  sum  of  the  perpendiculars  on  one  side  be 
equal  to  those  on  the  other,  the  given  line  and  the 
radius  of  the  sphere  vanish,  and  the  sphere  is  reduced 
to  its  centre,  »,  «.  the  centre  of  mean  distances.  Hence, 
u if  a plane  be  drawn  through  the  centre  of  mean  dis- 
tances, the  sum  of  the  perpendicular  from  the  points 
on  the  one  side  is  equal  to  the  sum  of  the  perpendicu- 
lars from  the  poiuls  on  the  other  side/’ 

Proposition. 

(32.)  A circle  and  a tiraight  line  being  given  in  peti- 
tion, a point  may  be  found  tuck  that  any  right  line 
drawn  from  it  to  the  given  line  thall  lx  a mean  propor- 
tional between  the  part*  of  the  tame  line , intercepted 
between  (he  given  right  line  and  the  circumference  of  the 
given  circle. 

Let  A B be  the  given  right  line,  H K F the  given 
circle,  and  D the  sought  point.  Draw  GDI  perpen- 
dicular to  A B through  D,  and  also  any  other  line  CDF 
Also  join  C- 1 and  draw  H K. 

F*|.  27  The  square  of  C D is  equal  to  the  rectangle  C E 

X C F ; but  it  is  also  equal  to  the  squares  of  C G and 
G D,  and  the  rectangle  C E X C F is  equal  to  the 
rectangle  CKxCI.  Hence  the  rectangle  C K X C I 
is  equal  to  the  sum  of  the  squares  of  C G and  G D. 
The  square  of  G D is  equal  to  the  rectangle  G H 
X G I ; therefore  the  rectangle  G II  x G I,  together 
with  the  square  of  CG,  is  equal  to  the  rectangle  C K 
X C I.  Also  the  square  of  C I is  equal  to  the  sum  of 
the  squares  of  C G and  G I.  But  the  square  of  C I is 
equal  to  the  rectangle  CKxCI,  together  with  C I 
X K I,  and  the  sum  of  the  squares  of  C U and  G I is 
equal  to  the  square  of  C O,  together  with  the  rectangles 
G II  X G I and  G I X II  I.  Taking  away  from  these 
equals  the  rectangle  CK  X C I,  and  its  equivalent  the 
rectangle  G II  x G I,  together  with  the  square  of  G C 
the  remainders,  the  rectangles  C I X IK  and  G I X IH 
are  equal.  Hence,  we  have 

G I : I C : : I K : 1 H. 

Therefore,  in  the  triangles  C I G and  H I K the  angle 
I is  common,  and  the  sides  which  include  it  are  propor- 
tional, and  therefore  the  triangles  are  similar;  but  G 
is  a right  angle,  and  therefore  H K I is  a right  angle, 
and  therefore  II  I is  a diameter.  Since,  then,  H I 
passes  through  the  centre  of  the  given  circle,  and  is 


perpendicular  to  A B.  the  given  right  line,  it  is  given  in  S«ciu.n  VI 
position.  Also  G II  and  G I arc  given  in  magnitude, 
and  therefore  G D,  which  is  a mean  proportional  between  „ 
them,  is  given  in  magnitude,  and  therefore  the  point  D 
is  given  in  position. 

(33.)  There  is  between  local  theorems  and  porisms  a 
close  analogy.  In  fact,  every  local  theorem  may  be 
converted  into  a purism ; but,  on  the  contrary,  every 
porism  cannot  be  converted  into  a local  theorem.  In 
local  propositions  the  indeterminate  is  always  a point, 
the  position  of  which  is  restricted,  but  not  absolutely 
fixed  by  the  given  conditions.  Such  may  always  be 
expressed  as  a porism.  But  this  class  of  propositions 
is  more  general  than  geometric  loci ; the  indeterminate 
may  be  a line , the  direction  of  which  is  not  restricted 
by  the  conditions,  but  which  is  otherwise  limited,  as, 
for  example,  to  pass  through  a given  point,  or  to  touch 
a given  circle.  It  may  also  be  a plane  similarly  re- 
stricted to  pass  through  a given  point,  or  to  touch  a 
given  sphere.  Instances  of  these  have  been  given  in 
(31.) 

Porisins,  in  common  with  geometric  loci,  tnkc  their 
rise  from  the  conditions  of  a problem  becoming  inde- 
terminate.  This  may  happen  in  two  ways.  The  num- 
ber of  conditions  may  not  be  sufficient,  or  among  the 
given  conditions  there  muy  exist  some  particular  rela- 
tion, by  which  some  one  or  more  of  them  may  be  de- 
duced from  the  others.  Thus,  for  the  determination  of 
a triangle  three  conditions  are  necessary,  and  such  a 
problem  becomes  manifestly  indeterminate  if  only  two 
conditions  be  given.  But  even  though  three  be  given, 
the  problem  will  still  be  indeterminate,  if  any  one  of  the 
three  can  be  inferred  from  the  other  two.  For  example, 
suppose  the  base  of  a triangle,  the  point  where  the 
perpendicular  intersects  it,  and  the  difference  of  the 
squares  of  the  sides  be  given,  the  problem  to  determine 
the  triangle  is  indeterminate,  because  the  difference  of 
the  squares  of  the  sides  is  equal  to  the  difference  of  the 
squares  of  the  segments  of  the  base,  and  may,  there- 
fore, be  inferred  from  the  base  and  the  point  of  section. 

The  geometrical  circumstances  by  which  determinate 
problems  in  Geometry  are  converted  into  porismatie  and 
local  problems,  are  precisely  similar  to  those  under 
which  the  solution  of  an  algebraical  question  becomes 
indeterminate.  In  such  a question  there  should  be  as 
many  equations  as  unknown  quantities,  and  the  problem 
is  indeterminate  evidently  if  there  be  less.  But  it  may 
also  be  indeterminate,  even  if  the  number  of  equations 
be  equal  to  that  of  the  unknown  quantities,  and  will  be 
so  when  any  one  of  the  equations  can  be  deduced  from 
the  others.  It  may  in  general  be  observed,  both  in 
geometrical  and  algebraical  problems,  that  the  number 
of  independent  condition * should  be  equal  to  the  num- 
ber of  quantities  sought,  and  should  neither  be  more 
nor  less.  If  they  be  more,  the  results  may  be  incon- 
sistent, and  if  they  be  less,  the  solution  will  be  indeter- 
minate. 
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n*iwy  of  Th*  Theory  of  Numbers  is  a branch  of  Analysis  by 
Numbers,  which  we  investigate  the  properties,  dependencies,  and 
—* relations  of  integral  numbers,  as  by  Geometry  wc  in- 
quire into  tlte  dimensions,  position,  and  relations  of 
lines ; and  as  in  the  latter  science  a combination  of 
lines,  or  a certain  disposition  of  them,  receives  particular 
denominations,  so  in  this  branch  of  Analysis,  numbers 
are  distinguished  into  classes,  according  to  the  nature 
and  dependence  of  the  integral  parts  of  which  they  are 
composed.  It  will  be  convenient,  therefore,  to  pro- 
ceed in  this  case,  as  in  the  other,  by  definitions  and 
propositions. 

I.  Introduction,  showing  the  forma,  properties,  and  rela- 
tions of  simple  Integral  Numbers . 

Definitions. 

1.  An  integer , or  integral  number , is  an  unit,  or  any 

number  of  units.  , 

2.  The  factors  of  a number,  are  those  numbers  by 
the  multiplication  of  which  the  former  number  is  pro- 
duced ; and  the  number  thus  formed,  is  called  the  pro- 
duct of  those  factors. 

3.  The  multiple  of  a number  is  the  product  of  that 
number  by  some  iutegral  factor. 

4.  Even  numbers  are  those  which  can  be  divided  into 
two  equal  parts  ; and  uneven , or  odd,  numbers  are  those 
which  cannot  be  so  divided. 

5.  A composite  number  is  any  number  produced  by 
the  multiplication  of  integral  factors. 

6.  A prime  number  is  that  which  ronrot  be  pro- 
duced by  the  multiplication  of  any  intc^>  - 'tors,  or 
that  cannot  be  divided  iuto  any  equal  integral  parts 
greater  than  unity. 

7.  Commensurable,  numbers  are  any  two  or  more 
numbers  having  a common  integral  divisor;  and  in- 
commensurable numbers  are  those  which  have  not  a 
common  divisor.  The  latter  numbers  are  also  said  to 
be  prime  to  each  other. 

8.  A square , or  second  power,  is  the  product  of  two 
equal  factors.  A cube,  or  third  power,  the  product  of 
three  equal  factors ; and,  generally,  the  n*  power  of  a 
number  is  the  continued  product  of  n equal  integral 
factors ; and  the  number  from  the  multiplication  of 
which  any  power  is  produced,  is  called  the  root  of  that 
power. 

9.  The  forms  of  numbers,  or  formula,  are  certain 
algebraical  expressions  under  which  those  numbers  are 
contained. 

Thus,  every  even  number  is  of  the  form  2 n,  and 
ev ery  odd  number  of  the  form  2n  + 1;  because  an 
even  number  may  be  divided  by  2,  and  will  produce 
an  integral  quotient  which  may  be  represented  by  n, 
and,  consequently,  the  number  itself  by  2n;  and 
an  even  number  increased  or  diminished  by  unity  is  an 
odd  number ; therefore  all  odd  numbers  may  be  ex- 
pressed by,  or  are  of  the  form,  2 n £ I. 

In  a similar  manner,  numbers  may  be  classed  accord- 
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ing  to  any  other  measure  or  modulus,  as  4 n ± 1,  Introduc- 
6»dtl,  &.C.  lion, 

10.  Numbers  of  the  same  form  with  respect  to  any  — 
modulus,  are  all  those  which  can  he  represented  by  the 
same  formula.  Thus,  13,  17,  21,  &c.  arc  all  of  the 
form  4 n -j-  1 ; and  19,  25,31,  Ac.  of  the  form  6 n -j-  1; 

4 and  6 being  the  moduli. 


The  firms  and  relations  of  Integral  Numbers,  and  of 
their  sums,  differences , and  products. 


1.  The  sum  or  difference  of  any  two  even  numbers 
is  an  even  number. 

For  let  A = 2 n and  B = 2 n be  any  two  even 
numbers : then 

A ± B = 2n  ± 2n'  = 2(*  ± a!)  = 2 n\ 

which  being  of  the  form  2 n is  an  even  number. 

2.  The  sum  or  difference  of  two  odd  numbers  is  even, 
but  the  sum  of  three  odd  numbers  is  odd. 

Del  A = 2«-f-l,B  =2ft'-f-  1,  and  C = 2 n"  + 1 
be  three  odd  numbers : then 

A + B =r  2 » + 2 »'  + 2 « 2»¥, 
andA-fB+C  = 2n  + 2n'  + 2»"-f3  = 2**-f-l; 
the  former  being  the  form  of  an  even,  and  the  latter 
of  itn  odd  number. 

In  a similar  way  it  may  be  shown : 

( 1 ) That  the  sum  of  any  number  of  even  numbers  is 
even. 

(2.)  That  any  even  number  of  odd  numbers  is  even, 
but  that  any  odd  number  of  odd  numbers  is  an  odd 
number. 

(3.)  That  the  sum  of  an  even  and  odd  number  is  an 
odd  number. 

(4.)  That  the  product  of  any  number  of  factors,  one  of 
which  is  even,  will  be  an  even  number,  but  the  product 
of  any  number  of  odd  numbers  is  odd;  and  hence 
again, 

(5.)  Every  power  of  on  even  numlier  is  even,  and 
every  power  of  an  odd  number  is  an  odd  number. 

(6.)  Hence  the  sum  and  difference  of  any  power  and 
its  root  is  an  even  number. 

For  the  power  and  root  will  be  either  both  even  or 
both  odd,  and  the  sum  or  difference  in  either  case  is 
an  even  number. 

3.  If  an  odd  number  divide  an  even  number,  it  will 
also  divide  the  half  of  it. 

Let  A = 2n,  B = 2n'-|-1  be  any  even  and  odd 
number,  such  that  Bin*  divisor  of  A ; let  the  division 
be  made,  and  call  the  quotient  p,  then  we  have 
2 n = p (2  n‘  -f-  1), 

consequently  p is  even,  or  of  the  form  2 n'r,  hence 
2 » = 2 b*  (2  n1  + l). 


and 


2n'  + l 


that  is,  n = J A is  divisible  by  B,  if  A itself  be  so. 
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Theory  of  4.  If  a number  p divide  each  of  two  numbers  a and 
Number*.  ^ |t  wj[|  divide  their  sum  and  difference,  or  the  sum 
ttnd  difference  of  any  multiples  of  them. 
a h 

Let  — — Q and  — = o',  then 

P V 

a -£  b , 

“7 — =»  + *“  9*. 

which  is  an  integer,  because  9 and  9*  are  both  in> 
tegera. 

In  like  manner,  na,  mb  being  multiples  of  a and  b, 
we  have 


na  -f  tnb 


= n q m (/  an  integer. 


Deductions. 


It  follows  from  the  preceding  propositions  : 

(1.)  That  if  a number  divide  the  whole  of  another 
number,  and  a part  of  it,  it  will  also  divide  the  other 
part. 

(2.)  It  follows,  also,  that  if  a number  consist  of 
many  parts,  and  each  of  these  parts  be  divisible  by 
another  number,  that  the  whole  number,  or  the  parts 
taken  collectively,  will  be  divisible  by  the  same 
number. 

5.  If  a and  b be  any  two  numbers  prime  to  each 
other,  their  sum  a + b is  prime,  to  each  of  them. 

For  if  (a  -f-  b)  and  a had  a common  divisor,  their  dif- 
ference (a  -f-  b)  — a — b would  have  the  same  divisor; 
that  is,  a and  6 would  have  a common  measure,  which 
is  contrary  to  the  supposition ; and,  in  the  same  way,  it 
may  he  shown  that  a -f-  6,  and  6,  cannot  have  a com- 
mon measure. 


Deductions. 


(1.)  In  like  manner,  it  may  be  demonstrated,  that  if 
a and  6 be  prime  to  each  other,  their  difference  a — b 
will  also  be  prime  to  each  of  them,  if  a — b > I. 

(2.)  Conversely,  if  a number  consist  of  two  parts, 
and  be  prime  to  one  of  those  parts,  it  will  be  prime  to 
the  other. 

(3.)  And  if  a number  consist  of  many  parts  and 
each  of  those  parts  but  one  be  divisible  by  another 
number  p,  then  the  whole  number  taken  collectively 
is  not  divisible  by  p. 

6.  If  a and  b be  two  numbers  prime  to  each  other, 
their  sum  and  difference  will  be  prime  to  each  other,  or 
they  can  have  only  the  common  measure  2. 

For  if  a 4-  b and  a — b have  a common  measure, 
their  sum  and  difference  2 a and  26  will  have  the  same; 
but  a and  b are  prime  to  each  other,  therefore  2 a and 
2 6 can  only  have  the  common  measure  2 ; therefore 
a-J-6  and  a —6  can  only  have  the  common  measure 
2 ; and  if  one  of  these  numbers  a or  b be  even  and  the 
other  odd,  then  a -j-  b and  a — b are  both  odd  ; in 
this  case,  therefore,  they  are  prime  to  each  other  ; but 
if  a and  6 are  both  odd,  then  their  sum  and  difference 
will  have  the  common  measure  2,  but  no  other 

7.  If  a and  p be  any  numbers  prime  to  each  other, 
a being  the  gTcuter,  then  may  a be  always  represented 
by  the  formula  a t=  np  + r,  in  which  r shall  be  less 
than  p and  prime  to  it. 

Let  a be  divided  by  p,  and  give  a quotient  n,  and 
remainder  r,  which  makes 

a = np  -f-  r* 


where  r is  obviousty  less  than  p,  n being  supposed  the  Intrqdvn  - 
greatest  quotient.  **«■. 

And  r is  prime  to  p;  because  ifp  and  r bad  a com- 
mon  measure  np  and  r,  as  also  n p -f-  r,  and  r would 
have  the  same  common  measure,  but  a = n p -f-r;  there- 
fore a and  p would  have  the  same,  which  is  contrary  to 
the  supposition,  these  being  prime  to  each  other, 

Th^  same  expression  may  be  employed  if  a be  less 
than  p,  but  in  this  case  n = 0 and  n=r. 

8.  The  same  conditions  being  made  with  respect  to 
a and  p,  it  is  always  possible  to  express  a by  the  formula 

a = np  ir, 

in  which  r shall  be  less  than  $ p.  For  if  in  the  formula 

a = ttp-|-r, 

r,  which  is  less  than  p,  be  less  than  4 p,  the  formula 
agrees  with  the  enunciation  of  this  proposition;  and  if  r 
should  be  greater  than  7 p,  then  we  may  make 
a = (a  -j-  1)  p - (p  - r) 
or  making  n -f-  1 = and  p — r zz  r,% 
a = n'  p — ri, 

and  here  since  r>£p,  t*  — p — r'^Clp.  The  same 
formula  applies  to  all  num l*ers  whatever,  except  that 
r and  p in  this  case  are  not  necessarily  prime  to  each 
other. 

9.  If  a and  p be  any  two  numbers  prime  to  each 
other,  there  cannot  be  another  number  b prime  to  a 
which  will  render  the  product  a b divisible  by  p.  Or  if 
a number  p be  prime  to  two  other  numbers  a and  6, 
it  will  be  prime  to  their  product  a b. 

First,  if  there  be  such  a number  b as  will  render  a b 
divisible  by  p,  let  us  suppose  it  to  be  the  least  of  all 
those  that  will  make  a b divisible  by  p ; and  since  p is 
prime  to  6,  let 

p s n 6 -f1  bft 

so  that  6#  shall  be  less  than  b , and  also  prime  both  to  p 
and  6.  Then,  multiplying  both  sides  by  a,  we  have 
a p — a n b -f-  a b\  or 
ap  — a n 6 = aV, 

If  therefore  a 1/  be  divisible  by  p,  a n b,  and  conse- 
quently ap — a ti  &,  as  also  its  equal  a b*  will  be  so 
likewise. 

But  b is  by  the  supposition  the  least  number  that 
renders  a b divisible  by  p,  whereas  we  have  now  found 
a less  b\  which  is  absurd.  There  cannot,  therefore,  be 
a number  which  is  the  least  that  renders  a b divisible 
by  p,  but  if  there  were  any  such  numbers  one  of  them 
must  be  the  least ; therefore  there  is  no  such  number ; 
that  is,  if  p be  prime  both  to  a and  b it  is  prime  to 
their  product  a b. 

Deductions. 

(1.)  From  this  it  follows,  that  if  a number  p be  prime 
to  any  number  of  factors  a,  b,  e,  d,  &c.,  it  is  also  prime 
to  their  product  a . b . c . d ; and  if  p be  prime  to  any 
number  whatever,  it  is  prime  to  all  its  factors. 

(2.)  If  those  factors  are  all  equal,  then  the  product 
becomes  a power ; if  therefore  p be  prime  to  a,  it  is 
prime  to  any  power  of  a,  as  a*. 

(3.)  Hence  again,  conversely,  a power  can  only  have 
the  same  prime  divisors  us  its  root. 

(4.)  Consequently  If  p divide  the  product  a 6,  bnt  it 
prime  to  one  of  its  factors,  it  must  be  a divisor  of  the 
oilier ; und  if  p be  a divisor  of  a continued  product 
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a . b.e.  d,  Ac.,  and  is  prime  In  one  of  the  factors  o,  it 
must  be  a divior  of  the  other  factors  A,  c,  d,  Ac. 

(5.)  If  a be  prime  to  p,  and  A leas  than  p.  then,  whe- 
ther 6 be  prime  or  not,  the  product  a A is  not  divisible 
by  P: 

(6.)  If  there  be  any  number  of  factors  a.  A,  c,  Ac. 
respectively  prime  to  any  other  factors  p,  q,  r,  then 
will  the  products  a .A  . c . p . q , r,  be  prime  to  each 
other. 

(7.)  If  a product  oi  l«  divisible  by  p,  and  one  of 
those  factors  as  a be  prime  to  p,  then  will  the  quotient 
be  divisible  by  a. 

10.  NeiLher  the  sum  nor  the  difference  of  two  frac- 
tions which  are  in  their  lowest  terms,  and  of  which 
the  denominator  of  the  one  contains  a factor  not  com- 
mon with  the  other,  can  be  equal  to  an  integer. 
a b 

Let  and  --  ^ be  any  two  fractions  in  their 

lowest  terms,  and  of  which  the  denominator  of  the 
A 

',  contains  a factor  i not  contained  in  A, 


B t 

then  the  equation 


B t 


= e an  integer 


is  impossible. 
For 


b 

tit 


atit±\b 
A tit  * 

which  cannot  be  an  integer  unless  A b be  divisible  by 
/ ; but  A and  6 are  each  prime  to  t ; their  product 
A b is  therefore  also  prime  to  t.  Consequently, 
oBli  A6 

cannot  be  an  integer : that  is. 


Afif 


A* 


tit 


ss  e an  integer 


is  impossible  under  the  conditions  of  the  proposition. 
Deductions 

(1.)  The  same  is  also  true  if  the  first  fraction  be  not 
in  its  lowest  terms,  if  / be  prime  to  A and  a frac- 
tion in  its  lowest  terms. 

(2.)  The  sum  or  difference  of  two  fractions  each  in 
its  lowest  terms  is  also  in  its  lowest  terms,  provided 
the  denominators  be  prime  to  each  other:  that  is,  if 
b 

Btwl 

A 


and  — be  in  their  lowest  terms,  and  A prime  to 
B 


B,  then  will  b*  *!*<>  in  it*  lowest  terms. 

(3.)  If  two  fractions  are  each  in  its  lowest  terms, 
their  product  is  in  its  lowest  terms. 

II.  Every  integral  number  may  be  represented  by 
the  formula  a * Aw  c*  Ac. 

First,  if  p he  a prime,  then  6=  1,  C = 1,  Ac.  and 
n,  m,  q,  Ac.  may  also  be  supposed  = 1,  and  we  shall 
have  p ~ a. 

Secondly,  if  p be  not  a prime,  divide  it  first  by  the 
highest  power  a m of  one  of  its  prime  factors  contained 
in  it ; and  the  quotient  again  by  the  highest  power  of 
b,  as  bm,  and  the  new  quotient  by  the  highest  power  of 


one  of  its  factors,  os  <*,  and  so  on.  Then  ultimately  we  Iaired**- 
shall  obtain  **>*• 

p = am  A"  e»,  Ac. 

where  a,  A,  e,  Ac.  are  all  prime  numbers. 

Deductions. 

(1.)  Since  every  number  is  of  the  above  form,  the  root 
of  any  square  number  is  of  that  form,  and  therefore 
every  square  number  is  of  the  form 

p8  = a*".  A»*\  c*  Ac. 

(2.)  If  p = a"  bm  d,  and  any  one  of  the  exponent 
n,m,q,  be  an  odd  number,  p is  not  a square  number. 

And  if  n,  m,  qt  Ac.  be  not  each  divisible  by  3,  p is  not 
a cube,  and  so  on  in  the  higher  powers, 

(3.)  Hence  n square  multiplied  by  a square  will  pro- 
duce a product  which  is  a square ; but  a square  multi- 
plied by  a factor  which  is  not  a square,  will  give  a pro. 
duct  which  is  not  a square,  and  so  on  with  the  higher 
powers. 

12.  If  any  square  p9  can  be  divided  once  by  some 
other  number  //,  and  after  that,  neither  by  p'  nor  by 
any  factor  of  p\  then  is  p>  also  a square. 

For  let  p be  resolved  into  the  form  p = a".  A*.  c*. 
then  p*  = a*"  A1"  c**, 

and  since  p1  is  divisible  by  p\  this  last  must  contain 
some  of  the  prime  factors  of  p,  that  is,  p must  have  the 
form 

p'  = ar.  A*.  Ac. 

«•  a**6*-*e ■* 

7 = -^=a<"' *■"'■**• 


and  = - 


which  latter  quotient  will  still  be  divisible  by  a,  b,  Ac., 
unless  r = 2 n,  1 = 2 m,  Ac. ; and  since,  by  the  sup- 
position, this  quotient  is  not  again  divisible  either  by// 
or  by  any  factor  of  //,  it  follows,  that  pf  = a*".  A*",  Ac. 

Deductions. 

(1.)  In  the  same  manner,  if  any  power  pm  be  divisible 
once  by  some  other  number  p\  and  after  that  neither 
by  p ' nor  by  any  factor  of  it,  then  will/?'  itself  be  a com- 
plete nr*  power. 

(2.)  It  follows  from  this,  that  no  product  arising 
from  any  number  of  different  prime  numbers  can  be  a 
square;  for  let//  be  one  of  those  prime  numbers; 
then  the  product  may  be  divided  once  by  //,  and  only 
once,  therefore  that  product  is  not  a square. 

(3.)  The  same  is  true  of  any  two  or  more  numbers 
prime  to  each  other,  unless  they  be  all  squares. 

(4.)  Therefore,  conversely,  the  product  of  the  square 
roots  of  non-quadrate  numbers  prime  to  each  other 
cannot  produce  an  integer. 

For  if  p and  q be  two  such  numbers,  and 
»J  p X V q = r,  then  p q = r4, 
which  we  have  seen  is  impossible. 

13.  The  square  root  of  an  integer  that  is  not  a 
complete  square  cannot  be  expressed  by  a fraction. 

If  it  be  possible,  let  -/a  = ; — being  sup- 

posed in  its  lowest  terms,  so  that  m is  prime  to  n,  then 
m*  , . 

a = — — ; and  consequently  m*  must  be  divisible  bv 

H*  * 

n9,  which  is  impossible,  because  m and  n arc  prime  to 
each  other. 
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> From  the  two  preceding;  propositions  it  follows  : 

(1.)  That  any  root  of  a number  which  cannot  be 
expressed  by  an  integer,  cannot  be  expressed  by  a 
rational  fraction. 

(2.)  The  product  of  the  square  roots  of  any  two  or 
more  non-quadrate  numbers,  cannot  be  expressed  by 
any  rational  fraction. 

(3.)  And,  generally,  if  m*/  a and  m^/  b be  neither  of 
them  expressible  in  integers,  and  if  a be  prime  to  b, 
then  con  * */a  x "V  * he  neither  expressed  in  integers 
nor  in  rational  fractions. 

14.  Neither  the  sum  nor  the  difference  of  the  square 
roots  of  two  numbers  which  arc  not  both  squares,  cau 
be  expressed  by  any  rational  cpiantitv. 

Let  p and  q be  two  such  numbers,  and  if  possible, 
let 

then  p + q ± 2 v'  p q = c\ 

and  J p q = C - — — a rational  fraction, 

which  is  impossible. 


(1.)  In  the  same  way  it  may  be  shown,  that 
»J  p +.  *J  q~  cis  impossible. 

For  then  ^ pq  = — — ^ — — , 

which  is  impossible. 

(2.)  If  p and  q be  prime  to  each  other,  then 
ij  p i V 7==V  r ^ **s  impo?»sible. 

For  squaring  both  sides  and  reducing  we  obtain 

± V pv± -J  — * ,/ — — . 

which  is  impossible,  whether  ^ ri  be  rational  or  irra- 
tional. 


I.  On  the  divisors  of  Composite  Numbers. 

15.  To  find  the  number  of  divisors  of  any  given 
number. 

Let  N be  the  given  number,  let  N be  resolved  into 
the  form  N = am  b*  Ac.  then  will  the  number  of 
its  divisors  be  expressed  by  the  formula 

(w  + !)(»  + 1)  (p  + 1)  (9  + 1)  &c. 

For  it  is  evident  that  N will  be  divisible  by  a,  and  by 
every  power  of  a to  a",  that  is,  by  every  term  in  the 
series 

, a,  a*,  a",  a*,  &c.  a**, 

and  also  by  6,  and  by  every  power  of  b to  £»",  that  is,  by 
every  terra  in  the  series 

6.  b',  b»,  bl,  &c.  b\ 

and  in  the  same  manner  by  e,  and  every  power  of  c to 
cP  ; by  d and  every  power  of  d to  rfv,  &c. 

And  also  by  every  possible  combination  of  the  terms 
of  the  above  series  ; that  is,  by  every  term  in  the  con- 
tinued product 

(1  + a-f-o*. aT)  x <l-f & + i>  + &c .&•) 

(I  -f-  c -f-  r*  -|-  c*1)  x (1  *f  d + d*  -f-  &c.  <#») 

but*  the  numbers  of  terms  in  this  series,  since  no  two  of 
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them  can  be  the  same,  is  truly  expressed  by  the  for- 
mula 

(m+l)(«-H)(P  + 0(7+  l)&c.  v 

which  is,  therefore,  the  number  of  the  divisors  suught, 
unity  and  N being  both  included  as  divisors. 

Thus  360  = 2*.  3’.  5'. 

Has  (3  -f  1)  (2  + 1)  (I  + 1)  = 24  divisors. 

And  1000  = 2».  5s. 

Has  (3  + 1)  (3  + 1)  = 16  divisore. 

Deductions. 

(1.)  As  the  number  N =r  amb*  c?  <t>  has 

(m  -f  1)  (n  -f  1)  (p  + 1)  (q  -J-  1)  divisors, 
it  is  obvious  that  the  number  of  ways  in  which  it  can 
be  divided  into  two  factors  will  he  expressed  by 
* (m  + 1)  (n  + l)  </>  + 1)  (q  + 1)  &c. 
being  equal  to  half  the  number  of  its  divisors. 

(2.)  If  it  be  required,  in  how  many  wavs  a number, 
N = am  bm  e*,  Ac.,  may  be  resolved  into  two  factors 
prime  to  each  other,  it  is  evident,  that  this  number  no 
longer  depends  upon  the  value  of  the  exponents 
m , ri,  pt  Ac.,  but  will  be  the  same  as  if  N was  simply 
resolved  into  the  factors  a,  bf  c,  &c. ; and  is,  therefore, 
equal  to 

(1  -f  I)  . (1  -f  1)  . (1  -f  1),  &c. 

2 * 

hence,  if  k represents  the  number  of  prime  factors, 
fl,  6,  C,  d,  &c.,  then  will  2A_I  be  the  number  of  ways 
in  which  N may  be  resolved  into  two  factors  prime  to 
each  other.  Thus,  for  example,  360  has  twenty-four 
divisors  (example  1,)  and,  consequently,  may  lie  re- 
solved into  factors  twelve  different  ways ; but  it  has 
only  three  prime  factors,  2,  3,  nnd  5,  and  can,  therefore, 
be  resolved  into  factors  prime  to  each  other  only, 
2*  = 4,  different  ways. 

16.  To  find  a number  that  shall  have  any  given 
number  of  divisors. 

Let  w represent  the  given  number  of  divisors,  and 
resolve  w into  factors,  ns  ip=  x X y X Take 
m r=  1,  » ssy  — 1,  psz  z — 1,  &c. ; so  shall 
a"  b*  cp,  Ac. 

be  tile  number  required,  as  is  evident  from  the  fore- 
going proposition,  where  a,  6,  c,  Ac.  m«y  be  taken  any 
prime  numbers  whatever. 

Thus,  to  find  a number  that  shall  have  30  divisors, 
we  have  30  = 2 x 3 X 5.  Wherefore  x =r  2,  y r=  3, 
z — b,  and  mss  s — l— \,n— y — \ z=2,p=:z  — 1 =4, 
and  am  6*  c?  is  the  number  sought,  a , 6,  c being  any 
prime  numbers  whatever. 

If  a = 5,  6 = 3,  c ss  2 wc  have 

5.3*.  2 *■=  720,  the  number  sought, 
and  this  is  the  least  of  all  nnmbers  having  30  divisors; 
because  a,  b,  c are  the  least  three  prime  numbers,  nnd 
that  which  is  involved  to  the  highest  power  is  the 
least. 

17.  To  find  the  sum  of  all  the  divisors  of  any  given 
number. 

Let  N be  the  number,  and  make  N = o“  bm  cp,  Ac 
then  the  sum  of  all  the  divisors  of  N is  expressed  by 
the  formula  * 

4 i* 
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For  we  here  seen  that  the  formulas 

(1  + a -f  o’  Ac.  a")  (1  4-  A + A»  + Ac.  A*) 

(1  4-  c -f-  c*  Ac.  e *)  (1  + tf  -f*  rf1  -f-  Ac.  rf*) 
include  all  the  divisors  of  N,  and  by  the  laws  of  arith- 
metical scries, 

„ a"*  - 1 

l-f-a  + a'+  Ac.  a"  = - 


1 + 6 + A*  + Ac.  A-  = 
Ac. 


1 

A**’  - 1 


Ac. 


Consequently,  this  product  is  equal  to 

which,  therefore,  expresses  the  sum  of  all  the  divisors 
of  N. 

In  this  expression,  N is  considered  as  a divisor  of 
itself ; liecauoe,  from  the  developement  of  the  ahove 
product,  the  last  terra  will  evidently  be  o"  A*  cf,  Ac. ; 
that  is,  the  last  terra  of  the  product  will  be  th«  number 
N itself. 

Required  the  sum  of  all  the  divisors  of  360. 

First,  360  = 2* . 3*  . 5 ; therefore, 

t=  15. 13.6=  1170; 


which  is  the  sura  of  all  the  divisors  of  360,  itself  being 
considered  as  one  of  them. 

18.  If  N = o"  A"  c*  Ac.  represent  any  number, 
a,  6,  c,  Ac.  being  its  prime  factors,  then  will 


N x 


x 


A-  1 
b 


c 


express  the  number  of  integers  that  are  less  than  N, 
and  also  prime  to  it. 

First,  if  N he  a prime  number,  or  N = a,  then  we 
know,  that  all  numbers  less  than  a are  also  prime  to  it; 

and,  consequently,  N x — = a — 1 is  the  real 

a 

expression  for  the  number  of  them  in  this  case. 

And  if  N be  any  power  of  a prime  number,  or 
N = a",  then,  in  the  series  of  numbers 
1,  2,  3,  4,  5,  Ac.,  a". 

every  ath  term  is  a multiple  of  a,  these  forming  of 
themselves  the  series 

or,  2a,  3a,  4a,  ba,  Ac.,  a*-1, 

and  therefore,  from  the  a"  terms  in  the  first  series,  we 
must  deduct  the  am~l  terms  in  the  last,  and  the  remain- 
der will  be  the  number  of  those  terms  in  the  first,  that 
nrc  prime  to  N,  or  to  a" ; that  is,  am  — fl""1  are  the 
number  of  integers  prime  to  N ; but  since  N = am  we 
have 


for  the  number  of  those  integers  ; which  is  likewise  the 
form  in  question. 

Again,  if  N = «**A*,  it  is  evident,  from  the  same 
consideration  as  before,  that  wc  shall  have 


am~'  A%  terms  divisible  by  a ; 
aT  A*’\  terms  divisible  by  A ; 
a"*1  ft"-1,  terms  divisible  by  a A. 

Rut  as  the  first  expression  includes  all  numbers  divi- 
sible by  a,  and  the  second  all  those  divisible  by  A,  it 
follows,  that  the  latter  expression  is  included  in  each  of 
the  former ; and  therefore  we  have 

o’*"1  A*  — cf'~l  A*”1,  terms  divisible  by  a only ; 
am A"“l  — am~l  A*"1,  terms  divisible  by  A only; 
aT-1  A""',  terms  divisible  by  a A; 

and  these,  together,  include  all  those  term*  of  the 
series 

1,  2,  3,  4,  b , Ac.,  o-A\ 

that  have  any  common  divisor  with  «**A\  or  with  N - 
and,  consequently,  their  sum,  taken  from  N,  will  be 
the  number  of  those  that  are  prime  to  it:  hence,  then, 
we  have 


cT  bm  - o“-‘  A*  - aT  A-*  -f-  a— ' A-‘  = 
(a"  — a"'1)  A*  — (a*  — a"-1)  A"“‘  » 
(a*  - a—1)  x (A*  - A->)  a 

(“"  * ~T“' ) x (6'  x ~T~ ) 


which  is  again  the  formula  in  question. 

Let,  now,  N = am  A"  cc,  then,  ou  the  same  principles 
as  above,  wc  shall  have 

P = a"-1  A m c*t  terms  divisible  by  a; 

Q = a"  A"~*  c*,  terms  divisible  by  % ; • 

R “ l*  e*"',  terms  divisible  by  e; 

S = a"'1  A"“*  c\  terms  divisible  by  a A; 

T — «"M  A*  c^-*,  terms  divisible  by  a c; 

V = am  A”1  C*‘xf  terms  divisible  by  A c; 

W = aT~l  A"-1  c*-1,  terms  divisible  by  a be. 

But  since  all  the  terms  W are  necessarily  included  In 
those  of  S,  T,  and  V,  and  these  last  again  in  P,  Q, 
and  R,  we  shall  have,  by  subtraction, 

S — W,  divisible  by  a A only $ 

T — W,  divisible  by  a c only ; 

V — W,  divisible  by  A c only  : 
and  then,  again, 

P-S-T+2W-W;  or, 

P — S — T ~}-  W,  divisible  by  a only ; 

Q — S — V -p  W,  divisible  by  A only ; . 

R — T — V 4-  W,  divisible  bye  only  ; 

W,  divisible  by  a A c only. 

And,  consequently,  the  sum  of  all  these  expressions 
will  be  the  number  of  terms  that  have  a common  divi- 
sor with  a"  A*  rP,  or  with  N ; and,  therefore,  N minus 
this  sum  will  he  the  number  of  integers  prime  to  N, 
and  less  than  itself ; which,  by  addition  and  subtrac- 
tion,  will  be  expressed  as  follows : 

N-P-Q-R-j-8  + T-fV- W. 

And  by  reestablishing  again  the  values  ofP,  Q,  R,  Ac., 
it  becomes 
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Tw* y of  («*  4"  e*  - o~‘  4*  <*)  - (»“  i"'  e»  — 1 4*-'  e')  - 

NuroliO-.  _ (^-‘4oe»*,)  + 

v~’  (O-  i-'  cO-'  - a—'  4*-‘  c'-')  = 

(rt-  _ o— ■)  (4’  c'  - 4-'  <t  - 4"  c'-’  + 4-'  c*’*)  = 

(a*  - «~‘)  X (4*  - 4->)  . (c*  - c*-')  = 
a — l b — 1 c — 1 
N x X— T—  X-— 

••  a o c 

the  same  form  as  before. 

And,  exactly  in  the  same  manner,  if  N were  the  pro- 
duct of  a greater  number  of  factors,  we  should  still 
find,  that  the  number  of  integers  less  than,  and  prime 
to  N,  woukl  be  represented  by 

a — l 4 — 1 e — 1 d — 1 

N X X — r—  X— — X— r-.4e. 

a o C a 

Where  it  is  only  necessary  to  observe,  that  unity  is 
included  ns  one  of  those  integers. 

Find  how  many  numbers  there  are  under  100  that 
are  prime  to  it. 

First,  100  = 2*  5» ; therefore, 

2-1  5-1 

100  X — X — — = 40, 

X 9 

the  number  sought:  these  being  as  follows ; vis. 


n (?i+  1)  (ft  -f-  2)  (n  -f-  S)  Ac.  n -4-  m 
1 . i . 3 . 4 &t.  m + 1 ’ > 

and  they  are  said  to  be  of  the  1st,  2d,  3d,  Ac.  order, 
according  as  m = 1,  2,  3,  Ac. 

23.  Polygonal  Number*  are  the  sums  of  different  and 
independent  arithmetical  series,  and  are  termed  lineal  or 
natural , triangular,  quadrangular  or  nquetrr,  pen- 
tagonal, Ac.,  according  to  the  series  from  which  they 
are  generated. 

24.  Natural  Number*  arc  formed  from  a series  of 
units;  thus. 

Units,  1 1 1 1 1,  Ac.  , 

Nat.  Numbers,  1 2 3 4 4,  Ac. 

25.  Triangular  Number*  are  the  successive  sums  of 
an  arithmetical  series,  beginning  with  unity,  the  com-- 
mon  difference  of  which  is  1 ; thus, 

Arith.  Series,  1 2 3 4 5,  Ac. 

Trian.  Num.  1 3 6 10  15,  Ac. 

26.  Quadrangular , or  Square,  Number*  are  the  sums 
of  an  arithmetical  aerie*,  beginning  with  unity,  the 
common  difference  of  which  is  2 ; thus, 

Arith.  Series,  1 3 5 7 9 11,  Ac. 


1 

13 

27 

39 

51 

63 

77 

89 

3 

17 

29 

41 

53 

67 

79 

91 

7 

19 

31 

43 

57 

69 

81 

93 

9 

21 

S3 

47 

59 

71 

83 

97 

11 

23 

37 

49 

61 

73 

87 

99 

Again,  how  many  numbers  are  there  less  than  360 
which  are  also  prime  to  it. 

360  r=  23 . 3* . 5‘,  therefore 


x5-ri  = 96> 


the  number  sought. 


II.  Of  Figurate  Number *,  8fc. 

19.  The  theory  of  figurate,  amicable,  and  polygonal 
numbers  must  be  admitted  to  be  rather  a subject  of 
curiosity  than  of  utility,  we  shall  confine  ourselves, 
therefore,  almost  entirely  to  a definition  of  them,  and 
to  a statement  of  some  of  their  properties,  and  for  the 
investigations  w«  shall  be  content  to  refer  to  Barlow’s 
Theory  of  Number*. 

Definitions. 

20.  A Perfect  Number  is  that  which  is  equal  to  the 
sum  of  all  its  aliquot  parts,  or  of  all  its  divisors. 


Quadrang.  or*> 

»■  r i •*  » iu  oo,  etc. 

Square  Num.  J ’ 

27.  Pentagonal  Number*  are  the  sums  of  an  arith- 
metical series,  beginning  with  unity,  the  common  dif- 
ference of  which  is  3 ; thus, 

Arith.  Series,  14  7 10  13  16,  Ac. 


16  25  36,  &c. 


Pentagonal  1 

Numbers,  ^ «• 

And  universally,  the  m-gonal  Scric*  of  Number* 
is  formed  from  the  successive  suras  of  an  arithmetical 
progression,  beginning  with  unity,  the  common  differ- 
ence of  which  is  m — 2. 

28.  Perfect  Number*  arc  expressed,  or  determined, 
as  follows: 

Find  2*  — 1 a prime  number,  then  will  N = 2*“l, 
(2*—  1)  be  a perfect  number.  For  from  what  has 
been  demonstrated  in  the  preceding  section,  the  sum 
of  all  the  divisors  of  this  formula  will  be  represented  by 
2-  - 1 (2“  — 1)*  — 1 
2-1  * (2*  — 1)  — 1 * 

because  2*  — 1 is  a prime  by  hypothesis.  But  in  this 
expression  1 is  included  as  a divisor,  which  must  be 
excluded  in  the  case  of  perfect  numbers;  exclusive  of 
this,  therefore,  the  formula  wiU  be 

2"  - 1 (2m  - 1W  - 1 

a—  x - 1 T - » = 

(2*  - 1)  x (2‘  — I + 1)  — 2*“  (2-  - l)  = 

2(2*  - n.a**  - 2-'  (2*  - 1)  = 2*-'. (2*  - 1)  = ST, 
that  is,  the  sum  of  all  the  aliquot  parts  of  N exclusive 
of  itself,  or  of  1 a*  a divisor,  is  equal  to  N,  and  is, 
therefore,  by  the  definition  a perfect  number. 

The  only  perfect  numbers  known  are  the  following 
eight : 

6 33550336 

28  8589869056 

496  187438691328 

8128  2305843008139952128. 

4 9 2 


12  22  35  51,  Ac. 


_ 6,6,6  . . , , 

Thus  o = — — f — 7^ — f-  *g-.  and  is,  therefore,  a per- 
fect nutnljcr. 

21.  Amicable  Number*  are  those  pairs  of  numbers 
each  of  which  is  equal  to  all  the  aliquot  parts  of  the 
oilier : thus  284,  and  220,  are  a pair  of  amicable  num- 
bers ; for  it  will  be  found,  tliat  all  the  aliquot  parts  of 
284  arc  equal  to  220 ; and  all  the  aliquot  parts  of 
220  are  equal  to  284. 

22.  Figurate  Number*  are  all  those  which  fall  under 
the  general  expression 
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TUory  of  29.  To  find  a pair  of  amicable  numbers  N anil  M, 
Number*.  or  goe),  a that  each  shall  be  respectively  equal  to 
all  the  divisors  of  the  other. 

Make  N = «"  6"  c',  Ac.,  and  M = «*  p */'.  then, 
according  to  the  definition,  and  from  what  has  been 
demonstrated  in  the  last  section,  we  must  have 

1 =NfM, 


iT.-X  x glzl  X . 


a — 
e**1  - 


6-1 


J - 1 


i /J^-1  - i it*  - ; 

-1  X ft-  1 X 


= M+M. 


Find,  therefore,  such  a power  of  2 as  2r,  that 
3 . T — 1,  6 . 2r  — 1,  and  18 . 2r  - 1 
may  be  all  prime  numbers,  then  will 

N = 2^  . d,  and  M e 2'+*  6c 
be  the  pair  of  amicable  numbers  sought. 

The  least  three  pair  of  amicable  numbers  are, 

284  220 

17296  16416 

9363583  9437056. 

III.  Of  the  forms  and  properties  of  Prime  Numbers. 

30.  If  a number  cannot  be  divided  by  some  other 
number,  which  is  equal  to,  or  less  than,  the  square 
root  of  itself,  that  number  is  a prime. 

For  every  number  p , that  is  not  a prime,  may  be  re- 
presented by  p = a 6.  Now  If  a r=  6,  then  a and  6 are 
each  equal  to  V p ; and,  consequently,  p,  which  is  not 
a prime,  is  divisible  by  J p.  Again,  if  a > ^ p, 
then  will  b < *Jp ; for  otherwise,  we  should  have 
ax  6 = fl  6 > p.  which  is  contrary  to  the  supposi- 
tion ; therefore,  if  a > V p,  then  will  6 < */p;  and 
if  6>  p,  then  will  a<  J p ; and,  consequently, 
since  p is  divisible  both  by  a and  6,  it  is  divisible  by  a 
number  less  than  the  square  root  of  itself:  and  this  is 
evidently  true  of  all  numbers  that  can  be  resolved  into 
the  form  p — ab ; that  is,  of  all  numbers  that  are  not 
primes ; therefore,  if  a number  cannot  be  so  divided, 
that  number  is  a prime. 

Hence,  in  order  to  ascertain  whether  a given  number 
be  a prime  number  or  not,  we  must  attempt  the  divi- 
sion of  it  by  all  the  prime  numbers  less  than  the 
square  root  of  itself;  and  if  it  be  not  divisible  by  any 
of  them,  it  is  a prime.  It  la  obvious,  that  we  need 
only  essay  the  division  by  prime  numbers  ; for  if  it  lie 
divisible  by  o composite  number,  it  is  evidently  also 
divisible  by  the  prime  factors  of  that  divisor.  This 
method,  however,  although  it  admits  of  some  contrac- 
tions, is,  notwithstanding,  extremely  laborious  for  large 
numbers ; nor  lias  any  easy,  practical  rule  been  yet 
discovered,  for  ascertaining  whether  a given  number  bo 
a prime  or  not. 

31.  Of  the  different  linear  forms  of  prime  numbers. 

Every  prime  numlicr  greater  than  2,  is  of  one  of  the 
forms  4 n +•  l,  or  4 n — 1.  For  every  number  divided 
by  4 will  leave  a remainder  1 , 2 or  3 ; that  is,  every  num- 
ber whatever  is  included  in  one  of  the  four  forms 
4 fi,  4n-j-I*  4n-f-52»  1 n + 3 ; 

but  the  first  and  third  of  these  arc  not  primes,  being 
both  even  or  divisible  by  2,  therefore  oil  prime  num- 
bers must  fall  under  one  of  the  other  two,  viz. 


4 n -f- 1,  or  4 n -f-  3 ; but  4n-f3  = 4(w-j-l)-l;=  Sect  III. 
4 n'  — 1,  therefore  all  prime  numbers  are  included  in  ***•• 
tlie  general  formula  4 n + 1. 

Deductions. 

(I.)  In  a similar  way  it  may  be  shown,  that  all  prime 
numbers  are  included  in  the  forms 

Bail  8n±3 

6 n i 1 

12  n dh  1 12  n ± 5, 

&c.  Ac. 

(2.)  It  may  be  proper  Just  to  oWrve,  that  although 
all  prime  numbers  are  included  in  these  sets  of  for- 
mula, the  prime  number  2 only  excepted,  yet  the  con- 
verse is  not  true,  viz.  that  all  numbers  contained  in 
these  forms  are  prime  numbers ; indeed  no  algebraical 
formula  whatever  can  be  found  that  includes  prime 
numbers  only.  'Phis  is  demonstrated  in  the  following 
proposition. 

32.  No  algebraical  formula  can  contain  prime  num 
bers  only. 

Let  p + Ac. 

represent  any  general  algebraical  formula.  It  is  to  be 
demonstrated  that  such  values  may  be  given  to  x,  that 
the  formula  in  question  shall  not  with  that  value  pro- 
duce a prime  number,  whatever  values  are  given  to 
p,  q,  r,  Ac. 

For  suppose,  in  the  first  place,  that  by  making 
xsm,  the  formula 

P = j7-f“7m4“rm*  + « m*  -J-,  &c., 

is  a prime  number. 

And,  if  now  we  assume  z = m -f-  0 P,  we  have 

V = V 

= - 1«  + !»P 

ri5  = . r m*  -f-  2 r »i  0 P + r 02  P* 

#z»= «m3-f-3*m*0P4-3sm0*P*4- 

Ac.  Ac. 

Or, 

p + qx  + = (/)  + qm  + rm*  -f-  -f-,  Ac.)  -f- 

P (9  04-2  rm 0 + 3 *m*0)-»-  P*  (r0*  + 3*m0»)-f 
i 0*  P*  = P -j-  P (7  0 + 2r»»0  + 3*m*0)-f- 
ps  (r  $1  4_  3 * m0*)  + 1 0>  P\ 

But  this  last  quantity  is  divisible  by  P ; and,  conse- 
quently, the  equal  quantity 

p-f  qz  + rz«4-#z»4-,  Ac. 
is  also  divisible  by  P,  and  cannot,  therefore,  be  a prime 
number.  Hence,  then,  it  appears,  that  in  any  alge- 
braical formula,  such  a value  may  be  given  to  the  in- 
determinate quantity,  os  will  render  it  divisible  by  some 
other  number ; and,  therefore,  no  algebraical  formula 
can  be  found  that  contains  prime  numbers  only. 

But  although  no  algebraical  formula  can  be  found 
that  contains  prime  numbers  only,  there  are  several 
remarkable  ones  that  contain  a greet  many ; thus 
j*  -+  x + 41,  by  making  successively  xrz  0,  1,  2,  3,  4, 

&c.,  will  give  a series  41,  43,  47,  53,  61,  71,  Ac.,  the 
first  forty  terms  of  which  arc  prime  numbers.  The  above 
form  11I a 'i*  mentioned  by  Euler  in  the  Memoirs  of  Ber- 
lin, (1772,  p.  36.) 
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TWy  of  To  ihc  above  we  mny  add  the  following**  -f-  * + 17, 
■Number*.  2x*-f-29,  tlic  former  has  seventeen  of  its  first 
terms  primes,  and  the  latter  twenty-nine. 

Fermat  asserted  that  the  formula  2"  + 1 was  always 
a prime,  while  m was  taken  any  term  in  the  series 
1,  2,  4,  8,  16,  Ac. ; but  Euler  fouud  that  2**  -f*  1 = 
641  X 6700417  was  not  a prime. 

S3.  The  number  of  prime  numbers  is  infinite. 

For  if  not,  let  the  number  of  them  be  represented 
by  «,  and  the  greatest  of  all  those  primes  by  p;  then 
it  is  evident  that  the  continued  product  of  all  the  prime 
numbers  not  exceeding  p,  as 

4 2 . 3 . 4 . 5,  &c.  p 

will  be  divisible  by  each  of  those  numbers,  and,  there- 
fore, if  1 be  added  to  the  product,  the  sum  will  be  divi- 
sible by  no  one  of  them ; consequently,  if  the  formula 
(2 . 3 . 4 . 6,  Ac.  p)  + 1 

be  divisible  by  any  prime  number,  it  must  be  by  some 
one  greater  than  p,  and  if  not  it  will  be  itself  a prime, 
and,  consequently,  greater  than  p.  Hence  there  must 
be  a prime  number  greater  than  p,  and,  consequently, 
a greater  number  of  prime  numbers  than  n ; and  the 
same  may  be  shown,  however  great  n and  p may  be, 
therefore  the  number  of  prime  numbers  is  infinite. 

34.  If  a and  6 be  any  two  numbers  prime  to  each 
other,  and  each  of  the  terms  of  the  series 
b,  2 6,  3 6,  4 6,  &c.  (a  - 1)  6 
be  divided  by  a,  they  will  each  leave  a different  position 
remainder. 

For  if  any  two  of  these  terms  when  divided  by  a 
leave  the  same  remainder,  let  them  be  represented 
by  * 6,  y 6 ; then  it  is  obvious,  that  * 6 — y 6 would  be 
divisible  by  a,  or  (*  — y)  6 would  be  divisible  by  ft. 
But  this  is  impossible,  because  a is  prime  to  6,  and 
* — y is  less  than  a,  (art.  9, — 5 :)  therefore  6(*  — y) 
is  not  divisible  by  a ; but  it  would  be  so  divisible  if 
the  terms  *6,  yb  left  the  same  remainder;  these  do 
not,  therefore,  leave  the  same  remainder,  conse- 
quently every  term  of  the  series 
♦ 6,  2 6,  36,  Ac.  (a  - 1)  6 

divided  by  a,  will  leave  a different  remainder. 

Deductions. 

(1.)  Since  the  remainders  arising  from  the  division 
of  each  term  in  the  series 

6,  2 6,  3 6,  Ac.  (ft  - 1)  6 

by  ft,  ore  different  from  each  other,  and  a — 1 in  num- 
ber, and  each  of  them  necessarily  less  than  ft,  it  follows 
that  these  remainders  include  all  numbers  from 
1 to  a — 1. 

(2.)  Hence,  again,  it  appears,  that  some  one  of  the 
above  terms  will  leave  a remainder  1 ; and  that,  there- 
fore, if  6 and  a be  any  two  numbers  prime  to  each 
other,  a number  x < a may  be  found  that  will  render 
6 * — 1 divisible  by  a ; or,  the  equation  6 * — a y = 1 
is  always  possible  if  a and  6 are  numbers  prime  to  each 
other. 

And  it  is  always  impossible  if  a and  6 have  any  com- 
mon measure,  as  is  evident;  because  one  side  of  the 
equation  6*  — ay  = l would  be  divisible  by  this 
common  measure  ; but  the  other  side,  1,  would  not  be 
so  : therefore,  in  this  case,  the  equation  is  impossible. 


(3.)  We  have  seen,  in  the  foregoing  deduction,  that  Sect.  III. 
the  equation  b x — ay  = \ is  always  possiblef  when  a P™* 
and  6 are  prime  to  each  other ; and  the  same  is  evi-  Numb<ir*’j 
dently  true  of  the  equation  6*  - ay  = - 1,  for  a — i V " T ^ 
is  one  of  the  remainders  in  the  above  series,  so  that  a 
value  *<o  may  be  found,  that  renders  6*  — (a  - l) 
divisible  by  a;  or  the  equation  6x— ay  = a - 1 is 
always  possible ; but  this  is  the  same  as  6 * — a 
(y  — 1)  = — 1;  or,  making  y — 1 = y",  6 * — a\/=z 

1 is  always  possible ; anti,  consequently,  the  equa- 
tion ax  — 6 y = db  l is  always  possible,  when  a and  6 
are  prime  to  each  other. 

35.  If  a be  any  prime  number,  then  will  the  for- 
mula 

1 . 2 . 3 . 4 . 5,  Ac.  (o  - 1)  + 1 
be  divisible  by  a. 

For  it  is  demonstrated  in  our  preceding  second  de- 
duction, that,  it  a and  6 be  auy  two  numbers  prime  to 
each  other,  another  number  * may  be  found  < ft,  that 
renders  the  product  6*  - 1 — • a ; or,  which  is  the 
same  thing,  6 j = y a -j-  1 ; and  that  there  is  only  one 
such  value  of  * < a may  be  shown  as  follows  : 

The  foregoing  equation  gives,  by  transposition, 

6 1 - ay  = 1 ; 

and,  if  it  be  possible,  let  also 

bx'—  «y*  = 1 • * 

and  make  xt  =:  * ± m,  and  y'=y±n,  where  m is 
necessarily  less  than  a,  because  both  * and  x'  are  so 
by  the  supposition.  Now,  by  this  substitution,  we 
have 

(6  * + 6 m)  — (ft  y ± a »)  = 1 ; but 
6*  — ay  = 1 ; 

therefore  zfc  6 m = Ij:  a n,  or  6 m a ; but  this  is  im* 

possible,  since  6 is  prime  to  a,  and  m < a.  (art.  9. — 5.) 

There  cannot,  therefore,  be  two  values  of*  less  than 
ft,  that  renders  the  equation  6*  — ay  = 1 possible. 

But  in  the  series  of  integers 

1,  2,3,4,  5,  ......  a - 1, 

every  term  is  prime  to  a,  except  the  first,  a being  itself 
a prime;  if,  therefore,  wo  write  successively,  6 = 2, 

6'  = 3,  6“  = 4.  Ac.,  a corresponding  term  x,  in  the 
same  series,  may  be  found  for  each  distinct  value  of  6, 
that  renders  the  product  xbuaay-j-  1,  J 6'  ta  a y'  -f-  ) , 
x"  6"  t*»  a y -f  1,  &c. ; and  it  is  evident,  that  no  one  of 
these  values  of  * can  be  equal  cither  to  1,  or  ft  — 1 ; for, 
in  the  first  case,  we  should  have  1 x 6 = ft  y -f  ] , 
which  is  impossible,  because  6 < a ; ami  the  second 
would  give  (a  — 1)  6 = a y -f-  1,  or  a (6  - y)  = 

6 -f-  1 ; that  U,  6 -f-  1 which  can  only  be  when 

6 = a - 1,  or  when  6 = *,  which  case  is  excepted, 
because  wc  suppose  two  different  terms  of  the  series. 

In  fact-,  since,  (a  - 1)*  t= « y -f-  1.  there  can  be  no  other 
term,  in  the  wunc  series,  that  is  of  this  form  ; for  if 
x*  t&ay'-f-  ],  then  (ft  - !)*-**  would  be  divisible 
by  ft,  or  (ft  — I -f-  a)  X (ft  — 1 — *)  *-♦-  ft,  which  is 
impossible,  since  each  of  those  factors  is  prime  to 
ft,  as  is  evident,  because  * < a,  and  ft  is  a prime 
number. 


* To  save  the  repetition  of  the  word*  rfn ifaMe  if,  which  fre- 
quently occur,  the  tugn  — i*  owl  tn  express  them  ; and  for  lUe 
same  re  mod  the  symbol  it  introduced,  to  express  the  word*  of  the 
form  of,  which  ere  also  of  frequo  n(  occurrence. 
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Theory  of  Hence,  then,  our  product 

Number*.  1 . 2 . 3 . 4 . 5 («  — 1),  become* 

S"*~v  1 .ix.y/.W....  a — 1 ; 

but  each  of  these  products,  bx,  6V,  &wx'r,  &c.,  is,  as 
are  have  seen,  of  the  form  a y -f-  1 ; therefore,  their  con- 
tinued product  will  have  the  same  form,  and  the  whole 
product,  including  1 and  a — 1,  will  be 

tta(fly-f-l)x(a-  Omfl'y  + ay  + fl-l, 
to  which,  if  unity  be  added,  the  result  will  be  evidently 
divisible  by  a,  that  is,  the  formula 

1.2. 3. 4. 3 (a  — 1)  + 1 

is  always  divisible  by  a,  when  a is  a prime  number. 

Deductions, 


(1.)  The  product, 

1.2. 8. 4. 5 (a-  1), 

is  the  some  as 


i (B  - 1)  a («  - 8)  a (a  - S),  ftc., 

and  this  product,  with  regard  to  its  remainder,  when 
* divided  by  a,  is  the  same  as 

±1*.  2*.  3*.  4- (^"7 

the  ambiguous  sign  being  plus  ( + ) when  a — 1 is 
even,  and  minus  ( — ) when  a — 1 is  odd;  that  is, 
•+*  when  a is  a prime  number  of  the  form  4n-f-l, 
and  — when  a is  a prime  number  of  the  form  4 n — 1 ; 
also  this  product, 

± P.2*. 3*.  4* 

is  the  same  as 


2.3.4.. 


a - 1\* 
2 


)' 


and,  consequently,  from  what  is  said  above  relating  to 
the  ambiguous  sign,  we  shall  have 

{(l.2.3.4....:.^i)1+t(-a. 
when  a tts  4 n -f*  1 ; and 

K1-2-3-4 ~Y~J  ~ 1 


when  a tts  4 n — 1. 


Whence  it  follows,  that  every  prime  number  of  the 
form  4 n + 1 is  a divisor  of  the  sum  of  two  squares. 

Again,  the  latter  form  may  be  resolved  into  the  two 
factors 

{(>  2 3 4 nr)+  *)* 

{(i.z.s.4 V1)-1  }■ 

which  product,  being  divisible  by  a,  it  follows  that  a 
is  a divisor  of  one  or  other  of  these  factors,  when  it  is 
a prime  number  of  the  form  4«  — 1. 

(2.)  From  the  first  product,  which  we  have  demon- 
strated to  be  divisible  by  a,  via. 


1 .2.3.4,  Ac.,  (ff-l)-M 

a 


ss  e,  an  integer. 


we  may  derive  a great  many  others ; as 
P.  2*.  3.  4.  5.  &c.,  (a -3)  (a-1)  4-  1 _ 

n 


Sect.  IV. 


Square 

ss  e,  an  integer : NB,n,>*,*• 


and  so  on,  till  we  arrive  at  the  same  form  as  that  in  the 
first  deduction. 

The  theorem  above  demonstrated  was  first  proposed 
by  Sir  John  Wilson,  as  we  are  informed  by  W’aring,  in 
his  Meditationes  Al^ebrairte,  p.  390 ; but,  notwith- 
standing the  ftim]de  principle*  on  wliieli  its  demonstra- 
tion is  founded,  it  escaped  the  observation  of  these  two 
celebrated  mathematicians  ; the  latter  of  whom  speaks 
of  it,  at  the  place  above  quoted,  as  an  extremely  dif* 
ficult  proposition  to  demonstrate,  on  account  of  our 
having  no  formula  for  expressing  prime  numbers. 
.Lagrange  was  the  first  who  demonstrated  this  theorem, 
in  the  iVesc  Memoirs  of  the  Academy  of  Berlin , 1771, 
(which  demonstration  is,  as  might  be  expected  from 
the  celebrity  of  its  author,  very  ingenious  ;)  and,  after- 
wards, Euler  gave  a dilTerent  demonstration  of  the 
same  proposition,  in  his  Opusc.  Analyt.  tom.  i.  p.  329, 
which  is  upon  a similar  principle  to  the  foregoing  ; and, 
finally.  Gauss,  in  his  Disquisitiones  Arithmetic ss,  ex- 
tended the  theorem  by  demonstrating,  that  “ The  pro- 
duct of  all  those  numbers  ten  than,  and  prime  to  a given 
number  ail  is  divisible  by  a ;*  the  ambiguous  sign 
being  — , when  a is  of  the  form  pm,  or  2 pm,  p being  any 
prime  number  greater  than  2 j and,  also,  when  a = 4; 
but  positive  in  all  other  cases,  (Recherche*  Artihtne- 
tiques,  p.  57.) 

The  theorem  of  Sir  John  Wilson  furnishes  us  with 
an  infallible  rule,  in  abstracto , for  ascertaining  whether 
a given  number  be  a prime  or  not;  for  it  evidently  be- 
longs exclusively  to  those  numbers,  as  it  fails  in  all 
other  case*,  but  is  of  no  use  in  a practical  point  of 
view,  on  account  of  the  great  magnitude  of  the  product 
even  for  a few  terms. 


IV.  On  the  forms  of  Square  Numbers. 

36.  Every  square  number  is  of  one  of  the  forms  4 n, 
or  4 n -f-  1. 

Every  number  is  either  even  or  odd,  that  is,  every 
numtier  is  of  one  of  the  forms  2n,  or  2 n + l ; and, 
consequently,  every  S4juare  is  of  one  of  the  forms 
4 ri*  4 n 

4 if*  -f-  4 n 1 4n+l. 

Deductions. 

(1.)  Every  even  square  number  is  divisible  by  4. 

(2.)  Since  every  odd  square  by  the  above  is  of  the 
form  4 (a*  n)  -f-  1 ; and  since  «*  + n is  necessarily 
even,  it  follows  that  every  odd  square  is  of  the  form 
8 n 4-  1.  And,  consequently,  no  number  of  the 
forms  8 n -f-  3,  8 n -f-  5,  8 n -f-  7,  can  be  a square 
number. 

(3.)  The  surn  of  two  odd  squares  cannot  be  a square; 
for 

(8»  + l)-f  (8»+  l)»4n-f-2, 
which  is  an  impossible  form. 
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T»«ory  of  37.  Every  square  number  is  of  one  of  the  forms  5 tt, 

Numbers,  or  5 ft  ± 1.  * 

For  all  numbers  compared  by  the  modulus  5,  are  of 
one  of  the  forms 

5 n,  5b±1,  5n±2, 
and  all  squares,  therefore,  are  of  one  of  Ilia  forms 
25/1®  » 5n 

25  n®  + 10  n -f-  1 ***  5 n -f-  1 

20b  + 4 s#*  5 n -f-  4,  or  5 n — 1 . 
Therefore  all  squares  are  of  one  of  the  forma  5 n,  or 

5#»  db  1. 

Deductions. 

(1.)  If  a square  number  be  divisible  by  5,  it  is  also 
divisible  by  25 ; and,  if  a number  be  divisible  by  5, 
and  not  by  25,  it  is  not  a square. 

(2.)  No  number  of  the  form  5 n -f-  2,  or  5 n -f-  3,  is 
a square  number. 

(3.)  If  the  sum  of  two  squares  be  a square,  one  of 
the  three  is  divisible  by  5,  ami,  consequently,  also  by 
25.  For  all  the  possible  combinations  of  the  three 
forms  5n,  5 n -f-  1,  and  5 n — 1,  arc  ns  follows  * 

(5  n -f-  1)  >f-  (5  n'  + 1)  m 5n-f-2, 

(5  n — 1)  -f-  (5  «'  — 1)  5 n — 2 fcfs  5 n -f-  8, 

bn  + 5 n'  % bn, 
bn  + <5n'-f-l)  m 5n-f  I, 

5 « + (5n'  — 1)  » 5n  - 1, 

(5 n-f- 1) -j- (bnf  — 1)  m 5 n. 

Now  of  these  sis  forms,  the  latter  four  have  one  of  the 
aquarcs  divisible  by  5,  and,  therefore,  also  by  25.  And 
the  two  first  are  each  impossible  forms  for  square  num- 
bers ; that  is,  neither  of  these  two  combinations  cam 
produce  squares  : therefore,  if  the  sum  of  two  squares 
be  a square,  one  of  the  three  squares  ia  divisible 
by  25. 

(4.)  In  a similar  way  it  may  be  shown,  that  all 
square  numbers  compared  by  modulus  10,  are  of  one 
of  the  forms 

10  n,  10n  + 5,  lO/i  + l,  10n-ffl, 

10  it  -f-  4,  or  10  n -f-  9. 

Therefore  all  square  numbers  terminate  with  one  of 
the  digits  0,  1,4,  5,  0,  or  9 ; and  hence,  again,  no 
number  terminating  with  2,  3,  7,  or  8,  can  be  a square 
number. 

(5.)  By  examining,  in  lilce  manner,  the  forms  of 
squares  to  modulus  100,  wc  may  dednee  the  following 
properties. 

(6.)  A square  number  cannot  terminate  with  an  odd 
number  of  cyphers. 

(7.)  If  a square  number  terminate  with  a 4,  the  last 
figure  but  one  must  he  even. 

(8.)  If  a square  number  terminate  with  a 5,  it  must 
terminate  with  25. 

(9.)  If  the  last  digit  of  a square  be  odd,  the  last 
digit  but  one  must  be  even  ; and  if  it  terminate  with 
any  even  digit  except  4,  the  last  but  one  must  be  odd. 

(10.)  A square  number  cannot  terminate  with  more 
than  three  equal  digits  unless  they  are  0’s ; nor  can  it 
terminate  with  three,  unless  they  are  4’tt. 

38.  All  square  numbers  are  of  the  same  form  with 
regard  to  any  modulus  a,  as  the  squares 


0®,  1®,  2*,  3®,  &c.  (|  «)°,  a being  even, 

and  as 

0*,  l*,  2®,  3*,  &c.  \ , a being  odd. 


Sect  IV. 
Sqtiira 
Numbers. 


For  every  number  may  be  represented  by  the  formula 
fl»±r,  in  which  r shall  never  exceed  J «f,  (Art.  8.) 

Now  («n±r)‘=d1n,i2arB  + r«, 
where  it  is  obvious  that  r*  and  (n  ft  + r)®  will  leave  the 
same  remainder,  when  divided  by  a ; therefore  (an±  r)® 
and  H will  be  of  the  same  form  compared  by  modulus  a ; 
but  r never  exceeds  4 a , therefore  all  numbers  com- 
pared by  modulus  a are  of  the  same  forms  as 
0*,  1®,  2®,  3*,  &c.  t* 


or,  as  the  squares 

0®,  I®,  2J,  3®,  &c.  (4  a)1,  when  a is  even, 

and  as 

0*,  1®,  2J,  8",  4c.  when  a it  odd. 


Deductions. 


(1.)  When  a is  even,  the  general  formula 
<x®«*±2aftr-f-rfl  becomes 
4 o'*  n*  + 4 a1  nr  + r* 
m 4 o'  (a'  n®  ± b r)  -f  r1. 

Therefore  all  square  numbers  are  of  the  same  form  to 
modulus  4 a,  as  the  squares 

0*,  1®,  2®,  3s,  &c.  a® ; 

and  hence  we  see  immediately,  that  all  square  num- 
bers to  modulus  8,  must  be  of  the  same  forms  as  the 
squares 

0*.  1*.  2® ; 

that  in,  they  are  all  of  the  form 

8 rt,  8 « -f-  1,  8*-f  4, 
as  we  have  already  demonstrated. 

(2.)  The  following  tables  exhibit  the  possible  and 
impossible  forms  of  square  numbers  for  all  moduli 
from  2 to  10. 


Possible  formula . 

2 n,  2 n -J-  1, 

8 ft,  Sn-f*  1, 

4 n,  4 n -j-  1, 

5 n,  5b±  1, 

6»,  8«-f4, 

7 t»,  7 it  -f-  1,  7w  -f  3.  7n  + 4, 

8 n,  8 n -j-  1,  8 ft  -f-  4,  - 

9n,  9 « -J- 1,  9n+4,  9 it  -f-  7, 

10  n,  10/t  + l,  lO/t  + 4,  lO/t  + 5. 


Impossible  formula. 

3n, 

4 n,  4 n -j-  3, 

5 n,  5 n -j-  3, 

6 /t,  6 n -f-  5, 

7 n,  7 n -f-  5,  7 n -f-  6, 

8 n,  8 ft  ±3,  8 /t  + 7, 

9n,  9 n zfc  3,  9n-f-5,  9 n + 8, 
10  n,  10n+3. 
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V,  Of  (he  possible  and  impovdble  form*  of  Indeter- 
minate Equations  of  the  first  and  second  degree. 

39.  If  a and  b be  any  two  numbers  prime  to  each 
other,  the  equation 

a x — by  — ±.c 

in  always  possible  ; and  an  infinite  number  of  different 
values  may  be  (pvcu  to  x and  y,  that  answer  the  con- 
dition of  the  equation  in  integers. 

By  (Art.  34, — 2)  it  appears  the  equation 
a i — b y = 1 

is  always  possible  while  a and  6 arc  prime  to  each 
other,  and,  consequently, 

a e x — bey  = ± e,  or  flx'-fcy'=±c, 
by  making  c x = x\  ami  cy  = y' ; 
and  we  have,  evidently,  the  same  result  if  we  write 
a (x'  i in  6)  for  a x? 
b dt  tn  a)  for  b y\ 
for  these  still  give 

fl(j/±m6)-6(y'i»ifl)=  ± c. 

Or,  again,  making 

yimAsi 
f ±ma  = y, 
our  equation  becomes 

ax  — by  ss  ± c, 

which  is  therefore  always  possible  when  a and  b are 
prime  to  each  other. 

And  it  is  evident,  that  by  means  of  the  indeterminate 
sign  db,  and  iudeterminate  quantity  m,  the  formulas 
x'  ± m b =r  x 
f ±ma  = y, 

will  furnish  an  indefinite  number  of  values  of  x and  y, 
which  will  answer  the  conditions  of  the  problem. 

It  is  also  obvious,  that  m may  be  so  assumed  that  x 
shall  be  less  than  6,  and  y less  than  a. 

Deductions. 

(I .)  In  any  of  our  future  invcKtifpitions  we  may,  there- 
fore, when  the  slate  of  the  question  requires  such  an 
artifice,  substitute  tx  — «y  t and  « being  num- 
bers prime  to  each  other,  and  c any  number  whatever 
prime  to  each  of  them,  without  inquiring  about  the 
particular  values  of  x and  y ; it  being  sufficient  for  our 
purpose,  in  many  cases,  to  know  that  the  equation  is 
possible. 

(2.)  But  if  / and  v have  any  common  measure,  then 
such  a substitution  cannot  be  made,  unless  c has  the 
same  common  measure. 

40.  The  equation  ax -\-hy  = c is  always  possible, 
if  a and  b be  prime  to  each  other,  and 

c > (fl  b — a — b). 

For  let  c s (a  b — a - 6)  + r,  then  the  equation 
becomes 

ax-^-by  — (a  b — a — 
the  possibility  of  which  depends  upon 

ab  — a — b — by  -f-  r 


being  an  integer.  Now  this  equation  is  the  same  as 

ftAPir-i, 

a 

and,  therefore,  it  depends  upon  the  possibility  of 

(y  -f-  1)  6 — r ... 

x =s  x being  an  integer; 

or,  which  is  still  the  same,  by  calling  y -f-  1 = y\ 
upon  the  possibility  of  the  equation  y'  6 — ax1  = r; 
which  we  have  seen  may  always  be  established,  so 
that  y'  < n,  or  y -}-  I < a ; by  the  foregoing  pro- 
position. 

Since,  then,  in  the  equation 

(y-fi)t-r  _ 

a 


Sect.  V 
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y 4-  1 is  less  than  a.x*  must  necessarily  be  l„ess  than  6, 
and,  consequently, 


x = b — 1 


(y+  l)t  - r_  t 
a 


l-*'; 


and  since  a?  < b,  therefore  x = b — 1 — x'  * 0,  or 
some  integer  number : whence  the  equation 
flw-j-6y  — c 

is  always  possible  when  a and  b are  prime  to  each 
other. 

41.  Investigation  relative  to  indeterminate  integral 
equations  of  the  form 

a f*  -f-  6 M*  :=  w*. 

First,  in  an  equation  of  this  form,  we  may  always 
consider  a and  b as  quantities  that  have  no  square  fac- 
tor, or  divisor;  for,  if  a ~ a1 0*,  and  6 = 6’  ft9,  our 
equation  becomes  ai  0*  tl  ± b 0*  n1  = «?* ; or,  making 
tf>  i r=  t\  and  0 tt  =5  m/,  we  huve  o'  t*  i b' t/4  sr  ufl  ; 
and,  consequently,  if  the  above  equation  obtain  when 
the  quantities  a and  b,  or  either  of  them,  have  a square 
divisor,  it  may  always  be  put  in  another  form, 
in  which  the  similar  quantities 
o'  and  6'  have  not  a square  divisor;  and,  therefore,  in 
what  follows,  with  regard  to  the  possibility  or  impos- 
sibility of  equations  of  the  form  fll’  i we  may 
always  consider  a and  b as  not  having  a square 
divisor. 

Again,  if  the  equation  a f*  ;£  6 If*  — IP®  be  pos- 
sible, when  tl , u*,  and  w*,  have  a common  square  divisor 
</>*,  it  is  also  possible  when  divided  by  it ; thus,  if 
i b 0*  un  ss:  0*  «/*  be  possible,  so  also  is 
a t*  ± b u*  = vfi, 

which  is  a similar  equation  to  the  first,  and  in  which 
f*,  x(\  and  «/*,  have  now  no  common  square  divisor. 
And  it  is  evident,  that  no  two  of  these  squares  can 
have  a common  divisor,  unless  the  third  square  has 
the  same.  For,  if  it  be  possible,  let  t*  = t*  0*,  and 
then,  a f*  <P  ± b </*  sz  where  the 
first  side  of  the  equation  is  divisible  by  0*,  but  the 
second  is  not,  by  the  supposition,  and  yet  it  is  equal 
to  the  first,  which  in  absurd:  and  the  same  may  be 
demonstrated  if  any  other  two  of  those  squares  arc 
supposed  to  contain  a square  divisor,  not  common  with 
the  third  ; a and  b having  no  square  divisor,  as  is 
shown  above. 

Hence,  then,  we  may  draw  this  conclusion,  in  any 
case  where  we  are  investigating  the  possibility  of  an 
equation  of  the  form  a P ± b u1  = ic*,  the  quantities 
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Tfaeory  of  a and  b may  be  considered  as  not  containing  a square 
Numbers,  divisor;  and  also  the  three  quantities  t,  u,  and  tr,  aa 
v— ^ being  prime  to  each  other : for  it*  the  equation  be  pos- 
sible under  these  conditions,  it  is  possible  when  those 
quantities  have  a common  measure ; and  if  it  be  im- 
possible under  the  former  cue,  it  is  also  impossible 
under  the  latter. 

And  it  may  be  farther  observed,  that  if  any  equation 
of  the  form  <2  0 i b u*  = w be  impossible  in  integers, 
it  is  so  likewise  in  fractions ; for  make 

t — 5 — , u = — , and  w = — , then  it  becomes 
* v z 

!/*  J*  , 

a — i m — = — ; which  reduces  it  to  this 
j*  ©*  z* 

**  r*  i*  . . 

ar*xf  + bPyf  = — — — ; or,  making 

j*  j* 

r*  tf  — P,  «•  y*  = n1,  and  — — — — if*, 

which  last  must  evidently  be  an  integral  square,  we 
have  again  a P i b v*  = uf  ; so  that  the  possibility  of 
any  fractional  equation  of  this  kind  depends  upon 
a similar  integral  equation,  and  if,  therefore,  an  equa- 
tion be  impossible,  in  integers,  with  any  specified  value 
of  a and  b,  it  is  also  impossible  in  fractions. 


giving  different  values  to  p and  q ; thus  is  q = I,  and  S*ct,  V 

P = 0.  Own  2i*  ± 3 11*  = K*,  nluu 

0=1  ....  i)  f*  i 3 U*  = UP,  Equation*. 

p = 2 8 P ± 3 U*  = t£)", 

are  all  impossible  equations. 

And  if  q = 2,  then 

p = 0 gives  2 p*  i 6 «*  = »r*, 
p — 1 ....  5 p*  i 6 «*  = 

p = 2 8 ± 6 »*  = «•, 

which  are  all  impossible  equations. 

(2.)  In  a similar  manner  it  may  be  demonstrated, 
that  the  general  equations 

(5p  i 2)  0 ft,  5 q u9  = uf, 

(7  p -f  3)  0 ± 7 q u‘  sss  vf*. 

(7  p -f-  5)  0 i 7 9 v*  = ic*, 

(7  p + C)  0 i 7 q u*  = to*, 

are  all  impossible  equations,  either  in  integers  or  frac- 
tions, under  the  same  limitations  as  before. 

And  from  these  general  forms  we  readily  deduce  the 
following  particular  cases. 


All  that  has  been  proved  of  the  equation  a?  ± 
fc  u*  “ vf  is  also  true  of  the  equation  a 0 ±6«’  = tr*\ 
and  generally  of  the  equations  i»f  fill's  ic*,  it 
being  alwnys  understood,  that  neither  a nor  b contain 
any  factor  that  is  a complete  n‘*  power. 

42.  The  equation  (3p  -j-  2)  P i 3 q u*  = vf  is  always 
Impossible  either  in  integers  or  fractions.  We  have 
seen  in  the  foregoing  article,  that  it  will  be  sufficient  to 
consider  t and  u os  integers,  and  that  wc  always  suppose 
P,  u*,  w’  to  be  prime  to  each  other.  Now  since  3 q u*  is 
always  of  the  form  3 n,  whatever  may  be  the  form  of  t**, 
and  since  t*  must  be  one  of  the  forms  3 n or  3 n -f-  1, 
(Art.  38,)  wc  shall  either  have 

First  (3  p -{-  2)  3 « db  3 q u%  = to“,  or 

Second  (3  p -f-  2)  (3  n -f-  I ) + 3 q u*  = uf. 

But  in  the  first  equatiou,  where  we  suppose  (*u;3n, 
we  have  the  first  side  of  the  equation  divisible  by  3,  and, 
consequently,  the  other  side  vf  is  also  divisible  by  3 ; 
that  is,  both  P and  ic*  arc  divisible  by  3,  which  cannot 
be,  because  they  are  prime  to  each  ; therefore  the  equa- 
tion, when  P is  of  the  form  3 n,  is  impossible. 

Again,  in  the  second  equation,  in  which  we  suppose 
P 3 n -f-  1,  we  have 

(3  p -j-  2)  X (3  n -f-  1)  i 3 q u*  = uf,  or 
9 pn  + 6 » i 3 p + 2 i 3 q u*  = id*,  or 
3(3pn-f  2nip-f-qw*)  -f- 2 = «*,  or 
tc*  t**  3 « + 2, 

which  is  impossible,  (Art.  38 ;)  therefore  the  equa- 
tion (3  p -f-  2)  P -f  3 q a*  = ic*  is  impossible,  under  the 
limitations  of  the  problem. 

Deductions. 

(1.)  By  means  of  this  general  form  we  may  derive 
many  particular  cases  of  impossible  equations,  by 

VOL.  1. 


8 f 5 u*  = k\ 

2 ^ tt>  10  w*  = it’. 

3 1 rf?  5 ir*  = w1, 

3 0 a,  )0tov  x a^, 

7 C * 5 «*  = to*, 

7 0 *,  10  w*  = tc\ 

Si1  nr  5 u*  — u>\ 

8 C *,  10  u*  = it*, 

&c. 

• &c. 

3 jZ  dt  7 u#  — «r*. 

3p*  i 14  u*  = ic*. 

& jf  ± 7 u'  = tt* 

5 p*  i 14  u*  = ic*, 

6 p1  ± 7 m*  =11^, 

6p"  i 14  m*  = ic^, 

10p'  ± 7 u’  = K*. 

18p*il4  «*  = ttf. 

12  p*  ± 7 ii*  s:  «.*, 

12  p*±  14  «*  = ie«. 

13  p*±  7 »■  = »*, 

13  p*  i 14  u*  = ttf, 

Ac. 

Ac. 

which  are  all  impossible  equations. 

(3.)  By  examining  the  above  impossible  forms  it  will 
be  seen,  that  the  multipliers  of  P are  all  impossible 
forms  with  regard  to  that  particular  prime  modulus  to 
which  they  are  referred,  thus 

3 p + 2 to  modulus  3, 

5 pi  2 to  modulus  5, 

7p  + 3-v 

7 p + 5 y to  modulus  7 ; 

7 p-f-6J 

and  we  are  hence  led  to  an  inference,  that  the  same  is 
true  for  any  other  prime  modulus : that  is,  the 

Equations  (1 1 p -f  2)  f i 1 1 q u*  = 10*, 

(11  p + 6)  f i 11  qu*  = tr* 

(11  p-f-  7)  P i 1 1 q u*  as  irt, 

(llp+  S)P±\\qU'=ztc*, 

(1 1 p -f-  10)  P i 1 1 q u*  = 1(f, 
arc  all  impossible,  while  q is  taken  prime  to  11. 

Also,  (13  pi  2)  f a?  13  q u9  = vf, 

(13  p i 5)  P & 13  q u*  = ip*, 

(I3p  i 6)P  * 13  9 »'  = «•, 
when  q is  taken  prime  to  the  modulus  13. 

4 <3 
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TWjof  And  (Up  ±3)f>  * 17  q K*  — »•, 

N,.,obcn.  (17  p ± S)  f*  * 17  y *’  = •£*, 

'“v— ' (17/i±6)/**17yu*=«r*. 

(1 7 p ± 7)  t1  .-*»  17  q u*  = tr*, 
when  7 is  taken  prime  to  the  modulus  17. 

Like*  i*e  (19  p -f-  2)  i*  ± 1 9 q «•  = «*, 

(I9p  + 3)  t3  ± 19  q w*  = ic«, 

(\9p+  b)it±  19  qu'zz : tc* 

(I9j»-j-10)  /*±  ID  g «’:=«* 

(\9p  + 12)  t*  + 19  9 ir*  =s  it*. 

(\9p  + 13)  f*  + 19  q k*  = u\ 

• (19p-f- 14)/*  ±19 g «•  = «•, 

(l9p-f-ld)/»  + 19  g u*  = w*, 

(I9p+  18)  f*  ± 19gtt*=sip\ 

when  q is  prime  to  19 ; are  all  impossible  forms  of 
equations  in  rational  numbers. 

These  latter  forms  are  only  deduced  from  observe 
tion,  upon  the  supposition  that  the  product  of  a pos- 
sible and  impossible  form  is  also  of  an  impossible  form; 
which  property  may  be  satisfactorily  demonstrated ; we 
shall  not,  however,  enter  upon  the  inquiry  in  this  place, 
but  refer  the  reader  who  is  desirous  of  following;  out 
this  proposition,  to  Barlow's  Theory  of  Number », 
(Art.  51  and  62.)  We  shall  here  content  ourselves 
with  the  induction,  and  proceed  to  a practical  applica- 
tion of  the  theorem  iu  question. 

43.  To  ascertain  the  possibility  or  impossibility  of 
any  equation  of  the  form 

a z*  -f-  b jf  = c *•. 

First,  since  a possible  and  impossible  form  multi- 
plied together  always  produce  an  impossible  form,  it 
follows,  that  a r®  is  always  of  the  same  form  as  a,  with 
regard  to  possible  or  impossible;  and,  in  the  same 
manner,  b y*  is  of  the  same  form  as  b,  and  c z*  of  the 
same  form  as  c.  Now  =33  n a,  therefore  cz*  — by* 
must  be  also  of  the  form  nci ; and,  consequently,  cz* 
must  leave  the  same  remainder,  when  divided  by  a,  as 
6 y*  does  when  divided  by  the  sumc : it  is  evident, 
therefore,  that  these  remainders  must  be  both  of  the 
class  of  possible  remainders,  or  both  impossible,  for 
otherwise  they  could  not  be  equal ; but  these  remain- 
ders will  be  of  the  saute  classes  ns  c and  b are ; and 
lienee  it  follows,  that,  ife  and  b arc  both  found  among 
the  remainders  to  modulus  a,  or  neither  of  them  are 
found  there,  the  equation  may  be  possible  ; but  if  one 
of  them  is  found  there,  and  the  other  not,  the  equation 
is  certainly  impossible.  And,  in  the  same  manner,  if 
a and  c be  both  found  among  the  remainders  to  modu- 
lus b,  or  if  neither  of  them  be  found  there,  the  equation 
may  be  possible;  but  if  one  is  found  there,  and  the 
other  not,  the  equation  is  certainly  impossible.  And, 
for  the  same  reason,  a and  — 6,  or,  which  is  equiva- 
lent, a and  c — b,  must  be  either  both  found  among 
the  remainders  of  modulus  c,  or  neither  of  them,  if 
the  equation  be  possible.  Having  thus  shown  the 
principle  of  the  rule,  it  may  be  delivered  more  briefly 
thus : 

Find  the  forms  of  all  squares  to  modulus  a,  or,  which 
is  the  same,  the  remainders  arising  from  dividing  the 
squares, 

l»,  2*,  V,  4\  &c.  a ay,  by  a; 


and  if  b and  c arc  both  found  in  this  series  of  remain- 
ders, or  if  neither  of  them  be  found  there,  the  equation 
may  obtain;  but  if  one  of  them  be  found  there,  and  the 
other  not,  the  equation  is  certainly  impossible,  and  it 
will  be  needless  to  proceed  any  further  in  the  investi- 
gation. But  if  ouc  of  the  two  first  conditions  have 
place,  then  find  the  remainders  of 

1*.  2*.  3*.  4\  Ac.  (*  by,  divided  by  b / 
and  these  remainders  must  be  submitted  to  the  same 
test,  with  regard  to  ffomlr;  and  If  one  of  them  be 
found  there,  and  the  other  not,  the  equation  is  im- 
possible, and  we  need  proceed  no  farther  in  the  inves- 
tigation. But  if  this  be  not  the  case,  find  the  re- 
mainders of 

1*.  2*.  3*,  4\  Ac.  (|  c)*,  divided  bye; 
and  if  a and  (c  — b)  be  both  found  in  this  scries,  or  if 
neither  of  them  be  found  there,  the  equation  is  pos- 
sible, supposing  the  same  to  have  had  place  in  the 
other  two  series ; but  otherwise  the  equation  is  cer- 
tainly impossible. 

It  is  to  be  observed,  that  when  any  one  of  those 
three  quantities  is  greater  than  the  modulus,  with  the 
remainders  of  which  it  is  compared,  it  must  be  divided 
by  the  modulus  and  the  remainder  used,  instead  of  the 
quantity  itself.  It  may  be  also  farther  observed,  that 
if  any  one  of  the  three  quantities,  a,  b,  or  c,  be  unity, 
only  two  trials  will  be  necessary,  and  if  two  of  them  be 
unity,  but  one. 

These  operations  will  be  considerably  abridged  by 
means  of  the  following  table,  which  exhibits  the  re- 
mainders to  every  modulus,  from  2 to  51,  excepting 
only  those  numbers  that  contain  square  factors,  because 
a,  6,  and  c,  contain  no  square  factors  (by  Art.  41;) 
and  hence  the  possibility  or  impossibility  of  any  equa- 
tion, in  which  the  coeflicienta  do  not  exceed  50,  may  be 
ascertained  by  inspection. 


Table  of  the  Remainder*  of  Square*  to  every  Modulus, 
from  2 to  51. 


Modwh 

Remainder*. 

t 

3 

5 

4 

6 

a 4 

7 

9 4 

1« 

4 5 

r. 

9 

11 

a 4 

6 

9 

.3 

3 4 

9 

19 

19 

14 

3 4 

9 

9 

11 

IS 

4 6 
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10 

12 

a 4 
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a 

13 

IS 

16 

19 

4 & 

6 

9 

n 

16 

17 

XI 

* 7 

9 

is 

iC 

IK 

xa 

3 4 

7 

9 

II 

19 

14 

15 

)« 

ao 

S3 

i a 

4 

6 

H 

9 

19 

13 

in 

IS 

SC 

3 4 

» 

10 

19 

14 

1G 

aa 

S3 

95 

99 

4 & 

6 

7 

9 

13 

16 

90 

si 

UJ 

95 

X 

4 6 

9 

10 

16 

16 

19 

91 

94 

*5 

81 

a 4 

S 

t* 

9 

l0 

14 

IB 

18 

19 

33 

3 4 

9 

IX 

IS 

16 

Vi 

as 

r; 

ai 

34 

f * 

9 4 

aa  as 

a 

9 

u 

16 

16 

17 

18 

19 

91 

as 

M 

30 

33 

4 9 

n 

14 

IS 

16 

91 

95 

29 

34 

57 

8 4 

-i 

9 

10 

11 

IS 

Hi 

91 

»6 

96 

*7 

90 

30 

33 

1* 

4 6 

88  30 

« 

as 

36 

9 

11 

16 

17 

19 

94 

93 

94 

93 

96 

39 

3 4 

9 

10 

19 

13 

16 

99 

95 

XT 

SO 

36 

9 4 

b 

8 

9 

10 

16 

18 

au 

SI 

f 

4i< 

43 

< 1 
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IS 

16 

13 

XI 

W 

V, 

s* 

30 

9 

10 

11 

13 

14 

IS 

16 

17 

91 

93 

l 

3 a 

4b 

41 

1 1 

a a 

4 

6 

14 

9 

12 

13 

16 

ia 

\ . 

97  93 

31 

38 

as 

36 

39 

41 

a a 

4 

6 

7 

8 

9 

IX 

14 

16 

17 

IS 

| 

9*1 

:& 
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» 

ay 

49 

SI 

1* 

4 9 

« 49 

13 

IS 

14 

la 

19 

SI 

S3 

as 

30 

34 

36 

43 
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Example  1.  It  is  required  to  ascertain,  whether  the 
equation  7 x*  ± 1 1 y1  — 13  :*  be  possible  or  impos- 
' siule. 

11  to  7 n -f-  4,  anti  13  7 n 4* 

Now  4 is  found  in  the  table  to  belong  to  modulus  7, 
but  6 is  not  found  there,  whence  the  equation  is  im- 
possible. 

Example  2.  Find  whether  the  equation 
7 x*  -f-  1 1 y®  ~ 23  z*  be  possible  or  impossible. 

11  7 n -f-  4,  and  23  In  -f*  2. 

And  4 and  2 being  both  found  to  belong  to  modulus  7, 
the  equation  may  be  possible. 

Again, 

7 1 1 n + 7,  and  23  m 1 1 n + l. 

Now  one  of  these  remainders,  1,  belongs  to  modulus 
11,  but  7 does  not,  therefor*  the  equation  is  impos- 
sible. 

Example  3.  Find  whether  the  equation 
14  jp*  -f-  6y2  = 17  x*  be  possible  or  impossible. 

6 14  n -J-  6,  and  1 7 txa  14  n 3. 

And  neither  6 nor  3 belongs  to  modulus  14,  therefore 
the  equation  may  be  possible. 

Again, 

14  6 n -f-  2,  and  17  eta  6 n -4-5. 

And  neither  2 nor  5 belongs  to  modulus  6,  the  equat- 
ion therefore  may  still  be  possible. 

Also, 

14 1**7  n -f- 14,  and  17  — 6 eta  17  n -f- 11. 

And  neither  11  nor  14  belongs  to  modulus  17,  there- 
fore the  equation  is  possible.  In  fact, 

14  . ll«-f  6.1*=:  17.10*. 

These  examples  will  be  quite  sufficient  for  explaining 
our  operation ; it  may  not.  however,  be  superfluous  to 
add,  that,  when  an  equation  appears  under  the  form 
ai*  - 6y*=:  ci1,  it  is  immediately  transformed  to  the 
sort  of  equation  we  have  been  investigating,  by  writing 
it  ci*  + by*  =z  a x*.  The  eases  in  which  one  or  two 
of  the  coefficients  become  unity,  are  evidently  involved 
in  the  general  form  above  given,  and,  therefore,  need 
no  examples. 

44.  The  equation  x4  — y^  — ai*  is  always  possible 
in  integers. 

For,  if  we  resolve  x*  — y * into  its  factors  x + y,  and 
x — y,  (which  are  the  only  two  literal  factors  that  the 
formula  admits  of.)  and  also  a r®  into  any  two  factors 
ami4,  and  m u*,  we  have,  by  comparison, 

x -f-  y = a m P,\  or  f x -f  y = m it*, 
x — y = m u4,  } (X  — y = am  P, 

which,  by  multiplication,  becomes  x*  — y*  =:  a nP  P u*» 
or  xf*  — y*  as  a **,  by  making  x = mtu. 

Now  these  equations  give. 

Bit*  . amt*  — mu® 

1st,  x = — , and  y — ; 

m m"  -j-  Amt*  mu*  — amt* 

2d,  x = , and  y =: . 

On  making  m = 2,  in  order  to  clear  the  expressions 
of  fractions,  they  become, 

1st,  x =r  a f*  -j-  u*,  and  - «*; 

2d,  x “ m*  -j-  a t*,  and  y —iP  — a/* ; 


therefore  the  equation  is  always  possible  in  in-  Sect.  V. 
tegers.  Indtler- 

We  may  also  take  m = 1,  or  any  odd  number,  only 
olwerving,  that  if  a be  odd,  we  most  have  t and  u both 
odd ; for  otherwise  x and  y would  not  be  integers.  f 
And  if  a be  even,  then  u must  be  even  likewise. 

Deductions. 

(1.)  If  a be  a prime  number,  the  solution  above 
given  is  the  only  one  the  equation  admits  of  in  integers, 
for  j + y and  x — y are  the  only  literal  factors  of 
x*  — y® ; and  amt*  and  m u * are  the  only  factors  of  a z%, 
with  regard  to  form  ; and,  consequently,  one  of  the 
two  equalities  must  obtain : but  the  quantities  t and  u 
being  indeterminate,  they  will  furnish  an  infinite  num- 
ber of  numerical  solutions.  But  if  a be  a composite 
number,  then  the  equation  may  have,  beside  the  two 
solutions  given  above,  as  many  different  literal  solu- 
tions as  there  are  different  ways  of  producing  a by  two 
factors ; thus,  if  a — be,  we  may  have 


r,+,=  am*v, 
L*  - y = m «*,  ) 

2d,  1 

Lx  — y = emu'1,} 


{*+»=  m «*. 
x — y — amt*;  a 

{r-fysemu1, 
x — y = inf1. 


lx  - y = emu®,  J Lx  — y=zbmt*. 

(2.)  Tha  equation  — y-  = a **  includes  the  two 

forms  r‘  - a - y®,  and  x*  + a z*  = y* ; for,  by 
transposition,  the  first  of  these  becomes  x*  — y*  — a z, 
and  the  latter  y*  — x*  = a z*,  which  are  evidently  both 
of  the  same  form. 

Therefore,  if  it  be  required  to  make  -f-  a *•  ss  y*  a 
square,  we  may  have  x = a P — u*,  or  = w*  — at*,  and 
i = 2 tu;  whence  or' = (sf*-f  u*)1;  or  we  may 

af  - s' 

have x =s , and  isfv,  which  give 


, _ (at'  + if'y 


And  to  make  x*  — a z*  = if  a square,  we  may 
assume  x =:  a P + «*,  and  X = 2 / U,  which  give 
x*  — a z*  — (a  P — «*)*,  or  = (u*  — a P)* ; 
or  we  may  take 

at*  -f  «•  . 

x = , and  x — tv. 

(3.)  But  if  a = 1,  and  the  equation  become 
x*  4-  *•  = y*,  then  we  may  have  indifferently  x — P — «*, 
and  * = 2 tu,  or  x = 2 1 u,  and  z = P — u\  unless 
there  be  any  thing  in  the  nature  of  the  equation  wh'ch 
limits  these  forms  : as,  for  example,  if  it  be  necessary 
that  one  of  the  quantities,  x or  z,  lie  even  ; then  it  is 
obvious,  that  the  even  quantity  must  have  the  form  21  u. 

With  rcgHrd  to  the  equation  x*  — s*  =r  y*,  it  gives 
either  x = P -f-  u®,  and  t = 2 t u,  or  z = P — u*. both 
of  which  values  of  z answer  the  required  conditions  of 
the  eqnation. 

Example.  Find  the  values  of  x,  y,  and  z,  in  the 
equation  x*  — y*  sr  30  g*. 

Here  the  following  substitution*  may  be  made, 
j fx-j-y  = mP,  fj-j-ysSOmf®, 

Lx  — y = 30  mu*,  Lx  — y = mu*. 

2 fx-f-y  = 3m/*,  _Tx-f*y  — 10m/*, 

Lx  - y = 10 m u*.  Lx  — y = 3 mu*. 

4 q 2 
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{x  -|-  y “ 15  *n  ti, 
x — y s=  2 m w" 

{x  -j-  y — fi  m t*t 
x-y  = 


\y  = 3?  - lOli*. 
\y  = 2 f - 15  u\ 


(x+y=  2mP, 

■ y — 15  m ip, 
f ,r -j-  y — 5m  P, 

• y = S mu’.  \x  - y = 5 m 
And  making.  in  each  of  lliesf . m = 2.  in  order  to 
ovoid  fractions,  wc  huve  the  following  general  integral 
values  of  x and  y : 

(x—  V -f-  30  «*,  f r = 30  P + «*, 

1-  \y=  P-SOw',  °r  ( v = 30  P - K*. 

f x=  lOP  + SiP, 
ty  = 10  P-  3 «*. 
tx  = 15P+  2lP, 
ly=r  15P-  2«V 
r*=5P+  611*.  fx=  6P+5«*. 
(,y=5P-  6u\°r1.y=  6P-5tP. 

In  which  formula;,  t and  « may  be  any  integer  num- 
bers  whatever. 

45.  The  two  indeterminate  equations. 

xf  -f*  y*  = m\  and  x*  — y*  = tr*, 
cannot  both  obtain,  with  the  same  values  of  x and  y. 

For,  in  the  first  place,  x and  y may  be  considered 
prime  to  each  other,  (art.  41.)  and  therefore  x and  y 
odd,  or  one  even  and  one  odd ; and  we  see,  imme- 
diately, that  it  is  y that  must  be  even : for  if 
x*  135  4 n -f-  1 , and  y 4 n + 1.  then  x*  -f-  y*  4 n + 2, 
which  cannot  be  a square ; and  if  x*  4 n,  and 
y*  e»  4 n -f  1,  then  x*  - y*  4 n -f  3,  which  is  also 
an  impossible  form ; therefore  x is  odd,  and  y even. 
Hence,  then  (art.  44,-3)  we  must  have. 


4. 


1**. 


2d, 


r*= 

ly=  2rr. 

Which  furnish  the  following  equations : 

fr*  - *•  s e + «\ 

= t u. 


r 


fx=  f-j-ti*, 
ty  = 2 Iv. 


Now,  in  these  equations,  ris  prime  to  #,  and  t prime 
to  « ; for  otherwise  x and  y would  have  a common 
measure,  which  is  contrary  to  the  supposition ; and, 
farther,  as  x = r*  — «*  is  odd,  one  of  these  quantities, 
v or  a,  is  even,  and  the  other  odd ; and  the  same  is 
also  true  of  t and  ti,  because  C -f-  u*  ~ x is  an  odd 
number. 


Again,  since  =:  u is  an  integer,  either  r or  s, 

or  both,  must  contain  the  factors  of  t ; for  otherwise 
the  quotient  would  not  be  an  integer : we  may.  there- 
fore, make  t — a b,  supposing  a,  b,  to  be  its  two  fac- 
tors, which  may  always  be  done,  because,  in  the  case  of 
1 being  a prime,  we  have  only  to  make  one  of  these 
two  factors  equal  to  unity:  and,  since  these  factors  are 
also  contained  in  ri,we  may  write  r~a/,  and*  = 5^* 
whence  w = rV;  and  now,  substituting  these  values 
for  r,  j,  t , and  u , the  above  equation  becomes 
a' rm  - b' S' = a' b'  + S' S'. 

And  here,  since  r is  prime  to  a,  and  t to  u ; /,  S , «, 
and  5,  are  all  prime  among  themselves,  as  is  evident ; 
for  if  we  suppose  any  two  of  the  quantities  to  have  a 
common  measure,  as,  for  example,  a and  6,  then,  since 
a and  b enter,  either  separately  or  connectedly,  into 
three  of  the  above  quantities,  the  fourth,  r * S , must 


have  the  same  common  measure,  that  is,  t ==  a 6,  and 
u = S S,  would  have  a common  measure,  whereas  we 
have  seen  that  they  are  prime  to  each  other;  aud,  con- 
sequently, r'.i'.o,  and  b,  are  all  prime  to  one  another. 
Now,  by  transposition,  this  equation  becomes 
a' S'-  or 

(a*  - «*)  r"  = (a*  •*)  b\  or 

a' + S'  _ S' 
a*  - 6*‘ 

And  here,  since  a ' is  prime  to  S' , <x*  -f-  S'  is  prime  to 
a*  — s’,  or  they  have  only  the  common  measure  2 ; 
and  we  have,  therefore,  these  two  cases  to  consider 
separately.  First,  suppose  a*  -}-  a*  and  a*  — s'1  to  be 

o*-f 

prime  to  each  other,  then  the  fraction  — ~ is  in  its 

S* 

lowest  terms,  as  is  also  because  S is  prime  to  6 ; 

and  hence,  the  two  fractions  being  equal  to  each  other, 
and  in  their  lowest  terms,  we  must  have,  as  resulting 
from  the  first  supposition, 

f«*  + = 

to*  - S'-b'. 

Again,  let  a'  -f  1*  and  a*  — S'  have  a common  mea- 
sure 2,  then 

+ + r\ 

| (a*  - S')  «•  - S'  - 6*  * 

the  first  and  last  of  which  fractions  are  in  their  lowest 
term",  and,  consequently, 

* (<**  + *’)  = ^,1  Ca'  + **=  *r» 

^ (a*  - s’)  s 6*,  J \a' -S'  = 2P; 
the  lust  of  which  gives 

fa'  = r*  + b\ 

1*’  = ^ - 6*. 

Now  these  two  results  in  both  cases  are  exactly  simi- 
lar to  the  original  equations,  only  here  the  quantities 
are  much  smaller  than  in  that,  at  least  S,  S and  b,  a, 
are  less  than  y,  because  y — S S a b. 

Hence,  then,  it  follows,  that  if  the  equations 

jV  + y>=*\ 

(_x*  — y*  = vf, 
were  both  possible,  with  the  same  values  of  x and  y,  it 
would  also  be  possible  to  find  similar  equations, 
rx"-fy*  = a\ 

V’-y'^to"; 

which  would  also  be  possible,  and  in  which  y"  < y. 
And,  in  the  same  manner,  if  these  last  were  possible, 
we  might  still  find  others, 

,xr‘  + y " = 

tv*  - y'  = ur, 

where  yn  < y.  and  so  on  of  others,  ad  infinitum. 

But  H is  impossible  for  a series  of  positive  integers, 
y’^sTy^Ac., 

to  go  on  decreasing  to  infinity,  without  becoming  zero; 
in  which  case  our  equations  arc 

\x»  = w*. 
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Theory  of  And,  consequently,  the  tiro  proposed  equations  con 
Numbers.  never  obtain,  with  the  same  values  of  x and  y,  except 
when  y = o ; that  is,  the  double  equality 
fx*  + y’  = *\ 

is  impossible. 

Deductions. 

(I.)  Hence,  also,  it  appears,  that  the  two  equations* 

f — 2 **» 

t-r*  — y*  = 2 tc", 

are  impossible,  with  the  same  values  of  x and  y,  for 
these  may  be  reduced  to 

r x"  = :'  + x'*. 


f x = x + x’, 
l w™  x*  — ic* ; 


r/+  y*  = >\ 

JV  + *’=«% 

' lj"+3y’=ic*. 

n i*’ +2J’ =s*. 

U-  +3^= 


8 f*- 

\ 4*  - 2 ~ IT*. 

ID.  -P’- 

3 ,*=«». 

(■**  — *s*  = r, 

+3y'=  »*. 

/y+  *** 
(_**  — 2y*  = |p\ 

&c. 


and  the  two  last  being  impossible,  the  former  are  im- 
possible also. 

(2.)  The  two  equations 

r2x*  + y*  = z*. 

(.2  x*  — y*  = u?\ 

are  both  impossible,  with  the  same  values  of  r and  y. 

For  we  may  consider  x and  y as  prime  to  each 
other ; and  therefore  both  odd,  or  one  even  and  one 
odd  ; but  they  cannot  be  both  odd,  for  then 

2x*+y,  = 2(4»  + l)-f  (4n'-f  l)m4n  + 3, 
which  cannot  be  a square.  Neither  can  x be  even  and 
y odd,  for  then 

2/  — y“  = 2 (4  n)  — (4nf  + 1)  4 n -f-  3, 

which  is  an  impossible  form.  And  if  y were  even  and 
x odd,  then 

2x*-f-  y*  = 2 (4  n -j-  1)  -f  4 vt  4 n + 2, 
which  is  also  impossible ; and  therefore  the  two  given 
equations  cannot  both  obtain. 

(9.)  And  this,  again,  shows  the  impossibility  of  the 
two  equations 

T x*  -f-  2 y*  = 2 x*, 

U*  - 2y*=  2ur*; 
for,  by  doubling  these,  we  have 

f2x‘  + (2  y)*=(2  *)*, 

1.8x*-(2y)*  = (2if)* 
which  we  have  seen  are  impossible. 

(4.)  By  a very  similar  mode  of  reasoning  it  may  be 
proved,  that  the  two  equations 

x*  + 2y*=ic*, 
x*  - 2 y*  s x*, 

are  both  impossible  with  the  same  values  of  x and  y, 
as  are  also  the  two  equations 

2x*  + y«  = ic', 

2 x*  — y*  =r  z*. 

(5.)  In  this  way  the  following  table  of  impossible 
forms  in  pairs  have  been  deduced,  ru. 

jV  + y*=*\  Jx-  + y*=2*\ 

‘ lx*  - y*  = te*.  lx*  -y*=r  2 uf. 

f2x»  + y*=*\  fx*  + 2y9  = 2z\ 

\2x9-y9=u9.  lx*-2y»  = 2tr*. 

fx*  + 2y«  = x«.  f 2 x*  -f  y*  = 2 2*, 

Lx*  — 2 y9  = stf.  1 2 x*  — y • =:  2 uf. 


• U»+2y’sitv.  ' 1.x*  — 8y*  as 

&c.  ' &c. 

And*  generally,  the  pair  of  equations 

x*  ± c y*  = 2*, 

x'±  y*-  U7* 

are  impossible,  if  the  two  equations 

m*  i e n*  = (c  — 1)  p9% 

771*  ± n*  = (c  — l)g* 

be  impossible;  and,  conversely,’ if  these  two  be  pos- 
sible so  also  are  the  former. 

46.  The  difference  of  two  biquadrates  cannot  be 
equal  to  a square,  or  the  equation  x*  — y4  — x*  is  im- 
possible. For 

*•  — y*  = if  + y*)  (•**  — f). 

and  since  x and  y are  prime,  or  muy  be  supposed  prime 
to  each  other,  these  factors  are  either  prime  to  each 
other,  or  have  only  the  common  measure  2 ; and,  there 
fore,  if  their  product  be  a square  wc  must  have  cither 
x*  + y*  = r*,'»  f x*  + y*  = 2 r*, 

x*-y*  = sVf  °r  {x*— y*=2x\ 
for  otherwise  their  product  would  not  be  a square,  or 
they  would  have  a greater  common  measure  than  2. 

But  these  are  both  impossible  forms,  by  the  last 
article,  therefore  the  equation 

x*  — y*  = 2* 

is  also  impossible. 

Deductions. 

(1.)  In  a similar  way  it  muy  be  shown,  that 
x*  + 4 y*  = 2* 

is  impossible. 

(2.)  And  that  x*  -f-  y*  rzz  2 2*  is  impossible. 

47.  The  sum  of  two  biquadrates  cannot  be  equal  to 
a square  ; or  the  equation 

x*  + y*  = x* 

is  impossible. 

For  (art.  54, — 2)  if  x*  + y*  be  a square,  wc  must 
have  either 

x>=  <*-«*,'»  fy*  = «*-***, 
y*=  2 t w,  J °T  1 jP  = 2 t U, 
which  are  similar  expressions  ; it  will  therefore  be  suf- 
ficient for  our  purpose  to  prove  that  either  pair  of  them 
are  impossible,  and,  as  we  may  suppose  x and  y prime 
to  each  other,  (art.  41,)  it  follows,  that  t and  w are  also 
prime  to  each  other ; and,  consequently,  since  2t  u = y*, 
one  of  these  quantities  must  be  a square,  and  the  other 
double  a square  ; let  then  t er  2 X*.  and  u = y*,  whence 
f — u9  xi  4 x/«  — y'4 ; that  is,  4 — yu  es  x*.  Or, 

making  t = x’  and  u = 2y',)  the  equation  becomes 
x'*  — 4 y4  r=  x*.  We  have,  therefore,  to  examine  the 
two  cases  , 
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Thfory  of  f V*  ~ 4 y*  = 

Kan.Urx 

one  of  which  conditions  must  obtain,  if  the  original 
equation  be  possible. 

Now  these  ore  resolvable  into 

1.  -4y'*  = (**  + **■) 

2.  4 — y*  = (2  x*  + y")  (2  y — y*). 

Ami  since  x is  prime  to  y,  ami  t to  u,  it  follows,  x is 
prime  to  y,  and  therefore  these  factors  are  prime  to 
each  other,  or  can  have  only  the  common  measure  2. 
And,  moreover,  as  their  product  is  a square  we  must 
have  either 

x»  + 2yn  = r\\  fx’  + y = 2r" 

X*  - 2 y"  = A / ” Cl*  - y’  = 2Z\ 
in  the  first  case,  and 

2 j*  -f-  y*  = r*,'l  /***  + y’r:  2r" 

2y>-y'=y,,X  °r  I2y*-y',  = 2i', 
in  the  second. 

Hut  each  of  these  forms,  taken  in  pairs,  has  been 
demonstrated  to  be  impossible,  consequently  the  ori- 
ginal equation,  whence  they  have  been  derived,  is 
impossible  also. 


Deductions. 


at  pleasure  to  r and 

2r*  . . . . . 

-,  we  make  r = * -f- 1,  it  becomes 


If,  in  the  second  fraction 


H-i*’ 


?«*  + 2»  __ 


a + ; 


2s+l  2*-f-  1 

and  in  this  expression,  by  making  successively 
*=  1,  2,  3,  4,  Ac., 

wc  have  the  following  remarkable  series, 

& 


•4- 


2*4-1  3’ 


2 3 4 

2 3 4 

5 7 9 


, 6 — , &c. ; 
11*  13 


r*  _ ** 

And  if  in  the  fraction  — r we  make  * = 1. 

2 r$ 


, *n  + 3 7 

« + 4^r4  = 18* 


,11  « 15  . 19  . 23  „ 

2 — . 3 — , 4 — , 5—,  Ac.. 
12  16  20  24 


which  has  the  same  property  as  the  former. 


each  of  which  expressions,  reduced  to  an  improper 
fraction,  gives  the  sides  of  a rational  right  angled 

triangle. 

and  r = 2 n 4"  2,  cur  expression  becomes 
4 «*  + 8 n 4^3  __  4 n 4-  3 

4 #i  4“  4 n 4 n 4-  4 * 
and  here,  making  n=  1,  2,  3,  4,  &c.,  we  have  this 
other  series. 


(1.)  Hence  also  it  follows,  that  the  two  equations 
r«*  - 4y*  = r\ 

M j4  - y*  = :*, 


VL  Of  the  ponible  and  isnpuuible  forma  of  Cubes  and 
Higher  Powers. 


as  is  evident  from  the  preceding  investigation. 

(2.)  Since  1*  4-  y4  = z*  is  impossible,  a fortiori, 
x*  4*  y*  = a4  is  impossible. 

48.  The  area  of  a rational  right  angled  triangle  can- 
not he  equal  to  a square. 

For  this  would  require  the  two  equations 

**  + *•  = «•  1 

\ xy  = 1 0‘S 


49.  AH  cube  numbers  are  of  one  of  the  forms  4 n or 
4 n ± 2. 

Every  number  is  of  one  of  the  forms 
4 n,  4 n 4 1,  or  4 s + 2, 
therefore  all  cubes  full  in  one  of  the  forms 
(4  b?  143  4 n 
(4  « ± 1 )•  *45  4n±l 
(4  n 4-  2)*  m 4 «. 


to  be  both  possible  together. 

Multiply  the  latter  by  4.  und  add  and  subtract  it 
from  the  hrst.  and  we  shall  have 

?•  + 4 u?  = (x  -f  y)\ 

2*  - 4 w'  = (x  — y)*j 

but  these  are  inqiossible ; therefore  the  area  of  a 
rational  right  angled  triangle  cannot  be  b square 
number. 


Therefore  all  cubes  arc  of  one  of  the  forms  4 n or 
4 it  dh  1. 

Deduction*. 

(1.)  By  subdividing  these,  we  deduce  the  forms  to 
modulus  8,  as  follow.  All  cubes  fall  in  one  of  the 
forms 

8n,  8n  i 1,  8n±3. 


Deduction. 

In  a rational  right  angled  triangle 

**  + y=*\ 

we  must  therefore  have 

! = r*  - i*, 


y = 2 n.  / 


r*  — t* 
in 


And,  conMCjuently,  if  in  the  Traction 
2ra 

— — — , the  numerator  and  denominator  be  taken  for 

the  sides  of  a right  angled  triangle,  it  will  be  a rational 
one  ; and  in  these  expressions  wc  may  give  any  values 


(2.)  Therefore,  conversely,  no  numbers  of  the  form 
4 n 4*  2,  8 n ± 2,  8 n 4*  4, 

can  be  cubes. 

(3.)  In  a similar  way  we  may  deduce  the  possible 
forms  of  cubes  to  the  moduli  7 and  9,  viz. 

7 n,  7n  + 1,  9ft,  9 « ± 1. 

50.  All  cube  numbers  are  of  the  same  form  to  any 
modulus  a os  the  cubes 

0»,  1»,  2%  3*,  Ac.  (a  - !)». 

For  every  number  may  be  reduced  to  the  form  a n + r, 
such  that  r shall  be  less  than  a.  Consequently, 
(a  « :fc  r)‘  divided  by  a will  leave  the  same  remainder 
as  a,  but  r is  either  zero,  or  some  number  less  than  a, 
whence  the  truth  of  the  proposition  is  manifest. 
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TWrory  of  DEDUCTIONS. 

Number*.  ^ gy  n,oans  of  this  general  proposition,  the  pos- 

Bj|,je  for,n9  of  cube  numbers  to  any  modulus  are  easily 
deduced.  If  we  essay  modulus  10  we  find  all  the  follow- 
i njr  possible  forms,  rtx. 

10b,  lOn  + l,  lOn  + S,  lOn  + 8,  4c.  lOn  + 9, 
no  number  is  therefore  esclurlerl  by  this  modulus,  con- 
sequently, a cube  number  may  terminate  with  any  dipt. 

(1.)  To  modulus  6 all  cubes  arc  of  the  same  forms 
as  their  roots,  consequently,  the  difference  between  any 
cube  number  and  its  root  is  divisible  by  6. 

51.  The  equation  (4yt  + 2)  <*  + 4 « u*  = fo1  is 
always  impossible  in  integers,  while  q is  prime  to  4. 

By  art  41,  the  three  cubes  P,  «t\  B1  may  be  consi- 
dered prime  to  each  other ; and  since  all  cubes  arc  of 
one  of  the  forms  4 n,  or  4 n ± 1,  and  4 q it>  is  always  of 
the  form  4 n, 

(4p-|-2)  P±Aqtf 

must  be  (when  t is  of  the  form  4 *t)  of  the  form 
(4  p + 2)  4 n ± 4 q w8  4 A, 
that  is,  P and  uP  are  both  of  the  form  4 n,  which  is 
absurd,  because  they  are  prime  to  cacli  other. 

Ami  if  f*  be  supposed  of  the  form  4 n :£  1,  then  the 
equation  is  of  the  form 

(4  p -f-  2)  (4  n ± 1)  ± 4 q u*  **»  4 n -f-  2, 

which  is  an  impossible  form. 

Therefore  (4  p -f-  2)  f ± 4 q w*  = uf  is  impossible, 
q being  prime  to  4. 


divisible  by  a,  the  whole  quantity  19  evidently  of  the  Sect.  VI. 
same  form,  with  regard  to  a as  a modulus,  as  the  last  Cube*  anil 
term  r4;  but  r never  exceeds  Jo,  therefore  every  4th 
power  to  modulus  a is  of  the  same  form  as  the  4th  ^ 
powers. 

04,  1\  24,  34,  &c.  (J  a)*,  a being  even, 

04,  l4,  2*,  34,  &c.  a being  odd. 

By  means  of  which  result,  tables  of  possible  and  im- 
possible forms  of  both  powers  may  be  obtained  to  any 
indefinite  extent,  and  amongst  other  curious  results  it 
will  lie  found  by  examining  these  scries,  that  all  4th 
powers  are  of  one  of  the  forms  16  n,  or  16  n -f-  1. 

53.  The  two  indeterminate  equations 

C i*  ± y4  = z\ 

\*± 

are  both  impossible. 

For  we  have  seen,  (arts.  46,  47,)  that  the  equation 
^±5*=:'  is  impossible  in  integers ; and  therefore, 
a fortiori,  the  equation  x*  ;fc  y*  = z*  is  also  impos- 
sible. 

Again,  we  have,  by  transposition,  in  the  second 
equation, 

r4  - r4  = (o  y*)*. 

which  is  also  impossible,  (art.  46 ;)  and,  consequently, 
the  two  given  equations  are  impotuiible  in  integers. 

Deductions. 


Pedlxtions. 

(1.)  By  giving  different  values  to  p and  q , we  obtain 
the  following  impossible  forms 

2p*±4tt*,  2p»±12«», 

6 P*  d:  4 «•,  6 jP  i 1 2 «*, 

10  jp  ± 4 u*.  10p“  -f-  12  tt*. 

&c.  &C. 


(1.)  Hence  it  follows,  that  the  equation 
■r4  dt  4 y4  = t* 
is  impossible  ; and,  in  like  manner. 


{r4  -f  y4  = 2 a4, 

2 x*  - y*=  z\ 
4 x4  - y4  ss  z* 


are  all  impossible  equations. 


(2.)  In  a similar  way  we  may  show,  that 
(7  p + 2)  ± 7 ^ m4  =r  «?», 

(7  p ± 3)  P ± 7 q «*  = tip, 

(9  p ± 2)  P ± 9 q m*  = uP, 

(9  p i 3)  P ± 9 q «■  =:  UP, 

(9  p ± 4)  P ± 9 q «•  = vP, 
Ac.  &c. 


(2.)  In  a manner  very  similar  to  tliut  employed  in 
the  case  of  squares  and  cubes,  it  may  be  demon- 
strated that 

(5p  +2)f*±5?w«  = uP, 

(5  p -f  3)  f4  dt  5 q w4  = vP, 

(5  p 4)  P d:  5 q u4  = tr4, 

Ac.  &c. 


q being  in  the  first  two  prime  to  7,  and  in  the  latter 
three  prime  to  9 ; and  from  these  an  indefinite  number 
of  impossible  forms  may  be  deduced. 

52.  All  4th  powers  arc  of  the  same  form  with  regard 
to  any  number  a as  a modulus,  as  the  4lh  powers 
0\  l4,  2\  34,  &c.,  ($  a)4, 
when  a is  even  ; and  as 

0*.  1*.  2\  3*. 

when  a is  odd. 

For  every  number  whatever  may  be  represented  by 
the  formula  a n db  r,  where  r never  exceeds  J t»,  (art.  10.) 
But 

(on  d:  r)4  — a*n*  i 4 a*n*r  4-  6 a*nV  i 4 am 4 -f-  r4, 
and  all  the  terms,  but  the  last,  of  this  expression,  being 


are  all  impossible  equations,  as  is  also  the  general 
form 

(16  p -f-  r)  t*  -(-  r w4  = uj\ 
r and  r being  so  taken  that  r -f-  t*  < 16. 

54.  Every  5th  power  is  terminated  with  the  same 
digit  as  its  root.  Or  all  5th  powers  are  of  the  same 
form,  with  regard  to  modulus  10,  as  the  roots  of  those 
powers. 

For  all  numbers  to  modulus  10  arc  of  one  of  the  fol- 
lowing forms : 

(10  n )5*r10»»'*  isxIO  n\ 

(10 n + l)4tt?  10 nf  1 t&  I0n*-f-  1, 

(10  n -f*  2)*  « 10 if'  -f-  2i  wl0»"4-  2, 

(10  n -f-  3 IUa'4-S'sfc  10nrd-3, 

(10  n 4-  4)'  m 10  m'  4-  41  tt;  10  n"  -f  4, 
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(10n  + 5)'tft  10  »'  4*  5‘ 10  «*  + 5, 

(10  n -f  6)‘  10  «'  4-  GJ  ***  10  n"  + 6, 

(10  n 4-  7)»  10  ti'  4-  7‘  m 10  w"  + 7, 

(lOn-f  8>>t»  10n'  + 8‘tttlOn*  + 8, 

(10  n 4-  9)>t*  10n'4-9»t**  10  9. 

Where  the  latter  formula*  are  evidently  the  same  as  the 
first ; «*nd,  consequently/  the  powers  have  the  same 
forms  to  modulus  10  as  the  roots  of  those  powers,  or 
they  are  terminated  with  the  same  digits. 


Deduction. 

It  has  been  demonstrated,  (art.  50, — 2,)  that  all 
cubes  have  the  same  forms  as  their  roots  to  modulus 
6 ; and,  in  the  above  proposition,  that  nil  bth  powers 
have  the  same  forma  as  their  roots  to  modulus  10;  and 
the  same  is  universally  true  for  prime  powers,  namely, 
that  they  are  of  the  same  form  as  their  roots  to  modu- 
lus double  the  exponent  of  the  power,  viz.  all  7th 
powers  are  of  the  same  form  as  their  roots  to  modulus 
14,  and  1 1th  powers  of  the  same  form  as  their  roots  to 
modulus  22 : and  so  on  for  any  other  prime  powers. 


VII.  Of  (he  divizors  and  forms  of  the  Integral  Potcer* 
of  Numbers. 


55.  Tfie  difference  of  two  equal  integral  powers  is 
divisible  by  the  difference  of  their  roots. 

Let  x and  y be  two  numbers,  then  will 


x*  — y* 

— = M,  an  integer,  • 

x- y 

or  i*-y*tt«M(i-  y). 

Let  x = y + rf,  or  x — y = dt  then  we  have  to 
prove  that 


0/  + <0*  - s r_ 


= M,  an  integer. 


Make  1,  ft,  m,  p,  &c,  n,  1, 

to  represent  the  integral  coefficients  of  y-f  4 raised 
to  the  ntk  power,  then  the  above  numerator  is  ex- 
pressed by 

4-  y + m 4*  p tT^y3,  &c.f 
every  term  of  which  is  obviously  divisible  by  d,  and, 
consequently,  the  whole  number  is  so,  that  is, 
x*  — y*  is  always  divisible  by  x — y, 
or,  x-  — y-tta  M (x  - y). 

56.  The  differ;  nee  of  two  equal  integral  powers  is 
always  divisible  by  the  sum  of  the  roots,  if  the  index  of 
the  power  be  an  even  number  ; that  is 

(*+y) 

when  n is  an  even  number. 


Make  i + y = j,  or  x = r - y, 
then,  as  in  the  preceding  proposition,  writing 
1,  n,  m,  p,  &c.  fi,  1, 
for  the  coefficient  of  s — y *,  we  have 

(*-»)"-  Y = 

i-  — n y + m i"’  y*  — p i"~*  y3  + &c. 
-f -ms'  y-*  - n xy**1  4-  y"  - y\ 


In  which,  as  the  last  two  terms  destroy  each  other,  and  Sect.  VU 
the  others  are  each  divisible  by  s,  the  whole  quantity  is 
divisible  by  i,  that  is  w#*** 

- ,•  m M (*  + jr) 

when  n is  an  even  number. 

57.  The  sum  of  two  equal  odd  powers  is  always 
divisible  by  the  sum  of  their  roots,  or  / + y* 
«*»M(x-j* y)  when  n is  an  odd  number. 

Make  x 4*  y = x,  or  x =r  * — y,  then  x*  + y*  be- 
comes (x  — y)“  -f  y"  = 

x*  — n x"’1  y -f-  n^'y1  — &c.  - mi" y*-*  -f.  nxy*’1 

- !f  + y*- 

In  which,  as  before,  the  last  two  terms  destroy  each 
other,  and  each  of  the  remaining  terms  is  divisible  by  x, 
and  therefore  the  whole  remainder  is  divisible  by  it; 
that  is, 

+ if  ***  M (x  + y), 
when  n is  an  odd  number. 

Deduction. 

By  means  of  the  above  propositions,  we  are  also 
enabled  to  ascertain  the  divisors  of  the  stun  or  differ- 
ence of  unequal  powers  of  the  some  root,  viz. 

(x~  — .r*)  = M (x  - 1),  and  M (x  + 1), 
when  m — w is  even,  or  of  the  form  2 n\  for 
x-  - sr  er  xT  x (x—  - 1), 
and  since m - «m2n',  therefore, 

(x*-- 1)  = (x-  - 1*-)  = M (x  - 1),  and  M (x  + 1); 
and,  consequently, 

x-  x (x»“"  - 1)  = (x'-x-)  = M (x  — 1),  and  M (x  -f- 1). 

Again,  if  n — m be  odd.  or  of  the  form  2 «'  -f  1,  then 
(x*  - x")  = M (x  - 1),  and 
(x-+^)=M(x+l). 

For 

(*"  - xm)  = x*  x (x—  - 1),  and 
(x-  + x-)  x (x-V+  1); 
also,  since  m - nm2n'+l,  therefore, 

(*"-  - 0=  - I***)  = M (x  - 1).  and 

(x—  4-1)  = (x**  + !•**)  = M (,r-f  1); 
and,  consequently, 

x-  x cr-  - l)  = (x-  - x-;  = m (x  - i), 

x-  x (jr—  1)  ss  (iT  4-  x*)  s M (x  + 1). 

58.  If  m be  a prime  number,  and  x any  number  not 
divisible  by  m,  then  will  the  remainder  arising  from 
the  division  of  x by  m be  the  same  as  that  from  the 
division  of  x"  by  m. 

It  is  necessary  first  to  show,  that  if  m be  any  prime 
number,  each  of  the  coefficients  of  the  expanded  bino- 
mial (a  + I)"*  is  divisible  by  m,  except  the  first  and 
last.  For  each  of  these  coefficients  is  of  the  form 
m , (in  — 1)  (m  — 2)  (m  — 3)  &c.  __ 

I . 2 S . 4 4c.  ~P 

an  integer,  or 

_ (m  - 1)  (m  - 8)  (m  - 3)  &c. 
m * 2 ■;  S . 4 4c.  *■ 
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Nuidww!  . Wh*fe  <he  quantity  in  the  parenthesis  is  obviously  (2.)  Since  x"->  — 1 i.  .......  , .... 

-ir-  integral,  because  the  whole  quantity  is  so  and  m i«  not  th.  , r , }n  aiways  divisible  by  m under  Stet.  \II. 

^ divisible  by  any  of  the  IW.orVof  tb  j dc_tor  Wc  ^ +T  .„7’  n.  " ProP°"i,i0n’  ,h'ref°"  * ftK 
have,  therefore.  mN=p.  consequently  n is  .lw^s  Lmti 7..  . - con“<lue"‘l}.  every  power  whose  espo- 
divisible  by  m when  m is  a prime  number  ' „ , _£  . l.*  a Prlm<>  *s  m-  will  be  of  the  form  n nt  or 

This  being  premised,  make  x = y + l.'thcn  we  have  of  tht higher  <Jj1Ua,“sccrtain  ,h*  forms  °f 

— v*  ~f-  0* = **  ^ r 

And  since  each  of  the  terms  ofthis  eipanded  binomial,  1 " „ °'  5 " + '• 

eicept  the  first  and  last,  la  divisible  by  m,  it  follows.  * * ' n.  or  7 n + 1, 

that  the  remainder  from  the  division  of  (x'-f-  1)*  by  m.  r'“  oa  1 1 n,  or  11  n -f  1, 

f*  a*  ‘he  remainder  from  the  division  or  ri1  tt,  I3«  or  13  « j.  t’ 

1 + 1 hy  m.  which,  by  rejecting  the  multiples  of  m,  *„  . 

in  ay  be  expressed  thus,  ‘xt*  “** 

I-  = (*-  + 1)-  = V + 1.  thal^l’t  iin"  ^ * p1rime  number.  if  il  he  greater 

Making  now  ✓ = .■  + !.  we  shall  have,  on  the  « ev«  — ’ ””**"**•  "-' 

name  principles,  * * men  tore, 

x-  = (y-f.  + i=(r*r+  + 1 = + . V 

Again,  let  j"  = x"' + 1,  and  we  obtain  . . ^ ' ' 

x»  = y»  + |=  x-  + 8 = a*'-  + 3.  “d'  """  ,hu*  Prodwt’ 

And  thus,  by  continual  substitutions,  we  have  ( a_  \ \ x.  { \ 

J-  = y-+l  = a"-+g  = y'~+3  = &c:  or,  : a-  ^ ^ ' 

fl"=  (x-  1)-  + 1 — (x  _ oy  J.  2—  tr  ti-io  !u  ' r 1.  **  m>  “nd  m “»  prime  number,  one  of 

1 Sc  (x  - x)- + 1 +2—  (s-3)  -fs  these  factors  must  be  divtsible  by  m ; Uiat  is, 

the  last  of  which  terms  is  equal  tor;  whence  it  fol-  r^cc  mo  + 1 • 

lows,  that  the  remainder  arising  from  the  division  of  x and  consemiemlv  ’ . . 

hy  m is  the  same  as  that  from  the  division  of  ,r“  exponent  nhis  l u power,  the  double  of  whose 

by  m.  ^ of^e  foni  1 " * pr"M  "umbcr-  “ <»>.  » <*  one 

a l,r,me  number,  and  x any  number  not 

divisible  by  m , then  wilt  the  formula  xT~l  — 1 be  divi-  ow,oram±l; 

..hie  by  «.  or.  which  is  the  same  jjj*  hence,  again  we  derive  the  form,  of  many  other 

(r*  1 - I)  — M (m).  higher  powers  ; thus,  7 

For,  by  the  foregoing  proposition,  the  remainder  of  x*  sc  7 s,  or  7 nil, 

— '*  the  same  as  the  remainder  of--  ; and.  conse.  ® 1 1 "•  or  “"±1. 

m x*  =a  13  n,  or  13  n + l 

quently.Jhe  ‘hBerei.ee  r’-ri,  divisible  by  m.  But  x*  sc  17  n or  1 7 n + l ’ 

x — 1 (•*"  — 0.  ami  Since  this  product  is  divi-  _ * * 

sible  by  m,  and  the  factor  x is  prime  to  m,  it  must  be  ‘ x*«19n.  or  19„±1, 

the  other  factor,  nr.  (x—  - I),  that  is  divisible  by  m.  *"  <=  23  «.  or  23  n ± 1. 

Deovctiovs.  ...  . &c'  , &c 

. , , — . . ‘ A™  hence  we  have  the  following  forms  of  all 

(I.)  Since  X--'  - 1 ,,  always  divisible  by  m,  if  x be  P"w'ure  hm"  ? }°  12.  the  7th  power  ot.ly  excented 
prime  to  m,  and  m itself  a prime  ; there  are  necessarily  ' ! cannot  be  introduced,  because  neither  7 + 1 
m — 1 values  of  x less  than  m that  will  satisfv  the  2. 7 1.  is  a prime  number 

equation 

X*-*  - 1 TahU  af,At  JhwdMe  firms  of  Powmfrom  2 to  12 

m da  S«,ot  3,+  ls,  s»,or  is+i, 

that  is,  x may  be  any  number  in  the  series  ■**  « a 7»,or  7«il 

1 • 2 . 3 . 4.  Ac.  m - I,  d * 5s,or  5a  + it* 

because  ull  these  numbers  are  ncccssarilv  prime  to  m ; **  33 » 1 1 n,  or  1 1 n + l 

and  since  m - 1 is  an  even  number,  we  shall  have  also  eta  7 it,  of  7 a + 1 |3„  ,jr  n „ j_ 

m-  l«Iu«  of  y eon,  prised  between  the  limits  - Am  a*  ^ aa  13  n,  or  13  ,,  ± 1, 

aud  4-  l m,  that  is,  x may  be  any  number  in  the  ■»  17  n,  or  17  n ± l, 

a.  19  n,  „r  19  „±i, 

±l.±*.±3,±*c.±^.  ^*U»,orlln  + l» ' 

so  that  in  both  cases  we  have  m — 1 values  of  x < m x"  tra  IS  n,  or  13  n -f  1 ea 

which  render  the  equation  ’ n,.  - . 

y-i  _ l - T abovc  table,  we  may  frequently 

— = e,  an  integer.  pr0VC  l,‘*  “"POtwhility  of  equations  of  the  fhrm^ 

vo  i..  i.  o**±b3,"  = rfx". 
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Theory  of  hot  it  does  not  follow  of  course,  if  they  fall  within  the 
Number*,  possible  forms,  that  they  are  actually  resolvable  in  in* 
■—“V-*"  tegers ; thus 

± y*  = z\ 

x4  ± y4  = r\ 

are  impossible,  and  generally 

x*±y'=t* 

is  impossible  if  n be  greater  than  2,  although  these 
may  not  fall  under  the  impossible  forms  of  the  table. 

60.  If  m be  u prime  number,  and  P be  mode  to  re- 
present any  polynomial  of  the  n4*  degree,  as 

P = ^-f  ax*-'  c—+ q, 

then  there  cannot  be  more  than  n values  of  x,  between 
the  limits  + J m,  and  — \ m,  which  render  this  polyno- 
mial divisible  by  m. 

For  let  k bet  he  first  value  of  x,  which  renders  P divi- 
sible by  m,  so  that 

A wi  = A"  -f-  a IT~'  4-  b k‘~*  + ck*  • + ....  q; 
then,  by  subtraction,  wc  have 
rP- Am=(x-P)-f  c (r-‘  - **  *)  -f 
1 6 (x-*  - *-•)  -f  Ac. 

But  the  latter  side  of  this  equation,  being  divided  by 
x — If,  (art.  55,)  wc  shall  have  for  a quotient  a poly- 
nomial of  the  degree  n — 1 ; which,  being  represented 

by  P\  gives 

P - A mss  (*-*)  F,  or  P = (x  -k)  F -f-  A m. 

Let  now  V be  a second  value  of  x,  which  renders  P 
divisible  by  m,  then  it  follows,  that  (x  — k)  F +Am 
is  also  divisible  by  m ; and,  consequently,  (x  — k)  F 
divisible  by  in,  but  the  factor  x — k,  which  now  be- 
comes (P  — k ),  cannot  he  divisible  by  m,  because  both 
V and  k are  less  than  i »i ; therefore  P cannot  he 
divisible  n second  time  by  m,  unless  P'  be  divisible 
by  m. 

The  polynomial  P is  therefore  only  once  more  divi- 
sible by  m than  the  polynomial  F ; and,  in  the  same 
manner,  it  may  be  shown,  that  I*,  of  the  degree  n — 1, 
is  only  once  more  divisible  by  at,  than  P*  of  the  » — 2 
degree,  &c. ; and  hence  it  follows  that  P being  a poly- 
nomeofthe  n degree,  there  can  be  only  n different  values 
of  x,  comprised  between  the  limits  +-  m,  ami  — m, 
which  renders  it  divisible  by  m. 


Deduction. 


We  have  seen,  that  if  m be  a prime  number,  the  for- 
mula x“-«  — 1 has  m — 1 values  of  x,  between  the 
limits  + ^ m and  — ^ rn,  which  renders  it  divisible  by  in. 
Now  this  being  put  under  the  form 


(/■+,)  x(tV_,) 

it  follows,  that  each  of  the  factors  has  m — 1 values  of 
x,  between  the  limits  -f-  4 m and  — £ m,  which  renders 
them  divisible  by  f«.  For  neither  of  them  can  have 


more  than 


such  values,  by  the  foregoing  propo- 


sition, and  since  their  product  has  m — 1,  H is  obvious 
they  have  each  the  same  number  of  values  of  x between 
the  above  limits,  and  that  this  number  is  therefore 
m — l 
2 


VIII.  Of  the  product*  and  Irawfbrmation*  of  Alge-  S*cL  VUL 

braiml  Formula;  referable  to  the  form*  of  Number*.  Aljstwjcw 

Formula. 

61.  The  product  of  the  sum  and  difference  of  two  N^v^/ 
quantities,  is  equal  to  the  difference  of  their  squares. 

For  (r  + y)  X (i  - jr)  = r>  - y», 

as  is  evident. 

62.  The  product  of  the  sum  of  two  squares  by  dou- 
ble a square,  is  also  the  sum  of  two  squares,  or 

(x1  4-  y*)  X 2 eti  x/i  + y4’. 

For  (r^  + y1)  X 4 t«  = (* + y)***  + (*  - y)>,\ 
which  is  evidently  x’  -f-  y4*. 

Deduction. 


Hence,  if  a number  be  the  sum  of  two  squares,  its 
double  is  the  sum  of  two  squares ; and  if  N be  the  sum 
of  two  squares,  2*  N will  be  so  likewise. 

Thus  5 = $■  4~  1*,  5 X 8=10  = 3*4-  1*, 

10  x 2 = 20  = 4*  4-  2*.  and  40  = & 4-2*. 

63.  The  product  arising  from  the  sum  of  two 
squares  hy  the  sum  of  two  squares,  is  also  the  sum  of 
two  squares. 

Or  (x*  + y*)  (F*  4-y")  mx"*  -f-y'". 

For 


(V  + y-)(r»+y')  = [ <**'+»*’'>*  + ~ Fy>*. 

J i<*r(r«'-yyO'  + (ry'  + ^y)>. 

as  will  appear  from  the  devclopcment  of  these  expres- 
sions, and,  consequently, 

C**  4-  y*)  x*  + y")  cfe  .r"«  + y"*. 


Deduction. 


Hence  the  product  may  be  divided  into  two  squares 
two  different  wavs.  And  if  this  product  be  again  mul- 
tiplied by  another,  that  is  the  sum  of  two  squares,  the 
resulting  product  may  be  divided  into  two  squares  four 
different  ways ; and,  generally,  if  a number  N he  the 
product  of  n factors,  each  of  which  is  the  sum  of  two 
squares,  then  will  N be  the  sum  of  two  squares,  and 
may  be  resolved  into  two  squares  2"  different  ways. 

For  example,  5 = 2’  + 1’ 

13  = 3*  + 2* 


then  the  product  65  = 8*  4-  1*.  or  7*  + 4*. 

Again,  17=  4*4- 1* 

( 1105  = 32*  + 9’=33’  4-4*=  31*4-12* 
th.  product  j _ 2(,  + J3.  ^ 

And  this  resolution  of  the  given  product  into  square 
parts,  is  readily  effected  by  the  foregoing  theorem ; 
for 

f(8*  +1)  (4*  -f-  1*)  = (4. 8 -f-  1)’  +(8.1-4.  1/s 
| (4.8-1)’+  (8.  1 +4.  1)’.  and 

1(7#  + 4’)  (4* +1)  = (4.74- 1.4)’ 4- (4. 4-7.1)’  = 
l (4 . 7 - 1 . 4)*  + (7  . 1 + 4 . 4)'. 

And  in  the  same  manner  may  any  other  product, 
arising  from  factors  of  this  form,  be  resolved  into  its 
square  parts. 
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Theory  of  64.  The  product  of  the  sura  of  three  squares  by  the 
Number*.  suin  Qf  two  squares,  is  the  sura  of  four  squares  ; or 
vW  (x*  + y*  + z*)  (x*  4-  y**)  -f  x"*  + y"  -f- 

For 

(*•+¥*+*)  (**•+**):= 

(Ty  + jryO'  + 

as  will  appear  from  the  devcloperaent  of  these  formula, 
and,  consequently, 

(j*  + y1  + r*)  (x*  + tT)  rair'-f  y"»  + *» 
Thus  14  :=  3*  + 2*  -f  1* 

5 = 2* -j-  1* 


the  product 


70  = (3.2  + 2.  l>*  + (2.2  - 3 . !)■ 
-f-  2*  + 1*  = 8*  + 1*  4-  2*  + 1«, 


aiul  a like  decomposition  may  be  effected  on  any  other 
similar  product. 

65.  The  product  of  the  sum  of  four  squares  by  the 
sum  of  two  squares,  is  the  sura  of  four  squares  ; 
that  is. 


(w),+  a*+y*  + **)  X (x"+y")  c*  io"*  + x">  + y^-f  r"*. 
For 


(ID-  4-  x“)  (*'•  + *■)  ea  w"*  + **\ 

(y*d-  «*)  (^4-y“)myw+  z*  ; 

consequently, 

yB-f  rf)  x(yi+y")m«iw  + j^*  + y^  + **". 

66.  The  product  of  the  sum  of  four  squares  by  the 
sum  of  four  squares,  is  also  of  the  same  form  ; or 
f (w*  4-  x*  4-  y*  + Z*)  (**  4-  x*  -I-  yn  + z*)  ta 
1.  w'n  + y”  4-  y"*  + 2"»). 

For 

(»*  4*  x*  + y*  + **)  (ic*  + x*  4-  y'*  + zm)  — 

(icin’  + xx?  4~  yy'  + ~0*  + (icx'—  xitf+yz*  — ry'),4- 
(icy'-xx'  - yuf  + zs?)'+  (*z'  4-  xy'- yF-s  u/)\ 
as  will  appear  immediately  from  the  developement  of 
the  above  formula* ; and,  consequently,  the  product  in 
questiou  *£s  4-  Jp  4-  y"»  q.  ->•') 


Deductions. 


as  will  appear  from  the  developement,  and,  con.se-  Sect.  VI Jl. 
qucntly,  the  product  in  question  is  of  the  same  form  as  Algebraic  J 
each  of  its  factors.  Formula* 

67.  The  product  of  the  two  formulae  (I’-ay1)  and 
(x*  — o y *)  is  of  the  same  form  as  cadi  of  them. 

For 


ti*-OY)(*'-<xi0  = -[ 


(tif  + a y yy  - a (ry'-fy  *T 
or(w'-«y 30* -a(xy'-y x^ 


consequently, 

(x*  - ny*)  (x*  -fly'jtt. x"1  - ay'®. 

Hence  the  product  of  any  number  of  factors  of  this 
form  is  of  the  same  form  as  each  of  its  factors. 

68.  The  two  ibrmuhe 


**  + y*  4*  **.  an<l  x*  4"  y*  4~  2 **, 

ore  so  related  to  each  other,  that  the  double  of  the  one 
produces  the  other ; that  is 


2 C**  -F  y*  4-  **)  ««*’*  + y*  + 2 1", 

8 (x*  + y*+  2i*)  sex*  + jr"  + e*. 

For 

2 (a*  4-  y*  + 2*)  = (x  + y/  4-  (x  — yf  + 2 *\  and 
2 (•»*  + Jl*  + 2 **)  = (.r  + y)*  + (x  - yy  + (8  *)*, 
ns  is  obvious. 

For  example,  4 = 3*  4-  2*  4-  1* 
multiplied  by  2 


>,+‘ - 

And  15  = 3* -f  2*  4-2 . 1* 

multiplied  by  2 


the  product  -f  = 30=  <3  + *)’  + <3  “ *)*  + 2* 

1 t=5*+l*  + 2*. 

And  the  some  of  all  other  numbers  of  these  forms. 

69.  The  formula  x*  - 2y*  may  he  always  trans- 
formed to  another  of  the  form  2 x*  y\  and  this  last 
tuay  be  converted  into  the  former ; that  is, 
f x*  - 2 y,t$s2x/*  — y®, 

1 2x*  - y*  ^ x"  - 2 y \ 

For 


(l.)  As  in  this  product  there  are  only  complete 
squares  enter,  we  may  change  at  pleasure  the  signs  of 
the  simple  quantities ; and,  consequently,  there  will 
lesult  several  different  formula*  equal  to  tlie  same  pro- 
duct, ami  each  equal  to  the  sum  of  four  squares ; and 
iu  so  many  different  ways  may  any  number  that  arises 
frr*m  the  product  of  the  factors  of  the  above  form,  be 
resolved  into  the  sum  of  four  squares. 

(2.)  This  proposition  may  be  rendered  more  general 
by  the  following  enunciation  .* 

The  product  of  the  two  formulae, 

<***“'' + &***)  (tf’'* — 6x*—  cy® 4~ ^ c**) 
(ic"»  - 6 y®  - cy"  4- 6 c x"»). 

For 

&oi*)  (**  _ h*  -c!/m  + bcz^  = 

(«nrf  + bxj'±cyy,±bczir)’  ~ 

4 (lux’  + ic'x  ± ey  i'  ± cj'r)’  - 
c(irj/  - 4xx'±  bzjy  + 

iefxji'  — az1  + 110'^  yxY, 


X*  - 2 y‘=  2 (x  ± y)*  - (x  ± 2y)*w>  8x"  _ y-*,,nd 
2x*  - y*=  (x±2y)*-g(x±y)*mx’-  2y'; 
x,  is  evident  from  the  developement  of  these  formulie ; 
snd.  consequently,  a number  that  is  of  one  of  these 
forms  is  also  of  the  other. 

For  example,  14  — 2.3*  — 2*  = 4*  — 2.1*; 

also.  28  = 6*  - 2 . 2*  = 2 , 4*  — 2*. 

And  the  same  of  any  oilier  numbers  of  cither  of  these 
forms. 

70.  The  formula  x*  — 5 y*  may  be  always  trans- 
formed to  another  of  the  form  b x*  — y'*,  and  this  last 
may  be  converted  into  the  former ; that  is, 

C x*  - 5y*i^  5 X*  - 
C5x*-  y*«a  r^-Oy". 

For 

x*  ~ 5y*  = 5 (x±  2 y)*  — (2xi  5y)*  ttaox*— y",  and 
$rt-tf={bx±2yf  - 5(2x±y),tt?x®  - 5y-; 
and,  consequently,  any  number  that  is  of  one  of  these 
forms  is  also  of  the  oilier. 
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TWj  of  For  example  99  = 7*  - S . 2*=  S.  11*  - 24*  = 5 . 3*-  4'; 

KurnWr.  and  41  = 5.  a'-2'=  19*- 5 . 8>  = U*-5.1«. 

And  a similar  transformation  may  be  made  on  any 
olher  number  falling  under  either  of  the  above  forms. 

71.  If  a be  any  number  of  the  form  A*  -f-  1»  then 
will  the  formula  x*  — a y*  be  resolvable  into  another  of 
the  form  a r*  — y*  ■,  and,  conversely,  this  last  may  be 
transformed  into  the  former ; that  is, 

{x1  — (6*  1)  w (A*  -f  1)  x**  — y*,  and 

(*«+  l)r*-yJw/J-  (6*+ I)y\ 

For 

x*-(Ai+lY=r*+l)(r±Ay)«-  { bx±(b*+l)s,  } », 
and 

{ <6M-l)x±Ay  } --(6«+l)(6x+y)8, 
the  first  of  which  transformed  formulas  is  evidently 
( b * -f-  1)  s'*  — y’* ; also  the  latter 
*33  x*  — (6*  4-  1 ) y* ; and,  consequently, 
x*  — a y!  *33  a x%  — y'*,  and 
— a y\  when 
awfc'-f  1. 


Deduction. 


These  general  formula?  furnish  us  with  many  pur 
ticular  cases,  which  have  the  singular  property  of  being 
convertible  from  one  to  the  other  ; such  arc 


{ 

{ 

{ 

{ 


x*  - 2y*a3 

ix"  - y\ 

2 x*  — y* 

x*-  2y'*. 

x*  — 5y*m 

5i*  - yT, 

5 x*  — y*  m 

x"-  Sy^. 

- 10y’o=  10F*  - y\ 

10  x*  - y'  cc 

x'-  10  y". 

x*  _ n/tc  17F1-  y*. 

17  x1  - y’a= 

x"  - 17  y". 

Ac. 

Ac. 

72.  If  m and  n be  the  two  roots  of  the  quadratic 
equation  <p‘  — a 0 + b = 0,  then  will  the  product  of 
the  two  formula*  (r  + m y),  and  (i  + b y),  be  equal 
to  i9  + a t y 4-  b y*. 

This  is  evident  from  the  actual  multiplication  of  the 
factors  (r  + my)  and  (x  -}-  n y). 

For 


(x  + my)  (x  + n y)  = x*  + (m  + »)  xy  + m n y2 ; 
and,  since  m and  n are  the  roots  of  the  equation 
0t  _ a ^ _|_  b = 0,  we  have,  from  the  nature  of  equa- 
tions, m + n = fl,  and  wn  = 4;  and,  consequently, 
the  above  product  becomes 

x*  + «xy  + Ay*. 


Deduction. 

Hence,  conversely,  every  quantity  of  the  form 
x9^-flxy  + fty,  may  be  considered  ns  the  product 
arising  from  the  multiplication  of  two  factors,  (i  + my) 
and  (x  -f-  n y),  m and  n being  the  roots  of  the  qua- 
dratic equation 

0*  — fl  0 + 6 = 0; 

or,  which  is  the  same,  m and  n being  such  as  to  answer 
the  conditions,  m -f-  n “ <*.  and  m 7t  = A. 


73.  The  product  arising  from  the  multiplication  of  Sect.  Y|||. 
the  two  formula  Aljabrsic** 

X*  + axy  + 6y*, and  x/8-f-  <tx')/  + by\ 
is  of  the  same  form  as  each  of  them ; that  is, 

(*•  + a xy  + by*)  (x1*  + ax'yf  4-  fry")*** 

<*"4 -axTy'  + btf*). 

For 

x*  4-  a xy  + b y*  = (x  -f  m y)  (x  + n y),  and 
Jfl  + flX,y'  + iy"=(l,-|-wy)(y  + Byl); 
and,  therefore,  the  product  in  question  is  the  same  as 
the  continued  product  of  the  four  latter  factors. 

Now, 

(x  4-  m y)  (y  4-  m y/)  = x x'  -f  m (ry/  4*  x'y)  + m^yy*, 
but  since  m is  one  of  the  roots  of  the  equation 
0*  — a 0 4-  b = 0, 

we  have  m*  — am-f-6  = 0,w  hence  m9  = a m — b ; 
and  substituting  this  value  of  m \ in  the  above  formula, 
it  becomes 

xx'  - Ayy'  + m ( xy*  + x'y+ayy'). 

And  if,  in  order  to  simplify,  we  make 
X = x x*  — b y y\ 

Y = xy  4-  y x/ -f-  a y y\ 
the  product  of  the  two  factors, 

(x  -f  m y)  (X*  -f  m y>)  = X m Y ; 

and,  in  the  same  manner,  we  find 

(x  -f  ;i  y)  (jr*  4-  n yr)  = X 4-  n Y ; 
and,  consequently,  the  whole  product  will  be 

(X  -f-  ro  Y)  (X  -f-  » Y)  = X*  -f-  a X Y -f  6 Y* ; 
that  is,  the  product 

f (xa-|-axy  4-  6yf)  (V1  -f  ax'y’  4-  Ay**)  t** 

1 (V-f-ax*  1^4-6^). 

Deduction. 

Hence  it  follows,  that  the  product  of  any  number  of 
factors  of  this  form  ; us 

x*  -f-  <*  x y -f-  A y\ 
x"-f-  o/y  4-  Ay", 
y*  + fl/y  4*  by"1. 

Ac.  Ac. 

will  always  be  of  the  same  form  ns  those  factors. 

Therefore  if  we  make  x = X/,  and  y = y,  we  shall 
have  X = i*  — A y*,  and  Y = 2xy  4-  oy*;  and,  con- 
sequently, 

(x*  + axy  + by9)9  = X*  + a X Y + A Y* 

And,  therefore,  if  it  were  required  to  make  a square  of 
the  expression 

X*-f  cX  Y + bY9. 

we  shall  only  have  to  give  to  X and  Y the  preceding 
values,  whence  we  readily  obtain  for  the  root  of  the 
square  required  the  formula 

x*-f-axy-6y\ 

where  x and  y may  be  any  numbers  at  pleasure. 

Example  1.  Find  the  values  of  x and  y in  the  equa- 
tion 

x*  4-  3xy  -f  5y*  ss  *\ 

Here  a = 3 and  6 = 5,  therefore  the  general  values  of 
x and  y are 
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{■»  = f — 5 u\ 
y = 2 f « -f  3 i/', 

where,  for  distinction  sake,  we  write  t and  «,  in  the 
above  formulae,  instead  of  x and  y.  Whence,  by 
assuming  successively. 


t = 3,  4,  5,  6,  Ac., 
uss  1,  1,  1,  1,  Ac., 


we  shall  have  the  following  corresponding  values  of 
x and  y : 

i = 4,  11,20,  31,  Ac., 


y = 9,  11,  13,  13,  Ac. 

Example  2.  Find  the  values  of  x and  y in  the 
equation 

a*-  7xy  + 3y-=r**. 

Here,  since  a = — 7 and  3 = 3,  the  general  values  of 
x and  y are 

{x=  P - 3 *\ 
y = 2 1 u - 7 u\ 

And  making  now 

t = 4,  5,  6,  7,  8.  Ac., 

« = 1,1,  1.  1,  1,  Ac., 

we  obtain 


x=  13,  22,  33,  46.  61,  At., 
y = 1,  3.  5,  7,  9,  Ac. 

Each  of  which  corresponding  values  of  x and  y answer 
the  required  conditions  of  the  equation  ; and  it  is 
manifest,  that  an  infinite  number  of  other  values  might 
be  obtained,  by  changittg  those  of  t and  u. 


IX.  On  the  Quadratic  Divuort  of  Algebraical 
Formula. 


therefore,  by  subtract  ion,  S^.,  ]X 

pF  — cf  as  pr  — (f.  Algebraical 

where  these  quantities  will  always  have  the  same  sign.  v — 
Siooc.  then  wc  have  1 iq>p,  2 q‘  < p,  it  follow, 
tnat  q < q.  Hence  we  have  now  an  equation 
J>y*  + 2?'y'2-f-r'i*=0, 
in  which  the  mean  coefficient  2 does  not  exceed  the 
extreme  coefficient  p;  and  if  at  the  same  lime  it  does 
not  exceed  the  other  extreme  coefficient  r\  the  formula 
is  transformed  as  required.  But  if  2q.  although  < 
than  p,  be  > t>,  we  may  proceed,  in  a similar  manner, 
to  obtain  a new  transformation,  in  which  the  mean 
coefficient  (which  we  may  denote  by  2 q")  shall  be  less 
than  <f,  and  so  on  again  tor  others,  in  which  the  mean 
coefficient  2<f  shall  be  less  than  2 q”.  But  the  series 
of  integers 

7*  Ac. 

cannot  go  on  continually  decreasing,  without  becom- 
ing  Anally  less  than  the  extreme  coefficients;  and, 
therefore,  by  continuing  these  transformations,  we  must 
necessarily  arrive  at  that  which  admits  not  of  any  fur- 
ther  reduction  ; and  which  will  be  consequently  such, 
that  the  mean  coefficient  is  less  than  cither  of  the  ex- 
tremes, or  at  least  not  greater  than  the  least  of  them  ; 
for  with  any  formula  in  which  this  is  not  the  case  further 
reduction  may  be  made.  Therefore  every  formula 
py%  + 3 ?y*  4 re* 

in  which  the  mean  coefficient  2 9 exceeds  either,  or 
both,  of  the  extreme  coefficients,  may  be  transformed 
to  another  in  which  the  mean  coefficient  2 9*  shall  he 
less  than  cither  of  the  extreme  coefficients,  or  at  least 
not  greater  than  the  least  of  them. 

Deductions. 


74.  If  in  the  indeterminate  formula 

PV*  -f2p7yx+rz«  = 0, 
the  coefficients  p,  9,  nnd  r have  not  all  three  the  same 
common  divisor,  and  y and  s be  any  numbers  what- 
ever prime  to  each  other ; and  if  2 q > p.  or  > r,  this 
formula  may  always  be  transformed  to  a similar  one, 
pfyn  4 Ip'q'  *■'*'•=  0, 

which  shall  be  equal  to  the  same  quantity  0,  and  in 
which  2 </  shall  not  exceed  either  p'  or  r1’. 

Let  us»  suppose,  first,  2 q>p;  and  in  the  case  in 
which  also  2 q > r,  let  p be  the  least  of  the  two  num- 
bers p and  r,  abstracting  from  their  signs. 

Make  y = y'  — m x,  rn  being  an  indeterminate 
coefficient ; and,  substituting  for  this  value  of  y in  the 
given  equation,  we  have 

p (y  - mx)«  4-  2 9 x (y>  - m *)  + r X*  = 0,  or 
py*  — 2 (pm  — 9)  y*  x 4 (pm*  - 2 9 m -f  r)  *■  = 0, 
where  we  may  always  take  the  indeterminate  m,  so 
that  4 (pm  — 9)  <p.  Colling  therefore  i (p  m — 9) 
— and  (p  m*  — 2 9 wi  4 r)  = the  transformed 
formula  will  he 

P f*  + 2 7V  * + F x*  = 0, 
in  which  2q'<,n  (tlvs  sign  not  excluding  equality) 
and  in  which  pr  - — p r — 9*,  for 

q*  = p1  m*  — 2 p 9 m 4-  9*. 
p r = p*  m*  — 2 p 9 m + rp. 


(1.)  In  the  successive  transformations  of  the  for 
mula 

py*  4-29y2  + rr*,  to 
pr/*  4 2 rf  y'r  + / to 
P,y+2<I"y'x'  + 7's\  &c.. 
we  have  always 

P'-<f  = pr‘-<ftr:J/r’  — 9*  &e„ 
f«ch  of  these  quantities  having  the  same  sign,  as  is 
obvious  from  the  form  of  the  preceding  transforma- 
tions. 

(2.)  As  an  example  of  the  reduction  stated  in  the 
foregoing  proposition,  let  it  be  proposed  to  transform 
35  y*  4-  17*2  yx  4 210**  = 0. 
in  which  the  mean  coefficient  172  is  greater  than  the 
extreme  coefficient  35  to  another  equal  and  similar 
one,  in  which  the  mean  coefficient  shall  lie  less  than 
either  of  the  extremes. 

First,  put  y = y'  — m *,  which  value  of  y.  being 
substituted  in  the  given  formula,  gives 

35  y»  — (70m-l72)y'e  + (35  m'  - 172  m +210)»*. 

And  now,  in  order'that  70m  — 172  <35,  take  m = 2, 
which  reduces  the  above  to 

35y"+  32y's+ 

in  which  the  mean  coefficient  32,  though  < 35,  is  still 
>■  6 ; and,  therefore,  we  must  proceed  to  another 
similar  reduction. 


Digitized  by  Google 


G66 


THEORY  OP  NUMBERS. 


Tk**j  of  Let,  then,  and  the  second  transformed 

Number*,  formula  will  become 

V— ' Q z*  — (12 m - 32)  yV  + (6m*-32w  + 35)  y". 

And  here,  taking  m9=  3 in  order  that  12  m — 32  < 6, 
we  obtain 

6r*-4*V  -7y*  = 0, 

and  this  last  formula  has  the  required  conditions;  be- 
cause 4 < 6 and  < 7. 

And  moreover,  in  these  transformations,  wc  hove 


p r — g*  ss  p r — q*  = p ' r'  — q \ or 
35.210  - («6)f  = - 46, 

35.  6 — (16)*  ss  - 46, 


— 6 . 7 - ( 2)*  = - 46, 


all  equal,  and  with  the  same  sign,  as  observed  in  the 
foregoing  deduction. 

75.  Every  divisor  of  the  formula  t -f-  a t/1,  in  which 
t and  u are  prime  to  each  other,  and  a any  integer 
number  whatever,  positive  or  negative,  is  also  a divisor 
of  the  formula  g*  + a. 

For  let  p represent  any  divisor  of  the  formula 
f -f-  a w\  so  that 

P a u'  = p j/. 


then  it  is  evident,  that  p is  prime  to  w,  for  otherwise  t 
and  u must  have  the  same  common  measure,  which  is 
contrary  to  the  hypothesis,  because  t is  prime  to  u; 
we  mnv,  therefore,  find  two  other  numbers,  g and  y, 
such  that  + being  -f-  or  — as  the  case 

may  require:  and  if  now  we  substitute  this  value  of  /, 
in  the  above  expression,  we  obtain 

p*y*  -f  * p 9 y “ 4*  (9*  4-  «)  «*  = ptf: 


or,  dividing  by  p , we  have 


= P'i 


and,  consequently,  since  //  is  an  integer,  (9*  4-  a)  w*  is 
divisible  by p,  but  we  have  seen  that  « in  prime  top, 
and,  therefore,  it  must  be  the  other  factor,  (g*  4*  «). 
that  is  divisible  by  p,  therefore,  if  p be  a divisor  of  the 
formula  P -f-  a «\  t and  u being  prime  to  each  other,  it 
is  also  a divisor  of  the  more  simple  formula  g*  4-  a. 

Hence,  conversely,  if  p be  not  a divisor  of  the  for- 
mula g*  -f-  a,  in  which  there  is  only  one  indeterminate 
quantity  g,  it  cannot  be  a divisor  of  the  more  general 
formula  P -f  a u9,  in  which  there  are  two  indetermi- 
nates  prime  to  each  other. 

76.  Ever}1  divisor  of  the  formula  f-f-  a «*,  in  which 
t and  u arc  prime  to  each  other,  is  of  the  form 
p y*  2 g y u -j-  r «’ ; and  in  this  formula  p r — g*  = u 
2 g < p and  < r,  or  not  greater  than  p or  r 

By  the  foregoing  proposition  wc  have 


p s' + 2 * + (^y~)  “* = *'• 

(f  4-  a g*  4-  a 

and  since  is  an  integer,  make  1 — r,  then 

P P 


the  above  becomes 


Plf  + * 9ff  »+  = P>\ 

that  is,  the  factor 

p tep  y* -f  2 g y « -f  r «■ ; 
but  jf  may  equally  represedt  any  one  of  the  factors  or 


divisors  of  and,  consequently,  any  factor  or 

divisor  of  the  formula  P -f-  a u*  is  of  the  form 
py1  4-52  9 yu-f  r m*. 

a*  J-  si 

And,  again,  since = r,  p r — g*  =r  a,  and  we  have 


Sect.  }.X. 
Alg*brai<«l 
Formula- 


seen  how  every  indeterminate  formula 
py*  + 2gyu4-rit# 

may  he  transformed  to  a similar  and  equal  formula, 
so  that  2 g < p or  < r,  and  in  which  p r — g*  is  always 
equal  to  the  same  constant  quantity.  Consequently 
every  divisor  of  the  formula  a tt*  has  the  property 
stated  in  the  head  of  the  proposition. 


Deductions. 


(I.)  Because  2 g < p,  and  2 q < r,  independently  of 
the  signs  of  these  quantities,  we  have  4g*  <pr;  and 
since  pr  — g*  = o,  it  follows,  that  wheu  a is  negative, 
p or  r,  that  is  p r is  also  negative,  for  otherwise 
p r — g*  would  not  have  the  same  sign  as  a ; which 
we  have  seen  is  always  the  case  in  every  transforma- 
tion. Hence 

(2.)  Every  divisor  of  the  formula  P -f-  a w\  when  a 
is  positive,  may  be  represented  by  the  formula 

j»y,4-29y«4-»,A 

in  which  p r — g*  sc  a,  2 g < p,  2 g < r,  and,  conse- 
quently, 4 g*  < p r,  and  therefore  pr  — g"  =:  a > 3 g\ 

or  g < y/ -j,  as  is  evident. 


(3.)  And  every  divisor  of  the  formula  P — cru*  may 
be  represented  by  the  formula  py*  -f-  2 gy  r — r x“,  in 
which  pr  — g'  = — a,  or  p r -f-  g*  = a ; and  here,  since 


p r < 4 <f,  we  must  have  g < 


(I.)  We  may  have  cases. in  which  psrs = 2g,  as. 
for  example,  when  p = 2,  g =:  1,  and  r = 2 ; for  then 
2 g H«es  not  exceed  either  p or  r,  neither  arc  p,  g,  and  r, 
divisible  by  the  same  numlwr,  which  condition  is,  there- 
fore. strictly  within  the  limits  of  the  proposition;  and 
hence  it  follows,  that  we  must  not  consider  the  sign  < 

in  the  two  expressions  q < and  q < v/f  .to 


exclude  equality. 

77.  Every  divisor  of  the  formula  f-f-ti1,  t and  w 
heiug  prime  to  each  other,  is  always  of  the  same  form 
y'-f-  r*.  Or  the  sum  of  two  squares,  which  are  prime 
to  each  other,  can  only  be  divided  by  numbers  that  are 
also  the  sum  of  two  squares. 

For  by  deduction  2 of  the  foregoing  proposition,  every 
divisor  of  the  formula  P + <r  u*  is  included  in  thu  for- 
mula 


p y*  4-  2 g y s + r r*. 

and  in  which  g < and  pr  — g*=  a. 

Now  in  the  present  case  a = 1,  therefore. 


* < \J y , or  g = 0, 
< ji  s»nte  p r 


there  being  no 
— <f  — 1 , we  have 


integer 
pr=r  l 


j 
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and  therefore  p = 1,  and  r = 1 ; and,  consequently;  the 
above  formula,  which  includes  all  the  divisors  of  P -f  u\ 
becomes 


y*  + *•; 


that  is,  every  divisor  of  the  formula  P -f-  u*  is  of  the 
form  y*  + **,  or  every  divisor  of  the  sum  of  two 
squares,  prime  to  each  other,  is  also  the  sum  of  two 
squares. 


Deductions. 


(1.)  As  an  example,  65  = 64  -f-  I , or  9*  -f-  1*  is  only 
divisible  by  13  = 8*  -f-  2*,  and  by  5 = 2*  -f  1. 

(2.)  And  50  = 7*  + l*  is  onlv  divisible  by 
5 = 2*  -f  1\  by  10  cs  3*  -f  1*,  by  2 = 1*  -f  1’,  and 
by  25  = 4*  + 3' ; and  the  same  obtains  with  the  divi- 
sors of  every  number  that  is  the  sunt  of  two  squares 
prime  to  each  other. 

78.  Every  divisor  of  the  formula  P -f  2 u\  t and  u 
being:  prime  to  each  other,  is  of  the  same  form 
y*  + 2 ** ; or  the  divisors  of  the  suin  of  a square,  and 
double  a square,  are  also  each  equal  to  the  sum  of  a 
square  and  double  a square. 

For  every  divisor  of  this  formula  P + a u*  is  con- 
tained in  the  formula 

P y*  + 2qy:  + rr% 

in  which  g<  y,  and  pr  — g*  =r  a,  (art.  76, — 2.) 

But  in  this  case  a=  2,  therefore  q < ~,org:=0; 

also,  since  p r — g*  — 2,  we  have  p r = 2,  whence 
p =:  2.  and  r — 1,  or  p = 1,  and  r = 2 ; therefore,  the 
above  formula  becomes 

€ 2 y*  -f-  **,  in  the  first  case,  and 

<-  y*  -f-  2 a*,  in  the  second, 
which  are  two  identical  forms,  by  changing  y into  *, 
and  z into  y ; consequently,  every  divisor  of  the  formula 
P 4”  2 u*  is  also  of  the  same  form  as  itself. 

With  regard  to  the  divisor  2,  it  can  only  be  of  the 
form  y*  -J-  2 when  y 0 and  z ==  1 ; so  that,  in  this 
case,  we  have  0*  + 2 . 1*. 

As  an  example  to  this  proposition,  we  may  take 
99  = 1 -f  2 . 7*,  which  can  only  be  divided  by 
3 = l*  -f  2 . 1* 

9 = 1*  4-  2 - 2*. 

11  =3*  + 2 . 1\ 

33  = 5*  -f-  2 . 2*  j 

and  it  is  the  same  with  every  number  that  is  contained 
under  the  above  form. 

79.  Every  divisor  of  the  formula  P — 2 u\  t and  u 
being  prime  to  each  other,  U of  the  same  form 
y*  - 2 z#. 

For  since  every  divisor  of  the  formula  P — a u*  is 
contained  in  the  formula 

V y"  4-  2 qy  z — r s\ 

in  which  p r -f-  g*  “ a,  and  also  q < v/ 

/~2 

< V (art.  76, — 3,)  it  follows,  that  in  this  case 
q — 0,  whence  also  p r rr  2,  and  therefore  p = 2, 


r r=  1,  or  p = 1,  and  r=2;  consequently,  the  above 
formula  becomes  either 

2 y*  — z*,  or  y*  — 2 z*, 
which  two  forms  arc  the  same;  because 


Sect  IX 
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2 y*  - e*  s (2  y ± *)•  - 2 (y  ± *)*. 
which  is  the  same  form  Therefore  every  divisor  of  tire 
form  P — 2tP  is  of  the  same  form,  or  the  divisors  of 
the  difference  between  a square  and  double  a square  is 
also  the  difference  between  a square  and  double  a 
square. 

Tims,  98  = IQ*  — 2 . ]*,  has  for  divisors 
, 2 = 2*  - 2 . 1*. 

7a3*-2.14, 

14  = 4*  - 2 . 1«, 

49  = 9a  - 2 . 4* ; 

and  the  same  obtains  with  all  numbers  falling  under 
the  form  P — 2 *iJ. 

80.  Every  odd  divisor  of  the  formula  jfi  + 3 «*  is  of 
the  same  form,  vis.  ya  -f-  3 z*. 

For  since  all  its  divisors  arc  contained  in  the  for- 
mula 


/>y*4-2gyz  + rr*. 

in  which  pr  — g*  = a,  or  p r — g*  = 3,  and  also  q — 


or  < 


/ 8 

y/  — , we  must  have  g = 1,  or  g = 0 ; therefore. 


in  the  first  case,  since  2 g is  not  greater  than  p,  or  r, 
and  p r — q*  = 3,  we  must  have  p s=  2,  and  r = 2, 
whence  the  formula  becomes 


2y*  + 2gyz  + 2z*; 

but  as  this  is  evidently  an  even  divisor,  it  does  not  be- 
long to  the  class  at  present  under  consideration,  which 
only  relates  to  the  odd  divisors  of  (he  given  formula. 

In  our  case,  therefore,  q ss  0,  and,  consequently, 
p r — g*  = 3,  or  p r = 3 ; therefore  p = 3 and  r = 1 , 
or  p = 1 and  r = 3,  whence  the  above  formula  is 
reduced  to 


3 y1  + **,  or  y4  -f  8 z* ; 

which  are  identical  as  to  their  form,  and  therefore 
every  odd  divisor  of  the  formula  P + 3 u*  is  of  the 
same  form  y*  -f  3 x*. 


Deduction. 


When  the  divisor  =z  3,  then  y r=  0,  but  in  all  other 
cases  y and  z are  real  quantities. 

For  example,  133  ==  5*  + 3 . 6*. 

{19  = 4*  + 3 . 1\ 

7 = 2*  + 3 . 1«. 

1209  = 3*  -f-  3.20*. 


its  divisors 
Again, 


its  divisors. 


13  = l«-f  3.2* 
31  = 2*  -f  8 . 3*. 
39  = 6*  -f  3.  la, 
93  = 9*  -f  3 . 2*. 
&c.  &c. 


81.  Every  odd  divisor  of  the  formula  P — 5 tt*  is 
also  of  the  same  form  y*  — 5 a*; 

For  all  its  divisors  are  contained  in  the  formula 
p y"  + 2 qy  2 — r z\ 
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in  which  — pr  — q1  = — a,  or  r -f-  = 5,  and 

q = or  < y/  — ; and,  consequently,  q = 1 or  0 ; but 


the  first  case  gives  only  even  divisors,  the  same  as  in 
the  foregoing  proposition  ; and  the  latter  case  of  «/  = 
0 reduces  the  above  formula  to 


5 y*  — x*%  or  y*  — 5 *•, 
which  are  identical  forms;  because 

5 y*  - z*  = (5  y ± 2 z)*  — 5 (2  y ± ; 

and,  consequently,  every  odd  divisor  of  the  formula 
P — 5 «*  is  itself  of  the  name  form. 

As  examples,  we  have 

95  = 10®  - 5 . I*, 
r *»  — u.  t 0? 
its  divisors  { |B  = 7,  _ a | ^ 


Again,  395  = 20*  - 5 . 2*. 

5 = 5s  — 5 . 2*. 
79  = 18*  - 5. 7*. 
&c.  etc. 


its  divisors 


Deductions. 


(1.)  From  the  foregoing  proposition  it  appears,  that 
all  numbers  which  ure  comprised  in  the  following 
formulae, 

, + y -.2*0 
P + 2 t/*J  P -J^S  u*> 

t and  »/  being  prime  to  each  other,  ure  of  the  same  form 
as  the  numbers  they  divide,  excepting  only  the  two 
latter,  P -f-  3 «*  and  P — 5 «•,  when  these  are  the 
doubles  of  an  odd  number. 

(2.)  It  frequently  happens,  that  a number  fulls  under 
two  or  more  of  the  above  forms,  iu  which  case  its 
divisors  are  also  of  the  same  double  or  treble  forms  ; 
and  in  some  cases  we  have  numbers  that  belong  to 
each  of  the  forms  above  given.  Thus, 


2+1  = 15*  + 4*  \ = 21*  - 10*  \ _ 
241  = 13*  -+  2.6*)  = 7*  +-  3.8*  f “ 


31*  - 5.12* 


X.  Of  the  classification  of  Prime  Numbers,  according 
to  their  quadratic  forms. 

S2.  We  have  already  treated  of  the  linear  forms  of 
prime  numbers,  but  there  are  several  curious  properties 
of  these  numbers,  depending  on  their  quadratic  forms, 
which  ought  to  find  a place  in  an  article  of  this  kind; 
several  of  these  are  the  immediate  consequence  of 
some  of  our  preceding  propositions,  and  others  dedu- 
cible  from  them.  Of  the  former,  the  following  theorems 
may  be  enumerated,  which,  however,  applies  to  all  odd 
numbers  whatever. 

(1.)  Every  odd  number  which  is  the  sum  of  two 
squares,  is  of  the  form  4 n + l;  that  is,  every  odd 
number  represented  by  the  formula 

y*  + t*  efc  4 n +-  1. 

(2.)  Every  odd  number  represented  by  the  formula 
y*  + 2 z1  as  8 » +-  1 , or  8 » -j-  3. 

(3.)  Every  odd  number  represented  by  the  formula 
y*  — 2 2*  etr  8 n -f-  1,  or  8 n 4-  7; 


and  from  these  arise,  by  way  of  exclusion,  the  three  $m  x. 
following:  P.iro* 

(4.)  No  number  of  the  form  4 n — 1 can  be  repre- 
seated  by  the  formula  y*  -f-  z*. 

(5.)  No  number  of  the  form  8 n -f-  5,  or  8 n + 7, 
can  be  represented  by  the  formula  y*  + 2 

(6.)  No  number  of  the  form  8 n -f-  3,  or  8 n -f-  5, 
can  be  represented  by  the  formula  y*  — 2 s*. 

83.  Every  prime  number  of  the  form  4 n 4 1 is  the 
Hum  of  two  squares,  or  is  contained  in  the  formula 
y*  -+  r*. 

For  let  m represent  a prime  number  of  this  form,  or 
m = 4 n -f-  1 ; then  (art.  59) 

(r— 1 - 1)  = M (m),  or  (jr*  — 1)  = M (m). 

But  j4*  — 1 = (!*■-)-  1)  (1**  — 1),  and  each  of  these 
factors  has  2-n  values  of  jr  contained  between  the 
limits  -+  i m and  — £ m,  that  render  them  divisible  by 
m,  (art.  60.)  whence  the  factor  z**  -+■  1 is  divisible  by 
m ; but  j**  4 1 is  the  sum  of  two  squares,  and  there- 
fore its  divisor  m is  also  the  sum  of  two  squares  ; be- 
cause every  divisor  of  the  formula  <•  -+-«*  is  itself  of  the 
same  form. 

• - Deductions. 

(1.)  As  the  form  4 n -J-  1 includes  the  two,  Bn  + 1 
and  & s + 5;  therefore  every  prime  number  con- 
tained in  these  two  latter  forms  is  also  the  sum  of  two 
squares. 

Thus,  5,  13,  17,  29,  37.  and  41,  are  prime  numbers 
of  the  form  4 n + 1,  and  each  of  these  is  the  sum  of 
two  squares ; for  5 = 2*+-  1\  13  = 3*  -f-  2*.  17  = 

4*  -+  1,  29  = 5*4  2*.  37  = G*  +-  1*  and  4 1 = 5*+-4*; 
and  so  on  for  all  other  prime  numbers  of  this  form. 

(2.)  We  have  seen  (art.  63)  that  every  number, 
which  is  produced  from  the  multiplication  of  factors 
that  are  the  sums  of  two  squares  is  itself  of  the  same 
form,  and  may  be  resolved  into  two  squares  different 
ways,  according  to  the  number  of  its  factors ; and 
hence  we  may  find  a number,  that  is  resolvable  into  two 
squares  as  many  ways  os  we  please,  by  multiplying 
together  different  prime  numbers  of  the  form  4 « + 1. 

64.  Every  prime  number  8 n -f-  1 is  of  the  three 
forms  y1  4 r',  y * ■+  2 z\  y*  - 2 s*. 

Del  m be  any  prime  number  of  this  form,  or 
m = 6 n -+■  1 ; 

and  os  the  first  case  has  been  demonstrated  in  the  pre- 
ceding proposition,  we  need  here  only  attend  to  the  two 
latter.  0 

Since  (jT~1  - 1)  = M (m).  or  j-  - 1 = M (m), 

(art.  59.)  we  may  put  this  under  the  form 

(*•"  -+  1)  i*4'  - D. 

and  each  of  these  factors  will  have  4 n values  of  x < 

£m  that  render  them  divisible  by  m,  (art.  60 ;)  there 
are,  therefore,  so  many  different  values  of  x that  render 
the  binomial  j4"  -+  1 divisible  by  in ; but  this  may  be 
put  under  the  form 

(JT  - 1)»  + 2 1-1 

and  m being  n divisor  of  this  formula,  it  is  itself  of  the 
same  form  y*  +•  2z*.  (art.  78.)  We  may  also  put  the 
same  quantity  j4'  +-  1 under  the  form  (■t**  +-  I)*  — 

2 j*"  , and  f/i  being  also  a divisor  of  this  formula  is 
itself  of  the  same  form  y*  — 2 z*,  (ait.  79.)  Hence 
every  prime  number  of  the  form  8 n +■  1 is  of  the  three 
forms  y*  4 *\  y*  ± 2 z*. 
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TWyof  Cil  = $•  +4*  = 3>  + 2 . 4'  = T*  - 2.2* 

TbUS  <-7S  = 8*  + 3*=l,-f-2.6’=9*-  2.21 

85.  Every  prime  number  8 n -j-  3 is  of  the  form 

y*  + 2 ** . 

Let  m be  a prime  number  of  this  form,  or  m = 8 n 4 3, 
then  we  have  (art.  59) 

(y-«  — 1)  = M (m),  or  xT*  - 1 = M (m). 

And  there  are  8 n -j-  2 values  of  x less  than  8 /»  4*  2, 
which  render  this  formula  divisible  by  m. 

Now  2**+t  - 1 =r  (2***  + 1)  (««*♦*  - 1)  = M (m), 
therefore  one  of  these  factors  is  divisible  by  m,  and  it 
cannot  be  the  latter,  because 

- 1 :=  2 . 2+  - 1 m 2 f*  - u\  or  f9  - 2 u\ 
and  if  m were  a divisor  of  this  it  would  be  of  the  same 
form,  or  m y*  - 2 aJ,  but  this  formula  cannot  repre- 
sent any  number  of  the  form  8n-|-  3,  (art.  82.)  Con- 
sequently, m must  be  a divisor  of  the  other  factor 
2**^  -f  1.  But 

2**+1  latf  + u1. 

Consequently  its  divisor  m is  of  the  same  form ; that  is, 
m et;  2 ya  + 1 **  y*  4 2 
As  examples,  wo  have 

11  = 3*  -f-  2 . 1M9  = I*  + 2 . 3*.  43  = 5«  4 2 . 3«,  Ac. 

86.  Every  prime  number  8 n 4 7 **  of  l*ie  ^orm 
y*  — 2 **. 

Let  m = 8 it  4 7*  then  we  have 

xm~i  - 1 = j**4*  - 1 = M (m). 

Hence,  therefore,  as  above 

- 1 = (2-+*  4 1)  (2***4—  1)  = M (m), 

one  of  these  factors  is  divisible  by  m;  and,  conse- 
quently, m will  also  be  a divisor  of  one  of  them  when 
doubled  ; that  is,  it  is  a divisor  of  one  of  the  two  quan- 
tities 

2 (2«**  4 1),  or  2 (2**+*  - 1), 
which  two  expressions  thus  become 

2*-'  4 2 . 1«,  and  2"  - 2 . 1>, 
and  m is  necessarily  a divisor  of  one  of  them.  But  it 
cannot  be  a divisor  of  the  first,  because  this  being  of 
the  form  <•  4 2 «*,  if  m were  a divisor  of  it,  we  should 
have  m t*s y* 4 ^ s**  (arl  0 hut and  no 
odd  number  of  the  form  y*  4 2 r*  is  of  the  form  8 « + 7. 
(art.  82  :)  since,  therefore,  m is  not  a divisor  of  this 
factor,  it  must  necessarily  be  a divisor  of  the  other  fac- 
tor 2**  — 2 . lf,  which  is  of  the  form  <*  — 2ti*;  and, 
consequently,  its  divisor  m is  also  of  the  same  form, 
(art.  79  ;)  that  is,  m m y*  — 2 2*. 

For  example,  31  = 7*  - 2 . 3«,  and  47  = 7*  - 2 . l*j 
and  the  same  of  all  other  prime  numbers  in  this  form. 

Deductions. 

From  the  last  four  propositions  we  may  draw  the 
following-  theorem* : 

(1.)  All  prime  numbers  of  the  form8n4]»and 
8 n 4 5,  are,  exclusively  of  all  others,  contained  in  the 
formula  y-  + **. 

(2.)  All  prime  numbers  of  the  form  9«4  1.  and 
8 n + 3,  are,  exclusively  of  all  others,  contained  in  the 
formula  y*  4-  2 r*. 

VOL  i. 


f>()D 

(3.)  All  prime  numbers  of  the  form  8x4  ^ and  ***}’  *• 
8 n 4 7*  are,  exclusively  of  all  others,  contained  in  the  **”*“* 
formula  — 2 s*.  , 

(4.)  All  prime  numbers  of  the  form  8n  + 1,  are  at 
the  same  time  of  the  three  forma 

y*  + t\  y*  + 2*»,  y*  - 2x*. 

87.  If  a be  any  prime  number,  and  the  series  of 
squares 

1*.  2*.  3>,  4’,  Sc.,  (^4)” 

be  divided  by  a,  they  will  each  leave  a different  positive 
remainder. 

This  is,  in  fact,  only  a particular  case  of  the  general 
proposition  demonstrated  (art.  38 ;)  for,  by  making 
•P  = 1,  the  series  of  squares, 

<t>\  2*  <t>\  3*  <£*.  4V.  &c., 

becomes 

1«,  2*.  3»,  4«,  &c., 

each  of  which,  when  divided  by  a,  will  leave  a different 
remainder,  as  is  demonstrated  in  that  article. 


Deductions. 

(1.)  The  same  is  evidently  true  of  the  negative 
remainders,  which  arise  from  taking  the  quotients  in 
excess. 

(2.)  Hence,  also,  we  may  see  in  what  cases  the  posi- 
tive and  negative  remainders  are  equal  to  each  other, 
for  then  it  is  evident,  that  a will  be  a divisor  of  the  sum 

of  two  squares,  and  we  shall  have  - =r  e,  an  integer. 

a 

Therefore  when  a is  not  a divisor  of  the  sum  of  two 
squares,  the  positive  and  negative  remainders  are  all 
different  from  each  other,  and  include  every  number 
from  1 to  a — 1. 

(3.)  When  a is  not  the  divisor  of  the  sum  of  two 

„ures,  that  is,  when  all  the  positive  and  negative 
I'tMuuinders  are  different  from  each  other,  then  some 
of  each  of  these  remainders  are  greater  and  some 
teas  than  £ a.  For  ull  the  consecutive  squares  under  a 
will  be  found  amongst  the  positive  remainders,  and 
some  of  these  squares  must  necessarily  be  greater  and 
some  less  than  £ a ; and  since  the  positive  and  negative 
remainders  together  include  all  numbers  from  1 to 
o — l,  the  same  is  manifestly  true  of  the  negative 
remainders. 

88.  If  a be  a prime  number,  it  is  always  possible  to 
find  four  squares,  it*,  rt.  y4,  zf,  the  roots  of  each  of 
which  shall  be  less  than  ^ a,  such  that  their  sum  may 
be  divisible  by  a,  or  the  equal  ion 

«>•  + x*  4 V*  4 “ a d 

is  always  possible,  a being  any  prime  number  what 
ever. 

First,  when  the  prime  number  a is  a divisor  of  the 
sum  of  two  squares,  the  proposition  is  evident ; and  it 
will,  therefore,  only  be  necessary  to  consider  the  case 
in  which  a is  not  a divisor  of  the  sum  of  two  squares, 
and,  consequently,  when  all  the  remainders  of  the 
consecutive  squares  are  different  from  each  other 
(art.  87,-2.) 

Now,  in  this  case,  we  shall  find  some  of  the  positive 
4 s 
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Theory  of  remainders  greater*  and  some  leu,  than  \ a ; and  the 
Numbers  *ame  0f  the  negative  remainders,  (art.  87, — 3.)  It  is, 
V™"''  therefore,  always  possible  to  find  two  squares,  such 
that  each  being  divided  by  a . the  positive  remainder  of 
the  one  shall  exceed  the  negative  remainder  of  the 
other,  by  unity : and  also  two  other  square?*  in  the 
same  series,  such  that  each  being  divided  as  before,  the 
negative  remainder  of  the  one  shall  exceed  the  positive 
remainder  of  the  other,  by  unity ; that  is,  the  equa- 
tions it^-f - j*  — \ s=  m a,  and  y*  + a*  + 1 =:  n a,  are 
always  possible,  which  may  be  demonstrated  as  fol- 
lows : 

Let  p be  the  least  negative  remainder,  then  p + 1 
must  he  found  amongst  either  the  positive  or  negative 
remainders ; if  it  be  found  amongst  the  positive  re- 
mainder*, we  have  at  once  a positive  remainder,  that 
exceeds  a negative  remainder,  by  unity  ; and  if  it  be 
not  found  amongst  the  positive,  then  p + 1 is  still 
negative  : and  p- f-  2 must  he  either  a positive  or 
negative  remainder ; if  it  lie  positive,  we  have  a posi- 
tive remainder  exceeding  a negative  one,  by  unity,  hut 
if  not,  p -f-  2 is  still  negative,  and  p + 3 must  be  either 
positive  or  negative;  and  proceeding  thus,  we  must 
necessarily  (as  some  of  each  of  these  remainders  are 
greater  and  some  less  than  4 a ) arrive  at  that  negative 
remainder  }/,  such  that  pt  -f-  1 shall  be  a positive  one ; 
and,  consequently,  the  equation  4"  **  — 1 = mo  is 
always  possible  ; and,  in  the  same  manner,  the  possi- 
bility of  the  equation  y*  -f  s*  -f-  1 = n a may  be  de- 
monstrated. Having  thus  proved  the  possibility  of  the 
equation  -f-  JT*  — 1 = m «,  and  y*  -f-  z7  + 1 = « a, 
we  have 

U*  + 4-  y*  -f  2* 

- sm  + n,  an  integer, 

a 

or  the  equation 

tc*  + x*  -+■  y*  + s%  — a o' 

is  always  possible. 


Deduction. 

(I.)  It  is  obvious  from  the  foregoing  demonstration, 
that  the  roots  w,  x,  y,  r are  each  less  than  a , because 
we  have  only  considered  the  squares  contained  in  the 
series 

1*  2\  3*.  4*,  &c.. 

But  independently  of  this  limitation  it  may  be  readily 
shown,  that  if  fl  be  the  divisor  of  the  sum  of  any  four 
squares  to*  + 2*  + y*  4-  r*.  each  of  which  is  prime  to 
<1,  that  it  is  also  a divisor  of  the  sum  of  the  four 
squares 

(10  - * ay  4-  (x  - ft  a)*-f  (y  - 7 «)*  + (*-*  ay, 
in  which  it  is  obvious,  that  «,  ft,  7,  may  always  be  so 
taken  as  to  make  the  roots  less  than  4 a 

89.  Every  prime  number  a is  the  sum  of  two,  three, 
or  four  squares. 

For,  by  the  foregoing  proposition,  the  equation 

is  always  possible,  each  of  the  roots  of  these  squares 
being  less  than  and,  consequently,  each  of  the 

squares  less  than  4 a*,  whence  we  have  a a'  < a®,  or 
o'  < a.  Now,  if  a = 1,  it  is  evident  that 
««  -f  i*  -f-  y4  + 21  = a, 
and  the  proposition  will  be  demonstrated. 


But  if  <r>  1,  then,  because  o'  is  a divisor  of  the 
formula 


Sect.  X. 
Prim* 


tt*  -f-  2*  4“  y*  + *** 
it  in  also  a divisor  of  the  formula 


(»  - a o')*  -f  (x  - p ay  -+■  (jf  -■»«')•  + (s  - fay, 
where  each  of  the  roots  is  less  than  -J  a\  (art.  88, — I ;) 
assuming,  therefore, 

(tr - a a’y  4-(x-/J 0^*4-  (y — 7 a1)*  -f-  (*  — 5 o')*  = 
we  shall  have,  for  the  same  reason  as  above, 
a* a*  < a",  ora"  < a\ 


Now,  by  means  of  the  formula  (art.  66.)  if  we  mul- 
tiply together  the  values  of  a a,  and  a"  o',  we  shall 
find  a product  that  is  the  sum  of  four  squares,  and  of 
which  each  is  divisible  by  o'* ; and  having  performed 
this  division,  we  obtain 

a"a=(«-a«j-/3x-7y— «2),4-(ax-^«c4-72— cy)1 
4-(°y—  7«?4-Jx-/?r),4- («*-*«:  + /Jy  - 7x)«; 
or,  for  the  sake  of  abridging  this  expression, 
uf*  4“  a?1*  4”  y**  4"  *=  ® / 

and  here  we  have  a " < o'.  If  now  a''  = 1,  the  above 
becomes 


tr1*  + 2?*  + y*  4-  2"  = a, 

and  the  proposition  will  be  demonstrated ; but  if  of, 
though  < o',  be  > 1,  we  may  proceed,  in  the  same 
manner,  to  find  a new  product, 

uT*  + 4-y"  4-r"»  = a"a, 

and  in  which  a'"  <a'';  and  by  continuing  thus  the 
decreasing  series  of  integers  a,  a\  o'-,  a1",  a"”,  &c., 
we  must  necessarily,  finally,  arrive  at  a term  a*1  equal 
to  unity,  and  then  we  shall  have  a equal  to  the  sum  of 
four  squares. 

90.  Every  integral  number  whatever  is  either  a 
square,  or  the  sum  of  two,  three,  or  four  squares. 

This  follows  immediately  from  the  foregoing  propo- 
sition, and  the  formula,  (art  65;)  for  every  number  is 
either  a prime,  or  produced  by  the  multiplication  of 
prime  factors  ; and  since  every  prime  number  is  of  the 
form 

(*«  + * 4-  y*  + 2*). 

and  the  product  of  two  or  more  such  formula?  being 
still  of  the  same  form,  (art.  65.)  it  necessarily  follows, 
that  every  integral  number  whatever  is  of  the  form 
(«*+  + J*  + S*). 

But  it  is  to  be  observed,  that  no  limitation  in  the 
course  of  the  demonstration  of  the  foregoing  proposi- 
tion waus  made,  that  could  prevent  any  one  or  more  of 
these  squares  from  becoming  zero;  therefore,  every  inte- 
gral number  whatever  is  either  a square,  or  the  sum  of 
two,  three,  or  four  squares. 


Deductions. 

(I.)  All  that  has  been  proved  in  the  foregoing  pro- 
position for  integral  numbers,  is  equally  true  of  frae- 
tions  ; for  every  fraction  may  be  expressed  by  an  equi- 
valent one  having  a square  denominator;  therefore, 
every  fraction  is  of  the  form 

«<*  4 **  4 y*  4-  + + £ , * . 

rn1  m*  m*  m*  m*  ’ 
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Thonryof  jjjij  curious  property,  therefore,  extends  to  every 
Numfcwn.^  raljonftj  number  whatever. 

(2.)  The  theorem  that  we  have  demonstrated,  in  the 
two  foregoing  propositions,  forms  a part  of  a general 
property  of  polygonal  numbers,  discovered  by  Fermat ; 
which  is  this,  " Every  number  is  either  a triangular 
number,  or  the  sum  of  two  or  three  triangular  numbers. 
A square,  or  the  sum  of  two,  three,  or  four  squares. 
A pentagonal,  or  the  sum  of  two,  three,  four,  or  five 
pentagonals.  And  so  on  for  hexagonals,”  &c.  Or  the 
same  may  be  more  generally  expressed  thus:  If m 
represent  the  denomination  of  any  order  of  polygonal*, 
then  is  every  number  N the  sum  of  m polygonal*,  of 
that  order  ; it  being  understood  that  any  of  these  poly- 
gonals  may  become  zero. 

Lei,  therefore,  N be  any  given  number,  and  t,  y,  2 
indeterminate  quantities  ; then  the  different  parts  of  the 
general  theorem  may  be  detailed  in  the  following 
order: 

8d(N=w*  + i,  + y,  + »,i 

„ 3u«- « , 3*i*  - «t>  , 3 «•  - x , 3jf  - y 

3d.  IN | - r 5 *■  3 

-r  2 

4th,  Ac.  Ac. 

The  second  form  which  relates  to  the  squares  has 
been  demonstrated  in  the  foregoing  proposition,  and 
Legendre  has  also  demonstrated  the  first  case,  for 
triangular  numbers ; but  all  the  other  cases,  past  the 
second,  still  remain  without  demonstration,  notwith- 
standing the  researches  and  investigations  of  many 
of  the  ablest  mathematicians  of  the  present  time, 
and  of  others  now  no  more  : amongst  the  funner  we 
may  mention  Lagrange.  Legendre,  and  Gauss ; and  of 
the  latter,  Euler,  Waring,  and  Fermat  himself;  the 
latter  of  whom,  however,  as  appears  from  one  of  his 
notes  on  Diophantus,  was  in  possession  of  the  demon- 
stration, although  it  was  never  published,  which  cir- 
cumstance renders  the  theorem  still  more  interesting  to 
mathematicians,  and  the  demonstration  of  it  the  more 
desirable. 

We  have  demonstrated  the  second  case,  hut  this  car- 
ries ns  no  farther,  whereas,  if  we  had  demonstrated  the 
first,  the  second  would  flow  from  it  us  a corollary ; and 
it  may  not  be  uninteresting  to  show  in  what  manner 
these  different  parts  of  the  same  theorem  are  connected 
with  each  other. 

First,  lei  us  suppose  the  possibility  of  the  equation 

N=fLti+£±»:+£±i 

2 ^ 2 ^ 2 

to  have  been  demonstrated,  from  which  may  be  drawn 
this. 


8N  + 3 = (2x4-  l)»+(2y+  l)«-f-(2r+  1)*,  or  Sect  X. 
8N  + 3 = xN  + ^ + s-.„r 

8N-t-4  = x*  + 1;  ' — , 

and  since  these  four  squares  are  all  odd,  the  numbers 
xf  + y,  x'  — y',  x'  +1,  and  x1  — 1,  are  all  even ; and 
hence  we  have,  in  integers, 

4N  + 2 = 

or,  for  the  sake  of  abridging, 

4N  + 2 = icw*+/*  +y"*  + ; 

of  which  squares  two  are  even  and  two  odd,  for  other- 
wise their  sum  could  not  have  the  form  4 N 4~  2 ; we 
may  therefore  write 

4N  + 2 = 4»«  + 4*  + (21-f  + !)•; 

from  which  we  deduce 

2N+ 1 = (r+.)«  + (r-,)»  + (<  + «+  1)«  + ((-*)■; 
that  is,  every  odd  number  is  the  sum  of  four  squares, 
and  the  double  of  a number,  that  is,  the  sum  of  four 
squares,  is  itself  the  sum  of  four  squares,  fot 


f2(m*  + tf  + pi  + f*)  = 

l(m  4-  «)•  4-  (m  - n)#  + ( 


l(m  4-  «)*  4-  (m  - »)•  4 (p  -f  7>*  4 (p-  <?)• ; 

and,  therefore,  every  number  is  the  sum  of  four 
squares. 

If,  therefore,  the  case  which  relates  to  triungular 
numbers  was  demonstrated,  that  which  relates  to 
squares  would  be  readily  deduced  from  it;  but  the 
converse  has  not  place  ; that  is,  we  cannot  deduce  the 
first  case  from  the  second. 

The  third  case  gives 

Sa*  — « , 3ttf  — W . Sr*  — x , 3y*  — y 3z*— j 

24  N + 5 = 

(C«-  l)*4(6tc-  })•+  (6x—  l)«+(6y-  \y+(6z-l)\ 
So  that  the  enunciation  of  this  particular  part  returns 
to  this. 

Every  number  of  the  form  24  N 4 b is  the  turn  of 
fir  squares,  of  which  each  of  the  roots  is  of  the  form 
fix  — 1. 

The  fourth  case  returns  to  this, 

Every  number  of  the  form  ftN-ffi  may  be  decom- 
posed into  six  squares,  of  which  the  roots  are  of  the  form 
4»  — I. 

And,  in  general,  the  proposition  is  always  reducible 
to  llie  decomposition  of  a number  into  squares,  and  all 
the  partial  propositions  that  wc  have  considered  are 
included  in  the  general  form, 

8 a N 4-  (a  + 2)  («  - 2)*  = 

(2  a x - a 4 (2  « y — • 4"  2)'4  (2  a » — « + 2)*-f  Ac. 

the  number  of  squares  on  the  latter  side  of  the  equa- 
tion being  (a  + 2). 
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Trigww-  Trio  o *«’o  me  try,  (Tprywvo/terp*a,  from  T/H<pm,  a triangle,  and  perp**>,  I measure.)  Ibe  Science  of  Triad-  Sect.  I. 

®,lry  gles,  the  branch  of  Mathematics  which  treats  of  the  application  of  Arithmetic  to  Geometry.  The  term  watt 
originally  restricted  to  signify  the  science  which  gives  the  relation  of  the  parts  of  triangles  described  on  a 
plane  or  spherical  surface  ; but  it  is  now  understood  to  comprehend  all  theorems  respecting  the  properties 
of  angles  and  circular  arcs,  and  the  lines  belonging  to  them.  This  latter  department  is  frequently  called  the 
Arithmetic  of  Sines. 

In  the  application  of  Mathematics  to  Physics,  no  branch  is  more  important  than  Trigonometry,  It  is 
the  connecting  link  by  which  we  nre  enabled  to  combine,  in  their  fullest  extent,  the  procticul  exactness  of 
Arithmetical  calculations  with  the  hypothetical  accuracy  of  Geometrical  constructions.  Without  it,  the  former 
could  never  have  been  applied  to  Physics,  and  the  limit  of  the  errors  of  the  latter  would  have  depended  on  the 
skill  of  the  practical  Geometer,  lly  the  substitution  of  numerical  calculations  for  graphical  constructions,  we 
are  enabled  to  obtain  results  to  any  desired  degree  of  accuracy.  Writh  Trigonometry,  in  fact.  Astronomy  first 
received  such  a degree  of  exactness  as  justly  to  merit  the  numc  of  Science ; and  every  improvement  that  has 
been  made  in  Trigonometry  to  the  present  time,  has  been  attended  with  corresponding  improvements  in  all  parts 
of  Physical  Science. 

The  following  will  be  the  arrangement  of  the  present  Treatise : The  first  section  will  contain  the  definitions 
of  the  terms  most  frequently  in  use;  in  the  second  will  be  given  the  principal  theorems  relating  to  Trigonome- 
trical lines;  the  third  will  explain  the  use  of  subsidiary  angles;  the  fourth  will  contain  all  the  most  important 
propositions  of  Plane  Trigonometry ; the  fifth,  those  of  Spherical  Geometry ; and  the  sixth,  those  of  Sphe- 
rical Trigonometry.  In  the  seventh  will  he  given  formula  for  small  corresponding  variations  of  the  parts 
of  triangles;  and  the  eighth  will  contain  some  theorems  which  require  for  their  investigation  a more  refined 
analysis.  The  ninth  will  treat  of  some  expressions  peculiar  to  Geodetic  operations ; and  the  tenth  will 
explain  the  construction  of  Trigonometrical  tables. 


r,*.  i. 


SECTION  I. 


Definition*. 


(1.)  Let  AB  (fig.  1)  be  a circular  arc,  of  which  C is  the  centre,  and  let  C A,  C B be  joined.  The  arc 
A B is  proportional  to  the  angle  A C B,  and  either  of  these  can  therefore  be  used  as  the  measure  of  the  other, 
provided  the  arc  A B is  less  than  half  the  circumference,  or  the  angle  A C B less  than  two  right  angles. 
Since  this  holds  with  regard  to  all  the  angles  of  triangles  we  shall,  in  treating  of  them,  use  indifferently  the 
terms  arc  and  angle  to  express  the  inclination  of  two  lines. 

(2.)  But  in  the  higher  parts  of  the  science  it  is  by  no  means  a matter  of  indifference  which  term  we 
employ.  It  is  evident,  that  an  arc  can  be  conceived  to  exceed,  not  only  half  a circumference,  but  even  a 
whole  circumference,  or  any  number  of  circumference* ; while  an  angle  cannot  be  greater  than  two  right  angles. 
Much  obscurity  has  frequently  arisen  from  neglecting  to  observe,  thut  when  we  speak  of  an  angle  greater 
than  two  right  angles,  we  mean  merely  an  arc  greater  than  half  a circumference ; and  that,  when  we  consider 
trigonometrical  lines  as  functions  of  such  an  angle,  we  intend  nothing  more  than  that  they  are  functions  of  the 
corresponding  arc  of  a circle.  The  reader,  therefore,  will  be  careful  to  recollect,  that  all  trigonometrical  lines  are 
considered  to  be  functions  of  the  circular  arc  to  which  they  correspond,  the  radius  being  given ; and  that 
there  is  no  limit  whatever  to  the  extension  of  this  arc. 

(3.)  The  circumference  of  the  circle  has  usually  been  divided  into  360  equal  parts,  called  degree » ; each  of 
these  subdivided  into  60,  called  minute* ; each  of  these  into  60.  called  aecond* ; the  seconds  are  sometimes 
divided  each  into  60  thirds , the  thirds  into  60  fourth*,  Ac.,  but  they  arc  more  usually  divided  decimally.  But 
in  most  of  the  French  treatises  lately  published  the  circumference  is  divided  into  400  equal  parts,  or  grades, 
each  grade  into  100  minutes,  and  each  minute  into  100  seconds.  Degrees,  minutes,  and  seconds  arc  com- 
monly marked  ff ; grades  and  their  subdivisions  sometimes  thus,  *,  *.  Ulus,  38°  17'  22"  is  read 

thirty-eight  degrees,  seventeen  minutes,  twenty-two  seconds;  44*  76'  27".  or  44*  7627,  is  forty-four  grades, 
seventv-six  minutes,  twentv -seven  seconds. 

(«■>  i»  most  of  the  following  investigations  we  shall  consider  the  radius  of  the  circle  as  the  unit  of 
linear  measure.  The  semi-circumferencc  is  then  = 3,141502653590;  its  logarithm  = 0,4971498726; 
one  degree  rs  0,017453292520  ; one  minute  = 0,000290888209  ; one  second  =r  0,000004848137  ; 
their  logarithms  increased  by  10  are  8,2418773675  ; 6,4637261171,  and  4,6855748667.  One  grade  = 
0,0157079632679;  its  logarithm  increased  by  10  = 8,1961198769;  from  which  the  values  for  a minute 
and  second  are  immediately  found.  The  number  of  degrees  contained  in  the  radius  is  57,29577 ; the 
number  of  grades  is  63,66197.  The  value  of  the  serai-circumference  to  radius  1 is  generally  denoted  by 


is  therefore  the  value  of  the  quadrant,  and  2 tr  that  of  the  circumference. 


(5.)  The  defect  of  an  arc  from  180°  is  culled  its  supplement ; its  defect  from  90°  is  called  its  complement. 

(6 ) Join  A B,  (fig.  1 ;)  draw  B I)  and  C F perpendicular  to  AC;  at  A and  F draw  lines  touching 


the  circle,  which  will  therefore  be  ]>arallel  to  C F,  C A ; produce  C B to  cut  these  lines  in  E and  G.  Then  A II 
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Tngoov  i9  t{,c  chord  of  the  arc  AB,  B D is  the  tint,  C D is  the  cotine,  AE  is  the  tangent,  C E is  the  tecant,  FO  1 1. 

is  the  cotangent,  C G the  cotecant,  A D the  verted  tint.  D H has  been  called  by  some  the  tuvtrted  tint.  ReUtioas  of 

(7.)  These  definitions  suppose  the  arc  to  be  less  than  a quadrant.  If  it  be  greater  than  a quadrant  and  less  m"?ncid 
than  a semicircle,  as  A B',  the  same  construction  gives  for  the  sine,  versed  sine,  cosecant,  cosine,  tangent.  Lines, 

secant,  and  cotangent,  the  lines  BrDf,  AD',  C G',  CD*,  AE',  CE',  FO'.  The  four  last  of  these,  it  will  be  v— 
observed,  are  measured  in  directions  opposite  to  those  in  which  the  corresponding  lines  for  arcs  less  than  a 
quadrant  were  measured,  and  are  therefore  considered  negative.*  We  shall  show  that,  by  this  convention, 
formulae  which  have  been  found  to  be  true  for  arcs  less  than  a quadrant  may  be  made  to  apply  to  arcs 
greater  than  a quadrant. 

(8.)  If  the  arc  he  greater  than  two  quadrants,  and  less  than  three,  os  A F H B'\  (fig.  2,)  making  the  same  p,g  q,. 
construction,  we  find  that  the  sine,  cosine,  secant,  and  cosecant,  are  negative.  And  if  the  arc  be  greater  than 
three  quadrants,  and  less  than  four,  as  A F H B"*,  it  appears  that  the  sine,  tangent,  cotangent,  and  cosecant 
are  negative.  The  remark  at  the  end  of  (7)  applies  to  these.  The  versed  sine  and  suversed  sine  are  posi- 
tive for  ail  values  of  the  arc, 

(9.)  Thus  it  appears,  that,  while  the  arc  increases  .from  0 to  a quadrant,  the  sine  increases  from  0 to 
radius,  (its  greatest  value,)  and  the  cosine  diminishes  from  radius  (its  greatest  value)  to  0.  While  the 
arc  increases  to  a semicircle,  the  sine  diminishes  to  0 ; and  the  cosine,  whose  sign  is  now  negative,  in- 
creases in  magnitude  till  it  = — radius.  As  the  arc  increases  to  three  quadrants,  the  sine  is  negative,  and 
its  magnitude  increases  from  0 till  it  = — radius,  while  the  negative  value  of  the  cosine  dimnishes  till  it 
= 0.  From  three  quadrants  to  four  the  sine,  still  negative,  diminishes  its  negative  value  till  it  =:  0, 
while  the  cosine,  become  positive,  increases  till  it  is  =:  radius,  as  at  first. 

(10.)  The  tangent,  while  the  arc  increases  from  0 till  it  is  increases  so  as  to  become  greater  than  any 


assigned  quantity ; when  the  arc  = — , or  there  is  really  no  tangent,  us  the  lines,  by  whose  intersection 

the  tangent  is  defined,  do  not  meet;  then,  until  the  arc  = w the  tangent  is  negative,  and  diminishes  from  a 
value  indefinitely  great  to  0 ; then,  for  the  third  and  fourth  quadrants  the  values  arc  the  same  as  for  the  first 


and  second. 


And  the  secant,  while  the  arc  increases  from  0 to  — , increases  from  radius  to  a value  greater 


than  any  assignable;  it  then  becomes  negative,  and  diminishes  from  a value  indefinitely  great  to  radius, 
which  it  reaches  when  the  arc  = v ; for  the  third  and  fourth  quadrants  its  values  are  the  same  as  for  the  first 
and  second,  with  the  sign  changed. 

(11.)  If  the  arc,  instead  of  being  = AH,  were  = AB  increased  by  any  number  of  whole  circumferences, 
the  values  of  the  several  trigonometrical  lines  would  be  the  same  as  those  for  the  arc  A B. 

(12.)  Hie  definitions  of  the  complement  and  supplement,  without  some  extension,  will  not  apply  to  arcs 
greater  than  90°  or  180®  respectively.  It  is  only  necessary  to  consider  the  defect  of  the  arc  from  90°  or  180° 
as  being  negative  when  the  arc  is  greater  than  either  of  those  values;  and  all  the  theorems  relating  to  these 
defects  will  be  comprehended  under  the  same  formula. 

(13.)  Since  we  have  considered  positive  arcs  as  measured  from  A towards  F,  we  may  consider  negative 
arcs  as  measured  in  the  opposite  direction.  Let  A B,  A B'  (fig.  3)  be  equal  arcs  positive  and  negative;  their 
sines  B D,  B'D  will  evidently  he  in  the  same  straight  line  ; A E'=  A E,  F G'=  FG,  C E'rr  CE,  C G/=r  C G. 
Hence  for  a negative  arc,  the  cosine,  versed  sine,  and  secant,  are  the  same  as  those  for  an  equal  positive  arc ; 
the  sine,  tangent,  cotangent,  and  cosecant,  are  equal  in  respect  of  magnitude,  but  arc  affected  with  different 
signs.  Our  figure  supposes  A B less  than  a quadrant,  but  it  will  be  seen  that  the  same  ib  true  if  A B he 
greater  than  a quadrant.  * 

(14.)  The  whole  of  what  we  have  assumed  with  regard  to  the  signs  to  be  affixed  to  the  expressions  for 
lines  according  to  their  directions,  is  purely  arbitrary.  Its  utility  is  this:  a single  formula,  as  we  shall  show 
by  induction,  will  now  comprehend  several  cases  for  which  as  many  separate  formula:  would  otherwise  have 
been  necessary.  This,  we  conceive,  is  in  all  cases  the  true  foundation  for  the  use  of  the  negative  sign. 


Fi*  3. 


SECTION  II. 

Relations  of  Trigonometrical  Li  net. 

(1ft.)  In  the  succeeding  articles  we  shall  use  the  abbreviations  Sin,  Cos,  Tan,  Sec,  Cot,  Cosec,  Vers,  to  denote 
tlie  sine,  cosine,  Ac.  to  the  radius  r;  and  sin,  cos,  Ac.  to  denote  them  supposing  the  radius  = 1. 

(16.)  If  C K I<  be  drawn  perpendicular  to  A B,  (fig.  1,)  A K = KB,  the  angle  A ('  K = H C K.  and  the 

arc  A L = B L,  therefore  AB=  2 . A K.  But  A K is  evidently  the  sine  of  A L,  or  £ A B.  And  the  straight 

line  A B is  the  chord  of  the  arc  A B.  Hence  Chord  A B = 2 . Sin  — , and  chord  A B = 2 sin 

2 2 

(17.)  A D — A C — CD,  or  Vers  AB  = r-  Cos  A B,  and  therefore  vers  AB  = 1 - cos  A B.  By  the  con- 
vention established  with  regard  to  signs  it  will  be  found,  that  this  equation  applies  to  arcs  terminated  in  all 
quadrants  of  the  circle. 


* The  urul  it  tegeme,  beckiue  it  it  not  measured  front  the  centre  in  the  direction  of  the  radius  through  the  extremity  of  the  art,  but 
to  the  opposite  direction 
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(IB.)  By  similar  triangles,  (Geometry,  book  iv.  prop.  80,)  AE: 
sin  A B 


DB  x CA 
CD 


, or  Tan  A B = 


r.SinAB  Sort.  If. 


Cos  A B 


and  tan  A B = 


cos  A B * 


-n  .•  t CDxCF  r.  Cos  A B . „ cos  A B 

(19.)  By  similar  triangles,  FG  = — , or  Cot  AB  = r — — -rr-,  and  cot  A B = -- — — — . 

D B hin  A B sin  A B 

(20.)  Multiplying  together  these  expressions,  Tan  A B x Cot  A B = r*,  and  tan  A B cot  AB  ^ 1. 

(21.)  By  similar  triangles,  CE  = - -7*  ^ **  , or  Sec  AB  = ;r a«d  sec  A B =:  - . 

C D Cos  A B co*  A B 

C F v C B r*  I 

(22.)  By  similar  triangles,  C G rr — — , or  Cosec  A B = — — — — , and  cosec  AB  = — ; — — . . 

3 8 DB  Sin  A B sin  A B 


(23.)  Suppose  H B'  = A B ; then  A B',  or  ISO®  — H B',  is  the  supplement  of  A B.  And  B'D*  = B D, 
CD's?  CD,  AE'  = A E,  C E'  = C E,  F G ' = F G,  C G'  = C G,  A D =?  H D'.  Hence  the  sine  and  cosecant 
of  any  arc  are  the  same  as  those  of  its  supplement ; the  cosine,  tangent,  cotangent,  and  secant,  are  equal  in 
magnitude,  with  different  signs  ; and  the  versed  sine  of  one  is  the  suversed  sine  of  the  other. 

(24.)  If  A b = F B,  and  bd,  C eg,  be  drawn  as  before,  it  is  plain  that  bd  — C D,  Cd  = BD,  Ae  = FG, 
F g ss  A E,  C e =?  C G,  C g = C E.  But  b d,  C d,  A e,  F g,  C e,  C g,  arc  the  sine,  cosine,  tangent,  cotangent, 
secant,  and  cosecant  of  A b or  B F ; and  B F is  the  complement  of  A B.  Hence  the  sine,  cosine,  tangent, 
cotangent,  secant,  and  cosecant,  of  the  complement  of  an  arc,  are  respectively  equal  to  the  cosine,  sine,  cotan- 
gent, tangent,  cosecant,  and  secant  of  the  arc. 

(25.)  All  these  theorems  have  been  proved  for  arcs  less  than  a quadrant.  If,  however,  we  make  use  of  the 
convention  established  with  regard  to  signs,  it  will  be  found  that  they  apply  to  every  case.  For  example,  when 
the  urc,  as  A F H B",  fig.  2,  is  greater  than  three  quadrants  and  less  than  four,  the  sine  is  negative,  the  cosine  is 

positive;  therefore  the  tangent  — ■ (18)  ought  by  the  formula  to  be  negative;  which  from  the  figure  it 


appears  to  be.  The  magnitude  is  determined  by  the  same  proportion  as  before,  and  cannot  be  erroneous.  The 
secant  ss  — \ — (21)  ought  to  be  positive;  and  the  cosecant  = -r—  (19)  ought  to  be  negative  ; as  they  are  found 


to  be.  The  same,  it  will  be  found,  is  true  for  every  other  case. 

(26.)  By  similar  triangles,  the  following  proportions  will  easily  be  verified.  Radius:  Sin  A B SecAB: 


m . _ , „ , _ r.TanAB  , . , „ tan  A B 

Tan  A B ; therefore  Sin  A B ss  — and  sin  A B =r — — . 

SecAB  secAB 


Radius  : Cos  A B I Cosec  AB||  Cot  A B ; 


therefore  Cos  A B — 


r.  Cot  A B 
Cosec  A B* 


and  cos  A B 


col  A B 
cosec  A B’ 


F*.4. 


(27.)  Since  (Sec  A B)a  = r4  -f  (Tan  A B)1,  (Geometry,  book  iv.  prop.  13,)  or  sec4  A B = 1 -f-  tan*  A B.  and 

tan  A B 


cosec1  A B = 1 -f-  col4  A B,  wc  may  thus  express  these  values ; sin  A B rr 


Vl  -f  tan*  A B : 


s'w^AB  - 1 
sec  AB 


cos  AB  = 
cos  AB? 


cot  A B 

V I 4.  cot*  A B 

1 


v'coscc*  A B — 1 
cosec  A B 


And  the  equations  of  (21)  and  (22)  may  be  thus  expressed ; 


, sin  A 11  = 


^1  + tan’AB’  .Ji^-eo^A  B' 

(28.)  In  the  same  way,  observing  that  sin*  A B -f  cos*  AB?  1,  we  find  from  (16)  and  (19),  tan  AB 

sin  A B V'  1 — cos*  A B . _ cos  A B •v'  1 — sW  A B 

r~— — — ; cot  A B = *=  — — . 

v 1 - sin*  A B cos  A B v 1 - cos*  A B sin  A B 


These  are  the 


principal  formulae  of  the  relations  of  trigonometrical  lines  belonging  to  one  arc. 

(29.)  We  proceed  to  one  of  the  most  important  propositions  of  Trigonometry.  To  find  the  sine  and  cosine  of 
the  sum  and  difference  of  two  arcs  in  terms  of  the  sine  and  cosine  of  the  simple  arcs.  Let  A B,  fig.  4,  be  the 
longer  arc  rA;BE  = BF=B;  then  A E = A + B,  A Fr  A - B.  Draw  EG,  F G,  perpendicular  to 
C B.  which  will  meet  at  G and  be  in  the  same  straight  line,  and  will  be  equal ; also  draw  B D,  E H,  F K,  G L, 
perpendicular  to  A C,  and  G M,  F N,  perpendicular  to  E H,  G L.  Then  EH  or  G L -f*  E M ??  sin  A 4-  B ; 

F K or  G L — GN  = sin  A - B ; CH  or  C L - G M = cos  A-f  B;  C K or  C L + F N=  cos  A^B.  Now 
the  angle  E G M = &0  - MGC  = CUL  = CBD;  also  E M G and  C I)  B are  right  angles,  therefore  the 
triangles  E G M,  BCD,  are  similar,  and  C B : CD  !!  E G : E M,  or  Radius  : Cos  A l * Sin  B : E M 

_Co»A.SinB_ON  And  CB:  B D: : EG  :Q  M,  or  Radius : Sin  A: ; 8in  B : G M =S"*  * 8 — F N.  Also 
r ' 
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Trtgono- 


CosA.CosB 


and  CB:CD;;  CG  : CL  = CDC0  Rs“  " , 

* * I, — Krliticxn  of 

C 3 Trig o»o. 


Substituting  these  values  Sin  A -f-  B =1  ^ « Cos  B -f-  Cos  A . Sin  B _ g.^  — — g 

Sin  A.  CosB— Cos  A.  Sin  Co9^pg  _ Cos  A . Cos  B - Sin  A . Sin  B 


inetri(4l 

Lines. 


Cos  A — B 


Cos  A . Cos  B -f"  Sin  A . Sin  B 


Or,  if  the  radius  be  the  unit  of  measure, 
sin  A + B = sinA.cosB-f  cosA.sinB;  sin  A — B = sin  A . cos  B -cosA.sinB; 

cos  A-f-B  — cos  A. cos  B - sin  A.  sin  B;  cos  A - B = cos  A . cosB  + sin  A.  sin  B. 

(3°  ) It  is  here  supposed  U»t  A is  greater  than  B,  and  that  A is  less  than  90\  If  these  conditions  should 
not  hold,  it  would  still  be  found  that,  by  virtue  of  our  conventions  wilh  regard  to  the  signs  of  arcs  and  straight 
lines,  the  same  formula;  would  apply.  We  shall  leave  it  to  the  reader  to  examine  in  this  manner  every  distinct 
case,  and  shall,  merely  as  an  example,  suppose  A greater  than  180°,  B greater  than  90 Let  A F*  B' 
— A ; B'  E'  = B'  F"  — B.  Mabe  the  same  construction  in  every  respect  as  before  ; then  E'  IF  — K'  M'  — G'  I,' 

CD'.E'G'  B'D'.CG'  „ . 

= — CB' C B ~ * But’  ^ <7)  “nd  ^9)-  "n“  A f* B' E'  = A + B,  E H'  is  = _ SinT+T#  , 

CD  = — Cos  A;EQ  = Sin  B ; B D/=  Slu  A;  C tF  = — Cos  B ; thus  the  equation  becomes  — Sin  A + B 

— CosA.Sin  B — SinA.CosB  n Sin  A. CosB  -f  CosA.  Sin  B 

~ r .orsmA  + u — r the  same  as  for  arcs  less  than  90° 

And  the  same  will  be  found  to  be  true  for  every  different  case. 

(SI.)  From  these  expressions,  sin  A 4-  B -+■  sin  A — B = 2 sin  A . cos  B, 

sin  A -j-  B — sin  A — B =:  2 cos  A . sin  B, 

cos  A + B + cos  A — B = 2 cos  A . cos  B, 

cos  A — B — cos  A + B = 2 sin  A . sin  B. 

(34.)  Let  A + B = C ; A-  B = D ; then  sin  C + sin  D = 2 sin  £±P  c0„C  ~ D 

* ■ a • 

sin  C — sin  D = 2 cos  PiP  , ~ ^ 

2 2 ' 

cos  C -f-  cos  D =:  2 cos 

2 2 ‘ 

cos  D — cos  C sj  2 sin  sjn£jlP 

2 2 ‘ 

(33.)  Let  B r=  A ; then  sin  2 A=  2 sin  A cos  A ; sr.d  cos 2 A = cos«A  — sin*  A = 1—2  sin*  A = 2 cos*  A- 1 

n . . /l—  cos  2 A / versin  2 A . / 1 cos  2 A 

From  these,  sin \ = y/ = v/ ^ ; cos  A = v/  - . 


in  these  values  we 


put 


^ 1 — sin*  2 A for  cos  2 A, 


= l('>,l  + sin2A4-  J l — sin  2 A). 


,sinA  = V^-^-"n**A  = i(YI 


+ sin  2 A - ■/  1 - sin  2 A)  ; cos  A 


,onl  . .a  .a  a cos  A sin  A cos*  A + sin*  A ) 9 a 

(34.)  Again,  cot  A 4-  tan  A h =r  — * * _ 2 

sinA  cosA  sinAcosA  sinAcosA  2 sin  A cos  A ~ HhTaA 


= 2 cosec  2 A.  Similarly,  cot  A — tan  A = 


cos*  A — sin*  A 2 cos  2 A 


sin  A cor  A 


sin  2 A 


= 2 col  2 A. 


(35.)  Since  sin  A — 


. — cos  2 A 


t and  cos  A 


— ^ 1 -f-  cor  % 


2 A 


we  have  tan  A ssr 


/ 1 - cos  2 A 
**  l 4-  cos  2 A’ 


sin  A 
cosA 


Hence  cos  2 A = 


1 — tan*  A 
1 -f-  tan*  A 
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(36.)  Since  sin  A = — — . and  co*  A — — ■. 

^l-fUn’A  ♦'l+Un'A 

- _?  ton  A 

1 -f-  tan*  A* 

(37.)  I"CP,,A 


(27,)  sin  2 A = 9 sin  A cos  A 


sin  2 A 


2 sin*  A 
2 sin  A cos  A 


sin  A 


= (an  A.  Similarly, 


sin  2 A 


= UnA. 


(38.)  From  (31,)  sin  A +•  B =?  2 sin  A .cos  B — sin  A 
2 sin  n B . cos  B — sin  n — IB.  Making  n successively  = 2,  3,  &c.t  we  form  the  following  table : 


1 + cos  2 A- 
B.  Let  A =r  n B ; then  sin  n 4-  1 B = 


sin  B = sin  B, 

sin  2 B = 2 sin  B cos  B, 

sin  3 B = 3 sin  B — 4 sin5  B, 

sin  4 B = (4  sin  B — 8 sin*  B)  cos  B, 

sin  5 B = 5 sin  B — 20  sin5  B + 16  sin*  B, 


&c.  &c. 

Again,  from  (31,)  co*  A + B = 2 cos  A . cos B — co*  A — B.  Let  A=nB,  therefore  cos  n -f- 1 B =r 

2 cos  n B . cos  B — cos  n — 1 B.  Making  n successively  = 2, 3,  &c. 
co*  B s cos  B, 
cos  2 B = 2 cos1  B — 1 , 
cos  3 B = 4 cos5  B — 3 cos  B, 
cos  4 B = B cos4  B — B cos*  B+l, 
cos  5 B = 16  cos*  B — 20  cos*  B -+  5 cos  B, 

&c.  Ac. 

(39.)  sin  A + B . sin  A — B,  by  (31,)  (putting  A + B for  A,  and  A — B for  B)  = ■$  (cos  2 B — cos  2 A) 
= ( 1 — 2 sin*  B — 1 + 2 sin*  A) ; by  (33.)  = sin*  A — sin*  B,  or  = co**  B — co**  A.  And  cos  A -f-  B . cos  A — B 

= s (cos  2 B + cos  2 A)  = £ (1  — 2 sin*  B + 2 cos*  A — 1)  = cos*  A — sin’  B,  or  = cos*  B — sin*  A. 

#,A.  sin  A 4- B sin  A cos  B -f-  cos  A . sin  B tan  A 4-  tan  B cot  B 4-  cot  A 

(40.) = = , or  = ; and  similarly, 

sin  A — B sin  A cos  B — cos  A . ain  B tan  A — (an  B cot  B — cot  A 


cos  A 4*  B cot  B — tan  A cot  A — tan  B 
— - , or  = - 


cos  A — B cot  B + tan  A 


cot  A + Un  B 


(41.) 


0 . A + B A-B 
. . ..  2 sin  ■ — : — cos  — - — 

sin  A 4-  sin  B 2 2 


A+B 


„ A+B  A-B 

_ 2 cos  — - — cos  — - — 

cos  B + cos  A 2 2 


sin  A — sin  B . A + B.  A — H ' 
2 cos  — x — sin 


A — B * cos  B — cos  A 


. A + B . A-B 
2 un  — j—  mn  — j- 


A+B  A-B 

l— 2-  -co‘  — 


....  . , _ sin  A , sin  B sin  A cos  B + cos  A sin  B sin  A 4-  B „ 

(42.)  tan  A + Un  B = 4 es K = r =.  Similarly,  tan  A - tan  B 

cos  A cos  B cos  A . cos  B — a — ■ n 


cos  A .cos  B 


sin  A — B . , _ sin  A+B  „ . sin  A — B 

- ; cot  A + cot  B = — ; — - — — D ; cot  B — cot  A = -~ 


cos  A . cos  B ’ 


sin  A . sinB  ’ 


’ sin  A . sin  B 


sin  A + B 
cos  A + B 

; which,  dividing  the  numerator  and  denominator  by  cos  A . cos  B,  and 

, , sin  A . . : — — tan  A + tan  B t — =r  tan  A — tan  B 

observing  that = Un  A,  gives  tan  A + B = t - — - — =..  Similarly,  Un  A — B = ,—7- — — . 

cos  A 1 — tan  A.  tan  13  J 1 -f-tanA.tanB 

_ . . „ . 2 tan  A 

If  B = A,  tan  2 A = • 


(43.)  To  find  an  expression  for  the  tangent  of  the  sum  or  difference  of  two  arcs : Un  A + B = 

sin  A . cos  B + cos  A . sin  B 
” cos  A . cos  B — sin  A . ain  B 
^ sin  A 
cos  A 


1 — tan*  A 


(44.)  Hence,  un  A + B + C = h"A  + °+l-C  _ Un  A + Un  B + tan  C - Un  A . Un  B . Un  C [f 
1—  UnA  +-  B.  UnC  1 — UnA . Un  B — Un  A.Un  C — (an  B . Un  C 

C = B = A,  tan  3 A = l — 3 tan*  A ' H C = iian  A.  +-  H -f-  0 = 0*  (.10  :)  hence  in  that  case 

we  have  this  remarkable  equation,  tan  A + tan  B -+  Un  C =:  tan  A . tan  B tan  C. 
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Tri*or»-  (45.)  These  arc  the  most  important  relations  that  subsist  generally  between  different  arcs.  As  there  are  some  Sect.  II. 
which  depend  upon  the  numerical  expression  lor  the  lines  belonging  to  particular  arcs,  we  shall  proceed  to  B*)*0on* 
investigate  their  values.  metrical 

(46.)  Let  BCD,  fig.  5,  be  half  a right  angle,  or  A B = 45*  = — ; therefore  the  angle  CBD  = half  a right . -> 

w v r v 1 5* 

amrle  =:  BCD,  therefore  B D = C D,  therefore  1 = sin*  — -4-  cos*  = 2 sin*  — , therefore  sin  =r  — — 

6 4 4 4 4 v'  2 


= cos  ; tan  j =1  = cot  ^ j «c^  = •/  2 = cosoc 


(17.)  Let  AE  = 60°  = — ; then,  since  the  sum  of  the  three  angles  of  the  triangle  ACE  = two  right  angles 
= 180°,  the  sum  of  those  at  A and  E = 120° ; and  as  they  arc  equal  each  = 60®  ss  — ; therefore  the  triangle 


is  equilateral,  and  CF  = A F.  Hence  cos  — =r  — ; sin  — - — \ f 1 — JL  =LJL-  (an  Z = v'  3. 

Ox  o v 42  3 

jr  1 v ir  2 

cot  sec  — = 2;  cosec  -=  — . 

3 v 3 3 3 v 3 

(48.)  Let  AG  = 36°  = 2 X 19°;  then  the  complement  of  A G = 54*  = 3 x IS® ; therefore,  (24.) 
sin  2 X 18  =2  cos  3 x 18°.  or  2 . sin  18°  cos  18°=  4 cos*  18  — 3 cos  18°,  by  (38;)  or,  dividing  by  cos  18°, 
2 sin  18°  = 4 cos*  18°  — 3.  Let  sin  19°  = j;  therefore  2x=  1 — 4 x*,  from  the  solution  of  which 

equation  x or  sin  18°  = - *■  = coa 7r ; cos  36°  = 1 - 3 ain*  18° (83)  = = »in  54°. 

(49.)  From  these  value*,  gin  45°  + A = sin  45°  . cos  A + coa  45°  . sin  A = A ; cos  45°  -j-  A 

= cos 45° . cos  A — sin  45  . sinA  = —^-z  J tan  4o  + A - , _lan4y  .tunA  = 

similarly  = I ; from  which  tan  45°^f-  A — tan  45®  — A = — — = 2 tan  2 A,  (43.)  Also 

' 1-ftanA  + “ A 

sin  60°+- A — sin  60°  — A = 2 cos  60° . sin  A = rin  A.  And 

„ ^5  - 1 

sin  72°-f- A — sin  72°  — A = 2 cos  72® . sin  A = sin  A, 

- ^5  4- 1 

ain  36®  + A — sin  36°  — A az  2 cos  36° . sill  A = — — sin  A. 

Subtracting  the  upper  from  the  lower,  and  transposing 

sin  36°  +~  A -f-  sin  72°  — A = sin  A -f-  sin  36®  — A + sin  72° -f-  A. 

If  we  had  taken  cos  72°+- A -f  cos  72°  — A,  &c.,  wc  should  have  found 

cos  36°  -f-  A -f-  cos  36°  — A = cos  A -f-  cos  72®  +-  A +-  cos  72®  — A. 


tan  - = Y S; 


(50).  These  are  the  principal  formul®  of  the  Arithmetic  of  Sines.  Many  of  them  may  be  proved  geome- 
trically, but  we  have  preferred  the  algebraical  investigations,  as  less  cumbrous,  and  not  less  satisfactory. 

(51.)  The  values  of  the  trigonometrical  lines  which  have  occurred  in  these  theorems,  (the  numerical  calcula- 
tion of  which  we  shall  treat  of  hereafter.)  for  different  arcs,  have,  with  their  logarithms,  been  collected  in  tables. 
The  sines,  tangents.  &c.  themselves  are  very  seldom  used,  almost  all  calculations  being  now  conducted  by  means 
of  their  logarithms.  With  regard  to  these  it  is  necessary  to  observe,  that  the  sines  and  cosines  of  all  arcs,  and 
the  tangents  of  arcs  less  than  45°,  being  less  than  1,  their  logarithms  are  negative  ; the  use  of  which  would  be 
extremely  inconvenient.  To  avoid  this,  the  logarithms  of  the  tables  are  made  greater  by  10  than  the  real 
logarithms  of  the  numbers  ; which  it  is  always  necessary  to  keep  in  mind  in  using  the  tables.  For  instance. 


(using  1 for  the  true  logarithm,  and  L for  the  logarithm  of  the  tables,)  since  tan  A = - — therefore  I . tan  A 

cog  A 


rr  1 . rin  A— 1 . cos  A,  therefore  L . tan  A — 10  =Lsin  A— 10  — L cos  A +10,  or  Lton  A = Lain  A — Lcos  A -f  10. 
The  natural  sines,  &c.  are  usually  given  to  radius  10000,  but  upon  removing  the  decimal  point  four  places  to 
the  left  they  are  adapted  to  radius  1. 

(52.)  In  all  expressions  involving  the  length  of  an  arc,  deduced  from  operations  by  the  differential  calculus, 
or  from  scries  in  terms  of  the  sines,  &c.,  radius  is  supposed  to  be  the  unit  of  measure.  To  obtain  the  number 
of  seconds,  we  must  divide  the  length  by  0,000004848137  ; or  add  to  its  logarithm  5,3144251  to  find  the 
logarithm  of  the  number  of  seconds. 

vol.  t.  4 T 
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SECTION  III. 

V 

On  the  we  of  Subsidiary  Angles. 

(53.)  The  possession  of  trigonometrical  tables,  ready  calculated,  frequently  enables  us  to  shorten  very  much 
numerical  calculations  which  have  no  relation  whatever  to  Trigonometry.  The  angles  which  are  used  in  this 
process,  being  employed  simply  to  expedite  a calculation,  are  called  Subndiary  Angla.  Their  use  will  be  heal 

elucidated  by  examples.  

(54.)  Suppose  it  is  wished  to  calculate  x — s/  a'  — and  suppose  that  the  logarithms  of  a and  4 have 

already  occurred  in  our  operations.  Here  r = o -J  1 2 ~ If  “ "tre  lhe  sin*  of  “ “Sle  9'  * wouM 

lie  a X cos  0.  Determine  0 therefore  by  the  condition  — = sin  8.  or  L sin  8 = log  4 + 10  - log  a (51.) 
and  having  found  8 in  the  tables,  x will  be  fouud  from  the  expression  log  s = log  a + L cos  0 - 10. 

(55.)  It  is  required  to  calculate  the  expression  X — O coa  0+5  sin  0.  If  we  make  y = tan  0,  this  can 

be  put  under  the  form  4 (tan  0 . cos  0 + sin  0)  = -^-0-  («in  « cos  0 + cos  0 sin  0)  = . 

Determine  0 by  the  equation  L tan  8=  logo + 10-  log  4,  and  then  log  x=  log  4 + Lsin  8 + 0-1.  cos  B, 

or  = log  4 + L sin  8 + 0 + I.  sec  8 — 20. 

(56.)  It  is  required  to  find  the  logarithm  of  a + 4,  the  logarithms  of  a and  4 being  known.  If  a and  4 are 
or  such  a nature  that  both  are  in  all  cases  positive,  « + 4 ^ a (^1  + — ^;  make  = tan,  lhen  a 

+ = a sec*  8.  In  logarithms,  2 L tan  8 = log4  + 20-logo;  log  required  = log  a + 21.  sec  8 -20 

If.  however,  a and  4 may  be  sometimes  positive  and  sometimes  negative,  the  following  method  must  lie  uced : 
a + 4 = ■v'lT  “ = s/T.  (0  008  45° + 4 sin  45°).  Let  £ = tan  6,  or L tan  8 = log  a + 10  - log  4; 

then  a"+"4  = v^T.  4 . (tan  8 . cos  45°  + si,.  45°)  = (sin  8 . cos  45°+  cos  8 sin  45°)  = 

sin  8+Tb°. and  lofa~+b  = .1505150  + log4  + L sin  8 + 45°  - L cos  8. 

(57.)  In  Physical  Astronomy  the  following  expression  occurs  : P=(l  +«')•(>  + e")  ■ O + «'  1 • &c.,  w here 

1 - -J  1 + e*  l + Vl-8 

1 — J 1 — e*  1 — cos  8 8 

Let  e = sin  8,  ^ I -e*  = cos  8,  — —r==^  — 1 + cos  8 — 2’ 

1 + / = sec’  Similariy.  making  o'  or  tan’  y = sin  O'.  1 + e"  = sec-  ^ , Ac.  Hence,  log  P = 

2 (L  sec  — + L sec  — + Ac.  — 10  — 10  — Ac.)  This  compulation  would  be  almost  impracticable  in  any 
other  way. 

(5B.)  The  roots  of  the  quadratic  t’-px  - 7 = 0.  being 


i ± \/t  + * or  \fr.±y/ S + 1J’ 


are  q . (cot  8 ± cosec  8)  s=  Jq  . 


/ V a / * V 

=r  by  (37)  — v 7 . tan  - and  v q . cot  — . 


of  x*  px  + ? = 0,  being  | (l  ± y4-h).  let  ~ 8,  and  the  roots 


■ (1  ± cos  8)  = p cos’  - and  p sin’  - . 
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TnpMu>'  (59.)  The  possible  root  of  the  cubic  - r = U is 

weuy. 


=v/f  (Vys+  yff7,> 


Sect  IV. 

Plane 
TrigciiMi- 
metry . 


27  r® 

Lei  — - — — = cosec*  0,  the  root 
4 f 


Let  ton  “ = ton  & the  root  = \/  Jr  (cot  0 + tan  0)  = . coscc  2 0.  If  ^ 1*  p-eater  limn 

— , let  x be  assumed  = a cos  0,  or  — = cos  0;  then  cos  3 0 = , by  (38,)  or  Xs  — x — 

4 a a*  a 4 

cos  3 0 — 0;  making  this  coincide  with  the  given  equation,  = g,  •—  cos  3 0 = r,  which  determine 
4 4 4 

a and  0 ; and  a cos  0,  or  x,  is  then  immediately  fouud.  The  equation  will  also  be  satisfied  by  making  x = a 

i K 4 x 3 <i®  ... .—  — i.  . i . (p 

cos  0 4.  ___  t or  x = a . cos  0 -4-  for  these  give  x3  — x equal  to  — cos  3 0 + 2 *r  and  — cos 



3 0 + 4 which  by  (11)  are  each  equal  to  — cos  3 0. 


SECTION  IV. 

Plane  Trigonometry . 

(30.)  A TaiANOLE  consists  of  si*  ports,  m.  three  sides  and  three  angles;  and  if  any  three  of  these  be 
given,  the  triangle  is  completely  defined.  The  case  must  be  excepted  in  which  the  three  angles  are  given ; 
as  then  the  proportion  only  of  the  sides  can  be  found,  the  absolute  magnitudes  remaining  unknown.  To 
determine  in  number  the  value*  of  three  parts  from  those  of  three  given  parts,  is  the  special  object  of 
Plane  Trigonometry'. 

(61.)  Suppose  the  triangle  right-angled,  let  a and  b be  the  sides  containing  the  right  angle,  e the  third  side, 

A,  B,  C the  angles  opposite,  (fig.  6.)  If  the  hypothennsc  and  the  angle  B be  given,  describe  a circle  D E fig.  a. 
to  radius  1 ; draw  DF  and  EG  perpendicular  to  BC ; then  D F is  sin  B,  BF  is  cos  B,  E G is  tun  B.  And 
AB:BC::DB:BF,  ore:a::I:  cos  B,  therefore  a = c cos  B.  Also  A B : A C : : D B : D F,  or  e : 6 : ; 

1 : sin  B,  therefore  6 = c sin  B.  And  the  angle  A =r  — B. 

(62.)  If  a and  B be  given,  BC  :CA  ::  BE  : EG,  or  a : b : : 1 : tan  B,  therefore  b = a tan  B.  And 

6 

BC  ; B A : : B E : B O,  or  a : c : : 1 : sec  B,  therefore  c = a sec  B.  If  6 and  B be  given,  a = = b 

ton  B 

col  B ; c = — — — = 6 cosec  B. 
sin  B 

(63.)  If  a and  e be  given,  6 = vfcJ  — a*,  cos  B = — = sin  A.  If  a and  b be  given,  c = a*  + 6®, 

tan  B = — = cot  A. 
a 

(64.)  Now,  suppose  the  triangle  to  be  any  whatever,  we  shall  first  prove  this  general  proposition  : The  sides 
of  a triangle  arc  in  the  same  proportion  as  the  sines  of  the  angles  opposite.  In  fig.  7 and  8 draw  RD  a Fig.  7, 8. 
perpendicular  from  B on  AC,  or  AC  produced;  then  B D = A B sin  A,  (61,)  and  B D also  = C B . sin 
B C A,  whether  B C A he  greater  or  less  than  90°,  (23 ;)  therefore  AB.ginA  = C B . sin  B C A,  or  A B : C B 
: : sin  B C A : sin  B A C. 

(65.)  Suppose  the  three  sides  of  a triangle  given,  to  find  the  angles.  In  fig,  7,  B A*  = B C*  -f-  CA1- 

2 A C . C D,  (Geometry,  book  iv.  prop.  16  ;)  in  fig.  8,  B A1  = B C1  -f  C A*  + 2 A C . C D,  (Geometry, 
book  iv.  prop,  lb.)  Now  in  the  former  case,  by" (61,)  CD  = BC  . cos  C;  in  the'  latter,  C D = B C . cos 
rr  — C = -BC  cos  C,  (23  ;)  therefore,  generally,  A B*=  BC^CA1— 2AC.BC  . cos  C,  or  c*  = a*  -f- 

4 t 2 
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'■urtrv?  b*  — 2 a 6 . cos  C.  Hence  cos  C = — This  formula  is  very  incouvenicnt  for  logarithmic  com-  8pu^J 
"~V~ ' puution,  H!Sr 

(66.)  1 “r  cos  C,  or  2 cos*  — (33)  '*’■ 


a + 61*  — c*  a-f-6-j-c.«  + 6 — c 


a + b -{•  c a 4-  6 + c 


Let  — = S,  therefore  cos*  = * — * Also  1 — cos  C,  or  2 sin*  (33)  = — ? — - — 

2 2 a 6 2 v 2 a 6 


c 4-  a — 6 . c — a + t.  S — • A . S «—  w , v w — « , u — n 

= — 1 — ; = 2 . — 7 ; therefore  sin*  — - = . Dividing  this  by 

2 a b a b 2 a b ° * 

the  last,  tan1  = ~rrrL=7— . Multiplying  the  product  of  sin*  — and  cos*  by  4,  since  sin  C = 

2 S . S — c 2 2 

C C , „ 4 . S.h -a.  S-6.S-C  ...  . , 

2 sin  — cos  — , (33,)  am*  C = ^ ^ . All  these  expressions,  but  more  particularly  the  second, 

are  very  convenient  for  the  application  of  logarithms.  If  two  or  three  angles  were  required,  the  formula  for 
£ 

tan1  — would  probably  be  most  convenient,  as  the  same  numbers  would  be  used  for  the  three  calculations ; 

or  when  one  angle  is  found,  the  theorem  of  (64)  may  be  applied. 

(67.)  From  the  last  expression  we  derive  the  formula  for  the  area  of  a triangle  in  terms  of  the  side*.  For 

the  area  = ^ (Geometry,  book  iv.  prop.  8)  as  ° - --*?  - = ^/s  ,S  — n.S-6.8  — c. 

(68.)  Suppose  now  two  sides  and  the  angle  they  contain  («,  b,  C)  to  be  given,  to  find  the  other  angles. 

A-f  B 

sin  A a , _ sin  A + sin  B a b . 2 a + b 

By  <61’>  -.Trsr  = ■ ,h"efore  = rr%< m <«•>  T — *— s = 


. r , . C S — 6 . 8 — a 
therefore  sin*  — — = 

2 a b 


sin  ti  b 


sin  A — sin  B a — b 


A-  B a — b‘ 


Now  A + B + C s r , therefore  A therefore,  by  (24,)  tan  as  cot  and  therefore 

tan  ^'2“*  = cot  When  the  logarithms  of  a and  b are  known,  the  operation  is  facilitated  thus. 

. a . . , a - b tan  0 — 1 tan  5 - tan  45°  — * . A - n 

Let  - = tan  0,  therefore  - = — = r-r— — 1Z0  = tan  6 - 45®,  and  tan  

6 a + 6 tan  0 + 1 1 + tan  0 . tan  4 jt  2 

= lau  0 — 45°.  cot  Or  thus,  if  6 be  less  than  a,  lei  — = cos0,  then  ; = -) — — - = tan*  — 

2 a a -f  6 1 + cos  0 2 

(35.)  and  tan  ““jP"  = Un*  * cot  *£"•  a,,t*  "~j""  being  known,  their  sum  gives  the  value  of  A, 

and  their  difference  that  of  B.  The  third  side  may  be  found  by  the  proportion  of  (64.) 

(69.)  Sometimes,  however,  it  is  desirable  to  find  the  third  Bide  without  finding  the  two  remaining  angle*. 
In  this  case,  by  (65,)  c*  = ax  + 6*  — 2 « 6 cos  C = «*  -f-  2 a 6 + 6"  — 2 a 6 (1  + cos  C)  = a-j-’J)* 

/ 1 — . 4 ° \ , cos*  Let  . - -ff  * cos*  *5-  = sin*  0 ; then  c — a + 6 . cos  0.  Or  c*  = a*  — 2 a b 

j (a  + by  2 j (a  -f  6)*  2 

-f*  6*  4-  2 a b (!  — cos  C)  =:  a 1 + * j*  *‘n,  lz  } * ^et  "i*1*  ^ = tan*  then  c = 

_____  c c c c c 

a - b . see  0,  Or,  since  cos  C = cos*  — — sin*  — — , by  (33,)  and  1 = cos*  — - *4-  sin*  — , c*  = a — 61  * . cos  — 

2 2 J 2 2 2 

. C s_  C/  + C\  , 0+6  C 

•f  a -f  6’*  . sm*  — = a — b * . cos*  — I 1 4-  ( j . tan*  — I;  let r tan  — - = tan  0,  then  c = a — b 

2 2 \ \a  — bs  2/  a — 6 2 

C 

. cos  . sec  0.  All  these  are  easily  calculated  by  logarithms. 

(70.)  If  two  sides  and  an  angle  opposite  one  of  them  (a,  6,  A)  be  given,  the  angle  B is  found  by  the  pro- 
portion a : b ; ; sin  A : sin  B,  (64 ;)  then  C = » — A — B,  and  a : c * sin  A : sin  C. 

(71.)  If  c,  A.  B be  given,  C = v — A — B ; and  the  three  angles  and  one  side  being  known,  the  other  rides 

are  easily  found  by  (64.) 
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(72.)  If  A,  B,  a be  given,  C = r — A — B,  and  b = 


a . sin  B 


a . »inC 


R«et.  V 

These  forms  comprehend  gpheikai 

Geometry. 


sin  A sin  A 

all  the  cases  of  Plane  Trigonometry.  _ 

(73.)  In  using  these  fortnule  we  must,  however,  observe,  that  we  shall  in  certain  cases  arrive  at  results,  the  v~ 
meaning  of  which  is  apparently  doubtful.  These  are  called  the  ambiguous  cases.  We  proceed  to  distinguish 
those  in  which  the  ambiguity  is  apparent,  from  those  in  which  it  is  real. 

(74.)  First,  then,  we  may  observe,  that  the  lengths  of  lines  determined  by  the  formuls  above,  since  they  are 
the  results  of  simple  multiplication  and  division,  and  are  not  given  by  the  solution  of  quadratic  equations  arc 
perfectly  free  from  ambiguity. 

(75.)  In  the  next  place,  un  angle  when  determined  by  the  value  of  its  cosine,  versed  sine,  tangent,  cotangent, 
or  secant,  is  not  ambiguous.  For  the  values  of  the  tangent  and  cotangent,  which  correspond  to  the  arc  A, 
correspond  also  to  the  arc  t + A (10)  and  to  no  smaller  arc ; the  values  of  the  cosine,  versed  sine,  aud  secant, 
belong  to  the  arc  2 *•  — A,  and  to  no  smaller  arc,  by  (9)  and  (10  ;)  and  these  being  greater  than  w,  or  180°, 
cannot  be  used  in  calculations  of  triangles. 

(76.)  But  if  an  angle  be  determined  by  the  value  of  its  sine  or  cosecant,  since  these  by  (23)  belong  cquftlty 
to  the  arc  A and  x — A,  both  of  which,  vrheu  the  sine  is  positive,  are  less  than  *\  the  value  of  the  arc  is  appa- 
rently doubtful.  We  will  examine  every  case  in  which  these  expressions  arc  found. 

(77.)  In  right-angled  triangles  the  angles  must  be  less  than  — , and  there  is  therefore  no  ambiguity.  When 

C C 

the  angle  C in  (66)  is  found  by  the  expression  for  sin  , since  C must  be  less  than  x,  ~ must  be  less  than 
and  there  is  no  ambiguity.  If  found  by  the  expression  for  sin  C,  it  must  be  observed  that  C is  greater  or 

less  than  — , according  as  c9  is  greater  or  less  than  a"  + 6*.  In  the  case  of  two  sides  and  an  angle  opposite 
one  being  given  (70,)  if  a be  greater  than  b,  there  is  no  umbiguily ; for  in  the  triangle  A C B (fig.  9)  the  angle  pig.  s. 
B must  be  less  than  A,  and  must  therefore  he  less  than  (as  if  A be  greater  than  sin  B being  less  than 

sin  A,  of  the  arcs  corresponding  to  it  one  is  less  than  , the  other  greater  than  A.)  But  if  a be  less  than 


b,  the  angle  A being  less  than 


; that  is,  whether  the  triangle  A C B or  A C B'  is  to  be  taken, 
a real  ambiguity. 


(fig.  10,)  there  is  nothing  to  determine  whether  B is  greater  or  less  than  Ffc*  ^ 
In  this  case,  then,  and  in  this  alone,  there  is 


SECTION  V. 
Spherical  Geometry. 


In  our  Paper  on  Geometry,  book  ix.  a comprehensive  Treatise  of  Spherical  Geometry  has  been  given.  A»  it  is 
necessary,  however,  for  our  present  purpose,  to  state  some  of  the  propositions  with  slight  alterations  and 
additions,  and  as  a small  number  only  are  wanted  here,  we  have  thought  it  best,  at  the  risk  of  some  repetition, 
to  premise  all  the  Geometrical  propositions  that  may  be  necessary. 

f78.)  A sphere  is  a solid  bounded  by  a surface  of  which  every  point  is  equally  distant  from  a point  within 
it,  called  the  centre.  A straight  line  drawn  from  the  centre  to  the  surface,  is  called  a radius ; if  produced  both 
ways  to  meet  the  surface,  it  is  u diameter. 

(79.)  Every  section  of  a sphere  by  a plane  is  a circle.  Let  AB  (fig.  11)  be  any  section  of  a sphere  made  hr  p,t.  u 
a plane ; from  the  centre  O draw  O C perpendicular  to  this  plane ; take  D,  K,  any  points  in  the  section,  and  join 
C U,  O D,  C K.  OK.  Since  O C is  perpendicular  to  the  plane,  it  is  perpendicular  to  every  line  which  meets  it  in 

the  plane ; therefore  O C D,  O C K are  right  angles,  and  CD  = ^OD,-OC,  CK=  v'cT  K*  — O C*.  But 
O R = O D,  therefore  C K - C D,  or  the  section  is  a circle  of  which  C is  the  centre 

(80.)  A great  circle  is  one  whose  plane  passes  through  the  centre  of  the  sphere ; a small  circle  is  one  whose 
plane  rloes  not  pass  through  the  centre.  Hence  a radius  of  a great  circle  is  a radius  of  the  sphere.  Two  circles 
are  suid  to  Ihj  parallel  when  their  planes  are  parallel. 

(81.)  A great  circle  may  be  drawn  through  any  two  poiuts  on  the  surface  of  a sphere,  but  not  generally 
through  more  than  two.  For  the  plane  of  a great  circle  must  also  pass  through  the  centre  of  the  sphere  ; and  a 
plane  may  be  made  to  pass  through  any  three  given  point*,  but  not  generally  more  than  three,  (Geometry, 
book  vi.  prop.  2,  cor,  1.)  A small  circle  maybe  drawn  through  any  three  given  points. 

(82.)  Two  great  circles  bisect  each  other.  For  the  intersection  of  their  planes,  being  a straight  line  passing 
through  the  centre,  is  a diameter  of  the  sphere,  and  is  therefore  a diameter  of  both  circles ; and  the  circles  are 
th<  refore  bisected. 
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(83.)  The  indination  of  two  (Treat  circles,  is  the  ancle  made  by  their  tangents  at  the  point  of  intersection.  S«ci.  V. 
Since  each  of  these  tangents  is  perpendicular  to  the  radius  in  which  the  planes  of  the  circles  intersect,  the  same 
angle  measures  the  inclination  of  the  planes  of  the  circles,  (Geometry,  book  vi.  def.  4.) 

(84.)  If  through  the  centre  of  a circle,  whether  great  or  small,  a straight  line  be  drawn  perpendicular  to  its  v 
plane,  the  point  in  which,  if  produced,  it  meets  the  surface  of  the  sphere,  is  called  the  pole  of  that  circle.  Thus, 
in  fig.  11,  FCE  being  perpendicular  to  the  plane  of  AB  D,  and  passing  through  its  centre  C,  E and  F are  the 
poles  of  A DB.  From  the  demonstration  of  (79)  it  is  evident,  that  this  line  will  always  pass  through  the  centre 
of  the  sphere.  In  a small  circle  the  term  pole  is  more  usually  applied  to  that  point  only,  as  E,  which  is  nearest 
to  the  circle. 

(85.)  If  a great  circle  be  made  to  pass  through  D and  E,  and  another  through  K and  E,  and  if  the  chords 
D E,  K E be  drawn ; then,  since  C D is  equal  to  C K.  and  C E is  common,  and  the  angle  ECD  = ECK,  both 
being  right  angles,  the  chord  E D is  equal  to  the  chord  E K,  and  the  arc  E D = arc  E K.  Hence  the  pole  of 
a circle  is  equally  distant  from  every  point  of  that  circle;  the  distances  being  meusured  by  arcs  of  great  circles. 

(86.)  If  E be  the  pole  of  the  great  circle  G II,  since  the  centre  of  this  circle  is  the  same  with  the  eentre  of 
the  sphere,  E O G is  a right  angle,  and  EG  is  a quadrant.  The  distance,  therefore,  of  every  point  of  a great 
circle  from  its  pole  is  a quadrant  of  a great  circle.  Since  E O is  perpendicular  to  G O II,  the  plane  E O G is 
perpendicular  to  the  plane  GO  H,  and  the  angle  E G II  is  therefore,  by  (83.)  a right  angle.  And  the  tangent 
of  G M at  G is  perpendicular  to  the  tangent  of  G E ; and  it  is  also  perpendicular  to  G O,  therefore  it  is 
perpendicular  to  the  plane  K O G,  (Geometry,  book  vi.  prop.  4 ;)  so  also  is  the  tangent  of  D B at  D.  which  is 
parallel  to  it,  (Geometry,  book  vi.  prop.  7 ;)  therefore  the  tangent  of  D B at  D is  perpendicular  to  the 
tangent  of  I)  E. 

(87.)  The  inclination  of  E G,  E H,  which  is  measured  by  the  inclination  of  the  tangents  at  G and  H, 
since  these  tangents  arc  parallel  to  O G and  O H respectively,  is  also  measured  by  the  angle  G O II,  or  the 
arc  G H. 

(88.)  Since  a line  which  is  perpendicular  to  two  lines  meeting  it  in  a plane  is  perpendicular  to  that 
plane,  if  a point  E can  he  found  such  that  its  distance,  measured  by  a great  circle,  from  each  of  two 
points  G and  II  not  in  the  same  diameter,  is  a quadrant,  that  point  is  the  pole  of  the  great  circle  passing 
through  G and  11. 

(89.)  If  in  a plane  perpendicular  to  another  plane  a line  be  drawn  at  right  angles  to  their  common  inter- 
section, it  will  be  perpendicular  to  the  second  plane,  (Geometrv,  book  vi.  prop.  17.)  Hence,  if  G E be 
drawn,  so  that  E G 11  is  a right  angle,  and  UK  be  made  = a quadrant,  E will  be  the  pole  of  the  circle 
L G M. 

(90.)  If  D K be  a small  circle  parallel  to  G H,  the  line  O C is  perpendicular  to  both  their  planes,  and 
therefore,  by  (84,)  E is  the  pole  of  both.  And  the  angle  D C K is  equal  to  the  angle  G O H.  Hence  D K,  the 
part  of  the  small  circle  A B intercepted  between  the  two  great  circles  E D G,  E K II,  passing  through  their  common 
pole  : H G,  the  part  of  the  great  circle  L M intercepted  in  the  same  manner  ::  OG  ; CD::  radius  : sin  E D. 

If  the  radius  of  the  sphere  = 1,  this  ratio  becomes  1 : sin  E D. 

(91.)  A wpheriral  triangle  is  a portion  of  the  surface  of  a sphere  contained  by  three  arcs  of  great  circles. 

(92.)  Any  two  sides  of  a spherical  triangle  taken  together  are  greater  than  the  third.  For  the  ares  A B,  B C, 

C A,  fig.  12,  being  arcs  of  circles  whose  radii  are  equal,  are  measures  of  the  angles  A O B,  B O C,  C O A,  at  the 
centre ; and  when  a solid  angle  is  formed  by  three  plane  angles,  any  two  of  these  taken  together  are  greater  than 
the  third,  (Geometry,  book  vi.  prop.  19;)  hence,  any  two  of  the  sides  A B,  BC,  CA,  taken  together,  are 
greater  than  the  third. 

(93.)  The  sum  of  the  three  angles  A O B,  B O C,  C O A,  is  less  than  four  right  angles,  (Geometry,  hook  vi. 
prop.  20  :)  and,  consequently,  the  sum  of  the  sides  A B,  B C,  C A.  is  less  than  a whole  circumference,  or  2 r. 

(94.)  The  surface  of  the  sphere  included  between  E G F,  E II  F,  fig.  1 1,  is  proportional  to  the  angle  II  E G. 

For  if  the  angle  II  EG  be  repeated  any  number  of  times,  it  is  quite  evident  that  the  area  will  be  repeated  as 
often,  and  therefore  the  whole  area  will  be  proportional  to  the  number  of  the  repetitions,  or  to  the  whole  angle. 

Hence  the  area  E II  F G E is  to  the  whole  surface  as  H E G is  to  four  right  angles,  or  2 Now  the  surface  of 
a sphere  whose  radius  is  r is  4 ir . r* ; hence  the  surfucc  E H F G E = 2 r*  x H E G. 

(95.)  Produce  all  the  sides  of  the  spherical  triangle  ABC,  fig.  12,  so  as  to  form  complete  circles ; let  D,  E,  F, 
be  the  points  of  their  intersections.  Now,  (82)  the  arc  AD  = semicircle  = C F,  therefore  A C = D F. 

Similarly,  AB=sDE,BC  = EF.  And  the  angle  at  A the  angle  at  D,  since  (83)  each  of  these  is  the  same 
as  the  inclination  of  the  planes  A B D,  A C D ; similarly,  the  angles  at  B and  C arc  equal  to  those  at  E and  F 
respectively.  Hence  the  triangle  A B C is  in  every  respect  similar  and  equal  to  D E F,  and  therefore  encloses 
an  equal  surface.  Similarly,  A F E = B D C,  B F D = A E C.  Let  the  area  of  ABCorDEF  = r;  that  of 
BDC  or  AFE-f  P;  that  of  AEG  or  B F D = Q ; that  of  A F B s=  R.  Then,  by  (94.)  since  x and  P 
together  make  up  the  space  included  by  A B D,  A C D,  we  have 

r + P = 2r*xA. 


Similarly, 


x + Q = 2 r*  x B, 
x+R  = 2i*xC. 


(A  being  taken  to  represent  the  arc  corresponding  to  the  angle  at  A,  to  radius  1.) 

Adding  them,  2i  + i + P-f-Q+R  = 2f»  x (A  + B-f  C).  But  x -f-  P-f-Q-f-R  = EDF  + AFE-f- 
BDF-f  B F A = area  defined  by  B D E A = surface  of  hemisphere  = 2 ir  . r*  therefore  2 x -f*  2 v i*  = 2r# 
(A  -f-  B 4"  C),  therefore  x = r*  (A  + B + C — w).  lfr=l,x  = A + B + C—  *r.  The  area  of  a spherical 
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Trifcono-  triangle,  therefore,  Is  proportional  to  the  excess  of  the  sum  of  its  angles  above  two  right  angles.  This  is  usually  3tc».  VI. 
roetrjr.  called  the  spherical  excess.  Spliem-*! 

(96.)  Suppose  great  circles  E F,  F D,  D E,  fig.  13,  to  be  described,  of  which  A,  B,  C are  respectively  the  poles ; *niru,,c’ 
they  will  intersect  in  points  D,  E,  F,  and  form  a spherical  triangle,  called  the  polar  or  supplemental  triangle.  m>tT- 
Now,  since  A is  the  pole  of  E F,  the  arc  joining  A and  Fis  a quadrant,  by  (86;)  since  B is  the  pole  of  DF,  the  |.C  13"*^ 
arc  joining  B and  F is  also  a quudrant ; hence  Fis  the  pole  of  A B,  (88.)  Similarly,  D and  E are  the  poles  of 
B C,  A C,  and  therefore  the  triangle  A B C is  the  polar  triangle  to  D E F. 

(97.)  Produce  the  sides  of  A B C,  if  necessary,  to  meet  the  sides  of  the  polar  triangle.  Now,  D being  the  pole 
of  K B C,  D K = quadrant ; similarly,  E II  = quadrant,  therefore  DE  = DK  + EH  — II  K - semicircle  — 

H K.  But  as  C H and  C K are  each  = a quadrant,  H K is  the  measure  of  the  angle  at  C,  by  (87  ;)  hence  the 
sides  of  the  polar  triangle  are  supplements  of  the  angles  of  the  original  triangle.  Similarly,  since  the  relation 
between  the  triangles  is  reciprocal,  the  angles  of  the  polar  triangle  are  supplements  of  the  sides  of  the  original 
triungle. 

(98.)  The  sum  of  the  sides  of  the  polar  triangle  and  the  angles  of  the  original  triangle  = 3 t.  Now.  the 
sides  of  the  polar  triangle  must  have  some  magnitude,  and  their  sum  (93)  is  less  than  2 x ; hence  the  sura  of  die 
angles  of  the  original  triangle  must  be  less  than  3 x,  and  greater  than  x. 

(99.)  A right-angled  spherical  triangle  is  a spherical  triangle  having  at  least  one  of  its  angles  a right  nngle. 

(100.)  If  we  describe  the  polar  triangle  corresponding  to  a right-angled  triangle,  one  at  least  of  its  sides  will 

= y,  (97.)  Tliis  is  called  a quadrantal  triangle. 

(101.)  Let  A B C bo  a triangle  right-angled  at  C,  fig.  14 ; produce  the  sides  A B,  C B,  to  D and  E,  making  14. 

AD  = CE  = — ; join  F D,  and  produce  it  to  meet  A C produced  in  F ; E B D is  called  the  complemen/al 

triangle.  Since  E C = -^-,  “d  ACE  is  a right  angle,  E is  the  pole  of  A C,  and  FA  = EF=-^>,by  (89) 
and  (86.)  And  because  A E = A D = A is  the  pole  of  E D,  and  AF  = Since  AF  and  A D each 

— Y"’  ^ f measures  the  angle  A,  (67.)  But  E D is  the  complement  of  D F,  therefore  E D is  the  complement 

of  A.  Similarly,  the  angle  E is  the  complement  of  A C.  And  the  side  B D is  evidently  the  complement  of 
the  hypothenuse  A B.  The  angle  A D E being  u right  nngle,  the  complcmental  triangleis  also  a right-angled 
triangle. 


SECTION  VI. 

Spherical  Trigonometry. 

(102.)  The  sines  of  the  sides  of  a spherical  triangle  are  proportional  to  the  sines  of  the  opposite  angles.  Let 
ABC,  fig.  15,  be  any  spherical  triangle  : from  C draw  C I)  perpendicular  on  the  plane  A O B.  meeting  it  in  D ; Tig  IS 
and  from  D draw  in  that  plane  D E,  D F perpendicular  to  A O,  B O,  and  join  C E,  C F,  D O.  Now,  C E#  = 
CD'-f-  DE'=  C O*  — O D‘  -f  D E®  (since  C D Vicing  perpendicular  to  the  plane  A O B is  perpendicular  to 
D E,  DO)  = C O1  — O E* ; therefore  the  angle  C E O is  a right  angle,  and  the  angle  C E D (83)  — A,  and 
C E is  the  sine  of  A C.  Hence  C D =r  C E . sin  C E D sin  A C . sin  A.  Similarly,  CDz  sin  C B . sin  B 
Hence  sin  C A . sin  A = sin  C B . sin  B,  or  sin  C A : sin  C B : : sin  B ; sin  A. 

(103.)  To  find  the  cosine  of  one  angle  of  a spherical  triangle  when  the  three  sides  are  given.  Let  A BC, 
fig.  16,  be  the  triangle  ; draw  C D,  C E.  tangents  to  C A,  C B,  and  O D,  O E secants  ; join  D E.  Then  (S3)  Fig.  10. 
the  angle  made  by  D C.  E C,  is  the  angle  C ; al*o,  the  angle  I)  O E is  measured  by  A B.  Now,  D E*  = I>  C* 

+ CP-2DC.CE  . cos  D C E,  (65,)  anil  DE,=  DO*  + OE*-2DO.  O E . cos  D O E.  Comparing 
these  values,  and  substituting  for  D C,  &c.,  tan*  A C -+•  tan*  BC  - 2 tan  A C . tan  B C . cos  C = sec1  A C + 
sec®  B C — 2 sec  A C . sec  B C . cos  A B.  But  sed*  ACn  I + tan*  A C,  sec*  BC  = 1 + tan*  B C ; subtracting 
from  both  sides  tan*  A C -f-  tan*  B C,  — 2 tan  A C . tan  B C . cos  C = 2 — 2 sec  A C . sec  B C . cos  A C ; or 

2 sin  A C . sin  B C . cos  C 2 cos  A B _ ...  „ cos  A B — cos  A C . cos  B C _ 

— t—zl = 2 — — ; From  which  cosC  = ; — r— : — - . It 

cos  A C . cos  B C cos  A C . cos  B C sin  AC  . silt  B C 

is  convenient  to  denote  the  sides  opposite  to  the  unglcs  A,  B,  C,  by  the  letters  a,  b , c;  then  cos  C s= 
cos  c — cos  o . cos  6 
sin  a . sin  b 

(104.)  This  is  the  fundamental  formula  of  Spherical  Trigonometry:  the  theorem  of  (102)  may  be  deduced 
from  it,  but  us  the  process  is  rather  long,  and  as  the  geometrical  proof  is  very  simple,  we  have  preferred  esta- 
blishing it  on  an  independent  demonstration.  We  shall  now  proceed  to  investigate  the  fornral®  best  adapted  for 
the  logarithmic  computation  of  spherical  triangles  ; the  general  problem  being,  .ns  in  Plane  Trigonometry,  from 
any  three  given  parts  (sides  or  angles)  to  find  the  other  three.  And  we  shall  begin  with  right-angled  triangles. 
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TripsiM-  (105.)  Let  A B C,  ftp.  14,  In?  the  triangle,  having  the  angle  at  C a right  angle.  By  the  formula  of  (103,)  cos 

m*i,y  „ coa  e — co«  a . cos  b n . 

^ = — . — , ; but  L = 90  , cos  C = 0,  therefore  cos  c = cos  a . cos  b. 

sin  a . ain  6 

(106.)  Hence  in  the  complements!  triangle  E B 1),  which  is  right-angled,  cos  d = cos  b . cos  e ; by  the  relation 
given  in  (101)  this  is  immediately  transformed  into  sin  « = sin  c . sin  A ; similarly,  sin  b = sin  c . sin  B.  This 
might  have  been  proved  by  (102.) 

(107.)  Since  sin  l/=z  sin  d . sin  B,  we  have  cos  A = cm  a . sin  B.  And  cos  B = cos  6 . ain  A.  Multiplying 
these  equations,  cos  B . coa  A = coa  b . cos  a . sin  B . sin  A,  or  col  A . col  B = coa  c. 

(10b.)  Hence  cot  E . cot  B = cos  dt  or  tali  6 . cot  13  = ain  a.  Similarly,  tan  a . cot  A = sin  b. 

( 109.)  From  this,  tan  t . cot  E = sin  6',  or  cot  c . tan  b = cos  A ; mid  cot  c . tan  a = cos  B • 

(110.)  These  equations  comprehend  every  case  of  right-angled  spherical  triangles;  that  is,  if  any  two  parts 
besides  the  right  angle  be  given,  any  one  of  the  remaining  parts  can  be  found  by  a short  logarithmic  calculation 
In  the  opinion  of  Delambrc  (and  no  one  was  belter  quahtied  by  experience  to  give  an  opinion)  these  theorems 
are  best  recollected  by  the  practical  calculator  in  their  unconnected  form.  For  common  purposes,  however,  a 
technical  memory  has  been  invented,  under  the  title  of  Naper’s  rules  for  Circular  Parts,  which  we  shall  uow 
describe. 

(111.)  The  five  circular  parts  are  the  two  sides,  the  complement  of  the  hypnlhenuse,  and  the  complements  of 
the  angles.  Any  one  of  these  is  called  a middle  jmrt ; the  two  next  it  are  then  called  the  adjacent  jtarl »,  an  I 
the  two  remaining  ones  the  opprxit*  parts.  The  two  rules  are  then  ns  follows  : the  sine  of  the  middle  part  rr 
product  of  tangents  of  adjacent  parts ; and  the  sine  of  the  middle  part  = product  of  cosines  of  opposite  parts. 

(112.)  These  rules  are  proved  to  he  true  only  by  showing  that  they  comprehend  all  the  equations  which  we 
have  just  found.  We  shall  leave  to  the  reader  the  labour  of  examining  every  case. 

(113.)  It  was  observed  in  (100)  that  the  |Kilur  triangle,  corresponding  to  a right-angled  triangle,  is  a quadrtttiial 
triangle.  Naper’s  rules  then  may  be  applied  to  quadrantal  triangles,  if  we  take  for  the  circular  parts  the  com- 
plements of  the  side*,  the  complement  of  the  angle  opposite  the  quadrant,  and  the  two  angles.  But  as  there  is 
some  difficulty  in  the  determination  of  the  signs,  it  will,  perhaps,  he  found  more  convenient  to  make  use  of  the 
general  formul®  of  (102)  and  (103.)  which  for  this  case  are  always  much  simplified. 

(114.)  We  shall  now  examine  whether  any  of  these  solutions  are  ambiguous.  And  for  this  purpose,  as 
before,  we  shall  attend  only  to  those  whose  values  are  given  by  the  values  of  tlieir  sines.  Now  it  is  easily  seen, 
that  if  A and  a l»e  given,  B.  b,  and  C are  all  given  bv  their  sines  ; and  this  case  therefore  is  ambiguous,  there 
being  nothing  which  will  enable  us  to  determine  whether  the  smallest  corresponding  arc*,  or  their  supplements, 
f'S  1*-  are  to  be  taken.  In  fact,  the  triangles  ABC  and  A' IS  C,  tig.  17,  will  equally  satisfy  the  given  conditions,  since 
the  angle  at  A*  = that  at  A. 

(115.)  If  A and  c be  given,  a is  given  by  its  sine.  Since,  however,  tun  a = sin  b . tan  A,  and  the  tangent 
becomes  negative  when  the  arc  is  greater  than  90°,  and  since  sin  b is  always  positive,  (as  b must  be  less  than 
180°,)  a must  be  greater  or  less  than  90°,  as  A is  greater  or  less  than  90°,  which  removes  the  appurent  ambiguity. 
If  a and  c be  given  to  find  A,  the  same  remark  applies. 

(116.)  We  proceed  to  find  formula  of  solution  for  all  spherical  triangles.  Given  the  three  sides  to  find  the 


angles. 


We  have  seen  (103)  that  cos  C — 


cos  c — cos  a . cos  b 
sin  a . sin  6 


This  formula  is  not  adapted  to  logarithmic 


, , . „ , , , r*  „ a C co*  c — (cos  a.  cos  b — sjno  . sin  6)  cose  — cos  a -f-  b 

calculation.  But  1 -f  cos  C,  or  2 cos*  — - c=  : : — : = . ~ — = 

2 sin  a . sin  o sin  a . sin  b 

. <r  -f-  6 +•  c . o + 6 — e 

* Sin  2 * *,m  2 a +-  6 -f c , C sin  S . sin  S 

— , or  putting  S = ^ • cos  ~2  = 


sin  a . sin  6 


sin  a . sin  6 
_ . 6 + e — a 


C (cos  a . cos  h *+  sin  a . sin  6)  — cos  r cos  a — b — cos  c 

or  2 sin*  — = ; — ; — = : : — ; — 

2 sin  a . sin  6 sin  a . sin  b 

, . C sin  8 — a . sin  S - 6 ...  ...  , . , C 

sin*  — sss  . , . Dividing  this  by  the  former,  tan*  — = 

2 sin  a . sin  6 2 


- . sin  - 

sin  a . sin  6 

sin  S — a . sin  S — 6 
sin  S . sin  8 - c 


Again.  1 — cosC, 
a -+  r - 6 


Multiplying 


, _ _ . C C . _ 4 . sin  8 . S — a . wn  S - 6 . sin  S - c 

them  together,  since  sin  C = 2 sin  — - cos  — , sin*  C = n r-rr . >v  ith  all 

e 2 2 sin*  a . sin*  6 

these  forms  logarithms  can  conveniently  be  used. 

(117.)  Given  two  sides  (a,  6)  and  the  included  angle  (C)  to  find  the  other  parts.  From  the  expressions  just 


, A /sin  8 - ! 

found,  tan  • tr  4 / 

2 V sin  S . 


-i.sinS-r  B 

— ; tan  - =: 
sin  8 - a * 


/ sin  S — a . sin  8 — c . 

. / - , therefore  lau 

* sin  S . sin  S — 6 


A_-fJ5 

2 
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= v/: 


A , B 

tan  — ■ -j-  tan  — — 

2 2 

~ A B 

1 — tan  - - . tan 


sin  8 — 6 4-  tin  S — a C 

— : — — = «*  -=• 

sin  S — sin  S — c 
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/ sin  S — 6 + /sin  S - a 
•»  S — c v sin  S — a v sin  S — 6 


1 - 


sin  S — c 
sin  S 


w. 
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sin  S . sin  S — c Trig»ot>- 


-n8“,.*s —*  r"L 


o ■ C a~h 

2 Bin  — . cos 

2 2 

- <•  + » . C : 

2 cos  ■■  ^ . sin  — 


l-b 


A . n 

tan  8 “ S C «n  S - b - sin  S - a 

5=co.TX " 


4-  tan  — tan  — 
1 2 2 


sin  S-f*  sin  S — c 


2 C A - B 

r-.  cot  — . Similarly,  tan  — = 

a -f-  6 2 J 2 


a — b 

1 2 C 

: col  — . The  sum  and  difference  of  A and 


fl-f  6 2 


B being  thus  found,  A and  B will  be  determined.  The  third  side  will  be  found  by  the  proportion  of  (102.) 

( i 13.)  It  is,  however,  very  frequently  desirable  to  find  the  third  side  without  finding  the  angles.  Now,  cos  c 
(103)  = cos  a . cos  b -f-  sin  a . sin  b . cos  C,  or  versin  c = I — cos  e = 1 — cos  a . cos  b — sin  a . sin  6 . cos  C 

= 1 — (cos  a . cos  b -f-  sin  a . sin  A)  4*  sin  a . sin  b . versin  C = versin  a — b -f-  sin  a . sin  6 . versin  C 


= versin  a 


=*•( 


i + 


sin  a . sin  h . versin  C 
versin  a — b 


) 


Make 


sin  a . sin  b . versin  C 


t — b 


— lon*0  ; then  versin  c =: 


versin  a — b . sec*  0.  Or  thus,  cos  C = 2 cos® 1 ; therefore  cos  c =:  cos  a . cos  6 — sin  a . sin  b 4- 

2 1 

C c C 

2 sin  a . sin  b . cos®  c:  cos  a 4-  6 4-  2 sin  a . sin  b . cos’  — ; therefore  1 — cos  e,  or  2 sin*  — = 1 — 
2 * 2 2 

— I i or  . n . c 1 . . C . , fl  + 6 . . , , C 

cosa-f-6  — 2 sin  a . sin  6 . cos*  — , and  sin*  — ss  sin*  — sin  a . sin  b . cos’  — . Let  am  a . sin  b 


C 


c a -f-  b 

— _ sin  — 


a~H  6 

a 


2 


(119.)  The  following  theorem  is  frequently  useful.  We  have  found  cos  A = ■**  ■, — -08  ^ " c°9  c alsocosc 

sin  o . sin  c * 

— cos  a . cos  b -j-  sin  « • sin  b . cos  C;  substituting  this  in  the  numerator,  cos  A = 

cos  a — cos*  6 . cos  a — sin  b . cos  b . sin  a . cos  C _ cos  a . sin  b — cos  b . sin  a . cos  C 
sin  6 . sin  c sin  c * 

cos  a . sin  b — cos  b . sin  a . cos  C 

— , or  cot  A. sin  C = 


, sun  c . sin  a . 

end  sin  c = ; — . therefore  cos  A = sin 


sin  A sin  C . sin  A 

cot  a.  sin  6 — cos  C . cos  b.  This  formula  is  chiefly  useful  for  finding  the  corresponding  small  variations  of  the  parts 

of  a spherical  triungle.  It  may  also  be  used  to  determine  A : thus,  cot  A =r  x ( sin  b — ^ cos  & V 

sin  C \ cola  /* 


, cos  C , . . . cot  a . . . . , _ cot  a . sin  b - 0 

let = tan  0,  then  cot  A = - — (sin  b cos  0 — cos  b sm  0)  as  — - — — . 

cot  a sin  C . cos  0 sin  C . cos  0 


(120.)  Suppose  two  angles  and  the  included  side  (A,  B,  c)  given.  To  find  the  remaining  parts.  Take  the 
polar  triangle ; let  aft  b\  </,  be  the  sides  of  which  the  points  A,  B,  C,  arc  the  poles  ; A',  B\  C\  the  opposite  angles. 

a! -b' 


Then,  (97,)  o'  = * - C,  C=  r - e.  Then  Ian  ^~  = cot  ^ (117,)  or  - un 


cos  - „ 

C'  2 


a + b 


B-A 


A-  B 


o'-  V 


c 2 9-f  i o 2 A'-B' 

= UnT ^B.orlan-2-=Un  SimilaHj,  tan  — — = cot 


o' +6' 


a — b 


. A-B 
sin  — - — 


tan  — - — fan  ^ . A -f-  B‘  *^ie  ^>C'D?  found,  the  third  angle  may  be  found  by  the  pro- 


4 v 
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portion  of  (102.)  If  it  be  wished  to  have  the  third  angle  independently,  the  formula*  of  (1 18)  tnay  be  adapted  in 
the  same  way. 


tan  - 


fl  + 6 A + B 

— 

(121.)  If  wc  divide  one  of  the  equations  in  (117,)  or  (120,)  by  the  other,  we  find * A~-  K' 

tan  — - — tan  — - — 

2 2 


Sect.  Vtt 
Variation* 
ofTriugte*. 


(122.)  If  two  sides  be  given  and  an  angle  adjacent  to  one,  then  another  angle  is  found  by  (102.)  and  the 
third  side  by  (120,)  or  the  third  angle  by  (117.)  In  this  case  the  solution  is  ambiguous  under  the  same  cir- 
cumstances as  in  the  corresponding  case  of  plane  triangles.  If  two  angles  and  an  adjacent  side,  B,  C,  b,  fig.  18,  Pip.  18, 
be  given,  the  process  is  the  same.  In  this  case,  when  C is  greater  than  B,  either  of  the  triangles  CAB,  CAB' 

(in  which  B'  A produced  makes  A D = A B)  satisfies  the  given  conditions.  These  are  the  only  ambiguous  cases 
of  oblique-angled  spherical  triangles. 

(128.)  If  die  three  angles  be  given,  the  formate  of  (116)  may  be  applied  to  the  polar  triangle,  and  the  sides 
of  the  given  triangle  may  be  found.  This,  however,  is  a case  which  never  occurs  in  any  applications  of 
Trigonometry. 


SECTION  VII. 

On  small  corresponding  V ariations  of  the  Paris  of  Triangles. 

(124.)  It  is  frequently  desirable  to  ascertain  the  effect  which  will  be  produced  on  one  part  of  a triangle  by 
the  variation  of  another,  all  the  rest  remaining  unvaried.  To  estimate  the  probable  effect  of  error  in  observa- 
tion ; to  reduce  observations  made  in  one  situation  to  what  they  would  be  in  a situation  little  distant ; to  take 
account  of  refraction,  parallax,  &c.,  this  theory  is  absolutely  necessary.  Wc  shall,  therefore,  give  the  general 
method  of  finding  these  corresponding  variations. 

(125.)  In  almost  all  cases  expressions  may  be  conveniently  found  by  writing  down  two  equations,  one  of 
which  results  from  giving  to  the  quantities  contained  in  the  other  the  variations  which  they  are  supposed  to 
undergo,  and  then  taking  their  difference.  And  this  method  has  the  advantage  of  showing  precisely  the 
magnitude  of  the  error  made  by  any  farther  simplification.  It  will  be  best  illustrated  by  examples. 

(126.)  The  height  of  a building  is  found  by  measuring  a horizontal  line  from  its  base,  and  at  the  extremity 
observing  the  apparent  altitude  ; and  the  angle  is  liable  to  a small  error  of  observation.  In  this  case,  if  a be 
the  measured  distance,  0 the  angle,  x the  height,  we  have  x = a . tan  0.  And  if  giving  to  0 the  variation  l 0 

would  produce  in  * the  variation  i x,  we  have  x -f-  & x = a . tan  0 + £ 0.  Subtracting  the  former  equation, 

(x=a  (tan  0 -f  i 0 — tan  0)  =,  by  (42,)  a 8*P  * ° ■ — - Now,  if  we  suppose  8 0 to  be  very  small,  we 

cos  0 . cos  0 + 8 0 


mav  put  £ 0 instead  of  sin  £ 0,  and  cos  0 instead  of  cos  0 -f- 1 0,  without  sensible  error : then  $ r =:  ■ ° 

J 1 cos* . 9 

Here  *0  is  supposed  to  be  expressed  by  the  length  of  the  corresponding  arc  to  radius  1.  If  it  = n seconds 

_ ^ a . n . 0,000004848 

then  for  £ 9 we  must  put  n x 0,000004648,  (4,)  and  8 x = very  nearly. 

(127.)  If  it  were  wished  to  determine  a,  so  that  the  error  should  be  a minimum,  it  must  be  observed  that  a 

xi  9 2x8  9 

though  determinate  is  not  constant,  but  = x . cot  fl,  whence  $ x = t—t--  — which  is  least  when 
n sin  o . cos  y sin  « y 


sin  2 9 i»  greatest,  or  2 9=  or9  = — . 

(128.)  Suppose  in  a right-angled  spherical  triangle,  C being  the  right  angle,  A is  given.  To  find  the  variation 
of  a when  c receives  a small  variation.  Here  (106)  una=:  sin  A.  sine;  hence  sin  a + $ a =:  sin  A . 


sin  c ■+-  3 c ; taking  the  difference,  sin  a -f-  X a — sin  a = sin  A (sin  r + J c - sin  c),  or  2 cos  a -}-  ^ . sin 

■ 4 

* * sin  A . cos  c + -- 

8 c , 8 c 8 a 2.8c  % 

= 2 sin  A.  cos  c + — . sin  — , and  sin  — = ^ 1 *iny-  or  if  J o and  Jc  be  very  small. 


cos  a -f- 


8a 

2 
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Trigooo-  _ sin  A . cosc  tan » , „ . . . , ...  S««.  VII. 

m«try.  “ « c = hu  A . cos  b . jp  c,  or  = g c.  If  m b«  the  number  of  seconds  in  c a,  n lhal  in  ec, 

— ^ coso  lane  «(!>«*(«. 

(an  a 

m = n. 

tanc 


(129.)  The  consideration  of  particular  coses  of  this  last  problem  shows  that  we  must  be  cautious  in  applying 
to  any  extent  the  simplifications  which  were  there  introduced  from  considering  Sc  as  small.  Suppose  c=  90°; 

. . iC 

T sin  A . cos  c + — 

it  would  seem  that  3 a = 0.  Taking,  however,  the  original  expression  sin  — — — ■■■ 1 ■ . sin  

2 , 3 a * * 

cos  a + — - 


, . . ir  ,3c  .3c,  <AA.  . ...  . _ . 3 a — sin  A ..Sc 

we  may  observe  that,  when  c=r— - , cos  c + --  = — sin—,  by  (23)  and  (34  ;)  therefore  sin  — = ■ — sin®  — . 

2 2 2 2 Jo2 

cos  a + — 

» « i . 3 c . 3 a sin  A 3 c"l*  % sin  A — — j 4 

Making  — very  small,  — = — . — ■ — , or  d o = 3c**.  Here  thon  m = — 

2 2 cos  a 4 2 cos  a 


sin  A X 0,000004849 


«•  = — tan  A X 0,000002424  X n*,  since  a now  = A. 


2 cos  a 

(130.)  Given  two  sides  (a,  3)  of  a spherical  triangle,  and  the  included  angle  (C)  to  find  the  variation  pro- 
duced in  c by  the  variation  of  C.  Here  cos  c = cos  a . cos  6 -f-  sin  a . sin  6 . cos  C,  (103,)  and  cos  c + 3 c 

3 c . 3c 


= cos  a . cos  ft  -f-  sin  a . sin  ft . oos  C + 3 C.  Subtracting  the  latter,  2 sin  c + — . sin  — =:  2 sin  a . sin  ft  . 

JQ  J Q 

sin  C -f-  — . sin  — . If  3 C be  small,  and  if  C or  c be  not  small,  then  sin  c . 3c  = sin  a . sin  ft . sin  C . 3 C 

nearly,  or  3 c ss  ~ P x 3 C = sin  B . sin  a . 3 C.  If  m and  n be  the  uumber  of  seconds  in  3 c and 

sin  c 

3 C,  m = sin  B . sin  a . n . If  C = 0,  then  2 sin  c + . sin  ^ = 2 sin  a . sin  ft  . sin*  and  supposing  3 C 


2 2 
sin  a . sin  6 


. 3 c . . aci  t 

very  small,  sin  c . — = sin  a . sin  6 . — - — , or  5 c = „ . 

1 2 4 2 sui  c 


• sin  a . sin  ft  x 0,000004848 

3C<  ,orm= „ . X n*. 


8 sin  c 

(131.)  With  the  same  data,  to  find  the  variation  in  A.  Here  (119)  cot  A.sinC  s=  cot  a . sin  ft  — cos  C. 
cos  A,  and  cot  A + b A . sin  C + 3 C = cot  a . sin  ft  — cos . C -f  3 C . cos  ft ; subtracting  the  former,  cot  A + 3 A . 
tin  C + 3 C — cot  A . sin  C = cos  ft  . (cos  C — cos  C + 3 C).  Now  cot  A + 3 A . (sin  C + 3 e — sin  C) 

sin  . 3 A 


3 C . 3 C 


= cot  A + S A . 2 cos  C 4-  -r-  . sin  — ; also  sin  C (cot  A -f-  3 A — cot  A)  = — sin  C - 
* * si 


sin  A . sin  A -f-  3 A 


3c 


3c 


adding  these  together,  cot  A + 3 A . sin  C 4-  3 C — cot  A . sin  C = 2 cot  A + 5 A . cos  C + — . sin  — 


— sin  C . 


sin  3 A 


sin  A . an  A + 3 A 


3 C 3 C 

. And  cos  C — cos  C + 3 C = 2 sin  C + -g-  • sin  — ; substituting  in  the  equa- 
tion, and  supposing  3 C and  3 A very  small,  cot  A . cos  C . 3 C — 8?°"  3 A = cos  6 . sin  C , 3 C,  and 

rr  J sin*  A 

3 A = (cot  A cos  C — cos  6 . sin  C)  . 3 C ; or  if  p be  the  number  of  seconds  in  3 A,  p =r  — 

MU  C ' ^ MB  C 


(ent  A cos  C — cos  ft  . sin  C)  X n.  Putting  for  cot  A its  value,  this  is  easily  changed  into  p = — 


sin*  A 
sin  C 


sin  6 sin  A . cos  B 

col  B . — — n = : — — n. 

sin  a sm  L 

(132.)  The  principle  and  the  mode  of  its  application  is  now  sufficiently  evident.  We  must,  however,  remark 
that  in  many  cases  the  corresponding  variations  may  be  easily  found  by  geometrical  considerations.  Thus,  for 
the  problem  of  (130.)  let  A B C,  fig.  19,  be  the  triangle,  and  by  the  variation  of  C let  it  be  changed  to  AB'C:  Rf-  19 

4 v 2 
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Trifono*  if  B i be  supposed  to  he  drawn  perpendicular  to  A B',  then  At  will  ultimately  — A B,  and  therefore x B'  ;=  5 c.  Sect.  VIII 
ro«*»y-  Now  5 c ss  B B'sin  B'  B x = B B'  sin  C B A (since  C B B'  is  a right  angle,  as  C is  the  pole  of  B B\  (86,)  and  Higher 

N— v-*'  therefore  C B Bf  ss  x B A)  ; but  B B'  = sin  a . B C B'  by  (90)  = sin  a . £ C,  therefore  o c = sin  a . sin  C B A . 5 C 

Bx 

= sin  B . sin  a . 5 C,  as  in  (130.)  And  if  the  variation  of  A were  required,  we  should  have  t A s=  t — 


Aaftiytis. 


B B' . cos  B'B  x 


sin  a . cos  B . I C 
sin  c * 


sin  A . cos  B 


f C for  the  quantity  by  which  A is  diminished,  as 


sin  c sin  c * sin  C 

in  (131.) 

(133.)  The  geometrical  method  then  can  he  applied  with  great  ease  to  those  examples  in  which  the  variation 
of  one  element  is  expressed  in  terms  of  the  first  power  of  the  variation  of  another  element,  but  it  can  very  sel- 
dom be  applied  to  those  cases  in  which  as  in  (129)  the  variation  of  one  depends  on  the  square  of  the  variation 
of  the  other.  Another  method  will  hereafter  be  described,  not  how  ever  preferable  in  general  to  the  first  given 
here. 


SECTION  VIII. 


Invalidation*  requiring  a higher  Analytic  than  the  preceding. 

(134.)  Tfik  preceding  sections  have  referred  to  nothing  more  difficult  than  the  most  common  propositions  of 
Plane  Geometry  and  Algebra,  and  one  or  two  theorems  of  Solid  Geometry.  In  this  section  it  is  proposed  to 
comprehend  some  of  those  expressions  which  require  for  their  demonstration  some  of  the  higher  parts  of 
analysis,  particularly  the  Differential  Calculus,  and  the  Calculus  of  Finite  Differences. 

(135.)  To  express  generally  cos  n x in  a series  proceeding  by  powers  of  cos  x.  If  we  observe  the  manner 
in  which  the  expressions  of  (38)  are  successively  formed,  we  shall  easily  see  that  cos  n x,  n being  a positive 
integer,  will  alw*ays  be  expressed  by  this  form,  2""*  cos"  x + « cos""*x -{- 6 cos""4  x -f- Ac. ; a,  b,  &c.  l>eing 
functions  of  n.  Also  there  will  be  no  second  term  till  n ss  2 ; no  third  term  till  n = 4,  &c.  Let  2 cos  ni=«, ; 
2 coax  = pi  then  i#^.,  = p . um  — Assume  then  u.  = pT  -f-  A* . pm~*  + B. . p9  4 -f-  C„  . jf  “•  -f  Ac.,  A.,  B„,  Ac. 
being  functions  of  n to  be  determined;  then  =:  + A^,  .ft*"1  -f  . p*~9  4*  f-  Ac. ; w,., 

= p*~l  -j-  A._, . p9~%  -f-  B.-i  • p*~*  4-  Ca_i . pT"1  -f  Ac.  Substituting  these  expressions  in  the  equation  above, 
and  equating  the  coefficients  of  similar  powers,  we  have  these  equations  ; A^  — A,  — 1 ; B.+,  = B,  — A*_, ; 
ss  C,  — Ba.„  Ac.;  or  since  - A.  = A . A.,  Ac. ; A . A*  = — I ; A . B„  = — A,., ; AC,  = - B._,,  Ac. 

Integrating  the  first,  we  have  A,  = — n 4*  C ; and  since  2 cos  2 x = 2 cos  xl  * — 2,  we  must  have  A,  = — 2, 
therefore  C = 0,  and  A,  = — w.  (ft  will  be  remarked,  that  we  have  not  found  the  correction  by  making  it  = 1, 
because  the  equation  A#  =r  A,  — 1 is  not  true,  the  value  of  w0  or  2 cos  0 being  not  1 lint  2.  After  this,  however,  the 
equation  as  A,  — 1 always  holds ; A,  therefore  is  the  first  quantity  to  which  the  general  value  of  A,  can  be  applied. 
The  other  equations  B^.  = B*  — A,.,,  Ac.  arc  true  without  any  exception.)  Hence  A„_,  = — n — 1,  therefore 

A B„  = n — 1 ss  n — 2 -j-  1 ; integrating,  B,  = * — ~a~ “ 4-  **  + C';  making  this  ss  0 wheu  n = 3, 


Hence  — B._,  ss 


= A . Ca ; therefore  C.  =: 


ft  — 3.n  — 4.n  — 5 
2 3~" 


2.3 


3 

2 

~b 


* ~ 4 2 — 

2 

which  needs  no 


correction,  as  it  vanishes  when  n = 5.  Continuing  the  process,  we  find  D. 


n . n — ft . n — 6 
2 . 3~  4 


hence  «„  = p9  — n . pm~ * 41 


— Ac. ; or  2 cos  n x = (2  cos  x)“  — n (2  cos  x)m~* 


(2  cos  x)  — 


n . tt  — 4 . n — 5 


(2  cos  x)"“*  4- 


n . « — 5 . n — 6 . n - 


2.3  x " ' 2.3.4 

theorem  we  believe  this  is  the  simplest  demonstration  that  has  yet  been  given. 


(2  cos  x)""«  — Ac.  Of  this  important 


(136.)  If  n be  even  aud  = 2 fn,  the  last  term  will  lie  + 


2n.w  - l.m  — 2....1 


2.3 m 


= 2;  the  last  but  one 


2m.ffl.flt  - 1 . 
2.3 m - 1 


.4.3 


(2  cos  x)*  = 4:  fit* . (2  cos  r)* ; the  last  but  two  =:  + 


2m . i7i  + 1 . m . m—  I.  .6.5 
2.3 m - 2 


ro  2 *»* . m*  — I . f,  ft9  t ft*  . ft*  - 4 

(2  cos  x)«  rs  ± — - — - — - — (2  cos  x)4,  Ac.  Hence  cos  « x = ± 1 1 — - — - cos1  x -f-  - — - — - — - 


2.3.4 


ft* . 71*  - 4 . ft*  - 16 
1 . 2 . 3 . 4 . a . 6 


cosfix  -f  Ac.  J,  the  upper  sign  to  be  taken  when  m is  even  or  n divisible  by  4 
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meirv.  If  n 1*  odd  or  of  the  form  2m  + 1,  the  last  term  will  be  ± — — 2 cos  x = ± 2 m -f  1 . Higher 

Jj  2 * 3 m AnjJyuf. 


2 cos  x = n . 2 cos  x;  the  last  but  one  =:  4F 


2 m -f  1 . m -f-  l . m , m — 1 . . 
2.3 m — I 


(2  cos  x)* 


— j~  ^ m ~K  * _.m  (2  cos  x)’  = X n ” --  2 cos*  x,  Ac. ; hence  when  n is  odd  cos  n x 

r 2.3  8.3 

= Z jn  cos  x — ” ' ”*  ~ 1 cos’  x -f-  " COS1!  — &c.  t . ihc  upper  sign  being  taken  when  n 

I 1.2.3  I. 2. 3. 4. 3 " 

is  of  the  form  4f -f*  L the  lower  when  of  the  form  4 a + 3. 

w , / mr  \ ti  v . n *■ 

(137.)  Let  x = — — y ; then  cosx  = sin  y,  and  cos  n x = cos  I — nyj  = cos  — cos  n y -f  sin  — 

sin  ny.  If  m be  divisible  by  4,  this  = cos  ny;  if  only  divisible  by  2,  it  = — cos»y.  Hence  in  all  cases 
n*  w*  (n*  — 4) 

n being  even,  cos  ny  = 1 - . ain*y  -f  ^ ' V~3~T  .8*n*  y *c'  n he  of  the  form  4#  + I,  cos  n x 

=s  sin  n y ; if  of  the  form  4 t -f  3,  cos  n x = — sin  ny.  Hence  in  all  cases,  n being  odd,  sin  n y s n sin  y 
n (ft*  — ■ l)  . , 


l .2.3 


* y 4-  dec. 


(138.)  Differentiating  the  first  equation  of  the  last  article  we  find,  n being  even,  sin  ny  s cos  y |n  sin  y 

— n (n  ~T..f  ? sin*  y + — o""o^*7 — »in*y  — Ac.j.  By  similar  operations  we  may  from  these  deduce 

1.2.3  1 . a . 3 . 4 . 5 J 


other  formuls. 


(\ 

r*  sin*  y z*  V n*  / 

(139.)  Let  » y = *;  then  (n  even)  cos  * e 1 - — . — — f-  { 2 3 A • y~ 


sin4  y 


1.2.3. 4.  5.6 


Suppose  now  n to  be  increased  without  limit ; the 


expressions  1 , 1 — Ac.  approach  to  1 as  their  limit;  the  fraction  also  has  1 for  its  limit. 

Hence  cue  » = 1 - ~ + J7~4  - , ; 2;3^7576  + ^ 


*»n  y 

y 


*>  (‘  - If)  ,in'  • 


(140.)  Again,  (n  odd)  sin  s = 

O^iOOiz)^!  _ 

y»  1.2.3  ’ 1 .2.3.4. 5~ 

(141.)  Now  we  may  remark,  that  ifwc  expand  v'-1  and  e'  '*“■  (e  being  the  base  of  Naperian  logarithms 
= 2,7182616)  in  the  same  way  in  which  wc  expand  c*,  we  have 


1.2.3  y* 

Ac.  Increasing  n withoct  imit  sin  z = z — ■ 


1 . 2 .3 .4  . 5 
z 4 


- — Ac. 


= ! + _ JL  _ fV  _ + ** 

1 1.2  1 .2.3  1 .2.3. 4 

e-.vrr=l_iZEJ_JL+^^  + 


+ Ac. 


1.2*  1.2.3  1 .2.3 ,4 


— Ac. 


Aooing  them, 


✓ V-.  + «~  VM  = 2(1-^  + - &.)=  2 cc*. 


or  cos  x = 


<av-.+e-*v-« 


Sub 


trading, 


- 2 ^ {*  ■ - rr~3+  nrrro - } = * * - 1 • 


sin 


.r,  or  sin  x 


f*  v-i  — %r'i 

=r  — — ~ — . These  expressions  are  to  be  regarded  as  having  no  other  meaning  than  this  ; if  expanded 

2 v - 1 

according  to  the  rules  by  which  we  expand  possible  algebraic  quantities,  they  would  produce  the  series  for  cos  x 
and  sin  x. 
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Tnpo»o-  (142.)  From  these  equations  we  have  tf  v'“*  = cos  x + J — 1 . ain  x ; e~*  v'*1  = co«  x — J — 1 . sin  x.  ' •**• 

metry.  _ Higher 

Similarly,  e* V"1  = cos  y ~f  * — 1 . sin  y;  multiplying  this  by  tr"''"1,  /•+»>*-»  — (COR  x + v _ l gin  x)  Anxlysu. 

(cos  y -f-  v'  — 1 . »in  y).  But  = cos  x + y -f-  ^ — 1 • sin  x + y ; henoe  we  have  this  very  remark-  * v 

able  formula,  (cos  x -f  — I . ain  x)  . (cos  y -f  V'  — 1 . sin  y)  =:  cos  x -f  y -f-  — 1 . sin  x -j-  y.  The  aame 

result  will  be  obtained  by  actually  multiplying  together  the  two  factors.  If  we  suppose  y successively 

= x,  2 1,  Ac.,  we  shall  have  (cos  x -f-  — 1 . sin  x)"  = cos  sx-j- v — 1 . sin  nx,  which  implies  that  n is  an 

integer.  Or  thus,  e"*  = (e*  v that  is,  cos  nx-f  ^ — 1 . sin  n x = (cos  x + — | . ain  x)"t  whether  n 

be  whole  or  fractional.  Similarly,  cos  nx  — v — 1 . sin  n x = (cos  x — ^ — 1 . sin  x)“.  This  theorem  is 
due  to  Dcmoivre. 

(143.)  Expanding  the  two  last  expressions,  adding  them  together,  and  dividing  by  2,  we  have 


cos""*  x . sin®  x -}- 


i — 1 . n — 2 . n ■ 


cos*"4  x . sin4  x — Ac. 


n — 1 , n — I.  ft  — 2 . n — 3 . 1 

— tun’  I H 2. a.  4 : — Un*  r - 


Subtracting  and  dividing  by  2 — 1, 


sin  nx=  n.  cos’  1 x . sin  x — - 


n . n — 1 . »i  — 2 


cos*"1  x . sin3  x -{-  Ac. 


= cos"  x < n tan  x - 


Dividing  the  latter  by  the  former, 


t . n — 1 . n — 2 , 


n . n — 1 . fi  — 2 


; + 4c.|. 


tan*  x -j-  Ac. 


«.»!—  1 _ .n.n  — l.n  — 2 . a — S 

1 tan4  x + g-  3 4 tan*  x - Ac. 

(144.)  In  (142)  suppose  such  a value  to  be  given  to  ft  x that  sn«x  = 0,  coe  ftxsl;  then  n x = 0,  or  2 r, 

or  4 w,  Ac .,  and  x=  0,  or  or  — , Ac.  Hence  the  following  equations  are  true,  !"l " as  I ; ^cos  ~ i 

2 A"  • / 4 9 4 A* 

•J  — 1 «n  — J — 1 » ( 1 “ i — l . sin  — J = 1 , Ac.  The  quantities  within  the  brackets  arc  there- 
fore roots  of  the  equation  x"  rr  1,  or  x"  — 1 = 0.  Hence  we  have  for  simple  divisors  of  that  equation,  x — 1, 

2 ir  . . 2t  2 w . 2tr  , 

x — cos  — v — 1 . «u  — , z — cos  — + v — 1 . sin  — , Ac. ; or  grouping  in  pairs  the  corresponding 

2 r 4 ir 

factors,  the  factors  of  x“  — 1 are  1,  2i.  cos  — 4-  1,  x*  — 2 z . cos f-  1,  Ac.,  to  be  continued  till 

n n 

the  number  of  dimensions  = n.  If  n be  even,  the  last  factor  will  be  x -j-  1.  In  a similar  way,  we  have  for 

the  factors  of  x“  + 1»  x4  — 2 x cos  — + 1,  x4  — 2 z cos  — -f-  1,  Ac.  to  n dimensions.  If  n be  odd,  the 

n n 

last  factor  will  be  x -J-  l. 

(145.)  If  we  put  ^ for  x,  we  have  io"  — a"  = (to  — a)  . — 2 to  a cos  ^ — f-  , ^ic®  - 2va 

4,  \ 

cos J-  a®  ) Ac.  to  n dimensions,  the  last  factor  being  tc  -f-  a if  n be  even.  And  to"  -f-  a"  = 

« / 

— 2 «o  a cos  ~ -f-  • (w*—  2 w a cos  ^ Ac.  to  n dimensions,  the  last  factor  being  to  + a if 

n be  odd.  This  is  culled,  from  the  inventor,  Cotes*s  theorem. 

(146.)  It  is  required  to  express  (cos  x)"  by  the  cosines  of  multiples  of  x.  Here  (co*  x)"  = (<"  v’*  -{-  e~*  vl“l)“ 

_ J_  '''rr+  n . ' ~ + " ' ”~^-1  ' 17  + &c.  + 1 r'r'r  + n . 


<"v3+ii.  (•“  — ■*  + 4c.  + ” ~ 1 . 


being  an  integer, 


— ■ , n.n—  l 


<r  -f  e—  V-.  + v-.  + v-.)  + 


(«r*4'-‘  + r'**4  -*)-f&c. 
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- 1 r , — „ , « . » - 1 

^ = -£^-^co»  «J+»eo8»-*.*  + g i 


Sect.  VIII. 

cos  n — 4 .x  + ate.  The  coefficients  arc  the  same  as  Higher 


those  in  the  first  half  of  the  expansion  of  (a  -j-  b)m ; but  if  n be  even,  the  last  term,  which  docs  not  multiply  a 
cosine,  is  half  of  the  middle  term  in  the  expansion  of  the  binomial. 

(147.)  As  this  formula  is  demonstrated  entirely  by  means  of  imaginary  symbols,  we  shall  endeavour  to  explain 
how  it  happens  that  operations  conducted  by  imaginary  expressions  can  give  correctly  a real  result.  We  know 

that • ( '■’  + + » (<^*  + «-"•)  + } . O'  6+r^+i  /,  .+  fc.Y  = 

s true  for  all  values  of  y ; and,  consequently,  if  both  sides  were  expanded,  the  expanded  expressions  would  be 
identically  equal ; and  therefore  there  would  still  be  an  equality  if  instead  of  y*  we  put  — x*  and  operated  upon 

it  by  the  rules  of  common  algebra.  This  would  give  us  ( 1 — -f-  ; — ■ — &c.^  = -4  l — —— 

, »*  ■**  a ■ ft  n - *l,i*  , «-*'•*•  . \ . 1 , ..  If 

+ i~  Jin  - &c  + " ^ — rrs  + mr.Tn  ~ ) ~ **•/’  *>*■  c«.»*>-= ^ -j_*”  **+H 


Analysis. 


n .n  — 1 1 

cos  n — 2 x + g cos  n — 4 x -f  &c.  r. 

(148.)  In  this  formula  for  x put  ~ — y ; then  (siny)"  = 


n.n—  1 n - 4» 


If  nr  ti  — 2 v ~ — -« • s , „ 

— (cos—  - ny  -f-n.cos — n - 8y  + — .cos 5 n - 4 y -f-  &c. 


}• 


Let  »r  4 p;  then  cos  — ny  = cos  2pr-ny-  cos  2 p * . cos  n y -f*  sin  2 p x . siu  ny  = cos  n y ; 


cos  — n — 2 y = cos  2 p — 1 . » . cos  n — 2 y -j-  »in  2 p — 1 t . sin  ft  — 2 y = — cos  n — 2 y,  &c. ; 

therefore  in  this  case  (sin  y)“  = jeos  ny-n  . cos  n — 2 y -f-  — ? cos  n — 4 y - &c.| 

T^*t  n rr  4 p -j-  2 ; then  in  the  same  manner  it  is  found,  that 

(sin  y)*  = ~ | — cos  ny  + n . cos  n — 2 y — — - cos  n - 4y  + &c.j. 


Let  n = 4y  + l;cos  — n y = coe  2 /?  + $ v . cos  n y -f  sin  2 y + $ * . sin  n y = sin  ny ; 


i-8 1 


— n — 2 y = cos  2 p — $ » . cos  n — 2 . y + sin  2 p — £ t . sin  n — 2 y = — sin  n — 2 y,  &c.  ; 


and  therefore  in  this  case 

(sin  y)"  = gjr,  jsin  ny  — «.sinn-2y  + — - sin  n - 4 y - &e.  j - 

Let  n =:  4 p + 3 ; then  in  the  same  way 

(sin  y)*  = p1! 


ny-f"n  • sin  n — 2 . y — — * n — . sin  n — 4y  -f-  &c. 


n.n — I. 


(149.)  When  n is  even,  the  last  term  in  the  expression  for  (cos  x)*  and  for  (sin  y)“  is  - 


1 1.2.3 * — 1 . n 1.2.3 n-l.n  1.3.5 n-1 


2+l  . 


n 2- 

2 


w 


(2.4 


n)9  2.4.8 n 


(150.)  One  of  the  principal  uses  of  these  expressions  is  the  simplification  of  integrals  taken  between  two 
values  of  x or  y that  differ  by  a circumference.  Since  f.  cos  pror  f cos  px  . <fx,  as  well  as  f„  sin  pj% 
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Tripoli.*.  ( p being  on  integer,)  always  vanishes  between  two  such  values,  it  appears  that  through  a whole  circumference  Swt.  VIII. 
nveiry.  - Higher 

V ■*T  v',"u^  C (cos  *)■  or  f (sin  *)•  i»  — 0 when  n is  odd.  and  = 2 t . ..  *■  ‘ W — — when  n is  even.  v A»iU*.i  ^ 

2.4.0  .....  n 

(151.)  Since  0 (cos  x)  can  generally  be  expanded  in  integral  powers  of  cos  x,  it  can  generally  be  expanded 
in  cosines  of  multiples  of  x.  This  in  most  cases  can  be  effected  with  the  greatest  ease  by  particular 
artifices,  and  especially  by  the  use  of  the  imaginary  expression  lor  cos  x,  &cn  as  we  proceed  to  show  by 
examples. 

( 1 52.)  Suppose  tan  0 = n tan  0 ; it  is  required  to  find  a series  for  0 in  terms  of  0.  If  in  tan  0 and  tau  0 we 

t*  V'-T  — v^T  vrA  _ t-»  v-i  v,r7_  j 

pul  the  values  for  sin  0,  cos0,  &c.,  found  in  (141)  we  have  — ; ■=■  = n . — -= or  = 

-f  e-*v-i  j v-i  + c-*  v-i  | 


e*  v -»  - 1 - r- 

= n . — = , whence  e*  %/“l  s=  tf  v"‘ . 

+ j 


n -f-  1 


Let  n j = k,  and  take  the  logarithms  of 


both  sides ; then  2 0 ^ — 1 rr 

2 0 V~  + log(l  _ - log  (1  = 


20V^l  + *(^'-'-e-" 


r0  + ^ + *-  («*  ^ - e-  ' - > + &c. 


fd*  & 

Dividing  by  2 V — l,  0 = 0 -j-  A-  sin  2 0 + — sin  4 0 -f-  — sin  6 0 + &c. ; a theorem  of  great  utility.  The 

truth  of  the  process  is  to  be  proved  as  in  (147.)  In  the  same  manner  we  might  find  a series  if 

. n sin  0 , . , 

tan  0 = . « being  less  than  1 . 

1 - n con  0 * 

(153.)  To  expand  (a*  — 2 a b cos  0 -f-  &“)"  in  a series  proceeding  by  cosines  of  multiples  of  0,  6 being  less 
than  a.  Since  2 cos  0 = t v -f-  e~*  this  expression  = { (a  — b . e* v^)  . (a  — b . tr* '”)  } 1 

(b  „ , — \"  . 6 , /-  , n .n  — 1 b*  *,/—  « . i»  — 1 . n — 2 6s  — 

1 g*  V-i  ) = 1 — n — v-i  — — ._.«•*  V-i — . — • . «•* * -*  -f  &c- 

a / a 1 2 <r  1 2.3  at’ 

(,  - , -i^+^5  5 . 5 ♦ „. 

The  product  of  these  (observing  that  O'* V_1  -4-  «’** V’1  — 2 cos  2 0,  Ac.)  = 

. . . i*  , A . n - I\*  &*  . A . « - 1 . n - 2Y  *■  , . 


. . . , /» . n - 1 Y A *Y  f , . 

1 + * 7+(— ~ /’  *JA 273 >7  + & 

(5  n . « — 1 5*  n . n — 1 « . n — I . n — 8 6*  . . \ _ ♦ 
n7+"-— 2—  * + ~2—  ■ 2.3 . ^+A«.)*eo4l 

A • « - > 4*  , » ■ » — l • It  - 2 t*  . \ 

+ (— 2~  • 7+n- 273 • ^r  + *<')2««2e 

- ( 87s • ^ +*«•)  2 c°**° 


Multiplying  this  by  a*"  we  have  the  series  required. 

(154.)  To  find  log  (1  — n cos  0),  « being  less  than  1,  in  a similar  series.  Let  1 — « cos  0 = 
(a  — 6.  («— &.e“*  = 6*- 2o6cos0,  therefore  a -f-5=  ^ 1 -f-n,  o — 6 =r  •/  \ — n.  The  log 

s=  2 logs  + log  (l  - + log^l  - 2 log  a — ~ ~ — •e**C'  — &c.) 

“7‘ 
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"*"*  2 luS  a eo‘°  - .j — "■  COS  a 0 — &c.  And  a = J (s/l'-f-n  -f  — n),  a*  = 1 (1  + V j _ „»  . A — H.gl,.r 

a z a 7 a Analysis 


^ITTi  — ^1  — n n . , l-i.V'i-n* 

— — — — r ss ■ — ; whence  log  (l  — n cos  0)  — log  . — ' ■ 

v'l  + n-f.vT^  i+</l-„«  feV  b 2 

. COH  0 — " ^ cos  3 0 — Ac. 


' 1 + V 1 _ n* 


. cos  0 — ( -- — — ^ cos  2 0 — n ^ cos  30  — &c. 

\i  + -/i  _ *»/  \i  4.  -/(  _ „*/ 

(155.)  To  express  sin  x by  a continued  product.  We  have  seen  in  (145)  that  X*  — a*"  = x — a . 

j f 2 T ___  

x*  — 2 a x cos  — -f-o*  . jP  — 2 ax.  cos  — -f  I terms)  ....  x+a;  dividing  by  x — o>  l<*"‘ 

^ 2 x 

+ I*"*  . a + &c.  + o-->  = d - ioico! f-  o' . j*  - 2 a i cos  — -f-  a* . . . . (n  - 1 terms) x-t-a : 

n n /11 

this  is  true  if  x differ  from  a,  however  small  the  difference  may  be.  By  making  that  difference  very  small,  and 

T O mm 

making  a — 1,  we  have  this  equation  for  the  limit  of  that  above  ; 2 it  = 2 . 1 — cos  — . 2.1  — cos  .... 

n n 

■ - _ , ir  2 T 3 x . 

(n  - 1 terms)  ....  2 = 2*—'  . sin*  — - . «in»  . sin4  ~~  ....  («  - 1 terms).  Again,  let  jr  = 1 4 , 

z n 2 « z n ° 1 2n 

a — 1 — -3—;  then  x*  + «*  = 2 + 2 (~m 2 a x = 2 — 2 V and  the  first  equation  becomes 

0 - 0 - rJT-  K ■ ■ ■ s 

, , w 

(j  \j  2 x\  y I -p  cos  — — 

— 11  4-  cos  — j . . . . (n  — • 1 terms)  ....  X 2.  Or,  since  1 — cos  — = 2 sin4  and  — 

z w/  ^ / ri  2 n <u 

1 ~ CM  *" 

coun  ' (l  + jJ- (1  - n)”=  *-  • sin’  n • ^ H • • • ■ (~  ,erai8>  - aV 

(,  + (i^)col'/„)  (1  + (2^)  Cul’  2‘n ) “ 1 ,*n™>1  which  ,he  fom>"  equation  reduces  to 

(1  + 21n)  “ ' 2^ft)  = 8*(‘  + (j-J  co1’  ^)  - (‘  + (a7.)COti  H)  ' t"-1  terrai>‘  ^ow suppose 

. J. 

(2  V*  2 2 ft  . 2 It  — 1 2*  1 STI 

1 ITw/  — * 2 « • 7^  + j — . + Ac,,  or  as  1 + 2 -| — - - j* 

V 

+ &c. , the  limit  of  the  first  side  is2(  r-f  ; — 77 — “ + ^ — - — - + Ac  );  since  ~ . col  — = ~ ^ n 

\ 1.2.3  1.2. 3. 4.  5 / 2n  2 n t y 

tan  ^ - 
2 n 

= ultimately  the  limit  of  the  second  side  is  2 s -f  • &c.  indefinitely  continued. 

Dividing  both  by  2 2,  1 -f-  y— — ^ + j ^ 3 4 — 5 = 7*)  + * *c'  ; therf ^orc»  >n 

(147.)  1 - 7-773  + 1.2. 3"  4V5  “ &c‘  =(l  IT1)  • **• : and  'nu!tiP,yinK  both  sides  byx, 

"in  * = 1 (l  " f.)  • (l  ~ 74.)  • (‘  “ 9^,)  ■ &c-  ad 

(1E>6.)  To  express  cos  x by  a continued  product  By  (145,)  2**  + a*’  = (-  — 2 a x cos  + a*^  . 

-1  a r con  ^ . Ac.  to  n terms.  Let  x = 1,  a =r  1 ; then  2 =:  2 ^1  — cos  . 2 

vol.  1.  4 x 


Digitized  by  Google 


694 


TRIGONOMET  K Y. 

.3* 


T^°  (*  - cos|-r^....  (n  terms)  = 2*" . sin1  ~ (alarms).  Again,  let*  — l + a = i - — ; 

then  a.  Wore  (l  + ^)T+  ('  ~ fj  = *"  ‘ Ti  ' ' "*  K ' * ’ ("  ^ ' ' ' * + (jhJ  **  fa) 

. + J,  mt»  ^ ....  (n  t mi),  ami  the  equation  just  found  reduces  this  to  ^1  + + (l  _ in) 

— 3^1  I ^ 1 ^Ci,f  (*  terms);  and  taking  the  limit  of  each  side  when  n is 

Indefinitely  incased,  1+  + ,-~T4  + «*■  = (»  + v)  ('  + 5?)  ' 4c"  "‘CTefore  1 " O + 

fDTi  - **•  “ 0 - lO  0 “ $ ic- = “ '• 

(157.)  Taking  the  differential  coefficient  with  respect  to  * of  the  logarithm  of  the  expression  for  cos  i we 

c ii.  . 1 2 j 

find  tan  z = + — . ■ . + Ac.  Similarly,  from  the  expression  for  sin  x,  cot  x = — - - 

**—  4x*  9 r1  - 4 r xt* 

2 x 


Z Sect.  VIII 
Higher 
Aaaljttiv 


4**-  *■ 


-f-  Ac. 


(158.)  The  following  theorems  we  shall  find  useful  hereafter,*”  - 2 zT  cos*  + 1 _(r"-coso 


+ s'  — 1 . sin  «) 


. (x*  - cos  0 - s'  — 1 • sin  «)•  If  we  solve  the  equation  x*  - cos  « + s'  — 1 . sin  a = 0,  we  have 

I 

x = (cos  a + s/Tl  . sin  «)•  ; the  different  values  of  which,  as  will  be  seen  upon  applying  the  theorems  of 


(142,)  and  (11.)  are  cos  - 


is  — + ^ — I . sin  — ; cos  + s'  — 1 . 


1 I .1.  2 V + a 


, Ac.  ; and  ilic  factors  of 


x"  — cos  a + s/  — 1 . sin  a are  therefore  x - cos  i + s'  — 1 . sin  — , x — coa  — - — + a/  - 1 ■ »>n  — 


2v  + « 


Ac.  Similarly,  the  factors  of  X"  — Cos  a — s'  — 1 • sin  « are  x - cos  ^ 


- 


sin  — , x 


2 x 


2 T + * s'  — 1 sin  ^ T Ac.  Combining  the  similar  factors,  **■  — if.  cosa-j-l  — fx’  — 
n _ ‘ « V 

co.  !L  + l)  . (x*  - 2xcos?-^±-“  + l)  . (r>  - 2 x . cot  + l).  Ac.  to  n terms. 

(159.)  Now  let  x — 1 ; x*“  - 2x*.  cos  « + 1 becomes  2 - 2 cos  • = 4 sin"  ~ ; x*  - 2xco«~  + 1 becomes 

2 — 2 cos  — =:  4 sin*  — , Ac.,  and  the  equation  is  changed  to  this ; 4 tin1  — = 4" . tin5  — • sin*  • 

n 2 n a 

,in.  iT±_*  ...  (n  terms),  or  -in  \ . sin  ^ - sin  * ’ . sin  4 ^-±-*  . . . . (n  terms).  Let  ^ 

= fl  ; then  sin  »0  = 3~’- «i<>  0 ■ **!>  + ~ ■ *i"  P + • • • • («  terms). 

(160.)  In  the  equation  x~-2.t'.c«*»+l=(x*-2*.cos-^+l)(**-2*.coS 


■ -{-  cos  — — * -f-  cos4-— — -f  Ac.  (n  terms)  ).  But  this  coeffi. 


the  coefficient  of  r**'1  must  = - 2 ^eos  — 

cient  = 0 ; therefore,  putting  7 lor  — - , cos  7 + ooa  ^7  + — ) + coa  ^7  + — ^ +•  Ac.  (n  terms)  = 0.  If 
n be  even,  this  is  an  identical  equation.  If  n be  odd,  the  terms  arc  all  different,  and  observing  that  the  cosine 
or  an  are  is  the  same  as  that  of  its  defect  from  2 *,  the  equation,  supposing  7 less  Ulan  p,  may  be  put  under  Ihla 
form 
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2 T 4 T ^ 

cos  7 -f  cos h 7 + cos h 7 + ) 

n n 

> = 0, 

2t  , 4*  , . f 

-f-  COS — 7 -f-  COS  —'■/*+*  &C.  I 

n n J 

where  each  line  ia  lo  be  continued  to  that  value  of  the  are  which  is  net  leaa  than  t.  By  transferring  to  the 
second  aide  those  terms  that  are  negative,  this  is  easily  changed  into  the  following. 


2 t 4 v 

cos  7 4~  cos f-  7 4-  — — b 7 4“  Ac. 

•f  cos  — - 7 -f  cos  — — 7 + 


cos  — -f“  7 4“  cos  — 4“  7 4*  &c. 


+ cos  — — 7 4"  co«  - 


in  which,  7 being  supposed  less  than  each  series  is  to  be  continued  till  the  augle  reaches  its  greatest  value 

next  below  90®.  If  n be  made  = 5,  it  will  easily  be  seen  that  the  last  theorem  of  (49)  is  but  a particular  case 
of  this. 

(161.)  In  (124)  and  the  following  articles  we  explained  a method  of  finding  the  corresponding  small  varia- 
tions of  parts  of  triangles.  This  may  sometimes  be  abridged  by  the  Differential  Calculus.  For  if  a a function 

da  a (0  c)* 

of  c receive  the  variation  3 a in  consequence  of  c receiving  the  variation  5 c,  then  3 a = 3 c 4*  • j — 

da  da  ^ d*  a c)* 

4-  &c.  If  3 e be  very  sinull,  then  3 a = — h c nearly.  If,  however,  — = 0,  then  6 a = -r— ■ . Q— 

1 d c d c a <?  2 

. do..  Jfl  ninA.cogf 

nearly.  Thus,  in  the  case  of  (129,)  sin  a = sin  A . sin  c ; cos  a . -7-  = sin  A . cos  c,  or  -7—  = — 

■ x ' d c dr  cos  a 

therefore  Sa  = fi'n—C0  0 3e  nearly.  This  is  0 when  c = ; taking  the  second  differential  coefficient, 

cos  a 2 

fa  /da V . . fa  sin  a . sin*  A . cos*  c . ... 

cos  a . -z—z  — sin  a . ( — 1 = — sin  A . sin  c,  or  cos  a . -7—  = sin  A . sin  c.  Muxe 

d c4  \dc/  d t*  cos*  a 

c =s  — , a = A ; cos  A . = — sin  A ; — — tan  A ; and  3 a = — tau  A . nearly,  as  in  (129.) 

2 d if  d c*  2 

(162.)  This  example  sufficiently  illustrates  the  use  of  this  principle.  For  the  cases  in  which  the  first  dif- 
ferential coefficient  docs  not  vanish,  and  in  which  the  neglect  of  the  other  terms  will  certainly  introduce  no  error, 
it  is  convenient;  but  when  a particular  value  makes  the  first  differential  coefficient  vanish,  or  when  it  is  neces- 
sary to  examine  the  terms  after  the  first,  the  method  of  (125)  is  generally  preferable. 

(163.)  In  our  solutions  of  triangles  it  will  be  remarked,  that  we  have  frequently  given  several  formul®  for  the 
same  case.  The  reason  is,  that  in  particular  cases  the  value  of  an  angle  cannot  at  all  by  the  tables  be  found 
exactly  from  its  logarithmic  sine  or  cosine;  and  in  other  cases  it  cannot  be  found  exactly  without  much  trouble. 
To  provide,  then,  for  all  cases  several  formul®  are  sometimes  necessary.  We  shall  now  show  in  what  cases 
these  difficulties  occur. 

(164.)  The  ratio  of  the  small  variation  of  any  function  of  an  arc  to  the  variation  of  the  arc  being  ultimately  the 

differential  coefficient,  wc  shall  have  3.  log  sin  0 =r  - ■ 5 0 nearly  = M cot  0 . 3 0,  M being  the  modulus 

of  common  logarithms  = 0.43429418.  Now  when  0 is  near  90®,  cot  0 is  very  small,  and  a large  variation  of  the 
arc  is  attended  by  a small  variation  of  its  log  sine.  A small  error  then  in  the  log  sine  will  produce  a great 
error  in  the  arc;  or  if  the  tables  be  not  carried  to  many  decimals,  the  same  log  sine  will  correspond  to  several 
successive  values  of  the  arc.  Consequently  an  ore  cannot  be  found  accurately  from  its  log  sine  when  it  is 
near  90®. 

(165.)  If  now  the  arc  be  very  small.  M cot  0 becomes  large;  the  second  differential  coefficient  also 
(=:  — M cosec*  0)  is  very  great.  It  may  happen  then  that  the  second  differences  of  the  log  sines  (of  which  the 

— In  ^ ^ _L_  X lnr*ro  • nnrl  wo  must  hnvo  tho  loKmir  rtf  inlanuil,tinre  Tiv  unrenJ 


expression  is 


(3  0)9  -f-  Ac.)  become  large  ; and  we  must  have  the  labour  of  interpolating  by  second 


differences.  This,  however,  is  commonly  avoided  by  constructing  tables  for  a few  of  the  first  degrees  of  the 
quadrant  to  every  second,  or  to  smaller  intervals  than  the  rest  of  the  tables ; 3 0 is  thus  made  so  small  that  the 
second  differences  are  seldom  sensible.  But  it  is  still  better  avoided  by  the  use  of  a small  table  giving  (he 


logarithm  of  for  a few  degrees.  For  by  (140,)  = 1 — 


1.2.3  1.2. 3.  4. 5 


— &c.;  its  loga- 


/f  °*  \ ...  . /0  0*  \ * 

rithm  = — M I — + — •+■  &c.  1;  the  differential  coefficient  of  which,  or  — Ml  •—  4"  /v  + Ac.  1 is  very 
\6  ISO  / \ 3 4 5 # / 
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Ttiijoao-  small  when  0 is  small.  And  if  0 = n*",  leg  0 = log  n 4-  log  1"  = log  n -I-  4.6853749,  of  which  the  first  part  Sert-  VIH 

“•*7*  can  be  found  to  any  accuracy  by  common  table*,  uml  the  second  is  constant;  thus,  when  0 is  small,  log  sin  0 Higher 

•— V""*  sin  0 X 1" 

can  be  found  accurately.  The  most  convenient  tables  contain  a table  of  log  — ■ ; let  tne  number  in  this 

table  corresponding  to  n"  be  a,  then  log  sin  a + log  w. 

(166.)  Conversely  from  a given  value  of  log  sin  0,  0 when  small  is  found  with  great  cose.  For  subtracting 

from  log  sin  0 the  logarithm  of  lrf,  or  4.6855749,  we  have,  nearly,  the  log  of  the  nurnher  of  seconds,  by  which 

we  find  in  the  table  the  log  or  the  log  -U  ~ i antl  though  the  number  of  seconds  is  not  theoretically 

exact,  yet  from  the  very  slow  variation  of  log  . the  error  in  the  result  will  not  be  sensible.  Then  log  true 

sin  0 x l* 


number  of  seconds  = log  sin  0 — log  - 


(167.)  In  the  want  of  such  tables,  this  method  is  convenient,  — = 1 — — nearly  =^l  - — J = (cost?)’ 

nearly ; therefore  log  ss  $ log  cos  0 nearly.  Hence,  log  sin  0 =r  log  0 4-  J log  cos  0 nearly  =r  log  0 — 
arithmetical  complement  of  log  cos  0. 

(168.)  The  same  remarks  in  all  respects  apply  to  the  tangent  of  a small  arc.  The  series  for  the  tan  0 = 

+&c\ 

= ^ = fl  (l  + ~ + Ac  ),  therefore  Bn'1  lot5  100  * = 

1 - — + Ac. 

log  0 -f-  | ar.  comp,  log  cos  0 nearly.  These  expressions  can  be  used  without  sensible  error  till  5 = 8°.  Since 

the  differential  coefficient  of  log  tan  r ) is  never  small,  we  can  never  meet  with  difficulties  in 

\ *111  9 . cos  6/ 

the  use  of  it  like  that  mentioned  in  (I6f.( 

(169.)  In  this  way,  then,  we  find  that  an  arc  cannot  be  determined  accurately  from  its  sine  or  cosecant  when 
it  is  near  90°.  from  its  cosine  or  secant  when  very  small,  or  from  its  versed  sine  when  near  180°;  but  from  its 
tangent  it  can  always  be  found  with  accuracy.  Of  the  expressions,  therefore,  in  (66)  and  (116)  the  first  must 
C 

not  be  used  when  — — is  small  or  C is  small  ; the  second  must  not  be  used  when  C is  near  ISO3,  nor  the  fourth 

a 


rfhen  C is  near  90°.  The  third  may  always  be  used.  In  (63)  cos  B = — , which  is  inaccurate  if  B is  small ; 

[ - ( 
l -f  i 


but  this  expression  mav  then  safclv  be  used;  — or  tan*  — =:  In  (70)  if  B is  near  90°,  lei  B = 

r 3 3 1-fcosB  2 c -f-  a v/ 


90°  ± x ; then  cos  r = — sin  A,  and  tan1  = 
a 2 


1 


- sin  A 


■ . Now  — in  all  cases  of  difficulty  will  be  greater 

1 4 sin  A 


, , . . . 1 .a  x sin  0 — sin  A 0 — A 0 4~  A 

than  1.  and  less  than  - — r ; let  -7-  = sin  0 ; then  tan*  — —=  — — - — ; — --  =:  tan — — — . cot  — - — , which 
sin  A 6 2 sin  0 4-  »m  A 2 2 

can  be  calculated  with  accuracy.  In  (105)  if  a and  b be  very  small,  (a  case  which  often  occurs,)  c cannot  be 

accurately  found  from  that  formula;  we  must  therefore  take  tan  A=  ^r—r,  and  tan  c = by  which  c is 

sin  b A * 


cos  A’ 


- i . ..  . . t iinn  \ « tan  ^ . „ I — cos  A tan  c — Uni  5 , A 

found  to  the  greatest  accuracy.  In  (109,)  cos  A = ; it  A be  small, r= , or  tun*  — 

tan  c 1 4*  cos  A tan  c 4“  tan  6 2 

= — — * which  is  not  liable  to  inaccuracy.  In  (118.)  if  c should  be  near  ISO0,  use  this  expression,  1 

sin  e 4~  b 


cos  c = 1 + cos  a . cos  b + sin  a . sin  b — sin  a . sin  h (I  — cos  C,)  or  cos*  — = cos*  — 


- h 


sin  b . sin*  ; make  sin  a . sin  h . sin*  v = sin*  0,  then  cos*  C ■ = cos’  - sin*  0 = cos  . - 4*  0 

2 2 2 2 2 * 
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a — b 1 

cog — 0.  We  have  given,  we  believe,  the  most  important  cases;  but  in  any  others  the  same  principle  Geodetic 

2 OpcnlMmt 

may  easily  be  applied.  ' 

(170.)  Wc  shall  conclude  our  remarks  on  this  subject  with  the  solution  of  the  following  problem:  To  find  how 
far  the  tables  are  sufficiently  exact.  This  will  be  done  by  giving  to  the  arc  the  variation  lw,  or  any  other,  accord- 
ing to  the  degTec  of  accuracy  required,  and  finding  at  what  limit  the  corresponding  variation  of  the  tabular 
numbers  is  equal  to  one  unit  in  the  last  place  of  decimals.  Thus,  for  log  sines  : by  (164,)  the  variation  of  log 
sin  0 for  1"=:  0.4343  X cot  0 x 0.000004648.  If  the  tables  be  carried  to  7 decimals,  cot  0 at  the  limit  =s 


0.0000001  0 0.0000000001 

0.4343  x 0.000004848  ; 1 *°  1 co1  ~ 0.4313  X 0 000004343' 


The  former  gives  0—  87®  17';  the  latter 


gives  0 = 89°  59^  50" ; and  beyond  three  the  tables  of  log  sines  cannot  be  trusted  to  seeonds.  The  same 
principle  may  be  applied  to  any  other  tublcs. 


SECTION  IX. 

Formula  peculiar  to  Geodetic  Operations. 

(171.)  Tiie  Trigonometrical  surveys,  which  have  been  carried  on  for  the  two  objects  of  mapping  an  extensive 
country,  and  determining  the  figure  and  dimensions  of  the  earth,  afford  the  best  exemplifications  of  most  of  the 
theorems  both  in  plane  and  in  Spherical  Trigonometry.  For  some  of  the  reductions,  however,  they  require 
peculiar  formula  ; these  we  shall  give,  after  describing  generally  the  course  of  operations. 

(172.)  The  first  part  is  the  measurement  of  a base,  for  which  a plain  of  four  or  five  miles  in  extent  is  generally 
chosen;  the  line  is  measured  with  the  most  scrupulous  exactness.  In  England,  rods  of  deal,  tubes  of  glass, 
and  steel  chains,  have  been  used  ; the  temperature  being  always  noticed,  und  the  proper  correction  applied  for 
expansion.  In  the  late  surveys  in  France,  the  measuring  rods  consisted  each  of  a rod  of  platina  and  a rod  of 
brass,  lying  one  upon  the  other,  and  connected  at  one  extremity  ; the  expansion  of  these  metals  l>eing  different, 
the  difference  of  the  expansions  was  observed,  and  the  whole  expansion  of  one  bar  found  by  a simple  proportion. 

Other  bases  arc  measured  in  different  situations,  called  bases  of  verification,  and  their  measure,  compared 
with  their  length,  as  fouud  by  calculation,  serves  for  a criterion  of  the  correctness  of  the  observations.  Thus, 
for  the  French  surveys  of  1740,  17  bases  were  measured  t but  in  the  late  surveys  there,  two  only  were  used; 
and  in  the  operations  in  Ilindoostan,  carried  over  u greater  extent  of  country,  five  only  were  employed. 

(173.)  Proper  situations  for  signals  being  selected,  the  country  is  divided  into  triangles  by  lines  joining  the 
stations  ; and  the  angles  of  the  triangles,  that  is,  the  angles  which  two  signals  subtend,  as  seen  from  a third, 
are  measured,  (the  first  observation  being  made  from  the  extremities  of  the  base ;)  and  here  the  nature  of  the 
instruments  used,  modifies  the  calculation  in  a considerable  degree.  For  the  late  French  survey,  repeating 
circles  were  employed,  by  means  of  which  the  angle  between  the  two  signals  was  observed  ; blit  since  the  signals 
are  seldom  seen  exactly  in  the  horizon,  a calculation  is  necessary  to  find  from  this  the  horizontal  angle.  In 
England  and  India  the  horizontal  angle  was  observed  immediately  by  a theodolite. 

(174.)  In  all  the  principal  triangles  each  of  the  three  angles  is  observed  ; and  the  error,  if  it  is  found  from 
their  sum  that  any  exists,  is  divided  among  them  in  the  most  probable  proportion.  The  sum  of  the  errors  in 
the  nicer  observations  has  seldom  amounted  to  2".  For  the  smaller  triangles  it  is  sufficient  to  measure  two 
angles. 

(175.)  Beginning  now  with  the  measured  base,  we  have  the  length  of  the  base  and  the  observed  angles  at  its 
extremities,  to  determine  the  distance  of  a signal  from  its  extremities,  and  the  angle  at  the  signal  ; that  is,  we 
have  oue  side  and  the  two  adjacent  angles  to  determine  the  other  parts.  Thus  we  determine  AC,  BC,  fig.  20.  F»f.  £0 
Similarly,  A D,  B D,  are  found  : then  C D is  determined.  Then  in  the  triangle  CE  D we  have  similar  data. 

And  this  process  we  extend  to  any  number  of  triangles,  till  we  arrive  at  a base  of  verification. 

(176.)  It  is  generally  thought  proper  to  choose  the  stations  such  that  the  sides  of  the  triangles  are  greater 
than  10  and  less  than  20  miles.  In  the  English  survey,  however,  the  distance  from  Beachy-Ilead  to  Dunnose, 
which  formed  one  side  of  a triangle,  is  more  than  64}  miles.  And  in  the  extension  of  the  French  survey  to 
Spain,  to  connect  Iviza  with  the  continent,  a triangle  was  formed,  of  which  one  side  was  nearly  100  miles.  The 
calculations  are  verified  either  by  comparing  the  calculated  length  of  a base  of  verification  with  the  measured 
length,  or  by  comparing  the  distance  between  two  signals  as  calculated  from  two  chains  of  triangles,  beginning 
either  from  the  same  base  or  from  different  bases.  Thus,  in  England  by  a series  of  triangles,  extending  more 
than  200  miles,  from  Dunnose  in  the  Isle  of  Wight  to  Clifton  in  Yorkshire,  it  was  found  that  the  error  in  a line 
of  22  miles  does  not  exceed  six  feet.  And  in  some  of  the  English  bases  of  verification  of  four  or  five  miles  in 
length,  the  difference  between  the  computed  and  measured  lengths  has  not  exceeded  one  or  two  inches. 

(177.)  The  latitudes  and  longitudes  of  the  principal  stations  (those  of  one  being  known)  are  then  determined 
accurately,  and  those  of  the  minor  objects  which  have  been  observed  by  a more  expeditious  method.  This  is  for 
the  purpose  of  mapping ; if  it  is  intended  to  ascertain  the  length  of  a degree  of  latitude,  the  distance  of  two 
places  in  the  direction  of  the  meridiun  must  be  ascertained,  and  the  latitude  of  each  must  be  observed.  This  was 
the  object  of  the  late  French  survey ; their  purpose  being  to  determine  tire  length  of  the  terrestrial  quadrant,  of 
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Trigoao*  which  the  10,000,000th  part,  or  metre,  was  made  the  standard  of  linear  measure.  For  the  determination  of  a Sect.  IX. 

m*try  decree  of  longitude  (a  calculation  which  implies  the  spheroidal  form  of  the  earth)  methods  are  used  of  which  it 

would  be  foreign  to  our  purpose  to  treat. 

(178.)  This  is  a general  explanation  of  the  usual  process ; wc  shall  now  give  the  mathematical  theorems  ~"L' 
connected  with  it.  In  the  French  bases  the  line  measured  was  not  straight,  but  consisted  of  two  parts,  as  a and 
W*.  21.  b,  fig.  21,  forming  a small  angle  0,  (when  largest  it  was  49'.)  To  find  the  correction,  c*  = a*  + — 2 a b . 

& 

cos  it  — 0~aa-ffc*  + 2tf6  cos  ( 


Rf.  22 


but  since  0 is  very  small,  cos  0 = 1 — nearly ; therefore  <*  = a + 6* 


— a 6 . 0*,  and  c — a -f-  6 ■ 


a b 


2 («- 
ah.  t 
a -j-  6 


6) 


0*  nearly,  or  the  correctiou  is 


a b 


2 («  + 4) 


0*.  If  0 = n seconds  = n X 


X 0,000,000,000,01175. 


0,000004848,  the  correction  = 

(179.)  Supposing  the  three  angles  of  a triangle  observed,  and  one  side,  as  a,  known.  To  find  its  figure,  that 
the  lengths  of  the  other  sides  may  be  least  affected  by  the  errors  of  observation.  Let  A be  the  observed  angle 
opposite  to  a.  B and  C the  angles  adjacent,  and  b and  c the  sides,  opposite  to  them.  Suppose  the  errors  of  A,  B, 
and  C,  to  be  l A,  & B.  and  c C ; then,  as  the  sum  of  the  angles  (if  erroneous)  is  supposed  to  be  corrected  by 
altering  each  of  the  angles  by  the  same  quantity,  « A = — (£  B + £ C).  Then  the  true  value  of  c is  a . 

but  sin  C + $ C = sin  C . cos  b C + cos  C . sin  l C = siu  C -f-  i C . cos  C nearly  ; putting 


sin  C + « C 
sinA  - 

a similar  expression  for  the  denominator,  and  observing  that  sin  B = sin  r — B =s  sin  A -f  C s sin  A cos  C + 

. „ _ , /sin  C dnl)  , sin  C . cos  A „ _\  , „ , /sin  B , _ 

cos  A . sin  C , we  find  c = a I t — - 4-  -r~-r  «C  4-  .-a- b II  J.  or  the  error  of  e is  a f — e C -4- 

\sinA  sin*  A sin1  A / \sin#A 

sin  C . cos  A „ . . ...  /sin  C . _ . sin  B . cos  A . _\  ..  ....  ... 

h B 1.  Similarly,  tile  error  of  b is  a I ; ; i B + — — — . b C 1 . Now  it  is  impossible  to 

niii*  A / ’ \8!U*A  »u*  A / 

assign  exactly  the  chances  of  the  errors  t B,  l C,  and  l A,  or  — (S  B -f  $ C),  and  our  reasoning  must  therefore 
be  vague.  It  is  evident,  however,  that  sin  A must  not  be  small ; it  is  largest  when  A = 90°.  But  it  is  equally 
evident,  that  there  is  u greater  chance  that  the  signs  of  b B and  bC  are  different,  than  that  they  are  the  same; 
since  in  the  three  pairs  that  wc  can  form  of  J A.  b B,  b C,  two  will  have  errors  of  different  signs,  and  one  will  have 
errors  of  the  same  sign.  And  if  6 B and  b C have  different  signs,  the  errors  of  6 and  c will  he  diminished  by 
giving  cos  A a positive  value.  A therefore  ought  to  "be  less  than  90°;  and  if  b B and  bC  are  prubuhly  not  very 
different,  B and  C should  be  nearly  equal.  These  conditions  will  be  satisfied  by  a triangle  differing  not  much 
from  an  equilateral  triangle. 

(1HU.)  If  two  angles  only,  A and  B,  be  observed,  the  expression  for  the  errors  will  be  as  above ; but  we  have 
now  no  reason  to  think  them  of  different  signs  rather  than  of  the  same  sign.  In  this  case,  then,  we  shall 
probably  have  our  errors  smallest,  if  cos  A = 0,  or  A = 90°;  the  remaining  angle  of  the  triangle  ought  there* 
lore  to  be  as  nearly  as  possible  a right  angle. 

(181.)  The  elevations  or  depressions  of  signals  being  small,  the  correction  to  be  applied  to  their  measured 
angular  distance  in  order  to  obtain  the  horizontal  angle  is  thus  found.  Suppose  O A,  O B,  (fig.  22,)  to  be  the 
directions  in  which  two  signals  are  seen  from  O ; the  angle  AOB  is  measured.  If  a sphere  be  supposed 
described  about  O as  centre,  and  if  through  Z the  point  vertical  to  O great  circles  O A C,  OB  1>  l>e  drawn,  and 
CO  I)  be  the  horizontal  plane,  then  C O 1)  or  Z,  since  Z »»  the  pole  of  C D,  is  the  horizontal  angle  required. 

r,  cos  A B — cos  Z A . cos  Z B , . _ _ „ ^ „ 

Now  cos  Z = . „ . r — .. -.  Let  ADsD,  Z = D + x ; cos  Z = cos  D . cos  jr  — sin  I) 

sin  / A . sin  Z B 


. sin  x = cos  D — sin  D . x nearly  , let  A C = A,  B D = A',  then  con  A = 1 — 
= A,  sin  //  = A',  nearly ; and  the  equation  becomes  cos  D — x sin  D = 


A® 

2 ’ 

cos  D — A A 
“A* 
2 


cos  h!  = 1 — 


A'* 


sin  A 


nearly  — cos  D— A A* 


. D 


(A*  -f*  A'*)  ; therefore  x = 


A A' 


cos  I) 
2 si.i  D 


(A*  + A*).  Let  A + A'  = p ; A — hf  = q ; therefore 


*.  + *«.=  £+£,  nAt=l(F^. 

4 2 4 \ »m  D 


(p*  4-  <f ) co» 


1/,1-mD  . 1 + ms  D\  1 / . D . D\ 

= 4 \f  “ISTd r -i feb— ) = 7 (/ tan  t ~ * “l  -)■ 


sin  D 
D_ 
9 


-) 


For  observations  with  the  theodolite,  this  is  not  necessary. 

(182.)  The  horizontal  angles  being  thus  found,  all  our  triangles  are  converted  into  spherical  triangles,  the 
sides  of  which  are  small  compared  with  the  radius  of  the  sphere.  For  the  solution  of  these  triangles,  three 
different  methods  are  used.  The  first  is  to  solve  them  as  spherical  triangles,  taking  for  the  sines  of  the  side* 
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Trifom*  Ow  expressions  in  (16:>)  and  (167.)  Knowing  nearly  the  radius  of  the  earth,  the  angle  subtended  at  the  centre  IX- 

mciry.  ^ ^ Geodetic 

v— by  an  arc  of  given  length  is  known,  and  hence  log  — can  be  taken  from  a table  where  a is  expressed  in  QPCf*tio^j 

feet  or  toises ; adding  log  a , log  sin  a is  found.  This  method  is,  by  Dclainbre,  preferred  to  the  others.  The 
second  is  U>  find  from  the  angles  of  the  spherical  triangles  the  angles  formed  by  their  chords,  and  to  solve  this 

as  a plane  triangle.  Let  C be  one  spherical  angle,  C — x the  angle  contained  by  the  chords,  then  cos  C — x 


(chord  of  a)*  4-  (chord  of  b)3  — (chord  of  c)* 
2 chord  of  a . chord  of  h 


sin*  — + sin9  — — sin*  — 


2 sin  — . sin  — 
2 2 


1-2  sin*  ~ ~ 2 «»n*  f 1 - 2 sin*  4^ 

cos  c — cos  a . cos  b 2 \ 2 / \ 2/ 

sin  a , sin  6 . . a a b b 

4 sin  — cos  — sin  — cos  — 

2 2 2 2 

b . , c a .6 

B,n  -x  4*  sin*  — — mu*  — »m  r.  sin  — 

2 2 2 2 2 a b _ 

= ■ 1 ^ , — — — : therefore  cos  C — x = cos  — . cos  — - cos  C 4* 

. a . b a b a b 22 

2 sin  — sin  — cos  — cos  — cos  — . cos  — 

2 2 2 2 2 2 

a , b . . a . b / a 6 \ _ 

— . sin  ~ = cos  C + x sin  C ; therefore  x sin  C = sin  --  . sin  — — ( 1 — cos  — . cos  — \ cos  C r= 

— — — ° cos  C.  Let  a -f-  b = e,  a — b = /;  therefore  a*  4"  6*  = —4*  f*- , a b = - - ; and 

4 8 2.4 

*-r  **+/*  „ 1 /,  1 — cos  C l+co*C\  I /_  C 

1C  16  16  \ am  C * sin  C / 16  \ 2 

— f * cot  All  these  expressions  suppose  the  angles  to  be  expressed  in  numbers  considering  the  radius 

as  1 ; if  e n feet,  then  lor  e we  must  put  r . : jr — ; if  x = m seconds,  tor  x we  must  put 

* number  of  feet  in  radius  * 

m x 0,000004848.  This  method  was  used  in  the  English  surveys. 

(183.)  This  principle  of  the  third  method  is  by  applying  a correction  to  the  angles  of  the  spherical  triangle 
to  treat  it  as  a plane  triangle.  Let  a,  6,  c be  the  sides  to  radius  r ; then 

c a b . ^ ( a'  \ / 6*  64  \ 

COS  - - COS  - COJ  - , _ _ + + —)  (I  - 57  + 

“■C ,o.A  «6  /, 

sin  - . rin  - 7T  ^-575  A*  ~6?) 


sin9  — 4.  sin*  — — sin*  —• 
2 2 2 

„ . a b a b 

2 sin  — sin  — cos  — cos  — 
2 2 2 2 


o*  + A.  + c* L fa  o’i*  + 2a’e’+Z  6V  - a*- 6‘ - e*  1 

nearly  = 2 a b Jblt  if  C — x he  the  :mgit 

— . a*  4-  6*  — <• 

in  the  triangle  considered  as  plane,  then  cos  C — x,  or  cos  c + i »n  C = — — - — ; therefore  x sin  C = 

2 a 6 

‘>lr~  ab  + The  part  within  the  brackets  = 4 a*  6*  — (a*  4-  A9  — c*)B 

= {2o64fl*46*-(J}.(2a6  — a*  4 6*  - c- } = { (« -f  6)*  - c*  } . { ^ - (a-i)«(  - (a  + A + r) 
(o  4-  b — c)  (a  + c — b)  (b  4-  c — a)  = 16  (area  of  triangle)*.  But  a b sin  C = 2 . area ; therefore  x = 


area  of  triangle 
“ 3~>  1 


or  if  x s=  7i  seconds,  n — 


area  of  triangle 
3 r*  X 0,000004848  * 


This  is  Legendre’s  theorem.  If  the 


area  of  the  triangle  be  found  in  feet,  the  logarithm  of  the  divisor  is  9,8039940,  a degree  on  the  earlh’s  surface 
being  considered  = 365155  feet  This  is  due  to  General  Roy.  The  dimensions  of  the  triangle  are  always 
known  accurately  enough  to  find  the  area  with  sufficient  exactness.  The  correction  is  the  same  lor  each  of  the 
angles;  it  is  therefore  one-third  of  the  excess  of  the  sum  of  the  three  angles  above  190°,  commonly  called  the 
spherical  excess.  The  spherical  excess  seldom  amouuts  to  5";  in  the  largest  triangle  joining  Iviza  with  the 
coast  of  Spain  it  amounted  however  to  39 
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f-s  ai 


(184.)  The  sides  ami  angles  of  the  triangles  bring:  found  by  some  of  these  methods,  and  the  relative  situation  Sect. DC. 
of  the  signals  being  found,  it  is  necessary  to  determine  the  angle  which  some  one  of  the  lines  makes  with  the 
' meridian.  In  the  English  surveys  this  was  done  by  observing  with  the  theodolite  the  horizontal  angle  between  v ^ 

a signal  and  the  pole-star,  at  the  time  when  it  was  known  to  be  at  its  greatest  azimuth.  Let  Z,  fig.  23,  he  the 
zenith,  P the  pole,  S the  pole-star,  ZS  a great  circle.  Then  cot  Z . sin  ZP8  — col  S P . sin  / P — cos  Z P S 
. cos  Z P.  Suppose  a small  error  in  the  time,  this  would  create  a small  error  in  the  angle  Z P S.  Now,  as  in 
(131,)  we  find  that  the  simplified  expression  for  the  error  of  Z vanishes  when  coa  S is  0.  or  S is  a right  angle. 

Returning  then  to  the  original  expression,  and  observing  that  cos  Z P = cos  Z . cos  P;  and  putting  for  cot 

. . , , , , „ sin  Z . cos  Z (£  P)*  -T  ... 

Z + t Z,  &c.  their  approximate  values,  we  find  at  length  iZs p - . — ^ — . Now  with  the 

pole-star  sin  Z is  small,  and  l P very  small ; hence  a small  error  in  lime  will  not  produce  a sensible  error  in  the 
azimuth. 

(185.)  In  the  French  surveys  the  azimuth  was  found  by  observing  the  angle  between  the  signal  and  the  sun 
when  near  the  horizon  ; also  by  taking  the  angular  distance  of  the  signal  from  the  pole-star  when  nearest  to  the 
signal,  or  farthest  from  it.  To  allow  the  observations  to  be  repeated,  a correction  was  investigated  not  very 
dissimilar  to  that  of  the  last  article,  to  be  applied  to  the  observations  made  when  the  pole-star  was  a little 
removed  from  the  point  nearest  to,  or  farthest  from,  the  signal.  From  this  distance  the  azimuth  is  found  by  a 
right-angled  spherical  triangle.  But  in  Spain,  a transit  instrument  being  adjusted  to  a mark  neurly  in  the 
meridian,  the  intervals  of  the  transits  of  different  stars  were  observed  r comparing  these  intervals  with  those  that 
ought  to  have  been  observed  in  the  meridian,  the  azimuth  of  the  mark  was  determined  by  a formula  common  in 
practical  Astronomy.  From  this  the  azimuth  of  any  signal  was  easily  found. 

(186.)  Tlie  direction  of  one  side  being  known,  we  have  now  to  solve  this  problem.  Given  PA,  fig.  24,  the 
eolatitude  of  A,  and  the  angle  PA  B,  and  the  length  of  A B ; to  find  P B the  colatitudc  of  B,  and  the  angle  B, 
and  the  deference  of  longitude  P ; A B being  small  (seldom  = 1°.)  Here  cos  B P = cos  A I* . cos  A B -f  sin 


A P . sin  A B . cos  A ; let  B P = A P - * ; cos  A P — x - cos  A P.  or  2 sin  A P — — . sin  — = sin  A P . 

sin  A B . cos  A — cos  A P (1  — cos  A B)  = A B . sin  A P . cos  A - cos  A P . nearly  ; therefore  sin  — 

A B*  * 

A B . sin  A P . cos  A — cos  A P 

2 a . . - x . A B . cos  A ... 

— — ■ . — . An  approximate  value  of  — is  — - • substituting 

x 2 2 

2 sin  A P — 

2 

this  in  the  denominator,  x — 2 sin  — nearly  = A B cos  A *'n  --  A B\  If  greater  accuracy  is 

desired,  this  may  be  again  substituted  in  the  denominator;  then  AB’  must  be  taken  in  the  numerator;  and 

, , . x .x  1 / . X V , ^ cot  A P . sin*  A 

observing  that  — = sin  — -f-  — Is  m - \ nearly,  x = A B cos  A A B* 

(14-3  cot*  A P)  sin*  A . cos  A „ sin  A B . sin  A , . „ sin  A P . sin  A 

— A B*.  Then  sm  P as  — . — — - and  sin  B = ; — =7^r . Or.  if  a 

sin  P B sin  P B 


series  lx?  preferred,  P 
A*B  . sin  A . sin 


A B . sin  A 
sin  P A 
PA-f  P B 


A B! . sin  A . cos  A . cot  P A 
sin  P A 


&c. ; B = 180°  - A -f 


sin  P B 


(187.)  For  the  points  of  less  consequence,  which  have  been  observed  from  two  stations,  the  distances  being 
found  considering  the  triangles  as  plane,  the  value  x = A B cos  6 is  sufficiently  accurate ; and  then  P = 


A B . »in  A 
sin  PA 


nearly. 


These  arc  the  principal  formulae  of  Trigonometry  that  are  used  for  surveys  on  a large  scale.  We  have 
treated  of  them  at  some  length,  as  we  know  not  any  book  in  the  English  language  in  which  any  account  of  them 
is  to  be  found.  We  have  confined  ourselves  to  what  appeared  to  be  strictly  connected  with  the  subject  of  this 
Treatise ; for  the  explanation  of  the  methods  used  in  different  hypotheses  of  the  figure  of  the  earth,  and  for 
the  results  deduced  from  them,  we  refer  to  our  article  on  the  Figure  of  the  Eurth. 
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SECTION  X. 


On  the  Construction  of  Trigonometrical  Tables . 


(189.)  Tne  construction  of  tables  naturally  divides  itself  into  two  parts:  the  first  is,  the  determination  of 
values  of  the  function  to  be  tubulated  for  certain  values  of  the  arc,  at  large  intervals;  the  second  is,  the  filling 
up  of  the  tables  by  inserting  the  values  included  between  these.  In  this  order  we  propose  to  consider  the 
formation  of  tables  of  the  values  of  Trigonometrical  lines  and  their  logarithms. 

(199.)  The  method  which  first  suggests  itself  for  the  determination  of  natural  sines,  is  to  take  some  arc  whose 
aino  and  cosine  are  known,  (as  30®,  45°,  lb®,  54°,  &c.)  and  determine  the  cosine  of  half  the  arc  by  the  formula 

cos  a = ULf?.8.  jL?,  and  after  repealed  applications  of  it  to  determine  the  siue  by  the  form  sin  a = 


cos  a — \/^~ 
a / 1 — cos  2 

V o — 


a- , Or  the  sine  and  cosine  may  be  determined  by  the  formula  sin  a = Jj^l  + siu  2 a — 

■ sin  2 a } , cos  a = £ { 1 9in  2 a -{-  1 — siu  2 a J . This  method,  when  2 a is  small,  is  more 


accurate  than  the  former.  For  when 


1 — cos  2 a . 


is  very  small  = r,  suppose  x to  be  the  error  to  which  it  is 


liable,  or  the  value  of  the  figures  rejected  j then  its  square  root  will  be  liable  to  the  error — nearly,  which, 

2 a/® 

when  v is  small,  is  very  considerable.  On  the  contrary,  in  the  other  method,  1 -f-  sin  2 a,  and  1 — sin  2 a,  bemg 
nearly  = 1,  upon  extracting  their  roots  we  are  not  liable  to  the  same  error.  In  this  manner  find  the  sine  of 

= 52"  44"'  S"  45"".  Now  by  observation  of  the  sines  of  this  arc,  and  of  the  double  of  this  arc,  it  will 

2" 

be  seen  that  the  sines  of  small  arcs  arc  nearly  as  the  arcs  ; and  therefore  b2"  44'"  3""  45'"  : V:  : sine  found  : 
sine  of  I'.  From  this  the  cosine  of  V is  found  ; and  the  sines  and  cosines  of  2‘,  3‘,  4',  &c.  are  found  by  the 
formulae  of  (38.) 

(190.)  But  the  same  thing  may  be  done  in  this  manner,  with  fewer  (though  more  laborious)  operations,  and 
without  the  proportion  used  in  the  last  article.  It  was  found  that  siu  5 a — 5 sin  a — 20  sin’  a 4-  16  sin*  a; 
conversely,  the  solution  of  the  equation  5 x — 20  x3  + 16  1*  = *in  5 a will  give  the  value  of  siu  a.  Tims,  from 
sin  15°  (found  by  bisection)  we  may  by  approximation  find  sin  3°.  Again,  sin  3 b = 3 sin  b — 4 sin’  6;  solving 
this  equation  we  have  the  value  of  sin  6 from  sin  3 b,  and  therefore  from  sin  3°  we  find  sin  1°.  By  a repetition 
of  the  same  operations  we  descend  to  sin  30',  sin  15',  sin  3',  sin  l';  and  then  ascend  as  before.  In  the  same 
way  we  might  have  begun  from  18°,  or  any  arc  whose  sine  is  known. 

(191.)  But  in  a process  of  this  kind,  where  on  error  in  the  calculation  of  one  number  would  affect  all  the 
following  ones,  it  is  clearly  desirable  to  compute  independently  some  numbers  in  the  series  at  convenient 
intervals  to  serve  as  verifications  for  the  rest.  Thus,  from  siu  30°  we  may  by  triscction  find  sin  10°;  from  this 

we  get  cos  10°  or  sin  80° ; then  sin  20°  = 2 sin  10° . cos  10°  is  found ; then  since  sin  60°  + A — sin  60*  — A = 
sin  A,  we  have  sin  80°  — sin  40°  = sin  20®,  whence  sin  40°  is  found  ; thence  sin  50°  or' cos  40°  is  found  ; and 
sin  70°  =:  sin  50®-}-  am  10°.  Hie  sines  for  every  10®  of  the  quadrant  being  found,  those  of  every  degree  should 
then  be  calculated  as  verifications  for  those  of  every  minute,  &c.  The  following  is  the  best  method  of 
performing  these  calculations : sin  n -}-  1 b = 2 cos  6 . sin  n b — sin  n — 16,  therefore  sin  » -f-  I b — sin  n 6 = sin 
n b — sin  n — 1 6 — (2  — 2 cos  6)  sin  n 6.  But  sin  n + 1 6 — sin  n 6 ss  difference  of  sin  n b;  sin  n 6 — sin 
n — l 6 = the  preceding  difference ; hence  the  difference  is  less  than  the  preceding  difference  by  (2  — 2 cos  6) 
sin  nb,  or  4 sin®  ~ sin  7t  6;  that  is,  the  second  difference  is  — 4 sin®  ~ sin  n b.  Now,  since  sin  n b is 

* 6 ’ 

already  found,  tins  can  be  calculated ; and  the  operation  will  not  be  long,  for  the  multiplier  4 sin®  

being  the  same  every  time,  a table  of  its  products  by  the  9 digits  may  be  prepared.  Thus  then  we  have  sin  12° 
— sin  11®  = sin  11°  — sin  10°  — 4 sin*  30'.  sin  11°,  Ac.  In  this  way  the  sines  for  every  degree  may  be  found; 
if  the  values  for  sin  10°,  sin  20°,  Ac.  are  not  the  same  as  those  found  before,  it  shows  that  there  is  some 
error  in  the  computation. 

(192.)  But  the  natural  sines  for  these  arcs,  at  least  for  10°,  20®,  Ac.  or  more  conveniently  for  9®,  18®,  Ac. 

. , , jjl  j4 

may  be  calculated  independently  thus.  We  found  for  sin  x the  series  x — - — — - + - — — - — - — Ac. , 
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Trip**-  ...  _ J!L  JL.  lhen  JL  being  found  by  the  differentia]  calculus  lo  = 1,570796326794997,  we  base  sin 

m.try.  » ' 2 ’ 2 


m t 

2 n 


X 1,570706326794827 


x 0,079692620246167 

1 n* 

x 0,000160441184797 

n* 

Mill 

-f  _ X 0,000000056921729 
Ww 

m'1 


- — x 0,645964097506246 
n* 

_ — X 0,004681754135319 

n7 

X 0,000003598843235 


_ £!i!  x 0,000000000668804 


_ J?1  x 0,000000000000044 


+ ^~  X 0,000000000006067 
' »iU 

Similarly,  as  cosx  = 1 — -f-  \ — 2 3 4 ^C’  W°  ^**VC 


1 ,000000000000000 

-f  — X 0,253669507901048 

+ — x 0,000919260274839 
‘ n" 


X 1,233700550136170 


_i_  2!L-  x 0.000000471067478 
“ n'» 

*7ll< 


x 0.000000000065660 
x 0,000000000000003 


_ — x 0,020963480763353 
n* 

_ £iL’  X 0,000025202042373 
» 

_ Ull  x JO, 000000006386603 
_ ^11  x 0,000000000000529 


The  cosine  of  an  arc  being  the  sine  of  its  complement.  ~ will  never  exceed  * ; and  a few  term,  of  these 

equation  of  (160)  will  be  found  extremely  useful.  By  giving  to  7 and  » dl,rcrcnt  v0,ura’  wc  wllh  S1*®1 

diflicnccs.  And  a remarSbh-  relation  between  the  diftrcnccs  of  tt’b^Sp^d 

differences  with  which  we  must  begin  our  table,  from  knowing  the  ^ ^ 

that  the  arc  x is  formed  by  successive  additions  of  h ; then  A sin  x = sin  x + h - sin  x — 2 sin  — . cos 

77^1  A°  sin  x = 2. in  A (co,  x + ^ - cos  x + |)  = - 4 »in',|  . sin  7 + 1;  and,  consequently,  A' 

sin  —k=  _ 4 ai„>4  ..in  x.  Hence  A* . sio~*  = - 4 sin'A  * = 16  si“4  T ’ “ * + *'  ^ 
* . ^ ^ 
therefore,  A*  sin  . x — 2 A = 16  sin*  - . sin  x.  Similarly,  A*  ■ x sin  J — 3 A — — 64  sin  — . sin  x,  &c.  Also 

A>  sin x r=  — 8 sin>  A. . cos  , + !*,  therefore  A- . * T=h  - _ 8 . sin*  A . cosx+-j- ; similarly.  A* 

«n  =,32  sin*  A , cos  x + A-,  &c.  Now  If  we  arrange  these  in  tables  In  the  usual  order,  as  below. 


sinx— 


3 A 


sin  x — 2 A 


sin  r — A 


sin  x -f*  A 


A sin  x — S A 


A sin  x — 3 A 


A sin  x — A 
A kin  x 


A*  sin  x — 3 A 


A*  sin  x — 2 A 


A*  sin  x — A 


A*  sin  x — 3 A 


A*  sin  x — 2 A 
-a- 


A*  sin  x — 8 A 


A*  sin  * — h 


A*  sin  x — 2 A 


A*  sin  x — 3ft 


A*  sin  x — 2 A 
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THjobo.  we  sha]!  remark  that  sin  jr,  A*  . sin  x — A,  A4  sin  x — 2 A,  &c.  are  in  one  horizontal  line,  anil  that  A sin  x,  A1  sin  IX‘ 

mctry.  ■ — ■ , C«i*true- 

_j  i — A,  A*  sin  x — 2 A,  &c.  are  also  in  a horizontal  line.  Hence  the  numbers  in  each  horizontal  line  form  a tiu*i  of 

^ Trigono- 

geometrical  progression,  whose  ratio  is  — 4 sin*  Knowing  then  sin  x and  sin  x + A,  we  can  calculate  all 

the  differences  as  far  ns  ore  necessary,  and  all  our  sines  are  then  formed  by  addition  and  subtraction.  If  x=:  0,  J 

we  have  but  one  scries  of  differences  to  calculate. 

(195.)  By  a slight  alteration  in  the  enunciation  of  this  relation  of  the  differences,  we  may  avoid  using  any 
more  numbers  than  are  absolutely  necessary.  Since  A*  sin  i = - 4 sin*  . sin  x -f-  A,  and  sin  x -f  A — sin  x 

+ A sin  x,  therefore  A*  sin  x = — 4 sin*  — (sin  x + A sin  x)  ; taking  the  n — 2th  difference  of  each  side 

A 

A*  sin  x = — 4 sin*  — (A"'*  sin  X -f-  A'*’  sin  x),  a formula  which  gives  any  difference  in  terms  of  the  two 
differences  immediately  preceding. 

(196.)  One  important  point  we  must  not  omit  to  notice,  namely,  the  number  of  decimals  to  which  these 
differences  ought  to  be  calculated.  For  this  investigation  we  shall  consider  each  of  them  us  liable  to  the 
same  error  in  the  last  figure  used,  (it  will  never  exceed  half  an  unit,  if  we  increase  the  lust  figure  by  1 when 
the  first  rejected  is  equal  to  or  greater  than  5.)  Now  it  is  useless  to  tuke  ouo  difference  to  so  many  decimals, 
that  the  error  from  it  will  be  much  less  than  that  from  any  other ; we  shall  then  make  them  a«  nearly  as 
possible  equal.  Suppose,  now,  there  are  « sines  to  be  calculated  by  the  differences,  before  our  operations  are 

verified  by  one  of  the  previously  calculated  sines.  The  theory  of  finite  differences  gives  us  for  the  « -f-  1th  sine, 

. , ..  , n . n — 1 . . 1 . « . n — 1 . » *f  1 . . . r n.n  — l.n  + l.n  — 2 

sin  x + n A «n  r + A* . sin  x — A H — - A^ . sin  x — A -J" 2 '3  " 4 

A* . sin  x— 2 A V-lJl — ^ ^ **  ^ n ■ A* . sin  x — 2 A + &c.  The  error  of  each  difference  will 

be  multiplied,  in  the  n‘*  sine,  by  the  multiplier  of  that  difference.  If  then  n = 59,  the  first  difference  should  be 
carried  to  2 figures  more  than  the  sines,  the  second  to  4,  the  third  to  5,  the  fourth  to  6,  the  fifth  to  7,  the  sixth 
to  8,  the  seventh  to  9,  the  eighth  to  10,  the  ninth  to  11,  the  tenth  to  12.  Or,  if  we  make  use  of  the  difference* 

calculated  in  (195,)  as  the  « -f-  Ith  sine  = sin  x + n A sin  x -f-  — - A*  sin  x -f  - --  * ' ” As  sin  x 

* 2.3 

+ &e.,  we  may  in  a similar  manner  find  the  number  of  decimal  places  to  which  each  of  these  must  lie  calculated. 

In  adding  any  number  to,  or  subtracting  it  from,  any  other  number  which  has  not  so  many  decimals,  we  must  not 
use  the  superabundant  figures,  but  increase  by  1 the  ffhit  figure  used,  if  the  first  of  the  superabundant  figures 
be  not  less  than  5.  The  sines  with  which  we  begin  should  be  taken  to  2 or  3 figures  more  than  it  is  intended 
to  preserve  in  the  tables.  In  this  way  we  can  calculate  with  great  accuracy  and  without  any  unnecessary  labour. 

(197.)  To  interpolate  for  smaller  divisions,  as  seconds,  it  is  convenient  to  have  a formula  for  finding  the 
differences  for  the  smaller  divisions,  by  means  of  the  differences  for  the  larger  ones.  Suppose,  now,  the  smaller 

divisions  to  be  each  — ^ of  the  large  ones.  Let  Af,  A",  &c.  be  the  1st,  2d,  &c.  differences  for  minutes,  and  S' 

P 

S",  &c.  those  for  seconds.  Then,  by  the  common  formula,  we  have 
sin  x — sin  x 

. — Tn  , 1 A,  1 /,  1 \ A"  . 1 A 1 \ /,  * \ A" 

“ ‘'=“-+1  4 - y(‘  ~j)-2  + } 0 - 7)  (2  ~ 7)  ■ —3  - &e 

P W 1 1.8.8  \p  Jp  W 

„ 1"  _ , /24  50  ,95  10  , 1 \ A"* 

*l.2.S.4+(p  “y+p.  ft  + jf)  ■ j .8.3 .4 . 5 

and  the  sines  of  x ■+■  2*,x  + 8'*',  &c.  will  be  found  by  putting  — , — , dtc.  for  — . Upon  taking  the  difference* 

P P P 

of  these  successive  values,  it  is  clear  that  the  numerator  of  — in  the  nrA  difference  will  be  A*  . 0"  * multiplied 
by  its  factor  in  sinx  *h  Iw.  Thus  wc  find,  (going  as  far  as  the  5th  differences,) 

*•  By  a" . 0*  U meant  the  first  term  of  the  ***  order  of  differences  of  the  series  0* , 1*,  2*,  3*,  4x. 

, 4y2 
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Tiiuooo-  w_  A'  p-1  , p - 1 .2j>-  1,.  p-l.2p-l.8p-l,, 

— - -j-r*  + — 57 — A sip. A 


' + ZZhllLzL.tP-  1 ■ 4 !’  - 7.'  Cwulnfc- 


UOp* 


V = — a"  — - ! a*  + ;>  i . 1 1 p — i 

pi  P1  12/7* 


A"®  — 


J>  - 1 . 2p  - 1 . 5/7  - 3 
12  p* 


A**. 


= ±.  A'y/  - 3 • P 1 A -f  ^ ~ 1 ll* - A'" 

/»’  2/1*  ^4/7* 


J*'»  ss  — A",r  — 


g y-  i 


A 


Ition  of 
Trigono- 
inetrical 
Table*. 


i,ftTf  = AW 


These  expressions  • arc  quite  pen  era! ; from  the  relation  among  the  differences  of  natural  sines  mentioned  in 
(194,)  it  is  not  absolutely  necessary  to  calculate  more  than  the  first  of  them ; but  even  there  it  will  be  more 
convenient  to  use  the  formula?. 

(196.)  The  sines  up  to  CO3  being  calculated,  those  above  GO3  will  be  found  by  simple  addition,  from  the 

formula  sin  60*  -f-  A = sin  GO3  — A 4-  sin  A.  Tims  the  sines  are  found  for  the  quadrant ; and,  con&equenUy, 
all  the  cosines  are  known. 

(199.)  The  tangents  will  lie  found  by  dividing  the  aincs  by  the  cosines.  After  45°  they  may  be  fouud  by  the 
formula  tan  45°  4-  A = tan  45°  — A -f-  2 tan  2 A.  # 

(200.)  The  tangents  may  also  be  found  independently  in  the  following  manner.  If  we  expand  every  fractional 
term,  except  the  first,  of  the  first  scries  in  (157,)  and  add  together  the  coefficients  of  pimilur  powers  of  x,  and  for 

„ m t m x 

x put  — - . — , we  have  the  following  expression,  tan  — . — =s 

■ v”-":  X 0,6366107723675613 
ir  — m* 

X 0.0186SS650277330 
X 0,000197580071520 
X 0,000002401136991 
X 0,000000029586468 
X 0,000000000365175 
X 0,000000000004506 
X 0,000000000000056 

-f  — x 0,000000000000006 

’ 71® 


+ — 

71* 

+ 4 


m 17 


+ - 


X 0,297556782059734 
X 0,001842175203510 
X 0,000021697737325 
X 0,000000266113303 
X 0,000000003266789 
X 0,000000000040751 
x 0,000000000000501 


+ — 

m" 

• + 

+ *L 

^ n»* 


+ 


mP 


* TVf  dcmon»tratii>n  in  the  text  is  the  most  simple,  but  the  taw  may  be  found  more  generally  in  this  rasnner.  The  problem  is,  from  the 
given  differences  of  the  series,  w, , Ac.  to  hod  the  differences  o / «,  , »*+|.  «»+«,  Ac.  Let  f (f)  be  the  Generating  Function 

of  He ; the  generating  functions  of  An,,  A*  »« , Ac.  ere  ^ — 1 j f (/),  ^ ) * f (0  Ac.  ; those  of  l uM , J'  uM , Ac.  ore 

^ — 1^  . f (/),  Ac.  For  l*  .«»,  then, wc  must  erprew  in  powers  of  ” *)'  1**  * = z* 

=r  (1  4.  *)jT;  - l)"=  (l  4-  a**  - 1 j ; let  this  = As"  4.  B £*+'  4*  Ac.;  therefore  =A  . - l)  4. 

B . — 1 4.  Ac.,  and  — 1 y.  f(i)  = A . %y  f (/)  4.  B . l)  + * f (0  4-  Ac. ; non  taking  the  quantities 

of  which  these  are  tlie  generating  function*,  . u*  =:  A . A*  , u,  4 B . a"+‘* . ttM  4 Ac.,  where  A,  B,  Ac.  aro  the  coeffidenU  of  *•  , 

Ac.  in  the  expansion  of  ^ 1 -p  s'  F \ — 1 ^ • 
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Similarly,  from  the  second  series  in  (157,)  cot  . — = 


X 0,6366 1077*2367 5813  - , X 0,31  S309S96 1837907 

4 »*  — f»* 


X 0, 2052888694 14508 

n 

- — x 0,000345029255397 

- — X 0,00000123665*71$ 

n* 

- — x 0,000000004759738 
nis 

- — X 0,0000000000 1 854 1 

n17 

- ^ X 0,000000000000072 


- X 0,006551074788218 

ns 

wi7 

X 0,000020279106052 

nT, 

~ x 0,000000076495882 

n“ 

- X 0,000000000296905 

«** 

m'v 

x 0,000000000001158 

n16 

tn“ 

- — X 0,000000000000005 


The  first  fractional  term  in  each  expression  is  not  expanded,  as  the  series  by  that  means  are  made  to  converge 
much  more  rapidly  limn  if  it  were.  It  will  never  be  necessary  to  take  ~ greater  than 

(201.)  It  is  plain,  however,  that  this  process  is  too  laborious  to  be  applied  to  every  one  of  the  small  divisions, 
and  that  it  cannot  with  case  be  extended  farther  than  to  every  degree.  But  the  calculation  of  differences  of 
tangents  admits  of  none  of  those  simplifications  which  assisted  us  so  much  in  forming  tables  of  sines  ; wc  proceed, 
therefore,  to  give  a method  which  applies  to  all  cases  whatever. 

(202.)  Let  u be  a function  of  x = # (x)  ; suppose  x to  receive  the  increments  A,  2 A,  &c. ; then 
0 (x)  = W. 


d U 

* j 

■r  u 

_*L  _i 

(P  u 

h* 

d x 

• 1 H 

d x* 

1.2^ 

d x* 

1.2.3 

d u 

L*J 

<Fa 

2* . A* 

d'u 

2* . A8 

d x 

- 1 ^ 

dx * 

1.2' 

‘ dx*  ' 

1.2.3 

0(*+2A)  = «+  — • rnn-i ,+  &c- 

Upon  taking  the  differences  it  is  evident,  that  (observing  that  A"  . 0”  isO  when  n is  greater  than  wi)  A*  . u = 

A-.0-  , A-.0*«  (t+'u  XT  ,»  x ’ A" . 0*  A" . 0,+* 

■ . — — - A'  +« . -73+,  " + + «c.  Now  the  numbers /*•, 

1 . 2 ...  .n  dx  1.2. ...71  + 1 dx*  1.2 n 1.2 n+l 

A*+‘,  &c.,  can  be  conveniently  calculated  first  (as  they  will  be  the  same  for  every  difference  calculated  thus} 

<f"  u 

A being  expressed  supposing  the  radius  zz  1 ; and  the  formula  for  — <mu  also  be  found,  and  it  will  only  be 

necessary  at  each  calculation  of  differences  to  substitute  numerical  values  in  the  expression  for  — ” For  die 

d x" 

tangent,  u = tan  x,  -4—  = sec13  x,  = 2 sec3  x .^Tan  x,  &c. ; and  for  intervals  of  a minute  each, 
d x u x* 

A"  0" 

A = 0,000290888208665721596.  Tire  following  table  contains  the  values  of  ^ from  ft  = 1 to  a = 12, 

1 . 2. . , .m 

and  from  m zz  1 to  m = 12. 
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JYi*nw®- 

•clnr. 


O' 

0. 

0’ 

0* 

0% 

0* 

9 

0* 

0* 

O- 

°“  . 

It 

1 

I’2 

..2.3 

1.2.31 

' r* 

1. . . .6  1....7 

1 ....  8 1 8 

1 in  1 n 

K is 

A* 

. 

1 

» 

1 

1 

1 

1 

I 

t 

1 

1 

1 

2 

6 

24 

120 

720 

5040 

40320 

362880 

3628800 

39916800 

479001600 

A* 

1 

7 , 

1 

3! 

1 

127 

17  1 

73 

31 

2017 

12 

4 

360 

40 

20160 

12096 

259200 

604800 

239500800 

A9 

3 

5 

3 

43 

23 

4 mb 

811 

2591 

437 

# 

2 

4 

4 

uo 

160 

12096 

20160 

604800 

403200 

A* 

2 

13 

5 

81 

37 

6821 

265 

55591 

6 

3 

80 

72 

30240 

3024 

1814400 

A9 

*1 

3 

10 

25 

331 

45 

2243 

1015 

2 

3 

8 

144 

32 

3021 

3024 

A* 

I 

19 

21 

1087 

259 

30083 

« 

4 

4 

210 

80 

11)120 

A* 

i 

► 

l 

7 

2 

77 

T? 

49 

6 

1939 

240 

4753 

720 

A* 

l 

25 

3 

12  4 

4819 
360  1 

A* 

. # 

1 

9 

t— 

2 

21 

2 

135 

8 

a" 

1 

5 

155 

12 

1 

11 

2 

A1* 

1 I 

1 

r 

4 *« 

1 

2 

-i+i 

16**  T 3 

X* 

. + &c. 

64  **  T 

+ — -f- 

1 

-4-i 

•**—  j.  fee 

+ 9t«  + 

2 

81  3 

729  t 

. + &c. 

(203.)  The  same  cantions  as  in  (196)  must  he  observed  with  regard  to  the  number  of  decimals.  And  for 
the  calculation  for  smaller  divisions,  as  seconds,  the  formula*  of  (197)  must  be  used.  Thus  the  tabic  of  tangents 
is  completed. 

(204.)  The  secants  are  calculated  from  the  formula  tan  A -f  cot  A = 2 cosec  2 A.  Tin's  gives  the 
cosecants  or  secants  only  for  every  second  division ; but  the  interpolation  for  every  division  will  be  siiiliciently  easy. 

(205.)  Thus  then  our  tables  of  natural  sines,  tangents,  and  secants,  is  completed.  The  tables  of  their  logo* 
ri thins  might  be  formed  by  taking  from  logarithmic  tables  the  logarithms  of  these  numbers;  and  many  writers 
have  considered  this  as  being  upon  the  whole  the  ea^jpst  way.  As  they  may,  however,  he  found  independently, 
and  therefore  free  from  all  errors  of  previous  computations,  and  as  the  method  appears  to  us  the  easiest,  we  shall 
give  it  here. 

(206.)  It  lias  been  seen  (155)  that  sin  x = x ^1  — — ^ ^1  — 0 * ^C’’  an^  ^crc^,re 

tin  x—  log  x + log  ^1  — 4 log^l  — 4 log  ^1  — + &c*  Expanding  all  the  fractions  bat 

the  first,  and  putting  M for  the  modulus  of  common  logarithms,  log  sin  x = log  x + log  (-■S) 

1 


Adding  the  coefficients  of  similar  powers  of  x,  and  putting  — . —for  x,  we  find  the  following  series. 


log  sin  — . — = log  m + log  (2  n — m)  4 log  (2  n 4 m)  — 3 log  n + 9,594059885702190 
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X 0.070022826605902 


X 0,001 1 17266441662 


X 0,900039229146454 


— — - X 0.000001729270798 


X 0.000000084362996 


X 0,000000004349716 


X 0,000000000231931 

- X 0,000000000000703 


X 0,000000000000002. 


X 0,000006000012659 


X 0,000000000000010 

«*• 


And  similarly  log  cos  — — = log  n — m + log  » + m — 2 log  n 


X 0,101194859341893 

ft* 

X 0,000209195800017 


x 0,003187294065151 

w * 

fwB 

x 0,000016818318598 


X 0,000001480193987 


X 0,000000136502272 


- x 0,000000012981715 


x 0,000000901261 171 


X 0,000000000121567 


X 0,000000000012456 


x 0.000000000001258 


X 0,000000000000128 


X 0,000000000000013 


X 0,000000000000001. 


(207.)  If  — be  small,  the  first  terms  in  the  last  expression,  which  together  = log  1 — — maybe  expanded 

(ffl*  1 / ffi?  \s  \ 

_ — - ; -f-  | - — — } + Ac  ) where  M = modulus  = 0,431294461903252. 

2 n*  — m*  8 \2  n*  — »rf*/  / 

To  make  the  logarithm  positive,  10  must  be  added.  This  makes  our  operations  entirely  independent  of 
logarithmic  tables. 

(2oS.)  It  is  sufficient  to  find  the  log  sines  of  the  arcs  between  45°  and  90°,  or  the  Jog  cosines  of  area  leaa 
than  45°.  The  remainder  may  be  fouud  thus,  log  sin  A = 10  -{-  log  sill  2 A — log  cos  A — log  2 = 
log  sin  2 A — log  cos  A-f-  9,698970004336019.  By  properly  applying  this  theorem  we  may  descend  succes- 
sively from  log  sin  45°  to  the  log  sines  of  all  arcs  less  than  453.  By  this  method  then  the  log  sines  and  log 
cosines  and  consequently  the  log  tangents  (since  log  tan  A = 10  -f~  log  sin  A — * log  cos  A)  maybe  calculated 
for  every  degree. 

(209.)  If,  however,  the  log  sines  be  calculated  independently  for  larger  intervals,  as  for  every  10°,  the 

differences  for  every  degree  may  be  thus  found,  log  sin  x -f-  h — log  sin  x = log  . ^ = 

sin  x 

fsinx  + A — wnx  1 /sin  x + h — sin  xV  . ) . . . . ...  _ . 

2 M < — — — + — . I — . J i-  &c.  > a scries  which  converges  rapidly.  Or  when  one 

lain  x-f-  h + sinx  3 Vsin  x + h + sin  x/  ) 

first  difference  is  thus  found,  the  second  differences  may  be  calculated  by  this  series.  A*  log  sin  x—  log  sinx,mf  J*  ^ 

sin*  x -f  h 


J 2 M | 8*n*  x + A — sin  x . sin  x + 2 h ^ 1 / sin®  x -f- 
t sin*  x + A -f-  sin  x . sin  x -f  2 h •*  \ sin4  x + 


-f  H — sin  x . sin  x -f-  2 
+ h -f-  sinx.  sinx-J"  * 


+ &c.  J ; which,  sin 


sin*  x *4-  h --  sin  x ■ sin  x -f-  2 h sin-  A 

sin*  dr-f-  A -f*  5inx.  sinx-f-  2 h cos2  h -f-  cos  2 x -f-  h 


converges  much  more  rapidly. 
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Trigono-  (210.)  Before  proceeding  farther,  it  will  be  proper  to  verify  the  numbers  already  calculated;  and  here  the  Sect.  X 
nwtry.  formula  of  (159)  will  be  found  very  useful.  For  taking  the  logarithms  of  both  sides  of  that  equation,  log  sin  n p Cowtruc- 


tion  of 
Trtapoo- 

- Ac.  to  n terms,  where  n and  metrical 
Tables. 


= n - 1 X 0,30 102999 5663961 2 -f  logsiu  p + log  sin0  + — + log  sin /3  - 
P may  be  taken  at  pleasure. 

(211.)  It  is  then  best  to  fill  them  up  by  difference*;  and  the  differences  tmay  be  calculated  in  the  same 

manner  as  in  (202.)  Here  = M cot  jr;  = — M (l  -f  cotlx)  ; =r  2 M cot  .r  (l  -f  cot1  x),  Ac. 
ax  ax*  dx* 


The  calculation  of  the  differences  is  rather  tedious,  but  the  tables  are  formed  then  with  great  ease,  and  the 
certainty  that  any  error  will  be  discovered  at  the  next  place  of  verification  makes  this  method  superior  to  uuy 
other. 

(212.)  For  the  smaller  divisions,  the  differences  will  be  found  from  these  differences  by  the  formula?  in  (197.) 
Thus  our  tables  of  logarithmic  sines,  cosines,  and  tangents  will  be  completed. 

(213.)  It  is  unnecessary  to  examine  by  any  formula  of  verification  the  accuracy  of  the  numbers  for  the  small 
divisions  of  the  arc.  It  is  scarcely  possible  to  have  a better  verification,  than  the  agreement  of  the  last  of  a 
series  of  numbers  computed  by  differences  with  one  which  has  previously  been  calculated  by  on  independent 
process. 

(214.)  In  (165)  we  have  alluded  to  tables  of  the  logarithms  of  for  a few  degrees.  These  are  calculated 


- -f-  &c.  ?.  When  x = b°  the  third  term 


rerj  easily  from  the  series  loe  — l6  ■ 8. . 4 . 5 ’ 8* . 5 . 7 

has  no  significant  figure  in  the  ten  first  decimal  places.  For  tobies  to  10  decimals  the  first  term  is  sufficient  up 
to  1°,  and  the  two  first  terms  to  5°.  For  tables  to  7 decimals,  the  first  term  is  sufficient,  as  the  second  term 
produces  1 in  the  last  place  when  x = 5°.  This  therefore  is  easily  calculated  by  second  differences.  If  the 

, tan  x . . . . lanf  «nx  1 , . tan  x . sin  x . 

log  be  required,  since . » we  have  log = log -f  ar.  comp,  log  coi  x ; or  it 

^ * x cos  x x • ° x D 

can  be  calculated  in  the  same  way. 

(215.)  Since  sec  x — its  logarithm  will  be  immediately  found.  And  since  versin  x = 1 — cos  x =: 


2 sin*  , the  natural  and  logarithmic  versed  sines  are  found.  They  are  seldom  inserted  in  tables,  except  in 
those  employed  in  Nautical  Astronomy. 

(216.)  The  principal  table*  commonly  in  use  are  the  following:  Sherwin's,  containing,  besides  the  logarithms 
of  numbers,  sines,  cosines,  tangents,  Ac.,  natural  and  logarithmic,  for  every  minute,  to  7 decimals;  Hutton's, 
containing  the  same,  with  an  interesting  and  valuable  Introduction;  Gardiner's,  with  log.  sines,  Ac.  for  every  • 
10  seconds  to  7 decimals ; Taylor's,  with  log.  sines,  Ac,  to  7 decimals  for  every  second  ; of  these,  the  most 
common  is  Hutton’s.  Many  smaller  collections  of  tables  ore  in  use.  Of  the  foreign  tables,  the  best  are  Vega’s, 
containing  the  logarithms  of  numbers  and  log.  sines,  Ac.  fur  every  10''  to  10  decimals;  Callet's  logarithms  of 
numbers,  log.  sines,  Ac.  for  every  10V  to  7 decimals,  with  some  tables  for  the  decimal  division  of  the  circle. 

This  is  a very  convenient  and  useful  collection.  An  abridged  form  of  the  Table*  du  Cadastre,  revised  by 
Delambre,  has  (we  believe)  been  edited  by  Borda ; and  must  form  a useful  collection  for  the  decimal  division. 

(217.)  Trigonometrical  tables  have  generally  sines,  cosines,  tangents,  cotangents,  Ac.  up  to  45°;  the  cotangent 
of  an  arc  being  the  tangent  of  its  complement,  Ac.  What  is  gained  by  this  arrangement,  except  perhaps  in 
the  use  of  subsidiary  angles,  it  is  not  easy  to  say ; and  in  taking  out  the  sine,  Ac.  of  au  arc  greater  than  45°,  or 
greater  than  90°,  there  is  frequently  some  confusion.  We  should  prefer  the  more  natural  arrangement  of  sines, 
tangents,  Ac.  up  to  90° ; these  read  in  the  reverse  order  (as  shown  by  the  figures  and  titles  at  the  bottom  of  the 
lltt6*»)  would  give  the  cosines,  cotangents,  Ac. 
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ANALYTICAL  GEOMETRY. 


Aaftlytlcsl  Thk  Application  of  Algebra  to  Geometry  forms  two 
Geometry.^  distinct  branches  of  Science.  The  object  of  the  first 
' is  to  investigate  the  Theorems,  and  resolve  the  deter- 
minate Problems,  of  Elementary  Geometry  ; that  of  the 
second,  to  assign  the  Figure,  and  determine  the  Pro- 
perties of  Curv  es  and  of  Surfaces.  The  first  of  these 
is  of  very  limited  extent,  and  of  comparatively  trifling 
importance;  we  shall,  therefore,  confine  our  attention 
to  the  second,  which  is  of  great  use,  as  an  instrument 
of  investigation , in  various  departments  of  Pure  and 
Mixed  Mathematics.  This  branch  of  the  subject  U 
usually  distinguished  by  the  name  of  Algebraic,  or 
Analytical,  Geometry.  It  rauy,  with  propriety,  be 
divided  into  two  parts,  of  which  the  one  will  embrace 
the  Theory  of  Curves,  and  the  other,  the  Theory  of 
Surfaces. 


PART  I. 

ON  THE  APPLICATION  OF  ALGEBRA  TO  THE  THEORY 
OF  CURVES. 

(1.)  Geometrical  magnitude  may  be  represented  by 
the  characters  of  Algebra. 

For  let  A and  B be  any  two  straight  lines  which  arc 
to  each  other  ms  a \ 1.  a being  an  abstract  number. 

Then  A = a B,  or  if  B be  taken  = 1,  A = a ; that  is, 
the  straight  line  A is  represented  by  the  algebraic  cha- 
racter a.  The  line  B thus  assumed  equal  to  unity  is 
called  the  linear  unit. 

Similarly,  if  the  square  and  cube  described  upon  B 
he  taken  as  the  respective  units  of  surface  and  solidity, 
any  abstract  number  which  expresses  how  often  either 
of  them  is  contained  in  any  proposed  surface,  or  solid, 
may  be  conceived  to  represent  the  surface  or  solid 
itself. 

Hence,  if  a,  6,  c represent  any  three  straight  lines, 
a x 6 will  represent  a rectangle  whose  area  is  a b 
times  B*.  and  a X b x c will  represent  a rectangular 
parallelepiped  whose  solid  content  is  a b c times  B5. 

(2.)  A variable  quantity  in  Algebra  may  be  repre- 
sented in  Geometry  by  an  indefinite  straight  line. 

Let  x be  any  variable  quantity,  and  X X'  an  indefi- 
F'l  L nite  straight  line,  (fig.  1.) 

Ill  XX'  assume  A as  the  point  from  which  the  lines 
are  to  be  measured.  Then  any  finite  portion  A P may 
be  taken  to  represent  a given  value  of  x.  Thus,  if  the 
point  P fall  upon  A,  the  distance  A P will  correspond 
to  x = 0 ; and  by  increasing  A P we  may  evidently 
represent  all  the  determinate  values  of  i. 

It  is  immaterial  whether  the  values  of  x be  measured 
to  the  right,  or  to  the  left  of  the  point  A,  since  the  line  ex- 
tends indefinitely  in  both  directions.  But  if  we  begin 
to  measure  the  positive  values  of  x to  the  right,  then 
the  negative  values  must  be  measured  to  the  left,  of  A. 
To  illustrate  this,  let  A'  be  the  point  from  which  the 

vui.  i. 


values  of  a second  variable  x*  are  to  be  measured ; I**rt  L 
A'P  = o,  A' P = x',  and  A P as  before  sz  x. 

TTicn  /=fl  + j, 

or  x = y — a. 

Now  if  x'be  positive,  and  less  than  a,  the  values  of  x 
will  plainly  be  negative  ; but  iu  this  case  the  point  P 
falls  to  the  left  of  A,  as  at  P;  hence  the  negative 
values  of  x ought  to  be  measured  to  the  left  of  A. 

We  may  therefore  laydown  this  general  rule,  " When 
distance  is  to  be  estimated  from  a fixed  point,  along  a 
straight  line  given  in  position,  if  the  positive  values 
of  any  quantity  be  measured  in  either  direction  from  the 
fixed  point,  the  negative  values  must  be  measured  in 
the  opposite  direction  from  the  same  point,” 

(3.)  The  application  of  Algebra  to  the  theory  of 
curves  is  founded  on  this  principle,  that  an  indeter- 
minate equation  between  two  variables  is  capable  of 
being  represented  by  a geometrical  locus , and  con- 
versely. 

Let  f (x,  y)  be  any  indeterminate  equation  between 
x and  y ; a any  arbitrary  value  of  x,  and  b the  cor- 
responding value  of  y. 

Draw  two  straight  lines  AX,  AY  of  indefinite  length, 
at  right  angles  to  each  other,  ami  meeting  in  A,  (fig.  2.)  y„m  ^ 
In  A X take  A M = a , and  in  A Y,  A N =6 ; through 
M and  N draw  M P and  N P parallel  respectively  to 
AY,  AX,  meeting  in  P;  then  the  point  P corresponds 
to  the  solution  of  the  proposed  equation. 

Since  the  equation  admits  of  an  unlimited  number 
of  solutions,  the  points  P furnished  by  each  solution 
will  also  be  infinite  in  number  ; and  their  assemblage 
will  therefore  form  a certain  line,  straight  or  curved, 
which  is  called  the  b>cus  of  the  equation^/"  (x,  y)  sz  0. 

When  the  equation  admits  of  only  one  solution,  it 
represents  a point  ; and  when  it  has  no  real  solution,  it 
indicates  an  imaginary  curve. 

(4.)  Of  the  two  quantities  a and  b which  represent 
A M ami  M P,  the  former  is  called  the  abscissa,  the 
lulter  the  ordinate  of  the  point  P;  they  arc  both  in- 
cluded under  the  general  appellation  of  the  coordinates 
of  that  point. 

The  lines  AX,  AY  are  called  the  axes,  and  the  point 
A the  origin,  of  the  coordinates.  We  have  supposed, 
for  simplicity,  that  the  axes  are  at  ri^ht  angles  to  each 
other,  or  rectangular  ; but  they  may  have  any  inclina- 
tion whatever. 

When  the  point  P is  not  given,  its  coordinates  are 
represented  by  the  letters  r aud  y ; of  which  tile  former 
denotes  an  abscissa  measured  along  A X,  the  latter  an 
ordinate  measured  along  A Y.  Hence,  A X is  usually 
called  the  axis  of  x,  ami  A Y the  axis  of  y. 

If  a point  be  situated  on  the  axis  of  x,  then  y = 0 ; 
if  ou  the  axis  of  y,  then  x = 0 ; and  if  it  coincide 
with  the  origin,  then  x and  y each  = 0. 

By  applying  the  conventional  rule  with  respect  to 
the  signs  laid  down  in  Art.  2,  it  is  evident,  tluit  if  the 
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Analytical  valuta  of  * lo  the  right  of  A be  supposed  positive, 
(Itcaitptry.  |hose  lo  thc  |cft  „f  A Bluet  be  considered  negative. 

' [n  like  manner,  if  the  values  of  y measured  along 

A Y be  positive,  those  in  the  direction  A Y'  must  lie 
reckoned  negative. 

(5.)  Let  a curve  be  now  supposed  to  be  traced 
upon  a plane,  then,  reversing  the  process  by  which  the 
locus  of  a given  equation  is  determined,  we  may  deduce 
from  some  known  property  of  the  curve,  the  relation 
subsisting  between  the  coordinates  of  any  one  of  its 
points.  The  equation  which  expresses  this  relation, 
supposing  it  to  be  the  same  fur  every  point,  is  called 
the  equation  to  the  curve. 

It  is  convenient  to  distinguish  curves  by  the  generic 
appellation  of  tines.  They  arc  divided  into  orders, 
according  to  the  dimension  of  the  equation  by  which 
they  are  represented. 

Thus,  a line  of  the  first  order  is  the  locus  of  the 
equation 

ay  + 6i  + c=0. 

A line  of  the  second  order  is  the  locus  of  the  equation 
a y*  + 6 x y + 0^  /=  0 S 

and  so  on. 

(6.)  The  position  of  a point  upon  a plane  may  be 
determined  in  a manner  somewhat  different  from  that 
which  has  just  been  explained ; namely,  by  means  of 
its  distance  from  a given  point,  and  the  angle  which 
that  distance  makes  with  a line  given  in  position.  The 
given  point  is  called  the  pofe,  and  the  variable  distance. 
the  radius  vector . 

Thus,  referring  to  fig.  2,  A is  the  pole,  and  A P the 
radius  vector  r.  The  angle  which  A P makes  with  the 
line  AX  given  in  position,  is  usually  denoted  by  w. 

The  quantities  r and  are  called  polar  coordinates, 
and  the  equation  which  expresses  the  relation  subsist- 
ing between  them  at  any  point  in  a curve,  is  called  the 
polar  equation  to  the  curve. 


ON  THE  STRAIGHT  LINK- 


FI*.  3. 


(7.)  To  find  the  equation  to  a straight  line. 

Let  B Z be  a straight  line  of  indefinite  length, 
and  suppose  it  referred  to  the  rectangular  axes  A X, 

A Y,  (fig-  3 ) 

Assume  any  point  in  it  P.  draw  P M parallel  to  A Y, 
meeting  A X in  M ; through  B draw  B Q parallel  lo 
A X,  meeting  P M in  Q. 

Let  AM  = aMP  = J[,  AB  = A. 

Now  in  die  right  angled  triangle  BQP, 


PQ 

QB 


sinPBg 

tTfinT  — 1,1,1  P B Q • 

cos  P B g 


PQ=  QB  tan  P B Q. 


But  y = M P = M Q -f  Q P, 

= A B -f  Q P, 

and  = 6-f-g  B tan  PBQ. 

Now  as  the  position  of  B Z,  with  respect  to  A X,  is 
supposed  to  be* given,  the  angle  P B g or  PC  X will 
be  known.  Hence,  denoting  tan  PBg  by  a,  we  have 
y = a x -f-  b. 


The  same  relation  may  be  shown  to  subsist  between  F»rt  •• 
the  coordinates  of  any  other  point  in  the  line.  Hence  ■ 

the  equation  required  is 

y = a x -f  b. 

(8.)  Cor.  1.  When  the  straight  line  passes  through 
the  origin,  6 = 0;  therefore  the  equation  becomes 
y = a r. 

(9.)  Cor.  2.  The  general  equation  of  the  first  degree 
between  two  variables  is 


Let 


= 6, 


Ay-f  B*-f-C=0; 
or  dividing  by  A,  and  transposing, 

B C 
y=""A  x“  T 
B C 

A*  = * “ A 
then  y=  «jt+  A, 

which  coincides  with  the  equation  deduced  in  the  last 
article.  Whence  it  appear*,  conversely,  that  the  locus 
of  the  general  equation  of  the  first  degree  between  two 
variables  it  a straight  line. 

(10.)  To  draw  the  straight  line  which  is  the  locus  of 
any  given  equation  of  the  first  degree. 

Since  two  points  serve  to  fix  the  position  of  a 
straight  line,  it  will  only  be  requisite  for  the  solution 
of  the  proposed  problem  to  find  in  each  case  the  points 
in  which  the  line  meets  the  axes.  This  will  be  done 
by  making  x and  y successively  = 0 in  the  general 
equation. 

The  equation  in  Us  most  general  form  is 

|=±(«i±4). 

1.  Let  y rs  a x -f*  6. 

Then  it  x = 0,  y = b, 

„ b 

and  if  »=0,j=  — — . 

a 

Hence  in  A Y (fig.  4)  take  AB  = A,  and  in  X A pro-  4 

6 ** 
Juced , AC  = — , join  C,  B,  then  C B Z is  the  line 

required. 

2.  Let 
Then  If 

and  if 


y s=  a x — 6. 
x = 0,  y = - 6. 

A 6 

y = 0,  r = — - . 


Hence  in  Y A produced  take  A B'  = A,  and  in  A X, 
AC'=  — , join  B',  C',  ami  C'  B7  Z'  is  the  line  re- 


quired. 

3.  Let  ^ - a r + A. 

6 

Then,  as  before,  take  A B ss  b,  A C'  = — , and  the 

a 

line  required  is  C'  B Z. 

4.  Let  y = — a x — 6 

If  A B'  be  taken  = 6,  and  AC  = — , the  line  re- 
ft 

quired  will  be  C B'  Z. 

(11.)  The  general  equation  to  a straight  line  is  y = 
a x -f-  6,  which  involves  two  constants,  a and  6.  The 
equation  will  therefore  occur  under  various  forms,  cor- 
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Analytical  responding  to  the  conditions  which  serve  to  determine 
Gwmciry.  these  constants.  Now  a straight  line  is  given  in  posi- 
' “V"'*"''  tion  when  it  passes  through  two  given  points,  or  when 
it  passes  through  one  given  [mint,  and  makes  a known 
angle  with  another  straight  line.  We  shall  investigate 
the  form  of  the  equation  in  each  of  these  cases. 


fig.  5 


(12.)  To  find  the  equation  to  a tine  which  panes 
through  two  given  points. 

Let  the  coordinates  of  the  given  points  be  x\  y\ 
and  yf.  y" ; then  the  general  equation  is 
y = a x -f  4 (1,) 

and  since  the  given  coordinates  must  satisfy  this,  we 
also  have 


yt  s a y -f-  b (2,) 

and  y"  = a s'1  + b . . . . (3.) 

Subtracting  the  second  from  the  first,  and  the  third,  suc- 
cessively, we  have 

» - S'  = ° <■*  - -O  — (<■) 

and  y*  - y = a (x"  - orO (5,) 


but  from  (5.)  a = 


_ y"-yf . 


substituting  this  in  14) 


we  have  for  the  equution  sought 


y -y'= 


y"-y 

e-s 


(X--0. 


which  may  easily  be  reduced  to  the  same  form  ns  the 
lost. 

Cor.  Equation  (4.)  y — }f  = a (x  — y) 
is  the  equation  to  a straight  line  passing  through  one 
given  [mint  (y,  y');  in  which  the  coefficient  a is  inde- 
terminate, since  an  indefinite  number  of  lines  can  be 
drawn  passing  through  the  same  point. 


(13.)  To  find  the  equation  to  a straight  line  which 
passes  through  a given  point , and  makes  a given  angle 
with  a given  straight  line. 

Let  the  equation  to  the  given  line  be  y = a x -f-  6, 
then  the  form  of  the  equation  required  will  be 
(Art.  12) 

y - y = n’  (x  - l') (1,) 

in  which  a*  is  to  be  determined. 

If  AM,  A N be  drawn  through  the  origin  parallel  to 
the  two  lines,  (fig.  5.)  the  angle  contained  between  them 
i»MAX-NAX; 

tan  MAX  — tan  N A X 
tau  M A N = ...■■•  yr-v-y . 

1 -f-  tan  MAX  tan  N A X 

or  assuming  ton  MAN,  which  is  supposed  to  be 
given,  = m, 

a — d 

to  — - ■ — „ 

1 + a d 

.‘.a  — a'  = m-f  wnfl, 
a — m = (1  -f-  a m)  a!. 


, a — m 

a = -r— , 

1 -f-  a m 

hence,  by  substitution  in  (1,) 


y-r~ 


a — to 
1 -f  o m 


(i  - y> , 


which  is  the  equation  required. 

(14.)  Cor.  1.  If  the  two  lines  are  perpendicular  to 

each  other,  m is  infinite,  therefore  a'  sr  — — , and  the 

a 


equution  becomes 


y - y =“—(*“  *0- 

(15.)  Cor.  2.  If  the  two  lines  are  parallel,  then  m 0, 
therefore  o'  = «,  and  the  equution  becomes 
y - y'  = a (j  - y>. 

Observation.  If  p,  p'  denote  the  angle  of  intersection 
of  two  lines  p and  //,  whose  equations  are 
y = a x -f  6, 
and  y = a?  x -f-  If  ,* 

we  then  have 

. a — a!  , 

tan  p,  ft  = , t ^ (1) 


In  like  manner, 
sin  p%  p‘  = 
and 

cos  /»,  P = ± 


1 + fl  fl' 
a — o' 

s/O  +a*r<TT‘«'8) 

1 + aa? 

✓ 0 +«•)(!  * 


(2.) 


(3.) 


in  which  the  positive  sign  is  to  be  used  when  the  angle 
is  acute,  and  the  negative  when  it  is  obtuse. 

(16.)  The  equation  to  a straight  line  may  be  expressed 
in  terms  of  the  perpendicular  let  fall  upon  it  from  the 
origin. 

Let  p represent  this  perpendicular,  then  if  the  sym- 
bols p,  r and  pt  y lie  taken  to  denote  the  angles  which 
the  straight  line  forms  with  the  axes  of  x and  y,  we 
have  p s=  6 sin  pt  y =:  6 cos  p , x, 

.‘.4= 

cos  p,  x 

therefore,  by  substitution  in  the  general  equation, 
y = a s ■+•  b, 

we  have 


but 


y = oi  + 


a = tan  p,  x = 


_ xain  p.x  + p 
cos  p,  x ’ 


(1.) 


.* . p = y cos  p,  x — x wn  p, 
which  is  the  equation  sought. 

Again,  if  the  angles  which  p makes  with  the  axes  be 
denoted  by  p,  x and  p , y,  we  have 
cos  f,  x — sin  p,  x, 
sin  p,  x = — cos  p,  x, 
p = y sin  p,  x x cos  p,  x. 


ill.)  To  find  the  length  of  the  perpendicular  let  fail 
from  a given  point  upon  a given  straight  line. 

Let  P be  the  given  point,  (fig.  6,)  B Z the  given  line, 
and  P Q the  perpendicular  whose  value  (p)  is  to  be 
expressed. 

Let  the  coordinates  of  P be  x1,  y\  and  the  equation 
to  the  given  line 

y = «il  6. 

Through  P draw  P R parallel  to  B Z,  and  from  A let 
fall  the  perpendicular  A p upon  R,  meeting  Q B pro- 
duced in  q. 

Then,  since  P R is  parallel  to  BQ,  the  equation  to 
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Analytical  PR  is  y = a s -f-  6',  (15.) 

arM*  (^i  vr)  **  a p°u>t  *»  >*» 
y'=  ax'  -f-  6'. 
whence,  by  the  last  article, 

A p = y cos  P*  x ~~  ^ “n  p,  x ; 
but  A q = 6 cos  p,  x ; 

. Ap  — A g,  or  p = (y7 - 6)  cos  p,  x - x*  sin  p.  x, 

f anf».r  | 

ss  cos  p,  X <y  - * r 1 

( cos  p,  x I 

=r  cos  p,  x { y — ai*  — b } 

y'-ax1- 

v'i  -j-  a* 

(18.)  Cor.  1.  If  the  line  pass  through  the  origin, 

8=0. 

■ ax’ 

(19.)  Cor , 2.  If  the  given  point  be  the  origin,  then 
j‘  anti  y'  = O',  arul 


y which  = a x -f*  8, 


0*6-  6'tf 


P~*  -/l  + a*  ’ 

according  as  tlie  line  is  situated  below  or  above,  the 
axis  AX, 

(20.)  To  find  the  analytical  value  of  tJie  line  which 
join n two  given  point*. 

Fi*.  7 Let  P and  Q be  the  given  points,  (fig.  7.)  join 

them.  Draw  PM.  QN  parallel  to  AY,  and  P R 
parallel  to  A X,  meeting  Q N in  11. 

Let  the  coordinates  of  P Ire  x\  y\  and  those  of  Q 
x*,  y\  and  assume  PQ  = r. 

Then  in  the  right  angled  triangle  P R Q, 

PQ*=  PR*-f  RQ», 

= MN‘-j-R  Q*. 

= (AN-AM)*+(NQ-PM)% 

= (x*  - jO*  + (/  - yT. 

,-.r=  + J {(**-  T')*+  (y"-y')’!. 


a — a 

hence  the  coordinates  required  are  found. 

When  the  lines  arc  parallel,  the  coordinates  are  infi- 
nitely great,  therefore  the  denominators  of  the  above 
fractions  = 0,  or  a r=  «',  which  is  the  condition  of 
parallelism  already  established  in  (15.) 

(23.)  For  the  sake  of  simplicity  we  have  hitherto 
employed  rectangular  axes,  but  it  is  frequently  con- 
venient to  suppose  them  inclined  at  any  angle  what- 
ever. We  shall  therefore  present  in  a tabular  form  the 
foregoing  results  adapted  to  this  hypothesis,  leaving  the 
investigation  to  be  supplied  by  the  reader. 

1.  The  equation  to  any  straight  line  is 
y = a x + 8, 


in  which  a = 


sm  p,  x 


, and  8 = the  ordinate  drawn 


sin  p,  y 

at  the  origin. 

2.  The  equation  to  p.  line  passing  through  one  given 
point  (x‘,  y‘)  is 

y - y'  = a (x  - x7). 

3.  The  equation  to  a line  passing  through  given 
points  (x\  y)  and  (x",  y”)  is 

>• 

4.  If  p,  ft  denote  the  angle  of  intersection  of  two 
lines  whose  equations  are 

y = a x + 8, 
y = a'x  4-  8* 

a — a1 

Then  tan  p,  /=  sin  x,  y j—p — ; — - ; — -v. 

1 -f-  (a  -f-  a j cos  x,  y -f  a <? 

5.  The  equation  to  a straight  line  drawn  through  a 
given  point  (x1,  y7)  at  right  angles  to  a given  line 
y = a x -f-  6 is 

1 J.  A M.  * M 

x'). 


, 1 4-  a cos  x,  y , 

!/  — (x 

a -f-  cos  x.  y 


When  the  lines  are  parallel, 

y - ji'  = a (,r  - x% 
as  in  the  case  of  rectangular  coordinates. 


which  is  the  expression  required. 

(21.)  Cor.  If  either  point  coincide  with  the  origin, 
the  coordinates  of  that  point  will  ss  0,  and  the  above 
expression  will  be  simplified. 

Then  let  P coincide  with  A,  then  x1  and  y7  = 0,  and 

rorAQ= 

(22.)  To  find  the  coordinate*  of  the  point  of  inter- 
Mcction  of  two  line*. 

Let  the  equation  to  the  first  be  y = ax-f  6. 
that  to  the  second  y at  afx  -f-  8'. . . . (2.) 

Two  lines  which  cut  each  other  have  evidently  the 
same  coordinates  at  their  point  of  intersection.  The 
coordinates  sought  will  therefore  be  found  by  supposing 
x and  y to  have  the  same  value  in  both  equations,  and 
then  eliminating  them. 

Hence  subtracting  (2)  from  (1)  we  have 

8-8' 

(0  - o')  X + & - * = 0,  x = - 


6.  The  equations  to  a straight  line  in  terms  of  the 
perpendicular  dropped  upon  it  from  the  origin,  are 

(1.)  p = y rin  p,  y - x sin  p,  x, 

(2.)  p = y cos  p,  y -f  x cos  p,  x. 

7.  The  value  of  the  perpendicular  (p)  let  fall  from 
a given  point  (x\  y7)  on  the  line  y = a x -f-  8,  is 

V = (V-  <*  x1  - 8)  sin  p,  y . . (1.) 
or  = (y  — 8)  sin  p,  y — a7  sin  p,  x . . . . (2.) 

8.  The  analytical  value  of  the  distance  (r)  between 
two  given  points  (x7,  y')  and  (x*,  jf)  is 

r = V { (x"-  *■)•  + « (**-  x7)  0,*-  y7)  cos  x.  y 

+ (V"  - tfy } ; 

and  when  the  point  (x7,  y7)  coincides  with  the  origin 
r = V x"*  -f"  2 x'y77  cos  x,  y -j-y,r*. 

(24.)  W'e  shall  now  exemplify  the  principles  laid 
down  ill  this  chapter,  by  applying  them  to  the  follow- 
ing propositions : 
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^ 1-  Required  the  equation  to  a line  which  bisects  the  lines  be  drawn  from  the  points  of  bisection  at  right  Pwt  I. 

v ^ angle  contained  by  two  given  lines.  angles  to  the  sides,  they  wUl  meet  in  the  same  point.  ''■‘•"‘n"""'- 

Let  A X,  A Y be  rectangular  axes,  (fig.  5.)  *hc  lines  M m,  N n,  Pp,  be  drawn  at  right 

Draw  through  the  origin  two  lines  A M,  A N pa-  angles  to  the  Hides  ol  the  triangle  ABC  from  the 
rallel  respectively  to  the  given  lines,  then  MAN  is  points  of  bisection  M,  N,  P,  (fig.  9,)  these  lines  will  Fig.  9 
the  angle  to  be  bisected.  Let  A P be  the  line  whose  intersect  in  the  same  point. 

equation  is  required.  Tile  triangle  being  referred  to  rectangular  axes  A X, 

Suppose  the  equations  to  A M,  A N,  A P respectively  A 1 , originating  at  A, 


to  be  y ~ a x.  y = o'  x,  and  y = m x, 

in  which  m is  to  be  determined. 


The  tangent  of  the  angle  PAN  = 


1 + m ^ ’ 


The  tangent  of  the  angle  P A M = — — — , 

but  these  being  equal,  by  hypothesis, 

m — a1  a — m 

l-f-rno'*”  1 + ma' 

or  m + m*  a — a'—  maa'  = a + m«a/  — m"  a\ 
m*  (a  -f  o')  + m (2  - 2 u o')  - (a  + o')  = 0, 
• , 1 — a a' 


Let  the  coordinates  of  A be  if,  y',  and  those  of 
B,  0 ; then  the  coordinates  of  N will  be  , 

JA-xT  y> 

and  those  ofP  ~ — 

In  order  to  prove  the  proposition  we  shall  find  the 
ordinates  of  the  points  in  which  the  lines  N n,  P p 
meet  M m ; and  shall  then  show  that  these  ordinates 
are  identical. 

Now  N n being  drawn  through  the  point  N 
its  equation  is  of  the  form 

but  N n is  supposed  to  be  perpendicular  to  A C,  whose 


Whence  two  real  values  of  m may  be  found.  Two  «..•  . . v-  . y * . „ ^ 

lines  therefore  may  be  drawn,  one  ot  which  bisects  the  / W 

angle  itself,  the  other  its  supplement  y — x / r \ 

The  equations  of  these  lines  are  the  equation  to  N »Uy-  — = yx  — — • (L) 

y = mx.  Similarly,  the  equation  to  P p is 

and  y = x,  }f  J*-x!\  x‘'+  J | 

y-T=  -7"r — H""w 

therefore  they  are  at  right  angles  to  each  other.  , . v « l , . 

J o e u,  P p be  now  supposed  to  meet  M m ; in 

2.  Through  a given  point  P in  a given  angle  Y AX  to  which  case,  x in  both  equations  will  become  A M or 
droir  a line.  M N,  such  (hat  the  triangle  so  cut  off  may  ...  . ...  - , . 

*,  of  firm  arta.  («*,)  (fig.  H.)  j- ; making  «hi.  .ubtmution  therefore,  we  h»v*  for 

Assuming  AX,  AY  as  oblique  axes,  draw  P Q the  ordinates  at  the  point  of  intersection, 

parallel  to  A Y,  and  let  AQ=r',  QP  = y';  and  1/  x'  x7'  — x/ 

A M,  which  is  unknown,  = r..  F o"  “ ~ T/  * Z 

<A  u v ..  ..  s 


A M,  which  is  unknown,  = Tr 
Then  the  equation  to  M N is 


sin  p,  x 

• = ~ 

= •••  -r-~r  (x~  •'<)■ 


in  the  first  case,  and 

V * “ * . 

»-T  = T* 

in  the  second  ; but  these  values  are  evidently  the  same, 
y — x,  ^ ***’  therefore  N n,  Pp,  and  M m,  intersect  in  the  same  point. 

y/  On  precisely  similar  principles  the  two  following 

Let  now  x = 0,  .‘.y  or  AN  — — p— — xr  theorems  may  be  proved : 

ofthetrianglf  AMN  = i A M . AN  «n  A ,<'> UtfaUfram*' angvjar point. 

^ 3 of  a triangle  on  the  opposite  sides  intersect  one  another 

= J *in  A = o’,  by  the  question, 

3 y — x,  (u.)  The  Uncs  drawn  from  the  angles  of  a triangle  to 

x*  y'  sin  A = 2 a*  x7  — 2 a*  r . middle  points  of  the  opposite  sides  intersect  in  the 

‘t  , . . 0 __  ..  , , **  same  point. 

• • xi  9 s,tl  * a 1 • 4.  To  prove,  by  reference  to  the  figure  of  Euclid , I.  47, 

. x«  j_  ^ g>  r _ ^ a * that  the  lines  A M,  N B,  and  C P,  meet  in  the  same 

1 y*  sin  A 1 f sin  A * point,  (fig.  10.)  Fig  10. 

whence  a value  of  x,  may  be  obtained.  From  Si  and  N let  fall  the  perpendiculars  M m,  N n. 

If  it  were  required  to  draw  M N such  that  A M may  on  A B produced ; let  the  figure  be  referred  to  reclan- 
— A N,  gular  axes  originating  at  A,  the  axis  of  x being  supposed 

y'  x to  coincide  with  A B. 

We  should  then  have  - — j — = x,.  Let  the  coordinates  of  C be  x',  y' ; then  if  A B = s*\ 

. ‘ PBwiU  =x"  -s'. 

- y7  = r - x,t  

or  Q P = Q M.  «i  «•> 

3.  If  the  n da  of  a piano  triangU.  >»  1 met'd,  and  * a _ 
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Now  the  triangles  A n N and  ARC  being  evidently 


equal,  A«=CP=y'1  and  N n = A P = / 

Similarly,  Bm=y'  and  M m =sr  afi  — a*. 

. . . . 4Vf.  Mm  jr"—  x 

Again  the  equation  to  A M is  y =s  ' 1 * 

N n 

and  that  to  BN  isy  = — — =_  (x  - x") 

71  H 


x' 

I"  + Jr' 


(r  - 


Now  let  A M and  B N meet  CP;  ill  which  case,  -r  = x' 
in  each  equation. 


l” -s' 

Then  ( 1 ) becomes  y = — , x\ 

e+y‘ 


and  (t) 


C-C  . 
y=~?+?y’ 


which  are  identical,  therefore  the  three  lines  meet  in  the 
same  point. 


ON  THE  TRANSFORMATION  OP  COORDINATES 

(25.)  The  position  of  a point  with  respect  to  a given 
system  of  a-res  being  known , to  find  its  position  when 
referred  to  a new  sytfctn  of  cues  parallel  to  the  former. 

Let  P be  the  point,  AX,  AY  the  old,  A'X’,  A'  Y' 
E»J  11,12.  the  new,  axes,  (fig.  11  and  12,)  draw  P M parallel  to 
AY  meeting  A/  X'  in  M't  and  produce  X A',  Y' A' 
to  meet  A Y,  A X in  the  points  C,  B. 

Let  the  coordinates  of  P when  referred  to  A X,  A Y 
be  x,  yt  and  when  referred  to  \f  X',  A'  Y',  if,  y1 ; also 
assume  A B = a,  B A'  = b. 

Then  MA=MB  + BA 

= M'A'  + BA, 

or  i = y + ci 

Similarly,  y = y*  4-  A ) 

Hence  if  f (x,  y)  = 0 be  the  equation  to  the  point 
P when  referred  to  the  old  axes  we  have  only  to  sub- 
stitute in  it  for  x and  y the  values  just  obtained,  and 
we  shall  have  the  equation  to  P when  referred  to  the 
new  axes. 

The  signs  of  a and  A will  depend  on  the  position  of 
the  new  origin  A';  this  circumstance  being  attended 
to,  the  formulas  (l)  are  quite  general. 

(26.)  The  position  of  a point  with  respect  to  any 
system  of  axes  being  known , to  find  its  position  when 
referred  to  any  other  system  originating  at  the  same 
point  with  the  former. 

Let  A X,  A Y be  the  primitive. 

Fig.  13.  A X A Y',  the  new  axes,  (fig.  13 ;) 

x,  y the  coordinates  of  the  given  point  when  referred 
to  the  former,  x'.y'  its  coordinates  when  referred  to  the 
latter. 

It  may  be  remarked  in  general,  that  whatever  be  the 
. axes  to  which  u curve  is  referred,  the  nature  of  that 

curve  must  remain  unchanged ; since  the  object  for 
which  axes  are  employed  is  merely  to  determine  the 
relative  position  of  the  pointR  of  any  line.  Hence  it  is 
evident,  that  in  passing  from  one  system  of  coordinates 
to  another,  the  new  ones  must  be  linear  functions  oi 


the  old  ones;  for,  otherwise,  the  degree  of  the  equatiou 
by  which  the  curve  is  represented,  and  therefore  the  ' 
nature  of  the  curve  itself,  would  be  altered. 

We  shall  assume,  therefore,  that  the  relation  between 
the  old  and  new'  coordinates  may  be  thus  expressed. 
Turns’ + nyx 
and  y = m'x'  -f-  nf  }f  J 

m,  n and  rn\  n being  independent  of  either  system  of 
coordinates. 

In  order,  therefore,  to  determine  these  quantities : 
Let  xf  = 0,  in  which  case  the  point  will  be  situated  on 
AX,  as  at  P ; draw  P M parallel  to  A Y. 

A M ain  x/,  y 


Then i = mi')orm=-,=  ^p  . 


a„dm-=p  = Ap. 


ain  x,  y 
sin  /,  x 


sin  x,  y 

hi  like  manner,  by  supposing  x = 0,  we  obtain 
sin  y\  x 

n rr ; 

sin  x,  y 

lienee,  substituting  in  (l)  for  m,  7t  and  m\  «'  these 
values,  we  have 


sin  y , y 

n =r  , and  a 

sin  x,  y 


x s=  ! — { x/  sin  x',  y -f  y'  sin  y\  y } 
smx.y,  1 9 * 1 

y = “t — — { x?  sin  x\  x -f  yf  sin  y'.  x } . 
smx,y,  9 9 ’ 

If,  therefore,  these  values  of  x and  y be  substituted 
in  f (x,  y)  s=  0,  the  equation  to  the  point  P when  re- 
ferred to  the  new  system  of  axes  will  be  found. 

The  general  problem  being  thus  resolved,  we  shall 
consider  the  following  particular  cases  : 

1.  Let  the  primitive  axew  be  rectangular,  and  the 
new  ones  oblique. 

Then  sin  x,  y = 1 

sin  x',  y = sin  — y,  x^  = cos  x* , t 

siny'y  = sin^j  + y',  x^=  cosy1,  x; 

therefore  the  lormulus  to  be  used  in  this  case,  are 
X = y cos  y.x  + y*  cos  y\  x 
y = y sin  x',  x -f  y'  aiu  y\  x. 

2.  Let  both  systems  be  rectangular. 

Then  these  formulas  become 


x = j' cos  y,  x - y1  sin  y.  x 
y=ry*inx,x-fy'  cos  y,  x. 

3.  Let  the  primitive  axes  be  oblique,  and  the  new 
ones  rectangular. 

Then  sin  y ',  y = cos  x\  y 

sin  if,  x = cos  y,  x ; 
therefore  the  general  formulas  becotne 

* = ssTi { * “n  *'•  * + * ^ y i 

y = idTTTy  * *' *ta  1 + F cos  ' J ■ 

If  the  origin  and  direction  of  the  axes  be  both 
changed  at  the  same  time,  we  have  only  in  the  preced- 
ing formulas  to  add  the  new  abscissa  to  the  value  of 
#,  aud  the  new  ordinate  to  the  value  of  y. 


Digitized  by  Google 


ANALYTICAL  GEOMETRY 


715 


1 ON  THE  CIRCLE. 

* (27.)  To  find  the  equation  to  the  circle 

Let  D P he  a circle,  (fig.  14,)  P any  point  in  its  cir- 
cumference ; and  let  it  be  referred  to  the  rectangular 
axes  A X and  A Y. 

Let  A B,  B C be  the  coordinates  of  the  centre 
C,  and  AN,  NP  those  of  the  point  P. 

Let  AB  = f,  BC  = 3/' 

A N ==  x.  N P = y,  and  CP  = r; 
then  C P*  = C M*  + M P4 

= (AN  -AB)«  + (PN - B C)\ 
therefore,  by  substitution, 

•*  = (x- ■r'V  + Cy  -y')’. 

which  is  the  equation  required. 

(28.)  This  equation  may  be  simplified  as  follows.; 

1.  When  the  axis  of  x passes  through  the  centre, 
then  i/  = 0,  and  the  equation  is 

y*  + (Jt  - = i* 

Similarly,  when  the  axis  of  y passes  through  the  centre, 

**  + (y  - y1)1  = **. 

2.  When  the  origin  is  on  the  circumference,  then 
x*  + y^  = r®,  and  the  equation  therefore  becomes 

x*  -fy*  — 2xx'  — 2yy'=  0. 

8.  When  the  origin  is  on  the  circumference,  and 
either  axis  passes  through  the  centre, 

+ y*  — 2 r x = 0, 
or  x*  + y*  — 2 r y = 0. 

4.  When  the  origin  is  at  the  centie,  x'  and  y‘  both 
ss  0; 

x*  + y*  ss  r*. 

(29.)  The  general  form  of  the  equation  to  the  circle 
when  referred  to  rectangular  coordinates  is 
*,  + y*  + Ax-f-By-f-C:=0. 

Let  it  now  be  required  to  assign  the  position  and 
magnitude  of  the  circle  to  which  this  belongs. 
Comparing  it  with  the  general  equation 

(*-j0«  + (y-y')«=r\ 

that  is,  with 

x*  -f-  y*  — 2 x x'  — Syy'-j-J^  + y’*-  r*r=0 
we  have 


A = — 2 y,  or  / = — 


:.!}• 

* 


therefore  the  coordinates  of  the  centre,  in  other  words, 
the  position  of  the  circle,  is  known. 

Again,  C ss  x*  + y*  — r\ 

r*  = x*  + y*  - C = | (A4  -J-  B'  - 4 C), 

r = | v'A*  + B*  - 4 C, 

therefore  the  value  of  the  radius,  or  the  magnitude  of 
the  circle  C is  found. 


Find  the  position  and  magnitude  of  the  circle  whose 
equation  is 


Comparing  this  with 

y»  + x*  - 2yy'-2xV-fx'*  + y*  - r»  =s  0 
We  have  y'  ~ — 1 

- ! 

x'  + y'-r*  = -1. 


Assume  A X,  A Y as  nxes,  (fig.  lb,)  A B = — und  Fie  15 

4 *’ 

BC  c — 1 , then  from  C as  centre  with  rad  ss  the 


nearest  whole  number  to  — — describe  a circle,  and  it 

4 

will  be  the  circle  required. 

(30.)  The  general  equation  of  the  second  degree 
between  two  variables  is 

Ay+Bx*-fCxy  + Dy  + Ex  + F;=U, 
which  differs  from  the  general  equation  to  the  circle.  It 
will  afterwards  become  an  important  inquiry,  to  ascer- 
tain what  class  of  curves  is  represented  by  that  equa 
tion. 

(81.)  To  find  the  polar  equation  to  the  circle . 

Let  any  point  S within  the  circle  be  assumed  as  the 
pole,  und  draw  through  it  S Z parallel  to  C X,  meeting 
M P in  N,  und  let  the  ordinate  of  S meet  C X in  Q. 

Let  SP  = />,  angle  P S Z = «,  and  the  coordinates 
of  S,  a and  6. 

Then  x =:  a + p cos  **\ 

and  y = b -f-  p sin  w. 

Therefore  by  substitution  of  these  values  in  the  equa 
tiou 

there  results 

(a  -f-  p cos  *>)*  + (ft  -{-  f sin  w)4  = r*, 

.*.#>*  + 2 (a  cos  w -J-  b sin  »)  p + a*  + b*  — r*  = 0, 
which  is  the  equation  required. 

If  the  point  S be  without  the  circle,  then  the  polar 
equation  is 

o*  — 2 (a  cos  w -f*  b sin  «•)  p + a*  -f-  6*  — r*  = 0. 

(82.)  To  find  the  equation  to  a tangent  applied  at  a 
given  point  (s',  y’)  of  a circle. 

Let  the  equation  to  the  circle  be  x*  + y*  = r". 

Now  the  equation  to  any  line  is 

p = x cos  p,  x -f-  y cos  />,  y. 

Let  the  line  touch  the  circle  at  the  point  (x1,  y')  then 
p — r,  and 

a?  , . y 

cos  /i,  x = ~ and  sin  p,  x = — , 

xx*  y yf 
*.r  = — + , or 

r r 

xj'  + yy'zf*, 

which  is  the  equation  required. 


Digitized  by  Google 


710 


ANALYTICAL  GEOMETRY. 


Part  I. 


Atiahucal 

(»t*jiiictry. 


Klf  17. 


(S3.)  If  Ihc  (riven  point  be  without  the  circle,  let  r,.  y, 
be  the  unknown  coordinates  of  the  point  o!  contact. 
Then  since  the  point  (x,.  Jtj  is  on  the  circumference 

».*  + y.5  = (*•) 

and  since  the  point  (Ay')  is  on  the  tangent 
• ■ (*•) 

therefore  r*.  y,  may  be  found  by  elimination  between  these 
two  equations.  This  process,  however,  which  is  tedious, 
mav  he  superseded  by  an  operation  founded  on  the 
principle,  that  elimination  between  any  two  equation m 
corresponds  to  the  intcnection  of  the  geometrical  loci 
which  they  represent 

The  points  of  contact  ere  therefore  determined  by  the 
intersection  of  the  loci  whose  equations  are  (l)and  (2). 
But  the  locus  of  (1)  is  the  (riven  circle,  and  the  locus 
of  (2)  is  a strnitrht  line  ; and  since  the  points  in  which 
it  meets  the  circle  are  the  points  of  contact,  equation  (2) 
mutt  he  the  equation  to  the  line  joining  (Aoie  point*. 
Its  position  is  thus  found : 

Let  i,=  0..'.y.=  ^=AC,  (fig.  17.) 


Join  B,  C meeting  the  circle  In  Q,  P ; these  are  the 
points  of  contact  required. 

(34.)  The  point*  of  contact  may  be  found  in  a dif- 
ferent manner,  as  follow* : 


Subtracting  (2)  from  (1)  we  have 

y*  - y.V  + *•  - = o . .. . (3.) 

which  (art.  28)  is  the  equation  to  a circle,  the  co- 


ordinates of  whose  centre  are 


t t 

2*  2’ 


and  whose  radius 


rs  £ vV*  -f-y'4s  Hence  the  locus  of  (3)  is  the  equa- 
tion described  on  C T as  a diameter ; and  its  intersec- 
tion with  the  given  circle  determines  the  points  of 
contact. 

This  is  the  construction  of  Euclid,  iii.  17. 


(35.)  To  find  the  equation  of  a common  tangent  to 
tiro  circle*. 

Let  $ be  the  distance  between  the  centres  of  the  two 
circles,  rand  i*  their  radii,  and  suppose  the  axis  of x to 
pass  through  the  centres  of  both  circles. 

Then  the  equations  to  the  circles  are, 

*"4-  y*  = r* (1,) 

{xT  - ly  + y"*  = i* . . . (2  ) 

The  equation  of  the  tangent  to  the  first  is 

* y -f  y — ** <3’) 

and  in  order  that  this  line  may  touch  the  second  circle 
also,  the  perpendicular  dropped  upon  it  from  the  cen- 
tre must  = r. 

...  a $ — b 

Now  the  length  of  this  perpendicular  — 

vl  + fl1 


$xf  - r* 
r 

-Zx'  + r*. 


- y 1 1 i* 

hut  a = —-j~  and  , 

* ’ P ./  -h  i -A 


♦.y=  - 


*.ry  = - 


r _ Jr  - (r-rOx 

- (r  - r)  . . y - . 

hence  by  substitution  in  (3)  ~ (r-  r/)-fyy/  = r4, 
which  is  the  equation  required. 

(36  ) If  the  axes  to  which  the  circle  is  re ‘erred  be 
inclined  at  any  angle  whatever  to  each  other,  then 

1.  The  general  equation  is 

V*  = (t -*')*  + 2 (x-x')  (y  -y  )cosj,y  + (y-yT. 
and  when  the  centre  is  the  origin, 

r*  = -r*  -f  2 x y cos  x,  y -f-  ye. 

2.  The  equation  to  the  tangent  drawn  at  a given 
point  (y,  y0  of  the  circumference  is 

{y'-fx'cosx.y}  y + { i1  -f  y1  cos  x,  y } x = t*. 
the  origin  being  at  the  centre. 


ON  LINKS  OF  THE  SECOND  ORDER. 

(37.)  The  general  equation  of  the  second  degree 
between  two  variables  is, 

ay*  -f  b xy  + ci*  -f-  dy-{- 1 x 4 -f  = 0. 
in  which  a,  b,  c . . . . are  indepeudent  of  x and  y. 

The  locus  of  this  equation  ift  called  a line  of  the 
*econd  order.  In  the  following  investigations  we  shall 
use  oblique  axes,  unless  the  contrary  be  specified. 

The  characteristic  property  of  a line  of  the  second 
order  is,  that  a Hraight  line  cannot  internet  it  in  more 
than  two  point*.  To  prove  this. 

Let  the  curve  be  supposed  to  be  cut  by  a straight 
line  whose  equation  is 

y as  mx-f  n ...•<!,) 

then  the  points  of  intersection  will  be  determined  by 
eliminating  y between  this  equation  and  the  general 
equation 

+ /=  0 (2.) 

Hence,  substituting  in  (2)  the  value  of  y derived  from 
(1,)  we  have 

a (m  x -f  »)9  + * x (m  x + w)  4“  ex*  4"  d (m  x -f  w) 

4-  ex  4 -/= 

or  developing  the  terms,  and  arranging  the  result 
according  to  the  powers  of  x, 

(a  m*  4-  b m 4*  c)  x*  + { (2  a m 4-  *)  « 4“  f } * 

4“  w*  4-  d n 4"  f = 0* 

This  equation  being  of  (he  second  degree  can  have  only 
two  roots,  which,  when  real,  represent  the  abscissas  of 
the  points  of  intersection.  Whence  it  follows,  that  a 
straight  line  cannot  cut  the  curve  in  more  than  two 
points. 

If  the  roots  be  imaginary,  the  straight  line  does  not 
meet  the  curve ; if  they  l*  equal,  the  two  points  of 
section  coincide,  and  the  line  touche*  the  curve. 

Definition.  A straight  line  being  supposed  to  cut  a 
line  of  the  second  order,  the  portion  of  it  contained 
within  the  curve  is  called  a chord. 

(38.)  To  Jind  the  locus  of  the  middle  point * of  any 
number  of  parallel  chord*. 

Let  Q P q (fig.  18)  be  conceived  to  represent  a p,g  |8 
portion  of  a line  of  the  second  order ; and  lei  it  be 
referred  to  any  oblique  system  of  axes  A X,  A Y. 
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Aulytocal  Through  the  origin  draw  any  line  A Fp.  cutting  the 
Geometry,  curve  in  P,  p;  then  its  equation  will  be  of  the  form 
y = mi (1.) 

Let  Q q be  any  chord  parallel  to  A P p,  bisect  it  ill  O, 
and  draw  O M parallel  to  A Y. 

Then  the  object  of  the  problem  is  to  determine  the 
relation  between  A M and  M O,  the  coordinates  of  the 
point  O. 

Assume  A M — s',  M O ss  y'. 

Let  the  origin  be  now  transferred  to  O,  in  which  case 
we  shuli  have  to  substitute  x -f-  x'  und  y -}-  if  for  x and 
y in  the  general  equation  ; we  have  therefore 

a (a  + y')*  + * (*  + *')  iy  -f  yO  + c (x  + P)» 

+ d (y  + V *)  + ' (* + **)  +/=  o . . . . (2,) 

which  is  the  equation  of  the  curve. 

Now  when  the  origin  is  at  A the  equation  of  Q q 
which  is  drawn  parallel  to  A I*/>  is  y = m r -f-  vl ; but 
when  the  origin  is  removed  to  O,  the  equation  of  Q q 
will  (Art.  8)  be 

y = wix. 

Hence,  the  points  in  which  Q q intersects  the  curve 
will  he  found  by  eliminating  y between  this  and  equa- 
tion (2,)  whence  we  have 

a (m  x -f  y')*  + b (r  -f  s')  (m  x -f  y')  + c *0 
+ d (m  x -f-  y')  -f  e (x  + V)  + /=  0, 
which  becomes  on  reduction  (a  m*  -f-  6 m -f-  e)  x* 

-f-  { (2  a m -f-  6)  yf  + x 

*+■  fly'1  -f  ftx'y7  -f-  ex" -f-  -f-  0. 

But  since  Q q is  bisected  in  O,  it  is  plain  that  the  roots 
of  this  equation  are  equal,  with  contrary  signs  ; there- 
fore the  coefficient  of  the  second  term  must  = 0, 

lienee,  suppressing  the  accents  which  were  only 
employed  to  distinguish  the  coordinates  uf  O from 
those  of  any  point  whatever,  we  have 
(2am-f-6)y4-(6m-f-2c)x-f-dm  + es=0...  (3.) 

The  relation  between  x and  y being  thus  expressed 
by  an  equation  of  ihe  first  degree,  it  follows,  that  the 
locus  of  the  point  O is  u straight  line . 

The  straight  line  which  bisects  any  number  of 
parallel  chords  is  called  a diameter , and  each  of  the 
points  in  which  it  meets  the  curve  is  cjlled  a vertex. 
(39.)  Cor . If  the  equation  to  any  other  chord  bo 
y = m/x, 

then  the  equation  to  the  corresponding  diameter 
will  be 

(2  a m!  + b)  y -f-  (b  tn‘  -f*  2 c)  x -{-  d m(  + e = 0.fc 
JF«f  19.  Draw  any  two  chords  nt  n,  p q,  (fig.  19,)  and  their 
corresponding  diameters  M N,  P Q ; then  if.  cither 
clionl  be  parallel  to  the  diameter  of  the  other,  reci- 
procally the  diameter  of  the  first  will  be  parallel  to  the 
chord  of  the  second. 

For  if  y = m x -f-  n be  the  equation  of  m n, 
and  y = mf  x -f-  n'  that  of  p q , 

b in  + 2 c dm- f-  e 

€n  ^ 2am-{-bZ  2am -f  6 

will  be  the  equation  of  M N,  and 


6m'  + 2c  dm’  + « 


Let  m n be  now  supposed  parallel  to  P Q, 

..  b m*  -4-  2 e v" 

then  m =z  — - — . . 

2 a mt  -f-  6 

iw=  — b ni  —2  c, 

, b m + 2 c ** 

or  m = — — — gvftw* 

2a  m b *% 

whence  p g is  parallel  to  M N,  (Art.  15.)  ^ 

In  like  manner,  if  p q be  supposed  parallel  to  M N, 
it  may  be  shown  that  P Q will  he  parallel  lo  in  n. 

Whence  it  appears  that  each  diamettaMaecU  the 
chords  drawn  parallel  to  the  other.  Diameters  thus 
related  to  each  other  are  called  conjugate  diameters . 

Ifys:mx  + n hejm\  diameter,  the  equation  of  the 
diameter  conjugate  tern  is 

b m -f-  Pc  dm- f e 

^ 2am  + b*  2am  + b' 

whence  it  is  evident  that  an  infinite  number  of  pairs  of 
conjugate  diameters  can  be  drawn. 

IVe  shall  now  investigate  whether  any  of  these  systems 
can  be  at  right  angles  to  each  other. 

Suppose,  for  the  sake  of  fimplicit/,  that  the  axes  are 
rectangular,  and  let 

y = ms  + n 
y = in!  x + n! 

be  any  system  of  conjugate  diameters. 

, __  b m- f Sc 

2 a m + b* 

and  since  the  conjugate  diameters  are  by  liypothcsh  at 
right  angles  to  each  other, 

m1  = — — , (Art  14,) 
m 

bm  -f-  2 c ^ 1 
2 a m -f-b  m* 

.* . iw*  + 2c«  = 2a  nt  + b, 

_ c — a 

m*  + 2 — — m — 1, 
b 


Tlien 


2b 


■±y. +(•—)'. 


that  of  P Q. 

VOL.  1. 


a quantity  which  is  manifestly  always  real. 

Let  m and  p be  the  two  routs  of  this  equation  ; then, 
since  its  last  tenn  = — 1, 

m x p = — 1, 

1 . , 

•*.  m — — . . 

m 

hence  it  appears  that  m and  rn'  are  the  roots  of  the 
sumc  quadratic  : wherefore  there  can  be  only  one  system 
of  rectangular  conjugate  diameters. 

These  arc  called  the  principal  diameters. 

(40.)  To  find  the  form  which  the  equation  to  lines 
of  the  second  order  assumes,  when  the  axes  of  coordi- 
nates arc  parallel  to  a system  of  conjugate  diameters. 

Let  y = m x -f-  n be  the  equation  of  any  chord, 
then 

6m  -f  2c  rfm-f-e 

^ 2 a m -j-  6 * ~2  a m -f-  b 

will  be  the  equation  to  its  corresponding  diameter. 

5 A 
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Suppose  now  that  the  chord  is  parallel  to  the  axis  of 
x ; then  m ss  0,  and  the  equation  of  the  diameter  be- 
f comes 


y = - 


2 c 


* *-T 


Again,  let  the  chord  be  parallel  to  the  axis  of  y,  then 
m is  go,  and  the  equation  of  the  corresponding  diame- 
ter ia  , 

V = - — r - — ....  (2.) 
y 2 a 2 a v 

Hence,  when  these  diameters  are  conjugate  to  each 
other,  and  the  axes  are  parallel  to  them,  the  first 
will  bisect  the  chords  parallel  to  A X,  and  ought  there- 
fore to  involve  x alone ; and  the  second  ought,  for  a 
like  reason,  to  involve  y alone ; therefore  in  each 
case  b must  equal  0. 

Hence,  when  the  axes  of  coordinates  are  parallel  to 
a system  of  conjugate  diameters,  the  coefficient  ot  the 
second  term  vanishes,  and  the  general  aquation  assumes 
the  form 

ay*  - f-  c, r*  -f  dy  + ex  -f/  = 0. 


(41.)  To  find  the  coordinates  of  the  centre. 

The  centre  being  the  point  in  which  any  two  dia- 
meters cut  each  other,  we  have,  eliminating  y between 
(1)  and  (2.)  in  Art.  40. 

2 c e __  6 _ d 

6 X ~ ~b  2 a 2 a* 

fit—  4 0 e 2 a e — b d 


‘Jab 


“ 2 « 6 
2ae  — bd 


and  similarly. 


y = ; 


6*  — 4 a c 


b*  — 4 ac 

Cor . If  the  axes  be  parallel  to  a system  of  conjugate 


diameters,  then  4=0,  and 
2 a c 


y = 


— 4 a c 
2 cd 


-4  ac 


2c  1 
d 

2 a 


2 c 


and 


'--h. 


which  (41,  Cor.)  arc  the  coordinates  of  the  centre. 


Hence  the  general  equation  is  reducible  to  the  form 
ay*  + cj*+/'  = 0....  (1.) 

This  reduction  is  only  practicable  on  the  supposi- 
tion that  the  equation  contains  both  the  terms  involv- 
ing a yl  and  c x* ; for  if  either  of  them,  as 


cx*  be  ss  0,  then  « = — = oo, 


and  the  term  e r cannot  be  taken  away,  and  the  equa- 
tion therefore  assumes  the  form 


(42.)  Let  the  origin  be  now  transferred  to  a point 
(«,  P),  which  is  done  by  substituting  x + « and  y + p 
for  x and  y in  the  equation, 

ay*  ■+■  ex8  + dy  + cx  + f£  0 

Then 

a (y  + /*)*  + c + •)•  +d  (y+P)  + e (*+•) +/=0, 
therefore,  developing,  and  arranging  the  result, 
a y*  + cJ*  + (2  ap  + d)y  4-(2ci-j-e)x  + a/J«  + 
co*  + rf^  + ea  + f — 0. 

Now  since  a,  P are  alhitrnry  quantities,  we  may  fix 
their  value  by  making  the  coefficients  of  y and  x = 0, 
we  thus  have 

2 a 4-  d =:  0,  2c#  + e=0, 


oy*  + ejr+/=0. 

Now',  by  taking  away  the  term  involving  y,  we  have 
determined  only  oue  of  the  quantities  a,  p ; we  may 
fix  the  value  of  the  second,  a,  by  supposing  tike  last 
term  to  = 0.  This  supposition  is  always  possible, 
because  c a 9 vanishing,  the  lust  term  is  only  of  one 
dimension  in  a. 

The  equation  thus  reduced  will  be  of  the  form 
a y*  -f-  e x = 0 (2.) 

Hence,  Lines  of  the  second  order  are-  divisible  into 
two  classes,  according  as  they  have  or  hate  not,  a centre, 
the  corresponding  equations  being 

ay*  + c x*  = F, 
and  a y®  + e x :=  0. 

(43.)  In  tlie  first  of  these  equations  the  coefficient* 
of  y*  and  x*  may  have  cither  the  same  or  different 
signs,  the  constant  quantity  F being  supposed  indeter- 
minate. 

I.  Let  them  Igive  the  same  signs,  and 

1.  Lei  both  be  positive. 

Then,  according  as  F is  negative  or  positive, 

A/  + Cj*=  F (1.) 

or  A,!+Ci*  = -F....(!.) 

but  since  the  sum  of  two  quantities  essentially  positive 

cannot  equal  a negative  quantity,  the  Sine  represented 

by  this  equation  must  be  imaginary. 

l 2.  Let  both  be  negative,  then 

-Ay»-Cj*=F, 
and  — Ay1—  Cx1  = -F; 

therefore,  changing  the  signs  of  the  terms  in  each 

equation 

Ay*  + Cx3  = - F, 

Ay*  4-  C x*  e=  F, 
which  are  identical  with  (1)  and  (2.) 

II.  Let  them  have  different  signs,  and 
1.  Let  A be  positive  and  C negative. 

Then  Ay5  — Cj*=sF.  ... (3,) 

and  Ay*  — Ci*  = — F. ...  (4.) 

2.  Let  A be  negative  and  C positive. 

Then  C x*  — A y*  = F. 

and  C x*  - Ay*  — — F; 

or,  changing  the  signs  in  both  equations, 

A y*  — C x*  = — F, 

A y*  — C x*  = F, 

which  coincide  respectively  with  (4)  and  (3.) 

Lines  of  the  first  class,  therefore,  may  be  subdivided 
into  two  species. 
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The  first,  represented  by  the  equation 
. A jr*  + C -c*  = F, 

is  called  the  Ellipse. 

The  second,  represented  by  the  equation 
Ay*  — C -r*  = F, 
or  C x*  — A y*  = F, 

is  called  the  Hyperbola. 

It  hence  appears,  that  the  equation  to  the  hyperbola 
is  deduced  from  that  to  the  ellipse  by  changing  the  sign 
of  x*  or  of  y*. 


Fig.  SO. 


ON  THE  EfXtPSE. 

(44.)  To  find  the  equation  to  the  ellipse,  in  terms  oj 
a given  system  of  conjugate  diameters. 

Let  CP,  CD  be  the  given  semi-conjugate  diameters, 
(fig.  20.)  and  the  ellipse  be  referred  to  these  as  axes. 
Let  CP  = o',  CD  szV. 

Then  the  general  equation  being 


But  y,  j/  being  the  coordinates  of  a point  in  the  Pant, 
curve, 

(fly/*  + &•  x*  = a*  &• ; 

and,  in  general, 

a*  y%  b9  fl  = a*  b*, 

. a-  (y  - y*)  + *’(**  - **)  = 0, 

«’  (y  + y9  (y  — y9  = **(*-  -O  (*  + *')• 

or,  substituting  for  y — }/  its  value  in  (1,)  and  dividing 
each  side  by  x — s*, 

a*m(y  + y0:=&*(*  + **)• 

If  tlic  points  of  section  be  now  supposed  to  coincide, 
op  j—  jf  and  y — i/,  and  tlic  secant  becomes  a tangent ; 

6*  x> 

m = . -j, 

(fl  y/ 

therefore,  by  substitution,  the  equation  to  the  tan* 
gent  becomes 

3T  • 7 Or-V)  ..  (*.) 

or  a9  y y/  -f  Ifl  x a 1 6*.  • . . (3.) 


Ay*  + C J*  = F. 

(48.)  To  determine  the  figure  of  the  ellipse. 

Lety  = 0,.\**=  ~ = CF  = .\*V 

a 

II 

i «.l* 

Resuming  the  equation  a9  y*  -f  6*  x*  = tflb9,  we 
have 

* = 0,.-.y*=  £ = CD*  = .\y\. 

. a—  — 

■ A- 

y = + — v «*  — *■■ 

therefore,  substituting  these  values  of  A and  C in  the 
above  equation,  and  dividing  by  F,  we  have 
tfl  x® 

or  o'*y’  + i"j*=  a*  h". . . . (2.) 

either  of  which  is  the  equation  required. 

(45.)  Cor . 1.  If  the  origin  be  transferred  to  P,  we 
must  substitute  in  (2)  a*  — x for  x ; the  equation 
therefore  becomes 

a*9  y*  + V*  -r*  ~ 2 «'  U9  x r=  U, 

or  y»=  il  (2  o' r (3.) 

(46.)  Cor.  2.  Let  2 a,  2 b represent  the  principal 
■diameters,  then  the  equation  of  the  ellipse  becomes 

1.  When  the  centre  is  the  origin, 

t + v 

or  tfl  y*  4-  b*  x*  = <fl  Ifl. . . . (2.) 

2.  When  the  extremity  of  2 a is  the  origin, 

»■  = ~ (2  ax—*) (3.) 

(47.)  To  find  the  equation  to  the  tangent  drawn  at 
a given  point  (r\  ■/)  in  the  ellipse. 

If  a straight  line  be  drawn  cutting  the  ellipse,  and 
the  two  points  of  section  be  then  supposed  to  coincide, 
the  secant  will  become  a tangent. 

Now  the  equation  to  a secant  drawn  through  tbe 
given  point  is 

y-  y = m (r  - x 0 (I.) 


Now  let  y =s  0,  (fig.  21)  x = rfc  a = CAorCY,  21. 

x = 0,  y = ~b  b = C B or  C b. 

So  long  as  x remains  positive,  and  increases  from  0 to 
a,  y is  real,  and  decreases  from  6 to  0. 

When  x > a,  the  values  of  y arc  Imaginary,  and  the 
curve  therefore  extends  to  the  right  no  farther  than  A. 

Let  x be  negative,  then  since  x*  is  positive,  it  may  in 
like  maimer  lie  proved  that  the  curve  does  not  extend 
beyond  V to  the  left. 


Again, 


’-±—  ■✓((’•-y’). 


and  by  a process  similar  to  that  which  has  just  been 
followed,  it  may  be  shown,  that  the  curve  does  not 
extend  beyond  B or  6. 

Hence  the  ellipse  has  the  form  assigned  to  it  in  the 
figure,  nnd  is  whollv  contained  within  the  parallels 
M N,  PQ  and  M P,  NQ. 

Of  the  two  principal  diameters  AV,  B 6,  the  former 
is  commonly  called  the  major , the  Latter  the  minor, 
alis. 

(49.)  Definition.  The  focus  is  o point  in  the  major 
axis,  such  that  its  distance  from  any  point  in  the  ellipse 
is  a rational  function  of  the  abscissa. 

To  determine  the  focus. 

The  curve  being  represented  by  tbe  equation 
ifljfl  — <flb\ 

Let  the  abscissa  of  the  focus  be  xr,  its  ordinate  being 
necessarily  = 0. 

Then  if  r denote  the  distance  of  the  focus  from  any 
point  (x,  y)  of  tiie  curve,  we  shall  have 
i-  = (r  - xTfi  + y*, 

= j*-2x4'  + y + ^ (a#  — sfl), 
b k 2 
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=i*-2n'  + I*  + 4’ *•, 

Z> 

3t  _ A* 

= 1 j*  - 2 * ,t'  + *'•  +e#>. 

' Now  in  order  that  r may  lie  rational,  the  quantity  on 
the  rigid  must  be  a perfect  square ; therefore  we  have 

4 "-f-  e’(4’  + J*)=<»'A 

or  (o’  - f)  (*•  +*")-«’  r", 

' o’ 4*  + o’ a”  - 6*  - i’e"1  = a*  A 
•.  (o’  - l>>)  4*  = 4*  A, 

.•.i'=+  '/o'^4>. 

Whence  there  nrc  fu*>  /oei.  on  opposite  sides  of  the 
centre,  and  equidistant  from  it  by  the  quautity 

»J  a*  — 6’,  which  is  called  the  excentr  icily 

Assume  J a*  — b*  — a c = C S or  C II,  then  S and 
II  are  the  foci,  (fig.  22.) 

Also  SP  = «-fi. 

Similarly,  if  II  be  the  other  focus, 

HP  = fl-f  ex. 

Hence  SP-f  PH  = 2o; 

or,  the  distance*  of  any  point  in  (he  curve  from  the  foci 
art  together  etjuat  to  the  major  axis. 

Cor.  Since  a e — a*  — b\ 
a*  e*  = a*  — 6*, 
b' 

therefore  the  equation  to  the  ellipse  becomes,  by  sub- 
stitution, y*  = (1  — C*)  (a*  — **). 

(50.)  To  find  the  value  of  the  ordinate  passing 
through  the  ficus. 


p*  = x*  -j-  y*,  Part  I. 

= ■*■  + (!  «>)(a'-a-)(Art.49.q,r.)wv— 

= <**•  -f-  o'O  - if). 

X — P CO* 

. ff  — cx  p‘  co*’  u +,  o*  (1  — r*), 


. / l-«* 

•••  ' ~ “ V 1 _ eo»'  » ' 
fit.  Let  the  pole  be  the  focus  S. 

Attune  S P = r,  angle  PSA  = r. 

Then  r = a — e x,  (Art.  49.) 

but  xsCU  = CSp-  S M, 

= af+r  cos  r, 

.*.  r = a — e (a  e -}-  r cos  »), 
r (I  + e cos  *)  = a (I  — e*), 

r = w 

1 -f-  e cos  v 

Similarly,  if  II  be  the  pole,  and  HP  = r\  angle 
P 11  A = then 

1 -e* 

r — a- 

I — e cos  t/ 


In  general  — (a*  — *•)  . . . . (1.) 

ut  x*  = a*  — b*. 


y1  ~ -7  { «•  - - 6*) } 


•;-r  = ±— • 

2 61 

twice  this  quantity,  ofr  — is  called  the  principal  para- 
meter ; let  it  be  denoted  by  2 p,  then  the  equation  to 
the  ellipse  in  terms  of  fU  principal  parameter  becomes 
by  substitution  in  equation  (l) 

H*  — 2 j?  x — **. 

a 

(51.)  To  fiid  the  polar  equation  to  the  ettipte. 

The  pole  mny  either  be  the  centre  or  one  of  the 
foci. 

1.  Let  it  l>e  the  centre. 

Assume  C P = p,  angle  P C A — a>,  (fig.  22.) 


ON  THE  HYPERBOLA. 

(52.)  The  same  notation  being  retained,  the  equa- 
tions to  the  hyperbola,  deduced  from  the  correspond- 
ing equations  to  the  ellipse,  are 

I.  When  the  axes  are  a given  system  of  conjugate 
diameters, 

t. = 

6"  a"  I 

«"  6~  - 

or  a"y'  -V'z=  - a’’b"\ 

Wx'- a"y'=  -o',6=J  ^ ’’ 

y'  — ^(r’-S*1*)...!  (3.) 

II.  When  the  axes  are  the  principal  diameters, 

£_4  = - 1) 

:•  i_  ,}••••<*'•> 

a’  6*  ~ } 

or  a'  y'  — b' x'  — — a'  4’-»  ,y 

6’*’  -a'y‘=  ’’ 

and  ,’=^(r’-!«r).„.  (3'.) 

a 

III.  The  equation  to  the  tapgent,  applied  at  a given 
point  */)  of  the  hyperbola,  is 

a*  yif  — ffxx1  = — a*  b\ 

(53.)  To  determine  the  figure  of  the  hyperbola. 
Taking  the  first  of  equations  (2*) 

a'y*-b'f  = — a*  b\ 


Digitized  by  Google 


ANALYTICAL  GEOMETRY. 


721 


I 


: 


Analytical  . . 6 . . , _ 

u«™i.iry,  we  have  y «=  ± — V (* ' - «0. 

PigTas"""*  (%•  a3,i 

Let  y — 0,  x =:  ± a = C A or  C V, 
x = 0,  y = ± 6 V — 1. 

lienee  it  is  evident  that  the  axis  of  y can  never  meet 
the  curve. 

Let  x < a,  then  the  values  of  y being  still  imaginary, 
no  part  of  the  curve  can  lie  between  C and  A. 

Let  r>o;  the  values  of  y are  now  real,  and  to  each 
assumed  value  of  x there  correspond  two  equal  values 
of  y with  opposite  signs. 

As  x increases,  y also  increases;  when  x is  supposed 
infinite,  the  values  of  y are  also  infinite.  Ilence,  to 
the  right  of  C the  curve  extends  indefinitely,  and  con- 
sists of  two  branches  AZ,  A z symmetrically  placed 
with  respect  to  the  axis. 

In  the  same  manner  it  may  be  shown,  by  supposing 
jr  to  be  negative,  that  to  the  left  of  C the  curve  has  two 
infinite  branches  V Z\  V s'. 

Again,  taking  the  second  equation, 

6*  xx  - o*  y*  — - a*  b\ 

we  have 

x = + v y'  — ft-  . 

Fig.  24.  x = 0,  y = ± 6 = C B,  or  C 6,  (fig.  24,) 

y = 0,  x = + a y/  — l. 

Hence  it  is  evident  that  the  axis  of  x cannot  meet 
the  curve. 

Nor  can  any  part  of  the  curve  b«  situated  between  B 
and  b ; for  so  long  as  y is  less  than  b,  the  values  of 
x are  imaginary. 

The  investigation  being  conducted  as  in  the  last 
cusc.it  will  be  found  that  there  are  two  infinite  branches 
B U,  B u ; b U',  6w\  on  each  side  of  the  centre,  sym- 
metrically situated  with  respect  to  the  axis  of  y. 

The  two  hyperbolas  represented  by  the  figures  23 
and  24,  are  said  to  be  conjugate  to  each  other. 

Since  the  line  B b,  in  the  first  case,  and  A V in  the 
second,  never  intersect  the  curve,  they  cannot,  correctly 
speaking,  be  called  diameter n.  They  are  so  named  in 
order  that  the  analogy  between  the  hyperbola  and 
ellipse  may  be  preserved. 

(54.)  To  find  the  coordinate*  of  the  point s in  which 
any  diameter  meet*  the  curve. 

Let  the  equation  to  any  diameter  be 
y ss  m x, 

and  that  to  the  curve 

o'*  y*  - V*'  sr  - t/*b\ 
then,  by  elimination, 

«'3  mf  x*  - V*  x*  = — a'9  6'\ 
a”*' 

' • * ~ f - «■ m*' 


and 


•:.  * = ± 
.:-s=± 


o'  V 


v'i'i  - «"  m> 
math* 
Vo  - of*  1 


Bo  long,  therefore,  as  o'*  m1  is  positive,  the  diameter 


meets  the  curve  ; if  6^'  < o”  m*,  or  »n  > 3,  the  Hia- 
tt 


Pvt  I. 


meter  does  not  meet  it ; if  brt  = o'*  m\  or  m 


6' 


the  diameter  intersects  the  curve  at  an  infinite 


distance  from  the  centre. 

Let  Pp,  D d (fig.  25)  be  any  two  conjugate  dia-  ^ 
meters  to  which  the  curve  is  referred  as  axes ; through 
P draw  Q 7 parallel  to  and  equal  to  D d ; join  C,  Q : 

C 7;  then  the  lines  C Q,  C 7 being  produced  to  Z, 

2 will  meet  the  hyperbola  at  an  infinite  distance. 

The  lines  C Z,  C r are  called  asymptote s ; and  their 
, A' 

equation  is  y =:  + ~^T  *• 


The  asymptotes  may  be  considered  as  separating 
those  diameters  which  meet  the  curve  from  those  which 
never  meet  it. 

(55.)  It  may  he  proved,  os  in  the  ellipse,  that  there 
ore  two  foci  S,  II  situated  on  the  transverse  axis  at  a 
distance  = V««-{-  6*  from  the  centre.  And  in  like 
manner  it  may  be  shown, 

1.  That  S P = c x — a, 


II  P = ti  + fl, 


and  therefore  that  the  difference  of  the  focal  distances 
equal  the  transverse  axis. 

2.  That  the  polar  equations  of  the  hyperbola  are 
(1.)  When  the  centre  is  tile  pole. 


P=  a 


(2.)  When  the  focus  S is  the  pole, 

1 

r =r  a- . 

1 + e cos  v 

(3.)  When  the  focus  II  is  the  pole, 


1 — r cos  v 


The  equation  to  the  hyperbola  in  terms  of  its  prin- 
cipal parameter  is 

y*  = 2 p x -{-  ^ x* 


ON  THE  PARABOLA. 

(56.)  The  equation  to  Lines  of  the  second  order, 
when  the  centre  is  infinitely  distant,  is 

a y*-f-  ex  as  0, 

e 

or  y'  — m X : if  m be  taken  = . 

j a 

The  curve  which  is  the  locus  of  this  equation  is  called 
the  parabola. 

(57.)  To  find  the  equation  to  the  tangent  drawn  at 
a given  point  (s',  y')  of  the  parabola . 

If  a straight  line  be  drawn  cutting  the  parabola, 
and  the  two  points  of  section  be  then  supposed  to 
coincide,  the  secant  will  become  a tangent 
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Analytical  Now  the  equation  to  a secant  drawn  through  the 
GaooMlry.  given  point  » 

y - y'=  a {*  - V)  ....  (1.) 

But  ,r\  y'  being  the  coordinates  of  a point  in  the 
curve,  y'*  = m Y; 

and,  in  general.  y*  = m x, 

y*  - y1*  = m (x  - jrO, 

(y  - yO  (J  + y1)  = m (J  - *0  i 

or,  substituting  for  y — y'  its  value  in  (1,)  and  dividing 
1 each  side  b yr-x', 

° (y  + yO  = w» 


If  the  points  of  section  be  now  supposed  to  coincide, 
x — x'  and  y =r  j/,  and  the  secant  becomes  a tangent ; 
therefore,  by  substitution,  the  equation  to  the  tangent 
becomes 


y-y^jjy  <*-*')• 


(2.) 


F.g-  26. 


or  y = -y  (x  -f  Y)  . . . . (3.) 

(58.)  To  determine  the  ^figure  of  the  parabola. 

Since  y1  = mx, 

y = ± Jmi, 

therefore  for  each  assumed  value  of  x,  there  are  two  equal 
values  of  y with  opposite  signs,  therefore  the  curve  is 
divided  into  two  equal  parts  by  the  axis  A X,  (fig.  26.) 

Let  x = 0,  then  y = 0, 

therefore  the  curve  passes  through  the  origin  A. 

Let  t be  supposed  to  increase,  then  y also  increases  ; 
let  x become  infinitely  great,  then  y is  infinitely  great 
also. 

Let  x be  negative,  then  y Wing  imaginary,  no  part 
of  the  curve  is  situated  to  the  left  of  A. 

Hence  the  parabola  consists  of  two  infinite  branches 
A Z,  As,  symmetrically  placed  with  respect  to  A X. 

(59.)  The  focus  being  defined  as  in  the  ellipse  and 
hyperbola,  let  it  be  required  to  find  its  position. 

Let  S be  the  focus,  A S = x',  (fig.  26.)  and  let  the 
coordinates  of  any  point  in  the  curve  be  x,  y ; then 

•*  = »•+(*  - •»')’. 

= x*  -f  (m  - 2 x)  x + x'1, 

Now  as  this  is  to  be  a rational  quantity,  it  must  be  a 
complete  square ; 

4xY  = i,(m  -2Y)\ 

,\  4x''=(m-2  Y)\ 

2 Y =.  tn  - 2 Y. 

Hence  there  is  only  ctic  focus  in  the  parabola. 


Cor.  1.  The  distance  of  any  point  P from  S = x -j-  — . \ 

Cor.  2.  Let  S L be  perpendicular  to  A X,  then 
since  y1  = m x,  we  have 

SL’=-^, 


or  2 S L = m ; 

the  quantity  2 S L is  called  the  tutu e rectum,  or  prin- 
cipal parameter. 

(60.)  To  find  the  polar  equation  to  the  parabola. 
Let  A S P = »,  S P = r, 


then 


r = ,+ 


1 + cos  u> " 

which  is  the  equation  required. 

(61.)  The  parabola  may  be  considered  a*  a species 
of  the  ellipse,  or  hyperbola,  und  its  equation  deduced 
from  that  of  either  of  these  curves,  by  supposing  the 
centre  removed  to  an  infinite  distance. 

Thus  the  equation  of  the  ellipse  and  hyperbola,  in 
terms  of  their  principal  parameters,  is 


Now 


y'  = 2pxJp 
_ b1  _ a1  • 


x». 


(a  -f-  a r)  (a  —ae) 


But  a — a r = A S,  and  a -j-  a e = 2 a,  when  the  centre 
is  at  an  infinite  distance, 

2 a 

.-.  o = A S . — — = 2 A S. 
a 

therefore,  by  substitution. 

y*  = 4 A S . » :p  s', 

1 a 

2 A S 

but  a being  infinitely  great, — is  infinitely  small, 
and  may  therefore  be  neglected, 

y*  s 4 A S . x. 

By  comparing  this  with  the  equation  y*  = m x,  it 
appears  that  the  constant  quantity  rn  is  equal  to  four 
times  the  distance  of  the  vertex  from  the  focus. 

Fur  the  analytical  investigation  of  the  properties  of 
Lines  of  the  second  order,  the  reader  is  referred  to  the 
works  on  Analytical  Geometry  enumerated  at  the  end 
of  this  Article,  Bnd  particularly  to  Dr.  Lardner’s  Alge- 
braic Geometry , vol.  i.,  which  contains  a variety  of 
Problems  resolved  with  gjeat  elegance  and  simplicity. 
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APPLICATION  OF  ALGKBRA  TO  THE  THEORY  OF  SURFACES. 


Analytical  (62-)  Thf.  application  of  Algebra  to  the  Theory  of 
Geometry.  Surfaces  is  founded  on  this  principle,  that  an  indeter - 
y— 1 min  ate  equation  between  three  variable*  may  be  repre- 
sented by  a geometrical  locus,  and  conversely. 

Let  f(x,  y,  z)  sb  0 be  any  indeterminate  equation  be- 
Fig.  27.  tween  x,  y,  and  z ; let  X A Y,  X A Z,  Y A Z (fig.  87) 
be  three  planes,  each  of  which  is  at  right  angles  to  the 
other  two,  and  A X,  A Y,  A Z the  lines  in  which  they 
intersect.  In  A X tukc  A M equal  to  any  arbitrary 
value  of  x,  draw  M N parallel  to  AY,  and  equal  to  any 
arbitrary  value  of  y ; then  if  N P be  drawn  parallel  to 
A Z,  and  equal  to  the  resulting  value  of  z,  each  point 
P so  determined  will  correspond  to  a solution  of  the 
equation  f (x,  y,  z)  = 0.  The  assemblage,  therefore, 
of  all  the  points  P will  form  a surface,  plane  or 
curved,  which  is  called  the  locus  of  the  equation 
t)  = 0. 

The  lines  A M,  M N,  N P are  called  the  coordinates 
of  the  point  P,  and  A is  said  to  be  the  origin,  A X, 
AY,  A Z the  axes  of  the  three  coordinate  planes 
X A Y.  X A Z,  Y A Z. 

The  coordinates  are  usnally  denoted  by  x,  y,  * re- 
spectively ; whence  A X is  called  the  axis  of  x,  A Y 
that  of  y , and  A Z that  of  z ; also  X A Y is  called  the 
plane  of  xy,  X A Z the  plane  of  x z,  and  Y A Z the 
plane  of  ys. 

The  equation  which  expresses  the  relation  between 
the  coordinates  of  any  point  of  a surface  is  called  the 
equation  to  the  surface. 

(63.)  Complete  the  rectangular  parallelepiped  A P, 
then  it  is  evident  that  A M = P m =:  the  distance  of  P 
from  Y A Z,  estimated  in  the  direction  A X,  and  also 
that  MN,PN  are  respectively  equnl  to  P’s  distance  from 
the  planes  X A Z,  X A Y measured  in  the  directions 
A Y,  A Z.  Hence  it  appears,  that  the  position  of  a 
point  in  space,  depends  on  its  distances  from  three  rec- 
tangular coordinate  planes  estimated  in  the  direction  of 
the  lines  in  which  they  intersect. 

(64.)  The  points  N,  n,  m in  which  the  lines  P N, 
P»,  Pm  meet  the  planes  of  xy,  xz,  and  yz  arc  called 
the  projections  of  the  point  F upon  these  planes  re- 
spectively. 

It  is  manifest,  that  if  any  two  of  these  projections  bo 
given  the  third  will  be  known.  Hence  the  position  of 
a point  in  space  is  determined  when  its  projections  on 
any  two  of  the  coordinate  planes  arc  given. 

In  like  manner,  if  the  several  points  of  a straight 
line  be  projected  upon  any  plane,  the  line  so  formed 
is  called  the  prqjecium  of  the  given  line,  and  the 
plane  in  which  the  perpendiculars  are  situated  is  called 
the  projecting  plane. 

Surfaces,  in  the  same  manner  as  lines,  are  divided 
Into  orders  according  to  the  dimension  of  the  equations 
by  which  they  are  represented. 

Thus,  a surface  of  tne  first  order  is  the  locus  of  the 
equation 

<2x-foy-pc2-frf=:0. 


A surface  of  the  second  order  is  the  locus  of  the 
equation 

ax*-f-by*-f-cz*-{-  2 a1  y z -f  2 b'  x s -f  2 c'  xy 
-f-  2 a"x  -f-  2 b"y  4-  2 x -{-  d = 0, 
and  so  on. 


ON  THE  STRAIGHT  LINE  IN  SPACE. 


(65.)  If  the  projections  of  a straight  line  upon  any 
two  of  the  coordinate  planes  be  given,  the  position  of 
the  line  itself  will  be  determined  ; because  it  will  evi- 
dently be  the  intersection  of  the  two  projecting  planes. 

We  may  hence  Jind  the  equations  of  a straight  line 
in  space. 

Let  P Q be  the  given  line,  pq,  pq'  its  projections  on 
the  planes  x z,  y s respectively,  (tig.  2b.)  Also  let 

x = a z + o be  the  equation  t o pq, 
and  y = ft  z -j-  ft  be  the  equation  to  p'  <f. 

Jfow,  since  the  first  of  these  is  independent  of  y,  it  is 
the  equation  nut  only  to  pq  but  also  to  every  line  in 
the  projecting  plane  p P Q q-  In  like  manner,  the 
second  equation  is  the  equation  to  every  Hue  in  the 
plane  /PQ  j'.  Therefore  the  system  of  equations 

x — a z 4-  «» 
y = 6 z 4-  ft, 

being  common  to  the  two  projecting  planes,  must  also 
be  the  equation  to  P Q,  which  is  the  line  of  their  inter- 
section. 

The  quantities  a,  b denote  the  tangents  of  the  angles 
at  which  pq,  pt  f are  inclined  to  A Z ; and  a,  ft  repre- 
sent the  portions  of  A Z intercepted  between  A and  the 
points  in  which  the  same  lines  intersect  AZ. 


(66.)  To  find  the  equation s to  a straight  line  passing 
through  a given  point. 

Let  the  coordinates  of  the  given  point  be  x\ 

Then,  since  they  must  satisfy  the  general  equations 

we  have  *?  = a s'  4-  <*»  *»d  y'  = b x'  -f-  ft, 

.■.«  = /—  as!,  and  ft  =z  p*  — b X1. 
Substituting  these  values  of  a,  ft  hi  (1) 
x = a s -j-  y — a z', 
y = 6a  +y'-4*', 
or  x — y = a (x  — Ol 

and  y~y'=b(z  — z'))" 

which  are  the  equations  required. 


•(2.) 


Pirt  II. 


Fig.  28. 
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Analytical  (67.)  To  find  Ike  equation t to  a ilraight  tine  poising  I-et  if.  <f,  *"  be  the  coordinates  of  the  second  point  . p,rl  11 
(.twmeiryf.  through  two  given  points.  Q.  Dnt*  [u^e  PQ  = a. 

N'^v~'  The*P(J  is  evidently  the  diagonal  of  a rectangular 

Let  the  coordinates «f  the  second  pon»tl»c  y » ul]c,  j d whoS4.  lhree  contiguous  edges  are 

Substituting  these  for  x,  y,  z in  equation  (2)  in  the  1 1 * o o 

last  article.  We  have  *’  - - y".  ^ i 

t __  A — y wc  have,  therefore,  by  the  last  article, 

**  _ y = a (j»  - *0.  •••“  = p>' _ «*  = (/  - !")•  + (j'  - sO'  + (p  - O’- 


*/'  — y' 

^-yccidf-sO.  .-.6=^7’ 


Cor.  If  A Q ss  f*\  we  have,  by  expanding  the  value 
of  i\ 


therefore  replacing  a and  6 by  these  values  in  the  sarac  °*  — + !/*  + **  + •*"*  + P*  + ***  “*  2 { ^ •**  + 

equation,  we  have  y#  V*  + *'  ^ „ 

= V P*  + p*  - 2 (✓  x*  + yf  y"-f  a'  *")• 


x — y ~ 


a - * t ^ 

7^77  (*  - *0. 


O-O. 

which  are  tlie  equations  required. 

(f»8.)  To  find  the  coordinates  of  the  point  of  inter- 
section  of  two  straight  Unci, 

Let  the  equation  of  the  lines  be 

X — ax-\- a,  y=:bz-j- ft, 

and  * = ft  z -f-  a',  y = U z -f-  ft'. 


(71.)  Give n (he  equations  to  a straight  line,  to  find 

Us  inclination  to  each  of  the  axes. 

' » 

Draw  through  the  origin  a straight  line  parallel  to 
the  given  line,  and  let  its  equations  be 
x = a s,  y = 6 r. 

In  the  triangle  A P M, 

AM  = AP  cos  PAX. 
or  x = p cos  p,  x, 

x a z 


When  the  lines  intersect,  the  coordinates  at  the  point  * p V*st  y* s/ **(1 -f.  -j- $*) 

of  their  intersection  will  be  identical ; therefore  sub- 
tracting the  latter  equations  from  the  former, 

(o  — a*)  s -j-  a — a'  — 0, 

(6-^)2  +ft  -/F=0; 

whence,  eliminating  z,  . 

a — n*  ft  — f¥ 

a — a*  b — 6*  ’ 


cos  p,z  = ± 


the 


<S\l 

which  equation  expresses  the  condition  under  which  — » f . , , , 

two  lines  intersect.  Thc  I,ne  ? (aTm*  wl,lh  c»,ch  rf ‘h«  “«  lo  ung  es  w inch 

are  supplement*  of  each  other;  hence  in  the  above 

Now  r being  = wc  immediately  obtain  fnrmi,k‘*  *•  l«silifc  “««  i>«lia*te»  the  acute,  and  the 

0 a — a negative  sign  the  obtuse  angle. 

Cor.  1.  Squaring  these  values,  and  adding  the  results. 


a o' 


• and  y =? 


bftf  - Vft 


a — a’  ~ a — a 

Cor.  It  thence  follows,  that  when  the  lines  are 
parallel 


wc  have 


cos*  p,  x -f-  cos*  p,  y + cos*  p,  z = 1 . 


Fig.  20. 


Cor.  2.  If  the  angles  which  p makes  with  the 
a — and  ft  = y.  planes  jy.  x z,  y z lx-  respectively  denoted  by  the 

symbols  p.  xy ; p,  x z,  p,  y z,  we  shall  have  by  the 

(G9.)  To  express  analytically  thr  distance  of  a given  last  nrt*c*e  , . 

point  {A  y\  from  the  origin.  6,u  P • V z + »»a  f,«  + «n'Mysl. 

Let  P be  the  given  point,  (fig.  29.)  AM,  M N,  N P (72.)  To  find  the  inclination  of  two  lines  in  terms 
its  coordinates  ; join  A,  N ; and  let  A P = p.  of  their  separate  inclinations  to  thc  axes. 

^cn  the  tria»Bl«  ANP  AMN  hein?  evidently  (he  drnw  lwo  ljnm 

right  angled  ...  N and  M,  wc  have  from  the  find  paraUd  Bto  Ule  giv*u  |i„„.  ,hcM  ,ake  \ny  lwJ 

A l*1  = A N*  -f  N Pf,  points  P and  Q,  join  P,  Q,  and  let  A P = f,  A Q = / ; 

— ...  A M*  + M N’+  N P*and  from  ,hc“  ^ Art' 

, . . Pg*  = ,*  + ^-20V'+^y"+1»7>. 

tnc  second,  . . , _ + y"  + - . tot  p «■  = ,•  + ,■  2 , CM 

Cor.  In  a rectangular  parallelepiped,  the  aqnare  of  Woo<lho.ne’a  Trig.  ch.  11.  Prob.  1 ; Lardner'.  Trig. 
the  diagonal  is  equivalent  to  the  Bum  of  the  squares  of  ^ 75 

the  three  edges.  . * , 1 , „ ,,  . 

(70.)  To  exprsss  analytically  the  distaswe  between  two  • • P P cos  ft  — * * "r  V 3T  4*  * A ...  (1.) 
given  points.  But  x1  = p cos  /»,  x ; y1  =:  p cos  p,  y ; 21  = p cos  p,  s . 
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AfiaJytical  Similarly, 

— P 008  * * y"  “ P ' cos  p>  y:  = p co*  /»,  x; 

therefore,  substituting  in  (1)  and  dividing  by  p f,  we 
have 

cos  p,  p*  = cos  p,  x co*  f x -f-  cos  p , y cos  f *,  y -f- 
co«  p,  z cos  p\  2. 

Cor.  When  the  lines  are  at  right  angles  to  each 
other, 

cos  p,  x cos  p\  x -f-  eos  p,  y . cos  p/,  y -f  cos  p,  z cos  f‘,  z 
— 0. 

(73.)  The  equations  to  tiro  lines  being  given,  to  find 
their  mutual  inclination. 

Draw  two  lines  through  the  origin  parallel  to  the 
given  line*,  then  their  equations  will  be 
r = (i y = b z. ...  (I,) 
x rr  a'z,y  si  b'  z. . . . (2.) 

Now,  by  last  Art- 

cos  p,  p*  = cos  p,  x co*  p\  x -f-  cos  p,  y cos  p\ y -f- 
cos  p,  z cos  ft,  z ; 

but 

fl  , a? 

cos  p,  X = _ ; cos  /»,  x as  ■ --  - 

' 1 + o'  + h>  1 + a"  + 6" 

and  similarly  with  respect  to  cos  p , y,  cos  p , z,  &c. ; 

therefore,  by  substitution, 

f 1 +■  a of  *4-  6 6* 

COS  p,  a =:  — - — 

^(l  + a’-f  6*)  (1  + + 6*)  * 

which  is  the  expression  required. 


ON  THE  PLANE. 

(74.)  A plane  is  generated  by  a straight  line  which 
moves  parallel  to  itself,  along  a straight  line  given  in 
position. 

Of  these  straight  line*  the  former  is  called  the  gene- 
rating line , the  latter  the  directrix. 

The  equation  to  a plane  may  be  obtained  by  express- 
ing analytically  the  mode  in  which  it  is  generated. 

Let  the  equations  to  the  generating  line  be 

x = a 2 -f  «,  y = 6 z + / 9 (1,) 

and  the  equation  to  the  directrix,  which  we  shall  sup- 
pose to  be  in  the  plane  of  xy, 

Y =:  m X + n.. . .(2.) 

Now,  since  the  generating  line  is  always  parallel  to 
itself,  its  equations  in  any  position  will  be 
x = a z -+-  a1,  y = b z -+  fit. 

But  because  it  passes,  by  hypothesis,  through  a point  in 
the  directrix  whose  coordinates  are  X,  Y,  0,  we  shall 
have  X = o',  Y = ft ; 

but  a = x — a *,  and  fit  rr  y — b z, 

X = x — a z.  Y = y — 6 z. 

Substituting  these  values  of  X,  Y in  equation  (2) 
we  have, 

y - 4z  = m (x  — az)-|-  »i, 
y-mr-f(ma-i)i-#-o 
which  is  the  equation  required. 

VOL.  I. 


A more  symmetrical  form  may  be  given  to  the  equa- 
A A 

lion  by  assuming  - r - m,  - = i - mu,  and 

A 

D 

Then  we  have 

Ax-fBy-f-C2-fD  = 0, 

for  the  general  equation  to  a plane. 

(75.)  Cor.  1.  When  the  plane  passes  through  the 
origin,  D = 0,  and  the  equation  beromea 
^x*f®y  + Ct=:0. 

(76.)  Cor.  2.  If  the  plane  meet  any  one  of  the 
axes,  for  example  A Z,  then  x and  y = 0,  therefore 


If  tlie  plane  be  perpendicular  to  A Z,  then  each  of  its 
points  is  equidistant  from  the  plane  xy,  and  therefore 
2 is  constant. 

If  the  plane  be  parallel  to  A Z,  then  -2  being 
infinitely  great,  C =:  0. 

C°r‘  3.  If  the  plane  meet  any  one  of  the 
coordinate  pluues,  xy,  for  example,  then  a ss  0,  and 
the  equation  to  their  intersection  is 

Ax-j-By-f*D  = 0. 

(7B.)  The  intersection  of  a plane  with  any  one  of 
the  coordinate  planes  i*  called  the  trace  of  the  given 
plane. 

If  the  plane  be  perpendicular  toxy,  then  since  it 
must  be  parallel  to  A Z,  C = 0,  therefore  the  equation 
to  the  trace  isAx  + lly-^DzrO. 

As  the  same  reasoning  is  applicable  to  the  remain- 
ing two  coordinate  planes,  we  conclude  that  when  a 
plane  is  perpendicular  to  any  one  of  the  coordinate 
planet,  its  equation  is  that  of  Us  trace  upon  the  same 
plane. 

(79.)  If  the  plane  be  parallel  to  that  of  xy,  (hen  the 
coordinates  of  its  intersection  with  AX  and  A Y, 

namely,  and  — - will  be  infinitely  great,  there- 
fore A and  B each  = 0,  hence,  the  equation  becomes 
C z -j-  D ~ 0. 

(Sl>.)  T oftnd  the  equation  to  a plane  in  termi  of  the 
perpendicular  (j.)  dropped  upon  it  from  the  origin,  and 
the  angler  which  that  perpendicular  finru  with  the 
axes. 


Let  the  plane  meet  the  axes  in  the  points  BCD 
and  take  A B = o,  AC  = i,  AD  = c;  then,  by  the 
last  article, 

c=-£- 
A B 1 TP 

general  equation  is  A z + By-fCt 

ABC 

or-5x-_y-_a=,, 

therefore,  by  substitution.  — 4.  4.  — = l (is 

a b ’ e ****'••' 


Part 
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££«?.  bul  II  i.  evident  that  />  = ««.  p.  t,  ora-  In 

' Iike  h = cotpip'  ‘ = ! 

therefore,  replecing  a,  b,  e,  in  (1)  by  these  values,  we 
have  jcosa,*  + ya>*p.y  + * cos  p,  j = p. 
which  is  the  equation  required. 

(81.)  Cor.  Cos*  P.  x + cos'1  p.  y + cos*  p,  s 

= 

~ tf*  ^ 6*  T c® * 

= ^ (A‘  + D«  + C*)  = 1. 

...(,=  ±_=JL===( 

VA'  + U‘  + cj 

...»,p.r=-p.A  = ±_==^. 


Iii  like  manner, 
cos  /»,  y = 


a/A*  -f  B*  + C* 
C 


cusr.®-  - VA«  +F+T. 

(82.)  To  yfrtrf  tAe  equation*  to  a perpendicular  let  fall 
from  a given  point  (/,  /,  s')  upon  « *«*» 

A x + B y -f-  C s 4-  D=0. 

By  Art.  63  the  equations  sought  will  be  of  the  form 
*-,-  = 0(1-01  (1) 

J,_^=  &(,-<)/••  v •’ 

in  which  a and  b are  to  he  determined. 

Suppose  the  perpendicular  and  the  plane  to  be  pro- 
jected upon  any  one  of  the  coordinate  planes  then  these 
projections  will  evidently  be  at  right  angles  to  each 
other  ; because  the  projecting  plane  of  the  perpendicu- 
lar being  at  right  angle*  to  the  given  plane,  their  inter- 
sections  with  any  of  the  coordinate  planes,  in  other 
word-,  the  projections  in  question,  will  also  be  at  right 
angles  to  each  other. 

The  given  plane,  then,  beiug  projected  on  the  planes 
of  x * and  y 2,  the  equations  to  its  traces  are 
C D x 

Ax  + C*  + D = 0,  or  x = ~ -I2  ~ ~i  | 

c D ( ■ • {2  ) 

By  + C*  + D = 0,ory=-g»-  g ) 

But  since  the  projections  of  the  perpendicular  are  at 
right  angles  to  these  traces,  we  have  (Art.  14) 

A . B 
„ = — .nd4  = _; 

therefore  the  equations  required  are 

r-x-=  ■£(*-  O. 


(83.)  To  find  thr  Irngth  (p)  of  the  perpendicular 
dropprd  from  a girm  point  on  a /firm  plane. 

Conceive  a plane  drawn  through  the  given  point 
parallel  to  the  given  plane,  and  let  fall  upon  it  from 


the  origin  A a perpendicular  A Q meeting  the  given  Part  11. 
plane  in  P ; then  P Q will  = p.  v—" “V'’— 1 

Now  A Q =s  x'  cos  p,  x + cos  p,  y 4 cos  p,  x, 

_ Ay-I-B  y'-j-Cr 

“ ± V A*  + B*  + C"’ 

.\pm  AQ  - A P = A Q - p, 

+ Ar'  4- By'  + C s'  - 1) 

“ ^A‘  + Ba  4-  C*’ 

(94.)  To  find  the  inclination  of  a given  straight  line 
to  a given  plane. 

Let  the  equations  to  the  line  be 

x — a z y — b z ft, 

and  the  equation  to  the  plane  Ax  4‘^y_f'^':!4"®  = ^* 

Now  the  inclination  of  u line  to  a plane  is  the  angle 
contained  by  the  line  and  its  projection  upon  the  plane, 
and  is  therefore  equal  to  the  complement  of  the  angle 
formed  by  the  line  and  a perpendicular  let  fall  from  any 
point  of  it  upon  the  plane. 

Let  the  equations  to  the  perpendicular  be 
x = o'  2 + y = b‘  z -J- 

then  a!  — , and  6'  = — , by  (Art.  82.) 

Let  p be  the  given  line,  p'  the  perpcndiculur  dropped 
from  any  point  of  it  on  the  given  plane,  and  let  the  sym- 
bol p,  ri  denote  the  angle  at  which  the  line  is  inclined 
to  the  plane. 

1 -f-  <7  a'  4“  b br 

Then  in  genend  eo, 

(Art.  73.) 

Therefore,  substituting  for  a\  b'  their  values  obtained 
alrove,  we  have 

Aq-j-BA  + C 

P'  ~ -J  (1  + a*  + &')  (A*  + B-+  C-)‘ 

(85.)  Cor.  When  the  line  is  parallel  to  the  plane, 
then  Aa  + B64C  = 0. 

(86.)  To  find  the  inclination  of  two  plana,  in  terms 
of  their  separate  inclination  to  the  axes. 

Draw  through  the  origin  two  planes  parallel  respec- 
tively to  the  given  planes ; then  if  two  lines  p,  p be 
drawn  from  the  origin  at  right  angles  to  the  planes, 
l their  inclination  p,  p'  will  equal  the  angle  II,  II',  and 
their  equations  will  be 

x cos  p.  x 4-  y cos  p,  y + 2 cos  p,  * = 0, 
x cos  p',  x 4-  y cos  y +1*  cos  p\  2 s=  0. 

Now  in  general, 

cos p,  ft  =cosp,x  cosp/x4~c°«  p. y cos p\ y + 

COS  p,  2 COS  p\  Z . . . . (1,) 

but  cos  p,  x si  cos  n,  y 2 ; cos  p,  y =:  cos  11,  x 2 ; 
cos  p,  x = cos  n,  x y,  and  so  on ; therefore,  substi- 
tuting these  values  in  (1,)  we  have 
cos II,  n'=  cosll.y*  . cos  II', y 2 + cos  II,  x 2 cosll'.xx 
4-  cos  II,  x y cos  II',  x y, 
r - which  is  the  inclination  required. 

t (87.)  To  find  the  indination  of  two  plana  whose 
a equations  are 
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A r -f  By  + C*-j-Dr=0, 

A'x  + B'y-f-C'x  -j-  iy  =0. 

The  Inclination  required  will  equal  that  of  two  planes 
drawn  through  the  origin  parallel  to  the  given  planes. 
In  general, 

cos  p,  p'  r = eos  p,  x cos  p\  x + cos  /»,  y cos  p\  y -f 
cos  p,  s cos  /»',  a. . . . (1 ;) 

A B 

but  COS)?,  i “ — . cos  />,V  = ■ ■ - T 

+ B*  + C*  </A*+P  + C” 

and  so  on;  therefore,  by  substitution  in  (1,)  we  huve 

AA'  + BB -{-CC/ 

™S  • 7(A’  + B'  + (?)  (A1*  + B'1  + C'*)’ 

(98.)  Cor.  When  the  planes  are  perpendicular  to 
each  other, 

A A'  -j-  B B1  -(-  CC'  = 0. 


ON  THETttANSFORMATIONOF  COORDINATES  IN  SPACE. 

(89.)  The  petition  of  a point  with  respect  to  a given 
system  of  planes  being  given , to  find  its  position  when 
referred  to  a new  system  of  planes  parallel  to  the 
former. 

Let  a,  b,  e be  the  coordinates  of  the  new  origin  : and 
x,  y,  z i y y',  x7  those  of  any  point  P when  referred  to  the 
old  and  new  system  respectively. 

Then  it  is  evident,  that  in  order  to  obtain  the  equation 
of  P in  relation  to  the  new  system,  we  have  only  to 
substitute  lor  x,  y,  z in  the  given  equation 

/(*.».*)  “0, 

the  quantities  x*  4*  a,  f + 6,  sf  + c. 

The  position  of  the  new  origin  relatively  to  that  of 
the  old  one  will  be  indicated  by  the  signs  of  a,  b,  and  c. 

(90.)  The  position  of  a point  with  respect  to  any 
system  of  planes  being  known , to  find  its  position  when 
referred  to  any  other  system  whatever , originating  at  the 
same  point  with  the  former. 

Since  the  new  coordinates  must  evidently  be  linear 
functions  of  the  old  ones,  let  us  assume 
x = m x*  -f  n y‘  + p a', 
y = m,x,'f  n'y'-f  pfzf, 
zez  fn"y  + n* y'  -}- /✓'  s'  ; 

the  quantities  m , mf,  mn  . . . . being  independent  of 
x,  y . . . . 

In  order  to  determine  their  value,  Let  y and  z'  each 
equal  0,  in  which  case  the  point  is  situated  on  A X'. 

_ x sin  x\  y x 

x sin  x,  y z 

. y «in  x/,  x s 

m = — ; 

x sin  y,  x 2 

,,  z sin  xf,  x t/ 

- 

x sin  z,  x y 

In  like  manner,  supposing  the  point  to  be  successively 
on  the  axes  A Y',  A Z\  we  have 


V — . 

sin  y,x  x 

pf  = "n*'**9 
sin  x,  x y ' v sin  z,  x y 
Hence  we  have,  by  substitution, 

1 ~ ninj.yj  t ^ + y'«n»'.y  ! + s'sini'.y  j } ; 

V +i'«m  s',** } ; 

x ~ t *'*ia*,.*3r+y'*iny'.xy  + Zsini'.xy  ( . 

(91.)  Such  arc  the  general  formulas  to  be  used  in 
passing  from  ouc  oblique  system  to  unother.  We  shall 
now  deduce  from  them  the  following  particular  cases : 
1.  Let  the  old  axes  be  rectangular,  and  the  new 
ones  oblique. 

Then  the  denominators  become  each  1 ; also  in 
the  first  line, 

sin  xf,y  z rs  cos  x\  x ; sin  y z r:  cos  y,  x ; 
sin  z\y 2 = cos  s',  x; 

the  remaining  two  lines  being  in  like  manner  modi- 
fied, we  have 

x = y cos  or*,  x + y'  cos  y',  x -j-  z'  cos  s',  x*j 

y= 


= x cos  ar,  x + y cos  y , x-j-  z cos  s , x*\ 

= •*' cos  x\y-\-y>  cosy',  y + *'  cos  r',  y v . . (1 ;) 
= x ; cos  y.s-f  y cos  y * -f-  s'  cos  z*,  z J 

uuse  the  primitive  axes  are  rectangular,  the  fol- 
equalions  also  hold  true, 

J**\  x-f-  coz*x',y  + c »s,x',  z=  I-\ 

•y.'  + cos*  y.  V + «*V.  z = l V (2.) 

I*  z\  X -f-  cos*  z\y  + cos"  z\  z = 1 J 


It  appears,  therefore,  that  of  the  nine  angles  involved 
in  the  formulas  (I)  six  alone  are  independent,  since 
three  of  them  ore  evidently  determined  by  equa- 
tions (2.) 

2.  Let  both  systems  be  rectangular. 

Then,  since  each  two  of  the  coordinates  x\  y',  / are 
at  right  angles  to  each  other,  we  have,  by  (Art.  72.) 

cosx/,xcosypx+cosx,,ycosy,,y  + cos  x\  z cos  y\  s = 0 
cos  x\x cos  zr,x+ cos x'.y  cos  if,  y + coax',  z cos  x',z  = 0 
cosy,xcosx',x-f  cosy*,  y cos  z\  y + cos  y\  z cos  z*,  z = 0 

....(»,) 

by  means  of  which  equations  the  six  angles  that  enter 
into  the  formulas  (1)  are  now  reduced  to  three. 
Whence  it  follows,  that  in  order  to  pass  from  one 
rectangular  system  to  another,  three  independent  angles 
alone  are  required. 


^ _ «io  y1.  y l 
sin  x,  y z * 


sin  z',  y z 

^ sinx,  yz 


ON  TIIK  SPHERE. 

(92.)  To  find  the  equation  to  a spherical  surface. 

Let  a sphere  whose  radius  in  r be  referred  to  any 
system  of  oblique  axes ; suppose  x\  y,  z/  to  be  the 
coordinates  of  the  centre,  and  x,  y,  z those  of  any 
point  on  the  surface. 

Now,  since  all  the  points  on  the  surikee  are  equi- 
distant from  the  centre,  we  have 
5b  2 
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(*  - J)'  -f  (y  - yT  + (s  - O’  + 2 (*  - **)  (y  - »') 
o"",^,co.i,y  + 8(*-y)(*-f’><M«*.*  + *(y-sO(*-«0 
cos  y,  z =:  r*. 

(93.)  Cor.  Let  the  origin  be  at  the  centre;  then 
y,  y',  z'  being  = 0,  the  equation  becomes 

y + y,  + s#  + 2*ycoax,  y + 2 x 2 cos  x,  z 
*f  2 yz  cosy,  * =:  r4. 

The  general  equation  to  the  sphere  may,  as  in  the 
case  of  the  circle,  be  simplified  by  changing  the  origiu 
and  direction  of  the  axes. 

Let  the  axes  be  now  supposed  rectangular,  then  the 
general  equation  becomes 

(*  - ✓)«+  (y  - y')*  + (r  - s')'  = i*  ■ •(».) 
and  when  the  origin  is  at  the  centre 

J-  + y*  + 2,  = l-....  (2.) 

Let  the  origin  be  on  the  surface  of  the  sphere,  then 
since 

x*  4.  y*a  + y*  = 
equation  (1)  becomes 

x*  + y*-M,-2xx/-2yy'-2zz'  = 0....  (3.) 
Let  the  origin  be  on  one  of  the  coordinate  planes. 

If  it  be  upon  the  plane  of  x y,  then  x1  = 0,  and  the 
equation  becomes 

(j-y)*+(y  - yT  + **  = »*....  (<•) 

Let  the  origin  be  upon  one  of  the  axes. 

If  it  be  upon  the  .xis  of  x.  then  y'  and  z’  = 0,  and 
the  equation  becomes 

<*_y)t  + *»+ y»0  ....(5.) 

(94.)  The  general  form  to  the  equation  to  a sphere 
when  referred  to  rectangular  coordinates  is, 
a*  + y*  -f-**  + Ax*4*By-f-C*  + D = 0....  (1.) 

Let  it  now  be  required  to  assign  the  position  and  mag- 
nitude of  the  sphere  which  it  represents. 

Comparing  equation  (1)  with  the  general  equation 

(x  - xT  + (y  -V)'  4-  (*  - O'  = 

that  is,  with 

x*  + y*  + z*  — 2 x y - 2yy'-2*z,  + j/i4'y/* 
+ z*-  i*  = 0....(2,) 

we  have 

_A 
2 ’ 

B_ 

2 * 


A = — 2 X7,  or  j/  = — • 
B = — 2 y\  or  y'  =:  - 


C = — 2^,  orz/=  — 


also 


= \ (A*  -f  B*  -f  C«)  - r*. 

.*.r  = ±i  V^A*  ■+■  B*  + C*  — 4 D). 

Hence  it  follows,  that  equation  (1)  belongs  to  a sphere 
whose  radius  is  = J V {A*  + B*  + C*-4D},  and 

the  coordinates  of  whose  centre  arc  — — , — 

(95.)  To  find  the  equation  to  a tangent  plane,  drawn 
through  a given  point  (s',  y',  x/)  of  the  sphere. 


The  origin  being  at  the  centre,  the  equation  to  the  Part  11. 
sphere  will  be 

y + y*  4-  z*  + 2 x y cos  x,  y -f-  2 x z cos  x,  z 
•f  2y«  cos y,  x = r* .... (1.) 

Now  if  a secant  be  drawn  through  the  given  point, 
its  equations  will  be 

x-x'  = m(.  - t-H 

and  y-y=n(:-^)j  ' * 

But  since  the  given  coordinates  y,  y',  z ' must 
satisfy  equation  (l)  we  have 

x*  + y*  + a*  + 2 a/y  cosx,  y 4-  2 J z1  cos  x,  x 

+ 2 y’  sf  cos  y,  z = i* (3.) 

whence  subtracting  this  from  (1) 

y-j/s+yi-y" j* + 2 (xy  - j'y')  cos  x.  y 
-j-  2 (x  2 — x'  z')  cos  x,  z -f-  2 (y  x — y'  z^cos  y,  z-=  0 

....  (4.) 

But  z*  — x1*  = (x  -f-  y)  (x  — y)  s (x  + x')  m (z  — z*), 

y*-y'=  = (y+y’InCs  - O. 

**  — *'=  = (*  + *')  (i  - 2'), 

also, 

~ x . i»  (f  — x')  4-  y ' m . (z  - 2% 

= (*  “ *0  (my'-f  nx). 
xx  — J x'  = (2  — z')  (x  + m z'), 
y z - y'  z'  = (y  + n *0> 

therefore  substituting  in  (4)  and  dividing  each  term  of 
the  result  by  * — z*,  we  have 

m (z +*')  + n(y  + yr)  + (z+z/)+2(my'-f  nx)cosx.y^ 

+ 2 (x  + m z/)  cos  x,  j 
+ 2 (y  -f  « z')  cos  y,; 

=0. 

Suppose  now  that  zs/,  ysw',  and  z = x\  then  the 
points  of  section  coincide,  and  the  secant  becomes  a 
tangent ; we  have  therefore  in  this  case,  after  dividing 
each  term  by  2, 

mx'-f-  ny' +#2)  cos x, 3 
-f-  (x'  -f-  « *0  coa  x, 

+ Cf  + n z/)  cos  y, 
or  collecting  the  terms  involving  m and  n, 

(y  4-  y* 008  y + c°*  *«  *) « 

-f  (y*  + y cos  x,  y -{-  z'  cos  y,  z)  » 

-f-  y + y cos  x,  z 4-  y'  cos  y,  z = 0 ; 
eliminating  m and  n by  means  of  equation  (2) 

{ y -f-  y'  cos  x,  y -|-  z'  cos  x,  2 } 


::rt=o. 

y.z) 


+ W + ^ ™*  *, y + »*  «» y,  * ) *_  ^ 

+ »'  + i'co®  * + S'  cos  y,  « = 0, 
which  on  being  reduced  by  means  of  equation  (3)  be- 
comes 

{ y -f  y7  «»  x,  y -f  xf  cos  x,  z } x 
+ { y'  + y cos  y,  x -f-  y cos  y,  z } y 
4-  { y + x'  cos  z,  x y*  cos  2,  y } x = r*, 
which  is  the  equation  required. 
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Analytical  (96.)  Cor . When  the  axe*  are  rectangular,  thia 
G«om«uy.  equation  becomes 
'_"_v 

As  this  is  the  equation  commonly  used,  we  shall  inves- 
tigate it  by  a method  analogous  to  that  employed  in 
the  case  of  the  circle. 

The  equation  to  the  sphere  is 

and  the  equation  to  sny  plane  is 

x cos  /»,  x -f-  y cos  p,  y + z cos  p,  z = p . . . . (2.) 
Now  when  this  plane  touches  the  sphere,  we  have 

• •* * y'  *' 

p — r,  also  cos  p,  x — — , cos  p,y  - s — , cos  p,x  — — , 

.r',  yf  and  x!  being  the  coordinates  of  the  point  of  con- 
tact ; hence,  by  substitution, 

f {"'+»»'+«*')  =»■, 

or  x j/  -f  y y'  •+■  a xf  = r*, 

as  before. 

In  like  manner,  if  the  equation  to  the  sphere  be 
{*-»)«+  (y-/9)*  + (, = 
the  equation  to  a tangent  plane  applied  at  a point 
xf,  y\  *'  will  be 

(x-  a)  (x'-«)  + (y—£)  (y’-fi)  + (x  -7)  (r'-l)  = * 

(97.)  To  yJnd  fA*  equation  of  a plane  that  shall  be  a 
common  tangent  to  two  given  spheres. 

Let  the  axes  be  rectangular,  and  let  us  suppose  for 
simplicity  that  the  plane  of  x y passes  through  the  cen- 
tres of  the  two  spheres,  and  that  the  axis  of  x coincides 
with  the  line  joining  their  centres. 

Hence  if  r,  t*  be  the  radii  and  of  the  spheres,  and  i 
the  distance  between  their  centres,  the  equations  to  the 
spheres  will  be 

*«  + y '■+**=rV...  (I.) 

( x f - J)*-f  y*  + i*  = r*  . . . (2.) 

The  equation  of  the  tangent  plane  to  the  first  sphere 
will  be 

xtf  + yy'  + zx'zzr* (3.) 

And  in  order  that  this  plane  may  also  touch  the  second 
sphere,  the  perpendicular  let  fall  upon  it  from  the  cen- 
tre of  the  latter  must  ss  r /. 

Now  the  coordi  nates  of  the  second  sphere  being 
l = i,y=0,:=0f 
and  r'  being  = p,  we  have 

^ + S xf  - r* ixf  — rl 

VV*  + yf*  ftrx/*  r 

but  as  the  spheres  are  situated  between  the  tangent 
plane  and  the  plane  of  xy,  the  lower  sign  must  be 
taken, 

ix'  - r* 

r 1 

.-.y  = ~(r-K)....(4,) 

therefore,  substituting  this  value  of  x/  in  (3)  and  trans- 
posing, we  have 

-j-  (r-rOx. 


■ , — s»0  i-t* 

V <•*  — *■*  — ’ 

or  substituting  for  x/l  its  value  in  (4,) 

* “ yy ")  - r (r  - O X 

which  is  the  equation  required. 

If  s be  made  — 0,  we  obtain 

__  i r — (r  — r')  x 

which  was  proved  in  Art.  3'>  to  be  the  equation  of  the 
common  tungent  to  two  circles. 

ON  THE  CYLINDER. 

(98.)  To  find  the  equation  to  a cylindrical  surface. 

A cylindrical  surface  is  generated  by  a straight  line 
which  moves  parallel  to  itself,  and  with  its  extremity 
describes  the  perimeter  of  a given  curve. 

The  straight  line  is  called  the  generating  line,  and  the 
given  curve,  the  directrix,  or  base. 

Let  the  equations  to  the  generating  line,  when  in 
any  position,  be 

z = a2  + .\ 
y=bt  + 0f 

in  which  «,  ft  arc  variable,  and  a,  b constant,  since 
the  line  is  supposed  to  move  parallel  to  itself. 

Let  tile  equation  to  the  directrix,  which  we  shall 
assume  in  the  plane  of  x y,  be 

/(\\Y)  = 0....  (2.) 

Then,  since  the  generating  line  always  moves  through 
a point  of  the  directrix  (x  = X,  y = Y,  : = 0),  we 
have 

X = a,  and  therefore  from  (1)  X — x — a z, 

Y = ft,  and  therefore  Y = y - b t , 

whence,  by  substitution  in  (2), 

/ {x— az,y-bz}  =0, 
which  is  the  equation  required. 

The  surface  generated  is  said  to  be  that  of  a right, 
or  of  an  oblique  cylinder,  according  as  the  generating 
line  is  peq>endicular,  or  inclined,  to  the  plane  of  the 
directrix. 

Example.  The  equation  to  an  oblique  cylinder  whose 
base  is  a circle  X*  4-  Y*  = 2 r X, 
is  (x-  ox)*-f-(y  - bsY  = 2r(x—  or), 
the  origin  being  at  the  extremity  of  a diameter. 

ON  THE  CONE. 

(99.)  To  find  the  equation  to  a conical  surface . 

A conical  surface  is  generated  in  the  same  manner 
as  a cylindrical  surface,  except  that  the  generating  line 
instead  of  moving  parallel  to  itsetf  always  passes 
through  a given  point.  The  given  point  is  called  the 
vertex  of  the  cone. 

Let  the  coordinates  of  the  vertex  be  xf, )/,  x' ; then 
the  equations  to  the  generating  line  will  be 

,-y=-(z-*n 

Let  the  equation  to  the  dirretris.  which  we  shall  sup- 
pose. as  before,  to  lie  in  the  plane  of  x y,  be 
/(X,  Y)=0....(2.) 
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Analytic*!  Then,  since  the  generating  tine  must  always  pass 
Geometry-  through  a point  of  the  directrix  (x  = X*  y as  Y,  s = 0) 
*~~'S***  we  shall  have 

X — x'  = — a z*.  or  X = x'  — a x\ 

Y-y'  = - bf,  or  Y = y - b:‘, 
therefore  by  substitution  in  (2) 

f{x'-az\j/-b  s'  } =0, 
or  / (<*,  b)  “ 0 ; 

,*-e  k-v-y' 
rr?i-7^7‘ 

A*-* 


but 


therefore 


/ 


which  is  the  equation  required. 

Since  the  generating  line  may  be  extended  inde- 
finitely upwards,  the  conical  surface  will  be  composed 
of  two  similar  portions,  one  above,  and  the  other 
below  the  vertex  ; each  portion  is  called  a thcef,  this 
term  being  understood  to  bear  the  same  relation  to 
turf  act,  that  branch  does  to  curt*. 

The  surface  generated  is  said  to  be  that  of  a right  or 
of  an  oblique  cone,  according  as  the  generating  line  is 
perpendicular,  or  inclined,  to  the  plane  of  the  directrix. 

Example  1,  The  equation  to  a right  cone  whose 
base  is  a circle 

{X  - J0*+(Y 

t»  (*-.*■)■+ (* -*')•  = £(* -O'- 

Example  2.  The  equation  to  an  oblique  cone  whose 
base  is  a circle 

<X_«).+  (Y 

+ { x y'- y 9 
= r»(r  - zy. 


ON  SURFACES  OF  REVOLUTION. 


(100.)  To  find  the  expiation  to  a turf  ace  of  revolu- 
tion. 


A surface  of  revolution  is  generated  by  a curve 
which  revolves  about  a fixed  line  or  axis.  In  such  a man- 
ner that  each  point  of  the  curve  may  describe  a circle 
whose  centre  is  on  that  line,  and  whose  plane  is  per- 
pendicular to  it. 

Hence  if  the  surface  be  cut  by  a plane  perpendicular 
to  the  axis,  the  intersection  will  be  a circle.  The  sur- 
face may,  therefore,  be  considered  us  formed  by  a circle 
of  variable  magnitude,  which  moves  parallel  to  itself 
and  meets  the  generating  curve. 

Let  the  equations  to  the  generating  curve  be 
/(*,**>  = 01 
/(«',✓,*') -or  — 


Then  if  4,  j/,  s'  be  the  coordinates  of  any  point  in  the 
axis  of  revolution,  the  equations  to  the  axis  will  be 


~x  — x'  = a (z  — x01 
y-y'  = b(,-zr)J 


..  (2  ) 


Hence  the  equation  to  a plane  perpendicular  to  the 
axis  is  (Art.  82) 

a.»  + &y  + *=  e....(3,) 
and  that  to  a sphere  whose  centre  ia  (y,  y't  s') 
is  (m  - xy  + (|f  - 9 y + (i  - O'  = * 


Now  we  may  conceive  the  circle  which  result*  from  the  Part  II. 

intersection  of  this  sphere  by  the  plane  (3)  to  be  one  W-v-*** 

of  those  which  compose  the  surface.  Therefore  c and  r\ 

or  their  equals,  must  be  constant  or  variable  together, 

for  the  same  points.  In  other  words,  one  of  them 

must  be  a function  of  the  other.  Hence 

(*-y>»+  (y-  yV  + (x  - c)*=F (az+by  + z) 

will  be  the  equation  required. 

(101.)  Cor.  I^t  the  axis  of  revolution  coincide 
with  the  axis  of  z,  then  the  equation  to  the  variable 
circle  will  be 

a = c.  e + jr1  s r*. 

Whence  the  equation  to  the  surface  of  revolution  be- 
come* 

y + y*  = F (x). 

In  like  manner,  the  equation  to  the  surface  will  be 
X • + x*  = F(y), 
or  y*  + a*  st  F (x), 

according  as  the  axis  of  revolution  coincides  with  the 
axis  of  y or  of  x. 

(102.)  Let  the  generating  curve  be 
Example  1.  A parabola,  x*  = 2p  x. 

Then  the  equation  to  a paraboloid  of  revolution  is 
x*  -f  y*  = 2px. 

Example  2.  An  ellipse,  fl1  z*  -f  b*  r*  = a * b*. 

Then  according  ns  the  revolution  is  performed  about  the 
major  or  the  minor  axis,  the  equation  to  the  elliptoid  of 
revolution,  or  of  the  rpheroid , will  be 

6'y-f  ^(/-f  *•)  = a*b* (!,) 

or.  B,.'’  + 4,(r,+y'j  = a,4,...(2.) 

The  spheroid  is  of  two  kinds,  the  prolate  and  the 
oblate ; the  former  is  represented  by  equation  (1,)  and 
the  latter  by  equation  (2.) 

Example  3.  In  like  manner,  the  equation  to  the 
hyperboloid  of  revolution  is 

6*  (x*  -f-  y*)  — a*  x*  = a*  b*. 


ON  SURFACES  OP  THE  SECOND  ORDER  IN  GENERAL 

(103.)  The  general  equation  of  the  second  degree 
between  three  variables  is, 

ax*  + by*  + cxt-f2a,y2  + 2 6'xx4-2c'x,y 
+ 2 aT  x + 2 6"y  + 2 c"x  -f-  d «s  0. 

The  surfaces  which  are  the  loci  of  this  equation  are 
called  surfaces  of  the  second  order. 

In  the  following  investigations  the  coordinate  planes 
are  supposed  to  have  any  inclination  whatever,  except 
in  those  cases  which  are  expressly  mentioned. 

The  characteristic  property  of  surfaces  of  the  second 
order  is,  that  the y cannot  be  intertect+4  Ity  a ttraight 
line  in  more  than  two  point s. 

For  let  the  surface  be  cut  by  the  straight  line 
x = tnx  -f- •, 

y = » * + 0. 

Then  at  the  points  of  intersection  the  coordinates  of 
the  line  and  surface  are  identical  ; therefore  by  substi- 
tuting the  values  of  jr  and  y in  the  general  equation 
a .**  + 6 y*  + cz*  + 2 a'  yz~\-2b'xz~\-2(fxy 
+ 2 o*x  + 2 f»"y  + 2 c"  x + rf  = 0. 
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Aiidviicd  we  shall  obtain  a quadratic  equation,  which  cnn  only 
ucMMtrj.  have  two  roots;  hence  the  surface  cannot  be  inter' 
^ sec  ted  by  a straight  line  in  more  than  two  points. 

Def.  The  portion  of  tlie  line  intercepted  between 
the  two  points  of  section  is  called  a chord. 

(104.)  To  find  the  locu*  of  the  middle  point*  of  any 
number  of  parallel  chord*. 

Let  i=mz,y=n7...,  (g) 

be  the  equations  to  any  straight  line  drawn  through  the 
origin,  and  cutting  the  surface  in  the  points  P,  p;  take 
O (d.f,  r')  the  middle  point  of  any  chord  Q 7 parallel 
to  P pi  then  the  object  of  the  proposition  is  to  find  the 
relation  between  s',  and  z\ 

Let  the  origin  be  transferred  to  the  point  O,  then  the 
equation  to  the  surface  becomes 

« {* 4- *■)'  + i Cy  -f  </)’  + c (*  + a1)*  + 2 o’  (y  + i/O 

<*  + z')  + 3 V (X  + y>  <5  + ,0  + 2 J(,  + jpO  (y  + yO 
+ 8«"(I  + J')  + *4"(y+  y‘)  + s e"  (i  + ,') 

+ d=  0, 

and  the  equations  to  Q q will  then  become 
x = m 2,  y = it  z. 

Now  the  points  in  which  Qq  intersects  the  surface 
will  lie  found  by  supposing  the  variables  x,  y,  2 iden- 
tical in  the  two  equations  ; wc  thus  have 
fl(m*+ *0*-f  h (n  2 + y'y  + c(r  + *0*  + 2 a'(«  * +f) 
(*  -f  2')  + 2 ft'  (m  2 -f-  y>  (s  -j-  *')  4“  2 d (m  * -f-  x0 
(n  x -f-  y’)  -f  2 a"  (m  z -j-  s')  -f-  2 ft"  (n  * *f  tf) 

+ 2e"(:  + :')  + d = 0. 

But  since  the  chord  Q q is  bisected  in  O,  the  two 
values  of  z in  this  quadratic  equation  will  be  equal, 
with  contrary  signs ; therefore  the  coefficient  of  the 
second  term  will  vanish  ; whence  collecting  the  terms 
involving  2 we  have 

2 « m x*  4-  2 ft  n y' -f-  2 a'  n s'  -j-  2 o' y*  -f  2 ft'm  2'  -f 
2 Vd  -f  2 d n d -f-  2 d n y'+  2 a"m  -j-  2b”n  -f  2 c*s  0, 
therefore,  dividing  by  2,  suppressing  the  accents  of  the 
variables,  and  arranging  the  result  with  reference  to 
x,  y,  and  2,  we  have 

(a  m -f-  d n + b')  x + (c'm-f-6n-}-  o')  y -f- 

( b'm  -f  a'  it  -f  e)  2 + at' m -f  b"n  + cv  = 0 (1) 

the  equation  to  a plane , which  is  therefore  the  locus 
required. 

That  plane  which  bisects  a system  of  parallel  chords 
is  called  a diametral  plane. 

(105.)  In  like  manner,  if  there  be  two  other  chords 
*=m'x+  o',  y = v!  z + /9'. . . . (A) 
x = m"  2 -f  «*  y = 7!*  X -f  p*,  . . . (*) 
the  corresponding  diametral  planes  will  be 

(am'-fc'n'-ft)r+(c'm,  + 6n'  + «/)y  + ( b ' m' 

■f  a1  h'  -f*  c)  2 -f.  aH  m!  -j-  6"  rd  + c"  = 0.  . . . (2.) 
(a  m”  + V n*  + b')  x + (d  m"  + b n"  + «')  y -f  (</  mw 
-f-  o'  n*  -f  c)  2 -f  a^'m"  -f  ft1*  «*  -f-  c"  = 0 (3.) 

The  direction  of  the  plane  (1)  depends  on  the  direc- 
tion of  the  chord  (g)  which  was  drawn  at  pleasure. 
We  shall  now  fix  the  relative  position  of  the  other  two 
chorda  (A)  and  (A,)  by  supposing,  first,  that  each  of 
them  is  parallel  to  the  plane  (1.)  and  next  that  either 
of  them  (A)  is  parallel  to  the  diametral  plane  (2)  of 
the  other. 


Then,  since  (A)  and  (A)  are  each  of  them  parallel  Pwt  It 
to  (1)  we  have 

m,(fl«-j-c'n  + V)-f  ^(c'm  + iw  + a') 

+ 4'm  + o'»+  c = 0, 
m*  (am  4-  d n + l/)  -f-  n"  (c' m + b ti  -f*  tf) 

+ b'm  + a'n  + c = 0 ; 
or, 

ft'  (m  -f  in')  + «'  (#  + n0  + d (in  n*  + n m') 

+ a m m'  + A n n'  -j-  c = 0.  . . . (4,) 

bl  (m  -f  m,r)  + a'  (n  -f  n")  -f-  c'  (m  ft*  + n m") 

0. . . . (5  ;) 

and  since  A also  is  parallel  to  (2,) 

ft1  (m'-j-  m")  + «'(*'  + n")  + y(m/  n"  -f  »'  m*) 

-f-  a nf  m"  -f  ft  nf  n,T- f-  c = 0. . . . (6.) 

But  since  (A)  is  parallel  to  ( 1 ) and  (2)  it  must  be  parallel 
to  the  line  of  their  intersection,  therefore  the  diametral 
plane  (3)  of  the  chord  (A)  bisects  all  chords  which  are 
parallel  to  the  intersection  of  the  other  two  diametral 
planes. 

And  since  (4,)  (5,)  and  (6)  are  equations  of  symme- 
trical forms,  the  diametral  planes  of  (g)  and  (A)  will 
bisect  the  chords  which  ure  parallel  to  the  respective 
intersections  of  the  planes  (2)  and  (3,)  and  (1) 
and  (3.) 

It  appears,  therefore,  that  each  of  these  three  dia- 
metral planes  bisects  the  chords  which  ore  parallel  to 
the  intersections  of  the  other  two. 

Diametral  planes  thus  related,  are  said  to  be  conju- 
gate to  one  another,  and  the  intersections  of  each  two 
of  them  are  called  conjugate  diameter t. 

The  point  in  which  any  three  diametral  planes  inter- 
sect one  another  is  called  the  centre. 


(106.)  To  find  whether  any  tydtm  of  conjugate 
diametral  plane*  can  be  rectangular. 

In  this  problem  we  shall  suppose,  for  the  sake  of 
brevity,  that  the  coordinate  planes  are  rectangular. 

When  three  diametral  planes  are  conjugate  to  one 
another,  their  equations  are 


^ (m  + mf)  + o'  (»  -f  n)  + c‘  (m  o'  -{-  n m ') 
■f  omm'-f-6ns'  + c=  0 

ft*  (m  -f-  m")  -f-  cf  (n  -f-  n^)  -f-  d (m  nM  + n mfr) 
-f  amm'-f  inn"  + f = 0 


! 


bt  (m'+  m")  +a/  <*'+nff)  +«?'(in'»f'-f  rfm*)  1 
•f  An'n"-f-c=  0 J 

Now,  if  these  be  supposed  rectangular,  the  following 
equations  must  hold  true.  Art.  88, 

I -f-  m m'  -f  n v!  = 0*j 
1 + m'm*+  tiiCrs  0> (2.) 

1 -j-  m mn  -)-  n na  = 0 J 


The  object  therefore  is  to  derive  from  equations  (1)  npd 
(2)  the  values  of  m and  n,  of  m'  and  n\  and  of  mw 
and  nM. 

Multiplying  the  first  of  equations  (!)  by  and  the 
last  by  and  taking  the  difference  of  the  products,  we 
have 


(e  + V m + or  n)  (»"  — «0  + (o  + v m -f*  b n) 
(m'n"-  n'm")  = 0. 
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Analytic*!  The  Mind  operation  being1  performed  on  the  first  and 
tiw*ielT7‘  of  equations  (2,)  there  results 

n"  — «'  + m (m'n"-  n'm")  as  0; 
therefore  eliminating  «"—  n'  from  the  last  two  equa- 
tions,  we  have 

b’  + am  + c*n 

m S r-n ••••  W 

c -f  6' m -f  a n 

In  like  manner,  if  the  first  and  last  of  equations  (l) 
and  (2)  be  successively  multiplied  by  m",  m\  and  the 
difference  of  the  respective  products  taken,  we  shall 
have 

d + c1  m -4-  bn 
” c+^m  + o'  n 
From  (3)  is  derived 

m (a-f-r)+  W (1  — m*)  ,t  \ 

n = , • • • 

am  — c 

and  from  (4) 

o'  n*  + (V  m + c - b)  n - J m - a'  = 0. 

If  the  value  of  n in  (5)  be  substituted  in  this  equa- 
tion, the  result  is  a cubic  equation  which  must  contain 
at  least  one  real  value  of  vi,  to  which  there  corresponds 
a real  value  of  n dcducible  from  equation  (3.) 

It  may  be  proved,  ill  like  manner,  thut  there  must 
exist  at  least  one  real  value  of  m!  and  nf,  and  of  m" 
and  n ",  w 

Now  the  cubic  equations  involving  m,  m and  m 
will  be  found  identical,  ns  may  ut  once  be  interred  from 
the  symmetrical  form  of  equations  (1)  and  (2 ;)  there- 
fore m,  tn',  m"  are  the  three  root*  of  the  same  cubic 
equation.  Hence  it  follows,  that  there  can  be  only 
one  system  of  conjugate  diametral  planes  thut  are  rec- 
tangular. 

The  intersections  of  each  two  of  these  planes  are 
called  the  principal  diameter*,  and  the  points  in  which 
they  cut  the  surface  are  called  the  vertices. 

(107.)  To  Jind  the.  firm  of  the  aptation  to  sur - 
faces  of  the  second  order,  when  the  coordinate  planes  are 
parallel  to  a system  of  conjugate  diameiral  planes. 

The  equation  to  any  diametral  plane  is 
(iMB  + c'»  + 4')r  + («'»+tn  + fl)l  + 

(6' m + af  n + c)  2 ct*  m 4-  bn  n 4*  if*  — O. 

If  m and  n,  successively,  be  now  supposed  first  to  be 
infinitely  great,  and  next  to  be  equal  to  0,  the  result- 
ing equations  will  be  the  equations  to  the  diametral 
planes  which  bisect  the  chorda  parallel  to  the  axes  of  x, 
of  y,  and  of  x. 

Hence  when  the  coordinate  planes  are  parallel  to  a 
system  of  conjugate  diametral  planes,  of  the  three 
equations 

ax-fe'y  4*  b'  x 4-  a*  — 0, 
c'j-f4y4a,x4i'=0. 
b'x  4-  o'  y 4-  e z 4-  df  = 0 ; 
the  first  ought  only  to  involve  x,  the  second  y,  and  the 
third  x ; 

a'sO,  i'=:0,  o'sO; 
wherefore  the  general  equation  becomes 
flJ|*  + *y»  + c*  + *arx  + 2b''y  4-  2c“*  + d = 0, 

which  is  the  equation  required. 

Let  the  origin  be  now  transferred  to  a point  (a,  p,  7) 
which  is  effected  by  substituting  in  the  last  equation 


■r  -h  a,  y 4-  ft,  * + 7.  ^ 

for  x,  y,  x;  hence 

a (x  + .)•  + Ky  + ny  + C (,  + 7)’  + 2 (x  + «) 

+ t b’ ly  + P)  + 2t"(x  + ■»)  + «*  = °i 
or,  developing,  and  arranging  the  result, 
as*  + by*  + ex'  4-2(o«4-0*  + 2(M  + */')y 
-f-  2 (c 7 4* O s -f-  o <** -f-  bp1  4"  cif'-f-S/o  4 26/3" 

+ 2c"7  +rf  = 0j 

hence  if  the  last  term  be  represented  by  f 
fljf*4-6y*  -J-  c X*  -f-  2 (a  « 4 <*")  * •+*  2 (6  P -j-  6*’)  y 
+ 2(cy  4-0*  + / = 0. 

Now  a,  p,  7 being  arbitrary  quantities  we  may  fix 
their  valne  by  supposing  that  the  coefficients  of  x,  of 
y,  of  z = 0;  wc  thus  have 

a a 4-  a"  = 0,  6 p 4-  A"  = 0,  ey  4-  c"  = 0, 
a"  . V _ C 

or  .=  __r;^=-— 

which  are  evidently  the  coordinates  of  the  centre.  Art.  105 

Hence  the  general  equation  is  reducible  to  the  form 

ax%  + 6 y*  4-  c x*  4-  /=  0 11-) 

This  reduction  has  been  effected  on  the  supposition 
that  the  general  equation  contains  the  terms  ax*,  by*, 
c *# ; if  any  one  of  these,  a x*  for  instance,  be  wanting, 
then  since  a = 0,  we  have 

* ~ 0 ~ *5 

therefore,  since  the  term  2 cl*  (x  4-  *0  cannot  he  taken 
away,  the  equation  assumes  the  form 

6 y*  4-  e a*+  2«"x-f/=  0. 

Now,  by  taking  away  the  terras  involving  y and  z,  we 
have  determined  only  two  of  the  three  quantities  a,  p, 
and  7 ; we  may  fix  the  value  of  the  third,  a,  by  sup- 
posing the  last  term  to  equal  0;  a supposition  which 
is  always  possible,  since  a a*  vanishing,  that  term  is 
only  of  one  dimension  in  «.  The  equation  thus 
reduced  will  be  of  the  form 

6y*  4-  ci*  -f-2o"x  = 0...  (2.) 

Hence  surfaces  of  the  second  order  are  divisible  into 
two  classes,  characterised  by  equations  of  the  form 
A:»4BSf,+  CJ,4D=0, 
and  A x*  4 By-+Ex  =0. 

ON  SURFACES  OF  THE  SP.COND  ORDER  WHICH  HAVE 
A CENTRE. 

(108.)  In  order  to  ascertain  the  different  species  of 
surfaces  represented  by  the  equation 

A a*  4-  B y*  4-  C^4-D=0. 
we  shall  make  successively  x,  y,  and  x equal  to  some 
constant  quantity,  which  amounts  to  the  same  thing  as 
cutting  the  surface  by  planes  respectively  parallel  to 
the  coordinate  planes.  Now  the  nature  of  the  inter- 
section will  depend,  as  was  shown  in  Part  I.,  on 
the  signs  of  the  coefficients  A,  B.  C.  Hence,  by  as- 
signing to  these  quantities  all  the  varieties  of  sign 
which  they  admit  of,  the  above  equation  will  assume 
the  following  different  forms  : 

(l.)  Ax’  4-Bya4-Cx*4-D  = 0, 

I when  A,  B,  C are  all  positive. 

(2.)  A a*  4-  By“  — Cx*-{-  D = 0, 
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Analytical  when  two  of  (he  coefficients  are  positive,  and  one 
Utomtuy.  negative. 

* ' (3.)  Aj,-By*-Cx»-f-O  = 0I 

when  one  of  the  coefficients  is  positive,  and  the  other 
two  negative. 

(4.)  - Az*  - By*  — C r»  + D = 0, 
when  the  coefficients  ure  oil  negative. 

We  shall  now  discuss  these  equations  in  succession. 
(109.)  I.  When  A,  B,  C are  all  positive,  the  equa- 
tion is 

A2*-fBy*  + C^-f-D=r0, 

in  which  the  last  term  D may  be  negative,  positive,  or  tiro. 
First  Let  D be  negative. 

Then  the  equation  is 

A:'  + By*+Cz'=D. 

Let  the  surface  be  cut  by  planes  parallel  respectively 
to  the  coordinate  planes ; then  if  x = a,  the  equation 
becomes 

Az*  + By*=z  D-  C«'. ..  (1,) 
which  is  the  equation  to  the  section  made  by  a plane 
parallel  to  the  plane  of  y z.  In  like  manner,  the 
equations 

Aj»+Cx*  = D-  B /3*.  . . . (2,) 

By*  + Cx*  = D - A t* (3,) 

belong  to  the  sections  made  by  planes  parallel  respec- 
tively to  the  planes  of  x z and  x y. 

These  sections  therefore  are  ellipses,  which  become 
imaginary  when 

*>±\/-£ -p>±  \Z-r’i:>±  n/t- 

and  are  reduced  to  a point  when 

« = ±\/^./*=±  \/ ^-.Tr=±v/x" 

This  surface  is  limited  in  all  directions,  and  is  called, 
from  the  nature  of  its  sections,  the  et/ipsoid. 

(110.)  To  find  the  tracts,  or  principal  sections  of  the 
ellipsoid. 

These  are  determined  by  making  x,  y,  and  z succes- 
sively equal  0 in  the  general  equation,  whence  wc 
have 

A z*  -f-  B y*  = D. 

A:,  + Ci*  = D, 

By'+  Cj*=D. 

It  appears,  therefore,  that  the  principal  sections  are 
ellipses. 

(111.)  To  find  the  points  in  which  the  surface  inter- 
sects the  three  ares. 

Referring  to  the  last  article. 

In  the  first  equation,  let 

y — 0.  = i v/f=  OC,  (fig.  30;) 

in  the  second, 

i = 0,  .-.y=  ±\/ =OB; 
in  the  third. 

* = 0,  .*.  x = ± \f  ~ = O A. 

The  lines  A a,  B b,  C c are  called  the  principal 
diameters , or  axes  of  the  ellipsoid. 

VOL.  I 


(112.)  To  express  the  equation  to  the  ellipsoid  in  p^t  II. 
terms  of  its  principal  diameters.  ^ — J 

Let  O A =r  a,  O B a b,  O C = r. 


hence  we  have,  by  substitution. 


or 

a*  6*  jt1  -f  a*  <*  y*  + b*  c"  z*  = a*  5*  e*  ....  (2.) 

If  any  two  of  the  coefficients  be  equal,  for  example, 
those  of  x‘  and  y*,  then  the  equation  becomes 
6*  «■  + c“(v*-f  y*)=  o*c*, 
which  is  the  equation  to  an  ellipsoid  of  revolution  about 
the  axis  of  c.  In  like  manner,  if  a as  c,  or  6 = c,  the 
resulting  equation  will  be  that  to  an  ellipsoid  of 
revolution  about  the  axis  of  b,  or  of  a. 

If  a = 6 = c,  the  equation  will  be 

i*  + y*  + x4  = a\ 

which  is  the  equation  to  a spherical  surface. 

(113.)  Secondly.  We  have  hitherto  supposed  D to 
be  negative,  let  it  now  be  considered  positive,  then 
Az*+By*  + Cz*=-D, 
which  is  impossible ; therefore  the  surface  is  in  this 
case  imaginary. 

(114.)  Thirdly.  Let  D = 0, 

.\Az*-f  By,-f.Cx,=  0, 
which  is  the  equation  to  a point. 

Hence,  the  first  species  of  surfaces  that  have  a centre 
is  an  ellipsoid,  which  in  particular  cases  becomes  an 
ellipsoid  of  revolution,  a sphere,  a point,  and  an  imagi- 
nary surface. 

(115.)  II.  When  A and  B are  positive  and  C nega- 
tive, the  equation  becomes 

A z*  + By*-Ci*+  D = 0. 

First.  Let  D be  negative. 

Then  A 21  + B y“  — Ci*=D. 

Let 

Az*  + By’  =D+C  «*....  (1.) 
y = A.<.A^-CiJ=D-B/J,..I.  (2.) 

z = 7,  .’.By*  - Cj*  = D — A 7*  ....  (3.) 

It  appears,  therefore,  that  the  sections  of  the  surface 
made  by  planes  parallel  to  y 2 are  in  all  cases 
ellipses;  the  two  remaining  sections  are  hyperbola*. 
Hence  the  surface  is  continuous,  and  is  called  the 
hyperboloid  of  one  sheet.  * 

The  principal  sections  of  the  surface  arc 

1.  An  ellipse,  whose  equation  is 

A 2*  + B y*  = D. 

2.  An  hyperbola,  whose  equation  is 

A 2*  — C jc4  = D. 

3.  An  hyperbola,  whose  equation  is 

By*  - Cx*  = D. 

(116.)  To  express  the  equation  to  the  hyperboloid  of 
one  sheet,  in  terms  of  its  principal  diameters. 

If 

• For  the  explui&uoo  of  th*  term  sheet,  see  Art.  99. 
b 0 
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then  the  equation  become*,  by  substitution, 

r*  = a*  6*  c*. 

If  in  this  equation  6 = c,  wc  shall  have 

(*•  + y*)  - & *•  = «'  6‘* 

which  is  the  equation  to  a hyperboloid  of  revolution 
about  the  axis  of  a. 

(117.)  Secondly,  Let  D be  positive. 

The  equation  then  become* 

A«*  + By»-Ci*=-D. 

I*t 

x = *,.*.  A a*  + B y*  = C - D (I.) 
y = /J,  ,*.A**-C  x*  = -B/*-D.  ..(2.) 

* 7f  .-.By1  - C*  =r  - Af-D....(3,) 

It  appears  from  equations  (2)  and  (3)  that  the  sections 
of  the  surface  by  planes  parullel  to  the  planes  of  x z 
and  x y are  hyperbolas.  The  section  parallel  to  the 

_ D 

plane  of  y s is  an  ellipse  so  long  as  a1  > or  a > 


Hence,  if  two  planes  be  drawn  parallel  to  the  plane 


of  y 2 at  the  distance  + 


the  surface  will  have  no  point  situated  between  those 
planes,  but  will  extend  indefinitely  above  and  below 
them.  This  surface  is  composed,  therefore,  of  two 
distinct  part*,  and  is  for  that  reason  called  the  hyper- 
boloid of  tiro  sheet*. 

The  principal  sections  arc 

1.  An  imaginary  line,  A i1  + B = - D, 

2.  An  hyperbola,  A^~Cxl=  - D, 

3.  An  hyperbola.  By*  — C x*  = — D 

These  hyperbolas  have  evidently  a common  transverse 
axis  which  coincides  with  the  axis  of  x. 

(118.)  Proceeding  as  in  the  former  case,  we  obtain 
for  the  equation  of  the  hyperboloid  of  two  sheets  re- 
ferred to  its  principal  diameters, 

a*  6*  z*  -t-  a*  c*  yf  — 6*  c*  x*  = — «’  6"  c*. 


Of  the  three  diameters  2 a,  2 b,  2 e,  the  first  alone 
meets  the  surface. 

If  in  this  equation  b = c,  we  shall  have 
«•(*  + />  -b'*  = -a'b\ 
which  is  the  equation  of  a hyperboloid  of  revolution 
about  the  axis  of  x. 

(119  ) Thirdly.  If  D = 0. 

Then  the  equations  of  the  two  species  of  hyper- 
boloid become 


or 


A :•  + B y*  - 

__  C_ 

a*  ~ B ** 


0, 


whence  the  surface  becomes  that  of  a cone. 

The  equation  to  the  two  species  of  hyperboloid  be- 
comes, therefore,  in  particular  cases,  the  equation  to  an 
hyperbola  of  revolution,  and  to  a conical  surface. 


ON  SURFACES  WHICH  HAVE  NOT  A CENTRE. 


(120.)  The  general  equation  is 

Az*  + By*  + Ex  = 0f 

in  which  A and  B may  have  the  same,  or  different 
signs. 

1.  Let  A and  B he  both  positive ; and  since  E 
may  be  either  negative  or  positive  : first,  let  it  be 
negative. 

Then  the  equation  is 

A z*-f-  By*  = Ex. 

Let  x = «,  Aa*  + By*sE«  ....  (I,) 
y = / J(/.At#=Ei-B^  (2.) 

* = By’  = E j - A t* (3.) 

The  section  made  by  the  first  plane  is  evidently  an 
ellipse,  which  is  real  so  long  os  a remains  positive. 
When  o = 0,  the  ellipse  is  reduced  to  a point,  and  it 
becomes  imaginary  when  a is  negative.  The  surface, 
therefore,  extends  indefinitely  to  the  right  of  the  origin, 
in  the  direction  of  the  axis  of  x,  aiul  is  limited  towards 
the  left  by  the  plane  of  y z,  which  it  touches.  The 
remaining  sections  are  evidently, parabolas. 

E 

Let  y = 0,  then  z*  = — x. 


Hence  the  principal  sections  by  the  planes  of  xz  and 
x y arc  parabolas. 

Tins  surface  is  called  the  elliptic  paraboloid. 

Next,  let  E be  positive,  then  the  equation  is 
Az*-f  By*=-Ex, 
which  becomes,  if  x be  supposed  negative, 
Az*+By*=Ex; 

hence  the  surface  is  the  same  as  before,  only  it  now 
extends  indefinitely  to  the  lejl  of  the  origin. 

When  A = B,  the  equation  becomes 

.-  + y*  = ~r. 

which  belongs  to  a paraboloid  of  revolution  about  the 
axis  of  x. 

(12t.)  2.  Let  A and  B have  different  signs,  the 

equation  will  then  a*Hum#  the  form 
A r*  — B y*  = E x. 

Let  x = a,  then  A z*  — B y*  = E a . . ..(1,) 
y = 0,  Az*  = H/3*  + Ex...  (2,) 
z = 7.  By*  = At*  — Ex  . . (3.) 

The  first  of  these  equations  is  that  to  an  hyperbola, 
whose  transverse  axis  is  parallel  to  the  axis  of  x or  of 
y,  according  as  a is  positive  or  negative.  The  remain- 
ing two  equations  are  those  to  parabolas  whose  axes 
are  parallel  to  the  axis  of  X. 

The  principal  sections  have  for  their  equations, 

(1.)  A z«  — B y*  = 0. 

(2.)  A z*  = E x, 

(3.)  By*=  — Ex. 

The  first  equation  is  that  to  two  straight  lines  which 
intersect  at  the  origin,  and  the  remaining  two  are  the 
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Analytical  equations  to  parabolas  which  have  a common  origin, 
GtMMtry.  and  whose  axes  are  A X,  A X'. 

This  surface  is  called  the  hyperbolic  paraboloid. 


(122.)  No  section  of  the  hyperbolic  paraboloid  made 
by  a plane  can  be  an  el/ipse. 

For  if  x be  eliminated  between  the  equation  to  any 
plane,  and  the  equation 


As9  - By*  = Ex, 


no  term  of  the  resulting  equation  can  involve  y x. 
Hence,  since  the  terms  containing  s9  and  y*  are  of  dif- 
ferent signs,  the  equation  cannot  represent  an  ellipse. 

It  thence  follows,  that  this  species  of  paraboloid  can 
never  become  a surface  of  revolution. 

(123.)  We  shall  conclude  this  discussion  of  surfaces 
of  the  second  order  with  proving,  that 

The  equation  to  the  paraboloid  may  be.  deduced  from 
the  equation  to  surface*  of  the  first  dots. 

The  equation  to  the  ellipsoid,  or  hyperboloid  of  one 
sheet,  is 


x*  y9  . x' 
a9  + b'  1 c* 


Let  the  origin  be  transferred  to  the  extremity  of  die 
diameter  2 a,  which  is  done  by  substituting  a — x for  x ; 
then  the  above  equation  becomes 


therefore,  multiplying  each  term  by  a,  we  have 
!+$**$*=*• 


Now  the  principal  sections  made  oy  the  planes  of  x y,  Part  II. 
x s are  in  the  ellipsoid,  ellipses ; and,  in  the  hyper-  >— v*—* 
boloid  of  one  sheet,  an  ellipse  and  hyperbola.  Let  m 
and  m'  denote  the  distances  from  the  foci  of  these  sec- 
tions to  the  vertex  of  the  diameter  2 a. 

Then  if  the  centre  be  supposed  infinitely  distant, 

x*  . , 6*  c*  . 

— = 0,  also  — = 2 m,  and  - = 2 ml. 

a a a 

Therefore,  by  substitution,  equation  (1)  becomes 
m'y*  ± m z%  s 4 fflffi'x, 

which  is  the  equation  to  the  elliptic  or  hyperbolic  para> 
boloid,  according  as  the  upper  or  lower  sign  is  used. 

For  farther  information  on  the  subject  of  Curves  and 
of  Surfaces,  the  reader  is  referred  to  the  following 
works : 

Annalf*  de  Mafhematique* ; Biot’s  Exxai  de  GfomS- 
trie  Analylique,  sixth  edition  ; Bourdon’s  A plication 
de  VAlgebrt  4 la  Geometrie  ; Boucharlat’s  Thhorie  de* 

Courbes  tt  de*  Surface*  du  Second  Ordre ; Corrapon- 
dance  *ur  VEcole  Poly  technique ; Cramer’s  Introduc- 
tion & V Analyse  de * l Agnes  Courbes  Algthriques;  Euler's 
Inlrodurlio  in  Analynn  JnJinUorum,  tom.  ii. ; Gar- 
nier’s  Geometric  Analytique ; Hamilton's  Principle*  of 
Analytical  Geometry ; Journal  de  VEcole  Polytechni- 
que; Lacroix’s  Traite  Elementaire  de  Trigonometric 
Rectiligne  et  Spherique , et  <V  Application  de  l'  Algebrc  d 
la  G4om&ru  ; Lardner’s  Algebraic  Geometry  ; Maelau* 
nil’s  Algebra;  Monge’s  Application  de  VAlgcbre  d la 
Geometric ; Peacock’s  Example * on  the.  Differential  and 
Integral  Calculus  ; Paul let-Dcl isle’s  Application  de 
VAlgebre  d la  GionUtru ; Reynaud’s  Trait e d' Appli- 
cation d’Algebre  d la  GeomStrie. 


be? 
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CONIC  SECTIONS. 


Conte  The  principal  properties  of  Lines  of  the  Second 
Soctioo*.  Order,  or,  as  they  are  more  generally  termed,  of  Conic 
Sections,  may  be  derived  with  great  facility  from  their 
equations,  which  have  been  already  obtained  in  the 
Article  entitled  Analytical  Geometry.  But  with  a view 
of  rendering  the  following  Treatise  independent  of  any 
previous  investigation,  we  propose  to  deduce  those 
equations  from  a general  definition  first  assumed  by 
Boscovich,*  and  subsequently  adopted  by  other  writers 
of  celebrity,  as  the  basis  of  geometrical  systems  of 
Conic  Sections. 

(1.)  Definition.  A Conic  Section  is  the  locus  of  a 
point,  whose  distances  from  a fixed  point  and  a straight 
line  given  in  position,  are  to  each  other  in  a constant 
ratio. 

Fif.  1.  Thus,  let  S be  a fixed  point,  K k a straight  line  given 
in  position,  P any  point;  join  P,  S,  and  let  fall  the  per- 
pendicular PQ  upon  K k;  then,  if  P be  al  ways  taken 
to  PQ  in  the  same  constant  ratio,  the  locus  of  P will  be 
a conic  section. 

The  fixed  point  8 is  called  theybews,  and  the  straight 
line  KA\  given  in  position,  the  directrix. 

(2.)  The  particular  species  of  the  conic  section  will 
depend  upon  the  constant  ratio  of  P S : P Q,  which 
may  be  either  a ratio  of  equality,  or  of  lesser  or  greater 
inequality. 

1.  Let  PS  = PQ. 

Then  the  locus  of  P is  called  tike  Parabola. 

2.  Let  P 8 < P Q. 

Then  the  locus  of  P is  called  the  Ellipse. 

3.  Let  P S > P Q. 

Then  the  locus  of  P is  called  the  Hyperbola. 


ON  THE  PARABOLA. 

CHAPTER  I. 

ON  THE  PARABOLA  REFERRED  TO  ITS  AXIS. 

(3.)  To  find  the  equation  to  the  parabola . 

The  parabola  is  the  locus  of  a point  whose  distance 
from  the  focus  is  always  equal  to  its  perpendicular 
distance  from  the  directrix. 

2 L*t  S be  the  focus,  K k the  directrix,  P any  point  in 

the  parabola  ; through  S draw  the  indefinite  line  E S X 
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perpendicular  to  the  directrix ; from  P let  fell  the  per-  ftrxbok 
pendiculars  PM  and  PQ  on  EX,KAr  respectively, 
and  join  P,  S. 

Then,  if  E 8 be  bisected  in  A,  the  point  A is,  agree- 
ably to  the  definition,  a point  in  the  parabola ; from  A 
draw  A Y at  right  angles  to  A X,  and  assume  A X and 
AY  as  the  rectangular  axes,  to  which  the  parabola  is 
to  be  referred. 

Let  AM  = i,  M P r j,  and  AS—  ,m. 

Then  SP=  PM*-f  MS' = /+(x  - m)«. . , . (1,) 
but  SP*=PQ*  = EM*  as  (E  A -f-  AM)* 

= (m + *)«....(  2.) 

Whence,  equating  these  two  values  of  S P“, 
y*  + (x  - m)*  = (x  -f  my, 

y*  = 4 m r, 

which  is  the  equation  required. 

(4.)  To  determine  the  figure  of  the  parabola  from 
it * equation. 

The  same  axes  being  employed,  the  equation  to  the 
parabola  is 

y*  4 m x, 

or  y = ±2^mx. 

Let  i=0,  .:.JJ=0;  ^ 3 

therefore  the  curve  passes  through  the  origin  A. 

Let  x be  supposed  to  have  any  positive  value. 

Then,  for  each  assumed  value  of  x,  there  are  (too 
equal  values  of  y,  with  contrary  signs ; as  x increases, 
the  values  of  y increase ; and  when  x is  taken  indefi- 
nitely great,  the  values  of  y will  also  become  indefi- 
nitely great. 

Let  x be  now  supposed  to  have  any  negative  value. 

Then  the  values  of  y being  in  this  case  imaginary,  it 
is  plain  that  no  part  of  the  curve  can  lie  to  the  left 
of  A. 

The  parabola  consists,  therefore,  of  two  infinite 
branches  A Z.  A s situated  to  the  right  of  the  point  A, 
and  symmetrically  placed  with  respect  to  the  straight 
line  A X. 

The  point  A is  called  the  vertex,  and  the  line  A X the 
oxu,  of  the  parabola. 

Cfir.  1.  The  parabola  can  have  but  one  focus,  and 
one  directrix. 

Cor.  2.  To  find  the  value  of  S L,  the  ordinate  pass- 
ing through  the  focus. 

At  the  point  S,  x = A S = »n, 
y:  = 4 m\ 

**.  y or  S L = ± 2 m. 
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C«nic  The  double  ordinate  L/  pairing  through  the  focus. 
Section*,  is  called  the  principal  parameter,  or  lalus  rectum , of 
the  parabola. 

Cor.  S.  Hence,  if  P be  any  point  in  the  parabola, 
PM«=L/.AM; 

that  is,  the  square  of  the  ordinate  is  equal  to  the  lutus 
rectum  multiplied  into  the.  corresponding  abscissa. 


(5.)  To  find  the  intersection  of  a straight  line  with 
a parabola. 

Let  the  equation  to  the  proposed  straight  line  be 
|T  is  •#  + *»*. (1.) 

Then  the  coordinates  of  the  point  or  points  of  inter- 
section with  the  parabola  will  be  determined  by  com- 
bining this  equation  with  the  equation 
y • = 4 m*... . (2.) 

Substituting,  then,  in  (2)  the  value  of  x derived  from 
(1,)  we  have 


4 m 


y ~ ft 


a 


or 


This  quadratic  gives  two  values  of  y,  which,  substituted 
in  (1),  furnish  two  corresponding  values  of  x;  there- 
fore the  coordinates  required  may  be  determined. 

When  the  two  roots  of  the  quadratic  are  equal,  the 
points  of  section  coincide,  and  the  straight  line  Ppwill 
then  touch  the  parabola ; and  when  the  two  roots  are 
imaginary . the  straight  line  P p falls  entirely  without 
the  parabola. 

Hence  it  appears , that  a straight  line  cannot  cut  a 
parabola  in  more  than  two  points. 

That  part  of  the  straight  line  contained  within  the 
parabola,  is  called  a chord  ; when  it  posses  through  the 
focus,  it  is  then  called  the  focal  chord. 


(6.)  To  find  the  equation  to  a straight  line  that 
touches  a parabola  in  a given  point. 

Let  i,  y'  be  the  coordinates  of  the  given  point, 
and  xf\  y"  those  of  any  other  point  in  the  parabola  near 
the  first. 

Then  the  equation  to  the  straight  line  drawn  through 
these  two  points,  and  cutting  the  parabola,  is 

y - / = O ~ *0  • • (>•) 


But  these  points  being  in  the  parabola  we  have 
y = 4 m x\ 
and  y**  = 4 m/, 

.I.  y**  — $/*  =s  4 m (x"  — s'), 

■ y"  ~ y'  _ 4 m 

y"  + y’’ 

therefore  equation  (1)  becomes,  by  substitution. 


y-y'  = 


4 m 


( * “ *0- 


y"  + y 

Let  the  points  (r7,  yO  and  y")  be  now  sup- 
posed to  coincide,  then  x"  = s',  y"  sr  y',  and  the 
secant  will  become  a tangent. 

Hence  the  equation  to  the  tangent  is 

, 2m,  . 

y - if  = y O - *0. 


in  which  y,  y‘  are  the  coordinates  of  the  point  of  con-  Parabola, 
tact,  and  .r,  y the  x^ariable  coordinates  of  any  point 
whatever,  tn  the  tangent. 

Cor . 'Hie  equation  to  the  tangent  may  be  presented 
under  a more  commodious  form ; for  multiplying  each 
side  by  y*  we  have 

y y - y1*  = 2 tn  x — 2 m x\ 
but  y*  sz  4 m /, 

.\yy’=i2mx-\-Amsf  — 2 mxf, 

= 2 m (x  + x1), 

which  is  the  equation  most  commonly  used. 

(7.)  To  find  the  intersection  of  the  tangent  with  the 
axis. 

In  the  equation  y y 1 = 2 m (x  -f-  X*). 

Let  y = 0.  us  at  T,  then  x + xf  = 0,  4. 

or  x a - x\ 

that  is,  A T — A M ; 

the  negative  sign  merely  implying  that  A T must  be 
measured  in  the  contrary  direction  to  A M. 

Cor.  1.  Hence  If  T = 2 If  A. 

Def.  The  line  M T intercepted  between  the  foot  of 
the  ordinate,  and  the  point  where  the  tangent  meets  the 
axis,  is  called  the  subtangent. 

It  appears , therefore , that  the  subtangent  is  equal  to 
twice  the  abscissa. 

Cor.  2.  Hence  is  derived  a simple  method  of  drawing 
a tangent  to  a parabola  at  a given  point. 

Let  P be  the  given  point,  and  A M,  M P its  coor- 
dinates ; in  M A produced  take  AT  = A M,  join  T P, 
then  T P touehes  the  parabola  in  P. 

Def.  The  straight  line  which  is  drawn  from  the  point 
of  contact  at  right  angles  to  the  tangent,  is  called  the 
normal. 

(8.)  To  find  the  equation  to  the  normal. 

Let  T P touch  the  parabola  in  P,  and  from  this  point 
draw  Pg  at  right  angles  to  PT. 

Then,  since  F*  is  at  right  angles  to  PT,  whose 
equation  is 

1 2 m / »v 

y - y = -jr-  (*  “ J % 

the  equation  to  Pg  will  be 

y-*= 


(9.)  To  find  the  intersection  of  the  normal  with  the 
axis. 


When  the  normal  cuts  the  axis  as  at  G,  then  y = 0, 


x — x'  = 2m; 

that  is,  A G — A M,  or  M G rr  2 m. 

Def  The  line  M G,  intercepted  between  the  fool  of 
the  ordinate  and  the  point  where  the  norma!  cuts  the 
axis,  is  called  the  subnormal. 

Hence  it  appears,  that  the  subnormal  is  equal  to  half 
the  talus  rectum. 

We  have  considered  the  normal  P g as  an  indefinite 
line,  but  it  is  customary  to  give  that  name  to  the  straight 
line  P G intercepted  between  the  point  of  contact  and 
the  point  in  which  Pg  cuts  the  axis. 
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(10.)  To  draw  a tangent  to  a parabola  from  a given 
point  (x'\  y")  without  it. 

Let  x',  y'  be  the  unknown  coordinates  of  the  point  of 
contact. 

The  equation  to  the  tangent  being  in  general 
2 m 

» = <*  + *0« 

and  the  point  (a*,  y¥)  being,  by  hypothesis,  a point  in 
the  tangent,  we  have 

y"  = 

Also,  the  point  of  contact  (j%  yr)  being  in  the  para- 
bola, y*  = 4 m s' . . . . (2  j) 

hence,  by  means  of  these  two  equations  the  coor- 
dinates s',  y*  of  the  point  of  contact  may  be  deter- 
mined. 

Since  the  equation  which  results  from  the  elimina- 
tion of  x'  between  (i)  and  (2)  is  of  the  second  degree, 
it  follows  that  there  arc  two  points  of  contact,  or  that 
two  tangents  may  be  drawn  to  a parabola  from  a given 
point  without  it. 

In  general,  the  values  of  r and  y,  obtained  by  elimi- 
nation between  any  two  equations,  are  the  coordinates 
of  the  point  or  points  in  which  the  loci  of  such  equa- 
tions intersect  We  may  at  once,  therefore,  in  the 
question  under  consideration,  determine  the  position  of 
the  poiuts  of  contact  by  constructing  the  loci  of  (1) 
and  (2)  in  which  x'  and  y'  are  the  variable  quantities. 

Now,  the  locus  of  (2)  is  the  given  parabola,  and  that 
of  (I)  is  evidently  a straight  line,  whose  position  may  be 
assigned  by  making  x1  and  y*  successively  = 0.  Ana- 
lytical Geometry,  Art.  10. 

x* 

If  x'  = 0,  then  y — 2 m 

y'  = 0,  then  x'  xz  — xP. 

Hence,  take  A T in  the  opposite  direction  to  AM 
= x'',  and  in  AY  take  AB-2m  ; join  T»  B,  and 

let  TB  cut  the  parabola  in  the  points  P,  p;  these 
will  be  the  points  of  contact  required. 

Cor.  1.  Since  the  straight  line  which  has  just  been 
constructed  determines,  by  its  intersection  with  the  para- 
bola, the  points  of  contact,  it  follows  that  the  equation 

if  — 2 m (*'  + xO, 

in  which  xr  and  y ' arc  ra riablr,  is  the  equation  to 
the  indefinite  straight  line  joining  the  points  of 
contact. 

Cor.  2.  Since  AT  is  independent  of  y",  it  will  remain 
the  same  for  all  points  whose  abscissas  are  = xf\  that 
is,  for  all  points  in  the  indefinite  line  Q q draw  n through 
Q parallel  to  A Y.  Hence  the  following  theorem  : 

If  from  the  several  point*  of  a line , perpendicular  to 
the  axis,  pairs  of  tangent*  be  drawn  to  a parabola , the 
chord*  joining  t)ie  point*  of  contact  in  each  cate  will  all 
pars  through  the  tame  point. 

Cor.  3.  If  the  given  line  be  the  directrix,  then 
x?  = — m ; therefore  AT  = m = AS,  and  all  the 


chord*  will  in  thi*  cate  pa**  through  the  font*. 
the  equation  to  the  focal  chord  of  contact  in 
y"  y'  = 2m  (V  — m). 


CHAPTER  II, 

ON  THE  PARABOLA  REFERRED  TO  THE  FOCUS. 

(II.)  To  find  the  polar  equation  to  the  parabola,  the 
focu*  being  the  pole. 

Let  P be  any  point  in  the  parabola,  P Q and  P M Fig.  6. 
perpendiculars  on  the  directrix  and  axis  respectively, 
and  join  P,  S. 

Let  P S = r,  angle  ASPs 

Then  SP=PQ  = EM=  E8  + SM, 

•\  r — 2 m -f  r cos  P S M, 

= 2 m — r cos  «*, 

2m  -0.) 


1 -f-  cos  • 


cos*  - 


(2.) 


Cor.  1.  If  P S he  produced  to  meet  the  parabola  in  p, 
and  Sp  be  denoted  by  1*,  then  since  A S p = * — w, 
j __  2 m 

1 — cos  *»»  1 


Car.  2 

1 


Hence 


sin*  — 


1 + cos  V ^ I — cos  w 


2 m 


2 m 


2 

2 m* 


J.  J__  a_ 

r8P  + Sp-  SL‘ 


That  is,  the  principal  semi-parameter  i*  an  harmonic 
mean  between  the  tegment*  of  any  chord  drawn  through 
the  focu*. 

Cor.  3.  Since  — -f  — . = ~ and  also  = — , 

r r r r 2m 

r r'  = m (r  ■+•  rf)f 

that  is,  8 P . Sp  = m . Pp. 

(12.)  If  from  the  point  of  contact  two  straight  line* 
be  drawn,  one  parallel  to  the.  axis,  and  the  other  to 
the  focus , they  will  make  equal  angle*  with  the  tangent. 

Let  T P be  a tangent,  from  P draw  PX'  parallel  to  Fig.  7. 
A X,  and  join  P 8 ; the  angles  l P X'  = S P T. 

For  since  AT  = AM, 

ST=  SA  + AT=m + x = .*.SP,  (11.) 
therefore  angle  S P T = angle  S T P, 

= I P X', 

because  P X'  is  parallel  to  A X. 


(13.)  The  tangrnl  at  any  point , and  the  perpendicu- 
lar let  fall  upon  it  from  the  focus,  intersect  AY  in  Me 
same  point. 

Let  TP  be  a tangent  at  P,  from  S let  fall  the  per-  Fig.  * 
Hence  pendicular  S Q upou  it,  to  prove  that  Q is  a point  in 
AY. 

The  equation  to  P T is 

y^^’d+x'). ..<!,) 
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Cmeic  and  the  equation  to  S Q drawn  from  S (x  = m,  y = o) 
Sr; inn*,  perpendicular  to  T P ia 


Fig  9. 


Fig.  9. 


<*■) 


Now  when  PT,  SQ  meet  AY , x must  = o in  both 
equations,  we  have  therefore  from  (I) 


x'  v*  w' 

y = 2m-r  = 2rn  . - " — ; = L , 

y y 4 m y 2 


and  from  f2)y  : 


V . 
2 ’ 


and  as  these  values  of  y are  identical,  PT  and  SQ 
meet  A Y in  the  snme  point. 

Cor.  Hence  S T . S A = S Q#,  or  since  S T = S P, 

S P . S A = S Q*. 

(14.)  If  two  linn  be  drawn  from  the  focut,  one  to  the. 
point  of  contact,  and  the.  other  to  the  point  in  which  the 
tangent  meets  the  directrix,  they  trill  be  at  right  anglet 
to  each  other. 

Let  the  tangent  at  P meet  the  directrix  in  Q.  then 
drawing  SP,  SQ,  it  is  required  to  prove  that  SP  is 
perpendicular  to  S Q. 

The  equation  to  the  tangent  being 

y = ~[z  + e). 

When  it  meets  the  directrix,  x — — m, 
y or  E Q = (x>  — m). 

Now  the  equation  to  S Q is 

y = — tan  Q S E (x  — m), 

_ QK 
“ 3 m 

x1  — m 


(x  - m), 

‘ (x  - m) 


(1) 


Also,  the  equation  to  S P ie 

y — tan  P S X (x  - m), 
_ PM 
“MS 

_ - _»L 

* x'  — m ' 


■<* 


■ m), 

(j  - *n)  . 


• • <*;) 


T/  = 


2m 


(i1  — m),  Art.  10.  Cor.  3, 


y = - 


and  the  equation  to  S Q being 
QE 

ES 

__  j£_ 

2 m 

it  follows,  that  S Q is  perpendicular  to  S P. 


(x  - m), 

(x  — m),  since  Q E = y*. 


CHAPTER  111.  v — 

ON  THE  PARABOLA  REFERRED  TO  ANY  DIAMETER. 

(15.)  To  find  the  loan  of  the  middle  points  of  any 
number  of  parallel  chords. 

Let  Pp  be  any  chord,  O its  middle  point ; from  the  Fig.  10. 
points  P,  O,  p let  fall  the  pcrpendiculurs  PM,ON, 
p m ou  the  axis  A X ; then  if  the  equation  to  Pp  be 

y = * x -f  A 

the  equation  containing  the  values  of  y at  the  points 
P,  p will  be 

. 4m  4 m £ „ . 

y y + s=  0.  Art.  5. 

a a 

Now,  since  in  any  quadratic  equation  the  coefficient 
of  the  second  term  with  its  proper  sign  is  equal  to  the 
sum  of  the  roots  with  their  signs  changed, 

— = PM  + j»m. 


therefore  comparing  the  coefficients  in  ( 1 ) and  (2)  it 
follows  (Analytical  Geometry,  (Art.  14,))  that  SP 
is  perpendicular  to  S Q. 

The  proposition  may  be  at  once  proved  bv  taking 
the  equation  to  the  focal  chord  of  contact.  For  that 
equation  being 


But  O being  the  middle  point  of  Pp 

OK=PM±pn 

8m 

a 

Now  m is  constant,  and  a remains  the  same  for  all 
chords  parallel  to  Pp,  therefore  this  value  of  O N is  in- 
variable ; in  other  words,  the  equation  to  the  middle 
points  of  uny  number  of  parallel  chords  is 
y = constant, 

therefore  (Analytical  Geometry,  Art.  4)  the  locus 
required  is  a straight  line  parallel  to  the  axis  AX. 

Def.  1.  The  straight  line  which  has  just  been  shown 
to  bisect  any  number  of  parallel  chords  is  called  a 
diameter. 

Drf.  2.  Each  half  of  the  chord,  so  bisected,  is  called 
an  ordinate  to  the  diameter  bisecting  it. 

Cor.  1.  The  diameters  of  the  parabola  are  parallel 
to  the  axis,  and  intersect  the  curve  only  in  one  point. 

The  truth  of  the  first  part  of  the  corollary  is  evi- 
dent from  the  proposition  ; that  of  the  second  may  be 
thus  proved. 

The  equation  to  any  diameter  is 

y = c,  c being  a constant  quantity; 
therefore  the  intersection  of  the  diumeter  witli  the 
parabola  will  be  determined  by  combining  this  equation 
with  the  equation  y*  = 4 m x; 
we  therefore  have  c*  = 4m x. 

c* 

* “ 4 m 

Hence  there  is  only  one  point  of  intersection. 

Cor.  2.  If  the  equation  to  any  chord  be 
y = a x + f) (1.) 

the  equation  to  a diameter  passing  through  any  point 
(x\  .v0>  and  bisecting  that  chord,  will  be 

✓ = — ....<*•> 


Conversely,  since 


2 m 

y' 
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Conic  the  ordinate  to  a diameter  passing  through  the  point 
Scotwwn,  (V,  y')  will  have  for  it*  equation 

2 m , „ . 

y = * + £•••’  (*•) 

Cor.  3.  Comparing  equation  (3)  with  the  equation 
to  a tangent  at  the  point  (x\  f/),  (6)  it  appears  that  the 
tangent  applied  at  ihe  vertex  of  any  diameter  w parallel 
to  the  ordinate s of  that  diameter. 

(16.)  To  find  the  equation  to  the  parabola,  when 
it  is  referred  to  any  diameter  and  the  tangent  at  its 
vertex,  as  axes. 

Ilf.  11  Let  PX1  be  any  diameter,  and  PY'the  tangent  at 

its  vertex  ; draw  any  chord  Q q parallel  to  P Y'  meet- 
ing P X'  in  V ; and  lef  P V = x,  V Q = y 

Then  since  the  chord  Q q,  being  parallel  to  the  tan- 
gent, is  bisected  in  V,  V Q = V q,  that  is,  lor  any  as- 
sumed value  of  x there  arc  two  equal  values  of  y with 
opposite  signs.  As  the  same  thing  holds  true  lor  all 
other  chords  drawn  parallel  to  PY',  the  equation  re- 
quired must  necessarily  be  of  the  form 

*•  = M x. . . . (1.) 

in  which  M is  some  constant  quantity. 

In  order  to  determine  M,  let  Q'  S <f  be  the  position 
of  the  chord  when  it  passes  th rough  the  focus,  join 
P S,  and  produce  V'  P to  meet  the  directrix  in  O. 

Then  PS  and  P V making  equal  angles  with  PY', 
and  therefore  with  Q ' q\  PV  = PS  = PO,  therefore 
O V is  bisected  in  P and  x = PS'. 

Also,  Qq  = sum  of  the  distances  of  Q and  q from 
the  directrix  = 20V  = 4 0P=4PS, 


y sr  2 PS. 

Substituting  these  values  of  x and  y in  (1)  we  have 
4 PS*  = M . PS, 

M = 4 PS; 
therefore  the  equation  required  is 

y*  =:  4 P S . x. 

Cor.  1.  Hence  if  «*  denote  the  distance  of  the  origin 
from  the  focus,  the  equation  to  the  parabola  is  always 
y*  = 4 m x. 


Cor.  2.  It  appears  that  the  ordinate  passing  through 
the  focus  is  equal  to  four  times  the  distance  of  the 
vertex  from  the  focus — this  quantity  is  called  the  para- 
meter of  the  diameter. 

Cor.  3.  Hence,  at  any  point  of  the  parabola,  the 
square  of  the  ordinate  is  equal  to  the  parameter  mul- 
tiplied into  the  corresponding  abscissa. 

(17.)  The  equation  to  the  tangent,  when  the  para- 
bola is  referred  to  any  diameter,  is  of  the  same  torm  as 
before,  namely, 

2m,  . 

S'  = -p-  (*  + e). 


the  coefficient 


■ denoting  in  this  case  the  ratio  of 


the  sines  of  the  angles  which  the  tangent  makes  with 
the  axis  of  x and  y. 

Cor.  1.  When  the  tangent  meets  the  axis  of  x,  then 
y = 0,  x = — y; 

that  is,  the  subtangent  is  bisected  by  the  curve,  whether 
the  coordinates  arc  rectangular  or  oblique. 


Cor.  2.  Hence  also,  whatever  be  the  inclination  of  the 
axes,  the  equation  of  an  ordinate  to  a diameter  passing 
through  any  point  (s',  y')  is 


Parabola. 


y 

See  Art  15,  Cor.  2. 


2 m 

T 


(18.)  If  from  the  several  points  of  a line  given  in 
position,  pairs  of  tangents  be.  drawn  to  a parabola , the 
lines  joining  the  corresponding  points  of  contact  will  all 
pass  through  the  same  point . 

Let  M N be  the  given  line,  and  A X the  axis  of  the 
parabola ; through  any  point  in  A X draw  a chord 
m n paral'el  to  M N,  let  PX'  be  the  diameter  which 
bisects  this  chord,  and  at  the  vertex  P apply  a tangent 
P Y',  which  will  be  parallel  to  M N. 

Then  the  equation  to  the  parabola  when  referred  to 
the  oblique  axes  PX'  and  PY'  will  be 
y*  = 4 m x (1,) 

and  if  from  any  point  (x*,  y'1’)  in  M N a pair  of  tangents 
be  drawn  to  the  parabola,  it  may  be  shown  precisely 
as  in  Art.  10,  which  is  a particular  case  of  the  question 
under  consideration,  that  the  equation  to  the  line  join- 
ing the  points  of  contact  is 

yr  = 

in  which  xf  and  \f  are  the  variable  coordinates  of  the 
point  of  contact. 

Let  the  chord  (2)  cut  the  axis  of  x,  then  }f  ~ 0,  and 
therefore  x'  = — x"; 

hence  the  point  of  intersection  will  be  the  same  for  all 
points  whose  abscissa  = x",  that  is,  for  all  points  in 
the  given  line  M N. 


(19.)  If  from  the  point  of  intersection  of  two  tangents 
a diameter  be  draten,  it  will  bisect  the  tine  joining  the 
points  of  contact. 

From  the  equation  to  an  ordinate  to  the  diameter 
passing  through  (x*.  y *)  is  (15,  Cor.  2,) 

y = y^*  + f>-  ••(»•> 

And  the  equation  to  the  line  joining  the  points  of 
contact  is 

(✓  + *">. ...(s.) 

therefore  the  latter  being  parallel  to  the  former  is  also 
an  ordinate,  and  consequently  bisected. 

(20.)  If  through  any  point  within  or  without  a para- 
bola two  straight  tines,  given  in  position,  be  drawn  to  meet 
the  curve,  the  rectangle  contained  by  the  segments  of  the 
one  will  be  to  that  contained  by  the  segments  of  the  other 
in  a constant  ratio. 


Let  O be  any  point  within  or  without  a parabola, 
and  let  any  two  straight  lines  drawn  through  that 
point  meet  the  curve  in  the  points  II,  r and  Q,  q;  to 
prove  that  the  ratio  of 

OR. Or:  O Q . O 4 is  given. 

Through  O draw  the  diameter  P X',  then  the  equation 
to  the  paralwla  when  referred  to  that  diameter,  and  the 
tangent  at  its  vertex,  is  y*  ss  4 mx. . , .(1.) 


Let  OR  = r,PO  = 3, 


sin  r,  x sin  r,  y 

sin  x,  y ^ sin  x,  y 


= 7*  «g. 


12. 
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rneii  y = pr( 

s x = d — q r. 

therefore  by  substitution  in  (1) 

= 4m5-  4mgr, 

. , , 4m  q 4 mi 

•:•»*  + — r1  r — -r—  = °* 
p fo 

ill  which  the  two  values  of  r ore  O R and  O r ; therefore 
by  the  theory  of  equation 

O R . O r = -4~-,  In  like  manner,  if  O Q r',  and 
V 9 

*inr\x  # sin  r\  y -Ami 

= p\  — = g\  OQ  .O  q=z  ; 

sin  x,  y sin  x,  y * * p *•  * 

.'.OR.Or:  O Q . Oq  : : : p* ; 

but  the  directions  of  r,  i*  being  by  hypothesis  given,  the 
quantities  and  pn  are  known,  therefore  these  rect- 
angles are  to  each  other  iu  a given  ratio. 


CHAPTER  IV. 

MISCELLANEOUS  PROPOSITIONS 

(21.)  A parabola  being  traced  upon  a plane , to  find 
the  petition  of  il$  axi t. 

Draw  any  two  parallel  chords  P p,  Qq,  and  bisect 
them  by  the  line  M N $ that  line  will  be  a diameter. 
Art,  15. 

In  this  diameter  take  any  point,  and  through  it 
draw  R r perpendicular  to  M N,  meeting  the  para- 
bola in  R,  r ; then  if  R r be  bisected  in  O,  and  A O X 
be  drawn  parallel  to  If  N,  it  will  be  the  axin  required, 
as  is  evident. 

(22.)  Let  P p be  any  chord  cutting  the  axis  in  O,  and 
let  A M , A m be  the  respective  abscissa*  of  P and  p , to 
prove  that 

A M . A m = A CK 

Lei  the  equation  to  Pp  be 
y=  m + 

then  the  abscissas  AM,  Am  will  be  found  by  elimi- 
nating y between  this  equation  and 

y*  = 4 m x. . . . (2;) 
we  therefore  have 

(a  x -f-  by  = 4 m x. 

But  at  the  point  O where  P p cuts  the  axis,  y = o, 
b 


.’.AO1  s - as. '.AM. Am, 
a * 

as  was  to  be  proved. 

(23.)  In  the  axis  AX  of  a given  parabola  to  find  a 
point  O mch  that  if  any  chord  whatever  P Op  be 
drawn  through  it,  the  angle  PA  p may  be  a right  angle. 


Since  the  proposed  property  is,  by  hypothesis,  true  of  Anbdi. 
nil  chords  whatever  drawn  through  P,  we  shall  take 
that  which  is  at  right  angles  to  the  axis. 

UlPO p,  therefore,  be  peri>cndicular  to  AX  ami 
join  A P,  A p. 

Then  at  tbe.point  P,  if  x,  y be  ita  coordinate*. 

S*  = 4mx....(l.) 

But  since  A X evidently  bisects  P A p,  the  ancle  P A 0 
and  therefore  also  A P O,  is  half  a right  angle. 

A O = O P. 

«r  * = y ; 

therefore  substituting  i for  y in  equation  (I) 

•**  = 4 m x, 
x = 0,  and  =r  4 m. 

The  first  value  of  x corresponds  to  the  origin,  the 
second  to  the  point  O ; whence  it  follows,  that  a point 
whose  distance  from  the  Vertex  is  equal  to  the  la/m 
rectum,  has  the  property  above  mentioned. 

(«4  .)  /f  pain  of  tangent*  to  a parabola  be  alwaut 
•uppoKd  to  i alerted  at  right  linet.  to  fond  the  loeut  of 
their  intersection.  J 

Let  y=ax  + i 3 (I) 

be  any  line  cutting  a parabola 

y4  ■=  far (2.) 

then  the  equation  which  contains  the  values  of  (o)  at 
the  points  of  intersection  is  (5) 

, 4m  , 4 m ft 

but  when  these  roots  are  equal,  the  intersecting  line  be- 
comes a tangent:  hence  equation  (3)  is  in  this  case  a 
perfect  square,  the  criterion  of  which  is,  that  four  lima, 
the  product  of  the  extreme  termx  i,  equal  to  the  .quart  of 
the  mean ; we  have  therefor  * J 

16  16=!. 

a a*  a 

m 

=0  = y-.Z' 

s’.  ay  — a*  X, 

. . v , w 

• • « + — = n, 

1 * 

in  which  equation  the  values  of  . are  the  trigonome- 
trical tangents  of  the  angles  which  the  two  tangents  to 
the  parabola  make  with  the  axis ; therefore  the  pro- 
duct of  these  values  = = , end  also  = - 1.  since  by 

hypothesis  the  tangents  are  at  right  angles  to  each 
other, 

m _ j 


hence  the  locus  of  their  intersection  is  the  directrix. 
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ON  THE  ELLIPSE. 


CHAPTER  I. 

ON  THE  ELLIPSE  REFERRED  TO  ITS  AXIS. 

The  ellipse  is  the  locus  of  a point  whose  distance 
from  the  focus  is  altcajs  less,  in  a given  ratio,  than  its 
distance  from  the  directrix. 

(25.)  To  find  Ike  njunfion  la  thr.  dliptc. 

F i Let  S be  the  focus.  K * the  directrix.  1*  *ny  point  in 

* the  ellipse ; through  S draw  the  indefinite  line  E S X 

perpendicular  to  the  directrix  ; from  P let  fail  the  per- 
pendiculars PM,  PQ  on  EX,  KA  respectively,  and 
join  P,  S.  ... 

Let  the  given  ratio  ofPS:PQbca»e:  I,  c being 
less  than  1 ; then  if  S E be  divided  in  A,  so  that 
S A : A E : : e : 1,  A is  a point  in  the  ellipse. 

From  A draw  A V at  right  angles  to  A X,  and 
assume  A X,  A Y as  the  rectangular  axes  to  which  the 
ellipse  is  to  be  referred. 

Let  A M =*, M P = jt,  and  AS=  nt. 

Then  SP  = PM'+MSi  = j'  + (r- tnf (1.) 

hut  SP,=  e*.P<J*  nfiAE+AM)' 

/m 

= «.(- 

therefore  equating  (I)  and  (2) 

ys  + (x  - m)>  = m’+  2 m e x + e“  x\ 

•.  y*  = 2 m (1  + e)  x - (1  - e*)  x*. 


+ r* 


(2 ;) 


or  if 


be*  assumed  = a, 


m 

1 - e 

y«  = ( 1 — <*)  (2 ox  — X'). 
whiclt  Is  the  equation  required. 

Cor.  I.  In  A X take  A a = 2 a,  and  bisect  A o in  C. 
then  at  this  point,  x = a, 

.-.  »’  = U-  «*)  «'• 

y = ± o vO  - tA 

which  is  always  real,  since  e<  1. 

Hence  if  B C b be  drawn  through  C at  right  angles 
a a,  and  C B.  C 6 be  each  taken  = a v't  - <?,  B,  6 
will  be  points  in  the  ellipse. 

Cor.  2.  Let  B the  denoted  by  2 o. 

b = ± a s' l -"ri. 

I 

: ± 


then 


therefore  by  substitution  the  above  equation  becomes 

y = :fc  ) 

y a 

Dcf.  The  straight  lines  A a and  B b,  represented  by 


2 a and  2 b,  are  called  respectively  the  major  and  Ellipse. 
minor  air*  ; the  points  A,  a,  11,  b in  which  they  meet 
the  ellipse  are  called  the  vertices ; and  the  poinl  C in 
whiclt  they  intersect  each  other,  the  centre. 

(26.)  To  find  the  equation  to  the  ellipse,  when  the 
coordinates  are  measured  from  the  centre . 

Let  P be  any  point  in  the  ellipse,  let  fall  the  perpen-  Fif.  M. 
dicular  P M on  A a,  and  assume  C M = d . 

Then  the  equation  to  the  ellipse  when  the  coordi- 
nates originate  at  A is 

Jt*  = -^i(2<ri-x') (I.) 

but  x = AM  = AC  + CM, 

= a -f-  .r'; 

therefore  substituting  this  value  for  r,  we  have 

y*  = ^ { 2 a (a  + J)  — (a  + x')1 } . 

= — (<?  -x")  ..(2.) 

a • 

which  is  the  equation  required. 

Cor . .Suppressing  the  accent,  which  was  only 

used  to  distinguish  the  new  from  the  old  abscissa,  we 
have  by  multiplication  and  transposition 

If  cadi  term  be  divided  by  «•  b 5,  we  have 

E, 

Of  the  three  last  forms  of  the  equation  to  the  ellipse, 
the  equation  marked  (3)  is  the  most  frequently  used. 

When  a-szb,  these  equations  represent  the  circle, 
which  is  therefore  n species  of  the  ellipse. 

(27.)  Equations  (1)  and  (2)  when  translated  into 
geometrical  language,  express  a properly  of  the  ellipse. 

For  if  P be  any  point,  we  have 
2 a x — x1  = (2  a — x)  x = A M . M a,  and 
a*  — x*  = (a  + jO  (a  — *0  = A M . M <r, 

\ MPe^.AM.Mv, 

or  A M . M o : M P*  l : A C’ ; B C* ; 

that  is,  the  rectangle  cojitained  by  the  segments  of  the 
major  aris  t«  to  the  square  of  the  ordinate , a * the  square 
of  the  semiaxis  major  is  to  the  square  of  the  semiaxis 
minor . 

(28.)  To  determine  the  figure  of  the  ellipse,  from  its 
equation. 

Resuming  the  equation  a*  y*  + b*  a*  = a*  6*, 
we  have  either 
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faction*. 

y=±i  -/a*- (1.) 

or 

r = ±|^4--y>....(2.) 

1.  In  equation  (1,) 

Let  i=0, 

then 

y ~ -f-  b =r  C B or  C 6. 

Let 

y = 0. 

then 

x = iasCAorCo. 

Let  x < ± a, 

then  for  each  value  of  x there  are  two  equal  values 

of  y with  contrary  signs. 

Let  x = i«, 

then  y = ± 0.  that  is,  the  ellipse  cuts  the  axis  cf  x at 
the  points  A anti  a. 

Let  *>  fa, 

then  the  quantity  under  the  vinculum  being  nega- 
tive, the  values  of  y are  imaginary,  tind  no  point  of  the 
ellipse  can  lie  beyond  A to  the  rights  or  a to  the  left. 

It  appears,  therefore,  that  the  ellipse  is  a continuous 
curve,  returning  into  itself,  and  divided  by  the  major 
axis  A a into  two  equal  parts. 

In  the  same  way  it  might  be  shown  by  discussing 
equation  (2.)  that  the  ellipse  has  the  form  just  assigned 
to  it,  and  that  it  is  divided  by  the  minor  axis  B b into 
two  equal  parts. 

(29.)  Cor . To  find  the  value  of  the  ordinate  pauing 
through  the  foewt. 

When  the  ordinate  passes  through  the  focus 
x ss  m = a (I  — *), 

■■■?  = ■£  {*o'(l  -<•)-«*  <1  -o*}. 

= 6*<1 
= <>•<»-«•>. 

_ 4* 

“ tt*' 

b*  2 bM 

v — i — . therefore  the  lain*  rectum  = 

a a 

The  double  ordinute  passing  through  the  focus  is 
called  the  principal  parameter,  or  talus  rectum, 

2 6* 

therefore  the  lulus  rectum  — . 

a 

i Drfi  The  line  S C = a c,  is  called  the  eccentricity  of 
the  ellipse. 

(SO.)  To  find  the  intersection  of  a straight  line  with 
the  ellipse. 

Let  the  equation  to  the  proposed  line  be 

y = ax  + £ (1.) 

Tlieu  the  coordinates  of  the  point  or  points  of  inter- 
section with  the  .ellipse  will  be  obtained  by  combining 
this  equation  with  that  to  the  ellipse 

«V-f  b'x*  = a'b\  ...  (2.) 

Substituting,  then,  in  (2)  the  value  of  x derived  from 
(l)  we  have 

a'y'  + k'  (^fj=a'b<, 

(o*»*-(-4,)y*  _ 2 4'/Sy  + 4'/9*  = o«4'a*, 


...y-  _o 

’ o*«*  + 4,yT  a1  a1  + 6"  ’ 


EtfipM. 


From  this  quadratic  are  obtained  two  values  of  y, 
which  substituted  in  (1)  furnish  two  corresponding 
values  of  x ; therefore  the  coordinates  required  may  be 
determined. 

When  the  two  roots  of  the  quadratic  are  equal,  the 
points  of  section  coincide,  and  the  straight  line  touches 
the  ellipse;  and  when  they  arc  imaginary,  the  straight 
line  falls  entirely  without  the  ellipse. 

Hence  it  appears , that  a straight  line  cannot  cut  an 
ellipse  in  more  than  two  point*. 

Hrf  Hie  portion  of  the  straight  line  contained  with- 
in the  ellipse  is  called  a chord , when  the  chord  passes 
through  the  focus  it  is  called  the  focal  chord. 


(31.)  To  find  the  equation  to  a straight  line  which 
touches  the  ellipse  in  a given  point 

Let  x/,  j/  be  the  coordinates  of  the  given  point,  and  jf, 
y"  those  of  any  other  point  in  the  ellipse  near  the  first. 

Then  the  equation  to  the  line  drawn  through  these 
points  is  (Analytical  Glometby,  Art.  12) 

But  these  two  points  being  in  the  ellipse,  we  have 
«*  y**  -f-  xf*  = o*  &•,  and 
a*y^  + b*  i*  = a*  6*, 

y'j  + &»(xw»-x**)  =0. 
yrn  — ym  ___  _ 6* 

” x**  - x»  a*’ 


. (y"  + y0  Cy"  - _ _ * 


?y+i" 


, 4*  ^ 


Let  the  point  (x",  y”)  be  now  supposed  to  coincide 
with  (y,y),  then  xt'  = x\  y*  = \f,  and  the  secant  will 
become  a tangent  at  the  point  (x't  yO ; hence  the  equa- 
tion to  the  tangent  is 


_ b* 

in  which  x,  y are  the  variable  coordinates  of  any  point 
whatever  is  the  tangent. 

Cor.  This  equation  may  be  presented  under  a more 
commodious  form,  for  multiplying  each  side  by  a*  t/. 
we  have 


a'yi/  - n'y*  = bW, 

therefore  transposing 

«•  y if  + 6*  x y = aV*  + ft* 

= .*.  a*  b\ 

which  is  the  equation  most  frequently  employed. 

Cor.  Let  a — 6,  then  the  ellipse  becomes  a circle, 
and  the  equation  to  the  tangent  at  a point  (x',  y ) in 
the  circumference  is 


y y'  -f-  x sf  = a*. 

(32.)  To  find  the  intersection  of  the  tangent  with  the 
axes  of  x and  y. 
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tff.  13. 


The  equation  to  the  tangent  being 
a'ytf  + Vx4=<Pb\ 
let  it  cut  (1)  the  axis  of  x,  as  at  T ; 
then  y = 0,  b' xJ  = a' b\ 


or 


CT  = 


C A’ 
CM 


(2.)  Let  the  tangent  cut  the  axis  of  y,  ns  at  / ; 

A* 

then  x = 0,  a'y  y>  = o*  b\  y = 


or 


C t = 


C B* 

C m 


Whence  it  follows,  that  each  of  the  semi-axes  is  a mean 
proportional  between  the  abscissa  of  any  point , and  the 
part  of  the  axis  intercepted  between  its  intersection  with 
the  tangent  and  the  centre , 

Cor.  1 . Since  CT=  -y • 

MT  e CT  - CM, 


a*  - x* 

y 


Def  The  line  MT  intercepted  between  the  fool  of 
the  ordinate,  and  the  point  where  the  tangent  meets 
the  axis,  is  called  the  subtangent. 

Cor.  2.  The  value  of  the  subtangcnl  being  indepen- 
dent of  the  ordinate  y,  it  will  remain  the  same  for  all 
ellipses  described  upon  the  same  major  axis  A a ; 
now  the  circle  is  a species  of  ellipse,  (26,  Cor.  1;)  hence 
if  on  the  major  axis  a circle  be  described,  and  the 
ordinate  M P be  produced  upwards  to  mart  the  circum- 
ference in  Q,  the  tangents  applied  at  P and  Q will  inter- 
sect the  axis  A X in  /Ac  tame  point  T. 

This  may  be  directly  proved  ; for  the  equation  to  a 
line  touching  the  circle  at  Q,  is 

y y'  + r/c  a*. 

Let  this  line  cut  the  axis  of  x,  then  y ==  0, 


as  in  the  ellipse. 

Def.  The  straight  line  which  is  drawn  from  the  point 
of  contact  at  right  angles  to  the  tangent  is  called  the 
normal. 


f*  15 


(33.)  To  find  the  equation  to  the.  normal. 


Let  T P touch  the  ellipse  in  P,  and  from  this  point 
draw  P G at  right  angles  to  PT. 

Then,  because  PG  is  drawn  through  the  point 
(y,  y')  at  right  angles  to  PT,  whose  equation  is 


y 


x' 

7 


the  equation  will  be 

y 


y/==“6r 


vL 

y 


(x  - x'), 


in  which  x,  y are  the  variable  coordinates  of  any  point  Ellip**. 
whatever  in  the  line  P G,  considered  as  indefinite.  '■’“’■v-"- 

(34.)  To  find  the  intersection  of  the  normal  with  the  ^ 15. 
axes  of  x and  y. 

The  equation  to  the  normal  lieiog 

let  it  first  cut  the  axis  of  x,  as  at  G 

. a*  y‘ 

then  y ss  0,  and  — if  = . -p-  (x  — x^, 


or 

that  is 

Next,  conceive  the  normal  to  cut  the  axis  of  y,  as 
at  g ; then  x = 0, 


The  negative  sign  implying  that  the  point  g lies  below 
the  axis  A X. 

Def.  The  line  M G intercepted  between  the  foot  of 
the  ordinate,  and  the  point  where  the  normal  cuts  the 
axis  of  is  culled  the  subnormal- 

(35.)  To  draw  a tangent  to  an  ellipse  from  a given 
point  (x/y,  jfj  without  it. 

Let  y'  be  the  unknown  coordinates  of  the  point 
of  contact. 

Then  the  equation  to  the  tangent  being,  in  general, 
o’  y y -f  A*  x x?  sr  a*  b\ 

and  the  point  (x",  y")  being  by  hypothesis  a point  in 
the  tangent,  we  have 

<*•  yV  + = + P . . . .(i ;) 

also  the  point  of  contact  (x,t  j/)  being  in  the  ellipse, 

a*  y*  4-  6»  J*  — a*  6*  . . . . (2 ;) 

hence,  by  means  of  these  two  equations,  the  coordinates 
y,  y'  of  the  point  of  contact  may  be  determined. 

Since  the  equation  which  results  from  the  elimination 
of  y between  (1)  and  (2)  is  of  the  second  degree,  it 
follows  that  there  are  two  points  of  contact ; in  other 
words,  that  two  tangents  may  be  drawn  to  an  ellipse 
from  a given  point  without  it. 

Instead  of  going  through  the  operation  of  eliminating 
wc  may,  as  in  the  case  of  the  parabola,  (Art.  10,)  find 
the  position  of  the  points  of  contact  by  constructing 
the  loci  of  (1)  and  (2,)  in  which  y,  y’  are  the  variuble 
coordinates. 


y — x = -7  y, 

(T 

C M - C G, 

69 

m g = -—  y . 
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Conic  Now  the  locus  of  (2)  is  the  given  ellipse,  and  the 
Section*,  locus  0f  which  is  an  equution  of  the  first  degree, 
v’— is  a straight  line,  whose  position  is  determined  hy 
making  r'  and  y7  successively  = 0. 

Fig.  16.  If,  then,  in  the  equation  + 6*/  /s  a*&*, 

U * 

y=  0,  then  y — -7, 

y» 

V = 0,  then  J 

a*  , 6" 

Hence,  take  CR  = and  Crs  —7-,  join  R,  r,  and 

let  R r meet  the  ellipse  in  P and  p , these  will  be  the 
points  of  contact  required. 

Cor.  1.  Since  the  straight  line  Rr,  which  has  just 
been  drawn,  determines  by  its  intersection  with  the 
ellipse  the  points  of  contact,  it  follows  that  the  equa- 
tion <i*  y"t  y1  + 6*  x*  x = a*  b\ 

in  tcAirA  x'  and  1/  are  the  variables , is  the  equation 
to  the  indefinite  line  joining  the  points  of  contact. 

Cor.  2.  Because  C R is  independent  of  y*  it  will  re- 
main the  same  for  all  points  whose  abscissas  are  = xr\ 
that  is,  for  all  the  points  in  the  indefinite  line  Q y 
drawn  through  Q parallel  to  C Y.  Hence,  the  follow- 
ing theorem : 

If  from  the  several  points  of  a straight  tine  perpen- 
dicular to  the  axis  C X,  pairs  of  tangents  be  drawn  to 
the  ellipse , the  chords  joining  the  points  of  contact  in 
each  case  will  all  pass  through  the  tame  point. 


CHAPTER  II. 

ON  THE  ELLIPSE  REFERRED  TO  THE  FOCUS. 

(36.)  To  find  the  distance  of  any  point  in  the  ellipse 
from  the  focus. 

Fig.  17.  Let  S,  H be  the  foci,  P any  point  in  the  ellipse,  to 
find  the  distance  of  P from  S. 

Let  fall  the  perpendicular  PM  on  C A. 

Then  S P1  = S M*  -f  MP\ 

= (CS-C  M)‘  -1-MP, 

= (at-*)9  + y*. 

= fl«  e"  - 2 a ex  + x«  -f-  (1  -«*)  (a*—  x*), 
= a}  — 2 a e x + e*  x*, 

A SP  = a - ex. 

In  like  manner  it  may  be  proved,  that 
H P = a + ex. 

Cor.  Hence,  by  addition, 

8P  + IIP  = 2fl  = Afl. 

In  other  words,  the  sum  of  the  focal  distances  is  equal 
to  the  major  axis. 

From  this  property  the  equation  to  the  ellipse  may 
be  deduced,  os  in  the  following  article : 

(37.)  To find  the  locus  of  a point  whose  distances  from 
two  fixed  points  are  together  always  equal  to  a given 
quantity  2 a. 


Let  S,  H be  the  two  fixed  points,  P the  point  whose 
locus  is  require*!. 

Join  S,  H,  bisect  SH  in  C,  let  fall  the  perpendicular 
PM  on  S II,  which  produce  indefinitely  towards  X ; 
from  C draw  C Y at  right  angles  to  C X,  and  assume 
C X and  C Y as  the  axes  of  coordinates. 


Ellipse 


Let  C M = x,  M P — y,  and  SC  = c. 
Then  SP=  y + (c  - *)M 
and  HP‘=y,  + (c  + * 

HP*-$P*=(c  + j)1-  (c  - x)\ 


(HP -I-  SP)  (HP-SP)=  4cx, 
4 ex 
2 a * 

2 ex 


.',HP-8P  = - 


but 


II  P + S P = 2 «t 
A H P = a + — . 


and  SP=  a — — . 

a 

Squaring  these  values,  and  adding  the  result, 

SP+H]»  = 2^>+^, 

and  also  = 2 (y*  + c*  + x*)  from  (1,) 
c*  r* 
o« 


a"  — c*  . 


= c*  — c*  — 

a9  - r* 


a* 

(a*  - «*). 


Fig.  \H. 


which  is  the  equation  to  an  ellipse,  whose  major  axis 
= 2a,  and  minor  axis  = 2 ^ — c*. 

If  x = 0,  then  y*  — a*  — c8  = if  h = the  ordi- 
nate drawn  from  C. 


(38.)  To  find  the  polar  equation  to  the  ellipse,  the 
focus  being  the  j>oU. 

(1.)  Let  S be  the  pole. 

Let  8P=r,  angle  PSX  = «; 

then  r = a ■ — e x,  (Art.  36,) 

but  xsCS-SM, 

= oe-r  cos  (sr  — u), 

= a e -J-  r cos  a*, 
/.rsfl-fl^-er  cos  «, 

A (1  + e cos  a)  r = a (l  — «•). 

...  r-  a<1 -**> 

1 -f-  e cos  «' 

which  is  the  equation  required. 

(2f)  Let  H be  the  pote. 

Let  II P = and  P II  X = * , 

then  i*  “ a -f-  e *, 
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but  isCHrHM-HC, 

ss  i*  cos  a/  — a e, 

.*.  r'  = a ff1  cos  »'  - o<*. 

.%  r'CI  -(005^  = 0(1  - e*), 

.tj__  a (!-<*) 
l + i*  cos  o/ 

which  is  the  equation  required. 

Cor.  I.  If  PS  be  produced  to  meet  the  ellipse  in  p, 
then  since  the  nugle  A S p = * — •»,  we  have 


Sp  = -iL<i-^>. 

1 — e cos  •> 


Cor.  2.  Hence 
1 I 


1 . L_  * + e cos  <*•  1 -f- 1 cos  « 

S P + sf^  = o (1  — «•)  "r  o (I  - ?j"  • 


Cor.  8.  Since  — r- — f-  — — =:  ■ - - — - — . 

S P Sp  S P . Sp 


SP.Sp  = T (1  -««)(SP  + Sp). 


• - . / |-t" 

• • P a v | _ ^cog«j,* 


which  is  the  equation  required. 


(10.)  To  prove  that  the  focal  distance*  of  any  point 
make  equal  angle*  with  the  tangent  at  that  point. 


Let  TPl  be  a tangent  at  the  point  P (V,  y),  draw 
the  normal  P G,  and  join  S,  P and  II,  P 

Then  Cfi  = — y =r  e*y,  (34.) 


SG  SC  — CG or  — e- y a — e x 

UG  “ SC  + CG  — oe4-yy  «+«/ 

- SP 

“HP* 

angle  SPG=  angle  II  P G.  (Euc.  vi.  3.) 
But  G PT  =GP1,  .vSPTs  HP* 
as  was  to  he  proved. 


Let  PT  be  a tangent  at  any  point  P ( y,  y *),  and  EUip«e. 
S Y a perpendicular  let  fall  from  S on  PT,  mcetiug  it  v— 
in  Y,  to  find  the  locus  of  Y.  P'S*  20. 

From  C lei  fall  the  perpendicular  CQ  on  TP  pro- 
duced, and  draw  S q parallel  to  P T meeting  C Q in  q. 


Then  C Y*  = C Q*  -f-  Q Y«  =r  C Q*  -f  S g\ 
= C T*  sin*  T -f-  C SJ  cos*  T ; 


C T = -7-  (32)  mdCSsae. 


.\  C Y*  s=  — ain*T  + «*«•  cos«T, 


ss  -pj-  (I  - cosi^  T)  -f  a*  e*  cos*  T, 


2 _ 2 
“ a (l  - e»)  “ S L * 

Inai  is.  the  principal  semi-parameter  is  an  harmonic 
mean  between  the  segments  of  any  focal  chord . 

^ = sr±-8JL 


= -4  - («•  - ***)  ros'T. ...  (I.) 


Now  tan  T — - 


• (31)  = - 


e 

■e  <f  - a*  ' 


b<  iC 

l + l,n'T  = l-f  - 

O*  /fl*  - J 


(39.)  To  find  the  polar  equation  to  the  ellipse,  the 
centre  being  the  ]>oie. 

Let  CP  — p and  the  angle  PCA  = e. 

Then  /»*  = x*  + y“, 

= ■*•  + (!-<“)  (*•-**>, 

= o‘(l  — <r*), 

= e*  /*■  cos*  v + a*  (l  — e*), 
p*  (1  — e*  cos4 1)  =«•(!  — y). 


' ' a*  (a*  — y*) 

a4  - («■  - &*)  y 

“ a*  (a*  - y»)  ’ 

_ a*  — a*  e*  y* 
<*■-*•) 

__  a*  - f y 
” a*  — x*  ' 

* nr.  A*  — ^ 

COS*  T s 5 

«•  — y y* 

therefore  by  substitution  In  (I) 


c Y*  = (y  - y> . — — - 

y*  x’  <P  - r*j 


(«*  - y). 


= — { a1  — a*  + y)  ss  a*, 


CY=±a, 

therefore  the  locus  of  Y is  a circle  whose  radius  is  a, 
and  which  is  therefore  described  on  the  major  aiis  A a 
as  a diameter. 

(42.)  The  rectangle  contained  by  the  perpendiculars  let 
fail  from  the  foci  upon  any  tangent,  is  equal  to  the  square 
of  the  semi-axis  minor. 

For  if  the  perpendiculars  S Y and  HZ  be  let  fell  frlf.  20. 
from  S and  H on  the  tangent  P T*  then 
S Y = S T sin  T, 
but 


ST  = CT-CS=— -flt=p-(fl-ff). 


.*.  SY=p-(fl  — ey)  sin  T. 


(41 .)  To  find  the  locus  of  the  points  in  which  a per- 
cndicular  from  the  focus  upon  the  tangent  at  any  point 


Similarly,  HZp  {a  -f  ex')  sin  T, 


pendicular  from  the  focus  upon  the  tangent  at  any  point 
intersects  the  tangent. 


sy.hz* <y-yy*)«m*T....(i.) 
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«•  — x" 

Now  CoS*  T = — 

a"  — «*  y* 

sin*  T = 1 - cos*  T, 

=i_  , 

a*  - e x"  ’ 

— '</  — * Jr*  : 

therefore  by  substitution  in  (1) 

S ¥ . H Z = (a*  - e*  y>)  . y‘  (l  -~ 

uf  v ' a*  - e*  x" 

= o'  (I  - s’)  = 4*. 


CHAPTER  III. 

GN  THE  ELLIPSE  REFERRED  TO  ANY  SYSTEM  OF 
CONJUGATE  DIAMETERS. 


On  Conjugate  Diameter*  in  General. 

(48.)  To  find  the  locut  of  the  middle  point*  of  any 
number  of  parallel  chord s. 

Let  Pp  be  any  chord,  O its  middle  point,  and  X,  Y 
its  coordinates. 

From  the  points  O,  P,  p let  fall  the  perpendiculars 
O N.  P M,  p m on  the  axis  A X,  then  if  the  equation 
to  P p be 

y ss  ax  -f  fi, 

the  equation  containing  the  values  of  y at  the  points 
P.  p will  be 

. 2b'fi  , A*  (0* -<**«*) 

v*  - ■ , . v.-  y H 4 . ..  = 0,  (Art.  30.) 

* d*  «*  + 6*  tf*  a4  6*  7 

Now,  since  in  any  quadratic  equation  the  coefficient  of 
the  second  term,  with  its  proper  sign,  is  equal  to  the  sum 
of  the  roots  with  their  signs  changed, 

2 b*  8 

zrzr+»  = pm  +!”».• 

but  O being  the  middle  point  of  P p, 

ON  = PM  + pm 
2 

.-.Y  ~ . .(,) 

a9  a*  -f-  17 

Now  X*i-(Y-0). 

a*  a & 

"■••-FVTP  •••■«>• 

To  obtain  the  relation  between  X and  Y we  must  eli- 
minate & between  (1)  and  (2,) 

...  tt*  “*  + b*  y __  _ «*  a*  + b' 


Now,  a remains  the  same  for  chords  parallel  to  Pp, 


therefore  the  equation  just  found  expresses  the  rela-  I 
tion  between  the  coordinates  of  their  middle  points, 
and  being  of  the  first  degree,  the  locus  required  is  a 
straight  line. 

Def  The  straight  line  which  has  been  proved  to  be 
the  locus  of  the  middle  points  of  any  number  of  pa- 
rallel chords  is  called  a diameter , und  the  points  in 
which  it  intersects  the  curve  are  culled  the  vertices. 

(44.)  Cor.  The  equation  Y = X is  theequa- 

U a 

tion  to  a line  passing  through  the  origin,  which  is  in 
this  cose  the  centre  ; hence  every  diameter  must  pas* 
through  the  centre. 

(45.)  A diameter  being  drawn  through  a given  point, 
to  find  the  equation  to  any  one  of  its  ordinates. 

If  y,  y * be  the  coordinates  of  the  given  point,  the 
equation  to  the  diameter  drawn  through  it  will  be 

y = -y.  »....<!.) 

Let  y = *x  + p.  ...(2.) 

be  the  required  equation  to  any  ordinate, 

, y7  6* 

thru  e _ __  («,) 

• a=  - — — 

‘ r' 

therefore  any  ordinate  to  a diameter  passing  through 
(xr,  y*)  has  for  its  equation 

id  v , 

* 7 • y + * 

Cor.  Comparing  this  equation  with  the  equation  to 
the  tangent,  it  appears  that  the  tangent  applied  at  the 
vertex  of  any  diameter  is  parallel  to  the  ordinates  of 
that  diameter. 

(46.)  Any  two  diameters  being  given,  if  the  ordinates 
of  one  be.  parallel  to  the  other,  the  ordinate*  of  the  latter 
will  be  parallel  to  the  former. 

Let  y=«.r (1.)  F,« 

y = a'r.  (2.) 

be  any  two  diameters  C P,  C D,  then  by  the  Inst  article 
the  equations  of  any  ordinates  MN,  QR  to  the  first 
und  second,  respectively,  will  be 

»=  e-  ••<>'.) 

Let  the  ordinate  M N be  now  supposed  parallel  to  the 
diameter  C D, 

Then  - 

a a 


therefore  the  equation  to  QR  becomes  by  substitution 
in  (*)  y = « r -f-  fit, 

that  is,  Q R the  second  ordinate  is  parallel  to  the  fir*t 
diameter  C P,  which  was  to  be  proved. 

9 f hence  each  of  these  diameters  is  parotid  to  the 
ordinates  of  the  other. 
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Cook  Dkuneters,  thus  related,  are  said  to  be  conjugate  to 
Section*,  each  other. 

- v-w  Cor.  1.  Hence,  when  the  two  diameters 

y £5  a x, 

V = «'*. 

arc  conjugate  to  each  other, 

a> 

Cor.  2.  Therefore  if 


therefore  by  substitution  in  (1) 

(a*  — &*)  sin  0 cob  0 = 0, 
or  £ (a*  — A*)  sin  2 0 = 0. 

Now,  since  a is  > 6,  this  equation  can  be  satisfied 
only  by  supposing 

„ sin  2(?  = 0# 

2 0 = 0,  or  ss.  *, 

0 = 0,  or  = 


Ik*  any  diameter, 


will  be  the  diameter  conjugate  to  it.  The  number  of 
pairs  of  conjugate  diameters  is  therefore  unlimited. 

If  « = 0,  or  the  first  diameter  be  A a,  then 
6* 

v = — X = » . X, 

y fl’  0 

therefore  the  diameter  conjugate  to  An,  being  at  right 
angles  to  it,  is  B 6;  or,  the  axe*  of  the  ellipse  are  con- 
jugate diameter i. 

Cor.  3.  If  (xr,  y)  be  any  point  in  the  ellipse,  the 
diameter  passing  through  it  is 


is  the  corresponding  conjugate  diameter. 

But  the  equation  to  a tangent  drawn  through 

5- -7- (*-•».  <«•> 

whence  it  follow*,  that  the  tangent  applied  at  the  vertex 
of  any  diameter  it  parallel  to  the  corresponding  conju- 
gate  diameter. 

(47.)  It  has  just  been  shown  in  Cor.  2,  that  the  axes  of 
the  ellipse  are  conjugate  diameters,  we  shall  now  prove 
that  the  axe t are  the  only  pair  of  conjugate  diameters 
which  can  be  at  right  angler  to  each  other. 

For,  if  possible,  let  C P,  C D be  a pair  of  rectan- 
gular conjugate  diameters  different  from  the  axes, 
and  let 

angle  P C A = 9,  angle  D C A — 0 . 

Now  = D C A = DCP-f-PCA, 

— — f-  0 by  hypothesis  : 

but  _ — = ««'  (46,  Cor.  1)  = tun  o tan  O', 
a 

sin  0 sin 

cos  0 cos  O'  * 

a» sin  9 sin  O'  -f-  6*  cos  0 cos  & — 0 ...  (It) 
but 

sin  O'  = sin  (-£-+«)  = s,n  (t  -°)~  W‘  °’ 
*»#=:  co*(-j-  + ®)“  “ co*(t  ~ ")=  -sin«. 


C P and  C D must  coincide  with  C A and  C B respec- 
tively. 

(4S.)  To  Jind  the  equation  to  the  ellipse  when  it  i* 
referred  to  any  two  conjugate  diameters  a*  axe*. 

Let  C be  the  centre,  CP,  CD  a given  system  of 
conjugate  diameters,  of  which  the  former  is  supposed 
to  be  the  axis  of  x,  the  latter  the  axis  of  y. 

Take  any  point  Q in  the  ellipse,  and  draw  Qq 
parallel  to  C Y meeting  C X in  V. 

L«t  CV  = f,  VQ=  y ; also  C P rr  a\  CDs!1.  Tig.  ‘24. 
Then,  since  the  chord  Qq  is  bisected  by  C P in  V, 

V Q = V q i and  since  every  other  chord  parallel  to 
C Y is  bisected  by  C X,  it  follows  that  for  each  assumed 
value  of  x there  are  two  equal  values  of  y,  with  con- 
trary signs.  In  like  manner  it  may  be  shown,  that  for 
each  assumed  value  of  y,  there  are  two  equal  values 
of  x with  contrary  signs;  therefore  the  equation  re- 
quired will  be  of  the  form 

M y’  -f-  N x*  = P. 

It  now  remains  to  determine  the  values  of  M,  N,  and 
P.  When  the  axis  C X cuts  the  ellipse, 
y = 0,  and  xsCPcif, 

.\  Ni’sPrNa", 

-*  = £• 

When  the  axis  C YT  cuts  the  ellipse. 

x = 0,  and  ysCDsV, 

My*=  P = M bn, 

V 

A M = -th. 
bn 

Substituting  these  values  of  M,  N,  P iu  the  above 
equation,  and  dividing  each  terra  of  the  result  by  P, 
we  have 

A + y-U.-OO 

or  «V  + &’ i*  = o»  . . . . (2.) 

either  of  which  is  the  equation  required. 

Cor.  I.  Hence  y s=  ± ^ - j*  . 

Cor.  2.  To  find  the  form  of  the  equation  when  the 
coordinates  originate  at  P,  the  vertex  of  the  diameter 
CP.  , , 

Let  PM  = /,  then  i = CP- PM  = a'-i' 

Substituting  this  value  of  x in  Cor.  1,  we  have 

y - + tL  fiats'  - A 

— a 
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kic  or  suppressing  the  accent  of  x 

V / : 

— ■'  y rr  + — r * 2 a1  x — J*. 

a 

which  is  the  equation  required. 

\Cor.  3.  The  equations  (1,)  (2.)  and  (3)  are  of  the 
same  form  as  the  equations  in  terms  of  the  axes, 
and  express,  when  translated  into  geometrical  lan- 
guage, a property  of  which  that  in  Art.  29  is  only  a 
particular  case. 

For  a"  — x*  = (a1  + x)  (o'  - x)  = PV.  VO, 
and  2 a'  x — x*  = (2  a'  — x)  x = P V . V G, 

p ft 

•*  Vg,~TfIF  pv- VG 
or  P V . V G : Q V« : : P C* : C D» ; 

that  is,  the  rectangle  contained  by  the  segments  of  any 
diameter  it  to  the.  square  of  Ike  ordinate  at  the  square 
of  the  semi-diameter  is  to  the  square  of  its  semi-con- 
jugate. 

(49.)  It  uppears  from  the  preceding  proposition,  that 
the  equation  to  the  ellipse,  whether  the  axes  be  rectan- 
gular or  oblique,  is  always  of  the  same  form  ; whence 
it  follows : 

(1.)  That  if  the  equation  to  the  major  axis  A a be 
y = 

V 

then  y ~ — — — x 

a*  a 

will  be  the  equation  to  the  minor  axis  B b.  And 
(2.)  That  the  equation  to  the  tangent  will  be 
d'yy,+  b,'xx,=z  an  b\ 

(50.)  To  find  the  intersection  of  the  tangent  with  any 
two  conjugate  diameters  considered  as  axes . 

Let  a tangent  applied  at  any  point  Q meet  C P 
in  T and  C D in  t,  and  draw  the  ordinates  Q V,  Q r. 

The  equation  to  the  tangent  being 

a*»y  y'  + V'*S=  a“b\ 
let  the  taugent  meet  C X as  at  T,  then  y = 0, 

Let  the  tangent  meet  C Y as  at  t,  then  x = 0, 

,.y  = -7.  orC<= 

whence  the  point,  of  intersection  required  arc  found. 

(•*!•)  If  from  the  several  points  of  a line  given  in 
position,  pairs  of  tangents  be  drawn  to  an  ellipse,  the 
linrs  which  join  the  corresponding  points  of  contact  will 
alt  pass  through  the  same  point. 

Let  C be  the  centre  of  the  ellipse,  M N the  given 
line. 

Draw  any  chord  m n parallel  to  MN,  and  bisect  it 
by  the  diameter  C X ; from  C draw  C Y parallel  to  , 
rn  n or  M N,  then  C X,  C Y are  conjugate  diameters  ; 
and  if  the  ^ ellipse  he  referred  to  these  as  axes,  its 
equation  will  be* 

«*  y*  + S’  J*  = o'*  4* (1.) 

From  any  point  (x",  p")  in  M N let  a pair  of  tan- 
gents  be  drawn  to  the  ellipse,  then  it  may  be  shown 
as  in  Art.  85,  which  is  only  a particular  case  of  this  it 
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proposition,  that  the  equation  to  the  line  joining  the 
points  of  contact  is  8 . ^ 

Jt" V + *"  sf  x*  = an  !/•. . . . (2,) 

in  which  x',  y*  ure  the  variable  coordinates  of  the 
point  ol  contact. 

Let  the  line  (2)  cut  the  axis  of  x,  then  sf  — 0, 

and  ■ y „ ^ - 

• - y ’ 

hence  the  point  of  intersection  will  be  the  same  for  all 
points  whose  abscissa  = x",  that  is,  for  ail  points  in  the 
lino  M N,  as  was  to  be  proved. 

Cor.  The  point  at  intersection  is  situated  on  the 
diameter  conjugate  to  that  which  is  parallel  to  the  given 

(52.)  If from  the  point  of  intersection  of  two  tangents 
a diameter  be  drawn,  it  will  bisect  the  lute  joining  the 
points  of  contact. 

For  the  equation  to  an  ordinate  to  the  diameter 
passiag  through  (x",  y”)  is  (45) 

5*  sT 

J'  = “ pr*+/»....(i,) 

and  the  equation  to  the  line  which  joins  the  points  of 
contact  is  1 

o'  - _ i‘‘  J‘ 

y o'*  ■ y" 

hence  the  latter,  being  parallel  to  the  former,  is  also  an 
ordinate,  and  is  therefore  bisected. 

(53.)  If  through  an y point  within  or  without  an 
ellipse,  two  straight  lines,  given  in  position,  be  drawn  to 
meet  the  cum,  the  rectangle  contained  by  the  segments 
of  the  one  wilt  bear  a constant  ratio  to  the  rectangle 
contained  by  the  segments  of  the  other. 

Let  O be  any  point  within  the  ellipse,  through  which  Fi,.  26. 
draw  the  two  lines  P p and  <3  q,  whose  position  is  sup- 
posed known,  meeting  (he  ellipse  in  the  points  P,p  and 
<3.  q;  to  prove  that 

OP.OpiOQ.Ogina  constant  ratio. 

Through  O draw  the  diameter  CX.  and  IctCT  be  the 
diameter  conjugate  to  it;  then  if  the  ellipse  be  referred 
to  these  diameters  as  axes,  its  equation  will  be 

o'*#*  +,  V st*  = o'1 4*> (1.) 

Til  rough  P draw  P M parallel  to  C Y,  and  let 
OP  = r,  CO  = J; 

P M sin  PO  M sin  r,  x 


then  * * ■ e*n  r,  X 

PO  ~ sin  PH  O .siu  x,  y ^ ^'PP0®^) 

*!•  y — p r } in  like  manner  if  SIU  r'  ^ = n 
sin  x,  y 

x ss  C O -f  O N, 

— * + q 'i 

therefore  substituting  these  values  of  x and  y in  (1,) 
a" pi  r*  + 5'*  { Js  -f  2 lq  r + q7  r«  j _ A» 
•••(o'*P*+  S"fll,+  2Jj{"r  + i'(J*-<fi)  =0, 

. . , 2 eqb*  , 6'>(S*-o*) 


• a.  *Jjk"  . 5'*  («*-«*) 

o'*  p>  + b"  f r + eCpi  + b'‘C  ~° 
in  which  the  values  of  r arc  O P,  Op, 

5 E 
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-a*) 

•:-°p°  p=>?y+Pf- 

In  like  manner. 
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Vi'+^r" 


O Q .0  q z 


*=  ± T*' 


therefore  uNo 


y=  - sr 


S' 


= Tt^- 


The  signs  of  x anil  y being  different,  as  they  ought 
to  be. 


+ 


FJlipM. 


- 6"<S*-  aH) 

■ a'*  p*  -j-  6'*  </*  ’ 

therefore 

OP.Of  :OQ.Qi;:ioV+6'^  “'’P'  + *V« 

which  is  a constant  ratio,  as  was  to  be  proved. 

SECTION  II. 

On  Tint  Properties  or  Conjugate  Diameters. 

diameter  being  drawn  through  a given  point 
(a',  y')  to  find  the  coordinates  of  the  point  in  which  the 
diameter  conjugate  to  it  meet s the  ellipse. 

Fig.  27.  Let  C P,  C D be  any  two  semi-conjugate  diameters, 
then  the  equation  to  C P being 

, = -£,....0.) 

the  equation  to  C D will  (46,  Cor.  2)  be 

r-7  f-’"» 

therefore  the  coordinates  of  the  point  D in  which  C D 
cuts  the  ellipse  will  be  determined  by  combining  (2) 
with  the  equation 

fl'y1  +■  6*  x*  r=r  o*  A*. . . . (3.) 

Hence,  substituting  in  (8)  the  value  of  y in  (2)  we 
have 

| — 1 . ~ i'=a'b‘, 

I «•  y"  j 

or,  dividing  by  6*. 

(ff'H 

(jf  i*  + «*  k”)  •»*  = «*  s'1, 

.•.a'6’r‘  = a*/1. 


a'b' 


— a*  + b*. 


(56.)  If  at  the  vertices  of  any  two  conjugate  dia- 
meters  tangents  be  applied  so  (U  to  form  a parallelogram , 
the  area  of  all  such  parallelograms  is  constant. 

Let  P/>,  D d be  any  two  conjugate  diameters,  and  Pig-  28. 
let  the  tangents  applied  at  P and  v,  D und  d be  pro- 
duced to  meet,  then  it  is  plain  (45,  Cor.)  that  they  will 
form  a parallelogram. 

From  1*  and  T let  foil  the  perpendiculars  P F,  T Q. 
on  D C produced. 

Then  the  area  of  the  whole  parallelogram  is  equal  to 
four  times  the  area  of  the  parallelogram  P D 


= 4 P C . C D sin  P C D, 
s4CDPF....(l;) 


but 


m D 


PFsTQsCT  sin  T C Q = T"  • -fjjr . (3«,) 


.\PF.CD  = - 


. m D, 


— (54.) 


= « 5 . . . . <a.) 

therefore  by  substitution  in  (l,) 

The  area  of  the  whole  parallelogram  = 4 a b, 
and  is  therefore  constant 

Cor.  1.  By  equation  (2)  P F . C D = fl  fc  ; 
but  C D = b\  and  PFr  PCsinPCD  = a/  sin  7 if 
7 = PCD, 

A a b = a!  61  sin  7. 

Cor.  2.  Hence  the  value  of  P F may  be  found. 

„ „ a h 

For 


but 


1»  F = • . 

CD 

C D«  = a*  -f  b*  - o'1,  (55,) 
ab 


A PF  = 


a*  + ft*  — mn 
(57.)  To  find  the  magnitude  and  position  of  two 

equal  conjugate  diameters. 

In  general,  a*  -f*  6*  am  + bf* 

Let  «'  “ b\ 

A 2 a * = o’  + 6 . 


(55.)  The  sum  of  the  squares  of  any  two  semi- 
conjugate  diameters  is  equal  to  the.  sum  of  the  squares 
of  the  semi-axes. 


.-.  o'  = ± \J 


a'  + b‘ 


..  •(!.) 


Let  C P.  C D l>c  any  two  semi -conjugate  diameters  ; 
then  CP»=C:  M*  -f  MP  = i"  + y\ 

CD’  = Cm«+  ri  D’  =:  -^y-f C1, 

*.  c p-  + c n*  = (*•  -f  y”) + (y’  + *"). 


therefore  the  magnitude  of  the  equal  conjugate  diame- 
ters is  found. 

Again,  their  position  may  be  determined. 

For  ffisa'  6'  sin  7, 

* ti*  sin  7,  when  cC  = ft', 

, a b 

A am  7 = —=-  • 
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2 a b 
o'  + 6* 


• •(2.) 


which  is  their  mutual  inclination. 

Also,  their  inclination  to  the  major  axis  may  be  found, 
because,  being1  equal,  they  are  symmetrically  placed  with 
respect  to  the  major  axis,  and  are  therefore  equally 
inclined  to  it ; but  in  general 


tau  PCX.  tan  1)CX  = 


or  tan  PCX  . tan  DCo  = — snlan'PCX, 

. o* 

lanPCX  = ± — ....  (3.) 

a 

whence  it  follows,  that  the  equal  conjugate  diameters  are 
parallel  to  the  lines  II  A,  B a. 


(58.)  Of  all  systems  of  conjugate  diameters , those  that 
arc  equal  contain  the  greatest  angle. 


For,  in  general. 


sin  v 


a b 

~arV 


therefore  the  angle  PCd  is  a minimum, , or  PC  P a 
maximum  when  the  product  a1 1/  is  a maximum! 
that  is,  when  a'  =r  b\  as  was  to  be  proved. 

Cor.  Hence  it  may  be  proved,  that  of  all  systems  of 
conjugate  diameters  the  mm  of  those  that  are  rectan- 
gular it  the  least,  and  of  those  that  are  equal,  the 
greatest. 

For  a'  + t/=z  */(a*  + 6" + 2 o' 50. 


= v/(“,  + 4,+  ! £)■ 


Therefore  (I)  d -f-  6'  is  a maximum,  when  sin  7 is 
a minimum,  that  is,  when  a = 6'. 

(2)  a1  -j-  is  a minimum  when  sin  7 is  a maximum. 


that  is,  when  7 — or  tne  conjugate  diameters  ore 
rectangular. 


(59.)  The  rectangle  contained  by  the  distances  of  any 
point  from  the  two  foci  u equal  to  the  square  of  the 
corresponding  semi- conjugate  diameter. 

Fig.  U0»  I^et  P be  any  point,  C D the  semi-diameter  conju- 
gate to  C P,  join  P,  S and  P,  H ; to  prove  that 

8P . UP. CD*. 

For  CD,  = a‘  + 6,-CP,I 

s=  a*  -f  6*  — (x»  4-  y«), 

= a*-f  -«■)(«•-  x*), 

= o*-f  h%  — x*  — a«-f 
= 5*— f*  d*  ta  — a*  x\ 

=5  -C*j\...(l.) 

Cut  a*  — e*  xa  = (n-a)(fl  + ex) 

= SP.HP,  (36,) 

S p . H P = C D«. 

(60.)  Let  CP,  CD  be  any  two  semi- conjugate  dia- 
mrters,  and  let  a tangent  at  V meetthe  axes  of  the 
dlijne  m 1 and  t,  to  prove  that  PT,P/=C  D- 


K CP,  C D be  assumed 
then  the  equations  to  CA, 

V = 


as  the  axes  of  coordinates, 
C II  are  respectively 
a x , 


w 

L«t  X a o'  or  C P,  then  y or  PT  = « o'  in  the  first. 


and 


y or  P t = — 


6* 


in  the 


second. 


PT.  Pf  = - 6"-  CD*. 

The  product  PT.Pf  is  negative  because  PT,  Pf 
being  situated  on  opposite  sides  of  the  axis  A X have 
different  signs. 


SECTION  TIL 

On  Supplemental  Chords. 

Def  If  from  the  vertices  of  any  diameter  two 
straight  lines  be  drawn  to  any  point  in* the  ellipse,  they 
are  called  Supplemental  Chords. 

(61.)  Any  two  supplemental  chords  being  drawn , and 
the  equation  to  either  of  them  being  given,  to  find  the 
equation  to  the  other. 

The  ellipse  bein*  referred  to  any  turn  cooju'mte  dia-  Be.  31. 
meters,  its  equation  will  be 

+ a*  = o'* (J.) 

Til  rough  any  point  P (/,  y')  draw  the  diameter  P p,  and 
let  p Q . p 9 be  uny  two  supplemental  chords ; then  the 
equation  to  PQ  being 

y “ y = « (*  — at). . . . (2) 

it  is  required  to  find  the  equation  to  p Q. 

The  coordinates  of  P being  S,  f,  those  ofp  will  be 
“ •>/»  — y\  therefore  the  equation  to  p Q will  be  of  the 
form  J 

y + y,  = «'(,t4-i0  ■ • (3.) 
in  which  a'  is  to  be  found. 

Since  the  lines  whose  equations  are  (2)  and  (3)  inter* 
sect  at  Q,  the  coordinates  of  Q will  be  identical;  there- 
fore  considering  x and  y us  the  same  in  these  equations 
wc  have  by  multiplying  them  together 


y*  — y'*  = a • (**  — t*“). 


but  x and  y being  the  coordinates  of  Q,  a point  In  the 
ellipse,  they  will  satisfy  equation  (I,) 

+ IT  x*  = a*  V*. 

Subtracting  (1)  from  this,  we  have 

(y> - y'1) -M'> (si*  -**)  = 0. 

y«.~  _ h* 

'■'j1  - x*  am  1 
therefore  by  substitution  in  (4) 


and  the  equation  to  p Q becomes  by  substitution 
bt» 

y.-y  =-  -r-C*  -J). 

a * a 

5e2 
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Cmuic  Cor.  Let  P p coincide  w ith  the  major  axis  A a,  then 
Section*,  the  equation  to  a Q drawn  through  the  point  ( — a,  0) 
N— *v— ^ will  be 

y = « (.*  H- «)» 

therefore  the  equation  to  A Q drawn  through  the  point 
A (+o,0)  will  be 

(62.)  If  two  diameters  be  drawn  parallel  to  any  sup- 
plemental chords , they  tciU  be  conjugate  to  each  other. 

The  equations  to  any  two  supplemental  chords  being 
• V “ V/=  a (*  — *0*  ••  •(*») 


CONIC  SECTIONS. 

tan  A Q a = — — ^ (Anal.  Geom.,  Art  13) 


Fij.33. 


and 


»+»'=-  £(* +/>....<« 


Fig.  31. 


1 - 


(L)  since 


and 


Now  a!  = tan  Q A X = — tan  QAar 
a = tan  Q a X = 

= - -jL..2a, 


■rb> 


1 

a — x* 

v' 

a + x'* 


let  any  diameter  be  drawn  parallel  to  (1,)  tlicn  its  equa- 
tion will  be 

y — 

therefore  the  equation  to  its  conjugate  being 
b* 

V — — ■ r, 

a*  a 

It  follows  that  the  latter  is  parallel  to  (2),  as  was  to  be 
proved. 

Cor.  1.  Hence  may  be  drawn  a diameter  which  shall 
be  conjugate  to  a given  diameter. 

Let  1*  p be  the  given  diameter,  and 

1.  Let  the  major  axis  of  the  ellipse  be  given. 

From  a draw  a R parallel  to  Pp,  and  join  li.  A;  then 

if  D d be  drawn  through  C parallel  to  RA,  it  will  be 
conjugate  to  Pp. 

2.  If  the  major  axis  be  not  given. 

Draw  any  diameter  whatever,  Rr;  through  r draw 
rQ  parallel  toPp,  join  Q.  R;  then  if  Dd  be  drawn 
through  C parallel  to  R Q,  it  will  be  conjugate  to  Pp. 

These  conclusions  are  evident 

Cor . 2.  Hence  also  is  derived  a very  simple  method 
of  applying  a tangent  at  a given  point  of  the  ellipse. 

Let  P be  the  given  point,  ami 

1.  Let  the  major  axis  be  given. 

Draw  P C,  and  the  chord  a Q parallel  to  it,  join 
Q A;  then  if  PT  be  drawn  parallel  to  Q A,  it  will 
touch  the  ellipse  at  P. 

2.  Let  the  major  axis  be  unknown. 

Draw  any  diameter  whatever  R C r,  join  P,  C ; draw 
r Q parallel  to  P C,  join  Q.  R ; then  If  P T be  drawn 
parallel  to  Q R it  will  be  a tangent  at  P. 

(63.)  To  find  the  angle  contained  by  the  supplemen- 
tal chords,  drawn  from  the  extremities  of  the  major 
ajcis. 

Let  the  point  Q (x*,  y1)  be  the  intersection  of  the 
two  chords  AQ,  a Q,  and  suppose  the  ellipse  referred 
to  its  axes. 

Then  if  the  equations  to  Q a,  Q A be 

y — «(*-f  a)% 

y = a (x  - a ), 


Rlipsr. 


2ab' 

~ «'y‘  ' 

therefore  by  substitution  in  (1 ) • 

. „ 2 a 6* 

ton  AQo  — - y (o.  _ t.j* 

therefore,  since  the  sign  of  this  quantity  is  negative,  the 
angle  is  always  obtuse. 

Cor.  1.  The  angle  A Q a will  be  the  greatest  pos- 
sible when  y'  is  so,  that  is,  when  y'  fi=  6,  or  the  point  Q 
coincides  with  B,  the  vertex  of  the  minor  axis.  At  this 
point  the  supplemental  chords  are  equal,  and  their  incli- 
nation to  the  major  axis  is 

, b 

= tan'1  — . 
a 

Cor.  2.  Hence,  the  conjugate  diameters  which  arc 
parallel  to  these  chords  are  ulso  equal,  and  contain  the 
greatest  possible  angle.  See  Art.  57. 

(64.)  To  draw  two  conjugate  diameters  making  a 
given  angle  with  each  other. 

The  ellipse  being  referred  to  it*  axes,  let  2 a\  2 6' 
denote  the  conjugate  diameters  required,  and  7 the 
angle  at  which  they  are  inclined  to  each  other. 

Then,  since  a?  -J-  b*  = a*  + 6* . . . . (I,) 

and  a b ' as  (a») 

sin  7 

we  have,  by  adding  twice  the  second  equation  to  the 
first, 


2 ab 
sin  7’ 


therefore  extracting  the  square  root, 

o'  + 6'=±  + 

In  like  maimer, 

o'  - V = ± \f  *-*■»- 

v Nil  7 

therefore  by  addition  and  subtraction  successively, 


■ = ±tV^+4’+lr;  ± 4 \/*+H-fsf? 

= ± 4 \/ -'s  + 4,  + l~  * J >/*->-*  - g# 
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Cwic  therefore  the  magnitude  of  Ihe  required  diameters  is 
Section*,  determined. 

V J"~  * ™ * Again,  since  PC  A = DC  A — DCP, 

tan  D C A — tan  DCP 
tan  P C A is  n 

1 4-  tan D C A tan  DCP 

or  retaining  the  notation  already  used 

«*'  + tan  7 

B ~ 1 — ' » 

1—  a tally 

, * , b * 

hot 

therefore  by  substitution 

A*  . 

~ *r.  + ,an '' 


1 + — ton  </ 
n*  o 

b • 6* 

— - tan  7 . a = — — — a tan  y. 


-(-5) 


tan  y . a — — ■ 


.* . a = — - tan  7 i — — J (a*  — A1)*  tan*  y — 4 a*  6*, 

2 a*  2 a* 

therefore  the  position,  also,  of  the  diameters  is  deter- 
mined. 

The  problem  would  be  impossible,  if 
4 a*  6* 

tan*''  < (a*  - 4-)' 

2 nb 

or  U„  7 < jZTt*- 

But  7 being  an  acute  angle  it  will  be  a minimum 
when  the  diameters  are  equal,  and  in  that  case 
2a  b 


therefore  tan  y can  never  be  lem  than  - 


-,  and  there- 


fore the  problem  is  always  possible. 

The  same  problem  admits  of  the  following  geome- 
trical solution. 

Draw  any  diameter  whatever,  R r,  and  upon  it  de- 
scribe a segment  of  a circle  containing  an  angle  equal  to 
the  given  angle,  and  cutting  the  ellipse  in  Q ; join  QR, 
Q r,  and  parallel  to  these  draw  the  diameters  P/>,  D df 
these  will  be  the  diameters  required. 

For  being  parallel  to  the  supplemental  chords  Q R, 
Q r,  they  arc  conjugate  to  each  other,  and  the  angle 
PCD=RQr,  and  therefore  equal  to  the  given  angle. 

The  problem  admits  of  a second  solution : for  the 
- circle  will  cut  the  ellipse  again  in  some  point  O'; 
draw  therefore  the  supplemental  chords  Q'  R,  Q'  r ; then 
if  P*  p and  IY  d be  drawn  through  the  centre  parallel  to 
Q'  R,  O'  r,  they  will  he  the  diameters  required. 

For  they  are  evidently  conjugate  to  each  other,  and  . 
P’CD'sr-RQ'r,  and  is  therefore  equal  to  the 
given  angle. 


CHAPTER  IV.  " 

MISCELLANEOUS  PROPOSITIONS. 

(65.)  An  ellipse  being  traced  upon  a plane,  tojind  it* 
centre  and  axe*. 

1.  To  find  it*  centre. 

Draw  any  two  parallel  chords  M N,  P Q,  and  bisect  Fig.  37. 
them  in  the  points  m,  p respectively,  join  m p and  pro- 
duce it  to  meet  the  ellipse  in  R,  r;  then,  because 
m p passes  through  the  centre  it  is  a diameter,  and 
therefore  C,  the  middle  point  of  R r,  is  the  centre  re- 
quired. 

2.  To  find  the  axe*. 

Assume  any  point  P in  the  ellipse,  and 

From  the  point  C,  just  found,  as  centre,  with  distance  Fig.  38. 
C P,  describe  a circle  cutting  the  ellipso  in  p,  draw 
P p and  bisect  it  at  right  angles  by  a straight  line 
AC  a meeting  the  ellipse  in  A and  a ; then  A C a is  the 
major  axis : and  the  minor  axis  is  obtained  by  drawing 
B C b at  right  angles  to  A a. 

(66.)  To  find  the  locus  of  the  extremity  of  a straight 
line  which  mo res  on  ttco  line*  at  right  angle*  to  each 
other,  so  t hat  the  parts  intercepted  by  these  lines  may 
always  be  of  the  same,  given  length. 

Let  A X,  A Y be  the  given  lines,  QRP  any  position  pig.  39. 
of  the  line,  the  locus  of  whose  extremity  is  sought. 

Assuming  A X,  A Y as  the  axes  of  coordinates,  let 
fall  the  perpendicular  P M on  A X,  and  produce  it  to 
meet  in  N a parallel  to  AX  drawn  through  the 
point  Q. 

Let  A M = x,  M P = y,  Q P = a,  P R = b; 

then  gPJ  = QN«  + NP*....(l  ;) 

but  Q N = AM  = x, 

■u.,1  NP  = ^.MP  = ^y, 
therefore  by  substitution 

or  n*  y*  + 6*  j*  = a*  b\ 

which  is  the  equation  to  an  ellipse. 

Therefore  the  locus  of  P is  an  ellipse  of  which  A is 
the  centre,  and  2 a and  2 b the  axes. 

Cor.  1.  Hence  may  be  derived  an  easy  practical 
method  of  describing  an  ellipse  by  means  of  an  instru- 
ment called  the  Elliptic  Compasses. 

Let  Q P be  assumed  equal  the  semi-major,  and  N P Fig.  40. 
equal  the  semi-minor,  axis  ; and  let  the  line  Q N P be 
turned  round  so  that  the  points  Q,  N may  always  re- 
main upon  the  axes  of  coordinates ; then  the  point 
P will  describe  an  ellipse,  as  is  evident  from  the  fore- 
going investigation. 

Cor.  2.  By  a method  precisely  similar  to  the  above, 
it  may  be  proved,  that  if  the  axes  arc  inclined  to  each 
other  at  an  angle  0,  the  equation  to  the  locus  of  P 
will  be 

o*  y*  -f-  A*  i*-f*2a6  cos  0 . x y — a*  A*  ss  J. 

(67.)  hi  the  major  axis  A a of  an  ellipse  to  find  a 
point  O,  suck  that  if  any  chord  whatever  P O p be 
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Conic  drawn  through  it,  the  angle  PA  p may  be  a right 
Section?,  angle. 

Let  the  equation  to  A P be  y = « x,  then  that  to  A p 
Fig.  41.  j 

will  be  y = - —x;  therefore  the  coordinates  of 

a 

F (x\  y>  and  p (x'\  y")  will  be  determined  by  elimi- 
nating (y)  between  the  above  equation*,  and  the  equa- 
ls 

tion  to  the  ellipse  yl  = (2  ax  - x3)  ; we  thus  have 


_ Zb' a 
* a««»  + 6*’ 

2 b*  a u* 
a*  + * 


, 2 6«<i« 

* — o*«*.+  6*' 

2 6*  a a 

y ~ ~ a>  + 6’  .«; 


therefore,  denoting  2 &8  a by  c,  and  the  denominator  in 
the  first  ami  second  lines  respectively  by  m and  n,  wc 
have  for  the  equation  to  P p 


m + n / c \ 


Let  Py  now  cut  tlic  axis  as  at  O,  then  y =s  0,  and 


c c a*m  — 7t 
m “ m m -f*  n * 


+ ±J. 

m -f-  n * 


therefore,  substituting  for  m and  n,  and  reducing. 


x or  A O 


c 

«*+  6* 


26’n 
o*  -f  6** 


(68.)  Pain  of  tangent*  to  an  ellipse  bring  always 
supposed  to  intersect  at  right  angles,  to  find  the  locus  of 
the  points  of  intersection. 

If  the  straight  line 

y = a x + ft (1) 

be  drawn  to  cut  the  ellipse 

a*  y*  -f-  6*  X*  = ai  bi. .. . (2,) 
the  ordinates  of  the  two  points  of  section  will  be  ob- 
tained from  the  equation 

(atat  + M)^  - 2 P0y-f-*'O3"-  **«•).  Art.  50 

Let  the  secant  be  now  supposed  to  become  a tangent, 
tnen  the  two  roots  of  this  equation  are  equal,  and  the 
equation  being  therefore  a perfect  square. 


4 (0s  «l  -f  &*)  6*  (0»  - a*  ««)  =4  b*ff,  SKp*. 

or  (a*  «* -<*■•«)  = 41 /S\  V— ' 

o* «'/J!  - a*  «•  4-  6*  o’  «•  = 4*. 

. aa «’  0*  = a*  a*  -{-  6*  a*  a*, 
a1  o’  -f-  6*  sr  0*  (y  — a x)f  from  (I,)  / 

= yt-2xy*  + aax*. 

. (a9  — x1)  a8  + 2 x y . a -|-  tP  — y*  = 0, 

_ . 2 x y — u* 

or  *+*-?*  + sn5m9- 

Suppose  a1,  a"  to  be  the  roots  of  this  equation,  then 
they  denote  the  trigonometrical  tangent*  of  the  angle 
which  the  tangents  to  the  ellipse  form  with  the  axis  of 
x,  and  by  the  theory  of  equations 


fl*  — X* 


but,  by  hypothesis,  the  tangent*  intersect  at  right 
angles, 

.‘.aa'r-  1 ; 


hence 


**  - y* . 

d*  — X*  * 


b*  _ yi  — - a*  + X«, 

. y*  -j-  x3  ss  a*  -f- 
which  is  the  equation  to  a circle. 

Hence  the  locus  required  is  a circle  whose  radius 

= TTv 

Cor.  In  the  *ame  manner  we  may  find  the  locus  of 
the  intersection  of  pairs  of  tangents  which  arc  always 
parallel  to  conjugate  diameters. 

1 

For  in  this  case  « o'  = — — , 
a 4 

. **-y*  ^ 

*•  * a*  - x5  nr4  ’ 

, a*  b '*  — a*  y*  = — 6®  «■  -{-  6*  x*, 

.* . a*  y*  + ft*  x*  = 2 a*  b\ 
which  is  the  equation  to  on  ellipse. 

Hence  the  locus  required  is  an  ellipse  whose  centre 
is  the  same  as  that  of  the  original. 

To  find  its  axes. 

Let  x = 0,  .%  a*  y*  = 2 <?’  6\ 

,• . y = b v2s  tlic  semi-minor  axis  ; 
and,  in  like  manner, 

1 ss  a 42  s the  semi-major  uxis. 
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Come  HyperWU, 


ON  THE  HYPERBOLA. 


, He.  <s 


CIIAITER  L 


ON  THE  HYPERBOLA  REFERRED  TO  ITS  AXIS. 

The  hyperbola  is  the  locus  of  a point,  whose  distance 
from  the  tocua  is  always  greater,  in  a given  ratio,  than 
its  distance  from  the  directrix. 


(69.)  To  find  the  equation  to  the  hyperbola. 

Let  S be  the  focus,  K i the  directrix,  P any  point  in 
the  hyperbola,  through  S draw  the  indefinite  line  E S X 
perpendicular  to  K It,  and  from  P let  (all  the  perpen- 
diculars PM,  P(i  on  A X,  Kit  respectively,  and  join 
P,  S. 

Let  the  given  ratio  of  P S : P Q be  as  e : 1,  c being 
> 1 ; then  if  S E be  divided  in  A,  so  that  S A : A E ” 
e : I , A will  be  a point  in  the  hyperbola. 

Prom  A draw  A ¥ at  right  angles  to  A X,  and 
assume  A X and  A Y as  the  axes  of  coordinates. 

Let  A M = x,  M P = y.  A S = m ; 
then  SP<  = P M«  -f  M S*  = y*  + (x  - m)«. . . . (1.) 
but  SP’  = e*.P«'  =r  e*(A  E -f-  A M>* 


therefore  equating  (l)  and  (2.) 

y*  4-  (x  — m)“  = m'  4"  2 m e x 4"  **  -A 

.;.  y*  = 2 m (1  4-  e)  * 4-  (e*  - 1)  *•„ 
or  if r be  assumed  — a, 

t — 1 

y = (e*  - 1)  (2  + 4 

which  is  the  equation  required. 

2 ffl 

Cor.  1.  Iu  X A take  A a = bisect  A a in  C 

e — 1 

then  at  this  point  x = — «, 

y = ± « V -1  • •/  **  - 1. 


which  is  always  imaginary,  since  e >1. 

Hence,  if  B C 6 be  drawn  through  C at  right  angles 

to  A a,  and  C B,  C b each  taken  = a e*  — 1,  the 
point*  B and  b are  not  points  in  the  hyperbola. 

Cor.  2.  Let  B b be  denoted  by  2 6,  then 

b ss  ± a t*  — I, 


therefore,  by  substitution,  the  above  equation  becomes 


y = ± — of  2 a r -f  J2. 
a 

Dcf.  The  straight  lines  A a.  B 6 represented  by  2 a 
and  2 b are  called,  respectively,  the  transverse  and  the 
conjugate,  axis ; the  points  A,  a in  which  the  former 
meets  the  hyperbola,  are  called  the  vertices  ; and  the 
point  C,  iu  which  the  axes  intersect  each  other,  the 
centre . 

(70.)  To  Jind  the  equation  to  the  hyperbola  t chen  the 
coordinates  are  measured  from  the  centre. 

Let  P be  any  point  in  the  hyperbola,  let  fall  the 
perpendicular  P M on  A a,  and  assume  CM  = / 

Then  the  equation  to  the  hyperbola,  when  the  coor- 
dinates originate  at  A,  is 

= ...  - (l.) 

but  isAMuCM  — C A, 

= y — a. 

Substituting  this  value  for  x,  we  have 

»’  = -JT  { *«  (■*'  - “)  4-  (.rf  - a)'  } . 

= -£  (*"-«•)■  ••■(*.) 

which  if  the  equation  required. 

Cor.  L Suppressing  the  accent,  which  was  used  only 
to  distinguish  the  new  from  the  old  abscissa,  we  have* 
by  multiplying  and  transposing, 

a'y*  - 6fr*=  - 0*6* 

If  each  term  be  divided  by  a%  b\  we  have 


Of  the  three  last  forms  of  the  equation  to  the  hyper 
boln,  that  marked  (3)  is  the  most  frequently  used. 

Cor.  2.  These  equations  when  translated  into  geome 
trical  language  express  a property  of  the  hyjwfrbola. 

For  if  I*  be  any  point,  we  have 

= j(2o  + r)  = AM  . M a, 
and  /,-fl,=  (j'-o)(j,+  fl)  = AM.Mfl1 
B C.3 

AM.M i. 

or  AM.Md  : MP*  ::  AC*  : BO, 

that  is,  the  rectangle  contained  by  the  segments  of  the 

transverse  axis  is  to  the  square  of  the  ordinate,  as  the 

square  of  the  semi ‘transverse  axis  'is  to  the  square  of  the 

semi-conjugate. 

Cor.  3.  Let  a = b,  then  equations  (1)  and  (2)  be- 
come y*  = 2 a x -f 

y*  as  — a*. 
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Come  The  hyperbola  represented  by  these  equations  is  called 
Section*,  equilateral,  or  rectangular,  and  is  to  the  common 
hyperbola  what  the  circle  is  to  the  ellipse. 

By  comparing  the  equation  to  the  hyperbola 
a*  y*  — 6*  x*  = — a9  6*, 
with  the  equation  to  the  ellipse 

a 7 y1  + 61  x*  rs  a*  b\ 

it  is  manifest,  that  to  pas*  from  the  one  curve  to  the 
other  we  have  only  to  change  •+■  b*  into  - b9,  or  b 
into  i v'-l. 

(71.)  To  determine  the  figure  oj  the  hyperbola,  from 
its  equation . 


Resuming  the  equation 


we  have  cither 


■ 69  **  = -«•  6B, 


v'x*  - o\. ..(!,) 

vy  + *«....(*.) 


I.  In  equation  (1,) 


let  j = 0, 

then  y=+Av/—  l = CBorC6. 

Let  y =r  0, 

then  i = io  = CAorCa. 

Let  x < rfc  a, 

then  the  values  of  y are  imaginary ; therefore  no 
point  of  the  hyperbola  is  situated  between  A and  a. 

Let  x ss  :£  a, 

then  y = ± 0 } 

that  is,  the  hyperbola  cuts  the  axis  A X at  the  points 
A,  a. 

Let  x > ± a, 

then  for  each  value  of  x there  are  two  equal  values 
of  y with  contrary  signs. 

As  x increases,  the  values  of  y increase  ; and  when  x 
becomes  indefinitely  great,  the  values  of  y become  so 
likewise. 

The  hyperbola,  therefore,  consists  of  two  equal  and 
opposite  branches  extending  indefinitely  to  the  right  of 
A and  to  the  left  of  a , and  symmetrically  placed  with 
respect  to  the  axis  X A X'. 

II.  The  discussion  of  equation  (2)  would  lead  to  the 
same  result. 

Observation.  In  the  equation  o’y*  — ft1  X*  = — a*  6*, 
let  x Ik*  changed  into  y,  and  y into  x;  in  other  words, 
let  the  abscissas  be  now  reckoned  along  C Y and  the 
ordinates  along  C X ; we  then  have 

d*  x’  — b9  y*  = — a*  b\ 

which  represents  the  same  hyperbola  as  before,  but 
differently  placed. 

Let  x r=  0,  y = + a, 

» — o.  ■ • * = ± 4 V — I- 

therefore  the  transverse  axis  is  now  B b,  and  the  con- 
jugate axis  A a. 

This  hyperbola  is  called,  relatively  to  the  former,  the 
conjugate  hyperbola. 


Cor.  To  find  the  value  of  the  ordinate  passing  Hyperbola, 
through  the  focus.  v— **; 

When  the  ordinate  passes  through  the  focua, 
x er  fn  a (e  — 1), 
therefore  by  substitution  in  (1),  Art.  70, 

y9  — — { 2 a*  (e  — 1)  + a' ft  - 1)« } , 

= *•(*-  l){2+e-  1}, 

= *(«*-  1), 

&•  * 
= — - (Art.  69,  Cor.  2,) 
a* 

.:.y=±-£. 

The  double  ordinate  passing  through  the  focus  is 
called  the  principal  parameter , or  talus  rectum , 

2 b* 

therefore  the  latu*  rectum  =r . 

a 

Def  The  line  S C,  represented  by  a e,  is  called  the 
eccentricity  of  the  hyperbola. 

(72.)  To  find  the  intersection  of  a straight  line  with 
the  hyperbola. 

Let  the  equation  to  the  proposed  line  be 
y=  «x  + 

Then  the  coordinates  of  the  point  or  points  of  inter- 
section with  the  hyperbola  will  be  obtained  by  com- 
bining this  equation  with  that  to  the  hyperbola 
o’  y*  — 6*  x*  = — a9  b9 . . ..  (2.) 

Substituting,  then,  in  (2)  the  value  of  x derived  from 
(1)  we  have 

o«y  - - a'V. 

.;.(a9«'-69)y9+2t9/5y-6,/J*  = - a9*9.9, 

9 a ' a'  - b' 9 a*  a*  - b* 


from  this  quadratic  are  obtained  two  values  of  y,  which 
substituted  in  (1,)  furnish  two  corresponding  values  of 
x,  therefore  die  coordinates  required  may  be  deter- 
mined. 

When  the  two  roots  of  the  quadratic  arc  equal,  the 
points  of  intersection  coincide,  and  the  straighllinc  then 
ImucAh  the  hyperbola;  when  they  are  imaginary,  the 
straight  line  foils  entirely  without  the  hyperbola. 

Hence  it  appear «,  that  a straight  line  cannot  cut  an 
hyperbola  in  more,  than  two  points. 

Def.  The  portion  of  the  straight  line  contained  with- 
in the  hyperbola  is  called  a chord ; when  the  chord 
passes  through  the  focus  it  ia  called  the  focal  chord. 

(73.)  To  find  the  equation  to  a straight  line  which 
touches  an  hyperbola  in  a given  point. 

Let  x1,  y*  be  the  coordinates  of  the  given  point,  and 
y"  those  of  any  other  point  in  the  hyperbola  near 
the  first. 

Then  the  equation  to  the  line  drawn  through  these 
points  is 

•<*> 
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Cmlc  But  these  two  points  being  in  the  hyperbola,  we 
Sections,  have 

o*y«  _ 6«f"=  — a»4*, 

a*y": 

therefore  by  subtraction 

a*  (/*  - V")  = 4*  (*"•  - *'*). 

. <y  + /)  Cy”  -yO  _ v 

■ • (j" + V)  (t"  - y)  o’’ 

• . y ' - y‘  _ V 

o — o*  yr  — yr 

and  equation  Qi  becomes  by  substitution 
&■  j^-4-  ✓ 

Let  the  point  (t7*,  v")  bf  now  supposed  to  coincide 
with  (i1.  y')  ; then  jc'1  r=  x/,  \f  = y',  and  the  secant  be- 
comes u tangent  at  the  point  (x^  yr ) ; hence  the  equa- 
tion to  the  tangent  is 

• ?<*-*> 

in  which  x'  and  y*  arc  the  coordinates  of  the  point  o I 
contact,  and  r,  y the  variable  coordinates  of  any  point 
whatever  in  the  tangent. 

Cor.  This  equation  may  be  simplified,  for  multiply- 
ing each  side  by  a * y\ 

y'1  as  5*  xx'  - b*  x\ 

.• \a*yy 1 - tdxx*  = a V “ 

= — (fib*, 

which  is  the  equation  most  commonly  used. 

When  a = b,  the  hyperbola  becomes  equilateral,  and 
the  equation  to  the  tangent  is 

VV'  — x — a*. 

(70  To  find  the  intersection  of  the  tangent  with  the 
axes  of  x and  y. 

rig.  12,  The  equation  to  the  tangent  being 

a*  y y*  — 6*  x x7  = — a*  Id, 

let  it  cat 

L The  axis  of  x.  as  at  T. 


Then 


jr  = 0. x = 


CT  = 


C A* 

CM' 


1 L The  axis  of  y , as  at  t. 
Then 


Id 


C t — 


CB* 

C m * 


.\MT  = CM  - CT, 

f 


Hvpeibok 


- 2 

Def  The  line  M T intercepted  between  tlie  foot  of 
the  ordinate,  and  the  point  where  the  tangent  meets 
the  axis,  is  called  the  tubtangent. 

Def  The  straight  line  drawn  from  the  point  of  con- 
tact at  right  angles  to  the  tangent,  is  called  the 
normal. 

(75)  To  find  the  equation  to  the  normal. 

Let  PT  touch  the  hyperbola  in  P,  from  which  point 
draw  the  line  P g at  right  angles  to  P T. 

Then,  because  P g is  drawn  through  the  point 
(x',  y‘)  at  right  angles  to  the  line, 

, ft*  * , 

• 7(X-J° 


its  equation  will  be 

y — j/=  - 


6* 


4 <*-*>• 


in' which  x i/  are  the  coordinates  of  the  ixnnt  of  con- 
tact, and  x,  y those  of  any  point  whatever  in  the  inde- 
finite line  P p. 

The  term  normal  is  usually  confined  to  the  line  P G. 
See  Art.  JL 

(76Q  To  find  the  intersection  of  the  normal  with  the 
axes  of  t and  y. 


The  equation  to  the  normal  being 

a8  t/  , 

— — (x  — i 


Fig. 


y - y — 


let  it  intersect 

L The  axis  of  x as  at  G. 

a1  if 

Then  y — 0,  and  — y'rs  — — . (x  — jK), 

Id 

•i-ii  = -i'  = MG. 

«■ 

2.  Hie  axis  of  y,  as  at  g. 

Then  x = 0,  ,\  y - y'  = ^ ~ xf, 

= — y’< 

6*  *' 


'-9 


_ o’ + 4’ 
— 10 


sL 


Whence  it  follows,  that  each  semi-aris  is  a mean  pro- 
portional between  the  abscissa  of  any  point,  and  the 
part  of  it  interccfded  between  its  intersection  with  the 
tangent,  and  the  centre. 

Cur.  Stale  C T=  — 


Def.  Tlie  line  M G intercepted  between  the  foot  of 
the  ordinate,  and  the  point  where  the  normal  cuts  tlie 
axis  of  x,  is  called  the  subnormal. 

(77.)  To  draw  a tangent  to  an  hyperbola  from  a 
given  point  without  it 

The  equation  to  tlie  tangent  being  in  general 
a*  y y — fir's  — a*  Id, 

and  the  point  (x*.  if)  being  by  hypothesis  a point  in 
the  tangent,  we  have 

5 r 
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CoBic  a?  ij"  y'  — b%  j"  y = — o*  i*  ....  (1 ;) 

also,  the  point  of  contact  (y,  y')  being  in  the  hyperbola 
a'y*  - &*y*  = - «*&•..  ..(2,) 
hence,  by  means  of  these  two  equations,  the  coordinates 
y,  y'  of  the  point  of  contact  may  be  determined. 

Since  the  equation  resulting  from  the  elimination  of 
y between  (1)  and  (2)  is  of  the  second  degree,  it  fol- 
lows, that  there  are  two  points  of  contact ; in  other 
words,  that  two  tangents  may  be  drawn  to  an  hyper- 
bola from  a given  point  without  it. 

But  the  position  of  the  points  of  contact  may  be 
directly  found  by  constructing,  as  in  Arts.  10  and  35, 
the  loci  of  equations  of  (1)  aud  (2.)  in  which  s'  and  yf 
are  variable. 

Now  the  locus  of  (2)  is  the  given  hyperbola,  and  the 
locus  of  (1)  is  a straight  line  whose  position  is  deter- 
mined hy  making  r“  and  y*  successively  = 0. 

If,  therefore,  iu  the  equation 

a \y”yf  — 6*/*'  = — a*  b\ 
y = 0,  then  j/  = — 

y* 

y'  = 0,  then  x*  a — 


Hence  if  C R be  taken 


and  C rs  -p-,  tlic 


line  joining  R,  r will  cut  the  hyperbola  "in  the  points  of 
contact  required. 

Cor.  1.  The  equation  to  the  chord  joining  the  points 
of  contact  is 

flyy  - 6,y'#,t=  - «■&•. 


Cor.  2.  Since  C R is  independent  of  y",  it  follows 
that  if  from  the  several  point*  of  a line  perpendicular 
to  C X pairs  of  tangents  be  drawn  to  the  hyperbola , 
the  chords  joining  the  points  of  contact,  in  each  case, 
will  all  pass  through  the  same  given  point. 


CHAPTER  II. 

ON  THE  HYPERBOLA  REFERRED  TO  THE  FOCUS. 

(78.)  To  find  the  distance  of  any  point  in  the  hyper- 
bola from  either  focus. 

Let  S,  H be  the  fod,  P any  point  (x,  y)  in  the  hyper- 
bola, to  find  the  value  of  S P,  or  H P. 

1.  Of  SP. 

In  general,  the  distance  between  two  points  (r,  y) 
and  (y,  y1)  is 

= ''I*  + -✓)*; 

but  the  coordinates  of  S,  since  it’  is  a point  on  the  axis 
of  x,  are  x1  = a e,  y'  a 0, 

.;.SP,  = (a>-a«),-f  jf,  t 

= (*-«  «)■  + («*-  i)(y-«o, 

= x*  — 2 — *?  + «•, 

= a*  — s a « * y y*, 

S P = e x — a. 

2.  In  like  manner, 

HP  = er  + fl. 


Cor.  Hence,  subtracting  S P from  H P, 

H P - S P = 2 a. 

In  other  words,  the  difference  of  the  focal  distances  it 
equal  to  the  transverse  axis. 

The  distance  of  any  point  from  the  focus  is  called  the 
focal  distance. 

(79.)  From  this  property  the  equation  to  the  hyperbola 
may  be  deduced,  as  in  the  case  of  the  ellipse. 

Let  S,  H be  the  two  fixed  points,  P the  point  whose 
locus  is  required. 

Join  S,  H,  S,  P,  and  H,  P;  bisect  S H in  C ; let  fall 
the  perpendicular  PM  on  SH,  which  produce  inde- 
finitely toward*  X ; from  C draw  C Y at  right  angles  to 
C X,  and  assume  C X and  C Y as  the  axes  of  the  coor- 
dinates. 


Hypericin. 


£}••<>•> 


Let  CM  = f,MP  = y,  au<l  SC  = c. 

Then  S P*  = S M*  + M I*  = y*+  (c  — i)*) 

11  P*  = H M*-f  M P*  = if"  + (e  + *)*. 

II  I-  - S V 3 <c  + *)•  — (c  — x)‘, 
or  (HP+SP)(lIP-SP)  = <ci; 
but  HP  - SF  = 2n, 


ict  2e.r 


. 1IP  + SP=  — = 
1 2 a 

II  P - S P = 2 a. 


, and 


HP  = - + «, 


and 


c i 

S P = a. 


squaring  these  values,  and  adding  the  results, 

HP*  + 8P=  + 

and  also  = 2 (y*  -f-  c*  -{-  **) 

by  adding  equations  (1,) 

••**  + «*  + **  = 


y*  = 4“  a*  — c*  — y, 

a 

= (C-nO  + ^’-e*). 
*-*(*>-<*), 


which  is  the  equation  to  an  hyperbola  w hose  transverse 
axis  a 2 a,  and  conjugate  axis  = 2 c*  — 

If  x a 0,  then  y*  = — (c*  — a9)  a — 6*,  if  6 be  the 
imaginary  ordinate  drawn  from  C. 


(80.)  To  find  the  polar  equation  to  the  hyperbola,  the 
foot*  being  (he  pole. 

1.  Let  S be  the  pole.  Fig.  44. 

Let  8P  = r,  angle  A S P a to. 

Then  r = e*  — a, 
but  j = CS  + S M, 

= a e-j-  revs  (r  — *>), 

= a e — r cos  «, 
r a a «•  — e r cos  *>  — a 
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_ - i 

. . r — a j _j_  e cog 

which  is  the  equation  required. 

2.  Let  H be  the  pole. 

Let  II  P = /,  angle  P II A = a'j 

then  i/  = ex  + a, 

but  * = C M s H M — HC 

=:  / cos  *>'  — a e, 
r1  = e r‘  cos  */  — a c*  + a, 

1 — c cos 

which  is  the  equation  required. 

Cor.  1.  Produce  P S to  meet  the  hyperbola  in  p, 
then  because  A S p = sr  — a*, 

- * - 1 

So  = a - . 

1 — e cos 

^ _ 1,1  1-f- rcos*i  1—  ecos*> 

Cor.  2.  + Sp  = ^rrry  + ;<?—!)■ 


Fig.  45. 


2 


o(d- 

2 

SL’ 


O' 


o’  4-  6’ 

Then  C a = — 5—  * = r«  if. 


(-«.) 

& rf  — ae 


fl* 

. SG,CG-CS 
',HO=CQ  + C8“<,y  + fl 
c/  - a 8P  , 

— ex'  + a ~ HP’  (78,) 


Let  PT  be  a tangent  at  any  point  (x1,  y'),  and  S Y Hyp**®!*- 
a perpendicular  let  tail  from  S on  PT.  to  find  the  locus  s— v—'' 
of  Y. 

From  C let  fall  the  perpendicular  C Q on  PT,  and  h*-  46. 
draw  8 q parallel  to  P T meeting  C Q in  q. 

Then  C Y*  = C Q®  4-  Q Y‘, 

= C g®  + S j\ 

= C T®  sin®  T 4~  C S*  cos1  T ; 
but  CT  = (74)  and  C S = oe. 


CY‘  = — sin’T  + o’ e®  cos®  T. 

= ^ (1  - cos’T)  4-  o®  e®  cos®  T, 


= pr  + — „(«•*'-  a®)cos®T... 


(1) 


But 


tan  T = 


- 6* 


a*  y?  9 

therefore,  as  in  Art.  41,  cos®  T a ■r'  — «* 


and  substituting  in  (1) 


therefore,  the  principal  semi- parameter  is  an  harmonic 
mean  hettceen  the  segments  of  any  chord  draicn  through 
the  focus. 

n Q 0.  1,1  SP-f  Sp 

Cor.  3.  Smc«-4-^=  ¥p-gJ, 

and  also  =S^T)® 

/.  SP.Sp  = 4a  (<*  - 1)  (SP+  Sp). 

(81.)  The  focal  distances  of  any  point  make  equal 
angles  with  the  tangent  at  that  point. 

I^t  T P t be  a tangent  at  any  point  P (■»',  y*)  draw 
the  normal  P G,  and  join  S,  P and  II,  P. 


= £+£<*'■-  A 


- a«; 
•t'*—  a* 


tx'  - a*’ 


therefore  P G bisects  the  angle  S P h.  Euc.  vi.  Prop.  A. 
Now  the  right  angle  G P T = GPt, 

and  angle  OPS  = OP/, 

therefore  the  remaining  angle  SPT  = AP/=  IIPT, 
that  is,  S P and  II  P make  equal  angles  with  the  tan- 
gent at  P,  as  was  to  be  proved. 

(82.)  To  find  the  locus  of  the  points  in  which  a per- 
pendicular from  t fur  focus  upon  the  tangent  at  any 
point  intersects  the  tatigeni. 


Jp®  ~T  “*•*“  yi* 

= a*, 

%®CY  = ±ff, 

therefore  the  locus  of  Y is  a circle  described  on  the 
transverse  axis. 

(S3.)  The  rectangle  contained  by  the  perpendiculars 
let  fall  from  the  foci  upon  the  tangent  at  any  point , is 
equal  to  the  tquare  of  the  Kmi^xiy  ugate  axil 

For  SY=  STsinT, 

but  ST  = CS-CT=ar-f!=“hy_0) 

X jf v 19 

.‘.SY  = — (e  jf  — a)  sin  T.  In  like  manner, 
HZ=-  (i  x1  + a)  sin  T, 


:.SY.HZ  = i («®y»  — o®)sin»T; 


but,  as  iu  the  ellipse,  sin*  T =r 


d-SY.UZal  (e®  F*  - a®)  . F* . ^ ~ 

4*  ’ r®F*-a® 

= o®  («•  - 1)  = 4®. 


f 
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CHAPTER  III. 


ON  THE  HYPERBOLA  REFERRED  TO  ANY  SYSTEM  OF 
CONJUGATE  DIAMETERS. 


SECTION  L 


ON  CONJUGATE  DIAMETERS  IN  GENERAL. 

(84.)  To  find  the.  locus  of  the  middle  points  of  any 
tv: o parallel  chords . 

Fig,  47  Let  Pp  be  any  chord,  O its  middle  point ; from  the 

points  O,  P,  p let  fall  the  perpendiculars  ON,  PM, 
pm  on  the  axis  A X. 

Let  AN  = X,  NO  = Y; 

then  if  the  equation  to  V p be 

y = a x -f  ft (1.) 

the  equation  containing;  the  values  of  y at  the  points 
P,  p will  be 

2b*  ft  - x.  £■  - «■  * 


y’  + 


' - 6“ 


y 


i*  «*  — 6» 


= o. 


Now  since  in  any  quadratic  equation  the  coefficient 
of  the  secoud  term  with  its  proper  sign  is  equal  to  the 
sum  of  the  roots  with  their  signs  changed. 

But  O being  the  middle  point  of  Pp, 


on=™.  + p_I!?. 
2 


Y = 


- b'p 


r ••  <*■) 


o’  «•  - 4* 

Now  X and  Y satisfy  equation  (!,)  since  they  ore  the 
coordinates  of  a point  in  Pyj,  therefore 

1 (Y-«. 


X = 


a*  n ft 


(3.) 


o' * — 6*  * 

To  obtain  the  relation  between  X and  Y we  must  eli- 
minate ft  between  (2)  and  (3,) 


ct*  «•  - 6* 


Y = 


Y = 


b' 

a1  a 


«•  <**  — h* 
O*  a 

-X. 


X, 


Now  a remains  the  same  for  all  chords  parallel  to 
P p,  therefore  the  equation  just  found  expresses  the 
relution  between  the  coordinates  of  their  middle  points, 
and  being  ot  the  first  degree,  the  locus  required  is  a 
straight  line. 

Def  'flic  straight  line  which  has  been  proved  to  be 
the  locus  of  the  middle  points  of  any  number  of  parallel 
chords  is  called  n diametrr,  and  the  points  in  which  it 
intersects  the  curve  are  called  the  vertices. 

The  letters  X and  Y nre  introduced  to  distinguish 
the  two  sets  of  coordinates,  and  the  equation  to  the 
diameter  bisecting  any  chord, 

» V = « * + A 


may  always  be  written  Hv)«rfcok. 


From  the  form  of  this,  it  is  plain  that  ever)'  diameter 
passes  through  the  centre. 

(85.)  To  find  the  intersection  of  any  diameter  with 
the  hyperbola. 

The  equation  to  any  diameter  being  Fif* 

y =s  « j, 

and  that  to  the  hyperbola 

a1  y*  — b*  3*  ss  — a*  6*, 

the  coordinates  of  the  points  of  intersection  will  he 
obtained  by  combining  these  two  equations ; we  thus 

have  (a'a'-bf)  *»=  - o'b\ 

a b . 

x = + ■ - = CMorCm, 

- if  & - a* 

- aba  „ w 

and  *\  y = + — • = P M or  pm, 

Vb'-a'J  * 

the  coordinates  required. 

Cor.  1 . Since  AM  = A m,  and  PM  — pm,  it  follows 
that  every  diameter  is  bisected  at  the  centre. 

Cor.  2.  In  order  that  the  diameter  may  meet  the 
hyperbola, 

6*  must  be  > o*  a*, 
or  + b must  be  > a o, 

therefore  a must  be  < ± 

a 

From  the  vertex  A draw  A E and  A e perpendicular 
to  A C,  and  each  equal  b ; join  C E,  C e,  and  produce 
them  indefinitely  towards  Z and  z. 

Then  since  tan  Z C X = ^ ^ = — , fig.  49. 

AC  a 

and  tan  * C X = f ^ , 

AC  a ’ 

it  follows  that  the  diameters  CZ,Cz  will  never  meet 
the  curve  at  any  finite  distance. 

The  lines  C Z,  C z are  from  this  circumstance  called 
asymptotes. 


(86.)  A diameter  being  drawn  through  a given  point 
to  Jind  the  eijuation  to  any  one  of  Us  ordinates. 

If  P,  yr  be  the  coordinates  of  the  given  point,  the 
equation  to  the  diameter  drawn  through  it  will  be 

* = •£«•..  (i) 

Let  ysri+jJ.,,.  (2,) 

be  the  required  equation  to  any  ordinate,  then 

yf  „ y 

P a*  a * 


ft*  p 


therefore  the  equation  to  any  ordinate 
passing  through  (P,  y')  is 


*4-/9. 


to  a diameter 
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Cor.  Comparing  this  equation  with  the  equation  to 
the  tangent,  it  appears  that  the  tangent  applied  at  the 
vertex  of  any  diameter  is  parallel  to  the  ordinate s of  that 
diameter. 


(67.)  Two  diameters  being  drawn  such  that  the  ordi- 
nates of  one  may  be  parallel  to  the  other , to  prove  that 
the  ordinates  of  the  latter  will  be  parallel  to  the  former . 

Fif, 50.  Let  CP,  CD  be  two  diameters,  and  MN,  QR 

chords  bisected  by  each  respectively  ; then  if  M N be 
supposed  parallel  to  C D,  we  ore  to  prove  that  QR 
will  be  parallel  to  C P. 

If  the  equations  to  C P,  C D be 

y = (1,) 

y = «'*. . . . (i.) 

then  the  equations  toMN.QR,  respectively,  will,  by 
Art.  84,  be 

• = ■£  * + *••  t1'*) 

But  if  M N be  parallel  to  C D,  then 


therefore  by  substitution  in  (2')  the  equation  to  QR 
becomes 

y = •*  + F, 

that  is,  Q R is  parallel  to  C P,  os  was  to  be  proved. 


Whence  each  of  the  diameter * C P,  C D is  parallel  to 
the  ordinates  of  the  other. 


Diameters  thus  related  to  each  other  are  called  con- 
jugate diameters. 

Cor.  1.  Therefore  when  the  two  diameters 


y — «X, 

y — <*'x, 

are  conjugate  to  each  other. 


Cor.  2.  Hence  if 
be  any  diameter. 


6* 

a* 

: a x 


y = 


will  be  the  diameter  conjngatc  to  it. 

Cor.  8.  Since  («)  may  have  any  value  between  0 
und  t,  the  number  of  pairs  of  conjugate  diameters  is 
Infinite. 

If « ” 0,  or  the  first  diameter  be  the  transverse 
A a,  then 

•'=  bi  - 

a» . 0 ~ 00  * 


therefore  the  diameter  conjugate  to  A a being  at  right 
angles  to  it,  is  the  conjugate  axis  B b ; whence  the  axes 


are  conjugate  diameters  ; and  it  may  l>e  shown,  pro-  Hyperbola, 
cisely  as  in  Art.  47,  thut  they  are  the  only  conjugate 
diameters  which  are  at  right  angles  to  each  other. 

Cor.  4.  If  (F,  yO  be  any  point  in  the  hyperbola,  the 
diameter  passing  through  it  is 


x 


is  the  corresponding  conjugate  diameter. 
But  the  equation  to  a tangent  applied 


at  the  point 


whence  It  follows,  that  the  tangent  at  the  vertex  of 
any  diameter  is  parallel  to  the  corresponding  conjugate 
diameter. 


(88.)  Of  any  two  conjugate  diameters,  only  one  can 
meet  t he  curve. 


For  let 


y = «*. 
y = 


be  any  two  conjugate  diameters. 

It  was  shown  that  no  diameter  can  meet  the  curve 

unless  a < — . 

a 

Suppose,  then,  in  the  given  system,  that  the  first 
diameter  meets  the  curve,  then 
b 

«*  < — . 


but 


«*> 


6* 

«•  ’ 
b 


and  consequently  the  second  diameter  cannot  meet  the 
hyperbola. 


(69.)  7*o  find  the  equation  to  the  hyperbola  when 
it  is  referred  to  any  two  conjugate  diameters  as  axes. 

Let  C be  the  centre,  C P,  C D a given  system  of  Df.  St 
conjugate  diameters,  of  which  the  former  is  supposed 
to  be  the  axis  of  x,  the  latter  the  axis  of  y. 

Take  any  point  Q in  the  hyperbola,  and  draw  Q q 
parallel  to  C Y,  meeting  CX  in  V. 

Let  C V = x,  VQ  =:  y,  C P = o';  and  since  C Y does 
not  meet  the  hyperbola,  let  C D as  b'  Because 

the  chord  Q q is  bisected  by  CP  in  V,  V Q V q, 
mid  since  every  other  chord  parallel  to  C Y is  bisected 
by  C X,  it  follows  that  for  each  assumed  value  of  x 
there  are  two  equal  values  of  y with  contrary  signs. 

In  like  manner  it  may  be  shown,  that  for  each  assumed 
value  of  y there  ore  two  equal  values  of  x with  con- 
trary signs;  also,  when  x xz  0 the  values  of  y ought 
to  be  imaginary,  and  when  y 0 the  values  of  x are 
real ; therefore  the  equatiou  required  must  be  of  the 
form  My*  - Nx*=  - P. 

We  are  now  to  determine  the  values  of  M,  N, 
and  P. 
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Conk  When  the  axis  C X meets  the  hyperbola,  y = 0,  and 
Snctiorw.  r=CP  = ^, 

' — .:.Ni»  = PsK(^ 

P 

aT*  ' 

When  x = 0,  the  axis  C Y does  not  meet  the  curve, 
but  y or  C D r 6'  v'  — 1, 

My'=-P=-N  b», 

P 


.-.Ms 


b" 


Substituting  these  values  of  M and  N in  the  above 
equation,  and  dividing  each  term  of  the  result  by  P, 
we  have 


or  t/sfi  «',&*....(2,) 

either  of  which  is  the  equation  required. 

V , 

Cor.  1.  Hence  y — Hr  **  x'9  — of. 


(91.)  To  find  thr  intersection  of  the  tangent  with 
two  conjugate  diameters , considered  at  axes. 


any  Hyperbola. 


Let  n tangent  applied  at  any  point  Q (j/,  y*)  meet  Ft*.  52. 
C P in  T,  and  C D in  t,  and  draw  the  ordinates  Q V, 

Q r.  Then  the  equation  to  the  tangent  being 

^y  — W x = — aft  bm. 


and 


Let  the  tangent  meet  C X as  at  T,  then  y =s  0, 

C P* 

C V * 

Let  the  tangent  meet  C Y as  at  t,  then  x“0, 

- bn  CD* 

yl  •°tCt  - C V ’ 

Whence  the  points  of  intersection  are  known.  See 
(74.)  which  is  only  a particular  case  of  this  Article. 


V — ' 


(92.)  If  from  the  several  points  of  a straight  line  given 
in  position,  pain  of  tangents  be  drawn  to  an  hyperbola, 
the  tines  which  join  the  corresponding  points  of  contact 
will  all  pass  through  the  same  point. 


Cor.  2.  To  find  the.  form  of  the  equation,  what  the 
coordinates  originate  at  P,  the  vertex  of  the  diameter 

CP. 

Let  PM  ar  x',  then  ssCP  + PMs^. 
Substituting  this  value  of  x in  Cor.  1,  we  have 

V — ± -J  (•*’  + «')'  - 

or  suppressing  the  accent  of  x, 

y = ± ~ ^ x*  + 2 «'  x, 

which  is  the  equation  required. 

Cor.  8.  Tile  equations  (1.)  (2,)  and  (3.)  are  of  the 
same  form  as  the  equation  in  terms  of  the  axes, 
(Art.  70,)  and  express  a property  of  the  hyperbola. 

For  y - o'*  = (x  + o')  (a  — a')  = P V.  V G, 


and 


2o,x  + J‘*=(2fl'+r)i=PV.VG1 
PC* 

•••  V«,  = ^PVVG- 


or  PV.VG:QV**:PCl:CD’ 

that  is,  the  rectangle  contained  by  the  segments  of  any 
diameter  is  to  the  square  of  the  ordinate  as  the  square 
of  the  semidiasneter  is  to  the  square  of  Us  semi  con- 
jugate. 


(90.)  It  appears  from  the  preceding  article,  that  the 
equation  to  the  hyperbola  retains  the  same  form,  whether 
the  axes  of  coordinates  be  rectangular  or  oblique. 
Whence  it  follows,  when  the  axes  arc  oblique, 

(l.)  Thai  if  the  equation  to  the  transverse  axis  A a 
be  y = <*  x, 

the  equation  to  the  conjugate  axis  D b will  be 


bn 


(2.)  That  the  equation  to  the  tangent  at  any  point 

(*./> 

a^yy'- &***'»  -o'1**. 


Let  C be  the  centre  of  the  hyperbola,  M N the 
given  line,  draw  any  chord  m n parallel  to  M N,  and 
bisect  it  by  the  diameter  C X ; from  C draw  C Y 
parallel  to  m n,  or  M N,  then  C X,  C Y are  conjugate 
diameters,  and  if  the  hyperbola  be  referred  to  these  as 
axes,  its  equation  will  be 

a*  y*  - 6*  x*  = - a'*  bm. . . . (1 .) 

From  any  point  (s*,  yT)  in  M N let  a pair  of  tangents 
be  drawn  to  the  hyperbola,  then  it  may  be  shown, 
that  the  equation  to  the  line  joining  the  points  of 
contact  is 

a*y"y»_  VfJ  S - a"  t/*, ...  (2, 
in  which  x',  y‘  are  the  variable  coordiuutea  of  the  point 
of  contact. 

Let  the  straight  line  (2)  cut  the  axis  of  x,  then 


hence  the  point  of  intersection  will  he  the  same  for  all 
points  whose  abscissas  equal  x*%  that  is,  for  all  points 
in  the  line  M N,  as  was  to  be  proved. 

Cor.  The  point  of  intersection  is  situated  on  the 
diameter  conjugate  to  that  which  is  parallel  to  the 
given  line. 


(98.)  If  from  the  point  of  intersection  of  two  tangents 
a diameter  be  drawn,  it  will  bisect  the  line  joining  the 
points  of  contact. 

For  the  equation  to  an  ordinate  to  the  diameter 
passing  through  (,*",  y")  is  (86) 

r-S£.  + *...w 

and  the  equation  to  the  line  joining  the  point*  of  con- 
tact  is 

V*  x0  V* 

y = iLiL,  + Z_  ....(S.) 

9 a*  %f*  1 yf 

therefore  the  latter  being  parallel  to  the  former  is  also 
an  ordinate  and  consequently  is  bisected* 
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(94.)  If  through  any  point  within  or  without  an 
hyperbola,  two  straight  line s,  given  in  position,  be  drawn 
* to  meet  the  curve,  the  rectangle  contained  by  the  segment* 
of  the.  one  will  bear  a constant  ratio  to  the  rectangle 
contained  by  the  segments  of  the  other. 

Let  O be  any  point  within  the  hyperbola,  through 
which  draw  the  two  lines  P p,  Q q,  whose  position  is 
supposed  known,  to  meet  the  hyperbola  in  the  points 
P,  p and  Q,  q,  to  prove  that 

OP.Op:  O 0 . O q in  a constant  ratio. 

Through  O draw  the  diameter  C X,  and  let  C Y be  the 
diameter  conjugate  to  it;  then,  if  the  hyperbola  be 
referred  to  these  diameters  as  axes,  its  equation  will  be 

o'V  - A * (1.) 

Through  P draw  P M parallel  to  C Y,  and  let  O P r, 

r<  r\  % A PM  Bin  P O M sin  r,  * • 

CO  = 5 ; then  — — = . „ = — , v =r 

P O sin  P M O sin  x,  y * 

sin  r,  x 

r. 

sin  x,  y 

M , . . sin  r,  y 

Similarly,  s = & -4-  . y r, 

sin  x,  y 

or,  denoting  the  coefficient  of  r by  p in  the  first  case, 
and  q in  the  second,  and  substituting  these  values  of  x 
and  y in  (1,) 

ff'Vr*  - = - a* 6^, 

. 8»gf»  -o’)  . 

aT 

In  which  the  rallies  of  r arc  O P,  Op, 

,op.of=  rv-O. 

r a”  p‘  — b'  ,/> 

In  like  manner,  if  O Q = r*.  and  p and  f denote 

«nx,y  sinx.y*  H 

therefore 

O P.  Op  : O Q . O q ::  a*p*  — bn  f*  : a*  p*  — 6"  if, 
which  is  a constant  ratio,  as  was  to  be  proved. 


(-**♦*>« 
•\  — 6*  x**)  *•  ss  a*  y\ 

— a1  6*  x*  =r  a4  y*, 

a j 

•••■»=  ± . — = . y. 


Oil  TUB  PROPERTIES  OP  CONJUGATE  DIAMETERS. 

(95.)  A diameter  being  drawn  through  a pem  point 
■*'•»')  to  find  the  imaginary  coordinates  of  the.  rr/re- 
litv  of  the  diameter  coninrate  to  it. 


i -rzrx ' ' 1 

4*  t' 

/ '* 

_ ^ 4 'r=ri  , 

— ± *. 

a 

(96.)  The  difference,  of  the  squares  of  any  two  mm* 
conjugate  diameters  i*  equal  to  the  difference  of  the 
squares  of  the  semicues. 

Let  C P,  C D be  any  two  semiconjugate  diameters, 
then  denoting  them  by  of  and  b‘  v'  — 1 respectively, 
a"  = ft, 

— 4 

o'*  - f = X*  - J/S  + y»  _ ** 

___  6>  y*  — gt  iff  a*  y*1  — &*  y 

~ b'  + 7- — 

— a*  - 6". 

(97.)  If  at  the  extremities  of  any  two  conjugate 
diameters,  tangents  be  applied  so  as  to  form  a parallel - 
ogram,  the  area  if  all  such  parallelograms  is  constant. 

Let  P p,  D d he  any  two  conjugate  diameters,  and  P, . <4. 
let  the  tangents  at  P and  p,  D and  d.  be  produced  to 
meet,  then  it  is  plain,  (Art.  87.  Cor.  8)  that  they  will 
form  a parallelogram. 

Prom  P and  T let  fail  the  perpendiculars  PF,  TQ 
on  D C.  Then  the  area  of  the  whole  parallelogram  is 
equal  to  four  times  the  area  of  the  parallelogram  P D 
— 4PC. CD  sin  PCD, 

= 4 CD.  PF (I.) 

But  PF  a TQ  = CTsinTCQ=  ~ (94.) 

P F . C D = ~ . m D, 

X 


Let  CP,  CD  be  any  two  conjugate  diameters,  of 
which  the  former  is  drawn  through"  the  given  point  P 
O'.  jO  » then  the  latter  0 D will  not  meet  the  hyper- 
bola. 

B V = *•  • « . (1)  be  the  equation  to  CP,  then 

4*  p 

V — p- •*•...  (2)  will  he  the  equation  to  C D ; 

therefore  the  imaginary  coordinates  of  the  point  D, 
will  be  found  by  combining  (2)  with  the  equation 

o’  y'  — b'gt  — _ at  4a  ....  (3.) 

lienee,  substituting  in  (3)  Uie  value  of  y in  (2,)  and 
dividing  the  result  by  4*,  we  have 


= ^1  bV  ~ 1 
x a *’ 

— a b 

therefore  by  substitution  in  (l)  the  area  of  the  whole 
parallelogram  = 4 a b ''~l,  a„d  i,  therefore  eon- 
slant.  The  imaginary  quantity  involved  in  this  espres- 
sion  indicates  that  the  parallelogram  docs  nut,  as  in  the 
case  of  the  ellipse,  circumscribe  the  curve. 

Cor.  1.  From  equation  (2)  PF.CDrr  ab 
but  C D =:  y V - j,  and  P F a P C sin  P C D, 

= o'  sin  7,  If  PC  D = y, 
•\  a b — a{  W sin  7. 
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Hence  the  value  of  P F may  l>e  found ; for 

P F _ 4^  _a  h 


C D 


■/«'<  - (a*  - 6*) 

Cor.  3.  Since  o*  — b*  = </*  — I**,  the  conjugate 
diameters  cannot  be  equal  to  each  other  in  the  hyperbola. 

(9b.)  The  rectangle  contained  by  the  focal  didances 
of  any  point  is  equal  to  the  stjuare  of  the  semidiameter 
conjugate  to  that  which  passes  through  the  proposed 
point. 

Let  P be  any  point,  C D the  semidiameter  conjugate 
to  C P,  join  P,  S and  P,  H ; to  prove  that 
S P . P II  = C D*. 

For  CP)-CD’  = - b\ 

C D*  ss  C I*  — a*  -f-  b\ 

= -j_  (*»  - 1)  (*»  _ <ft)  - a*+  6*. 

= e*  s*  — <*  a*  -j-  &*» 

= «•  i*  - 

= (e  x — a)  (e  x -f-  a), 

- S P . H P. 

(99.)  Lei  C P,  C I)  be  any  two  semiconjugate  diame- 
ters, and  let  a tangent  at  P meet  the  axes  of  the  hyperbola 
in  T,  l ; to  prove  that  P T . P f = C D*. 

If  C P,  C D be  assumed  as  the  axes  of  coordinates 
then  the  equations  to  C A,  C B are  respectively 
y = <*  x, 

6* 

Let  x = a'  or  C P,  then  y or  PT  = a a'  from(l,) 

V* 

and  y or  P t =r  . . , (2,) 

.%  PT  . P J =2  4*  S2  C 0*. 


Since  the  lines  whose  equations  are  (2)  and  (3)  Hyperbola, 
intersect  at  Q,  the  coordinates  of  that  point  will  be  n— — ■ 
identical  in  both ; therefore  considering  x and  y as  llie 
same  in  these  equations,  we  have  by  multiplying  them 
together 

^-y*saa’(x»-x'i), 

U> 

X*  — X * 

but  because  xf,  y are  the  coordinates  of  P.  a point  in 
the  hyperbola,  they  will  satisfy  equation  (1,) 

b*. 

Subtracting  this  from  (1)  we  have 

a*  (y*  — y")  - 6*  (x*  - x")  = 0, 

yf  - y«  b* 

• *’*  xl  - x'r  ~ ‘a/5’’ 

therefore  by  substitution  in  (4) 

, **  , , *>- 

a a = — — , anil  a = — , 

a*  aH  a 

and  the  equation  to  p Q Incomes  by  substitution  in  (3) 

<*+*'>• 

Cor.  1.  Let  P p coincide  with  the  transverse  axis  A at 
then  the  equation  to  a Q drawn  through  the  point 
a (—  at  0)  will  be 

y = « C*  + «). 

therefore  the  equation  to  A Q drawn  through  the  point 
A (a,  0)  will  be 


_ y\ 

» =S(* 


a). 


Cor.  2.  If  the  hyperbola  be  referred  to  its  axes,  we 
have  only  to  substitute  a and  b for  a'  and  b 1 in  the 
above  equation. 


SECTION  III. 

ON  SUPPLEMENTAL  CHORDS 

Drf  If  from  the  vertices  of  any  diameter  two 
straight  lines  be  drawn  to  any  point  in  the  hyperbola, 
they  are  called  supplemental  chords. 

(100.)  Any  two  supjdemental  chord s being  drawn , 
and  the  a/ nation  to  either  of  them  being  given,  to  find 
the  equation  to  the  other. 

The  hyperbola  being  referred  to  any  two  conjugate 
diameters,  its  equation  will  be 

«,'y*-y,x,=  -ort6'3.  ...(1.) 

Through  any  point  P (V,  y')  draw  the  diameter  Pp,  and 
let  P Q,  p Q be  any  two  supplemental  chords,  then  if 
the  equation  to  P Q be 

y - f = o (x  - x0 (2.) 

it  is  required  to  find  the  equation  to  p Q. 

The  coordinates  of  P being  x/,  y' those  of  p will  be 

x',  — y',  therefore  the  equation  to  p Q will  be  of  the 

form 

..<3) 

in  which  a'  is  to  be  found. 


(1U1.)  If  two  diameters  be  drawn  parallel  to  any  two 
supplemental  chords , they  will  be  conjugate  to  each 
other. 

The  equations  to  any  two  supplemental  chords  being 

» - y1  = * (*  - *0.  • • • (i.) 

and  y + y'=  (x  + .r’)....  (2.) 

let  a diameter  be  drawn  parallel  to  the  chord  whose 
equation  is  (1,)  then  its  equation  will  be 
y=«x, 

therefor*  the  equation  to  its  conjugate  being 
&'• 

y = Zrz*- 

it  follows  that  the  latter  is  parallel  to  (2.)  as  was  to  be 
proved. 

Cor.  I . Hence  may  be  drawn  a diameter  which  shaJl 
be  conjugate  to  a given  diameter. 

Let  Pp  be  the  given  diameter,  and  Fig.  55. 

First,  Let  the  transverse  axis  be  given. 

From  a draw  a R parallel  to  P p,  and  join  R A ; 
then  if  D d be  drawn  through  C parallel  to  R A,  it  will 
be  conjugate  to  Pp. 

Secondly,  If  the  transverse  axis  be  not  given 
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Fig.  57. 


Fiy.  58. 


Draw  any  diameter  whatever  R r,  through  r draw 
rQ  parallel  to  P p,  join  Q,  R;  tlien  if  D d be  drawn 
through  C parallel  to  RQ,  it  will  be  conjugate  to  P p. 
These  conclusions  nre  evideuL 

Cor.  2.  Hence  also  is  derived  a very  simple  method 
of  applying  a tangent  at  a given  point  of  the  hyper- 
bola. 

Let  P be  the  given  point,  and 
First,  Let  the  transverse  axis  be  given. 

Draw  P C and  the  chord  a Q parallel  to  it,  join 

Q,  A ; then  if  P T be  drawn  parallel  to  Q A,  it  will 
touch  the  hyperbola  at  P. 

Secondly,  If  the  transverse  axis  be  not  given. 

Draw  any  diameter  RCr,  meeting  the  hyperbola  in 

R,  r,  join  P,  C,  draw  r Q parallel  to  P C,  join  Q,  R ; 
then  if  PT  be  drawn  parallel  to  Q R,  it  will  be  a 
tangent  at  P. 

(102.)  To  find  the  angle  contained  by  the  principal 
supplemental  chords ■* 

Let  the  point  Q (x',  y')  be  the  intersection  of  the 
chords  A Q,  a Q,  and  suppose  the  hyperbola  referred  to 
its  axes  ; then  if  the  equations  to  Q a,  Q A be 

>=•(*+«)■ 

. V = <•'(*  + o'). 

Un  A Q a will  = — ; 

1 -j-  a a' 

b' 

or  since  a a'  = — - , 

©*  * 


tan  AQa  = 


Now 


and 


j'1  — a®* 
therefore  by  substitution  in  (1) 

. ^ 2 a 6* 

tan  AQd  = 


✓ («*  + *)  ’ 

and  since  the  sign  of  this  quantity  is  positive,  the 
angle  is  always  acute. 

Cor.  When  y*  = 0,  tan  AQo=  co,  therefore  the 
angle  is  a right  angle. 

When  y'  = ® , tan  A g a = 0,  therefore  the  angle 
is  = 0 ; hence  the  acute  angle  contained  by  any  two 
supplemental  chords  in  the  hyperbola  may  pass  through 

all  states  of  magnitude  from  0 to  . 

(103.)  To  draw  two  conjugate  diameters  making  a 
given  angle. 

The  analytical  solution  of  the  problem  is  similar  to 
that  for  the  ellipse,  except  that  the  reducing  equation 
will  be  a quadratic  of  the  fourth  degree.  We  shall 
therefore  proceed  to  give  the  geometrical  construction. 


* The  chords  drawn  from  the  vertices  of  thm  transferee  axis  to  any 
point  in  the  hyperbola, are  called  the principal  s^pplrmcntaJ  chords. 
VOL,  !• 


Draw  any  diameter  It  r,  meeting  the  hyperbola  in  Hyperbola. 
R,  r,  and  upon  it  describe  a segment  of  a circle  con- 
taining  an  angle  equal  to  the  given  angle  and  cutting 
the  hyperbola  in  Q,  join  Q R,  Q r,  and  parallel  to  these 
draw  the  diameters  Pp,  Dcf;  these  will  be  the  dia- 
meters required. 

For  being  parallel  to  the  supplemental  chords  Q R, 

Q r,  they  are  conjugate  to  each  other,  and  the  angle 
P C D = R Q r,  and  therefore  equal  the  given  angle. 

The  problem  admits  also,  as  in  the  ellipse,  of  a 
second  solution.  See  Art.  64. 

In  the  case  of  the  ellipse,  the  given  angle  formed  by 
two  conjugate  diameters  must  be  confined  within  cer- 
tain limits,  but  iu  the  hyperbola  no  such  restriction  is 
necessary. 

From  the  principles  already  laid  down,  the  reader 
will  have  no  difficulty  in  adapting  the  miscellaneous  * 
propositions  on  the  ellipse,  ch.  iv.  p.  753,  to  the  case  of 
the  hyperbola. 


CHAPTER  IV. 

ON  THE  ASYMPTOTES  OF  THE  HYPERBOLA. 

It  was  shown  in  Art.  85,  Cor.  2,  that  certain  dia- 
meters of  the  hyperbola  meet  the  curve  only  at  an 
infinite  distance,  and  arc  for  that  reason  termed  Asymp- 
totes. Since  the  asymptotes,  therefore,  pass  through  the 
centre,  and  are  inclined  to  the  transverse  axis  at  an 

angle  whose  tan  = d:  — , their  equation  will  be 


y=±-x. 

(104.)  Let  it  now  be  required  to  find  the  position 
of  the  asymptotes  when  the.  hyperbola  is  referred  to  any 
two  cot  jugate  diameters. 

For  this  purpose  it  is  only  necessary  to  find  the  in- 
tersection of  any  diameter 

y=«* (l.) 

with  the  hyperbola 

- o'*  6*.. ..(2.) 

Eliminating  y between  (1)  and  (2) 

(**••- d*)jP=  <f'b\ 
dtf 


and 


•:-y  = ± 


If*  — a?*  a* 
a!  V a 


Fi*  59. 


Vb‘i  — a*  ac 


Now  so  long  os  b'*  > o'4**®,  or  a < ;fc  the  dia 

o' 

meter  meets  the  curve ; but  when  o = ± the  dia- 

meter  becomes  an  asymptote. 

Hence,  if  through  P the  line  E e be  drawn  equal 
and  parallel  to  D d,  and  C E,  C e be  joined » the  lines 
C E X',  C e Y'  will  be  asymptotes. 

V 


The  equation  to  C X'  is  y *= 

and  that  to  C Y'  is  y = 

5 a 


o'  - 
- b 
d ' 
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Conic  Cor.  1.  Since  E e touches  the  hyperbola  at  P,  it  fol- 
Swtion*.  |owg  |hat  the  part  of  the  tangent  intercepted  by  the 
'■*' asymptotes  is  bisected  nt  the  point. 

Cor.  2.  If  P N,  P ti  be  drawn  parallel  to  C X\  C Y', 
then  since  e P equal  PE,  e N will  equal  N C,  and 
Cn=nK. 

(105.)  The  equation  to  the  asymptotes  may  be 
deduced  from  that  to  the  curve ; for  we  have 

y = ±iL7 yrr^r 

in  which  y is  the  ordinate  to  the  hyperbola,  and  x the 
corresponding  abscissa.  Now  in  tracing  the  figure  of 
the  hyperbole  from  it  sequation,  it  was  shown  that  for 
each  value  of  x,  however  great,  there  are  two  equal 
values  ofy  with  contrary  signs.  IFr  therefore  be  as- 
mimed  infinitely  great,  the  ordinate  to  die  curve  ought 
to  coincide  with  that  to  the  asymptote. 

lienee  in  the  above  equation,  expanding  the  value  of 
y,  we  have 


Let  t =:  ® , therefore  all  the  terms  containing  jj  in 
the  denominator  vanish,  and  we  have 


which  is  the  equation  required, 


(106.)  The  asymptote  may  he  considered  as  a tangent 
to  the  hyperbola  at  a point  infinitely  distant. 

For  the  equation  to  a tangent  at  any  point  (V,  y ')  is 
a^yf  — 6'*  t y = — a!1  h'\ 


y - 


b* 


s'  b* 

y 1 - Y '“  <L> 


Now 


y7  = + - V7**  - a\ 


Suppose  xr  to  be  infinitely  great,  then  a n vanishes  when 
compared  with  ii7*. 


therefore  by  substitution  in  (1)  the  equation  to  the 
tangent,  when  the  point  (x\  y')  is  infinitely  distant, 
becomes 


+ 


afV 

~7' 


</h!  „ 

or  since  —7.  s 0,  • 

x 

V 

* = ± -j*- 

which  is  the  equation  to  the  asymptotes : wheaca  the 
truth  of  the  proposition. 


(107.)  If  any  chord  of  ike  hyperbola  be  produced  to  Hyjwri^Iiu 
m*e<  the  asymptotes,  the  parts  of  it  intercepted  between 
the  curve  and  the  asymptotes  will  be  equal. 

Let  the  chord  Q q be  produced  to  meet  the  asymp-  pu . 59. 
totes  in  R,  r,  to  prove  that  s’ 

QR  = qr. 

Bisect  Q q by  the  diameter  C X,  and  draw  C D con- 
jugate to  it ; then  the  equation  to  the  hyperbola  being 

bf 

y=±-j  - a1* (i.) 

that  to  the  asymptotes  will  be 

, V 

Now  to  the  same  abscissa  C M,  we  have 
MQ=M? 

from  the  first  of  these  equations,  and 
M R = M r 

from  the  second ; 
therefore  by  subtraction 

RQ  = rq, 

as  was  to  be  proved. 

Cor . Hence  PR  . Pr=  (M  R-MP)  (MR  + MP) 

= M R*  - M P% 

but  M R1  = — 

o'* 

and  M P«  = ^ (i*  - a*), 

= 6"  = C D’. 

P R . P r s C D*. 


(108.)  To  find  the  equation  to  the  hyperbola  when 
referred  to  its  asymptotes. 


Let  P be  any  point  whatever  in  the  hyperbola,  join  F>J.  69. 
CP,  and  draw  the  conjugate  diameter  Defy  through 
I*  draw  R P r equal  and  parallel  to  D d,  and  join  C R, 

C r,  which  produce  indefinitely  towards  Y and  X,  then 
C Y,  C X are  asymptotes.  Assuming  these  as  the 
axes  of  coordinate^  it  is  required  to  find  the  equation 
to  the  hyperbola. 

From  P draw  PM.Pm  parallel  to  C Y,  C X,  respec- 
tively, and  let  CM=i,  M P = y,  angle  RCPssS, 

Then  Cr=2CM=9r, 


and  CR  = 2Cm  = 2y, 

Cr . C R = 4 xy . . ..  (1;) 

but  C r . C R sin  2 0 = twice  the  triangle  R C r s 
twice  the  parallelogram  DP 

=r  9 at  V sin  y = 2 a b, 

2a  b 


.CR.Crc 


si  a 2 0* 


hence 


xy=r 


2 ah 


a b 


4 sin  2 0 4 sin  0 cos  0* 


..a> 


Now  tan  B = — • 
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&•  . . sin*  0 

— = tan*  0 = - — - 
ar  cos  0 


sin*  0 


I — sin*  0 
\ 6*  — sin*  0 =:  sin*  0 


and 


+ 6* 


Similarly 


cos  0 2=  ■ 


Va*+&*’ 

therefor*  substituting  in  (1) 

iS'=4T6(°*  + i,)* 

. **  + &■ 

— 4 * 

which  is  the  equation  required. 

(109.)  Having  given  Me  equation  to  the  hyperbola  in 
term*  of  it*  axes,  to  find  the  equation  when  it  is  referred 
to  the  asymptotes. 

F»g,  60.  Let  C X'  be  the  transverse  axis,  C X,  C Y the 
asymptotes,  P any  point  in  the  hyperbola  ; let  foil  the 
perpendicular  P on  C X',  and  draw  P N parallel 
toCY. 

Let  C M = r,  M P = y ; CN=*\  NP=y',  and 
X C Y = 2 0,  it  is  required  from  the  equation  between 
x and  y, 

o*  y*  - 5*x’=  - a'b' (1, 

o deduce  that  between  s'  and  y'. 

From  N and  P,  draw  N m and  P n parallel  to  P M, 
„ and  A M,  respectively. 

Then  y = PM  = Nm—  N it, 

= N C sin  N C m — ^PsinNPft, 
= (NC  - NP)  sin  N Cm, 

= (**  - if)  sin  0. 

In  like  manner, 

x = (y  -f-  jO  ®n  0, 

. . o*y'=  - yO'f '»"’«=  (*>  - yT  r,, 


but  because  these  points  are  in  the  hyperbola,  we  hare  HypeiWa. 
y y*  = m\ 
xTy^m', 

*•  - y y'  = o, 

,.y"=f£ 

;.f-y’  = ^ 


4*  i*  = (s'  + y")'  4'  sin’  0 = (V  + yf)* 


a'\  V’ 


rfy*  — 6*x*  = ^ 


{ (*'  - y')‘  - O'  + yT } 


o*-f  6» 

a*  6’  ... 

= -rf+4»«*Vi 

but  o'  y*  — 4*  x%  = — a*  6*. 

.*.  4 x'y'  = <i*-f-4*, 

. , a*  + 4* 
or  ill's—, 

which  ia  the  equation  required. 

(108.)  The  asymptote*  being  assumed  as  ajcet,  to  find 
the  equation  to  the  tangent  at  a given  point  (x\  if). 

Any  other  point  (a",  y ")  being  taken  in  the  hyper- 
bola near  the  first,  the  equation  to  a line  drawn  through 
(x'»  yO  and  (x\  y1')  is 


. y' 

" e'-ii — p-' 

therefore  by  substitution  in  (l)  the  equation  to  the 
secant  becomes 

v -s' = -•£(*-*'). 

Let  the  point  (r",  y")  be  now  supposed  to  coincide 
wiih  (x,  y ),  then  xf*  = x\  y"  = y\  and  the  secant  be- 
comes a tangent,  therefore  the  equation  to  the  tangent  is 

y - y'  = - (*  — *0- 

Cor.  Multiplying  each  side  by  jrr, 

yy-1'y,=  - •ry'  + y'd' 

+ xy’=  2 x'y', 

= 2 m*. 

(111.)  To  find  the  intersection  of  the  tangent  with  the 
asymptotes. 

The  equation  to  the  tangent  being 
y s'  + xtf  = 2n«* 

Let  the  tangent  cut  the  axis  of  x,  as  at  T, 
then  y = o and  x on  j 

and  when  it  cuts  the  axis  of  y.  as  at  t, 
then  x = o and  y — m , 

Cor.  HeneeCT.Ct  = i^=i2:=4m.. 

x jr  m*  ’ 

4 C T . C ( x sin  T C l = 2 m*  sin  T C t, 
that  is,  area  of  the  friungle  TCI  = 2 m*  sin  T C t. 

In  other  words,  if  the  tangent  at  any  point  be  produced 
the  area  of  the  triangle  ao  cut 

off  will  be  constant. 

(112.)  Haring  given  one  point  in  the  hyperbola,  and 
the  panlion  of  the  asymptotes,  to  find  the  direction  and 
magnitude  of  the  transverse  and  conjugate  diameters. 

Let  C be  the  centre,  C X',  C Y'  the  asymptotes,  and  P Fig.  60. 
the  given  point  in  the  hyperbola. 

1.  To  fiud  the  direction  of  the  axes. 

Bisect  the  angle  X'  C Y'  by  the  line  C X.  and  tho 
angle  X C y , the  supplement  of  the  former,  hy  the  line 
C Y;  then  C X,  C Y will  evidently  be  the  direction  of 
the  transverse  and  conjugate  axes,  respectively. 

2.  To  find  their  magnitude. 

If  the  coordinates  of  the  given  point  P lie  (x',  yf)  wc 
5 u 2 
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CecliooJU 


have 


but 


, . o’  -1-6* 

*y=-  » 

y 

a*  -f*  = 4 x1  (1,) 

± - = Ian  1 X'  C V = tan  0, 
a 

b'  __  gh>*  0 
a * cu*c  0 


or  &*  co 8®  0 = o(  sin"  therefore  substituting  for  6*  its  Hyper'.., >1*. 
value  in  (1) 

(4  y y*  — o")  cos’  0 “ a*  sin*  0 ; 

4 jf  y'  cos* dso1  (sin*  0 -f-  ens* 0 ), 

= «•, 

a = ± 2 cos  0 •>/  j>  yf, 
and  h = ± 2 sin  0 

therefore  their  magnitude  is  found. 
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ON  THE  SECTIONS  OF  THE  CONE. 


Dtf.  Let  C be  a fixt  point  above  the  plane  of  a given 
/ circle  BED,  and  BCZ  an  indefinite  straight  line 
which  always  passes  through  C,  whilst  its  extremity  A 
moves  over  the  circumference  BED;  then  BCZ  will 
describe  by  its  revolution  a solid  figure  called  a cone. 

The  point  C is  called  the  eerier,  the  circle  BED  the 
base,  and  the  line  C O,  which  joins  the  vertex  with  the 
centre  of  the  base,  the  axis  of  the  cone. 

The  coue  is  denominated  a right . or  an  oblique  cone, 
according  as  the  axis  is  at  right  angles  or  Jncliued  to 
the  plane  of  the  base. 

The  surface  of  a cone  is  composed  of  two  similar 
portions,  one  above,  and  the  other  below  the  vertex ; 
each  of  these  portions  is  called  a sheet.* 

It  is  evident  from  the  manner  in  which  a cone  is 
generated,  that  every  section  made  by  a plane  parallel 
to  the  base  is  a circle. 

(113.)  To  find  the  nature  of  the  curve  which  results 
*rom  the  intersection  of  a right  cone  by  a plane . 

Let  A Pjpbe  the  curve  formed  by  the  intersection  of 
a right  cone  by  a plane ; through  the  axis  C O draw  a 
plane  BCD  perpendicular  to  the  given  plane,  then 
their  intersection  will  be  the  straight  line  A a.  In  A a 
take  any  point  M,  through  which  draw  a plane  parallel 
to  the  base,  then  its  intersections  with  the  cone  and  the 
given  plane  will  be,  respectively,  the  circle  NPQand 
the  straight  line  M P,  which  being  perpendiculur  to 
A a and  X Q,  will  be  a common  ordinate  to  both 
curves. 

Assume  An  as  the  axis  of  j,  and  A Y,  at  right  angles 
to  A a,  as  the  axis  of  y,  and  let  A M = x,  M P =s  y ; 
also  take  A C = c,  angle  B C D = a.  and  angle 
C A a = 0. 

Then  ^ a sin  A C a __  sin  * 

A C sin  A a C “ sin  (a  -f-  Of 

. » sin  a 

.'.Aar  — — A 

sin  («  -f-  0) 

. u | i sin  a 

:.  M c = A s - 1 = . ft.) 

8in(a-f-0)  * 

Now,  by  the  property  of  the  circle, 

M P*  or  y*  = N M . M Q ; 

but  NM  = MAlinf^  = J”jl.^Aa 
sin  A N M cos  N C M 

x sin  0 


__  # J 5sin«  1 sin  (a-f-0) . 

“ ' * (sin  (a  j cos^a  ’ 

therefore  by  substitution 

. _ x sin  0 sin  (a  -f-  0 ) { 5 sin  a 1 

^ ~ cos'J  o ’ cos  J a (sin  («  0)  * j * 

sill  0 t > - . , i m .1 

= — { c sin  a . x — sin  (a  -f-  0)  x*  } , 

cos«i«'  v 1 J 

which  is  the  equation  required. 

1.  Let  the  plane  be  parallel  to  C D, 

then  a -f*  0 = v,  therefore  sin  (a  -f  0)  = sin  t = 0 ; 
also  sin  0 = sin  (x  — «)  = sin  «, 
therefore  the  equation  becomes 

b sin*  a 4 5 sin*  A a cos*  A o 

y = — rr  • x — -Sr — “ $sm  o *' 

cos*  £ a COS*  A tt  2 

which  is  the  equation  to  a parabola  whose  lotus  rectum 
= 45  sin*  — . 

If  the  plane  pass  through  the  vertex  of  the  cone,  then 
5 = 0,  and  the  equation  to  the  section  becomes  y*  = 0; 
which  Is  the  equation  to  the  line  C D. 

2.  Let  the  plane  meet  C B and  C D, 

then  « + 0 < x,  and  therefore  sin  (a  -f*  0)  is  positive ; 
therefore  the  equation  to  the  section  is 
sin  0 , . , 

V = <S?4»  { i ®n  a . * - sin  (•  + 0)  *’ } , 

which  is  the  equation  to  the  ellipse. 

Comparing  this  with  the  equation 

y*=  ^ — a-},  or  with 

. 26*  b'  _ 


— or  latus  rectum  = 


JMn  ,c  sin  A a C sin  (a  -f-  0) 

and  M Q = M a . “Ma  --\T> 

sin  M Q a sin  NQc 

• Sheet  it  to  a surface , wlist  braneA  b to  » curve. 


= 25  tan  — sin  9 
_ 5 sin  a 

a — 2 sin  (a  -f-  0)* 

6*  = — . 2 5 tan  — sin  0, 

2 2 

5 sin  a a 

= eT~- — / — t—zz  • ® tan  — sin  0, 

2 sin  (a  + 0)  2 

M sin  0 

— 5*  sin*—  . — .. 

2 sin  (a  -j-  0) 

. r _ • n * / sirt  0 

.*.6  = c sm  — \/  - — - — . 

2 V sm  (a  0) 

If  the  plane  pass  through  the  vertex,  then  5 = 0,  and 
the  equation  becomes 

_ sin  (a  -f  0 ) sin  0 

^ “ ' COS*  A a X* 
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Conic  which  is  the  equation  to  the  point  C,  since  the  equation 
Section*,  can  be  satisfied  only  by  i = 0,  y = 0. 

3.  Let  the  plane  meet  both  sheets  of  the  surface. 
Then  a -f-  0 > v,  and  because  sin  («  + 0 ) is  negative, 
therefore  the  equation  to  the  section  is 

. sin  0 . . . ...  . -v  - » 

^ = ros*~ i a f * ,ln  ° ' * + Sln  ^ ^ t ' 

which  is  the  equation  to  the  hyperbola. 

The  UUum  rectum  and  axes  of  the  hyperbola  may  be 
determined  in  the  same  manner  ns  in  the  ellipse. 

If  the  plane  pass  through  the  vertex,  then  6 = 0,  and 
the  equation  becomes 

. tun  0 

* = rff,  «»C«+»)e. 


hut 


y — ± 


sill  0 sin  (a  + 0) 


also 


sin  (a  4-  0) 

y»  = NM.MQ; 


..  sin  0 
N M = x . 

sin  B 


Cone. 


and  MQ  = Ma,in(j-f  °>. 

sin  («  4-  B) 


y*  = ; 


. **n  Cg  H~  0)  f a sin  a I 

sin  (a  + B)  | sin  («  4"  °)  * » 

sin  0 


cos  £ « 

which  are  the  equations  to  C B,  C 1)  ; hence  the  section 
becomes  in  this  case  the  two  generating  lines  of  the 
cone. 

It  appears,  therefore,  that  If  a right  cone  be  cut  by  a 
plane,  the  section  will  be 

1.  A parabola,  when  the  plane  is  parallel  to  the 
generating  line. 

2.  An  ellipse , when  the  plane  meets  only  one  short 
of  the  cone. 

8.  An  hyperbola,  when  the  plane  meets  both  sheets 
of  the  cone. 

(114.)  To  find  the  nature  of  the  curve  which  results 
from  the  intersection  of  an  oblique  cone  by  a plane. 

Let  A P p he  the  curve  formed  by  the  section  of  an 
oblique  cone  by  a plane. 

Fig.  63.  The  construction  is  the  same  as  before,  excepting 
that  the  line  M P is  no  longer  perpendicular  both  to 
A a and  N Q,  but  only  to  the  latter;  we  shall  assume 
therefore,  as  oblique  axes,  A a and  A Y parallel  to  M P. 

Hence,  as  before,  Aa=  , . .* 

Mn  («  4-  0) 

2 sin  • ... 

Mas  - — ; — — - f (1 ;) 


■ n r '/'“I  i»\  { ^ sin  a . x — sin  (a  4-  0)x*  } , 
sin  B sm  («  -f-  B)  1 

which,  according  as  the  given  plane  is  parallel  to  C D, 
or  meets  one  or  both  sheets  of  the  cone,  is  the  equation 
to  a parabola,  ellipse,  or  hyperbola,  referred  to  oblique 
axes. 

Cor.  To  find  in  what  cases  the  section  »s  a circle. 
Having  put  the  equation  under  the  form 

, _ sin  0 sin  (a  4~  0)  f o sin  u 4 

_ sin  B sin  (a  4-  B)  j sin  (a  4-  0)  X 
it  is  evident  that  the  section  will  be  a circle  when  the 
coefficient 

sin  0 sin  (a  4~  0) 
sinB  sin  («  -f~  B)  “ 

or  «n  0 sin  («  4»  0)  c:  ain  B sin  (a  4-  B), 
or  cos  o — cos  (o  4-  2 0)  = cos  « — cos  (a  4*  2 B), 
cos  (a  4-  2 0)  must  =:  cos  («  4-  2 B), 

«4-20=  *4-2B (1), 

or  = 2 r — (o  4-  2 B) (2.) 

First,  if  a 4~  2 0 — a + 2 B, 

0=rB, 

that  is,  when  the  plane  is  parallel  to  the  base  the 
section  is  a circle. 

Secondly,  if  a4-20=2t  — («  + 2 B), 
2«4-204-2B  = 2t, 
or  *4-0“i-B==»==*‘*«“j-D4-B, 

0 = D; 

hence,  when  the  angle  CAXis  = CDB,the  section 
is  also  a circle.  This  is  called  the  nihcontrory  section 
of  the  cone . 
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PART  I. 


DIFFERENTIAL  CALCULUS. 

Differential  (I.)  I*  the  investigations  of  the  relations  wMch  exist  between  several  quantities,  those  which  are  supposed  to  ^ 
Cilcolua.  retain  the  same  value  are  said  to  be  constant,  and  those  to  which  several  values  may  be  assigned  are  said  to  be 
variable.  The  first  are  usually  represented  by  the  first  letters  of  the  alphabet,  and  the  others  by  the  last.  The 
words  constant  and  variable  arc  also  frequently  used  substantively,  to  express  constant  and  variable  quantities. 

(8.)'  When  variable  quantities  are  so  connected  that  the  value  of  otic  of  them  is  determined  by  the  values 
ascribed  to  the  others,  that  variable  quantity  is  said  to  be  a function  of  the  others.  Thus,  for  instance,  the  sum 
of  the  terms  of  a geometrical  progression  is  a function  of  the  first  term,  of  the  ratio,  and  of  the  number  of  the 
terms.  In  a like  manner,  when  an  equation  subsists  between  several  variable  quantities,  any  one  of  them  is  a 
function  of  all  the  others. 

To  express  in  a general  manner  a function  of  one  or  more  variables,  one  of  the  letters  F 0,  0,  &c.  is  usually 
prefixed  to  the  letters  by  which  the  variables  are  represented,  enclosing  them  at  the  same  time  between  paren- 
theses, and  separating  them,  when  there  are  several,  by  commas.  Thus,  F (x),  0 (x,  y,  *),  signify,  the  first  a 
function  of  the  variable  x,  and  the  second  a function  of  the  three  variables  x,  y,  z.  Another  notation,  also 
employed,  consists  in  placing  simply  the  variable  on  the  right  side  of,  and  a little  below,  the  letter  U,  or  any 
other  Thus,  U#,  Z,  f denote,  the  first  a function  of  x,  and  the  other  a function  of  x and  y. 

(3.)  A function  of  one  or  more  variables  is  said  to  be  explicit,  when  the  operation*,  to  be  performed  on  the 
variables  to  obtain  the  value  of  the  function,  arc  immediately  expressed  by  means  of  algebraical  signs,  or  by 
means  of  notations  previously  defiued.  But  when  the  relation  between  a function  and  the  variables  is  only 
expressed  by  means  of  an  equation,  it  is  said  to  be  an  implicit  function,  as  long  as  the  equation  is  not 
resolved. 

(4.)  Functions  receive  different  denominations,  according  to  the  nature  of  the  operations  which  produce  them. 
Those  which  are  formed  by  means  of  the  operations  of  Algebra,  viz . addition,  subtraction,  multiplication, 
division,  iuvululion,  and  evolution,  ore  called  algebraical  functions:  those  which  contain  variable  exponents  are 
called  exponential  functions  ; they  receive  the  name  of  logarithmic  functions,  when  they  contain  variable  loga- 
rithms ; and  they  are  designated  by  the  name  of  circular  or  trigonometrical  functions,  when  some  of  the  ope- 
rations of  Trigonometry  are  required  to  form  them.  All  those  which  cannot  be  reduced  to  some  of  the  preceding 
are  called  transcendental  junctions, 

(5.)  Algebraical  functions  are  again  divided  into  rational  and  irrational  functions ; the  first  being  those  which 
contain  only  integral  powers  of  the  variables,  and  the  last  containing  fractional  powers  of  the  variables,  or 
radical  quantities,  under  which  the  variables  enter.  An  integral  function  is  a polynom  which  contains  only 
integral  powers  of  the  variable  ; and  the  quotient  of  two  such  functions  is  a fractional  function. 

(6.)  Different  values  of  a function  often  correspond  to  a set  of  values  of  the  variables.  In  the  function 
A (x  — a)4  + B,  for  instance,  two  values  correspond  to  every  value  of  x,  except  to  the  value  x = a ; In  the 
function  log.  x,  an  infinite  number  of  values  correspond  to  every  value  of  x,  one  of  which  is  real,  and  all  the 
others  imaginary,  when  x is  a positive  quantity  ; and  all  of  which  are  imaginary,  when  x is  negative.  Hie  arc 
being  considered  os  a function  of  its  sine,  is  another  instance  in  which,  to  every  value  of  the  variable,  corresponds 
an  infinite  number  of  values  of  the  function,  but  in  this  case  all  the  values  are  real. 

In  establishing  any  conclusion  with  respect  to  any  particular  function,  H is  always  necessary  to  examine  whether 
it  is  true  for  every  value  of  the  function,  and  if  not  to  state  for  which  of  the  values  it  obtains. 

(7.)  When  a function  of  one  variable  f(x)  takes  a single  and  finite  value  for  every  value  of  x equal  to  or  greater 
than  a,  but  less  than,  or,  at  most,  equat  to  b ; and  that,  at  the  same  time,  for  every  value  of  x between  these  limits, 
the  difference  / (x  + A)  — f (x)  may  be  made  less  than  any  assignable  quantity,  by  taking  A sufficiently  small, 
f (x)  is  said  to  be  a continuous  function,  between  tlie  limits  a and  b. 

A function  is  also  said  to  be  continuous  for  values  differing  bat  little  from  n particular  value  a , when  it  is 
continuous  between  two  limits,  nearly  equal,  the  one  greater  and  the  other  lass  than  a. 

(8.)  A quantity  A is  said  to  be  the  limit  of  a function  of  one  variable  x,  when  the  values  of  that  function 
corresponding  to  a series  of  increasing  or  decreasing  values  of  the  variable,  continually  approach  to  A.  and 
that  a value  of  x may  always  be  assigned  such  as  to  make  the  difference  between  the  limit  and  the  function  less 
than  any  given  quantity. 

The  function  A + Bx,  for  instance,  has  obviously  for  its  limit  A,  for  decreasing  values  of  x ; and  A + -5. 
bas  the  same  limit,  for  increasing  values  of  the  variable.  * 
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Diflen,:  »l  It  is  not  always  easy  to  find  the  limit*  of  a given  function  of  x,  but  various  simple  remains  frequently 
Caleulu*.  facilitate  their  determination.  If  for  every  value  assigned  .to  x,  for  instance,  the  value  of  f (x)  is  always  ' 
included  between  the  corresponding  values  of  two  other  functions  of  the  same  variable,  which  have  for  their 
common  limit  A,  it  is  evident  that  A will  equally  be  the  limit  of  f (x.) 

It  follows  also  from  4he  al»ove  definition,  that  if  A and  1)  rejwesent  the  limits  of  two  function*  of  x,  theu 

A + R,  A — B,  A B,  will  respectively  be  the  limits  of  the  sum,  the  difference,  the  product,  or  the  quotient 

of  the  two  functions. 

(9.)  AH  functions  can  undergo,  without  changing  their  values,  an  infinite  number  of  transformation* ; from  the 
enmpariaon  of  some  of  which  their  properties  arise.  When  they  are  transformed  in  a finite  or  an  infinite  series  of 
terms  connected  together  by  a certain  law,  they  are  said  to  be  developed,  and  the  series  is  called  the  dcvelnpcmcnt 
of  the  function.  Among  the  various  developements  of  a function,  that  which  proceeds  according  to  the  powers  of 
the  variable  has  been  most  considered,  and  appears  to  be  of  a greater  importance  than  any  other. 

The  binomial  theorem,  demonstrated  in  Algebra,  furnishes  example*  of  finite  and  infinite  developements  of 
function*  according  to  the  power*  of  n variable. 

In  order  to  render  (he  nature  and  object  of  the  Differentiar  and  Integral  Calculus  better  understood,  we 
shall  begin  by  demonstrating  the  following  theorem,  relative  to  the  transformation  or  dcveloprment  of  a 
function  of  the  sum  of  two  variables  into  a series  of  terms  containing  the  successive  powers  of  one  of  them. 

(10.)  Let  u represent  any  function  of  x,  and  u' t chat  that  function  becomes  when  in  it  x is  changed  into 
x-f  h.  Then,  provided  x remains  an  indeterminate  quantity,  u'  may  always  be  developed  in  a series  of  the 
following  forms ; 

u p h + Q A«  + R A*  + 8 A*  + Ac. 
where  P,  Q,  R,  S,  Ac.  do  not  contain  h. 

Let  u*  first  suppose  =:  N -f“  P A*  -f-  Q h*  -f-  R hT  + S A*  -f*  Ac*  • • • • • (<*,) 

N,  P,  Q,  R,  S,  Ac.  being  unknown  function*  of  x,  and  «,  & »•/,  3,  Ac.  indeterminate  exponent*,  arranged  in 
ascending  order. 

It  is  first  obvious  that  all  these  exponents  must  be  positive ; for  if  any  of  them  were  negative,  the  supposition 
A = 0 would  render  u infinite,  while  by  that  hypothesis  it  become*  equal  to  «.  The  supposition  of  h = 0,  in 
both  sides  of  equation  (a.)  proves  now  that  N = u,  since  it  makes  the  left  side  equal  to  v,  and  the  other  equal 
lo  N.  The  equation  (1)  will  therefore  have  the  form 

u'=  u + PA*  + Q A'  + RA’  + S A4  + Ac. . (A.) 

Let  us  now  change  A into  A -f  k,  and  let  w"  represent  what  t/'  becomes  by  that  substitution,  we  shall  have 
uw=  u + P (A -f-  ky  + Q (A  + k)$  + R (A  -M)T  + S (A  + *)'+** c. . . ,(c.) 

But  if  in  equation  (2)  we  change  x into  x + k , u'  will  also  become  equal  to  uM  ; for  the  result  of  this  substitution 
will  be  again  the  same  function  of  t ■+•  A + k,  as  u is  of  x.  The  quantities  u,  P,  Q,  Ac.  which  are  functions 
of  x,  will  become  functions  of  x -f-  k ; and  we  may  represent  their  developements  according  to  the  power*  of  this 
I st  quantity  respectively  by 

« + P A*  -j-  Ac. 

P+Pi-’+  Ac. 

Q + Q'A^-f  Ac. 

R + R'  -f-  Ac. 

&c. 

The  first  dilicring  only  in  the  development  of  u!  iu  equation  (4)  by  the  change  of  t for  A.  Thus  by  the  sub- 
stitution of  r 4-  A for  A in  equation  (4)  we  shall  have 

«"  = » + PA- + Q A' + HA’  + SA'44c. 

+ PA*  + !*■*■•  A-  +Q'A--A'+R'*-~A’  + S'*-~A‘  + &c.  t...  (i) 

4 4c.  4 &c.  + &e.  -f  4c.  + 4c.  J 

The  two  values  we  have  obtained  for  n*.  must  be  equal ; let  us  first  compare  them  in  the  supposition  of  A = A, 
where  thev  become  respectively 

u"  = u + P 2*A-rf  Q 2’ A'  + &c. 

«"=  u + P A-  + QA1  + RA’+  S A'  + 4c. 

4 P h‘  + P' A*+*'  + Q'A'+-'  + 4c. 

4 &c.  4 4c.  4 4c. 

And  these  cannot  be  equal  unless  the  terms  which  multiply  the  same  pomr  of  A be  separately  equal  to  each 
other,  since  the  equality  must  subsist,  A remaining  an  indeterminate  quantity.  >>c  shall  have,  consequently, 

P . 2*  = 2 P,  hence  2*  s=  2,  2**‘  = 1,  and  a ss  1. 

The  equation  ('>)  will  thus  become, 

«'  = « -j-  P A -f-  Q A*  -f*  H A*  + S A7  -j-  Ac 
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Differentia]  and  therefore  the  second  term  of  the  devrlopenient  of  any  function  u'  of  the  sum  of  two  variables , according  to 
Calculus,  the  powers  of  one  of  them,  contains  the  first  power  of  that  variable.  > 

v— "v-*-''  (U4)  The  immediate  consequence  of  this  proposition  is,  thnt  the  exponents  a',  a*  a**,  Ac.  are  each  equal 

to  unity. 

This  understood,  the  equations  (c)  and  (d)  will  become  respectively, 
a*-:  u-f  PA-f  QA'-f-  RA»-f  S A'  + &c. 

-f  p k -f.  q Q A'-‘  k -f  7 R h'-'  k -f- 1 S A'-'  k -f  Ac. 

-f-  Ac. 

u"  = n + P h -f-  Q A'  -j-  R hr  + S h*  -f-  Ac. 

-f  P k + FA  h + Q'  A'*  + R'  A’*  -+  8'**  k + Ac. 

-J-  Ac. 

The  first  lines  of  these  two  values  of  u”  are  the  same;  the  second  lines  are  composed  of  all  the  terms  which 
contain  the  first  power  of  k,  they  must  consequently  be  equal.  Dividing  each  of  these  lines  by  k , and  suppress- 
ing P,  which  is  common  to  both,  we  shall  have  the  following  equation, 

0QV«-f-7RA’-‘  + iSA-»  + Ac.  e FA  + O' A*  + R'  AT  + S'  A4  + Ac. 

In  both  sides  of  which  the  exponents  of  A being  in  ascending  order,  the  terms  of  the  same  rank  must  be  equal 
to  one  another,  and  therefore  we  shall  have 

£QA'-*  = FA,  7 RA’"1  = Q'A*t  *SA'-*-S'A',  Ac. 


From  which  we  get 


£ = 2,  7 = 3,  o = 4,  Ac. 


q = 4.u  = 


Q'  _ S' 

T.  s = — . ic. 


Substituting  the  values  of  the  exponents,  the  equation  (2)  becomes 

u'=i*  + PA+QA*-fRA3-fSA«-fAc (7.) 

which  proves  the  theorem  stated  (10,)  and  shows,  moreover,  from  the  above  values  of  Q,  R,  S,  that  Q is  equal 
to  half  the  coefficient  of  the  second  term  of  the  developement  according  to  the  powers  of  A,  of  what  the 
function  represented  by  P becomes  when  x is  changed  into  x + A ; that  11  is  equal  to  the  third  of  the  coefficient 
of  ihe  second  term  of  the  developement  according  to  the  power  of  A.  of  what  the  function  represented  by  Q 
becomes  when  x is  changed  into  x -f-  A,  Ac. 

We  are  indebted  for  this  very  important  theorem  to  Dr.  Brook  Taylor.  We  shall  soon  see  with  what  elegance 
it  may  be  analytically  expressed  by  means  of  some  notations  we  shall  now  proceed  to  explain. 

(12.)  The  difference  u'  — u between  any  function  of  one  variable  x represented  by  u,  and  the  value  u'  assirmed 
by  that  function  when  in  it  x is  changed  into  x + h,  is  called  the  difference  of  the  fit  net  ion  u,  and  is  reprerenlcd 
by  A u.  So  that,  according  to  what  precedes, 

A u = P A + Q A»  + R A*  + S h*  + Ac. 

The  first  term  P A of  this  difference  is  the  diffebsntial  of  the  function  u,  and  is  designated  by  d u.  Thus 

dti=  PA. 

According  to  these  notations  we  shall  have  A x = A and  dx  — h,  since  A is  at  the  same  time  the  whole  difference 
between  the  function  x and  x -f-  A,  and  the  first  term  of  that  difference. 

The  coefficient  of  h in  the  differential  of  a function , or  the  coefficient  of  h in  the  first  term  of  the  develope- 
ment of  the  difference,  is  called  the  differential  coefficient  of  that  function . It  is  therefore  equal  to  — or 

A 

— ,l-t  since  A and  dx  represent  the  Barne  quantity.  This  understood,  equation  (7)  may  already  be  written  in  the 
a x 

following  manner, 


(13.)  The  differential  coefficient  • 


• of  a function  of  x is  geuerally  another  function  of  x,  which  has  al  so  i 


differential  and  a differential  coefficient.  By  means  of  the  agreed  notations  they  will  respectively  be  represented 
• , d. 

d u d x d*  u 

by  d . — ; — and - — . It  has  been  agreed  upon  to  write  the  first  — — , and  consequently  the  second 

ax  ax  ax 

d*  u 

-j—j-.  It  should  be  remembered,  (bat  in  theseexpressions the  figure  2 placed  a little  above  d is  not  an  exponent, 

but  only  indicates  the  differential  of  a differential ; and  that  d j*  does  not  signify  the  differential  of  x*,  but  the 
d®  u 

square  of  d x.  The  function  or  the  differential  coefficient  of  the  differential  coefficient  of  the  function  «, 

a x 

is  called  the  second  differential  coefficient  of  that  function.  It  has  also  a differential,  and  differential  coefficient, 
vol.  i.  5 ii 
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which  will  be  expressed  bv  d . “ "«  and  " ' ■“ , or  in  lifting  the  preceding  notation  by  ■“  ■ , and  ° “ . 

a t1  d x d Jr  d xy 

This  last  quantity  is  the  third  differential  coefficient. 

It  is  now  easy  to  understand  what  is  mount  by  the  fourth,  Ac.  or  generally  by  the  nu  differential  coefficient  of 
the  function  u,  and  that  they  inay  be  represented  by 


(14.)  We  may  now  make  use  of  these  notations,  to  express  more  simply  the  developement  of  the  dif- 
ference of  the  function  u.  It  is  plain  from  the  relations  we  have  found  between  the  successive  coefficients 
P,  Q,  R,  &c.  of  that  developement,  that 


and  consequently  that 


du  . d*  u h* 

~d7  1 ^dx?  1.2  + 


d*  u A* 
~dxr  1 . 2 .3 


8=  p-.&c. 

dx* 


h* 

1 .2.3. 4 


This  may  still  receive  another  form,  by  substituting  d x for  k , and  writing  r<  in  the  left  aide  of  the  equation.  It 
becomes  then 

J k d U . U . <**  U . a. 

+ TTaTT  + **• 

which  expresses  the  difference  of  a function  by  menus  of  its  successive  differentials. 

(lb.)  The  solutions  of  a great  many  important  and  interesting  questions  have  been  found  to  depend  upon  the 
differential  coefficient*  of  functions.  This  has  given  rise  to  n separate  branch  of  Analysis,  the  object  of  which 
is,  first,  to  show  how  the  differential  coefficients  of  functions  may  he  obtained  ; and.  secondly,  how,  from  the 
knowledge  of  the  differential  coefficients,  or  from  known  relations  between  the  functions  and  their  differential 
coefficients,  the  values  of  these  functions  may  be  determined.  The  methods  hitherto  discovered  to  resolve  the 
different  cases  of  this  double  problem,  constitute  ike  Differential  and  Integral  Calculus. 

To  obtain  the  value  of  the  differential  coefficients,  various  consideration*  have  been  used  ; sometimes  that  of 
the  rate  of  increase  of  functions  for  increasing  values  of  the  variables ; sometimes  that  of  limits,  Ac.  Each  of 
these  views  may  be  employed  exclusively,  to  establish  the  principles  of  the  differential  calculus;  and  hence  have 
arisen  the  divers  methods  which  hare  been  proposed,  each  possessing  some  advantage  in  particular  cases,  but  all 
arriving  at  the  same  end,  though  by  different  means. 

(16.)  From  what  has  already  been  stated,  we  may  deduce  a general  method  to  find  the  differential  coefficient 
of  any  explicit  function.  It  will  be  sufficient  to  substitute  for  x in  the  function,  then  to  develope 

according  to  the  powers  of  A,  and  the  coefficient  of  the  first  power  of  that  letter  will  be  the  quantity  required. 
If,  therefore,  wc  knew  how  to  find  the  developement  of  every  such  function,  the  problem  of  the  differentiation  of 
explicit  functions  would  present  no  difficulties.  When  this  cannot  be  done  easily,  the  value  of  the  differential 
coefficient  may  be  determined  by  means  of  the  following  proposition. 

(17.)  Wc  have  found 

j du  d?  nh'  ePu  h * 

lf  w*  — udu.d,vh,d?uht 

The  right  side  of  this  equation  has  obviously  for  limit  (8),  therefore  is  also  the  limit  of  the  left  side. 

ax  ax 

Thus,  the  differential  coefficient  — - of  any  function  v it  equal  to  the  limit  of  the  ratio  between  id  — u or  ike 

difference  of  the  function t,  and  h or  the  difference  of  the  variable. 

Wc  shall  now  proceed  to  the  investigation  of  the  value  of  the  differential  coefficient  of  the  various  explicit 
functions  of  one  variable. 

(18.)  The  differential  coefficient  of  H-f  A,  A being  any  constant  quantity,  and  u any  function  of  x it  the 
tame  at  the  differential  cofficieni  of  u ; and  the  differential  coefficient  of  A u it  equal  to  the  dfferentiat 
coefficient  of  u multiplied  by  A. 

If  in  u we  chunge  x into  x + A,  we  shall  have 

, du  , d‘  u h ' 

“ =u  + i-x*  + iiim  + &c- 
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DiffemiUl  Consequently  the  developcments  of  what  the  functions  u + A become,  and  A u,  when  in  them  x + A is 
Calculii*.  substituted  lor  x will  be 

d u if1  u h* 

' « + A + ^=A  + — — +&«. 

1 ‘ d X 


d 1*  l.  2 
Ad*u  A« 


a«  + a^a+  di,  K4 


+ &c. 


(f  u du 

And  since  the  coefficient  of  the  first  power  of  A in  the  first  is  and  in  the  second  A wc  shall 
have 

d (*c  + A) d u d A it  __  A d u 

dx 


dx 


= and  - 
dx  di 


(19.)  When  <ir>o  function*  of  the  same  variable  are  equal,  their  differential  coefficient s are  also  equal. 

Let  » and  c be  two  equal  functions  of  x.  If  in  each  we  change  x into  x -f-  h,  and  represent  by  ur  and  x?  the 
results  of  this  substitution,  we  shall  have  u'  = t/.  But,  by  Taylor’s  Theorem, 

:-f-  *c. 


, , du  s , <?u  h*  . . , J 

u — “+  • A + J~i  • — | + *«•' “d  »* 1 


Hence 


dx 

d u 


'*  + S*  + J*  1.2 


A* 


_ (P  u A®  # d o d1  c .. 

« + ■ A + — — + Ac.  rr  r -f-  “ . A -f-  ——  . — + Ac. 

dx  dx*  1.2  dx  dx*  1 . 2 1 


but  use,  and  as  A remains  indeterminate,  the  coefficients  of  the  terms  which  contain  the  same  power  of  that 
quantity  in  both  sides  of  the  equation  must  consequently  be  equal.  Therefore 

du  _ do 

dx”*d/ 


d»w  d:v 
di*  - dx*  *C 


(20.)  The  reciprocal  of  this  proposition  is  not  true,  that  is  to  say.  that  from  the  equality  between  the 
differential  coefficients  of  the  same  rank,  of  two  functions  of  the  same  variable,  we  cannot  infer  the  equality  of 
, d*u  d*  t> 

the  functions.  If,  for  instance,  — = — » it  will  result,  it  is  true,  from  the  preceding  proposition  that 
or  dx5 

d*  u d*  o 

— = , and,  consequently,  that  in  the  developemcnts  of  u and  t/  all  the  terms,  beginning  with  the  fourth, 

ax*  d x* 

are  equal  to  each  other ; but  we  cannot  say  any  thing  about  the  equality  of  the  preceding  terms,  and,  con- 
sequently, about  that  of  u and  r.  We  shall  be  able,  hereafter,  to  give  the  form  of  their  difference. 

(21.)  The  differential  coefficients  of  a function,  composed  of  the  sum  or  difference  of  several  functions  cf  the 
same  variable ; is  equal  to  the  sum  or  difference  of  the  differential  coefficients  of  these  fi  fictions. 

Let  « = y.  -f-  y,  — *i  — *r  «,  y,»  y,.  a*,  being  functions  of  x.  If  for  x wc  substitute  x + A,  and  desig- 

nate by  u\  y, , &c.  what  these  different  functions  become,  we  shall  have 


and  by  Taylor’s  theorem 


i d u d'  u A* 

«'  = » + 5— .A  + j-3  - — r,  + Ac. 

d x dX*  l . 2 


Slc. 


Ac. 


Therefore 


du  d*  U 

« + — .A+; 


A* 


Ac. 


+ Ac.=y,  + ^.  A 4 


rf’.V, 


, + tc. 


+j'*  + d/i •*  + J?  • izg+4c- 

rfs,  <f», 

- - 3—  • * - T3  • t— s - Ac. 

dx  rfi*  1 .2 


had,  consequently, 


*■  57* 


A* 

1 .1 

A* 

1 .1 

A« 

<ti>  ‘ 1.2 


<Pj, 


— 4e. 


— — ill  | dy« 

dx  dx  dx 


dj, 

dx 


d_*« 

dx  * 


5b  2 
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* * _ £»■  , <?v> 

dx>~  dx’~rT? 


Ac. 


Ac. 


dx*  " dx*’ 
Ac. 


(22.)  TAe  differential  coefficient  of  the  product  of  two  function*  of  the  name  variable,  is  equal  tc  the  rum  of  the 
products  of  each  of  them  by  the  differential  coefficient  of  the  other. 

Let  u — y,  yv  wo  shuR  have  u'  = y*  y,\  but 

i . d w , d*  is  A*  , . 

U =«+  5^-*  + ^ • — ,+  4c- 


_<*y, 

dr 


tlx 

ds* 


k' 

1.2 


»'-*+5f-*+&-o+“ 


Multiplying  the  two  last  equations,  it  is  easy  to  see  that  in  the  product  of  the  two  right  sides,  the  coefficient  of 
the  first  power  of  h will  be 

„ ih  + y i*. 

*'  dx^*'di' 

and  since  this  product  is  equal  to  the  developement  of  it',  h remaining  an  indeterminate  quantity,  we  shall  have 

du  dy,  dy, 

If  we  suppose  u to  be  the  product  of  three  functions  y,,  yt,  y,.  the  preceding  proposition  will  give 

du  dy9y,  , dy, 

di=*-d7  +*'V‘Tx- 


but  ... 

Hence  by  substitution 

and,  generally,  if  it  = y,  y,y,  . 


rfy.y.  _ „ iE>  x . 

dx  ~y'  dx  + y*<**‘ 

<<  “ rfy.  . <J  y,  - d y, 

^ = yly.J7  + y.y.77+y.y.77. 


d u 


• y.^+y.y. 


i&H—.y.y,.. 


y>  dx 


dVm 

dx‘ 


This  equation  and  the  preceding  ones  may  receive  another  form,  by  dividing  both  sides  by  u.  The  last  becomes 
then 

_L  15  = i-  tli  [ 1 rfy»  | . 1 dy. 

u dx  y,  dx  y,  dx  y.  dx* 

(23.)  The  differential  coefficient  of  a fraction  whose  mtmerator  and  denominator  are  functions  of  the  same 
variable,  is  equal  to  the  demminator  multiplied  by  the  differential  coefficient  of  the  numerator,  less  the  product 
of  the  numerator  by  that  differential  coefficient  of  the  denominator,  the  whole  divided  by  the  square  of  the 
denominator. 

Let  tt  = — , where  y , and  x,  are  functions  of  r.  Multiplying  both  sides  by  x,,  we  shall  have  u z,  = y,, 

, dux.  dy.  . dux,  dz.  d u udz.  , du  d y.  _ . 

consequently  — ■- ' — but  y~-  = w — + z,  — therefore  — — ■ -4-  r,  — = and  hence 


d x 


' d x 
d z 


d u _ 
dx  ' 


dy, 

dx  “ dx 


d x 
dVx 


1 dx  d x 


* d x 


- y, 


d 

*57 


dx 


Ihis  last  value  may  be  written  under  another  form  by  multiplying  and  dividing  it  by  — . It  then  becoix 


d.  zs 

h 1l  j 1 til _ i ?_1*\ 

dx  *•  t y,  * d x s,  ‘ d x ) * 
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d- 


dx 


' If  the  numerator  ig  constant,  equal  to  a for  instance,  then  — =:  — - _ 

d x z* 

(24.)  If  u is  a function  of  y,  and  y a function  of  x,  then  the  differential  coefficient  of  u considered  as  a 
function  of  x,  is  equal  to  the  differential  coefficient  of  u considered  as  a function  of  y,  multiplied  by  the 
differential  coefficient  of  y considered  a s a function  of  x. 

Let  u = F (y),  and  y~f  (x).  To  prove  the  troth  of  this  proposition,  we  must  show  that  when  x is  changed 
into  x + A,  the  develqpemcnt  of  the  corresponding  value  of  u according  to  the  powers  of  h,  has  for  the  coefli* 

went  of  the  first  power  of  that  quantity  ^ In  that  supposition  let  o'  be  what  y becomes, 

ay  a x 

y'  = /(,  + A)=y  + g + + 

d y <t*  y A1 

k*1  -4  j • * ~h  J *c  > ,*le  inetease  of  y corresponding:  to  the  aubatitution  of  * -f-  A (or  *,  be 

represented  by  k.  Then  if  we  change  in  the  function  u,  y into  y + A,  we  shall  hare  the  Talue  of  that  function 
corresponding  to  x + A.  Let  u'  he  this  value 


-'-vo  + o-.  + g. *+££  + *. 


It  ia  eaay  to  see,  now,  that  if  we  substitute  in  this  derelopement  for  k its  value  . h -I-  ^ JIL  -J.  ftc.,  the 

only  term  which  will  contain  the  first  power  of  A will  be  — . il.  Therefore 

ay  dx 

d u d u dy 

d x “ dy  ’ d x* 

When  u U a function  of  y,  reciprocally  y may  be  considered  as  a function  of  ■/,  and  an  immediate  consequence 
of  the  proposition  just  demonstrated  is.  that  the  product  of  the  differential  coefficient  of  u considered  as  a func- 
tion o/y,  Ay  the  differential  coefficient  of  y considered  as  a function  ofu,  is  equal  to  unity. 

(3b.)  The  differential  coefficient  of  the  function  a a”  -f  A u espial  to  m a jf~‘,  fir  every  value  of  m,  positioc  or 
negative,  integral  or  fractional.  * 9 J r 

This  results  evidently  from  the  binomial  theorem  demonstrated  in  Algebra.  For  if  we  change  x into  fj  -4-  At 
in  the  function  wc  shall  have  by  that  theorem  1 * 

“(■»  + *)”  + l = «f  + l-f  ms *“** A + m (m  - l)a— 1 + Ac., 


a derelopement  in  which  the  coefficient  of  the  first  power  of  A is  equal  to  m si"-',  Therefore  if  we  suppose 
» = os'+i,»t  shall  have  1 ‘ 

d u di  u m (m  — 1) 

dx  ’da*  1.8  **•*• 

»l*m  _ m (m  - 1)  (m  - 8) (m  - n + 1) 


df  1.8 


a a*". 


If  m he  un  integer,  it  ia  obvious,  from  these  formula;,  that  the  m“  differential  coefficient  will  be  equal  to  a, 
and,  consequently,  all  those  of  a higher  order  equal  to  nothing. 

It  will  be  easy,  by  means  of  the  preceding  rule,  to  find  the  differential  coefficient*  of  every  algebraical  func- 
tion of  one  variable.  We  shall  apply  it  to  a few  examples. 

Example  1.  Let  ti  = ^(a-f&jr-fcx,  + Ac.)*.  Assume  o*f  Jx  + cr’  + Ac.  =:  zt  then  u zs  7/zm  = j*, 

r, = * + 8 •* + **■  - 7. = 7 • Bu* ™drx=ddi-  dV 

d u m £.■ 

•j—  = — »•  (6  -f-  2 c x + Ac.)  ; or  in  substituting  for  z its  value 

4 x n 


If  m =s  I,  n = % 


= -^  (»  + 2c*+  Ac.)  V (a  + Ax+ex*  + 4e.)— . 

du_  (A-f-2cr-f- Ac.) 

dx~  SVfa-f-Ax-fca'-f&c.y 
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Example  2.  Lei  «=(a  + ix-f*  **)■  (o'  + V x -f-  d r*)\ 

Ulcri--  We  shal|  hlte  by  (22,) 

— =<«+»*+  e*T.  (-(«'  + &*  + <'**). yj 

Bat, 

dja'  + l/i  + <gV_B  (y+8  Si)  (a'+V  x+dx")-‘  and  f- <*  + 6/tl^>T-m  (4+*CJ)  ex*)"-1 

dx  a-* 

substituting  ^ 

^ = (a+4x  + cjT-'  (a’  + ft'.r  + o'x*)—  { (V  + *«'')  (a  + ix  + c*) + (»  + *«  *)  (a'  + Vx  + «'**)>. 
d x 

(a  + b x-f-  <***)" 

Exempt'S.  Lxt  “=  H+blx'+d*? 

we  »lmll  find,  ill  applying  the  rule  given  (22.) 

J«  (a  +■  ir+ei*)-1  { (V  + tdx)  <«  + »x+ex*)  + (& -f  2cx)  (o' + V * + dx*)  } 

(<■  (fl'  + Vi+c'x>)-  + ‘ 

Example  4.  Let  u = y/jo  — + V (c»  - x*)  j . Anume  o - ^ (c*  — x*)  = y;  then 

1 . . , du  3 .1 

u — v'5*  ~ y ‘ . and  therefore  ™ = — *, 

fly  4 x 


l*y_ 

d x 

t 


rf(a"^+V(e‘"r,)) 


d x 


d x 


dtf|£-jr*) 
d z ’ 


* s/x  d 6 x~«  __  1 , _j  _ — 6 

dz  ~~  dx  ~ 2 * ““  *x  */ 


- 2x 


d(/^x;)  = d(e,-xQ.  1_  _ -J  _ 

dx  dx  3 1 1 3 V(.i*-X«)-' 

d ti  du  d v 

And  since  =*  — . we  shall  hare,  by  substitution, 

3 6 2x 

d u 

d~. 


2 x */x  3 V(c*  - x*)* 


,x  4 ^{“-TT+^-^r 


Wc  shall  give  two  more  cxumplcs,  in  which  we  propose  to  find  the  second,  third,  and  differential  coefficients 
as  well  as  the  first. 

Example  5.  Let  v^a-j-bx+cx9  + d x* -f-.  * «...  t xT,  then 

= 6 + 2cx  + 8dx*  + m 

a x 

=2c  + 2.3rfx+ ,.m(m~  I)  x~«, 

~ = 2. 3d  + w (m-  1)  (m  - 2Jx— , 


-y~-  j=  m (nt  — 1)  (m  — 2) 1. 

Example  6.  Let  u = (a  -j-  6x-J-  ff1)',  and  let  it  be  required  to  find  the  n4*  differential  coefficient  of  ti. 

Instead  of  calculating  successively  the  first,  second,  third,  and  differential  coefficients,  it  is  obvious  from 
Taylor’s  theorem,  thdt  we  shall  obtain  the  7t’A  differential  coefficient  at  once  ; if,  after  having  substituted  x-f-  h 
for  x in  the  function  u,  we  can  find  the  coefficient  of  A"  in  the  developement  For  it  will  be  sufficient  to  multiply 
it  by  1 . 2 . 8. ...  n to  have  the  value  of  the  n,k  differential  coefficient  The  result  of  the  substitution  of  (x  4“ 
for  x in  «,  gives  u4s=(a-f&,ar  + 6A-f-c,r,  + 2cxA  + c A*)'. 

Assume  a-f-6x-f-cjr*  = />,  and  b + 2 c x = g, 
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Di*n»<w  then  «'  = 0>  + V A + c **)'. 

Calculus,  and  by  the  binomial  theorem 

V— *'=(p+gA)'  + Y*  (p  -f  ? *)r“l  c **  H — 2 “ 0*  + f *)r"B  A4  + ^ |"  g~3 "(?+7*)r""  ^ + *c. 

If  we  develope  now  the  powers  of  (p  -+■  9 A)  which  are  indicated  in  this  aeries,  and  collect  aftetwards  under 
the  same  coefficient,  the  terms  which  contain  the  same  power  of  A,  we  shall  have  the  developement  of  tc ' accord- 
ing to  the  powers  of  that  letter.  But  since  wc  only  waul  the  coefficient  of  A",  it  will  be  sufficient  to  calculate 
the  coefficient  of  A*  in  the  developement  of  (p  -f-  q A)r;  that  of  A"“*  in  the  developeouent  of  (p  4 q A)r“l,  since 
that  hinomial  in  the  above  series  i»  multiplied  by  Aa;  that  of  A"“4  in  the  developement  of  (p  4-  q A)r'*,  &c. 
These  coefficients  are  respectively. 


I . 2 . 3. , 

(r-l)(r-2)  ... 

....  (r-n  + 2) 

1.2.3 

. . . « - 2 

(r  - 2)  (r  - 8)  . . . 

(r  - » + 8) 

1.2.3 

,...#»  — 4 

&c. 

P 

<T\ 

pf-*+*  tf"4. 


Hence  the  value  of  the  coefficient  of  A*  in  the  developement  of  will  be  the  sum  of  these  quantities,  which 
being  multiplied  by  I . 2 . 8.  ...  ft  w ill  give 

— - - r (r- 1 ) (r-  2). . (i— n + 1)  p'"  <j*f  1 + ■ ~ 'V  -lg  + ~ 3) 

di’  /l  r — • + 1 ,1.2(r  — n + l)(r— n+2)  f I 

, «("  - •)("  — 2)  (»  — 4)  (n  -*)  (n  — 5)  <*p>  . f 

‘r  1.2.S(r-«+  l)(r-»  + 2)(r-n  + S)  7“  + J 

{jp  |4 

The  value  of  may  be  put  under  a simpler  form,  which  it  will  not  be  useless  to  give  here,  as  an  example 
of  analytical  transformation. 

Wc  have,  first,  u'r=(p  + gA-fc  A*)r  =r  p'^l  + A + “J~T  ^ • 

But  p = a 4-  A*  -}-  <?■**.  hence  4 p c =:  4«c-j-4Acjr  + 4cl«r,i 

q t=  6 -f-  2 c x,  hcncc  <f  zz  6*  + 4 b c v -f-  4 c*  x\ 
therefore  4 p c --  9*  = 4 a c — 6*.  Assume  iac-i’rt'  then  4 p c =:  7*  -f. 

substituting  in  the  value  of  tf*,  we  shall  have 

- *(*  + T7  * + • *’) “ pr  {(*+  2V)' + 177  *’}• 

Hence 

•'='!(,+!-7  *)'+ tC  * h *r  5?  * ^ o+r,  *rss + 

o+**r*5-+*4 

Developing  each  of  the  binomials,  collecting  the  terms  which  multiply  A*,  and  multiplying  their  aggregate  by 
1 . 2 . 3.  ...  ft,  we  shall  have 

1 (2r(2r-l)..<3r-n-H)  9"  r(2r  - 2)  (2r - 3). . (2r  - n + 1)  g'  ' f T 

dr  1.2 « 2*p“  1.2 n — 2 2 4 pc  [ 

, f . (r  — 1)  (9r-4)(2r-S)..,.(2r-»  + l)  9—  e*  , _ Y 


1 .2.3 » - 4 


2-  . p- 4 4*  p* 


This  value  may  be  written  in  the  following  manner, 
dmu  . ^ 


— =2r(2r-  1)  . .. . (2  r - n + 1) 


f.  , r ft(rt-l)  e r(r  — 1)  n (n  - I)  (n  - 2)  (it  - 3)  *_  1 

( 1 2 r (2  r — 1 ) q%  ^ 1.9  2r  (2  r - 1)  (2  r - 2)  (2  r - 3)  9*  J* 


When  n is  an  even  number  this  series  has  — -f- 1 terms,  and  — - — when  n is  odd.  This  formal®  and  the  other 

found  before,  were  first  given  by  Lagrange.  They  led  to  important  and  curious  results,  when  various  values 
are  assumed  for  u and  n.  (See  a collection  of  examples  on  the  application  of  the  Differential  and  Integral 
Calculus,  p.  12  ) 
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Difantui  >Ve  shill  now  proceed  to  invodigaie  the  rule*  to  And  the  values  of  the  differential  coefficients  of  the  e*no-  fwt  i 
cajijIma.  ^ ncntial,  logarithmic  and  trigonometrical  functions.  J ^ 

(26.)  The  differential  coefficient  of  the  function  a*  it  equal  to  a*  1 a,  la  being  the  hyperbolic  logarithm  of  the 
ban. 

Let  * be  changed  into  x + A,  the  difference  of  the  function  will  be  a*4*  — a9  = a*  (a*  — 1),  and  it  is  (he 
coefficient  of  the  first  power  of  h in  the  development  of  that  difference  that  we  are  to  determine.  Assume 
0 =5  1 -f  then  ah  = (l  -f-  A)\  and  therefore  the  difference  of  of  takes  the  form  o’  { (l  + 6)‘  — 1 ^ . 
Expanding  (1  -f-  6)*  by  the  binomial  theorem,  we  shall  have 

If  we  arrange  now  the  terms  between  the  parenthesis  according  to  the  powers  of  A,  we  shall  have  for  the  coeffi- 
dent  of  the  first  power  of  that  quantity  the  following  series, 

b b'  b*  b* 

1 8 + “5  <•  + 4c 


Let  us  represent  it  by  k,  then  we  shall  have 


d a* 
d x 


= A a*. 


Hence 

Therefore  by  Taylor's  theorem 
Dividing  both  sides  by  a*. 


d*  « ..  _ tP  O* 

, ■ = * a 1 . - = **  a*.  Ac. 

d x d x* 


+ *«'.  A +*•«'.  O +**a*-  t4t3  + Ac. 


o‘=  1 + 


kh 


k'.h* 


A-.  A* 


-f-  Ac. 


1 r 1.8  T 1.2.3 
This  equation  being  true  for  every  value  of  A.  Assume  A sr  it  will  become 

1.1.  1 


at  - l+lf  |g  + 1.2.3 


1 . 2 .3. 4 


+ Ac. 


The  ratio  of  two  successive  terms  of  this  series  decreases  rapidly.  Therefore  we  can  approximate  indefinitely  to 
its  value.  The  ten  first  terms  equal  2.7182818.  Let  the  whole  be  represented  by  e,  then 

*=i  + i + T^r  + 7-7-*  + T.y.Y.  4 + &c' 


i . 2 


1.2.3 


and  a*  = e. 

The  number  e is  of  frequent  use  in  analysis ; and  it  will  not  be  useless  to  prove,  before  we  proceed,  that  it  is 
incommensurable.  First,  e cannot  be  a whole  number ; for,  evidently, 

‘ + ",  "o  o 4 1 o * 4 ~ + &C- 


1 

1.2 


1.2.3  ' 1 .2.3 . 4 

but  the  last  scries  is  equal  to  one.  Hence 


1 1 1 

<T  + -2T  + -F+&c- 


1 


1 


i +1 


1 


4-  Ac.  < 1. 


1.2  ' 1 . 2 . S 1 1 . 2 . 3 . 4 
Therefore  e is  not  an  integer,  and  its  value  lies  between  2 and  3.  Secondly,  no  fractional  number  can  be  equal 
to  e;  for,  if  possible,  let  as  e,  n being  an  integer  less  than  m,  but  greater  than  one.  Then 

1 1 


= 1 + 1 + O + f+Ta  + 


+ - 


1.2.3...,  n 

Multiplying  both  aides  by  1 . 2 . 3. ...  n,  it  becomes 
1.2.3.  .n  — 1 .m  = 1.2.3..«-f-1.2.3..n  + 4 . 5.6.  .i»  +. . + 


1 .8.3....n(n  + 1) 
1 . 1 


+ Ac. 


-f-  Ac. 


♦t-f-1  1 (n+l)(n  + 2) 

The  left  side  being  an  integer,  the  other  side  should  also  be  one.  This  cannot  take  place  unless 
^ - -1 + &c.  be  a whole  number.  But  it  is  impossible,  for  the  series  is  obviously  less 

0*  4"  1)  (n  4"  2) 

+ ' t~  -!  r>«  4~  (n  1)*  18  wlual to  ~Z~*  Therefore  e cannot  be  equal  to  a com- 


n + l 


than 


« + 1 ' («  4"  O' 

mensurable  number. 
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We  resume  now  the  investigation  of  the  value  of  k.  We  have  found  a*  = e.  Taking  the  logarithms  of  both  v , 

sides,  we  find  L a — k L e,  or  k = - — , and  since  a and  e are  known,  A is  known.  If  a be  the  base  of  the 
L e 

system  of  logarithms,  Lasl,  and  therefore  k — — . If  t be  the  base  then  L e = 1,  and  A = L a. 

The  logarithms  corresponding  to  the  base  e,  are  called  Naperian  or  hyperbolic  logarithms.  They  are  of  great 
use ; and  it  will  be  found  convenient  to  denote  them  in  a particular  manner.  We  Bhall  therefore  prefix  the 
letter  Mo  a quantity  to  express  its  hyperbolic  logarithm,  and  the  letter  L to  represent  the  logarithm  related  to 
any  other  base.  Thus  the  value  of  k will  be  represented  by  la;  therefore 

do* 

—r—  l a. 
dx 

By  substituting  x for  A,  and  for  k its  value,  in  the  series  we  have  obtained  for  a*  we  shall  have 

^ = l+T-*  + l4‘-*’+Sx,  + Ae 

If  a = e,  this  series  becomes 

* — 1 + T + r"3  + i o . + 4c- 


1 .3 


1.2.8 


(27.)  The  differential  coefficient  o/Lxii  equal  to  — , m being  the  modulus  corresponding  to  the  ban  of  the 
system  of  logarithms ; that  is  to  say , equal  to  one  divided  by  the  hyperbolic  logarithm  of  that  base. 

■ a?  .1  a = x I a.  But,  by  (24), 


d x 

Let  u = L x,  and  a be  the  base.  Then  x — a?,  and  therefore,  by  (26),  - — i 

a u 


duds  . , d . Lx 

— . -7—  = 1 , consequently  • 
a x d u * 


Hence, 


d x 
d»  L x 
d x*  — 


d u _ 
d x 


1 m , . ,1 

— : — = — , m being  equal  to  - — . 
xla  x la 


d».  Lx 
d x4 


_ 2 m 
' ~x*  ’ 


d'L  j — 2.3m 

d x4  “ 


, Ac. 


If  the  logarithms  were  byperbolics,  m = — would  be  equal  to  one,  and  therefore 

d Mr  _ _1  d*  lx  _ - 1 fix 2 eflx  _ -2,3 

d x x*  d x*  x*  ' d x*  Xs  ' d x4  x4* 

Having  thus  found  the  values  of  the  successive  differential  coefficients  of  the  functions  L x and  lx,  we  may 
apply  Taylor's  theorem  to  the  developements  of  L(x  ■+>  A)  and  l (x  -f-  A).  We  shall  find 

t f -L.  l\  _ t , (h  1 A*  . 1 A’  1 A4  \ 

L(*  + A)  = I.x  + m^---  — + --  - + &c.  J, 

t(x  + A)  = <*+-  - +&C. 

^ A 

Or,  assuming  — — a, 

h(x  + h)  -Lx  = L (i±*)=I.(l  +i)  = m ({  - \ +9  -7  +«*.). 

*(*  + »)-  Jx  = |(l  + s)*,_  £ + +4c. 

The  two  preceding  rules,  combined  with  those  previously  explained,  will  enable  us  to  find  the  differential 
coefficients  of  any  function  in  which  logarithms  or  exponentials,  depending  on  the  variable,  enter. 

Example  1.  Let  it  be  proposed  to  find  the  differential  coefficient  of  u = l (x  + v'Cl  -f*  **)). 

du  l 1 

x 


Assume  x 4*  */(\  + ■»•)  = **  tlien  u = l z, 


d x 


VO-fx*)  +x 

+?)  -' hcnc* 


x + VO  + x1)'  dx 


and  = 1 -f- 


V (!  + •*•)“ 


d m 
d x 


d u 
‘ d~x 


d x 


1 


Example  2.  it  — (l  x)*.  Let  / x = x,  then  u = 


d u 
d z 

d u n (l  x)M~l 
d x ~~  x 


: n = n (l x)*"\  4“  = ” * and  therefore 
dx  x 


b i 
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Differential 

Calcntaa. 


1 1 tic  1 


du 


Example  3.  « = l (l X).  Let  lx  — t ; then  1 1,—  = as  — , swi  consequently  — = — — . ' 

« • • l X it  X X (l  X X l £ 

Example  4.  u = a*’.  Let  6*  = J,  then  * = (f,  ^ = o'  / a = a*1  /a,  ~ = A*  / 6,  hence  ‘4-  = at»  6"  / a/6. 
r az  dx  d x 

Example  5.  Let  «=**,*  and  y being  any  functions  of  x.  Taking  the  hyperbolic  logarithms,  we  have 
l u = y 1 2,  and  therefore 

1 d u y d z , , d y 

T.  * IT-  ~ T "77  ' lz  j ' or 


d x z dx  d i 

ilx- t. ill 


Jio./ff  rl 

dx  (sax  a z J 


If  y -r  x and  z = x,  this  formula  becomes 


dV 
</  x 


= ^d+4 


(29.)  The  differential  coefficient  of  the  tine  of  an  are , contidered  at  a function  of  the  arc  itself,  is  equal  to  the 
cotine  of  the  tame  arc;  and  the  differential  coefficient  of  the  cosine,  of  an  arc,  it  equal  to  minus  the  tine  of  the 
same  arc . 

To  prove  this  proposition  we  shall  make  use  of  the  property  of  the  differential  coefficient  demonstrated  (17), 
viz.  that  it  is  the  limit  of  the  ratio  between  the  difference  of  the  function  and  the  difference  of  the  variable.  It 
is  necessary  to  show  previously,  that  the  limit  of  the.  ratio  of  the  sine  of  an  arc  to  the  arc  itself  the  arc  being  sup- 
posed to  decrease  indefinitely,  is  equal  to  unity. 

First,  it  is  obvious,  that  the  arc  is  always  greater  than  its  sine ; for  it  is  greater  than  the  chord,  and  the  chord 
is  an  oblique  with  respect  to  the  sine.  Secondly,  the  arc  is  always  less  than  its  tangent ; for  the  product  of  the 
arc  by  half  the  radius  is  the  surface  of  a sector  contained  in  the  triangle  measured  by  the  product  of  the  tangent 

by  half  the  radius.  Hence,  if  we  designate  by  xany  arc,  the  ratio  will  always  be  included  between  the  two 

^>n-f  — i and  X = cos  x,  since  they  have  all  the  same  numerator,  and  since  the  denominator  of  the  first 
sis  x ' lan  x 

i«  greater  than  that  of  the  second,  and  less  than  that  of  the  third.  But  the  second  is  equal  to  unity,  and  the  third 
= cos  x,  has  clearly  for  limit  one.  Tlierefore  — included  between  the  two  has  also  the  same  limit. 

This  understood,  let  u =r  sin  x,  the  difference  of  the  function  is  sin  (x  + k)  — sin  x;  and  we  must  determine 


the  limit  of  the  ratio 


sin  (x  + A)  — sin  x 


•.  We  shall  observe  to  that  effect,  that 
sin  (x  -f  A)  — sin  x s=  2 siu  J A cos  (x  -f  i h ). 


Hence  the  ratio  becomes  cos  (x  -f  { h).  But  we  have  just  proved  that  the  limit  of  j A was  equal  to 

j h $ h 

unity.  The  limit  of  cos  (x  -f  ^ h)  is  clearly  cos  x ; consequently  the  limit  of  —— J ^ ^-X  is  equal  to  cos  x. 


Therefore 


d sin  x 
d x 


To  find  the  differential  coefficient  of  cob  j,  wc  observe  that  cos  x =z  — x^,  and  assuming-^  — x = x, 

’ ( v \ . d . sin » /t  \ , d z 

sin  I — — x 1 =s  sin  — , = cos  x — cos  1 — -i  |,  and  — =r  — l. 

\x  / dr  \2  /’  dx 

‘,sin(l"r)  ./COS*  /T  \ 

= _-_  = -cos^ 


Therefore 


d x 


The  second,  third,  and  differential  coefficients  of  cos  x and  sin  x,  may  now  be  easily  calculated.  We  shall  find 

(P  sin  x d cos  i _ d*  sin  x d sin  x d*  sin  x d cos  x 

d x 


dx* 


. d*  sin  x d wnr  d*  sin  x 

: — sin  x,  — j . = ; — — — cos  x,  ■—  = 

d or  dx  dx* 


dx 


— sin  x,  &c. ; 


, d*  cos  x d sin  x d*  cos  x d cos  x . d 4 cos  x d sin  x 

and  — . - — = - cost, — — — • = 1 = sin x,  — — ■ = — = cosx,  &c. 

dx/*  dx  dx*  dx  dx*  dx 

These  values,  combined  with  Taylor’s  theorem,  give 

. , h , A"  A*  , . A* 

pm  (r  + A)  = sin  x -f~  cos  x . - - sin  x . — - — cos  x . - g— a ri-  sm  x . - Ac. 

, . h A0  . , A*  h* 

cos  (*  + *)  = cos*  - sin*,  -j.  - cos  I . — -(-sin*,  3 -(-cos*,  - Ac- 
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p.ir.T«ti«l  If  wc  chsnge  A into  — A.  in  the  first,  it  becomes 

Cdoilei.  A A'  . A*  . . A‘ 

>— v— ' sn(*- A)  = sin*  - co.*.  - - mn  * • — g + C0S 1 ' TTO  + * ' OTsTi  ” “ 

Subtracting  tliis  last  equation  from  the  first,  and  dividing  by  2 cos  *,  we  obtain 

A A‘  , A* h’ 

Sin  n — , 1 a q T 1 o q J t 1 O 1 i fi  7 1 


1 1.2. 3*1. 2. 3. 4. 5 1.2. 3. 4. 6. 7 

By  the  addition  of  the  same  equations,  and  in  dividing  by  2 sin  x, 

/•« 

;+&  c. 


. _ . , A* 

cosA—  l i.a+1.2.3.4  1.2. 3. 4. 3.8 


(29.)  The  differential  coefficients  of  the  other  trigonometrical  lines,  considered  as  functions  of  the  arc,  may  now 
easily  be  found. 

1st.  Let  u =t  tan  *.  Since  tan  * :=  — , we  shall  have,  by  (23), 

COS  X 

. sin  x d sin  x , d cos  x 

, a . cos  x — — — sin  * — - — , ..  , , . . - . 

d u cos  x dx  dx  (cos  xy  -f  (sin  x)  l_ 


d x (cos  *)’ 


(cos  x)1 


(cos  x)* 


(cos  X)*  * 


2d.  Let  w = cot  x.  Since  cot  x = , we  shall  find,  in  a similar  manner, 

sin  x 


1 


d u 


d x (am  x)*‘ 


3d.  Let  u =:  sec  x.  Since  sec  x = by  (23)  we  shall  get 


d u ^ sin  x 
d x """*  (cos  x>* 


= tan  x sec  x. 


4th.  Let  u xz  cosec  x.  Since  cosec  x ss  - — , we  find 

sin  x 


d u — cos  x 

d x (sin  x)‘ 


= — cot  x cosec  x. 


(30.)  The  differential  coefficient  of  an  arc  considered  as  a function  of  its  tine,  it  equal  to  one  divided  by  the 
square  root  of  the  difference  between  one  and  the  square  of  the  arc. 


We  shall  represent  the  arc  whose  sine  is, equal  to  x by  sin"1*.  This  manner  of  denoting  such  a function 
results  from  a notation  lately  introduced  in  the  higher  branches  of  analysis,  to  express  the  repetition  of  the 
operation  indicated  by  the  nature  of  a function  upon  the  function  itself.  It  has  been  proposed  to  represent 
such  functions  as  III,  sin  sin  x,  tan  tan  tan  tan  x,  by  f*  x,  sin*  x,  tun1  x,  the  iudex  denoting  the  number  of  times 

the  operation  must  he  repeated.  In  general,  f*  (x),/*  (x) /*  (x)  will  be  equal  respectively  to  /(/(r)). 

/(f(/(x))),  Ac.  An  immediate  consequence  of  this  notation  is,  that/'*  (/"  (x))  xz  f~+*  (x).  To  find  the 
meaning  of  such  expressions  as  f°  ( x),f~l  (x),  it  will  be  sufficient  in  the  last  formula,  first,  to  make  n = 0 and 
m = 1,  and,  secondly,  m =r  1 and  n = — • 1.  The  first  supposition  gives  /(/°  (x))  = /(x),  and,  consequently, 
f°  (x)  = x.  The  second  supposition  gives  f (/"’  (x))  =/°  (x)  = x.  Let  xxzf(y),  and  let  the  value  of  yt 
derived  from  this  equation,  be  F (x),  then  F will  be  the  inverse  function  of  f;  but  in  substituting  for  y its  value 
F (x)  we  have  x = /(F (*)),  which  equation  compared  to /(/"*  (x))  = x gives/”1  (x)  =r  F (x),  therefore  /“* 
denotes  the  inverse  fiinction  of  f and.  consequently,  sin-1  x,  cos"*x,  tan'1  x,  will  stand  respectively  for  arc 
whose  sine  = x,  arc  whose  cosine  — x,  arc  whose  tangent  = x.  The  symmetry  of  this  notation,  and  above  all 
die  new  views  it  opens  of  the  nature  of  analytical  operations,  seem  to  authorise  its  universal  adoption. 


Let  therefore  u = sin"1  x,  then  x 2=  sin  u and  = cos  u ; therefore,  by  (24), 


du  _ 1 __  1 

d x “ cos  u _ »J  (l  — V)’ 

In  a similar  manner,  if  we  suppose  u = cos"1  x,  we  shall  have  x = 

du  _ j-J_  _ - 1 

<f  X *"  sin  « 7 (l“«i*) 


cos  m,  consequently  — = — sin  «/,  and 


(31.)  The  differential  mfficienl  of  an  arc , considered  as  a function  of  its  tangent,  it  equal  to  a fraction  whose 
numerator  it  one,  and  whose  denominator  is  one  plus  the  square  of  the  tangent. 

5 i 2 
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m. 

dy 


the  third  partial  differential  coefficient  of  with  respect  to  y,  by  — 


In  general,  to  form  the  value  of  - B— — we 
respect  to  x,  and  afterwards  the  ntk  partial  differential  coefficient  of  this  result  with  respect  to  y.  And  to  form 


the  value  of  .******. tt  the  order  of  the  operations  should  be  the  reverse. 
dxmdy* 

No  farther  explanation  will  be  necessary,  to  understand  the  meaning  of  expressions  such  as 


Part  1. 


would  be  expressed  by  - 

rf-, 

and  the  s'*  partial  differential  coefficient  of  with  respect  to  y,  by  — ^ — 

has  been  agreed  to  represent -them  respectirely  by  the  following  symbols  ; 

d>  u d’u  if*"  u 
dyd  i'  d y' d r'’  dy'dld'' 

which,  by  means  of  the  numerical  inde*  in  the  numerator,  and  the  exponents  of  dy,  d x,  in  the  denominator, 

can  leave  no  doubt  with  respect  to  their  real,  meaning.  Thus,  tor  instance,  to  fonn  the  value  of  we 

ought  to  take  the  first  partial  differential  coefficient  of  u,  with  respect  to  j,  and  then  the  second  partial 

(p  u 

differential  coefficient  of  this  result  with  respect  to  y.  To  find  the  value  of  dxdy%  the  order  of  the  operations 
should  be  inverted. 


To  simplify  these  results,  it 


we  should  first  find  the  w*  partial  differential  coefficient  of  «,  with 


d xn  d y"  d zp 


where  u is  supposed  to  contain  the  three  variables  x,  y,  x,  and  to  extend  the  same  notation  to  any  number  of 
variables. 

The  determination  of  the  values  of  these  various  pnrtiul  differential  coefficients,  can  present  no  difficulty,  each 
operation  being  performed  in  the  supposition  that  all  the  variables  but  one  are  constant,  and  being  consequently 
assimilated  to  the  case  of  functions  of  one  variable. 

(84.)  Let  f(x,  y,  z,  &c.)  be  a function  of  any  number  of  variables,  if  we  change  x into  x -f-  A,  y into  y +Ar,  Ac., 
h,  k,  Ac.  being  indeterminate  quantities,  it  becomes  / (•*  -f-  A,  y -f-A.  Ac.)  and  / (x  -f  A,  y -f-  k,  Ac.)  — ■ f(x,  y)  is 
calicd  the  difference  of  the  function.  In  making  me  of  the  preceding  notations,  and  of  Taylor's  theorem,  this 
difference  may  be  developed,  under  a symmetrical  form,  in  a series  of  terms  containing  the  successive  powers 
of  h , Ar,  Ac. 

We  shall  first  consider  the  case  of  a function  of  two  variables,  and  then  it  will  be  easy  to  extend  the  results 
we  shall  obtain  to  a function  of  any  number  of  variables. 

Let  u = f(x,  y),  and  substitute  x-\-  h for  x,  we  shall  have,  by  Taylor’s  theorem. 


f(x  + A,y)  = 


,du 

u + j- . 

d x 


d*  u A * (P  u 

+ <Jx»  * 1T2  + d x* 


A* 

1.2.3* 


Change  now  y into  y -f-  Ar  in  both  sides.  Each  of  the  coefficients  of  the  powers  of  A in  the  right  side  of  the 
equation  will  become  a function  of  y -f-  Ar,  and  may,  consequently,  be  developed  according  to  tho  powers  of  A. 


Thus  u. 


— Ac.  will  give  rise  to  the  fullowing  series  respectively : 
d x 


du  u Ar*  . d* « A* 

U + dy ' i + ' T7s"^iiy»  ' 1.2.3 


-f  Sc. 


(ftt  <fu  tPii  k*  ' dK  u 

d x dy  dx‘  ' d y*  d x ' 1 . 2 dy*dx  C* 


rf* » , d*  u , . d*  u 
dj^'dyd**'  dyadx* 


k* 

1 . 2 


+ Ac. 


<Pu  d*  u ds  u . A* 

dx*~^dydx**  dy3dx*  ' 1.2  C' 
-f-  Ac. 


" Digitized  by  Google 


I 


DIFFERENTIAL  CALCULUS. 


787 


DiSefculul  d t | _ 

C^lcil ui.  — — A,  and  this  will  be  obtained  by  determining  the  first  partial  differential  coefficient  of  d u with  respect  to  x, 
v _ ^ , d y 

and  that  with  respect  to  y , multiplying  the  first  by  A,  and  the  second  by  k,  and  adding  the  two  results. 

Wc  slmll  have  successively 


d (d  u)  __  d*  u ^ ^ tft  u * d (d  u ) _ 

d x d x*  ' d x d y ' dy 


d»  u t , <P  u f 

"j — a — * + . , A, 

dydx  dy * 


and 


d*u 


_ d (rf«)  . , d (d  u > 


A -f-  — - — - k = , A*  -f“  2 

d x dy  A J 


d*  u 


d*  u 
dxdy 


A A + 


<f*  u 


or,  substituting  d x for  A,  and  d y for  A,  we  find 
d*  u 


„ d*  u (P  u 

d*  w — ■ A x*  -f  2 — — - — dxdy- f-  -r— r dy*. 

ds*  dxdy  dy 

The  value  of  d*  u will  be  obtained  in  a similar  manner : first, 

_ d(d*«)  , . d(d»u)  , 

d* « = — T-  — A + — A, 

rfx  dy 


but 

and 

therefore 


d(«f«)  _rf*«  2ri»« 

“3T  “d**  + d*«dy  **+< 

} <f*  If 
dxdy* 


d*  « 


f y ’ dxdy * 

d (d1 u)  d» « , 2 (f  u rf*  » 

77  hk  + 


dy 

d*  U = 


dydx a 
d*  u 


d y* 


A', 


*.+  S -*?“  **■  + 

d x*  dx*dy  dxdy 


d*  tf 
d y* 


d*it  = — - d x*  -f- 
d x* 


3d"u  . . 3d,“  , . . , d*  u 

-j-j-j— di*dy  + j^-td*djf*+  ^ <<  »*• 


The  analogy  of  the  numerical  coefficients  and  exponents  of  A and  A,  in  the  expression  of  the  successive 
differentials  of  u,  to  the  coefficients  and  exponents  of  the  same  letters  in  the  uevelopements  of  the  first, 
second,  and  third  power  of  the  binomial  h -f-  k,  is  obvious.  Wc  may  prove  that  the  same  analogy  subsists  for 
any  order.  For  let  us  suppose 


Biftt 


d-K=4^-*>+  /^“  *-*+ 

' d x 1 d y d x"  * d y 


d x* 


A— A»-f 


Cd-i 


d x“~*  dy* 


A“  » A*  + Ac. 


We  shall  have 


^ _ d(d-n)  t , 

it*1  u =s : A + 

dx 


d(d*  u) 
dy 


But 


and 


d(d*iQ 

dx 


^ *■-  * + A~**4-££^  V"**  + *c. 

dx^  dxdy  dx— dy*  dx— dy* 


*** - “ V + *-*  + ^ *- e + a. 


dx—dy* 


dy  dydx"  ' dx"*‘dys  dx— dy* 

Multiplying  the  first  series  by  A,  the  second  by  A.  and  adding  them,  wc  find 

u u u 

^ ^ AH°+ <A  + *>  5^,  *'*  + <B  + A)J^1TF  a-'*,+<c  + B>  *-  *■  + ^ 

From  the  manner  in  which  this  last  scries  has  been  obtained,  it  is  evident  that  the  numerical  coefficients  and 
exponents  are  precisely  the  same  us  if  we  had  multiplied  the  value  of  d"  u by  A -f-  A.  But  we  have  already 
proved  that  for  the  first,  second,  and  third  differentials,  these  coefficients  and  exponents  are  the  same  as  in  the 
developments  of  the  three  first  powers  of  A -f-  A,  therefore  for  the  n,A  differential  they  will  be  equal  to  (“hose 
of  the  dcvolopement  of  (A  -f-  A)".  Thus 


m d*  u . , 

*u  = -_*.+  J_r<_ 


nlf  » L~.t  I 0 **« 

1.8  d*’-'d  y» 


A-’**  + 


7i  (»  — 1)  (n  — 2)  d"  u 


n d"  u 


d ■ u 

<f* « = d x"  4-  , , g— 

dx***dy 


dx"’*dy-f 


1.2.3 
7i  (n  — 1)  (t  u 


l.i 


dx— dy* 


d x"_*dy* 
rf  x“*#  d y*  -f-  &c. 


A-*  A*  -f  &c. 


(37.)  The  foregoing  expressions  o.  the  successive  differentials  of  a function  of  two  variables,  will  enable  us 
to  give  a very  symmetrical  form  to  the  developemeut  of  the  difference  of  that  function.  For  that  purpose  let 
us  bring  to  the  same  denominator,  in  the  devclopement  of  / (_z  + A,  y -f-  A),  the  terms  in  which  the  sum  of  the 
exponents  of  these  two  letters  is  the  same.  We  shall  have 
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/(,  + *.  ,+*)  = .+J- (£*  + £*) 

+ 1 . 2 \rf  . 

. 1_  (*±.  . _ 

1 1.2.S  \d#  d?dy 


3 t>  « 


v 

d y* 
A*  A + 


**) 


3*« 
did  y' 


A**-f 


— A 

rfy  / 


•f-  &c. 

To  form  the  «rt  horizontal  line  of  this  series,  we  must  collect  all  the  terms  of  the  developement  of  f(x  + A. 
y 4*  A),  in  which  the  sum  of  the  exponents  of  A and  k is  equal  to  n ; or,  which  is  the  same  thing’,  those  which 
contain  the  partial  differential  coefficients  of  the  nth  order.  These  will  clearly  be  the  first  term  of  the  deve- 

lopement  of  when  in  it  y is  changed  into  y -f-  A;  the  second  term  of  the  developement 


of 


dx"  1.2.. 

rf*“'  u A*  * <f*"*  u 

d£-~  T 2 — w~  j * *n  ***•  same  supposition  ; the  third  of  the  developement  of 

l 


0. 


&c. . , . down  to  the  ( n 4-  0)u  of  the  developement  of  f (n,  y + A).  Therefore  if  - 

as  a common  factor  to  all  these  terms,  the  n4*  horizontal  line  will  be 

— f~h-+  "*■.  .*»k + .•<*-"  *" 

dx*  a x->  d i 


1.2.8. 


. 2..  n - 2 
— is  considered 


1.2... 


1 . 2 dx""'dy* 


(t  u 

dy- 


*■) 


If  we  compare  the  developement  of  f (x  -f-  A,  y -f-  A)  under  this  form,  to  the  values  wc  have  given  for  the 
successive  differentials  of  u,  we  shall  immediately  observe  that  the  last  are  equal  to  the  quantities  enclosed 
between  parentheses  in  the  first.  Hence 

, tt*  u d*  u d*  u , _ 

A u — d u 4-  4- 4-  * -4-  &C. 

^ 1.2  1.2.3  ^ 1.2. 3. 4 T 

v/hich  is  the  same  formula  we  have  obtained  in  (14),  only  applied  to  functions  of  two  variables. 

(38.)  All  that  has  been  said  with  respect  to  functions  of  two  variables  may  easily  be  extended  to  functions  of 
any  number  of  variables. 

Let  u be  a function  of  n variables  x,  y,  s,  &c.  There  will  be  n first  partial  differential  coefficients  repre- 
sented by 

d u d u du 

T7*  d7’  ~d7’  &c- 

and  the  partial  differential  coefficient  of  the  m,M  order  will  be  expressed  generally  by 

d*+* +,+*e-  u 
d x*  d y*  d z*  Ac.' 

where  p 4*  q + r + &c.  = m. 

If  x,  y,  2,  &c.  arc  changed  into  x -{-  A,  y 4-  A,  c +7,  &c.  ; and  if  u*  represent  the  value  assumed  by  u in 
that  supposition,  w'  — w will  be  the  difference  of  «,  and  we  shall  be  able  to  develop®  it  in  a series  containing 
the  successive  powers  of  A,  A,  l,  &c.  by  substituting  first  x -f-  A for  r,  in  u,  then  developing  by  Taylor’s  theorem, 
and  changing  in  the  developement  successively  y into  y 4-  A,  * into  ; + 1,  &c. ; and  after  each  substitution 
developing  each  term  by  means  of  the  same  theorem. 

It  is  obvious  that  the  terms  which  vs  ill  multiply  the  first  powers  of  A,  A,  I,  &c.  will  bo 
d u . d u 
d x d y 

They  are  respectively  the  partial  differentials  with  respect  to  x,  y,  z,  &c.,  and  their  sum  constitutes  the  total 
differential , or  simply  the  differential  of  u.  Thus 

, d u . d u . du  , , . 
du  = — j — A 4-  — ; — A 4-  -r—  1 4“  &c- 
d x dy  d 2 

. du  , , du  , .du. 

or  du  ss  — dr  4-  — — d y 4 r—  a z - j-  «c. 

dr  dy  ds 

Tlie  developement  of  u'  must  remain  the  same,  whatever  be  the  order  of  the  substitutions  of  x -f-  A to  x, 
y -f-  A to  A,  z l to  &c.  lienee  we  shall  infer,  that  if  wc  take  p times  the  partial  differential  coefficient  of  u 
with  respect  to  x,  q times  with  respect  to  y,  r times  with  respect  to  x,  &c„  the  result  will  be  the  same  whatever 
be  the  order  of  these  successive  operations. 

The  formation  of  the  successive  differentials  of  u will  present  no  difficulty.  It  will  be  sufficient  to  operate 
upon  d «,  dl  it,  d3  u,  &c.,  precisely  in  the  same  manner  as  we  have  operated  upon  u to  form  d u.  Thus,  we 
shall  have 

h + *+  ?J£a2 1 + 4c. 

dx  1 dy 


*+4r‘+*c. 


<!*u  = 


dx 
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Differential  and  if  we  observe  that  we  shall  have  to  multiply  the  partial  differential  coefficients  of 
Calatta*.  . , 

. AM  . . du  du 

v d u = j — A -f-  —3 — k -f*  - — l -f-  &c. 

dx  dy  dz 

successively  hy  A,  k,  l.  See.  it  will  appear  evident,  with  a little  attention,  that  the  numerical  coefficients  and 
exponents  of  A,  k,  l,  &c.  in  the  value  of  d • u,  will  be  the  some  as  in  the  product  of  (A  -j-  k + l &c.)p  by 
(A  -4-  k - j-  J -f-  &c.),  or  in  (A  -j-  k -{-  / -f-  &c.)\  Hence,  in  using  a similar  reasoning,  we  shall  conclude  that 
in  the  value  of  d1  u,  these  coefficients  and  exponents  will  be  the  same  as  in  (A  + k + l + Ac.)9,  and  generally 
in  the  expression  of  t/*  u the  same  as  in  the  developement  of  (A  -f-  k + l -f- 

Tlic  comparison  of  the  values  of  the  successive  differentials  of  «,  with  the  developement  of  u\  after  having 
written  in  a Hue  the  terras  in  which  the  sum  of  the  exponents  of  A,  k,  I , &e.  is  the  same,  will  lead,  as  before, 
to  the  furmulm 

d U d*  u (Pu 

A“  = — + Y7z+  ijTT+&c- 

which  therefore  is  genera),  whatever  be  the  number  of  variables  of  the  function  tr. 

(39.)  We  have  considered  hitherto  all  the  variables  x,  y,  z,  &c.  which  enter  the  function  w,  as  independent 
of  each  other.  Let  us  suppose  now  that  some  of  them  are  functions  of  some  of  the  others;  and,  first,  let 
y,  z,  &c.  be  all  functions  of  x.  Then  u = f (x,  y,  *,  &c.)  will  be  a function  composed  of  functions  of  x;  and 
when  x is  changed  into  x + A,  Ac.  y,  z,  &c.  will  become 


dy 

L . 

d*  y 

JL  + 

rf’y 

A* 

y + 

d x 

n *r 

~d? 

i . * + 

d x* 

1.2.3 

9 1 

dz 

A 4- 

(I1  z 

**  i 

f P z 

A* 

2 1 

d x 

» T 

ct  i9" 

1.3  + 

dj? 

\ .2.3 

But  bv  (38)  we  know  that  generally  if  we  change  in  ?/,  x into  r -f-  A,  y into  y-f-  k,  z into  s -J-  £ &c.  and 
develope,  the  terms  of  the  series  containing  the  first  powers  of  A,  k,  l,  &c.  ore 

d u , d u d u * 

—r—  A -f  — k 4-  -J — l + «C. 
dx  dy  dz 

In  the  present  case,  the  substitution  of  x into  x -f-  A in  u will  make  these  terms  assume  the  following  form, 

dn  , , du  f dy  <f*y  A*  . . \ , d « / d z t . d*  z A*  , , \ . 

~~i — A-f -j—  (-7^-  A-f--r4  T*'7T  + *c  ) + “j—  (“J H h~J~Z  7“T  + *C. 

dx  ' dy  \d  x ux*  1.2  / dz  \ dx  dx*  1.2  J 1 

Hence  Uic  coefficient  of  the  first  power  of  A,  or  the  differential  coefficient  of  ?/,  is 

1 , d u du  dy  du  ds 

-JT  Ju=-dr+-Tj  “77  +77  77  + **■ 

du  dy  dud  z 

But  — j — . — j — . — , Ac.  are  by  (24)  the  partial  differential  coefficients  of  u with  respect  to 

ay  cl  x us  ax 

y,  z,  &c.,  these  variables  being  considered  as  functions  of  x,  therefore  the  differential  coefficient  of  any 
function  of  x,  y,  z,  Sec.  in  which  v,  z.  Sfc.  are.  the  representatives  of  functions  of  x,  is  equal  to  the  sum  of 
the  partial  differential  coefficients  of  that  function  with  respect  to  x,  y,  z,  fyc.  separately. 

This  rule  applied  to  the  first  differential  coefficient,  in  which  - &c.  are  to  l»e  considered  as  new 

11  d x d x 

variables,  functions  of  x,  will  give  the  second,  and  then  third,  fourth,  &c.  differential  coefficients. 

The  manner  in  which  the  partial  differential  coefficients  of  u may  be  obtained,  in  any  other  supposition, 
relative  to  the  dependency  of  the  variables  x,  y,  z,  &c.  is  now  sufficiently  indicated  by  the  preceding  inves* 
ligation. 

(40.)  A few  examples  will  be  sufficient  to  show  the  application  of  the  rules,  to  find  the  values  of  the  differ- 
entials and  differential  coefficients  of  a function  of  several  variables 

Example  1.  Let  « = (x*  + y"  + **)%  then 

= <•(*■  + »■  +»')’■*.  «**•’.  =r(x-  + J" + *')'-■  «y'i  = r 0“  + »"+  *0  P *'  *. 

«nd  d u as  r (*'  + y"  + *►)'-'  (Ml"1  dx+  ny— 1 dy-fj>»'-‘  d 

Example  2.  Let  w = (a  -f-  b x'*)*  (c  + d y")’,  then  * 

~ s (c  + dy')'  .p  + bmC\  ~ = (a  -f  &x*)'  q (c+  dy)’-1  d/iy-  •. 

and  d u = {a  -f~  & (c  -f- rfy*)*"1  { b mp  (c  + d /)  i"*1  d i + duq  («  + 6 x")  y-1  dy  } . 

you  i.  5 i 
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Dlflitmtal  Example  3.  Let  u = Then 

T?  = »<*  " » 77Jy  = ""  + » ‘ « ■ * J?  - ' - <'  ')*• 

d?u  = y(y  - l)x»-*  d *•  + 2 x*-'  (l+y/i)  dxdy  + x*  {Ixfdy*, 
{jr(y-  t)dx*+2.r(l  + y/x)d.rdy  + x*  (/ r)*  rf  y*  } . 
Example  4,  Let  « = x sin  y 4-  y sin  x,  then 

d u du 

-j—  — *»»  y *f  y cox  x,  — — =r  x cos  y 4-  sin  r, 

d x dy 

d*  u . d* « d*  u 

-j—,  — - y Ml  r,  . ss  — x sm  y,  - — - — = cosy  + cos  x. 

ax*  ay  d x d y 

d*  « = 2 (con  y -f  con  x)  d x d y — y sin  x d Jt*  — x sin  y rf  y\ 
Example.  5.  Let  u = (x  -f-  I x -f*  -f-  *in  x)“. 


A>sumc 

l x = y,  c*  =s  2(  sin  x 

= r. 

then  u = (r-f-y-j-z  + x)*\  and 

by  (39) 

1 , d u 

d « 

dy  duds  du  dr 

j—  d « = -r—  + 

d x d x 

d x rf:  4,i  1 dvdx~ 

■ + y + z + e)""'  j 1 *f  - + e*  + cos  x J . 


The  two  last  examples  we  propose  to  give,  will  uiford  a verification  of  a theorem  of  considerable  importance, 
relative  to  homogeneous  functions  of  several  variables,  and  which  for  that  reason  we  shall  first  demonstrate. 

(41,)  If  a be  the  turn  of  the  exponent!  in  each  term  of  an  homogeneous  function  u of  the  variables  x,  y,  z, 
Ac.,  then 

du  d u d k . _ 

"«  = r * + -7-y4--y-*-f&C- 

dx  dy  d s 

Let  us  change  the  variables  x.  y,  x,  &c.  into  x -f  g*.  y -f  &c.,  or  x (1  + g),  y (1  + $).  «Stc.  The  function  u 
will  become  (l  + g)n  u.  Hence 

du  d*  u r1 1* 

(!+,)■«  = »+ -*x  + ^ —+ac. 

, d u d*  u 

+ n **+  ijrS**' 

+ + *“  £L»1 

Trf:&  Tdy*  1.2 
— &c.  + &c. 

Bui  (l+f)"«  = „(l  +ng  + ~ y— a~  «*  + ~~~  **  + **•) 

Thtj  terms  which  multiply  the  same  powers  of  g in  these  two  developements  of  (1  + g)"  «r,  must  be  equal ; 

, . d u d u , d u . _ 

therefore  n u = -r—  x 4-  - — y j 4-  Ac. 

dx  d y * d z 

and  also  » (»  " D » = ~ **  + * + *«• 

The  relations  between  a function  and  its  partial  differential  coefficients,  is  sometimes  called  the  theorem  of 
homogeneous  functions , it  was  discovered  by  Fontaine  ; the  preceding  demonstration  was  given  by  Lagrange. 

X y • 

Example  6.  Lei  u = — : — ; when  n = 2.  We  shall  find 

i +y  +* 

Xu (x  + jr  + x)  y x — ijf:  d « _ (x  + y + x)  x x — xyi  du_  (x  + y + x)  ,r  y — x y x 

d x (x  + y + x)’  ’dy-  (x  + y + x)"  'dx  (*+JI  + x)“ 

d u . d u d u 2xy*  - 

lienee  7-»  + -r»+T'=  — - = 2«. 

dx  ‘ d y ' d.x  x + y + r 

3 

Example  1.  Let  u = (x  + y)  J (x  — y) ; where  n = — . We  shall  ban 

d k . . (x  + y)  du . . (r  + y 

d x ^ -y)’  <lj  * 2 J <i  - y)‘ 
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Hence 


» = (■*  + »)  -/(x-y)  + ^jfx  - ~y)y)  = | <*+»)  v'l*-  y)  = ■§-<'• 


x + y 


d' 1 


x + y 


4 (x  - y)  V(r  — »)’  dxdy  4(x-y),/(x 


<Fl/_ 

■y)’rfy= 


x+  y 


•/(X  - y)  4 (X  - y)  %'(r  - y)' 


(x+y)  (*  ■ 


4 (x  - y)  \/(x 


-V) = f <* + *>  ^ - »> - ! (f  - «)  «• 


du  du 

d x X dy 

Wc  shall  find  also, 
d1  u _ 1 

d x*  “ +/{x  — y ) 

Hence 

d* « , . „ <#* « , d*u  , __  x*  — y’ 

J7*  + ad^x»+d?^=7<r^7>' 

(12.)  When  two  variables  x and  y are  connected  by  au  equation,  such  as/(x,  y)  = 0,  either  of  them  may  he 
considered  as  a function  of  die  other  ; y,  for  instance,  as  a function  of  x ; and  it  the  equation  cannot  be  resolved 
with  respect  to  y,  then,  as  we  have  before  stated,  y is  said  to  be  an  implicit  function  o!  x. 

We  shall  now  examine  how,  in  that  supposition,  we  may  determine  the  values  of  the  successive  differential  co- 
efficients of  tlie  function  of  i represented  by  y,  or  rather  how  we  may  discover  the  relations  which  subsist  between 
dyd*y 

x,  y,  and  the  differential  coefficients  — - - , ■ ■ , &c. 

ax  ax* 

Let  f (x,  y)  = u = 0 be  the  proposed  equation,  and  let  0 (x)  l>e  the  functioi  of  x which  y represents  ; that  is 
to  say,  let  us  suppose  that  0 (x)  is  the  value  we  would  obtain  for  y,  if  wc  were  able  to  resolve  the  equation 
f (x,  y)  as  0.  If  we  substitute  0 (x)  for  y in  /(x,  y),  we  shall  have  therefore  / (x,  0 (x))  equal  nothing  inde- 
pendently of  any  particular  value  of  x.  Consequently,  if  wc  change  x into  x + h,  wc  shall  also  have 
f (x  -f  A,  0 (x  + A))  equal  to  nothing.  Now,  since  0 (x)  is  the  value  of  y,  by  Taylor’s  theorem 


0 <*  + h)  = y + - 


+ &c.  or  sr  y + k ; 


in  assuming 


A*  rf*  y 


h->-dy  — x. 

d x ’ dx*  1 .2  dx*  1.2.3 


+ &c.  = k* 


So  that  / (x  + A,  y + A)  = / { x A,  <j>  (x  + A)  } i*  equal  to  nothin'',  whatever  be  the  values  of  x and  A. 
when  for  y and  k the  above  values  arc  substituted.  But  by  (34), 


/(*  + A,y-f  k)  = u + 


d u h 
d~x  T 


d u k 

+ d“,T  + 


<P  U 

"dlr 

d * i/ 
d y dx 
(T  u k « 
dy  1.2 


h*  d»  u IP 
1 .2  ' d x*  I .2.3 


+ Sic. 


* * + ~~  — t. 

dy  d. i*  1.2** 

+ _^_  *_** 
~ dy*  d x 1. 


Or,  in  substituting  for  k its  value, 

/(x-fA,y  + A)  = u +(^  + ~ • ftyl 
\d  x ay  d x/ 


+ 

+ Sic. 


/ d*  u 

\d^ 


+ 


2 d1  » 
dy  dx 


y , <Pv  dy*  du  d*y\  A* 
x dy'djp  + dyd  x*)  1 . 2 


djL 

d 


Therefore  this  scries  must  be  equal  to  nothing,  whatever  be  the  value  of  h ; hence  the  coefficients  of  the  different 
powers  of  A must  separately  equal  nothing.  Consequently  the  following  equations  will  obtain 
a = 0, 


d x d y d x 

fjf  . g ff'u  rf3f  . dy 1 dji  (T_y  _ 

dx*  dydx  dx  dy*ddxf'~dydx* 

The  first  is  only  the  proposed  equation /(.r,  y)  = « = 0.  The  second  is  the  expression  of  the  relation  which 
exists  between  x,  y,  and  the  first  differential  coefficient  — and  from  it  we  may  determine  the  value  of  that  dtf- 

fmntial  coefficient  in  function  of  x and  y.  The  third  exp r CMC*  the  relation  between  x,  y,  a„d  the  »c«md 

dx 

5 k 2 
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Calculus.  differential  coefficient  — , and  would  give  the  value  of  the  last  quantity  in  function  of  the  three  others,  or 

a I*  * 


r-.y 


simply  in  function  of  * ami  y,  if  we  had  previously  determined  the  value  of  by  means  of  the  second  equation. 


The  following  equations  would,  in  a similar  manner,  give  the  values  of 


d*  y d*  y 
d x*’  d x4 


, &c. 


d H d u ci  u 

A very  simple  rule  may  be  given  to  form  the  equation  - — + — — 3—*  = 0 ; for,  by  multiplying  both  sides 

ax  ay  ax 

by  d x,  it  becomes  d x -f-  — d y =r  0,  and  then  the  left  side  is  obviously  the  total  differential  of  u. 

It  follows  from  this  remark,  that  to  find  the  value  of  the  frst  differential  coefficient  of  an  implicit  function 
represented  by  y,  and  connected  with  the  variable  x by  an  equation  u = f (x,  y)  = 0,  we  must  find  the  total 
differential  of  u,  as  if  the  tiro  variables  x and  y trere  independent  of  each  other,  then  write  this  differential 


equal  to  zero,  and  deduce  from  the  etpialion  so  formed,  the  value  of 


dy 


(43.)  The  equations,  by  means  of  which  the  values  of  the  second  and  .successive  differential  coefficients  of  the 
implicit  function  y nay  be  determined,  can  easily  be  derived  from  the  preceding. 

ft • fr* 

We  may  observe,  that  the  left  sides  of  these  equations  ore  the  coefficients  of  h,  - — -,  — — — , &c.,  in  the 
devclopement  of f(x  + h,  y + k),  = / (x  -f*  h,  0(x  -f  k)),  that  is,  in  the  developeincnt  of  a function  of  x -f  h. 
Hence  it  will  result,  from  Taylor's  theorem,  that  the  second,  which  is  the  coefficient  of  - — must  be  the  dif- 

A3 

fcrcntial  coefficient  of  the  first ; that  the  third,  which  is  the  coefficient  of  - — ^ must  be  the  differential 

coefficient  of  the  second  ; and,  in  the  same  manner,  each  succeeding  one  the  differential  coefficient  of  that  which 
precedes  it.  But  in  taking  these  successive  differential  coefficients,  it  must  not  be  forgotten  that  x is  the  only 

independent  variublc,  and  that  y,  nrc  onty  representatives  of  implicit  functions  of  .r.  There- 

fore we  should  operate  as  in  the  case  of  functions  of  functions  (30),  that  is  to  say,  after  having  taken  the  partial 
differential  coefficient  of  the  quantity  under  consideration,  with  respect  to  x,  we  ought  to  take  the  partial  differ- 
ential coefficients  of  the  same  quantity,  with  respect  to  each  of  the  other  variables  y,  — &c.,  multiplying 

each  of  them  respectively  by  the  differential  coefficient  of  each  of  these  variables  with  respect  to  x,  that  Is,  by 
dy  ffiy  £y 

&c.,  and  then  add  all  these  partial  differential  coefficients  together. 

d 1'  d X*  d x* 

I^et  us  form,  according  to  this  rule,  the  equation  upon  which  depends  the  determination  of  the  value  of 

'Li'.  We  know  tlml  the  equation  from  which  the  vatue  of  the  preceding  differential  coefficient  may  be  derived,  is 
d x* 


du  + i?  *1  - 0.. 

d x d y dx 


.(«). 


d y d*  y d p 

Hence,  if  we  suppose  the  left  side  of  this  equation  equal  to  u,  = p,  and  consequently  = -j-y  we  shall 


have  to  determine  this  last  quantity  from  the  equation 

d w*  . d u'  d y 


dll' 


but 


dJL-o- 

d x d y dx  dp  d x 

d uf  __  d * it  d*  u d y d u'  d*  u + d*  u d y du'  _ d u 

d x ~~  dx*  dy  d x ’ d x ’ dy  “ dy  dx  d y*  d x’  d p “ d y ‘ 

Substituting  these  values,  and  instead  of  we  find 

d*u  l 0 d1  u dy  , U d y*  , d u d»y  _ n /JL> 

dx*  ‘ dydx'dx  d if  d 3*  dy  t/x* 

an  equation  identical  with  that  obtained  in  (41). 


In  following  the  same  process,  we  shall  find  that  the  equation  expressing  the  relation  between  — the  pTe 
d*  y d y 

ceding  differential  coefficients,  — the  function  y,  and  the  variable  x is 
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Calculus,  -r—  -f-  -j—  -j — 

.UJ_  « x*  flyai*  rf  x 


3 rf1  u of  y*  u dj£  . 3 » (Py  3 d*  u 

H y*  d x d x*  <i  y*  d x*  d y d x d «r*  <i  y* 


The  formation  of  the  equations  relative  to  the  differential  coefficients  of  higher  orders  can  present  no  difficulty. 

(44.)  All  these  equations,  and  the  equation  u = 0,  would  be  verified;  that  is,  that  in  each,  the  left  side 
would  become  identical  with  the  right  side,  if  we  were  to  substitute  for  y the  function  of  x,  it  represents,  and  for 
the  differentia]  coefficients  of  y,  the  differential  coefficients  of  that  function.  This  is  expressed  by  saying,  that 
these  various  equations  subsist  or  obtain  togethrr.  Hence,  by  combining  them  in  any  way  whatever,  other 
equations  will  be  formed,  which  will  subsist  or  obtain  with  them. 

(45.)  An  equation  which  contains  one  or  several  differential  coefficients  is  called  a differential  equation  { and 
a primitive  equation  is  that  which  does  not  contain  any. 

A differential  equation  of  the  first  order  is  that  which  contains  no  other  differential  coefficient  than  the  first, 
and  generally  it  is  said  to  be  of  the  n*  order , when  the  n1'  differential  coefficient  is  the  highest  it  contains. 

The  degree  of  a differential  equation  is  the  highest  power  of  the  differential  coefficient,  which  marks  its  order, 
it  contains.  Thus  a differential  equation  of  the  M*  order  in  which  the  highest  power  of  the  n*  differential 
coefficient  would  be  the  m*,  would  be  of  the  m*  degree. 

(46.)  From  the  remark  we  have  inode  in  (44),  we  already  perceive  that  several  differential  equations  of  the 
same  order  may  correspond  to  the  same  primitive  equation.  Thus,  it  is  obvious  that  from  pach  combination  of 
a differential  equation  of  the  mrt  order,  with  the  differential  equations  of  the  preceding  orders,  will  result  another 
differential  equation  of  the  ml*  order.  But  among  the  various  differential  equations  of  the  same  order  which  may 
be  so  obtained,  some  require  a peculiar  attention,  because  they  express  more  general  relations  between  t,  y,  and 
the  differential  coefficients  of  y,  than  the  others. 

We  must  first  observe,  that  by  differentiating  a primitive  equation  between  x and  y,  that  is,  by  applying  the 
rule  given  (42)  to  form  the  equation  which  gives  the  value  of  it  may  happen  that  one  of  the  constants  con- 


tained in  the  equation  should  disappear.  It  would  obviously  be  the  case,  for  instance,  with  respect  to  the  con- 
stant a,  if  the  primitive  equation  had  the  form  f (r,  y)  — a;  and  if  a were  not  contained  in /(x,  y).  But  in 
all  cases,  by  combining  the  primitive  equation  with  the  differential  equation  of  the  first  order,  so  as  to  eliminate 
one  of  the  constants,  it  will  always  be  easy  to  obtain  u differential  equation  of  the  first  order,  containing  one 
constant  less  than  the  primitive  equation. 

Such  a differential  equation  does  not  oniy  correspond  to  the  proposed  primitive  equation,  but  to  all  those 


which  differ  from  it  by  the  value  of  the  constant. 


Ilcncc  it  expresses  a relation  between  x,  y,  and  ^ more 


general,  than  a differential  equation  of  the  first  order  containing  that  constant. 

If  the  constant  eliminated  enter  the  primitive  equation  in  a degree  higher  than  the  first,  the  result  to  which  we 
shall  arrive  will  contain  the  differential  coefficient  of  the  first  order  in  a degree  higher  than  the  first. 

(47.)  These  considerations  may  easily  he  extended  to  differential  equations  of  higher  orders.  We  shall  he 
able,  for  instance,  to  eliminate  two  constants  between  the  primitive  equation,  the  differential  equation  of  the  first 
order,  and  that  upon  which  depends  the  value  of  the  differential  coefficient  of  the  second  order  ; and  the  result 
will  lie  a differential  equation  of  the  second  order  containing  two  constants  less  than  the  primitive  equation. 
Generally,  wc  sec  that  we  may  obtain  a differential  equation  of  the  ro*  order,  containing  m constants  less  than 
the  primitive  equation. 

(48.)  Instead  of  eliminating  constants  between  the  primitive  equation,  and  its  differential  equations,  they 
might  be  combined  so  as  to  make  other  quantities  disappear  in  the  result.  The  variables  x or  y,  for  instance, 
or  any  function  of  them  entering  the  primitive  and  differential  equations  might  be  eliminated. 

Wc  shall  now  apply  the  foregoing  rules  and  observations  relative  to  implicit  functions  of  x,  or  to  equations 
between  the  two  variables  x and  y,  to  a few  examples. 


Example  I.  Let  it  be  proposed  to  determine  the  values  of  the  first  and  second  differential  coefficients  of  the 
implicit  function  ofx  which  y represents  in  the  equation 

ay*  4*  b j*  xz  c x y + d. 

Wc  shall  have,  by  (41),  to  determine  the  first  differential  coefficient 


3ay‘  j?  + S6x*=c*^  + cir. 


• («). 


hence 


dy. 

d x 


3 b x*  — c y 
3 ay1  — cx 

To  find  the  second  differential  coefficient,  we  shall  take  the  differentia!  coefficient  of  both  sides  ol  (a),  consi- 
dy 


dering  y and  ^ as  implicit  functions  of  x.  Wc 


find 


•La  + c x + c i? 

Ux  dt‘  i / V 
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***  y — (0  6 x -f  ^6  ay  p*  + 2 e /») 

d x*  S a y*  — c x * 

or  substituting  for  ;>  its  value 

<* 1 y _ — { 6^  (8  « y*  — cx)*  -f  6 o y (8  6 j*  - p y)*  - 2 « (3  4 j*  — c y)  (8  <r  y*  — ex)  } 
<TJ>  — (S  0 y‘  - c x)* 

Example  2.  Let  the  proposed  equation  be  y*  — 2 m x y -f-  **  — «*  = 0. 

,/  u 

We  shall  have  to  determine  ~ 


dy 


dy 


and,  consequently. 


2 y - 2mr  — — 2tuy-f2x=0; 
ox  rt  x 

<*  y _ *»  y — x 

«/  x y — m r ‘ 

In  this  case  the  primitive  equation,  containing  no  higher  power  of  y than  the  second,  maybe  resolved  with 
respect  to  that  variable.  It  gives 

y r=  m x + */  (a1  - i*  + *n*.r). 
d v 

Substituting  these  values  lor  y,  in  the  expression  of  yj-.  we  shall  find 


fy  _ 


ii  x 


= m i -- 


— x -f-  m*  .r 


*/(«•  - x*  + «i*x*)  ' 


It  is  easy  to  verify  that  the  two  values  we  have  thus  obtained  for  the  differential  coefficient  of  y are  identical  with 
those  we  might  derive  from  the  value  of  y. 

d y 

There  is  still  another  manner  in  which  we  might  arrive  at  the  value  of  expressed  in  terms  of  x alone. 

We  might  eliminate  y between  the  primitive  equation,  and  the  differential  equation  of  the  first  order,  by 
taking  the  value  of  y in  the  last,  where  it  enters  only  in  the  first  degree,  and  substituting  it  in  the  other,  we 
shall  have,  by  this  process,  the  following  equation. 

d v*  „ d y !•  ~ m*  j*  — a*  m* 

— - am  T;  + - --  CQ- 


d x3 


• - m*  x* 


dy 


which,  being  resolved,  will  lend  to  tlie  some  values  of  yp  as  before. 
Example  3.  Let  the  primitive  equation  be 


then 

and 


x aia  y + y cos  x ~ a, 

. . d y dy 

sin  y + x cos  y y-  -f  cos  x -y—  — y sin  x t 


dy  y sin  x — sin  y 

'd~x  ~ cos  x + x cos  y 
Example  4.  Let  the  primitive  equation  be 

y*  = a x -f  h. 


then 


A dy 
2*7<7=fl; 


and  by  eliminating  a we  find  for  differential  equation  of  the  first  order  independent  of  a 

y* 


2xyS7  -*  = #- 


Differentiating  this  equation,  b trill  disappear,  and  we  shall  obtain  a differential  equation  of  the  second  ordxr 
independent  of  the  two  constants  a and  6, 

ill*  + 9 d* 

It  is  easy  to  verify  that  this  equation  is  satisfied  by  the  value  of  y given  by  the  primitive  equation.  For  this 


value  is  y :=  (ax  6)  , hence 


dH 

dx 


1 (P  y .1 

i(ai  + 6)a  and  yp  = — £ a*  (a  x + 6)  *,  which  being  substi- 


tuted in  the  differential  equation  of  the  secoud  order,  makes  one  side  identically  equal  to  the  other. 
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Example  5.  Let  the  primitive  equation  be 

y*  - 2 fly+i'sd', 

where  the  constant  a enters  in  the  second  power.  We  find 

d y 

&-°>J7  +*  = 0- 

taking  the  value  of  a in  that  equation,  and  substituting  it  in  the  primitive  equation,  we  shall  have 

,,41 

for  the  differential  equation  of  the  first  order,  independent  of  the  constant  a. 

Example  6.  Let  the  primitive  equation  be 

y3  + y = («*  + **)T . 

we  shall  have  for  the  differential  equation  of  the  first  order 


2 x. 


We  may  now  substitute  in  this  equation.  Instead  of  (a*  ■+•  **)",  its  value  taken  in  the  primitive  equation, 
and  then  we  shall  obtain  a differential  equation  independent  of  that  irrational  function  of  x, 

,3  4.  n is.  - m<s‘  + y) 

(3y  + nrfj  - n(0.  + ^ 

Example  7.  We  shall  take  for  the  last  example  an  equation  containing  logarithmic,  exponential,  and  trigono 
metrical  functions  ; and  we  shall  propose  to  eliminate  them  by  means  of  the  differential  equations. 

Let  the  primitive  equation  be 

y *+*  * y H“  <"*  4-  sin  x = c, 
dy  , \ dy 

we  shall  find  -j — H j-  — c~ * -j-  cos  x = 0, 

dx  y (lx 

and  bv  differentiating  again 

djf 


£x(i  + ±')_  — 

d*>  y^  tf 


d t 


-f-  <**  + sin  x = 0, 


We  shall  have 


dx> 


subtracting  this  from  the  primitive  cquution,  the  functions  e~M  and  sin  x will  be  destroyed. 

s'+'y-^(l + t)-  ‘ 

and,  it  is  obvious,  that  by  a new  differentiation  I y will  disappear. 

(19.)  When  in  variables  arc  connected  together  by  m - 1 equations,  any  one  of  them  may  be  considered  ns 
the  independent  variable,  and  all  the  others  as  implicit  functions  of  it.  Hence  it  may  be  required  to  find  the 
values  of  the  differential  coefficients  of  these  implicit  functions. 

Let  u — 0,  r = 0,  tv  = 0,  Ac.  be  the  proposed  equations  between  the  variables  t , x,  y,  2,  &c.,  in  which  l is 
supposed  to  be  the  independent  variable,  and  x,  y,  *,  Ac.  implicit  functions  of  t.  Then  «,  p,  tr,  Ac.  may  he 
considered  as  functions  of  t,  and  therefore  their  first  differential  coefficients,  with  respect  to  that  variable,  will 
be  respectively  (39.) 


d u 

d u 

d x 

dy 

d u 

d z 

J.  ,C*p 

~d~r  ~ 

d x 

dt 

+ dy 

dt 

+ d r 

dt 

T “C. 

d v 

dx 

+ — 

dy  d v 

d z 

_j>  ac> 

~dt  " 

^ dx 

dt 

H rfy 

dt 

d Z 

dt 

d w 

, dw 

dx 

d w 

a.  _ 

dy 

d id 

d z 

i-  Jlifi 

dt  ‘ 

f dx 

dt 

dy 

dt 

^ dx 

dt 

dr 

But  the  functions  of  functions  of  t,  denoted  by  «,  r,  «p,  are  equal  to  zero ; since  by  the  hypothesis,  if  we 
substitute  for  x,  y,  z in  them,  the  functions  of  l they  represent,  the  equations  « =:  0,  p = 0,  w r 0 must  be 
verified.  Therefore  the  differential  coefficients  of  these  functions  must  also  be  equal  to  zero.  Hence 

-f-  Ac.  — 0, 

-f-  Ac.  = 0, 

4-  &c.  as  0, 


— + 

dti 

H x 

t-— 

dy  . dn 

d z 

dt  + 

d x 

~dT~ 

h dy 

dt  + dx 

dt 

ft  V 

d v 

d x 

dy  , dx 

d z 

77  + 

d x 

"77  ~ 

^ dy 

dt  ^ dx 

dt 

ft  U' 

d w 

d x dw 

dy  dm 

dt  + dx 

d 2 

IT  + 

dx 

dt  dy 

77 
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Equations  by  means  of  which  the  values  of  f*  ^*c*  ma)  ^e  determined.  ^ 

The  formation  of  the  equations  upon  which  depends  the  determination  of  the  differential  coefficients 

***  ~9  ^ ^ fce.  will  present  no  difficulty.  It  is  clear  that  the  differential  coefficients  of  the  second 

d t*  * d t dt* 

order  of  the  functions  u,  r,  it,  &c.,  considered  as  functions  of  functions  of  /,  will  be  obtained  by  taking  the 

d x dy  d x 

differential  coefficients  of  their  first  differential  coefficients,  in  which,  it  must  be  remembered,  — , — , — , 

Ac.  are  new  variables  representing  functions  of  t.  These  differential  coefficients  of  (lie  second  order  must,  as 
well  as  those  of  the  first,  be  equal  to  zero.  Hence  will  result  a sufficient  number  of  equations  to  calculate  the 
(P  y d1  3 

TfT*  Tt 


values  of 

a t 


-,  &c.,  which  quantities  they  will  involve  in  the  first  degree.  That  which 


should  be  done  to  determine  the  values  of  • 


rf»  s 

-—3-,  &c.,  and  the  differential  coefficients  of  still 
d r 


d*  y 

dt*  dP' 

higher  orders,  are  sufficiently  indicated  by  what  precedes,  and  require  no  further  explanation. 

(50.)  The  observations  which  have  been  made  before  in  the  case  of  a single  equation  between  two  variables, 
with  respect  to  the  combinations  of  the  primitive  equation,  and  its  differential  equations,  apply  clearly  here. 
Between  the  m — 1 primitive  equations,  and  the  m — 1 differential  equations  of  the  first  order  2 m — 3,  constant 
or  variable  quantities  may  be  eliminated  ; and  generally  between  the  m — 1 primitive  equations  and  » m — n 
differential  equations  of  the  n first  orders,  (n  -f-  1)  m — « - 2 quantities  may  be  eliminated. 

Let  us  take,  for  example,  the  two  equations  ^ 

y1  -f'3a<x=6c*f 


Wc  shall  have  to  determine  and  the  two  following 
at  at 


x*-f  3ffy  = o’  b. 

le  i 


r r,  +"‘37  + 


And  by  taking  the  differential  coefficients  of  the  left  sides  of  these  equations,  we  shall  have 


dt 

'IK*2* 


dt • 

#+•'•&  ♦■•if— 


Equations  by  means  of  which  we  shall  be  able  to  find  the  values  of  ^ p • ^ p • 

f51  1 We  shall  now  proceed  to  examine  implicit  functions  of  two  or  more  variables. 

Let  w = 0 be  an  equation  containing  three  variables  x.  y,  Either  of  them  may  be  considered  as  a function 
of  the  other  two  ; z,  for  instance,  as  a function  of  x and  y.  Let  us  propose  to  find  the  values  of  the  partial 
differential  coefficients  of  s.  ^ z 

This  wilt  be  very  easy  j for  if  s were  expressed  by  an  explicit  function  of  i and  y,  to  determine  we  should 

consider  V as  n constant  in  that  function,  and  then  differentiate  it  as  a function  of  * alone.  Hence,  in  the 
present  case,  wc  shall  first  suppose  that  z and  t arc  the  only  variables  in  w,  and  we  shall  have  by  (42) 

i?  4 ill  1?  =0... .(<■). 

dx  ^ dz  dx  K 


d z 


Equation  which  will  give  the  value  of  -j 

Secondly.  We  shall  consider  * as  a constant,  and  wc  shall  have  to  determine  the  value  of  the  equal, on 


d z 


d u 


±2  lL=0.. ..(»). 


dy  d:  dy 


d*z 


The  research  of  the  values  of  ^ ^ 


jF  r 

Jydx 


ft: 
d y* 


will  present  no  difficulty.  To  find  tlie  first  we  shall 


* 
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take’  M in  (48>*  lhe  diflrerent{aJ  coefficient  of  the  left  side  of  (a),  y being  still  supposed  to  be  a constant,  but  Put  I. 
s—v‘w'  being  considered  as  a variable,  wc  shall  have  to  determine  the  equation, 

d*  u 2 d*u  dz  M d1  u d z'  d u (P  2 __ 

dx*  dz  dx  dx  dz * d x4  ^ <Ti  dx* 

Operating  upon  (6)  in  a similar  manner,  x being  then  the  constant,  and  y,  z,  — the  variables,  we  shall  find 

d y 

for  the  equation  which  gives  the  value  of  — 

dy* 

d*  u , g d * u d x cf*  u d x*  du  d*  z 

dy*  d z d y dy  d z*  d y*  d y dy * 
d*  * 

. To  obtain  the  equation  upon  which  depends  the  value  of  - ^ we  may  take  either  the  differential  coefficient 

of  the  left  side  of  (a)  with  respect  to  y,  or  the  differential  coefficient  of  the  left  side  of  (b)  with  respect  to  x 
The  two  results  will  be  found  to  be  1 


d*  u <f*  u d z 

dxd y d z d y dx 


d 2 d*  u d s dz  du  d*z 

dy  d z*  dx  dy  dx  dxdy 


No  farther  explanation  is  required  to  understand  how  the  partial  differential  coefficients  of  a superior  order  may 
be  determined.  ‘ J 

(52.)  If  instead  of  one  equation  between  three  variables  x,  y.  z,  wc  had  m equations  between  m -f  n variables, 
it  is  obvious  that  any  m of  them  could  be  considered  as  implicit  functions  of  the  n remaining. 

Let  x,  y,  2,  Ac.  represent  the  n independent  variables,  and  x\  y\  z7,  t\  Ac.  the  m variables  which  are  con 
sidered  as  functions  of  them.  Each  of  the  m equations  may  be  differentiated  in  the  supposition  of  x being  the 

only  independent  variable,  and  lead  to  m equations  involving  the  differential  coefficients  ~ 

, . dx  dx'  dx' 

« r 

■j-p  and  sufficient  to  determine  their  values.  The  same  operation  may  be  repeated  on  the  given  equations, 

y being  then  considered  as  the  independent  variable,  and  lead  to  m new  equations,  by  means  of  which  the 

values  of  the  m differential  coefficients  &c.  may  be  obtained.  Tn  following-  the  same 

process  we  shall  find  the  mn  partial  differential  coefficients  of  the  first  order.  It  will  be  sufficient  to  differen- 
tiate the  m « preceding  equations  in  a similar  manner ; and  in  considering  the  partial  differential  coefficients 
already  involved  in  them,  as  new  variable  functions  of  x,  y,  z,  to  arrive  at  new  equations  which  will  give  the 
partial  differential  coefficients  of  superior  order. 

These  various  equations  would  be  verified,  as  well  as  the  proposed  equation,  if  for  xr,  yr,  a*,  Ac.  the  functions 
of  x,  y,  z,  which  they  represent,  wore  substituted.  Hence  they  may  be  combined  in  any  way,  and  lead  to 
new  equations  which  will  also  be  satisfied  by  the  same  values  of  xfy  y*,  z*,  Ac.  Consequently,’  constant  or 
variable  quantities  may  be  eliminated  between  them. 

The  denominations  of  partial  differential  equations  of  the  first,  second  order,  Ac.,  and  the  degree  of  a partial 
differential  equation  of  a given  order,  can  be  easily  understood  from  what  has  been  said  (45),  and  do  not 
require  any  further  explanation. 

The  elimination  between  partial  differential  equations,  presents  important  results,  which  we  shall  now 
examine. 

Let  u = 0 be  an  equation  between  three  variables  x,  y,  z,  and  let  t denote  a certain  function  of  x and  y,  a 
function  of  which  /</)  = * is  involved  in  w.  So  that  if  t = 0 (x,  y),  u may  be  represented  by  F (*,  x.  y,  z) 
or  by  F (/(•?  (x.  y)  ).  x,  y,  Hence,  if  we  apply  to  the  equation  u = 0 the  rule,  for  differentiating  'functions 
of  functions,  we  shall  have 


d u 

d z du 

d » 

dt 

d z 

d x d » 

T7 

. — = 0, 
d x 

d u 

dz  du 

d $ 

At  XV 

d z 

dy  + d» 

dl 

These  two  equations  contain  . and  — , therefore  by  combining  them  with  the  proposed  equation  u = 0.  the 

two  quantities  • and  —j  may  be  eliminated.  The  result  will  be  a partial  differential  equation  of  the  first 

order,  not  containing  . . /(p.  tmd  which  therefore  will  be  vended  try  the  primitive  equation  « = 0,  whatever 
be  the  form  of  the  luncuon  of  f designated  by/  Thus  it  appears,  that  by  means  of  the  two  partial  different 
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Differential  equations  derived  from  it  = 0,  it  is  always  possible  to  eliminate  a function  of  a certain  function  of  x and  y in- 
l alculus.  __  d z d s v 

volved  in  u,  and  to  obtain  a relation  between  x,  y , s,  and  true  for  every  form  which  may  be  assigned 

lo  that  function. 

A similar  reasoning  would  prove,  that,  generally,  m arbitrary  functions  may  be  eliminated,  with  the  assistance 
of  the  wi  n partial  deferential  equations  of  the  first  order  derived  from  m equations  betw  een  m *f  n variables. 

(53.)  We  cannot  however  infer,  by  analogy  from  what  precedes,  that  a partial  differential  equation  of  the 
second  order  may,  in  all  coses,  be  obtained,  containing  two  arbitrary  functions  less  than  the  primitive  equation. 

Let  ns  suppose  that  the  equation  u = 0 between  the  three  variables  x,  y,  *,  involves  two  functions  * and 
the  first  of  l and  the  other  of  t\  The  two  partial  differential  equations  of  the  first  order  w ill  contain  the  quantities 

and  . Differentiating  again,  we  shall  obtain  three  partial  differential  equations  of  the  second  order,  in 
fit  d t 

which  will  be  found,  in  general,  besides  the  two  coefficients  VJV*  the  quantities  #,  s',  — and  ~ . Thus, 

a " d dt  d c 

to  make  • and  / disappear,  we  should  eliminate  these  six  quantities,  between  the  primitive  and  the  five  dif- 
ferential equations,  but  this  will  be  generally  impossible.  We  should  have  recourse  therefore  to  the  partial  dif- 
ferential equations  of  the  fourth  order.  These  will  be  four  in  number,  and  will  only  contain  the  two  new  arbitrary 
rf»*  ds J 

functions—,  and  — We  shall  have,  then,  ten  equations  between  eight  arbitrary  quantities;  and  conse- 
quently we  shall  be  able  to  arrive  at  two  partial  differential  equations  of  the  fourth  order,  entirely  independent  of 
the  arbitrary  functions  $ and  s'. 

The  same  considerations  will  easily  show  what  order  of  partial  differential  equations  it  is  necessary  to  use,  to 


order  must  be  used,  and  that  m differential  equations  of  that  order  may  be  obtained  independent  of  those 
functions. 

The  order  of  differentiation  indicated  by  the  preceding  observations,  ts  the  highest  which  cao  be  required,  to 
perform  the  elimination,  but  it  may  happen  that  such  relations  shoutd  exist  between  the  terms  of  the  proposed 
equations,  that  the  arbitrary  functions  might  be  made  to  disappear  without  haviug  recourse  to  it. 

Let  us  lake  for  first  example  the  equation 

* = (r  + y)“  0 (*•  - y*), 

and  let  us  represent  the  differential  coefficient  of  0 (x’  — y)  taken  with  respect  to  the  function  between  the 
parenthesis,  considered  ns  a variable,  be  denoted  by  ip  (x*  — y*).  We  shall  have  for  the  two  partial  differential 
equations  of  the  first  order, 

*r  n (i  + y)-*  <t>  (I*  - jr*)  + 2.r(.r  + jr)-  & - y«). 


~ = n (x  + jr)”1  (J*  - »■)  - 2y(*  + yV  - y*). 

Eliminating  <P  (x1  — y*)  between  these  two  eqnations,  we  find 

¥K+a-^i=B^+sr)’0(,*-y')- 

Substituting  now  for  <j>  (x*  y*)  its  value  taken  in  the  primitive  equation,  we  shall  have 

d 2 d s 

y -r  + x -J-  = n r, 
d.  v dy 

for  the  partial  differential  equation  of  the  first  order,  independent  of  the  function  0,  and  expressing  therefore  a 

relation  between  x,  y , r,  , 3--,  verified  by  the  equation  z =s  (x  +-  y)'  0 (.t*  — y*),  and  by  all  those  which 
dr  ay 

differ  only  from  it  by  the  form  of  the  function  0. 

Eramjfte  2.  Let  the  equation  be 

* = 7 + 0(7  + 

The"  =-_*-(!  + fogy)  I g = +logy)l. 

Eliminating  <p  e +!<>s  0 between  these  two  equations,  we  get 

,dz  dz  t—rt 

d x dy 
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Differential  Example  3.  Let  the  equation  be  x = 0 (y  + x)  -f"  * V 0“  (y  ” *)* 

Calculus-  conUljnm|r  the  two  functions 0 (y-f-x)  anrt  0(0  “ *)•  which  are  to  be  e.iminatcd  by  means  of  the  differential  ' 
* equations.  To  simplify*  we  shall  write  0,  0,  0\  and  0\  Ac.,  instead  of  0 (y  -f  x),  0(y — x),  0r  (y+x),  0 (y  — x),  Ac. 


Wc  shall  find 


^ = 0' + y 0 = *.v0'»  ^ 0 + *y  0'- 


Between  these  two  equations,  and  the  primitive  equation,  we  cannot  eliminate  the  four  quantities  0,  yp,  0',  and 
and  therefore  we  proceed  to  the  partial  differential  coefficients  of  the  second  order.  We  shall  have 

^ = $>"  - 2yy  + iy+".  j-"  =^’  + S»lF  + *inK. 

jLl.  + ^ + — * y V'1'- 

didy 

These  three  new  equations  contain  two  new  indeterminate  functions  0*  and  p",  so  that  we  have  six  equations, 
and  six  quantities  to  eliminate,  which  is  impossible.  We  shall  therefore  determine  the  partial  differential  coeffi- 
cient* of  the  third  order.  We  get 

jj;  = + 3 y r”  0" - * <*y  - *)yr-Myrw 

J7r  = 0”  + * If-'  + (y  - 2 r)  y - *y  f",  = 0“  + 3 x ^ + xy  y.” 

d y*  d x « y* 

We  have  now  ten  equations  and  only  eight  arbitrary  functions  0,  0\  0'\  0r\  0,  0,rl,  therefore  the  elimina- 

tion is  possible,  and  will  lead  to  two  partial  differential  equations  of  the  third  order.  The  values  of  the  dif- 
ferential coefficients  of  the  third  order  give,  by  adding  the  two  last  and  subtracting  the  two  first, 

(F  x <Ps  d*  x d*  x . # , <P  z <P  x A/  , . , 

5?  + d^T*  ~ TTTy  ~ T?=  4 + ■ bul  3y  " S^=s (•  + »>+- 

/(P  x P x\  . . . /rf*  2 , d*  - d*  x\ 

hencc  + • 

The  other  equation,  independent  of  the  arbitrary  functions,  would  be  obtained  iq  making  use  of  the  differential 
coefficients  of  the  first  order,  but  it  is  much  more  complicated  than  that  just  obtained,  and  is  useless  to  our 
present  purpose. 

Example  4.  Wc  shall  take  for  the  last  example  an  equation  containing  two  arbitrary  functions,  which  will 
disappear  in  making  use  only  of  the  partial  differential  coefficients  of  the  second  order. 


L,t  j=i0(!)+v'(t) 

• shall  have  in  writing  again  0 and  0 instead  of  0 ft)  and  \p  (?) 


d x V xV  x dy  * T x r 

0'  and  yp*  may  be  eliminated  at  the  same  time  from  these  two  equations,  but  multiplying  the  second  by  ™ 
and  then  adding.  We  find  thus 

d x x dy 

Taking  the  partial  differential  coefficients  of  this  equation,  first  with  respect  to  x,  and  then  with  respect  to  y,  we 
shall  have 

, y d>i  _ y rfs y ^ 

x ' x d y d x x*  dy  x* 

<Px  y d*  x 1 if  j ^ 1 ^ 

dxdy  x dy*  x dy  x 

y 

multiplying  the  last  equation  by  — , and  adding  it  with  the  first,  we  shall  eliminate  0’,  and  find 

-<F  2 , (Px  . ^ d*  2 

x*  j—.  + 2 x y - — — - + y*  — = 0. 
dx*  dxdy  dy * 

A partial  differential  equation  of  the  second  order,  which  is  satisfied  by  the  equation  x ~ x 0 ^ yr 

whatever  be  the  forms  of  the  functions  0 and  yp. 

(54.)  We  have  investigated  the  rules  to  determine  the  values  of  the  differential  coefficients  of  every  given 
explicit  or  implicit  function  of  one  or  more  variables.  To  complete  the  subject,  it  remains  only  to  show  how,  in 
some  cases,  the  value  of  the  differential  coefficients  may  l>e  determined,  although  the  relation  of  the  function  to 
the  variables  is  not  known  either  explicitly,  or  by  unresolved  equations  which  connect  them  together. 

5 l 2 
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O'ffrrvnti&L  This  can  be  done  in  various  eases  by  means  of  some  circumstances  which  cannot  be  expressed  analytically,  p»rt  I. 
^Catculm.^  and  which,  witliout  any  knowledge  of  the  nature  of  the  function,  allow  us  to  determine  the  limit  of  the  ralbu^,^ 
1 T ~ * between  its  ditference  and  the  difference  of  the  variable.  We  have  had  already  an  example  of  this  method,  in 
the  manner  which  we  have  used  to  find  the  differential  coefficient  of  sin  x. 

Let  us  propose,  for  another  example,  to  investigate  the  value  of  the  differential  coefficient  of  the  area  A B M P, 
y _ ag.  included  between  the  axis  of  the  absciss#,  two  ordinates  A B,  M P,  and  a curve  A M. 

Jjj  rl  his  area  is  clearly  a function  of  the  abscissa  O P =r  x,  since  the  point  A being  supposed 
u given  point,  tJie  value  of  ABM  P will  In*  determined  for  every  value  assigned  to  x. 
y-'"  | ket  the  ordinate  be  railed  y,  and  let  y = /(x)  be  the  equation  of  the  curve.  If  we 

Y ! suppose  P P'  “ A,  and  if  we  change  x into  x + A,  the  unknown  function  of  r that  is 

represented  bv  ABM  P will  become  A B M'  P\  and  the  difference  of  the  function  will 
be  M M'  I*  P.  I#t  us  draw  the  two  lines  M N,  M'  N'  parallel  to  ()  P',  it  is  obvious, 

1 _ ' | that  by  taking  A sufficiently  small,  the  area  P M ly  M'  may  always  be  considered  as 

li  r f’  greater  than  the  rectangular  parallelogram  P M N P,  and  lesa  than  PIyN'  M'. 

Therefore  the  ratio  of  the  difference  of  the  unknown  function  to  the  difference  of  the  variable,  that  is, 

PPM  IP  . . PPMN  . . PP'M'N'  PPMN  PPM'N' 

— — — . is  greater  than  and  less  than  pp— - Bill  - p- = MP  = y,  and  -pp- 

= W^'Crf**S  ^ V#^,e  ordinate  corresponding  to  tlie  abscissa  x -f-  A,  and  consequently  equal  to 

y + A ~4~  J~2  Knit  of  which,  with  respect  to  decreasing  values  of  A,  is  y.  Ilence  the 

ratio  of  the  difference  of  the  function  A B M P,  to  the  difference  of  the  variable,  is  included  between  twe  quan- 
tities, one  of  which  is  y,  and  the  other  has  for  ils  limit  y;  consequently  the  limit  of  that  ratio,  or  the  differential 

coefficient  of  the  area,  is  also  equal  to  y. 

We  may  apply  the  same  method  to  a function  of  two  variables.  Let  DAB.  D A C,  CAB  be  three  coordi- 
• nate  planes,  cut  by  a curve  surface  DCBIIGMEF,  whose  equation  is 

i“.  * = /(r.y).  If  by  any  point  M of  that  surface,  whose  coordinates  M M', 

/ » M'  P,  A P,  are  respectively  *,  y,  x,  two  planes  are  drawn,  KM  HQ  and 

/ />  s*  E M G P,  parallel  to  the  coordinate  planes  D A B,  1>A  C,  they  will  form  a 

/ : /\  solid  D H M G A P M Q.  whose  volume  is  clearly  a function  ofr  and  y.  Let 

nZ  1/  j \ M that  u,l^noWn  function,  and  let  it  be  required  to  find  the  value  of 

j j I j \ <T~~ly  = * an<*  ^ 9 = **  am*  by  point*  P und  q let  planes 

/ i / ! — ^n'  he  drawn  parallel  to  DAC  and  DAB.  and  meeting  in  NN\  If  in  the 

I t / j j j\  /\  • i / function  u w©  change  x into  x-f-A,  it  becomes  DHmgAQm'y 

/ I / r / | nYjfm/w  =:  « 4- “ A 4 b &c.,  and  the  partial  difference  of  u with 

/ K -"*A- J Y ax  dx*\.2 

I / ' f / 1 ■ "S*  tl  u dJ  u A® 

/ j / / .-•  respect  to  x is  M m M'm'G  g Py  =:  — - ■ A 4*  -r-z  4 &c.  Let  us 

/ / //  a x (t  x*  1 . 2 

* change  in  this  difference  y into  y 4*  A,  it  will  become  N n N'  n’  G g Py.  and 

will  have  for  its  own  difference  M Nm«  M'N' m'n\  the  first  term  of  the 

(p  K 

developcment  of  which  will  clearly  be  - — -j—  A A.  But  \;e  may  easily  see  that  the  first  term  of  the  expression  of 

M NmnM'N' m*  nf  is  also  x A k.  For  M M'  = 2, 

d 2 d*  r A*  , dr  d*2A« 

m^=t  + -h  + — —.  n*  =,+  -*+  _ — +&c. 


d 2 

NN’=i+  - — A + 
dx 


d i d»  a A« 

dy*+rflin  + A<:- 


Consequently,  if  by  the  points  M,  N,  m,  «,  we  draw  four  planes  parallel  to  the  plane  A B C,  we  shall  form  four 
rednngular  parallelopipedons  having  the  same  base  M'  N' m!  n‘  = A k,  and  the  first  terms  of  the  expressions 
of  the  volumes  of  which  will  all  be  t A k.  Now,  it  is  obvious,  that  the  paralldopipcdon*  are  always  some 

d9  v 

greater  and  some  less  than  the  solid  NNn«M'  N'  mr  n\  therefore  the  first  term  t*ie  expression 

of  the  volume  of  that  last  solid,  must  be  equal  to  the  first  term  2 A A,  common  to  the  expressions  of  the  volumes 

of  the  four  parullelopipedons.  Hence  -***!*-  =2/  (x,  y). 

dx  dy 

(55.)  It  does  not  unfrequcntly  happen  that  it  becomes  necessary  to  substitute  for  the  differential  coefficients  of 
one  or  several  functions,  with  respect  to  one  or  more  variables,  involved  in  a formula,  the  differential  coefficients 
of  the  same  function,  with  respect  to  other  variables  connected  with  the  first  by  given  relations. 

Let  us  first  suppose  that  the  formula  contains  only  the  differential  coefficients  of  y with  respect  to  the  variable 
x,  and  that  it  is  required  to  substitute  for  them  the  differential  coefficients  of  y with  respect  to  another  variable  /, 

x being  a function  of  /.  The  values  of  . &c.,  in  terms  of  &c.,  -7-3,  may  readily  be 

axtfj*  d t d P d t a t 

formed,  by  means  of  what  precedes- 
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Differ*  mini 

Calculus. 


We  shall  have  first,  by  (24), 


dy  _ <*y 

d t d x 


we  get 


(ii\ 

. and  hence  ss  ~-r  , from  which 
d/  dr  /a  j\ 

W/ 

<fy  d * d*  r d^y 

d^y  _ de  dl  Te  'Ti 

d x*  d x*  ’ 

d7 


and,  by  taking  again  the  differential  coefficients  of  both  sides  of  this  equation  with  respect  to  f,  we  find 
d y d x*  d*  y d“  j d x . d y d*  x*  rf1  x d y d x 

dry  _ dT  ~~ 3 d?  7?  + 3 It  TF  Te  dl  d~t 

d jf  d x* 

d <* 


In  a simitar  manner,  the  values  of  the  differential  coefficients  of  higher  orders  may  he  found. 
If,  in  these  formula,  we  suppose  t = y,  then 


and  they  become  respectively, 


d t 


±y  __ 

d x 


1 

d x 

~dj 


d*  y 
di1 


a 

I 

■n 

PM  = 0 

d e 

d P 

d*x 

tPy 

, a 

d. r* 

d x* 

dy* 

<Px " 

d*  x d x 

d y< 

d y*  d y 

and 


d x* 


With  these  values  we  shall  be  able  to  transform  any  analytical  expression  involving  the  differential  coefficients  of 
y with  respect  to  x,  into  another,  in  which  they  will  be  replaced  by  the  differential  coefficients  of  x with  respect 
to  y.  , 

(56.)  No  greater  difficulty  will  be  found  to  change  the  differential  coefficients  of  any  number  of  functions 
y(,  y„  yt,  &c.,  with  respect  to  any  number  of  variables  x„  x*  x,,  &c.,  into  the  differential  coefficients  of  the 
same  functions  with  respect  to  an  equal  number  of  variables  x„  sr  zs,  &c.,  connected  with  the  first  by  as  many 
equations  as  there  are  variables.  The  first  partial  differential  coefficients  will  be  os  before, 


dyi 

>hti 

rfyi  _ 

dzx 

dy,  _ <it. 

JxT 

dti  * 

dr,  dr. 

dzx 

dl. 

dy. 

d y. 

d y.  = 

Ah 

dy,  _ dr. 

dx, 

dx,  ' 

it  r,  d t, 

ds  i 

*1, 

And,  taking  the  differential  coefficients  of  each  of  those  with  respect  to  each  of  the  new  variables,  the  values  of 
the  partial  differential  coefficients  of  higher  orders  will  be  obtained. 

We  have  now  explained  all  the  general  rules  of  the  Differential  Calculus,  and  sufficiently  illustrated  the  meaning 
of  the  notations  which  are  used  in  it.  We  shall  therefore  proceed  to  the  Integral  Calculus,  intending  to  show 
afterwords  the  application  of  both  to  analytical  and  geometrical  investigations. 
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PART  II 

INTEGRAL  CALCULUS. 


Integral 

Calculus. 


(57.)  We  have  before  stated,  that  the  Integral  Calculus  was  the  inverse  of  the  Differential  Calculus,  and  had  for 
its  object  to  determine  the  value  of  a function,  the  ditferential  coefficient  of  which  is  known,  or,  more  generally, 
to  discover  the  relations  which  exist  between  the  variables  and  the  functions,  from  given  equations  between  them 
and  their  differential  coefficients. 

(5H.)  We  shall  first  consider  the  simplest  case;  which  is,  to  find  the  value  of  a function  of  one  variable,  when 
the  first  differential  coefficient  is  given  explicitly  in  terms  of  that  variable. 


Let  X be  the  given  differential  coefficient,  and  let  y designate  the  unknown  function,  then  — - = X,  or 

d x 


d y = X d x.  The  required  function  is  generally  represented  by  fX  d r,  the  characteristic  f denoting  an 
operation  precisely  the  inverse  of  that  indicated  by  d in  the  differential  * calculus.  Hence,  if  the  two  characteristics 
J and  d were  prefixed  to  the  same  function  w,  they  would  neutralize  each  other,  aud  we  would  have  f du  = tf. 
It  follows  also  from  (30)  that  d'1  X d x would  signify  the  same  thing  as  J'X  d x ; and  consequently  that  we  might 
dispense  with  the  use  of  a new  sign.  But  a s it  is  universally  employed,  we  shall  retain  it  here.  In  the  sequel 
we  shall  have  occasion  to  mention  the  origin  of  this  notation,  and  also  of  the  name  integral,  applied  t oJ'Xd  x, 
or  to  the  function  whose  differential  coefficient  is  X.  The  operation,  by  means  of  which  the  integral  of  a giveu 
differential  is  determined,  is  called  integration.  To  integrate  a differential,  is  to  find  the  value  of  its  integral. 

These  definitions  and  notations  understood,  we  shall  deduce  without  any  difficulty  from  the  observations  and 
rules  stated  in  the  differential  calculus,  the  following  results. 

(59.)  If  y represent  u function  of x,  and  if  d y = X d x , then,  from  (18),  f X d x =r  y -fA,  where  A is  art 
arbitrary  constant.  Hence  we  may  always  add  to  the  integral  of  a given  differential  a constant  quantity,  whose 
value  remains  in  general  indeterminate.  If  however  the  value  of  the  iutegrul  corresponding  to  a particular  value 
of  x,  happen  to  bo  known,  then  the  constant  may  be  determined.  Let  us  suppose,  for  instance,  that  we  know 
that  the  integral  becomes  equal  to  B,  when  x is  assumed  equal  to  6.  Then,  if  we  designate  by  C the  value  of  y 
corresponding  to  the  same  supposition,  we  must  have  C + A = B,  and  consequently  A = B — C. 

(60.)  We  shall  also  have,  by  (18),  M being  a constant, 


/M  Xdx  = M/X  d *=  My  + A. 

Hence,  when  a constant  factor  multiplies  a given  differential  function,  it  may  be  written  out  of  the  sign  oi 
integration. 

(61.)  Let  ylt  y ^ &c.  be  functions  of  j,  and  d yt  Xt  d x,  d yt  = X,  d j,  d y,  = X,  d x,  &c  ; 

then,  by  (21), 

y (X,  dx  + X,  dx  - X,  dx)  = fXt  dx  +J  X,  dx  - fX,  dx  = y,  + y,  ~ y,  + A. 

Hence  the  integral  of  the  sum,  or  difference,  of  the  several  differential  functions  of  the  same  variable  is  equal  to 
the  sum  or  difference  of  the  integrals  of  those  differentials. 

(62.)  The  rule  given  (22)  to  find  the  differential  coefficient  of  the  product  of  two  functions  of  the  same  variable, 
will  give 

/y,  X,  d x = y,  y,  -/y.  X.  d x.  or/y,  d y,  = y,  y,  - /y,  d y,. 

This  result  shows,  that  when  the  differential  function  may  be  decomposed  into  two  factors  y,  and  X,  dx,  and 
that  the  integral  of  one  of  these  may  be  obtained,  the  integration  of  the  proposed  formula  will  depend  upon  that 
of  another  function  equal  to  the  product  of  the  integral  already  found  by  the  differential  of  the  factor  not  yet 
integrated.  This  method  is  called  integration  by  parts.  We  slinll  frequently  have  occasion  to  muko  use  of  it. 

(G3.)  Each  of  the  rules  given  in  the  differential  calculus,  to  obtain  the  differential  coefficients  of  the  function* 
of  one  variable,  we  have  examined,  being  inverted,  will  clearly  lead  to  a corresponding  rule  of  integration.  In 
oonequence,  to  avoid  repetitions,  we  shall  write  down  the  values  we  have  determined  for  the  differential  coeffi- 
cients of  the  various  species  of  functions,  and  opposite  to  each,  the  integral  formula  which  is  deduced  from  it. 
Titus  we  shall  form  the  following  tableau. 


We  have  found 


da  jT 

— = m x"  . . . 

d x 

. . . hence. . . 

/ o i*  = — j— . + e 

J m+l 

(<*)• 

da * 

— ~ at  a 

....  f*  a?  d x — + c 

di 

7 la  + 

aJL-< 

/ tf  d x -|»  e 

d x 
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m , pm d x 

xz  — hence f = 1»  x -+•  c . 


d L x m , pm  d x 

zz — hence / ♦ ...(</). 

d x x €./  * 

i ±=l. rn=,*+c w. 

dx  x J x w 

d sin  x P . . , j.. 

— - — sz  cos  x ■. .....  f COB  x d X = sin  x -f-  c (/), 

(1  cos  X P . J 

— — o-b<  .1  sui  x « * as  — cos  * + e (g). 

d tan  x 1 p d x 

d x (cost)*  J (cos  x)!  ' 

d cot  x I p dx 

dx  ~ (sin  *)«"•' 'J  (sin  x)*  ~ 01,1  X + * (l>- 

d sec  x . * /*.  , . ... 

— j— — =x  tan  x sec  x .,....§  tan  x sec  x d x = sec  x -f“  c (A). 

d co  sec  x 4 P . , 

— ^ — =:  — cot  x cosec  x J cot  x cosec  x d x = — cosec  x -f-  c ..(/). 

rf  sin"1  x 1 P dx  ... 

~ST~  = vfF^) vd->)  = Mn  J + c (m)’ 


d sin"1  x 
dx 

d cos"1  x 
d x 

d tan"’  x 


V(l 
- I 

V(l-x*) 

1 


• rfx 

VO  - x0: 

• - (it 


d x 

d col-*  x 

1 + & " 
- 1 

■J  r+?-,a" 

p - dx 

dx 

1 + x>  ■ ' 

" J I + X* 

d sec"1  x 

1 

p dx 

d x 

x*/(x.-l)  '■ 

J 

d cosec"'  x 

- 1 

p -dx 

d x 

* ./(X*  - 1)  ■ 

J xj(x'~  1)  ~ 

(64.)  Each  of  these  formula*  is  the  analytical  expression  of  a rule  of  integration.  The  first,  which  is  one  of 
the  roost  important,  shows,  that  the  integral  of  the  m*  power  of  a variable  multiplied  by  the  differential  of  that 
variuble,  is  obtained  by  increasing  the  exponent  by  one,  then  dividing  by  the  new  exponent  and  by  the  differential 
of  the  variable,  and  adding  an  arbitrary  constant  to  the  result.  This  rule  docs  not  apply  when  m = — 1 ; that 

Is,  to  the  integration  of  ■ but  the  formula  (e)  gives  the  integral  in  that  case. 

(65.)  Whenever  we.  ore  able  by  some  transformation  to  change  tho  formula  X dx  Into  one  of  the  pre- 
ceding, the  value  of  f X d x will  become  known.  Hence  our  object  now  must  be  to  examine  successively  the 
various  forms  X may  have,  and  to  endeavour  to  reduce  each  of  them  to  one  of  those  we  already  know  how  to 
Integrate. 

(66.)  When  X is  a rational  and  integral  algebraical  function  of  x,  its  most  general  form  is 
A/+Ba*+C/-f + T, 

«,  6,  c,  Ac.  being  positive  integers.  By  comparing,  in  that  supposition,  X d x with  the  formula  (a)  of  the 
preceding  paragraph,  we  shall  have,  obviously. 


H"  T x-f-  V, 


/(A  x*+Dx*  + Cy-f. + T)d,=  +<L£  + +TX  + V. 

\ being  the  arbitrary  constant. 

It  is  not  necessary  that  a,  b,  c,  &c.  should  be  positive  integers ; they  might  be  negative  or  fractional,  and 
the  integral  would  still  be  obtained  in  the  same  manner,  except  in  the  case  in  which  one  of  the  terms  of 

X should  be  of  the  form  - , and  then  the  corresponding  term  of  the  integral  would  be  < / x by  («),  (S3). 

The  same  mode  of  integration  succeeds  when  X = (A  + D r)',  or  equal  the  sum  of  terms  similar  to  that. 
J™,,  1*  ° be  ® P”"'tive  integer,  tile  binomial  (A  + B x)‘  may  be  developed  into  a finite  series  of  terms  of  the 
form  M x",  and  then  X d x may  be  integrated  as  above.  But  we  may  obtain  the  integral  in  a simpler  manner, 
which  has,  besides,  the  advantage  of  being  applicable  whatever  be  the  value  of  a.  Assume  (A  + Ilr)=y,  then 

^*=  lf>  «>d(A  + Bx)*=y-;  therefore  X d x = — . and/Xdx  = + c,  substituting  now 
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for  y **»  we  sb*u  find  / x d X = f (A  + B x)*  i X =^rfa +'0' ' + c-  < 

In  ihe  case  of  a — — 1,  the  same  transformation  gives 

f (A+*Bxj=  -(A^-  r-  + c=  i(A  + Bx)“  +c. 

This  transformation  will  succeed,  again,  when  X = (A  -f-  B x*)“  x**1  d x,  whatever  be  the  exponents  a and  6. 
We  shall  assume  A + B x*  = y,  then  (A  -f-  B x*)‘  = y\  x**1  d x = ; therefore  Xdr  = — and 

y-+‘ 

y X d x = ^ ^ ^ ^ -f-  c ; or,  substituting  for  y its  value. 


and  when  a = — 1, 


/X  d x =/c  A + Biy«"'«r.  + •* 


(67.)  Let  us  next  consider  the  case  in  which  the  function  X is  a rational,  but  fractional  function.  Its  most 
general  form  will  then  be 

Ai"'-f  Ci**»+ T 

A'x*-‘  + B'  x*'#  -f- V 

The  denominator  of  this  expression  may  always  be  put  under  the  following  form : 

(x— a)  (x-6)Ac X (x—  a!y(x—  by  &c X («l - 2 a x -f- + 0*)&c X (x*  — 2a' x + a'*  + /9"*)r&c. 

If  we  suppose,  that  by  resolving  the  equation 

f -f  A' x-1  + B' -f  Ac + T'r  0, 

we  have  found  it  had  the  unequal  roots  a,  l>,  &c.,  p roots  equal  to  o',  q roots  equal  to  b\  &c.,  a pair  of 
imaginary  roots  equal  to  a + g 'S  — 1,  &c.,  and  r pairs  of  imaginary  roots  equal  to  *'  :fc  f¥  — 1. 

The  denominator  of  the  fraction  being  so  decomposed  into  factors,  we  may  transform  the  proposed  function  into 
the  sum  of  the  following  simple  fractions: 

N , N,  , 


, + 7 ~b  + **• 


r , p'  , 

(x  - nOr  (r  — O*)'-1  1 

Q Q. 

(x  - vy  ' (x  - by- 

(■»  - a1) 
0,- 

(x  - 6)- 


+ Ac. 

K x + I. 

' J*  — 2 a X 4~  n*  + F 
+ Ac. 

J -■  »»-+-»■  - -t-- 

^ (X«-  2 o'*  + -'-•f  0,iy  T <X*  - 


R,  r -f  S, 

2«'x  + *"  + /ry 


R,.,*  + st_, 

J^-2 


-f  &c. 

K,  N\ R,.i,  Sr.„  being  constant  quantities.  To  determine  their  values  we  should  bring  all  these  frac- 

tions to  the  same  denominator,  which  will  obviously  lie  the  denominator  of  the  proposed  fraction.  Then  the 
sum  of  their  numerators  must  be  equal  to  the  numerator  of  X ; and  as  this  equality  must  subsist  independently 
of  any  particular  value  assigned  to  x,  the  coefficients  of  the  same  powers  of  that  variable  in  both  quantities  must 
he  equal.  This  will  furnish  precisely  the  same  number  of  equations  ns  there  are  unknown  quantities.  For  it  is 
easy  to  see,  that  n being  the  degree  of  the  denominator  of  X,  n — 1 will  be  the  degree  of  the  numerator  of  the 
N N 

sum  of  the  fractions  , ^ , Ac.,  and  n the  number  of  the  unknown  quantities.  It  is  clear,  moreover, 

x — a x — 6 

that  these  Inst  quantities  will  enter  the  equations  only  in  the  first  degree,  and,  consequently,  that  their  values  will 
be  real,  and  that  they  may  always  be  assigned.  Therefore  the  transformation  of  the  proposed  fraction,  indicated 
above,  may  always  take  place,  and  the  difficulty  of  its  integration  is  reduced  to  that  of  the  four  following  forroulse, 
N d x P dr  (K  x + L)  d x (R  x + 8)  d x 

* - a*  (x-o')'1  + a a x + af  + /**'  (x«  - 2 a'  x -}-  «’  + ff*)' 1 

which  include  all  the  forms  of  the  fractions  in  w hicb  it  is  decomposed. 
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(68.)  The  determination  of  the  values  of  the  numerators  N,  N„  Ac.  of  the  partial  fractions,  by  the  method  we 
have  explained,  will,  in  general,  be  very  laborious.  It  uiay  be  simplified  in  making  use  of  the  differential 
’ calculus. 

Let  us  propose  to  find  the  numerators  of  the  fractious 

P P,  P,-. 

(x  — a')f * (x  — a'y~l x — a' * 

corresponding  to  the  factor  (x  — cty.  All  that  we  shall  say  will  apply  to  the  numerators  of  the  simple  factors 
x — o,  x — b,  Ac.  iu  supposing p ~ 1.  To  simplify,  let  us  represent  the  numerator  of  X by  U,  and  its  deno- 
minator bv  V } then  wc  shall  have 

u-  p . . p>-.  . tT> 

ir->  ~ , _ 


u, 


(*  - «')'  r (*  - «'r 


} 


being  the  sum  of  all  the  other  partial  fractions.  Multiplying  both  sides  of  this  equation  by  Q,  and  observing 
that  V =:  Q (x  — aOf.  we  find 

0 {—  - P - P.  (x  - a')  - P.  (j  - o')’ - P,-.  (x-  ay 

V.  = (j  -ay 

The  port  of  the  numerator  of  this  expression  contained  within  the  parenthesis,  since  Q is  not  divisible  by 
(x  — ef),  must  be  divisible  by  (x  - a7.  It  may  therefore  be  represented  by  y (x  — o')',  V being  an  integral 
function  of  x.  Hence  all  the  differential  coefficients  of  that  quantity,  till  that  of  the  (p  - I)*  order  inclusively, 

d — a*  y 


must  become  = 0,  when  x — o', 
U 


We  shall  have  therefore  in  denoting  by  *— ■, 


d x 


M 

d x* 


Ac.,  the  values 


assumed  by  — , and  its  differential  coefficients  when  a ' is  substituted  for  x 


d - 

9 

d x * 


P,  = 


1 

1 . 2 


c£*  - 

1 

df  1 


P.  = 


1 


(P  — 

±_ 

cfx»  * 


Ac. 


The  values  of  Q, 


d Q 


1.2.3 

and  for  x = o',  may  even  lie  derived  from  the  values  of  the  differential  coeffi- 


<P_ Q 

d x ’ d x*  ’ 

dents  of  V of  the  p,k  and  following  orders,  corresponding  to  the  same  hypothesis,  in  using  the  relation 
V =r  Q (x  — a'yt  So  that  the  determination  of  P,  Px,  Ac.  may  be  made  to  depend  upon  the  differential  co- 
efficients of  the  numerator  U,  and  denominator  V of  the  proposed  fraction. 

(69.)  To  find  the  values  of  the  numerators  of  the  fractions  corresponding  to  the  imaginary  roots,  we  shall 
proceed  nearly  in  the  same  manner.  In  that  case,  we  have 
U_  Rx  + S 11,  x + 9,  Rr_,  x + S„_,  Ur 

V (x*-2a'x-|-«/>+/y,)r’l’(xa-2«/x+  «'*  + g'4)'"1  + at*  — 2 »'  x + «"  + + Q * 

Reducing  to  the  same  denominator,  and  observing  that  V = Q (x*  — 2 «'  x -f-  o'*  -j-  ^*)r,  we  get 

Q - (tt*  + S)  - (R.x  + S,)  (j*  - 2 .'*  + «'' + /)'•)  - 4a } 

U.  = <*■  -2«  x + .»-t-  0")' 

The  part  of  the  numerator  of  this  expression  between  the  parenthesis,  must  be  divisible  by  (x*  — 2 a'  x -f-  a?  -f*  ft*y ; 
if  therefore  we  suppose  it  equal  to  W,  we  must  have 

<T  W ft-1  W 

rfi*’ dr-1* 

equal  zero  when  x is  one  of  the  values  which  makes  **  — 2 «/  x -f  «r*  4-  ft*  = 0. 

By  substituting  for  them  W,  and  its  differential  coefficients,  each  of  these  quantities  will  assume  two  forms, 
such  as  G -f*  H s/  — 1,  and  O — II  V — 1,  which  cannot  be  both  equal  to  zero,  unless  G = 0 and  II  = 0. 
Hence  we  shall  hove  just  as  many  equations  as  there  arc  quantities  to  determine. 

(70.)  Let  us  now  examine  the  four  forinulte,  to  the  integration  of  which  may  be  reduced  that  of  any  rational 
fractional  function,  as  wc  have  seen  (67). 

Ndx 

To  integrate  the  first  it  is  sufficient  to  observe  that  the  numerator  is  equal  to  a constant  N multiplied 

by  the  differential  of  the  denominator,  therefore  by  (r)  (63), 

^ 1 = N / (j  - a)  -f  t = I (i  - <0*  -f-  c. 


W.  rfJ? 

d T 


fl 


(71.)  The  second  formula. 


(x-°')> 


is  also  integrated  immediately. 


Assuming  x — o'  — z,  then  d x =:  d z. 
5 M 
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(!«kuh».  Substituting,  w*  find  s=  V z~r  d s;  henre,  by  (a) 

v V attain  far  * its  value, 

~ Vdx  -P 


Pdj  _ 

* ~(p-l)* 


- P , Part 

m 4“  c i and,  putting'  v^, 


/Vdx  _ 

(r  ~ o')'  “ 


(/>  - 1)  (x  — <*'/- 


+ C* 


(72.)  To  find  the  integral  of  the  third, 
substituting,  the  formula  becomes 


(Kx  + L)dx 


X*  - 2 a x -f-  a«  + (*' 
(K  :-f  Ka*f  L)  d x 
2'  + ff 


, We  assume  x — a = :,  then  ix  •sz  d x,  and 


This  may  be  resolved  into  the  two  following. 


which  may  be  written 


K 

2 


Kzdz  . (K«  + L)d: 

I'Tr  "nd  — • 


: d z . Ra  + L 
and  - 


=*  + 0* 


■G) 


i+y 


Tlie  first  is  equal  to  a constant  multiplied  by  a fraction,  the  numerator  of  which  is  the  differential  of  the  denomi* 
uator.  Hence  we  shall  have  by  (e)  (63), 

r K 2 : d z _ K , 

J i + “ a / + F)  + c. 

The  second  is  equal  to  a constant  multiplied  by  a formula  ; which,  being  compared  to  (0)  (63),  gives 


r K»  + L d(is)  K«  + 

J * -1+£=  i* 


la„-*  j +c. 


Hence,  by  substituting  for  £ its  value,  and  adding  the  two  results,  wc  get 
r (Kx-f-  h)dx  K aiKi 

J 7^7+*+^“  + - ■ + « + — 


+ L 


0 


p 


’ 4“ c’ 


(73.)  To  integrate  the  fourth  formula 


(Rx  -f  S)  dx 


jj— •,  wc  shall  use  the  same  transformation  as 


for  the  preceding  ; it  will  then  assume  the  form 

(n.--f-R^  + S)d2 

(*•  4-  py 

which  may  also  be  resolved  into  the  two 

Rrdc  (R  /?  -f-  S)  dz 

<*■  + PY'  + * 

R 2 :d  z 

The  first  being  written  iu  the  following  manner,  T—t— ----- , it  is  obvious  that  the  numerator  is  the  dif- 

* U r h) 

ferential  of  tlie  quantity,  within  the  parenthesis,  in  the  denominator. 


Hence 


/II  2 zdz  __  - R 

2 <f  + P*Y  ~ 2 (r  — 1)  (*■ 


+ tnr*  ’ 


Since  (R  + S)  is  a constant  quantity,  to  find  the  integral  of  the  second  part,  it  will  be  sufficient  to  determine 
, „ d z 

that  °f  t*+7Fr 

. r J*  _ o*  . r nd, 

mc  J (*+? W v + tv'  + J W+WF" 

G and  H being  two  indeterminate  quantities.  To  find  their  values,  tnke  the  differentials  of  both  sides  of  this 
equation,  then  bringing  all  the  terms  to  the  same  denominator,  and  dividing  by  d =,  we  shall  find 
I = G (*•  4-  <3*0  - 2 (r  — 1)  G *•  + II  (a?+n. 

The  comparison  of  the  terms  containing  the  same  powers  of  xt  will  give  the  two  equations 
1 = G /*■  -f  H /J\  (3  - 9 r)  G + H = 0. 

From  which  O = •“*  H = $^0* 
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Iotefrra).  n f*  d z 2 , 2r  - 5 d x 

. '“CC  J + jt'r  ~ (8r  - 2)  ^ -f  >*)-*  + WV-lJ  + 

With  this  furmula  we  shall  be  able  to  obtain  the  value  of  P- ^ Z — , if  we  can  determine  P- — - 

./  C*  + P‘Y  ./(*'  + 0")r“ 

this  might  be  made  to  depend,  in  a similar  manner,  on  the  integration  of  and  the  same  process 

being  pursued  until  the  exponent  of  (i*  -b  £r)  shall  be  reduced  to  unity,  we  shall  have,  finally,  to  find  the 

integral  of  — “j-.-,  which  by  (72)  is  equal  to  -y-  tan’1 

“T  P H P 

The  value  o!J\fr^p<y  I>c!nK  thu*  calcislatetl,  we  shall  add  to  it  ^ , and  substitu- 

ting  then  for  x its  value  x — a,  we  shall  have  the  integral  of 

(R  x *r*  S)  d x 


(x'-ia1* r-j-anr)' 

The  last  transformation  we  have  used,  and  by  which  the  vuluc  of  an  integral  is  made  to  depend  on  another, 
must  be  noticed  as  being  frequently  employed,  and  often  with  success. 

It  follows  from  the  preceding  investigations,  that  every  differential  whose  coefficient  is  a rational  function  ofx, 
may  always  be  integrated,  and  that  the  integral  will  be  composed  of  rational  functions,  logarithms,  and  arcs 
of  circle. 

(74.)  To  illustrate  the  rules  we  have  already  given,  we  shall  apply  them  to  a few  examples. 

Example  1.  Let  X = . 

X*  -f  4*  - X*  - X* 

The  factors  of  the  denominator  of  this  fraction  are  easily  found.  We  have  clearly 

-*=**(x+l)(jr*-  l)  = *»(x  + l)*(x-  1)(*"  + 1). 

Wc  shall  therefore  assume 

1 N P . P.  . R . R, 


X*  -b  — X«  - X*  X - 1 


p P(  _ >M 

(x  + l)*  + T+l  + + — + ,>+  1 • 


R*  , k x -f-  L 


To  determine  the  values  of  the  numerators  N,  P.  &c.  we  shall  also  use  Use  formula  given  (68.) 
Let  us  first  consider  the  numerator  N,  corresponding  to  tile  factor  a — 1. 

Iu  this  case  U = 1,  Q = a,(j-j-l)' (^-f  1),  therefore  N = — = — . 

9 8 

To  find  P and  P„  wc  have  Usl,  Q = x®  (r  — 1)  (x’-f-  l)t  and  x = — L Hence 


d — 


» - Ji  -=  i_  P - = ± 

q 4 1 d X 8 ‘ 


To  obtain  the  values  of  R,  Rt,  R,,  we  must  suppose  U ss  1,  Q = (x  — l)  (x-f  !)•  (*’  + 1),  and  a = e,  and 
we  get 

u u 


r=_  = -,. 


n = — « _ _ , 

S 1.2  dx'  '• 


Finally,  for  (he  numerator  * * + ti,  we  assume  (he  proposed  fraction  equal  to 

R x + L U, 

**  + 1 + **  tx  + 1/  (x  - 1)  ‘ 

Henee  the  value  of  U,  = -^5- ifr  r ' O ~L  O (x—  i) 

the  numerator  of  this  expression  jnust  be  divisible  byx>  + 1,  and  consequently  should  become  nothing  when 

*•+1  = 0,  or  when  t = ± ■/  - 1.  Hence  the  two  equations  2R  + 2L  = 1,  and  R = L,  from  which 

„ 1 . 1 
we  get  R.  = — , L = — . 


Thus  the  differential  X dx  is  resolved  into  the  following 

dr  d x 


i dx  t,  I 

8 x - 1 + 4 (x-b  1)’ 


d x 9 

!*  * R 


8 x + l 


_ — + _ 

- r X* 


dx  , 1 (x+1  )dx 

+ 4 *»+  1 

5 n 2 
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Integral  The  integrals  of  which  are  obtained  without  difficulty  by  (70),  (71),  (72),  (73)  ; and  are  respectively 

Calculus. 

Wv~'  I 'o+ l).  -u  =±mr't 

AAer  reduction  we  shall  find 

*•  + x»  - J*  - 1*  4 x*  (1  + *)  + 8 * (x*  + l)  + ' ( X ) 4 U"  * + C' 

Example  2.  Let 


X = 


o -f  6 r -f  c Jl 


(t + !•+■•)' 


When  A*  — 4 ae  is  positive,  — + — x -{*  a4  may  be  decomposed  into  the  two  real  factors 


x + 

and  then  we  shall  easily  find 


A + •/  (A*  — 4 a c) 


2 c 


* + 


A-  V(^-  4 a c) 
2 c 


a -f-  6 x -f-  c x* 


VC*’ 


2e  (• 

i'-4flf)  X 


2cx  -f-  A -f-  -✓(&*' 


■ 4 a e)  2 c x + A — V (A*  — 4 a c)  } ’ 


and 


hence  P—*!- — — 


1 


. 2cx  + 6 — 4ac) 

-/(6‘  - 4flc)  2 c x + 6 4*  V (A*  — 4 a c) 


But  if  6*  — 4 a c is  negative,  the  factors  of  — -J J-  xl  are  imaginary  ; and  instead  of  resolving  the  fraction 

& o 6r  . 4 ac  ~ i* 

into  two  others,  it  is  preferable  to  assume  x H — — - s=  a,  then  d x — d z,  and 1 I-  x1  = **  + — ; — ; 

1 '2c  c c 4 c* 

and  wc  shall  have 

d x dz 


but 


-cx»  ( , , 4«c-6B  V 

c V + —rs-) 

/■*  di  _ 2 

V(*— « 


a + 6 x-f-  c 

d x 


2 C 2 

lv  tan*1  tt: rsc* 

) JUac-b’) 


and  by  putting  again  for  z its  value 

y*  d x 2 

o-f-6x  + cx*  (4  a e — A*) 


tan"1 


2 c x -f*  A 
V (4  a c — A*)* 


Example  3.  Let 


x--f  1 


All  the  factors  of  the  second  degTee  of  the  denominator  are  included  in  the  general  form 

(2  i-f  l)r 


af  — 3 x cos 


+ 1. 


in  which  i is  an  integer.  Let  ns  propose  to  find  the  numerator  of  the  partial  fraction  corresponding  to  that 
denominator.  If  we  represent  it  by  kx  -+■  L,  we  shall  have  to  determine  k and  L, 

i*  k x + L 


1 


> A (2  a -j-  1)  a- 
a — 2 x cos  - — + 1 


+ £ 
+ 0 • 


and  hence 


u*  = 


1>  - (ti  + L)Q 

j*  — 2 -r  cos  (--,  + -l)JT+  1 


The  numerator  of  the  value  of  Uj  must  vanish  when  x is  equal  to  one  of  the  roots  of  the  equation  x*  — 2 x cos 

(2f+l)sr  ^ „ . ..  (2i+  1)t  , , . (2  * + 1)  w 

— {-1=0,  that  is  to  say,  one  of  the  two  quantities  cos  -- — £ */  — 1 sin  ■ . 

The  result  of  the  substitution  of  the  first  of  these  two  values  in  x"  will  be 


m (2  i -f.  1)  t , _ . m (2  i + 1)  t 

cos  — ~ + */  — 1 sin  — — 

n n 
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CikSal  l>“l  & + 1 = Q ^ — 2 1 cos  — £'  T-  + 1^,  hence,  taking  the  differential  coefficients. 


I VI  II. 


Therefore  the  same  value  of  x being  put  in  Q will  give 


■f 


c (n  - 1)  (2  i -f  I)  t 


-f-  V “ 1 s'n 


(n  - 1)  (2  i + 1)  «•  ) 
n ( 


2 J - 1 sin  (8i-t-1.Lr 
v n 

and  the  numerator  of  the  value  U4  will  become  by  this  substitution, 
m (2  i + 1)  *■  , # t . m (2  i + 1)  » 

n n 

, f _ n(2*-f  1)*  , , *inn(2»  + l)*q  xf  (n  - 1)  (2  i+ 1)  w , , 

\ * » J \ « 


(«-l)  <*<+!)  in 


2 ^ - 1 sin  i£i±J2j 


ay-tsin  (£i±-L>J 


This  quantity  must  be  equal  to  zero,  as  well  as  the  result  we  would  have  obtained  if  we  had  put  for  x the  other 
value  cos  T — ^ — i sin  — * We  shall  in  consequence  obtain  the  two  equations 


wi(2i4-1)t  n . . n(2t-f-l)*  nL  . (n  — l)(2»*fl)v 

cos  — - — -L— i k sm  — i — — — ism  — — 

n 2 n 2 n 


. (2»  + l)w 
stn 


(*»  + O* 


= 0, 


. m (2  i 4“  1)  » .ml  n (2  i + 1)  v nL  (n  — 1)  (2  i -f  1)  * 

«n f-  — * cos  — — + — — - cos  — ~v — - — 

n 1 2 n 2 n 


(2i-fl)T 


(*  < + 1)  ’ 


= 0. 


From  which  wc  derive 


* = £ cos  l)(2»+l)ir 

n n 


and  L = - £ c,  K-..mH£i+1>«, 
n n 

The  partial  fraction  corresponding  to  the  factor  a®  — 2 x cos  -**-*  — — + 1,  is  therefore 

n 

1 (XC08  HLZ. 5L^<»(+1>«  - cosK-y) 

n \ ?t  n / 

^f,CDBa±tiL-+i 

n * 

By  comparing  it  with  the  fraction  integrated  (72),  we  shall  have 

(n  — m — 1)  (2  t ■+  1)  r _ ^ o (n  — m)  (2  i + 1)  r 


f 


(*co,  _ co, 


^ - 2 I cos  <£l±ilr  + 1 


{co.  <■  — -1>(««  + Q-  < v(„.2; 


(2i+  l)r 


+ l) 


, . (n  — m — 1)  (2  i + 1)  *■ 

+ sin  — — tan  1 


C2<+l)r 


»n  g.ttJU 


+ c. 


coa  p « + 

adding  to  this  formula  the  constant  sin  — — — ^ ^ - J"  tan"1  — ■—  — ft  becomes 

n . (2  * H-  1)  r 

sin  — 
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ri>te*Td  2 ( (m  — m — 1)  (2i  + 1) r / (2i-)-l)»  \ 

CalealM,  — | COS  — — - — J ,/  - 2 X cos  - f-  1 J 

I (»-m -1)  (fl+I)r  , . 

-f-  sin  - ■ 1 ■■■■■■  — wm 


. (8i  + l)r 

* Sin  i i — t — 


1 — X cos 


(21+  1), 


+ C. 


Let  us  first  suppose  n to  be  an  even  number,  then  by  taking  in  this  formula  i = 0,  t =r  1,  See. . . .«  = it 

will  give  the  integrals  of  the  partial  fractions  into  which  ■*„  ^ ^ , may  be  resolved ; therefore,  by  adding 
these  values  we  shall  have 


2 . (n  + l)v 


i*  — 2 x cos 


• * • 
-f SID 


2 3 (m 

— — cos  


tan" 


1 — x cos 


1 \/  (--2xco5±L  + l). 


. 2 . 3(m-f-l)w 

sin  — i tan" 

n n 


1 — x cos 


3 5T 


2 5 (in  + 1 ) r 

— — cos  


— I y/ cos  + 1^, 


, 8 . 5(m  + l)v 
-f — sin tan"1 


&c. 


x sin 


i ° r 

1 — X cos  


This  series  being  pursued  to  the  terms  corresponding  to  the  value  i = — . 

" « 

When  n is  an  odd  number,  the  scries  roust  only  be  calculated  for  all  the  values  of  i,  from  i = 0 to 
i = ” ^ * ; and  it  is  necessary  to  add  to  it  the  integral  corresponding  to  the  real  factor  x -f-  1 of  the  deno 


( - lrJQr  + 1) 

n 

xTd  x 


minator,  which  it  is  easy  to  see  is 

Similar  steps  would  lead  to  the  integral  of  , and  we  would  find 

px-d*  _ 2 _ 2(m  + 1)t  , //  . 2r 

/— r = n 008 — s — 


2 . 2 (m  + 1)  «r 

— — sin tan" 

n 


x sin  • 


1 — x cos  ■ 


+ £ CO / y/ ^-2xCOsii  + l). 


4 IT 


2 . 4(m-fl)«  . 

— Sill  tan 


1 — X cos 
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2 6 (m  + 1) » , //,  „ 6 

— = + « "■  * V - 2lcos—  + l> 


— — sin  — tang  1 


This  series  being  continued,  it'  n U an  even  number,  to  i = — - — , and  then  adding  to  it  the  two  terms 
/ (x  -f  1),  — l (jt  — 1),  which  are  the  integral  of  the  partial  fractions  corresponding  to  the  tiro  real 


factors  of  the  denominator  of  ■ 


When  n is  an  odd  number  the  series  is  carried  no  farther  than  the  term 


corresponding  to  i = - , and  — l (r  — 1),  which  is  the  integral  of  the  real  factor  of  the  denominator 

added  to  it. 

j"  d x 

Analogous  formula  might  be  obtained,  in  a similar  way,  for  the  integral  of  — 2~g*  f cos  0 4-  ct*  * since 

we  know  the  general  form  of  the  real  factors  of  the  second  degree  of  the  denominator. 

Having  proved  that  the  integral  of  Xd  x may  always  be  obtained  whenever  X is  a rational  function  of  r, 
any  differential  must  be  considered  as  integrated,  when,  by  some  transformation,  we  shall  have  been  able  to 
reduce  it  to  a rational  form. 

No  general  rule  can  be  given  for  these  transformations,  (hey  depend  on  the  form  of  X . We  must  therefore 
examine  successively  the  few  classes  of  functions,  for  which  some  means  have  been  discovered  to  make  them 
rational. 

, A + B /+  &c. 

First,  let  X sz  j 

-f-  Ac. 

If  we  reduce  the  fractional  exponents  of  x to  n common  denominator  N.  it  is  obvious  that  in  assuming  r =:  y \ 
X will  become  rational.  But,  then  d x — N y,w  d y,  therefore  X di  will  also  be  reduced  to  a rational  form. 

Secondly,  let  X equal  a rational  function  of  x,  and  of  terms  such  us  (a  + 6r)*.  If  we  suppose  all  the  frac- 
tional exponents  of  a + b x to  be  reduced  to  a common  denominator  N,  and  if  we  assume  a + b j = yw,  we 

shall  have  x ss  — — ; , and  dr  = — therefore,  by  substitution,  Xdn  will  become  a mticnai 

b o 


a -f.  h x 

If  instead  of  («-f-  b r),  in  the  preceding  function,  we  had  ;■  ■ ■■  „ ■■ , the  same  transformation  would  suc- 

» + »l 

, a 4*  b x . o'  y*  — x 

ceed.  For  if  we  suppose  — — — y",  we  find  x = = — - 

a'  + b'x  y 6 — 6'y" 

and  d x = n y*’1  ^ ^ ^ d y.  wliich  values  being  substituted  in  X c/r  will  reduce  it 
(6  - V y-)» 

to  a rational  form. 

(75.)  We  shall  next  suppose  X to  be  a rational  function  of  r,  and  */  (a  4-  bx  + c .r*).  In  order  to  make  it 
rational,  we  must  distinguish  two  cases,  that  hi  which  the  roots  of  the  equation  a + bx+cx*=z  0 are  real, 
and  that  in  which  they  are  imaginary.  In  the  first  supposition  a + 6 x + c 2*  may  be  decomposed  into  two  real 
factors  which  we  shall  represent  by  p — qx,  and//  — i/x  ; then  let  us  assume 

o-f-  6r  + cr’  = (/?  — q r x)* 

We  shall  find  in  putting  instead  of  a -f  b x -f-  c x\  the  product  ( p — 9 r)  (//  — q1  x). 


, _ P**  - <f 
9*-<t  * 


= ,„d  j<a  + ix  + e«)=  (p'i-p ^ 


y **  — y'  <y  *a  - y')9 

Hence  Xd  x will  be  transformed  into  a rational  differential  function  of 
In  the  second  case  wc  shall  suppose 

a-f'6r-f"c-r*=  (r^c4*  *)** 


9 -a  - y' 
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intcgrtl  which  pm 

. Cakulii*.,  **-„  2 (bz  - z‘Jc- ajc)  dz  bz  - z>  Jr  - ajc 

* = b--2 TV7'  dl= (i-az^Ty-^—’  ond  + CJ*>  = ' 


(6  - 


which  values  will  reduce  X d x Co  a rational  form.  This  transformation  would  also  apply,  although  the  factors 
of  a + kr  + ci*  should  not  be  imaginary,  provided  C be  positive. 

The  samctranslormationa  will  succeed  to  mukc  the  formula 

x"~'  d.r(a^-6xr-f-c  2*r)r , 

in  which  i is  any  integer,  positive  or  negative  ; for  if  wc  suppose  f = y,  we  shall  have  ?*r~l  d x = — — — 


it  will  become 


t y («  4- * y + «y*)r. 


which  may  be  made  rational  by  the  means  used  above. 

(76.)  The  next  class  of  irrational  functions  we  shall  examine  is  represented  by  the  formula 

r 

**!"'  d x (a  f o a*)*  d x. 

We  shall  observe,  that  without  making  it  less  general,  we  may  always  suppose  m and  n to  be  integers.  For  if 
they  were  fractional,  they  might  be  brought  to  a common  denominator  N ; and  by  assuming  x s z^,  the 
formula  would  be  transformed  into  a similar  one,  in  which  the  exponents  corresponding  to  m - 1 and  n would 
be  integers.  We  may  also  consider  « as  positive ; for  in  the  contrary  case,  it  would  be  sufficient  to  make 

— = r,  and  then  the  exponent  of  the  variable  between  (he  parenthesis*  would  become  positive.  The  formula 
x 

x"*'  d i (a  / + A j*)'  is  consequently  included  in  the  preceding,  since  it  may  be  written  in  the  following 
manner, 

-f-  b 

This  understood,  let  a + b i*  zx  yf,  we  shall  have 


(a  + b *")»  — y**. 


x*=  y-* 


(£_jy  «nd*—  dx-±y-'(y-df-'dy. 


So  that  the  formula  j"”1  d x (a  -f'  b x*)f  will  become 


which  is  rational  when  is  equal  to  an  integer. 

n 

Secondly,  let  us  assume  in  the  same  formula  a + 6 x"  = x"  s*.  Then  wc  shall  find 


xm  — a -f-  6 x”  = — 

- 6 * “ s* 


(«  + b^y  = 


(s*  - by  (st  _ by 

i— ‘ d J = - 0:2’*'  (H-  6)"1*1. 

These  values  being  substituted,  the  proposed  formula  becomes 

- <C  +»  d x (x*  - 6) * 
n 

which  is  rational  when  — -f  is  an  integer 
» q 

There  are,  therefore,  two  cases  in  which  wc  shall  be  able  to  transform  the  binomial  differential  xT~l  d x 

(«  -f"  & *")'  into  a rational  formula.  They  are  the  only  two  which  have  hitherto  been  assigned. 

(77.)  The  formula 

/{**",  (a  + 6 x")%  (a-f-fr**)7*  (a  -f  bx?y,  &c.  } *•-'  dr, 

/!-•  (*$&>■ 

in  which  f denotes  a rational  function  of  the  quantities  contained  within  the  parenthesis,  may  also  be  made 
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In!*Tr.i  rational  by  a simple  transformation.  For  the  first,  it  is  sufficient  to  assume  a -f*  b ye-  a. , from  which 


we  gel 


For  the  second  we  shall  make 


a 4*  b i* 

* + Vf" 


, and  we  shall  find 


_ a - . - q*u&c.  **"•*'-»  (ah'  - a 6) 

— x»-**  - 6 / • x - 6)*  ' 


which  values,  being  substituted  in  the  proposed  formula,  will  make  them  rational. 

(78.)  There  is  no  other  irrational  form  of  X,  besides  those  already  considered,  for  which  general  rules  may 
be  given  to  transform  X d x ihto  a rational  differential.  However,  for  various  particular  cases  not  included  in 
these  forms,  some  transformations  have  been,  or  may  be,  found  to  succeed.  Much  practice  in  analysis  enables 
us  to  foresee,  without  going  through  every  intermediate  step,  the  result  of  a substitution,  and  consequently 
indicates  that  which  is  most  likely  to  lead  to  the  sought  result.  In  the  examples  which  will  be  given  of  the 
integration  of  irrational  functions,  will  be  found  two  or  three  instances  of  such  cases. 

When  X d x cannot  be  made  irrational,  its  integral  may  not  unirequently  be  made  to  depend  upon  that  of  a 
simpler  formula.  This,  in  many  cases,  is  effected  in  using  the  integration  by  parts  (02),  which  gives 

fy,dy,  = y,y,  -fs,dy,.  ...(1). 


(79.)  We  shall  apply  this  method  to  the  binomial  differential,  which,  in  order  to  simplify  the  calculation,  we 
shall  write 

> d * (a  + b xry, 

p denoting  then  a fractional  number. 

Let  y , = (a  -J-  6 x")Ft  and  dy,  = x“-1  d x,  then  d y,  = p n b x"_1  (a  -j-  b /*/"'  d x,  and  y,  = . These 

m 

values  being  substituted  in  the  equation  (1)  will  give 


J jT~1  d j (o  -f-  6 as  X">  ^ S d x (a  + b x"y*‘. . . . (a). 


A formula  by  means  of  which  the  integration  of  the  proposed  differential  is  made  to  depend  ou  smother,  in 
which  the  exponent  of  the  binomial  is  less  by  one,  and  the  exponent  of  x out  of  the  parenthesis  increased 
by  n. 

Let  us  suppose  now 

y,  = ‘T"-",  and  dyt  = x*-1  (a  4-  b x")*  d x, 

( a 4-  b x*Y+* 

then  d y,  =r  (m  - n)  x**"-1  d x,  and  y,  = — — — - — , 

n0  \P  ~r  *) 

We  shall  find 

+ ....  w. 

* ® (p  + 1) 

A formula  presenting  a reduction  of  the  exponent  of  x without  the  parenthesis. 

In  order  to  obtain  farther  reductions,  we  shall  observe  that 


(o  + 6/y=(a  + 6/)(fl 4-6xp)'*i  = a (a  + bx*Y’'  -f  6 xT(a  + b xmY~'. 

lienee  / *»->  dx  (o  + b*y  = a/ x— ' dx(a  + bx>y-'  + tfxT*->  (a  + 6x")f- (c). 

This  value  being  substituted  in  equation  (a),  gives,  after  reduction, 


1 1 d x (a  -f  6 x-y-» 


(a  4-  6 jry  - a fxr-'  d x (a  -f  b x*y-' 


b + 


pn  6 
m 


(<0 


We  may,  in  this,  change  p into  p -f-  1,  and  p — I into  p , m into  m — n,  and  m -f-  n Into  m,  and  we  fin,. 

r r-  rf  r (n  I b r -y  - (a  + 6 ^ ~ n (m  ~ ">/J  'dl  <a  + * ^ M 

Hence  the  Integral  of  x""1  dx  (<x  + b x?Y  depends  on  that  of  x^*"’1  dx  («-j-  b x*y ; and  if  wc  change  in  (n, 
successively  m into  m n,  m — 2 n,  &c.  we  shall  have 

VOL.  I.  5 N 
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/* 


— d (a  + 6 rv  = + i’J') a (m  ~ 8 r,)  *(«  + *»•/ 

x ^ 6 (m  — tz  + n p) 


/y— .J,(a  + 6^  = (m  - 3 ■> JLL0-±1<>L , 

17  6 (m  — i n -f-  7i  p)  * 

and  generally 

/.-h.-'-j,  {a+bsy=  «■- <« + » ^ - a<”~  . 

J r 6(m- (t  - l)n  + np) 

i being1  an  integer. 

If  we  substitute  the  first  of  these  values  in  (e),  then  the  second  in  the  result  of  this  first  substitution,  and  so 
on,  we  shall  find  that  f y'dx  (a  -f"  bjfy  depends  on  the  value  of  f dx  (o  +*  bxry.  The  coefficient  of 

this  lost  integral  is  m — » n,  therefore  it  will  disappear  in  tlic  result,  when  — is  au  integer,  and  f = — . So 

« n 

that  in  that  case,  in  which  we  have  already  proved  that  the  integration  of  the  binomial  differential  may  be 
effected,  the  above  process  will  give  us  the  general  expression  of  the  integral. 

Let  us  now  substitute  in  (c)  the  value  of dx  («  -f-  obtained  in  (d).  We  shall  find 


/>-.  dHa+bx-y= i':1 

Changing  p into  p — 1,  in  this  equation,  we  sliall  obtain 

/ x*“‘  d .r  (a  + b x*y-'  by  means  of  J" x"~‘d  x (a  + b * mY~\ 
and  by  each  step  we  shall  decrease  the  exponent  of  (a ■ + b x*)  by  one,  until  it  becomes  less  than  one,  if  p be 
fractional,  or  equal  zero,  if  p be  an  integer. 

The  formula;  (e)  and  (f)  will  thus  enable  us  to  reduce  in  every  case  the  integration  of 
**- 1 d x (a  -f  b ,t my  to  that  of  x*-1*" 1 d x (a  +•  b xfty~\ 
in  being  the  highest  multiple  of  n contained  in  m,  and  r the  greatest  integer  contained  in  p. 

If  the  exponents  rn  and  p were  negative,  these  fanmilc  would  increase  the  exponents  of  the  factors  of  the 
binomial  differential  instead  of  diminishing  them ; hut  it  will  be  sufficient  to  invert  (e)  and  (f)  to  obtain  the 
iormulse  answering  to  this  case. 

We  derive  from  equation  (e) 

fx—-i  ix(a  , J x.y  J*~‘  (n  + fcj,y+1  - b(m+np)fjm-‘  dx  (a  + b*"y 

J X a (to  - »)  ' 

and  if  we  change  m into  — ro  -f-  »,  we  shall  find 

dx(a  + bx'y  = J"  (g  4 6 +-*..?!  fr~*-y  r (" + * ■’T.  . . w. 

" — am 

Writing  successively  in  this  formula  — m + n,  — m-j-2nl...  - m-f  in,  instead  of  m we  shall  find  that 
J' x’**-1  dx  (a  -|-  b x*Y  depends  an  f x-~***-1  dx  (a  + b j’)r. 

When  p is  negative,  we  sliall  take  the  value  of  /’x"*'1  rfi(«+  b x*y~ 1 in  (/),  and  we  shall  get 

fr~'d*(a  + b yy->  = £L^+  nrifSl‘!*  (-a+bx'Y . 


Changing  p into  — p -f-  1,  we  find 
/ a*'1  d x (a  *f  b x")“r  = 


sT  (a  + bxT)-^ 


anp 

(m  4-  n — np)  f x**"1  d r(a  -f  & x1*)"1*4 


..(h). 


a n ( p - 1) 

Tliis  formula,  combined  with  the  preceding  (g),  will  reduce  the  integration  of 

x”"“‘  d x (a  + b x")”f  to  that  of  x-’*4'*-1  d x (a  -f-  & x*)'^, 
i n being  the  highest  multiple  of  n contained  in  m,  and  r the  greatest  integer  contained  in  p. 

(80.)  There  are  some  cases  in  which  these  various  form u he  cannot  be  used,  because  their  denominators 
become  equal  zero,  but  then  the  binomial  differentials  may  be  easily  integrated. 

When  m — 0,  the  denominator  of  (a)  equals  zero.  In  that  case  the  binomial  differential  is  reduced  to 
x (n  4 b r^V* 

/ ... . — which  becomes  rational  by  assuming  fl-fix*  equal  2 raised  to  a power  equal  to  the  deno- 

minator of  p. 

The  denominator  of  (6)  may  vanish  by  three  different  suppositions,  when  n = 0,  b =r  0,  or  p = — I.  In 
the  two  first  the  binomial  difference  becomes  c"’’  dx  multiplied  by  a constant,  and  is  therefore  immediately 

j*  - 1 ^ j. 

integrated.  In  the  third  it  is  reduced  to  — - that  is  to  a rational  fraction. 

a - fox 
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C*u5u*  The  supposition  of  6 = 0,  or  p = — makes  the  denominator  of  (d)  equal  zero.  We  have  already  seen  , 

what  becomes  the  differential  in  the  first ; in  the  second  it  is  reduced  to  x"“*  <1  x(a  + 6x)w";  and  by  assuming 
a -)-  6 r*  = r'  z“,  it  is  transformed  Into  a rational  function. 

The  hypotheses  which  make  the  denominators  of  the  other  formula:  (<r),  ( f),  (§),  (A)  vanish,  are  the  same 
as  those  wc  have  examined. 

(81.)  Similar  reductions  to  those  which  have  been  effected  in  (79)  upon  the  binomial  differentials,  may  be 
also  applied  to  some  other  functions.  The  integration  of  the  general  formula 

d x (o  + b x*  + c 4*  e + &c.)F, 

may  be  made  to  depend  on  those 

sT—1  d x X%  ■*"-*- 1 d x X\  f*-~-ld  x X',  &c. 

where  X is  equal  to  a -f“  4“  * + &c. 

The  steps  of  the  calculation  arc  entirely  unniogous  to  those  used  in  (79.) 

(82.)  The  expression  x"*-1  dx  (a  -f-  6 r*  -f-  cj*/  may  sometimes  be  reduced  to  binomial  differentials.  Let 
b 1 / 1 -i  /4ac-&*  V 

us  assume  x"  = y — — , it  becomes  — I y — ~ I • f - — — - -f*  c ) • af>d.  consequently,  will  be  reduced 

to  a limited  number  of  binomial  differentials,  if  — be  an  integer.  This  will  also  he  the  case,  if  — — — 2p  be 

n n r 

a positive  integer.  For  the  proposed  formula  may  be  written  jffc+4r‘*‘  da  (a  or*  -f-  6 xT*  -j-  cy , and  if  wc  assume 
x“"  = y — it  will  be  changed  into 


(83.)  Tlie  integration  of  X d x,  where  X is  a rational  function  of  x and  J a + 6x-fcx<-f-c/x*-f“tf*r*»  may 
be  proved  to  depend  on  that  of  the  three  following  formula*, 

H x x*  d x d x 

TC'  H r-’  “ <*•  + o)  a ’ 

R being  equal  to  4“  £ x*  4*  7 x*- 

Wc  cannot  give  here  the  detail*  of  this  investigation,  which  has  been  the  object  of  the  labours  of  Euler, 
Lagrange,  and  Legendre.  We  only  mention  it,  to  take  the  opportunity  to  observe,  that  with  respect  to  the 
integration  of  functions  of  one  variable,  in  the  present  state  of  analytical  science,  it  is  principally  the  reduction 
of  differentials  to  a few  really  distinct  formula?,  which  must  be  aimed  at.  The  integrals  of  these  must  be 
considered  as  new  transcendanta  differing  from  logarithmic  and  trigonometrical  functions ; but  which  may  be 
equally  important  in  analytical  researches. 

We  shall  now  give  a few  examples  of  the  integration  of  irrational  functions. 


Example  1.  Let 


y _ ( I + ^ ~ d J 


The  common  denominator  of  the  fractional  exponents  of  x is  6.  Hence  wc  assume  isy*,  then  dxxz  6y*dyt 

•I  + — y*  / j\ 

and  X becomes  Gy%dy 1 = - 6 rf y - ys  4-  y‘  — y*+l  - j.  Integrating  each 

term,  and  putting  for  y its  value,  we  shall  find 

+ -JJ.  5J,  6 S , i „ 1 l 

1 — =s  — x*  H-  - Jr*  + x - - x?  + 2 i3  - 6x*  + tan'1  i*  + C. 

1+*1  4 7 5 

Example  2.  Let  X = ■ f br^cx^Y  c being  supposed  a positive  quantity. 

Assume  os  In  (75)  a4*&x  + CJ*  = (x^c  + a)',  then  we  shall  find 


Xdx  = r — %?— r*  1,111  Cr— 
b — 2z  >/c  J b — 


substituting  for  2 its  value,  we  get 


This  value  may  be  put  under  another  form,  in  inulliplyiug  and  dividing  the  quantity  under  the  sign  l by 
b -f-2cx-4-2  */  c (a  4"  ^ x + J*).  Wc  shall  have 

5x2 
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Integral  /»  rfx  _ j / i*  — 4 a r \ 

«/  ✓(«  + 4x-f-ci*)  ~ 7c  \4  + iex+a  ^7V(a+  + ex’))  + C'  or  «!«»■  K> 

-^-W(4+2ex+2,/c.  ./(a  + hx  + ei*))  + C, 

Including  in  the  arbitrary  constant  C the  quantity  — l (y~  4ac). 

V 0 

When  4 = 0,  and  a = c = 1.  thi.  formula  becomes,  in  adding  / 2 to  the  arbitrary  constant, 

Jb fT5  = ,<-r+  v'~J  + «*>+c. 

Example  3.  Let  X _ t and  suppose  a and  c to  be  both  positive,  so  that  the  roots  of  the 

equation  a -fix  — cx*=0  are  real  and  of  contrary  signs.  The  two  factors  of  a x.  A e j ,,  , 

represented  by  p - ,x.  and  p'  + fx.  where  p,  y,  % „rfail  positive  <*«+**-«*■  may  then  be 

Assuming  as  in  (74),  n + 6 x - cx«  = (p  - yx)>s*.  We  slial I find 

X d x — ^ „ and  since  P ~~  * = 8 (>n-i  . A 

v**  + » Jq?+<{  V??1  V 7' 

u,en  /Xdx  = /l-  f * = _1_  up-.  s/(P,  + 7,x)s/q  _ 

a/V(a  + 4x-exV  V??'  <Up-Y*)J<i  +<3, 

2 tan  a 

Since  tan  2 o = this  value  may  be  presented  under  Use  following  form 

/* >;■■■  1*- — 3r  = -JL,  tan*1  ^iaVJr’+^Cr-t*)  , c. 
c/  v(«  + b* -«•**)  ^99'  P<f  -tfq-Zqtf*  + c* 

and  in  observing  that  y/=  c,  p y>  - p-y  = 4,  and  >/(p'-+  /x)  (p  - ,x)  = ^ (3  + 6 x - cx*)  it  becomes 

f *1 - _J_  la,,-.  + 4x  - cxQ 

%/ V(a  + - <?**)  */c  b-  ~2cx  ~^Ct 

or,  again,  /I- if — co<-i  * ~ 8<*  , r 

a/ af(a  + 4x  - ex')  ,/c  ^(4<  + 4ae)  + C' 

When  4 = 0,  and  o = c = |,  then  p = y = p*  = yt  - 1,  and  the  formula  becomes 

f~ = 2 un"  $ + c ” •*"-'  + c- 

This  result  agrees  with  the  vslue  of  given  (m)  (63).  We  shall  observe,  that  the  formula  given 

m Example  2,  may  be  applied  to  JLAL—t  by  supposing  in  it  4 = 0,  a = 1,  c = - 1.  It  gives  then. 

in  including  — -- — in  the  constant, 

V “ 1 

fj(i  -x*)  = *+70  -**»+<:. 


and  if  we  suppose  jr  = sin  y 


•in"  * = 7T7 1 <■*  -j  - 1 + -JO  - **))  + c, 
y = -jbj 1 lco,y  + J - wo y)  + c. 


for^TshdlT.vedmp,5,  COM,““  *qU6'  "" ! for  **  = °>  ™ «»n  y = 0,  cos  p = 1,  and  fl  s=  0.  TW 


and  by  changing  the  sign  of  y 


y=Tr^^,  (“"Jf  + s/-  lsinp), 
~ y — __  | l (cos  y — J — 1 sin  y). 


If  we  suppose  in  the  first  of  these  two  equations  p = f-,  we  get 


Digitized  by  Google 


. INTEGRAL  CALCULUS.  817 

formula*,  which  may  also  be  expressed  in  (he  following  manner : 

e'i  = Q - 1)  or  e—  ss  (-  1)’'".  or  1 (-  1)  = s- 

The  numerical  values  of  e and  w are  known,  it  is  easy  to  find  that  e“  * = .207879,  hence 

_ l)V-x  — .207879. 

These  various  singular  results  must  be  considered  as  the  symbolic  expressions  of  relations  between  infinite 
series. 

Example  4.  We  shall  propose  for  the  next  example  to  find  the  value  of 

1 d x 

' jh-jy 

If  we  compare  it  with  the  binomial  differentials,  we  find  that  here  we  have  m instead  of  m - 1,  n = 2 and 
\ = - -s • Hence  if  m be  an  even  number  — will  be  an  integer,  and  if  m be  odd,  ~ -f  — will  be  equal  to  a 

V * **  7t  q • 

"hole  number.  Therefore,  provided  m be  an  integer  positive  or  negative,  it  will  always  be  possible  to  transfer 
the  above  formula  into  a rational  one,  and.  consequently,  to  obtain  its  integral  under  n finite  form.  For  that 
purpose  we  shall  make  use  of  the  formula  of  reduction  given  (79). 

By  substituting  «t  - 1 for  m,  and  assuming  n = 2,  p = - a = 1,  and  4 = — J , the  formula  (e)  (76)  will 
give 

S'  *~dx a-'VO-V)  (**  — 1) 

s/s/O-j')  m m 

Making  successively  m — 1,  m = 3,  wc  shall  obtain  in 
x d x 


fj 


(a). 


/; 


•J  (l  " *9 

x*d  t 


= -V(l  -*•)  +C. 


&c.  See.  &c. 

Hence,  by  substituting  in  each  the  value  of  the  preceding  integral,  we  find 
xdx 


h 


= -va-^+c. 


x1  dx  / 1 1.6  1.4.6  1 . 2 . 4 . 6\ 

Jil-x’)~  (.7  +6.7^  + sT577^+  07577/ + C, 

4c-  &«•  &c. 

The  law  of  these  values  is  very  obvious,  and  we  may  easily  form  the  general  formulas. 


fw^)  = {*7 Vi  ^ + (m)(/r+  1)  +*  + 


1 . 2r.2r  - 2 


(*r-8)(2r-l)(2r  + l)*r^  + 

, 1.2.4 2 r ) 

■+l.S.5....(2r+I)J+C- 
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.uiegrJ  Let  us  assume  i:o«r  successively  m = 0,  m = 2,  m = 4,  &c.  We  shall  have 

Cafcultu.  _ , 


sin""  x + c 4y  (m)  (63), 

y'  X*  d x _ i J (l  — x*)  1 /*  dx 

JU-x>)-~  2 +2j^0-O' 

/>  r«dx  _ i»VO~x*)  3 x>dx 

4 + 4,/VO  -•**>’ 

nx‘dx  _ 5 ('  x*  d x 

Jj( \-x*i~~  6 +6  JVO  - **)' 

and  by  substitution, 

JLg±Ij');=-±xJll-a?)+  isin-x+C, 

fw^TT  ~ (t  *■ + fct ^ (I  -*> + ^ ,in“*+ c> 

“ “ (v  ** + r4  * + 5-0  *)  v c»  - *>  + 01  * + c> 

&c.  Aic.  iic- 

and.  generally, 

f *dx  _ _ n jn.,  , ‘ •<»«— 1)  , I • (^r  — 3)  ('2  r — 1) 

JJV-x>)  \2r  "r  (2  r — 2)  2 r ^ (2  r - 4)  Ur  - 2)  2 r 

+ ■■3.3....(2,-m  _ l.8.5....(2r-Jj 

r 2.4.6 2 r /VV  2.4.6  . ..2r 

When  m is  negative,  the  differential  assumes  the  form  — — * -rr-,  and  by  subslitutfng  m for  m — 1, 

■4  V “ 4‘J 

and  making  a = 1,  6 = — 1,  n = 2,  and  />=—£,  in  the  formula  (?)  (76),  we  shall  find 


d x 

V(1  -?>  : 


V(1  - *«)  ffl  - 2 

(ra  — 1)  -f*"‘  w*  — 1 


rf  X 

■✓<»  - **) 


If  wc  suppose  m = I,  the  left  side  of  the  equation  becomes  infinite.  To  obtain  the  integral  in  this  case,  let 
j _ x>  — j«,  then  x = vT  1 - **)  and  d x = . Therefore  we  shall  have 


r dx  _ r - J « i . i + » i , i + v»(i  - x>)  , „ 

Jx  VO  - ■**)  J 1 - a4  2 1 - i 2 1 - VO  - TO 

which,  by  multiplying  both  terms  of  the  fraction  under  the  sign  I,  by  the  numerator,  becomes,  after  reduction, 

, 1 + VO  " Ji)  . (. 


We  shall  therefore  obtain  from  equation  (6),  by  substituting  successively  for  m the  terms  of  the  series  of  odd 
numbers,  the  following  results  : 

r dx  _ , i + vo  - «*>  . „ 

J 7T<X=*)~  • + ’ 

f dx  VQ  - J’)  , 1 f dx 

J x>  J(  1 - x-)  2 x*  2 J xVO  — X11)' 


r dx  vo  -x’)  | i r 

J x>  VO  - *■)  **•  * J * 


/dx  

**V0  -*1)’ 


■h  i - *•)  . £ 

4 x1  _r  4 


x>V0 -•«*)' 


/dx  _ VO  -0^3  <<* 

x»  VO  - ~ 6 ^ « J **  VO -«*)■ 


and  conaequeutly  by  substitution, 
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VO  - »*)  1 , l + V(1  - x’) 

2 x’  - a x "*■ 


/rf  j 

r-  VO  - **>“ 

and  generally 


' 1 

1.3  ' 

v 1.3,1+  VO  — **) 

k4j* 

^ 2.4 

1 2.4*  X 

" 1 

1.0 

1 . 3 . 5 \ 1.3.51 

46 

T 4 .Cx* 

+ S.i.Gx'/  2.4.6  1 

w 

j«r  T (2  r 

. (2  r - 1)  1 . (2  r - 

-2)2rx"-,+  (2  r — 4)  (2 

VO  - *9 


r -2)2  rx* 


1 . 3 . 5. . . . (2  r — 1)\  _ 1 , 3 . 5, , , . (2  r — I)  1 + VO  - **) 

2.4.3 2 r x®  / 2.4.6 2 r i + & 

We  shall  obtain  in  the  same  manner,  by  supposing  in  equation  (6)  tn  successively  equal  to  0,  2,  4,  6,  &c. 

/d  x . , 

To"--?)  = + 

r = _ A1  - f2+e. 

J x»VU-*>  * 

/•  dz  VO -I®)  g r _<*X 

J x*VO -**)“  ~ **  3 J *,VO-*’> 

f dx  _ VO -«*),♦  r d* 

J x'VO-*')  5 x»  5 J «•  V(l  — **}’ 

&c. 

/ iwo"-V)  “ - Vo  - x*)  ( + -—)  + * 

/dx  -/  4 , 4 , 2.4  \ 

x*V(l-x*)“  ^ “ X'\ix>  + 3 .Si’  + 1 .3.  5rJ  + <>’ 

and  generally 

r f * ,(1  - r 1 + U&rJL-  + — + 

J af  V(l  — **)  VU  ' V(2r—  l)x*'*'  ' (2  r-3)(2  r-  l)x*"»  T (2r-S)(2  r-3)(2r-  ~ 

1 . 2. 4. ... (2 r -2)  \ 
1 . 3 . 5. . . . (2  r - l)~x/  +C' 

If  in  lilt  formula  C »t  suppose  i*  s we  shall  have  if  r = --  * ■ , and  C 

J V(1  - x*)  rr  2e  2 V*c  Vy  V 

l/’y’dn 

ns  — : / — — — — and  in  making  the  saint  substitution  in  thcvalue  wehave  found  above.  we  shall 

2 (2  c)-  J VO  « jr  - jr*> 

/yr  d y ... 

— r,  at  wliicb  we  might  arrive  in  a direct  manner  by  analogous  reductions. 

V(*  cy  - y*) 

Example  5.  Let  the  proponed  differential  be  — , To  make  it  rational,  we  assume  a b x — a y9. 

x (a  -f  b x)  * 

Wc  find  dx  = ? ,a.  y t x = — ^-7 \ ( a -f  &x)»  = o*  y#,  these  values  being  substituted,  we  get  for  the 

b o 

transformed  differential  - - ? ^ ^ ■.  'rhen  — * — =r  -J?."!!- — - but  j - — = l (y  — 1)  + c, 

ai  (y»  _ 1)  y - 1 y - 1 y + y + l J y - 1 

J'  =£zf/l'l r = - 7 * (»•  + »+!)-  V3  tan-1  + «.  Therefore 

f v 3 ty — =-r  {<<*-  0 - 5 <(y’  + y + 0 - Vstan-'  + 1 

J £ (y’  - 1)  * v J 
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y-t 


. (y  - i>  a . y - i 

Vcy+y+D  * (y._,^ 


/V^~  = 4 (|  /^.--Vsun-i^U, 

17  o»  (y*  - J)  «f‘  l*  (y  - 1)T  V3  | 

ralue,  we  find 

/'. If = i ||-  t ^ » («  + » P*  + oj  | a 

x (a  + 6 x)»  a1  l x«  a*  */3  i 


it  becomes 
Substituting  now  for  y its  value,  we  find 


i *(«  + **)* 

i 

<fi  V3 

We  shall  now  give  examples  of  some  of  the  irrational  formula*  which  may  be  integrated,  although  the  preceding 
rules  cannot  be  applied  to  make  them  rational. 

l **/f2  »*  _ n o •**  _ i 

Example  G.  Let  X = — ,, i rr,  and  let  = y,  we  shall  have  y*1  = , 

v»  * •)  Vv*  * “ l)  X x*" 


and  1 — y*"  = 


x*-  - 2x-  *f  1 (r-  - 1)» 


Hence  y***~*  d ly  = 


x*”  ~ x*“  ' * j*~*  ' 

Dividing  both  tides  of  this  Itst  equation,  respective!;  by  the  sides  of  the  preceding,  vre  find 

y**"'  d y _ d x 

1 -y  “ *(i  -x”)’ 

and  dividing  ngain  the  left  side  of  this  by  y,  nnd  the  right  side  by  the  assumed  value  of  y,  we  get 

dr y~*dy 

(i  - - 1)=  i-y 

V*"”*  d V 

The  integration  of  the  proposed  formula  is  thus  reduced  to  that  of  L which  is  rational. 

Example  7.  Let  X = ^ s” Tf  WC  a*,a^  ma^e  *V(2  x*  — 1)  = y,  from  which  we  deduce 

yw»  :=  2 x*  — J,  or  x"  = i (y®“  — 1). 

Hence  a**1  d * = y*""1  d y,  and  therefore 

2 y-""1  d y r“*  d x 

1 - y’-  1 - ’ 

and  dividing  by  y as  •VC**"  — 1),  we  find 

x— 1 dx  __  2 y«— « <i  y 


which  last  expression  is  rational.  ...» 

(»4.)  The  number  of  cases  in  which  X d x may  be  integrated  when  X involves  logarithmic  functions  of  the 
variable  is  very  limited.  . 

We  shall  first  consider  the  function  X d x {l  x)\  in  which  X is  supposed  to  represent  a rational  function  of  x. 
fXdx  may  therefore  be  determined,  and  we  shall  represent  it  by  y.  We  shall  have,  in  integrating  the  pro- 
posed formula  by  ports, 

/Xd»(l»)’B|0l)‘-»  fiiy(ix)— . 

nix 

jf  JL  be  again  a rational  function,  we  may.  In  the  same  manner,  make  the  integration  of  I — y (I  *)"•*,  to 

depend  on  that  of  another  in  which  the  exponent  of  l x will  be  stilt  leas  by  one.  By  continuing  the  same  process, 
if  n be  on  integer,  and  if  at  each  operation  we  may  integrate  the  function  which  multiplica  the  power  of  f x,  we 
shall  lie  able  to  eflect  completely  the  integration- 
Let  us  suppose  X = r",  we  shall  obtain 

/x-dxffx^^CM’-^  /^(lx)~>x-  = (/a)-. 


In  the  same  manner, 


frdxvxY-'  = jfn  - ^/--dx.ix)-. 
/ x" d * y x)-  = ^ <f X)- - *)-• 

&C. 
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Integral  And  substituting  each  value,  in  the  preceding  equation,  we  shall  get  the  genera)  formula 


n(a  - 1)  (n  — 2) 

(m  + 1)* 


(i  *)—+&£. 


■J  + *• («)• 


lx rsi,  ve  have  ~ = d z ; consequently  it  is  changed  into  z"  d z,  the  integral  of  which  is 
tuting  again  for  z its  value,  we  find 


n + i 


+ e 


, — &c. 


pwiii; 


This  series  is  limited  when  n is  an  integer.  When  m = — 1 the  denominators  become  equal  to  zero,  and  con- 
sequently the  scries  cannot  be  used.  But  in  that  case  the  proposed  formula  is  , and  by  supposing 


Substi- 


« + 1 

It  is  obvious  that  the  transformation  we  have  used  here,  would  be  equally  successful  for  any  differential  function 
— , in  which  X would  only  involve  lx;  the  supposition  x — lx  a s,  would  make  it  algebraical.  When  n is 

either  fractional  or  negative,  the  series  a is  unlimited.  If  n = — ^ for  instance,  it  becomes 

/jTdx  „ f 1 , 1 , 1.3  , 1.3.5  , . I , 

= r + r + r+  -> l + c 

v l(m  + 1)  (Iff  2(m  + \)*(lxy  )p(Uy  8(m  + l)4(ix)*  ) 

We  may  obtain  formulae  of  reduction,  corresponding  to  the  case  in  which  the  exponent  of  l x is  negative,  analogous 
to  those  obtained  above,  and  by  means  of  which  the  integration  is  made  to  depend  on  that  of  differentials,  in  which 
that  exponent  is  less. 

d x . 

The  expression  X d x (lx)*  may  then  be  written  X x — ( lx)“\  and  by  integration  by  parts, 

fXx~T  = “ (n  - 1)  (<*>•-'  + <T3T)  f (l  *)~‘  d (Xx)' 

And  by  applying  to  this  last  integral  the  same  decomposition,  we  shall  reduce  it  to  the  integration  of  a formula 
in  which  the  exponent  of  (/x)  will  be  — n + 2 ; the  i 
stitutions  to  the  following  expression, 

/Xdx  X x X,  x 

(i  X)-  - (n-  (»  - 1)  (it  - 8)  (lx)-’  - 2)  («  - 3)  (l I)— 

iu  which  d (Xx)  = X,  d x,  d (X,  x)  = X,  d x,  &c The  lust  term  of  the  series  will  be 

+ (-n---rr^y~i J a * lf'‘l,e a" lud  + J ~07r~‘ 

if  n be  a fractional  number,  sail  m the  greatest  integer  it  contains. 

Let  X = x~,  the  above  formula  will  give 

/r-dx  *-*• 

(<*)■  = (»- !)(/*)->  (n-1)  (it  -»)({*)—  (»- 1)  (»-*)(»- 3)  (/j)— 

(m  + l)-1  Ar- </t 

T(ii-l)(»-i)....lJ  lx  ’ 

n being  supposed  to  be  an  integer. 


i process  being  continued  will  lead  by  successive  sub- 

X.x 


dy 

m -f"  1* 
dy 

y' 


This  last  iutegra!  may  be  reduced  to  a simpler  form  by  assuming  s'"*1  =:  y,  for  then  xm  d x z= 

lx  =s  and  hence,  J*  ^ sz  ^j~'  ^ 0 farther  reduction  can  be  effected  upon  the  expression \^j* — 

which  thus  appears  to  be  a new  transcendant. 

The  preceding  method  of  integration  would  not  apply  to  the  differential  - *• , but  tlien  the  integral  is 
obviously  l (lx)  + c. 

(85.)  When  X involves  exponential  functions  of  x,  the  differential  expression  Xdx  may  also  be  completely 
integrated  in  a few  cases. 

We  shall  first  observe,  that  if  X be  an  algebraical  function  of  o',  Xdx  may  be  reduced  to  an  algebraical 
differential  expression  of  one  variable.  For  by  assuming  a*  = u,  we  get  -j— - = d u,  d x — --  -J*  U,  and  by 


vol.  r. 


5 o 
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lateral  substituting  for  a*  and  dx  their  values  in  Xdx,  it  will  become  an  algebraical  function  of  u,  which  maybe  ftrt  II. 
to***  integrated  by  methods  previously  explained.  v ■ v *■'  • 

v"“ When  X contains  nt  the  same  time  the  variable  x,  aiul  o',  the  expression  X d r may  easily  be  transformed  into 
another  involving  only  the  variable,  and  the  logarithm  of  that  variable,  by  supposing  o’  = u.  Then  the  rules 
given  in  (84)  may  be  applied  to  the  new  differential.  In  most  cases,  however,  it  will  be  simpler  to  integrate 
without  making  use  of  this  transformation. 

The  expression  Xe'dx  will  be  integrated  immediately,  whenever  we  shall  lx?  able  to  dcconi(>osc  X into  two 
parts,  one  of  which  shall  be  the  differential  coefficient  of  the  other.  Let  Y designate  one  of  the  parts,  and, 
d Y 

consequently,  jy  the  other,  it  is  obvious  that  we  shall  have 


Jr 


fXfdx  = y’^Y  + ^l^f*rfx  = Y«*  + c. 


/ X «•  dr  = n X o'  - X,  0-  + -i-  X. &c.  + . 


No  general  rule  can  be  given  now  f»»r  this  decomposition,  the  discovery  of  the  transformations  and  artifices 
calculated  to  facilitate  it  depends  entirely  upon  the  habit  of  analytical  investigations.  We  shall  find  in  the  sequel 
that  such  a decomposition  may  lie  effected  hy  means  of  the  integration  of  an  equation  ; but  this  means  bring* 
back  the  difficulty  precisely  to  the  same  point. 

When  X is  an  integral  and  rational  function  of x,  the  expression  Xa’Jx  may  be  completely  integrated.  We 
shall  hare  first,  by  integrating  by  parts, 

/Xo'd*  = -2-Xo*  - -f  fa‘dX, 

J la  la  J 

Let  d X = X,  d i,  d X,  = X,  d x,  d X,  = X,  d x,  &c.  We  shall  have  successively, 

/X.n'dtrm^X.o'-.jf/VdX,,  fX,a-  dx  = ± X.o*  - ±fa-d  X,  &c. 
and  by  substitution, 

1 v . . 1 

Vo)’ 

A series  which  will  obviously  be  limited,  since  X being  by  supposition  an  integral  and  rational  fuuction  of  x, 
one  of  the  successive  differential  coefficients  X,,  X,,  &c.  will  necessarily  be  equal  to  nothing. 

Let  X = xm,  m being  an  integer,  we  shall  have 

t . . , j *"  m , m(m  - 1)  j"1  - m(m~  1). 

jrifdi-it\la  (Ja),  + ((„).  * < i «)•+* 

the  sign  of  the  last  term  being  — when  m is  an  odd  number,  and  •+■  when  it  is  even. 

Another  transformation  may  sometimes  be  used  to  obtain  the  integral  of  Xo*dx.  Let  /a  d x :x  X,, 
/X1dx=X,.  J'Xtdx  = Xr  &c. ; and  let  us  begin  the  integration  by  parts  of  the  difTcrrntial  Xa’dx,  by  the 
factor  X dx,  instead  of  the  factor  fir'd  x,  we  shall  have  successively, 

J'Xa’dx  = Xla*  ~ la J'Xxa’dxt  fXld’dx  = Xta?~lafXt(fdx,  &c. 
and,  consequently, 

/Xo'dx=X,a'  - /aX,a'  + (/«)JXlfl' ± (f«)-/X#«#d  * 

the  sign  of  the  last  term  being  + when  ft  is  an  even  number,  and  — when  it  is  odd. 

Let  in  the  last  equation  X = x“m,  and  it  will  become 

•a* dx  o*  a* l a a*  (l a)* 


— ] + c, 


y ’ff'rfx  

_ 


(m  — 1)  4 


(m  — l)  (m  — il)  x~~ 


(w  — 1)  (m  — 2)  (to  — 3)  x" 

(Mr* 


)*"'  f*ax  d j 

-2)7777i  J • 


(m  — l)  (m  - 

The  last  term  of  this  seriea  cannot  be  reduced  any  further,  hut  it  may  easily  be  shown  that  it  does  not  differ 

/d  X 

— to  which  we  have  been  led  in  (84),  for  if  we  suppose  a1  = y,  we  ahall  have 

dv  /v  , /*aldx  i’dy 

fl.dx=7|.x  = X,  and,  consequently , J = J 

We  shall  apply  the  rules  for  integrating  logarithmic  and  exponential  functions  to  two  examples. 

, E ram  pic  1.  Let  X djrs  — — / ^ This  differential  expression  is  included  in  the  general  formula 

X dilZ.  in  which  Y and  Z arc  algebraical  functions  of  t,  and  which,  by  integration  by  part*,  is  reduced  to 
1 7.  f V J r J (-  J'Y  d When  the  quantity  between  the  parenthesis  happens  to  be  an  algebraical  function. 
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Integral  the  whole  integration  may  be  performed  by  the  rule*  given  for  this  kind  of  fbnetions.  In  the  example  chosen  P*rt  11. 
CdeuiM.  this  will  take  place.  We  shall  have 

/V— = = 2^1  + 4) + c,andthl,efure. 

*'  *®(t  -x)  J \-xiy 


Example  2.  Let  X dx  — 


— . We  shall  try  to  decompose  — — in  two  parts,  one  of  which  shall 

(1  -f  r)*  (1  -+-  xy 

be  the  differential  coefficient  of  the  other.  With  a little  attention  we  see  that 

x _ 1 4-  x 1 _ 1 I 

(l  + X)'  - (1  + X)'  “ (1  + *)«  “ (1  -f-  *)  <1  + »)* 

x d x e* 

and  that  under  this  last  form  the  proposed  decomposition  has  been  effected.  Consequently J ^ 

(£6.)  We  proceed  now  to  the  integration  of  differential  expressions  containing  circular  functions  of  the 
variable. 

The  formula?  f g,  A,  Ac.  (63)  will  enable  us  to  integrate  any  differential  of  the  following  form, 
d x ( A -f-  B sin  x + C sin  2 x -f-  Ac + A,  + Bt  cos  x -f-  C,  cob  2 x + Ac.  } 

And  therefore,  since  any  rational  and  integral  function  of  the  sine  and  cosine  may  be  transformed  into  series 
similar  to  that  between  the  parenthesis,  we  shall  be  able  to  integrate  the  differential  Xdx  whenever  X will  lie 
such  a function.  In  many  cases,  however,  it  will  not  be  necessary  to  make  use  of  these  developcments.  The 
formula  (sin  x)m  (cos  x)"  d x,  for  instance,  may  easily  be  integrated  in  several  eases  by  the  method  of  integration 
by  parts.  We  have  first 

f dx  (sin  x)"  (cos  x)“  = J dx  sm  X (sin  x)*"1  (cos  x)m,  but 

f d x sin  x (cos  x)"  = — 5->H.T^—  since  d cos  is-snrrfr,  therefore 
J v * n -f-  I 

f dx  (sin  x)"  (cos  x)"  = — ^ -°  S ^ -^S'n— {-  -~f  d r (cos  x)*+*  (siu  x)m~\ 

s -f  1 n t 1 

and  because  (cos  x)-**  = (cos  x)-  (cos  x)“  = { 1 — (sin  x)’  } (cosx)“  = (cost)"  — (sin  x)}  (cos  x)*,  wc  shall 
have  by  substituting,  and  then  taking  the  value  of y*dx(s»nx)"  (cosx)",  a quantity  which  will  be,  in  both  sides 
of  the  equation, 

fix  (.in  »)-(«,.,)■=  - + ^Jix  (.i.  ,)-  (c  x)> (fl). 

Operating  upon  cos  x as  we  have  upon  sin  x,  we  shall  arrive  by  similar  steps  to  the  following  expression, 

fd  x (.in  x)-  (CO,  xY  = (,in  *>-J  + !L=J  fix  (cos*)-*  (sin  x)" (4). 

w ~j“  n m -j—  r 

By  means  of  the  formula  (a)  the  integration  of  d x (siux)"  (cost)"  will  be  reduced  to  that  of  d x 
sin  x (cos  x)*  if  m be  a positive  odd  number,  and  to  that  of  d x (cos  x)“  if  it  be  a positive  even  number, 
in  the  first  case,  the  expression  will  be  completely  integrated,  whatever  be  the  value  of  n,  sitice  f d x 
(cos  x)**4 

sin  x (cos  x)*  = — - rc  ^ + c.  Similar  remarks  apply  to  the  formula  (6).  If  both  m and  r are 

positive  integers,  the  complete  integral  of  d x (sin  x)*  (cos  x)*  may  be  obtaiued  by  the  use  of  the  formulae 
(a)  and  (6),  for  they  will  reduce  the  integration  to  that  of  oue  of  the  following  differentials  d x,  d r sin  x,  d x 


cos  x,  d x sin  x cos  x,  the  integrals  of  which  are  respectively  x,  cos  x,  — sin  x,  ■ 


-.  If  m -f-  n = 0,  these 


formula?  will  be  of  no  use,  even  in  the  supposition  that  m should  be  an  odd  number,  because  the  ci»efficieiit 
« — 1 . . , . 

— - — becomes  then  infinite 

m + n 

If  in  the  formula;  (a)  and  ( b ) wc  take  the  values  of \fdx  (sin x)**f (cos  x)",  and  f d x (sin  x)"  (cos  x)"*,<  :.nd 
then  substitute  in  the  first  m for  m — 2,  and  in  the  second  n for  n — 2,  we  shall  find 
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J dx  (sin  x)  (cosx)*^r j H — fdx(»mx)'*‘  (cos *)• (c). 

f , . . , _ (sin  x)**4  (cor  *)•+*  , »n  + » + 2 - , 

/dx(«D^r  (cos x)"  — 1 n f dx  (»in  x)m  (cos  x)^4 (d). 

The  formula  (c)  will  reduce  Ihc  integration  of  dx  (sin  x)“  (cos  j)"  to  that  of  d x (*in  x)“l  (cos  x)-,  if  m be  a 
negative  odd  number,  and  to  that  of  d x(cosx)\  If  it  be  even.  The  first  of  these  may  easily  be  transformed  into 

an  algebraical  and  rational  formula,  for  if  we  assume  cos  x = y,  it  becomes  — rf—M  and  therefore  can  always 

1 — y*  J 

be  integrated  whatever  be  the  value  of  n.  Similar  remarks  apply  to  the  formula  (d).  If  m and  ft  be  both  nega- 
tive integers,  the  formula?  (c)  and  (d)  will  reduce  the  integration  of  d x (sin  x)“  (cos  x)"  to  one  of  the  four 

following  differentials,  d x,  - — , , — . Of  these  wc  have  only  to  consider  the  three  last,  and  thev 

sm  x cos  x sin  x cos  x J **  J 

may  all  be  easily  reduced  to  the  same  form.  By  Trigonometry  we  have  sm  x = 2 sin  £x  cos  £ x,  and 

dx 

cosx  = i.in(  *-  - x ) ss  wn  x J=  2 sin -f  x)  cos U -fx\  therefore-^  =:  — -—  2 — , and 

\*  / V 2 / *\2  / \2  / sin  x sin^xcos^x 

d x 

A T* 

, we  divide  both  numerator  and  denominator 


d x 
cosx 


1 *(i  + ')eo,*(i  + *) 


„ . dx 

I o integrate  — 

sin  x cosx 


d x 


dx 


by  (cos  x)\  it  becomes  then  ^ . Under  this  form,  it  is  obvious  that  the  numerator  is  the  dii- 

sin  x tan  x 


/•  dx 

- t=  / tan  x 4-  c,  and  consequently 

sin  x cor  x 

d x 

= /*-: — r~ * — = l tan  li-fc,  and 

sin  * J sin  -§x  cos  ^x 

fir,  = /—/«■  ■ v ■ /»  v=*-«»»i(f+«)+ * 

t \T  + V 


Wc  have  already  stated  that  the  formula?  (a)  and  (6)  were  of  no  use  to  integrate  d x (sin  x)“  (cos  x)“,  when 
m -f-  n = 0,  or  n = — m.  In  that  case,  the  formula  (r)  and  (d)  may  be  employed  with  success  if  m he  an 
integer.  But  in  that  same  supposition  the  differential  may  always  be  completely  integrated,  whatever  be  the 

_ . . , di  (»in  x)~  , . d x (cos  i)m  d x 

value  of  m.  It  assumes  then  the  form  — xz  dx  (tan  x)  , or  — ~ - - - — s ; . These  two  cannot 

(cos  x)"  (sin  x)"  (tan  x)m 

be  considered  as  distinct  from  one  another,  since  m is  supposed  to  be  any  quantity  whatever.  Therefore,  wc 

d y 

shall  only  consider  the  first.  If  we  make  tan  x = y,  we  shall  have  dx  = — ^ — and  substituting,  the  pro- 

ym  J y 

posed  differential  will  become  j-— a formula  which  is  rational,  if  m be  on  integer,  or  which  may  always, 

without  difficulty,  lie  transformed  into  a rational  one,  if  m be  fractional.  Therefore  when  =:  0 the  dif- 

ferential d x (sin  j)"  (cos  x)*  can  always  be  integrated.  We  may  even  generalize  this  result;  for  since  by  means 
of  the  formula?  (a).  (6).  (c),  (d).  the  exponents  m and  n may  be  increased  or  decreased  by  any  multiple  of  two, 
the  differential  dx  (sin  x)"*  (cos  x)“  can  also  be  integrated  if  m -j-  n equal,  plus,  or  minus  any  multiple  of  two, 


or  in  other  words  if 


i-f  n 


be  on  integer.  If  we  recopitulutc  now  the  various  cases  in  which  we  hove  proved 


that  the  differential  expression  dx  (sin  x)"  (cosx)*  can  be  integrated,  wc  shall  find  that  they  arc  all  included  in 
the  two  following  conditions:  First,  when  one  of  the  two  exponents  m and  n is  a positive  or  negative  odd 


number,  or,  which  i*  the  same  thing,  when 
integer. 


m + 1 


n 4 I . _ tn  4-  ft  . 

: — - — , is  an  integer.  Secondly,  >>  hen  — - — is  an 
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Inter™1  We  would  have  arrived  precisely  to  the  same  result  if  we  had  first  transformed  the  differential 
Cakulu*.  d x (siu  x)m  (cus  jr)“  into  an  algebraical  expression.  For  that  it  would  have  been  sufficient  to  make  either' 

sin  x = y,  or  cosx  =r  y.  In  the  first  supposition  we  have  cost  = -v^l  — y*,  and  dx  = -—=== 

Vi  - y* 


2 


2 


sin  y am 


— c°*  (y  - *)  — c°*  (y  -f z) 


Making  use  of  this  reduction  the  proposed  differential  will  become 


and  hence  we  get 


d x cos  { (a  — «')  + (ft—  ft')  x } d x cos  { (a  -f-  a')  -f-  (6  -f-  V)  x } 

2 2 


r , . , sin  { (a  - (/)  -f  (6  - l/)  x } sin  { (<i  + a')  + (6  + &0  x } , 

/</*«n(a  + 4*),,B  («'+<«'*)  = 5 Jlb'^b7) *W+V) L+c 

Example  2.  Let  X d x = xT  d x sin  x.  Integrating  by  parts,  we  shall  have  successively, 
f x“  d x sin  x r=:  — x* cos x + nf  x"-1  d x cos x, 

J jT~l  d x con  x — x*"1  sin  x — n — 1 J d x sin  x, 

&c.  &c.  &c. 

and  by  substitution, 

f jf  dx  sin  x = — x*  cos  x -f  n x*"‘  sin  x + « (n  — l)x***  cos  x — Ac..  .......  + c. 

A series  which  will  be  limited  w hen  n is  a positive  integer. 
d x sin  x 

Example  3.  Let  X dx  = — — — . We  shall  again  integrate  by  parts,  but  we  shall  begin  with  the  factor 

— . We  shall  find 

x" 


/d  x sin  r sin  t 1 /*dx  cosx 

Hr  = ” (rT^  l)  x"1  "**  n - \ J ’ 

/dxcosx cosx  1 /*i 

x--‘  ~ ” (n  - 2)V-*  " n - 2 J " 

&c. 


and  by  substitution, 
'Mr  sinx 


&c. 


(*dx  sin  x 


&c. 


f- 


(n-l)i"-'  (»-l)(s-2)  J-*  "**(»- !)(»-*)(»  — 

I£  n be  an  integer,  this  series  will  have  its  n'*  term  infinite,  and,  consequently,  can  be  of  no  use  to  represent 

d x sin  x, 

the  integral.  The  integration  by  parts  shows,  however,  that  the  integral  of  — ^ — , may  be  made  to  depend 
upon  that  of  ^ * , n being  an  integer.  If  we  substitute  in  this  last  expression  for  sin  x its  value 


■ — &c. 


t?  e‘*  * 1 

2 V—  l 

d j 

l x ’ 
Example  4. 
We  shall  find 


it  will  appear  that  the  transcendent 


/ 


ft*  II. 


Substituting 


these  values  the  differential  becomes  y"  dy  (I  — y •)  • . Under  this  form  it  is  easy  to  compare  it  with  binomial 
differentials,  and  applying  to  it  what  has  been  proved  (76),  we  find  that  it  may  be  made  rational  when 
m + 1,  m 4-  n 

are  integers. 


(87.)  By  substitutions  similar  to  the  last  it  will  always  be  possible  to  transform  a differential  function  of 
trigonometrical  lines  into  an  algebraical  one.  They  may  also  be  transformed  into  exponential  functions  by 
substituting  for  the  trigonometrical  lines  their  values  in  terms  of  the  exponential  of  the  arc.  It  requires  much 
practice  in  analysis  to  determine  in  each  particular  case  upon  the  means  which  are  most  likely  to  lead  to  the 
required  result  in  the  simplest  manner.  To  complete  what  can  be  said  here  upon  the  integration  of  circular  func- 
tions, we  shall  give  a few’  examples,  chosen  with  the  intention  to  show  the  various  artifices  which  have  been  used 
hitherto,  and  which  will  include  nearly  all  the  cases  which  have  been  integrated,  besides  the  general  differential 
expression  we  have  already  examined  in  (80). 

Example  1.  Let  X d x — d x sin  (n  -j-  6 x)  sin  (a'-f-  &'*)•  The  difficulty  of  integrating  here,  arises 
from  the  circumstance  that  the  sines  of  two  different  angles  are  multiplied;  but  we  have  generally. 


dx  sin  x 


docs  not  essentially  differ  from 


/d_r 
lx 


Let  Xdx  = e“  dx  (sinx)"*.  The  integration  by  parts  will  succeed  here,  if  m be  an  integer. 
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f f dx  (sin  j)m  — — t’M  (sin  i)m — y*e"  d r cos  x (sin  x)"”1,  v 

f &x  cos  x (ain  x)~*  =r  -i-  e**  cos  x (sin  x)*“* i-  f f d x { (m  — 1)  (cosx)5  (sin  x)“"'  — (sin  x)m  } , 

writing  iu  this  last  integral  for  (cos  x)1  its  value  1 — (sin  x)*,  and  substituting  the  value  of 
J* c“  il  x cos  x (sin  x)"’1,  which  will  arise,  in  the  equation  above,  y<" d x (sin  x)“  wiJl  then  be  in  both  sides, 
taking  its  value  we  shall  find 

e"(«nx)—‘  (a  sin  x—  n coax)  m(m— 1)  f* 

frdt&n  x)-  = -i + __  J x)-. 

The  integral  contained  in  the  right  side  of  this  equation  disappears  when  m = 1,  and  when  m = 0,  con- 
sequently the  integral  of  tf*  d x (sin  x)m  is  known  in  those  two  casts;  and  since  the  above  equation  shows  that 
this  integral  may  always  be  reduced  to  one  of  these  two  cases  when  m is  an  integer,  we  may  conclude  that  the 
promised  differential  can  always  he  integrated  in  that  supposition. 

Example  b.  Let  Xdx  = e"  d x (sin  x)“  (cosx)*.  Here  it  is  necessary  to  recollect  that  when  w and 
n are  integers,  a series  of  terms,  such  as  sin  h x,  or  coscx.  may  be  substituted  for  such  on  expression  os 
(sin  x)*  (cos  x)*.  The  required  integration  w ill  therefore  be  reduced  to  integrate  differential  expressions  of  the 
form  c“  d x sin  b x,  or  e**  d x cos  c x,  which  will  be  effected  iu  the  manner  indicated  in  the  lost  example. 
dx 

Example  6.  Let  Xdx  ss  iT+'b'cosx'  example  is  very  remarkable  by  the  reductions  it  presents,  and 

the  various  manners  to  express  the  integral.  An  algebraical  form  may  be  given  to  the  differential  by  assuming 

1 — yi  2 d y 

cosx  :=  y,  but  to  avoid  radicals  it  will  be  simpler  to  make  cos  x = Then  wc  shall  have  dx  = — . 

• tr  l + yJ 

dx  2 dy  , 

and  consequently, ; = — — •—  .v— > Comparing  this  last  differential  with  that  integrated, 

n J a + b cos x o -f-  6 -J-  (a  — ■ b)y*  ° 

Example  2.  (74),  we  find,  immediately,  the  two  following  expressions  for  the  integral, 


f. 


2 d y 


(a-A)y-  V (A*  - a') 


a + 6 + (o  — 6)  y1  J (6*  - o’)  1 (a  — 4)  y + (A*  — a1)  ®n<* 


Srxi 


?_d X. = * Um-.  + c. 

a + *-f  («  - *)y'  ^(a*  -A*)  V (fl‘  - AO  ^ 


I - y*  . VO  - cmi)  x 

But  since  cos  x — — ; — wc  have  y = - j ;-r  - . = tan  — . 

1+y*  a/0+™«*)  a 

Substituting  these  values,  we  find 
dx 


r dx  1 V (6  + a)  (1  -f-  co*  *)  + J (6  - «)  O - Pf>*  x)  ^ 

J a b cos  x ^(6*  “ «*)  ^ (6  + o)  (1  -f-  cos  x)  — (6  — «)  (l  — cos  x) 

Multiplying  both  terms  of  the  fraction  under  the  sign  /,  by  the  numerator,  we  shall  have 


r i , 

,/  a -f-  b cos  x (J  b'—  a*) 


b -j-o  cosx-}-  sin x J (61  — a') 
a -j-  6 cos  x 


+ c. 


We  shall  have  also  by  the  substitution  of  tan  --  to  y in  the  second  of  the  two  first  values  obtained  for  the 


integral, 


/'  dx  2 a/  (<*  — 0 , * , 

— j — r — — 77~f  ".j.  tan”  — — — ■ ■ , . tan  £ x •+■  c, 

a 4-  6 cos  x — b *)  V (<*  4“  b) 

If  for  tan  £ x its  value  be  substituted,  the  value  of  the  integral  becomes 

_ S v/(a-A)(l  - c^  x) 

V (a*  - f)  J(*  + t)(l  +«»*) 

2 k 

But  twice  the  arc  whose  tangent  = kt  equal  the  arc  whose  tangent  = ^ ^ therefore 


s. 


■ 1 lan_,  sin  X v'  (o’  — 6*)  1 ^ 

a -f-  b cos  x V (*-**)  * + a cos  x ' J (a*  — A*)  a -f-  6 cos  x 


.6-4-0  cos  x . 

cos*1  — 1— 1-  c. 


These  various  values  of  the  integral  become  — when  a — b. 


Iu  that  case,  we  can  integrate  without  any  difficulty.  We  find 

f—42-  =—  r -f*_ =i  r. 

»+»MU  a J 1 + CUB  i a J ( X V « * 


(H)’ 
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iaa*™i  _ . _ . „ . JiK  + ycMi) 

Example  7.  Let  X <f  J - (g  + b~m  x)-  ~ 


We  shull  make  use  here  of  an  artifice  we  have  already  had 


Part  IL 


A sin  x 


* , ci* (B 

•*r**  v («  + 


+ C cos  x) 
6 cob  x)’*"1 


occasion  to  employ.  We  shall  assume 

/d  i (o'  + 6'  cos  x)  __ 

(a  + 6 cos  x)-  (a  -f-  b cos 

A,  B,  C Icing  three  unknown  constant  quantities  which  arc  to  be  determined  so  as  to  satisfy  this  equation. 
If  we  differentiate  both  sides  of  this  equation,  and  then  divide  by  d r,  we  shall  find 

o'  + 6' cos  x = A cos  x (a  -f  b cos  x)  -J-  (m  - 1)  A b (sin  x)*  -f  (B  + C cos  x)  (a  + b cos  x). 
Developing,  and  putting  (sin  x)*  instead  of  l — (cos  x)*,  wc  shall  have 


(m  — 1)  A 6 -f - A a 
■f  B a *{■  B b 
-f  C a 

- of  - U 


cos  x -f-  A 6 

- (m  - 1)  A b 
-f  C b 


(cos  xY  s 0. 


Making  equal  to  nothing  the  coefficients  of  similar  terras,  we  shall  get  three  equations,  in  which  the  coefficients 
A,  B,  C enter  only  in  the  first  degree,  and  from  which  we  shall  obtain  the  following  values, 

aV~ba • aa’-bU  («  - 2)  (a  V - b of) 

A~  (»- l)(a4- 6’)*  ~ a’ -6*  ’ = (»-l)  (a*- *)  ' 

and  consequently 

f*  d x (a*  -f-  b'  cos  x) (a  b*  — b o')  sin  x 1 

J (a  + ftcot«)*  ® (n—  I)  (a*  - &•>  («  + 6 cos  x)"1  + T»  - 0 («*  - &g) 

dx  (it  - 1)  (a  o'  - & 6f)  -f-  (n  - 2)  (a  ^ - b t/)  cosx 
(a  -f-  6 cos  x)-‘ 

By  means  of  this  formula,  if  n be  an  integer,  the  required  integration  will  be  reduced  to  that  of  a differential  of 

the  form  ^ ^ 9 tliisn  present*  no  difficulty,  for  we  easily  get 

a -f*  6 cos  x 


/- 


/da  Q>-f  gCO0J)  _ rdx  ( 1 . bp-aq 

a -+*  b cos  x J 14  4(o  + 4 cos  x) 


M'  + 


bq  — aq 


S: 


dx 


a -f-  b cos  x 


(SS.)  Differential  expressions  containing  the  circular  functions  sin  1 x,  cos'1  r,  See.  can  also  be  integrated  in 
a few  cases.  The  means  by  which  the  integrals  are  obtained  are  nearly  the  same  as  those  which  have  been  used 
with  functions  of  sines  and  cosines,  &c.  We  shall,  therefore,  show  simply  upon  some  general  examples,  including 
most  of  the  formulae  for  which  the  integration  may  be  completed,  which  are  the  substitutions  and  transformations 
most  likely  to  succeed. 

Example  1.  Let  the  differential  be  X dx  sin’1  x,  and  let  J'XdxzzXl\  then,  integrating  by  parts,  we  shall 
find  fXdx  sin"1  x = X,  sin"1  x — /-  I***  — . If,  therefore,  Xt  be  an  algebraical  function,  the  integration 

t / v (»  ~ 

of  X d x sin'1  x is  reduced  to  that  of  an  algebraical  function.  Let  X = x*",  for  instance,  we  shall  have 


f x*  d x sin-1  x =: — sin"1 . 

J m 4-  1 

obtained,  ns  in  Example  4,  (83). 

In  a similar  manner  wc  shall  have 


? — f. 

m 1 J 


r*'  dx 

V U - ■*■) 


, and  when  m i,  an  integer  this  last  integral  it 


!*♦< 


f x*  d x tan-1  x a=  tan*1  X 

J m+ 1 


-_i-  rr. 

m+lj  1- 


Example  2.  Let  the  differential  be 


x3  d x 


sin"1  x.  We  have  found  before 


V (l  - x} 

f70-^  — ~ **  + (1  — X*) ; hence,  integrating  by  parts,  we  shall  have 

/TffV-'—  G'+oV<‘  frD-‘ 

and  reducing 


/v o’ -W  *in"*  = " G '+©*«  - *•> 


x*  2 x 

sin*>  * + --  + — j—  + «. 
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Calculus.  Example  3.  Let  the  differential  be 


W,  h.ve  found  fjXf~7)  = " (l  **  + Ei  ')  ^ (l  ~ X<)  + O * 

hence  we  shall  find  by  integration  by  parts 

fju-'-T ™“ ' = ' ! (} ' + n *) J n ‘] ■■■' ■ + 

/IG^rlO'-oOT^r 


d x 


f: 


J\ 


nnd  consequently  by  reduction 

jTrh j ,ia" * ■ " {(I * + H TV(I " ^ 4- ,in“  4in" •,  + 4,‘  + -^  + c- 

Example  4.  We  shall  take  for  the  last  example  the  differential  d x (sin  1 x)".  Integrating  by  parts,  we  shall 
hare  successively 

fi  i <»in*‘  x)*  = x (»in-‘  i)“  - m j* (,in-‘  x)— l, 
ffZ?)  (•la"*  x)*~'  = - 4 (1  “ **)  *)“•■  + m-\fdx  (sm'1 1)~*. 

4c.  &C. 

and  by  substitution 

f d x (sin“*  x * = x (sin'1  x)“  + m J (l  — a*)  (sin”*  x)"”1  — m (m  — 1)  x (sin“‘  x)*“a  — m (m  — 1)  (/»  — 2) 

V (1  - **)  (sin”1  x)— « -f  Ac. 

a series  which  will  be  limited  when  m is  a positive  integer. 

($9.)  By  means  of  series  it  is  always  possible  to  represent  the  value  of  the  integral  of  a differential 
expression ; and  these,  especially  when  none  of  the  preceding  rules  can  be  applied,  may  sometimes  be  used  with 
advantage. 

From  the  theorem  of  Taylor,  it  obviously  results  that  if  we  designate  by  y the  integral  of  X d x,  and  by 
y,  the  value  of  y when  in  it  x is  changed  into  x,  + h , wc  shall  have 
v . , dX  h*  . d*X  A> 
yt  = y + x h + -r^r  + -^r  — -»•  + &c  • • • <«)• 


1.2.3 


If  In  this  series  we  change  h into  — x.  y,  will  become  an  arbitrary  constant  c equal  to  the  value  of  the  integral 
corresponding  to  x = 0,  and  by  writing  y in  the  left  side  of  the  equation  we  shall  have 

dX  j*  f_X  _r3_ 
dx  1.2  + dx*  1.2.8 


y =/XJi  = c+Xi-^  t-j  + 3-y  tVs- *«•••■  <*)• 


Tliis  series  has  been  given  for  the  first  lime  by  Jean  Bernouilli,  and  it  is  known  under  the  name  of  the  series 
of  Bernouilli.  It  maybe  obtained  by  applying  to  the  differential  X d x,  the  process  of  integration  by  parts. 
Wc  shall  have  successively 

v fd\  , rdx  . dx  x-  r<rx  fdx 

/XdxxxXx-J-^.xdx,  J-jj.xdx=  — —-J—  . 

r<rx  .r*d x _ <rx  Xs  _ r<p\  x*d x 
J dx*  • 1.2  ~ dx'  ■ 1.2.3  J dx*  1.2. S’ 

and  by  substitution 

/•vx  V dX  ^ _Lrf,X  *•’  x.  **<<* 

J \ dx  X x di  , 2+  dl,  123 ±.J  dl.  1-a. 

The  arbitrary  constant  being  included  in  the  last  integral. 

Another  dcvtlopemcnt  of  the  integral  may  be  derived  from  the  series  of  Taylor.  If  in  the  above  equation  (n) 
we  suppose  x = 0,  and  afterwards  change  x into  A,  we  shall  have  in  representing  by  Z„,  Z, , Z#,  Ac.  the  values 
„ „ d X d*  X „ 

of  y,  X,  — — , , etc.  corresponding  to  x = 0, 

y = /Xdx  = Z.  + Z1-?L+Z._*-  + Z. 

This  series  has  the  disadvantage  of  being  only  applicable  when  none  of  the  quantities  7-^,  Ac.  becomes 

d x dx* 

infinite  on  the  supposition  of  x 0. 
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!"'rrr&l  (90.)  It  will  always  b e easy  to  find  a developenient  of  (be  value  of  the  integral  of  eny  differential  X d x,  l\irt  II. 
CUtulu*.  whenever  we  are  able  to  transform  the  function  X into  a series  of  terms,  each  of  which  can  be  integrated. 

•V""-''  This  will  be  better  elucidated  by  some  examples.  We  shall  begin  with  one  or  two  differentials  which  we  have 
already  integrated,  in  order  to  be  able  to  compare  together  the  results  of  various  methods. 

d x 1 

Example  1.  Let be  the  proposed  differential.  Here  the  function  ~ is  easily  developed  accord- 

ing to  the  powers  of  x.  We  have 

: 7 + — h &c. 

a a1  a1  a4 


fl  + x 

rnd  consequently 

/*dx  f.  J 1 x , .i*  x*  **  , . 

1 »--?+-*-  v+4e/=«_?sr  + !r?  -tst+&c-  + c- 

Comparing  this  last  series  with  one  of  those  obtained  in  (27)  we  see  that  it  is  equal  to  / (r-f-  a)  — la.  Hence 

- = / (x  -}“  <*)  — la  + c,  or  simply  / (x  -f-  a)  + c,  including  — la  in  the  constant.  A result  which  is 
<z  -f-x 

identical  with  the  known  value  of 
d r 


r f-*±  - 

J a -f  x 


Etamplr*.  L« — 
the  binomial  theorem.  We  get 

1 


be  the  proposed  differential.  Wc  can  dcvclope 


“?7  = <'-■'*>  'b* 


Vd  - j*) 


, , 1 1.3  1.3.5  , 1.3. 5. 7 

= 1+  o^  + 27t^+  vm*  + 9TT-q1*  + &c- 


2.4.6 


2. 4. 6. 8 ‘ 


and 


✓ o --O 

= JL+i  t+hlJL  + LU±  + Sx.  +c 

J J (l  -i’)  12  3 S.4  5 2.4.6  7 ^ 

But  we  know  that  f * — = sin”1  x -f-  c,  consequently 

J /(l-  x*) 

* , 1 x»  , 1.3  X-  , l.S.fr  x?  . „ 

“ '-T  + iT+s;iT  + wIT  + fe  +c> 

We  arrive  thus,  in  a very  simple  mutiner,  to  the  developemcnt  of  sin"1  x,  and  by  similar  means  we  might  obtain 
tho.ie  of  cos‘*x,  tnn_1x,  Ac.,  mid  generally  of  all  those  functions,  the  differential  coefficient  of  which  may  be 
developed  according  to  the  powers  of  the  veriuble. 

z1  d x 

Example  3.  We  have  found  that  J y—  = •(*  + V O + *“)  ) + c-  Wc  may  easily  get  the  deva- 

lopcment  of  this  logarithm,  according  to  the  powers  of  x.  For  we  have 


Therefore 


h. 


It  is  especially  when  the  intend  cannot  be  obtained  under  a finite  form,  that  it  may  be  useful  to  find  its 
developement.  We  shall  take  for  the  following  examples  differentials  which  cannot  be  integrated  by  the  rules 
previously  given. 

Example  4.  In  this  example,  the  integral  of  each  term  of  the  developement  of  the  differential  will  be  composed 
of  several  terms.  The  proposed  differential  is  —J~Q-  r ^ 

Wc  have  first 


1.1.3 


vo  -*» 

VO  - r’x’)  = 1 - i ~ c*j*  - + 4c. 

, /Vi  ,/(l  - «*i*)  /’  rfx  I,  1 ..  1.1 

“d  J v'O  - J’)  ~J 1-**)  I 2 * * + 2.4  * * 27T6 


1.1.3  .1 

+ Ac.  J 


each  term  of  which  may  be  integrated  by  means  of  the  formula*  given  in  h^tampU  4.  (83.)  Substitvtting  these 
integrals  wc  shall  find 

vol.  I.  5 p 
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Integra!  (*  d x J (1  — e*  j*)  . . 

-sln  *• 

+ I * *VO  -■*")  - *}• 

+ 574  * { (1  *■ + »*4  XV  0 - ^ " 4!  «n"T}- 

+ a*  ■ - {&*+ a ■ - + ks  ■ o v <*  ■ - *>  - is  --  * 

-f-  &C.  + C. 

frompfc  5.  We  Khali  take  for  this  example  the  new  transcendanl  J* . We  have  found  (26)  that 

O'  = 1 + ~ ■*  + -4“  **  + - *»  + Ac. 

cm.,«i«™tiy  /—  =/rfx{“  +nr  + 4ir * + w ** + **•}• 


= lx  + ll  , + ML.  *.  + ML  *.+  -ML.  L 

1 1.2  2 “ 1.2.3  3 T 1.2.3. 4 4 


-f  &c.  -f-  e. 


If  wc  substitute  e for  nr,  this  furmula  becomes 


/e*dx  1 l I 2*  1 X4 

T“  = i,  + '+uT  + mT+mTT+&c-  +c- 

and  making  x = ly,  in  which  ease  J* ==  we  ^*in^ 


/- 


ii  =!/,+  ! y + J_i^l+  _l_£^L  + _L_^vV  +4c  +e. 
,y  ••»-r>y-r,8  a -t-la3  3 T j. 2.3.4  4 ^ 


Example  6.  Several  series  may  be  obtained  for^* **  ^ By  developing  «x  according  to  the  powers  of 

the  value  of  wou^  be  expressed  in  a series  of  integrals  of  the  form  ®uccewiv«  inte- 

gration by  parts  and  substitutions,  the  following  dcvclopcmcnt  may  easily  be  found 

/a*  dx f 1 1 1.2  1.2.3  1 

L (!-«)<•  " (l-*)1  {lay  + (l  -*)»(/«)•  “ (1  -*)•(/ a)*  + C'J+e* 


To  find  a series  arranged  according  to  the  powers  of  x,  we  shall  observe  that 

1 . . ......  . *la  . ■**  (toy 


*(i«v 


— - =l+y+!*  + *+  Ac.  anda'=l  +-f-  + -2'-  + ~^~g  +Ac. 

these  being  multiplied  will  give  a product  of  the  form 

A -f  B x -f  C x*  + Di*+  Ac. 

In  which 

* - i ,,  _ , , la  ,M'  n - i O.  _l.  </o)‘  . (lay  , . 

A = l,  8=1  + —.  C = 1+-J- + -J-5-.  D=l+Ja  + — -+— j + ic. 


1 


1.2 


1.2 


1.2.3 


Hence 


ra’dx  /,  la\  x*  . /_  . la  (/a)*\  x*  . /,  , fa  (fa)*  (la)*  \ x* 

J .—  = * + (l  + t)t  + (*  +T+it)t  +0  + — + TT  + ;-&)  T + ^ + - 

Example  7.  We  shall  take  for  the  last  example  the  differential  x**  c/x.  Applying  to  x**  the  known  develop*- 
men!  of  a*,  we  find 

= i + Mjl+MM'  +j*LML.  + &c. 

1 ^ 1.2  ^ 1.2.3 

We  have  integrated  (84)  differentials  of  the  form  xmdx  (lx )\  If  we  make  use  here  of  these  formulae,  we 
shall  have 

/J-dx  = ,+  I 

+ 075  T *,x*((,x>'  ~ ! <">*  + *7F  ^ 

+ &C.  + C. 
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Integral  Or  if  the  terms  lire  arranged  according  to  the  powers  of  (/  x). 

Caleoloi. 


- , / , nt  . sV  n’i*  , . \ 

/'  i,  = I(  1 - ~2T  +*g5 i7-  + &cJ 

. bx’/x/I  n x . «•  a*  w*  x*  , . \ 

+ — U '-¥  + -*  --^  + *c  ) 

, tix  , «*  x*  n*  i*  \ 

+ Ti- (T  ~ v + IT  _ Sr  +&c  ) 


4-  Ac.  4*  c. 

(91.)  When  a differential  Xifx  is  decomposed  into  an  infinite  series  of  terms,  which  we  shall  represent 
generally  by 

(A  + A,Y  + A,  Y*  + A,Y*  + Ac.)  Z d x. 

In  which  Y and  Z are  two  functions  of  x.  The  integration  of  each  term  separately  may  be  avoided  when  the 


differential 


Z dx 


; can  be  integrated. 


1 - « Y 

Let  U be  this  integral,  and  let  its  developement  according  to  the  powers  of  a be 

a*  V -f*  d>  V,  + or  Vt  4“  «’  V,  + Ac. 


The  differential 


Zdj 


\ developed  according  to  the  powers  of  the  same  letter  gives 


1-flY 

Z dx  (l  + a Y 4-  c'  YB  + *Y*  + Ac.) 

Therefore  we  must  liave 

aoy  + a' Vx4-o«V,4-&c.  xzfZdx  + afZ  Y dx  4-  a'fZ  Y'dx  4-  Ac., 
and,  consequently, 

V=/Z  dxt  V,=/ZY  dx,  V.sr/ZY'dx,  Ac. 

Hence 

/Xdx=/Zd*(A  + A.Y  + A.V  + A,\r»  + Ac.)  = A V + A,  Vx  4- A,  V,  + Ac.  + c. 

Thus  after  having  integrated  the  differential  - — ^ and  developed  the  integral  according  to  the  powers  of  a. 

1 — « 1 

it  will  be  sufficient  to  substitute,  in  this  scries,  for  the  successive  powers  of  a,  the  coefficients  A,  A,,  A,,  Ac.  of  the 
differential  (A  + Ax  Y 4-  A,  Y*  + A,  Y’  -f-  Aft)  Z d x to  obtain  it*  integral. 

. c"  d x a*  dl  x 

Let  us  apply  this  to  the  differential  , a particular  case  of  the  differential  which  we  have  already 

I — x 1 — x J 

integrated  in  Example  6.  (90).  We  have 


**  1 i 1 . a"*"  i . a . a 


-I-  &c. 


and 


ff^.-A'+r  + -TI+  TTIFTs  ♦ TrA- 


But  instead  of  integrating  each  differential  term  of  this  series,  we  shall,  according  to  the  preceding  remark, 

1 dx 

observing  that  here  Y =5  x,  and  Z 2=  , integrate  first  /l  Vv/i"'  easily  get 


fa 


(I  - Jr)  0 - «*)' 

{ / (I  — a x)  — / (l  — x)  } + c. 


F0  - *>0  - ax)  (I  — a) 

To  develope  this  according  to  the  powers  of  a,  we  have 

■ ”14®  + **’  + + Ac.,  and  f (l  - cx)  =:  — — 

1 — a 1 


Vx* 

2 


■ Ac. 


Consequently  the  developement 


d r 

(I-xHT-ox) 

-10-*) 


, according  to  the  powers  of  a , will  be 


+ «'  j-  <(,  — -0  - -y  - -y} 

+ a.|_,(l_l)_  f -4-4J 


-Ac. 


• 4-c, 


b p2 
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And  it  is  now  sufficient  to  substitute,  in  this  series,  to  the  successive  powers  of  a,  the  coefficients  of  the  powers  Part  II. 
of  x in  the  dcvelopement  v— v*"*' 

I + T + TT  + r»7a  + F'/a . •*  + &c' 


and  wc  shall  find 


J 


'e*dx 


= -/(l 


±\ 


+ rr.:-.  !-'<'• 


*_ 

l “ 2 8 J 

+ Ac.  + c. 

x)  its  developement,  arranging  then  the  terms  according  to  the  powers  of  x, 

-|-  &e.  + e. 


Or  hv  putting  for  l (1 

J f^=T  + (1  + T)T+(1  + T+r^)j +(1  + T + r2  + I7o) 

A result  agreeing  with  that  obtained  in  Example  6.  (90.) 

(92.)  In  the  applications  of  the  Integral  Calculus,  it  is  not,  in  most  cases,  under  the  general  and  (indeter- 
minate form  that  we  have  obtained  them,  that  the  integrals  of  differential  expressions  arc  required.  What  is 
wanted  generally,  is  the  difference  of  the  values  assumed  by  the  integral,  such  as  we  have  found  it,  when  for 
the  variable  two  particular  values  arc  successively  substituted.  In  taking  this  difference  the  arbitrary  constant 
disappears,  and  a result  is  obtained  in  which  nothing  remuius  undctcrininate.  This  result  is  called  a definite 
integral,  and  the  two  quantities  substituted  for  the  variable,  are  the  limits  of  the  integral.  Indefinite  integrals, 
on  the  contrary,  arc  like  those  we  have  hitherto  considered,  in  which  the  variable  and  the  constant  remain 

undeterminate.  Thus  wc  have  found  that  the  general  or  indefinite  integral  of  X*  dx  was  -j-  c ; the  defi- 

m + 1 

nite  integral  of  the  same  differential  between  the  limits  a and  b will  be  the  difference  of  the  values 

— - -f  c,  r -f-  c,  of  the  general  integral  corresponding  to  x — a and  x = b,  and  is  therefore  equal  to 

fn  -f- 1 tn  l 

<r+'  - *>-+* 

m + 1 

To  designate  a definite  integral  the  sign  f is  still  used,  and  the  two  limits  are  placed  by  the  side  of  it,  the 
one  corresponding  to  the  value  of  the  integral  which  is  substracted  below,  and  the  other  above.  Thus  we 
have 

Cm  o“+*  - b~** 

sT  dx  = - 

In  the  same  manner  we  shall  have 

(93.)  When  the  indefinite  integral  is  known,  the  determination  of  the  value  of  the  definite  integral  presents 
no  difficulty,  since,  to  find  it,  it  is  sufficient  to  take  the  difference  between  the  values  of  the  indefinite  integral 
corresponding  to  the  two  limits.  But,  in  many  cases,  the  value  or  the  definite  integral  may  be  obtained, 
although  that  of  the  indefinite  integral  cannot.  These  determinations  form  one  of  the  most  important  parts  of 
the  Integral  Calculus,  and  will  be  treated  separately  with  all  thut  relates  to  definite  integrals.  In  this  place  we 
shall  limit  ourselves  to  a few  remarks  which  will  be  necessary  to  understand  the  analytical  and  geometrical 
applications  of  the  Differential  and  Integral  Calculus. 

(94.)  Let  X dx  be  a differential  of  which  it  is  required  to  find  the  definite  integral  between  the  limits  a and  6. 
Let  the  indefinite  iutcgral  be  represented  by  f(x ),  and  let  a — & = A.  We  shull  have  by  Taylor's  theorem 

/•/  . xv  x/  n , v h . dX  h'  . is. 

/(X  + A)  = /(*)  + X T + — + Txl  -lT  — + Ac. 

if  we  make  in  both  sides  of  this  equation  x xs  b,  and  if  we  designate  by  Y',  Y",  Yw,  &c.  the  values  assumed 
dX 


m + i 


byX, 


d x'  dx’ 


&c.  in  that  supposition,  we  shall  get 

f{b  + A)  =/(<*)  =/(&)  + Yr  A + Y" 


and  consequently 


A* 

1.2 


+ Ym 


A* 

.2. 


, + &c. 


A* 


/(a)  - f(b)  = f‘  X i x = V k + Y"  f g + Y* 


1.2.3 


+ &c. 
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CjJcSuL  and  if  none  of  the  quantities  X,  has  become  infinite  by  making  in  them*  =6,  we  have  a series' 

v representing  the  value  of  the  definite  integral,  which,  if  converging,  may  be  used  to  find  its  approximate 
vaJue. 

(95.)  It  is  therefore  necessary  to  examine  in  what  cases  the  series  of  Taylor  is  converging,  or  more  generally 
to  determine  the  limits  of  the  series  beginning  with  any  term.  We  shall  first  demonstrate  the  tallowing 
proposition. 

Every  function  U of  x which  vanishes  for  x = 0,  and  the  first  differential  coefficient  of  which,  designated  by  IV, 
neither  becomes  infinite,  nor  changes  its  sign,  for  any  value  of  the  variable  between  the  two  limits  x r=  0,  and 
x = 6,  is  of  the  same  sign  as  the  differential  coefficient,  it  b be  positive,  and  of  a conLrary  sign  if  6 be  negative. 
Let  i be  divided  into  any  number  of  equal  parts  represented  by  i,  ami  let 

0.  ut.  ur  u„  &c.  IV,  iv.  Ut‘.  u;,  &C. 

be  the  values  of  U and  U*  corresponding  to 

x = 0,  = i,  rr  2 i,  — 3 *,  Ac. 

By  Taylor's  theorem,  we  have  for  the  developement  of  what  U becomes  when  x -f-  i is  substituted  for  x, 

WT  . , d\V  {•  , rf’U' 


U-f-U  'i  + - 


• n+ 


7s  77375  +&c- 


and  since  the  first  differential  coefficient  does  not  become  infinite  for  any  of  the  above  values  of  x,  we  shall  have 
in  substituting  them  successively  in  this  series,  and  representing  by  V#  V,  »*,  V,  **,  V, f,  the  corresponding 
values  of  the  part  which  follows  the  two  first  terms,  in  the  following  equations 

V,  = U,'  i + v„ 

U,-  U,  = U/i  + .-V,. 

U,  - U,=  U,'»  +«■  v„ 

+ 

+ u.  - u.„  = u„,  + i-v..,. 

We  must  first  observe  that  the  exponent  a.  is  necessarily  greater  than  one,  and  secondly,  that  since  when 
x = 0,  U vanishes,  and  consequently,  that  when  i ==  0,  U,,  If,,  Ur  &c.  become  also  equal  to  nothing,  none  of 
the  quantities  V4,  V„  V„  Ac.  can  become  infinite  in  the  supposition  of  t = 0.  Hence  by  tuking  a value  for  i 
sufficiently  small,  the  second  terms  of  the  right  sides  of  each  of  these  equations  may  be  made  less  than  the  first 
terms  in  any  proportion  whatever;  the  signs  of  the  quantities  U/  i -|-  t*  V#.  U/,t  -f  **  Vlt  Ac.  will  therefore  be 
the  same  as  those  of  U#'i,  U/i,  IJ.'i,  Ac.  But  W'C  have  supposed  that  U/,  U/,  U,\  Ac.  had  all  the  same  sign, 
hence  this  is  also  the  case  with  U#' *,  U,'  l,  U«  i,  Ac.  and  consequently  with  U„  Ug  — U,,  Ua—  Ug,  Ac.  Therefore, 
finally,  the  quantities  U|t  U. . . . . (J,  will  have  the  same  sign  ns  the  differential  coefficient  LT/,  if  i or  6 be  positive, 
and  n contrary  sign  if  6 be  negative. 

(96.)  We  shall  suppose  now  that  in  the  series  of  Taylor  a particular  value  has  been  substituted  for  x,  but  wc 
shall  continue  to  represent  the  developement  by 


«'  = u -J — r~  A + 
tlx 


d*u  h*  rf*  u A* 

TsTTi  + 7?  i .2.§+  c 


The  value  of  the  series  will  then  vary  only  with  the  value  of  A . 

We  have  proved  before  that  generally 

d'  uf  _ d'  u‘ 
d j?  ~~  (l  A*’ 

these  differential  coefficients  arc  functions  of  A,  and  vnry  accordingly  with  the  value  of  that  variable.  Let  m be 
d"  i / d*  itf 

the  least,  and  M the  greatest  value  of  — - = corresponding  to  the  values  of  A between  the  limits  A =:  0, 
and  A = any  constant  quantity,  so  that 

i/  (t  u' 

M ” T7T»  TT*  ~~  m* 


are  functions  of  A which  will  remain  positive  for  any  value  of  A between  these  limits.  These  quantities  are 
respectively  the  first  differential  coefficients  of 


-mA> 


and  consequently,  of 


MA  ■ V.TF>  - dlF'}  ,nd  Tir'  “ UF1  ‘ 


— does  not  contain  A.  But  these  new  expressions  vanish  for  A s 0,  for  then  «/=  u,  and 
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I*M  d"-,K' 

Calculus,  besides  ^ - 


ct~l  i 
: rfx"“ 


Therefore  by  the  theorem  demonstrated  (95),  these  expressions  are  of  the  same  sign  i 

as  their  first  differential  coefficients  respectively,  that  is  to  say,  both  positive,  for  all  the  values  of  A between  the 
assigned  limits.  Again,  they  may  be  considered  as  the  differential  coefficients  of 

„ * /d—u'  d—u  d*-1  u \ .dT+tf  d—u  (T'v,  A* 

1.2  \d  A’-1  dje*"*  dx'*-1  / aa  dhm~*  dx*~9  m 1 . 2 

After  observing  that  these  uew  expressions  become  nothing  when  A = 0,  we  shall  conclude  as  before  that  they 
remain  positive  for  all  the  values  of  A between  the  assigned  limits. 

Proceeding  with  the  same  reasoning,  we  stiaU  be  able  to  prove  that  the  two  following  quantities  are  both  positive 
between  the  same  limits, 


M A"  /,  d u tf  u A*  d"*1  u A"“‘  \ 

1,2.3 n \ U dx  d J?  1.2*”’  dj*‘'1.8.,..#  - 1/ 


and 


du 

■ « — j—  h 
dx 


d 1 u A* 

d^mr 


hr1 


m A" 


dx"”1  I . 2.  1 1.2.  ...n 

Let  us  now  substitute  for  t/  its  value,  given  by  the  scries  of  Taylor,  and  we  shall  find 

M A' d“  u A'  <T+'  u A"+* 

1.2.3 n ' 

m hm 


d x"  1.2 . 3. . . .n  d x*+l  1.2.3 n+1 


— &c.  and 


. rf-K 


A- 


- + 


d**1  u 


A**1 


r-f  &C. 


Therefore  - — ' , and 

1.2.3 n 


<fjT*1.2.a.,..*-M 

, are  the  limits  between  which  are  included  the  whole  of  that  part  of 


1.2.3. ...»  d jf  1 . 2 . 3. . . . » 

M hm  , m hr 

.2.3 ....«’ 

the  series  of  Taylor  beginning  with  the  (n-f-  l)*tenn;  or,  in  other  words,  remembering  what  M and  m are 
intended  to  represent,  we  conclude  that  when  the  scries  of  Taylor  is  limited  to  the  n first  terms,  the  part 

d*  ur  dr  h'  hr 

neglected  has  for  limits  the  greatest  and  least  values  of  rr-  = - — , multiplied  by  r — - . 

d A*  d x"  ' 1 . 2 . 3.  . . . « 

(97.)  It  is  easy  to  infer  from  the  preceding  investigation,  that,  iu  the  series  of  Taylor,  a value  may  always  be 
assigned  to  A which  will  make  any  term  greater  than  the  s urn  of  all  those  which  follow  it.  For 


d*+‘u 


hr** 


+ &c. 


d x"  1 . 2. . . . n d x**‘  1 , 2. . n -f*  1 
being  included  between  the  greatest  and  the  least  value  of  multiplied  by  it  Is  obvious  that  there 

must  exist  an  intermediate  value  of  this  quantity,  w hich  being  multiplied  by  — will  be  precisely  equal  to 


<fu 


d*+lu 


h~*-' 


-4-&c. 


dx?  1 .2. . . .«  djT*‘  1.2 n-f-  l 

Let  U„  be  this  value,  then  we  shall  have  exactly 

, . du  tPu  h* 

«'  = u + - — A 4*  — , 

d x ax  1 .2 


«f“*  u 


l1.2 


A-»  Vmhm 

..  .n  — 1 ' 1 . 2.  . . . n* 


To  find  the  value  of  A which  will  make  i-TI ? greater  than  the  remainder  of  the  series,  it  is 

a j*  1 . 2. . . .n  — I 

therefore  sufficient  to  find  that  which  will  make  that  term  greater  than  - , and  we  shall  clearly  satisfy 

this  condition  by  taking 


A < 


» d—'u 
U.  1 1 xT1' 


Thus  to  obtain  the  required  value  of  A it  will  not  be  necessary  to  know  the  value  of  U„  but  simply  any 

, jfif 

quantity  greater  than  it,  for  instance  the  greatest  value  of 

■\Vhen  we  are  at  liberty  to  take  any  value  for  the  quantity  A,  and  that  none  of  the  differential  coefficients 
become  infinite  for  the  particular  value  of  x,  the  series  of  Taylor  may  ulways  be  rendered  a converging  series,  since 
each  term  may  be  made  greater  than  all  those  which  follow  it. 

In  the  series  we  have  found  (91)  for  f*  Xd  x,  A has  a determinate  value  equal  to  a - 6,  and  therefore  what 
has  just  been  stated  cannot  be  applied  j but  we  shall  always  be  able  to  determine  the  limits  of  the  error  made 
by  taking  only  a limited  number  of  terms  of  the  series.  ... 

(98.)  Before  proceeding  to  investigate  other  series  for  the  value  of  J / X d x,  we  must  briefly  state  that  with 
respect  to  the  devclopement  of  a function  of  two  or  more  variables,  limits  of  the  aeries  may  also  be  determined. 
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IkwctJ  1*1 «=/(x,y),  y/  =/(*+  K y + *>•  For  A ml  A poi  hi  »inl  *(,  thru  u'  mty  be  considered  »s  * func-  "■ 
tion  of  t,  and  if  we  substitute  instead  of  it  l + «,  the  two  following  developeraents,  which  must  be  equal  to  each  v— 

other,  ore  obtained : 

du  a , <Fu  a*  , rf*w  «• 

^=“+T(T+Tprri  + 77ir273+t<:- 

„.  = u+±(Hih  + d“  k)+*(^h'+2J±-kk  + p,  A+ftc. 

T l\rfx  Wy  ) l.2\dj*  dxdy  d y‘  ) 

If  we  take  only  n terms  of  the  first,  the  sum  of  the  remaining  terms  will  have  for  limits  the  greatest  and 

smallest  value  of  multiplied  by  - — . In  the  same  supposition,  the  limits  of  the  remaining  terms  of 

dtm  1 . 2.  . . . n 

the  second  developement  will  therefore  be  the  greatest  and  the  least  value  of 


rf"  u . , <f~l  u 

d?h+Hj^‘ 


multiplied  by- 


Making  in  this  last  result  a s 1,  we  find  the  limits  of  the  developement  of 


1.2  . . . n 

/<r+A,y  + i).  . ^ 

(99.)  I^et  us  return  now  to  the  definite  integral  J “ X d j-,  if  we  suppose  a — l=ai,n  being  an  integer,  by 
taking  it  sufficiently  large,  i may  be  made  less  than  any  assigned  quantity.  Let  Y,  Y„  Yt,  Ac.  be  the  values  of  the 
indefinite  integral,  corresponding  to  s — b,  = b -f  »,  = 6 + 2 i,  Ac.,  and  Y\  Y,\  Yt',  Ac.,  Y'\  Y,",  Yt",  Ac. 

Y*,  Y/*,  Yfw,  Ac.  the  values  of  X,  Ac.  corresponding  to  the  same  values.  Then  we  shall  gel,  in  the 

d x d <r 

same  manner  as  in  (94),  the  following  equations : 

Y,  = Y+r  t-f  Y" 


— Y'"  — f Ac. 

1.2'  1.2.3* 


Y,  = Y,  +Y,'  i + Y,"y~  +Y,"r^;3+  Ac. 
Y.cuY.+Y/i-fY,"^  + Yl»rfi+  &c. 


Y-  — Y.-,  + Y;.,  i + Y:_,  — -f  Y”,  la3  4-  &c. 

If  we  add  all  these  equations,  suppress  the  terms  which  would  be  common  to  the  two  sides  of  the  sum,  and 
place  Y on  the  loll  side,  we  find 

Y.  - Y =/;*-  Xd*  = <(Y'  + Y,'  + Y.,  + ....  +T_) 


-(c) 


+ Ea  (¥" + Y-"+  Y*'  +••••+  Y*~.)-  • 

+ j-^75  (Y"+Y1»+Y*'+  ....  +YT.) 

+ &c. 

Instead  of  substituting  successively  for  x the  values,  b,  b + «,  b + 2 i,  Ac.,  wc  might  have  followed  an 
inverted  order,  beginning  with  6 -f-  n t,  b + (n  — 1)  t,  Ac.. . , . down  to  b.  We  find  in  this  manner 

Y.  - Y =/ *- X4»ai(Y/  + Y,' + -f  Y.') 

- O (Y,"  + Y,'1  + Y."  + Y,*) if) 

+ or,"'  + Y,™  + Y"  + Y.'") 

— Ac. 

The  two  series  (e)  and  (J" ) are  formed  by  the  addition  of  a limited  number  of  series,  in  each  of  which  any 
term  may  be  made  greater  than  the  sum  of  all  the  following  ones,  by  taking  i sufficiently  small.  (97.)  Hence 
it  is  easy  to  infer  that  these  two  series  will  have  the  same  property,  and  consequently,  that  they  may  be  con- 
sidered as  converging  series. 

(100.)  Another  important  consequence,  relative  to  the  equations  (<)  and  (/),  may  be  derived  from  the 
theorem  demonstrated  (97.)  It  results  from  this  proposition,  not  only  that  a value  may  always  be  assigned  to  i 
which  will  make  any  term  greater  than  the  sum  of  all  those  which  follow,  but  also,  that  by  taking  for  i values 
less  and  less  than  this,  the  remainder  of  the  series  may  be  rendered  leas  than  any  assigned  quantity,  however 
*mall.  Hence,  in  the  equations  (<•)  and  (/)  the  quantities  in  the  left  side  are,  at  the  same  time,  the  sums  of 
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the  series;  and  with  respect  lt>  the  decreasing  value*  of  t,  the  limits  of  any  limited  number  of  their  terms, 
beginning  with  the  first.  Therefore  the  definitr  integral  //"*““  X d x,  with  respect  to  decreasing  values  of  i,  is  v 
* the  limit  of  the  first  term  of  cither  of  these  series,  But  the  quantities  i y*t  i y‘\  i yr\  &c,t  of  which  the  first 
terms  are  composed,  urc  the  values  of  X d x corresponding  to  j = 6,  =r  b -f-  *»  — 6 -f-  2 t,  Ac. . . . and  d x = », 
consequently  the  definite  integral  of  a differential  expression  Xdx,  taken  between  two  limits  a — b -j-  n i and  b, 
may  be  considered,  with  respect  to  increasing  values  of  n,  or  decreasing  values  of  i,  as  the  limit  of  the  sum  of 
the  values  assumed  by  that  differential  when  i is  substituted  for  dx,  and  x successively  replaced  by  the  terms  of 
either  of  the  two  following  arithmetical  progressions  : 

b,  b -f-  i,  b -f  2 i b + (n  - «•)  i. 

b -f- 1,  b - f-  2 1,  b + 3 i 6 -f-  n r . 

(1 01.)  When  it  is  known  or  assumed  that  fur  a particular  value  x ==  c the  integral  of  a differential  expression 

vanishes,  this  value  is  said  to  be  the  origin  of  the  integral.  In  that  case  the  integral  may  be  considered  as  the 

definite  integral  between  the  limits  x and  c;  it  may  be  represented  by  f 1 X dx,  and  all  thut  has  been  said 
hitherto,  with  respect  to  definite  integrals,  applies  to  it. 

(102.)  When  instead  of  the  first  differential  coefficient,  it  is  that  of  a higher  order  that  is  known,  the  deter- 
mination of  the  primitive  function  will  require  several  integrations,  and  as  many  arbitrary  constants  will  be 
introduced. 

Let  X be  the  given  differential  coefficient,  which  we  shall  suppose  to  be  of  the  order,  and  let  y represent 
the  primitive  function,  then 

-££  = x. 

(I  x* 


Multiplying  both  sides  by  d x,  and  integrating,  we  get 
If  wc  multiply  again  by  d r,  and  integrate,  and  we  find 

f-^=-^=fld*fXd*) +'*  + '>■ 

The  same  operation  being  repeated  n times  will  give  the  value  of  y with  n arbitrary'  constants. 

A symmetrical  form  may  be  given  to  the  value  of  y , by  means  of  the  integration  by  parts.  Wc  first  observe 
that  d9  y =z  X d x\  and  consequently 

d9-*y  = f/Xdx*  or/' Xdx*,  d""' y = ff*  Xdx9  — /'Xdx*, 
and  y=/"Xdx\ 

Wc  shall  now  examine  the  transformations  which  may  be  made  upon 

f*Xd  t*  /»Xdx*,  &c. 

We  find,  according  to  the  rules  of  integration  by  parts,  and  recollecting  that  Hx  is  constant, 

/'Xdx^  fj X dx*  = fdxfXdx  — xfXdx  — J'xXdx ; 
by  means  of  this  value  wc  shall  have 

f,Xdx*  = J'dxfdx  fXdx  — J xdx  fXdx  — /dx/xXdx. 

frJxfX  d x = x'fX  dx  - i/,<  X dx, 


But 

and 


2 ~ J 2 * 
fd  x J x Xdx  = j r / xXd  x — /x*  X d x. 


These  values  being  substituted,  we  shall  have  after  reduction 

/•  X d x*  sr  (.r */X  dx  — 2 x fxXd  x -f  / x*  X d x). 

By  the  same  means,  we  shall  find  the  value  of  /*  X dx*,  &c.  Thus  wc  have 
/Xdx  s= /Xdx, 

/'Xdx'=i  (x/Xrfx  - fxXJx), 

/*  X d X*  =:  (x*/  X d x — 2x/xXdx  + / x*  X d x). 


3x,fxXdx  + 3xfx'Xdx+f?Xdx). 

Ac.  Ac . 

lilt  law  of  these  values  is  obvious,  and  we  may,  without  difficulty,  form,  by  analogy,  the  developement  of 
/•  Xdx";  and  we  shall  fiud 
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/•  x d y g i; 2- 3- 1 — , «-■  / x d x - (n - i)  *■-/ ^ x d , + 

&c. . . . i Jr"-1  X d x), 

the  last  term  being:  4-  when  n — 1 is  an  even  number,  and  — when  it  is  odd. 

To  prove  that  this  value  is  exact,  it  will  be  sufficient  to  show  that  the  law,  according  to  which  it  has  been 
formed,  is  true,  it  being  admitted  that  f*  X d x“  will  subsist  for  X d For  siuce  it  has  been  verified  for 
J*  X d x*,  J*  X d j*,  it  will,  of  course,  be  true  for  all  the  following  orders. 

VVe  have  f*+lTLd  x*4"4  = ( f dx  f*  XJ/,  substituting  for  f*  X d x*  the  above  developement,  integrating  by 
parts  each  term,  and  uniting  under  the  same  coefficient  similar  integrals  we  fiud 


Part  IT. 


/•*  X d (*/*  d x - 5 *-■  fx  X d x + x~'f*Xdx 


± » x/x-Xdx)  - (l  - 7 + 


1.8 


:■)/ 


x*  X dx. 


The  coefficient  of  J'^  X fix  is  equal  to  (1  — 1)"  + 1 a=  ±1,  and  therefore  the  assumed  lsw  is  verified  for 
/•+*  X dx-+\ 

There  is  another  developement  of  J“  X d x",  no  term  of  which  requires  to  be  integrated.  By  applying  to 
J'X  x*  dx  the  integration  by  parts*  we  shall  easily  find 


fXx'dx  = X 


s'*1 

» + » 


dX  _ x-+*  d’X 

dx  (n  + 1)  (n  *f  2)  d x* 


*•*> 

(»+  l)  (n  + 2)(»  + S)  &C'  + *• 


If  in  this  series  we  suppose  successively  n = 0, 
/xXdx.yVXdx,  &c.  which  will  arise,  in 
reduction. 


f-xdx-  = 


Xx" 

1.2. ...n 


dX 

d X 


.2 n + l 


= 1.  — 2 = n — 1,  and  substitute  the  values  of  f X dx, 

the  value  found  above  for  f'Xd  xT,  we  shall  have,  after 


u (a  + 1) 


rf’X  

dx*  1.2. 


9 


x--w 


■ n + 2 


if  X 
d x* 


n (»  + 1)  (n  + 2) 

1.27a ^ 

1.8.3. ...»  + 3 


+ &c. 


To  complete  this  developement,  it  is  necessary  to  add  to  it  the  terms  containing  the  arbitrary  constants,  which 
are  clearly 

Ci~  + ,„C'^  „■  + _ 4.  die 


1.2..  ..n  - 1 


l,8.e..»- 


1.8. ...  n — 3 


or  simply  C j’"’1  + C,  + Cf  x*‘“  &c.  including  the  denominators  in  the  constants  C,  C,,  C,,  &c. 

(103.)  We  proceed  now  to  the  integration  of  differentials  containing  more  than  one  variable. 

With  respect  to  functions  of  more  than  one  variable,  two  cases  may  occur.  In  the  first  it  may  be  required  to 
find  the  value  of  the  primitive  function,  when  one  of  the  partial  differential  coefficients  is  given  ; and  hi  the 
second  to  determine  the  primitive  function  when  the  complete  differential  is  known. 

The  first  case  presents  no  greater  difficulty  than  the  integration  of  the  differential  coefficient  of  a function  of 
one  variable.  If  it  be  the  partial  differential  coefficient  with  respect  to  x that  is  given,  then  all  the  other  variables 
must  be  considered  as  constant,  and  the  integration  is  to  be  performed  by  means  of  the  preceding  rules ; hut 
instead  of  adding  an  arbitrary  constant,  it  will  be  an  arbitrary  function  of  all  the  other  variables  that  will  be  added. 

(104.)  Let  us  next  examine  the  second  case.  We  have  secu  (35)  that  the  differential  of  a function  of  several 
variables,  of  three,  for  instance,  is  of  the  form 

Xd»+  Y rfy-f  Zdr, 


X,  Y,  Z being  respectively  the  partial  differential  coefficients  of  the  function  with  respect  to  x,  to  y,  and  to  *. 
If  in  the  given  differential  it  happen  that  X contains  neither  y nor  r,  Y neither  x nor  r,  Z neither  x nor  y,  then 
the  integration  will  present  no  difficulty,  for  we  shall  have  obviously 


f(Xdx  + ydy  + Zdx)=/Xdx+/\dy  + fZdx  + c. 


(105.)  When  the  variable*  are  mixed  in  the  quantities  X,  Y,  Z,  4c.  this  method  of  integration  cannot  be 
applied.  To  begin  with  the  simple*!  case,  let  Mdr  + N dy  lie  the  differential  of  a function  of  two  variable*,  in 
which  M and  N are  each  function*  of  the  two  variables  x and  y.  If  u represent  the  primitive  function,  then 


VOL.  1. 


and 


du 

i,y 


= N; 


5 « 
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Calculus.  and  because  it  lias  been  proved  (35)  that  = d y d x'  th*  lw0  tlun,,lil'M  M nnd  N must  be  wich  that 

d M _ dN 
dy  “ dx  ‘ 

Unless  this  condition  be  satisfied,  M da  + Ndy  cannot  be  the  result  of  the  differentiation  of  a function  of  two 

variables.  When  the  equation  xs.  — obtains,  we  shall  find  the  integral  in  the  following  manner.  Since 

= M,  we  have  u = fM  d x + Y,  the  integration  being  performed  with  respect  to  the  variable  x alone, 

and  Y being  an  arbitrary  function  of  y.  To  determine  the  value  of  Y,  we  observe  that  must  be  equal  to 

dy 

N,  hence  we  must  have 

+ i I-n, 

dy  dy 

or.  If  we  represent  y*M  d x by  v,  -f  - = N,  and  consequently  Y = ^ j d y - f-  e. 


Tlierefore  we  shall  have 


We  may  derive  from  this  result  the  condition  of  integrability,  already  determined.  It  is  obvious,  that  M 
being  the  partial  differential  coefficient  of  u with  respect  to  x,  N — must  be  independent  of  x,  therefore 

its  differential  coefficient  with  respect  to  that  variable  must  be  equal  to  nothing;  that  is  to  say,  we  must  have 

dN  Pv  . dN  iPv  di  , dv 

: j — - = 0,  or  —3 — = — — - — = — J , but  v being  equal  to  / M d x,  — — = M,  therefore 

dx  d y dx  dx  dydx  dy  ° ^ * dx 

4^-  = — , which  is  the  condition  previously  found. 

d x d y 

(106.)  Differentials  of  functions  of  more  than  two  variables  may  be  integrated  by  generalizing  the  rules 
already  given.  It  will  be  sufficient  to  consider  the  case  of  a function  of  three  variables ; and  then  it  will  be 
easy  to  extend  the  same  method  to  any  other  number. 

Let  Mdx  + Ndy  + Pdzbe  the  proposed  differential,  M,  N,  P being  functions  of  x,  y,  and  z,  and  let  u 
represent  the  primitive  function.  Then 

4±=v,  ^ = n.  ±L  = p. 

ax  ay  as 

and  consequently  unless  we  have 

<f  M __  cfN  dM_  _ £P_  d N _ dz 

d y ~~  dx * dz  dx  ' dz  ~~  dy * 

M d x + N dy  -f*  Pd*  cannot  be  the  differential  of  a function  of  three  variables.  But  if  these  conditions  are 
fulfilled,  then  the  integral  may  readily  be  obtained.  In  that  hypothesis  each  of  the  three  quantities  Mdx-f- 
N d y,  Mdx  + Pd*,Ndy-f-Pdz,  represents  a complete  differential  of  u,  corresponding  respectively  to  the 
supposition  of  *,  y,  x,  being  considered  as  constant.  Any  one  of  them  may  therefore  be  integrated  by  the  pre- 
ceding rule.  Let  » be  the  integral  of  M dx  -f-  N dy,  for  instance,  we  shall  have 
/(Mdx-fNdy-f-Pd*)  = * + Z, 

Z being  a function  of  z alone,  which  must  be  determined  by  the  condition  that  the  partial  differential  coefficient 

d v d z 

of  v -j-  Z,  with  respect  to  * shall  be  equal  to  P,  that  is  P — + ~d~z*  ^,rom  we  find 

mAZ=J\v- 

do 

Hence  it  is  necessary,  in  order  to  be  able  to  integrate  the  proposed  differential,  that  P — should  contain 

neither  x nor  y,  which  condition  wc  shall  express  by  making  the  differential  coefficient  of  P — with 

d x 

respect  to  either  of  these  variables  equal  to  nothing ; thus  we  must  have 

d P d*  v q ^ j d P di  c ^ 

d x dxdz  ~ ’ dy  . dydz 
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But 


d}  t* 


therefore 


and 


d N 
d 2 


Part  II. 


differential ; or,  which  is  the  same  thing,  that 


are  precisely  the  expression  of  the  conditions 


dx d s d s * “ dy d z 

d P d M . d P d N 
d x d z * an  d y ~~  d x ' 

These  tvro  equations,  together  with  the  supposition  we  have  already  made  that  M dx  N d y was  a complete 

d M _ d N 
dy  d x 

which  should  be  fulfilled  in  order  that  Mdx-f-Ndy-f  V dz  might  be  the  differential  of  a function  of  three 
variables;  therefore,  when  they  are  satisfied,  the  integral  may  always  be  found. 

After  having  proved  that  the  conditions  of  integrability  are  fulfilled,  the  value  of  the  primitive  function  may 
be  obtained  by  integrating  with  respect  to  x alone  the  term  Mrfx;  with  respect  to  y the  terms  of  N dy, 
which  do  not  contain  x ; and,  finally,  with  respect  to  2 the  terms  of  z,  which  contain  neither  x nor  y. 

It  is  obvious,  now,  that  the  number  of  conditions  of  integrability  relative  to  differentials  of  n variables  is 

■W  — — , and  that  to  obtain  the  integral  of  such  a differential,  it  will  be  sufficient  to  determine,  first,  the 


iulegrul  of  the  differential,  considering  one  of  the  variables  as  a constant,  and  to  add  to  it  an  arbitrary  function 
of  that  variable,  which  will  be  determined  by  the  method  already  used. 

(107.)  The  differentials  of  an  order  higher  than  the  first,  may  be  considered,  with  respect  to  functions  of 
several  variables,  as  well  as  with  respect  to  functions  of  one  variable,  as  the  first  differentials  ot  the  differentials 
of  the  order  immediately  preceding.  Hence  when  the  differential  of  any  order  n is  given,  and  that  it  is  proposed 
to  pass  from  it  to  the  differential  of  the  order  n - 1,  the  conditions  of  integrability  we  have  found  above,  and 
the  methods  of  integration  which  have  been  explained,  may  still  be  used.  However,  they  require  sonic  modifi~ 
cations,  which  will  be  sufficiently  elucidated  by  the  following  remarks  upon  a differential  of  the  second  order  of 
a function  of  two  variables. 

Let  Q d .r*  + R d x d y + S d y*  be  the  proposed  differential.  We  must  observe,  first,  that  the  term  R d x d y 
is  the  aggregate  of  two  terms,  the  one  resulting  from  a differentiation  with  respect  to  x,  and  the  other  from  a 
differentiation  with  respect  to  y.  In  order  1o  pul  the  proposed  differential  under  the  form  M d x -f-  N dy,  we 
shall  assume  II  = R'  + Rv,  and  we  shall  be  able  then  to  write  it  in  the  following  manner, 

(Q  d x -f  R*<1  y)  d a -f-  (Rv  d x -f-  S d y)  dy. 

The  condition  t* pressing  that  this  is  the  differential  of  a differential  of  the  first  order  will  be 


or  developing 


d . (Qdx  + R*  d y)  _ d (R*d  r + S d y) 
d y “ dx  1 


d Q 


d x -f- 


d R' 


, d R'' 

dy=_rx_ 


dx  + 


d S 


dy, 


dy  d y 7 d x d x 

and  because  X and  y are  variables  independent  of  each  other,  and  consequently  d x and  d y are  in  the  same 
case,  this  equation  will  give 

d Q _ dJT  dR'  _ dS 

d y ~ dx  * d y ~~  dx' 

Substituting  this  value,  we  find 


_ _ . d R"  d R 

But  R = R — R , and  consequently  — — = — 

d x d x 


d x 

dQ  _ (f  R d R*  d R/  _ d8_ 

dy  dx  dx ’ dy  ~ dx' 

If  we  differentiate  the  first  equation  with  respect  to  x,  and  the  second  with  respect  to  y, 
both  equations,  and  by  eliminating  it,  we  shall  have 


d*  R* 
d x d y 


will  be  in 


, <TS  __  d»  R 
dy*  dx*  dx  d y’ 

Snch  is  the  condition  to  be  fulfilled,  in  order  that  Qd.r«  + R dxdy  -f  S dy*  should  be  the  differential  of  a 
differential  of  the  first  order.  Similar  means  would  lead  to  the  conditions  relative  to  higher  orders. 

When  the  above  condition  Is  satisfied,  the  first  integral  of  Qd  Rdxdy  + Sdy*  is  readily  obtained. 
We  know  that  it  must  be  of  the  form  Udx+Vdy,  therefore  the  term  Q dX*  must  be  the  differential  of  U d x 
taken  with  respect  to  x,  and  consequently  U =fQdx.  In  the  same  manner  V must  be  equal  tofSdy. 
Thus  i/'(Odz*-f-Rdxdy-f’Sdy<)=dxt/*  Qdx-j-dyfSdy. 

We  Have  now  to  verify  that  this  integral  is  exact,  when  = —J1  ...  For  that  we  must  prove 

that  its  complete  differential  is  equal  to  QdjS-fRdjdy+Sdy'.  By  differentiating,  we  obtain  Q d i' 4- 

b <2  2 


Digitized  by  Google 


810 


INTEGRAL  CALCULUS. 


Integral 

Calcu'iM. 


Sdtf  + dxdy  ^ 1 ^ ^ ^ su^'c*enl  show,  therefore,  that 

R = d-/Q‘f*  + d/Sd  y 

dy  dx 

Differentiating  this  equation  first  with  respect  to  x and  then  with  respect  to  y,  we  shall  find 

d‘  R <T  Q tfiS 

d x d y dy'  dx*  * 


Part  II. 


which  is  precisely  the  condition  of  integrahility. 

It  may  be  also  observed,  that  since  the  firM  integral  ofQdx*  + Rdxrfy-f*S  dy'  is  d x fQ dx  + dy  fS>  d y , 
the  conditions  to  be  fulfilled,  in  order  that  Qdx*-f-  Rdxdy-f-Sdy*  should  be  the  second  differential  of  a 
function  of  x and  y,  arc 

£3.-1 1L  « _**_  and  ifQds-  = d/Srfy 
dy*  dx*  d x d y <1  y dx 


Or  differentiating  the  last  equation  twice,  first  with  respect  to  x,  and  afterwards  with  respect  to  y,  the  two 
conditions  will  become 

d*Q  _ 1 d*  R rf»  Q _ d*S 
d y*  2 dxdy*  dy*  dx* 


These  conditions  ore  verified,  for  instance,  for  the  differential  y *-dx*  + 4 xydxdy  + i*rfy*,  and  we  find 
by  means  of  the  preceding  rules,  that  the  integral  is  x*  y*  without  the  constants. 

(108.)  We  have  proved  (41)  that  if  n be  the  sum  of  the  exponents  in  each  term  of  a homogeneous  function 
u of  the  variables  x,  y,  x,  &c.  then 


du 

n u = — - x -f- 
dx 


du  du 

-r~  y + —r~ 
dy  dx 


■f  Ac. 


This  theorem  may  sometimes  facilitate  the  integration  of  the  complete  differential  of  a function  of  several 
variable*.  It  follows  from  the  rules  given  for  the  differentiation  of  algebraical  functions,  that  the  differentials  of 
homogeneous  functions  are  themselves  homogeneous.  Hence  if  a given  differential  M d x -f-  N d y + Ac  be 
homogeneous,  we  may  infer  that  the  integral  is  in  the  same  case.  If,  therefore,  M d x -f-  N d y + Ac.  fulfil 
the  conditions  of  integrability,  if  u represent  the  integral,  and  m the  sum  of  the  exponents  in  each  of  its  terms, 
we  shall  have 

mu=Mi+Ny-f  Ac.  since  M = , N = — — , Ac. 

dx  dy 

This  value  of  mu  proves  also  that  m = n -f-  1,  n being  the  degree  of  the  functions  M,  N,  Ac.,  consequently 


u=  y*Mdx  + Ndy  + Ac.  = 


Mx-f  Ny  j Ac. 

ft  + 1 


This  method  of  integration  cannot  be  used  when  n ~ — 1,  since  then  the  denominator  of  the  value  of  u 
becomes  nolhutg. 

The  relations  which  have  been  found  (41)  between  a homogeneous  function  of  several  variables  and  the 
partial  differentia)  coefficients  of  orders  higher  than  the  first,  might  also  be  used,  in  some  cases,  to  find  the 
integrals  of  differentials  of  higher  orders. 

We  shall  now  apply  the  rules  which  have  been  given  for  the  integration  of  differentials  of  functions  of  several 
variables  to  a few  examples. 

Example  1 Let  the  differential  be  (x1  + xy  + y*)  dx  -f-  (x*  — xy  -f-  y*)  dy. 

Here  M = x'-f  xy  -f  y\  N = j*  - xy  + y*,  therefore 


d M 

dy 


= x + 2 y. 


d N 0 
— = 2x-y; 


tnese  two  quantifies  are  not  equal,  therefore  (i*  -f  zy  -f-  y1)  d x + (z"  - xy  + y0  dy  is  not  the  differential  of  a 
function  of  two  variables. 

Example  2.  (ax  + by  + c)  dx  + (*  x + ey  +/)  dy. 


d M d N 

In  this  case  dy  ~~d z~ 

We  shall  have  the  primitive  function  by  integrating  first  (a z + by  + e)  d x,  considering  y as  a constant,  and 
adding  to  it  the  integral,  of  the  terms  of  (4r  + ey  +/)  d y which  do  not  contain  Jr.  We  shall  find 

J (a*  + by  + c)di+  (4x-f-ey  +f)dy=  ^-~  + bzy  + cz  + '-~  +fy  + c. 


Example  3. 


dx  dy  ydx  X dy 
y ' d x x*  y* 
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M=i-X,  n = ± * 

V 1*  Jf 


^ = /Mtfx  = /YI -£V*= - + - + *• 

dy  dx  x'  y*  J \y  **/  y I 

in  which  Y is  an  arbitrary  function  of  .r. 

N J_  _ _ <*  (y  + 7+Y)  _ _ £ + J_  + £V 

* y rfy  y*  x dy’ 

hm.  11  = 0.  Y — c,  .nd  /’flf  + 4y_«-f_f^l!')=JL  + i + e. 

dy  J \ y x I*  y‘/y* 

Example  4.  rf  u * (3 x*  -f  2 a xy)  d x + (« x*  + 3 y*)  d y. 

In  this  example  the  functions  M and  N are  homogeneous  and  of  the  same  degree  n = 2,  and  moreover,  the 
condition  of  integrabilily  is  satisfied,  for 

dM  d N . „ „ v.,  .w  (3x*  + 2axy)x-f-(ax*+3y«)y 

- — ss  - = 2 a x,  therefore  / (3  x*  + 2 a x y)  d x -f-  (a  # -f  3 y’)  d y = — ■ ■ ■ ■■■■■- 

dy  dx  * 3 

s^  + flr’y-f-y  + c. 

, . , _ y*(y  + *)  ...  , xz(x  + z)  , xy(jr  + y)  , 

Example  5.  au=  dx  4*  - — -*  dy  4-  # d x. 

(*-f  y + *)'  (x  + y+  :)  9 (x  + y + *) 

The  conditions  of  integrability  arc  satisfied,  and  M,  N,  arc  homogeneous  functions  the  degree  of  which  is  one, 
therefore  we  shall  have 

, |y  x(y  + x)x  + XX  (r+  s)y  + i}(r  + y)  __  xju 

(x+»+ «>*  r-r+7Ti  + 

(109.)  When  a function  of  several  variables  x,  y,  &c.  is  differentiated  in  the  supposition  that  x,  y,  8lc.  arc 
functions  of  other  variables,  there  arise  differential  expressions  containing  x,  y,  &c.  dx,  dy.  &c.  d‘x,  d'y,  &c. 
rf*i,  d"y,  &c.  Reciprocally,  when  such  n differential  expression  setuw.  it  may  be  required  to  determine  the 
function  from  the  differentiation  of  w'hich  it  is  supposed  to  have  resulted. 

We  shall  consider  the  case  of  two  variables  only.  .Let  U be  any  function  of  x,  y,  d x,  dy,  d*  x,  d»y 

d"x,  tty,  and  let  U,  be  its  integral,  that  is  a function  of  the  same  kind,  but  containing  neither  d"x  nor  d"y  ; if 
we  make 

dr  = r,,  d*x=rx„  d5x=xg 

dy  = y„  <Ty  = y„  <Py  = y, 

U,  will  become  a function  of  the  variables  x,  y,  x,,  y,. . . . ,,  y..,,  and  its  complete  differential  will  be 

Id  U,  J . d U,  , d U.  J , d U.  _ 

77  dx  + d7,  dx‘  + d7,  ix' + + 577. dx-' 

,iv,.  rf u,.  ,dv,.  , au,. 

+ did»  + dj,d!'‘+dv.y'+ +d7. y-,! 

but  d U,  = U,  substituting  also  for  dx,  d xlt  &c.  their  values  x„  x„  dx.  we  shall  have 

dU,  , dU,  , dU,  , , dU, 

I 77x'  + 77/*+  77/*  + + 577x- 

U “ , rfU,  , dV,  dU,  , d U, 

+ T7y‘+77.y*  + 77. y* + +57T.y- 


If  we  differentiate  U successively  with  respect  to  each  of  the  variables  x,  y, . . . . x„  y„  wc  shall  have  first  with 
reaped  to  x 


Id*  Ui  . d-U,  , d*U, 

77  x‘  + 5757/* + 5757. x>+' 

, d*U,  d>U,  } rf*U,  . 

+ 5775*  + 575y,  a + 577y,y*  +' 


, eu, 

, + dxdx..X' 

. <*■  U, 

dxrfy..,y*’ 


and  by  inverting  the  order  of  differentiation  in  each  term,  we  may  easily  see  that  the  right  side  of  the  equation 
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Part  Tl. 


shall  find 


*rv 

d x, 


dx  " dx 
d*U, 


*v>  x + 

dx  d r,  d x 1 d x,  d x, 


*•4- 


*lT, 

dxtdxt 

d*U, 


JU,  cTU, 

* dx,dyy‘  + dx,  dy,y*  d x,  d y. 


x 4- 

+ 

1 

o,(iv. 

d*U, 

S'.  + 

— + j — , y.i 

dx,  dy.., 

inverting  the  order  of  the  differentiations  in  every  term  in  which  U,  is  differentiated  twice,  we  shall  have 

d Ut 


dU  dU,  d U,  . 

- — = — — + d — — , and  we  shall  find  in  the  same  manner 
dx,  dx  dx, 


d U 
dx, 
dV  _ d II, 


*±+d 

dx,  T d i 


_ .+-m 

d x,  dx.  d x. 


dV 

LI  X._ , 


dVi  , . dVt 
dx.^  i'd 


But  when  we  come  to  xm  = d*  x,  which  is  not  in  U,,  since  that  function  is  only  of  the  (n  — l)rt  order,  we  shall 

. . . d U dVx 

have  simply  = . 

ridxm  d x... 

By  differentiating  with  respect  to  y,  y,.  Ac.  we  should  obtain  similar  results.  We  may  without  difficulty 

eliminate  U,  from  these  equations ; for  that  it  will  be  sufficient  to  subtract  from  the  equation  - = d 

dx  dx 

„ d U d Ut  , d V. 

the  differential  of  — j— - = -f  d •jj1,  then  add  the  differential  of  the  second  order  of  the  following  equation, 
subtract  the  differential  of  the  third  order  of  the  next.  See.  Ac.  We  shall  find 


and  in  the  same  manner 


dU  j dU  , ^dU  dU  , _ 

— d — — -f  d*  j d*  -j (-  Ac.  = 0, 

dx  ax,  a xt  d x, 

d - — + d*  cP  - — + Ac.  — 0. 

dy  d y,  dy,  d y. 


We  should  have  had  as  many  similar  equations  as  there  were  variables,  if  instead  of  two  we  had  supposed  any 
other  number.  .These  equations  will  be  verified  whenever  U is  the  differential  of  a function  U,  of  an  order  less  by 
one  than  U.  If,  therefore,  we  wish  to  ascertain  whether  a differential  function,  of  the  «u  order,  be  the  differen- 
tial of  another  function  of  the  (n  — 1)'*  order,  we  shall  assume  d x = x„  d*x  =r  x^ dy  = = y,,  d*y  = yt,  Ac. 

. , . .dx  s *4,  <F  J = x*  Ac.,  and  then,  the  function  being  represented  by  U,  we  shall  form  the  quant. lies 

dU  dU  dU  dU  dU  dU 

dx’  dx, dy  ’ dy, da*  dz,’ 

and  we  shall  substitute  them  in  the  equations  we  have  found ; if  they  are  not  satisfied,  we  may  safely  conclude 
that  the  function  U is  not  the  differential  of  a function  of  the  (/»  — l)a  order. 

Let  us  take  for  example  the  function  x d"y  — y d*x,  it  will  be  changed  into  xyt  — y Xg”  U,  and  we  shall 
have 


dV 

dV 

dU 

£ 

II 

l; 

= 0. 
dx, 

77.=  -* 

d U 

dV  „ 

d U 

dy 

dy,"1 

dy,~X' 

which  give  the  following  equations, 

«• 

— d1  y = 0, 

— x,d'x  — 0 ; 

these  being  satisfied,  we  may  infer  that  x d*y  — y d*  x is  the  differential  of  a function  of  the  first  order;  and  it 
is,  in  fact,  the  differential  of  x d y — y d x. 

When  U is  of  an  order  superior  to  the  first,  then  it  mav  be  required  to  determine  whether  U,  be  the  differen- 
tial of  a function  Ua  of  an  order  less  by  one,  or  in  other  words  (o  determine  whether  U be  the  second  differential 
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of  a function  U,  of  an  order  less  by  two,  &c.  Tlie  equations  which  express  these  conditions  may  easily  be 
formed  by  means  of  what  precedes.  If  U,  be  the  result  of  the  differentiation  of  U„  then  the  equation 


d U, 
dx 


dx  i a x,  dxt 


Part  II. 


limited  to  the  differential  and  others  similar  with  respect  to  the  other  variables,  must  be  satisfied.  The 
values  of  the  differential  coefficients  may  be  readily  found  in  terms  of  the  differential  coefficients  of  U,  by  means 
of  the  relations  found  before  ; if  we  substitute  them  in  the  equation  above,  we  shall  find 


d U 
d x, 


„ , dU  , „ , rfU  „ 

2 d - f 3 d*  - 4 d»  — -f  &c. 

a j,  dx  d x. 


and  we  shall  have  similar  equations  for  each  of  the  other  variables;  all  these  joined  to  the  equations  which 
express  that  U is  the  differential  of  a function  U,  must  be  satisfied,  in  order  that  U should  be  a second  differen- 
tial of  a function  Ut.  Similar  considerations  will  prove  that  U,  in  order  to  be  a third  differential  of  a function 
Ur  must  satisfy,  besides  the  preceding,  the  equation 


d U ,d  U , d U 

3d  - — + &c.  = 0, 

ax,  ax,  dx4 


and  those  alike  applicable  to  the  other  variables. 

We  have  supposed,  in  order  to  be  more  general,  none  of  the  first  differentials  dx,  dy,  &c.  fo  be  constant ; if 
it  were  not  the  case, ‘then  the  equations  relative  to  the  variables,  the  differentials  of  which  are  supposed  to  be 
constant,  should  be  suppressed.  If  we  suppose  d x,  for  instance,  to  be  constant,  it  is  obvious  that  all  the 
differential  coefficients  taken  with  respect  to  xt  would  vanish. 
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